UNIVERSITAT BREMEN

DISSERTATION

Optimization under Explorable Uncertainty:
Beyond the Worst-Case

vorgelegt von
Jens Schloter, M.Sc.

geboren in Georgsmarienhiitte

Vom Fachbereich 3 — Mathematik und Informatik
der Universitit Bremen
zur Erlangung des akademischen Grades

Doktor der Naturwissenschaften
— Dr. rer. nat. —

genehmigte Dissertation

Gutachter*innen:  Prof. Dr. Nicole Megow
Prof. Dr. Ola Svensson

Tag der wissenschaftlichen Aussprache: 10. November 2023

Bremen, 2024






Acknowledgments

First and foremost, I want to thank my advisor Nicole Megow for the chance to pursue my PhD
in her group, for her support and for introducing me to the field of combinatorial optimization
and optimization under uncertainty. I am thankful for all the fruitful research discussions and
for the great atmosphere in her group. Furthermore, I want to thank all my collaborators. In
particular, I want to thank Thomas Erlebach, Murilo Santos de Lima, Christoph Diirr and
Evripidis Bampis, who worked with me on the topic of this thesis. We started working with
Thomas and Murilo shortly after I started my PhD and I very much appreciate the opportunity
to learn from them about research early on. I also want to thank Ola Svensson for taking on
the second assessment of this thesis.

Moreover, I am grateful to all of my colleagues for all the discussions and the great
environment in the office. In particular, I want to thank Alex Lindermayr and Lukas Nolke for
proofreading different parts of this thesis. A special thanks goes to Alex for all the fun “side”
projects that distracted me when I was frustrated with the progress on my thesis and turned
into very nice results.

Finally, I want to thank my family and friends for the support throughout my PhD.

Bremen, January 2024 Jens Schloter

1ii






Table of Contents

1

2

Introduction
1.1 Outline . . . . . . . e e

Preliminaries and Structural Results

2.1 Explorable Uncertainty: Formal Problem Definitions . . . .. ... ... ..
2.1.1  Basic Definitions for Problems under Explorable Uncertainty . . . . .
2.1.2  Hypergraph Orientation and Sorting under Explorable Uncertainty . .
2.1.3 The Minimum Spanning Tree Problem under Explorable Uncertainty
2.1.4  Set Selection under Explorable Uncertainty . . . . ... .. ... ..

2.2 Competitive Analysis . . . . . . . . . Lo
2.2.1 Worst-Case Analysis and Lower Bounds . . . . . ... ... .....
2.2.2  Lower Bounds on the Adversarial Competitive Ratio . . . . . .. ..
2.2.3  Competitive Analysis Beyond the Worst-Case . . . . . ... ... ..

2.3 Local Bounds on OPT and the Witness Set Algorithm . . . . .. ... ...
2.3.1 Witness Sets and the Witness Set Algorithm . . . . . .. ... .. ..
2.3.2 Mandatory Elements and Preprocessing Algorithms . . . . . ... ..
2.3.3 A Witness Set Algorithm for Hypergraph Orientation . . . . . . . ..
2.3.4 A Witness Set Algorithm for Set Selection. . . . . .. ... ... ..
2.3.5 The Limits of the Witness Set Algorithm Beyond the Worst-Case . .

24 RelatedWork . . . . ...

Orienting (Hyper)graphs under Explorable Stochastic Uncertainty
3.1 Introduction . . . . . . . . . L.
31,1 OurResults . . ... ...
312 RelatedWork . . . . ... .o
3.1.3 Outline . . ... .. e
3.2 Preliminaries . . . . . . . ..o e e e
3.2.1 Preprocessing, Mandatory Vertices and Mandatory Probabilities . . .
3.2.2  Lower Bounds on the Stochastic Competitive Ratio . . . . . ... ..
3.2.3 Witness Sets and the Vertex Cover Instance . . . . . ... ... ...
3.2.4 Lower Bounds on the Expected Optimal Query Cost . . . . ... ..
3.2.5 Vertex Cover-based Algorithms . . . . ... ... ... ... ....
3.2.6 Hardness of the Offline Problem . . . . .. ... ... ........
3.3 A Threshold Algorithm for Orienting Graphs . . . . . . .. ... ... ...
3.4 Threshold Algorithm for Arbitrary Query Costs . . . . . . . ... ... ...
3.4.1 Fractional Lower Bounds on the Expected Optimum . . . . ... ..
3.4.2 A Threshold Algorithm for Arbitrary Query Costs . . . . . ... ..
3.5 A Threshold Algorithm for Orienting Hypergraphs . . . . .. ... ... ..
3.5.1 Computing Mandatory Probabilities . . . . . . ... ... ... ...
3.5.2 A Threshold Algorithm for Orienting Hypergraphs . . . . . ... ..
3.5.3 Bounds on the Necessary Adaptivity . . . . . . ... ... .. ....
3.6 Vertex Cover-Based Algorithms: Special Cases . . . ... ... .......
3.6.1 Orienting Bipartite Graphs with Arbitrary Query Costs . . . . . . . .

10



vi

3.6.2 Orienting a Special Star with Arbitrary Query Costs . . . . . .. ..
3.6.3 Orienting a Single Hyperedge with Uniform Query Costs . . . . . . .
3.7 Concluding Remarks . . . . ... ... ... ... ... .. .. .

Sorting and Hypergraph Orientation under Uncertainty with Predictions
4.1 Introduction . . . . . . . . . L e
41.1 OurResults . . . . ... e
412 Outline . . .. .. . e
4.2  Preliminaries, Tradeoff Lower Bounds and Error Measures . . . . . . .. ..
4.2.1 Preliminaries . . . . . . . . . ... e
4.2.2 Accuracy of Predictions . . . . ... ...
4.3 Hypergraph Orientation . . . . . . . . . . . . . vt
4.3.1 Learning-augmented Algorithm With Respect To the Hop Distance
4.3.2 Learning-augmented Algorithm w.r.t. the Mandatory Query Distance
4.3.3 Non-Integral Parameter Gamma via Randomization . . . . . ... ..
4.4 Sorting under Explorable Uncertainty . . . . . ... ... ... .. .....
4.4.1 A Learning-augmented Algorithm for Sorting . . . . . ... ... ..
4.4.2 Computing the Clique Partition . . . . ... ... ... ... ....
443 Guarantee depending on the Number of Wrong Predictions . . . . . .
4.5 Learnability of Predictions . . . . . . .. ... .. Lo oo
4.5.1 Learning with Respect to the Hop Distance . . . . .. ... ... ..
4.5.2 Learning with Respect to the Mandatory Query Distance . . . . . . .
4.6 Concluding Remarks . . . . .. ... ... ... .. ...

Learning-Augmented Algorithms for Minimum Spanning Tree with Uncertainty 109

5.1 Introduction . . . . . . . . . . . . e e e e
5.1.1 OurResults . . . ... . o e
5.1.2 Outline . ... .. ... .. e e
5.2 Preliminaries . . . . . . . . . .o
5.2.1 Lower Bound on the Consistency and Robustness Tradeoff . . . . . .
522 ErrorMetrics . . . . . . . . e e e e e e
5.2.3 Witness Sets and Mandatory Edges . . . . ... ... ... .....
5.3 Overview of Techniques . . . . . . . .. ... .. ... .. ...
5.3.1 Basic Algorithmic Framework . . . . . .. ... ... ... .....
5.3.2 Algorithmicldeas . . . . . . ... ... ... ... ... .. .. ...
5.4 Prediction Mandatory Edges and New Structural Results . . . . . . ... ..

110

123

5.4.1 New Criteria to Identify Witness Sets and (Prediction) Mandatory Edges 124

5.4.2 Prediction Mandatory Free Instances . . . . . ... ... ... ....

126

5.4.3 Relation Between Prediction Mandatory Edges and The Hop Distance 128

5.5 Making Instances Prediction Mandatory Free . . . ... ... ... .. ...
5.5.1 Algorithm and Overview of the Algorithmic Ideas . . ... ... ..
5.5.2 Formal Analysis of the Algorithm . . . . .. ... ... ... ....
5.6 Optimal Consistency and Robustness Tradeoff . . . . . . ... ... .....
5.6.1 Optimal Tradeoff for Prediction Mandatory Free Instances . . . . . .
5.6.2 Optimal Tradeoff for General Instances . . . . . ... ... .. ...
5.7 An Error-Sensitive Algorithm . . . . . . ... ... oL Lo
5.7.1  Error-Sensitive Algorithm for Prediction Mandatory Free Instances
5.7.2  Error-Sensitive Algorithm for General Instances . . . . . ... ...
5.8 ConcludingRemarks . . . ... ... ... .. ... .. ...

129



6 Set Selection under Explorable Stochastic Uncertainty via Covering Techniques147

6.1 Introduction . . . . . . . . ... 148
6.1.1 The Covering Pointof View . . . . ... ... ... ......... 149

6.1.2 OurResults . . . . ... .. . 151

6.1.3 Further Previous Work . . . . . . ... ... .. L. 152

6.1.4 Outline . .. ... ... . e 155

6.2 Disjoint MINSET . . . . . . .. .. e 156

6.3 Algorithmic framework . . . . . . . . ... ... ... ... ... .. ... 159
6.3.1 Offline Problems and Hardness of Approximation. . . . . . ... .. 159

6.3.2  Algorithmic framework . . . . . . ... ... ... ... ....... 160

6.3.3  Proof of the Hardness of Approximation. . . . . .. ... ... ... 164

6.4 MINSET with Deterministic Right-Hand Sides . . . . . . . ... ... .... 165

6.5 MINSET under uncertainty . . . . . . . . . . v v v v v v v vt 167
6.6 The Maximization Variant of MINSET . . . . . . .. ... ... ... .... 176

6.7 Concluding Remarks . . . ... .. .. ... ... ... .. .. . ... 177
References 179
Zusammenfassung (German) 189

vii






Chapter 1

Introduction

When solving optimization problems that arise in real-world applications, uncertainty in the
input data and incomplete information are major challenges. Consider for example varying
transportation times depending on traffic conditions or weather, unknown execution times
of tasks to be scheduled, variable parameters such as bandwidth and demands, dynamically
changing locations of moving agents, or decentralized data that is updated infrequently.

Since uncertainty is ubiquitous in a wide range of real-world applications, there has been
plenty of research devoted to providing mathematical frameworks for modeling uncertainty
in optimization problems. A first major framework is online optimization, where parts of
the input are initially unknown and the missing data is revealed incrementally over time.
Whenever new data arrives, an optimization algorithm has to make irrevocable decisions
on how to handle the new information (cf., e.g., [BE98]). Stochastic optimization refers
to a setting where the uncertain input data is modeled via (known or unknown) probability
distributions. The goal is to find solutions that perform good in expectation or with high
probability. The actual realizations of the uncertain parts of the input are usually revealed
sequentially in a number of stages (cf., e.g., [BL11]). In the third major framework, robust
optimization, the uncertainty is typically modeled by an, explicitly or implicitly, given set of
scenarios that could potentially occur. The most common goal is to find a single solution that
performs reasonably well for every possible scenario (cf., e.g., [BGN09]).

All these models have in common that the uncertain information is either revealed passively
over time or not at all. Optimization algorithms for problems in these models have to
cope with this type of passively revealed uncertainty and have to make decisions based on
incomplete information. In particular, they do not have the option, not even at a cost, to
actively obtain new information that helps to handle the optimization task at hand. In a number
of real-world applications however, the possibility to query uncertain parts of the input at
a certain cost is a reasonable assumption. Uncertain execution times could for example be
determined by executing further analysis (cf. [Shal6] for an example in maintenance work
using fault analysis), variable parameters such as the bandwidth of a network connection
can be measured, dynamically changing locations of moving agents can be determined
via communication [Kah91] and decentralized data can be updated by queries to a master
database [OWO0O].

The area of explorable uncertainty was introduced in a seminal paper by Kahan [Kah91]
and considers exactly such scenarios where uncertain parts in the input of an optimization
problem can be queried to reveal more information. As queries are costly, the goal is to
minimize the query cost necessary to find an optimal (or approximative) solution for the
underlying optimization problem. In particular, the model considers uncertainty in numerical
input parameters. Instead of having access to the precise values of these parameters, we
are given uncertainty intervals that are guaranteed to contain the corresponding precise
values, but we do not have any information on where inside the interval the value actually
is. Since the optimal solution of the underlying optimization problem can depend on the
uncertain parameters, finding an optimal (or approximative) solution with respect to the
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uncertain values might be impossible without obtaining further information. Thus, the
goal in explorable uncertainty is to design algorithms that query uncertain parameters until
the revealed information is sufficient to determine an optimal solution to the underlying
optimization problem, with the objective to minimize the query cost. This thesis, and the
majority of existing research in the field, considers adaptive algorithms for problems under
explorable uncertainty that are allowed to take the results of previous queries into account
when deciding upon the next query.

As an example, consider the classic minimum spanning tree problem, where we are given
an undirected graph G = (V, E') with edge weights w, for all e € E. The goal is to find a
minimum spanning tree (MST), i.e., a subset T C E of minimum weight w(T") = >° 1 we
such that the subgraph G’ = (V, T) is connected and contains no cycles. Under explorable
uncertainty, the precise edge weights w, are initially unknown. Instead, we only have access
to uncertainty intervals I, = (L., U,), for all e € F, that are guaranteed to contain the precise
edge weights, i.e., we € I.. The goal remains to find an MST for the unknown precise edge
weights. To find such an MST despite the lack of information on the weights, we are allowed
to query edges and a query to an edge e reveals the precise weight w, at query cost c.. The task
is to design algorithms that adaptively query edges until the revealed information is sufficient
to determine an MST w.r.t. the precise weights, while minimizing the total query cost.

So far, explorable uncertainty has mostly been studied in the adversarial (or worst-case)
setting, where we assume that query results are returned in a worst-case manner. Since
there usually exist problem instances that cannot be solved without querying all uncertain
parameters, algorithms in this setting are typically analyzed in an instance-dependent way
via competitive analysis. We give a formal definition later, but we say that an algorithm is
p-competitive for a problem under explorable uncertainty if, for every problem instance, the
query cost of the algorithm is larger by a factor of at most p than the optimal query cost for
that particular instance. The minimum p for which an algorithm is p-competitive is called the
competitive ratio of the algorithm.

The most studied problems in adversarial explorable uncertainty are selection-type prob-
lems, e.g., selecting the minimum [Kah91], sorting [HL21], selecting the k’th smallest
element [Kah91; Fed+03], selecting a minimum spanning tree [Hof+08; EH14; MMS17]
and geometric problems [Bru+05]. These problems are well-understood and admit constant-
competitive algorithms with matching lower bounds. All these problems have in common that
they essentially (but non-trivially) can be reduced to comparing single uncertainty intervals and
that the lower bounds are caused already by very simple problem instances. Once we have to
compare two sets (sums) of uncertainty intervals, no deterministic algorithm can have a better
competitive ratio than 2(n) [EHK16], where n is the number of given uncertainty intervals.
This lower bound of €2(n) translates to combinatorial optimization problems under explorable
uncertainty such as computing the shortest path in a graph [Fed+07], knapsack [Meil 8] and
maximum matchings [Meil 8], and prevents us from obtaining non-trivial results for these
problems.

Motivated by these simple and strong lower bounds, this thesis asks the question whether
worst-case query results and having no additional information on the uncertain input param-
eters (apart from the uncertainty intervals) is too pessimistic. Going back to the example
applications, the quality of links measured using metrics such as throughput and reliability in
a wireless network often fluctuates over time within a certain interval. The actual quality of a
link can be obtained via a new measurement. If we wish to build a minimum spanning tree
using links that currently have the highest link quality and want to minimize the additional
measurements needed, we arrive at the MST problem under explorable uncertainty. Assuming
that we do not have any additional information on the results of the measurements might how-
ever be too pessimistic, as one can for example use machine learning methods to predict the
precise link quality based on time-series data of previous link quality measurements [Abd+20].

2
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Since these predictions are not completely accurate, we might still want to execute queries
to guarantee that we find an MST with respect to the current link quality, but the additional
information might be helpful to select the query strategy. As another example, the known past
location and maximum movement speed of a mobile node yields an uncertainty interval that is
guaranteed to contain the current location. However, using statistical tools one might be able
to predict the most likely true location of the node based on past movement data.

In this thesis, we consider different problems under explorable uncertainty and analyze
them in settings that go beyond the worst-case. Several frameworks for analyzing algorithms
beyond the worst-case have for example been discussed in [Rou20]. Here, we study a
learning-augmented and a stochastic setting for problems under explorable uncertainty.

In the learning-augmented setting, we assume access to predictions on the uncertain values.
Given the rise of artificial intelligence and machine learning (ML) methods in recent decades,
it seems reasonable to expect predictions of good accuracy. However, there is no guarantee
and the predictions might be arbitrarily wrong for some instances. Thus, we aim at designing
algorithms that achieve an improved competitive ratio if the predictions are of good accuracy,
and at the same time match the performance guarantees of algorithms without access to
predictions even if the predictions are arbitrarily wrong. This corresponds to a recent research
trend that considers the usage of untrusted predictions for online algorithms; we later give an
overview of related work in this field. Adopting the notions introduced in [LV21; PSK18], we
say that an algorithm is a-consistent if it is a-competitive when the predictions are correct,
and it is B-robust if it is S-competitive even if the predictions are arbitrarily wrong. Ideally,
we want to guarantee a smooth transition between consistency and robustness depending on a
prediction error. In Chapters 4 and 5, we design learning-augmented algorithms for several
problems under explorable uncertainty and analyze them using these notions.

Another model for analyzing problems under explorable uncertainty beyond the worst-case
is the stochastic setting. Instead of assuming that the query results are returned in a worst-case
manner, we assume that they are drawn from (known or unknown) probability distributions
over the corresponding intervals. In contrast to the learning-augmented setting, the stochastic
information is reliable and algorithms are analyzed with respect to the ratio between the
expected query cost of an algorithm and the expected optimal solution cost. In Chapters 3
and 6, we consider problems under explorable uncertainty in different stochastic settings and
design algorithms that, in expectation, improve upon adversarial lower bounds.

Overall, the results of this thesis will illustrate that we can improve upon adversarial lower
bounds for problems under explorable uncertainty when analyzing them beyond the worst-
case. To achieve these improved results, we design several new algorithms using algorithmic
techniques and analyses that have not yet been used for problems in this field. We hope that
our results and technical contributions lay the foundation for further research on problems
under explorable uncertainty beyond the worst-case.

1.1 Outline

This thesis considers several problems under explorable uncertainty in the learning-augmented
and stochastic setting. In the following, we give a chapter-wise outline of its concrete contents.
While the different chapters are not independent of each other and, in particular, reference
each other, they can all also be read standalone.

Chapter 2: Preliminaries and Structural Results

In this chapter, we give general definitions and notation for optimization problems under
explorable uncertainty and formally define the concrete problems that we consider throughout
this thesis. We define worst-case (or adversarial) competitive analysis, which is usually
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employed to analyze the performance of algorithms for problems under explorable uncertainty.
In the process, we survey existing lower bounds on the best possible worst-case performance
guarantees that can be achieved for our problems. We briefly discuss the stochastic setting and
learning-augmented algorithm design for problems under explorable uncertainty, two types of
analysis that go beyond the worst-case and will be used in the consecutive chapters.

In the second part of the chapter, we discuss the witness set algorithm [Bru+05], a powerful
tool for designing algorithms that achieve good performance guarantees in the worst-case.
To this end, we summarize existing results that show how to employ this algorithm for the
problems considered in this thesis and generalize them to not only minimize the number of
queries but also more general query costs. The summary includes several techniques that
allow to compare the query cost of an algorithm with the query cost of an optimal solution.
While nearly all existing results on optimization under explorable uncertainty use worst-case
analysis and the witness set algorithm, we finish the second part of this chapter with a brief
discussion on the limits of this algorithm in settings beyond the worst-case.

Finally, we give an overview of previous related work in the field of explorable uncertainty.

Bibliographic remark: This chapter includes some structural results that are based on
joint work with T. Erlebach, M. de Lima and N. Megow [Erl+23; Erl+20] and joint work with
the same group of authors with the addition of E. Bampis and C. Diirr [Bam+21]. Further, the
chapter contains some observations from [MS23]. Therefore, some parts correspond to or are
identical with [Erl+23; Erl+20; Bam+21; MS23].

Chapter 3: Orienting (Hyper)graphs under Explorable Stochastic Uncertainty

This chapter considers the hypergraph orientation problem under explorable uncertainty in
the stochastic setting. Given a hypergraph with uncertain vertex weights that follow known
probability distributions, we study the problem of querying vertices of minimum total cost
until the identity of a vertex with minimum weight can be determined for each hyperedge.
Querying a vertex incurs a cost and reveals the precise weight of the vertex, drawn from the
given probability distribution. Using stochastic competitive analysis, we compare the expected
query cost of an algorithm with the expected cost of an offline optimal query set for the given
instance.

For the general problem, we give a polynomial-time f(a)-competitive algorithm, where
f(a) € [1.618 + ¢, 2] depends on the approximation ratio « for an underlying vertex cover
problem. We also show that no algorithm using a similar approach can be better than 1.5-
competitive.

Furthermore, we give polynomial-time 4 /3-competitive algorithms for orienting bipartite
graphs with arbitrary query costs and for orienting hypergraphs with a single hyperedge and
uniform query costs. We complement both of these results with matching lower bounds.

Bibliographic remark: This chapter is mainly based on joint work with E. Bampis,
C. Diirr, T. Erlebach, M. de Lima and N. Megow [Bam+21]. Some minor structural results are
based on joint work with T. Erlebach, M. de Lima and N. Megow [Erl+23; Erl+20]. Therefore,
some parts correspond to or are identical with [Erl+23; Bam+21; Erl+20].

Chapter 4: Sorting and Hypergraph Orientation under Uncertainty with Predictions

We consider learning-augmented algorithms for hypergraph orientation under explorable
uncertainty and the special case of sorting a set of uncertainty intervals. In the learning-
augmented setting, we assume access to untrusted predictions for the uncertain vertex weights.
Our algorithms provide improved performance guarantees for accurate predictions while
maintaining worst-case guarantees that match the best possible guarantees without access to
predictions. For hypergraph orientation, for any integral v > 2, we give an algorithm that
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achieves a competitive ratio of 1 + 1/~ for correct predictions and ~ for arbitrarily wrong
predictions. For sorting, we achieve an optimal solution for accurate predictions while still
being 2-competitive for arbitrarily wrong predictions. These tradeoffs are best possible. We
also consider different error metrics and show that the performance of our algorithms degrades
smoothly with the prediction error in all the cases where this is possible.

Bibliographic remark: This chapter is mainly based on joint work with T. Erlebach,
M. de Lima and N. Megow [Erl+23] that will also appear in the proceedings of [JCAI 2023.
Some results are based on a different joint work with the same group of authors [Erl+22;
Erl+20]. Therefore, some parts correspond to or are identical with [Erl+23; Erl+22; Erl+20].

Chapter 5: Learning-Augmented Algorithms for Minimum Spanning Tree with Uncer-
tainty

This chapter studies learning-augmented algorithms for the minimum spanning tree problem
under explorable uncertainty, a fundamental combinatorial optimization problem that has been
central also to the research area of explorable uncertainty. We are given a (multi)graph with
uncertain edge weights that can be revealed via queries. Our aim is to minimize the number
of queries necessary to obtain sufficient information for identifying a minimum spanning
tree. For all integral v > 2, we present algorithms that are ~y-robust and (1 + %)—Consistent
and show that this tradeoff is best possible. Furthermore, we argue that the hop distance,
an error metric introduced in the previous chapter, is a useful measure for the amount of
prediction error and design algorithms with performance guarantees that degrade smoothly
with the hop distance. Our results demonstrate that access to untrusted predictions can help to
circumvent the known lower bound of two, without any degradation of the worst-case ratio.
In the process, we provide new structural insights for the minimum spanning tree problem
under explorable uncertainty that might be useful in the context of query-based algorithms
regardless of predictions.

Bibliographic remark: This chapter is mainly based on joint work with T. Erlebach,
M. de Lima and N. Megow [Erl+22]. Some results are based on a different joint work with
the same group of authors [Erl+23]. Therefore, some parts correspond to or are identical
with [Erl+23; Erl+22].

Chapter 6: Set Selection under Explorable Stochastic Uncertainty via Covering Tech-
niques

Finally, we consider the set selection problem under explorable stochastic uncertainty. Given
subsets of uncertain weights, we study the problem of identifying the subset of minimum
total weight (sum of the uncertain weights contained in the set) by querying as few weights as
possible. This set selection problem is of intrinsic importance within the field of explorable
uncertainty as it implies strong adversarial lower bounds for a wide range of interesting
combinatorial problems such as knapsack and matchings [Meil8]. We consider a stochastic
problem variant and give algorithms that, in expectation, improve upon these adversarial
lower bounds. The key to our results is to prove a strong structural connection to a seemingly
unrelated covering problem with uncertainty in the constraints via a linear programming
formulation. We exploit this connection to derive an algorithmic framework that can be used
to solve both problems under uncertainty, obtaining nearly tight bounds on the competitive
ratio. This is the first non-trivial stochastic result concerning the sum of unknown weights
without further structure known for the set.

Bibliographic remark: This chapter is mainly based on joint work with N. Megow [MS23].
Therefore, some parts correspond to or are identical with [MS23].






Chapter 2

Preliminaries and Structural Results

In this chapter, we give general definitions and notation for optimization problems under
explorable uncertainty and formally define the concrete problems that we consider throughout
this thesis. We define worst-case (or adversarial) competitive analysis, which is usually
employed to analyze the performance of algorithms for problems under explorable uncertainty.
In the process, we survey existing lower bounds on the best possible worst-case performance
guarantees that can be achieved for our problems. We briefly discuss the stochastic setting and
learning-augmented algorithm design for problems under explorable uncertainty, two types of
analysis that go beyond the worst-case and will be used in the consecutive chapters.

In the second part of this chapter, we discuss the witness set algorithm [Bru+05], a
powerful tool for designing algorithms that achieve good performance guarantees in the worst-
case. To that end, we summarize existing results that show how to employ this algorithm for
the problems considered in this thesis and generalize them to not only minimize the number
of queries but also more general query costs. The summary includes several techniques that
allow to compare the query cost of an algorithm with the query cost of an optimal solution.
While nearly all existing results on optimization under explorable uncertainty use worst-case
analysis and the witness set algorithm, we finish the second part of this chapter with a brief
discussion on the limits of this algorithm in settings beyond the worst-case.

Finally, we give an overview of previous related work in the field of explorable uncertainty.

Bibliographic remark: The first and second section of this chapter include some structural
results that are based on joint work with T. Erlebach, M. de Lima and N. Megow [Erl+23;
Erl+20] and joint work with the same group of authors with the addition of E. Bampis and
C. Diirr [Bam+21]. Therefore, some parts correspond to or are identical with [Erl+23; Erl+20;
Bam+21].
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2.1 Explorable Uncertainty: Formal Problem Definitions

We start by giving general definitions for problems under explorable uncertainty and introduce
the problems considered in this thesis. In explorable uncertainty, we generally consider
combinatorial optimization problems with uncertainty in the numeric input parameters. Instead
of having access to the precise values of these parameters, we initially only know uncertainty
intervals that are guaranteed to contain the precise values. The uncertain input parameters can
be queried to reveal their precise values, and our goal is to adaptively query parameters until
we have sufficient information to optimally solve the underlying optimization problem. In
this context, adaptivity means that the selection of the next query is allowed to depend on the
precise values revealed by previous queries. Each query comes at a cost and our goal is to
minimize the total query cost.

2.1.1 Basic Definitions for Problems under Explorable Uncertainty

During the course of this thesis, we use () to refer to a set of queries or guery set. Depending
on the concrete problem, a query set contains different types of elements. In one problem we
will for example query edges of a graph, while in another problem we query vertices.

Let P denote the problem-dependent set of such uncertain and queryable elements. Then,
each e € P has a precise value or weight w, that is initially unknown. Instead, we only
know the uncertainty interval I, that is guaranteed to contain w.. A query to e reveals the
precise weight w, and, therefore, reduces the uncertainty interval to I, = {w,}. We call an
uncertainty interval trivial if it only contains the corresponding precise weight. Consequently,
uncertainty intervals that contain more than one value are called non-trivial.

For all problems considered in this thesis, the uncertainty intervals are either open, i.e.,
I, = (L, U.), or trivial. This is a standard technical assumption in explorable uncertainty,
which we justify in Section 2.2. We call L. and U, the upper and lower limit of I.. If
I, = {we}, then U, = L, = we.

A query set Q C P is feasible if querying () reveals sufficient information to optimally
solve the underlying combinatorial optimization problem. The feasibility of a query set is
problem dependent and we characterize it for the concrete problems down below. We use Q
to refer to the set of all feasible query sets. Each uncertain element e € P has a query cost
ce > 0. We denote the cost of a query set QQ by ¢(Q) = > ceq Ce- Our goal is to (adaptively)
find a feasible query set () minimizing ¢(Q).

If ce = ¢, for all queryiable elements e, e’ € P, then we say that the query costs are
uniform. In that case, minimizing the query cost ¢(Q) is equivalent to minimizing the number
of queries |@Q|. Otherwise, we speak of arbitrary query costs.

2.1.2 Hypergraph Orientation and Sorting under Explorable Uncertainty

We consider the hypergraph orientation problem under uncertainty [Bam+21], which captures
several selection and sorting problems.

In this problem, we are given a hypergraph H = (V, E) with uncertain vertex weights and
our task is to orient each hyperedge S € E towards the vertex of minimum precise weight in .S.
In line with the definitions given above, each vertex v € V is associated with an uncertainty
interval I,, = (L, U,) and an, initially unknown, precise weight w,, € I,. See Figure 2.1 for
an example instance of the hypergraph orientation problem.
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FIGURE 2.1: Example instance for the hypergraph orientation problem. Hyper-
graph H = (V,E) with the vertices V' = {1,...,8} and hyperedges E =
{{1,2,3,4,5,6,7,8},{6,7,8},{1,2,3}} (left) and uncertainty intervals for the vertices
with (initially uncertain) precise weights indicated by green circles (right).

A query of a vertex v has cost ¢,, reveals its precise weight w, and, thus, reduces its
uncertainty interval to I, = {w,}. To orient the hypergraph, we have to adaptively query
vertices to learn their precise weights until we have sufficient information to find the orientation
of the hyperedges. Thus, a query set Q C V is called feasible if querying () reveals sufficient
information to find the orientation. After querying (), we must be able to orient each hyperedge
S towards a vertex v such that v is of minimum precise weight for the weights w,, of vertices
u € @ and all possible realizations w,, € I, of the precise weights of unqueried vertices
u € V'\ Q. Note that it suffices to identify the vertex of minimum weight in each hyperedge S
and it is not required to determine the precise weight of that vertex. Our goal is to (adaptively)
find a feasible query set, while minimizing the query costs.

The following lemma fully characterizes feasible query sets. Note that the characterization
depends on uncertain precise vertex weights. Thus, an algorithm cannot necessarily use it to
decide whether a query set () is feasible without actually querying Q).

Lemma 2.1.1. Consider an instance of hypergraph orientation under explorable uncertainty
with hypergraph H = (V, E) and uncertainty intervals I, for allv € V. A query set Q C V is
feasible if and only if it, for each hyperedge S, satisfies at least one of the following conditions:

1. Q contains all vertices v in S with non-trivial uncertainty intervals I, that contain the
minimum precise weight w* = mingcg w, of the vertices in S.

2. Letv € S be a vertex of minimum weight in S, i.e., w, = w* = minyecg w,. Q) contains
all vertices u € S\ {v} with intervals that intersect I,, and w,, > U, holds for all
ue S\ {v}

Proof. Consider an instance of hypergraph orientation under explorable uncertainty with
hypergraph H = (V, E') and uncertainty intervals I, for all v € V. Let Q C V be a query set.

We prove the lemma by showing for each hyperedge S that we have sufficient information
to orient .S after querying () if and only if @ satisfies at least one condition of the lemma. To
that end, let S € E be an arbitrary hyperedge.

First, assume that () satisfies the first condition of the lemma for hyperedge .S and contains
all vertices in S with non-trivial uncertainty intervals that contain w* = min,ecg w,. Since
querying () reduces the uncertainty intervals of all vertices v € @ to I, = {w,} and all
vertices in S satisfy w, > w*, the vertices in () must have a lower limit of at least w* after
querying Q. By assumption, each vertex v in S \ @ has a lower limit L,, > w* even before

9
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querying (). Thus, after querying @), all vertices u € S satisfy w* < L, and at least one vertex
v € S must satisty U, = L, = w,, = w”*. This implies that no vertex in S can have a smaller
precise weight than v and, therefore, we have sufficient information to orient S towards v.

Next, assume that () satisfies the second condition of the lemma for hyperedge S. Then,
there is a vertex v of minimum precise weight in S, w,, > U, holds for all u € S\ {v},
and () contains all vertices u € S\ {v} with I,, N I, # (. By assumption, L,, > U, holds
forall u € (S'\ {v}) \ @ even before querying ). Furthermore, since querying () reduces
the intervals I,, of all u € @Q to I, = {w,} and all u € Q@ satisfy w,, > U,, we have
L, =U, =w, > U, forall u € Q after querying (). This implies that L,, > U, holds for all
u € S\ {v} after querying Q). Thus, no vertex in .S can have a smaller weight than v and we
have sufficient information to orient S towards v.

Finally, assume that () does not satisfy any of the conditions of the lemma for some
hyperedge S. Since ) does not satisfy the first condition, there must be a vertex v € S\ @
with a non-trivial interval [, that contains w*. We distinguish between the cases w, = w*
and w, # w*.

If w, # w*, then there exists a vertex u € S\ {v} with w* = w, € I,. This means
that querying () does not give us sufficient information to orient S as we cannot verify
w* = w, < w, without querying v.

Next, assume w, = w*. As @ also does not satisfy the second condition, there either must
beavertex u € (S\{v})\ Q with I, N I,, # 0 or w, € I, must hold for a vertex u € S\ {v}.
Let u be such a vertex of minimum L,,. In the former case, even after querying (), we cannot
distinguish between realizations of precise weights where w, < w,, and v is of minimum
weight in S and realizations of precise weights where w, < w, and u is of minimum weight
in S. In the latter case, we cannot verify w, < w,, without querying v. Thus, in both cases,
we do not have sufficient information to orient S even after querying (). This implies that ()
is not feasible. O

For the example instance of Figure 2.1, the query set @ = {1,2,4,6,7} satisfies the
conditions of the lemma and, thus, is feasible. Since () contains the vertices 1 and 2, it satisfies
the first condition for the red hyperedge, since it contains 4, it satisfies the first condition for
the olive hyperedge, and since it contains 6 and 7, it satisfies the second condition for the blue
hyperedge.

We also consider the special case where we are given a graph G = (V, E) instead of a
hypergraph. We refer to this special case as graph orientation. Another important special case
of hypergraph orientation is when the input graph is a simple graph that is exactly the interval
graph induced by the uncertainty intervals Z = {1, | v € V'}. This special case corresponds
to the problem of sorting a set of unknown values represented by uncertainty intervals and,
therefore, we refer to it as sorting under uncertainty.

2.1.3 The Minimum Spanning Tree Problem under Explorable Uncertainty

The next problem we consider is the minimum spanning tree (MST) problem under explorable
uncertainty. We are given a (multi)graph G = (V, E') with initially uncertain precise edge
weights w, € Ry forall e € E. For each edge e, we are given an uncertainty interval /. that
contains w, and is either open or trivial, i.e., I. = (L, U,) or I, = {w.}. A query of edge e
has cost c., reveals the precise weight w, and, thus, reduces the corresponding uncertainty
interval to I, = {we}.

The task is to determine a minimum spanning tree with respect to the initially uncertain
precise weights we. A spanning tree of (G is a subgraph of G that contains no cycles and
connects all the vertices of G, and a minimum spanning tree is a spanning tree of G with
minimum total edge weight. During the course of this thesis, we characterize a spanning

10
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FIGURE 2.2: Example instance for the MST problem under explorable uncertainty. Graph
(left) and uncertainty intervals with precise weights for the edges e; and e4 illustrated by
green circles (right).

tree by its edge set and say that T C FE is a spanning tree if the subgraph G' = (V,T) is a
spanning tree. For the minimum spanning tree problem, a query set is called feasible if it
reveals sufficient information to identify an MST. Our goal is to adaptively find a feasible
query set of minimum cost.

To more formally define feasible and optimal query sets, we say that a query set @ C FE is
feasible if there exists a set of edges T' C E such that 7" is an MST for the precise weights w,
of all e € @) and every possible combination of edge weights in I, for the unqueried edges
e € E'\ Q. That is, querying a feasible query set () must give us sufficient information to
identify a spanning tree 7 that is an MST for the precise weights no matter what the precise
weights of the unqueried edges F \ @ actually are. Note that it is sufficient to identify an MST
and not required to compute the precise weight of that MST. We call a feasible query set )
optimal if it has minimum cost ¢(()) among all feasible query sets.

Figure 2.2 shows an example instance for the MST problem under explorable uncertainty.
We can observe that the query set @ = {e1, e4} is feasible for this instance and that the edges
{e1,e€5,...,e10} induce an MST for the instance. No matter where the precise weight of
an edge e; with i € {5,...,10} lies within its respective uncertainty interval, it is uniquely
minimal in a cut and, therefore, has to be part of every MST. Thus, we can conclude that the
edges {es,...,e10} are part of the MST without executing any queries. Besides those edges,
an edge in {eq, ..., e4} of minimum precise weight among those edges has to be part of the
MST to ensure connectivity. Since the uncertainty intervals of those edges intersect, we have
to execute queries to find such an edge. For this example, querying @ = {e1, e4} suffices to
prove that e; has minimum weight in {e1, ..., e4} independent of the precise weights of the
unqueried edges es and es.

2.1.4 Set Selection under Explorable Uncertainty

The final problem we consider is the set selection problem under explorable uncertainty. We
are given a set of n uncertain weights represented by uncertainty intervals Z = {Iy,..., I}
and a family of m sets S = {S1,..., S, } with S C Z forall S € S. A weight w; € R lies
in its uncertainty interval I, is initially unknown, and can be revealed via a query at cost c;.
The weight of a subset S € S'is w(S) = Y} <5 w; and our goal is to determine a subset of
minimum weight and the corresponding weight while minimizing the total query cost. Note
that the latter requirement is in contrast to the previous problems

We again assume that each interval I; € 7 is either open (non-trivial) or trivial, i.e.,
I; = (L;,U;) or I; = {w;}. Based on the uncertainty intervals, we can define intervals

11
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FIGURE 2.3: Example instance for set selection under explorable uncertainty with intervals
1= {11, I, ... ,Ig} and sets S = {Sl, Sy, S3, 54} with S; = {11,12}, Sy = {13714, 15},
S3 = {l4,1I5,16} and Sy = {I7, I} (A) and the corresponding uncertainty intervals I, for
the sets S; with j € {1,...,4} (B).

I for the sets S € S. To that end, we define the lower limit Lg = > r,es Li and the
upper limit Ug = I,es Ui. If S contains only trivial uncertainty intervals, then we define
Is = [Lg,Usg] = {w(S)} and call Ig trivial. Otherwise, we define Is = (Lg, Ug). Clearly,
the weight w(S) of aset S € S is contained in the interval Ig, i.e., w(S) € Ig. We call Ig the
uncertainty interval of set S. See Figure 2.3 for an example instance including the uncertainty
intervals of the sets.

Since the intervals /g of the sets S € S can intersect, we might have to execute queries
to determine the set of minimum weight. A query to an interval I; reveals the precise
weight w; and, thus, replaces both, L; and U;, with w;. This also gives us new information
about the intervals /g of sets S with I; € S. In a sense, a query to an I; € S reduces the
range (Lg, Ug) in which w(S) might be by increasing Lg by w; — L; and decreasing Ug by
U; — w;; see Figure 2.4 for an illustration. We use Lg and Ug to refer to the initial limits
and Ls(Q) and Ug(Q) to denote the lower and upper limits of a set S € S after querying
a set of intervals ) C Z. Let w* = mingesw(S) be the initially uncertain minimum
set weight. To solve the problem, we have to adaptively query a set of intervals () until
Us+(Q) = Ls+(Q) = w* holds for some S* € S and Lg(Q) > w* holds for all S € S. Only
then, we know for sure that w* is indeed the minimum set value and that S* achieves this
value. We say that a set ) is feasible if it satisfies these conditions (cf. Chapter 6 for a full
characterization of feasible query sets). Our goal is again to adaptively find a feasible query
set () of minimum cost ¢(Q).

For the example of Figure 2.3, the query set Q@ = {1, I2, I, I} is feasible; cf. Figure 2.5
for an illustration of the instance after querying Q). After querying ), we have Ug, (Q) =
Lg (@) = w(S1) and Lg,(Q) > w(Sy) forall i € {2,3,4}. Thus, querying () proves that
set S has a weight of w(S1) and that no other set has a smaller weight, which implies that Q)
is feasible.

IS1|' ........ S 1
Iz" ....... (e 1 [S2|. ------- ) — II
w; — Ly Uy —w; Y S —
wz_Lz Uz—wz

FIGURE 2.4: Example of how a query to an interval I; changes the intervals of two sets
S1, 52 with I; € S1 NS5 in the set selection problem under explorable uncertainty.
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FIGURE 2.5: Instance of Figure 2.3 after querying Q = {I1, s, I5,I7}: (A) Updated
uncertainty intervals Z and (B) updated set uncertainty intervals.

2.2 Competitive Analysis

During the course of this thesis, we design algorithms (or query policies) that adaptively query
feasible query sets for the problems introduced above. In this section, we discuss how to
analyze the performance of such algorithms.

For all problems considered in this thesis, there exist input instances that require queries
to all queryable elements in order to solve the underlying problems. Thus, instead of giving
absolute performance bounds, we analyze our algorithms in an instance-dependent manner by
employing competitive analysis.

In competitive analysis, we compare the query cost of our algorithm against the query
cost of an offline optimal solution. Here, an offline optimal solution refers to the optimal
feasible query set that can be computed by an algorithm that knows all query results up-front
before actually executing any queries. In a sense, the offline optimal solution is the cheapest
certificate that someone without up-front access to the query results can query to obtain enough
information to verify an optimal solution for the given instance of the underlying optimization
problem. Since an online algorithm that does not know the query results up-front operates
with less information on the input than the offline optimal solution, it cannot necessarily match
the cost of the offline solution, even if it has unlimited running time and space.

In the following, we define different types of competitive analysis. We start with adversar-
ial or worst-case competitive analysis and survey existing lower bounds on the best worst-case
performance guarantees achievable for our problems. While most existing results on problems
under explorable uncertainty employ this form of analysis, the main contribution of this thesis
is to go beyond the worst-case. To this end, we also define learning-augmented and stochastic
competitive analysis.

2.2.1 Worst-Case Analysis and Lower Bounds

In the adversarial or worst-case setting, we assume that query results are revealed in a worst-
case manner, i.e., we assume that an adversary chooses the query results in such a way that
leads to the worst performance of our algorithm. The following definition formalizes this
setting. Note that a problem instance J refers to an input instance including fixed but initially
unknown precise weights.

Definition 2.2.1 (Adversarial competitive ratio). Consider a problem under explorable uncer-
tainty and let ALG be a fixed deterministic algorithm for this problem. For an instance J of
the problem let ALG(J) denote the query cost needed by ALG to solve J and let OPT(J)

13
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FIGURE 2.6: Lower bound example for the (hyper)graph orientation problem under ex-
plorable uncertainty. Shows the input graph (A), the uncertainty intervals (B), and two
possible realization of precise vertex weights (C,D).

denote the offline optimal query cost necessary to solve J. The competitive ratio of ALG is

ALG(J)
max —————

Jeg OPT(J)’

where J refers to the set of all instances of the considered problem. We say that ALG is
p-competitive if it has a competitive ratio of at most p.

2.2.2 Lower Bounds on the Adversarial Competitive Ratio

To further illustrate adversarial competitive analysis, we review existing lower bounds on
the adversarial competitive ratio for the problems considered in this thesis, starting with the
hypergraph orientation problem. We will see later in this chapter that all these lower bounds
are tight, meaning that there exist algorithms with matching competitive ratios.

Theorem 2.2.2 (Kahan [Kah91]). No deterministic algorithm has a competitive ratio better
than 2 for the hypergraph orientation problem under explorable uncertainty in the adversarial
setting, even for uniform query costs. This lower bound also holds for sorting and graph
orientation.

Proof. Consider the (non-hyper) graph and uncertainty intervals given in Figure 2.6a and Fig-
ure 2.6b with uniform query costs, i.e., ¢, = ¢, = 1. Since we are given only a single
(non-hyper) edge and the uncertainty intervals of the vertices intersect, the input is a valid
instance for hypergraph orientation, graph orientation and sorting under explorable uncertainty.

Every algorithm, including the offline optimum, has to execute queries until it has sufficient
information to determine the orientation of the only edge {u, v}. As the uncertainty intervals
of u and v intersect, each such algorithm has to execute at least one query.

Fix a deterministic algorithm ALG. If ALG starts by querying u, then the precise weight
of u might be revealed to be contained in the intersection of both uncertainty intervals, i.e.,
w,, € I, N1,. This means that ALG still does not have sufficient information to determine the
orientation as the still unknown w,, could still be both, larger or smaller, than w,,. This forces
ALG to also query v. But then, the precise weight of v might be revealed to be contained in
I, \ I, (cf. Figure 2.6¢), which means that the offline optimal solution for the instance queries
only v. Thus, the algorithm has a query cost of 2 for the instance specified by the Figures 2.6a
and 2.6¢ while the optimal solution has a query cost of only 1.

Symmetrically, if ALG queries v first, then it has a query cost of 2 for the instance
specified by the Figures 2.6a and 2.6d while the optimal solution has a query cost of only 1.

Since each deterministic algorithm has to start by querying either v or u, we can conclude
that for every deterministic algorithm there exists an instance on which the algorithm executes
twice as many queries as the offline optimal solution. This implies an adversarial competitive
ratio of at least two. O

Note that the lower bound example of Theorem 2.2.2 essentially boils down to comparing
two uncertain weights with intersecting uncertainty intervals. For the minimum spanning tree
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FIGURE 2.7: Lower bound example for the minimum spanning tree problem under ex-
plorable uncertainty. Shows the input graph (A), the uncertainty intervals (B), and two
possible realization of precise weights of the edges e2 and e3 (C,D).

problem, one can prove a lower bound of 2 by constructing a graph with uncertainty intervals
that lead to the same situation.

Theorem 2.2.3 (Erlebach et al. [Hof+08]). No deterministic algorithm has a competitive ratio
better than 2 for the minimum spanning tree problem under explorable uncertainty in the
adversarial setting, even for uniform query costs.

Proof. Consider the graph and uncertainty intervals given in Figure 2.6a and Figure 2.6b and
assume uniform query costs, i.e., e, = Ce, = Ce; = 1. Independent of where the precise edge
weights are in their respective uncertainty intervals, edge e; is contained in every MST. Thus,
to solve the problem, every deterministic algorithm only has to query until it has sufficient
information to decide whether es or es is of larger precise weight.

This leads to exactly the same situation as in the proof of Theorem 2.2.2. If a deterministic
algorithm starts by querying e, then it has a query cost of 2 for the instance specified by
the Figures 2.7a and 2.7c while the offline optimal solution has a query costs of only 1.
Symmetrically, if a deterministic algorithm starts by querying es, then it has a query cost of 2
for the instance specified by the Figures 2.7a and 2.7d while the offline optimal solution has a
query cost of only 1. This implies the theorem. O

While the lower bounds for hypergraph orientation and MST under explorable uncertainty
are based on the comparison of two uncertain weights, we can construct a stronger lower
bound for set selection under explorable uncertainty by exploiting that we have to compare
sums of uncertain weights. Erlebach et al. proved a lower bound of 2d on the adversarial
competitive ratio for the problem variant that does not require us to compute the the minimum
set weight, where d is the cardinality of the largest given set [EHK16]. A slight modification
of their lower bound example allows us to obtain a lower bound of d on the adversarial
competitive ratio for our problem variant where we have to also determine the minimum set
weight.

Theorem 2.2.4 (Erlebach et al. [EHK16]). No deterministic algorithm has a competitive ratio
better than d for the set selection problem under explorable uncertainty in the adversarial
setting, even for uniform query costs, where d is the cardinality of the largest set in the input.

Proof. Consider the instance given in Figure 2.8, which consists of the uncertainty intervals
Z = {ly,..., 13} and sets S = {51, 52} with Sy = {I1,...,I;} and Sy = {Ip}. For
i € {1,...,d}, the uncertainty intervals are I; = (0, 1). Interval Iy is trivial with I = {0.65}.
See Figure 2.8 for an illustration of the instance.

Since So only contains the trivial interval Iy, we already know that w(S2) = wy =
0.65 and it only remains to determine whether w(,S;) is smaller than 0.65. Based on the
given intervals, we only know that w(.S;) is contained in the interval Ig, = (Lg,,Us,) =
(Xres, Lis 2-1,e5, Ui) = (0,d). Recall that a query to an interval [; € S reveals w; and,
thus, reduces the interval that could potentially contain w(S1) to (Lg, + (w; — L;),Us, —
(Ui — wi)).
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FIGURE 2.8: Lower bound example for the set selection problem under explorable uncer-
tainty. The instance consists of the intervals Z = {Iy,..., I;} and the sets S = {57, 5S>}
with S; = {I1,..., 14}, So = {Io}, Io = {0.65} and I; = (0,1) for¢ € {1,...,d}. Also
shows the interval /g, for the set S;.

Fix an arbitrary deterministic algorithm ALG. Since the precise weights w; are unknown
to ALG, it cannot distinguish the intervals I, . . ., I; and queries these intervals in an arbitrary
order until it has sufficient information to decide whether w(S7) > 0.65.

Assume without loss of generality that ALG queries the intervals in increasing order of
their indices. Then, the precise weights might be revealed as w; = € foralli € {1,...,d — 1}
for an infinitesimally small ¢ > 0. But then, even after querying I, ..., I;_1, the value w(S)
can still be anywhere in the interval (¢-(d—1),1+4¢-(d—1)). Thus, ALG can still not decide
whether w(S1) > 0.65 and has to also query I;. This leads to a total of d queries by ALG.
If this last query reveals wg = 1 — ¢, then querying only I; reduces the interval Ig, that can
potentially contain w(S1) to (1 — &, d — ¢) and, therefore, suffices to prove that w(S1) > 0.65.
Thus, we get ALG = d and OPT = 1, which implies the theorem. See Figure 2.8 for an
illustration of the precise weights. O

We can also use adversarial competitive analysis to justify the assumption that the given
uncertainty intervals are either open or trivial by giving stronger adversarial lower bounds
for the problem variants where the intervals can be closed. Such lower bounds exist for all
problems considered in this thesis, except for the sorting problem for which Halldérsson and
de Lima [HL21] showed that 2 remains a tight bound on the competitive ratio even for closed
uncertainty intervals. The following theorem states the stronger lower bounds for the other
problems.

Theorem 2.2.5 (Erlebach et al. [Hof+08; EHK16], Kahan [Kah91]). If the given uncertainty
intervals can be closed, then no deterministic algorithm can have an adversarial competitive
ratio better than n for the hypergraph orientation, minimum spanning tree or set selection
problem under explorable uncertainty. Here, n is the number of given uncertainty intervals.
For set selection, this holds even for instances where all sets have cardinality one.

Proof. First, consider a hypergraph orientation instance with hypergraph H = (V, E), vertices
V ={v1,...,v,}, asingle hyperedge S = V, closed uncertainty intervals I,, = [0, 10] for
all i € {1,...,n} and uniform query costs. The goal is to adaptively query vertices until
we have sufficient information to orient the only hyperedge towards a vertex of minimum
precise weight. Since the uncertainty intervals are closed, querying a vertex v; with w,, = 0
immediately solves the instance as no vertex v; with ¢ # j can have a smaller weight than 0.

A deterministic algorithm ALG cannot distinguish between the intervals of the different
vertices and, therefore, queries the vertices in an arbitrary order until the instance is solved.
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FIGURE 2.9: Uncertainty intervals and precise weights for the lower bound example of The-
orem 2.2.5 for the hypergraph orientation problem.

Assume without loss of generality that ALG queries the vertices in increasing order of their
indices. Then, an adversary can reveal the precise weights of all v; with 7 < n as w,, = 1. This
means that the instance is not solved even after the algorithm queried the vertices vy, ..., vnp—1
as vertex vy, could still have a weight w,,, < 1 or w,,, > 1. This forces the algorithm to also
query vy, leading to a query cost of ALG = n. If the adversary then reveals w,, = 0, then
querying only v,, would have been sufficient to solve the instance, which implies OPT = 1.
Thus, ALG = n - OPT. See Figure 2.9 for an illustration.

For set selection, consider an instance with uncertainty intervals Z = {I,...,I,} and
I; =[0,10] forall I; € Z, and sets S = {S1,...,Sp} with S; = {I;} foralli € {1,...,n}.
Since all sets have size one, this problem is equivalent to the hypergraph orientation problem
with a single hyperedge with the only difference that we require to determine the precise
minimum weight of the intervals. For the lower bound instance above however, this does not
make a difference and we can prove a lower bound for set selection in exactly the same way.

For the minimum spanning tree problem, consider an instance consisting of a single cycle
with edges {e1, ..., e,} and closed uncertainty intervals I, = [0,10] foralli € {1,...,n}.
The problem comes down to determining the edge with maximum weight on the cycle. We
can prove a lower bound of n in the same way as for hypergraph orientation, but now the
adversary reveals the last weight as w,,, = 10. See Figure 2.10 for an illustration. U

2.2.3 Competitive Analysis Beyond the Worst-Case

In the previous section, we reviewed lower bound instances for the adversarial competitive
ratio of all problems considered in this thesis. All these lower bounds hold for quite simple
instances but require a very specific worst-case realization of precise weights. The assumption
that the precise weights are realized in such a worst-case manner and that the algorithm has no
additional knowledge (apart from the uncertainty intervals) about them, might in many cases
be too pessimistic.

For this reason, we consider different models for optimization under explorable uncer-
tainty where we assume access to additional information on the precise weights and analyze
our algorithms beyond the worst-case. To that end, we define the stochastic setting and

€4 €5
I, | 9
€n—1 : e :
I, F—e |
I, F—e |
er FH—=e i

€1

FIGURE 2.10: Graph, uncertainty intervals, and precise weights for the lower bound example
of Theorem 2.2.5 for the minimum spanning tree problem.
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learning-augmented algorithm design, two less pessimistic models to analyze algorithms for
optimization under explorable uncertainty.

The Stochastic Setting Consider any problem under explorable uncertainty with the uncer-
tainty intervals Z = {Iy, ..., I,,}. In the stochastic setting, we assume that each interval [; € 7
is associated with a probability distribution d; over the uncertainty interval I; = (L;, U;). In
contrast to the adversarial setting, we assume that the precise weight w; of I; is drawn from
I; according to the distribution d;. During the course of this thesis, we will assume that the
distributions of different intervals are independent of each other and consider scenarios where
the distributions are known or unknown to the algorithm.

To analyze algorithms for optimization under explorable uncertainty in the stochastic
setting, we use the stochastic competitive ratio. Note that in the stochastic setting, a problem
instance J is associated with distributions instead of initially unknown precise weights. The
offline optimal query cost OPT(.J) necessary to solve J now depends on the distributions d;
instead of the fixed but hidden precise weights w;. Thus, OPT(.J) is a random variable. Since
an adaptive algorithm ALG can decide its next query depending on results of previously exe-
cuted queries, the execution and cost of ALG on instance J also depends on the distributions
and, thus, ALG(/J) is also a random variable. The stochastic competitive ratio considers the
expected values of OPT(J) and ALG(J).

Definition 2.2.6 (Stochastic competitive ratio). Consider a problem under stochastic ex-
plorable uncertainty and let AL G be a fixed deterministic algorithm for this problem. For an
instance J of the problem let ALG(J) denote the query cost needed by ALG to solve J and
let OPT(J) denote the offline optimal query cost necessary to solve J. The competitive ratio
of ALG is
E[ALG(J)]
max ——————=,
Jeg E[OPT(J)]

where J refers to the set of all instances of the considered problem. We say that ALG is
p-competitive in the stochastic setting if it has a stochastic competitive ratio of at most p.

In Chapters 3 and 6 we consider the hypergraph orientation and set selection problems
under stochastic explorable uncertainty and design algorithms for these problems that improve
upon the adversarial lower bounds in terms of their stochastic competitive ratio. The only
previous work in the stochastic setting we are aware of is by Chaplick et al. [Cha+21] and
considers sorting and other special cases of hypergraph orientation; we will discuss their
results in Chapter 3.

Learning-Augmented Algorithm Design In learning-augmented algorithm design, we
assume access to untrusted predictions on the given problem instance. For a problem under
explorable uncertainty with the uncertainty intervals Z = {1, ..., I, }, we could for example
have access to predictions w; on the precise weights w; of all intervals I; € Z. Since these
predictions are untrusted, we might have w; # w; for some intervals I; € 7 and, therefore, an
algorithm still has to execute queries in order to solve the underlying problem w.r.t. the precise
weights. However, adaptive algorithms can use these predictions to decide their next query.

If the predictions are accurate, they can help algorithms to improve upon adversarial lower
bounds. In the lower bound instance of Figure 2.6 for example, an accurate prediction on
whether the weights w,, or w,, are contained in the intersection of both intervals would help
to decide what vertex to query first. Relying too much on the predictions however, could
potentially lead to worse competitive ratios than the adversarial lower bounds if the predictions
are faulty.
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The goal in learning-augmented algorithm design is to give algorithms that perform better
than adversarial lower bounds if the predictions are correct, but still achieve good performance
guarantees even if the predictions are arbitrarily bad. To formalize these properties, we employ
the notions of a-consistency and S-robustness as introduced in [LV21; PSK18].

Definition 2.2.7 (Consistency and robustness). Consider a problem under explorable un-
certainty with uncertainty intervals T = {11, ..., I, } and let ALG be a fixed deterministic
algorithm for this problem with access to untrusted predictions w; on the precise weights w;
for all intervals I; € T. We say that ALG is a-consistent if it has an adversarial competitive
ratio of at most « for completely accurate predictions, i.e., if w; = w; for all I; € . The
algorithm is B-robust if it achieves an adversarial competitive ratio of at most 3 even for
arbitrarily wrong predictions.

Note that consistency and robustness only formulate the two extreme cases in terms of
prediction quality, perfect predictions and arbitrarily wrong predictions. In learning-augmented
algorithm design we aim at giving more fine-grained performance guarantees that smoothly
transition between consistency and robustness depending on suitably defined prediction errors.

In Chapters 4 and 5, we consider hypergraph orientation and the MST problem under
explorable uncertainty with untrusted predictions. We will discuss suitable error measures
for these problems, give consistent and robust algorithms with guarantees depending on
these errors, and prove bounds on the optimal tradeoff between consistency and robustness.
Furthermore, we discuss the learnability of the predictions with respect to different error
measures. To our knowledge, there exists no previous work on explorable uncertainty in
learning-augmented algorithm design.

2.3 Local Bounds on OPT and the Witness Set Algorithm

After we have seen adversarial lower bounds for our problems in the previous section, we now
consider algorithms that match these lower bounds.

To that end, we discuss techniques that allow comparisons between the query costs of an
algorithm and an optimal solution. Based on these techniques, we consider the witness set
algorithm [Bru+05], a powerful framework that is used for the majority of existing results on
optimization under explorable uncertainty. While the witness set algorithm in the literature is
only stated for uniform query costs, we generalize it to arbitrary query costs by using a local
ratio technique. To our knowledge, this generalization is not yet published in the literature.
Afterwards, we show how to apply the generalized witness set algorithm to hypergraph
orientation and set selection under explorable uncertainty and match the adversarial lower
bounds of the previous section. We remark that the application of the witness set algorithm for
set selection is largely based on existing work by Erlebach et at. [EHK16] and only generalized
to arbitrary weights. The application of the witness set algorithm to hypergraph orientation
exploits the observations by Kahan [Kah91] for the problem of orienting a single hyperedge.
The witness set framework can also be applied to match the adversarial lower bound of the
minimum spanning tree problem [Hof+08]; we discuss this application in Chapter 5.

While nearly all existing results on optimization under explorable uncertainty use worst-
case analysis and the witness set algorithm, we finish this section by briefly discussing the
limits of the witness set algorithm in settings beyond the worst-case.

2.3.1 Witness Sets and the Witness Set Algorithm

We continue by surveying existing algorithms for our problems under explorable uncertainty.
The absolute majority of those algorithms are analyzed in the adversarial setting and we focus
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Algorithm 1: Abstract formulation of the witness set algorithm for uniform query
costs by Bruce et al. [Bru+05].

Input: Instance of a problem under explorable uncertainty with uniform query costs
and the set of queryable elements P.
Output: A feasible query set () for the given problem instance.
1 Q<+ 0;
2 while The problem is not solved yet do
3 Query all elements of a witness set W C P\ Q;
4 L Q<+ QUW;

5 return ();

on these algorithms. In particular, we consider the algorithms for our problems that match the
adversarial lower bounds of the previous section. All these algorithms are implementations
of the witness set algorithm as introduced by Bruce et al. [Bru+05], which is based on the
concept of witness sets.

Definition 2.3.1 (Bruce et al. [Bru+05]). Consider an instance of a problem under explorable
uncertainty with the set of queryable elements P. A subset W C P is a witness set if every
feasible solution for the given problem instance contains at least one member of W. That is,
(W NQ|>1forall Q € Q, where Q is the set of feasible query sets for the given instance.

In most existing work on explorable uncertainty with uniform query costs, witness sets are
the key concept to compare the queries selected by an algorithm with the queries of an optimal
solution as even the optimal solution must contain at least one member of each witness set.
The core idea of the witness set algorithm [Bru+05] for uniform query costs is to repeatedly
query disjoint witness sets until the given problem is solved. For pseudocode see Algorithm 1.
Bruce et al. [Bru+05] showed that querying only small witness sets is sufficient to achieve
good competitive ratios, as formalized by the following theorem.

Theorem 2.3.2 (Bruce et al. [Bru+05]). Consider a problem under explorable uncertainty with
uniform query costs. If the witness set algorithm can solve every instance of this problem while
only querying witness sets of size at most p, then the witness set algorithm is p-competitive for
the problem.

Proof. Consider an arbitrary problem under explorable uncertainty and an arbitrary instance
of this problem with the set of queryable elements P. By assumption of the theorem, the
witness set algorithm can solve this instance by querying only witness sets of size at most p.

Let £ denote the number of iterations of the while-loop that the witness set algorithm
executes to solve the problem instance while only querying witness sets of size at most
p in Line 3. Furthermore, let Q; with i € {1,...,k} denote the set of queries executed
by the algorithm in the 7’th execution of the while-loop. By definition of Line 3, we have
Q:NQy =0foralli,i' € {1,...,k} with i # i’. The assumption of the theorem implies
|Qi| < pforalli € {1,...,k}. Thus, the number of queries executed by the algorithm is
ALG =2 icn,. iy @il < p- k.

Next, consider the set OPT of queries executed by an optimal solution for the problem
instance. As all sets ; with i € {1,..., k} are witness sets, we have |Q; N OPT| > 1. Since
the sets (; are pairwise disjoint, this directly implies |OPT| > k.

Thus, we can conclude ALG < p- k < p-|OPT|, which implies the theorem. O

While Bruce et al. [Bru+05] only considered uniform query costs, it is not hart to generalize
the witness set algorithm to arbitrary (non-negative) query costs by employing a local ratio
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Algorithm 2: Abstract formulation of the witness set algorithm for arbitrary query
costs.
Input: Instance of a problem under explorable uncertainty with the set of queryable
elements P and arbitrary query costs ¢, > 0 forall e € P.
Output: A feasible query set () for the given problem instance.
Q < 0;
¢, « coforalle € P;
while The problem is not solved yet do
W <« witness set with W C P\ Q;
§ < mineew cL;
e« c, —dforalle e W;
Query W ={eec W |c =0}
Q<+~ QUW

return Q;

® N N AW N =

=]

technique; see [Bar+04] for a survey on the local ratio technique. In contrast to the case
of uniform weights, the witness set algorithm for arbitrary query costs cannot necessarily
afford to compute and query a complete witness set W in each iteration. This is, because W
might contain very expensive queries that are not part of the optimal solution. Executing these
expensive queries might already by enough for the algorithm to not be p-competitive anymore.
Instead, the witness set algorithm for arbitrary query costs (cf. Algorithm 2) computes a
witness set W and the minimum query cost § over the elements of W. Since W is a witness
set, even the optimal solution has to invest query costs of at least § into querying elements of
W. The algorithm then reduces the query costs of all members of W by  and queries only
the elements of W whose query costs were reduced to zero (cf. Lines 4 to 8 in Algorithm 2).
We show that this adjustment of the witness set algorithm is sufficient to obtain the following
generalization of Theorem 2.3.2.

Theorem 2.3.3. Consider a problem under explorable uncertainty with arbitrary query costs.
If the witness set algorithm for arbitrary query costs can solve every instance of this problem
while only considering witness sets of size at most p in Line 4, then the witness set algorithm
is p-competitive for the problem.

Proof. Consider an arbitrary problem under explorable uncertainty and an arbitrary instance
of this problem with the set of queryable elements P. By assumption of the theorem, the
witness set algorithm for arbitrary query costs only considers witness sets of size at most p in
Line 4.

Let k denote the number of iterations of the while-loop executed by the algorithm. For
each iteration ¢ € {1,...,k}, let §; denote the value § as computed by the algorithm in Line 5
during iteration 4. Furthermore, let ¢;: P — R denote the current function ¢’ as used by the
algorithm at the end of iteration 7 and let ¢y denote the initially given query costs. Note that
the choice of ¢ in Line 5 ensures that ¢;(¢) > O foralle € P and all i € {1, ..., k}. Finally,
let OPT; denote the cost of an optimal solution for the current problem instance at the end of
iteration ¢ and query costs ¢;. Let OPTy = OPT denote the cost of an optimal solution for
the initially given query costs and the initial instance.

We first lower bound the optimal query cost for the given instance. As the query costs ¢;
remain non-negative over the execution of the algorithm, we have OPT; > 0. We argue that
OPT; < OPT;_; — §; holds forall i € {1,...,k}. This implies OPT = OPT( > Zle ;.
To prove that OPT; < OPT;_; — §; holds for all i € {1,...,k}, consider an arbitrary
iteration ¢ and let WW; denote the set W as computed by the algorithm in the execution of
Line 4 during iteration 7. Since W; is a witness set, every feasible query set, including the
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optimal solution for query costs ¢;—1, has to query at least one member of W;. Thus, by
reducing the query cost of each member of W; by §;, we decrease the cost of each feasible
solution by at least §;. This implies that the optimal solution for the instance at the end of
iteration ¢ with query costs ¢; is cheaper than the optimal solution for the instance at the end
of iteration ¢ — 1 with query costs ¢;_1 by at least §;. Thus, OPT; < OPT,;_; — §;, and we
can conclude OPT > 3% ;.

To finish the proof, we show ALG < p - Zi6{17_._7k} 0; for the query cost ALG of the
witness set algorithm. Since the algorithm only queries elements e with ¢, = 0, the total query
cost of the algorithm is at most ) | co(e) — cx(e), which is the total reduction of the query
costs over the execution of the algorithm. By definition of Lines 5 and 6, this value is exactly
Dicq1,...ky |Wil - 0i. As the sets W; are witness sets of size at most p, we get

ALG < Zco(e) —cx(e) = Z (Wil -6, <p- Z 9 < p-OPT,
ecP ie{1,....k} 1e{1,....k}

which implies the theorem. O

2.3.2 Mandatory Elements and Preprocessing Algorithms

An important special case of witness sets are those of cardinality one. We say that a queryable
element that comprises a witness set of size one is mandatory because every feasible query set
must contain such elements.

Definition 2.3.4 (Mandatory Elements). Consider an instance of a problem under explorable
uncertainty with the set of queryable elements P. An element e € P is mandatory for the
instance if e € Q) holds for every () € Q, where Q is the set of all feasible query sets for the
instance.

Identifying mandatory elements is an important part of many algorithms under explorable
uncertainty because they can be queried without ever worsening the competitive ratio of the
algorithm. This often happens in a preprocessing step that also transfers the input instance
into a certain structure; we will see examples for such preprocessing steps in Chapters 3 to 5.

2.3.3 A Witness Set Algorithm for Hypergraph Orientation

We now consider an implementation of the witness set algorithm for hypergraph orienta-
tion under explorable uncertainty. The implementation exploits results and observations by
Kahan [Kah91] for the problem of orienting a single hyperedge.

Recall that we are given a hypergraph H = (V, E') and uncertainty intervals I, for each
v € V. Each vertex has an initially unknown precise weight w,, € I,, that can be revealed via
a query at cost ¢, and each uncertainty interval I,, is either open or trivial, i.e., I, = (L, Uy)
or I,, = {w, }. Our goal is to adaptively query vertices until we have sufficient information
to orient each hyperedge S € E towards a vertex of minimum precise weight in .S, while
minimizing the total query costs.

In order to define the witness set algorithm, we first give characterizations of mandatory
elements and witness sets for hypergraph orientation under explorable uncertainty.

Mandatory Vertices We first give a full characterization of mandatory vertices based on
the precise weights of the vertices. Since the precise weights are initially unknown, we cannot
directly use this characterization to identify mandatory vertices within an algorithm. Therefore,
we also give criteria to identify mandatory vertices based only on the structure of the vertex
intervals and precise weights revealed by already executed queries.
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Lemma 2.3.5. Consider an instance H = (V, E) for hypergraph orientation under explorable
uncertainty. A vertex v € V with a non-trivial uncertainty interval I, is mandatory if and
only if there is a hyperedge S € E with v € S such that either (i) v is a minimum-weight
vertex of S and w,, € I, for some u € S\ {v}, or (ii) v is not a minimum-weight vertex of S
and w,, € I, for a minimum-weight vertex u of S.

A common proof technique to show that a vertex v € V' is mandatory, is to consider the
query set V' \ {v}. Showing that querying every vertex except v does not solve the problem
implies that v is mandatory. Vice versa, if querying V' \ {v} solves the problem, then v is not
mandatory. This proof idea also translates to different problems under explorable uncertainty.

