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A B S T R A C T

The grain boundary diffusion and segregation can influence the grain growth kinetics, the grain size distribution, 
and therefore the mechanical properties of the ceramic matrix composites. The present paper proposes a phase- 
field modeling approach to simulate the grain growth in polycrystalline alumina fibers embedded in alumina 
matrix at temperatures above 1000 �C in presence of the grain boundary diffusion of dopants from the matrix to 
the fiber and vice versa. The multi-phase-field model for grain growth [I. Steinbach and F. Pezzolla, Phys. D, 134 
(1999) 385] is extended by the incorporation of the grain boundary diffusion, grain boundary segregation model, 
and the dependence of the interface mobility on the segregation concentration. The kinetic parameters of the 
model which allow describing the real microstructure evolution were estimated by the comparison to the 
experimental measurements. 

The simulation and experimental results of the grain growth with the diffusion of dopants in Nextel 610 fibers 
show the significant effect of the grain boundary diffusion on the grain size distribution. The results of numerical 
tests were used to adjust the values of the grain boundary diffusion coefficients by the experimental data at 
different temperatures by means of an inverse method. From the simulations, the diffusion coefficient of Mg was 
estimated to be 6�7 times higher than that of Si.   

1. Introduction

Since the mechanical properties of oxide ceramic matrix composites
(Ox-CMCs) are mostly dependent on the strength of the oxide fibers 
which are used as the reinforcement [1], many studies have investigated 
the effect of high temperature on fiber degradation [1�5]. Although 
comparatively, the brittle matrix has significantly lower strength [6], 
the adjustment of the matrix composition can influence the micro
structural and subsequently mechanical performance of the composites. 

Schmücker et al. [2] showed that the fine-grained fiber microstruc
ture of Nextel 610 is more prone to coarsening when the fibers are in 
contact with alumina-based ceramic matrix. Moreover, it was found that 
pronounced grain growth occurs predominantly in the peripheral zone 
of the fibers in comparison to the fibers center [1�3]. This observation 
was explained in terms of outwards diffusion of silica, which is normally 
added as dopants to reduce the grain boundary (GB) mobility of the 

fibers. Electron beam microprobe analysis of the spatial elemental dis
tribution of Si clearly indicates this diffusion effect, resulting in a con
centration profile with maximum Si content in the fiber center and 
gradually decreasing towards fiber periphery and matrix [2]. However, 
the precise temperature where the silica diffusion start to influence of 
grain growth is still unknown. In order to avoid the outwards diffusion of 
Si, the composition of the matrix can be adjusted to reduce chemical 
composition gradient between fiber and matrix [1]. A more recent study 
[7] on the changes of the grain structure for Nextel 610 fibers embedded
in mullite-SiOC matrix confirms the previous results, although an
opposite effect was observed. The original grain size was found to be
retained only in a small stripe at the periphery of the fibers while the
grain growth occurs in the center of the fibers. This fact could be
explained by similar diffusion effects, but in this case, an inwards
diffusion of matrix constituents into the fibers could be expected. Be
sides silica, the presence of Y and La cations at the interface reduce the
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GB energy and make the GB more stable [8]. The studies of the sintering 
and grain growth in alumina ceramics showed that MgO doping has an 
inhibition effect on the grain growth [9,10]. 

The influence of additives and segregation on the kinetics of the 
grain growth was investigated in ceramics theoretically and experi
mentally in many works. To get a fine grain size, additives/dopants are 
added to render the grain growth by decreasing its GB energy or GB 
mobility. Weissmüller et al. first formulated their thermodynamic 
treatment based on Gibbs adsorption equation for decreasing GB energy 
by segregation on grain boundaries [11]. Later a number of theoretical 
works were carried out to develop this approach and a good agreement 
with related experimental results was found [12�15]. Kirchheim and Liu 
[13] proved the McLean�s grain boundary model [16] by experiments
that the segregation decreases the GB mobility and inhibits grain
growth. Aidhy et al.[17] elucidate a framework using atomistic simu
lations of ceria to design dopant-pinned grain boundaries that prevent
the grain growth. Gong et al. [18] showed that the retardation of grain
growth in nanocrystalline ceramics is caused by the reduced GB energy
and the reduced GB mobility which are dopant-segregation-dependent.
Furthermore, increased GB segregation enthalpy and decreased GB
diffusion coefficient of dopant cation in lanthana-doped alumina leads
to a promoted sintering behavior in a alumina system, i.e., a higher
relative density at the same grain size [19].

Dillon et al. [20,21] performed an extensive kinetic study of grain- 
boundary transport kinetics in alumina for a number of dopant chem
istries over a broad temperature range. The data show that the grain- 
boundary mobilities are proportional to grain-boundary diffusivities. 
There was found the remarkable correlation between grain-boundary 
complexion and grain growth kinetics. In the review papers [22�24] 
the different complexion in alumina and their effect on the normal and 
abnormal grain growth are widely discussed. The diffusion in poly
crystalline materials follows the different mechanisms: (i) volume 
diffusion through inner region of the crystal or the bulk diffusion; (ii) 
grain boundary diffusion through interfaces of the polycrystals which 
are disordered, and (iii) surface diffusion, which can occur both in single 
crystals and polycrystals. In polycrystalline material the grain boundary 
diffusion is faster than the bulk diffusion [25]. Grain boundary (GB) 
diffusion plays an important role in many processes taking place in en
gineering materials at elevated temperatures. Such processes include 
creep, sintering, diffusion-induced grain boundary migration, discon
tinuous reactions (such as discontinuous precipitation, discontinuous 
coarsening, etc.), recrystallization, and grain growth. 

The model for a semi-infinite diffusion system was initially devel
oped by Fisher [26] and the analytical solutions were obtained by 
Whipple and Suzuoka [27,29]. Fisher initially considered differences in 
diffusivity between grain boundary and the bulk crystal. He assumed 
that along the grain boundary the diffusivity are higher than in the bulk. 
Additionally, there is no flux between grain boundary and the bulk 
material. Whipple obtained the analytical solution for the same physical 
model by considering the flux distribution between grain boundary and 
bulk material. Later, Sozuoka [28] used the same Fisher�s model to 
derive his equation for a thin film where the tracer atoms are deposited 
on the surface of the sample. In all three model variants, the authors 
consider the large bulk crystal and a small diffusion time across the grain 
boundary [30]. Later Gilmer and Farrell [31,32] and Preis and Sitte [33] 
developed a new model for thin films of finite thickness. In this model 
they embedded the highly diffusive slab in between two plane surfaces. 
The model was analysed by Hwang and Balluffi [34] and applied to 
polycrystalline thin films. Further, Bokshtein et al. [35] developed 
spherical grain model which was used by Preis [36] for thin films. This 
model has spherical grains enclosed in the squares as grain boundaries. 
Belova and Murch [37] modeled the 2D polycrystals as the square grains 
separated by straight lines as grain boundaries by the similar approach. 
Levine and MacCallum [38] considered grains as randomly oriented 
polyhedra of different size. Recently, Chen and Schuh [39] extended 
these approaches and suggested to consider the polycrystal as a binary 

composite of grains and intergranular regions including the dual 
boundaries and triple junctions. 

The influence of segregation of matrix and fiber dopants (MgO and 
SiO2) on the grain growth and the grain size distribution in alumina and 
mullite-based fibers are studied in the present work by phase-field 
modeling. A phase-field model which takes into account the reduction 
in GB mobility during segregation on grain boundaries was recently 
suggested by the authors [40]. In this work, we will extend the multi- 
phase-field approach to the GB diffusion of two species between the 
matrix and the fiber. Our purpose is to describe the changes in the 
microstructure of the fibers during the heat treatment process which are 
influenced by inwards and outwards diffusion in matrix and fiber 
components. Since the interface in the phase-field approach is diffuse, 
the flux between the grain boundary and the bulk is incorporated 
naturally. The phase-field model which we will apply in this study is an 
efficient approach to simulate the ideal grain growth first suggested by 
Steinbach et al. [41]. The modeling approach related to the present 
study are, e.q., the works of Steinbach, Song and Hartmaier [42] and 
Kamachali et al. [43] where the grain growth with the elastic flow on the 
grain boundaries depending on the concentration was studied. We apply 
a similar approach which combines the grain growth with the segrega
tion of a dopant on the grain boundaries, the GB diffusion and the de
pendency of the mobility on the segregation. 

The paper is organized as follows. The experimental procedure is 
described in Section 2. The combined model is introduced and the model 
parameters are described in section 3. The results of the simulation for 
different cases are presented in Section 4. Then we conclude with dis
cussion and conclusion in sections 5 and 6. 