Proof. If v is a minimum-weight vertex of hyperedge S with a non-trivial uncertainty interval
I, that contains w, of another vertex u € S\ {v}, then S cannot be oriented even if we
query all vertices in S \ {v} as we cannot prove w, < w, without querying v. If v is not a
minimum-weight vertex of a hyperedge .S with v € S and I, contains the minimum weight w*
of S, then .S cannot be solved even if we query all vertices in S\ {v}, as we cannot prove that
w* < w, without querying v.

If I, is a minimum-weight vertex of hyperedge S, but w, ¢ I, for every u € S \ {v},
then S\ {v} is a feasible solution for orienting .S, as querying it proves that all vertices in
S\ {v} have a larger weight than v. If v is not a minimum-weight vertex of hyperedge S
and I,, does not contain the minimum weight of S, then again S \ {v} is a feasible solution
for S. If every hyperedge S that contains v falls into one of these two cases, then querying all
vertices except v is a feasible query set for the whole instance. O

Explicitly, Lemma 2.3.5 only enables us to identify mandatory vertices given full knowl-
edge of the precise weights, but it also implies criteria to identify known mandatory vertices,
i.e., vertices that are known to be mandatory given only the intervals, and precise weights
revealed by previous queries.

We call a vertex leftmost in a hyperedge S if it has an interval of minimum lower limit
among the vertices in S. Note that if a leftmost vertex v in S has a trivial uncertainty interval
I, = {w,}, then no vertex in S can have a smaller precise weight than v and we therefore
already know that we can orient S towards v. We say that a hyperedge is solved, if we already
have sufficient information to orient the hyperedge. If a hyperedge has a leftmost vertex with
a trivial uncertainty interval, then the hyperedge is solved. The following corollary follows
directly from Lemma 2.3.5 and gives a characterization of known mandatory vertices.

Corollary 2.3.6. Consider an instance H = (V, E) for hypergraph orientation under ex-
plorable uncertainty. If the interval of a leftmost vertex v in a not yet solved hyperedge S
contains the precise weight of another vertex in S, then v is mandatory. In particular, if v is
leftmost in (a not yet solved) S and I,, C I, for some u € S \ {v}, then v is mandatory.

The latter part of the corollary was also directly proven by Chaplick et al. [Cha+21]. Note
that executing queries can change which vertices are leftmost in a hyperedge .S and can also
change the applicability of the corollary. This is, because the definition of leftmost and the
corollary depend on the intervals and a query to a vertex v changes the uncertainty interval I,
from (L,, U,) to {w,}.

Witness Sets We continue by giving a characterization of witness sets. In order to match
the adversarial lower bound of 2 (cf. Theorem 2.2.2), we rely on identifying witness sets of
size at most 2. If we always can identify a witness set of at most two as long as the instance is
not solved yet, then we can implement the witness set algorithm for arbitrary query costs and
apply Theorem 2.3.3 with p = 2. To this end, we can use the following characterization that
was originally given by Kahan [Kah91].
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Lemma 2.3.7 (Kahan [Kah91]). Consider an instance H = (V, E) for hypergraph orientation
under explorable uncertainty. Let S € E be a not yet solved hyperedge of H. A set {v,u} C S
with I, N I, # 0 and v or u leftmost in S is a witness set.

Proof. We show the lemma via proof by contradiction. Assume for the sake of contradiction
that {u, v} is as described in the lemma but not a witness set. Then, by the definition of
witness sets (cf. Definition 2.3.1), there must exist a feasible query set Q C V with v, u & Q.
In particular, the query set @ = V' \ {u, v} must be feasible and, therefore, reveal sufficient
information to orient the hyperedge S of the lemma towards a vertex v* of minimum precise
weight in S.

Assume without loss of generality, that v is leftmost in .S. Consider the problem instance
after querying Q. If w, € I, for some v' € S\ {v,u}, then v would be mandatory
by Lemma 2.3.5 and {u,v} would clearly be a witness set. Since v is leftmost in .5, it
therefore must hold w,, > U, for all v € S\ {u,v}. Thus, no vertex in S\ {u, v} can be of
minimum precise weight in S.

As I, N I, # (), there exist both, a realization of the precise weights w, and w, with
w, < w, and a realization of precise weights with w, > w,,. In one of those realizations we
have to orient .S towards v and in the other we have to orient .S towards u. Without querying
at least one of v and u, we cannot distinguish between those realizations and, therefore, do not
have sufficient information to orient S. This implies that () is not feasible; a contradiction. [J

The Witness Set Algorithm Using the characterizations of mandatory vertices and witness
sets (Lemmas 2.3.5 and 2.3.7), we can implement the witness set algorithm for hypergraph
orientation under explorable uncertainty. Algorithm 3 formalizes this implementation. Lines 5
to 7 and Lines 9 to 13 implement Lines 4 to 8 of the abstract witness set Algorithm 2 using the
characterizations of Lemmas 2.3.5 and 2.3.7. When applying the two lemmas, the algorithm
always considers the current instance. That is, the instance with the uncertainty intervals
after executing all previous queries. This allows us to exploit Theorem 2.3.3 and prove the
following theorem. We remark that this result is also implied by the results in [GSS16], but
only indirectly and with a pseudo-polynomial running time.

Theorem 2.3.8. There exists a 2-competitive algorithm for hypergraph orientation under
explorable uncertainty with arbitrary query costs.

Proof. We prove the theorem by showing that Algorithm 3 is 2-competitive for hypergraph
orientation under explorable uncertainty.

Consider an arbitrary instance for hypergraph orientation under explorable uncertainty
with hypergraph H = (V, E), uncertainty intervals I, for all v € V' and query costs ¢, > 0
for all v € V. To prove that the algorithm indeed solves the given instance, we have to argue
that we always can find a mandatory vertex with Lemma 2.3.5 or a witness set of size two
with Lemma 2.3.7 as long as the instance is not solved yet. This then implies that the algorithm
indeed terminates and, therefore, solves the instance. Assume for the sake of contradiction that
we cannot apply Lemmas 2.3.5 and 2.3.7 but the instance is not solved yet. If we can neither
apply Lemma 2.3.5 nor Lemma 2.3.7, then this means that the interval I, of the leftmost
vertex v (after executing all previous queries) of each not yet solved hyperedge S € E does
not contain the precise weight w,, of au € S\ {v} that has already been queried and is not
intersected by the interval I, of an w € S\ {v} that is still unqueried. Otherwise, we could
apply one of the lemmas. But since v is leftmost in S, this means that v must be of minimum
precise weight in .S. Thus, we already know the orientation and the problem is already solved.

It remains to bound the query cost ¢(ALG) of Algorithm 3 for the instance. Since the
algorithm implements the witness set algorithm and only considers witness sets of size one or
two, we can apply Theorem 2.3.3 with p = 2 to conclude that ¢(ALG) < 2 - ¢(OPT), where
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Algorithm 3: Witness set algorithm for hypergraph orientation under explorable
uncertainty with arbitrary query costs.

Input: Instance of hypergraph orientation under explorable uncertainty: Hypergraph
H = (V, E)) with uncertainty intervals I, and query costs ¢,, > 0 for all

veV.
Output: A feasible query set () for the given problem instance.

1 Q <+ 0

2 )+ ¢, forallv e V;

3 while The problem is not solved yet do

4 while There exists a vertex v € V' \ Q that is mandatory by Corollary 2.3.6 do
5 e+ 0;

6 Query v;

7 Q< QU {vk

8 if The problem is not solved yet then

9 W <+ A witness set W C V' \ @ with |IW| = 2 identified by Lemma 2.3.7;
10 d < mingew c,;

1 cy+d —dforallv e W,

12 Query W ={ve W |d,=0}

13 Q<+ QuUW';
14 return Q);

¢(OPT) is the optimal query cost for the instance. This implies 2-competitiveness and, thus,
the theorem. [

2.3.4 A Witness Set Algorithm for Set Selection

We consider an implementation of the witness set algorithm for the set selection problem under
explorable uncertainty. Recall that we are given a set of n uncertain weights w; represented by
uncertainty intervals Z = {I;, ..., I} withw; € I; and a family of m sets S = {S1,...,Sn}
with S C 7 for all S € S. The intervals I; are either open or trivial, i.e., I; = (L;,U;) or
I; = {w;}, and can be queried at cost ¢; to reveal the precise weight w;. The goal is to
determine a subset of minimum weight and the corresponding weight while minimizing the
total query cost, where the weight of a subset S is w(S) = > I,e8 Wi-

Erlebach et al. [EHK16] gave a witness set algorithm for the variant of set selection under
explorable uncertainty with uniform query costs where the goal is still to determine the subset
of minimum weight but it is not required to determine the precise weight of that set. Their
algorithm achieves a competitive ratio of 2d with d = maxgegs | S|, i.e., d is the cardinality of
the largest set. We adjust their algorithm to our problem variant and show that the adjusted
algorithm achieves a competitive ratio of d, which matches the lower bound of Theorem 2.2.4.
Furthermore, we state the algorithm for arbitrary weights.

Witness Sets  We start by giving a characterization of witness sets. Since our problem variant
has more constraints on feasible query sets, we can give a slightly simpler characterization than
in [EHK16]. Recall that, for each S € S, the interval Is = (Lg,Ug) with Lg = le-es L;
and Us = }_; Ui is guaranteed to contain the precise weight w(S) = > ;g w; of
S (with the exception of when S contains only trivial intervals, then we have to define
Is = [Lg,Us] = {w(S)}). The following lemma gives a characterization of witness sets
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based on the intervals Ig. The proof of the lemma heavily exploits that we have to determine
the minimum set weight w™* and not only identify the set of minimum weight.

Lemma 2.3.9. Consider a not yet solved instance of set selection under explorable uncertainty
with the set of intervals T and the family of subsets S. Let S be a set in S of minimum lower
limit, i.e., Lg = mingrcs Lgr. Then, the non-trivial intervals in S form a witness set.

Proof. Let S € S be as described in the lemma and let w* be the (potentially still uncertain)
minimum set weight, i.e., w* = minges w(.S). Furthermore, let N (S) C S denote the subset
of non-trivial intervals in S.

Since the instance is not solved yet, there cannot be a set S’ € S that only contains trivial
intervals and has minimum lower limit in S. If there was such a set, then w(S") = Lg and
no other set in S could have a smaller weight than w(S”). This means that we would already
know that S’ is a set of minimum weight and, as S” only contains trivial intervals, would
already have sufficient information to compute w* = w(.S”). This is a contradiction to the
instance not being solved yet. Thus, such a set cannot exist and we must have N (.S) # 0.

We show the lemma via proof by contradiction. To that end, assume that there exists
a feasible query set Q C Z for the instance with Q N N(S) = (). Then, the query set
Q@ = T\ N(S) must also be feasible. Since Q@ N N(S) = (), querying @ does not change
the interval I of set S. Thus, even after querying @, we still have that Ig = (Lg,Ug) is
non-trivial. As queries can only increase the lower limits of other sets S’ € S\ {S}, set S
remains of minimum lower limit even after querying (). This means that, even after querying
Q, set S can still potentially be the set of minimum weight. Since g is still non-trivial, this
also implies that we still do not have sufficient information to compute w*, even after querying
Q. Thus, @ is not feasible and we arrive at a contradiction. ]

The Witness Set Algorithm Using the characterization of witness sets, we can again give an
implementation of the witness set algorithm (cf. Algorithm 4). Since Lemma 2.3.9 implies that
there always exists a witness set of size at most d = maxges |S| as long as the instance is not
solved yet, the algorithm clearly solves the given instance. Thus, we can apply Theorem 2.3.3
to conclude the following theorem.

Theorem 2.3.10. There exists a d-competitive algorithm for set selection under explorable
uncertainty, where d is the cardinality of the largest given set.

2.3.5 The Limits of the Witness Set Algorithm Beyond the Worst-Case

In the previous section, we have seen that implementations of the witness set algorithm achieve
the best possible adversarial competitive ratios for set selection and hypergraph orientation
(and by extension sorting) under explorable uncertainty. Furthermore, we will see in Chapter 5
that the same holds for the minimum spanning tree problem.

While this shows that the witness set algorithm is a powerful tool to achieve best possible
adversarial guarantees, we can also observe that it is tailored towards this kind of worst-
case analysis. By considering only witness sets of a cardinality that (at most) matches the
corresponding worst-case lower bound, the algorithm will never worsen its competitive ratio
beyond the lower bound, but it will also not significantly improve upon the worst-case lower
bounds even if we consider the learning-augmented or stochastic setting.

In particular, applying the Theorems 2.3.2 and 2.3.3 as a black box can never lead to an
improvement over the adversarial lower bounds because we would have to guarantee that we
only query witness sets smaller than the adversarial lower bound. Clearly, such a guarantee
would contradict the existence of the corresponding lower bound.
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Algorithm 4: Witness set algorithm for set selection under explorable uncertainty
with arbitrary query costs.

Input: Instance of the set selection under explorable uncertainty with the set of
uncertainty intervals Z, the family of sets S and query costs ¢; > 0 for all

I, 1.

Output: A feasible query set () for the given problem instance.
1 Q <+ 0
2 ¢+ ¢ forall I; € T,
3 while The problem is not solved yet do
4 W < Witness set with W C 7 \ @ identified with Lemma 2.3.9;
5 § < ming,ew ¢;
6 ¢+, —dforall I; € W;
7 Query W/ ={L, e W |, =0};
8 Q<+ QU
9 return Q);

However, using different techniques, breaking the adversarial lower bounds in settings
beyond the worst-case remains possible. Consider for example the lower bound instance
of Theorem 2.2.2 for hypergraph orientation. If we consider this instance in the stochastic
setting and the probability that one of the weights is contained in the intersection of the
intervals is very small, then the witness set algorithm will still have a stochastic competitive
ratio close to 2. If we on the other hand would start by querying just one of the vertices and
query the second one only if necessary, then the expected cost of our algorithm for the instance
would improve significantly.

This small example illustrates that we need new algorithms that do not purely rely on
witness sets in order to improve in settings that go beyond the worst-case. During the course
of this thesis, we design several such algorithm for all our problems that either significantly
extend the witness set framework or use completely novel techniques.

2.4 Related Work

While we will also summarize chapter-specific related work in all following chapters of
this thesis, we conclude this chapter by giving a brief general overview of previous work in
explorable uncertainty and related fields. The overview ignores the following papers as this
thesis is based on them and their results are content of the following chapters: [Erl+22; MS23;
Bam+21; Erl+23; Erl+20; MS21].

Previous works in the field of explorable uncertainty assume no knowledge of stochastic
information and aim for algorithms that perform well even in a worst-case. The line of research
on (adversarial) explorable uncertainty has been initiated by Kahan [Kah91] in the context
of selection problems. In particular, he showed for the problem of identifying all maximum
elements of a set of uncertain values that querying the intervals in order of non-increasing
right endpoints requires at most one more query than the optimal query set. Subsequent work
addressed finding the k-th smallest value in a set of uncertainty intervals [GSS16; Fed+03],
caching problems in distributed databases [OW00], computing a function value [KTO1], sort-
ing [HL21], and classical combinatorial optimization problems, such as shortest path [Fed+07],
the knapsack problem [Goe+15], scheduling problems [Diir+20; Ara+18; AE20; AE21;
AD?23], the MST problem and matroids [Hof+08; EH14; MMS17; FEMM20; MS19; MC22].

Most related to our work are previous results on the MST problem and sorting with
explorable uncertainty. For the MST problem with uncertain edge weights represented by
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open intervals, a 2-competitive deterministic algorithm was presented and shown to be best
possible [Hof+08]. The algorithm is based on the concept of witness sets. The algorithm
from [Hof+08] repeatedly identifies a witness set of size 2 that corresponds to two candidates
for the maximum-weight edge in a cycle of the given graph, and queries both its elements.
It is also known that randomization admits an improved competitive ratio of 1.707 for the
MST problem with uncertainty [MMS17]. Both, a deterministic 2-competitive algorithm
and a randomized 1.707-competitive algorithm, are known for the more general problem of
finding the minimum base in a matroid [EHK16; MMS17], even for the case with non-uniform
query costs [MMS17]. If the input graph is a cactus graph, then there is a best possible
1.5-competitive randomized algorithm for arbitrary query costs [MC22]. A different variant
of the MST problem under explorable uncertainty considers uncertainty in the position of the
vertices instead of in the edge weights. In this variant, the vertices are points in the euclidean
space but their precise positions are uncertain within given (open or trivial) uncertainty sets.
A vertex can be queried to reveal its precise position. The weight of an edge is the euclidean
distance between its endpoints and the task is to query vertices until an MST with respect to
those weights can be determined. Erlebach et al. [Hof+08] gave a 4-competitive algorithm
and a matching lower bound for this problem with uniform query costs. As their algorithm
is again a witness set algorithm, it seems likely that the result extends to non-uniform query
costs via a local ratio technique. In terms of randomized algorithms, there is a lower bound
of 2.5 on the competitive ratio and a 2.5-competitive algorithm for a graph class similar to
cactus graphs and uniform query costs [M(C22].

For the problem of sorting a single set of uncertain values, a 2-competitive algorithm
exists (even with arbitrary query costs) and is best possible [HL21]. In the case of uniform
query costs, the algorithm simply queries witness sets of size 2. In the case of arbitrary costs,
it first queries a minimum-weight vertex cover of the interval graph corresponding to the
instance and then executes any remaining queries that are still necessary. For uniform query
costs, the competitive ratio can be improved to 1.5 using randomization [HL21].

While most of the works mentioned above consider the same objective as the problems
considered in this thesis, i.e., to minimize the query costs, some of the scheduling prob-
lems [Diir+20; AE20; AE21; AD23] consider a combined objective that takes the query costs
and the objective of the underlying scheduling problem into account. More precisely, they
assume that the processing times of the jobs to be scheduled are uncertain but can be queried.
For each job, an upper bound on the processing time is part of the input. If a job is not queried,
then it has to be processed for as long as the upper bound demands. A query of a job might
reduce the processing time of the job but also takes time that contributes to the scheduling
objective. Thus, the scheduling objective includes both, the cost incurred by the processing of
the jobs and the query costs.

While the majority of previous works on explorable uncertainty considers adaptive algo-
rithms and queries that return precise uncertain values, there are some exceptions. Erlebach,
Hoffmann and de Lima [EHL23] consider selection problems in a model with limited adaptiv-
ity. In their model, queries are executed in rounds. In each round, an algorithm can query up-to
k elements in parallel and the goal is to minimize the number of rounds. Merino and Soto
consider the MST problem in a completely non-adaptive setting [MS19]. Gupta, Sabharwal
and Sen [GSS16] as well as Megow, Meifiner and Skutella [MMS17] also consider queries
that return smaller uncertainty intervals instead of precise values.

The learning-augmented results of this thesis are the first to consider explorable uncer-
tainty in the recently proposed framework of online algorithms using (machine-learned)
predictions [MV17; PSK18; LV21]. After work on revenue optimization [MV 17] and online
caching [LV21], Kumar et al. [PSK18] studied online algorithms with respect to consistency
and robustness in the context of classical online problems, ski-rental and non-clairvoyant
scheduling. They also studied the performance as a function of the prediction error. This
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work initiated a vast growing line of research. Studied problems include rent-or-buy problems
[PSK18; GP19; WZ20], revenue optimization [MV17], scheduling and bin packing [PSK18;
Ang+20; Mit20; Lat+20; ALT21; ALT22; LM22; Bam+22; LLX21], caching and metrical
task systems [LV21; Roh20; Ant+23; Wei20], matching [Kum+19; Ant+20], graph prob-
lems [Kum+19; LMS22; Ebe+22; APT22] and secretary problems [Diit+21; Ant+20]. We
refer to [LM23] for a more complete list of related work in the field of learning-augmented
algorithm design. Very recently and in a similar spirit as our work, Lu et al. [Lu+21] studied
a generalized sorting problem with additional predictions. Their model strictly differs from
ours, as they focus on bounds for the absolute number of pair-wise comparisons whereas we
aim for query-competitive algorithms. Overall, learning-augmented online optimization is a
highly topical concept which has not yet been studied in the explorable uncertainty model.

The only previous work we are aware of that explicitly considers stochastic explorable
uncertainty is by Chaplick, Halldérsson, de Lima and Tonoyan [Cha+21]. Their main result is
a dynamic program that minimizes the expected query cost for the problem of sorting a set of
uncertain values. The stochastic competitive ratio of that problem remains open. They also
consider the problem of finding the minimum in a set of uncertain values with arbitrary query
costs and give a randomized 1.5-approximation of the, in expectation, best query strategy.

Also related to stochastic explorable uncertainty is the result by Maechara and Yam-
aguchi [MY20], who consider packing ILPs with (stochastic) uncertainty in the cost coeffi-
cients, which can be queried. They present a framework for solving several problems and
bound the absolute number of iterations that it requires to solve them, instead of the competi-
tive ratio. In terms of our problems, this result is related to the set selection problem and we
further discuss it in Chapter 6. In another work, Wang et al. [WGW22] consider selection-type
problems in a somewhat related model. In contrast to the explorable uncertainty setting, they
consider different constraints on the set of queries that, in a way, imply a budget on the number
of queries. They solve optimization problems with respect to this budget, which has a very
different flavor than our setting of minimizing the number of queries.

While all previous works in explorable uncertainty have uncertain numerical input param-
eters, there also is a line of related works where the existence of certain entities is uncertain
but can be queried [GV06a; Von07; Blu+20; Beh+19; AKL19; BBD22]. Most of these works
consider scenarios where edges in a graph exist with a certain probability and a query of an
edge reveals whether it actually exists. For example, Behnezhad et al. [BBD22] showed that
vertex cover can be approximated within a factor of (2 4 €) with only a constant number of
queried edges per vertex, where the constant can depend on the probability that an edge exists.

Further works that are different from explorable uncertainty but somewhat related include
research on the tradeoff between exploration and exploitation when coping with uncertainty in
the input data. Here, stochastic models are often assumed, e.g., in work on multi-armed ban-
dits [Tho33; BC12; GGW11] and the Weitzman’s Pandora’s box problem [Wei79], and more
recently query-variants of combinatorial optimization problems; see, e.g.,[Sin18; Gup+19],
and specific problems such as stochastic knapsack [DGV08; Mal8], orienteering [Gup+15;
BN15], matching [Che+09; Ban+12], and probing problems [GN13; GNS16].
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Chapter 3

Orienting (Hyper)graphs under
Explorable Stochastic Uncertainty

This chapter considers the hypergraph orientation problem under explorable uncertainty in
the stochastic setting. Given a hypergraph with uncertain vertex weights that follow known
probability distributions, we study the problem of querying vertices of minimum total cost
until the identity of a vertex with minimum weight can be determined for each hyperedge.
Querying a vertex incurs a cost and reveals the precise weight of the vertex, drawn from the
given probability distribution. Using stochastic competitive analysis, we compare the expected
query cost of an algorithm with the expected cost of an offline optimal query set for the given
instance.

For the general problem, we give a polynomial-time f(«)-competitive algorithm, where
f(a) € [1.618 + €, 2] depends on the approximation ratio « for an underlying vertex cover
problem. We also show that no algorithm using a similar approach can be better than 1.5-
competitive.

Furthermore, we give polynomial-time 4 /3-competitive algorithms for orienting bipartite
graphs with arbitrary query costs and for orienting hypergraphs with a single hyperedge and
uniform query costs. We complement both of these results with matching lower bounds.

Bibliographic remark: This chapter is mainly based on joint work with E. Bampis,
C. Diirr, T. Erlebach, M. de Lima and N. Megow [Bam+21]. Some minor structural results are
based on joint work with T. Erlebach, M. de Lima and N. Megow [Erl+23; Erl+20]. Therefore,
some parts correspond to or are identical with [Erl+23; Bam+21; Erl+20].
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3.1 Introduction

In this chapter, we consider the hypergraph orientation problem under explorable uncertainty in
the stochastic setting. Recall that we are given a hypergraph H = (V, E') with uncertain vertex
weights and our task is to orient each hyperedge S € F towards a vertex of minimum precise
weight in S. Each vertex v € V has an initially uncertain weight w, and is associated with
an uncertainty interval I, that is either open or trivial, i.e., I,, = (L, U,) or I, = {w, }. We
call L,, and U, the lower and upper limit of I,,. If I,, is trivial, then we define L,, = U, = w,,.
The precise weight w,, of a vertex v can be revealed by a query at cost ¢, > 0, and our goal
is to adaptively query vertices until we have sufficient information to orient all hyperedges.
See Section 2.1.2 for an example problem instance.

In the stochastic setting, each vertex v additionally has a known continuous probability
distribution' d, over the uncertainty interval I, = (L,, U,), and the precise weight w,, of v
is drawn independently from d,,. We assume that [,, is the minimal interval that contains the
support of d,, i.e., L, is the largest value satisfying P[w, < L,] = 0 and U, is the smallest
value satisfying P{w, > U,| = 0. An algorithm can sequentially make queries to vertices to
learn their weights until it has enough information to identify the minimum-weight vertex of
each hyperedge. A set Q C V of queries is called feasible if querying () reveals sufficient
information to determine the orientation of each hyperedge. If all vertices have the same
query cost, we say that the query costs are uniform and assume w.l.o.g. that ¢, = 1 for all
v € V. Otherwise, we speak of arbitrary query costs. For S C V, we define the query cost
as ¢(S) = D _,cg Cv- The objective of an algorithm is to minimize the expected cost of the
queries it makes.

We analyze our algorithms in terms of their stochastic competitive ratio (see also Defini-
tion 2.2.6 in Chapter 2): For a problem instance .J, let ALG(.J) denote the query cost required
by a deterministic algorithm ALG to solve J and let OPT(.J) denote the minimal query cost
required to solve J. For a fixed realization of vertex weights, OPT(.J) refers to the cost of an
optimal feasible query set that can be computed by an algorithm that knows all query results of
the realization up-front before actually executing any queries but still has to compute a feasible
query set. Since the precise weights are drawn from probability distributions, ALG(J) and
OPT(J) are random variables with the expected values E[ALG(.J)] and E[OPT(.J)]. The
stochastic competitive ratio is defined as

E[ALG(.J)]
Je7 EOPT(J)]’

'We assume the distribution is given in such a way that P[w, € (a,b)] can be computed in polynomial time
for every v € V, a,b € R. For all our algorithms it suffices to be given a probability matrix: rows correspond
to vertices v, columns to elementary intervals (¢, ¢;11), and entries to Plw, € (t;,ti41)], where t1,. .., tov|
represent the sorted elements of { L., Uy|v € V}.
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where 7 is the set of all problem instances. We say that an algorithm is p-competitive if it has
a stochastic competitive ratio of at most p. During this chapter, all competitive ratios refer to
the stochastic setting unless explicitly stated otherwise.

Besides the general hypergraph orientation problem, we also consider the special case
where we are given a graph G = (V, E') instead of a hypergraph, called the graph orientation
problem. If G is the interval graph defined by Z = {I, | v € V'}, i.e., {u,v} € E if and only
if I, N I, # (), then we speak of the sorting problem as orienting the graph corresponds to
sorting the vertices by their precise weights.

3.1.1 Our Results

Our first main result (Section 3.3) is an algorithm for the graph orientation problem with
competitive ratio %(a + /8 — a(4 — «a)), assuming we have an a-approximation for the
vertex cover problem (which we need to solve on an induced subgraph of the given graph).
This factor is always between ¢ ~ 1.618 (for « = 1), and 2 (for a = 2). For o < 2, this is an
improvement compared to the adversarial lower bound of 2 (cf. Theorem 2.2.2 in Chapter 2).
The algorithm has a preprocessing phase with two steps. First, we compute the probability
that a vertex is mandatory, i.e., that it has to be queried by every algorithm in order to solve
the instance. We query all vertices with a mandatory probability over a certain threshold. The
second step uses an LP relaxation of the vertex cover problem to select some further vertices
to query. Next, we compute an a-approximation of the vertex cover on a subgraph induced by
the preprocessing and query the vertices in the resulting solution. The algorithm finishes with
a postprocessing that only queries mandatory vertices. For the analysis, we show two main
facts: (1) the expected optimal solution can be bounded by the expected optimal solutions
for the subproblems induced by a partition of the vertices; (2) for the subproblem on which
we compute a vertex cover in case of uniform query costs, the expected optimal solution can
be bounded by applying the K6énig-Egervéry theorem [Sch03] on a particular bipartite graph.
When given arbitrary query costs, we utilize a technique of splitting the vertices in order to
obtain a collection of disjoint stars with obvious vertex covers that imply a bound on the
expected optimum.

We further show how to generalize the algorithm to hypergraphs (Section 3.5). Unfor-
tunately, in this case it is #P-hard to compute the probability of a vertex being mandatory,
but we can approximate the probability via sampling. This yields a randomized algorithm
that attains, with high probability, a competitive ratio arbitrarily close to the expression given
above for graphs. To generalize the previous approach, we need to solve the vertex cover
problem on an induced subgraph of an auxiliary graph that contains, for each hyperedge of
the given hypergraph, all edges between the vertex with the leftmost interval and the vertices
whose intervals intersect that interval.

We also consider a natural alternative algorithm (Section 3.6) that starts with a particular
vertex cover solution and then adaptively queries remaining vertices. We prove a competitive
ratio of 4/3 on special cases, namely, for bipartite graphs with arbitrary costs and for a single
hyperedge with uniform costs, and complement these results with matching lower bounds.

All our algorithms first non-adaptively query a vertex cover of an auxiliary graph and
afterwards adaptively query carefully selected remaining vertices until the instance is solved.
We call such algorithms vertex cover-based. We prove that no vertex cover-based algorithm
is better than 1.5-competitive for the general hypergraph orientation problem. Furthermore,
we study how much adaptivity in the query strategy is actually necessary to achieve good
competitive ratios. While our results for graph orientation require only two non-adaptive
query rounds, we show that more than two rounds are necessary to achieve a competitive ratio
better than log n for hypergraph orientation.
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3.1.2 Related Work

Graph orientation problems are fundamental in the areas of graph theory and combinatorial
optimization. Usually, graph orientation refers to the task of giving an orientation to edges in
an undirected graph such that some given requirement is met. Different types of requirements
have been investigated. While Robbins [Rob39] initiated research on connectivity and reach-
ability requirements already in the 1930s, most work is concerned with degree-constraints;
cf. overviews given by Schrijver [Sch03, Chap. 61] and Frank [Fral1, Chap. 9].

Our requirement, orienting each edge towards its vertex of minimum weight, becomes
non-trivial and challenging when there is uncertainty in the vertex weights. While there are
different ways of modeling uncertainty in the input data, the model of explorable uncertainty
was introduced by Kahan [Kah91]. He considers the task of identifying the minimum element
in a set of uncertainty intervals, which is equivalent to orienting a single hyperedge. Unlike in
our model, no distributional information is known, and an adversary can choose weights in a
worst-case manner from the intervals. Kahan [Kah91] showed that querying the intervals in
order of non-decreasing left endpoints requires at most one more query than the optimal query
set, thus giving a competitive ratio of 2. Further, he showed that this is best possible in the
adversarial model.

Subsequent work addresses finding the k-th smallest value in a set of uncertainty in-
tervals [GSS16; Fed+03], caching problems [OWO00], computing a function value [KTO1],
and classical combinatorial optimization problems, such as shortest path [Fed+07], knap-
sack [Goe+15], scheduling problems [Diir+20; Ara+18; AE20], minimum spanning tree
and matroids [Hof+08; EH14; MMS17; FMM20; MS19; Erl+22]. Recent work on sorting
elements of a single or multiple non-disjoint sets is particularly relevant as it is a special case
of the graph orientation problem [Erl+23; HL21]. For sorting a single set in the adversarial
explorable uncertainty model, there is a 2-competitive algorithm and it is best possible, even
for arbitrary query costs [HL21]. The adversarial competitive ratio can be improved to 1.5 for
uniform query cost by using randomization [HL21]. Algorithms with limited adaptivity have
been proposed in [EHL23].

Although the adversarial model is arguably pessimistic and real-world applications often
come with some distributional information, surprisingly little is known on stochastic variants of
explorable uncertainty. The only previous work we are aware of is by Chaplick et al. [Cha+21],
in which they studied stochastic uncertainty for the problem of sorting a given set of uncertain
values, and for the problem of determining the minimum element in a single set of uncertain
values. They showed that the optimal decision tree (i.e., an algorithm that minimizes the
expected query cost among all algorithms) for a given instance of the sorting problem can
be computed in polynomial time. The competitive ratio of that algorithm remains open. For
the minimum problem, they leave open whether an optimal decision tree can be determined
in polynomial time, but give a 1.5-competitive algorithm and an algorithm that guarantees a
bound slightly smaller than 1.5 on the expectation of the ratio between the query cost of the
algorithm and the optimal query cost. Note that the expectation of this ratio is different to the
stochastic competitive ratio, which we defined as the ratio of the expectations. The problem
of scheduling with testing [LMS19] is also in the spirit of stochastic explorable uncertainty
but less relevant here.

3.1.3 Outline

In Section 3.2, we start by introducing preliminary results that are necessary to design and
analyze our algorithms, and also give lower bounds on both, the competitive ratio and the
(expected) optimal solution cost. Afterwards, we introduce the class of vertex cover-based
algorithms, which characterizes all algorithms that we use in this chapter and give a lower
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bound on the competitive ratio for this class of algorithms. In Section 3.3, we give a threshold
algorithm that falls into this class of algorithms and analyze it for the graph orientation
problem with uniform query costs. The subsequent Section 3.4 generalizes this result to
arbitrary query costs. In Section 3.5, we generalize the results of the previous sections to
hypergraphs. The key challenge when orienting hypergraphs is that the computation of certain
probabilities that are necessary to execute our algorithms becomes # P-complete. We give
a sampling algorithm that allows us to approximate the necessary probabilities and use it to
design a randomized algorithm that matches the results of the previous sections with a high
probability. Finally, in Section 3.6, we give an algorithm that achieves the best expected query
cost among all vertex cover-based algorithms. We analyze this algorithm for the special cases
of orienting bipartite graphs with arbitrary query costs and orienting a single hyperedge with
uniform query costs.

3.2 Preliminaries

The hypergraph orientation problem and the graph orientation problem have already been
defined in Section 2.1 and we have seen some structural results for the problem in Section 2.3.3.
For the sake of readability, we restate these results here. Afterwards, we extend them to the
stochastic setting and discuss how to use them to lower bound the expected optimal query cost
for a given instance.

To this end, we briefly restate the concept of mandatory vertices (cf. Sections 2.3.2
and 2.3.3) and show how the probability for a vertex to be mandatory can be computed. Next,
we briefly restate the concept of witness sets (see also Section 2.3.1) and use it to define the
vertex cover instance associated with an instance of the hypergraph orientation problem. Such
vertex cover instances allow us to give more global lower bounds on the optimal query cost.
Exploiting these bounds, we give a full characterization of the expected optimal query cost.

The vertex cover instance is not only useful to lower bound the expected optimum but also
allows us to define a class of algorithms, the vertex cover-based algorithms. All algorithms
considered in this chapter fall into this class.

Finally, we also give a lower bound on the stochastic competitive ratio showing that no
algorithm can achieve a ratio better than %.

Basic definitions. Recall that we measure the performance of an algorithm by comparing
the expected cost of the queries it executes to the expected optimal query cost. Formally,
given a realization of the precise weights, we call a query set () C V feasible if querying ()
permits one to identify the minimum-weight vertex in every hyperedge. We already proved
the following characterization of feasible query sets in Chapter 2.

Lemma 2.1.1. Consider an instance of hypergraph orientation under explorable uncertainty
with hypergraph H = (V, E') and uncertainty intervals I, forallv € V. A query set Q C V is
feasible if and only if it, for each hyperedge S, satisfies at least one of the following conditions:

1. Q contains all vertices v in S with non-trivial uncertainty intervals I,, that contain the
minimum precise weight w* = mingcg w, of the vertices in S.

2. Letv € S be a vertex of minimum weight in S, i.e., w, = w* = miny,ecg w,. Q) contains
all vertices u € S\ {v} with intervals that intersect I,, and w,, > U, holds for all
ue S\{v}

An optimal query set is a feasible query set of minimum query cost. Since this depends on
the probabilistic realization of the precise weights, we denote by E[OPT] the expected query

35



3. Orienting (Hyper)graphs under Explorable Stochastic Uncertainty

cost of an offline optimal query set. Note that each realization of precise weights might have
a different optimal query set, so E[OPT] is not the expected cost of a certain query set but
the expected query cost over the different optimal query sets of all realizations. Similarly, we
denote by E[ALG] the expected query cost of the query set queried by an algorithm ALG. The
supremum of E[ALG]/E[OPT], over all instances of the problem, is called the competitive
ratio of A. Alternatively, one could compare E[ALG] against the cost E[A*] of an optimal
adaptive algorithm A*. However, in explorable uncertainty, it is standard to compare against
the optimal query set, and, since E[OPT] is a lower bound on E[A*], all our algorithmic
results translate to this alternative setting.

We say that a vertex v € S is leftmost in a hyperedge S € F if the uncertainty interval I,
of v has minimum lower limit among the intervals of the vertices in S, i.e., L, = min,cg L.
If a hyperedge S € E contains a leftmost vertex v with a trivial uncertainty interval, then
clearly no other vertex in S can have a smaller weight than v and we already know the
orientation of S. Thus, we can assume without loss of generality that no hyperedge contains a
leftmost vertex with a trivial uncertainty interval, since otherwise we could simply remove
the hyperedge. Let v be a leftmost vertex in a hyperedge S € E. Then we can also assume
that I, N I,, # () for all uw € S\ {v}, because otherwise the vertex u could be removed from
the hyperedge S as we would already know that w, < w,, and that « cannot be of minimum
weight in S. For the special case of graphs, this means that we assume I,, N I,, # () for each
{u,v} € E, since otherwise we could simply remove the edge. The following assumption
summarizes these observations.

Assumption 3.2.1. We assume without loss of generality that all problem instances for
hypergraph orientation under explorable uncertainty satisfy the following properties:

1. No hyperedge S € E has a leftmost vertex v with a trivial uncertainty interval I,,.

2. If v is leftmost in a hyperedge S, then I, N I,, # () for all u € S\ {v}.

3.2.1 Preprocessing, Mandatory Vertices and Mandatory Probabilities

Our algorithms exploit that some vertices are part of every feasible query set. If we can
identify such a vertex, then we can query it without ever worsening the competitive ratio. A
vertex v is called mandatory if it belongs to every feasible query set for the given realization.
For example, if for some edge {u, v}, vertex u has already been queried and its value w,,
belongs to the non-trivial interval I,,, then v is known to be mandatory as it is impossible to
decide whether w, < w,, or w, > w, without querying v. We restate the following lemma
that fully characterizes mandatory vertices (see Section 2.3.3 for the corresponding proof).

Lemma 2.3.5. Consider an instance H = (V, E) for hypergraph orientation under explorable
uncertainty. A vertex v € V with a non-trivial uncertainty interval I, is mandatory if and
only if there is a hyperedge S € E withv € S such that either (i) v is a minimum-weight
vertex of S and w,, € I, for some u € S\ {v}, or (i1) v is not a minimum-weight vertex of S
and w,, € I, for a minimum-weight vertex u of S.

The lemma directly implies the following corollary that was also directly proven in [Cha+21,
Section 3]. Recall that a hyperedge S is solved if we already have sufficient information
to orient .S. In particular, if there exists a left-most vertex v in a hyperedge S with a trivial
uncertainty interval, then S is solved as no vertex in S can have a smaller weight than v.

Corollary 2.3.6. Consider an instance H = (V, E) for hypergraph orientation under ex-
plorable uncertainty. If the interval of a leftmost vertex v in a not yet solved hyperedge S
contains the precise weight of another vertex in S, then v is mandatory. In particular, if v is
leftmost in (a not yet solved) S and I,, C I, for some u € S\ {v}, then v is mandatory.
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FIGURE 3.1: Illustration of the structure of the uncertainty intervals of the vertices in a
hyperedge S = {v,uq,...,uy} of a preprocessed instance.

Thus, if there is a leftmost vertex v of a not yet solved hyperedge S € E with [, C I,
for some u € S\ {v}, then every algorithm can query such a vertex, without worsening the
competitive ratio. Similarly, if a not yet solved hyperedge contains vertices v and v such that v
has not been queried yet and is the leftmost vertex, while a query of u has revealed that w,, € I,
then it follows from Lemma 2.3.5 that v is mandatory for every realization of the unqueried
vertices. This also means that if we query a vertex that is mandatory by Corollary 2.3.6,
then the information revealed by the query can lead to another vertex becoming mandatory
by Corollary 2.3.6. Thus, it can make sense to iteratively and exhaustively apply the corollary
until we cannot use it to identify anymore mandatory vertices. In particular, this can be done
as a preprocessing step and most of our algorithms assume without loss of generality that the
input instance is already preprocessed in this manner.

Definition 3.2.2. An instance of hypergraph orientation under explorable uncertainty with
hypergraph H = (V, E') and uncertainty intervals I,, for all v € V is preprocessed, if it does
not contain vertices that can be identified as mandatory by using Corollary 2.3.6. That is, for
every hyperedge S € FE, there is no leftmost vertex v € S with I,, C I, foranu € S\ {v}.

The assumption of a preprocessed input instance is particularly useful because it allows
us to further characterize the structure of the uncertainty intervals as in the following lemma.
Figure 3.1 illustrates the structure as described in the lemma for a single hyperedge. We
remark that the structure from the lemma holds for an initial preprocessed instance. Once we
execute queries, it can change again. However, even then an algorithm can retain the structure
by querying mandatory vertices according to Corollary 2.3.6.

Lemma 3.2.3. Consider a preprocessed instance of hypergraph orientation under explorable
uncertainty with hypergraph H = (V, E') and uncertainty intervals I,, for all v € V. Then,
each hyperedge S € E satisfies the following properties:

1. S has a unique leftmost vertex v with a non-trivial uncertainty interval.
2. I,NI, #0and I, \ I, # 0 for all u € S\ {v}.

Proof. Consider an arbitrary hyperedge S € E. By Assumption 3.2.1, S does not have a
leftmost vertex with a trivial uncertainty interval. Thus, there must be a leftmost vertex v € .S
with a non-trivial uncertainty interval I, = (L,, U,). Assume there is a second leftmost vertex
v € S with v # v'. Since v and v’ are both leftmost, we have L, = L,/. But then, either
I, C Iy or I, C I, must hold; a contradiction to the instance being preprocessed. This
implies that S satisfies the first property of the lemma.

Next, consider a vertex u € S\ {v}. Assumption 3.2.1 directly implies I,, N I, # 0.
Since v is the unique leftmost vertex of S, we have L,, < L,,. Thus, I, \ I, = () would imply
I, C I, a contradiction to the instance being preprocessed. 0
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FIGURE 3.2: Instance and mandatory probabilities used in the proof of Theorem 3.2.5.

Corollary 2.3.6 gives us a criterion to identify mandatory vertices based only on the
graph and the structure of the intervals and allows us to preprocess instances. The full
characterization of mandatory vertices (cf. Lemma 2.3.5) on the other hand, cannot necessarily
be directly applied by an algorithm to identify more mandatory vertices, as it depends on the
unknown precise vertex weights. Since we consider the stochastic setting however, we might
be able to use that characterization to compute the probability that a vertex v is mandatory.
For each vertex v € V, we denote this mandatory probability by p,. Querying vertices v € V
with a high mandatory probability p,, will be a key element of our algorithms. For graphs, p,
is easy to compute as, by Lemma 2.3.5, v is mandatory if and only if I, is initially non-trivial
and w,, € I, for some neighbor vertex u. Hence, we can observe the following.

Observation 3.2.4. Consider an instance of graph orientation under stochastic explorable
uncertainty with graph G = (V, E) and uncertainty intervals I, for all v € V. The mandatory
probability of a vertex v with a non-trivial uncertainty interval I,, can be written as p, =
1— Hu:{u,v}eE Plw,, & I,,] and can be computed in polynomial time.

For hypergraphs, however, we show in Section 3.5 that the computation of p,, is #P-hard,
even if all hyperedges have size 3. Luckily it is not difficult to get a good estimate of the
probabilities to be mandatory for hypergraphs using sampling, as we show in Section 3.5.

3.2.2 Lower Bounds on the Stochastic Competitive Ratio

Using the previously defined mandatory probabilities, we give the following lower bounds on
the stochastic competitive ratio.

Theorem 3.2.5. Every algorithm for the graph orientation problem under explorable stochas-
tic uncertainty has competitive ratio at least %, even for uniform query costs and even if no
restriction on the running time of the algorithm is imposed. For the hypergraph orientation
problem under explorable stochastic uncertainty, the lower bound holds even when orienting
a single hyperedge. For arbitrary query costs, this lower bound holds even for orienting a
single (non-hyper) edge.

Proof. We first show the lower bound for the graph orientation problem with uniform query
costs. Consider three vertices x,y, z, with I, = (0,2) and I, = I, = (1, 3), and uniform
query costs ¢; = ¢, = ¢, = 1. The only edges are {z,y} and {z, z}. The probabilities are
such that Plw, € (1,2)] = 1 and Plw, € (1,2)] = P[w. € (1,2)] =, for some 0 < € < 3;
see Figure 3.2. If w, € (0, 1], which happens with probability % querying only x gives us
sufficient information to orient both edges. If w, € (1,2) and w,, w, € [2,3), which happens
with probability %(1 — €)2, querying y and z gives sufficient information to orient both edges.
Otherwise, all three vertices must be queried to identify the orientations of the edges. This
gives us

(1-¢)?

E[OPT]:%-1+%(1—e)2.2+%(1—(1—e)2).3=2— 5

38



3. Orienting (Hyper)graphs under Explorable Stochastic Uncertainty

which tends to % as € approaches 0. Since y and z are identical and we can assume without
loss of generality that an algorithm always queries a vertex first that it knows to be mandatory
(if there is such a vertex), we only have three possible algorithms to consider:

1. First query z. If w, € (1,2), then query y and z. The expected query cost is 2.

2. First query y. If w,, € (1,2), then query z, and query z if w, € (1,2). If w, € [2,3),
then query z, and query z if w, € (1,2). The expected query cost is 1 + %e + (1 -
€)(1 + €), which tends to 2 as € approaches 0.

3. First query y. Whatever happens, query z, then query z if w, € (1,2). The expected
query cost is %, so this is never better than the previous options.

With either choice (even randomized), the competitive ratio tends to at least % ase — 0.

For the hypergraph orientation problem, consider the instance that consists of a single
hyperedge {z, y, z} with the uncertainty intervals and distributions as used in the lower bound
for graph orientation; see Figure 3.2. For this instance, the expected optimal query cost is
the same as in the previous lower bound. Furthermore, it suffices to consider the same three
algorithms with the same expected query costs. Thus, the lower bound translates.

For arbitrary query costs, consider a single edge {x, y} with costs ¢; = 1 and ¢, = 2. We
again use the uncertainty intervals and distributions given in Figure 3.2. The expected optimal
query cost is
Cy T ¢y  €Cy €

=15——-.
2 2 g 2

1 1 1
E[OPT] = §-cx+§-(1—e)-cy—|—§-(l—(1—6))~(cm+cy) =
We only have two decision trees to consider:
1. First query z. If w, € (1,2), query y. The expected query cost is ¢, + % cCy = 2.

2. First query y. If w,, € (1,2), query . The expected query costis ¢, + € - c; = 2 + ¢,
which tends to 2 as € approaches 0.

With either choice (even randomized), the competitive ratio tends to at least % as e — 0.
O

3.2.3 Witness Sets and the Vertex Cover Instance

Another key concept of our algorithms is to exploit witness sets [Bru+05; Hof+08]. Recall
that a subset W C V is a witness set if W N @QQ # () for all feasible query sets ). Witness sets
can be used to lower bound the optimal query cost. We restate the following characterization
of witness sets for hypergraph orientation (see Section 2.3.3 for a proof).

Lemma 2.3.7 (Kahan [Kah91]). Consider an instance H = (V, E) for hypergraph orientation
under explorable uncertainty. Let S € E be a not yet solved hyperedge of H. A set {v,u} C S
with I, N I, # 0 and v or u leftmost in S is a witness set.

As we have seen in Section 2.3.3, we can use Lemma 2.3.7 within the witness set
algorithm to achieve an adversarial competitive ratio of 2. However, our goal is to achieve
better competitive ratios in the stochastic setting and, therefore, we cannot rely on using such
techniques as a blackbox.

Instead, we design new techniques that rely on stronger lower bounds on the expected
optimal query cost. Lemma 2.3.7 allows us to locally lower bound the optimal query cost for
a single hyperedge. To lower bound the optimal query cost for the complete hypergraph, we
define the following vertex cover instance.
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FIGURE 3.3: Example instance for the hypergraph orientation problem and the corresponding
vertex cover instance. For a Hypergraph H = (V, E)) with the vertices V' = {vy,...,vs}
and hyperedges E = {{v1, v2, v3, v4, V5, Vg, U7, s}, {vg, U7, U }, {v1, V2, v3}}, the figure
shows the uncertainty intervals (left) and the corresponding vertex cover instance (right).
The differently colored edges indicate the vertex cover instances for the single hyperedges.

Definition 3.2.6. Consider an instance of hypergraph orientation under explorable uncertainty
with hypergraph H = (V, E) and uncertainty intervals I, for all v € V. The vertex cover
instance of H is the graph G = (V, E) with {v,u} € E if and only if there is a not yet solved
hyperedge S € E such that v,u € S, v is leftmost in S and I, N I,, # (). For the special case
of a graph G instead of a hypergraph H, it holds that G = G.

See Figure 3.3 for an example vertex cover instance. Since each edge of the vertex cover
instance G is a witness set by Lemma 2.3.7, we can observe that each feasible query set @ is
a vertex cover of G. This leads to the following observation, which will turn out to be very
helpful for lower bounding the expected optimal query cost.

Observation 3.2.7. Given an instance of hypergraph orientation with hypergraph H = (V, E)
and uncertainty intervals I, for all v € V, consider the vertex cover instance G = (V, E).
Let V.C denote a minimum-weight vertex cover of G using the query costs c, as weights for
the vertices. Then, c(V C) < OPT for every realization of precise weights.

For preprocessed instances, the vertex cover instance has another useful property: If
querying a vertex cover of the vertex cover instance does not solve the problem, then we can
solve it by only querying vertices that are known to be mandatory by Corollary 2.3.6. The
following lemma formalizes this property.

Lemma 3.2.8. Given a preprocessed instance of hypergraph orientation with hypergraph
H = (V, E) and uncertainty intervals I, for all v € V, let Q) be an arbitrary vertex cover of
G. After querying Q, for each hyperedge S € E, we either know the orientation of S or can
determine it by exhaustively querying according to Corollary 2.3.6.

Proof. Consider an arbitrary hyperedge S and let v be leftmost in S. As the instance is
preprocessed, the leftmost vertex is unique by Lemma 3.2.3. If the interval of v is not
intersected by any I, with u € S\ {v} before querying (), then we clearly already know the
orientation. Thus, assume otherwise. Since the instance is preprocessed, we, by Lemma 3.2.3,
have I,, I, and I,  I,, forall u € S\ {v} (before querying ). By definition, a vertex
cover of the vertex cover instance G contains either (i) v or (ii) S \ {v}.

Consider case (i) and let u be leftmost in S \ {v}. If querying v reveals w, & I,
then v has minimum weight in S and we know the orientation of S. If querying v reveals
wy € I, then the query reduces I, to {w, } and u becomes mandatory by Corollary 2.3.6 as
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I, = {w,} C I, and u is leftmost in S after querying v. After querying u (to exhaustively
apply Corollary 2.3.6), we can repeat the argument with the vertex leftmost in S \ {u,v}.
Thus, exhaustively applying Corollary 2.3.6 gives us the orientation.

Consider case (ii). If querying S \ {v} reveals that there exists no vertex u € S \ {v}
with w,, € I,,, then v must be of minimum weight in S. Otherwise, the uncertainty interval of
some u € S\ {v} was reduced to {w, } C I, and we can apply Corollary 2.3.6. After that,
all elements of .S are queried and we clearly know the orientation. O

3.2.4 Lower Bounds on the Expected Optimal Query Cost

To analyze our algorithms and achieve improved stochastic competitive ratios, we require
stronger lower bounds on E[OPT]. Let R be the set of all possible realizations of precise
weights and let OPT(R) for R € R be the optimal query cost for realization R. By Obser-
vation 3.2.7, the minimum weight of a vertex cover of G (using the query costs as weights)
is a lower bound on the optimal query cost for each realization and, thus, on E[OPT]. This
observation in combination with Lemma 2.3.5 also gives us a way to identify an optimal query
set for a fixed realization, by using the knowledge of the exact vertex weights.

For a graph G = (V, E') and a subset U C V, we use G[U] to refer to the subgraph of G
induced by U.

Lemma 3.2.9. Consider a preprocessed instance of hypergraph orientation under explorable
uncertainty with hypergraph H = (V, E) and uncertainty intervals I, for all v € V. For a
fixed realization R, let M be the set of vertices that are mandatory for the realization of precise
weights (cf. Lemma 2.3.5), and let VCy; be a minimum-weight vertex cover of G|V \ M|
(using the query costs as weights). Then, M UV C)yy is an optimal query set for realization R.

Proof. Consider a preprocessed instance of hypergraph orientation under explorable uncer-
tainty with hypergraph H = (V, F), uncertainty intervals I, for all v € V, and a fixed
realization of precise weights w, forallv € V.

Clearly, ¢(M) + ¢(VCpr) < OPT(R) as all vertices in M are mandatory and all edges
in G[V \ M] are witness sets by Lemma 2.3.7. Furthermore, set Q = M U V() is a vertex
cover for G and contains all mandatory vertices. By Lemma 3.2.8, this suffices to conclude
that Q) is feasible, which implies the lemma. O

To analyze the performance of our algorithms, we compare the expected cost of the
algorithms to the expected cost of the optimal solution. By Lemma 3.2.9, ¢(M) 4 ¢(V Cy) is
the minimum query cost for a fixed realization R of a preprocessed instance, where M C V' is
the set of mandatory elements in the realization and V' (s is a minimum-weight vertex cover
for the subgraph G[V \ M] of the vertex cover instance G = (V, E) induced by V' \ M. Thus,
the optimal solution for a fixed realization is completely characterized by the set of mandatory
vertices in the realization. Using this, we can characterize the expected optimal query cost
for a preprocessed instance as E[OPT] = ",y p(M) - ¢(M) 4+ > sy (M) - ¢(VCi),
where p(M) denotes the probability that M is the set of mandatory elements. Using that
Yoacy P(M) - (M) = >, oy Po - ¢(v) holds since both terms describe the expected cost
for querying mandatory vertices, we can derive the following characterization of E[OPT:

EOPT] = py-co+ Y p(M)-c(VCu).
veV MCV

A key technique for our analysis is to lower bound E[OPT] by partitioning the opti-
mal solution into subproblems and discarding dependencies between elements in different
subproblems. The following definition and lemma make this more concrete.
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Definition 3.2.10. Consider a preprocessed instance of hypergraph orientation under ex-
plorable stochastic uncertainty with hypergraph H = (V, E). For a realization R and any
subset S C V, let OPTg = mingeg ¢(Q N S), where Q is the set of all feasible query sets
for realization R.

Lemma 3.2.11. Consider a preprocessed instance of hypergraph orientation under explorable
stochastic uncertainty with hypergraph H = (V, E). Let S1, . . ., Sk be a partition of V. Then
E[OPT] > 3%  E[OPTg,).

Proof. We start the proof by characterizing E[OPTg,| foreachi € {1,...,k}. Let R € R an
arbitrary realization and let M C V denote the set of vertices that are mandatory in realization
R. By Lemma 3.2.9, the optimal solution for that realization needs to contain all mandatory
elements of S;, and resolve all remaining dependencies between vertices of S;, i.e., query a
minimum-weight vertex cover VC’J‘\g/} for the subgraph G/[S; \ M]. Thus, we arrive at

E[OPTs,]= Y pu-cot+ > p(M) - c(VC). (3.2.1)
VES; MCV

By summing Equation (3.2.1) over all i € {1, ..., k}, we obtain the lemma:

k
S EOPT) =3 (Speecot 3 o) eV
i=1 i=1 \vES; MCV
k
~S et X 00 (zcvcs )
veV MCV i=1
<N percot Y p(M)-c(VCy) = E[OPT],
veV MCV
where the second equality follows from Sy, . .., Si being a partition. The inequality follows

from Zle c(VCf/}) being the cost of a minimum weighted vertex cover for a subgraph of
G[V \ M], while ¢(V C})y) is the minimum cost for a vertex cover of the whole graph. [

3.2.5 Vertex Cover-based Algorithms

Using the vertex cover instance, we can not only lower bound E[OPT], but also define a class
of algorithms that exploits Observation 3.2.7.

Definition 3.2.12. An algorithm for solving a preprocessed instance of hypergraph orientation
under explorable uncertainty is called vertex cover-based if it implements the following
pattern:

1. Non-adaptively query a vertex cover VC of G.

2. Iteratively query mandatory vertices until the minimum-weight vertex of each hyperedge
is known: For each hyperedge S € E for which the minimum weight is still unknown,
query the vertices in order of left interval endpoints until the vertex of minimum weight
is found.

By definition of the second step, each vertex cover-based algorithm clearly orients each
hyperedge. Furthermore, the proof of Lemma 3.2.8 implies that each vertex queried in the
second step is indeed mandatory for all realizations that are consistent with the currently
known information, i.e., the weights of the previously queried vertices.
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FIGURE 3.4: Lower bound example for orienting a single hyperedge.

All the algorithms we propose in this chapter are vertex cover-based and we show that this
framework can be used to improve upon the adversarial lower bound of 2. However, we also
give lower bounds for algorithms that follow this pattern.

Theorem 3.2.13. No vertex cover-based algorithm has competitive ratio better than % for
hypergraph orientation under explorable stochastic uncertainty. This result holds even in the
following special cases:

1. The graph has only a single hyperedge but the query costs are not uniform.
2. The query costs are uniform and the vertex cover instance G is bipartite.
3. The instance is a non-bipartite graph orientation instance with uniform query costs.

Proof. Case 1. Consider the instance consisting of a single hyperedge {x, y, z} with intervals
and query costs as shown in Figure 3.4. Each vertex cover-based algorithm has to query a vertex
cover of G in the first stage. As the edge set of the vertex cover instance consists of the two
edges {z,y} and {x, z}, each algorithm either queries A; = {z}, Ay = {y, 2z} or a superset
of one of them in the first stage. Since querying supersets of A; or Ay in the first stage never
improves in comparison to just querying A; or Ag, we discard that option. For € tending to zero,
the expected cost of the two-stage algorithms are E[4;] = E[Ao] =k +1+3 - k=3 k+1,
while the expected optimum is E[OPT] = 1+ % -k+ % -k = k + 1. Therefore, for k tending
to infinity, the competitive ratio approaches %

Case 2. The argumentation is analogous to the proof of the first case but uses the instance
in Figure 3.5. The hyperedges are St, ..., Sk, with S; = {z;,y, 21, ..., 2k }-

Case 3. The argumentation is analogous to the proof of Case 1 but uses the instance in
Figure 3.6. O

3.2.6 Hardness of the Offline Problem

We conclude the section by proving that the offline variant of hypergraph orientation under
explorable uncertainty is NP-hard. The offline variant is the problem of computing a feasible
query set of minimum query costs for a fixed realization of precise weights and given full
knowledge of the precise weights.

931} € 0 ?1—6%
l’k} € ; 0 El—e% y
y{l/Q: 0 ;1/2{
: : : - x z
Z.lf € : 1—c¢€ { 1 1
Zk' € l—e
' ! T 2k

FIGURE 3.5: Lower bound example for the hyperedge orientation problem. The vertex cover
instance is shown in the complete bipartite graph at the right.
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FIGURE 3.6: Lower bound example for the graph orientation problem with uniform query
costs. The subgraph induced by {z1,...2, 21, ..., 2} is complete bipartite, and y is a
universal vertex (adjacent to all others).
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FIGURE 3.7: NP-hardness reduction for the hypergraph orientation problem from the vertex
cover problem on 2-subdivision graphs. (a) A graph and (b) its 2-subdivision. (c) The
corresponding instance for the hypergraph orientation problem.

Theorem 3.2.14. The offline variant of hypergraph orientation under explorable uncertainty
is NP-hard.

Proof. The proof uses a reduction from the vertex cover problem for 2-subdivision graphs,
which is NP-hard [Pol74]. A 2-subdivision graph is a graph H which can be obtained from
some graph GG by replacing each edge by a path of length four (with three edges and two new
vertices). The graph in Figure 3.7b is a 2-subdivision of the graph in Figure 3.7a.

Given a graph H which is a 2-subdivision of a graph G, we construct an instance of graph
orientation under uncertainty G’ = (V' E’) as follows. First, we set G’ = H, i.e., we use the
2-subdivision as the input graph for our graph orientation instance. It remains to define the
intervals and precise weights.

For the original vertices of (G, we define the intervals in a way such that no two intervals
intersect each other. For an edge e = {u, v} of G, let v; and v2 denote the vertices introduced
to replace e when creating the 2-subdivision /1. We define the intervals I,,, and I, such that
two intervals of I, I,,, , I,,, I,, intersect if and only if the corresponding vertices define an
edge in G’ = H. As illustrated in Figure 3.7c, placing the intervals in such a way is clearly
possible.
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Finally, we can assign precise weights such that, for any edge {u,v} € FE’, neither
wy € I, nor w,, € I,. By definition of the intervals, this is possible. To orient each edge,
we have to query at least one endpoint. By definition of the precise weights, querying one
endpoint is sufficient to orient any edge. Clearly, on such instances, every solution to the
offline variant of the graph orientation problem corresponds to a vertex cover of H, and
vice-versa. O

Note that the reduction used to prove the theorem preserves the approximation fac-
tor, i.e., an a-approximation for the offline variant of hypergraph orientation implies an a-
approximation for vertex cover on 2-subdivision graphs. Since Chlebik and Chlebikova [CCO7]
showed hardness of approximation for vertex cover on 2-subdivision graphs, we can conclude
the following corollary.

Corollary 3.2.15. The offline variant of hypergraph orientation under explorable uncertainty
is APX-hard.

3.3 A Threshold Algorithm for Orienting Graphs

In this section, we introduce a vertex cover-based algorithm for the graph orientation problem
with uniform query costs. The techniques and analysis used in this section can be generalized
to hypergraph orientation and arbitrary weights; we do so in the subsequent sections.

As a subproblem, our algorithm solves a vertex cover problem. This problem is NP-hard
and 2-approximation algorithms are known [YGS80]. For several special graph classes, there
are improved algorithms [Hal02]. Using an a-approximation for vertex cover as a black box,
we achieve a competitive ratio between ¢ ~ 1.618 (&« = 1) and 2 (« = 2) as a function
depending on «. This function is shown in Figure 3.8.

The main idea behind Algorithm 5 is motivated by the lower bounds on E[OPT] from the
previous section. For one, we know that vertices with a high mandatory probability are likely to
be part of OPT'. Intuitively, querying such vertices cannot be too bad for our competitive ratio.
Thus, Algorithm 5 selects vertices with a mandatory probability larger than a certain threshold
d € (0,1] (cf. Line 1) as part of the vertex cover that is queried in the first phase of the vertex
cover-based algorithm (cf. Line 5). Then, we know by Observation 3.2.7 that a minimum
vertex cover of the vertex cover instance is a lower bound on E[OPT] (for graph orientation,
the vertex cover instance is just the input graph). So the algorithm approximates a minimum
vertex cover for the subgraph that remains after removing the already selected vertices with
high mandatory probabilities (cf. Lines 2-4) and queries it in the first phase (cf. Line 5). For
technical reasons that ease the analysis, the algorithm executes a preprocessing of the vertex
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FIGURE 3.8: Competitive ratio of THRESHOLD for different approximation factors « of the
vertex cover problem blackbox.
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Algorithm 5: THRESHOLD
Input: Preprocessed instance of graph orientation under stochastic explorable

uncertainty with graph G = (V, E), distributions d,, and uncertainty intervals
I, for each v € V. Threshold parameter d € (0, 1] and an a-approximation
black box for the vertex cover problem.

1 LetM ={veV|p, >d};

2 Solve (LP) for G[V \ M] and let z* be an optimal basic feasible solution;

3 LetVi = {v eV |z =1} and similarly V; 5, V0 ;

4 Use the a-approximation black box to approximate a vertex cover VC’ for G[V; /2];

5 Query Q = MUV UV, /* @ is a vertex cover */

6 Query the mandatory elements of V' \ @ ;

cover instance by using the following classical LP relaxation, for which each optimal basic
feasible solution is half-integral [NJ75], before actually approximating the vertex cover:

min Y oy Gy Ty
st. zyta,>1 Yu,v} €eFE (LP)
x, >0 YveV

After querying the vertex cover in Line 5, the algorithm, as every vertex cover-based algorithm,
only queries remaining vertices if they are mandatory (cf. Line 6). Since the algorithm already
queried all vertices with a high mandatory probability (cf. Line 1), we can bound the expected
number of queries in Line 6. Formalizing these ideas, we analyze our algorithm to show the
following theorem.

Theorem 3.3.1. Given an a-approximation with 1 < o < 2 for the vertex cover problem (on
the induced subgraph G[V) j], see Line 4), THRESHOLD with parameter d € (0, 1] achieves
a competitive ratio of max{é, a+ (2 — «) - d} for the graph orientation problem under
explorable stochastic uncertainty with uniform query costs. Optimizing d yields a competitive
ratio of 5(a+ /8 — a(4 — «)). The running time of THRESHOLD is polynomial in the input.

Proof. Since (Q is a vertex cover for GG, querying it in Line 5 and resolving all remaining
dependencies in Line 6 solves the graph orientation problem by Lemma 3.2.8. Note that V' \ Q
is an independent set in GG, and, thus, after querying () we exactly know which elements of
V'\ @ are mandatory. Hence, it is known after Line 5 which nodes in V' \ () are mandatory,
and they can be queried in Line 6 in arbitrary order (or in parallel).

As we argued in Section 3.2, the mandatory probabilities for a graph orientation instance
can be computed in polynomial time and, therefore, Line 1 can be executed in polynomial
time. Since the a-approximation blackbox has polynomial running time by assumption, all
other steps of the algorithm, and thus the complete algorithm, can be executed in polynomial
time.

We continue by showing the competitive ratio of max{3, a«+ (2 — a) - d}. Algebraic trans-
formations show that the optimal choice for the threshold is d(«) = 2/(a+ /8 — a(4 — «)).
The desired competitive ratio for THRESHOLD with d = d(«) follows.

The algorithm queries set (), and all other vertices only if they are mandatory, hence

EALG] = Q[+ > po=IM|+Wi[+[VC' |+ > po+ >, po (3D
veV\Q vEVD VeV ;5\V T’

The expected optimal cost can be lower bounded by partitioning and Lemma 3.2.11:

E[OPT] > E[OPT ] + E[OPTy, v, + E[OPTy, . (3.3.2)
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In the remaining part of the proof, we compare E[ALG] with E[OPT] component-wise.
We can lower bound E[OPT /] by ),/ pv using Equation (3.2.1). By definition of M,
it holds that E[OPT ] > > s po > d - [M]. Thus,

M| < % . E[OPT . (333)

Next, we compare [V1| + 1, po With E[OPTy,uy,]. For this purpose, let G[V1 U Vp
be the subgraph of G induced by V4 U Vjp, and let G’[V; U Vp] be the bipartite graph that is
created by removing all edges between elements of V; from G[V; U Vp]. Note that there cannot
be edges between vertices of V() in G[V; U Vp] by definition of Vj. The following statement
can be shown by slightly adjusting arguments from [NJ75, Theorem 2].

Claim 3.3.2. We claim that Vy is a minimum vertex cover for G'[V1 U Vp].

Proof. Assume otherwise. Then there is a vertex cover VC* for G'[V; U V] with ¢(VC*) <
¢(V1). Since we consider uniform query costs ¢, we have ¢(VC*) = |[VC*| and ¢(V}) = |V4|.
Let Ry = V3 \ VC* and let Ag = Vo N VC*, then VC* = (V1 \ Ry) U Ap. Since
c(VC*) < ¢(V7), we get ¢(Ry) > ¢(Ap). We define a solution 2’ for the LP Relaxation of
Line 2 in THRESHOLD as follows:

o % ifve R UAg
Y x; otherwise,

where x* refers to the solution computed in Line 2 of THRESHOLD. The objective value ¢(x”)
of z’is c(2') = c(z*) — § - ¢(R1) + 3 - ¢(Ap), where c(z*) is the objective value of z*. We
argue that 2’ is feasible for the LP relaxation, which contradicts the optimality of z*.

All edges that are only incident to elements of V; 5, = V' \ (V1 U Vp) are still covered,
because the values of the corresponding variables were not changed. Each edge between some
u € Vy/7 and some v € V7 is still covered because #, = § and a/, > 3 holds by definition
of 2/. Edges between elements of V] are covered for the same reason. Since there are no
edges between elements of Vj, it remains to consider an edge between some u € Vj and some
veVi. Ifv € Vi NV C*, then x), = 1, and the edge is covered. If v € V; \ VC* = Ry, then
u € Ag because VC* is a vertex cover for G, ;. By definition of 2/, we have x/, = 5 and
xl, = %, and, therefore, the edge is covered. This implies that 2’ is feasible, which contradicts
the optimality of z*. Thus, V; is a minimum weighted vertex cover for G,y - O

Claim 3.3.2 allows us to apply the famous K&nig-Egervary theorem [Sch03] on the
bipartite graph G’[V; U V] and its minimum vertex cover Vi. By the theorem there is a
matching h mapping each v € Vj to a distinct h(v) € Vj with {v,h(v)} € E. Denoting
S = {h(v) | v € Vi}, we can infer EOPTy,uv,] > E[OPTy,us] + E[OP Ty, g].