2. Experimental data

For the fabrication of Ox-CMC mini-composites, 3000 den NextelTM 

610 fibers (d � 10 � 12 �m, 3 M) were initially thermally desized at 
700 �C for 2 h in a LHT 04/17 chamber furnace (Nabertherm GmbH, 
Lilienthal, Germany). The fibers contain 99% Al2O3, 0.7 wt% Fe2O3 and 
0.3% SiO2 [44]. For the preparation of the matrix, two different alumina 
powders (d � 150 nm, Baikowski, France) without and with 480 ppm 
MgO dopant were used. Tube-shaped paper molds were used to fabricate 
the mini-composites in cylindrical shape. After the fiber infiltration, the 
specimens were dried and the mini-composites were sintered in the same 
furnace used for fiber desizing at 1200 �C for 2 h. In order to investigate 
the performance of the MgO dopant at higher temperatures, the sintered 
samples were heat treated at 1200 �C, 1300 �C and 1400 �C for 2 h. For 
all thermal exposures, a heating rate of 100 K/h and a cooling rate of 
300 K/h were used. 

For the grain size analysis, the mini-composites were embedded in 
epoxy for surface preparation, e.g., grinding and polishing. Afterwards, 
the epoxy was thermally extracted for the subsequent thermal etching to 
reveal the grain boundaries of the fibers and matrix. Thermal etching 
temperature were performed at 1100�1300 �C with 30 min of dwell time 
for all samples. Pictures of the microstructure of fibers were taken with a 
scanning electron microscope (SEM) ZEISS Supra 40 (ZEISS, 

Table 1 
Average grain size, d, standard error, average feret, and maximum feret di
ameters of fibers alone (as-received) and fibers embedded in alumina matrix 
with and without dopants obtained for experimental SEM images of the 
microstructure after 2 h of heat treatment. All sizes are in nm.  

Conditions Position Av. size St. error Av. feret Max. feret 

As-received center 87 1.1 88 120 
1200 �C, no dopant rim 97 1.4 98 198 
1200 �C, with MgO rim 84 1.1 99 200 
1300 �C, no dopant rim 173 5.5 277 1040 
1300 �C, with MgO rim 133 3.4 185 801 
1400 �C, no dopant rim 298 5.9 775 1986 
1400 �C, with MgO rim 229 5.6 602 1374  

J. Kundin et al.



Oberkochen, Germany) on the center of the fibers cross-section and on 
the rim. Grain-size analysis was done by using the freeware ImageJ. The 
corresponding average grain size (the square root of the average area) 
and the standard errors are listed in Table 1. Since the grains in the fiber 
show an elongated shape at higher temperatures, the feret diameter was 
selected to represent the length of the grains. The corresponding average 
and maximum feret diameters in the center and on the rim of a fiber are 
listed in Table 1. Note that the maximum ferret can also depend on the 
observation window. For comparison, the same procedure was done on 

fibers alone, i. e., as-received condition. Examples of the microstructures 
of fibers after heat treatment are shown in Figs. 1 and 2. The picture size 
is about 2180 � 3056 nm2 (see the scale bars). 

3. Model description

Our purpose is to develop an effective method to simulate the grain
growth in ceramic fibers embedded in a ceramic matrix with various 
solvent components which diffuse along the grain boundaries in the 

Fig. 1. SEM images of the microstructure in the fiber without dopant after the heat treatment for 2 h: (top) 1300 �C; (bottom) 1400 �C; (left) in the center of the 
fibers; (right) on the rim of the fibers. 

Fig. 2. SEM images of the microstructure in the fiber embedded in alumina matrix with MgO dopant after the heat treatment for 2 h: (top) 1300 �C; (bottom) 
1400 �C; (left) in the center of the fibers; (right) on the rim of the fibers. 

J. Kundin et al.



fi b er s a n d vi c e v er s a a n d i n fl u e n c e t h e gr ai n si z e e v ol uti o n d uri n g t h e 

h e at  e x p o s ur e.  F or  t hi s  ai m,  w e  a p pl y  t h e  m ulti- p h a s e  m o d el  f or  t h e 

i s otr o pi c gr ai n gr o wt h a n d e xt e n d it b y t h e G B diff u si o n a n d s e gr e g ati o n. 

F or t h e si m ul ati o n of t h e a ni s otr o pi c a b n or m al gr ai n gr o wt h ( s e e c a s e s 4 

a n d 5 i n S e cti o n 4 ), w e will u s e t h e p h a s e- fi el d m o d el d e v el o p e d i n [ 4 0 ] 

wit h t h e a ni s otr o pi c i nt erf a c e e n er g y a n d v ari a bl e i nt erf a c e m o bilit y. 

W e  a s s u m e  t h at  o ur  p h y si c al  s y st e m  c o nt ai n s N gr ai n s  w hi c h  ar e 

d e s cri b e d b y N p h a s e fi el d s ϕ α ∈ [ 0 ,1 ], α = 1 … N , w hi c h ar e c o m p o n e nt s 

of  a  v e ct or ϕ .  T h e  p h a s e  fi el d s  ar e  u s e d  t o  di sti n g ui s h  gr ai n s  wit h 

diff er e nt cr y st all o gr a p hi c ori e nt ati o n s. 

T h e t ot al fr e e e n er g y f u n cti o n al of t h e s y st e m i s gi v e n b y 

F =

∫

V

(
fg b ( ϕ , ∇ ϕ )  + fc h ( c , ϕ )

)
d V , ( 1)  

w h er e fg b i s t h e f r e e e n er g y d e n sit y of gr ai n b o u n d ari e s a n d fc h i s t h e 

c h e mi c al fr e e e n er g y d e n sit y of t h e c o m p o siti o n. 

T h e  fr e e  e n er g y  d e n sit y  of  gr ai n  b o u n d ari e s  i s  e x p a n d e d  i nt o  t h e 

f oll o wi n g t er m s 

fg b ( ϕ , ∇ ϕ )  =
∑ N

α ,β ,α ∕= β

4 σ α β

η

(

−
η 2

π 2
∇ ϕ α ⋅∇ ϕ β + | ϕ α ϕ β |

)

, ( 2)  

w h e r e η i s a m o d el i nt erf a c e wi dt h, σ α β i s t h e e n e r g y of a d u al i nt erf a c e. 

T h e c h e mi c al fr e e e n er g y d e n sit y i s e x pr e s s e d a s 

fc h ( c , ϕ )  = f0 +
∑

i

X ic
2
i

2
(1 − s ig (ϕ )), ( 3)  

w h e r e f0 i s t h e c h e mi c al e n er g y d e n sit y wit h o ut d o p a nt s, c i i s t h e c o n-

c e ntr ati o n of a d o p a nt i n u nit s of m ol e fr a cti o n, g (ϕ )  =
∑ N

α ,β ,α ∕= β ϕ α ϕ β i s 

t h e f u n cti o n r e s p o n si bl e f or t h e gr ai n b o u n d ari e s, X i i s a t h e r m o d y n a mi c 

f a ct or, a n d si i s t h e s e g r e g ati o n c o ef fi ci e nt. 

T h e  e v ol uti o n  e q u ati o n  f or  t h e  p h a s e  fi el d  v ari a bl e s  i s  t h e  Gi n z -

b ur g – L a n d a u e q u ati o n f or n o n- c o n s er v e d fi el d wit h L a gr a n g e m ulti pli er: 

∂ ϕ α

∂ t
= −

π 2

8 η

∑ n

β ∕= α

μ α β

n

(
δ F

δ ϕ α

−
δ F

δ ϕ β

)

, ( 4)  

w h e r e μ α β (i n u nit s of m 4 /( J s)) a r e m o biliti e s o n d u al i nt erf a c e s a n d n i s 

t h e n u m b er of gr ai n s w hi c h ar e i n l o c al c o nt a ct. 

I n s erti n g t h e fr e e e n er g y w e g et t h e e v ol uti o n e q u ati o n e x pli citl y 

∂ ϕ α

∂ t
=

∑ n

β ∕= α

μ

n

{

σ

[

∇ 2 ϕ α −  ∇2 ϕ β +
π 2

η 2
( ϕ α − ϕ β )

]

+
π 2

8 η

∑
iX ic

2
i s i

2
(ϕ α − ϕ β )

}

.

( 5) 

H e r e w e a s s u m e t h e s a m e m o bilit y f or all gr ai n s μ α β = μ a n d t h e s a m e 

s urf a c e e n er g y σ α β = σ . 