Any feasible solution must query at least one endpoint of all edges of the form {v, h(v)}
as those are witness sets by Lemma 2.3.7 and Assumption 3.2.1. This implies E[OPTy, s| >
|Vi]. Since additionally py,(,) < d for each h(v) € S by definition of the algorithm, we get

> (14 puw) < A +d)- [Vi| < (1+d)-E[OPTy,us]. (3.3.4)
veV]
By lower bounding E[O PTy;\ ¢] with ZUGVO\S Py and using (3.3.4), we get

Vil + > pe=> (1+pw)+ > po (3.3.5)

veVy veVy veVo\S
< (14d)-E[OPTyv,us] + E[OPTVO\S] < (1+4d)-E[OPTyv,uv,).
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Finally, consider the term |V C'| + Evevm\vo/ Po. Let VC* be a minimum cardinality

vertex cover for G[V; jo]. Then, it holds [VC*| > 4 - |V; jo|. This is, because in the optimal
basic feasible solution to the LP relaxation ™, each vertex in V} /5 has a value of % A vertex
cover with [VC*| < § - |V} /2| would contradict the optimality of z*. The following part of
the analysis crucially relies on [VC*| > 3 - |Vi /2|, which is the reason why THRESHOLD
executes the LP relaxation-based preprocessing before applying the a-approximation.

The expected cost of the algorithm for the subgraph G[V} o] is [VC'| + 3 cppo <
|VC'| +d - [I'| with I" = V; 5 \ V.C" as the algorithm queries V'C” in Line 5 and the vertices
in I’ only if they are mandatory in Line 6. Since |[VC'| > [VC*| > 1 - V12|, there is a
tradeoff between the quality of |V C’| and the additional cost of d - |I’|. If |V C'] is close
to 3 - [Vi 2], then it is close to |[V'C*| but, on the other hand, |I’| then is close to 5 Vials
which means that the additional cost d - |I’| is high. Vice versa, if the cost for [V C’| is high
because it is larger than % - |V} /2, then |I’| is close to zero and the additional cost d - |I'|
is low. We exploit this tradeoff and upper bound % in terms of the approximation
factor « of the vertex cover approximation. Assume that the approximation factor « is tight,
ie., |VC'| = a-|VC*|. Since d < 1, this is the worst case for the ratio %. (In other
words, if the approximation factor was not tight, we could replace « by the approximation
factor that is actually achieved and carry out the following calculations with that smaller value
of c instead, yielding an even better bound.) Using |V C’| = o+ |[VC*| and [VC*| > 1. V12l
we can derive

1I'| = [Vijol = VC'| = [Vipo| —a- [VC*| < (2= ) - [VC.
For the cost of the algorithm for subgraph G[V; /5], we get
VO | +d-|I'|<a-[VC*+d-(2—a) [VC*|=(a+(2—-a)-d) - |[VC*.
Since |V C*| < E[OPTy, ,|, this implies
VC'| +d-|I'| < (a+ (2 a) - d) - E[OPTy, ,]. (3.3.6)

Combining Equations (3.3.1), (3.3.3), (3.3.5), and (3.3.6), we can upper bound the cost of
the algorithm:

EALG] = [M[+ [Vi[+ > po + VT [+ > po

veEVh VeV \VC!
1
< g . E[OPTM] + (1 + Cl) . E[OPTVIU‘/O] + (CE + (2 — Oz) . d) . E[OPTVUQ]
1
< max {d’ (1+d),(a+(2—a)- d)} - E[OPT],

where the last inequality follows from the lower bound on E[OPT] in Equation (3.3.2).
Observe that for any d € (0, 1] and v € [1, 2], it holds that (o + (2 — «) - d) > (1 + d). We
conclude that E[ALG] < max{3, (a+(2—a)-d)}-E[OPT], which implies the theorem. [J

We show that the above analysis for THRESHOLD is tight.

Theorem 3.3.3. The analysis of THRESHOLD is tight. More precisely, there is no threshold
d € (0,1] such that the competitive ratio of THRESHOLD is less than the Golden ratio

¢=(1+V5)/2

Proof. Consider THRESHOLD with some threshold d € (0, 1]. We give two instances of the
graph orientation problem with uniform query costs and show that the algorithm has either
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FIGURE 3.9: Instance of graph orientation under explorable stochastic uncertainty as used
in the proof of Theorem 3.3.3

a competitive ratio of at least 1 + d — ¢, for an arbitrarily small € > 0, or at least 1/d. This
implies the lower bound.

As the first instance, consider a single edge {u, v} and mandatory probabilities p,, = d — ¢
and p,, = € (see Figure 3.9 (A) for an illustration). Threshold finds a basic feasible solution
for the vertex cover LP relaxation for the edge {u, v}, say 5P = 0 and 2L = 1. It queries v,
and then it still has to query v with probability p, = d — €. Thus, the expected number of
queries is 1 + d — €. The expected optimal number of queries on the other hand is not larger
than 1 + € as this expected cost can be achieved by the algorithm that starts by querying » and
only queries v if it is mandatory. This implies the competitive ratio of THRESHOLD is at least
4= which tends towards 1 + d for ¢ — 0.

As a second instance, consider a star with the center v and n edges {v,u;} for i €
{1,2,...,n}. Let p, = 1 and p,, = d (see Figure 3.9 (B) for an illustration). Then the
algorithm queries v and all u; due to the threshold d, whereas it would have been sufficient
to query v first and then continue with querying u; only if needed, that is, with probability
pu; = d for each ¢. The algorithm has cost n + 1, while the optimal cost is at most 1 4 n - d.
Thus, the competitive ratio is at least (n + 1) /(14 n - d), which tends to 1/d forn — co. [

3.4 Threshold Algorithm for Arbitrary Query Costs

In this section, we generalize the analysis of the threshold algorithm for orienting graphs to
arbitrary query costs. Even for arbitrary query costs, the algorithm remains largely the same.
In contrast to the uniform problem variant, the adjusted algorithm solves a weighted version
of (LP), and a weighted vertex cover problem of G[V; /2]. In both instances, the query costs
are used as weights.

However, the analysis of the uniform variant does not directly translate to the weighted
setting. In particular, when analyzing the subgraph G[V; U Vp|, we applied the unweighted
Kénig-Egervéry theorem. For each v € V7, this gave us a distinct partner vertex h(v) € Vj
with {v,h(v)} € E. THRESHOLD queries v, and h(v) only if necessary, leading to an
expected query cost of 1 + d for the vertices {v, h(v)}. Since OPT has to query at least one
of {v, h(v)}, this gave us the local competitive ratio of 1 + d.

In the weighted setting, this argumentation does not work anymore. Intuitively, instead of
charging the complete query cost ¢, of an v € V; to a single partner h(v), Kénig-Egervary

49



3. Orienting (Hyper)graphs under Explorable Stochastic Uncertainty

now distributes the query cost ¢, to multiple vertices in V4. Also, multiple vertices in V; might
distribute query cost to the same u € Vj.

Therefore, we require new tools in the analysis. To this end, we introduce new fractional
lower bounds on E[OPT]. Afterwards, we use these lower bounds to analyze THRESHOLD
for arbitrary query costs.

3.4.1 Fractional Lower Bounds on the Expected Optimum

A key part of our analysis for uniform query costs was the application of Lemma 3.2.11,
which states E[OPT] > Zle E[OPTg,] for any partition Sy, ..., S of V. For the case of
arbitrary query costs, we rely on fractionally assigning a vertex v to multiple parts of the
partition and applying a corresponding variant of Lemma 3.2.11. To this end, we define a
fractional partition of V.

Definition 3.4.1. Given a hypergraph H = (V, E), let S be a family of subsets of V and let
[:V x8 —[0,1]. We say that (S, f) is a partial fractional partition of V if [ Jgc5 S C V,
Yoses f(w,8) < 1forallveV,and f(v,S) =0forallv e Vand S € Swithv € S. If
additionally \ Jg.s S =V and ) g.s f(v,S) = 1 forallv € V, then (S, f) is a fractional
partition.

Intuitively, the function f of a fractional partition (S, f) assigns fractions of each v € V/
to the subsets S € S with v € S. In particular, we want to distribute the query cost ¢,
of a vertex v fractionally over the sets S € S with v € S. We define the fractional costs
cs ;(v) = f(v,S) - e, for vertex v and the different sets S of the fractional partition (S, f).
For subsets U C V, let ¢ ((U) = 3, cpy s (v). By definition, the fractional costs of
a vertex v sum up to at most cy, i€, D gc5Cs p(v) < cp. If (S, f) is not partial, then
>_ses Cs. s (v) = cy. Using these definitions, we show a generalized version of Lemma 3.2.11
for fractional partitions.

Definition 3.4.2. Consider a preprocessed instance of hypergraph orientation under ex-
plorable stochastic uncertainty with hypergraph H = (V, E). Let (S, f) be a partial frac-
tional partition of H. For a realization R of precise weights and any subset S € S, let
OPTg s = mingeg cfgy f(Q N S), where Q is the set of all feasible query sets for realiza-
tion R.

Lemma 3.4.3. Consider a preprocessed instance of hypergraph orientation under explorable
stochastic uncertainty with hypergraph H = (V, E). Let (S, f) be a partial fractional
partition of H. Then, E[OPT] > "o g E[OPTg ;].

Proof. We start the proof by characterizing E[OPTg s] foreach S € S. Let R € R be a
realization in which M is the set of mandatory elements.

In line with Lemma 3.2.9, the solution corresponding to OPTg ; needs to contain all
mandatory elements of S, and resolve all remaining dependencies between vertices of S, i.e.,
query a minimum-weight vertex cover V¥, for the subgraph G[S \ M] with respect to to
the fractional vertex costs cg »(v) = f(v,S) - cy. Thus, we get

E[OPTs ] =Y pu-dssv)+ > p(M)-cs (VCT).
veS MCv

=S p f0.S) e+ S pD)- | S fw.8) e |

ves MCV veves
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where p(M) denotes the probability that M is the set of mandatory vertices. Summing over
all S € S, we obtain the lemma:

ZEOPTSf Z va- ’US)'CU—I—Z])(M)- Z fw,8) ¢y

Ses SeS \veS MCV Ugvcf/]
SZPU'CU-FZP(M)' Z Z f(U>S)'Cv
veV MCV SeSvevey,
<> pocot+ Y p(M)-e(VCy) = E[OPT],
veV MCV

where the first inequality follows from (S, f) being a partial fractional partition. The sec-
ond inequality follows from (Z Ses ZvEVCf/[ f(v,S)- cv) being the cost of a minimum
weighted vertex cover for a relaxation of G[V \ M]. O

3.4.2 A Threshold Algorithm for Arbitrary Query Costs

We consider an adjusted variant of THRESHOLD for graph orientation with arbitrary query
costs that, in contrast to THRESHOLD for the uniform problem variant, solves a weighted
version of (LP), and a weighted vertex cover problem in Line 4. In both cases, we use the
query costs ¢, as weights for the vertices in the vertex cover instances. Since these changes
do not affect the pseudocode, we still refer to Algorithm 5 in the following theorem and proof.

Theorem 3.4.4. Given an a-approximation with 1 < o < 2 for the weighted vertex cover
problem (on the induced subgraph G[V; /2], see Line 4), the adjusted THRESHOLD with
parameter d achieves a competitive ratio of max{é, a+ (2 — «) - d} for graph orientation
under explorable stochastic uncertainty with arbitrary query costs. Optimizing d yields a
competitive ratio of%(a + /8 — a(4 — «)). The running time of THRESHOLD is polynomial
in the input size.

Proof. The expected cost of the adjusted THRESHOLD for arbitrary query costs is

E[ALG] = ¢(Q)+ > ¢ po
veV\Q
=c(M)+c(V)+c(VC)+ D corpo+ > cu Dy

'UGVO UEVl/Q\VC’

as the algorithm starts by querying Q = M UV; UV C’ (cf. Line 5) and queries the remaining
vertices only if they are mandatory (cf. Line 6).

Analogously to the analysis of THRESHOLD for uniform query costs, we compare E[ALG]
and E[OPT] component-wise. Remember that E[OPT] is characterized by Equation (3.3.2):

E[OPT] > E[OPT ] + E[OPTv,uy,] + E[OPTYy, ,].

The bounds in Equations (3.3.3) and (3.3.6) regarding E[OPT ] and ¢(M ), and E[OPTy, ,]
and c(VC') + 3", Vi p\Ver Co Do, respectively, can be generalized straightforwardly by just
plugging in the more general query cost function into the analysis of Theorem 3.3.1. Only
generalizing Equation (3.3.5) requires more effort.

To that end, we compare c¢(V1) + >, cy, ¢ - pv and E[OPTy,uy,].  According to
Claim 3.3.2, V; is a minimum weighted vertex cover for the bipartite graph G'[V; U Vj]
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that is created by removing all edges within the partitions V; and V; from the subgraph
induced by V; U Vj. In contrast to the uniform query cost variant, we cannot apply the Kénig-
Egervary theorem for unweighted vertex covers. Instead, the theorem gives us a function
T E = Rwith } 0, 1epm(u,v) < ¢ for each v € V3 U Vy. By duality theory, the
constraint is tight for each v € Vj, and 7(u,v) = 0 holds if both w and v are in V; (or if
there is no edge between v and ). Thus, we can interpret 7 as a function that distributes the
complete query cost ¢, of each v € V; to the neighbors of v outside of V;. For each v € Vj,
let 7, denote the remaining part of ¢, that is not used by 7 to cover the weight of any v € V7,
Le., Tu = cu — D qyrep ™(U, v). We canrewrite ¢(V1) + 37, oy Cu - Py as

Z CU+Z7T(U77))'pu +Z7—u'pu-

veVy ueVp ueVp

Instead of directly comparing this expression to E[OPTy,y;], we first use 7 and 7 to
create a fractional partition of V; U V[ and exploit Lemma 3.4.3 to further lower bound
E[OPTy,uv,]. Foreachv € Vi, let H, = {v} U{u | u € Vj A 7(u,v) > 0} and define
S ={H, |veVi}U{Vy}. Furthermore let f: V x S — [0, 1] with

1 ifu=wv
Flu, Hy) = ™ ity e H, )\ {v}
0 otherwise

and
Tu jfu € Vp

f(uvvo)—{c“

0  otherwise.

Clearly (S, f) is a partial fractional partition of V5 U V7 and, thus,

E[OPTv,uv,] > Y E[OPTy, ] + E[OPTy, f]

veV]

> Y E[OPTy, g+ > f(u, Vo) pu- cu
veVy ueVy

=Y E[OPTy, ¢+ > Pu-Tu
veVy veVpy

holds by Lemmas 3.4.3 and 3.2.9.

We continue by further lower bounding E[OPTy, r|. Observe that the subgraph of the
vertex cover instance induced by H,, is a star with the center v and the leaves H,, \ {v}. With
respect to the fractional costs c'Hm f(u) = f(u, Hy) - ¢, for all u € H,, the cost of a minimum
weighted vertex cover for this subgraph is c,. This is because ¢y ;(v) = f(v, Hy) - ¢y = ¢y
and iy (Ho \{v}) = 2 yepm\foy [ (W Ho) - cu = 32 e g, oy T(8, v) = ¢y, where the last
equality holds by definition of 7.

Thus, E[OPTy, ¢] > ¢, holds by Observation 3.2.7, and, therefore,

E[OPTv,uv] > Y E[OPTa, /] + > pu-7u

veVy veVp

Z C(Vl) + Z Ty * Pu-
u€eVp
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Finally, we compare c¢(V1) + >, cy; ¢o - Pv against this lower bound on E[OPTy; v, ] by
using that ZueVo m(u,v) < ¢, holds for all v € V} and that p,, < d holds for all u € Vj:

C(‘/l) + Z Cy * Pu

ueVp
<3 (ar Tt a) ¢ S
veV] u€eVp u€eVp
< Z(1+d)cv+ ZTu'pu
veV ueVp

<(1+4d) - E[OPTyv,uv,)-

The rest of the analysis follows the same pattern as for the uniform query costs. O

3.5 A Threshold Algorithm for Orienting Hypergraphs

In this section, we generalize THRESHOLD to hypergraphs. The algorithms and analyses of
the previous sections exploit several properties of the graph orientation problem that do not
directly transfer to hypergraphs.

To achieve a polynomial running time, we used that the mandatory probabilities can
easily be computed for graphs. For hypergraphs, we show that computing these probabilities
becomes #P-hard, and show how to approximate them via sampling.

Then, the algorithm exploits that, for graphs, the vertex cover instance G (cf. Defini-
tion 3.2.6) is equal to the input graph GG. This means that after querying the vertex cover in
Line 5 of Algorithm 5, we, for each edge e, either know the orientation of e or the remaining
unqueried endpoint of e is mandatory by Lemma 2.3.5. The algorithm can use this to identify
all vertices that became mandatory after Line 5 and non-adaptively query them (cf. Line 6).
This clearly solves the problem as it queries the only remaining unqueried endpoint for each
edge with a still unknown orientation. For hypergraphs, this is not the case anymore and the
algorithm has to operate more adaptively after querying the vertex cover.

To conclude the section, we show that this additional adaptivity is indeed necessary by
giving a lower bound for algorithms that employ less adaptivity.

3.5.1 Computing Mandatory Probabilities

Recall that we denote by p,, the probability that a vertex v is mandatory. For graphs, p, is easy
to compute as, by Lemma 2.3.5, v is mandatory if and only if w, € I, for some neighbor
vertex u. Hence, py = 1 — [[,,.1 o1 p Plwu & Io]. For hypergraphs, however, we can show
that the computation of p, is #P-hard, even if all hyperedges have size 3.

Theorem 3.5.1. Computing the mandatory probabilities p,, for a hypergraph H = (V, E) is
#P-hard, even if all hyperedges have size 3.

Proof. The proof consists of a reduction from the #P-hard problem of counting the number of
vertex covers of a given graph G = (V, E) [Vad01]. We construct the following instance of
the hypergraph orientation problem.

Let v' be a new vertex, which does not belong to V. We construct the hypergraph
H = (VU{V'}, E'), where every edge {u,v} € E from the original graph corresponds to
an hyperedge in E’ of the form {u,v,v’'}. The value w, associated to every vertex v € V
follows a distribution on the interval I, = (ig, 2 + i¢) for an arbitrary € with 0 < e < 1/n,
where 7 is the index of v for some arbitrary fixed ordering of V. The role of the shift by ¢ is to
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avoid that two intervals contain each other. The distribution on I, is constructed such that w,
is less than 1 with probability 1/2 and at least 1 with probability 1/2. The weight associated
to vertex v’ belongs to the interval (1,2 + (n + 1)e).

What is the probability that v" is mandatory? By Lemma 2.3.5, vertex v/ is mandatory if
and only if there exists a hyperedge {u, v, v’} with wy, w,, € Iy = (1,2 + (n + 1)e). Thus,
for every realization of the vertices, it is only crucial which of them have weight less than 1.
Let T' C V be the set of the vertices with a value below the threshold 1. Every potential set T’
has the same probability 1/2".

Now, v’ is mandatory due to a set {u, v, v’} if and only if both values w,,, w, are at least 1.
This means that v’ is not mandatory if and only if the set T defined by the realization is
a vertex cover for the graph G. In other words the probability that v’ is mandatory equals
1 — £/2™, where { is the number of vertex covers of G. As a consequence, computing this
probability is #P-hard. O

Luckily, it is not difficult to get a good estimate of the probabilities to be mandatory for
hypergraphs using sampling.

Lemma 3.5.2. There is a polynomial-time randomized algorithm that, given a hypergraph
H = (V,E), avertexv € V, and parameters €,6 € (0,1), produces a value y such that
|y — pu| > € with probability at most 6. Its time complexity is O(|V| - |E| - In(1/5) /€?).

Proof. The algorithm consists of independently drawing k = [In(2/6)/(2¢2)] realizations
of the vertex values, and determining for each realization whether v is mandatory by using
Lemma 2.3.5. The output y is the fraction of realizations where this event happened.

For the analysis, let X be the random variable indicating whether v is mandatory in
the ¢-th realization. These variables are independent and have mean p,,. Using Hoeffding’s
concentration [Hoe94] bound, we have

|

The choice of k is motivated by the following equivalent inequalties.

1<
%ZXZ;_PW

=1

> e] < 2exp(—2ké?).

2 exp(—2ke®) < 6
—2ke® < 1n(6/2)
k> 1n(2/8)/(2€%).

For the time complexity, we observe that verifying if a vertex is mandatory in a sampled
realization can be done in time O(|V| - | E'|): We can iterate over the hyperedges F and, for
each hyperedge S € E, decide in time O(|V'|) whether the vertices in S render v mandatory
by Lemma 2.3.5.

The practical implementation of the sampling algorithm makes use of the given probability
matrix. Let t1,...,toy be the sorted elements of {L,,U,|v € V'}, defining elementary
intervals of the form (¢;, ¢;11). The given probability matrix specifies for every given vertex
v € V the probability that its weight w, belongs to a given interval (¢;,t;11). Instead of
sampling the actual weights, we only sample the elementary intervals to which they belong.
Hence, for a fixed sample, we know for each hyperedge .S in which elementary interval M
its minimum weight lies. In this setting, the vertices that are mandatory because of S can be
determined as follows, again using Lemma 2.3.5:

* If at least two weights of vertices in G belong to M, then all vertices v € S with
M C I, = (Ly, U,) are mandatory.
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Algorithm 6: THRESHOLD for Hypergraphs
Input: Preprocessed instance of hypergraph orientation under stochastic explorable
uncertainty with hypergraph H = (V, E), distributions d,, and uncertainty
intervals I, for each v € V. Threshold parameter d € (0, 1] and an
a-approximation black box for the vertex cover problem

1 For each v € V, approximate mandatory probability p, using Lemma 3.5.2;

2 Let M ={veV|p, >d};

3 Solve (LP) for G[V \ M] and let z* be an optimal basic feasible solution;

4 LetVy = {v € V |z = 1} and similarly V; 5, Vp ;

5 Use the a-approximation black box to approximate a vertex cover V' for G[V; /2];
6 Query Q =M UV UV, /* Q is a vertex cover for G x/
7 for S € E do

8

9

while The orientation of F' is not known yet do
L Query the leftmost vertex of .S;

¢ Otherwise, let m € S be the unique vertex whose weight lies in M. We then have:

— Every other vertex v € S with M C I, is mandatory.

— If some vertex u € S has its weight in I,,,, then m is also mandatory.

The union of the mandatory vertices of all hyperedges then gives the set of all mandatory
vertices. O

3.5.2 A Threshold Algorithm for Orienting Hypergraphs

The threshold algorithm for hypergraphs, Algorithm 6, uses the sampling algorithm of
Lemma 3.5.2 to approximate the mandatory probabilities of all vertices (cf. Line 1). Until
Line 6, the algorithm mostly behaves like the threshold algorithm for graphs, but it computes
the vertex cover on the vertex cover instance G instead of the input graph.

Afterwards, starting at Line 7, the algorithm iterates through the hyperedges and, if the
orientation of a hyperedge is not yet known, repeatedly queries the leftmost vertex of the
hyperedge until the orientation is known. By resolving the remaining hyperedges in this way,
we only query mandatory vertices by Lemma 2.3.5 as shown in the proof of Lemma 3.2.8.

Theorem 3.5.3. For ¢,6 > 0 and given an a-approximation with 1 < o < 2 for the
vertex cover problem (on the induced subgraph G[V, /2] of the vertex cover instance given by
Definition 3.2.6, cf. Line 5), the THRESHOLD algorithm for hypergraphs solves hypergraph
orientation under explorable stochastic uncertainty with competitive ratio

R:%<CM+\/042—|—4(2—OJ)(1+046—|—(2—0[)62)+(4—20é)6>

with probability at least 1 — 0. Its running time is upper bounded by the complexities of the
sampling procedure and the vertex cover black box procedure.

Proof. The majority of the analysis directly transfers from the proofs of Theorem 3.3.1
and Theorem 3.4.4. In Line 2 of Algorithm 6, we use a different threshold d(«) = 1/R + ¢,
which algebraic transformations prove to be the optimal choice.

Apart from that, the analysis only differs in the use of the approximated mandatory
probabilities. We use a random estimation Y,, of p,,, instead of the precise probability, using
the procedure described in Lemma 3.5.2 with parameters € and ¢’ such that 1 — ¢ = (1 — ¢')".
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FIGURE 3.10: Instance of hypergraph orientation under explorable stochastic uncertainty
with a single hyperedge {v1, va, ..., v,} as used in the proof of Theorem 3.5.4.

As a result, with probability at least 1 — J, we have that for every vertex v, the estimation
Y, has absolute error at most €. In case of this event, we obtain the following bound on the
cost (which is optimized for the chosen value of d), namely E[ALG] < max{>, (1 +d +
€),(a+ (2 —a)(d+ ¢€))} - EJOPT], by repeating the analysis of Theorem 3.3.1 with the
approximated probabilities. 0

3.5.3 Bounds on the Necessary Adaptivity

In contrast to the algorithm for graphs, the THRESHOLD algorithm for hypergraphs uses
additional adaptivity after querying the vertex cover. We remark that this is necessary for all
vertex cover-based algorithms. To show this, we define a a strict two-stage algorithm to be
an algorithm with two stages that non-adaptively queries a set V; of vertices in the first stage
and then, after receiving the answers to the queries of V7, determines a set V5 of vertices that
it queries non-adaptively in the second stage. The algorithm must guarantee that, after the
second stage, it has sufficient information to solve the problem. Our next theorem shows that
strict two-stage algorithms cannot have a good competitive ratio.

Theorem 3.5.4. No strict two-stage algorithm can have competitive ratio o(logn) for hyper-
graph orientation under explorable stochastic uncertainty, even for a single hyperedge with
uniform query costs.

Proof. Consider an instance of hypergraph orientation under stochastic explorable uncertainty
with a single hyperedge {v1, ..., v,} and uncertainty intervals

* I,, =(1,n+1) and
o [, =(i,n+2)for2 <i<n.

The probability distributions are such that, for each uncertainty interval (a, b), the probability
is 1/2 for the precise weight to be in (a,a + 1), and 1/2 for the precise weight to be in
(b —1,b). So the weight of each interval is either at its left end or at its right end, and each of
these events happens with probability 1/2. See Figure 3.10 for an illustration.

If we query the vertices in order of their left interval endpoints until the instance is
solved, we are done as soon as one interval has its weight at its left end. So each vertex has
probability 1/2 to be the last one we need to query, and the expected number of queries is 2.
So E[OPT] < 2.

Now consider an arbitrary strict two-stage algorithm ALG. Assume that the algorithm
queries k intervals in the first stage.
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3. Orienting (Hyper)graphs under Explorable Stochastic Uncertainty

Algorithm 7: BESTVC
Input: Preprocessed instance of hypergraph orientation under explorable stochasitc
uncertainty with hypergraph H = (V, E') and I,, and p,, for eachv € V.
1 Compute a minimum-weight vertex cover VC for G using weights ¢, = (1 —p,) - ¢y;
2 Query Vi
3 for S e Edo
4 while The orientation of S' is not known yet do
5 L L Query the leftmost vertex of S

Consider the event E that each of the vertices queried by ALG in the first stage has
its weight at the right end. The event E occurs with probability 1/2* and, if it occurs,
the algorithm must query all » — k remaining vertices in the second stage. Otherwise, it
could happen that all queries in the second stage also yield a weight at the right end of the
corresponding interval, and then it is impossible to decide whether an unqueried vertex has
minimum weight. Thus, the expected cost of ALG is

1 n 1
E[ALG] :k‘+2k(n—k)=2k+k‘<l—2k>
If k > (1/2)logn, the term k(1 — 1/2%) is in Q(logn). If k < (1/2) log n, the term n/2* is
in Q(y/n). So, in any case, E[ALG] = Q(log n) while E[OPT] < 2. O

3.6 Vertex Cover-Based Algorithms: Special Cases

In this section, we further characterize the, in expectation, best vertex cover-based algorithm
and show that it achieves an improved competitive ratio for the problems of orienting a
bipartite graph and orienting a single hyperedge with uniform query costs.

Consider an arbitrary vertex cover-based algorithm ALG. It queries a vertex cover V C' in
the first stage and continues with elements of V' \ V' C only if they are mandatory. Thus,

EALG] =c(VO)+ > py-c

veV\VC
= Z (pv Cv+(1_pv)'cv)+ Z Pv - Cy
veve veV\VC
:va Cy + Z(l—pv) Cy
veV veVC

Since the term ), py - ¢, is independent of V' C, ALG is the best possible vertex cover-
based algorithm if the vertex cover V'C' minimizes ) (1 — py) - ¢,. We refer to this
algorithm as BESTVC and formalize it with Algorithm 7.

To implement BESTVC, we need the exact value p,, for all v € V, and an optimal
algorithm for computing a weighted vertex cover. As mentioned in Section 3.2, the first
problem is #P-hard in hypergraphs, but it can be solved exactly in polynomial time for graphs.
The weighted vertex cover problem can be solved optimally in polynomial time for bipartite
graphs.

In general, BESTVC has competitive ratio at least 1.5 (cf. Theorem 3.2.13). However, we
show in the following that it is 4/3-competitive for two special cases: Orienting a bipartite
graph with arbitrary query costs and orienting a single hyperedge with uniform query costs.
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It remains open whether BESTV C still outperforms THRESHOLD if the vertex cover is only
approximated with a factor o > 1.

3.6.1 Orienting Bipartite Graphs with Arbitrary Query Costs

We start by considering BESTVC for orienting bipartite graphs. In particular, we prove the
following theorem, which is tight due to Theorem 3.2.5.

Theorem 3.6.1. BESTVC is %-competl’tive for the bipartite graph orientation problem under
explorable stochastic uncertainty.

Our proof of the theorem relies on reducing the problem to the special case of orienting a
weighted star with probabilities such that both vertex cover-based algorithms for orienting the
star (querying the center first and querying the leaves first, respectively) have equal expected
cost. We prove the following lemma in the subsequent section and use it as a blackbox to
show Theorem 3.6.1.

Lemma 3.6.2. Consider the problem of orienting a star G = (V, E') with center v € V. Let
L and R be the vertex cover-based algorithms that query VCy = {v} and VCy = V' \ {v} in
the first stage, respectively. If E[L] = E[R)], then L is %—competitive.

We show now how to use this lemma as a blackbox in order to analyse BESTVC for
bipartite graphs.

Proof of Theorem 3.6.1. Lemma 3.6.2 states that BESTVC is %—competitive for the problem
of orienting stars if both vertex cover-based algorithms (either querying the leaves or the center
first) have the same expected cost. In this proof, we divide a given bipartite instance into sub-
problems that fulfill these requirements, and use the result for stars to infer %—competitiveness
for bipartite graphs.

Let V' C be a minimum-weight vertex cover (with weights ¢, = ¢, - (1 — p,)) as computed
by BESTVC in the first phase. In the remainder of the proof, we use the term weight of vertex
v to refer to ¢, = (1 — py) - ¢,. By the Kénig-Egervary theorem (e.g., [Sch03]), there is
afunctionm: B — Rwith >, yepm(u,v) < ¢ - (1 — py) for each v € V. By duality
theory, the constraint is tight for each v € VC, and 7 (u,v) = 0 holds if both u and v are
in VC (or if there is no edge between v and v). Thus, we can interpret 7 as a function that
distributes the weight of each v € V C to its neighbors outside of V' C.

Foreachv € VC andu € V\ VC, let A\, := % denote the fraction of the
weight of u that is used by 7 to cover the weight of v. Moreover, for u € V \ VC, let
Tu:i=1-=> {(uv}eE Au,v be the fraction of the weight of u that is not used by 7 to cover the
weight of any v € V C. Then, we can write the expected query cost of BESTVC as follows:

E[BESTVC] = <cv+ > pu~Au,v-cu>+ > puturcu.  (B6.1)

veVC ueV\VC ueV\VC

In order to bound this expected cost of BESTVC in terms of E[OPT], we first use
A and 7 to define a fractional partition (S, f) as defined in Definition 3.4.2 of the vertex
set V and use Lemma 3.4.3 to derive a lower bound on E[OPT]. For each v € VC, let
H, ={v}U{u|ue V\VCwith \,, > 0},and define S = {H, |v € VC}U{V\VC}.
We complete the definition of the fractional partition (S, f) by defining f as

1 ifu=v
flu, Hy) = § Ay ifu € Hy \ {v}
0 otherwise,
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3. Orienting (Hyper)graphs under Explorable Stochastic Uncertainty

and
. fueV\VC

0  otherwise.

fu,V\VC) = {

Clearly, (S, f) is a fractional partition of V. By Lemma 3.4.3 and Equation (3.2.1), we
get the following lower bound on E[OPT]:

E[OPT] > ) E[OPTg ]

Ses
veVC
> Z [OPTy, f] + Z pu - flu, VA\VC) - ¢,
veVC ueV\VC
= Z E[OPTH, ¢] + Z Du * Tu - Cy.
veVC ueV\VC

Comparing Equation (3.6.1) with this lower bound on E[OPT], we notice that the term
2_uev\ve Pu * Tu €y shows up in both inequalities. Thus, to bound E[BESTVC] in terms
of E[OPT], it only remains to bound > .y c(cv + X yer\ve Pu * Auw - ) in terms of
> veve E[OPTy, ¢]. We do so component-wise and compare ¢, + ZueV\VC Pu - Auw * Cu
to E[OPTy, ¢] foreachv € VC.

The value E[OPTy, f| corresponds to the expected optimum for the subproblem which
considers the subgraph induced by H, with query costs ¢, = f(u, H,) - ¢, for all u € H,
and using the original mandatory probabilities p, for all w € H,. The subgraph is a star
with center v and leaves H,, \ {v}. Considering the two vertex cover-based algorithms L and
R on this instance, where L is the algorithm that queries VC; = {v} in the first stage and
R is the algorithm that queries VCy = H, \ {v} in the first stage, we can observe that the
expected costs of L and R are ¢}, + ZueHv\{v} Pu- €, =cCy+ ZueHv\{v} Pu - Aup - ¢y and
Py Cy+ ZueHU\{U} ch, =py-cy+ ZueHU\{v} Au,v * Cu, Tespectively. By definition of A, we
have (1 —p,) - ¢, = ZueHv\{v}(l — Pu) * Auw * Cu, Which implies

Cé)—i_ Z pu'C;:Cv"_ Z pu')\u,v'cu

u€Hy\{v} u€Hy\{v}
=Py Cy+ Z /\u,v'cu
u€Hy\{v}

:pv'C;‘F Z

u€Hy\{v}

Thus, L and R have the same expected cost for the subproblem. This allows us to ap-
ply Lemma 3.6.2 and conclude that both, L and R, are %—competitive for the subproblem.
This implies
4
Ci,'f‘ Z pu'C;:Cv‘f‘ Z pu')\u,v'cug gE[OPTHU,f]
u€H,\{v} u€H,\{v}

We remark that applying the lemma requires p, to be independent of each p,, withu € H,;
otherwise, the subproblem does not correspond to the star orientation problem. As the input
graph is bipartite, such independence follows by definition.
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3. Orienting (Hyper)graphs under Explorable Stochastic Uncertainty

Using this inequality, the lower bound on E[OPT] and Equation (3.6.1), we conclude that
BESTVC is 4/3-competitive:

E[BESTVC] = Z <cv + Z Du * Auw * cu> + Z Du - Tu * Cu

veVC weV\VC weV\VC
4
<3 Z E[OPTy, f] + Z Pu - Tu - Cu
vevV e ueV\VC
_4
< 5 -E[OPT].

3.6.2 Orienting a Special Star with Arbitrary Query Costs

The proof of the main result of the previous section uses Lemma 3.6.2 as a blackbox. In this
section, we proceed by proving the lemma.

Lemma 3.6.2. Consider the problem of orienting a star G = (V, E) with center v € V. Let
L and R be the vertex cover-based algorithms that query VCi = {v} and VCy = V' \ {v} in

the first stage, respectively. If E[L] = E[R)], then L is %-competitive.

Proof. For each v € V, let X, be an indicator variable denoting whether v is mandatory.
Note that p,, = P[X,, = 1]. The analysis relies on X, being independent from X,, for each
u € V'\ {v}. In the graph orientation problem, a vertex w is mandatory if the exact weight of
at least one v with {u, v} € E is contained in I,,. Thus, vertex u being mandatory depends
only on the direct neighbors of u. Since we consider a start with center v and leaves V' \ {v},
v does not share any neighbors with any v € V' \ {v}. Thus, X,, and X, are independent.
This also implies that X, and L are independent. In the following let B, = V' \ {v} denote
the set of leaves. Thus, for the expected costs of the algorithms, we have

E[L] =cy+ > pu-cu=py-co+c(By) =E[R]. (3.6.2)
UE By,

We start our analysis by handling a special case.

Special Case ¢(B,) < ¢,. Ifc¢(B,) < ¢y, querying the leaves is always the best strategy
if the center is not mandatory, i.e., if X,, = 0, independently of whether the elements of B,
are mandatory or not. Similarly, if the center is mandatory, i.e., if X, = 1, querying the center
first is always the best strategy. Thus, we can write E[OPT] as

E[OPT] = p, - EIL | X, = 1] + (1 p,) - E[R| X, = 0]
=po-E[L] + (1 = py) - c«(By)
=po - E[L]+ (1= py) - (E[L] = puv - c0)
=E[L] —py - (1 =) - o,

where the second equality uses the fact that X, and L are independent, and the third equality
uses E[L] = E[R]. Since 0 < p, < 1, we get p, - (1 — py) - ¢, < ¢ This directly implies

E[L] E[L] < Cy - Cy < 4
E[OPT} N E[L] —DPv- (1 _pv) “Cy  Cy —DPu- (1 _pv) "Cy Cy— i 3
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where the second inequality uses that E[L] > ¢, and that the left fraction is maximized when
E[L] is minimized. This implies that we achieve the desired competitive ratio for the special
case ¢(B,) < ¢,. For the remainder of the analysis, we assume c¢(B,) > ¢,.

Characterizing E[L] and E[OPT]. We begin by characterizing E[L] in terms of condi-
tional expectations using the law of total expectation:

E[L] =py-E[L | Xy, = 1]+ (1 = py) - E[L | X, = 0].

Since X, and L are independent, it follows that E[L | X, = 1] = E[L]. If the center is
mandatory, i.e., X, = 1, we know that both OPT and L have the same expected value. That
is, E[OPT | X, =1 =E[L| X, =1].

Thus, we are more interested in the case when X, = 0. For this case, we know that

E(L| X, =0 =E[L] =cy+ > pu-cu=E[R] =py-cy+c(By).
u€eB,

But whether algorithm L is the best possible strategy depends on how much query cost of
the leaves is mandatory. We have two cases. In the first case, where a realization satisfies
> ueB, (1 = Xu) - cu > ¢y, querying the center first is a better strategy than querying the
leaves first, even if the center is not mandatory. This is because » .5 (1 — Xy) - ¢, is the
query cost of leaves that are not mandatory. Every feasible query set has to query either v
or all such leaves, but it is not necessary to query both (if v is also not mandatory). As the
non-mandatory leaves are more expensive than v, querying the center instead is optimal. In
the second case, where the realization satisfies ) B, (1—X,) - ¢y < ¢y, querying the leaves
is the better strategy if additionally X, = 0, using the same argumentation as for the first case.
Consider the case where Bv(l — X4u) - ¢y > ¢y Recall that ¢(B,) denotes the
total query cost of the leaves. Since algorithm L only queries the leaves that are mandatory,
the query cost for L on the leaves is at most ¢(By) — > cp (1 — Xu) - cu < ¢(By) — ¢y
As L additionally queries the center v, the total query cost of L is at most ¢(B,). Thus,
we can write the expected cost for this case as E[L | X, = 0A Y cp (1 — Xy) >
¢y] = ¢(By) — s, where s with ¢(B,) > s > 0 describes the slack between ¢(B,) and
E[L| Xy =0AY 4ep, (1 —Xy) - cu > ¢]. Define g :=P[Ycp (1 — Xu) - cu > ¢
then we can further characterize E[L | X,, = 0] by again using the total law of expectation:

EIL| X, =0l =qz-E[L|X, =0A Y (1= X)) e 2 0

ueBy,
-i-(l—QL)‘E[L’Xv:O/\ Z(l—Xu).cu<cv}
UuE By
= qu-(e(By) =)+ (1= qu) - E[L|X, =04 3 (1= X)) eu <],

UEB'U

Recall, again, thatif ) _ B, (1 — X,) - cy > ¢y, then L is optimal (as argued above). This
implies that, if g;, = 1, then E[L] = E[OPT] and the lemma immediately follows. Thus, in
the following, assume g7, < 1. This in particular means that we can safely divide by (1 — qp).
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Using the above characterization of E[L | X,, = 0] and the fact that E[L | X, = 0] =
E[L] = E[R] = py - ¢y + ¢(B,) holds by the independence of L and X,,, we can derive

po-cote(By) = an (e(Bu) = ) + (1= q) - E[L|X, =0A 3 (1= X0) ¢y < ]
u€ B,

<:>(1—qL)-IE[L‘Xv:0/\ Z(I—Xu)-cu<cv} =py-c+(1—qr) c(By) +qL-s
u€ By

1
SE[L|X, =0A Y (1= Xu)cu < ] =e(Bo) + R
l—qr l—qr
u€ By

Plugging in this equality into the previous characterization for E[L | X, = 0], we get

E[L| X, = 0] :qL~(c(Bv)—s)+(1—qL)-E[L‘XU:O/\ 3 (1-X) e <cv}
u€ By

ZQL'(C(BU)—3)+(1_QL)'(C(B”)+1—1QL.pvicv—FlELq’?.S).

Finally, we use this, and again the independence of L and X, to characterize E[L]:
E[L] =py-E[L | Xy = 1] + (1 = py) - E[L | X,, = 0]
:pv'E[L} + (1 — D) 'E[L | Xy :O]
=po E[L]+ (1 =po) - qr - (¢(By) = 5)

1 qr
1—p))-(1—qr)- (B Do - ‘s ).
+(1—=pu)-(1—qr) (C( v)+1_qL Po-Cot 8>

To characterize E[OPT], observe that the only case where OPT and L differ is the case
where X, =0and ) . B, (1 — X,,) - ¢y < ¢y For that case, OPT queries only the leaves at
cost ¢(B,). Thus, we can write E[OPT] as

E[OPT] = p, - E[L] + (1 — pv) - g1 - (c(By) — 8) + (1 = py) - (1 — qr) - e(By),

where we also use that ¢(B,) — s is the expected optimal cost conditioned on X,, = 0 and
> uen, (1= Xu) - cu > ¢y, as we already argued.

Upper bounding the competitive ratio. We now use the characterizations of E[L] and
E[OPT] to show 3-competitiveness. Consider the difference between E[L] and E[OPT], then

B[L] — B[OPT] = p, - E[L] + (1 - ) -z (e(By) — 9)
P - () + s )
—pv E[L] = (1 —=py) - qr - (c(By) —s) = (1 —py) - (1 —qr) - c(By)
= -p - a) (B + e T2 )

I—qL 1—qg
—(1=py) - (1—qr) - c(By)
=1 =pv)-(po-co+ar-s).

We can use this difference to upper bound the competitive ratio by

ElL] _ E[L]
E[OPT] N E[L] —(I=po) - pv-co—(1=py)-qr- s
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We continue by upper bounding g, - s. Consider again the characterization of E[L]. Under
the conditions X, = 0 and Z,Ue B, (1 —X,) - ¢y < ¢y, we already showed the expected value
of L is larger than ¢(B,) by ﬁ “pu - ¢ + 72— - 5. By Equation (3.6.2), the difference

qL
between c¢(B,) and the cost of L can never be larger than ¢,. Thus,

qr
. .c
=g ™ v+1_QL

:>pU'CU+QL'SSCU'(1_QL)
= qr-s< ¢ (1—py) —c-qr
:>QL'(CU+S)§CU'(1_Z%>

s < ¢y

1- Do
— < . .
qr > Cy ot s
This implies
BlL _ B[L)
E[OPT] N E[L] - (1 _pv) *Pv - Cy — (1 _pv) gL - §
E[L]
é CU'(l_pv)2's )
E[L] - (1 *pv) *Pv - Cy — Cots

Moreover, we can observe that this upper bound decreases for increasing E[L], so we only
need a lower bound on E[L]. In the characterization of E[L], the expected cost of L under the
condition X, =0and ), cp (1 — Xy) - ¢y > ¢y is ¢(B,) — s. Since the cost of L can never
be smaller than ¢, as L starts by querying v, we get ¢(B,) — s > ¢, and, thus, ¢(B,) > ¢, +s.
So the expected cost of the algorithm is E[L] = E[R] = ¢(By) + ¢y - Py > ¢ + S+ Dy * Cy.
By plugging this into the ratio we obtain:

E[L] < Cy+ Py Cyp+ S
= (11— 2,
E[OPT] CotPocots—(1—py) pv-cy— = (ivf;) :

We can now use

cv-(l—pv)Q's_cv-(l—pv)Q-s (1—py)%-s

Co+ s o (1+2) 1+ 2
to write the ratio as
E[L] < Cy+Cy pot+s
> _ 2,
E[OPT} Cy +pv'cv+3—(1_pv)'pv'cv_ (11}:% >
B l4+py+ 2
- (1*pv)2'i '

1+pv+é_(1_pv)'pv_T

Assume ¢, > 0; we can do this w.l.0.g. because we can query free elements in a preprocessing
step. Let s’ = . Then we have that

E[L) 1+ p,+5 -
>~ 1—py)2-s/ — vy .
EOPT] ™ 14 py+ ' — (1 —py) - po — T525
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Showing %-competitiveness. To complete the proof, we show that f(p,,s’) < % for
any 0 < p, < 1and s’ > 0. We can rewrite

(L+s)1 +py+5)
L+ +(1+8)pe+(1+8)s" = (1+8)py+ (1 +8)p5 — (1 —pu)?- s
_ (L+s)1+py+5)
Sl (1) (L )pE — (1 —pu)? - s
_ (L+s)1+py+)
148 48+ 52 p2+sp2 — (1 - py)?
B (1+s)(14+p,+5)
148 8+ 82+ p2+8p2 — s+ pys’ — s'p2
(1+5)(1+py+)
148 824 p2 o+ 2p,s
_ (1+8)A+py+ )
1+ 4 (put )

f(po, 3/) =

We fix the value of s’ and look for critical points, so we consider the partial derivative of
f(pv, s') on p,, which is

(1+8)P2+2p,(1+8) + 8% +5 —1)

0 nN_
ap, ) = (po+8)2+1+5)2

Opy

The denominator is clearly always greater than zero.

First, let us consider s’ > ; = ‘[ L If &2 + ¢ —1 > 0, which always holds for

f(py,s') <0,s0 f(py,s") is non-increasing and is maximized when

(1+ 82 L4 () 1— "
————then —g(s') = ———.
1+ + 57 ds'? (1+ s+ s2)?

d
critical point is obtained by taking a5 g(s") = 0, which holds when s’ = 1. It is clear that
s

d
"> 1 then clearl
523 encearyap

v

py = 0. Letg(s") = f(0,5") = and the only

d d
FQ(S/) >(0for0<s <1and WQ(S/) < 0for s’ > 1, so g(s') has a global maximum
s s

when s’ = 1. Thus, the maximum value of f(p,, s’) for s’ > 1 5 andp, > 0is f(0,1) =

. 0
Now assume 0 < s’ < é Let us look at the critical points by taking 9 f(py,s ) =0.
D
Since the denominator is always positive and s’ > 0, we only have a zero when

N(py,s’) :p%+2pv(1—|—s’)—|—s'2+s'— 1=0,

which by the quadratic formula yields p, = —1 — s’ & /s’ + 2. Since we need p, > 0,
we have p, = —1 — s’ + /s’ + 2. We claim that this is always a maximum point. Clearly,

0
5 N(po,s") = 2(1+py+s'),

f(py,s’) > 0 whenever N (p,, s’) < 0and vice-versa, but

Opy Ipy

which is non-negative for p,, s’ > 0, so N(p,, s’) is non-decreasing. We can conclude that
0

5 (pv,s') > 0for0 < p, < —1—5++s + (pv,s')g()for—l—s’—i—
Dy

vs' +2 < p, <1, s0we have a maximum point at p,, = —1 — s’ + /s’ + 2. Finally, let

1+ 5)Vs +2
h(s') = f(=1 -5 ++Vs +2,§) = ( )
(s = J( ) 28’ +4 —2+/s' + 2
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1
4v/s" 4+ 2

a non-decreasing function, so its maximum for 0 < s’ < % is attained when s’ tends to %

Therefore, for 0 < s’ < é and p, > 0, we have that f(p,,s’) < h(é) = \/54+3 < %. O

d
We have that Fh(S, )= , which is always non-negative for s’ > 0. Thus, h(s) is
s

3.6.3 Orienting a Single Hyperedge with Uniform Query Costs

Next, we analyze BESTVC for the special case of orienting a single hyperedge with uniform
query costs.

Theorem 3.6.3. BESTVC has a competitive ratio at most min{%, "TH} for the hypergraph

orientation problem on a single preprocessed hyperedge withn + 1 > 2 vertices and uniform
query costs. For a hyperedge with only two vertices, the algorithm is 1.207-competitive.

Proof. Let S = {vg,v1,...,v,} be the single hyperedge. We assume that vy, vy, ..., v, are
ordered by non-decreasing left endpoints of their uncertainty intervals Iy, . . ., I, . Thatis,
vp is the leftmost vertex of S and, by our assumptions in Section 3.2, all intervals I, ..., I,

intersect I,,, but none of them is contained in I,,,.

In this setting, by Definition 3.2.6, the vertex cover instance is a star with center vy and
leaves vy, ..., v,. Thus, we only have to consider two vertex cover-based algorithms: the
algorithm L that queries vertex cover {vg} in the first stage, and the algorithm R that queries
{v1,...,v,} in the first stage. Note that, while the vertex cover instance is a star, we cannot
apply the analysis of Lemma 3.6.2 in Section 3.6.2: This is because that analysis requires the
mandatory probabilities of vy and each v; with 1 < ¢ < n to be independent, which is not the
case here.

If n > 3, itis sufficient to consider algorithm L. The algorithm simply queries the vertices
in order of left endpoints, starting with vy, until we can identify the minimum element. If vg
is also queried by OPT, we have L = OPT. Otherwise, OPT must query all of vy, ..., v,
and the competitive ratio is at most ”T“ < %. Since L is %—competitive in this case, so is
BESTVC.

So it remains to consider the cases n = 1 and n = 2. For n = 1, the configuration of the
intervals is shown in Figure 3.11. Here, p is the probability that the weight of v is contained
in I, and q is the probability that the weight of v; is contained in Iy. Note that in this case p
and g correspond to the mandatory probabilities of v; and vy.

1-p 5
Iy p p ll

FIGURE 3.11: Configuration for a hyperedge with two vertices.

We can assume that ¢ > p (otherwise, we swap Iy and I and flip the z-axis). Since OPT
has to query at least one vertex and only queries a second one if both are mandatory, we have
E[OPT] = 1 + pq. Algorithm L queries Iy firstand has E[L] = (1 —p)-1+p-2=1+p.

The ratio 1 :—p for 0 < p < 1andp < ¢ < 1is maximized for ¢ = p, in which case it
pq
1+4+p L. 14+p . 1—210—p2 L. ..
S . The derivative of = is f’ = ——————, which is positive for
15 flp) = 1 e f'(p) 1572 p

0<p<—1+ V2, equalto O forp = —1 + V2, and negative for 1 + V2 < p < 1. Hence,
the maximum of f(p) in the range 0 < p < 1 is attained at pg = —1 + /2 ~ 0.4142 with
value f(pg) = 1+—2‘/§ ~ 1.207. Thus, BESTVC is 1.207-competitive for n = 1.
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It remains to consider case n = 2. The configuration of the intervals is shown in
Figure 3.12. Note that the order of the right endpoints of [,, and I,,, is irrelevant for the proof.

FIGURE 3.12: Configuration for three intervals.

Again, we only have to consider the two vertex cover-based algorithms L and R. We have:

E[OPT] = po-1+p1-2+pa(q1-2+¢q2-3+q3(ra-3+173-2))
E[L] = po-14+p1-2+p2(1-2+qg2-3+4g3-3)
E[R] = 3—gqsr3

By definition, BESTVC has an expected value of at most min{E[L], E[R]}, and, thus, the
competitive ratio is at most
min{E[L], E[R]}
E[OPT]

First, we want to remove some parameters to simplify our calculations. Note that if we
move ¢ probability from ¢z to g, then E[OPT] and E[L] decrease by pse, while E[R] is
unchanged. So we can assume that go = 0. Furthermore, if we move ¢ probability from p;
to po, then E[OPT] and E[L] decrease by &, while E[R] is unchanged. So we can assume that
p1 = 0. This gives

E[OPT} = p0~1+p2(q1‘2+q3(r2-3+7‘3-2))
E[L] = po-1+palqi-2+gs3-3)
E[R] = 3—Q3T3.

Now we rename the parameters as

b = p2, 1_p:p05 q:=dqi, 1_(1:%, ri=T2, 1_T:T3'

The equations then become

E[OPT] = 1+p+p(l—q)r
E[L] = 1+4p(2-q)
ER] = 2+r+q—qr

The corresponding picture with renamed parameters is shown in Figure 3.13.

: L P
: : |
i 4 i 0 :1—gq,
} r 1lr |

FIGURE 3.13: Configuration for three intervals assuming p; = g2 = 0.
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Case 1: E[L] < E[R]. We want to show

E[L] <

Q| W~

-E[OPT]. (3.6.3)

This inequality (3.6.3) can be transformed as follows

3.E[L] < 4-E[OPT]
&34+3p2—q) < 4+4p+4p(1 —q)r
& 2p+4pgr < 14 4pr+ 3pgq.

This is clearly satisfied for p = 0, so we can divide by p and get
1
244qgr < —+44r+3q. (3.6.4)
b

With respect to p, this inequality is most difficult to satisfy if p is as large as possible. To
see how large p can be, we look back at our assumption for the current case, E[L] < E[R].
Expanding this assumption gives

1+p(2—q)<24r+q—qr

This can be reformulated as l4rt
<2 TrTamar (3.6.5)
2—q
We now distinguish two cases depending on whether the right-hand side of (3.6.5) is larger

than 1 or not.

1 —
Case 1.1: w > 1. This condition is equivalent to
—4q
1+r+qg—qr > 2—gq
Sr+2¢g > 14qr. (3.6.6)

In this case, we can set p to 1. Instead of inequality (3.6.4), it now suffices to show

24+4qr < 1+4r+3q
o 1+4gr < 4r+3q. (3.6.7)

By (3.6.6) we have
1+4qgr =14qr+3qr <r+ 2q+ 3qr.
Thus, to show (3.6.7) it suffices to show

r+ 2q + 3qr
& 3qr

4r + 3q

<
< 3r+agq.

This is obviously satisfied as 3gr < 3r follows from ¢ < 1.
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Il+r+q—qr

Case 1.2:
ase 54

< 1. This condition is equivalent to

l+r+qg—qr < 2—gq
Sr+2g < 14qgr.
= 4dqr +4¢*r* > 4r?q+8r¢? (3.6.8)

In the last step, we have multiplied the inequality with 4¢r. In this case, we can set p to

1 —
M. Instead of Inequality (3.6.4) it now suffices to show

2—4q
2+4qr < 279 |y i3
I+r+q—q
& (1+r+q—qr)2+4qr—4r—3q) < 2—¢
& 2—2r —q—5qr —4r* =3¢ + 7¢°r + 8¢r? —4¢*r* < 2—¢
@76127"-1-8(]7"2 < 2r+qr+4r2+3q2+(4q2r2+4qr)_

By (3.6.8), it suffices to show that
Tq°r + 8qr? < 2r + qr + 4% + 3¢% + 4rq + 8r¢®.
This can be transformed into

4qr2 <2r+4gqr+ 472 + 3q2 + rqz.

This clearly holds because 4gr? < 4r? follows from ¢ < 1.

Case 2: E[L] > E[R]. We want to show

4
E[R] < 3 E[OPT]. (3.6.9)
This inequality can be transformed to
64+3r+3¢—3qgr < 4+4p+4p(1—q)r
<24 3r+3q+4pgr < 3qr+4p +4pr
S pd+4r—4qr) > 2+ 3r+3q— 3qr, (3.6.10)

Expanding our assumption E[L] > E[R] gives
24r+q—qr<1+4+p2-—gq).

This can be reformulated as

l+r+qg+pg < 2p+gr
eSp2—q = 1+r+q—qr
1 _
ep > w. (3.6.11)
—q
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We observe that this is only possible if the right-hand side of (3.6.11) is at most 1, so we must
have the following for this to be possible.

1+r+qg—gqr
r+ 2q

2—q

<
< 1+gr

However, we will not need to use this fact in the remainder of the proof.
Inequality (3.6.10) is most difficult to satisfy if p is as small as possible, so in view

1 —
of (3.6.11) we can set p = w and then prove the following inequality to
—q

establish (3.6.10).

1 —

WM—FM—MM > 24 3r+3q— 3qr

—q
& 2r 4 5gr + 4r® + 3¢2 + 4¢%r? > Sqr? + 1¢%r (3.6.12)

We show that (3.6.12) holds by showing the following inequalities

8qr?, (3.6.13)
7q27‘, (3.6.14)

5qr + 412

>
2r + 3¢ + 4¢*r* >
Inequality (3.6.13) holds because 5qr > 5qr? and 412 > 4qr?, so 5qr + 4r% > 9qr? > 8qr?.
To show (3.6.14), we distinguish two cases for 7.

Case 2.1: r < % In this case, 3q2 > 5q2r and hence 27 + 3q2 > 2q2r + 5q2r = 7q2r.
Thus, (3.6.14) holds.

Case 2.2: r > % In this case, we have 4¢%r2 > 4¢%r - % > 2¢%r, and hence 2r + 3¢%> +
4¢%r% > 2¢°r 4 3¢*r + 2¢*r = 7¢*r, so (3.6.14) also holds in this case. ]

The previous analysis improves upon a (n + 1) /n-competitive algorithm by Chaplick et
al. [Cha+21] in case that the hyperedge has two or three vertices. It is not hard to show a
matching lower bound for two vertices and, due to Theorem 3.2.5, the algorithm also achieves
the best possible competitive ratio for three vertices.

3.7 Concluding Remarks

In this chapter, we presented algorithms for the (hyper)graph orientation problem under
stochastic explorable uncertainty and showed that the adversarial lower bounds can be broken
in expectation. Open questions include determining the competitive ratio of BESTVC for
the general (hyper)graph orientation problem under explorable stochastic uncertainty, and
investigating how the algorithm behaves if it has to rely on an a-approximation to solve the
vertex cover subproblem. Our analysis suggests that, to achieve a competitive ratio better
than 1.5, algorithms have to employ more adaptivity than vertex cover-based algorithms;
exploiting this possibility remains an open problem.

Finally, it would be interesting to characterize the vertex cover instances arising in our
THRESHOLD algorithm. By definition of THRESHOLD, no vertex in such instances has a
very high mandatory probability. In the case of graph orientation, this means for every edge
{u, v} that a significant fraction of the probability mass in the distributions of u and v must
be outside the intersection I,, N I, of the corresponding uncertainty intervals I,, and I,,. Since
this is not possible for every combination of input graph and uncertainty intervals, it restricts
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the class of graphs that occur in the vertex cover instances of THRESHOLD. In addition to the
relevance from a combinatorial point of view, such a characterization may allow an improved
a-approximation algorithm for those instances.
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Chapter 4

Sorting and Hypergraph Orientation
under Uncertainty with Predictions

In this chapter, we consider learning-augmented algorithms for hypergraph orientation under
explorable uncertainty and the special case of sorting a set of uncertainty intervals. Given
a hypergraph with uncertain vertex weights, we study the problem of querying vertices
until the identity of a vertex with minimum weight can be determined for each hyperedge.
Since queries are costly, we aim at minimizing the number of queries. In the learning-
augmented setting, we assume access to untrusted predictions for the uncertain vertex weights.
Our algorithms provide improved performance guarantees for accurate predictions while
maintaining worst-case guarantees that match the best possible guarantees without access to
predictions. For hypergraph orientation, for any integral v > 2, we give an algorithm that
achieves a competitive ratio of 1 + 1/~ for correct predictions and ~ for arbitrarily wrong
predictions. For sorting, we achieve an optimal solution for accurate predictions while still
being 2-competitive for arbitrarily wrong predictions. These tradeoffs are best possible. We
also consider different error metrics and show that the performance of our algorithms degrades
smoothly with the prediction error in all the cases where this is possible.

Bibliographic remark: This chapter is mainly based on joint work with T. Erlebach,
M. de Lima and N. Megow [Erl+23] that will also appear in the proceedings of I[JCAI 2023.
Some results are based on a different joint work with the same group of authors [Erl+22;
Erl+20]. Therefore, some parts correspond to or are identical with [Erl+23; Erl+22; Erl+20].
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4.1 Introduction

The emerging research area of learning-augmented algorithm design has been attracting in-
creasing attention in recent years. For online algorithms, it was initiated in [LV21] for caching
and has fostered an overwhelming number of results for numerous problems, including online
graph problems [Kum+19; LMS22; Ebe+22; APT22] and scheduling problems [PSK18;
Ang+20; Mit20; Lat+20; ALT21; ALT22; LM22; Bam+22; LX21]. In this and the consecutive
chapter, we consider learning-augmented algorithms for problems under explorable uncer-
tainty and start by designing learning-augmented algorithms for hypergraph orientation under
explorable uncertainty.

To this end, we briefly restate the problem definition as initially given in Section 2.1.2
of Chapter 2. In the hypergraph orientation problem under explorable uncertainty, we are
given a hypergraph H = (V, E). Each vertex v € V is associated with an uncertainty interval
I, and an, initially unknown, precise weight w, € I,. Each uncertainty interval I, is either
open or trivial, i.e., I, = (Ly, U,) or I, = {w, }. We call L, and U, the lower and upper limit
of v. If I, is trivial, then we define L, = U,, = w,. A query of v comes at cost c,, reveals its
precise weight w, and reduces its uncertainty interval to I, = {w, }. Our task is to orient each
hyperedge S € E towards a vertex of minimum precise weight in S. An adaptive algorithm
can sequentially make queries to vertices to learn their weights until it has enough information
to identify a minimum-weight vertex of each hyperedge. A set () C V is called feasible if
querying (Q reveals sufficient information to find the orientation. As queries are costly, the
goal is to (adaptively) find a feasible query set () of minimum query cost ¢(Q) = ZUGQ Cy-
In this chapter, we only consider uniform query costs, i.e., we have ¢, = ¢, for all u,v € V.
In this case, our objective is to minimize the number of queries and to find a feasible query set
of minimum cardinality. See Section 2.1.2 for an example instance and feasible query set.

An important special case of the hypergraph orientation problem is when the input graph
is a simple graph that is exactly the interval graph induced by the uncertainty intervals
Z=A{l,|veV}ie,{uwv} € Eforu # vif and only if I, N I, # 0. This special
case corresponds to the problem of sorting a set of unknown values represented by a set of
uncertainty intervals and, therefore, we refer to it as sorting under uncertainty.

As in the previous chapters, we analyze our algorithms for hypergraph orientation under
explorable uncertainty in terms of their competitive ratio as defined in Section 2.2. In contrast
to the previous chapter, we resort to worst-case competitive analysis. Recall that, for a given
problem instance, OPT denotes an offline optimal feasible query set. In case of uniform query
costs, an algorithm is p-competitive if it executes, for any problem instance, at most p - |OPT]|
queries. The competitive ratio of an algorithm is the smallest p such that the algorithm is
still p-competitive. As the query results are uncertain and, to a large extent, are the deciding
factor whether querying certain vertices is a good strategy or not, the problem has a clear
online flavor. In particular, the uncertainty prevents 1-competitive algorithms, even without
any running time restrictions.

Variants of hypergraph orientation have been widely studied since the model of explorable
uncertainty has been proposed [Kah91]. Sorting and hypergraph orientation are well known to
admit efficient polynomial-time algorithms if precise input data is given, and they are well
understood in the setting of explorable uncertainty: The best known deterministic algorithms
are 2-competitive, and no deterministic algorithm can be better [Kah91; HL21; Bam+21];
see also Sections 2.2.2 and 2.3.3. For sorting, the competitive ratio can be improved to 1.5
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using randomization [HL21]. In case of general hypergraph orientation, the deterministic
lower bound of 2 translates to a randomized lower bound of 1.5 but, to our knowledge, there
are no randomized algorithms for that problem yet. In the stochastic setting, where the
precise weights of the vertices are drawn according to known distributions over the intervals,
there exists a 1.618-competitive algorithm for hypergraph orientation and a 4/3-competitive
algorithm for orienting a single hyperedge, as shown in Chapter 3. For the stochastic sorting
problem, the algorithm with the optimal expected query cost is known, but its competitive
ratio remains open [Cha+21].

In this chapter, we consider a third model (to the adversarial and stochastic setting) and
assume that the algorithm has, for each vertex v, access to a prediction w, € I, for the
unknown weight w,. These predicted weights could for example be computed using machine
learning (ML) methods or other statistical tools on past data. Given the emerging success of
ML methods, it seems reasonable to expect predictions of high accuracy. However, there are no
theoretical guarantees and the predictions might be arbitrarily wrong, which raises the question
whether an ML algorithm performs sufficiently well in all circumstances. In the context of
hypergraph orientation and explorable uncertainty, we answer this question affirmatively by
designing learning-augmented algorithms that perform very well if the predictions are accurate
and still match the adversarial lower bounds even if the predictions are arbitrarily wrong.

To formalize these properties, we use the notions of c-consistency and S-robustness [LV21;
PSK18] (see also Section 2.2.3): An algorithm is a-consistent if it is a-competitive when the
predictions are correct, i.e., W, = w, for all v € V, and it is S-robust if it is S-competitive no
matter how wrong the predictions are. Additionally, we aim at guaranteeing a smooth transition
between consistency and robustness by giving performance guarantees that gracefully degrade
with the amount of prediction error. This raises interesting questions regarding appropriate
ways of measuring prediction errors, and we explore several such measures. Analyzing
algorithms in terms of error-dependent consistency and robustness allows us to still give
worst-case guarantees (in contrast to the stochastic setting of the previous chapter) that are
more fine-grained than guarantees in the pure adversarial setting.

4.1.1 Our Results

We show how to utilize possibly erroneous predictions for hypergraph orientation and sorting
under explorable uncertainty. For sorting, we present an algorithm that is 1-consistent and
2-robust, which is in a remarkable way best possible: the algorithm identifies an optimal query
set if the predictions are accurate, while maintaining the best possible worst-case ratio of 2
for arbitrary predictions. For hypergraph orientation, we give a 1.5-consistent and 2-robust
algorithm and show that this consistency is best possible when aiming for optimal robustness.

Our major focus lies on a more fine-grained performance analysis with guarantees that
improve with the prediction accuracy. A key ingredient in this line of research is the choice
of error measure quantifying this (in)accuracy. We propose and discuss three different error
measures k4, kp and kj/: The number of inaccurate predictions k. is natural and allows
a smooth transition between consistency and robustness for the sorting problem. However,
for the general hypergraph orientation, we prove that this measure is too crude to allow for
improvements upon the lower bound of 2 for the setting without predictions. We therefore
introduce the hop distance ky, a general error metric for problems under explorable uncertainty
that takes the structure of the uncertainty intervals into account. Furthermore, we propose
another new error measure k) called mandatory query distance which is tailored to problems
with explorable uncertainty. It is defined in a more problem-specific way than kj, and we
show it to be more restrictive in the sense that ky; < kj,. We give formal definitions of
the three error measures in Section 4.2. For the sorting problem, we obtain an algorithm
with competitive ratio min{1 + |071’§T‘, 2}, where k can be any of the three error measures
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considered, which is best possible. For the hypergraph orientation problem, we provide an
algorithm with competitive ratio min{(1 + ﬁ)(l + |gf;fT‘ ), 7}, for any integral v > 2. This
is best possible for kj; = 0 and large kjs. With respect to the hop distance, we achieve
the stronger bound min{(1 + %)(1 + %), 7}, for any integral v > 2, which is also best
possible for k;, = 0 and large k;,. While the consistency and robustness tradeoff of the
kr-dependent algorithm is weaker, we remark that the corresponding algorithm requires less
predicted information than the k;-dependent algorithm and that the error dependency can be
stronger, as ks can be significantly smaller than k.

The parameter -y of these algorithmic results can be thought of as a confidence parameter
regulating how much the algorithm should trust the given predictions: If one expects predic-
tions of high accuracy, then a large value of v should be selected to exploit the expected high
accuracy. On the other hand, if one expects unreliable predictions, then it might be better to
select a small value of « to maintain a strong robustness against bad predictions. Further, we
note that the parameter -y is in both results restricted to integral values since it determines
sizes of query sets, but a generalization to reals v > 2 is possible via randomization at a small
loss in the guarantee.

While our algorithm for sorting has polynomial running time, the algorithms for the
hypergraph orientation problem may involve solving an NP-hard vertex cover problem. We
justify this increased complexity by the NP-hardness of the offline version of the problem
(cf. Section 3.2.6 in Chapter 3).

4.1.2 Outline

We start the chapter in Section 4.2 by restating some preliminary results on hypergraph
orientation under explorable uncertainty that were already presented in Chapters 2 and 3,
and extend them to the learning-augmented setting with access to predictions. Furthermore,
we introduce and discuss several prediction errors that measure the quality of the given
predictions. During the course of the first section, we also give lower bounds on the best
possible consistency and robustness tradeoffs.

Afterwards, in Section 4.3, we consider learning-augmented algorithms for the general
hypergraph orientation problem under explorable uncertainty with predictions and give two
algorithms, one for each of the two main error measures we are considering, that achieve
the best possible tradeoff with respect to their respective error metric. These algorithms
combine the idea of the witness set algorithm (cf. Section 2.3.3) and the idea of vertex cover-
based algorithms as introduced in the previous chapter (cf. Chapter 3). In order to achieve a
consistency that improves upon the worst-case lower bound of two while still maintaining a
good robustness, we extend these concepts by exploiting the additional information given by
the predictions.

For the main algorithmic result of this chapter in Section 4.4, we consider sorting under
explorable uncertainty with predictions and give a single algorithm achieving the optimal
consistency and robustness tradeoff, while at the same time simultaneously matching the
optimal error-dependency for all three error measures. Building on the ideas of the algorithms
for the more general hypergraph orientation problem, we exploit the particular structure
of sorting instances and employ a charging scheme based on a clique partition to achieve
improved results for the special case.

Finally, in Section 4.5, we prove learnability results for the predictions with respect to
the different error measures. To that end, we use the framework of PAC learnability [Val84]
to show that we can approximately learn the predictions that in expectation minimize the
respective error measure. We give more formal definitions in Section 4.5.
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FIGURE 4.1: Lower bound example as used in the proof of Theorem 5.2.1. Shows the
uncertainty intervals of an instance of hypergraph orientation under explorable uncertainty
with prediction that consists of a single hyperedge with the vertices {0, 1, ..., 5}. The green
circles illustrate the precise weights while the red crosses illustrate the predicted weights.

4.2 Preliminaries, Tradeoff Lower Bounds and Error Measures

During this chapter, we consider hypergraph orientation under explorable uncertainty with
predictions. So we are given a hypergraph H = (V, E), uncertainty intervals I, for all v € V'
and predicted weights w,, for all vertices v. As usual, our goal is to query vertices until we
have sufficient information to orient each hyperedge and to minimize the number of queries.
Since the predictions can be inaccurate, we still have to execute queries to guarantee that
we find a correct orientation with respect to the precise weights. In contrast to the previous
chapters, however, we now can use the predicted weights to select our query strategy.

An algorithm for the hypergraph orientation problem under explorable uncertainty with
predictions that assumes the predicted weights to be completely accurate, i.e., w, = w,, for all
v € V, can exploit the characterization of optimal solutions given in Lemma 3.2.9 to compute
a query set that is optimal if the predicted weights are indeed correct. Querying this set leads
to 1-consistency but may perform arbitrarily bad in case of incorrect predictions, as we show
down below.

On the other hand, known 2-competitive algorithms for the adversarial problems without
predictions [Kah91; HL21], as for example the witness set algorithm of Section 2.3.3, are not
better than 2-consistent. Furthermore, the algorithms for the stochastic setting of Chapter 3 do
not guarantee any robustness at all. Thus, we need new algorithms and techniques to achieve
improved consistency and robustness tradeoffs. The lower bound of 2 on the adversarial
competitive ratio without predictions (cf. Section 2.2.2) rules out any robustness factor less
than 2 for our model, so we aim at matching this lower bound in terms of robustness.

To quantify the best possible consistency and robustness tradeoff, we give the following
lower bound. This lower bound for example shows that 1-consistent algorithms cannot be
better than n-robust and that 2-robust algorithms cannot be better than 1.5-consistent. This
means that 1.5-consistency is best possible for algorithms which match the lower bound of 2
in terms of robustness. We remark that this lower bound does not hold for the sorting problem.
In fact, we show an improved tradeoff for sorting under explorable uncertainty in Section 4.4.

Theorem 4.2.1. Let 3 > 2 be a fixed integer. For hypergraph orientation under explorable
uncertainty with predictions, there is no deterministic 3-robust algorithm that is a-consistent
fora <1+ % And vice versa, no deterministic a-consistent algorithm with o = 1 + %
for some integer 3 > 1 is B-robust for 3 < (3. The result holds even for orienting a single
hyperedge or a simple (non-hyper) graph.

Proof. Assume, for the sake of contradiction, that there is a deterministic 3-robust algorithm
that is a-consistent with o« = 1 + % — ¢ for some ¢ > (. Consider an instance with vertices
{0,1,..., 3}, a single hyperedge that contains all 5 + 1 vertices, and intervals and predicted
weights as in Figure 4.1. If the predictions are correct, then vertex 0 has minimum weight in
the hyperedge. In that case, the optimal query setis {1,..., 3} as it is impossible to verify
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wy = wy < w; = w; forall ¢ € {1,..., 3} without querying all vertices in {1, ..., 3} and
querying those vertices suffices to identify O as the vertex of minimum precise weight. The
algorithm must query the vertices {1, ..., 3} first, as otherwise it would query /3 + 1 vertices

in case all predictions are correct, while the optimal query set is of size 3; a contradiction to
the algorithm being a-consistent for an o < 1 + %

Suppose without loss of generality that the algorithm queries the vertices {1, ..., 8} in
increasing order. Consider the adversarial choice w; = w;, fori = 1,..., 5 — 1, and then
wg € Ipand wy ¢ I; U. ..U Ig. This forces the algorithm to query also vertex 0 in order to
prove wy < wg, while an optimal solution only queries vertex 0. Thus, any such algorithm
has robustness at least 8 + 1, a contradiction to the algorithm being S-robust. Figure 4.1
illustrates this adversarial choice.

The second part of the theorem directly follows from the first part and the known general
lower bound of 2 on the competitive ratio [Hof+08; Kah91] (see also Section 2.2.2). Assume
there is an a-consistent deterministic algorithm with o = 1 + % for some integer 3’ > 1. If
B’ < 2, then the statement follows from the lower bound of 2, so assume 3’ > 2. Consider
the instance above with 8 = 3’ — 1. Then the algorithm has to query vertices {1, ..., 3} first
to ensure c-consistency, as otherwise it would have a competitive ratio of % >1+ é =«
in case that all predictions are correct. By the argumentation above, the robustness factor of
the algorithm is at least 5 + 1 = 3.

To prove the result for the (non-hyper) graph orientation problem, the only difference is
that we use edges {0, i} for 1 < i < [ instead of a single hyperedge containing all vertices.
The rest of the proof remains the same. O

A main goal of this chapter is to design algorithms that match this optimal consistency
and robustness tradeoff. To this end, we continue by introducing preliminary results that help
us to achieve this goal.

4.2.1 Preliminaries

Recall that we say a vertex v € S'is leftmost in hyperedge S € F if the uncertainty interval I,
of v has minimum lower limit among the intervals of the vertices in S, i.e., L, = ming,cg L.
If a hyperedge S € E contains a leftmost vertex v with a trivial uncertainty interval, then
clearly no other vertex in S can have a smaller weight than v and we already know the
orientation of .S. Thus, we can assume without loss of generality that no hyperedge contains a
leftmost vertex with a trivial uncertainty interval, since otherwise we could simply remove
the hyperedge. Let v be a leftmost vertex in a hyperedge S € E. Then we can also assume
that I, N I,, # 0 for all u € S\ {v}, because otherwise the vertex u could be removed
from the hyperedge S since we would already know that w, < w, and, therefore, that u
cannot be of minimum weight in S. For the special case of graphs, this means that we assume
I, N I, # 0 for each {u,v} € F, since otherwise we could simply remove the edge. The
following assumption summarizes these observations. Note that we used the same assumptions
in Chapter 3.

Assumption 3.2.1. We assume without loss of generality that all problem instances for
hypergraph orientation under explorable uncertainty satisfy the following properties:

1. No hyperedge S € E has a leftmost vertex v with a trivial uncertainty interval I,.

2. If v is leftmost in a hyperedge S, then I, N I, # () for all u € S\ {v}.

Basic Preliminaries The crucial structure and unifying concept in hypergraph orientation
and sorting under explorable uncertainty without predictions are witness sets [Bru+05], as
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we have seen in Section 2.3.3. Witness sets are the key to any comparison with an optimal
solution. Recall that a “classical” witness set is a set of vertices for which we can guarantee
that any feasible solution must query at least one of these vertices. In the classical setting
without access to predictions, sorting and hypergraph orientation admit 2-competitive online
algorithms that rely essentially on identifying and querying disjoint witness sets of size two
(cf. Section 2.3.3). We refer to witness sets of size two also as witness pairs and restate the
following characterization of witness pairs; see Section 2.3.3 for a proof. To that end, recall
that a hyperedge S € E is not solved if we do not know the orientation of S yet.

Lemma 2.3.7 (Kahan [Kah91]). Consider an instance H = (V, E) for hypergraph orientation
under explorable uncertainty. Let S € E be a not yet solved hyperedge of H. A set {v,u} C S
with I, N I, # 0 and v or u leftmost in S is a witness set.

In terms of learning-augmented algorithms, completely relying on querying witness pairs
ensures 2-robustness, but it does not lead to any improvements in terms of consistency. In
order to obtain an improved consistency, we need stronger local guarantees. To this end, recall
that a vertex is mandatory (cf. Section 2.3.2), if it is part of every feasible query set. We restate
the following lemma that allows us to fully characterize mandatory vertices; see Section 2.3.3
for a proof.

Lemma 2.3.5. Consider an instance H = (V, E) for hypergraph orientation under explorable
uncertainty. A vertex v € V with a non-trivial uncertainty interval I, is mandatory if and
only if there is a hyperedge S € E with v € S such that either (i) v is a minimum-weight
vertex of S and w,, € I, for some u € S\ {v}, or (i) v is not a minimum-weight vertex of S
and w,, € I, for a minimum-weight vertex u of S.

Prediction Mandatory Vertices While the lemma gives us a full characterization of manda-
tory vertices, it depends on the precise weights of the vertices, which are initially unknown.
Identifying mandatory vertices based on the interval structure alone is not always possible, as
otherwise there would be a 1-competitive algorithm contradicting the adversarial lower bound
of 2.

In the learning-augmented setting however, we have access to additional information
in form of the untrusted predictions w, on the precise weights w,. Using this additional
information, we can identify vertices that are mandatory under the assumption that the
predictions are correct, i.e., w, = w, for all v € V. We call such vertices prediction
mandatory.

Definition 4.2.2. Given an instance of hypergraph orientation under explorable uncertainty
with predictions with hypergraph H = (V. E), uncertainty intervals I, for all v € V and
predicted weights w, € I, forallv € V. A vertex v € V is prediction mandatory if it
is mandatory for the realization of precise weights where all predictions are correct, i.e.,
Wy = Wy forallv €V,

For correct predictions, querying prediction mandatory vertices can never worsen the
competitive ratio as even the optimal solution must query such vertices. However, in the lower
bound example of Theorem 4.2.1, the vertices 1, ..., 3 are prediction mandatory and we have
seen that querying those vertices leads to the worst possible robustness. One aspect of our
algorithms will be to carefully balance the exploitation of prediction mandatory vertices with
other methods that allow us to still achieve a good robustness. In order to do so, we have to
identify prediction mandatory vertices. We can do this by using Lemma 2.3.5 with respect to
the predicted weights instead of the precise weights:
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Lemma 4.2.3. Consider an instance of hypergraph orientation under explorable uncertainty
with predictions. A vertex v with a non-trivial uncertainty interval I, is prediction mandatory
if and only if there is a hyperedge S € E with v € S such that either (i) v has minimum
predicted weight in S and W,, € I, for some u € S\ {v}, or (ii) v doesn’t have minimum
predicted weight in S and w,, € I, for vertex u with minimum predicted weight in S.

Lemma 4.2.3 can be shown by using the proof of Lemma 2.3.5 and replacing the precise
weights with the predicted weights. Since we have full access to the predicted weights w,,, we
can use this lemma to identify and compute all prediction mandatory vertices, which allows
us to use such vertices within our algorithms.

Preprocessed Instances and the Offline Algorithm As also discussed in Chapter 3,
the Lemma 2.3.5 does not only enable us to identify mandatory or prediction mandatory
vertices given full knowledge of the precise or predicted weights, but also implies criteria to
identify known mandatory vertices, i.e., vertices that are known to be mandatory given only
the hypergraph, the intervals and precise weights revealed by previous queries. To identify
such vertices, we restate the following corollary.

Corollary 2.3.6. Consider an instance H = (V, E) for hypergraph orientation under ex-
plorable uncertainty. If the interval of a leftmost vertex v in a not yet solved hyperedge S
contains the precise weight of another vertex in S, then v is mandatory. In particular, if v is
leftmost in (a not yet solved) S and I,, C I, for some u € S\ {v}, then v is mandatory.

Every algorithm can query vertices that are known to be mandatory according to Corol-
lary 2.3.6 without ever worsening its competitive ratio. As in the previous chapter, we refer to
instances that do not admit vertices that are mandatory by the corollary as preprocessed:

Definition 3.2.2. An instance of hypergraph orientation under explorable uncertainty with
hypergraph H = (V, E') and uncertainty intervals I,, for all v € V is preprocessed, if it does
not contain vertices that can be identified as mandatory by using Corollary 2.3.6. That is, for
every hyperedge S € FE, there is no leftmost vertexv € S with I, C I, foranu € S\ {v}.

Our algorithms will heavily exploit the particular structure of preprocessed instances
described by the the following lemma. For a proof of the lemma see Chapter 3.

Lemma 3.2.3. Consider a preprocessed instance of hypergraph orientation under explorable
uncertainty with hypergraph H = (V, E) and uncertainty intervals I, for all v € V. Then,
each hyperedge S € E satisfies the following properties:

1. S has a unique leftmost vertex v with a non-trivial uncertainty interval.
2. I,NIL, #Qand I, \ I, # 0 forallu € S\ {v}.

Using Lemma 2.3.5 and the structure of preprocessed instances, we define an offline
algorithm, i.e., we assume full access to the precise weights but still want to compute a
feasible query set, that follows a two-stage structure: First, we iteratively query all mandatory
vertices computed using Lemma 2.3.5. After that, the instance is preprocessed and each not
yet oriented hyperedge S has the following configuration: The leftmost vertex v has a precise
weight outside I, for all u € S\ {v}, and each other vertex in S has precise weight outside ,,.
Thus we can either query v or all other vertices u € S\ {v} with I,, N I,, # () to determine the
orientation. The optimum solution in this configuration is to query a minimum vertex cover in
the vertex cover instance (see Chapter 3 for an example):

78



4. Sorting and Hypergraph Orientation under Uncertainty with Predictions

Definition 3.2.6. Consider an instance of hypergraph orientation under explorable uncertainty
with hypergraph H = (V, E') and uncertainty intervals I, for all v € V. The vertex cover
instance of H is the graph G = (V, E) with {v,u} € E if and only if there is a not yet solved
hyperedge S € E such that v,u € S, v is leftmost in S and I, N I,, # (. For the special case
of a graph G instead of a hypergraph H, it holds that G = G.

See Algorithm 8 for pseudocode of the offline algorithm. For a proof of its optimality, we
refer to the proof of Lemma 3.2.9 in Chapter 3.

Algorithm 8: Offline algorithm for hypergraph orientation under explorable uncer-
tainty.

Input: Hypergraph H = (V, E), intervals I,, and precise weights w,, forall v € V.
1 M <+ All vertices that are mandatory by Lemma 2.3.5;
2 Query M ; /* First stage of the algorithm =/
3 G[V \ M] « Vertex cover instance of H for the instance after querying M;
4 VC <« Minimum cardinality vertex cover of G[V \ M];
5 Query V', /+ Second stage of the algorithm =/
6 return Q* = M UV,

A key idea of our algorithms is to emulate the offline algorithm using the predicted infor-
mation. We can use the algorithm under the assumption that the predicted weights are correct
and compute an optimal query set for correct predictions. Since blindly following the offline
algorithm might lead to a competitive ratio of n for faulty predictions (cf. Theorem 4.2.1), we
have to augment the algorithm with additional, carefully selected queries. The next lemma
formulates a useful property of vertex cover instances without known mandatory vertices. For
a proof we again refer to Chapter 3.

Lemma 3.2.8. Given a preprocessed instance of hypergraph orientation with hypergraph
H = (V, E) and uncertainty intervals I, for all v € V, let Q) be an arbitrary vertex cover of
G. After querying Q, for each hyperedge S € E, we either know the orientation of S or can
determine it by exhaustively querying according to Corollary 2.3.6.

4.2.2 Accuracy of Predictions

Since consistency and robustness only consider the extremes in terms of prediction quality,
we aim for a more fine-grained analysis that relies on error metrics to measure the quality
of the predictions. Natural candidates for such measures include the number of inaccurate
predictions ku = [{v € V' |w, # W, }| or an /1 error metric such as kg, = > oy |wy, — Wy|.
These measures, however, are not meaningful for the hypergraph orientation problem under
explorable uncertainty with predictions. For the number of inaccurate predictions, we can
show that even for k» = 1, the competitive ratio cannot be better than the known bound of 2.
Similar, we can show that if k,, > 0, then no deterministic algorithm can have a competitive
ratio better than 2. Both results hold for instances with any even number of vertices n > 2 and
|OPT| € Q(n). Thus, even for arbitrarily large instances, the smallest possible (non-zero)
error k4 or kg, already leads to a competitive ratio of 2. These results prohibit any more
fine-grained competitive ratios depending on k. or k. We note that the lower bound for k-
does not hold for interval graphs (the sorting problem).

Theorem 4.2.4. If ky > 1 or kg, > 0, then any deterministic algorithm for the hypergraph
orientation problem under uncertainty with predictions has competitive ratio p > 2. This
result holds even for instances with |OPT| € Q(n) and an arbitrarily large even number of
vertices n, and even for (non-hyper) graphs.
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FIGURE 4.2: Uncertainty intervals and predicted and precise weights for the instance used
in the proof of Theorem 4.2.4.

Proof. We first show the lower bound for k» > 1. Consider a hypergraph with vertices
{1,...,2n}, hyperedges S; = {i,n+ 1,n+2,...,2n},fori = 1,...,n, and intervals and
predicted weights as depicted in Figure 4.2.

Assume w.1.0.g. that the algorithm queries the vertices {1,...,n} inthe order 1,2,...,n
and the vertices {n + 1,...,2n} in the order n + 1,n + 2,...,2n. Before the algorithm
queries vertex n or 2n, the adversary sets all predictions as correct, so the algorithm will
eventually query n or 2n. If the algorithm queries n before 2n, then the adversary chooses a
weight wy, € (< j<,, In+; for n that forces a query to all vertices n+1, ... ., 2n. Furthermore,
the adversary picks the weights of the vertices n + 1,...,2n as equal to their predictions.
Thus, we have k» = 1 and the algorithm queries 2n vertices while the optimal solution only
queries the vertices n + 1,. .., 2n. See Figure 4.2 for an illustration. A symmetric argument
holds if the algorithm queries vertex 2n before vertex n: In this case, the adversary selects
Way, € ﬂ1§ j<n 1j and all other predicted weights are correct. Then, we again have ky =1
and the algorithm queries 2n vertices while the optimal solution only queries the vertices
1,...,n.

For (non-hyper) graphs, we use edges {7, j} forall 1 <i <n,n+ 1 < j < 2n instead of
hyperedges. The rest of the proof remains the same, which concludes the proof for k4 > 1.

Next, we show the part of the theorem with regard to ks, > 0. We use the same lower
bound instance as before but slightly adjust it: We move the predicted weights of the vertices
1, ..., n arbitrarily close to the lower interval borders of the vertices n + 1, ..., 2n such that
they are still outsides of those intervals. Symmetrically, we move the predicted weights of the
vertices n + 1,. .., 2n arbitrarily close to the upper interval border of the vertices 1,...,n
such that they are still outsides of those intervals. If the algorithm queries vertex n before 2n,
then the adversary picks w,, € ﬂ1g j<n In+; arbitrarily close to the lower interval borders of
the vertices n+1, . .., n such that w,, is still contained in those intervals. Symmetrically, if the
algorithm queries vertex 2n before n, then the adversary picks wa, € ﬂ1g j<n 1j arbitrarily
close to the upper interval borders of the vertices 1, ..., n such that w,, is still contained in
those intervals. All other weights are chosen according to their predictions. In both cases,
we have an arbitrarily small k£,, > 0 and the algorithm queries 2n vertices while the optimal
solution only queries n vertices. The latter can be shown with the same arguments as in the
proof for k4 > 1. O

The lower bound example of Theorem 4.2.4 illustrates that more fine-grained competitive
ratios depending on k4 or kg, are not possible, as even a small error prevents an improvement
over the lower bound of 2 for algorithms without access to predictions. The intuitive reason
for this is that both measures completely ignore the structure of the uncertainty intervals,
which is crucial for the feasibility of query sets. Thus, we need more refined measures that
take the interval structure into account.
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FIGURE 4.3: Example for the error measures kj, and kj; for the hypergraph orientation
problem with a single hyperedge S = {v1, v2,vs, v4}. Circles illustrate precise weights and
crosses illustrate the predicted weights. Shows predictions and precise weights with a total
hop distance of k;, = 5 and mandatory query distance of ky; = 1 (left) and k;, = 3 and
ky =1 (right).

As a first refined measure, we consider the hop distance. It is very intuitive even though it
requires some technical care to make it precise. If we consider only a single predicted weight
w, for some v € V, then, in a sense, this value predicts the relation of the precise weight w,,
to the intervals of vertices u € V' \ {v}. In particular, w.r.t. a fixed u € V' \ {v}, the value
w, predicts whether w, is left of I, (w, < L), right of I,, (w, > U,), or contained in I,
(Ly < w, < U,). For a vertex v and any vertex u € V' \ {v}, we define the function &, (v)
that indicates whether the relation of w,, to interval I,, changes compared to the relation of w,,
and I,,. To be more precise, k,(v) = 1 if w, < Ly, < wy, wy < Ly < Wy, wy < Uy < W, or
w, < U, < w,, and k,(v) = 0 otherwise. Based on this function, we define the hop distance
of a single vertex as kT (v) = 2 uev\{v} Fu(v). Intuitively kT (v) for a single v € V counts
the number of relations between w,, and intervals I,, with u € V' \ {v} that are not accurately
predicted. For a set of vertices V' C V, we define k™ (V') = >~ i, kT (v). Finally, we
define the hop distance by kj, = k™ (V). For an example see Figure 4.3.

Note that k. = 0 implies k;, = 0, so Theorem 5.2.1 implies that no algorithm can
simultaneously have competitive ratio better than 1 + % if k;, = 0 and 3 for arbitrary k,.

While the hop distance takes the interval structure into account, it does not distinguish
whether a “hop” affects the feasibility of a query set. Therefore, we introduce a third and
strongest error measure based on the sets of (prediction) mandatory elements.

Let Zp be the set of prediction mandatory elements, and let Zp be the set of really
mandatory elements. The mandatory query distance is the size of the symmetric difference
of Zp and IRy, i.e., kpr = ‘IPAIR‘ = ‘(Ip UIR) \ (Ip ﬁIR)’ = ’(ZP \IR) U (IR \Ip)’
Intuitively, the error measure k) captures differences between the sets of feasible query sets
for the predicted weights and the precise weights: If there is a vertex v € Zp \ Zg, then all
feasible query sets for correct predictions contain v while there exist feasible query sets for
the precise weights that do not contain v (and vice versa for v € Zr \ Zp).

Figure 4.3 (right) shows an example with kj; = 1. Considering the precise weights in
the example, both {v;} and {vg, v3,v4} are feasible solutions. Thus, no element is part of
every feasible solution and Zr = (). Assuming correct predicted weights, we have that vy is
mandatory by Lemma 2.3.5 and, therefore, Zp = {v; }. It implies kyy = |[ZpAZg| = 1.

Obviously, kjs is a problem-specific error measure as, in a given set of uncertainty
intervals, different intervals may be mandatory for different problems. In contrast, we can
define different problems on the same set of uncertainty intervals and the error kj, remains the
same. For instances of hypergraph orientation, we can relate ks to ky,.

Theorem 4.2.5. For any instance of hypergraph orientation under uncertainty with predictions,
the hop distance is at least as large as the mandatory query distance, i.e., kyr < kp,.
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Proof. Consider an instance of hypergraph orientation with hypergraph H = (V, E) and
uncertainty intervals Z = {I,, | v € V'}, precise weights w and predicted weights w. Recall
that Zp and Zp are the sets of prediction mandatory elements and mandatory elements,
respectively. Observe that kj; counts the vertices that are in Zp \ Zr and those that are in
Zr \ Zp. We will show the claim that, for every vertex v in those sets, there is a vertex u
such that the weight of u passes over L, or U, (or both) when going from w, to w,, i.e.,
Wy < Ly < Wy, Wy < Ly < wy, w, < U, < w, orw, <U, < w,. This means that
each vertex v € ZpAZg is mapped to a unique pair (u, v) such that the weight of u passes
over at least one endpoint of I,,, and hence each such pair contributes at least one to the hop
distance kj,. This implies ks < kp,.

It remains to prove the claim. Consider an v € Zp \ Zg. (The argumentation for intervals
in Zp \ Zp is symmetric, with the roles of w and w exchanged.) As v is not in Zg, replacing
all intervals for vertices in Z \ {v} by their precise weights yields an instance that is solved.
This means that in every hyperedge S € FE that contains v, one of the following cases holds:

(a) v is known not to be the minimum of S w.r.t. precise weights w. This means that there
is a vertex u in S with w,, < L.

(b) v is known to be the minimum of .S w.r.t. precise weights w. This means that all vertices
u € S\ {v} satisfy w,, > U,.

As v is in Zp, replacing all intervals of vertices in V' \ {v} by their predicted weights yields
an instance that is not solved. This means that there exists at least one hyperedge S’ € E that
contains v and satisfies the following:

(c) All vertices w in S” \ {v} satisfy w, > L,, and there is at least one such u with
Ly, <w, < U,.

If S’ falls into case (a) above, then by (a) there is a vertex v in S’ \ {v} with w,, < L,
and by (c) we have w,, > L,. This means that the weight of u passes over L,,. If S’ falls into
case (b) above, then by (c) there exists an vertex u in S’ \ {v} with w,, < U,, and by (b) we
have w, > U,. Thus, the weight of u passes over v. This establishes the claim, and hence we
have shown that k,; < kj, for the hypergraph orientation problem. O

4.3 Hypergraph Orientation

We consider the general hypergraph orientation problem, and design learning-augmented
algorithms with respect to the error measures ky, and kj,;. For error measure kj,, we give an
algorithm that matches the lower bound on the optimal consistency and robustness tradeoff
of Theorem 4.2.1 and gracefully degrades between consistency and robustness with a linear
error dependency on ky,.

To match the lower bound on the consistency and robustness tradeoff, we, for a given
v € N>9, have to guarantee (1 + %)—consistency and y-robustness. As we observed before,
following the offline algorithm based on the predicted information can lead to an arbitrarily
bad robustness while using just the witness set algorithm will not improve upon 2-consistency.
The idea of our algorithm is to emulate the offline algorithm using the predicted information
and to combine it with the witness set algorithm. To illustrate this idea, assume v = 2, so
we have to guarantee 1.5-consistency and 2-robustness. To combine both algorithms, we
consider strengthened witness sets, which are sets W C V of size three such that every feasible
solution queries at least two members of W. If we repeatedly query strengthened witness
sets, then we achieve a competitive ratio of at most 1.5, matching our target consistency.
Clearly, strengthened witness sets cannot always be identified based on the given graph and
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intervals alone. If we always could identify a strengthened witness set when the instance is not
solved yet, then we would have a 1.5-competitive algorithm by repeatedly querying such sets,
contradicting the lower bound of 2 on the adversarial competitive ratio (cf. Theorem 2.2.2).
Therefore, we have to identify strengthened witness sets based on the predicted information,
i.e., we identify sets W of cardinality three such that each feasible solution contains at least
two members of the set if the predictions of the elements in W are correct. Since we can
only identify strengthened witness sets based on the predicted information, we cannot afford
to just query the complete set, as we might lose the guarantee on the set if the predictions
are faulty, which could violate our target 2-robustness. To that end, we query such sets in
a carefully selected order that allows us to detect errors that might cause us to violate the
2-robustness after at most two queries within the set. We select the first two queries within
the set in such a way that they form a witness set. So even if there is an error within these
queries, we can discard the third query and the two queries we already executed will never
violate 2-robustness as they form a witness set. Furthermore, we will show that we can charge
all executed queries that violate the consistency bound to a distinct error.

Our algorithm does this repeatedly until we cannot identify strengthened witness sets
anymore, not even by using the predictions. After that, the instance has a certain structure that
allows us to solve it with an adjusted second phase of the offline algorithm while achieving the
optimal consistency and robustness tradeoff of Theorem 4.2.1 with linear error dependency.

If v > 2, then the first phase of our algorithm repeatedly identifies a strengthened witness
set and v — 2 prediction mandatory vertices. It then queries the v — 2 prediction mandatory
vertices and afterwards proceeds to query the strengthened witness sets as described above.
We show that this adjustment allows us to achieve the optimal tradeoff with linear dependency
on kj, for every integral v > 2.

With respect to error measure ks, we first show that a consistency and robustness tradeoff
matching Theorem 4.2.1 is not possible with linear error dependency on kj;. Instead, we
design an algorithm with a slightly worse consistency and robustness tradeoff but with a
linear error dependency on kj;. The tradeoff is best possible for algorithms with linear error
dependency on kj;. Since ky; < Ky, the competitive ratio of this second algorithm can be
better than the ratio of the kj-dependent algorithm for certain instances. We achieve the
kas-dependent bound by giving a simpler algorithm that emulates the offline algorithm and
augments it with additional queries. We remark that this algorithm only requires access to the
set of prediction mandatory vertices, which is a weaker type of prediction than access to the
predicted weights w.

4.3.1 Learning-augmented Algorithm With Respect To the Hop Distance

We start by designing an algorithm that achieves the optimal consistency and robustness
tradeoff (cf. Theorem 4.2.1) with a linear error dependency on the hop distance k. The
following theorem summarizes our main result with respect to error measure kj,.

Theorem 4.3.1. There is an algorithm for hypergraph orientation under explorable uncer-
tainty with predictions that, given v € N>o, achieves a competitive ratio of min{(1 + %)(1 +
kn/|OPTI),~}.

As mentioned in the introduction of this section, our algorithm is based on identifying
strengthened witness sets using the predicted weights, i.e., sets W C V with |W| = 3 such
that every feasible solution contains at least two elements of W if the predictions are accurate.
We want to be able to query W in such a way that (i) the first two queries in W are a witness
set and (ii) after the first two queries in W we either have detected a prediction error or can
guarantee that each feasible solution indeed contains two elements of W (no matter if the
predicted weights of vertices outside W are correct or not).
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To achieve this, we identify prediction mandatory vertices that are not only mandatory if
all predicted weights are correct but become mandatory if a single predicted weight is correct.
To that end, we use the following definition.

Definition 4.3.2. We say that a predicted weight w,, enforces another vertex v if u and v have
non-trivial uncertainty intervals, W, € I,, and u,v € S, where S is a hyperedge such that
either v is leftmost in S, or w is leftmost in S and v is leftmost in S \ {u}.

If the predicted weight w,, of a vertex u enforces another vertex v and the predicted weight
of u is accurate, then after querying u we know for sure that v is indeed mandatory. The
following lemma formulates this property.

Lemma 4.3.3. If w,, enforces v, then {v,u} is a witness set. Also, if w,, € I, then v is
mandatory.

Proof. Since w,, enforces v, there must be a hyperedge S with v, u € S such that w,, € I,
and either v is leftmost in .S or w is leftmost in S and v is leftmost in .S\ {u}. The first claim
of the lemma follows from Lemma 2.3.7 as one of u, v is leftmost in S and I, N I, # ().
Consider the second claim of the lemma. If v has minimum precise weight in S or is
leftmost in S, then the second claim follows from Lemma 2.3.5 and Corollary 2.3.6. Otherwise,
the fact that w,, € I,, and that v is leftmost in S \ {u} implies that [,, contains the minimum
precise weight, so the claim follows from Lemma 2.3.5. O

We can now define our Algorithm 9. Within the definition of the algorithm, the current
instance always refers to the problem instance obtained after executing all previous queries.
We say that a vertex is prediction mandatory for the current instance, if it is mandatory if the
predicted weight of all not yet queried vertices are correct. Note that there can be vertices that
are prediction mandatory for the current instance but not prediction mandatory for the initial
instance (and vice versa). The current vertex cover instance refers to the vertex cover instance
of the current instance.

The algorithm ensures that the current instance always remains preprocessed by exhaus-
tively querying vertices that are mandatory by Corollary 2.3.6 (cf. Lines 1, 7 and 13). The
Lines 9 to 12 identify and query strengthened witness sets. They do so by identifying a witness
set {u, w} such that the predicted weight w,, enforces another vertex v. Only if w,, € I,, the
algorithm also queries v. If that is the case, then Lemma 4.3.3 implies that v is mandatory and,
therefore, every feasible solution must query at least two members of {u, v, w}. If such a triple
{u, v, w} of vertices does not exist but there still is a vertex u such that w,, enforces a vertex
v, then the algorithm just queries v in Line 12. We will prove that this never violates the target
consistency or robustness. If v > 2, then the algorithm precedes this step by querying (up-to)
~ — 2 predictions mandatory vertices in Lines 4 to 8. The algorithm does this repeatedly as
long as possible and afterwards queries a minimum vertex cover of the current vertex cover
instance in Line 15. Exploiting Lemma 3.2.8, the remaining instance can then be solved by
exhaustively querying vertices that are mandatory due to Corollary 2.3.6 (cf. Line 16).

We proceed by proving three more important properties of the algorithm that will help us
to prove Theorem 4.3.1.

The Lemma 4.3.3 implies that if ,, enforces v and the predicted value of u is correct, then
v is mandatory. This directly implies that v is prediction mandatory for the current instance:
If the predicted weight of all not yet queried vertices are correct, then the predicted weight of
u is correct and v is mandatory. This leads to the following corollary.

Corollary 4.3.4. Consider a point of execution of the algorithm in which a predicted weight w,,
enforces another vertex v. Then v is prediction mandatory for the current instance.
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Algorithm 9: Learning-augmented algorithm for the hypergraph orientation problem
under explorable uncertainty with respect to the hop distance &,

Input: Hypergraph H = (V, E), intervals I,, and predictions w, for allv € V
1 while there is a known mandatory vertex v by Corollary 2.3.6 do query v;
2 repeat

3 Q « 0;
4 P <+ set of prediction mandatory vertices for current instance;
5 | whileP #(0and|Q|<~vy—2 do
6 pick and query some u € P; @ <+ QU {u};
7 while there is a known mandatory vertex v by Corollary 2.3.6 do query v;
8 P + set of prediction mandatory vertices for the current instance;
9 if 3 distinct u, v, w s.t. W, enforces v and {u,w} is a witness set for the current
instance by Lemma 2.3.7 then
10 query u, w;
11 if w,, € I, then query v ;
12 else if Jv, u such that w,, enforces v then query v ;
13 while there is a known mandatory vertex v by Corollary 2.3.6 do query v;

14 until the current instance has no prediction mandatory vertices ;
15 Compute and query a minimum vertex cover @)’ for the current vertex cover instance;
16 while there is a known mandatory vertex v by Corollary 2.3.6 do query v;

Next, we show that there is at most one iteration of the repeat-loop that executes less than
7 — 2 queries in Line 6 or no queries in Lines 10-12.

Lemma 4.3.5. Every iteration of the repeat-loop in Algorithm 9 (cf. Lines 1-14) apart from the
final one executes v — 2 queries in Line 6 and at least one query in Lines 10—12. Furthermore,
if an iteration executes a query in Lines 10—12, then it executes v — 2 queries in Line 6.

Proof. Consider an iteration of the repeat-loop that executes less than v — 2 queries in Line 6.
Then, the while-loop from Line 5 to Line 8 terminates because the current instance has no
prediction mandatory vertices. This means that the algorithm also does not execute any
queries in Lines 10—12 as there cannot be a predicted weight w,, that enforces another vertex
v because v would be prediction mandatory for the current instance by Corollary 4.3.4. Since
the algorithm does not execute queries in Lines 10—12, the current instance still does not
contain prediction mandatory vertices at the end of the current iteration of the repeat-loop,
which implies that the loop terminates.

To conclude the proof, consider an iteration of the repeat-loop that executes v — 2 queries
in Line 6 but no queries in Lines 10—12. No queries in Lines 10—12 imply that there is no
w,, that enforces a vertex v. Since the current instance is preprocessed, this means that for
each hyperedge S we have that (i) w,, & I, for the unique leftmost vertex v in .S and all not
yet queried vertices u € S\ {v} and (ii) w, ¢ I, for the unique leftmost vertex v in .S and
all not yet queried vertices u € S\ {v}. If the predictions of the not yet queried vertices are
correct, then we can find the orientation of each hyperedge .S by either querying the unique
leftmost vertex v in S or all not yet queried vertices in S \ {u}. This implies that no vertex is
prediction mandatory for the current instance and, therefore, the loop terminates. O

We prove the following lemma that helps us to prove that queries in Line 12 will never
violate our target consistency or robustness.

Lemma 4.3.6. Let u, v be a pair that satisfies the condition in Line 12 of Algorithm 9 leading
to a query of v. After querying v, vertex u will either become mandatory by Corollary 2.3.6
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and be queried in the next execution of Line 13 or for each hyperedge S containing u we
either know the orientation of S or know that u cannot be of minimum weight in S.

Proof. Consider the instance before v is queried. Due to the failed test in Line 9, for every
hyperedge S containing v, the following facts hold:

1. If w is leftmost in S, then the orientation of .S is already known, or v € S and v is the
only vertex in S\ {u} with an interval that intersects I,,.

2. If w is not leftmost in S but intersects the interval of the leftmost vertex v’ in S, then
/
v="1.

3. If w is not leftmost in S and does not intersect the interval of the leftmost vertex in .S,
then w is certainly not of minimum weight in S.

If condition (1) holds and the orientation of S is not known then, after querying v, either
wy ¢ I, and the orientation of S is determined, or w, € I, and u becomes mandatory
by Corollary 2.3.6.

If condition (2) holds, then either w,, ¢ I, and w is certainly not of minimum weight in S,
or w, € I, and u becomes mandatory due to Corollary 2.3.6. The result follows trivially if
condition (3) holds. L]

Intuitively, the lemma means that if vertex u does not become mandatory by Corol-
lary 2.3.6 after querying v, then the algorithm will never even consider vertex u anymore
as all hyperedges containing u are either resolved or have an orientation that is completely
independent of vertex u. If that is the case, then the algorithm queries exactly one vertex
of the witness set {u,v}. This can never lead to a violation of the target consistency and
robustness as even the optimal solution has to query at least one member of {u,v}. If on the
other hand u becomes mandatory, then either the predicted weight w,, is correct and v is also
mandatory by Lemma 4.3.3 or the predicted weight of w,, is wrong. In the former case even
OPT queries u and v, so queries to those vertices certainly do not lead to a violation of the
target consistency. In the latter case, {u, v} is still a witness set and we will show that we can
charge one of the queries against a prediction error caused by vertex u, so queries to {u, v} do
not violate robustness or error-dependency.

Using these insights, we are finally ready to prove Theorem 4.3.1.

Proof of Theorem 4.3.1. Before we prove the performance bounds, we remark that the algo-
rithm clearly solves the given instance by definition of the final two lines of the algorithm
and Lemma 3.2.8. Next, we separately show that the algorithm executes at most 7y - |OPT]|
queries and at most (1 + %)(|OPT[ + kp) queries. Let ALG denote the set of queries executed
by the algorithm.

Proof of |ALG| < v - |OPT| (robustness). We start by proving the robustness bound.
Vertices queried in Line 11 are mandatory due to Lemma 4.3.3 and, thus, in any feasible
solution. Clearly, querying those vertices will never worsen the competitive ratio of ALG. To
analyze all further queries executed by ALG, fix an optimal solution OPT.

Consider an iteration of the repeat-loop in which some query is performed in Lines 10-12.
Let P’ be the set of vertices queried in Lines 6, 10 and 12. If the iteration queries a vertex
v in Line 12 that is enforced by the predicted weight w,, of a vertex u, then we include
u in P’ independent of whether the algorithm queries u at some point or not. Note that,
by Lemma 4.3.6, such a vertex « is considered in exactly one iteration as it either is queried
directly afterwards in Line 13 or will never be considered again be the algorithm (as we argued
above). Using this and the fact that we never query vertices multiple times, we can conclude
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that the sets P’ of different iterations are pairwise disjoint. We continue by showing that all
such sets P’ are also witness sets of size at most v and, thus, querying them never violates the
~-robustness.

By Lemma 4.3.3, P’ contains exactly v — 2 vertices queried in Line 6. Furthermore, P’
contains either two vertices u and w queried in Line 10 or two vertices « and v as considered
in Line 12. Either way, we have |P'| = ~.

Next, we argue that P’ is a witness set. If Line 10 is executed, then note that {u,w} C P’
is a witness set. If a query is performed in Line 12, then note that {v,u} C P’ is a witness set.
In both cases, P’ contains a witness set and, therefore, is a witness set itself. We conclude
that P’ is a witness set of size  and, thus, querying P’ never worsens the competitive ratio
below ~.

Let V' be the set of unqueried vertices in Line 4 during the iteration of the repeat-
loop consisting of Lines 1-14 in which no query is performed in Lines 10—12. Recall that
Lemma 4.3.5 states that there is at most one such iteration and it has to be the last iteration of
the loop. If no such iteration exists, then let V’ denote the set of unqueried vertices before
Line 15.

If the orientation is not yet known at this point, then the instance is not yet solved and
we have |OPT N V’| > 1. Furthermore, |Q| < v — 2 holds for the set of queries executed in
the iteration of the repeat-loop in which no query is performed in Lines 10-12. This implies
Q< (v—2)-[OPTN V|

Let Q' denote the set of all vertices queried in Lines 15 and 16. Since the queries of
Line 15 are a minimum vertex cover for the current instance and this instance is preprocessed,
they are a lower bound on [(OPT N'V’) \ Q| by Lemma 2.3.7. Additionally, all queries of
Line 16 are mandatory and thus their number is at most |(OPT N V') \ Q|. This implies that
Q'] <2-[(OPTNV’)\ Q|. Combining the bounds for |Q| and |Q’|, we get |Q| + |Q'| <
v - |OPT N V).

All remaining vertices queried by ALG have been queried in Lines 1, 13 and 7. Thus,
they are mandatory, part of any feasible solution, and never violate the «y-robustness. This
concludes the proof of the robustness bound.

Proof of |ALG| < (1+ %) (|OPT|+ky,) (consistency and error-dependency). We continue
by proving consistency and error-dependency. Fix an optimal solution OPT. Let k£~ (u) be the
number of vertices v such that the value of v passes over an endpoint of u, i.e., w, < L, < w,,
Wy < Ly < Wy, Wy < Uy < wy, orw, < Uy < w,. From the arguments in the proof of
Theorem 4.2.5, it can be seen that, for each vertex u that is prediction mandatory at some
point during the execution of the algorithm (not necessarily for the initially given instance)
and is not in OPT, we have that £~ (u) > 1. The same holds for not prediction mandatory
vertices that turn out to be mandatory.

For a subset U C V, let k= (U) = >,y k™ (u). Note that k;, = k= (V') holds by
reordering summations.

In the following, we will show for various disjoint subsets S C V that |S N ALG| <
(1+ %) -(|JOPT N S|+ k~(S)). The union of the subsets S will contain ALG, so it is clear

that the bound of (1 + %) (14 ‘O]}iLT' ) on the competitive ratio of the algorithm follows.
Vertices queried in Line 7 are in any feasible solution, so the set Py of these vertices
satisfies | Py| < |OPT N By|.
If there is an execution of the loop consisting of Lines 1-14 that does not perform queries
in Lines 10—12, then let P; be the set of vertices queried in Line 6. Every vertex u € P is
prediction mandatory for the current instance, so if u ¢ OPT then £~ (u) > 1. Thus, we have

that ‘Pﬂ < |P1 N OPT| + k‘*(Pl).
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Let V' be the set of unqueried vertices before the execution of Line 15, and let Q' denote
the vertex cover of Line 15. Since @’ is a minimum vertex cover of the current vertex cover
instance, we have that |Q’'| < |[OPT N V’|. Let M be the set of vertices queried in Line 16.
Each vertex v € M is known mandatory because it contains the precise weight w,, of a vertex
u € . But since v was not prediction mandatory before querying @)’, we have w,, ¢ I, and,
therefore, £~ (v) > 1. This implies |V N ALG| = |Q' U M| < |[V' N OPT| + k(M) <
[V'NOPT| + k= (V).

Finally, consider an execution of the repeat-loop in which some query is performed in
Lines 10-12. Let @) be the set of vertices queried in Line 6, and let W be the set of vertices
queried in Lines 10-12. If a query is performed in Line 12 and w is queried in Line 13 directly
afterwards, then include v in W as well. Note that || = v — 2 holds by Lemma 4.3.5. If w,
enforces v in Line 9 or 12, then v is prediction mandatory due to Corollary 4.3.4. Also, note
that £~ (Q) > |Q \ OPT], since every vertex in () is prediction mandatory at some point. If
some v € @ is not in OPT, then £~ (v) > 1 as argued above.

We divide the proof in three cases. For a pair {v,u} as in Line 12, note that, due
to Lemma 4.3.5 (and as argued before the proof), u is not considered more than once, and is
not considered in any of the previous cases.

1. If || = 1, then some vertex v was queried in Line 12 because w,, enforces v, and u is
not queried by the algorithm due to Lemma 4.3.6. Then it suffices to note that {v, u} is
a witness set to see that |Q U W| < [OPT N (Q U {u,v})| + k= (Q).

2. Consider |W| = 2. If W is a pair of the form {u,w} queried in Line 10, then
k™ (v) > 1 because w,, enforces v but w,, ¢ I, (as v was not queried in Line 11). We can
conceptually move this contribution in the hop distance to u, making k= (v) := k™ (v)—1
and £~ (u) := k™ (u) + 1. If v is considered another time in Line 9 or in another point
of the analysis because it is enforced by some predicted weight, then it has to be the
predicted weight of a vertex u’ # u, so we are not counting the contribution to the hop
distance more than once. If W is a pair of the form {v, u} queried in Line 12 and in
Line 13 directly afterwards, then either W C OPT or £~ (v) > 1: It holds that u is
mandatory, so if v is not in OPT then it suffices to see that w,, enforces v to conclude
that £~ (v) > 1. Either way, the fact that TV is a witness set is enough to see that
IQUW| < |OPTN(QUW)|+ k= (Q)+ Kk~ (W).

3. If [W] = 3, then W = {u,v,w} asin Line 9, and |Q U W| = v + 1. As v is queried
in Line 11, it is mandatory by Lemma 4.3.3. Since {u,w} is a witness set, it holds
that v and at least one of {u,w} are contained in any feasible solution. This implies
that at least ﬁ Q@ U W| — k™ (Q) of the vertices in Q U W are also in OPT, so

[QUW| < (14 2)(JOPTN(QUW)|+k(Q)).

The remaining intervals queried in Lines 1 and 13 are in any feasible solution. 0

4.3.2 Learning-augmented Algorithm w.r.t. the Mandatory Query Distance

We continue by designing a learning-augmented algorithm with a linear error dependency on
the mandatory query distance kj;. Before we do so, we provide the following lower bound
stating that we can only hope for a slightly worse consistency and robustness tradeoff if we
want a linear error dependency on k.

Theorem 4.3.7. Let v € R>9 be fixed. If a deterministic algorithm for hypergraph orientation
under explorable uncertainty with predictions is y-robust, then it cannot have competitive
ratio better than 1 + ﬁ for kpr = 0. If an algorithm has competitive ratio 1 + ﬁ for
kyr = 0, then it cannot be better than ~y-robust.
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FIGURE 4.4: Intervals, precise weights and predicted weights as used in the lower bound
instance in the proof of Theorem 4.3.7.

Proof. We first establish the following auxiliary claim, which is slightly weaker than the
statement of the theorem:

Claim 4.3.8. Let v > 2 be a fixed rational number. Every deterministic algorithm for the
hypergraph orientation problem has competitive ratio at least 1 + ﬁ for kyr = 0 or has
competitive ratio at least ' for arbitrary k.

Lety = %, with integers a > 2b > 0. Consider an instance with vertices {1,...,a},
hyperedges S; = {i,b+1,b+2,...,a}fori =1,...,b, and intervals and predicted weights as
depicted in Figure 4.4a. Suppose without loss of generality that the algorithm queries vertices
{1,...,b}intheorder 1,2, ..., b, and the vertices {b+1, ..., a} inthe order b+1,b+2, ..., a.
Let the predictions be correct forb+1,...,a — 1, and wy,...,wp—1 ¢ [1 U... U I,.

If the algorithm queries vertex a before vertex b, then the adversary sets w, € I, and
wy ¢ I,. (See Figure 4.4b.) This forces a query in all vertices {1,...,b} as they become
mandatory by Corollary 2.3.6, so the algorithm queries all a vertices, while the optimal
solution queries only the b vertices {b + 1,...,a}. Thus, the competitive ratio is at least
% = ' if kps can be arbitrarily large.

If the algorithm queries b before a, then the adversary sets w, = w, and w, € I,; see
Figure 4.4c. This forces the algorithm to query all remaining vertices in {b + 1,...,a}
as they become mandatory by Corollary 2.3.6, i.e., a queries in total, while the optimum
queries only the a — b vertices in {b + 1,...,a}. Note, however, that ky; = 0, since the
right-side vertices {b + 1,...,a} are mandatory for both predicted and precise weights
by Lemmas 4.2.3 and 2.3.5, while 1, . .., b are neither mandatory nor prediction mandatory.
Thus, the competitive ratio is at least =1+ ﬁ for ks = 0. This concludes the proof
of Claim 4.3.8.

Now we are ready to prove the theorem. Let v > 2 be a fixed rational. Assume that
there is a deterministic algorithm that is y-robust and has competitive ratio strictly smaller
than 1 + ﬁ, say 1+ ﬁ with & > 0, for kp; = 0. Let +' be a rational number with
v <" <~ + e. Then the algorithm has competitive ratio strictly smaller than ' for arbitrary
kps and competitive ratio strictly smaller than 1 + ﬁ for kj; = 0, a contradiction to
Claim 4.3.8. This shows the first statement of the theorem.

Let v > 2 again be a fixed rational. Assume that there is a deterministic algorithm that has
competitive ratio 1 + ﬁ for kpy = 0 and is (y — €)-robust, where £ > 0. As there is a lower
bound of 2 on the robustness of any deterministic algorithm, no such algorithm can exist for
~ = 2. So we only need to consider the case v > 2 and v — & > 2. Let 7/ be a rational number
with v — € < 4/ < ~. Then the algorithm has competitive ratio strictly smaller than 1 + ﬁ

a
a—b

for kj; = 0 and competitive ratio strictly smaller than ~/ for arbitrary kj;, a contradiction to
Claim 4.3.8. This shows the second statement of the theorem. O
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This lower bound shows that the kj-dependent guarantee of Algorithm 9 (cf. Theo-
rem 4.3.1) cannot translate to the error measure kj;. Instead, for any 7 € N>9, we aim for a
(1+ 71 )-consistent and ~-robust algorithm with linear error dependency on k.

—1
To that end, we prove the following tight bound by presenting Algorithm 11 with depen-

dency on kj;. We remark that this algorithm only uses the initial set of prediction mandatory
vertices, and otherwise ignores the predicted weights. Since access to this set is sufficient to
execute the algorithm, it requires strictly less predicted information than the Algorithm 11,
which relies on having access to the actual predicted weights.

Theorem 4.3.9. There is an algorithm for hypergraph orientation under explorable uncer-
tainty with predictions that, given an integer parameter v > 2, has a competitive ratio of
min{(1+ 545) - (1 + &G¥)s 7}

Before we give a formal proof of the theorem, we start by sketching the main ideas.
The algorithm emulates the two-stage structure of the offline algorithm (cf. Algorithm 8).
Recall that the offline algorithm in a first stage queries all mandatory vertices and in a second
stage queries a minimum vertex cover in the remaining vertex cover instance. Since blindly
following the offline algorithm based on the predicted weights would lead to a competitive ratio
of n, the algorithm augments both stages with additional queries. Algorithm 11 implements
the augmented first stage in Lines 2 to 7 and afterwards executes the second stage.

To start the first phase, the algorithm computes the set P of initial prediction mandatory
vertices (Lemma 2.3.5). In contrast to the kj,-dependent algorithm, we fix the set P and do
not recompute it when the instance changes. Then the algorithm tries to find a vertex p € P
that is part of a witness set {p, b} for the current instance. If |P| > v — 1, we query a set
P’ C P of size v — 1 that includes p, plus b (we allow b € P’). This is clearly a witness set of
size at most ~y, which ensures that the queries do not violate the «-robustness. Also, at least
a VT_I fraction of the queried vertices are in P, and every vertex in P\ OPT isin Zp \ Zg
and, thus, contributes to the mandatory query distance kj;. This ensures, at least locally, that
the queried vertices do not violate the error-dependent consistency. We then repeatedly query
known mandatory vertices, remove them from P and repeat without recomputing P, until P
is empty or no vertex in P is part of a witness set.

We may have one last iteration of the loop where |P| < v — 1. After that, the algorithm
will proceed to the second phase, querying a minimum vertex cover of the current vertex cover
instance and vertices that become known mandatory by Corollary 2.3.6. For the second phase
itself, we can use that a minimum vertex cover of the vertex cover instance (cf. Definition 3.2.6)
is a lower bound on the optimal solution for the remaining instance by Lemma 2.3.7. Since all
queries of Line 9 are mandatory, the queries of the Lines 8 and 9 are 2-robust for the remaining
instance. Even in combination with the additional at most v — 2 queries of the last iteration of
the loop, this is still y-robust. It is not hard to show that each query of Line 9 contributes an
error to kjs, which completes the argument.

Formal proof of Theorem 4.3.9. We proceed by turning these arguments into a formal
analysis of Algorithm 11 to prove Theorem 4.3.9. To that end, we first show the following
auxiliary lemma. Recall that Zp denotes the set of (initially) prediction mandatory vertices for
the instance and Zr denotes the set of vertices that are mandatory for the precise weights.

Lemma 4.3.10. Every vertex queried in Line 9 of Algorithm 11 is in Zr \ Zp, i.e., mandatory
but not (initially) prediction mandatory.

Proof. Clearly every such vertex is in Zp because it is known to be mandatory by Corol-
lary 2.3.6, so it remains to prove that it is not in Zp.

If a vertex v € Zp is queried in Line 9, then it cannot be queried within the while-loop that
starts at Line 2. Since v is not queried in that loop, the condition for identifying a witness set
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Algorithm 11: Algorithm for hypergraph orientation under uncertainty w.r.t. error
measure ks
Input: Hypergraph H = (V, E), intervals I,, and predictions w, for all v € V/
1 P < set of initial prediction mandatory vertices (characterized in Lemma 2.3.5);
2 while 3p € P and an unqueried vertex b where {p, b} is a witness set for the current
instance by Lemma 2.3.7 do
if [P| > v —1 then
pick P C P withp € P’ and |P'| =~ — 1;
query P U {b}, P + P\ (P'U{b});
while there is a known mandatory vertex v by Corollary 2.3.6 do query v,
P+ P\ {v};
7 else query P, P < () ;

S . A W

8 Compute and query a minimum vertex cover ' on the current vertex cover instance;
9 while there is a known mandatory vertex v by Corollary 2.3.6 do query v;

in Line 2 implies that, after executing the loop, v is not leftmost in a not yet solved hyperedge
S with v € S and that the interval of v does not intersect the interval of the leftmost vertex in
a not yet solved hyperedge S withv € S.

As this holds for every hyperedge that contains v, the vertex cannot become known
mandatory in Line 9 and, therefore, is not queried. This implies that a vertex queried in Line 9
cannot be contained in Zp and, thus, the lemma. OJ

Using the auxiliary lemma, we now proceed to prove Theorem 4.3.9.

Proof of Theorem 4.3.9. Before we prove the performance bounds, we remark that the algo-
rithm clearly solves the given instance by definition of the final two lines of the algorithm
and Lemma 3.2.8. Next, we separately show that the algorithm executes at most 7 - |OPT]|
queries and at most (1 4 ,Y—il) - (|OPT| + kar) queries.

Proof of |ALG| < « - |OPT| (robustness). Given P’ U {b} queried in Line 5, at least one
vertex is in any feasible solution since {b, p} is a witness set and, thus, P’ U {b} is a witness
set of size 7. Therefore, querying P’ U {b} never worsens the robustness below .

Line 7 is executed at most once because the size of P never increases. Fix an optimum
solution OPT, and let V' be the set of unqueried vertices before Line 7 is executed (or before
Line 8 if Line 7 is never executed). Let P be the set of vertices queried in Line 7, and let () be
the queries in Line 8.

If the orientation is already known before querying P and @), then it must hold P =
@ = () and the lemma clearly holds. If the orientation is not yet known at this point, then
|IOPTNV’'| > 1,50 |P| <~ — 2implies |P| < (y —2) - [OPT N V’|. Also, since @ is a
minimum vertex cover of the vertex cover instance, we get |Q] < |OPTNV’| by Lemma 2.3.7.
Let M be the set of vertices in V" that are queried in Line 9; clearly M C OPT N V" as all
those vertices are mandatory. Thus |P| + |Q| + |M| < ~ - |OPT N V’|.

The vertices queried in Line 6 are in any feasible solution, which implies the robustness
bound.

Proof of ALG < (1+ ﬁ) - (|OPT| + kps) (consistency and error-dependency). Fix an
optimal solution OPT. In the following, we will show for various disjoint subsets J C V that
[JNVALG| < (1+ =17) - (IOPT N J| + k), where k; < |J N (ZpAZg)|. The union of the
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subsets J will contain ALG, so it is clear that the bound of (1 + —17) - (1 + |(§3ng‘) on the

competitive ratio of the algorithm follows. !

Vertices queried in Lines 6 of Algorithm 11 are part of any feasible solution, hence the set
Py of these vertices satisfies | Py| < |OPT N By|.

Given P’ U {b} queried in Line 5, at least 77_1 of the vertices in P’ U {b} are prediction

mandatory for the initial instance by choice of P’. Among those, let k' < k), be the number
of vertices in Zp \ Zg. Then, |OPT N (P’ U {b})| > 77_1 - |P"U {b}| — k', which gives the
P'U{b}] < (1+ 545) - (JOPT N (P U {b})| + k).

Every vertex queried in Line 7 that is not in OPT is in Zp \ Zr. Hence, if there are k"
such vertices, then the set P of vertices queried in Line 7 satisfies |P| < |OPT N P| + k" <
(1+=47) - (JOPT N P| + £").

Let V' be the set of unqueried vertices before Line 8 of Algorithm 11 is executed, and let @
be the queries in Line 8. Then |Q| < |[OPT N V’| because @ is a minimum vertex cover of the
vertex cover instance, which is a lower bound on OPT by Lemma 2.3.7. Let M be the set of
vertices that are queried in Line 9. It holds that [ALGNV'| = |QU M| < |OPTNV’|+|M]|,
so the claimed bound follows from Lemma 4.3.10. O

desired bound, i.e.,

4.3.3 Non-Integral Parameter Gamma via Randomization

The parameter v in Theorems 4.3.1 and 4.3.9 is restricted to integral values since the corre-
sponding algorithms use it to determine sizes of query sets. Nevertheless, a generalization
to arbitrary v € Ry is possible at a small loss in the guarantee. We give the following
upper bound on the achievable tradeoff between consistency and robustness with linear
error-dependency on kjy.

Theorem 4.3.11. For any real number v > 2, there is a randomized algorithm for the
hypergraph orientation problem under explorable uncertainty with predictions that achieves a

competitive ratio of min{(1 + ﬁ +&)-(1+ |(§ng|)’7}’ for€ < (W’Y_—le)JQ

Proof. For~ € Z, we run Algorithm 11 and achieve the performance guarantee from Theorem
4.3.9. Assume v ¢ Z, and let {7y} :==~v — [v] = — [7] + 1 denote its fractional part. We
run the following randomized variant of Algorithm 11. We randomly chose 4 as [] with
probability {~} and as |~]| with probability 1 — {~}, and then we run the algorithm with ~/
instead of v. We show that the guarantee from Theorem 4.3.9 holds in expectation with an
additive term less than {~}, more precisely, we show the competitive ratio

n{ (14555 +6) - (1 o) o} 6= B o <

Following the arguments in the proof of Theorem 4.3.9 on the robustness, the ratio of
the algorithm’s number of queries |ALG| and |OPT]| is bounded by +'. In expectation the
robustness is

{7 )+ 1) A

E[+] =(
A-={)-r={H+{-G-{+1D
.

The error-dependent bound on the competitive ratio is in expectation (with |OPT| and ks
not being random variables)

#|(553) (oem) = (253 (0 orm).
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Applying simple algebraic transformations, we obtain

1 ] 1-{y} vy o 1-{y} {7}
E{vl]‘m1*(ﬂl%{v}1+w{v}
A-{He-{hH+{-{-1
(v={-D0v—{}H)

_ v—2{} _ .t __t v —2{~}
V= -DOv-{) -1 v=1 (v={-DOv—{})
_ 1 {711 -{"}) _ 1 v ={v})

y=1 (=D} -DOr—{}) -1 (=D -1

Hence, the error-dependent bound on the competitive ratio is in expectation

BN Far \ e 30 -{3]) {7}
<1+7—1+£) (”\om) S v T E S R e Vel

which concludes the proof. O

We can repeat essentially the same proof to obtain the analogous result for Algorithm 9
and linear error-dependency on ky,.

Theorem 4.3.12. For any real number v > 2, there is a randomized algorithm for the
hypergraph orientation problem under explorable uncertainty with predictions that achieves a
competitive ratio of min{(1 + % +&) -1+ \okThﬂ)v v} for € < 45 < 0.021.

Proof. For v € Z, we run Algorithm 9 and achieve the performance guarantee from Theorem
4.3.1. Assume 7y ¢ Z. As before, let {7} := v — |y] = v — [7v] + 1 denote its fractional part.
We run the following randomized variant of Algorithm 9. We randomly chose +' as [~] with
probability {7} and as |~| with probability 1 — {~}, and then we run the algorithm with ~’
instead of v. We show that the guarantee from Theorem 4.3.1 holds in expectation with an
additive term less than {~}, more precisely, we show the competitive ratio

. 1 k, (v ={}) {r}
min 1++£>'<1+ >,7},f0r£: < :
{ < g |OPT] (=D =1) = (v=1)?
Exactly as in the proof of Theorem 4.3.11, we get E[y'] = . The error-dependent bound
on the competitive ratio is in expectation (with OPT and kj, not being random variables)

2| 5) (o) = (om ) (o)

Applying simple algebraic transformations, we obtain

1 1 1
B 5] = thr -
1 1 11
=g U=t -5+ 5
1, 1 | <{7}fym + @ ={H) vy =Tl L'YJ)
v v '
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I, fe——6—
I, f————

FIGURE 4.5: Uncertainty intervals as well as the predicted and precise weights as used in
the proof of Theorem 4.4.1.

As we consider fractional v > 2, it holds [+]| = |v] + 1. Using this, we rewrite the term in
brackets as

v+ @ ={) - () + D)y = (v + D

= {7yl + (v + Dy ={7} - () + Dy = (Iv) + DL
=+ =WD)-{}y

={vl+1-7)

= {71 - {7}

where the third and fourth equalities come from the fact that v — |v| = {+}. Note that for
{7} > 0, the expression {~}(1 — {~}) is at most 1/4, where it reaches its maximum for
{7} = 1/2. Further, notice that for fractional v > 2 it holds that y[~||7v] > 12. We conclude

that
11 _1 {ya-{ph_1 1 1
El5|<-+—F5——"7""< -+ -<-+0021
[7’] v b voo48 Ty
which proves the theorem. O

4.4 Sorting under Explorable Uncertainty

In this section, we consider the special case of the hypergraph orientation problem, where
the input graph is a simple graph G = (V, E) that satisfies {u,v} € E if and only if
I, NI, # (). That is, G corresponds to the interval graph induced by the uncertainty intervals
Z = {I, | v € V}. To orient such a graph, we have to, for each pair of intersecting
intervals, decide which one has the smaller precise weight. An orientation of the graph
defines an order of the intervals according to their precise weights (and vice versa). Thus,
the problem corresponds to the problem of sorting a single set of uncertainty intervals. Note
that, by querying vertices, the uncertainty intervals change and, thus, the graph induced by the
intervals also changes. When we speak of the current interval graph, we refer to the interval
graph induced by the uncertainty intervals after all previous queries.

As the main result of this section, we give a learning-augmented algorithm for sorting under
explorable with predictions that is 1-consistent and 2-robust with a linear error-dependency
for any k € {ky, ks, kp}. Clearly, no algorithm can be better than 1-consistent, and no
deterministic algorithm can be better than 2-robust by Theorem 2.2.2. Before we give our
algorithmic results, we show that a sublinear error dependency is not possibly by giving a
simple lower bound example.

Theorem 4.4.1. Any deterministic algorithm for sorting or hypergraph orientation under ex-
plorable uncertainty with predictions (even for pairwise disjoint hyperedges) has a competitive
ratio p > min{1 + ﬁ, 2}, for any error measure k € {ky, kar, kp}.

Proof. Consider the input instance of the hypergraph orientation problem consisting of a
single edge {v, u} with intervals and predicted weights as shown in Figure 4.5.

If the algorithm starts querying I,,, then the adversary sets w, = w,, and the algorithm is
forced to query w. Then w,, € I, \ I, so the optimum queries only w. It is easy to see that
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ky = kyr = kp = 1. A symmetric argument holds if the algorithm starts querying u. In that
case, w,, = w, which forces as query to v with w,, € I, \ I,,. Taking multiple copies of this
instance gives the result for any k£ < |[OPT]. O

4.4.1 A Learning-augmented Algorithm for Sorting

As a main result of this section, we show the following upper bound that matches Theo-
rem 4.4.1.

Theorem 4.4.2. There exists a single polynomial-time algorithm for sorting under uncertainty
with predictions that is min{1 + ﬁ, 2}-competitive for any k € {ky, ka, kp}.

The key observation that allows us to achieve improved results for orienting interval
graphs is the simple characterization of mandatory vertices: any vertex with an interval that
contains the precise weight of another vertex is mandatory [HL.21]. This observation is a direct
consequence of Lemma 2.3.5 and the structure of interval graphs. Analogously, each vertex
with an interval that contains the predicted weight of another vertex is prediction mandatory.
Furthermore, Lemma 2.3.7 implies that any two vertices with intersecting intervals constitute
a witness set.

To obtain a guarantee of |OPT| + k for any measure &, our algorithm (cf. Algorithm 12)
must trust the predictions as much as possible. That is, the algorithm must behave very close
to the offline algorithm under the assumption that the predictions are correct. Recall that the
offline algorithm in a first stage queries all mandatory vertices and in a second stage queries
a minimum vertex cover in the remaining vertex cover instance after the first stage queries.
Algorithm 12 emulates again these two stages. In contrast to the algorithms for general
hypergraph orientation, we cannot afford to augment the stages with additional queries as we
aim at achieving 1-consistency. Thus, we need a new algorithm and cannot apply existing
results.

In the emulated first phase, our algorithm queries all prediction mandatory vertices (cf.
Line 4) and all vertices that are mandatory based on the already obtained information (cf.
Lines 2 and 5). This phase clearly does not violate the |OPT| + k guarantee for k € {kas, k1, },
as all queried known mandatory vertices (cf. Lines 2 and 5) are contained in OPT and all
queried prediction mandatory vertices (cf. Line 4) are either in OPT or contribute one to
kEn < kjp. We will show that the same holds for £ = k4. However, the main challenge is to
guarantee 2-robustness. Our key ingredient for ensuring this is the following lemma, which
we show in Section 4.4.2.

Lemma 4.4.3. For an instance of the sorting problem, let Tp be the set of prediction mandatory
vertices and M be the set of known mandatory vertices after querying Lp (by exhaustively
applying Corollary 2.3.6). Then, we can partition Zp U M into a set of disjoint cliques C such
that each v with {v} € C either satisfies v € M or I, N I,, # 0 for a distinct uw & Ip U M.
The partition can be computed in polynomial time.

We can apply the lemma to the queries of the first phase of the algorithm (cf. Line 7).
Given the partition C of the lemma, we know that queries to vertices v that are part of some
C € C with |C| > 2 (or mandatory, i.e., v € M) do not violate the 2-robustness as even the
optimal solution can avoid at most one query per clique [HL21]. Thus, we only have to worry
about vertices v ¢ M with {v} € C. We call such vertices critical isolated vertices. But even
for critical isolated vertices v, the lemma gives us a distinct not yet queried v with I, N I, # (),
i.e., {v,u} is a witness set.

In line with the offline algorithm, the second phase of the algorithm (cf. Lines 8 to 14)
queries a minimum vertex cover of the remaining instance (the interval graph defined by the
intervals of non-queried vertices). However, to guarantee 2-robustness, we have to take the
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Algorithm 12: Learning-augmented algorithm for sorting under explorable uncer-
tainty with predictions

Input: Interval graph G = (V, E), intervals I,, and predictions w, forall v € V
1 Zp < set of prediction mandatory vertices;
2 while there is a known mandatory vertex v by Corollary 2.3.6 do query v;
3 M < vertices queried in Line 2; S < Zp \ M ;
4 Query S;
5 while there is a known mandatory vertex v by Corollary 2.3.6 do query v;
6 My « set of vertices queried in Line 5;
7 C « Clique partition of S U M7 U M5 such that all isolated vertices v satisfy either
v € My UMsor I, NI, # () for a distinct u ¢ S U My U My (computed using

Lemma 4.4.3);
8 while the problem is unsolved do
9 let P = x122 - - - x), be a path component of the current interval graph with p > 2

in direction of non-increasing lower limits L;;
10 if p is odd then query {x2,z4,...,2p_1};

1 else

12 if x4 is the distinct partner of a critical isolated vertex v (I, N I, # () and
v & My U My, cf Lemma 4.4.3) then query {x1,x3,...,2p—1};

13 else query {x2, 4, ...,2p};

14 while there is a known mandatory vertex v by Corollary 2.3.6 do query v;

I’U2 I_)(_e_l Iv4 : 3 :
I, ppeo— I, Fe—— I, e———

FIGURE 4.6: Example showing that it is necessary to query a specific vertex cover in the
second phase to ensure 2-robustness. Circles illustrate precise weights and crosses illustrate
the predicted weights.

witness sets of the critical isolated vertices into account when deciding which vertex cover
to query. To see this, consider the example of Figure 4.6: only v; is prediction mandatory,
so the first phase of the algorithm just queries v;. After querying vy, there are no prediction
mandatory (or mandatory) vertices left. As the only vertex queried in the first phase, {v; }
must be part of every clique partition. Since v; is not mandatory, it would qualify as a critical
isolated vertex, and vy is the only possible distinct partner of vy with an intersecting interval
that Lemma 4.4.3 could assign to v;. After querying v1, the remaining vertex cover instance
is the path v, v3, v4, v5. One possible minimum vertex cover of this instance is {vs3, v5}, but
querying this vertex cover renders vo and v4 mandatory by Corollary 2.3.6. Thus, the algorithm
would query all five intervals, which violates the 2-robustness as the optimal solution just
queries {va, v4}. The example illustrates that the selection of the minimum vertex cover in
the second phase is important to ensure 2-robustness.

The next lemma shows that instances occurring in the second phase indeed have a structure
similar to the example by exploiting that such instances have no prediction mandatory vertices.

Lemma 4.4.4. Each connected component of an interval graph without prediction mandatory
vertices is either a path or a single vertex.