T h e e v ol uti o n e q u ati o n s f or t h e c o n c e ntr ati o n h a v e t h e f or m of t h e 

diff u si o n e q u ati o n i n t h e dil ut e s ol uti o n li mit 

∂ c i

∂ t
=  ∇ ⋅

[
D eff

i

X i

∇
δ F

δ c i

]

( 6)  

wit h t h e eff e cti v e diff u si o n c o ef fi ci e nt d e fi n e d a s 

D eff
i = D g b

i

∑ N

α ,β ,α ∕= β

ϕ α ϕ β + D L
i

∑ N

α

ϕ 2
α ( 3 − 2 ϕ α ), ( 7)  

w h e r e D g b
i i s t h e G B diff u si o n c o ef fi ci e nt s, a n d D L

i i s t h e l atti c e diff u si o n. 

T h e m o d el f u n cti o n h (ϕ α )  = ϕ 2
α ( 3 − 2 ϕ α ) g u a r a nt e e s n o n- z er o v al u e s of 

diff u si vit y  i n  gr ai n s  a n d  z er o  v al u e s  o ut si d e  gr ai n s.  T h e  f u n cti o n  b e -

c o m e s si g ni fi c a nt if t h e s y st e m c o nt ai n s p or e s or diff er e nt p h a s e s. It i s 

a s s u m e d D g b
i ≫ D L

i . T h e di a g o n al c o m p o n e nt of diff u si o n m atri x ar e s et t o 

z er o. T h e r e al G B diff u si o n c o ef fi ci e nt s s h o ul d b e r e c al c ul at e d u si n g t h e 

r ati o b et w e e n t h e r e al gr ai n b o u n d ar y wi dt h, δ , a n d t h e i nt erf a c e wi dt h 

i n t h e p h a s e- fil e d m o d el w hi c h i s e q u al t o 
∫ η / 2

− η / 2 ϕ (1 − ϕ )d x = η
8 . F r o m t h e 

c o n str ai nt  t h at  t h e  r e al  t ot al  fl u x  o v er  t h e  gr ai n  b o u n d ar y  e q u al s  t h e 

t ot al fl u x o v er t h e gr ai n b o u n d ar y i n t h e p h a s e- fi el d m o d el, w e o bt ai n 

D g b
i ( r e al) = D g b

i ( m o d el) η
8 δ . N ot e t h at t h e r e al c o n c e ntr ati o n of d o p a nt s o n 

t h e gr ai n b o u n d ar y s h o ul d b y l ar g er t h a n t h e si m ul at e d v al u e al s o b y 

f a ct or f = η
8 δ . 

I n s e rti n g t h e fr e e e n er g y i n ( 6) a n d a p pl yi n g ∇ δ F
δ c i

= ∂ 2 F
∂ c 2

i

∇ c i, w h e r e 

∂ 2 F
∂ c 2

i

= X i i s t h e t h e r m o d y n a mi c f a ct or, w e g et t h e e v ol uti o n e q u ati o n i n 

t h e f or m 

∂ c i

∂ t
=  ∇ ⋅

[
D eff

i ( 1 − s ig (ϕ )) ∇c i

]
−  ∇⋅

[
s ic iD

eff
i ∇ g (ϕ )

]
. ( 8) 

I n t h e dil ut e s ol uti o n li mit t h e e q u ati o n i s v ali d f or b ot h c o m p o n e nt s 

M g O a n d Si O 2 . 

T h e d e p e n d e n c y of t h e  b o u n d ar y m o bilit y o n t h e c o n c e ntr ati o n  i s 

d e fi n e d b y 

μ (c )  = μ 0 (1 + c (t)/ c m ) − 2 , ( 9)  

w h e r e c m i s  a  p h e n o m e n ol o gi c al  p ar a m et er  w hi c h  i n di c at e s  t h e  c o n-

c e ntr ati o n o n t h e gr ai n b o u n d ar y w hi c h r e d u c e s t h e m o bilit y b y f o ur 

ti m e s.  I n  c a s e  of  t w o  c o m p o n e nt s,  t h e  c o n c e ntr ati o n  d e p e n d e n c y  b e -

Fi g. 3. ( a) S c h e m e of si m ul ati o n c a s e s; ( b) s c h e m e of t h e i n v er s e m et h o d.  