Proof. First, observe that there are no intervals [,,, [,, with I, C I, as this would imply
w, € I,, which contradicts the assumption as v would be prediction mandatory. Thus, the
graph is a proper interval graph. We claim that the graph contains no triangles; for proper
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interval graphs, this implies that each connected component is a path, because the 4-star K 3
is a forbidden induced subgraph [Weg67]. Suppose there is a triangle abc, and assume that
L, < L, < L; it holds that U, < U, < U, because no interval is contained in another.
Since I, and I, intersect, we have that U, > L., so Iy C I, U I. and it must hold that w, € I,
or wy € I, a contradiction to the instance being prediction mandatory free. O

Further, we observe that if the intervals of critical isolated vertices intersect intervals of
vertices on such a path component, they must also intersect the interval of an endpoint of
the component. Otherwise, the predicted weight w,, of the critical isolated vertex v would
be contained in the interval of at least one vertex on the path component, which contradicts
the vertices on the path not being prediction mandatory. The distinct partner w of a critical
isolated vertex v that exists by Lemma 4.4.3 is an endpoint of such a path component, as we
show in Section 4.4.2.

The second phase of our algorithm iterates through all such connected components and,
for each component, queries a minimum vertex cover (cf. Lines 10, 12 and 13) and all
resulting mandatory vertices (cf. Line 14). If the path is of odd length, then the minimum
vertex cover is unique. Otherwise, the algorithm selects the minimum vertex cover based
on whether the interval of a critical isolated vertex intersects the interval of the first path
endpoint. This case would for example ensure that we pick the “right” vertex cover for the
example instance of Figure 4.6. Lemma 3.2.8 guarantees that the algorithm indeed queries a
feasible query set. The following lemma shows that this strategy indeed ensures 2-robustness
by using Lemma 4.4.3.

Lemma 4.4.5. Algorithm 12 is 2-robust for sorting under explorable uncertainty with predic-
tions.

Proof. Fix an optimal solution OPT. Let M;, M, and S denote the phase one queries of
the algorithm as defined in the pseudocode. Consider the clique partition C as computed
in Line 7, then all C' € C with |C| > 2 satisty |C] < 2-|C' N OPT| and all C' € C with
C' C My U M, satisty |C| < |C N OPT|. The latter holds as all members of M; U M,
are mandatory by Lemma 2.3.5. Queries to vertices that are covered by such cliques do not
violate the 2-robustness. This leaves members of S that are critical isolated vertices in C and
queries of the second phase. We partition such queries (and some non-queried vertices) into
a collection W such that, for each W € W, the algorithm queries at most 2 - |V N OPT]|
vertices in W. If we have such a partition, then it is clear that we spend at most 2 - |OPT|
queries and are 2-robust.

By Lemma 4.4.3, there is a distinct vertex u ¢ My U My U S for each critical isolated
vertex v with I, N I,, # (); as we noted above and will show in Section 4.4.2, u is the endpoint
of a path component of the current instance before line 8. We create the partition V as follows:
Iteratively consider all connected (path) components P of the current instance before line 8.
Let W be the union of P and the critical isolated vertices that are the distinct partner of at
least one endpoint of P. If [IW| > 2, add W to WW. Then, W contains all critical isolated
vertices of C and all vertices that are queried in the Lines 10, 12, 13 and 14.

We conclude the proof by arguing that each W € W satisfies that the algorithm queries
at most 2 - [ N OPT| vertices in W. By construction, W contains a path component P
and up-to two critical isolated vertices. Furthermore, W itself is a path in the initial interval
graph (in addition to the edges of the path, there may be an additional edge between each
critical isolated vertex of C in W and the second or penultimate vertex of P, but this does
not affect the argument that follows). Consider an arbitrary W € W. If |W| is even, then
|[W| <2 |W NOPT)| as all pairs of neighboring vertices in path W are witness pairs. Thus,
assume that || is odd. As each critical isolated vertex has a distinct partner by Lemma 4.4.3
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and this partner is an endpoint of a path component, W contains at most one critical isolated
vertex per distinct endpoint of P and, thus, we have |P| > 2.

We divide the analysis in two cases. First assume that |P| = p is odd. Then the algorithm
queries {22, 24, ...,xp—1} in Line 10. As P is a path, the precise weight of each queried
vertex can be contained in the interval of at most one other vertex of P and, therefore, force at
most one query in Line 14. This leaves at least one vertex in 7 C W that is never queried by
the algorithm. Since |[W N OPT| > ||W|/2] (as the subgraph induced by W contains a path
of the vertices in W), clearly the algorithm queries at most 2 - |[W N OPT| vertices in W.

Now assume that |P| = p is even. Then either z; or x, (but not both) is the distinct
partner of a critical isolated member of T, otherwise |IW| would be even. If I, intersects
the interval I, of the critical isolated vertex v, then the algorithm queries {z1,x3,...,2p—1}
in Line 12. If w,, forces a query to z2 in Line 14 because wy, € I,, then [{z1,z2,v}| <
2 - |[{z1,22,v} N OPT| and the remaining vertices W’ = W \ {x1, z2, v} form an even path,
which implies [W'| < 2 - |[W’ N OPT)| and, therefore [W| < 2. |[W N OPT|. If w,, forces
no query to z, in Line 14 because wy, ¢& I,, then |[{z1,v}| < 2-|OPT N {z1,v}| and we
analyze W' = W \ {1, v} as in the subcase for odd |P|. Hence, the algorithm queries at
most 2 - | N OPT)| intervals of V.

If I,, intersects the interval I, of critical isolated member v, then we can analyze W
analogously. O

Lemma 4.4.6. Algorithm 12 spends at most |OPT| + kyy < |OPT| + ky, queries.

Proof. We show that the algorithm spends at most |OPT| 4 kj; queries. Theorem 4.2.5 then
implies |OPT| + kjr < |OPT| + ky, . Fix an optimum solution OPT. Every vertex queried
in Lines 2 and 5 is in OPT by Lemma 2.3.5. Every vertex queried in Line 4 that is not in
OPT is clearly in Zp \ Zr and contributes one to k.

For each path P considered in Line 9, let P’ be the vertices queried in Lines 10-13. It
clearly holds that | P'| < |P N OPT]|. Finally, every vertex queried in Line 14 is in Zg \ Zp,
and therefore contributes to kj;, because we query all prediction mandatory vertices at the
latest in Line 4. O

4.4.2 Computing the Clique Partition

We continue by proving Lemma 4.4.3 and restate it here for the sake of readability:

Lemma 4.4.3. For an instance of the sorting problem, let Lp be the set of prediction mandatory
vertices and M be the set of known mandatory vertices after querying Lp (by exhaustively
applying Corollary 2.3.6). Then, we can partition Zp U M into a set of disjoint cliques C such
that each v with {v} € C either satisfies v € M or I, N I, # 0 for a distinct uw & Ip U M.
The partition can be computed in polynomial time.

We describe how to compute a clique partition C of Zp U M that satisfies the lemma. To
that end, consider the set Zp \ M. The elements of M are allowed to be part of a clique of
size one, so we ignore them for now. Each v € Zp \ M is prediction mandatory because it
contains the predicted weight of some other vertex u (cf. Lemma 4.2.3 and recall that the
input instance is an interval graph). For each such v we pick an arbitrary w(v) € V with
Wr(y) € Iy as the parent of v. Next, we build a forest of arborescences (rooted out-trees)
that contains all vertices of Zp \ M (and some additional vertices) and define it by its arcs
E. Afterwards, we use £ to define the clique partition of the lemma. We construct £ by just
iteratively considering all elements v € Zp \ M in an arbitrary order and add (7 (v),v) to & if
that does not create a cycle. Each so constructed arborescence contains at most one vertex
that is not in Zp U M, and this vertex has to be the root of the arborescence.
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Algorithm 13: Algorithm to create a clique partition from a forest of arborescences.

Input: Forest of arborescences &, set of prediction mandatory vertices Zp, set of
known mandatory vertices M.
1 Cy,+—0Pforallv e V; S+ IpUM;
2 while S # () do

3 let v be a deepest vertex in the forest of arborescences (Z, £) among those in S;
4 | if (7(v),v) € € then

5 Cry — {v' €S (n(v),v) € E;

6 if 7(v) € S then Cr(y) < Cr(y) U{m(v)};

7 S+ S \ Oﬂ(v);

8 else C, «+ {v}; S« S\Cy

9 returnC = {C, |v € VAC, # 0} ;

Based on £, we create a first clique partition C using Algorithm 13. Since all vertices in set
C,, as created by the algorithm, contain the predicted weight w,, the created sets are clearly
cliques. Each of the partial clique partitions (created for a single arborescence in the forest of
arborescences) may contain at most a single clique of size one. To satisfy the lemma, each
such clique {v} must either satisfy v € M or needs a distinct u ¢ Zp U M with I,, N I,, # 0.

If the root of the arborescence is in M, then the only clique {v} of size one created for
the arborescence contains the root of the arborescence. Since the root is in M, the cliques for
the arborescence satisfy the lemma. If the root of the arborescence is not in Zp U M, then
the vertex v in the clique of size one might not be the root of the arborescence but a direct
child of the root. In that case, the parent 7(v) of v (the vertex in the clique of size 1) is not
in Zp U M and we use 7(v) as the distinct partner u & Zp U M with I, N I,, # () of v. We
remark that there must be such a 7(v) that is the endpoint of a path component in the subgraph
induced by V' \ (Zp U M) as otherwise there must be a vertex u on the path with w, € I,;
a contradiction to the vertices on the path not being part of Zp. We pick this endpoint of a
path component as the partner of v. In case we run into this situation for multiple cliques {v}
of different arborescences but with the same 7(v), we can just merge all those cliques into
a single one. This results in a clique as the intervals of all vertices in those smaller cliques
contain the predicted weight Wy ().

The problematic case is when the root of the arborescence is part of Zp \ M. Note that
this can only be the case if the parent 7 (r) of the root r is also part of the arborescence, as
otherwise the corresponding edge (7(r), ) would have been added and  would not be the
root. So the parent 7(r) of the root r is also part of the arborescence but the edge (7 (r),r)
was not added because it would have created a cycle. We handle this situation by showing the
following auxiliary lemma. It states that in this case we can revise the clique partition of that
arborescence in such a way that all cliques in that clique partition have size at least 2. The
auxiliary lemma then concludes the proof of Lemma 4.4.3.

Lemma 4.4.7. Consider an out-tree (arborescence) T on a set of prediction mandatory
vertices, where an edge (u,v) represents that w, € I,. Let the root be r. Let vertex m
with w,, € I, be a descendant of the root somewhere in T'. Then the vertices in T can be
partitioned into cliques (sets of pairwise overlapping intervals) in such a way that all cliques
have size at least 2.

Proof. We refer to the clique partition method of Lines 2-8 in Algorithm 13 as algorithm CP.
This method will partition the nodes of an arborescence into cliques, each consisting either
of a subset of the children of a node, or of a subset of the children of a node plus the parent
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FIGURE 4.7: Illustration of path from I,. to I,;,’s child I, in T

of those children. In the case considered in this lemma, all cliques will have size at least 2,
except that the clique containing the root of the tree may have size 1.

We first modify 7' as follows: If there is a node v in 7" that is not a child of the root r
but contains w,., then we make r the parent of v (i.e., we remove the subtree rooted at v and
re-attach it below the root). After this transformation, all vertices whose intervals contain w,
are children of r.

Apply CP to each subtree of 7' rooted at a child of . For each of the resulting partitions,
we call the clique containing the root of the subtree the roof clique of that subtree. There are
several possible outcomes that can be handled directly:

* At least one of the clique partitions has a root clique of size 1. In that case we combine
all these root cliques of size 1 with r to form a clique of size at least 2, and we are done:
This new clique together with all remaining cliques from the clique partitions of the
subtrees forms the desired clique partition.

* All of the clique partitions have root cliques of size at least 2, and at least one of them
has a root clique of size at least 3. Let s be the root node of a subtree whose root clique
has size at least 3. We remove s from its clique and form a new clique from s and 7,
and we are done.

» All of the clique partitions have root cliques of size exactly 2, and at least one of the
children v of r has w, € I,.. Then we add r to the root clique that contains v. We can
do this because all intervals in that root clique contain w,,.

Now assume that none of these cases applies, so we have the following situation: All of
the clique partitions have root cliques of size exactly 2, and every child v of r has its predicted
weight outside I, i.e., w, ¢ I,.. In particular, m, the vertex that makes r prediction mandatory
(w,,, € I,), cannot be a child of r.

Let 7" be the subtree of T that is rooted at a child of r and that contains m. Let the root of
T’ be v.

Observe that I, is the only interval in 7" that contains w,., because all vertices with
intervals containing w, are children of  in 7". Assume w.l.0.g. that w, lies to the right of I,.
Then all intervals of vertices in 7", except for I, lie to the right of w,.. See Figure 4.7 for an
illustration of a possible configuration of the intervals on the path from 7 to m (and a child ¢
of m)inT.

Now re-attach the subtree T,,, rooted at m as a child of r (ignoring the fact that w,. is not
inside I,,,), and let T, = T" \ T,,, denote the result of removing 7;,, from 7”. Re-apply CP to
the two separate subtrees 7T,,, and T},. The possible outcomes are:

* The root clique of at least one of the two subtrees has size 1. We can form a clique by
combining r with those (one or two) root cliques of size 1. As both I, and I, intersect
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I, from the right, the resulting set is indeed a clique. Together with all other cliques
from the clique partitions of 7},, and T, and those of the other subtrees of  in 7', we
obtain the desired clique partition.

* The root cliques of both subtrees have size at least 2. We add r to the root clique of
T. That root clique contains only vertices with intervals containing w,,, and I, also
contains wy,, so we do indeed get a clique if we add r to that root clique. This new
clique, together with all other cliques from the clique partitions of 7,,, and T;,, and those
of the other subtrees of  in 7', forms the desired clique partition.

This concludes the proof of the lemma. O

4.4.3 Guarantee depending on the Number of Wrong Predictions

We continue by proving that Algorithm 12 executes at most |OPT| 4 k4 queries. This then
concludes the proof of Theorem 4.4.2.

Recall that, in order to compute the clique partition of Lemma 4.4.7, we, for each v €
Zp \ M fix an arbitrary 7(v) € V with Wy, € I, as the parent of v. These parents will be
used in the following proofs.

To prove the k4 -dependent guarantee, we need the following auxiliary lemma.

Lemma 4.4.8. Fix the state of set S as in Line 3 of Algorithm 12. For each vertex u, let
Sy = {v € §: w(v) = u}. For any path P considered in Line 9 and any vertex u € P that is
not an endpoint of P, it holds that S, = ).

Proof. Suppose by contradiction that some u € P that is not an endpoint of P has S, # 0.
Let a and b be its neighbors in P, and let v € S,,. We have that w,, ¢ I, U I}, otherwise
either a or b would be prediction mandatory and, therefore, have been queried in Line 4.
Thus (I, N I,) \ (I, U Iy) # 0, because w,, € I, butw, & I, U I,. It is not the case that
I, C I,or I, C I,: If I, C I, then u would have been queried in Line 2 before P is
considered; if I,, C I, then v would have been queried in Line 2 and v ¢ S. Therefore it
must be that I, C I, U I, U I, otherwise I, C I, or I, C I, (again a contradiction for v € S)
since (I, N I,) \ (Io U Ip) # 0 and a, u, b forms a simple path in the interval graph. However,
if I, C I, U I, U I, then v would have forced a query to a, b or » in Line 5 as one of the
corresponding intervals must contain w, and, thus, becomes mandatory by Corollary 2.3.6.
This is a contradiction to a,b and u being part of path P. O

Theorem 4.4.9. Algorithm 12 performs at most |OPT| + ky queries.

Proof. Fix an optimum solution OPT. We partition the vertices in V into sets with the
following properties. One of the sets S contains vertices that are not queried by the algorithm.
We have a collection S’ of vertex sets in which each set has at most one vertex not in OPT,
ie,|S"\ OPT| < 1forall S’ € §'. Also, if it has one vertex not in OPT, then we assign a
distinct prediction error to that set, in such a way that each error is assigned to at most one set.
The vertex corresponding to the prediction error does not need to be in the same set. Let V'
be the set of vertices with a prediction error (w, # w, for all v € V') assigned to some set
in &’. Finally, we have a collection W of vertex sets such that for every W € W it holds that
JALGNW| < |W N OPT| + kg (W \ V'), where k4 (X) is the number of vertices in X
with incorrect predictions. If we have such a partition, then it is clear that we spend at most
OPT + k4 queries.

We begin by adding a set that contains all vertices queried in Lines 2 and 5 (M; U M in
the Pseudocode) to S’; all such vertices are clearly in OPT, and we do not need to assign a
prediction error.
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Fix the state of S as in Line 3. To deal with the vertices queried in Line 4, we add to S’
the set S, = {v € S : m(v) = u} for all u € V. Note that each such set is a clique, because
the corresponding intervals of all vertices in .S, contain ,, and we are considering an interval
graph. Therefore, using Lemma 2.3.7, at most one vertex in S, is not in OPT, and if that
occurs, then w,, # w,,, and we assign this prediction error to .S,.

Let P = x1x2 - - - x, with p > 2 be a path considered in Line 9, and let P’ be the set of
intervals in P that are queried in the following execution of Lines 10, 12 or 13. It clearly
holds that |P'| = ||P|/2] < |P N OPT| as P is a path and each edge defines a witness set
by Lemma 2.3.7. It also holds that at most k4 (P’) intervals in P are queried in Line 14: Each
vertex u € P’ can force a query to at most one vertex v in Line 14 as weight w,, can only
be contained in the interval of at most one neighbor v of u in the path, and in that case the
predicted weight of u is incorrect because w,, € I, butw, ¢ I,, or v would have been queried
in Line 4. We will create a set W € WV and possibly modify &', in such a way that P C W
and P’ NV’ =, so it is enough to show that

JALGNW| < |[W N OPT| + ky(P'). (4.4.1)

We initially take W as the vertices in P. By Lemma 4.4.8, it holds that S, = () for any
u € Pwithu & {x1,2,}. If S;; € OPT, then we did not assign a prediction error to .S, .
Otherwise, let v be the only vertex in S;, \ OPT. The predicted weight of I, is incorrect
because Wy, € I, and it must hold that 1 € OPT, or OP'T would not be able to decide the
order between x1 and v (as I, N I, # () which implies that {v, 21 } is an edge and, therefore,
a witness pair). If x; ¢ P’, then we will not use its error in the bound of |ALG N W| to prove
Equation (4.4.1). Otherwise, we add v to W and remove it from S, , and now we do not need
to assign a prediction error to S;, anymore as v was the sole member of S;;, not in OPT.
We do a similar procedure for x,, and since at most one of 1, z, is in P’ by definition of
Lines 10, 12 and 13, we only have two cases to analyze: (1) W = P,or 2) W = P U {v}
with w(v) € {x1,z,}.

1. W = P. Clearly |ALGNW| < |P'|+ky(P') < |WNOPT|+ ky(P') as we already
argued that each member of P’ (the vertices queried in Lines 10, 12 or 13) can lead to
at most one additional query in Line 14 and only if it has an incorrect predicted weight.

2. W = PU{v}, with m(v) € {x1,2,}. Suppose w.l.o.g. that 7(v) = 1. Remember
that x; € P/, that x; € OPT, that v ¢ OPT and that the predicted weight of x; is
incorrect. Since x1 € P’, it holds that | P| is even and x2 ¢ P’. We have two cases.

(a) x2is not queried in Line 14. Then x; does not force a query in Line 14, so

ALGNW| < [P U{v}] +ku(P'\{z1})
[Pl + 1+ ky(P"\ {21})
|P N OPT| + ky(P)

<
< |WnNOPT| + ky(P).

(b) x2 is queried in Line 14. Then x1, 22 € OPT, and |OPT N (P \ {z1,x2})| >
|P"\ {x1}| because | P| is even. Therefore,

JALGNW| < |P'U{zg, v} +kg(P'\ {z1})
< |PNOPT|+ 1+ kg(P'\ {z1})
< |[WNOPT|+ ky(P).
Finally, we add the remaining intervals that are not queried by the algorithm to S. U
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4.5 Learnability of Predictions

In this section, we argue about the learnability of our predictions with regard to the different
error measures for a given instance of hypergraph orientation H = (V, E') under explorable
uncertainty with the set of uncertainty intervals Z = {I, | v € V'} and n := |V vertices.
To this end, we prove the predictions to be probably approximately correct (PAC) learn-
able [Val84]. The formal definition for this type of learnability results is part of the theorem
statements in the following two subsections.

We assume that the realization w of precise weights for Z is i.i.d. drawn from an unknown
distribution D, and that we can i.i.d. sample realizations from D to obtain a training set. Let
‘H denote the set of all possible prediction vectors w, with w,, € I, for each I, € Z. Let
kn(w,w) denote the hop distance of the prediction w for the realization with the precise
weights w. Since w is drawn from D, the value kj,(w,w) is a random variable. Analogously,
we consider kjs(w,w) with regard to the mandatory query distance. Our goal is to learn
predictions w that (approximately) minimize the expected error E,,.. p[kr (w, W)] respectively
Ew~p[kr (w,w)]. In the following, we argue separately about the learnability with respect to
ky, and kjy.

4.5.1 Learning with Respect to the Hop Distance
We prove the following theorem that states learnability w.r.t. ky,.

Theorem 4.5.1. Given a fixed instance of the hypergraph orientation problem under explorable
uncertainty with graph G = (V, E) and intervals I, for all v € V. For any £,6 € (0,1),
there exists a learning algorithm that, using a training set of size m, returns predictions
w € H, such that Eyplkp(w,w)] < Eyplkn(w,w*)] + € holds with probability at
least (1 — 0), where w* = arg ming ¢y Ey~p|kn(w,w")]. The sample complexity is m €
o) ((log(n)*log(é/n))-(?n)2

(e/n)?

) and the running time is polynomial in m and n.

We refer to k™ (v) (cf. Section 4.2.2) as the hop distance of a vertex v € V. Since each
I, is an open interval, there are infinitely many predictions w, and, thus, the set H is also
infinite. In order to reduce the size of H, we discretize each [, by fixing a finite number
of potentially predicted values w,, of I,,. We define the set H, of predicted values for I, as
follows. Let { By, ..., B;} be the set of lower and upper limits of intervals in Z \ I,, that are
contained in [,,. Assume that By, ..., B; are indexed by increasing value. Let By = L, and
Byy1 = Uy and, for each j € {0,...,[}, let h; be an arbitrary value of (B;, Bj11). We define
H; = {Bi1,..., B, ho,...,h}. Since two values w,, w, € (Bj, Bj+1) always lead to the
same hop distance for vertex v, there will always be an element of 7, that minimizes the
expected hop distance for v. As kj(w, w) is just the sum of the hop distances over all v € V,
and the hop distances of two vertices v and v" with v # v’ are independent, restricting H to
the set H1 X Ha X ... X H|g| (assuming the vertices are enumerated from 1 to [V/|) does not
affect the accuracy of our predictions. Each 7, contains at most O(|V'|) values, and, thus, the
discretization reduces the size of H to at most O(|V|IV). In particular, # is now finite.

To efficiently learn predictions that satisfy Theorem 4.5.1, we again exploit that the hop
distances of two vertices v and v’ with v # v’ are independent. This is, because the hop
distance of v only depends on the predicted weight w, and the precise weight w,, but is
independent of all w,, and w,, with v # v'. Let k;} (w,, w,) denote the hop distance k™ (v)
of vertex v for the predicted weight w, and the precise weight w,,, and, for each v € V, let w;,
denote the predicted weight that minimizes Eq,p [k, (w,, W, )]. Since the hop distances of
the single vertices are independent, the vector w* then minimizes the expected hop distance
of the complete instance. Thus, if we can approximate the individual w;, then we can show
Theorem 4.5.1.
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Lemma 4.5.2. Given a fixed instance of the hypergraph orientation problem under explorable
uncertainty with graph G = (V, E) and intervals I, for all v € V. For any €,6 € (0,1),

and any v € V, there exists a learning algorithm that, using a training set of size m €
O ((10g(|V|)—1§g(5))~\V\2

3

) , returns a predicted weight W, € H, in time polynomial in |V|

and m, such that By, p|k; (wy,w,)] < Eyoplkl (wy, Wh)] + € holds with probability at
least (1 — §), where w?; = arg ming, ey Ew~p [k (wy, 0,)].

Proof. We show that the basic empirical risk minimization (ERM) algorithm already satisfies
the lemma. ERM first i.i.d. samples a training set S = {w!, ..., w™} of m precise weight
vectors from D. Then, it returns the w, € #,, that minimizes the empirical error hg(w,) =
LSk (wi, ).

Recall that, as a consequence of the discretization, H, contains at most O(|V|) values.
Since H, is finite, and the error function k;' is bounded by the interval [0, |V|], it satisfies the
uniform convergence property; cf. [SB14]. (This follows also from the fact that H,, is finite
and, thus, has finite VC-dimension; cf. [Vap92].) This implies that, for

2log(2|H;|/0)|V|? log(|V]) —log(d)) - |[V|?
[ g(|€2/)\ Iw O(( g([V]) —log(9)) - | )

g2

it holds Eplk; (wy,w,)] < Eyeplk) (wy, ws)] + € with probability at least (1 — 4),
where W, is the predicted weight learned by ERM (cf. [SB14; Vap99]). As |H,| € O(|V)),
ERM also satisfies the running time requirements of the lemma. O

Proof of Theorem 4.5.1. Lete' = |V| and &' = |V| Furthermore, let Hpmax = arg maxy, |Hoy|.

To learn predictions that satisfy the theorem, we first sample a training set S = {w?, w™}
with m = [2 log(2\7—l1;,a2x|/ 5/)|V|2-‘ . Next, we apply Lemma 4.5.2 to each #,, to learn a predicted

weight w, that satisfies the guarantees of the lemma for €’,¢’. In each application of the
lemma, we use the same training set S that was previously sampled.

For each w, learned by applying the lemma, the probability that the guarantee of the
lemma is not satisfied is less than ¢’. By the union bound this implies that the probability that
at least one w, with v € V' does not satisfy the guarantee is upper bounded by > ' <
|[V| - 6’ = &. Thus, with probability at least (1 — §), all w, satisfy E,p[k (wy, W,)] <
Ew~plk (wy, w)] + €. Since by linearity of expectations

EwND[kh w, w* ZEwND UJU, )]
veV

we can conclude that the following inequality, where w is the vector of the learned predicted
values, holds with probability at least (1 — §), which implies the theorem:

IEwwD kh w w Z IEwND wvawv)]

veV
< ZEUND wv, )]+€,
veV
S (Z EwND[k wva )]) + ‘V|
veV

< EwND[k?h(UJ,@*)] te.
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4.5.2 Learning with Respect to the Mandatory Query Distance

Next, we argue about the learnability w.r.t. kj;. Since each [, is an open interval, there are
infinitely many predictions w, and, thus, the set H is also infinite. In order to reduce the size
of H, we discretize each I, by fixing a finite number of potentially predicted weights w,, of I,
using the same technique as in the previous section for kj,.

The following lemma shows that we do not lose any precision by using the discretized
‘H. Here, for any vector w of predicted weights, Zz denotes the set of prediction mandatory
vertices. In particular, H is now finite.

Lemma 4.5.3. For a given instance of the hypergraph orientation problem with intervals Z,
let W be a vector of predicted weights that is not contained in the discretized H. Then, there is
aw' € H such that Tz = Ty.

The lemma implies that, for each @, there is an W’ € H that has the same error w.r.t. ky;
as w. Thus, there always exists an element w of the discretized H such that w minimizes the
expected error over all possible vectors of predicted weights.

Proof of Lemma 4.5.3. Given the vector of predicted weights w, we construct a vector w’ € H
that satisfies the lemma.

For each w,, we construct w), as follows: If w, = B; for some j € {1,...,1}, then we
set w, = Bj, where B is defined as in the definition of the discretized 7{,. Otherwise it must
hold w, € (Bj, Bj41) forsome j € {1,...,1}, and we set W) = h;, where h; is defined as
in the discretization. Then, for each v € V' \ {v}, it holds w, € I, if and only if w), € I,,.

We show that each v € Zy; is also contained in Zyy. Since v is mandatory assuming precise
weights w, Lemma 2.3.5 implies that there is a hyperedge S such that either (i) w, is the
minimum weight of S and w,, € I, for some u € S\ {v} or (ii) w, is not the minimum
weight of S but contains the weight w,, of the vertex u with minimum weight w,, in S.

Assume v satisfies case (i) for the predicted weights w. By construction of @’ it then also
holds w), € I,,. Thus, if v has minimum weight in S for the weights w’, then v € Zy by
Lemma 2.3.5. Otherwise, some v’ € S\ {v} must have the minimum weight @/, in .S for
the weights @'. Since v has minimum weight for the weights @, it must hold @), < @, but
W, > W,. By construction of @', this can only be the case if w/,, w,s € I,. This implies that
v satisfies case (ii) for the weights W’ and, therefore v € Zy by Lemma 2.3.5.

Assume v satisfies case (ii) for the predicted weights w. By construction of @’ it then
also holds w), € I,,. Thus, if u has minimum weight in S for the weights @', then v € Zy.
Otherwise, some v/ € S\ {u} must have minimum weight in S for the weights w'. If v’ = v,
then v satisfies case (i) for the weights w’ and, therefore, v € Zz by Lemma 2.3.5. If v/ # wu,
then it must hold @/, < w,, but w,, > w, as u has minimum weight in .S for weights w but
«’ has minimum weight in S for weights w’. By construction and since w,, € I, this can
only be the case if W, , w, s € I,,. This implies that v satisfies case (ii) for the weights @’ and,
therefore v € Z by Lemma 2.3.5.

Symmetrically, we can show that each v € Zy is also contained in Zz;, which implies
Ty =1y O

Recall that k), is defined as ky; = |ZpAZg|, where Zp is the set of predictions mandatory
elements and Zp is the set of mandatory elements. In contrast to learning predictions w
w.r.t. kp, a vertex v € 7 being part of ZpAZg depends not only on w, and w,, but on the
predicted and precise weights of vertices V' \ {v}. Thus, the events of v and u with v # u
being part of Zp AZg are not necessarily independent. Therefore, we cannot separately learn
the predicted weights w, for each v € V, which is a major difference to the proof for kj, in
the previous section.
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Since the discretized H is still finite and ks is bounded by [0, n], we still can apply
empirical risk minimization (ERM) to achieve guarantees similar to the ones of Theorem 4.5.1.
However, because we cannot learn the w,, separately, we would have to find the element of H

that minimizes the empirical error. ERM first i.i.d. samples a training set S = {w?!, ... w™}
of m precise weights vectors from D. Then, it returns the predicted weights w € H that
minimizes the empirical error ks(w) = - > i kar(w?,w0). As H is of exponential size,

a straightforward implementation of ERM requires exponential running time. We use this
straightforward implementation to prove the following theorem.

Theorem 4.5.4. Given a fixed instance of the hypergraph orientation problem under explorable
uncertainty with graph G = (V, E) and intervals I, for all v € V. For any ,6 € (0,1),
there exists a learning algorithm that, using a training set of size m, returns predictions
w € H, such that E,plky(w,w)] < Ey~plhy(w,w*)] + € holds with probability at
least (1 — &), where W* = arg mingy ¢y Ey~pkrr(w,@')]. The sample complexity is m €
O ((n-log(n)gog@))-nQ)

and the running time is exponential in n.

Proof. Since |H| € O(n™) and kjs is bounded by [0,7n], ERM achieves the guarantee
of the theorem with a sample complexity of m € O ((n'log(")g;)2g(5))'(n)2); for details
we refer to [SB14; Vap92]. The prediction w € ‘H that minimizes the empirical error

ks(w) = 12 Y20 kv (w?,w), where S = {w', ..., w™} is the training set, can be computed
by iterating through all elements of S x H. Thus, the running time of ERM is polynomial in
m but exponential in n. O

To circumvent the exponential running time, we present an alternative approach. In
contrast to ky, for a fixed realization, the value ks only depends on Zp. Instead of showing
the learnability of the predicted weights, we prove that the set Zp that leads to the smallest
expected error can be (approximately) learned. To be more specific, let P be the power set of
V, let Z,, denote the set of mandatory vertices for the realization with precise weights w, and
let kar(Zy, P) with P € P denote the mandatory query distance under the assumption that
Zp = P and Zp = Z,,. Since w is drawn from D, the value E,,..p[kps(Zy, P)] is a random
variable. We show the following theorem.

Theorem 4.5.5. Given a fixed instance of the hypergraph orientation problem under explorable
uncertainty with graph G = (V, E) and intervals I, for all v € V. For any €,6 € (0,1),

there exists a learning algorithm that, using a training set of size m € O <(n7b§%) ,
returns a predicted set of mandatory vertices P € ‘P in time polynomial in n and m, such
that Ey.plkri(Zw, P)] < Ew~plknm (Zw, P*)] + € holds with probability at least (1 — ¢),
where P* = arg minp/cp Eyplknr (Zy, P)).

Note that this theorem only allows us to learn a set of prediction mandatory vertices P
that (approximately) minimizes the expected mandatory query distance. It does not, however,
allow us to learn the predicted weights w that lead to the set of prediction mandatory vertices
P. In particular, it can be the case, that no such predicted weights exist. Thus, there may not
be a realization with precise weights w and kps(Z,,, P) = 0. On the other hand, learning P
already allows us to execute Algorithm 11 for the hypergraph orientation problem. Applying
Algorithm 12 for the sorting problem would require knowing the corresponding predicted
weights w.

Proof of Theorem 4.5.5. We again show that the basic empirical risk minimization (ERM) al-
gorithm already satisfies the lemma. ERM first i.i.d. samples a training set S = {w!, ... w™}
of m precise weight vectors from D. Then, it returns the P € P that minimizes the empirical

error kg(P) = 2 > je1 km(Zys, P). Since P is of exponential size, i.e., [P| € O(2"), we

“m
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cannot afford to naively iterate through P in the second stage of ERM, but have to be more
careful.

By definition, P contains O(2") elements and, thus, is finite. Since P is finite, and
the error function kj; is bounded by the interval [0, n], it satisfies the uniform convergence
property (cf. [SB14]). This implies that, for

m= [210%(25‘/@"1 co <(n ~ log(9)) .n2> |

e2

it holds Ey,~plknrr(Zw, P)] < Ew~plkrn(Zw, P*)] + € with probability at least (1 — §),
where P is the set P € P learned by ERM (cf. [SB14; Vap99]).

It remains to show that we can compute the set P € P that minimizes the empirical
error kg(P) = > i1 ka(Zys, P) in time polynomial in n and m. For each v, let p, =
HZ,i|1<j<mAwve€T,}| andletq, = m — p,. For an arbitrary P € P, we can rewrite
ks(P) as follows:

1 m
ks(P) = kaM(IwﬁP) = Z ‘ijAP’
j=1

1 m
= 3 P\ T+ 1T\ P
j=1

:% ZQU+ZPU

veP vgP

A set P € P minimizes the term kg(P) = 2 (3, cpqv + > vgp Dv), if and only if, g, < p,

holds for each v € P. Thus, we can compute the P € P that minimizes kg(P) as follows:
1. Compute g, and p,, for each I, € 7.
2. Retun P ={v eV |qg <p,}

Since this algorithm can be executed in time polynomial in n and m, the theorem follows. [

4.6 Concluding Remarks

In this chapter, we showed how to exploit access to untrusted predictions to circumvent known
lower bounds for hypergraph orientation and sorting under explorable uncertainty and sparked
the discussion on error measures by presenting two new metrics, the hop distance and the
mandatory query distance, tailored to problems under explorable uncertainty. We proved
relations between the different errors and fully characterized the best possible consistency and
robustness tradeoffs for the respective errors.

For most of our algorithmic results, we assumed access to predictions on all precise
weights. However, for the k,/-depend algorithm for hypergraph orientation, we noticed that
access to only the set of prediction mandatory vertices suffices to achieve the best possible
tradeoff w.r.t. the mandatory query distance. This raises the question whether there exist
further prediction models that require less information but still allow good consistency and
robustness results. As a next research step, we suggest investigating such prediction models.

Furthermore, it would be interesting to investigate what tradeoff bounds are possible for
the sorting problem if we only have access to the set of prediction mandatory vertices instead
of the predicted weights.
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Chapter 5

Learning-Augmented Algorithms for
Minimum Spanning Tree with
Uncertainty

In this chapter, we study how to utilize (possibly erroneous) predictions to solve the minimum
spanning tree problem under explorable uncertainty, a fundamental combinatorial optimization
problem that has been central also to the research area of explorable uncertainty. We are given
a (multi)graph with uncertain edge weights that can be revealed via queries. Our aim is to
minimize the number of queries necessary to obtain sufficient information for identifying
a minimum spanning tree. For all integral v > 2, we present algorithms that are y-robust
and (1 + %)-consistent, meaning that they use at most y|OPT| queries if the predictions are

arbitrarily wrong and at most (1 + %)|OPT| queries if the predictions are correct, where
|OPT)| is the optimal number of queries for the given instance. We show that this tradeoff is
best possible. Furthermore, we argue that the hop distance (see also Chapter 4) is a useful
measure for the amount of prediction error and design algorithms with performance guarantees
that degrade smoothly with the hop distance. Our results demonstrate that access to untrusted
predictions can help to circumvent the known lower bound of two (see also Section 2.2.2),
without any degradation of the worst-case ratio. In the process, we provide new structural
insights for the minimum spanning tree problem under explorable uncertainty that might be
useful in the context of query-based algorithms regardless of predictions.

Bibliographic remark: This chapter is mainly based on joint work with T. Erlebach,
M. de Lima and N. Megow [Erl+22]. Some results are based on a different joint work with the
same group of authors [Erl+23; Erl+20]. Therefore, some parts correspond to or are identical
with [Erl+23; Erl+22; Erl+20].
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5.1 Introduction

We continue our study of learning-augmented algorithms in the area of optimization under
explorable uncertainty and focus on the fundamental minimum spanning tree (MST) problem.
Recall that in this problem we are given a (multi)graph G = (V, F) with uncertain precise
edge weights w. € R for the edges e € E. The edge weights are initially unknown and, for
each edge e, we instead are given an uncertainty interval I that contains the unknown precise
edge weight w, and is either open or trivial, i.e., I, = (L., U,) with w, € I, or I, = {w,}.
An edge e is called trivial if the corresponding uncertainty interval I is trivial. We call L,
and U, the lower and upper limit of I.. If I, = {w.}, then U, = L, = w,. A query of edge e
has cost c., reveals the precise weight w, and, thus, reduces the corresponding uncertainty
interval to I, = {we}.

Our task is to determine a minimum spanning tree with respect to the initially uncertain
precise weights we. A spanning tree of GG is a subgraph of G that contains no cycles and
connects all the vertices of G, and a minimum spanning tree (MST) is a spanning tree of G
with minimum total edge weight. We characterize a spanning tree by its edge set and say that
T C E is a spanning tree if the subgraph G’ = (V, T)) is a spanning tree. For the minimum
spanning tree problem, a query set is called feasible if it reveals sufficient information to
identify an MST (not necessarily the precise weight of the MST). Our goal is to find a feasible
query set of minimum cost.

To more formally define feasible and optimal query sets, we say that a query set @ C F is
feasible if there exists a set of edges 1" C F such that T is an MST for the precise weights we
of all e € () and every possible combination of edge weights in I, for the unqueried edges
e € E'\ Q. That is, querying a feasible query set () must give us sufficient information to
identify a spanning tree 7' that is an MST for the precise weights no matter what the precise
weights of the unqueried edges F \ @ actually are. We refer to Section 2.1.3 for an example
instance and feasible query set. A feasible query set () is optimal if it has minimum cost
(@) =>. ccq Ce among all feasible query sets. In this chapter, we consider unit query costs,
i.e., cc = 1forall e € E, so the cost of a query set () is equal to its cardinality |Q)|.

As in all previous chapters, we study adaptive strategies that make queries sequentially
and utilize precise weights revealed by previous queries to decide upon the next query. As
there exist input instances that are impossible to solve without querying all edges, we evaluate
such adaptive algorithms in an instance-dependent manner: For each input, we compare the
number of queries made by an algorithm with the best possible number of queries for that
input, using competitive analysis (see also Section 2.2 for a formal definition). For the sake
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of readability, we briefly restate the definition. Recall that, for a given problem instance,
OPT denotes an arbitrary optimal query set. An algorithm is p-competitive if it, for any
problem instance, has query cost at most p - ¢(OPT). For uniform query costs as considered
in this chapter, an algorithm is p-competitive if it, for any problem instance, executes at most
p - |OPT| queries. The competitive ratio of an algorithm is the minimum p for which the
algorithm is p-competitive.

While MST under explorable uncertainty is not a classical online problem where the input
is revealed passively over time, the query results are uncertain and, to a large degree, dictate
whether decisions to query certain edges were good or not. For analyzing an algorithm, it
is natural to assume that the query results are determined by an adversary. This gives the
problem a clear online flavor and prohibits the existence of 1-competitive algorithms even if
we have unlimited running time and space [Hof+08]. We note that competitive algorithms
in general do not have any running time requirements, but all our algorithms for the MST
problem run in polynomial time.

The MST problem is among the most widely studied problems in the research area
of explorable uncertainty and has been a cornerstone in the development of algorithmic
approaches and lower bound techniques [Hof+08; EH14; EH15; MMS17; FMM20; MS19;
MC22]. The best known deterministic algorithm for MST with uncertainty is 2-competitive,
and no deterministic algorithm can be better [Hof+08] (see Section 2.2.2 for the lower bound
instance). For randomized algorithms, there is a lower bound of 1.5 on the competitive ratio
and an upper bound of 1.707 [MMS17]. If the input graph is a cactus graph, then there is a
best possible 1.5-competitive randomized algorithm for arbitrary query costs [M(C22]. Further
work considers the non-adaptive problem, which has a very different flavor [MS19]. The
offline problem, i.e., the problem of computing an optimal feasible query set while knowing
the query results in advance, can be solved to optimality in polynomial time [EH14]. This
is in contrast to the hypergraph orientation problem for which we showed NP-hardness of
the offline problem in Chapter 3. Erlebach et al. [Hof+08] also considered the MST problem
in the euclidean plane with uncertain vertex positions and gave a 4-competitive witness set
algorithm.

In this chapter, we once more consider the learning-augmented setting (see also Sec-
tion 2.2.3) and assume that an algorithm has, for each edge e, access to a prediction w, € I,
for the unknown precise edge weight w,. Since these predictions might be wrong, an algo-
rithm still has to execute queries in order to guarantee that it finds an MST w.r.t. the initially
unknown precise edge weights. However, the prediction can be used to select the query
strategy and, if they are of high accuracy, help to reduce the query costs.

These predictions could for example be obtained by using machine learning (ML) methods.
Given the tremendous progress in artificial intelligence and ML in recent decades, it seems
reasonable to expect that the predictions are of good accuracy, but there is no guarantee and
the predictions might be completely wrong. This lack of provable performance guarantees
for ML often causes concerns regarding how confident one can be that an ML algorithm will
perform sufficiently well in all circumstances. We address the very natural question whether
the availability of such predictions can be exploited by query algorithms for the MST problem
under explorable uncertainty. Ideally, an algorithm should perform very well if predictions are
accurate, but even if they are arbitrarily wrong, the algorithm should not perform worse than
an algorithm without access to predictions.

Building on the algorithmic techniques and further results introduced in the previous
chapter for the hypergraph orientation problem, we design learning-augmented algorithms
for the minimum spanning tree problem under explorable uncertainty that improve upon
the adversarial lower bound if the predictions are of high accuracy while at the same time
achieving provable performance guarantees even for arbitrarily bad predictions. While our
algorithms for the MST problem will reuse some ideas and techniques as used in the previous
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chapter, they require substantial additional work and structural results specific to the minimum
spanning tree problem. During the course of this chapter, we will discuss the similarities and
differences between both problems.

To analyze the performance of our algorithms, we again adopt the notions of consistency
and robustness as introduced in [LV21; PSK18] (see also Section 2.2.3 for a formal definition).
Recall that an algorithm is a-consistent if it is a-competitive when the predictions are correct,
and it is B-robust if it is S-competitive no matter how wrong the predictions are. Furthermore,
we are interested in a smooth transition between the case with correct predictions and the case
with arbitrarily wrong predictions. We aim for performance guarantees that degrade gracefully
with increasing prediction error. To this end, we will consider the same error measures as
introduced in the previous chapter.

Given predicted weights for the uncertainty intervals, it is tempting to simply run an
optimal algorithm under the assumption that the predictions are correct. This corresponds
to the offline problem using the predicted weights as precise weights and can be solved in
polynomial time using the algorithm by Erlebach et al. [EH14]. While this is optimal with
respect to consistency, it might give arbitrarily bad solutions in the case when the predictions
are faulty. Instead of blindly trusting the predictions, we need more sophisticated strategies
to be robust against prediction errors. This chapter is dedicated to designing such strategies,
which requires new lower bounds on an optimal solution, new structural insights, and new
algorithmic techniques.

5.1.1 Our Results

We give algorithms for the MST problem with uncertainty that are parameterized by a
hyperparameter v reflecting the user’s confidence in the accuracy of the predictor. For any
integral v > 2, we present a (1 + %)—consistent and ~y-robust algorithm, and show that this is
the best possible tradeoff between consistency and robustness. In particular, for v = 2, we
obtain a 2-robust and 1.5-consistent algorithm. It is worth noting that this algorithm achieves
the improved competitive ratio of 1.5 for accurate predictions while maintaining the best
possible worst-case ratio of 2.

Our main result is a second and different algorithm with a more fine-grained performance
analysis which obtains a guarantee that improves with the accuracy of the predictions. Similar
to the hypergraph orientation problem of the previous chapter, very natural, simple error
measures such as the number of inaccurate predictions or the £1-norm of the difference between
predicted and precise weights turn out to prohibit any reasonable error-dependency. Therefore,
we consider again the hop distance kj, (see also Chapter 4), which takes structural insights
about the uncertainty intervals into account. Our main result is a learning-augmented algorithm
with a competitive ratio with a linear error-dependency min{(1 + %) + ngEF', v + 1}, for any
integral v > 2. This result nicely illustrates the usefulness of the hop distance as a problem
independent error measure for problems under explorable uncertainty with predictions.

We remark that PAC-learnability of the predictions and the removal of the integrality
condition in the upper bounds on parameter y via randomization can be shown analogously to
the previous chapter.

5.1.2 Outline

We start the chapter in Section 5.2 by giving a lower bound on the best possible tradeoff
between consistency and robustness. Furthermore, we adjust the error measures of the previous
chapter for the MST problem and discuss their limits. To conclude the first section, we review
existing results for the MST problem under explorable uncertainty that will later on be used
in the design of our learning-augmented algorithms. Afterwards, in Section 5.3, we give an
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FIGURE 5.1: Uncertainty intervals for the lower bound example of Theorem 5.2.1. Red
crosses indicate predicted weights and green circles show precise weights.

overview of the basic algorithmic framework that our learning-augmented algorithms will
implement.

In Section 5.4 we prove several new structural results that will be the foundation of our
algorithms and their analysis. These structural results might be of independent interest also
for the MST problem under explorable uncertainty without predictions. In Section 5.5 we give
a first algorithm that transforms arbitrary instances of the MST problem with predictions into
instances with a “nice” structure. The algorithm does so while achieving a guarantee in range
of the optimal consistency and robustness tradeoff.

Afterwards, we design algorithms for instances with such a nice structure. In Sections 5.6
and 5.7 we separately give and analyze such algorithms with and without error-dependent
guarantees. In combination with the algorithm that transforms arbitrary instances into nice
instances, these algorithms achieve our algorithmic main results.

5.2 Preliminaries

We start the chapter by reviewing existing results on the MST problem under explorable
uncertainty and also give new preliminary results that lay the foundation for our learning-
augmented algorithms.

First, we give a lower bound on the best possible tradeoff between consistency and
robustness for the MST problem under explorable uncertainty with predictions. Afterwards,
we revisit the error measures as introduced in the previous chapter and adjust them for the
MST problem.

Finally, we summarize (and slightly extend) existing structural results for the MST problem
under explorable uncertainty. Later in this chapter, we will further extend these structural
results and exploit them in our learning-augmented algorithms.

5.2.1 Lower Bound on the Consistency and Robustness Tradeoff

We give the following lower bound on the optimal tradeoff between consistency and robustness
for the MST problem under explorable uncertainty with predictions. The proof of the theorem
uses the same idea as the corresponding lower bound for hypergraph orientation in the previous
chapter but slightly adjusts it to the MST problem.

Theorem 5.2.1. Let 3 > 2 be a fixed integer. For the MST problem under explorable
uncertainty with predictions, there is no deterministic B3-robust algorithm that is a-consistent
fora <1+ % And vice versa, no deterministic a-consistent algorithm with o = 1 + % for
some integer 3' > 1 is B-robust for 3 < f3'.

Proof. Assume, for the sake of contradiction, that there is a deterministic 3-robust algorithm
that is a-consistent with o« = 1 + % — ¢ for some £ > (. Consider the instance that consists of
a single cycle with the edges eg, €1, . . . , g and uncertainty intervals as indicated in Figure 5.1.
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To solve this given instance, an algorithm has to query edges until it identifies an edge
of maximum precise weight in the cycle. Then, the set of all edges except this one clearly
forms an MST with respect to the precise weights. Observe that, if the predicted weights of
the figure are indeed correct, the optimal query set is {eq, ..., es} as we cannot prove that the
weights of these edges are smaller than the predicted weight of ey without querying them. For
the precise weights as indicated in the figure on the other hand, it suffices to query eg in order
to prove that it has maximum precise weight.

To be a-consistent, the algorithm must query the edges {e, ..., eg} first, as otherwise it
would query 5 + 1 edges in case all predictions are correct, while there is an optimal query
set of size 5, which would imply a consistency of 1 + % > Q.

Suppose w.l.o.g. that the algorithm queries the edges {ey, ..., eg} in order of increasing
indices. Consider the adversarial choice w,, = w,,, for¢ =1,..., 3 — 1, and then w, 5 € I,
and we, & Ie, U. .. UI,. This forces the algorithm to query also ep, while an optimal solution
only queries eg. Thus, any such algorithm has robustness at least 5 + 1, a contradiction.

The second part of the theorem directly follows from the first part and the known general
lower bound of 2 on the competitive ratio [Hof+08; Kah91]; see also Section 2.2.2. Assume
there is an c-consistent deterministic algorithm with o = 1 + % for some integer 3 > 1. If
3" < 2, then the statement follows from the lower bound of 2, so assume 3’ > 2. Consider
the instance above with 3 = 3/ — 1. Then the algorithm has to query vertices {1, ..., 3} first
to ensure c-consistency, as otherwise it would have a competitive ratio of % >1+4 % =«
in case that all predictions are correct. By the argumentation above, the robustness factor of
the algorithm is at least 5 + 1 = 3.

O

This tradeoff lower bound again proves that fully trusting the predictions leads to an
arbitrarily bad robustness and motivates the usage of more involved algorithmic techniques. A
main goal of this chapter is to design algorithms that match this tradeoff lower bound.

5.2.2 Error Metrics

Since consistency and robustness only capture the extremes in terms of prediction quality,
we aim for a more fine-grained performance analysis giving guarantees that depend on the
quality of the predictions. To achieve this, we need error measures that capture the quality of
the predictions. A very natural, simple error measure is the number of inaccurate predictions
ky = |{e € E'|w. # W.}|. However, as we have seen for the hypergraph orientation problem
in Chapter 4, we can show that even for kx = 1 the competitive ratio cannot be better than
the known bound of 2, even if |OPT| € Q(|E|) for any even number of edges |E|.

Lemma 5.2.2. Even if ky = 1, any deterministic algorithm for the MST problem under
uncertainty with predictions has competitive ratio p > 2. This result holds even for instances
with |OPT| € Q(|E|) and an arbitrarily large even number of edges |E)|.

Proof. Consider an input graph that consists of a path P with n edges ey, e2,...,e, and n
parallel edges e,y1, €ént2, ..., e, between the endpoints of the path. See Figure 5.2a for
an illustration of this graph. Each edge e; is given with an uncertainty interval I; and a
predicted weight w,,. The structure of the intervals and their predicted weights is shown in
Figure 5.2b. If all the predictions are correct, the MST consists of the path P, and this can
be verified either by querying the n edges of P, or by querying the n parallel edges between
the endpoints of P. Assume w.l.0.g. that an algorithm queries the path edges in the order
e1, €2, ..., e, and the parallel edges in the order e, 41, ey42, ..., e2,. Before the algorithm
queries e, or egy,, the adversary sets all predictions as correct, so the algorithm will eventually
have to query e, or ea,. If the algorithm queries e,, before ea,, then the adversary chooses a
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(A) Input graph. (B) Interval structure.

FIGURE 5.2: Instance for a lower bound based on the number of inaccurate predictions.
(a) Input graph for the MST problem under explorable uncertainty. (b) Uncertainty intervals
of the 2n edges. Red crosses indicate predicted weights, and green circles show precise
weights.

weight we,, € Ie, ., N...NIe,, for e, (illustrated in Figure 5.2b). This forces the algorithm to
also query e,41, . .., €2, and the adversary picks predicted weights for the remaining parallel
edges as correct, so the optimal solution only queries e,41, . . ., €2,. A symmetric argument
holds if the algorithm queries es,, before e,. In either case, the MST is P and the optimal
query set consists of n queries, while the algorithm is forced to make 2n queries. Furthermore,
only a single prediction is incorrect, so ky = 1. O

The reason for the weakness of the measure k. is that it completely ignores the interleaving
structure of intervals. Similarly, an ¢; error metric such as ) . |w. — W.| would not be
meaningful because only the order of the weights and the interval endpoints matters for our
problem.

To address this weakness, we return to the error measure hop distance as introduced in the
previous chapter for hypergraph orientation and define it for the MST problem.

The definition is quite intuitive even though it requires some technical care to make it
precise. If we consider only a single predicted weight w, for some e € F, then, in a sense,
this weight predicts the relation of the precise weight w, to the intervals of edges ¢’ € E'\ {e}.
In particular, w.r.t a fixed ¢/ € E \ {e}, the weight w, predicts whether w is left of I,/
(we < L), right of I (we > Uyr), or contained in Ios (L < we < Ugr). Interpreting the
prediction w, in this way, the prediction is “wrong” (w.r.t. a fixed ¢’ € F'\ {e}) if the predicted
relation of the precise weight w, to interval I/ is not actually true, e.g., w, is predicted to
be left of I, (we < L./) but the actual w, is either contained in or right of I.; (we > Le/).
Formally, we define the function k. (e) that indicates whether the predicted relation of w, to
I is true (ke (e) = 0) or not (ke (€) = 1). More precisely, ke (€) = 1 if W, < Lo < we,
We < Lo < We, we < Uy < W, or we < Uy < we, and ke (e) = 0 otherwise. With the
prediction error k™ (e) for a single e € F, we want to capture the number of relations between
w, and intervals I» with ¢/ € E \ {e} that are not accurately predicted. Thus, we define
k*(e) = X wem (e} ker(€). For aset of edges E' C E, we define k¥ (E') = 3 g k™ (e).
Consequently, with the error for the complete instance we want to capture the total number of
wrongly predicted relations and, therefore, define it by k, = k™ (FE). See Figure 5.3 for an
example.

Symmetrically, we can define k™ (e) = >_.cp\ (e} ke(€') and k™ (E') = > cp k™ (e)
for subsets £/ C E. Then k' (FE) = kj, = k= (E) follows by reordering the summations.

We give the following lower bound on the competitive ratio as a function of kj,.
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FIGURE 5.3: Example of a single cycle (left) with uncertain edge weights from intersecting
intervals I, , I.,, I.,, I, (right). Green circles illustrate precise weights and red crosses
illustrate the predicted weights. The predictions have a hop distance of kj, = Z?Zl k= (e;) =

Sk (es) = 5.

Theorem 5.2.3. Any deterministic algorithm for MST under explorable uncertainty with
predictions has a competitive ratio p > min{1 + \OkThTV 2}.

Proof. Consider the instance of Figure 5.4 with the three edges e, e2 and e3 of a triangle.
Clearly, edge e3 is part of any MST independent of the precise weights, so it remains to
determine which of e; and e has larger edge weight. If the algorithm ALG starts querying e1,
then the adversary picks we, € I., and the algorithm is forced to query e>. Then we, €

I, \ I.,, so the optimum queries only es. It is easy to see that k, = 1 and, thus, [spr =

2 = min{l + ‘OkThT‘, 2}. A symmetric argument holds if the algorithm starts by querying es.
In that case, we, € I, and the algorithm is forced to query e;. Then we, € I, \ I,, so the
optimum queries only e1. Again, k; = 1 and, thus, ISIFJ’% =2 =min{l + |okThT\’ 2}. Taking
multiple copies of this instance (connected by a tree structure), gives the same results for

larger values of kj, and |OPT]. O

In Chapter 4, we also considered the error measure mandatory query distance kj; for the
hypergraph orientation problem under explorable uncertainty with predictions. While this
measure can be defined analogously for the MST problem, we will not consider it in this
chapter and it remains an open question whether there is a learning-augmented algorithm with
a non-trivial error-dependency on k.

5.2.3 Witness Sets and Mandatory Edges

In order to design our learning-augmented algorithms for the MST problem under explorable
uncertainty, we first review existing results that we will later extend to the problem variant
with predictions.

All known algorithms for the problem without access to predictions [Hof+08; EH14;
MMS17] heavily exploit the concept of witness sets [Bru+05] (see also Section 2.3). Recall
that a subset W C FE is a witness set if W N Q #  for all feasible query sets @, i.e., every
algorithm (including the optimal query set) has to query at least one member of a witness
set. Witness sets are the key to the analysis of all known algorithms for the MST problem

I, =5
“l 2 I, b——
I, po¢——o+

€3

FIGURE 5.4: Lower bound example for the proof of Theorem 5.2.3. Circles illustrate precise
weights and crosses illustrate the predicted weights.
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FIGURE 5.5: Example of a single cycle (left) with uncertain edge weights from intersecting
intervals I, I.,, I.,, I, (right). Circles illustrate precise weights and crosses illustrate the
predicted weights. For the example, {e1, €2} is the set of all mandatory edges and {e; } is
the set of all edges that would be mandatory if the predictions were correct.

under explorable uncertainty as they allow for a comparison of an algorithm’s query set to an
optimal solution.

An important special case are witness sets of cardinality one, i.e., edges that are part of
every feasible query set. We call such edges mandatory. The identification of mandatory
edges is especially important, as every algorithm can query mandatory edges without ever
worsening its competitive ratio.

For an example of mandatory edges, consider Figure 5.5. In the example, we see the
uncertainty intervals and precise weights of four edges that form a simple cycle. We can
observe that both e; and e, are mandatory for this example. To see this, assume that e; is not
mandatory. Then, there must be a feasible query set ) with e; ¢ @ for the instance, which
implies that @ = {es, e3, e4 } must be feasible. But even after querying @ to reveal the precise
weights of eg, e3 and ey, it still depends on the still unknown precise weight of e; whether
there exists an MST 7" with e; € T (only if we, < we,) and/or e; € T' (only if we, < we, ).
Even after querying () there is no spanning tree " that is an MST for each possible edge
weight in ., of the unqueried edge e; and, thus, () is not feasible. This implies that e; is
mandatory, and we can argue analogously that e; is mandatory as well.

Lower and Upper Limit Trees In order to identify witness sets and mandatory edges, we
consider the lower and upper limit trees of a given instance of the MST problem under ex-
plorable uncertainty. This structural concept has been introduced by Megow et al. in [MMS17]:

Definition 5.2.4 (Lower and upper limit trees). Given an instance of the MST problem under
explorable uncertainty with graph G = (V, E) and uncertainty intervals I, for all e € E, a
lower limit tree of the instance is an MST Ty, with respect to the edge weights

e —

I Le + ¢ if I, is non-trivial
We if I, is trivial

for all e € E and an infinitesimally small € > 0. Similarly, an upper limit tree of the instance
is an MST Ty with respect to the edge weights

WU — {Ue — e if I, is non-trivial

We if I, is trivial.

Note that a query to an edge e with a non-trivial uncertainty interval I, = (L., U, ) changes
the interval I, to I. = {w.} and, therefore, also changes the upper and lower limit of I, to
we. By changing the upper and lower limits of an edge, the upper and lower limit trees of the
instance can also change. This means that the trees change during the application of a query
algorithm. We use the term current instance to refer to the problem instance after all previous

117



5. Learning-Augmented Algorithms for Minimum Spanning Tree with Uncertainty

€9 ey Ieﬁ } S 1

€6 Tey —
€4 I€3 |—|
‘3 ‘s Loy ———
(A) Iy b—

(B)
€2 €7 €2 €7
€6
€4 €4
€3 €3 €5
(©) (D)

FIGURE 5.6: Part (A) and (B) of the figure show an input instance of the MST problem
under explorable uncertainty. Part (C) shows the lower limit tree and part (D) shows the
upper limit tree of the instance. After querying edge eg to reduce the uncertainty interval of
eg to the precise weight indicated by the green circle, the upper and lower limit tree both
have the form shown in part (D).

queries. With the current upper and lower limit tree we refer to the upper and lower limit tree
of the current instance. See Figure 5.6 for an example.

Mandatory Edges and Preprocessing For a given instance of the MST problem under
explorable uncertainty, fix an upper limit tree 7y and a lower limit tree T7,. A very useful
property of Ty and 717, is that all edges in 77, \ Ty are mandatory, as was shown in [MMS17].

Lemma 5.2.5 (Megow et al. [MMS17]). Let T, and Ty be lower and upper limit trees of a
given instance of the MST problem under explorable uncertainty with graph G = (V, E) and
uncertainty intervals I, for e € E. Each edge e € Ty, \ Ty with a non-trivial uncertainty
interval I, is mandatory.

Proof. Let Ty, and Ty be lower and upper limit trees of a given instance of the MST problem
under explorable uncertainty with graph G = (V, F) and uncertainty intervals I, fore € E.

Assume T7, # Ty and let e be an arbitrary edge in 77, \ Ty with a non-trivial uncertainty
interval. We argue that e is mandatory.

Let X, denote the set of edges in the cut between the two connected components of the
subgraph induced by 77, \ {e}. Since 77, is a lower limit tree, e must be an edge with a
minimum lower limit in X, as otherwise 77, would not be an MST for the edge weights w’
(cf. Definition 5.2.4). Furthermore, for the same reason, there cannot be a trivial edge ¢’ € X,
with L., = wer = Le. This means that if w, is close enough to L., then e has the unique
minimum precise weight among the edges in X, and, thus, has to be part of every MST for
the instance independent of what the precise weights of the other edges actually are.

Let C, denote the unique cycle in 7y U {e}. Since Ty is an MST for the edge weights
wY (cf. Definition 5.2.4) and e ¢ Ty, it must hold that e is an edge of maximum upper limit
in C,. Furthermore, there cannot be a trivial edge ¢’ € C, with U, = w. = U,. This means
that if w, is close enough to U, then e has the unique maximum precise weight among the
edges in C, and, thus, cannot be part of any MST for the instance independent of what the
precise weights of the other edges actually are.

Without querying e, it is not possible to distinguish between the case where e has to be
part of every MST and the case where e cannot be part of any MST. Thus, e is mandatory. [
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A direct consequence of this lemma is that an algorithm for the MST problem under
explorable uncertainty can always query all non-trivial edges in 77, \ Ty without ever worsening
its competitive ratio until the lower and upper limit trees are equal for the current instance.
We can extend this argument and show that an algorithm can always ensure that 77, and Ty
are unique and satisfy 77, = Ty by only querying mandatory edges and contracting/deleting
edges with trivial uncertainty intervals.

Lemma 5.2.6. Given an instance of the MST problem under explorable uncertainty with
graph G = (V, E) and uncertainty intervals I, for e € E. By querying only mandatory edges
we can obtain an instance with T, = Ty such that Ty, and Ty; are the unique lower limit tree
and upper limit tree, respectively.

Proof. Let Ty, be a lower limit tree for a given instance and let T;; be an upper limit tree.
According to Lemma 5.2.5, all elements of 77, \ Ty are mandatory and we can repeatedly
query them for (the adapting) 77, and Ty until 77, = Tyr. We refer to this process as the first
preprocessing step.

Consider an f € E \ Ty and the cycle C in Ty U {f}. If f is trivial, then the precise
weight wy is maximal in C' and we may delete f without loss of generality. Assume otherwise.
If the upper limit of I is uniquely maximal in C, then f is not part of any upper limit tree.
If thereisan ! € C'\ {f} with Uy = Uy, then T}, = Ty \ {I} U {f} is also an upper limit
tree. Since T, \ T}, = {l}, we may execute the first preprocessing step for 77, and T7;. We
repeatedly do this until each f € E \ Ty has the uniquely maximal upper limit in the cycle C'
in Ty U {f}. Then, Ty is unique.

To achieve uniqueness for 77, consider some [ € 77, and the cut X of G between the two
connected components of 77, \ {l}. If [ is trivial, then the precise weight w; is minimal in X
and we may contract [ without loss of generality. Assume otherwise. If L; is uniquely minimal
in X, then [ is part of every lower limit tree. If there is an f € X \ {l/} with L; = Ly, then
T; =T\ {I} U{f} is also a lower limit tree. Since 7] \ Ty = { f} follows from T}, = Ty,
we may execute the first preprocessing step for 7} and Ty;. We repeatedly do this until L; for
each [ € T}, is uniquely minimal in the cut X of GG between the two connected components of
Tr \ {l}. Then, T}, is unique. O

The Lemma 5.2.6 can be interpreted as a preprocessing step that allows an algorithm to
ensure that the instance has unique upper and lower limit trees 7y and 17, with T, = Ty
without worsening its competitive ratio. Thus, we refer to such instances as preprocessed.
Going back to the example of Figure 5.6, the initially given instance is not preprocessed as
T, # Ty . After querying edge eg, the instance of the example becomes preprocessed.

Definition 5.2.7. We call an instance of the MST problem under explorable uncertainty
preprocessed, if the instance has a unique lower limit tree I, a unique upper limit tree Ty
and satisfies Ty, = Ty.

As we remarked before, querying edges can change the lower and upper limit trees of a
problem instance. In particular, the lower limit tree for the problem instance after querying a
feasible query set () must be an MST with respect to the precise weights. Given an instance
with unique 77, = Ty, we can show that each e € T}, that is not part of the MST for the
precise weights is mandatory. Similarly, each e ¢ T7, that is part of the MST for the precise
weights is mandatory as well. A stronger version of this observation is as follows.

Lemma 5.2.8. Let G = (V, E) be an instance with unique lower and upper limit trees
T, = Ty and let G’ be an instance with unique lower and upper limit trees T = T}, obtained
from G by querying set Q C E, thene € T, AT; = (T, \T7) U (T \ Tr) implies e € Q.
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Proof. Lete € Ty \ T}, then e € Ty, and T7, being unique imply that e has the unique minimal
lower limit in the cut X, of G between the two connected components of 77, \ {e}. Thus, e
is part of every lower limit tree for G. For e not to be part of 77, it cannot have the unique
minimal lower limit in the cut X, of G’ anymore. Since querying elements in X, \ {e} only
increases their lower limits, this can only happen if e € Q.

Lete € T; \ Tr. Then Ty, = Tyy and T, = T7; imply e € T}, \ Ty. Since e ¢ Ty and
Ty is unique, it follows that e has the unique largest upper limit in the cycle C, of Ty U {e}.
Thus, e is not part of any upper limit tree for G. For e to be part of T7;, it cannot have the
unique largest upper limit in the cycle C, of G’ anymore. Since querying elements in C, \ {e}
only decreases their upper limits, this can only happen if ¢ € Q. O

Identifying Witness Sets and the Witness Set Algorithm The lower and upper limit trees
do not only allow us to identify mandatory edges by using the previous two lemmas, but can
also be used to identify larger witness sets.

To that end, consider an arbitrary preprocessed instance of the MST problem under
explorable uncertainty with the unique lower limit tree 77,. Based on 77, we can give criteria
to identify witness sets and define the witness set algorithm for the MST problem. Let
fi,..., fi denote the edges in £ \ T}, ordered by non-decreasing lower limits L,. Then, C;
withi € {1,...,1} denotes the unique cycle in 77, U{ f;}. By definition and since the instance
is preprocessed, edge f; has the unique largest upper and lower limit on the cycle C;. Define
G; = (V, Ez) with B; = T, U {fl, .. ,fz} and Gy = (V, TL).

Before we consider the criteria to identify witness sets as given in [MMS17], we restate
their auxiliary lemma stating that a feasible query set for the complete problem instance must
also be feasible for the subproblem instances defined by the subgraphs G; with i € {1,...,1}.
For a proof of the lemma, we refer to [MMS17].

Lemma 5.2.9 (Megow et al. [MMS17, Lemma 4.1]). Leti € {1,...,l}. Given a feasible
query set Q for the graph G = (V, E) with uncertainty intervals I, for e € E, the set
Q; := Q N E; is a feasible query set for G; = (V, E;) with the same uncertainty intervals I,
for the edges e € ;.

The next lemma helps us to iteratively identify minimum spanning trees for subgraphs G;
with increasing ¢, while only querying witness sets of size at most two until we have found an
MST for the complete instance. In particular, if we have already identified an MST 7;_; for
instance GG;_1, the lemma gives us criteria to identify a witness set of size at most two on the
unique cycle C'in T;_1 U { f;}. For a proof of the lemma, we again refer to [MMS17].

Lemma 5.2.10 (Megow et al. [MMS17, Lemma 4.2 and ff.]). For some realization of edge
weights and some i € {1,...,0 — 1}, consider the problem instance after querying some
feasible query set Q; for graph G;. Let T; be the determined MST for graph G, let C be the
cycle closed by adding fi1 to T; and let g € C'\ {fiz1} be an edge with I, N Iy, # 0.
Then, f;11 has the largest upper limit on cycle C' and any feasible query set for G;11 contains
fix1 0r g. Moreover, if I, C Iy, ,, then f;\1 is mandatory.

Exploiting these two lemmas, the witness set algorithm (cf. Section 2.3 for a general,
abstract formulation) for the MST problem achieves a competitive ratio of 2 without access to
predictions [Hof+08; MMS17]. Given an MST T;_; for subgraph G;_1, the Algorithm 14
finds an MST of instance G; by considering the unique cycle C'in T;_1 U { f;} and repeatedly
querying witness sets W C C' of size at most two until it identifies an edge h of maximum
precise weight in C. Then, T; = (T;—1 U {f;}) \ {h} is the MST for instance G;.