J. K u n di n et al.
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where c�i�
m are the corresponding phenomenological parameters of 

components. 

4. Simulation procedure and results

4.1. Simulation procedure and model parameters 

We consider the following cases: 1) SiO2 diffuses from the fiber into 
the matrix; 2) MgO diffuse from the matrix into the fiber; 3) combined 
diffusion of SiO2 and MgO; 4) abnormal growth in presence of the SiO2 
diffusion. The general scheme of simulation tests is given in Fig. 3. Cases 
1 and 3 represent the composite without dopant and with MgO dopant in 
the matrix, respectively. Without dopant means the presence of SiO2 as a 
standard additive in Nextel fibers. Case 2 is necessary to roughly esti
mate the value of the GB diffusion coefficient of MgO. Case 4 attends to 
show the influence of the abnormal and anisotropic grain growth on the 
grain size distribution on example of SiO2 diffusion from the fiber into 
the matrix. The real diffusion of silica and magnesia occurs by the 

diffusion of oxygen, Si and Mg ions. For the sake of simplicity, we will 
assess in the following the diffusion coefficients of Mg and Si ions and 
omit the diffusion of oxygen ions. 

The diffusion is modeled in the 2D box of size 436 � 612�x2 

(2118 � 3060 nm2) filled by 720 grains in cases 1 and 2 and in the 2D 
box of size 436 � 1049�x2 (2118 � 5248 nm2) filled by 1192 grains in 
cases 3 and 4. The size in x-direction is circa 50% of the fiber diameter. 
The boundary conditions for phase-field parameters are periodic on the 
top and bottom of the box, and no flux on the left and right sides of the 
box. The boundary conditions for concentrations are periodic on the top 
and bottom of the box, no flux on one right side, and a constant con
centration on the left side where the rim of the fiber is joined with the 
matrix. The model Eqs. (5) and (8) are solved by finite difference method 
with the forward Euler method. The time step was adjusted accordingly 
using the numerical stability criterion for diffusion 2D���t=�x2�1 and 
for grain growth 2���t=�x2�1. 

The model parameters are listed in Table 2. The GB mobility in pure 
alumina without dopant is taken from experiments [20]. The interface 
energy is chosen according to the first-principal calculations presented 
in Refs. [45,46]. The GB diffusion coefficient varies for different cases. 
The segregation coefficient is chosen as s � 2. It means that according to 
Eq. (3), the part of the chemical energy responsible for dopants de
creases on a grain boundary, where �� � �
 � 0:5, in two times. The 
value is chosen in accordance to the theoretical predictions of the energy 
of ion segregation to an alumina grain boundary [8]. 

The values of GB diffusion coefficients were determined from the 
tests by the inverse method which is described in the next section. The 
diffusion coefficients D1�D14 in Table 2 are used as examples. 

4.2. Inverse method 

The inverse method is used with the aim to simulate the diffusion of 
dopants between fiber and matrix in order to make predictions about the 
chemical composition of matrix to fully or partially inhibit the grain 
growth. However, we do not have the proper diffusion coefficient for 
each element in alumina, nor how two elements can influence the 
diffusion of each other. Due to slower diffusion of silica and magnesia, 
the local amount of dopant components cannot be measured. We do 
however, know that these elements change the grain growth kinetics of 
the fibers, resulting in different grain sizes after the exposures. There
fore, we try to change the GB diffusion coefficients to achieve a similar 
microstructure. 

The method is used to adjust the unknown GB diffusion coefficients 
until the microstructure parameters match the measured experimental 
values. The microstructure parameters used for mapping the experiment 
are the average grain size in the center of fiber, dcenter, and the ratio 
between the sizes on the rim and in the center drim=dcenter. The algorithm 
of the inverse method is sketched in Fig. 3(b). The iterations are 
repeated until the deviation between the modeling and experiment re
sults becomes smaller than the standard error in the experiment. 

In case 1, we start with the experimental interface mobility �0 
without dopant and adjust the GB diffusion coefficient of Si. In case 2, 
we use the mean interface mobility from case 1, which is reduced due to 
presence of silica, and analyse the effect of the GB diffusion coefficient of 
Mg on the grain growth. In case 3, we use the experimental interface 
mobility �0 and the GB diffusion coefficient of Si defined in case 1, and 
adjust the GB diffusion coefficient of Mg. During the inverse simulation 
tests, bisection method is used for the optimization of one parameter, i.e. 
diffusion coefficient, while the other parameters are fixed. 

4.3. Case 1 

The diffusion of Si from the fiber into the matrix is modeled at two 
temperatures 1300 �C and 1400 �C. The GB diffusion coefficients were 
varying in the region from 2 � 10� 17 to 2 � 10� 15 m2/s during the 

Table 2 
Model parameters used in the simulations.  

Parameter Symbol Value Units 

Grid spacing �x  5 � 10� 9 m 

Interface width ��� 5.4�x  m 
Time step �t  varying s 
Interface energy ��� 1.5 J/m2 

Lattice diffusion coefficient D� 0:01D�� m2/s 

GB diffusion coefficient D�� varying m2/s 

Initial concentration c0, MgO  0:3  %  
c0, SiO2 0:05   

GB concentration cm, MgO  0:066  %  
cm, SiO2 0:4   

Segregation coefficient s 2 ���

Case 1 (SiO2) 
Interface mobility �0, 1300 �C  4:4 � 10� 18 m4/(Js) [20]  

�0, 1400 �C  1:8 � 10� 17

GB diffusion coefficient D1  5:6 � 10� 16 m2/s  

D2  1:2 � 10� 15

D3  2:9 � 10� 16

D4  5:6 � 10� 16

Case 2 (MgO) 
Interface mobility �0, 1200 �C  5:5 � 10� 19 m4/(Js)  

�0, 1400 �C  4:4 � 10� 18

GB diffusion coefficient D5  3:6 � 10� 16 m2/s  

D6  7:2 � 10� 16

D7  2:9 � 10� 15

D8  5:8 � 10� 15

Case 3 (SiO2 and MgO) 
Interface mobility �0, 1300 �C  4:4 � 10� 18 m4/(Js)  

�0, 1400 �C  1:8 � 10� 17

GB diffusion coefficient D9 Si  1:1 � 10� 16 m2/s  

D10 Si  2:9 � 10� 16

D11 Mg  6:8 � 10� 16

D12 Mg  5:2 � 10� 15

Case 4 (SiO2, abnormal) 
Interface mobility �0, 1400 �C  1:8 � 10� 17 m4/(Js) 

GB diffusion coefficient D13  2:9 � 10� 16 m2/s  

D14  5:8 � 10� 16
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i n v er s e  m et h o d  t o  fit  t h e  e x p eri m e nt al  pr o p erti e s.  T h e  e x a m pl e  c o-

ef fl ci e nt s ar e li st e d i n T a bl e 2 . T h e i niti al c o n c e ntr ati o n of Si O2 i n t h e 

fi b e r i s s et t o c 0 = 0 .3 %. T h e c o n c e ntr ati o n o n t h e ri g ht si d e of t h e b o x i s 

s et t o z er o, w hi c h mi mi c s t h e c o n c e ntr ati o n i n t h e m atri x. 

T h e si m ul at e d mi cr o str u ct ur e a n d t h e c o n c e ntr ati o n di stri b uti o n ar e 

s h o w n i n Fi g s. 4 a n d 5 f or 1 a n d 2 h at 1 3 0 0 ◦ C a n d 1 4 0 0 ◦ C, r e s p e cti v el y. 

T h e ti m e e v ol uti o n of t h e a v er a g e gr ai n si z e f or t w o t e m p er at ur e s 

a n d diff er e nt diff u si o n c o ef fi ci e nt s i s s h o w n i n Fi g. 6 ( a). T h e c o m p ari s o n 

t o t h e t h e or eti c al c ur v e, d 2 = d 2
0 + μ σ t, w h e r e μ i s c al c ul at e d b y E q. ( 9) 

u si n g  t h e  m e a n  c o n c e ntr ati o n  o n  t h e  gr ai n  b o u n d ar y,  s h o w s  t h at  t h e 

gr ai n gr o wt h r at e i n cr e a s e s if Si diff u s e s fr o m t h e fi b er al o n g t h e gr ai n 

b o u n d ari e s. T h e i n cr e a s e of t h e diff u si o n c o ef fi ci e nt fr o m D 1 t o D 2 a n d 

fr o m D 3 t o D 4 aff e ct s t h e gr o wt h ki n eti c s a n d t hi s eff e ct i s l ar g er at t h e 

hi g h er t e m p er at ur e. 