Theorem 5.2.11 (Erlebach et al. [Hof+08], Megow et al. [MMS17]). The witness set algorithm
is 2-competitive for the minimum spanning tree problem under explorable uncertainty.
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Algorithm 14: Witness set algorithm for minimum spanning tree under explorable
uncertainty.

Input: Preprocessed instance of the minimum spanning tree problem under
explorable uncertainty with graph G = (V, E) and uncertainty intervals . for
alle € F.
Output: A feasible query set () for the given problem instance.
1Q <+ 0;
2 T + lower limit tree 77, of the current instance;
3 fi,..., fi +edgesin E'\ Ty, ordered by non-decreasing lower limit L ,;
4 for i from1tol do
5 C' <« unique cycle in T U {f;};
6 repeat
7 W C C'\ @ < Witness set of size at most two computed via Lemma 5.2.10;
8
9

Query W;
Q<+ QUW;
10 until We identified an edge h of maximum precise weight in C
11 h < edge of maximum precise weight in C;
2 | T« (Tu{fih) \{h};
13 return Q;

Proof. To prove the theorem, we can first observe that the current tree 7" at the beginning
of iteration 7 of the for-loop is an MST for instance G;—; = T, U {f1,..., fi—1}. We can
proof this via induction over i. For i = 1, we have that T' = T7, is the only spanning tree for
instance G;—1 = G and, thus, also an MST. For larger i, we have T' = (T" U {fi—1}) \ {h},
where T” by induction hypothesis is an MST for instance GG;_5 and h is an edge of maximum
precise weight in the cycle C of 77 U { f;_1} (cf. Line 12). This directly implies that 7" is an
MST for instance G;_1.

The fact that the current tree 7" at the beginning of each iteration ¢ of the for-loop is an
MST for instance G;_1 allows us to apply Lemma 5.2.10 on the cycle C in T U {f;}. So
if the algorithm executes queries in Line 8, then it queries a witness set of size at most two.
Since all those witness sets are pairwise disjoint, this implies a competitive ratio of at most
two.

It remains to argue that the algorithm computes a feasible query set. We already argued
that the current 7' is always an MST for the subinstance (G;_;. The argumentation also holds
for a hypothetical iteration [ 4+ 1 and, thus, implies that the final 7" is an MST for the complete
instance. However, this implication relies on the repeat-loop being able to identify an edge h
of maximum precise weight in the current cycle C'. To finish the proof, we have to argue that
whenever we do not know an edge of maximum precise weight in C' yet, Lemma 5.2.10 gives
us a witness set W C C to query in Line 8.

To this end, assume that we do not know an edge of maximum precise weight in C' yet
but also cannot apply Lemma 5.2.10 to identify a witness set W C C. Let f; denote the edge
of maximum upper limit in C'. If f; has a trivial uncertainty interval, either because it was
already queried or had a trivial interval initially, then f; clearly has maximum precise weight
in C'. Thus, assume otherwise. As we cannot identify a witness set by using Lemma 5.2.10, it
must hold that I, N I, = @ for all g € C'\ {f;}. But then, f; clearly has maximum precise
weight in C, a contradiction. O

We remark that, while the witness set algorithm is stated for uniform query costs, it can be
extended to arbitrary query costs by using the local ratio technique of Section 2.3.
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While the witness set algorithm achieves the best possible adversarial competitive ratio of
two, using it as a black box will never improve over 2-consistency in the learning-augmented
setting. Since the witness set algorithm does not allow us to obtain an improved consistency
and the offline algorithm of [EH14] that blindly trusts the predictions is n-robust by the
tradeoff lower bound of Theorem 5.2.1, we need new algorithmic techniques in order to match
the best possible consistency and robustness tradeoff. In the following section, we give an
overview of these techniques before implementing them in the remainder of this chapter.

5.3 Overview of Techniques

We give an overview of the algorithmic techniques that we use in our learning-augmented
algorithms later in this chapter. In order to match the tradeoff lower bound, we aim for
(1+ %)—consistent and ~y-robust algorithms for each integral v > 2.

5.3.1 Basic Algorithmic Framework

Our algorithm follows the same basic framework as the learning-augmented algorithms of
the previous chapter for hypergraph orientation and sorting under explorable uncertainty. The
implementation of the framework however will be very specific to the MST problem under
explorable uncertainty.

As for the learning-augmented algorithms of the previous chapter, the basic framework
proceeds in two phases: The first phase runs as long as there are prediction mandatory edges,
i.e., edges that must be contained in every feasible query set under the assumption that the
predictions are correct. Such edges can for example be identified using the offline algorithm
by Erlebach et al. [EH14] and we later give further criteria to identify such edges. In this
phase, we exploit the existence of those edges and their properties to execute queries with
strong local guarantees, i.e., each feasible query set contains a large portion of our queries if
the predictions are correct. The basic idea of this phase is analogous to the first phase of the
algorithm for hypergraph orientation with a hop distance dependent guarantee. However, the
identification of query sets with strong local guarantees is far more involved for the minimum
spanning tree problem and a main technical contribution of this chapter.

For the second phase, we observe and exploit that the absence of prediction mandatory
queries implies that the predicted optimal solution is a minimum vertex cover in a bipartite
auxiliary graph. The challenge here is that the auxiliary graph can change with each wrong
prediction. To obtain an error-dependent guarantee we need to adaptively query a dynami-
cally changing minimum vertex cover. This is in contrast to the algorithms for hypergraph
orientation of the previous chapter. Those algorithms could afford to non-adaptively query a
minimum vertex cover of an auxiliary graph and still guarantee at least 2-robustness. For the
minimum spanning tree problem, we show that non-adaptively querying the complete vertex
cover can lead to an arbitrarily bad robustness. Handling this additional need for adaptivity in
the second framework phase is a main technical contribution of this chapter.

5.3.2 Algorithmic Ideas

During the first phase, we generalize the classical witness set analysis. As in the previous
chapter, we extend this concept by considering strengthened witness sets of three elements
such that any feasible query set must contain at least two of them. Since we cannot always
find strengthened witness sets based on structural properties alone (otherwise, there would
be a 1.5-competitive algorithm for the problem without predictions), we identify such sets
under the assumption that the predictions are correct. Even after identifying such edges, the
algorithm needs to query them in a careful order: if the predictions are wrong, we lose the

122



5. Learning-Augmented Algorithms for Minimum Spanning Tree with Uncertainty

guarantee on the elements, and querying all of them might violate the robustness. In order to
identify strengthened witness sets, we provide new, more global criteria to identify additional
witness sets (of size two) beyond the ideas used by the witness set algorithm. During the first
phase, we repeatedly query v — 2 prediction mandatory edges together with a strengthened
witness set, which ensures (1 + %)—consistency. We query the elements in a carefully selected
order while adjusting for errors to ensure y-robustness.

For the second phase, we observe that the predicted optimal solution of the remaining
instance is a minimum vertex cover V C'in a bipartite auxiliary graph representing the structure
of potential witness pairs (edges of the input graph correspond to vertices of the auxiliary
graph). For instances with this property, we aim for 1-consistency and 2-robustness; the best
possible tradeoff for such instances. If the predictions are correct, each edge of the auxiliary
graph is a witness pair. However, if a prediction error is observed when a vertex of V(' is
queried, the auxiliary graph changes. This means that some edges of the original auxiliary
graph are not actually witness pairs. Indeed, we show that the size of a minimum vertex cover
can increase and decrease and does not constitute a lower bound on |OPT)|. This is in contrast
to the hypergraph orientation problem of the previous two chapters.

If we only aim for consistency and robustness, we can circumvent this problem by
selecting a distinct matching partner h(e) ¢ V C for each e € V C applying Kénig-Egervdry’s
Theorem (duality of maximum matchings and minimum vertex covers in bipartite graphs, see
e.g. [BLW86]). By querying the elements of V' C' in a carefully chosen order until a prediction
error is observed for the first time, we can guarantee that {e, h(e)} is a witness set for each
e € V(C that is already queried. In the case of an error, this allows us to extend the previously
queried elements to disjoint witness pairs and guarantee 2-robustness. Then, we can switch to
an arbitrary (prediction-oblivious) 2-competitive algorithm for the remaining queries.

If we additionally aim for an error-sensitive guarantee, however, handling the dynamic
changes to the auxiliary graph, its minimum vertex cover V' C' and matching h requires
substantial additional work. In particular, querying the partner h(e) of each already queried
e € V(C in case of an error might be too expensive for the error-dependent guarantee. However,
if we do not query these partners, the changed instance still depends on them, and if we charge
against such a partner multiple times, we can lose the robustness. Our solution is based on an
elaborate charging/counting scheme and involves:

1. keeping track of matching partners of already queried elements of V' C;

2. updating the matching and V' C using an augmenting path method to bound the number
of elements that are charged against multiple times in relation to the prediction error;

3. and querying the partners of previously queried edges (and their new matching part-
ners) as soon as they become endpoints of a newly matched edge, in order to prevent
dependencies between the (only partially queried) witness sets of previously queried
edges.

5kj,
[OPT]’

The error-sensitive algorithm achieves a competitive ratio of 1 + % +
of a slightly increased robustness of v + 1 instead of ~.

at the price

5.4 Prediction Mandatory Edges and New Structural Results

In order to identify strengthened witness sets for the first framework phase, we need new
criteria to identify witness sets and prediction mandatory edges. Recall that an edge e € E is
prediction mandatory if every feasible query set contains e under the assumption that w, = w,
for all e € E. Note that in the context of adaptive algorithms, it might happen that an edge
is not prediction mandatory for the initial instance but might become prediction mandatory
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FIGURE 5.7: Example instance consisting of a simple cycle with uncertainty intervals
and prediction weights as indicated by the red crosses. For the initial instance, no edge is
prediction mandatory. After querying e; to reveal the precise weight as indicated by the
green circle, eo becomes prediction mandatory.

given the precise weights revealed by already executed queries. To be more precise, assume
that an algorithm already queried a subset () of the edges. Then, there might be an edge that is
not mandatory under the assumption that w, = w, for all e € E, but is mandatory given the
precise weights w, of all e € () under the assumption that the predicted weights of the not yet
queried edges are correct, i.e., W, = we for all e € E'\ Q. Thus, there is a difference between
being prediction mandatory for the initially given instance and being prediction mandatory for
the current instance after querying a subset () C F.

See Figure 5.7 for an example consisting of a single cycle with four edges e, ..., e4. In
the example, no edge from {ez, e3, e4} is initially prediction mandatory as querying just ey
would prove e; to be maximal on cycle if the predicted weight w; was correct. However,
after querying e; and revealing the precise weight of e, the edge eo becomes predictions
mandatory: Given the precise weight of e; and assuming that the predicted weights of eg, e3
and ey are correct, it is not possible to prove that the weight of ey is larger than w,, without
querying es. Thus, e became prediction mandatory .

If not stated otherwise, we use the term prediction mandatory in reference to being
prediction mandatory for the current instance after executing all previous queries.

In this section, we derive criteria to identify prediction mandatory edges and connect the
existence of edges that are prediction mandatory but not mandatory for the precise weights to
the hop distance error. The latter part will be important when analyzing algorithms with error
dependencies on the hop distance.

Furthermore, we give a characterization of instances without prediction mandatory edges.
We will exploit this characterization in the second phase of our basic framework.

5.4.1 New Ceriteria to Identify Witness Sets and (Prediction) Mandatory Edges

We introduce new structural properties to identify witness sets. Existing algorithms for MST
under uncertainty [Hof+08; MMS17] essentially follow the algorithms of Kruskal or Prim,
and only identify witness sets in the cycle or cut that is currently under consideration. As an
example for this, see the witness set algorithm (cf. Algorithm 14).

Let 77, be the lower limit tree of a preprocessed instance of the minimum spanning tree
problem under explorable uncertainty with graph G = (V, E). Furthermore, let fi, ..., f;
denote the edges in £\ T, indexed by non-decreasing lower limit Ly,. Lemma 5.2.10
shows how to identify a witness set on the cycle closed by f;11 after an MST for graph
G; = (V, T U{f1,..., fi}) has already been determined. Known algorithms for MST under
uncertainty build on this by iteratively resolving cycles closed by adding the edges f1, ..., fi
one after the other (and analogously for cut-based algorithms). We design algorithms that
query edges with a less local strategy; this requires to identify witness sets involving edges
fi+1 without first verifying an MST for G;. The following two lemmas provide new structural
insights that are fundamental for our algorithms.
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Lemma 5.4.1. Given a preprocessed instance for the MST problem under explorable uncer-
tainty with graph G = (V, E), lower limit tree Ty, and the edges {f1,...,fi} C E\ T
indexed by non-decreasing lower limit. For all i € {1,...,l}, let C; denote the cycle in
T, U{f:}. If fi has a non-trivial uncertainty interval and there exists an l; € C; \ { f;} with
I, N If, # O such that l; & Cj for all j < i, then {l;, f;} is a witness set. Furthermore, if
wy, € Iy, then f; is mandatory.

Proof. Consider the set of edges X; in the cut of G defined by the two connected components
of Ty, \ {l;}. By assumption of the lemma, [;, f; € X;. However, f; ¢ X, forall j < 4, as
otherwise /; € C; would hold for an f; € X; with j < 4, which contradicts the assumption.
Let E; = T U{f1,..., fi}. Then, we can observe X; N E; = {f;,l;}. Let Q) be any
feasible query set. By Lemma 5.2.9, Q;—1 = F;_1 N Q verifies an MST T;_; for G;_;.
Consider the unique cycle C'in T;_; U {f;}. By Lemma 5.2.10, f; has the largest upper limit
in C' after querying @Q;—1 \ {l;}. Since f; € X;, f; € C and C is a cycle, there must be
another edge in X; \ {f;} that is part of C. We already observed X; N E; = {l;, fi}, so we
have /; € C. Lemma 5.2.10 implies that { f;, [;} is a witness set. If w;, € Iy,, then f; must be
queried to identify the maximal edge in C, so it follows that f; mandatory. O

Although phrased based on cycles, the Lemma 5.4.1 actually gives us a criteria to identify
witness sets and mandatory edges based on cuts (cf. the cut X; in the proof). We continue
with a similar lemma based on cycles. To prove this second lemma, we require the following
additional auxiliary lemma.

Lemma 5.4.2. Given a preprocessed instance for the MST problem under explorable uncer-
tainty with graph G = (V, E) and lower limit tree Ty,. Let QQ be a feasible query set that
verifies an MST 'T™*. Consider any path P C Ty, between two endpoints a and b, and let e € P
be the edge with the largest upper limit in P (before querying Q). If e & Q, then the unique
path pPcrT* Jfrom a to b is such that e € P and e has the largest upper limit in P after Q) has
been queried.

Proof. Foreachi € {0,...,1} let T} be the MST for G; as verified by Q; = @ N E; and let
C; be the unique cycle in T} ; U {f;}. Then T;* = T , U {f;} \ {h:} holds where h; is an
edge of maximum precise weight in Ci.

Let e be the edge of the lemma. Assume e ¢ Q We claim that there cannot be any C; with
e e C such that Q; verifies that an edge ¢’ € C with U, < U, is maximal in C Assume
otherwise. If ¢/ # e, ; would need to verify that w. < w, holds. Since U, < Uk, this can
only be done by querying e, which is a contradiction to e & Q. If ¢’ = e, then C; still contains
edge f; and we have e # f; by assumption of the lemma. Since 77, = Ty, f; has a larger
lower limit than e. To verify that e is maximal in C’i, (); needs to prove w, > wy, > Ly,.
This can only be done by querying e, which is a contradiction to e & Q).

To finish the proof of the lemma, we show via induction on ¢ € {0, ..., [} that each T*
contains a path P;" from a to b with e € P;* such that e has the largest upper limit in P;* after
@; has been queried.

Base case i = 0: Since Gy = (E,T},) is a spanning tree, T;j = T}, follows. Therefore
Py = P is part of Ty, and by assumption e € P has the largest upper limit in F.

Inductive step: By induction hypothesis, there is a path P;* from a to bin T}* with e € P;*
such that e has the largest upper limit in ;" after querying Ql Consider cycle Cz+1 If an
edge ¢’ € Cyy1 \ P is maximal in C 1, then Ty, =T U{fiz1} \ {¢'} contains path P;".
Since e by assumption is not queried, e still has the largest upper limit on P;" = P}, after
querying Q;+1 and the statement follows.

Assume some €’ € PN Ci—i—l is maximal in éz‘+1, then U, < U, follows by induction
hypothesis since e has the largest upper limit in P;". We already observed that Ci+1 then
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cannot contain e, as otherwise e would have been queried to Verlfy that ¢/ has maximum
precise weight in CZ+1 Consider P’ = Cz+1 \ P;. Since ¢/ € P/ is maximal in C'H—l,
we can observe that P’ C TfH holds. It follows that path P’ ; = P’ U (P \ Ciy1) with
e € P is part of T}, ;. As e is not queried, it still has a larger upper limit than all edges
in P;*. Additionally, we can observe that after querying ;1 no u € P’ can have an upper
limit U, > U, If such an u would exist, querying ;11 would not verify that ¢’ is maximal
on éi+1, which contradicts the assumption. Using U, > U,/, we can conclude that e has the
largest upper limit on P}, ; and the statement follows. O

Using this auxiliary lemma, we are ready to prove the next criterion to identify witness
sets and (prediction) mandatory edges.

Lemma 5.4.3. Given a preprocessed instance for the MST problem under explorable uncer-
tainty with graph G = (V, E), lower limit tree Ty, and the edges {fi,...,fi} € E\ Ty
indexed by non-decreasing lower limit. For all i € {1,...,l}, let C; denote the cycle in
Tr, U{fi}. Consider cycle C; withi € {1,...,l}. Ifan edge l; € C; \ {f;} has a non-trivial
uncertainty interval such that I, N Iy, # O and l; has the largest upper limit in C; \ { f;}, then
{fi, i} is a witness set. Furthermore, if w 1, € Iy, then l; is mandatory.

Proof. To prove the lemma, we have to show that each feasible query set contains at least
one element of { f;,l;}. Let () be an arbitrary feasible query set. By Lemma 5.2.9, Q;_; :=
QN E;_; is a feasible query set for G;—1 = (V, E;_1) with E;_1 = T, U{f1,..., fi—1} and
verifies some MST T;_1 for G;_1. We show that [; & ();_1 implies either I; € Q or f; € Q.

Assume [; ¢ Q;_1 and let C be the unique cycle in 7;_y U {f;}. Since T, = Ty, edge
fi has the largest upper limit in C' after querying );—;. While we only assume 77, = Ty for
the initially given instance, Lemma 5.2.10 implies that f; still has the largest upper limit in C'
after querying ;1.

If we show that [; ¢ Q;_1 implies [; € C, we can apply Lemma 5.2.10 to derive that
{fi,1;} is a witness set for graph G}, and thus either f; € Q; C Q orl; € Q; C Q. For the
remainder of the proof we show that [; & ();_1 implies [; € C. Let a and b be the endpoints
of f;, then the path P = C; \ {f;} from a to b is part of 77, and /; has the largest upper limit
in P by assumption. Using l; ¢ Qi—1 we can apply the auxiliary Lemma 5.4.2 to conclude
that there must be a path P from a to b in T_; such that [; has the largest upper limit on P
after querying @);_1. Therefore, C' = Pu {fi} and it follows [; € C.

If wy, € I}, and I; & Q;—1, then [; must be queried to identify the maximal edge on C, so
l; is mandatory.

O]

5.4.2 Prediction Mandatory Free Instances

We say an instance of the MST problem under explorable uncertainty with predictions is
prediction mandatory free if it contains no prediction mandatory edges. A key part of
our algorithms (the entire first framework phase) is to transform instances into prediction
mandatory free instances while maintaining a competitive ratio that allows us to achieve the
optimal consistency and robustness tradeoff overall. In order to do so, we rely on the following
characterization of prediction mandatory free instances (cf. Figure 5.8 for an illustration).

Lemma 5.4.4. Given a preprocessed instance of the MST problem under explorable uncer-
tainty with graph G = (V, E), lower limit tree T, uncertainty intervals I, and predicted
weights W, € I, forall e € E. Let f1,..., f; denote the edges in E \ Ty, index by non-
decreasing lower limit and let C; denote the unique cycle in Ty, U {f;}. The instance is
prediction mandatory free if and only if wy, > U, and W, < Ly, holds for each e € C; \ { f;}
and each cycle C; withi € {1,...,1}.
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FIGURE 5.8: Intervals in a prediction mandatory free cycle, where f; is the only edge on the
cycle outside of the lower limit tree T7,. Predictions are indicated as red crosses.

Proof. For the first direction, assume wy, > U, and W, < Ly, holds for each e € C; \ {fi}
and each cycle C; with ¢ € {1,...,l}. Theneach f; € E\TY, is predicted to be maximal on C;
and each e € T7, is predicted to be minimal in X, the cut between the components of 77, \ {e}.
Assuming the predictions are correct, we observe that each vertex cover of the bipartite graph
G is a feasible query set [EH14], where G = (V, E) with V = {e € E | I, is non-trivial }
and E = {{fi,e} CV |ie€{l,....1},e € C;\ {fitand I. N I, # 0}. Since both
Q1 := Ty, and Q2 := E \ Ty, are vertex covers for G, Q1 and Q5 are both feasible query sets
under the assumption that the predictions are correct. This implies that no element is part of
every feasible solution because )1 N Q2 = (). We can conclude that no element is prediction
mandatory and the instance is prediction mandatory free.

Next, we show that instance G being prediction mandatory free implies that wy, > U,
and W, < Ly, holds for each e € C; \ {f;} and each cycle C; with i € {1,...,1}; via
contraposition. Assume there is a cycle C; such that wy, € I, or w, € Iy, for some
e € C; \ {e}. Let C; be such a cycle with the smallest index.

If wy, € I, for some e € C; \ {e}, then also wy, € I;, for the edge I; with the largest
upper limit in C; \ {f;}. This implication holds because the instance is preprocessed and we
have 17, = Ty. Under the assumption that the predictions are correct, Lemma 5.4.3 implies
that /; is mandatory and, thus, prediction mandatory. This means that G is not prediction
mandatory free.

Assume W, € Iy,. We can observe that e ¢ C; for each j < i. As the instance is
preprocessed and the edges in £\ T}, are ordered by non-decreasing lower limit, w, € I,
and j < 7 would otherwise imply w, € Iy,. Since we assumed that C; is the first cycle with
this property, e € Cj leads to a contradiction. Under the assumption that the predictions are
true, Lemma 5.4.1 implies that f; is mandatory and, thus, prediction mandatory. It follows
that GG is not prediction mandatory free. O

Using this characterization of prediction mandatory free instances, we can observe that,
once an instance is prediction mandatory free, it remains so even if we query further elements,
as long as we maintain unique 77, = Ty, i.e., keep the instance preprocessed. The following
lemma formalizes this observation.

Lemma 5.4.5. Let G be a preprocessed and prediction mandatory free instance of the MST
problem under explorable uncertainty with predictions and let G' be an instance with unique
T} = T, that is obtained from G by querying a set of edges @), where T} and T}; are the
lower and upper limit trees of G'. Then, G' is prediction mandatory free.

Proof. Let G = (V,E) and G' = (V', E') as well as T1, = Tyy and T}, = T, be as described
in the lemma. We show that G being prediction mandatory free implies that G’ is prediction
mandatory free via proof by contradiction. To that end, assume that G’ is not prediction
mandatory free.

Let 77 be the lower limit tree of G', let fi, ..., f], be the (non-trivial) edges in £’ \ T},
ordered by non-decreasing lower limit, and let C/ be the unique cycle in 77 U {f/}. By
assumption, 77 = T, holds and T} = T}, is unique. We can w.l.o.g. ignore trivial edges
in E' \ T} as those are maximal in a cycle and can be deleted and we can w.l.o.g. ignore
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trivial edges in 77} as those can be contracted. Since G’ is not prediction mandatory free, there
must be some C; such that either w, € I or Wy, € I. for some non-trivial e € C; \ {f/}
(cf. Lemma 5.4.4).

Assume e & T7,. As e is part of T} = T};, Lemma 5.2.8 implies that e must have been
queried and therefore is trivial, which is a contradiction. Thus, assume e € T7,. We distinguish
between the two cases w, € 1 7! and w € 1. and separately show that both cases lead to a
contradiction.

First, consider the case w, € [ - As G is prediction mandatory free, the assumption
implies e & C’f/ and f; € X,, where Cf/ is the cycle in Ty, U { f/} and X, is the cut between
the two components of 77, \ {e} in G. Note that f] ¢ 77, must hold by Lemma 5.2.8 because
f/is notin T} and is non-trivial in both G and G'. Thus, 77, U { f/} indeed contains a cycle
Cp.

Since C! is a cycle containing e, it must contain a second edge f from the cut X..
This edge f closes a cycle Cy in Ty, U {f} withe € Cy. As f € C/\ {f!/} C T; but
f & Tr, Lemma 5.2.8 implies that f was non-trivial in instance G but became trivial in G,
i.e., was queried. By Lemma 5.4.4, the instance GG being prediction mandatory free implies
w, ¢ Iy where Iy denotes the uncertainty interval of f before querying it. The fact that
we € 1 f! but w, & Iy implies L < L. So even before being queried, f had a larger lower
limit than f1. By querying f, its lower limit can only increase. Thus, f has a larger lower
limit in C/ than f]. This is a contradiction to 77 being the lower limit tree of the preprocessed
instance G'.

Next, consider the case with Wy, € I.. Remember that f]is non-trivial and f; & T} = T7,.
According to Lemma 5.2.8, this 1mp11es f1¢ T, =Ty. Let C 1! be the cycle in 77, U { f/}.
Since G is prediction mandatory free, we have wy; ¢ I foreach ¢ € Cyr \ {f/}, which
implies U, > U,. This means that the largest upper limit on the path between the two
endpoints of f/ in T}, = T7 is strictly larger than the largest upper limit on the path between
the two endpoints of f/ in Ty = T7,. We argue that this cannot happen , which leads to

contradiction to e € Ty, and w £l € I..

Let P be the path between the endpoints a and b of f in Ty and let P’ be the path between
a and b in T};. Define Up to be the largest upper limit on P. Observe that the upper limit
of each edge can only decrease from Ty to T}, since querying edges only decreases their
upper limits. So each ¢’ € P’ N P cannot have a larger upper limit than Up. It remains to
argue that the upper limit of each ¢’ € P’ \ P cannot be larger than Up. Consider the set S
of maximal subpaths S C P’ such that only the endpoint vertices of S are also on path P.
Each ¢/ € P’ \ P is part of such a subpath S. Let S be an arbitrary element of S that only
contains edges of P’ \ P, then there is a cycle C C SU P with S C C. Assume ¢’ € S has a
strictly larger upper limit than Up, then an element of S has the unique largest upper limit on
C. Tt follows that subpath S cannot be part of any upper limit tree in the instance G’. This in
turn means that path P’ cannot be part of any upper limit tree of G, a contradiction to the
assumption that P’ is a path in 77;. O

5.4.3 Relation Between Prediction Mandatory Edges and The Hop Distance

We establish a relation between the set £y C E of mandatory edges, the set Ep C E of
prediction mandatory edges, and the hop distance ky,.

Lemma 5.4.6. Consider an instance of the MST problem under explorable uncertainty with
graph G = (V, E), uncertainty intervals I. and with predicted weights W, € I, forall e € E.
Let Eyr C E denote the set of mandatory edges and let Ep C FE denote the set of prediction
mandatory edges. Each e € EyfAEp satisfies k™ (e) > 1. Consequently, kj, > |EpfAEp|.
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Note that the following proof is essentially an adjusted variant of the proof of Theo-
rem 4.2.5 for the hypergraph orientation problem.

Proof. Consider an instance G = (V, F) with uncertainty intervals I, = (L., U,.), precise
weights w, and predicted weights w, for all e € E. Let Ep and Fj be the mandatory queries
with respect to the predicted and precise weights, respectively. We claim that, for every interval
I, of an edge e € EpAFE)y, there is an interval I, of an edge g that lies on a cycle with e
such that at least one of the following inequalities holds w, < L. < wy, wy < Ue < Wy,
Wy < Le < wg or Wy < Ue < wgy. This then implies ™ (e) > 1 forall e € E)AEp and,
thus, the lemma.

We continue by proving the claim. Consider an edge e € Ep \ Ej. (The argumentation
for edges in Ey \ Ep is symmetric, with the roles of w and w exchanged.) As e is not in Eyy,
replacing all intervals I, for g € E \ {e} by their precise weights yields an instance that is
solved. This means that for edge e one of the following cases applies:

(a) eis known to be in the MST. Then there is a cut X, containing edge e (namely, the cut
between the two vertex sets obtained from the MST by removing the edge e) such that
e is known to be a minimum weight edge in the cut, i.e., every other edge g in the cut
satisfies wy > U,.

(b) e is known not to be in the MST. Then there is a cycle C, in G (namely, the cycle that
is closed when e is added to the MST) such that e is a maximum weight edge in Ce, i.e.,
every other edge g in the cycle satisfies wy < Le.

As e isin Ep, replacing all intervals I, for g € E \ {e} by their predicted weights yields an
instance IT that is not solved. Let 7" be the minimum spanning tree of G’ = (V, E'\ {e}) for IL.
Let C’ be the cycle closed in 7" by adding e, and let f be an edge with the largest predicted
weight in C” \ {e}. Then there are only two possibilities for the minimum spanning tree of G
for IT: Either 7" is also a minimum spanning tree of G (if @, > W), or the minimum spanning
tree is 7" U {e} \ {f}. As the instance by assumption is not solved, it must be the case that we
cannot determine whether e is in the minimum spanning tree or not without querying e. If e
satisfied case (a) with cut X, above, then there must be an edge g in X, \ {e} with w, < U,
because otherwise e would also have to be in the MST of G for II, a contradiction. Thus,
wy < U, < wy. If e satisfied case (b) with cycle C, above, then there must be an edge g in
Ce \ {e} withw, > L., because otherwise e would also be excluded from the MST of G for
I1, a contradiction. Thus, wy, < L. < wy. In conclusion k~(e) > 1, which establishes claim
and lemma. O

The proof of the lemma states that e € EpAE)s implies £~ (e) > 1. We remark that for
this implication to hold it is not important that e € Ep A F); holds for the set Ep of edges
that are prediction mandatory for the initially given instance. If e € EpA E); holds at some
point during the execution of an adaptive query algorithm for the set of edges Ep that are
prediction mandatory for the current instance at that point of the execution, then k™ (e) > 1.

5.5 Making Instances Prediction Mandatory Free

In this section, we consider the implementation of the first framework phase for the MST
problem under explorable uncertainty with predictions. Remember that the first phase consid-
ers problem instances that are not prediction mandatory free and queries sets of edges with
strong local guarantees until the instance becomes prediction mandatory free. The goal is to
transform the instance into a prediction mandatory free one while still being in range to match
the consistency and robustness tradeoff lower bound (cf. Theorem 5.2.1) with a linear error
dependency on kj,. Formally, we will give an algorithm that achieves the following theorem.
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Theorem 5.5.1. For every integer v > 2. Given an instance of the MST problem under
explorable uncertainty with predictions, there is an algorithm that queries a set of edges
ALG such that the problem instance becomes prediction mandatory free after querying
ALG. Furthermore, the algorithm satisfies |ALG| < min{(1 + %) -(J(ALGUD)NOPT| +
kT (ALG) + k= (ALG)),~ - |(ALG U D) N OPT| + v — 2} for an optimal query set OPT
of the complete instance and a set D C E \ ALG of unqueried edges that do not occur in the
remaining instance after executing the algorithm as they can w.l.o.g. be deleted or contracted
after querying ALG.

The set D of the theorem are edges that, even without being queried by the algorithm, are
proven to be maximal in a cycle or minimal in a cut. Thus, they can be deleted or contracted
w.l.o.g. and do not exist in the instance remaining affer executing the algorithm anymore.
This is an important property as it means that the remaining instance is independent of D
and ALG (as all elements of ALG are already queried). Since the theorem compares [ALG]|
with [(ALG U D) N OPT] instead of just |OPT|, this will allow us to combine the given
guarantee of the theorem with the guarantees of dedicated algorithms for prediction mandatory
free instances. We will do so in Sections 5.6 and 5.7. However, we have to be careful with
the additive term v — 2, but we will see that we can charge this term against the improved
robustness of our algorithms for prediction mandatory free instances.

For the remainder of this section, we design and analyze an algorithm that satisfies Theo-
rem 5.5.1.

5.5.1 Algorithm and Overview of the Algorithmic Ideas

We present Algorithm 15 which transforms arbitrary instances into prediction mandatory free
instances while maintaining the guarantees of Theorem 5.5.1. Within the algorithm, X; for an
[ € T, refers to the set of edges in the cut between the two connected components of 77, \ {l}.
Furthermore, as usual, C; refers to the cycle in 77, U { f; }.

We start by giving a summary of the ideas behind the algorithm before we move on to the
formal analysis.

In each iteration the algorithm starts by querying edges that are prediction mandatory for
the current instance. The set of prediction mandatory elements can be computed in polynomial
time as shown in [EH14]. We use their algorithm as a blackbox to compute such edges.

The algorithm sequentially queries such edges until either v — 2 prediction mandatory
edges have been queried or no more exist (cf. Line 1). After each query, the algorithm ensures
unique 77, = Ty by using Lemma 5.2.6. Note that the set of prediction mandatory elements
with respect to the current instance can change when elements are queried, and therefore we
query the elements sequentially. By Lemma 5.4.6, each of the at most v — 2 elements is either
mandatory or contributes one to the hop distance. This means that such queries will never
violate the consistency and error-dependent part of the desired guarantees, i.e., the first term
of the minimum in Theorem 5.5.1. They might however violate the ~y-robustness.

In order to still guarantee robustness and in line with the basic framework described
in Section 5.3, the algorithm afterwards tries to identify a strengthened witness set, i.e., a set
of three edges such that every feasible solution must query at least two of them. The algorithm
finds such sets under the assumption that the predictions are correct and queries them in a
careful order such that it can decide after two queries whether the selected edges are indeed
a strengthened witness set, independent of whether the predictions of not yet queried edges
are correct or not. If the edges are indeed a strengthened witness set, the algorithm queries
also the third edge, which guarantees that the v 4 1 queries of the iteration locally achieve the
desired guarantee. Otherwise, we show that the two already queried edges form a witness set
and that we can charge the missing third query against a distinct error.
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Algorithm 15: Algorithm to make instances prediction mandatory free
Input: Uncertainty graph G = (V, E') and predictions w, for each e € E

1 Ensure unique 77, = Ty. Sequentially query prediction mandatory elements (while
ensuring unique 717, = 7y7) until either v — 2 prediction mandatory elements are
queried or the instance is prediction mandatory free;

2 Let 77, be the lower limit tree and f1, . . ., f; be the (non-trivial) edges in £/ \ 17,

ordered by non-decreasing lower limit;

foreach C; withi =1to [l do

3
4 if C; is not prediction mandatory free then
5 Let [; be an edge with largest upper limit in C; \ {f;};
6 ifwy, € I, andw;, € Iy, then Query {f;,l;};// cf. Fig. 5.9(a)
7 elseif wy, € I, then // cf. Fig. 5.9 (b)
8 lfﬂl; ECZ\{fZ,lZ} with Il; ﬂ‘[fi #Q)then
9 Il < edge in C; \ { f;,1;} with the largest upper limit;
10 Query { f;,1;}, query I} only if wy, € I, and wy, ¢ I, for all j with
li S Cj;
11 | else Query l;, query f; only if w;, € Iy, ;
12 else if wy € Iy, for somel; € Cjthen // cf. Fig. 5.9(c)
13 I} + edge with the largest upper limitin {I € C; \ {f;} | w; € I}, };
14 it 3f; € Xy \ {fi, l;} with I; N I, # ) then
15 fj < edgein Xy \ {fi, I/} with the smallest lower limit;
16 Query { fi, I/}, query f; only if wy, € Iy; and wy, ¢ I, for all
e € Ci\{fi};
17 else Query f;, query [; only if wy, € Iy
18 B Restart at Line 1;

In order to identify such edges, the algorithm considers the lower limit tree 77, and the
edges f1,..., fiin E'\ Tt ordered by non-decreasing lower limit. As before, we denote by C;
the cycle in 77, U { f;}. The algorithm iterates through i € {1, ...} until the current cycle
C; either has W, € Iy, orwy, € I, for some e € C; \ { f;}. We call such cycles not prediction
mandatory free and all other cycles prediction mandatory free. Note that if the current instance
is still not prediction mandatory free, it must contain at least one not prediction mandatory
free cycle by Lemma 5.4.4. Thus, the algorithm must find such a cycle in every iteration
except the final one.

If it finds such a cycle C}, closed by f;, it queries edges on the cycle and possibly future
cycles as follows. Let I; denote the edge in C; \ { f;} with largest upper limit. As C; is not
prediction mandatory free, the configuration of /; and f; and their predicted weights must be
one of those illustrated in Fig. 5.9(a)—(c). In each case, the algorithm queries one to three
edges while ensuring 1.5-consistency and 2-robustness locally for those queries, as well as a
more refined guarantee depending on prediction errors that will be needed when the algorithm
is used as part of our error-sensitive algorithm in Section 5.7. Line 6 handles the case of
Fig. 5.9(a), Lines 7—11 the case of Fig. 5.9(b), and Lines 12—17 the case of Fig. 5.9(c). We
now briefly sketch the analysis of these three cases and defer the formal statements and proof
details to Lemmas 5.5.2, 5.5.3 and 5.5.4 in the consequent section.

In Line 6, we can show that {/;, f;} is a witness set (giving local 2-robustness) and either
|OPT N {l;, fi}| = 2 (giving local 1-consistency) or k™ ({l;, fi}) > 1. For the queries made
in Line 10, we can show that if the algorithm queries three edges, OP'T must query at least
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(a) : (b) : ()
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FIGURE 5.9: with predictions indicated as red crosses. (a) Intervals in a prediction manda-
tory free cycle. (b)—(d) Intervals in a cycle that is not prediction mandatory free.

two of them (ensuring 1.5-consistency and 1.5-robustness). If the algorithm queries only
the two edges f; and [;, they form a witness set (2-robustness) and k™ ({f;,1;}) > 1. For
Line 11, we show that if the algorithm queries only [;, then { f;,l;} is a witness set and f; can
be deleted from the instance without querying it (giving 1-consistency and 1-robustness). If
the algorithm queries f; and ;, they form a witness set and k*({f;,1;}) > 1. The guarantees
we can prove for queries made in Lines 12—17 are analogous, except that the edge I/ can be
contracted instead of deleted if the algorithm queries only f; in Line 17. After processing
C; in this way, the algorithm restarts. The algorithm terminates when all C; are prediction
mandatory free, which holds at the latest when all edges in E have been queried.

We sketch the proof of Theorem 5.5.1. Elements queried in Line 1 to ensure unique
T, = Ty are mandatory by Lemma 5.2.6 and can be ignored in the analysis. Each iteration
of the algorithm queries a set P; of up to v — 2 prediction mandatory edges e in Line 1,
each of which is mandatory or satisfies £~ (e) > 1 by Lemma 5.4.6, showing |P;| < |P N
OPT| + k= (F;). In the last iteration, these are the only queries, and they contribute the
additive term v — 2 to the bound. In each iteration prior to the last, a set W; of at most
3 queries is made in Line 6, 10, 11, 16 or 17. These cases are covered by the following
possibilities: (1) The set W; consists of three edges, and OPT contains at least two of them,
giving |[W;| < 1.5 |OPT N W;| and |W;| < |OPT N W;| + 1; (2) The set W; consists of
two edges, and either OP'T contains both or OPT contains one of them and k:+(VVZ) > 1,
giving |W;| < 2- |OPTNW;| and |W;| < |OPT NW;| + kT (W;); (3) The set W; contains a
single edge e and we can delete or contract another edge g(e) such that {e, g(e)} is a witness
set, giving |W;| < |OPT N {e, g(e)}|. Combining these bounds over all iterations yields
Theorem 5.5.1, where the union of the edges g(e) constitutes the set D.

To conclude we observe that all edges queried by Algorithm 15 can, w.l.0.g., be contracted
or deleted: Since all queried edges are trivial and we ensure unique 77, = Ty, we can observe
that each queried e € Ty, = Ty is minimal on a cut and can be contracted, and each queried
e &€ Ty, = Ty is maximal on a cycle and can be deleted. This allows us to treat the instance
after the execution of the algorithm independently of all previous queries, which will turn out
to be a useful property when combining the algorithm with dedicated algorithms for prediction
mandatory free instances in Sections 5.6 and 5.7.

5.5.2 Formal Analysis of the Algorithm

We continue by turning the ideas of the previous section into a formal analysis of the algorithm.
The main part of the analysis considers the three different configurations of not prediction
mandatory free cycles (cf. Figure 5.9) and proves the local guarantees of the queries that the
algorithm executes for the respective case. To this end, we prove the following three lemmas
stating that, in each iteration of Algorithm 15, the queries made in one excution of Lines 6—17
locally satisfy 1.5-consistency and 2-robustness. All lemmas consider a cycle C; such that
all C; with j < ¢ are prediction mandatory free, /; is the edge with the largest upper limit
in C; \ {fi} and predictions are as indicated in Figure 5.9(a) (Lemma 5.5.2), Figure 5.9(b)
(Lemma 5.5.3), and Figure 5.9(c) (Lemma 5.5.4).
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Recall the following notation: As usual, we use 77, to refer to the lower limit tree of the
current instance and f1, ..., f; to refer to the edges in E\ 17, ordered by non-decreasing lower
limits. By G; = (V, E;) we denote the subgraph with the edges E; = T, U {fi,..., f;} and
for a query set ) we use @; to refer to the subset Q N F;.

Lemma 5.5.2. Let {f;,1;} denote a pair of edges queried in Line 6 of Algorithm 15, then
{fi,l;} is a witness set, and either both edges are mandatory or k™ ({ f;,1;}) > 1.

Proof. By assumption, all C; with j < 7 are prediction mandatory free. We claim that this
implies ; & C; for all j < i. Assume, for the sake of contradiction, that there is a C; with
Jj <iandl; € C;. Then, Ty, = Ty and j < ¢ imply that f; and f; have larger upper and lower
limits than /; and, since Ly, > L i it follows I;, N Iy, € I;; N T e Thus, w;, € Iy, implies
wy; € Iy, which contradicts cycle C; being prediction mandatory free. This allows us to
apply Lemma 5.4.1 and conclude that { f;, ;} is a witness set.

Consider any feasible query set () for the current instance G, then );_; verifies the MST
T;_; for graph GG;_; and () needs to identify the maximal edge on the unique cycle C in
T;—1 U{fi} since Q; has to be feasible for G; by Lemma 5.2.9. Following the argumentation
of Lemma 5.4.1, we can observe [;, f; € C. Since we assume 77, = Ty, we can also observe
that f; has the largest upper limit in C after querying Q;_1. By Lemma 5.4.2, [; has the largest
upper limit in C'\ { f;} after querying Q;—1 \ {l;}.

If wy, € Iy, then f; is mandatory according to Lemma 5.4.1. Otherwise, w;, < Ly, < wy,
and k*(l;) > 1. If wy, € 1Ij,, then [; is mandatory according to Lemma 5.4.3. Otherwise,
wy,>U;,>wy, and kT (f;) > 1. In conclusion, either { f;, [;} C @ for any feasible query set
QOI’ k+({fz,lz}) > 1. O

Lemma 5.5.3. Let { f;,1;,1.} denote the edges of Line 10. If the algorithm queries all three
edges, then |{ f;,1;,l\} N OPT| > 2. Otherwise, k*({fi,1;}) > 0 and |{ f;,l;} N OPT| > 1.

Let {l;, fi} denote the edges of Line 11. If the algorithm queries only l;, then |{ fi,1;} N
OPT| > 1and f; can be deleted from the instance without querying it. Otherwise, k™ ({ f;, l;}) >
0 and ‘{fz, lz} N OPT‘ > 1.

Proof. By assumption, all C; with j < 4 are prediction mandatory free. According to
Lemma 5.4.3, { f;,1;} is a witness set.

Consider the first part of the lemma, i.e., the edges { f;,[;,;} of Line 10. Assume first
that the algorithm queries all three edges. By Line 10, this means that wy, € I;, and wy, ¢ Iy,
for each j with [; € C}. According to Lemma 5.4.3, wy, € I;; implies that /; is mandatory.
Consider the relaxed instance where /; is already queried, then w;, & Iy, for each j with
l; € C; implies that /; is minimal in X, (the cut between the two connected components of
T, \ {l;}) and that the lower limit tree does not change by querying /;. This implies that [} is
the edge with the largest upper limit in C; \ {f;} in the relaxed instance and, by Lemma 5.4.3,
{fi, 1} is a witness set. Thus, [{f;,{;, I/} N OPT| > 2.

Next, assume that the algorithm queries only { f;,/;}. Then, either wy, € I;;, or wy, € Iy,
for some j with [; € C;. Note that if w;, € I #; holds for some j with l; € Cj, then, by
the ordering of the edges in £ \ 17, the statement holds for some j < i. If wy, & I, then
wy, > Uy, > wy, and k*(f;) > 1 follows. If wy, € Iy, thenwy, < Ly, < wy, and k™ (1;) > 1
follows. Note that w;, < Ly, holds for ¢ = j because the if-statement in Line 6 failed and for
J < i itholds as the corresponding cycle Cj is prediction mandatory free by assumption. In
conclusion, if either wy, ¢ Ij; or wy, € Iy, for some j with [; € C}, then kT (fi,l;) > 1.

Consider the second part of the lemma, i.e., the elements { f;, [;} of Line 11. Assume first
that the algorithm queries only ;. Clearly, |{f;,l;} N OPT| > 1 as {f;,[;} is a witness set.
Consider the cycle C;. As f; is not queried, it follows w;, & Iy,. Furthermore, by definition
of Line 11, it holds Iy N Iy, = () forall I} € C; \ {fi,1;}. Thus, f; is proven to be uniquely
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maximal on cycle C; and, therefore, can be deleted from the instance. Next, assume that the
algorithm queries /; and f;. Clearly, |{f;,1;} N OPT| > 1 still holds. As f; is queried, we
have wy, > Ly, > w;, and, therefore, & ({ f;,1;}) > 1. O

The next lemma can be shown using analogous arguments.

Lemma 5.5.4. Let { f;, 1}, f;} denote the edges of Line 16. If the algorithm queries all three
edges, then |{ f;,1l, f;} N OPT| > 2. Otherwise, k™ ({ f;,1,}) > 0 and |{f;,1} N OPT| > 1.

Let {l, f;} denote the edges of Line 17. If the algorithm queries only f;, then |{f;, 1} N
OPT| > 1 and l} can be contracted from the instance without querying it. Otherwise,
k+({fi, l;}) > 0and |{f;, l;} NOPT| > 1.

Proof. By assumption, all C; with j < i are prediction mandatory free. We claim that this
implies I} ¢ C; for all j < i. Assume, for the sake of contradiction, that there is a C; with
Jj <iandl, € C;. Then, Ty, = Ty and j < i imply that f; and f; have larger upper and lower
limits than l; and, since Ly, > ij, it follows Il; N1y C Il; N Ifj. Thus, El; € Iy, implies
wy, € Iy, which contradicts C; being prediction mandatory free. This allows us to apply
Lemma 5.4.1 to conclude that { f;, I/} is a witness set.

Consider the first part of the lemma, i.e., the edges { f;, I/, f;} of Line 16. Assume first that
the algorithm queries all three elements. By Line 16, this means that wy € Iy, and wy, & 1.
for each e € C;. According to Lemma 5.4.1, wy € Iy, implies that f; is mandatory. Consider
the relaxed instance where f; is already queried,zthen wy, & I, for each e € C; implies that f;
is maximal in cycle C; and that the lower limit tree does not change by querying f;. It follows
that f; is the edge with the smallest index (observe that j > ¢ must hold by the argument at
the beginning of the proof) and [, € C} in the relaxed instance and, by Lemma 5.4.1, { f;, 1}
is a witness set. Thus, I, f;} nOPT| > 2.

Next, assume that the algorithm queries only { f;, I}. Then, either wy ¢ Iy orwy, € I
for some e € Cj. If wy ¢ Iy, then wy < Ly, < Wy and k¥ (I7) > 1 follows. If wy, € I,
then Wy, > Ue > wy, and k7 (f;) > 1 follows. Therefore, wy ¢ Iy, or wy, € I. for some
e € C; implies k*({f;,Il}) > 1

Consider the second part of the lemma, i.e., the elements {f;, 1.} of Line 17. Assume
first that the algorithm queries only f;. Clearly, Iy NOPT| > 1as{f;,1;} is a witness
set. Consider the cut X, between the two connected components of 77, \ {/;}. As I; is not
queried, it follows wy, ¢ 1, - Furthermore, by definition of Line 17, it holds I, N I, 1= () for
all fj € Xy \{fi, l;}. Thus, I is proven to be uniquely minimal in cut X}, and, therefore, can
be contracted from the instance. Next, assume that the algorithm queries f; and [;. Clearly,
[{fi,l;} N OPT| > 1 still holds. As [} is queried, we have wy, < Uy < wy, and, therefore,

({1} = L O

Using these three lemmas, we are finally ready to give a full proof of Theorem 5.5.1.

Proof of Theorem 5.5.1. Since Algorithm 15 only terminates if Line 4 determines each C;
to be prediction mandatory free, the instance after executing the algorithm is prediction
mandatory free by definition and Lemma 5.4.4. All elements queried in Line 1 to ensure
unique 77, = Ty are mandatory by Lemma 5.2.6 and never worsen the performance guarantee.

During the course of the proof, we use iteration to refer to one execution of the algorithm
starting from the first line until it restarts or terminates. Since the last iteration does not query
in Lines 6, 10, 11, 16 and 17, the last iteration queries at most v — 2 edges. All those edges
are prediction mandatory and they cause the additive part in the second term of the minimum.
In the following, we consider iterations ¢, that are not the last iteration. Each such iteration ¢
queries a set P; of v — 2 prediction mandatory elements in Line 1 and a set W; in Line 6, 10,
11, 16 or 17. By Lemma 5.4.6, each e € P, is either mandatory or k™ (e) > 1.
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Consider an arbitrary iteration ¢ (that is not the last one). Then,
holds by by the argument above.

Assume W; was queried in Line 6, 10 or 16, then Lemmas 5.5.2 to 5.5.4 imply |W;| < % .
(IWi NOPT| + k+(W;)). Thus, [W;UP;| < (142)-(|OPTN(W;UP) [+kT (W) +k™ (F)).
At the same time, the lemmas imply that either |I¥;| = 2 and W is a witness set or |IW;| = 3
and each feasible query set must contain at last two members of W;. In both cases we have
Wi UP,| < -|OPT N (W;UP)l.

Putting it together, we get |W; U P;| < min{(1 + %) ~(IOPT N (W U Py)| + k(W) +
k= (F;)),~y - |[OPT N (W; U P;)|}. Let K1 denote the union of all sets W; U P; that satisfy
the assumption and let .J; denote the index set of the corresponding sets. Note that the sets
W; U P; for different indices ¢ are pairwise disjoint as the algorithm never queries edges
multiple times. Thus, we get

P| <|OPTNP|+k™(P;)

K1l =) [Wiu P

i€J1

< Z min{(1 +

i€Jy

1
§ mln{(l + ;)(|OPT N ]C1| + k’+(’C1) + k_(IC1>),’)”OPT N ’C1|}

imom (Wi U B[ + KX (W) + k= (P)),7|OPT 1 (W; U P)|}

Assume now that W; was queried in Line 11 or 17. Let e; € W, denote the ele-
ment that is queried first, and let g(e;) denote the element that either is queried second
or deleted/contracted after the first query. Since each g(e;) is either queried or deleted/-
contracted, no such edge is considered more than once. Lemmas 5.5.3 and 5.5.4 imply
Wil < (|(W; U{g(es)}) N OPT| + k*(W5)) and [Wi| < 2 - [(W; U {g(e;)}) N OPT].
Thus, [W; U P;| < (1 + %) - (|JOPT N (W; U {g(e))} U P)| + kT (W;) + k~(P;)) and
(Wil <~ -|(W; U{g(ei)} U P;) N OPT|. Let Ky denote the union of all sets W; U P; that
satisfy the assumption, let Jo denote the index set of the corresponding sets, and let G denote
the union of all corresponding {g(e;)}:

|

= Y IWup|
W;eda

< > min{|]OPT N (Wi U{g(e:)} U P)| + k(Wi U P,),y|OPT N (W; U {g(e:)} U P}
W;eJa

< min{|OPT N (K U G)| + k* (Ks) + k= (K2),7|OPT N (K UG)|}-

Let K3 denote the queries of the last iteration. Recall that D is the set of edges in £\ ALG
that can be deleted/contracted by the algorithm before the final iteration. By definition, G C D.
Furthermore, note that |[C3| < v — 2 and |K3| < |OPT N K3| + k= (K3). The latter holds
by Lemma 5.4.6 as the edges in K3 are prediction mandatory for the current instance when
they are queried.

Since K1, K2 U G and KC3 are pairwise disjoint, we can conclude

|ALG1| = |K1| + K| + |K3]
< min{(1 + ,1y) - ([(ALG U D)NOPT| + k*(ALG) + k~(ALG))

,7 - |[(ALG U D)NOPT| 4 v — 2}.
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5.6 Optimal Consistency and Robustness Tradeoff

In this section, we design an algorithm that achieves the optimal tradeoff between consistency
and robustness, matching the lower bound of Theorem 5.2.1. To this end, we prove the
following theorem.

Theorem 5.6.1. For every integer v > 2, there exists a (1 + %)-consistent and ~y-robust

algorithm for the MST problem under explorable uncertainty with predictions.

To show this result, we design an algorithm for prediction mandatory free instances
with unique 77, = Ty, which corresponds to the second framework phase as described
in Section 5.3. We run it after Algorithm 15, which obtains such special instances from
arbitrary instances with the query guarantee of Theorem 5.5.1. The combination of both
algorithms will achieve the optimal tradeoff.

Note that we only prove consistency and robustness for the algorithm of this section. We
extend the algorithm to also achieve an error-dependency in Section 5.7.

5.6.1 Optimal Tradeoff for Prediction Mandatory Free Instances

We give a 1-consistent and 2-robust algorithm for prediction mandatory instances. Note that
this tradeoff is optimal for such instances as it achieves optimality if the predictions are correct
and otherwise matches the adversarial lower bound of two (cf. Theorem 2.2.3).

Theorem 5.6.2. There exists a 1-consistent and 2-robust algorithm for preprocessed prediction
mandatory free instances of the MST problem under explorable uncertainty with predictions.

Consider a preprocessed prediction mandatory free instance with graph GG and lower limit
tree T7,. Recall the following notation: Let fi, ..., f; again denote the edges in E'\ 77, ordered
by non-decreasing lower limits and let C; with i € {1,...,[} denote the cycle in T, U {f;}.
For an edge [ € T7, let X; denote the set of edges in the cut between the two connected
components of 77, \ {l}.

In a prediction mandatory free instance, each f; € F \ T, is predicted to be maximal on
cycle C;, and each [ € TT, is predicted to be minimal in X;. This is a direct consequence of
the characterization of such instances given in Lemma 5.4.4.

If these predictions are correct, then 77, is an MST and the optimal query set is a minimum
vertex cover in a bipartite graph G = (V, E) with V = E (excluding trivial edges) and
E={{fie} CV]ie{l,....l},ee C;\ {fi} and [ NI, # 0} [EH14; MMS17]. We
refer to G as the vertex cover instance. The fact that the (predicted) optimal query set is a
minimum vertex cover of the vertex cover instance was shown in [EH14], but we also discuss
later in this section why this is the case.

As a consequence of this fact, just querying a minimum vertex cover of the vertex cover
instance guarantees optimality if the predictions are correct and, thus, 1-consistency. Recall
that for the hypergraph orientation problem of the previous chapter, the size of such a minimum
vertex cover was also a lower bound on the size of the optimal query set independent of whether
the predictions are correct or not. This property essentially allowed us to non-adaptively query
the complete vertex cover and still guarantee 2-robustness. For the minimum spanning tree
problem however, this property does not hold. The reason for this is that if a query reveals that
an f; is not maximal on C; or an [ € T7, is not minimal in X, then the vertex cover instance
changes. Such a change can drastically increase and decrease the size of the minimum vertex
cover.

To see this, consider the example instance of Figure 5.10. The figure shows a prediction
mandatory free instance with Ty, = {l1,...,l, o} and E\ T = {f1,..., fn/2}. Given the
graph and uncertainty intervals of the figure, the corresponding vertex cover instance G is the
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FIGURE 5.10: Graph G = (V, E) (left) and uncertainty intervals of G (right). The black

edges (I1,...,1,/2) form the lower limit tree 77, and the blue edges (f1, ..., f,/2) are the
edges outside of T,. Circles illustrate precise weights and crosses illustrate the predicted
weights.

.fn/2

fn/2

ln/2 .

FIGURE 5.11: Uncertainty graph G = (V, E) (left) and corresponding vertex cover instance
G (right). The black edges (I1, . . ., I, /2) form the lower limit tree 77

complete bipartite graph with the partitions 77, and F \ T7. Thus, both 77, and E'\ T}, are
minimum vertex covers of size n/2. However, if the predictions are wrong and the precise
weights are as depicted in the figure, then querying only /; and f; solves the instance. This
show that the size of the initial minimum vertex cover is no lower bound on |OPT| and that
changes in the vertex cover instance can decrease the size of the minimum vertex cover.

The example of Figure 5.11 shows that the inverse is true as well, i.e., that changes in the
vertex cover instance can increase the size of the minimum vertex cover. The figure shows an
instance with graph G = (V, F) and the corresponding vertex cover instance G when using
the uncertainty intervals of the previous Figure 5.10. The instance is prediction mandatory
free and the minimum vertex cover of the vertex cover instance is { f1, (1 }. However, for the
precise weights of Figure 5.10, querying { f1,1 } proves that f; is part of the MST but [; is
not. After querying { f1,[; }, the new lower limit tree is the path f, lnj2s 513,102,101 and all
edges outside of the lower limit tree connect the endpoints of the path. The resulting graph has
the same form as the one in Figure 5.10 and the vertex cover instance is the complete bipartite
graph. So, the size of the new minimum vertex cover is (n/2) — 1 (as [; and f; have already
been queried), which shows that the size of the minimum vertex cover can increase.

These two examples illustrate that a 2-robust algorithm cannot afford to non-adaptively
query the complete vertex cover of the vertex cover instance, which is a major difference to
the algorithms for the hypergraph orientation problem of the previous chapter. Instead, the
algorithm has to be more adaptive.

Let VC denote a minimum cardinality vertex cover of the vertex cover instance. The
idea of our algorithm (cf. Algorithm 16) is to sequentially query each e € V C and charge
for querying e by a distinct non-queried element h(e) such that {e, h(e)} is a witness set.
Querying exactly one element per distinct witness set implies optimality. To identify h(e) for
each element e € V' (', we use the fact that Kénig-Egervdry’s Theorem (cf., e.g., [BLW86])
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on the duality between minimum vertex covers and maximum matchings in bipartite graphs
implies that there is a matching h that maps each e € V(' to a distinct ¢ ¢ VC. While
the sets {e, h(e)} with e € V(' in general are not witness sets, querying V' C' in a specific
order until the vertex cover instance changes (because of a prediction error) guarantees that
{e, h(e)} is a witness set for each already queried e. The algorithm queries in this order until
it detects a wrong prediction or solves the problem. If it does not find a prediction error,
then it just queries V' C' and, thus, is 1-consistent. Otherwise, it finds a wrong prediction and
therefore only has to guarantee 2-competitiveness. In that case, it queries the partner h(e) of
each already queried edge e. Since all those {e, h(e)} are witness sets, querying them never
worsens the competitive ratio below 2. Afterwards, the algorithm can just solve the remaining
instance by using a 2-competitive algorithm, e.g., the witness set algorithm [MMS17; Hof+08]
of Section 5.2.3.

The key part of this idea is to specify an order for querying V' C that guarantees that
{e, h(e)} is a witness set for each e € V' C that is queried before a prediction error is detected.
The following lemma specifies this order and shows that it satisfies the property.

Lemma 5.6.3. Let I, ..., 1} be the edges in VC N Ty, ordered by non-increasing upper limit
and let d be such that the precise welght of each l; with i < d is minimal in cut X [ between
the components of Ty, \ {l}}, then {1}, h(1})} is a witness set for each i < d. Let f1, ..., f, be
the edges in VC \ T1, ordered by non-decreasing lower limit and let b be such that the precise
weight of each f] with i < bis maximal in the cycle Cyr of T, U {f;}, then { f;, h(f;)} is a
witness set for each i < b.

Proof. We separately prove the first and second statement of the lemma.

Proof of the first statement. Consider an arbitrary I} and h(l}) with ¢ < d. By definition
of h, the edge h(l}) is not part of the lower limit tree. Consider C’h(l;), i.e., the cycle in
T, U{h(l;)}. We claim that Cj, ;) only contains h(l;) and edgesin {l1, ..., } (and possibly
irrelevant edges with intervals that do not intersect Iy, 17))- To see this, recall that I, € V'C by
definition of i implies A (l;) ¢ VC. For VC to be a vertex cover, each e € Cy(yy \ {2(I})}
must either be in V'C or have an uncertainty interval that does not intersect h (1} )

Consider the relaxed instance where the precise weight for each l; with j < dand j # i
is already known. By assumption each such l; is minimal in its cut X iz Thus, we can w.l.o.g.

contract each such edge. This means that in the relaxed instance [/ has the largest upper limit
in Cpry \ {2(17)}. According to Lemma 5.4.3, {Ij, h(I;)} is a witness set.

Proof of the second statement. Consider an arbitrary f/ and h(f/) with ¢ < b. By
definition of h, the edge h(f/) is part of the lower limit tree. Let X; be the cut between the
two components of 77, \ {h(f!)}, then we claim that X; only contains i(f/) and edges in
{f1,---, fé} (and possibly irrelevant edges with uncertainty intervals that do not intersect
In(s1))- To see this, assume an f; € {f1,..., fi} with f; € VC and Iy, N Iy # 0 was
part of X;. Since f; ¢ VC, each edge in C’ \ {f;} must either be part of VC’ or have an
uncertainty interval that does not intersect I h(fy)» @S otherwise V' C would not be a vertex
cover for the vertex cover instance. But if f; is in cut Xj;, then C; must contain h(f]). By
definition, we have h(f/) ¢ VC, which is a contradiction to VC being a vertex cover as
{f;, h(f])} would not be covered. We can conclude that X; only contains h(f;) and edges in
(Fle 13

Consider the relaxed instance where the precise weight for each f]’~ with j < band j # i
is already known. By assumption each such fJ’. is maximal in its cycle C 1 Thus, we can

w.l.o.g. delete each such edge. This means that f; has the smallest lower limit in X; \ {h(f)}
in the relaxed instance, which allows us to apply Lemma 5.4.1 to conclude that { f/, h(f/)} is
a witness set.

Using this lemma, it is not hard to prove Theorem 5.6.2.
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Algorithm 16: 1-consistent and 2-robust algorithm for prediction mandatory free
instances.
Input: Prediction mandatory free graph G = (V, E') with unique 77, = Ty .

1 Compute maximum matching ~ and minimum vertex cover VC for G;
2 Set W = (), and let f{,..., fyand [},..., [} be as described in Lemma 5.6.3;
3 for e chosen sequentially from the ordered list f1, ..., fy,11,...,1} do
4 Query e and add h(e) to W;
if k1 (e) # 0 then

L Query set W solve the instance with a 2-competitive algorithm;

aQ W

Proof of Theorem 5.6.2. We first show 1-consistency. Assume that all predictions are correct,
then V' C is an optimal query set and k™ (e) = 0 holds for all e € E. It follows that Line 6
never executes queries and the algorithm queries exactly V' C. This implies 1-consistency.
Next, we prove the 2-robustness. If the algorithm never queries in Line 6, then the
consistency analysis implies 1-robustness. Suppose Line 6 executes queries. Let (); denote
the set of edges that are queried before the queries of Line 6 and let Q2 = {h(e) | e € Q1 }.
Then @2 corresponds to the set W as queried in Line 6. By Lemma 5.6.3, each {e, h(e)} with
e € Q1 is a witness set. Further, the sets {e, h(e)} are pairwise disjoint. Thus, |Q1 U Q2| <
2-|OPT N (Q1UQ2)|. Apart from @1 U Q2, the algorithm queries a set (3 in Line 6 to solve
the remaining instance with a 2-competitive algorithm. So, |Q3]| < 2 |OPT \ (Q1 U Q2)|
and, adding up the inequalities, |ALG| < 2 - |OPT]. O

5.6.2 Optimal Tradeoff for General Instances

We show that the algorithm that first executes Algorithm 15 and then Algorithm 16 satisfies
the guarantees of Theorem 5.6.1, i.e., achieves the optimal consistency and robustness tradeoff.
In order to do so, we carefully combine Theorems 5.5.1 and 5.6.2.

Proof of Theorem 5.6.1. Let ALG = ALG;UALG- be the query set queried by the algorithm,
where ALG; and ALGj, are the queries of Algorithm 15 and Algorithm 16, respectively. Let
P C ALG; denote the edges queried in the last iteration of Algorithm 15. Furthermore, let D
denote the set of edges in £/ \ ALG; that can be deleted or contracted during the execution of
Algorithm 15. This implies D N ALGy = ().

Assume first that ALGo = (). Then, querying ALG; solves the problem. Theorem 5.5.1
directly implies (1 + %)—consistency. However, due to the additive term of v — 2 in the second
term of the minimum, the theorem does not directly imply y-robustness. Recall that the
additive term is caused exactly by the queries to P. As the algorithm executes queries in
the last iteration, it follows that the instance is not solved at the beginning of the iteration
(a solved instance is prediction mandatory free and would lead to direct termination). Thus,
|OPT\ ((ALG;UD)\ P)| > 1and |P| < (y—2)-|OPT\ ((ALG1UD)\ P)|. Ignoring the
additive term caused by P, Theorem 5.5.1 implies |ALG1\ P| < ~-|OPTN((ALG1UD)\ P)|.
As |[ALG| = |ALG; \ P| + |P|, adding up the inequalities implies [ALG| < v - |OPT].

Now, assume that ALGo # (). Let OPT = OPT; U OPT be an optimal query set with
OPT; = OPT N (ALG; U D) and OPTy = OPT \ (ALG; U D). Theorem 5.5.1 implies
|ALG; \ P| <~ -|OPT; \ P]| (since the additive term in Theorem 5.5.1 is caused by P).

By Theorem 5.6.2, ALGy # () implies OPTy # (). Thus, |OPT3| > 1 and |P| <
(v — 2) - |OPTq|. Furthermore, Theorem 5.6.2 also implies |ALG3| < 2 - |OPT3| and, thus,
|ALG2 U P| < v - |OPT3| Adding up the inequalities for [ALG; \ P|and |[ALG2 U P|, we
get |ALG| < v - |OPT]| and, therefore, y-robustness.
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In terms of consistency, Theorem 5.5.1 implies |[ALG;| < (1 + %) - |OPTq| if all
predictions are correct and Theorem 5.6.1 implies |[ALGy| = |OPTy| if all predictions are
correct. Together, the inequalities imply (1 + %)—consistency. O

5.7 An Error-Sensitive Algorithm

In this section, we extend the algorithm of Section 5.6 to obtain error sensitivity. To that end,
we show the following theorem.

Theorem 5.7.1. For every integer v > 2, there exists a min{1+ % + ‘g'{.f’%‘ , 7+ 1}-competitive

algorithm for the MST problem under explorable uncertainty with predictions.

The guarantee of the theorem does not quite match the tradeoff lower bound of Theo-
rem 5.2.1, as the robustness of the algorithm is slightly worse. We remark that the precise
robustness of our algorithm is max{3,~y + ﬁ}, which might be smaller than v + 1 but
still does not match the lower bound. It remains open whether an algorithm with linear
error-dependency on ky, that matches the tradeoff lower bound is possible.

To achieve the guarantee of the theorem, we again design a dedicated algorithm for
prediction mandatory free instances and use it in combination with Algorithm 15, which
transforms general instances into prediction mandatory free ones.

5.7.1 Error-Sensitive Algorithm for Prediction Mandatory Free Instances

We give an algorithm for prediction mandatory free instances that asymptotically matches the
error-dependent guarantee of Theorem 5.2.3 at the cost of a slightly worse robustness. The
following theorem formalizes the precise competitive ratio of the algorithm.

Theorem 5.7.2. There exists a min{1 + | g'{;% , 3}-competitive algorithm for preprocessed

and prediction mandatory free instances of the MST problem under explorable uncertainty
with predictions.

We first describe the ideas behind the algorithm that satisfies the theorem and in particular
describe the similarities and differences to Algorithm 16 of the previous section. Afterwards,
we move on to formally analyze the algorithm.

Algorithmic ideas. We follow the same basic strategy as Algorithm 16, the algorithm for
prediction mandatory free instances without error-dependency. The main difference is that
Algorithm 16 just executes a 2-competitive algorithm for the problem without predictions once
it detects an error. This is sufficient to achieve the optimal tradeoff as we, if an error occurs,
only have to guarantee 2-competitiveness. To obtain an error-sensitive guarantee however, we
have to ensure both, |[ALG| < 3 - |OPT| and |ALG| < |OPT| + 5 - kj, even if errors occur.
We cannot guarantee this by using a 2-competitive algorithm as a black box whenever we
detect an error. Furthermore, we might also not be able to afford queries to the complete set W
(Algorithm 16, Line 6) in the case of an error as this might violate |ALG| < |OPT| + 5 - kj,.
Thus, we need a different algorithm to achieve error-dependency.

We adjust the algorithm to query elements of fi,..., f; and [},..., [} as described
in Lemma 5.6.3 not only until an error occurs but until the vertex cover instance changes. That
is, until some edge f that at the beginning of the iteration is not part of 77, becomes part of the
lower limit tree, or some edge [ that at the beginning of the iteration is part of 17, is not part of
the lower limit tree anymore. We again use the set W, to store all matching partner h(e) of
queried edges e. Once the instance changes, we recompute both, the bipartite graph G as well
as the matching h and minimum vertex cover V C for G. Instead of querying the complete
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Algorithm 17: Error-sensitive algorithm for prediction mandatory free instances of
the MST problem under explorable uncertainty

Input: Preprocessed and prediction mandatory free instance of the MST problem
under explorable uncertainty with graph G = (V, E) and lower limit tree 77,
1 Compute maximum matching / and minimum vertex cover VC for G and set W = {);
2 Let ff,..., fyand 1, ..., 1} be as described in Lemma 5.6.3 for VC and h;
3 L(—TL,N%E\TL;

4 for e chosen sequentially from the ordered list f1, ..., fy,11,...,1} do

5 If e is non-trivial, i.e., has not been queried yet, query e and add h(e) to W;

6 Ensure unique 77, = Ty. For each query €/, if Ja s.t. {¢/,a} € h, query a ;

7 Let G’ = (f/l, El) be the vertex cover instance for the current instance;

8 if Some ¢’ € L is notin Ty, or some €' € N is in Ty, then

9 repeat

10 Let G =G andh = {{/,e"} € h | {¢/,e"} € E'};

11 Compute h and V' C by completing / with an augmenting path algorithm;
12 Query R= (VCURWVC)N(WU{e | Je e W with{e,e'} € h});
13 Ensure unique 77, = Ty . For each query ¢/, if Ja s.t. {€/,a} € h, query a;
14 Let G = (V’, E,) be the vertex cover instance for the current instance;
15 until R = 0;
16 Restart at Line 2. In particular, do not reset W,

set W as in Algorithm 16, we only query the elements of W that occur in the recomputed
matching, as well as the new matching partners of those elements. And instead of switching to
a 2-competitive algorithm, we restart the algorithm with the recomputed matching and vertex
cover.

Algorithm 17 formalizes this approach. In the algorithm, 77, and Ty always refer to
the current lower and upper limit trees after all previous queries. Furthermore, / denotes a
matching that matches each e € V C' to a distinct h(e) ¢ V C; we use the notation {e, e’} € h
to indicate that h matches e and ¢’. For a subset U C VC'let h(U) = {h(e) | e € U}. For
technical reasons, the algorithm does not recompute an arbitrary matching % but follows the
approach of Lines 10 and 11: Whenever the vertex cover instance changes from G to G,
the algorithm considers the partial matching A consisting of all elements that are part of the
matching for G and still form edges for G'. Based on this partial matching h, the algorithm
then computes a new matching for G by using a standard augmenting path algorithm. After
that, the algorithm queries all elements e of set W that became part of the new matching as
well as their new matching partners 4 (e). The idea behind computing the new matching in
this particular way is that an arbitrary maximum matching » might contain too many elements
of W, which would lead to too many additional queries.

The final difference to the previous Algorithm 16 is that whenever the new algorithm
queries mandatory edges €’ to ensure unique 77, = Ty in Lines 6 and 13, it also queries the
current matching partner h(e’) of €’ if €’ is part of the current matching. Since each such
queried edge €’ is mandatory but not prediction mandatory, it not only must be part of every
optimal query set but also incurs an error by Lemma 5.4.6. Thus, the algorithm can afford to
query both ¢’ and h(e’) without violating the target guarantee.

Formal analysis. We continue by formally analyzing the algorithm. Let ALG denote the
queries of Algorithm 17 on a preprocessed and prediction mandatory free instance and let OPT
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denote a fixed optimal query set. We show Theorem 5.7.2 by proving [ALG| < |OPT|+5-ky,
and [ALG| < 3-|OPT]|.

Before we show the two inequalities, we state some key observations about the algorithm.
We argue that an element ¢/ can never be part of a partial matching / in an execution of
Line 10 after it was already added to set W. Recall that the vertex cover instances only
contain non-trivial elements. Thus, if an element e is queried in Line 5 and the current partner
¢/ = h(e) is added to set TV, then the vertex cover instance at the next execution of Line 10
does not contain the edge {e, ¢’} and, therefore, ¢’ is not part of the partial matching h of that
line. As long as €’ is not added to the matching by Line 11, it, by definition, can never be part
of a partial matching / in an execution of Line 10. As soon as the element ¢’ is added to the
matching in some execution of Line 11, it is queried in the following execution of Line 12.
Therefore, €’ can also not be part of a partial matching & in an execution of Line 10 after it is
added to the matching again. This leads to the following observation.

Observation 5.7.3. An element €' can never be part of a partial matching h in an execution
of Line 10 after it is added to set W. Once €' is added to the matching again in an execution
of Line 11, it is queried directly afterwards in Line 12, and cannot occur in Line 5 anymore.

We first analyze all queries that are not executed in Line 12. Let Q1 C ALG denote the
queries of Line 5, i.e., (J1 contains the “regular” queries that are executed as part of the vertex
cover in the order of Lemma 5.6.3. For each e € Q1 let h*(e) be the matching partner of e at
the time it was queried, and let h*(Q1) = ., {h"(€)}. Finally, let Q2 denote the queries
of Lines 6 and 13 to elements of h*(Q1), and let Q3 denote the remaining queries of those
lines. With the following lemma we show that the queries of Q1 U Q2 U Q3 satisfy the target
guarantees.

Lemma 5.7 4. ‘Ql UQgUh*(Q1)| < 2-‘OPTQ(Q1 UQgUh*(Ql))’ and\Ql UQQUQ3’ <
|OPT N (Q1UQs UL (Q1))] + k™ (Q2U Qs).

Proof. First, consider Q1 and h*((Q1). By Lemma 5.4.5, the instance is prediction mandatory
free at the beginning of each restart of the algorithm. By Lemma 5.6.3, each {e, h*(e)} with
e € Q1 is a witness set. We claim that all such {e, h*(e)} are pairwise disjoint, which implies
|Q1UR*(Q1)] <2-|OPTN(Q1UR*(Q1))]|. If the sets were not pairwise disjoint, an element
of {e, h*(e)} must occur a second time in Line 5 after e is queried and h*(e) is added to W'.
Thus, either e or h*(e) must become part of a recomputed matching in line 10. Edge e will not
be part of such matching as it has already been queried. By Observation 5.7.3, edge h*(e) will
also never be part of a such a matching. Thus, the sets {e, h*(e)} with e € @)1 are pairwise
disjoint and we get |Q1 U h*(Q1)] < 2-|OPT N (Q1 U h*(Q1))]

Consider an e € Q2 C h*(Q1) and let ¢’ € Q1 with h*(e’) = e. Since ¢’ € Q1, it was
queried in Line 5. Observe that e must have been queried after €/, as otherwise either ¢’ would
not have been queried in Line 5 (but together with e in Line 6 or 13), or e would not have been
the matching partner of e’ when it was queried; both contradict ¢’ € @)1 and h*(¢’) = e. This
and Observation 5.7.3 imply that, at the time e is queried, its current matching partner is either
the trivial €’ or it has no current partner. So, e must have been queried in Line 6 or 13 because
it was mandatory and not as the matching partner of a mandatory edge. Thus, each query of ()2
is mandatory but, by Lemma 5.4.5, not prediction mandatory at the beginning of the iteration
in which it is queried. Therefore, Lemma 5.4.6 implies that all mandatory elements e of ()2
have k£~ (e) > 1. Thus, £~ (Q2) > |Q2|. Together with the observation that all {e, h*(e)} are
pairwise disjoint witness sets, this implies |1 U Q2| < |OPT N (Q1 NA*(Q1))] + £~ (Q2).

By the argument above, no element of ()35 was queried as the matching partner to an
element of (Y2 U Q1. Thus, by Lemma 5.2.6 and the definition of the algorithm, at least
half the elements of ()3 are mandatory, and we have |Q3| < 2 - |OPT N @3/, which implies

|Q1UQ3UR (Q1)] <2-[OPTN(Q1UQ3UR (Q1))].
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Since at least half the elements of Q3 are mandatory, we have 3|Qs| < |OPT N Q3]
By the same argument as for )2, all mandatory elements e of Q3 have £~ (e) > 1. Thus,
k=(Q3) > 3 - |Qs]. Combining k™ (Q3) > 3 -|Qs] and 3|Qs| < |OPT N Q3| implies
|Q3] < |OPT N Q3| + k~(Q3). Together with the inequality for |1 U Q2|, we get |Q1 U
Q2U Qs3] < [OPTN(Q1UQ3 UL (Q1))] + k™ (Q2UQ3). O

Note that the first part of Lemma 5.7.4, i.e., |Q1 U Q3 U A" (Q1)| < 2-|OPT N (Q1 U
Q3 U h*(Q1))], captures not only all queries outside of Line 12 but also all queries of Line 12
to elements of set W = h*(Q1). Thus, to prove |ALG| < 3 - |OPT], it remains to analyze
the remaining queries of Line 12 that do not go to elements of set W. Let Q) denote the
set of such queries. Observe that Line 12 only executes queries to members of W and their
recomputed matching partners. By Observation 5.7.3, each element of W is considered at
most once in Line 12. This implies |Q)| < |[W/|. Since |IW| < |OPT]| (as shown in the proof
of the previous lemma), we can conclude the following lemma.

Lemma 5.7.5. |[ALG| < 3-|OPT]|.

Next, we show |[ALG| < |OPT| + 5 - k. Lemma 5.7.4 implies |Q; U Q2 U Q3] <
|OPT N (Q1 U Q3 UR*(Q1))| + k~(Q2U Q3). Hence, it remains to upper bound |Q4| with
Q1 = ALG \ (Q1 U Q2 U Q3) by 4 - k. By definition, Q4 only contains edges that are
queried in Line 12. Thus, at least half the queries of ()4 are elements of IV that are part of
the matching h. By Observation 5.7.3, no element of W is part of the partial matching & in
Line 10. So, in each execution of Line 12, at least half the queries are not part of 4 in Line 10
but added to h in Line 11. Our goal is to bound the number of such elements.

We start with some definitions. Define GG as the problem instance at the j’th execution
of Line 11, and let Gy denote the initial problem instance. For each G;, let G; = (V ;, E;),
Ti and Té denote the corresponding vertex cover instance and lower and upper limit trees.
Observe that each G'; has unique T = Tg,, and, by Lemma 5.4.5, is prediction mandatory
free. Let Y denote the set of queries made by the algorithm to transform instance G ;_; into
instance G;. We partition ()4 into subsets S;, where S; contains the edges of ()4 that are
queried in the j’th execution of Line 12. We claim |S;| < 4-k*(Y;) for each j, which implies
Qa < 32,185 <4-37;k7(Y;) < 4- k. To show the claim, we rely on the following
lemma.

Lemma 5.7.6. Let I, f be non-trivial edges in G; such that {l, f} € E;_1AEj, then
k=(1), k= (f) > 1. Furthermore, k™ (Y;) > |U| for the set U of all endpoints of such vertex
cover instance edges {l, f}.

Proof. We separately consider non-trivial edges I, f with {l, f} € E;1\Ejand{l, f} €
Ej\Ej ) ) ) ,

Case {[, f} € E;_1 \ Ej. Since {l, f} € E;_1, one edge in {/, f} must be in Tiil and
one must be outside of Ti_l by definition of the vertex cover instance. Assume w.l.0.g. that
leT! " and f ¢TI, Let C’}*l be the unique cycle in T};l U {/f} and let lefl‘ be the
set of edges between the two connected components of Ti_l \ {i}. Then, ! € C’}_l and
feX l] ~! hold again by the definition of the vertex cover instance. By Lemma 5.2.8 and
because [ and f are non-trivial in G}, the fact that [ € Ti_l and f & Ti_l implies [ € T7 and
7T ) | |

Since {l, f} ¢ E;, we have | ¢ C’jc and f ¢ Xj. Each cycle containing f must contain
an edge of le*l \ {f} and, therefore, there must be some I’ € Cj; with I’ € le*l \ {f,1}.
This implies ' € T7. On the other hand, 77" N X7~' = {I} and, therefore, I ¢ T} .
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Lemma 5.2.8 implies that I’ must have been queried while transforming instance G into
instance G;.

As G is prediction mandatory free, Wy > U; > Ly holds by Lemma 5.4.4. However,
we have wy < Ly as wy > Ly would be a contradiction to Tj being a lower limit tree. We
can conclude wy > U; > wy and wy > Ly > wy, which 1mphes E=(D),k=(f) > 1.

Case {I, f} € E; \ Ej_1. Assume w.l.o.g. that [ € TJ and f & T] Since [ and f are
non-trivial, Lemma 5.2.8 implies e € Ti Land fer i L

As{f,l} € Ejand f ¢ T?, the definition of the vertex cover instance G ; implies [ € C’}
such that I¢ N I; # (), where Cj; is the unique cycle in Tz U{r}.

Remember that f € le since f & Ti and [ € C’j}. The fact that {f,[} ¢ F;_; implies
l¢g C’jfl. Thus, there must be an element I’ € Tiil N (Xl] \ {l, f}) such that !’ € ijl.

As the instance is prediction mandatory free, I’ € Cj -1 implies wy ¢ Iy (more precisely

wy < Ly). Further, X; J N Ti = {I} holds by deﬁmtlon and implies ' & T7. J . According to
Lemma 5.2.8,1' € T] A\ T‘7 implies that I’ must have been queried in order to transform
instance G ;1 into instance G If wy € I, then wy < Uj, which implies that [ does not have
the smallest upper limit in cut X z] . This is a contradiction to Té being an upper limit tree,
which is the case as instance G; is preprocessed.

If wy ¢ I, then also wy > U, (wpy < L; cannot be the case because I’ would have the
smallest lower limit in X 7 which would contradict I & T9). As I, I; # () holds by definition
of the vertex cover instance G, we can conclude that wy > U; implies wy > Ly. So we have
wy < Ly < wy, which implies £~ (f) > 1.

Similarly, [ € clnni ¢ # 0 and [, f being non-trivial imply L < U;. Thus, we have
wy < Ly < Uy < wyp, which implies £~ (1) > 1.

Since all errors of both cases are caused by elements that have been queried to transform
G,y into Gj, i.e., are contained in Y, the arguments in both cases also imply k" (Y;) > |U|
for the set U of all endpoints of vertex cover instance edges {/, f} that are covered by one of
the cases. O

Lemma 5.7.7. |ALG| < |OPT| +5 - kp,.

Proof. We show |S;| < 4 - k™ (Y;) for each j, which, in combination with Lemma 5.7.4,
implies the lemma. Consider an arbitrary S; and the corresponding set Y. Further, let h;_1
denote the maximum matching computed and used by the algorithm for vertex cover instance
Gj_1,and let hj_; = {{e,€'} € hj_1 | {e,¢'} € E;}. Finally, let h; denote the matching
that the algorithm uses for vertex cover instance G ;. That is, h; is computed by completing
f_Lj_l with a standard augmenting path algorithm. As already argued, at least half the elements
of S; are not matched by B]-_l but are matched by h; (cf. Observation 5.7.3).

‘We bound the number of such elements that are not matched in f_Lj_l but become matched
in h; by exploiting that h; is constructed from Ej_l via a standard augmenting path algorithm.
By definition, each iteration of the augmenting path algorithm increases the size of the current
matching (starting with Ej_l) by one and, in doing so, matches two new elements. In total, at
most 2 - (|h;| — |h;—1]) previously unmatched elements become part of the matching, where
|hj| and |h;_1| denote the size of the respective matching. Thus, |S;| < 4 - (|hj| — |hj_1]).

We show (|h;| — |hj—1]) < kT (Y;). According to Kénig-Egervary’s Theorem, the size
of h; is equal to the size |V C;| of the minimum vertex cover for G;. We show [V C;| <
|hj_ 1| + k*(Y;), which implies (|h;| — |hj—1])=|V Cj| — |hj_1] < k:+( i), and, thus, the
claim. Let VC;j_1 = {e € VCj_1 | 3¢/ s.t. {e, €'} € hj_1}, then [VCj_1| = [h].

We prove that we can construct a vertex cover for G’ by adding at most k" (Y;) elements
to VCJ 1, which implies |V C;| < |hj_1] + kT (Y;). Con51der vertex cover instance G; and
set VC;_1. By definition, VC;_; covers all edges that are part of partial matching h] 1-
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Consider the elements of Vj that are an endpoint of an edge in {e, f} € Ej AEj,l with
e, f non-trivial in G;. By Lemma 5.7.6, k™~ (e) > 1 for each such e and k™ (Y;) > |U]| for the
set U of all such elements. Thus, we can afford to add U to the vertex cover.

Next, consider an edge {e, f} € E; that is not covered by VC,;_1 U U. Since {e, f} is
not covered by U, it must hold that {e, f} € E;N E;_1. Thus, {e, f} was covered by VC;_4
but is not covered by VC;_;. This implies {e, f} NV C;j_1 # O but {e, f} NV C;_1 = 0.
Assume w.l.o.g. that e € VC;_;. Then, there must be an €’ such that {e,e’} € hj_; but
{e,e'} & hj1. o

This gives us that {e, e’} € E;AE;_;. Since {e, f} is not covered by U, the edge ¢’
must be trivial in G; but non-trivial in G;_ as otherwise {e, ¢’} € E;AE;_1 would imply
e € U. Thus, ¢’ must have been queried (i) as a mandatory element (or a matching partner) in
Line 6 or 13, (ii) as part of V'Cj_1 in Line 5 or (iii) in Line 12. Case (ii) implies ¢’ € VC;_1,
contradicting e € V' C;_;. Cases (i) or (iii) imply a query to the matching partner e of €/,
which contradicts {e, f} € E; (as e would be trivial). Since all cases lead to a contradiction,
we get that {e, f} is covered by VC;_; U U, which implies that VC;_; U U is a vertex
cover for G;. Lemma 5.7.6 implies |U| < kT (Y;). So |VCj| < |hj—1| + kT (Y;), which
concludes the proof. O

The Lemmas 5.7.5 and 5.7.7 directly imply Theorem 5.7.2.

5.7.2 Error-Sensitive Algorithm for General Instances

‘We show that the algorithm that first executes Algorithm 15 and then Algorithm 17 satisfies

the guarantees of Theorem 5.7.1. In order to do so, we carefully combine Theorems 5.5.1
and 5.7.2.

Proof of Theorem 5.7.1. We remark that we actually show a robustness of max{3, v+ ﬁ .
which might be smaller than v + 1.

Let ALG = ALG; U ALGs> be the query set queried by the algorithm, where ALG; and
ALGs are the queries of Algorithm 15 and Algorithm 17, respectively. Let P C ALG; denote
the edges queried in the last iteration of Algorithm 15. Furthermore, let D denote the set of
edges in '\ ALG; that can be deleted or contracted during the execution of Algorithm 15. It
follows D N ALGy =0

Assume first that ALGo = (). Then, querying ALG; solves the problem. Theorem 5.5.1
directly implies

1
[ALG] = [ALGy| < (1+ ) - (IOPTA(ALG: U D) + k" (ALG1) + k™ (ALGy))

and
|ALGy \ P| <~-|OPT N (ALGy U D)|

as the additive term of v — 2 is caused by P.

Thus, the error-dependent guarantee follows immediately. However, due to the additive
term of v — 2 in the second term of the minimum, the second inequality does not directly
transfer to |ALG| as |ALG| < (y + 1) - |OPT| might not hold. Recall that the additive term
is caused exactly by the queries to P. Since the algorithm executes queries in the last iteration,
the instance is not solved at the beginning of the iteration (a solved instance is prediction
mandatory free and would lead to direct termination). Thus, [OPT \ ((ALG; U D)\ P)| > 1
and, therefore |P| < (y—2)-|OPT\ ((ALG; U D) \ P)|. Ignoring the additive term caused
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by P, Theorem 5.5.1 implies |[ALG1\ P| < v-|OPTN((ALG; U D) \ P)|. We can conclude

|ALG| = |ALG, \ P| + |P|
<4 [OPT (1 ((ALG; U D)\ P)| + (v —2) - [OPT \ (ALG; U D) \ P)|
<~-|OPT|.

Now, assume that ALGy # (). Let OPT = OPT; U OPT3 be an optimal query set with
OPT; = OPT N (ALG; U D) and OPTy = OPT \ (ALG; U D),. By Theorem 5.6.2,
ALGs # () implies OPTy # (). Thus, |OPTs| > 1. Furthermore, by Theorem 5.7.2, we
have |[ALGg| < 3 - |OPTs|. As |P| < —2and |OPTy| > 1, this gives us [ALG2 U P| <
(74 1) - |OPTy|. Theorem 5.5.1 implies |ALG1\P| < v - |OPT; \ P| (as the additive term
in Theorem 5.5.1 is caused by P). Together, the inequalities imply [ALG| < (v +1) - |OPT]
and, thus (y + 1)-robustness.

We remark that, for v > 3, the robustness improves for increasing |OPT|. To see
this, note that if v > 3, then |ALGy U P| < « - |OPTy| + 1 and, in combination with
|ALG; \ P| <7-|OPT;\ P|,also |ALG| < 7 - |OPT|+ 1. Thus, for v > 3, the robustness
of the algorithm is actually vy + ﬁ. For v = 2, the robustness is 3 = v + 1. Combined,

the robustness is max{3, v + ﬁ}.

We continue by showing [ALG| < (1 + %) - |OPT| + 5 - kp,. Theorem 5.5.1 implies
|ALG:| < (1+ %) - (|OPTq| + 2 - max{k*(ALG1), k™ (ALGy)}). Since v > 2, we have
(1+%)-2 < 5and can rewrite |[ALG;| < (1+%)~|OPT1\+5~maX{k‘+(ALG1), k~(ALGy)}.
Theorem 5.7.2 implies |ALG3| < |OPT3|+ 5- kj,, where kj, is the error for the input instance
of the second phase. That is, the instance that does not contain any edge of ALG; since those
can be deleted/contracted after the first phase. This implies for the error kj, of the complete
instance that no error that is counted by max{k"(ALG),k (ALG)} is considered by
kj, and, therefore, max{k*(ALG1),k (ALG1)} + kj, < kj. Thus, we can combine the
inequalities to |[ALG| < (1 + %) -|OPT| + 5 - kp,. O

5.8 Concluding Remarks

In this chapter, we showed how to utilize untrusted predictions to achieve the optimal con-
sistency and robustness tradeoff for the MST problem under explorable uncertainty. For
accurate predictions, the bound improves upon the adversarial lower bound of two, while it
matches the lower bound for arbitrarily wrong predictions. We also designed an algorithm
with linear error-dependency on the hop distance kp,, which, in combination with the results
of the previous chapter, nicely illustrates the utility of this measure for several problems
under explorable uncertainty. Since this latter algorithm does not quite match the optimal
consistency and robustness tradeoff, a next research step would be to investigate whether such
a tradeoff is possible with error-dependency.

We remark that we can show PAC-learnability of the predictions w.r.t. k;, by using the same
proof as in Section 4.5 for the hypergraph orientation problems, since this proof is problem
independent. Furthermore, we also remark that the integrality condition on parameter -y can
be removed via randomization using the same technique as in the proof of Theorem 4.3.12 for
the hypergraph orientation problem with the same small additive loss in the guarantee.

Further generalizations of this problem include to consider arbitrary query costs and
arbitrary matroids. All previous results on the MST problem under explorable uncertainty
without predictions extend to the more general problem of finding a minimum weight base of
a matroid [Hof+08; MMS17]. A next research step would be to check whether the same holds
for the results of this chapter.
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Chapter 6

Set Selection under Explorable
Stochastic Uncertainty via Covering
Techniques

In this chapter, we consider the set selection problem under explorable stochastic uncertainty.
Given subsets of uncertain weights, we study the problem of identifying the subset of minimum
total weight (sum of the uncertain weights contained in the set) by querying as few weights as
possible. This set selection problem is of intrinsic importance within the field of explorable
uncertainty as it implies strong adversarial lower bounds for a wide range of interesting
combinatorial problems such as knapsack and matchings [Meil8]. We consider a stochastic
problem variant and give algorithms that, in expectation, improve upon these adversarial
lower bounds. The key to our results is to prove a strong structural connection to a seemingly
unrelated covering problem with uncertainty in the constraints via a linear programming
formulation. We exploit this connection to derive an algorithmic framework that can be used
to solve both problems under uncertainty, obtaining nearly tight bounds on the competitive
ratio. This is the first non-trivial stochastic result concerning the sum of unknown weights
without further structure known for the set. In contrast to most existing results on explorable
uncertainty, the analysis of our algorithm does not rely on witness sets at all. We hope that our
novel approach for tackling the set selection problem lays the foundation for solving more
general problems in the area of explorable uncertainty.

Bibliographic remark: This chapter is mainly based on joint work with N. Megow [MS23].
Therefore, some parts correspond to or are identical with [MS23].
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6. Set Selection under Explorable Stochastic Uncertainty via Covering Techniques

6.1 Introduction

In the previous chapters of this thesis, we considered hypergraph orientation, sorting and
the minimum spanning tree problem under explorable uncertainty. All these problems have
in common that they admit constant competitive ratios, even in the adversarial setting, that
can be improved to smaller constants beyond the worst-case. In this chapter, we move on to
problems that adversarially only allow competitive ratios linear in the input size and our goal
is to improve to sublinear competitive ratios beyond the worst-case.

To this end, we mainly consider the set selection problem (MINSET) under explorable
uncertainty. In this problem, we are given a set of n uncertain weights represented by
uncertainty intervals Z = {I, ..., I} and a family of m sets S = {S1,..., S} with S C T
forall S € S. A precise weight w; lies in its uncertainty interval I;, is initially unknown, and
can be revealed via a query. The precise weight of a subset S € S'is w(S) = > ; g w;. Our
goal is to determine a subset of minimum precise weight as well as the corresponding precise
weight by using a minimal number of queries. It can be seen as an optimization problem with
uncertainty in the coefficients of the objective function:

min 305025 Y pes, Wi
st Yl =1 (SETSELIP)
z; €{0,1} Vje{l,...,m}.

Since the precise w;’s are uncertain, we do not always have sufficient information to just
compute an optimal solution to (SETSELIP) and instead might have to execute queries in order
to determine such a solution. An algorithm for MINSET under uncertainty can adaptively
query intervals to reveal weights until it has sufficient information to determine an optimal
solution to (SETSELIP). Adaptivity in this context means that the algorithm can take previous
query results into account to decide upon the next query.

In this chapter, we consider the stochastic problem variant, where we assume that all
weights w; are drawn independently at random from their intervals I; according to un-
known distributions d;. As usual, we analyze an algorithm ALG in terms of its com-
petitive ratio (see also Section 2.2): for the set of problem instances 7, it is defined as
max e 7 E[ALG(J)]/E[OPT(J)], where ALG(.J) is the number of queries needed by ALG
to solve instance .J, and OPT(J) is the minimum number of queries necessary to solve the
instance.

MINSET is a fundamental problem and of intrinsic importance within the field of ex-
plorable uncertainty. The majority of existing works considers the adversarial setting, where
query outcomes are not stochastic but returned in a worst-case manner. Selection type prob-
lems have been studied in the adversarial setting and constant (matching) upper and lower
bounds are known, e.g., for selecting the minimum [Kah91], the k-th smallest element [Kah91;
Fed+03], a minimum spanning tree [Hof+08; EH14; MMS17; Erl+22], sorting [HL.21] and
geometric problems [Bru+05]. However, these problems essentially boil down to comparing
single uncertainty intervals and identifying the minimum of two unknown weights. Once we
have to compare two (even disjoint) sets and the corresponding sums of unknown weights, no
deterministic algorithm can have a better adversarial competitive ratio than n, the number of
uncertainty intervals. This has been shown by Erlebach et al. [EHK16] for MINSET, and it im-
plies adversarial lower bounds for classical combinatorial problems, such as, knapsack [Meil§]
and matchings [Meil8], and solving integer linear programs (ILPs) with uncertainty in the
cost coefficients [Meil 8] as in (SETSELIP) above. Thus, solving MINSET under stochastic
uncertainty is an important step towards obtaining improved results for this range of problems.
As a main result, we provide substantially better algorithms for MINSET under stochastic
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FIGURE 6.1: Instance for set selection under explorable uncertainty with intervals 7 =
{Il, IQ, ey Ig} and sets S = {Sl, 527 53, 54} with Sl = {Il,Ig}, S2 = {Id, .[4,]5},
Sy = {I4,I5, 16} and Sy = {I7, Iz} (left) and the corresponding uncertainty intervals /s,
for the sets S; with j € {1,...,4} (right). Green circles illustrate the precise weights.

uncertainty. This is a key step for breaching adversarial lower bounds for a wide range of
problems.

For the stochastic setting, the only related results we are aware of concern sorting [Cha+21]
and hypergraph orientation [Bam+21] (see also Chapter 3). Asking for the sum of unknown
weights is substantially different.

6.1.1 The Covering Point of View

Our key observation is that we can view MINSET as a covering problem with uncertainty in
the constraints. To see this, we focus on the structure of the uncertainty intervals and how a
query affects it. We assume that each interval I; € 7 is either open (non-trivial) or trivial,
ie., I; = (L;,U;) or I; = {w;}; a standard technical assumption in explorable uncertainty
(cf. Section 2.2.1 in Chapter 2). In the latter case, L; = U; = w;. We call L; and U; the
lower and upper limit. For a set S € S, we define the lower limit Lg = > ,es Li and
upper limit Ug = > I.es Ui. If S contains only trivial uncertainty intervals, then we define
Is = [Lg,Ug] = {w(S)} and call Ig trivial. Otherwise, we define Is = (Lg, Ug) . Clearly,
the weight w(S) of a set S € S is contained in the interval Ig, i.e., w(S) € Is. We call Ig
the uncertainty interval of set S. See Figure 6.1 for an example.

Since the intervals Ig of the sets S € S can overlap, we might have to execute queries to
determine the set of minimum precise weight. A query to an interval I; reveals the precise
weight w; and, thus, replaces both, L; and U;, with w;. In a sense, a query to an I; € .S reduces
the range (Lg, Ug) in which w(S) might lie by increasing Lg by w; — L; and decreasing Ug
by U; — w;. See Figure 6.2 for an example. We use Lg and Ug to refer to the initial limits and
Ls(Q) and Us(Q) to denote the limits of a set S € S after querying a set of intervals Q C Z.

Let w* = minges w(S) be the initially uncertain minimum precise set weight. To solve
the problem, we have to adaptively query a set of intervals @ until Ug-(Q) = Lg+(Q) = w*
holds for some S* € S and Lg(Q) > w* holds for all S € S. Only then, we know for sure

J PN TEPIPES [ 1 Isl IIS'I—I' ----------- 1 . II
—— —— A TLLIRLE } PR
w; — L; U, —w;

FIGURE 6.2: Example of how a query to an interval I; changes the intervals of two sets
S1,S2 with I; € S1 NS5 in the set selection problem under explorable uncertainty.
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FIGURE 6.3: Instance of Figure 6.1 after querying QQ = {I, Is, I, Iz }: Updated uncertainty
intervals Z (left) and updated set uncertainty intervals (right).

that w* is indeed the minimum set weight and that S* achieves this weight. Figure 6.3 shows
the structure of an instance that has been solved. For an instance (Z,S) of MINSET, the
following integer linear program (ILP) with a; = w; — L; forall I; € 7 and bg = w* — Lg
for all S € S formulates this problem:

min ZLEI T
s.t. Zhes r;i-a; >bg VS eS (MINSETIP)
x; € {0, 1} VI, €T

Here, the variable z;, I; € Z, indicates whether interval I; is selected to be queried (z; = 1)
or not (x; = 0) and our objective is to minimize the number of queries.

Observe that this ILP is a special case of the multiset multicover problem (see, e.g., [RV98]).
Ifa; =w; — L; =1forall I; € Tand bg = w* — Lg = 1 forall S € S, then the problem is
exactly the classical SETCOVER problem with Z corresponding to the SETCOVER sets and S
corresponding to the SETCOVER elements.

The optimal solution to (MINSETIP) is the optimal query set for the corresponding
MINSET instance; this is not hard to see but we also formally prove it with the following
lemma.

Lemma 6.1.1. Solving MINSET is equivalent to solving (MINSETIP).

Proof. We show the lemma by proving the following claim: A query set ) C 7 is feasible for
MINSET if and only if vector x, with z; = 1 for all I; € @) and x; = 0 otherwise, is a feasible
solution for the corresponding (MINSETIP).

Let () be feasible for MINSET, and let = be a vector with z; = 1 for all I; € () and
x; = 0 otherwise. By definition, each feasible solution for MINSET must query all non-
trivial elements of some set S* with w(S*) = w* as this is the only way to determine
the minimum set weight w*. Let N(S*) denote those non-trivial elements, then we can
rewrite the initial lower limit of S* as Lg+ = w* + > N( S*)(Li — wj). This implies
w* — Ls+ = Y renes(wi — Li). As N(5%) C Q, we get ) conwi - (wi — Li) =
ZIiGS*ﬂQ(wi — L;) > w* — Lg~. Thus, z satisfies the constraint for S*.

Next, consider a set S € S with S # S*. Since () is feasible, Lg(Q) has to be at least w*
as otherwise querying () would not prove that w* is indeed the minimum set weight. After
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querying @, the lower limit of set S is

Ls(Q): Z L;, + Z wW;

L,eS\Q L,esSNQ
ST I ot
I,eS I;esSnQ I;esSnQ
=Lg+ Z (wi—Li).
1,eSNQ

Thus, Ls(Q) = Ls + > _1,csno(wi — L;) > w* must hold, which implies > g (wi —
L;) > w* — Lg and Zhes z; - (w; — L;) > w* — Lg. We can conclude that z is feasible.
For the other direction consider a feasible solution x for (MINSETIP) and the cor-
responding set @ = {I; | x; = 1}. Consider some set S* with w(S*) = w*. As
ZIiEN(S*) (U}Z—Lz) = TU*—LS* and ZLES*\N(S*) (wl—LZ) = ZLES*\N(S*) (wl—wl) =0,
it must hold z; = 1 for all I; € N(S*) for z to be feasible. Thus, ) contains all non-trivial
elements of some set S* with w(S*) = w*. To show that () is a feasible solution for MINSET,
it remains to show that Lg(Q) > w* for all S # S*. Consider an arbitrary S # S*. As
> res i (wi— L) > (w* — Lg), we have } 0; c g0 (wi — L;) > w* — Lg, which implies
Ls(Q) = Ls + X pesno(wi — Li) = w™. O

The lemma shows that (MINSETIP) models MINSET. Under uncertainty however, the
coefficients a; = w; — L; and right-hand sides bg = w* — Lg of the ILP are unknown to
us. We only know that a; € (L; — L;,U; — L;) = (0,U; — L;) because a; = (w; — L;)
and w; € (L;, U;). Only once we query an interval I;, the precise weight w; and, thus, the
coefficient a; is revealed to us. In a sense, to solve MINSET under uncertainty, we have to
solve (MINSETIP) with uncertainty in the coefficients and with irrevocable decisions. For
the rest of the chapter, we interpret MINSET under uncertainty in exactly that way: We
have to solve (MINSETIP) without knowing the coefficients in the constraints. Whenever
we irrevocably add an interval I; to our solution (i.e., set x; to 1), the information on the
coefficients (in form of w;) is revealed to us. Our goal is to add elements to our solution
until it becomes feasible for (MINSETIP), and to minimize the number of added elements.
In this interpretation, the terms “querying an element” and “adding it to the solution” are
interchangeable, and we use them as such.

Our main contribution is an algorithmic framework that exploits techniques for classical
covering problems and adapts them to handle uncertainty in the coefficients a; and the right-
hand sides bg. This framework allows us to obtain improved results for MINSET under
stochastic uncertainty and for a variant of that problem with deterministic right-hand sides.

6.1.2 Our Results

We design a polynomial-time algorithm for MINSET under stochastic uncertainty with compet-
itive ratio (’)(% -log? m), where m is the number of sets (number of constraints in (MINSETIP))
and parameter 7 characterizes how “balanced” the distributions of precise weights within the
given intervals are. More precisely, 7 = miny,c7 7; and 7; is the probability that w; is larger
than the center of I; (e.g., for uniform distributions 7 = %). All our results assume 7 > 0. We
remark that the hidden constants in the performance bound depend on the upper limits of the
given intervals. Assuming those to be constant is a common assumption; see, e.g., [MY20].
Even greedy algorithms for covering problems similar to (MINSETIP) without uncertainty
have such dependencies [RV9S8; Vaz01; Dob82]. While there exist non-greedy algorithms
for covering problems without such dependencies [KY01; KYO05], it remains open whether
they can be adjusted to the setting with uncertainty and, in particular, irrevocable decisions.
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Dependencies on parameters such as 7 are quite standard and necessary [MY20; Blu+20;
GV06a; Von07; BBD22]. For example, in [M'Y20] the upper bounds depend on the probability
to draw the largest value of the uncertainty interval, which is an even stricter assumption that
does not translate to open intervals.

Our result is the first stochastic result in explorable uncertainty concerning the sum of
unknown weights and it builds on new methods that shall be useful for solving more general
problems in this field. The ratio is independent of the number of elements, n. In particular for
a small number of sets, m, this is a significant improvement upon the adversarial lower bound
of n [EHK16].

As MINSET contains the classical SETCOVER problem, an approximation factor better
than O(log m) is unlikely, unless P=NP [DS14]. We show that this holds also in the stochastic
setting, even with uniform distributions. We further show that % is a lower bound for MINSET
under stochastic explorable uncertainty, even if the sets are pairwise disjoint. Hence, the
dependencies on log m and % in our upper bounds are necessary.

In the special case that all given sets are disjoint, we provide a simpler algorithm with
competitive ratio %, which matches the lower bound. This is a gigantic improvement compared
to the adversarial setting, where the lower bound of n holds even for disjoint sets [EHK16].

We remark that all our results for MINSET translate to the maximization variant of the
problem, where we have to determine the set of maximum weight (cf. Section 6.6).

Algorithmically, we exploit the covering point of view to introduce a class of greedy algo-
rithms that use the same basic strategy as the classical SETCOVER greedy algorithm [Chv79].
However, we do not have sufficient information to compute and query an exact greedy choice
under uncertainty as this choice depends on uncertain parameters. Instead, we show that it is
sufficient to query a small number of elements that together achieve a similar greedy value
to the exact greedy choice. If we do this repeatedly and the number of queries per iteration
is small in expectation, then we achieve guarantees comparable to the approximation factor
of a greedy algorithm with full information. It is worth noting that this way of comparing an
algorithm to the optimal solution is a novelty in explorable uncertainty as all previous algo-
rithms for adversarial explorable uncertainty (MINSET and other problems) exploit witness
sets. A witness set is a set of queries () such that each feasible solution has to query at least
one element of (), which allows to compare an algorithm with an optimal solution.

We also consider the variant of (MINSETIP) under uncertainty with deterministic right-
hand sides. We give a simplified algorithm with improved competitive ratio (’)(% -logm).

6.1.3 Further Previous Work

Since MINSET under uncertainty can be interpreted as both, a query minimization problem
and a covering problem with uncertainty, we in the following summarize related previous
work from both fields.

Previous Related Work on Query Problems

For adversarial MINSET under uncertainty, Erlebach et al. [EHK16] show a (best possible)
competitive ratio of 2d, where d is the cardinality of the largest set. In the lower bound
instances, d € Q(n). The algorithm repeatedly queries disjoint witness sets of size at most
2d. This result was stated for the setting in which it is not necessary to determine the precise
weight of the minimal set; if the weight has to be determined, the bounds change from 2d to d
(cf. Section 2.3 in Chapter 2).

Further related work on MINSET includes the result by Maehara and Yamaguchi [MY20],
who consider packing ILPs with (stochastic) uncertainty in the cost coefficients, which can
be queried. They present a framework for solving several problems and bound the absolute
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number of iterations that it requires to solve them, instead of the competitive ratio. However,
as we argue down below, their algorithm has competitive ratio {2(n) for MINSET under
uncertainty, even for uniform distributions. Thus, it does not improve upon the adversarial
lower bound.

Also, Wang et al. [WGW22] consider selection-type problems in a somewhat related
model. In contrast to our setting, they consider different constraints on the set of queries that,
in a way, imply a budget on the number of queries. They solve optimization problems with
respect to this budget, which has a very different flavor than our setting of minimizing the
number of queries.

Furthermore, there is related work in a setting, where a query reveals the existence of
entities instead of numeric values, e.g., the existence of edges in a graph, c.f. [Blu+20;
GVO06a; Von(07]. For example, Behnezhad et al. [BBD22] showed that vertex cover can be
approximated within a factor of (2 + €) with only a constant number of queried edges per
vertex. As edges define constraints, the result considers uncertainty only in the right-hand
sides.

Comparison with Maehara and Yamaguchi [MY20]

We consider the framework by Maehara and Yamaguchi [MY20] on the set selection problem.
Since their algorithm is designed for maximization problems, we consider the maximization
variant of MINSET, i.e., we have to find the set S € S of maximum w(S) and determine the
corresponding weight. We remark that all our results also translate to the maximization variant
(cf. Section 6.6).

The algorithm by Maehara and Yamaguchi, in each iteration, solves the LP-relaxation
of the optimistic version of the given ILP, which assumes w; = U; for all I; € Z. In
this case, the ILP under consideration formalizes the set selection problem (and not the
query minimization problem as formalized by (MINSETIP)). The following LP-relaxation
formulates the optimistic LP for a set selection instance (Z, S):

max ZI,-EI ;- U;

st DresTi > Ys - |S| vSeS
Dorer®i <D ges¥s IS
Y sesys =1
0<z; <1 VI, €T
0<ys <1 vSesS

Here variable yg models whether set S is selected as the set of maximum weight (yg = 1)
or not (ys = 0) and the third constraint makes sure that, at least integrally, exactly one set
is selected. The variables z; model whether an interval I; is part of the selected set or not,
and the first two constraints ensure that (integrally) exactly the members of the selected set
S (with yg = 1) are selected. Note that we use this ILP instead of (SETSELIP) because the
algorithm by Maehara and Yamaguchi requires variables that correspond to elements that
can be queried. The algorithm in each iteration solves the LP-relaxation to obtain an optimal
fractional solution (x,y), and queries each I; with probability x;.

In the following, we give an instance of the set selection problem under stochastic
explorable uncertainty for which the algorithm has a competitive ratio of Q(n). Let Z =
{lo,...,In} with Iy = {n} and I, = (0,1 + €), i > 0, for some small ¢ > 0. Let
S = {851,852} with S; = {Ip} and S = {I1,...,I,}. Assume uniform distributions and
consider the algorithm that queries the intervals of Sy in an arbitrary order. In expectation,
this algorithm only needs a constant number of queries to solve the instance and prove
w(Sl) > w(Sg).
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The algorithm by Maehara and Yamaguchi on the other hand, in the first iteration, solves
the LP-relaxation and obtains the optimal solution (z,y) with 9 = 0 and x; = 1 for all
¢ > 1. This means that all elements of Sy are queried with a probability of 1. Thus, the
algorithm queries at least n elements, which implies a competitive ratio of 2(n). This means
that applying the algorithm by Maehara and Yamaguchi [MY?20] to the set selection problem
does not improve upon the adversarial lower bound.

Previous Work on Covering Problems with Uncertainty

We continue by summarizing previous work on covering problems in different adversarial and
stochastic settings.

In the online version of SETCOVER [Alo+09], we are given a ground set of elements and
a family of subsets of these elements. In contrast to offline SETCOVER, we do not necessarily
have to cover all elements of the ground set. Instead, the members of the ground set that we
do actually have to cover arrive online in an adversarial manner. Whenever an element arrives,
we have to cover it by irrevocably adding a set containing the element to our solution, unless a
previously added set already contains the element. In a sense, online SETCOVER is a variant
of (MINSETIP) under uncertainty, where only the right-hand sides are uncertain in {0, 1}
and all left-hand side coefficients are known and either one or zero. In contrast to MINSET
under uncertainty, the adversary for online SETCOVER is in a sense more powerful when
selecting the right-hand sides as they do not depend on a common weight w*. Because of
these differences, online SETCOVER has a very different flavor to MINSET under uncertainty.
The same holds for the stochastic version of online SETCOVER [GKL23; Gra+13], where the
subset of elements to be covered is drawn from a probability distribution.

A different stochastic variant of SETCOVER considers a two-stage version of the prob-
lem [SS04]. In the first stage, we do not yet know which members of the ground set actually
need to be covered. After the first stage, the elements to be covered are drawn from a probabil-
ity distribution and in the second stage we have full knowledge of the elements to be covered.
The crux of this two-stage variant is that adding sets to the solution in the first stage can be
cheaper than adding them to the solution during the second stage. This again leads to a very
different flavor than our setting.

While these SETCOVER variants consider uncertainty in the set of elements that need to be
covered, Goemans and Vondrak [GV06b] consider a variant where the elements to be covered
are certain but there is uncertainty in which elements are covered by the sets. For each set, a
vector describing the elements that are covered by the set is drawn according to a probability
distribution. This corresponds to a variant of (MINSETIP), where all right-hand sides are one
but the left-hand side coefficients are uncertain in {0, 1}. Even in comparison to MINSET
under uncertainty with deterministic right-hand sides, there are several further difference
besides the restriction of the coefficients to values in {0,1}. For one, [GV06b] assumes
access to the probability distributions. In particular, their algorithms are able to compute
certain expected values. For our stochastic setting, we do not have sufficient information
to compute expected values and the adversary still has some power in the selection of the
unknown distributions as long as it respects the balancing parameter. On the other hand, their
SETCOVER variant allows some distributions that are not possible in MINSET. In particular,
an interval I; in MINSET has the same coefficient a; = (w; — L;) in each constraint for a set S
with I; € S. Such a restriction does not exist in the problem considered in [GV06b]. This in a
sense makes their problem incomparable to MINSET under uncertainty. Furthermore, [GV06b]
analyzes the approximation ratio instead of the competitive ratio. That is, they compare the
expected objective value of an algorithm against the expected objective of the best possible
algorithm instead of the expected optimum. To that end, they give an m-approximation
for the stochastic SETCOVER variant. If sets can be added to the solution multiple times
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while each time drawing a new realization from the same distribution, they give a O(log m)-
approximation.

Besides related work on stochastic SETCOVER variants, there is previous related work
on the more general (stochastic) submodular covering problem (cf., e.g., [Wol82; AAK19;
GGN21]). In the submodular covering problem, we are given a ground set of elements E
and a submodular function f: 2 — N_ . The goal is to find a subset S C E of minimum
cardinality such that f(S) = f(E). This non-stochastic submodular covering problem
contains offline MINSET [WolI82], i.e., (MINSETIP) with full knowledge of the coefficients
and right-hand sides. To see this, consider an instance (Z,S) of MINSET. We can interpret
the intervals as the ground set of elements, i.e., & = 7 and use the submodular function
f(Q) = X gesmin{d ; cgngwi — Li,w* — Lg} for @ C E. Then, f(E) is the sum of
right-hand sides of (MINSETIP) and f(Q) = f(F) holds for a subset @ C Z = FE if and
only if @) is feasible for (MINSETIP). The best-known algorithm for the submodular covering
problem achieves an approximation ratio of O(log(f(E))) [Wol82] and no polynomial-time
algorithm can be better unless P=NP [DS14].

In the stochastic submodular covering problem, we are given random variables X1, ..., X,
that independently realize to subsets of F according to known probability distributions. The
task is to sequentially and irrevocably add random variables X; to the solution X" until
fJ Xiex X;) = f(E). Whenever a random variable X; is added to the solution, the real-
ization of the variable is revealed. While this general setting is similar to MINSET under
uncertainty, there are some differences. In the stochastic submodular covering problem, the
value f({Ux,cx Xi) only depends on the realizations of the random variables in X'. For the
submodular function defined above for a MINSET instance, the function value f(() depends
also on the uncertain w* and, therefore, on elements outside of (). Furthermore, as the intervals
7 in a MINSET instance are continuous, modeling them as a stochastic submodular covering
instance would require some form of discretization. Independent of these differences, all
results on the stochastic submodular covering problem (to our knowledge) assume known
distributions and actively use them, which is in contrast to our stochastic setting. Furthermore,
all these results analyze the approximation ratio instead of the competitive ratio. Thus, exist-
ing results for the stochastic submodular covering problem cannot directly be applied to our
stochastic setting. This also holds for a range of problem variants that have been considered in
the literature (see, e.g., [GK11; KNN17; INZ16; DHK16; NKN20]).

6.1.4 Outline

To start the rest of the chapter, we, in Section 6.2, consider the special case of MINSET under
uncertainty with pairwise disjoint sets. For this special case, we give a lower bound of % on the
competitive ratio and a matching upper bound. These bounds nicely illustrate the challenges
caused by the uncertainty and the techniques that we use to tackle them, also later on for the
general problem.

Afterwards, in Section 6.3, we move on to the general MINSET and discuss the hardness of
approximation as well as approximations of the offline problem variant. Based on observations
for the offline problem, we introduce an algorithmic framework that can be used to solve
MINSET under uncertainty.

For the remaining chapter, we show how to implement the framework for MINSET under
uncertainty with deterministic right-hand sides (Section 6.4) and for the general MINSET
(Section 6.5). Using these implementations and our observations for the special case of disjoint
sets, we prove our algorithmic results.
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6.2 Disjoint MINSET

Consider the special case of MINSET where all sets are pairwise disjoint, i.e., SN S" = ()
forall S, 5" € S with S # S’. We call this special case disjoint MINSET. Disjoint MINSET
is of particular interest as it gives lower bounds for several problems under adversarial
explorable uncertainty, cf. [EHK16; Meil8]. To illustrate the challenges posed by having
stochastic uncertainty in the input, we give the following lower bound. Recall that the
balancing parameter is defined as 7 = miny,c7 7;, where 7; is the probability that w; is
larger than the center of I;. We use ALG and OPT to refer to an algorithm and an optimal
solution, respectively. Slightly abusing the notation, we use the same terms to also refer to the
corresponding numbers of queries.

First, we show the following lower bound that even holds for known probability distribu-
tions. Afterwards, we prove a slightly stronger bound exploiting unknown distributions.

Theorem 6.2.1. For any T > 0, no deterministic algorithm for MINSET under uncertainty
has a competitive ratio better than % even if all given sets are pairwise disjoint and the
distributions are known.

Proof. Consider an instance with the set of uncertainty intervals Z = {lo, I1, ..., I} with
Iy = {0.65} and I; = (0,1) for all ¢ # 0, and sets S = {51, S2} with S} = {Ip} and
Sy = T\ {lp}. See Figure 6.4 for an illustration. Define the distributions d; with i # 1
as di(a) = (1 — 1) if a = ¢, dij(a) = 7if a = 0.7 and d;(a) = 0 otherwise, for some
infinitesimally small € > 0.

If there exists some I; € So with w; = 0.7, then OPT = 1 as a query to that interval
already proves that S is the set of minimum weight since w(S7) = 0.65 < 0.7. Otherwise,
OPT = n. Therefore, EJOPT] = (1 — (1 — 7)") + (1 — 7)" - n and lim,,_,o, E[OPT] = 1.

Since Iy is trivial and all I; with ¢ % 0 are identical with the same distribution, each
deterministic algorithm ALG will just query the elements of S in some order until it either
reaches an I; with w; = 0.7 or has queried all intervals. This implies that ALG is a geometrical
distribution with success probability 7 and, therefore, E[ALG] = min{n, 1}. For n towards
infinity, we get

i EIALG] _ 1
ntoo E[OPT] ~ 7'
0
sy
N
LS
T - I
‘o
L e

..................
..................

=:Io (o) .SQ

..................

Is, | |

» Weight
0o 1 2 3 n—1n

FIGURE 6.4: Lower bound example for the set selection problem under explorable un-

certainty consisting of the intervals Z = {I,...,I,} and the sets S = {51, 52} with
S = {Il, Ce 7In}, Sy = {I()}, Iy = {065} and I; = (07 1) fori € {1, . ,d}
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Next, we show a slightly stronger bound for unknown distributions. The lower bound
instance heavily exploits that, for unknown distributions, the adversary still has some power
when selecting the probability distributions.

Theorem 6.2.2. For any T > 0, no deterministic algorithm for MINSET under uncertainty
has a competitive ratio better than % even if all given sets are pairwise disjoint.

Proof. Consider the same instance as in the proof of Theorem 6.2.1 but with different, now
unknown distributions. Since the distributions are unknown, an algorithm cannot distinguish
the intervals Iy, .. ., I,, even if they have different distributions. This means that the adversary
still has some power and can set the distributions in a worst-case manner for the algorithm, as
long as the distributions respect balancing parameter 7.

To that end, consider a fixed value 7 and an arbitrary deterministic algorithm ALG. As
ALG cannot distinguish the intervals I, ..., I, we can assume w.l.o.g. that it queries the
intervals in order of their indices until the instance is solved. For all 0 < 7 < n, the adversary
sets the distribution to d;(a) = 7 for @ = 0.51, di(a) = (1 — 7) for a = e and d;(a) = 0
otherwise, for some infinitesimally small ¢ > 0. Finally, the adversary sets distribution d,,
to dy(a) = 1 for a = 0.7 and d,,(a) = 0 otherwise. These distributions clearly respect the
balancing parameter 7.

For these distributions, we always have w(S2) > w(S1) as w, > w(S1) holds with a
probability of one. Thus, every algorithm has to query until the lower limit of set .Sy increases
to a value of at least w(S7). For ALG, this is the case once it found two intervals I; with
¢ < n and w; = 0.51 or once it queries interval I, in case no two such intervals exist. Thus,
the expected query cost is E[ALG] > min{2, n}. The optimal solution on the other hand
only queries I,, and is done after a single query. Therefore, E[OPT] = 1 and the competitive
ratio of ALG is at least min{%, n}. We can conclude the theorem by picking a sufficiently
large value for n. O

We continue by giving a quite simple algorithm for disjoint MINSET that matches the
lower bound of Theorem 6.2.2.

In disjoint MINSET, each I; occurs in exactly one constraint for one set .S in the cor-
responding (MINSETIP). Thus, each set S defines a disjoint subproblem and the optimal
solution OPT of the instance is the union of optimal solutions for the subproblems. The
optimal solution for a subproblem .S'is to query the elements I; of S in order of non-decreasing
(w; — L;) until the sum of those coefficients is at least (w* — Lg).

Under uncertainty, we adapt this strategy and query in order of non-decreasing (U; — L;).
While this does not guarantee that we query the interval with maximum (w; — L;) in S,
it gives us a probability of T to query an interval I; such that (w; — L;) is at least half the
maximum (w; — L;). We will prove that this is sufficient to achieve the guarantee. Since we
do not know w*, we do not know when to stop querying in a subproblem. We handle this by
only querying in the set .S of minimum current lower limit as the subproblem for this set is
clearly not yet solved. Algorithm 18 formalizes this approach.

Theorem 6.2.3. There is an algorithm for disjoint MINSET under uncertainty with competitive
ratio at most %

Proof. Consider a fixed realization of weights w; and the corresponding (MINSETIP) instance.
For each S € S, a feasible solution @ must satisfy > ; c g0 (wi — Li) > (w* — Lg). This
implies |Q N S| > |P¢| for the minimum cardinality prefix P§ of I1,..., I, that satisfies
ZliePg (w; — L;) > w* — Lg, where S = {I,...,I;} and all I; are indexed by non-
increasing w; — L;. As the sets are disjoint, we get OPT = )¢ ¢ |PZ|.

Using this, we show that Algorithm 18 satisfies the theorem. To this end, let X; be a
random variable denoting the number of queries in iteration j of the outer while-loop of

157



6. Set Selection under Explorable Stochastic Uncertainty via Covering Techniques

Algorithm 18: Algorithm for disjoint MINSET under uncertainty.

Input: Instance of MINSET under uncertainty with pairwise disjoint sets.
1Q <+ 0
2 while the problem is not solved do
3 Stmin ¢ argminges LS(Q>’
4 repeat
5
6

‘ I; < argmaxyes, . \q Uj — Lyj; Query I;; Q «+~ QU {L; };
until w; — L; > % - (U; — L;) or Swin has been completely queried,

Algorithm 18 and let Y} be an indicator variable indicating whether iteration Y; is actually
executed (Y; = 1) or not (Y; = 0).

We prove the theorem by separately showing 3, P[Y; = 1] < 2- E[OPT] and E[X;; |
Y; =1] < L. Since

E[ALG] = ZE Z]P’ E[X; |Y; =01+ Y PY; =1E[X; |Y; =1]

_ZIP’ E[X; | Y; = 1]

follows from E[X; | Y; = 0] = 0 and the law of total expectations, the two inequalities imply
the theorem.

Note that } ; P[Y; = 1] is just the expected number of iterations of the algorithm. Thus,
if we show for each realization of precise weights that the number of iterations is at most
2- OPT, we directly get 3, P[Y; = 1] < 2-E[OPT].

Consider a fixed realization. For each S, let hg denote the number of iterations with
Smin = S. We claim that hg < 2 - [Pg[. Then, OPT >} g ¢ [Pg| implies >, P[Y; = 1] <
2 - E[OPT].

Let j be an iteration with Sy, = S, let G; denote the queries of this iteration and let Q)
denote the set of all previous queries. Observe that Pg \ ); # (). Otherwise, the definition of
Pg would either imply that the lower limit of S after querying @; is larger than w*, which
contradicts Spin = S, or that the lower limit is equal to w*, which implies that the problem is
already solved.

We argue that we have ) Lea; Wi — L, > % maxp,es\@; Wi — Li. Intuitively, this
inequality means that ALG in each iteration with Sy, = S increases Lg by at least half as
much as even OPT could. In case that interval I; = arg maxy, ¢ S\Q; Wi — L; is contained in
G, the inequality clearly holds. Otherwise, let I;; denote the last element that is queried in
the iteration. Then, w; — Ly > % -(Uy — Ly) > % maxyes\Q; Wi — Li, where the first
inequality holds as I,/ is the last query of the iteration and the second inequality holds by the
order in which the elements of S are queried by the algorithm. Thus, this last interval I; alone
satisfies the inequality.

The inequality suffices to conclude that LeqQ;ns Wi — L;>>" Lep; Wi~ L; holds after
at most 2 - | Pg| iterations with Syyin = S. As Spin 7 S holds for all following iterations, the
claim hg < 2 - | P§| follows.

Next, we show the second inequality, E[X; | Y; = 1] < % If an iteration j of the
outer while-loop is executed (Y; = 1), the repeat statement queries intervals I; until either
(w; — L;) > % - (U; — L;) or Spin € Q. Thus, it terminates at the latest when it finds an
I; with (w; — L;) > % - (U; — L;). The number of queries until such an interval occurs is
described by a geometric distribution with success probability at least 7. So, in expectation,
this number is at most < and we can conclude E[X; | Y; = 1] < 1. O
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We remark that Theorems 6.2.2 and 6.2.3 imply that, even with full knowledge of the
distributions, the competitive ratio for disjoint MINSET cannot be improved by more than a
factor of two compared to the ratio with unknown distributions.

6.3 Algorithmic framework

In the previous section, we have seen an algorithm for disjoint MINSET under uncertainty
with a tight competitive ratio. The key observation that allowed us to achieve that ratio was
the simple characterization of an (offline) optimal solution. In this section, we consider the
offline variant of the general MINSET and give inapproximability results that prevent such
simple characterizations for optimal solutions of the general problem. Thus, we need alter-
native algorithms and, based on observations for the offline problem, present an algorithmic
framework that can be used to solve MINSET under uncertainty.

6.3.1 Offline Problems and Hardness of Approximation

We refer to the problem of solving (MINSETIP) with full knowledge of the precise weights
w; (and w*) as offline problem. This means that we have full knowledge of all coefficients of
the ILP. For MINSET under uncertainty, we say that a solution is optimal, if it is an optimal
solution for the corresponding offline problem. We use OPT to refer to an optimal solution
and, slightly abusing the notation, to its objective value.

Offline MINSET contains the classical SETCOVER problem and, thus, it is as hard to
approximate. This result transfers to the stochastic setting, even for uniform distributions. Re-
sults by Dinur and Steurer [DS14] imply the following, as we formally prove in Section 6.3.3.

Theorem 6.3.1. For any fixed o > 0, it is NP-hard to compute a query strategy that is
(1 — ) - In(m — 1)-competitive for MINSET under uncertainty even if the precise weight
w; of each I; is drawn independently and uniformly at random from (L;,U;). The same
inapproximability holds also for offline MINSET.

On the positive side, we can approximate offline MINSET by adapting covering results
(see, e.g.,[Chv79; Dob82; RV98; KYO0I; KYO05]). In particular, we want to use greedy
algorithms that iteratively and irrevocably add elements to the solution that are selected by a
certain greedy criterion. Recall that “adding an element to the solution” corresponds to both,
setting the variable x; of an interval I; € Z in (MINSETIP) to one and querying I;. While we
are technically not restricted to greedy algorithms when solving offline MINSET, our goal
is to later on generalize the offline algorithm to the setting with uncertainty and irrevocable
decisions. Hence, greedy algorithms seem to be a suitable choice.

Since the greedy criterion for adding an element depends on previously added elements,
we define a version of (MINSETIP) that is parametrized by the set () C 7 of elements that
have already been added to the solution and adjust the right-hand sides to the remaining
covering requirement after adding (). Recall that a; = w; — L; and bg = w* — Lg. Here,

bs(Q) = max{bs — ZlieQmS a;, 0} and b(Q) = ESeS bs(Q).

min E[iGI\Q Li
s.t. ZIZ,GS\Q xi-a; >bg(Q) VS eES (MINSETIP-Q)
Z; 6{0,1} VIZ‘GI\Q
Based on this ILP, we adjust the algorithm by Dobson [Dob82] for the multiset multicover
problem to our setting (cf. Algorithm 19). The algorithm scales the coefficients such that all

non-zero left-hand side coefficients are at least 1. We refer to such instances as scaled. Then
it greedily adds the element to the solution that reduces the right-hand sides the most, i.e.,
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Algorithm 19: Greedy algorithm by Dobson [Dob82] for offline MINSET.
Input: An instance of offline MINSET, i.e., an instance of (MINSETIP)

1 Smin = MiNg,e7: 0,50 a3 VS € S: by = Siin;VIi €Zl:a,= ﬁ,

2 while 35 € S: V4 (Q) > 1 do

3 L I; +— arg maxy, em\Q 9¢(Q, I;); Query I;; Q + Q U {I;};

4 while the problem is not solved do

5 L I; + argmaxy . eq\q 9s(@; 1;); Query I;; Q < QU {L;};

the interval I; € 7 \ @ that maximizes g.(Q, ;) = b'(Q) — v (Q U {[;}) (a’ and V' indicate
scaled coefficients). For a subset G C Z, we define g.(Q,G) =V (Q) — ¥ (Q U G).

After Vy(Q) < 1forall S € S, we can exploit that all scaled non-zero coefficients a; are
at least one. This means that adding an element I; € 7\ @) satisfies all remaining constraints of
sets S with I; € S. Thus, the remaining problem reduces to a SETCOVER instance, which can
be solved by using the classical greedy algorithm by Chvatal [Chv79]. This algorithm greedily
adds the element I; € 7 \ @ that maximizes g5(Q, ;) = A(Q) — A(Q U{L}) with A(Q) =
{S € §|by(Q) > 0}, i.e., the element that satisfies the largest number of constraints that
are not already satisfied by Q. For a subset G C Z, we define g5(Q, G) = A(Q) — A(QUG).

During the course of this chapter, we refer to g.(Q, I;), 9s(Q, I;), g.(Q, G) and ¢5(Q, G)
as the greedy values of I; and G, respectively.

Theorem 6.3.2 (Follows from Dobson [Dob82]). Algorithm 19 is a polynomial-time O (log m)-
approximation for offline MINSET. The precise approximation factor is p(y) = [In(vy - m -
maxg(w* — Lg))] + [In(m)]| with smin = ming,er. (w,—r,)>0(wi — Li), v = 1/8min and
m = |S|.

During the remaining course of the chapter, we will state the competitive ratios of our
algorithms in terms of p. To that end, define p(y) = [In(y-m-maxg g/ (Us—Lg )|+ [In(m)],
which is an upper bound on p(y). Under uncertainty, we compare against p to avoid the
random variable w*. For constant U;’s, p and p are asymptotically the same.

We remark again that the approximation ratio of Algorithm 19 has dependencies on the
numerical input parameter s,;,, and maxg(w*— Lg). While there exist algorithms that achieve
an approximation ratio of O(log m) for the offline problem without such dependencies [KYO01;
KYO05], these algorithms are not greedy and it remains open whether there exist algorithms
with this improved ratio that execute irrevocable decisions, even with full knowledge of the
coefficients. Thus, we consider Algorithm 19 and aim at extending it for the setting under
uncertainty.

6.3.2 Algorithmic framework

We introduce our algorithmic framework that we use to solve MINSET under uncertainty.
Ideally, we would like to apply the offline greedy algorithm. However, since the coefficients
a; = w; — L; and bg = w* — Lg are unknown, we cannot apply Algorithm 19 to solve
MINSET under uncertainty as we cannot compute the element that maximizes the greedy
value g. or gs.

While we cannot precisely compute the greedy choice, our strategy is to approximate it
and to show that approximating the greedy choice is sufficient to obtain the desired guarantees.
To make this more precise, consider an iterative algorithm for (MINSETIP), i.e., an algorithm
that iteratively adds pairwise disjoint subsets G1, ..., G of Z to the solution. For each j,
let Q; = Uy <j<j-1 G, i.e., Q; contains the elements that have been added to the solution
before G ;. If the combined greedy value of G; is within a factor of « to the best greedy value
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for the problem instance after adding ();, then we say that G; c-approximates the greedy
choice. The following technical definition makes this more precise and the subsequent lemma
connects the definition to the actual greedy values while taking into account that there are two
different greedy values g. and g, (cf. Algorithm 19).

Definition 6.3.3. For a (MINSETIP) instance with scaled coefficients and optimal solution
OPT, let « € R>1 and consider the corresponding instance of (MINSETIP-Q) for some
Q CZ. Aset G C T\ Q a-approximates the current greedy choice after adding Q) if either

1 AAQUG) < (1 — —2op) - AQ) or
2. 0(Q) > 1and ¥V (QUG) < (1 — —dop) - ¥ (Q).

Intuitively, the two conditions of the following lemma seem like a more appropriate
definition of approximating a greedy choice. While the conditions of the lemma imply
that the definition above is satisfied, in our proofs it will sometimes be easier to directly
show that the definition is satisfied, without using the lemma. Therefore, we use the more
technical Definition 6.3.3 but the lemma captures the intuition behind the definition.

Lemma 6.3.4. For a scaled instance of (MINSETIP), Q CZ, o> 1and G C T\ Q:

1 IfVs(Q) < 1forall S € S and g5(Q, G) > é -maxy,en\Q 9s(Q, Ii), then G satisfies
the first condition of Definition 6.3.3 and, thus, a-approximates the greedy choice.

2. IfV(Q) > 1and g.(Q,G) > L. maxy,er\Q 9e(Q, I;), then G satisfies the second
condition of Definition 6.3.3 and, thus, a-approximates the greedy choice. This holds
even if some non-zero coefficients a); are smaller than 1.

Proof. First, assume that b'y(Q)) < 1 for all S € S and consider a set G C Z \ Q with
gs(Qa G) > é cMaXr e7\Q gs(Qa Iz)

Let I* = argmaxy,en g A(Q) — A(Q U {I;}) = arg maxy,c1\g 9s(@, I;). By assump-
tion b’S(Q) < 1forall S € S and, as we consider a scaled instance, ag > 1forall I; € 1.
Thus, the remaining instance is a set cover instance as adding an interval I; to the solution
satisfies all constraints .S with I; € S that have not already been satisfied by Q.

Let OPT(, denote the optimal solution for the remaining instance after adding () to the
solution, i.e., the optimal solution to (MINSETIP-Q). Using a standard set cover argument, we
can observe that 64;%2 < A(Q)— A(QU{I™}) as the optimal solution satisfies the remaining
constraints at cost OPT, but a single interval can satisfy at most A(Q) — A(Q U {I*})
constraints. Note that this argument only holds because all left-hand side coefficients are at
least as large as the right-hand sides. Otherwise, adding an interval I; later, i.e., after @' D Q
has already been added to the solution, could satisfy more constraints, i.e., A(Q) — A(Q U
{L;}) < A(Q") — A(Q" U {I;}). This is one of the reasons why the offline greedy algorithm
uses two greedy criteria.

By assumption and definition of g, we have a- (A(Q) — A(QUG)) > maxy,en g A(Q) —

A(QU{I;}) and, therefore, g‘g?ﬁ; < a-(A(Q)—A(QUQG)). Rearranging the latter inequality,
we obtain A(QUG) < A(Q) - (1 - m). Since OPT > OPT for the optimal solution

OPT of the complete instance, we get A(Q U G) < A(Q) - (1 — —557). This implies that
G satisfies the first condition of Definition 6.3.3.

For the second part of the lemma, assume &’'(Q)) > 1 and consider a set G C 7 \ @ with
gc(Qa G) > é cMaXr e7\Q gc(Qy I%)

Let I* = arg maxy,c7\g V' (Q) — b'(Q U {I;}) = argmaxy,cn\ g 9¢(Q, I;). Observe that

gg% < V(Q) — v(Q U {I*}) as the optimal solution covers the remaining constraints
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at cost OPTg, but a single interval can decrease the total slack between left-hand and
right-hand sides of (MINSETIP-Q) by at most ¥/'(Q) — /(Q U {I*}). By assumption and
definition of g., we have a - (0'(Q) — ¥ (Q U G)) > maxy,c7\o V' (Q) — b'(Q U {I;}) and,

therefore, Oég) < a- (b (Q)—V(QUQG)). Rearranging the latter inequality, we obtain

F(QUG) < V(Q)- (1 - ﬁ) Since OPT > OPT, for the optimal solution OPT of

the complete instance, we get b'(Q UG) < b'(Q) - (1 — ﬁ)' This and the assumption
b'(Q) > 1 imply that G satisfies the second condition of Definition 6.3.3. Note that the
argument for the second case does not use that all non-zero coefficients are at least one. Thus,
the statement also holds if there are coefficients 0 < a < 1. O

With the following lemma, we bound the number of iterations j in which G; a-approximates
the current greedy choice via an adjusted set cover greedy analysis.

Lemma 6.3.5. Consider an arbitrary algorithm for (MINSETIP) that scales the coefficients
by factor v and iteratively adds disjoint subsets G1, ..., G}y of T to the solution until the
instance is solved. The number of groups G ; that oi-approximate the current greedy choice
(after adding Q; = UlSj’Sj—l Gjr) is at most o - p(vy) - OPT.

Proof. We first show that the number of iterations j with b'(Q;) > 1 and v'(Q; U G;) <
(1 — —gpr) - ¥'(Q;), i-e., the number of iterations that satisfy the second condition of Defini-
tion 6.3.3, is at most a[In(~y - m - maxg(w* — Lg))] - OPT.

Let G1,...,Gy C T denote the sets that are added to the solution by the algorithm and
satisfy the second condition of Definition 6.3.3. Assume that the sets are indexed in the order
they are added. For each j € {1,...,k}, let Qj C 7 denote the set of intervals that are added
to the solution before Gj. Note that {G1, ..., Gj-1} C Q;, but ); might contain additional
added groups that just do not satisfy the second condition of Definition 6.3.3.

By assumption, b'(Q; U Gj) < (1 — —557) b'(Q;). A recursive application of this
inequality and the fact that (1 — x) < e™” forall x € R\ {0} implies

J .
/ __J
aOPT) <Y(@) - emworT.

(@065 <) (1-
Thus, after j = « - OPT - [Inb/(0)] iterations that satisfy the second condition of Def-
inition 6.3.3, we have /(Q; U G;) < V(D) - e” ™Y@ = 1. Butif ¥'(Q, UG;) < 1
then there can be no further iteration that satisfies the second condition of Definition 6.3.3.
Thus, the number of such iterations is at most o - OPT - [Ind/(@)]. Since ¥'() is up-
per bounded by 7 - m - maxg(w* — Lg) as we have m constraints with scaled right-
hand side values of at most v - maxg(w* — Lg), the number of such iterations is at most
a- [In(y-m - maxg(w* — Lg)] - OPT.

Next, we show that the number of iterations j with A(Q; U G;) < (1 — —
i.e., the number of iterations that satisfy the first condition of Definition 6.

afln(m ﬂ OPT. The proof is essentially a copy of the previous case.

Let G1,...,Gy C T denote the sets that are added to the solution by the algorithm and
satisfy the ﬁrst condition of Definition 6.3.3. Assume that the sets are indexed in the order
they are added. For each j € {1,...,k}, let Qj C 7 again denote the set of intervals that
are added to the solution before G;. Note that {G1,...,Gj-1} C @, but Q; might contain
additional sets that just do not satisfy the first condition of Definition 6.3.3.

By assumption, A(Q; U G;) < (1 — —g5r) - A(Q;). A recursive application of this
inequality and the fact that (1 — 2) < e~ * forall z € R \ {0} implies

zort) - AlQ)),

1
-OP
3.3, is at most
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Thus, after j = a-OPT-[In A(0)] such iterations, we have A(Q;UG;) < A(0)-e~A® =1,
But if A(Q; U Gj) < 1, then A(Q; U G;) = 0 and the instance is solved and no further
iteration is executed. Since A(()) is upper bounded by the number of constraints m, the number
of iterations that satisfy the first condition of Definition 6.3.3 is at most a[In(m)] - OPT.

In total, at most a[In(m) ] - OPT iterations satisfy the first condition of Definition 6.3.3
and at most « - [In(y - m - maxg(w* — Lg)| - OPT iterations satisfy the second condition
of Definition 6.3.3. In summation, there are at most « - ([In(~y - n - maxeep be)] + [In(n)]) -
OPT = « - p(v) - OPT iterations that satisfy Definition 6.3.3. O]

The lemma states that the number of groups G'; that a-approximate their greedy choice
is within a factor of « of the performance guarantee p(+y) of the offline greedy algorithm. If
each GG; a-approximates its greedy choice, the iterative algorithm achieves an approximation
factor of max; |G| - & - p(7). Thus, approximating the greedy choices by a constant factor
using a constant group size is sufficient to only lose a constant factor compared to the offline
greedy algorithm.

This insight gives us a framework to solve MINSET under uncertainty. Recall that the
w;’s (and by extension the a;’s and bg’s) are uncertain and only revealed once we irrevocably
add an I; € 7 to the solution. We refer to a revealed w; as a query result, and to a fixed set of
revealed w;’s for all I; € 7 as a realization of query results. Consider an iterative algorithm.
The sets G; can be computed and queried adaptively and are allowed to depend on (random)
query results from previous iterations. Hence, X; = |G| is a random variable. Let Y; be an
indicator variable denoting whether the algorithm executes iteration j (¥; = 1) or terminates
beforehand (Y; = 0). We define the following class of iterative algorithms and show that
algorithms from this class achieve certain guarantees.

Definition 6.3.6. An iterative algorithm is («, 5,7)-GREEDY if it satisfies:

1. For every realization of query results; each G ; a-approximates the greedy choice after
querying Q; for the instance with coefficients scaled by .

E[X; | Y; = 1] < 8 holds for all iterations j.

Theorem 6.3.7. Each («, 5,7)-GREEDY algorithm for MINSET under uncertainty achieves
a competitive ratio of o - B - p(y) € O(a - B - log(m)).

Proof. Consider an (o, 3,7)-GREEDY algorithm ALG for MINSET. The expected cost of
ALG is E[ALG| = >, E[X}]. Using the total law of expectations, we get

E[ALG] = ZIP’ E[X; |Y; = 1]+ P[Y; = 0] E[X; | Y; = (]
_Z]P’ E[X; | Y; = 1],

where the last inequality holds because E[X; | Y; = 0] = 0 (if the algorithm terminates
before iteration j, then it adds no more elements to the solution and, thus, X; = 0). By the
second property of Definition 6.3.6, this implies E[ALG] < 8->, P[Y; = 1].

Thus, it remains to bound }_; P[Y; = 1], which corresponds to the expected number of
iterations of ALG. Consider a fixed realization of query results, then, by the first property of
(o, B,7)-GREEDY, each G; a-approximates its greedy choice for the (MINSETIP) instance
of the realization scaled by factor . Then, Lemma 6.3.5 implies that the number of iterations
is at most «v - p(7y) - OPT, which is upper bounded by « - p(y) - OPT. As this upper bound on
the number of iterations holds for every realization and OPT is the only random variable of
that term (since we substituted p with p), we can conclude >, P[Y; = 1] < a-p(7) - E[OPT],
which implies E[ALG] < « - 8- p(y) - E[OPT]. O
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6.3.3 Proof of the Hardness of Approximation

In the following, we show that (MINSETIP) is not only a special case of the multiset multicover
problem but also contains the hard instances of this problem.

Erlebach et al. [EHK16] showed that offline MINSET, for the problem variant where it
is not necessary to compute the weight w™, is NP-hard via reduction from vertex cover. In
the reduction by [EHK16] all intervals of the set S* with w(S*) = w* are trivial and, thus,
the result translates to the problem variant where one has to compute w*. In the following,
we strengthen this result by showing that the offline problem is as hard to approximate
as SETCOVER.

In SETCOVER, we are given a set of elements U = {1,...,n} and a family of sets
S={S1,...,Sm} with S; C U. The goal is to find a subset H C S of minimum cardinality
such that US‘jeH S;=U.

Theorem 6.3.8. There is an approximation-factor preserving reduction from SETCOVER to
offline MINSET.

Proof. Given an instance (U, S) of SETCOVER, we construct an offline MINSET instance as
follows:

1. Add a trivial interval I, = {w,}.
2. Add asingle set C' = {I,}.

3. Foreach j € U, add a set 5.

4. Foreach S; € S:

(a) Add an interval I; = (L;,U;) with L; = 0, U; = w, + 6 and w; = w, + € for a
common § > € > (0 and some infinitesimally small € > 0.

(b) For each j € S;, add interval I; to set S;.

This reduction clearly runs in polynomial time. To finish the proof, we show the following
claim: There is a SETCOVER solution H of cardinality k if and only if there is a feasible
query set Q for the constructed offline MINSET instance with |Q| = k.

By definition of the constructed instance, set C' = {I,.} is the set of minimum weight
w* = w,. Each feasible query set () for the offline MINSET instance must prove that
Ls(Q) > w, holds for each S € S\ {C}. Recall that Lg(Q) is the lower limit of S after
querying (). By definition of the constructed intervals and sets, a query set () is feasible if and
only if | N S| > 1foreach S € S\ {C}, i.e., Q has to contain at least one element of each
SeS\{C}

For the first direction, consider an arbitrary set cover H for the given SETCOVER instance
and construct Q = {I; | S; € H}. Clearly |Q| = |H|. Since H is a set cover, each j € U
is contained in at least one S; € H. If j € U is contained in S;, then, by construction, I; is
contained in 5. Thus, as H covers all elements j € U, set () contains at least one member of
each S; € S\ {C} and, therefore, is a feasible query set.

For the second direction, consider an arbitrary feasible query set () of the constructed
instance and construct H = {S; | I; € Q}. Clearly, |Q| = |H|. Since Q is feasible, it
contains at least one member of each S; € S\ {C}. If I; € S; is contained in @, then,
by construction, set S; € H covers element j. As ( contains at least one member of each
S; € S\ {C}, it follows that H covers U. O

Dinur and Steurer [DS14] showed that it is NP-hard to approximate SETCOVER within
a factor of (1 — «) - Inn for any @ > 0, where n is the number of elements in the instance,
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Algorithm 20: MINSET with deterministic right-hand sides.
Input: Instance of MINSET with deterministic right-hand sides.
1 Q = 0; Scale a and b by % to a’ and V' for $yin = ming,ez. v,—r,>0 Ui — Li;

2 while the problem is not solved do

3 ifb/(Q) > 1then g = g_else g = g,;

4 repeat

5 ‘ I; < argmaxy, e\ 9(Q, 1;); Query I;; Q < QU {I;};
6 until the problem is solved or w; — L; > % (Ui — Ly);

via a reduction running in time n'/®. Consider the construction of Theorem 6.3.8. Since
the sets in the constructed offline MINSET instance correspond to the elements in the input
SETCOVER instance, the construction implies the following corollary. Note that the corollary
uses In(m — 1) instead if In(m) because the reduction introduces the extra set C.

Corollary 6.3.9. For every o > 0, it is NP-hard to approximate offline MINSET within a
factor of (1 — «) - In(m — 1), where m = |S| is the number of sets. The reduction runs in
time m!/.

We show that Theorem 6.3.8 and Corollary 6.3.9 apply also to MINSET under stochastic
explorable uncertainty, even if the precise weight w; of each I; is drawn independently and
uniformly at random from (L;, U;).

Theorem 6.3.1. For any fixed o > 0, it is NP-hard to compute a query strategy that is
(1 — ) - In(m — 1)-competitive for MINSET under uncertainty even if the precise weight
w; of each I; is drawn independently and uniformly at random from (L;,U;). The same
inapproximability holds also for offline MINSET.

Proof. The hardness of approximation for offline MINSET follows directly from Corol-
lary 6.3.9.

We continue to show the statement on MINSET under uncertainty with uniform distri-
butions. Consider the reduction of Theorem 6.3.8 with w, towards 0 and/or ¢ towards oo.
With w, running towards 0 and/or ¢ running towards oo, the probability that it is sufficient
to query one I; € S; to show that w, < Lg.(Q), for some query set (), goes towards 1.
Thus, the probability that any set () that contains at least one member of each S € S is
feasible goes towards one as well. Thus, lim,, o0 E[OPT] = lims_,., E[OPT] = |H*|,
where H* is the optimal solution for the input SETCOVER instance. Therefore, by Theo-
rem 6.3.8, in order to be ((1 — «) - In m)-competitive, the query strategy has to compute an
((1 — @) - Inn)-approximation for set cover. This implies NP-hardness. O

6.4 MINSET with Deterministic Right-Hand Sides

We consider a variant of MINSET under uncertainty, where the right-hand sides bg of the
ILP representation (MINSETIP) are deterministic and explicit part of the input. Thus, only
the coefficients a; = (w; — L;) remain uncertain within the interval (0, U; — L;). For this
problem variant, it can happen that the instance has no feasible solution. In that case, we
require every algorithm (including OPT) to reduce the covering requirements as much as
possible. As we consider the stochastic problem variant, recall that the balancing parameter is
defined as 7 = miny,ez 7 for 7; = Plw; > %]

Theorem 6.4.1. For 7 > 0. There is an algorithm for MINSET under uncertainty with
deterministic right-hand sides and a competitive ratio of % -p(y) € (’)(% - logm) with
Y= 2/sminf0r Smin = minIZEI: U;—L;>0 U; — L;.
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The algorithm of the theorem loses only a factor % compared to the greedy approximation
factor p(vy) on the corresponding offline problem. We show the theorem by proving that
Algorithm 20 is an («, 3,7)-GREEDY algorithm for a = 2, g = % and v = p— with
Smin = Ming,c7: v,—r,>0 Ui — L;. Then, Theorem 6.3.7 implies the theorem. We remark that
we scale by ﬁ instead of ﬁ because of technical reasons that will become clear in the
proof of the theorem.

The algorithm scales the coefficients by factor ; we use a’ and V' to refer to the scaled
coefficients. The idea of Algorithm 20 is to execute the greedy Algorithm 19 under the
assumption that a; = U; — L; (and a; = v(U; — L)) for all I; € T that were not yet added to
the solution. As a; = (w; — L;) € (0,U; — L;), this means that we assume a; to be slightly
larger than its largest possible value. Consequently, Spin i the smallest (non-zero) coefficient
a; under this assumption. The algorithm computes the greedy choice based on the optimistic
greedy values

9.Q, ) = > bs(Q) —max{0,b5(Q) — v(U; — Li)}

SeS: I,eS
(ifb'(Q) > 1) and
9:(Q,1;) = [{S € S: I; € S | V5(Q) > 0 A bs(Q) — y(Ui — Ly) < 0}

(otherwise). That is, the greedy values under the assumption a; = U; — L;. We call these
values optimistic as they might overestimate but never underestimate the actual greedy values.
For subsets G C Z, we define g,(Q, G) and g.(Q, G) analogously.

In contrast to g5 and g., Algorithm 20 has sufficient information to compute g, and g,
and, therefore, the best greedy choice based on the optimistic greedy values. The algorithm
is designed to find, in each iteration, an element I; with g.(Q, ;) > 3 - §.(Q, I;) for the
current () (or analogously for g, and g5;). We show that (i) this ensures that each iteration
2-approximates the greedy choice and (ii) that finding such an element takes only % attempts
in expectation.

Proof of Theorem 6.4.1. Let j be an arbitrary iteration of the outer while-loop, X; denote
the number of queries during the iteration, and Y} indicate whether the algorithm executes
iteration j (Y; = 1) or not (Y; = 0).

Assuming Y; = 1, the algorithm during iteration j executes queries to elements I;
until either w; — L; > %(UZ — L;) or the problem is solved. Since w; > % implies
w; — L; > %(Ul — L;) and Plw; > W] > 7 holds by assumption, the number of attempts

until the current I; satisfies the inequality follows a geometric distribution with success
probability at least 7. Hence, E[X; | Y; = 1] < %; proving Property 2 of Definition 6.3.6.

We continue by proving Property 1 of Definition 6.3.6. Consider a fixed realization. Let
G ; denote the queries of iteration j except the last one and let I; denote the last query of
iteration j. Then G; = G; U {I;} is the set of queries during the iteration. Finally, let @;
denote the set of queries before iteration j. We show that GG; 2-approximates the greedy
choice of the scaled instance, which implies Property 1 of Definition 6.3.6.

If the iteration solves the problem, then G clearly 1-approximates the greedy choice and
we are done. Thus, assume otherwise. We distinguish between the two cases (1) b'(Q;) > 1
and (2) b'(Q;) < 1.

Case (1): We show first that G; 2-approximates the greedy choice if b'(Q;) > 1. In
this case, we have g = g, (cf. Line 3). By choice of I3, we have g .(Q; U C_}j,Ij) =
maxy, e\ (Q,ud;) 9e(@; U Gy, I;), i.e., I5 has the best optimistic greedy value when it is
chosen.
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As the iteration does not solve the instance, we have (w; — L;) > %(Uj — L;) by Line 6.
This directly implies that the actual greedy value of I5 is at least half the optimistic greedy
value, ie., g.(Q; U Gy, I5) > 39.(Q; UGy, ).

Since the best optimistic greedy value is never smaller than the best actual greedy
value, we get g.(Q; U Gj, ;) > R maxy e7\(q,ua,) 9¢(Q; U Gy, I;). This allows us
to apply Lemma 6.3.4 to get b'(Q; U G; U {L;}) < (1 — 55p7) - V'(Q; U G;). Using
V' (Q;UG;) < V(Q;)and G; = G;U{I;}, we can conclude b/ (Q;UG;) < (1— 5557 )b (Q;).
which shows that GG; satisfies Condition 2 of Definition 6.3.3.

Case (2): Next, we show that G; 1-approximates the greedy choice if ¥'(Q;) < 1. In this
case, we have g = g, (cf. Li_ne 3). Similar to the previous case, we have g (Q; U Gj, I;) =
Maxy c7\(Q,ud;) 95(Q; U Gy, I;), ie., I; has the best optimistic greedy value when it is
chosen.

From 0'(Q;) = Y gesVs(Q;) < 1 follows bg(Q;) < 1 forall S € S. Furthermore,
every element I; with w; — L; > %UZ- — L; satisfies a; = w; — L; > Sr;i“ and, therefore
a’i = va; = Sjin - a; > 1. This means that adding I; to the solution satisfies all constraints
for sets S with I; € S that are previously not satisfied. Thus, the optimistic greedy value
95(Qj, I;) and the actual greedy value g,(Q;, I;) are the same, i.e., g,(Q;, I;) = gs(Qj, L),
as adding I; cannot satisfy more constraints even if the coefficient a; was U; — L;. This
observation is crucial for the remaining proof and the reason we scale with v = —2— instead

Smin
1

Smin

Since the iteration does not solve the instance by assumption, we have (w; — L;) >

%(U; — L;) by Line 6. As argued above, this implies that /; has the best optimistic and actual

greedy value when it is added to the solution, i.e., gs(Q; U G, 1;) = g,(Q; UG, I;) =

Maxy 7\ (Q,UG,) 7,(Q; U G i, 1;). Thus, even under the assumption that all elements I; of

of

7\ (Q; U Gj) have coefficients a; = (U; — L;), interval I; achieves the best greedy value.

Let LB denote the optimal solution value for the remaining instance after querying
Q; U Gj under exactly this assumption that a; = (U; — L;) and a, = ~v(U; — L;) for all
I; € T\ (Qj UG,). Clearly LB < OPT.

Under the assumption that a, = (U; — L;) forall I; € T\ (Q;UG}), the instance is scaled
(i.e., it satisfies that all non-zero coefficients are at least one). Thus, we can apply Lemma 6.3.4
under the assumption to get A(Q; UG, U {GhH<(1- 75)-A(Q;UG;). Since LB < OPT,
this gives us A(Q; UG; U {5 <(1- opt) - A(Q; UG;). Using A(Q; U G;) < A(Q))
and G; = G; U {I;}, we can conclude A(Q; U G;) < (1 — g5pr) - A(Q;), which shows that
G satisfies Condition 2 of Definition 6.3.3 for o = 1. ]

6.5 MINSET under uncertainty

We consider the general MINSET under uncertainty. In contrast to the previous section,
we now also have uncertainty in the right-hand sides of (MINSETIP). Since we consider
the stochastic problem variant, recall that the balancing parameter is 7 = miny, ez 73 with
7 = Plw; > %] Our goal is to iteratively add intervals from Z to the solution until it
becomes feasible for (MINSETIP). To that end, we prove the following main result.

Theorem 6.5.1. For 7 > 0. There is an algorithm for MINSET under uncertainty with
a competitive ratio of O(L -logm - p(7)) C O(L - log? m) with v = 2/Smin fOr Smin =
mingez. v,—r,)>0(Ui — Li).

Exploiting Theorem 6.3.7, we prove the statement by providing Algorithm 21 and showing

that it is an («, 3,y)-GREEDY algorithm for & = 2, ¥ = 2/smi, and 8 = L([log; 5(m -

T

(2/Smin) - maxy,er(U; — L;)) | + [logy(m)]). Note that v and +y are defined as in the previous
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section for MINSET with deterministic right-hand sides and will be used analogously. For
B on the other hand, we require a larger value to adjust for the additional uncertainty in the
right-hand sides bg = w* — Lg for the uncertain w*. Notice that we do not have sufficient
information to just execute Algorithm 20 for MINSET with deterministic right-hand sides as
we need the right-hand side values to compute even the optimistic greedy values.

To handle this additional uncertainty, we want to ensure that each iteration of our algorithm
a-approximates the greedy choice for each possible value of w*. To do so, we compute and
query the best optimistic greedy choice for several carefully selected possible values of w*.

To state our algorithm, we define a parametrized variant of (MINSETIP) that states
the problem under the assumptions that w* = w for some w and that the set ) C Z has
already been queried. The coefficients are scaled to a; = (2/Smin)(w; — L;) and by(Q, w) =
max{(2/smin)(W—"Ls) =D 1 cons @i 0} Asbefore, let V' (Q, w) = > gc 5 bs(Q, w) denote
the sum of right-hand sides.

min ZL:EI\Q Li
s.t. Zlies\Q zi-a, >b0y(Qw) VSeS (MINSETIP-QW)
Z; S {O, 1} VI, €T

As the right-hand sides are unknown, we define the greedy values for every possible value
w for w*. To that end, let g.(Q, I;,w) = ' (Q,w) — V' (Q U {[;},w) and g5(Q, I;,w) =
AQ,w) — A(Q U {I;},w), where A(Q,w) = {S € S | bly(Q,w) > 0}| denotes the
number of constrains in (MINSETIP-QW) that are not yet satisfied. As before, g.(Q, I;, w)
and g5(@, I;, w) describe how much adding I; to the solution reduces the sum of right-hand
sides and the number of non-satisfied constraints, respectively; now under the assumption
that w* = w. For subsets G C 7 \ @, we define the greedy values in the same way, i.e.,
9s(Q,G,w) = A(Q,w) — A(QU G,w) and ¢.(Q, G,w) =V (Q,w) — V'(Q U G,w).

Since our algorithm again does not have sufficient information to compute the precise
greedy values ¢,(Q, I;, w) and g.(Q, I;, w) even for a fixed w, we again use the optimistic
greedy values defined in the same way as in the previous section. That is

gc(Qv L, w) = Z bi?(Qv w) - maX{O? b/S(Qv w) - V(Ui - Ll>}

SeS: [,eS

and
95(Q, Ii,w) = |{S € S: I; € S | bs(Q, w) > 0 A bs(Q,w) —v(U; — L;) < 0}].

For subsets G C 7 \ @, the optimistic greedy values are defined analogously.

Similar to Algorithm 20, we would like to repeatedly compute and query the best optimistic
greedy choice until the queried I; satisfies w; — L; > % (cf. the repeat-statement). How-
ever, we cannot decide which greedy value, g, or g, to use as deciding whether by (Q, w*) < 1
depends on the unknown w*. Instead, we compute and query the best optimistic greedy choice
for both greedy values (cf. the for-loop). Even then, the best greedy choice still depends on
the unknown right-hand sides. Thus, we compute and query the best optimistic greedy choice
for several carefully selected values w (cf. the inner while-loop) to make sure that the queries
of the iteration approximate the greedy choice for every possible w*. Additionally, we want to
ensure that we use at most 3 queries in expectation within an iteration of the outer while-loop.

To illustrate the ideas of the algorithm, consider an iteration of the outer while-loop. In
particular, consider the for-loop iteration with g = g, within this iteration. Let )" denote the
set of queries that were executed before the start of the iteration. Since we only care about
the greedy value g. if there exists some S € S with b4(Q’) > 1 (otherwise we use g, and g
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Algorithm 21: Algorithm for MINSET under uncertainty.
Input: Instance of MINSET under uncertainty.
1 Scale all coefficients with y = 2/8in fOr Symin = ming,ez. v,—1,)>0(Ui — Li);
2 Q < 0, wpyin < minimum possible value w* (keep up-to-date);
3 while the problem is not solved do

4 foreach g from the ordered list g, g, do

5 d«1;Q + Q;

6 if g = g, then wp,x ¢ max possible value w*;

7 else Wax  max w s.t. bg(Q,w) < 1forall S € S;

8 while Jwin < w < wiax such that maxy, c7\q 9(Q, In,w) > ddo

9 repeat

10 W 4= Min Wiyin < W < Winax 8.t maxy, e\ 9(Q, w, I) > d;
11 I; + argmaxy, e\ 9(Q, In, w); Query I;; Q <= Q U {I;};

12 Qujz  {I; €Q\ Q' |wy — L; > D54}

13 if g = g. then d < g.(Q',Q1/2,w) else d + g5(Q', Q1 /2, w);
14 until w; — L; > % or Pw < Wmax: maxp, e7\Q 9(Q, w, I) > d;

instead), we assume that this is the case. If not, we use a separate analysis for the for-loop
iteration with g = g,.

Our goal for the iteration is to query a set of intervals @) that 2-approximates the best
greedy choice I* after querying @', i.e., it has a greedy value g.(Q', Q,w*) > 3g.(Q’, I*, w*)
and, thus, satisfies Lemma 6.3.4. To achieve this for the unknown w*, the algorithm uses
the parameter d, which is initialized with 1 (cf. Line 5), the minimum possible value for
G.(Q', I*,w*) under the assumption that there exists some S € S with b's(Q’) > 1. In
an iteration of the inner while-loop, the algorithm repeatedly picks the minimal value w
such that the best current optimistic greedy choice has an optimistic greedy value of at
least d (cf. Line 10). If no such value exists, then the loop terminates (cf. Lines 8, 14).
Afterwards, it queries the corresponding best optimistic greedy choice I; for the selected value
w (cf. Line 11). Similar to the algorithms of the previous section, this is done repeatedly until
w; — Li > (Uz — Lz)/2

The key idea to achieve the 2-approximation with an expected number of queries that does
not exceed 3, is to always reset the value d to g.(Q', Q1 /2, w), where Q1 /5 is the subset of all
intervals /; that have already been queried in the current iteration of the outer while-loop and
satisfy w; — L; > (U; — L;)/2 (cf. Lines 12, 13). This can be seen as an implicit doubling
strategy to search for an unknown value. It leads to an exponential increase of d over the
iterations of the inner while-loop, which will allow us to bound their number.

With the following lemma, we prove that this choice of d also ensures that the queries of
the iteration indeed 2-approximate the best greedy choice for w* if there exists a S € § with
bs(Q',w*) > 1. If there is no such set, we can use a similar proof w.r.t. greedy value g5. For
an iteration j of the outer while-loop, let GG be the set of queries during the iteration and let
Qi=U i< G denote the queries before the iteration (cf. Q' in the algorithm).

Lemma 6.5.2. If there is an S € S with by(Q;,w*) > 1, then G 2-approximates the greedy
choice for the scaled instance with w = w™ after querying Q).

Proof. For an arbitrary but fixed realization, consider an iteration j of the outer while-loop
such that there exists a set S € S with bg(Q;, w*) > 1.

Consider the subset Gj C Gj of queries that were executed with g = g, before the
increasing value w (cf. Line 10) surpasses w*. That is, G 7 only contains intervals that were
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queried for a current value w < w*. Let I; be the element of G; that is queried last. Finally,
let 8j denote the value d computed by the algorithm in Line 13 directly after querying I,. We
continue to show that G; 2-approximates the greedy choice of (MINSETIP-QW) for Q = @
and w = w*.

Observe that g.(Q;, Gj, w*) > c_ij. To see this, recall that c_ij was computed in Line 13
after I; was queried. Thus, dj = ge(Q', Q1 /9, w) for Q' = Qj, Q1o = {I; € Gj | wj—L; >
%} and some value w with w < w* by assumption. Since w* > w and Q1/2 - C_Jj, the
greedy value g.(Q;, G, w*) can never be smaller than d; = g.(Q’, Q1/2, w). This implies
9¢(Qj, G, w*) = d;. _

We continue by showing that d* < 2 - g.(Q;, G, w*) holds for the best greedy value d*
at the start of the iteration, i.e., d* = mMaxr,en\Q, 9c(Qj, Ii, w*). As (_}j C G}, this implies
d* <2-g.(Qj,Gj,w") and, thus, that G satisfies Definition 6.3.3.

To upper bound d*, first observe that the best optimistic greedy value d’ after querying
Gj U @; is smaller than dj, ie., d = mMaxy, e\ (Q,ud,) 3.(Q; UGy, I;,w*) < dj. This
follows directly from Line 10 as I; is the last query for a value w < w* by assumption. As
gc(ij Gj7 w*) > dj, we get gc(ij Gj7 'w*) >d.

By definition of g., the best greedy value after querying (); can never be larger than the
sum of the greedy value of G ; after querying (); and the best optimistic greedy value after
querying G; U @;. Thus, we have d* < ¢.(Q,,Gj,w*) +d' < 2 g.(Q;,Gj, w*). This
proves that G; satisfies Lemma 6.3.4 and, thus, concludes this proof. O

Using a similar proof, we show the following lemma for the case where by (Q’, w*) < 1
for all S € S, which together with Lemma 6.5.2 implies Property 1 of Definition 6.3.6. While
the main arguments remain the same as for the previous lemma, the more discrete nature of
the greedy values g5 and g, poses several additional technical challenges that need to be taken
care of. For an iteration j of the outer while-loop, let G; again be the set of queries during
the iteration and let Q; = G denote the queries before the iteration (cf. set Q' in the
algorithm).

J'<3j

Lemma 6.5.3. Ifbly(Q;, w*) < 1forall S € S, then G 2-approximates the greedy choice
for the scaled instance with w = w* after querying Q) ;.

Proof. For an arbitrary but fixed realization, consider an iteration j of the outer while-loop
such that b’y (Q;, w*) < 1forall S € S. Our goal is to prove that G; approximates the greedy
choice for the scaled instance with w = w™* after querying (); within a factor of two. That
is, we have to prove A(Q; U Gj,w*) < (1 — 3gp7) - A(Q;,w*). Recall that A(Q;, w*)
denotes the number of constraints that are not yet satisfied in the (MINSETIP-QW) instance
for @ = Qj and w = w*.

Consider the subset G i € G of queries to intervals I; that were executed with g = g,
for a current value w < w* during iteration j of the outer while-loop. Let P; C G'; denote
the queries of the iteration that were executed before G, i.e., that were executed during the
iteration of the for-loop with g = g,.. Note that Q" = @Q); U P; is the set of intervals queried
before the beginning of the for-loop iteration with g = g, during iteration j of the outer
while-loop.

Proof outline. We start the proof by making some preliminary observations regarding
greedy value g5 and the scaling factor  that will be crucial for the remainder of the proof.
Then we proceed by proving that G ; approximates the greedy choice of (MINSETIP-QW) for
@ = Q; U P;j and w = w* within a factor of 2. To this end, we first derive a lower bound on
the greedy value g5(Q; U P;, G;,w*) and afterwards compare this lower bound with OPT.
Finally, we use the fact that G j 2-approximates the greedy choice after querying (); U P; to
show that G; approximates the greedy choice of (MINSETIP-QW) for @ = @; and w = w*
within a factor of 2.
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Preliminary observations. Before we start with the proof, recall that an interval I; with
(w; — L;) > 1 - (U; — L;) satisfies a} = 2'(;”;;‘]—”) > U;r;f’ > 1 by choice of the scaling
parameter v = ﬁ This implies that adding I; to the solution satisfies all constraints for sets
S with I; € S as long as we are considering values w with bg(Q;, w) < 1forall S € S. Thus,
for such intervals and values w, the greedy value g5 of I; is then equal to the optimistic greedy
value g, as even under the assumption a; = v(U; — L;) adding interval I; cannot satisfy more
constraints. By assumption, this in particular holds for all values w < w*. This also means
that the greedy values gs and g, of such intervals I; only increase with an increasing value w,
as long as bl(Q;, w) < 1 still holds forall S € S.

Lower bound on ¢,(Q; U Pj,Gj,w*). We continue by deriving a lower bound on
9s(Q; U P}, G j,w*). Let I; be the element of G ; that is queried last and let Elj denote the
value d computed by the algorithm in Line 13 directly after querying I;. We first observe
that g,(Q; U Fj, Gj, w*) > Elj. To see this, recall that Elj was computed in Line 13 after I;
was queried. Thus, d; = ¢5(Q’, Q1/2,w) for @' = QU P}, Q19 = {I; € Gj | wj — Lj >
U-’;Lj } and some value w with w < w* by assumption. Since w* > w and Q15 C G, the
greedy value g5(Q;UP;, Gj,w*) can never be smaller than d; = g5(Q’, Q1 /2, w) according to
the observations stated at the beginning of the proof. This implies g5(Q; U P, G, w*) > d;.

Assume for now that the algorithm queried Q); = C_Jj \ Q12 before Q1/5. We con-
sider the best optimistic greedy value d* after ); U P; U Q) has already been queried,
ie, d* = maxpen (Q,ur;uQ.) 9s(Qj U Pj U Qs, I;;w*). To bound d*, first observe that
the best optimistic greedy value d’ after querying G; U Q; U P; is smaller than dj, i.e.,
d' = maxyeq (,up,ug,) 9s(@; U Pj U Gj,I;,w*) < dj. This follows directly from
Line 10 as I; is the last query for a value w < w* by assumption. Since we already showed
gs(Qj U P;, G]’,w*) > dj, we get gs(Qj U Pj, Gj,w*) >d.

By definition of g, definition of @ /5, and the assumption that we only consider values w
with by (Q',w) < 1forall S € S, the best optimistic greedy value after querying Q; UP;UQ
can never be larger than the sum of the optimistic greedy value of @y, after querying
®; U P; U (s and the best optimistic greedy value after querying Q); U P; U Qs U Q) =
@Q; U P; U G;. By assumption that we only consider values w with b'y(Q’, w) < 1 for all
S € 8, wehave g,(Q; UP;UQs, Qq)2,w") = gs(Qj U P; UQs, @2, w”) (as argued at the
beginning of the proof). Putting it together, we get

d* < g4(Qj UPjUQy, Qo w™) +d
=9s(Q; UP;UQy, Qo w") +d
< gs(Q] U P] U QS; Ql/??w*) =+ gS(Qj U Pja (_;]711}*)

Proving that G ; approximates its greedy choice. We continue the proof by using the
inequality for d* in order to show that G ;7 approximates its greedy choice.

To this end, we consider a relaxed instance 12 of (MINSETIP-QW) with Q) = @Q; U P; and
w = w*, i.e., we assume that (); U P; has already been queried and consider the right-hand
sides by(Q; U Pj,w*) for all S € S. We relax the instance by increasing the left-hand side
coefficients and decreasing the cost coefficients. Let a denote the relaxed coefficients. First
consider the intervals in G ;. For these intervals, we use the original scaled coefficients. That
is, we set a; = CL{L» = 'y(wi — Li)- Recall that Q1/2 = {Iz' S G’j ‘ w; — L; > %(UZ — Lz)}
and Qs = G \ Q2. For intervals I; € Qs, we set the cost coefficients to zero. Thus,
these intervals can be added to any solution without increasing the objective value. All other
intervals keep their cost coefficients of one. For all other intervals I; € Z \ (Q; U P; U G}),
we set a; = v(U; — L;). That is, we assume that the coefficients of these intervals are slightly
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larger than their largest possible value. Since instance R compared to the original instance only
increases left-hand side coefficients and decreases cost coefficients, it clearly is a relaxation
and, thus, LB < OPT for the optimal objective value LB of the relaxed instance R.

Since we assume blg(Q;UP;j, w*) < 1forall S € S, the right-hand sides of instance R are
all strictly smaller than one. Furthermore, by choice of the scaling parameter -, all intervals I;
satisfy y(U; — L;) > 1. Thus, the intervals I; in Q \ (Q; U P; U G;) have coefficients a; > 1.
By the observations at the beginning of the proof, the same holds for the intervals in Q) /.
Only the intervals in ()5 can potentially have coefficients smaller than the right-hand sides.
This also means that the greedy value g, of an interval I; € @ \ (Q; U P; U Q)s) for instance
R can never be increased by previously adding intervals of () to the solution, since adding
I; already satisfies all constraints for sets S with I; € S. For intervals in (), it might be the
case that previously adding further elements of () to the solution increases the greedy value.
This is, because the coefficient of an I; € ()5 might be too small to satisfy a constraint .S with
I; € S but previously adding further intervals from (); might decrease the right-hand side of
S enough such that adding I; can satisfy the constraint and, thus, increase the greedy value
of IZ

Now, consider the number of constraints that are initially not satisfied in R. This number
is exactly the same as in the non-relaxed original instance after querying (); U P; since
R uses the exact same right-har}d sides. Thus, the number of not yet satisfied constraints
in Ris A(Q; U Pj,w"). Let d = maxyer\(Q,up,uQ.) 1S € S | b5(Q; U Pj,w*) >
0 AV(Q; U Pjyw™) —a; — 31, co, Gn < 0}] denote the maximum number of constraints
that can be satisfied by adding ), and one interval I; in QQ; U P; U @), to the solution for
R. In a sense, d is the best possible greedy value g for instance R that can be achieve
by adding such a set Qs U {I;} to the solution. Remember that the elements of ()5 do not
incur any costs, SO d constraints can be satisfied at cost one. Following the arguments in
A(ijgij*)

the proof of Lemma 6.3.4, this implies d > as the optimal solution satisfies

A(Q; U Pj,w*) constraints at cost LB but it is impossible to satisfy more than d constraints
with cost one. This last implication crucially uses the observation that the greedy values of
intervals in @ \ (Q; U P; U ()) cannot increase by previously adding other intervals to the
solution. Because this is the case, even adding an interval later cannot satisfy more than d
constraints, which gives us d> W. We remark that this also is the reason why the
offline Algorithm 19 starts with greedy value g. and only switches to greedy value g5 once the
instance reduced to a SETCOVER instance.

Taking a closer look at d, we can observe that this greedy value is exactly the sum of the
greedy values g5(Q; U Pj, Qs, w") and d* = maxr,c\(Q,ur,uQ.) G,(Q; UP;UQs, I, w")
for the non-relaxed instance. This is, because the original instance uses the same right-
hand sides as R, the coefficients of intervals in () are the same in both instances, and the
optimistic greedy value g,(Q; U P; U Qs, I;, w*) like instance R already assumes that all
intervals in @ \ (Q; U P; U Q) have coefficients larger than all right-hand sides. Thus,
these three arguments imply d = 9s(Q; U P}, Qs, w*) + d*. Combining this equality with
d> % and the previously derived upper bound on d* gives us:
A(Q; U Pj,w*) <
LB

= 95(Qj U P}, Qs,w") + d*
< 9s(Qj U Py, Qs,w™) + gs(Q; U Py U Qs, Qqya,w") + g5(Q; U Py, G, w™)

=2-9:(Q; U P;,Gj,w").
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Here the second equality uses that

9s(Q; U Py, Qs,w") + g5(Q5 U Pj U Qs, Q1/9, w")
=(A(Q; U Pj,w™) — A(Q; U P; UQs,w"))
+(A(Q; U PjUQs,w™) — A(Qj U P UQs UQyo,w"))
=A(Q; U Pj,w") — A(Q; UP; UQsUQ )9, w")
=A(Q; U Pj,w*) — A(Q; U P; UGj,w")
=95(Q; U P}, Gj,w").

Plugging in the definition of g, and the inequality LB < OPT yields

L <0 (AQ5 U P w) — AQ U P UGy w)

~ * * 1
SAQUP UGS, W) < AQUPw) (1 - 5——)

. ) 1
=A(Q;UP UG, w*) < A(Q; U Pj,w )'(1—m)-

Thus, G approximates the greedy choice of (MINSETIP-QW) for Q = Q; U P; and w = w*
within a factor of 2.

Concluding the proof. Remember that our goal was to show that GG; approximates the
greedy choice for w = w* after querying (; within a factor of 2. To that end, observe that
P;u Gj C G, implies A(Q] UP; U @j,w*) > A(Q] U G]’,w*) and that Q; C Q; U P;
implies A(Q;,w*) > A(Q; U P;, w*). Plugging these inequalities into the previously derived
inequality for A(Q; U P; UG;,w*) yields A(Q; UGj, w*) < A(Q;,w*) - (1 — y5pr). This
means that GG; also 2-approximates the greedy choice after querying Q; for w = w*, which
concludes the proof. O

Since the Lemmas 6.5.2 and 6.5.3 imply Condition 1 of Definition 6.3.6, it remains to
show Condition 2 in order to apply Theorem 6.3.7. The proof idea is to show that parameter d
increases by a factor of at least 1.5 in each iteration of the inner while-loop with g = g.. As
9.(Q, I;,w) is upper bounded by m(2/Smin) maxs,ez(U; — L;), this means the inner loop
executes at most[log; 5(m(2/smin) maxy,er(U; — L;))] iterations for g = g... For g = g,
we can argue in a similar way that at most [log,(m)] iterations are executed. Similar to
the previous section on MINSET with deterministic right-hand sides, we can also show that
each iteration of the inner while-loop executes at most % queries in expectation. Combining
these insights, we can bound the expected number of queries during an execution of the outer
while-loop by . Formally proving the increase of d by 1.5 requires to take care of several
technical challenges. The basic idea is to exploit that the interval I; queried in Line 11 has an
optimistic greedy value of at least d. If it satisfies w; — L; > %(Ui — L;), we show that the
actual greedy value is at least d/2. When d is recomputed in Line 13, then I; is a new member
of the set (1, and leads to the increase of d /2.

We conclude the section by formalizing this proof idea. For each iteration j of the outer
while-loop, let X; be a random variable denoting the number of queries executed during
iteration j and let Y; be a variable indicating whether the iteration is executed (Y; = 1) or not
(Y; = 0). We prove the following lemma, which implies that the algorithm also satisfies the
second condition of Definition 6.3.6 and, thus, satisfies Theorem 6.5.1.

Lemma 6.5.4. E[X; | Y; = 1] < 8 =1 - ([log, 5(m - 225 U=Ldyy 4 rog, (m)]).

Smin
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Proof. Consider an iteration j of the outer while-loop of Algorithm 21. In the following, all
probabilities and expected values are under the condition Y; = 1.

For iteration j, let A;;, and B}, be random variables denoting the number of queries in
iteration & of the inner while-loop for g = g, and g = g,, respectively. Then, E[X;] =
2k E[Bjk] + > x E[Aj].

Let A] , and Bj k be random variables indicating whether iteration k of the inner while-
loop with g = g.. and g = g, respectively, is executed (A;;, = 1, Bj; = 1) or not. Given that
such an iteration is executed, we can exploit that the termination criterion w; > % (U; = L;)
occurs with probability P[(w; — L;) > (U; — L;)/2] > Plw; > (U; + L;)/2] > 7 to show
E[Aji, | Aj = 1] < L and E[Bjy, | Bj; = 1] < 1. Using these bounds and exploiting that
E[Ajk ‘ Ajk = 0} = E[Bjk | Bjk = 0] =0, we get

E(X;] = (B[Aj] + E[Bji])
=Y PlAj = 1] - E[Aj | A = 1]+ P[Ay = 0] - E[Aj, | Az, = 0]
+ZP [Bjx = 1]-E[Bjt | Bjx = 1] + P[Bjx = 0] - E[Bji | Bji = 0]

—ZIF’ k=11 E[Aj | Ajp =1]+ > P[Bj = 1]-E[Bj), | Bj = 1]
k

% (ZIP’ 1]+ZP[Bjk:1]).
k

Thus, it only remains to bound Y, P[Aj), = 1]+, P[Bjj, = 1]. We do this by separately

proving > P[A;, = 1] < [logy 5 (m - (2/$min) - maxpez(Us — Li))] and ), P[Bjx =

1] < [logy(m)].
Putting all bounds together, we then get E[X;] < 1 - (3, P[Aj; = 1] + P[Bj; = 1]) <

- (Tlogy 5(m - 222ex Wizt y) 4 ri6g, ().

Smin

Upper bound for Y, P[4, = 1]. Note that Y, P[A;;, = 1] is just the expected number
of iterations of the inner while-loop with g = g, during iteration j of the outer while-loop.
We bound this number by showing that, for every realization of precise weights, the value d
increases by a factor of at least 1.5 in each iteration except possibly the first and last ones. As
d is upper bounded by @ = (2/Smin) - m - maxy,e7(U; — L;) (in the sense that the loop will
terminate at the latest when d > a), the number of iterations then is at most [log; 5 (a)] for
every realization of values.

To prove that d increases by a factor of 1.5 in each iteration of the inner while-loop,
consider the last execution of the repeat-statement within an iteration of the inner while-loop
with g = g, (that is not the first or last one). Let I; be the interval queried in that last iteration
of the repeat-statement, let () denote the set of ; and all intervals that were queried before
I;, let Q" denote the set of all intervals queried before the current execution of the inner
while-loop was started, and let Q1 = {I; € Q\ Q' | w; — L; > U];Lj }. Furthermore, let
w denote the value of Line 10 computed before I; was queried in the following line. Note that
this notation matches the one used in the algorithm at the execution of Line 12 directly after
I; was queried.

Let d denote the value d computed by the algorithm before I; was queried. That is,
d = g.(Q', Q12 \ {I;},w’) for the value w’ that was computed in the previous execution of
Line 10. By choice of I;, we have g.(Q \ {I;}, I;,w) > d and g.(Q \ {L;}, ;,w) > d/2
(since w; — L; > (U; — L;)/2).
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The value d computed after querying I; is defined as

d=gc(Q', Q2 w) > ge(Q', Quyo \ {Ii}, w) + 9e(Q U Q12 \ {13}, L, w)
> gc(le QI/Q \ {IZ}’ U}) + gc(Q \ {Ii}’livw),

where the first inequality holds by definition of g. and the second inequality holds because
Q\{Li} 2 Q' UQ12 \ {L} implies g.(Q" U Q12 \ {1i}, [isw) > g.(Q \ {Li}, I, w).

In an iteration of the for-loop with g = g., the current value w only increases, which
implies w’ < w. Since the greedy value g. only increases for increasing values w, we
get gu(Q, Q1o \ {Li},w) = 6u(Q, Q12 \ {Ii},w') and, therefore d = g.(Q', Q1 /a,w) >
9e(Q", Qi2 \ {Li}, w') + 9o(Q \ {L;}, [, w). Plugging in d = g.(Q', Q12 \ {Ii},w’) and
9e(Q\ {Li}, Li,w) > d/2yieldsd > 1.5 - d.

Note that this only shows that d increases by a factor of 1.5 compared to d, the old value
computed in the previous execution of the repeat statement. Our goal was to show that d
increases by factor 1.5 compared to the previous iteration of the inner-while loop. However,
since the value w only increases, the greedy values g, only increase. This implies that d can
only be larger than the corresponding value at the end of the previous iteration of the inner
while-loop. Thus, we have shown that d increases by a factor of 1.5 compared to its value

at the end of the previous iteration of the inner-while loop. This implies ), P[4, = 1] <
[logy 5 (m - (2 - maxp,ez(Us = Li))/$min) |- .

Upper bound for ) |, P[5, = 1]. Next, we use similar arguments to show » |, P[B;, =
1] < [logy(m)]. Consider an iteration j of the outer while-loop.

For a fixed realization, we first show that, assuming g = g, the value d increases by a
factor of at least 2 in each iteration of the inner while-loop (except possibly the first and last
ones) during iteration j of the outer while-loop.

By Line 6, iterations with g = g, only consider values w with b4(Q',w) < 1 for all
S € S, where ' is the set of intervals queried before the start of the current execution
of the inner while-loop. For an interval I; with (w; — L;) > % - (U; — L;), we have
a, = 2-(:;5&') > Usz;jz > 1. This implies that adding I; to the solution satisfies all
constraints for sets S with I; € S (at least for all values w with Vs(Q',w) < 1forall S € S).
Thus, the greedy value g5 of I; is then equal to the optimistic greedy value g, as even if
a;, = vy(U; — L;) the interval cannot satisfy more constraints.

Furthermore, as long as we only consider values w with bs(Q’,w) < 1forall S € S,
the greedy values g, and g, of intervals I; with (w; — L;) > 1 - (U; — L;) can only increase
with increasing w and never increase for decreasing w. The reason for this is that such an
increase in w can only lead to more constraints becoming not satisfied for the right-hand sides
bs(Q',w). Thus, the number of constraints that adding ; can satisfy only increases. This
also means, that the value w as used by the algorithm will never decrease during the current
iteration of the outer while-loop with g = g,.

Using these observations, we can essentially repeat the proof of the previous case to show
that the value d increases by a factor of at least 2 in each iteration of the inner while-loop with
9g=9s

Let I; be the interval queried in the last iteration of the repeat-statement within such an
iteration of the inner while-loop, let () denote the set of I; and all intervals that were queried
before I;, let Q' denote the set of all intervals queried before the current execution of the inner
while-loop was started, and let Qo = {I[; € Q\ Q" | w; — L; > Ui ;Lj }. Furthermore, let
w denote the value of Line 10 computed before I; was queried in the following line. Note that
this notation matches the one used in the algorithm at the execution of Line 12 directly after
I; was queried.

175



6. Set Selection under Explorable Stochastic Uncertainty via Covering Techniques

Let d denote the value d computed by the algorithm before I; was queried. That is,
d = gs(Q', Q12 \ {I;},w’) for the value w’ that was computed in the previous execution
of Line 10. By choice of I;, we have g,(Q \ {;}, I;,w) > d and g5s(Q \ {L;}, L;,w) =
G,(Q\ {I;}, I;,w) > d (since w; — L; > (U; — L;)/2 and as argued above).

The value d computed after querying I; is defined as

d= gS(Q/7 Q1/27 'UJ) > gs(Qla Q1/2 \ {IZ}’ w) + gs(Ql U Ql/? \ {I’L}>I’va)
> gS(le Q1/2 \ {Ii}’ w) + gs(Q \ {Ii}7livw)'

Here, the first inequality holds by definition of g5, definition of ()1 /2, and by the assumption
that we only consider values w with by (Q’, w) < 1 forall S € S. The second inequality holds
because Q\ {IZ} = Q/ UQI/Q \ {Il} implies gs(Q/ UQ1/2 \ {Ii}v 1, w) > gS(Q\ {Ii}v I, w)'
Note that this implication only holds under the assumption that bs(Q’,w) < 1forall S € S
and for intervals I; with a] > 1.

As argued above, the value w used by the algorithm only increases, i.e., w’ < w. Further-
more, again as argued above, the greedy value g, of intervals I; with a; > 1 only increases
for increasing values w. Thus, we get gs(Q', Q12 \ {Li},w) > gs(Q', Q12 \ {L;},w’) and,
therefore, d = g5(Q', Q1/2,w) > gs(Q', Q2 \ {Li}, w') + 95(Q \ {L;}, I, w). Plugging
ind = gs(Q, Q2 \ {Li},w') and gs(Q \ {I;}, I;,w) > d yields d > 2 - d. This implies
that d increased by a factor of at least 2 compared to its old value at the end of the previous
iteration of the inner while-loop. As the greedy value g5 is upper bounded by m, we get

>k P[Bjr = 1] < [logy(m)]. ]

The Lemmas 6.5.2 to 6.5.4 imply that Algorithm 21 satisfies Definition 6.3.6 for o = 2,
v =2/smin and 8 = L([logy 5(m - 2(maxy,ez(Ui — Li))/$min)] + [logy(m)]). Thus, The-
orem 6.3.7 implies Theorem 6.5.1.

6.6 The Maximization Variant of MINSET

Consider the set selection problem MAXSET, which has the same input as MINSET, but now
the goal is to determine a set of maximum weight and to determine the corresponding weight.

In MAXSET, a set Q C 7 is feasible if all non-trivial elements of a set 5* of maximum
weight w* are in @ and Ug(Q) < w* for all sets S # S*. If Q would not contain all non-
trivial elements of some set S* of maximum weight, then the maximum weight w* would still
be unknown and the problem would not be solved yet. If Ug(Q) > w* for some S, then both
S* and S could still be of maximum value or not and we have not yet determined the set of
maximum value. Thus, the problem would not be solved yet. Our goal is again to adaptively
query a feasible query set and minimize the number of queries.

In the following, we briefly sketch why all our results on MINSET transfer to MAXSET.
Analogous to MINSET, one can show that the following ILP characterizes the problem. That
is, a query set ( is feasible if and only if vector x with z; = 1 if I; € ) and x; = 0 otherwise
is feasible for the ILP.

min ZL;EZ T
st Yores®it (Ui—w;) > (Us —w*) VS €S (MAXSETIP)
z; €{0,1} VI, €T

In the offline setting, the ILP is the exact same special case of the multiset multicover
problem as (MINSETIP), which suffices to observe that all our observations on offline MINSET
translate to offline MAXSET. Under uncertainty, the only difference to MINSET is, that, in
contrast to (MINSETIP), a small weight w; leads to a larger coefficient (U; — w;) and a
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small weight w™* leads to larger right-hand sides. Using the inverse balancing parameter
T = ming,ez 7; with 7, = Plw; < %], it is not hard to see, that, even under uncertainty,
MINSET and MAXSET are essentially the same problem. Thus, all our results translate.

6.7 Concluding Remarks

In this chapter, we provided the first results for MINSET under stochastic explorable uncer-
tainty by exploiting a connection to a covering problem and extending techniques for solving
covering problems to our setting with uncertainty.

Since our results, in expectation, break adversarial lower bound instances for a number of
interesting combinatorial problems under explorable uncertainty, e.g., matching, knapsack,
solving ILPs [Meil8], we hope that our techniques lay the foundation for solving more
general problems. In particular if we consider the mentioned problems with uncertainty in the
cost coefficients and our goal is to query elements until we can identify an optimal solution
to the underlying problem, then all these problems admit the same connection to covering
problems as MINSET and can also be written as covering ILPs with uncertain coefficients and
right-hand sides. The difference to MINSET is that the number of constraints in the covering
representation for these problems might be exponential in the input size of the underlying
optimization problem. In a sense, each feasible solution for the underlying optimization
problem would define a constraint in the covering representation. This means that using the
results of this chapter as a blackbox to solve such optimization problems under explorable
uncertainty does not yield sublinear competitive ratios as the number of constraints becomes
too large. For future research, we suggest to investigate whether one can exploit the additional
structure in these constraints to still achieve improved competitive ratios.

With respect to the results of this chapter, we leave open whether the second log factor
in our main result, Theorem 6.5.1, is necessary. Furthermore, the best competitive ratio
achievable in exponential running time also remains open. Finally, we remark that we
expect our algorithms to be parameterizable by the choice of the balancing parameter. We
defined the parameter as the probability that the precise weight is larger than the center of the
corresponding interval. Alternatively, one could pick any fraction of the interval, say one third,
as a threshold and define the parameter as the probability that the precise weight lies outside
the first third of its interval. As the only parts of our algorithm that use the definition of the
balancing parameter are the termination criteria of the repeat-statements, the definition of the
scaling factor v and the definition of the set ()1 /5 in Algorithm 21, we expect that adjusting
these parts to a different balancing parameter suffices to make our algorithms work for such
parameters. The choice of the threshold for the balancing parameter would then influence the
constant factor within the competitive ratios.
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Zusammenfassung

Bei der Losung von Optimierungsproblemen in realen Anwendungen sind Unsicherheit
in den Eingabedaten und unvollstindige Informationen eine groe Herausforderung. Man
denke beispielsweise an schwankende Transportzeiten, unbekannte Ausfiithrungszeiten von
zu planenden Aufgaben, variable Parameter wie Bandbreite und Nachfrage, sich dynamisch
dndernde Standorte von mobilen Agenten oder dezentralisierte Daten, die nur unregelmifig
aktualisiert werden.

Da Unsicherheit in einer Vielzahl von realen Anwendungen allgegenwirtig ist, wurden
eine Reihe von mathematischen Methoden fiir die Modellierung von Unsicherheit in Opti-
mierungsproblemen entwickelt. Eine erste wichtige Methode ist die Online-Optimierung,
bei der Teile der Eingaben zunéchst unbekannt sind und die fehlenden Daten im Laufe
der Zeit nach und nach aufgedeckt werden. Wann immer neue Daten eintreffen, muss ein
Optimierungsalgorithmus unwiderrufliche Entscheidungen dariiber treffen, wie er mit den
neuen Informationen umgehen soll (vgl. z.B. [BE98]). Stochastische Optimierung bezieht
sich auf Probleme, in denen unsichere Eingangsdaten durch (bekannte oder unbekannte)
Wahrscheinlichkeitsverteilungen modelliert werden. Ziel ist es, Losungen zu finden, die
entweder im Erwartungswert oder mit hoher Wahrscheinlichkeit eine hohe Qualitédt haben.
Die tatsdchlichen Realisierungen der unsicheren Teile der Eingabe werden in der Regel
stufenweise nacheinander aufgedeckt (vgl. z.B. [BL11]). In der dritten weit verbreiteten
Methode, der robusten Optimierung, wird die Unsicherheit in der Regel durch eine explizit
oder implizit vorgegebene Menge von Szenarien modelliert, die moglicherweise eintreten kon-
nten. Ublicherweise ist dann das Ziel, eine einzige Losung zu finden, die fiir jedes mogliche
Szenario eine hohe Qualitét hat (vgl. z.B. [BGNO09]).

Alle diese Modelle haben gemeinsam, dass die unsicheren Informationen entweder passiv
im Laufe der Zeit oder liberhaupt nicht offenbart werden. Optimierungsalgorithmen fiir Prob-
leme in diesen Modellen miissen mit dieser Art von passiv offengelegter Unsicherheit umgehen
und Entscheidungen auf der Grundlage unvollstindiger Informationen treffen. Insbesondere
haben sie nicht die Moglichkeit, auch nicht gegen zusitzliche Kosten, aktiv neue Informa-
tionen zu ermitteln, die bei der Losung der Optimierungsaufgabe helfen. In einigen realen
Anwendungen ist die Méglichkeit, unsichere Teile der Eingabe zu einem bestimmten Preis
abzufragen, jedoch eine naheliegende Annahme. So konnen unsichere Ausfiithrungszeiten von
zu planenden Aufgaben durch weitere Analysen ermittelt werden (vgl. [Shal6] fiir ein Beispiel
in der Instandhaltung mittels Fehleranalyse), variable Parameter wie die Bandbreite einer
Netzwerkverbindung kdnnen gemessen werden, dynamisch wechselnde Standorte von sich
bewegenden Agenten konnen durch zusitzliche Kommunikation [Kah91] ermittelt werden
und dezentrale Daten kénnen durch Abfragen an eine Master-Datenbank [OWO00] aktualisiert
werden.

Das Gebiet der erforschbaren Unsicherheit wurde in einer initialen Arbeit von Ka-
han [Kah91] eingefiihrt und betrachtet genau solche Szenarien, in denen unsichere Teile
in der Eingabe eines Optimierungsproblems abgefragt werden konnen, um mehr Informatio-
nen zu erhalten. Da solche Abfragen kostspielig sind, besteht das Ziel darin, die Abfragekosten
zu minimieren, die notwendig sind, um eine optimale (oder anndhernde) Losung fiir das zu-
grunde liegende Optimierungsproblem zu finden. Das Modell beriicksichtigt insbesondere
die Unsicherheit von numerischen Parametern der Eingabe. Anstatt Zugang zu den genauen
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Werten dieser Parameter zu haben, werden uns Unsicherheitsintervalle gegeben. Diese Inter-
valle enthalten die genauen Werte der entsprechenden Parameter, wir haben initial aber keine
Information dariiber, wo innerhalb des Intervalls der Wert tatsdchlich liegt. Da die optimale
Losung des zugrundeliegenden Optimierungsproblems von den unsicheren Parametern abhén-
gen kann, ist es gegebenenfalls unmoglich eine optimale (oder anndhernde) Losung in Bezug
auf die unsicheren Werte zu finden, ohne weitere Informationen zu erhalten. Daher besteht
das Ziel im Gebiet der erforschbaren Unsicherheit darin, Algorithmen zu entwickeln, die
unsichere Parameter so lange abfragen, bis die aufgedeckten Informationen ausreichen, um
eine optimale Losung fiir das zugrundeliegende Optimierungsproblem zu finden. Dabei sollen
die Abfragekosten minimiert werden. Diese Dissertation und die Mehrzahl der bestehenden
Forschungsarbeiten auf diesem Gebiet befassen sich mit adaptiven Algorithmen fiir Probleme
mit erforschbarer Unsicherheit, die Ergebnisse fritherer Abfragen bei der Entscheidung iiber
die néchste Abfrage beriicksichtigen konnen.

Betrachte als Beispiel das klassische minimale Spannbaum-Problem, bei dem ein un-
gerichteter Graph G = (V, F) mit Kantengewichten w, fiir alle e € E gegeben ist. Ziel
ist es, einen minimalen Spannbaum (MST) zu finden, d.h. eine Teilmenge 7' C E mit
minimalem Gewicht w(T) = > _p we, so dass der Teilgraph G’ = (V,T) zusammen-
hingend ist und keine Kreise enthilt. Unter erforschbarer Unsicherheit sind die genauen
Kantengewichte w, zunédchst unbekannt. Stattdessen haben wir nur Zugriff auf Unsicher-
heitsintervalle I, = (L., U.), fiir alle e € F, die garantiert die genauen Kantengewichte
enthalten, d.h. w. € I.. Das Ziel bleibt, einen MST fiir die unbekannten genauen Kan-
tengewichte zu finden. Um einen solchen MST trotz der fehlenden Information iiber die
Kantengewichte zu finden, konnen Kanten abgefragt werden, um das genaue Gewicht we
einer Kante e zu Abfragekosten c. zu ermitteln. Die Aufgabe besteht darin, Algorithmen zu
entwerfen, die adaptiv Kanten abfragen, bis die abgefragten Informationen ausreichen, um
einen MST fiir die genauen Gewichte zu bestimmen und dabei die gesamten Abfragekosten
Zu minimieren.

Bisher wurden Algorithmen fiir erforschbare Unsicherheit meist mit Hilfe von Worst-
Case Analysen untersucht, bei denen wir davon ausgehen, dass Abfrageergebnisse in einer
Art und Weise zuriickgegeben werden, die zur schlechtesten Performanz des Algorithmus
fihrt. Da es in der Regel Probleminstanzen gibt, die nicht gelost werden kdnnen, ohne
alle unsicheren Parameter abzufragen, werden Algorithmen fiir erforschbare Unsicherheit
typischerweise auf instanzabhédngige Weise mittels competitive analysis analysiert. Wir geben
spiter eine formale Definition, aber wir sagen, dass ein Algorithmus p-kompetitiv fiir ein
Problem unter erforschbarer Unsicherheit ist, wenn fiir jede Probleminstanz die Abfragekosten
des Algorithmus um einen Faktor von hochstens p groB3er sind als die optimalen Abfragekosten
fiir die konkrete Instanz. Das minimale p, fiir das ein Algorithmus p-kompetitiv ist, nennt man
den competitive ratio des Algorithmus.

Die am meisten untersuchten Probleme im Gebiet der erforschbaren Unsicherheit sind
Auswahlprobleme, z.B, die Auswahl des Minimums [Kah91], Sortierung [HL.21], die Auswahl
des k-kleinsten Elements [Kah91; Fed+03], die Auswahl eines minimalen Spannbaums [Hof+08;
EH14; MMS17] und geometrische Probleme [Bru+05]. Fiir all diese Probleme gibt es konstant-
kompetitive Algorithmen und untere Schranken an den competive ratio, die bessere algorith-
men ausschliefen. AuBBerdem haben diese Probleme gemeinsam, dass sie im Wesentlichen
(aber auf nicht-triviale Weise) auf den Vergleich einzelner Unsicherheitsintervalle reduziert
werden konnen und dass die unteren Schranken bereits aus sehr einfachen Probleminstanzen
bestehen. Sobald zwei Mengen (Summen) von Unsicherheitsintervallen verglichen werden
miissen, kann kein deterministischer Algorithmus einen besseren competitive ratio haben
als Q(n) [EHK16], wobei n die Anzahl der gegebenen Unsicherheitsintervalle ist. Diese
untere Schranke von Q(n) lédsst sich auf kombinatorische Optimierungsprobleme unter er-
forschbarer Unsicherheit iibertragen, wie z.B. die Berechnung des kiirzesten Weges in einem
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Graphen [Fed+07], das Rucksackproblem [Meil8] und Matchings [Meil 8], und verhindert,
dass wir nicht-triviale Ergebnisse fiir diese Probleme erzielen kdnnen.

Motiviert durch diese einfachen und starken unteren Schranken stellt diese Dissertation
die Frage, ob Worst-Case-Abfrageergebnisse und keine zusitzlichen Informationen iiber die
unsicheren Eingabeparameter (abgesehen von den Unsicherheitsintervallen) zu pessimistisch
sind. Betrachten wir dazu erneut die initialen Anwendungsbeispiele. Die Qualitédt von Netzw-
erkverbindungen, die anhand von Kennzahlen wie Durchsatz und Zuverlédssigkeit in einem
drahtlosen Netzwerk gemessen wird, schwankt oft innerhalb eines bestimmten Intervalls. Die
tatsdchliche Qualitit einer Verbindung kann durch eine neue Messung ermittelt werden. Wenn
wir einen minimalen Spannbaum mit den Verbindungen aufbauen wollen, die derzeit die
hochste Verbindungsqualitéit haben, und die zusitzlich bendtigten Messungen minimieren
wollen, dann liegt ein minimales Spannbaum-Problem unter erforschbarer Unsicherheit vor.
Die Annahme, dass wir keine zusétzlichen Informationen iiber die Ergebnisse der Messungen
haben, konnte jedoch zu pessimistisch sein, da man zum Beispiel Methoden des maschinellen
Lernens verwenden kann, um die genaue Verbindungsqualitit auf der Grundlage von fritheren
Messungen vorherzusagen [Abd+20]. Da diese Vorhersagen nicht immer genau sind, mdchten
wir trotzdem neue Messungen durchfithren, um zu garantieren, dass wir einen minimalen
Spannbaum in Bezug auf die aktuelle Verbindungsqualitit finden. Die zusitzlichen Informatio-
nen in Form der Vorhersagen kénnen dann trotzdem hilfreich dabei sein, die Verbindungen fiir
zusitzliche Messungen auszuwihlen. Als zweites Beispiel, betrachte die unsichere Position
von mobilen Agenten. Der letzte bekannte frithere Standort und die maximale Bewegungs-
geschwindigkeit eines solchen Agenten ergeben ein Unsicherheitsintervall, das garantiert den
aktuellen Standort enthilt. Mit Hilfe von statistischen Werkzeugen kénnte man jedoch in der
Lage sein, den wahrscheinlichsten wahren Standort des Agenten auf der Grundlage friitherer
Bewegungsdaten vorherzusagen.

In dieser Dissertation betrachten wir verschiedene Probleme unter erforschbarer Unsicher-
heit und analysieren sie mit Hilfe von Methoden, die iiber den Worst-Case hinausgehen.
Mehrere Methoden fiir die Analyse von Algorithmen jenseits des Worst-Case wurden zum
Beispiel in [Rou20] diskutiert. In dieser Arbeit betrachten wir Algorithmen mit Zugriff auf un-
zuverlédssige Vorhersagen oder stochastische Informationen fiir Probleme unter erforschbarer
Unsicherheit.

Im ersten Fall gehen wir davon aus, dass wir Zugang zu unzuverlédssigen Vorhersagen
iiber die unsicheren Werte haben. Angesichts des Aufschwungs der kiinstlichen Intelligenz
und des maschinellen Lernens (ML) in den letzten Jahrzehnten scheint es naheliegend zu sein,
Vorhersagen von guter Genauigkeit zu erwarten. Allerdings gibt es dafiir keine Garantie, und
die Vorhersagen konnten in einigen Féllen auch beliebig falsch sein. Unser Ziel ist es daher,
Algorithmen zu entwickeln, die einen verbesserten competitive ratio erzielen wenn die Vorher-
sagen von guter Genauigkeit sind, und gleichzeitig die Leistungsgarantien von Algorithmen
ohne Zugang zu Vorhersagen erfiillen, selbst wenn die Vorhersagen komplett falsch sind. Dies
entspricht einem neueren Forschungstrend, der die Verwendung von nicht vertrauenswiirdigen
Vorhersagen fiir Online-Algorithmen in Betracht zieht; wir geben spiiter einen Uberblick iiber
verwandte Arbeiten auf diesem Gebiet. Wie in [LV21; PSK18] eingefiihrt, ist ein Algorith-
mus «a-konsistent, wenn er im Falle von korrekten Vorhersagen a-kompetitiv ist, und er ist
B-robust, wenn er auch fiir beliebig schlechte Vorhersagen 3-kompetitiv ist. Idealerweise
wollen wir einen flieBenden Ubergang zwischen Konsistenz und Robustheit in Abhzingigkeit
von einem FehlermaB3, das die Genauigkeit der Vorhersagen quantifiziert, garantieren. In
den Kapiteln 4 und 5 entwerfen wir Algorithmen mit Zugriff auf unzuverldssige Vorher-
sagen fiir mehrere Probleme unter erforschbarer Unsicherheit und analysieren sie anhand von
Konsistenz, Robustheit und Fehlerabhéingigkeit.

Ein weiteres Modell fiir die Analyse von Problemen unter erforschbarer Unsicherheit
ist das stochastische Modell. Anstatt davon auszugehen, dass die Abfrageergebnisse so
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zuriickgegeben werden, wie es fiir die Performanz des Algorithmus am schlimmsten ist,
nehmen wir an, dass sie aus (bekannten oder unbekannten) Wahrscheinlichkeitsverteilungen
tiber die entsprechenden Unsicherheitsintervalle gezogen werden. Im Gegensatz zu den
unzuverldssigen Vorhersagen sind die stochastischen Informationen zuverlissig, und die
Algorithmen werden im Hinblick auf das Verhiltnis zwischen den erwarteten Abfragekosten
eines Algorithmus und den erwarteten Kosten fiir die optimale Losung analysiert. In den
Kapiteln 3 und 6 betrachten wir Probleme unter erforschbarer Ungewissheit in verschiedenen
stochastischen Modellen und entwerfen Algorithmen, die, im Erwartungswert, eine bessere
Performanz haben als die unteren Schranken fiir Worst-Case Analysen.

Insgesamt zeigen die Ergebnisse dieser Arbeit, dass wir die unteren Schranken fiir mehrere
Probleme unter erforschbarer Unsicherheit verbessern konnen, wenn wir diese Probleme iiber
den Worst-Case hinaus analysieren. Um diese verbesserten Ergebnisse zu erreichen, entwerfen
wir mehrere neue Algorithmen mit Hilfe von algorithmischen Techniken und Analysen, die
bisher noch nicht fiir Probleme in diesem Bereich verwendet wurden. Wir hoffen, dass unsere
Ergebnisse und technischen Beitrige den Grundstein fiir weitere Forschung zu Problemen
unter erforschbarer Unsicherheit jenseits des Worst-Case legen.
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