Fi g. 4. Si m ul ati o n r e s ult s i n c a s e 1 aft er h e at tr e at m e nt d uri n g 1 h (t o p) a n d 2 h ( b ott o m) at 1 3 0 0 ◦ C wit h D 1( Si): (l eft) gr ai n mi cr o str u ct ur e i n t h e fi b er e m b e d d e d i n 

al u mi n a m atri x; (ri g ht) c o n c e ntr ati o n fi el d f or Si O 2 . T h e m at ri x / fi b er b o u n d ar y i s o n t h e l eft sit e. 

Fi g. 5. Si m ul ati o n r e s ult s i n c a s e 1 aft er h e at tr e at m e nt d uri n g 1 h (t o p) a n d 2 h ( b ott o m) at 1 4 0 0 ◦ C wit h D 3( Si): (l eft) gr ai n mi cr o str u ct ur e i n t h e fi b er e m b e d d e d i n 

al u mi n a m atri x; (ri g ht) c o n c e ntr ati o n fi el d f or Si O 2 . T h e m at ri x / fi b er b o u n d ar y i s o n t h e l eft sit e. 
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The concentration distribution in the sample for different diffusion 
coefficients after 2 h of the heat treatment is shown in Fig. 6(b) for 
1300 �C and 1400 �C. The matrix is on the left side and the diffusion flow 
is directed from the right to the left. The average concentration in sec
tions decreases with increasing diffusion coefficient. 

The fitting of the concentration distribution at 2 h by the error 
function gives: 

e� � �� � �
���
�
�
��

�

; (11)  

where the fitting parameters are the following:  

Parameter 1300 �C, D1 1300 �C, D2 1400 �C, D3 1400 �C, D4 

x0 1.3382 1.8038 1.1193 1.5189 
c0 0.033 0.031 0.029 0.033 
c1 0.2572 0.2258 0.2707 0.2722  

The comparison to the homogeneous solution of the diffusion 
equation in two semi-infinite bodies gives x0 �

�����������������
4D��t=8

p
, where factor 

8 comes from the interface width in the phase-filed model. 
Fig. 6(c) and (d) show the evolution of a total mass in the fiber for 

different GB diffusion coefficients and temperatures. The kinetic of this 
diffusion process can be also analysed by means of the calculation of a 
total mass, m�t� � ec�t�=c0, where ec�t� is the volume averaged concen
tration in the sample and c0 is the dopant concentrations at the end of 

the equilibration process (i.e the concentration of silica in the fibers). 
m�t� is a reduced mass exchanged between the fiber and a constant 
diffusion source. The analytical model which describe the process of GB 
diffusion was proposed by Preis et al. [36] for spherical and square 
grains. According to this model, in the case of a constant grain structure 
and the fast GB diffusion, the total mass recalculated in the semi- 
logarithmic plot is a linear relaxation curve with an effective coeffi
cient of proportionality D��� . Fig. 6(c) shows the evolution of the total 
mass in the fiber for different GB diffusion coefficients and tempera
tures. As it can be seen in Fig. 6(d), the relaxation curves tend to a 
logarithmic dependency. The best fit of the time dependencies is a 
phenomenological equation with power law: 

���� � 
 � �
�������
���

p
��; (12)  

where a and n are the fitting parameters, t is given in hours. The cor
relation coefficient is 0.99987. The fitting parameters are the following:  

Parameter 1300 �C, D1 1300 �C, D2 1400 �C, D3 1400 �C, D4 

a
�������
D��

p 0.2651 0.3820 0.1681 0.2353 
a  1:11 � 107 1:10 � 107 9:84 � 106 9:84 � 106

n  0.4550 0.4416 0.4285 0.4201  

It can be seen that a and n depend on the temperature and do not 
depend on the diffusion coefficient. The temperature dependency is 
obviously due to the interface mobility and hence due to the different 
average grain size. 

Fig. 6. Simulation results in case 1 at 1300 �C and 1400 �C with different GB diffusion coefficients: (a) grain size evolution in the fiber with Si diffusion from the 
matrix to the fiber during heat treatment, straight red lines are the theoretical dependencies without diffusion from the sample; (b) concentration distribution of SiO2 
in the fiber after heat treatment during 2 h, the distance from the matrix/fiber boundary is plotted on the x-axis; (c) time evolution of the SiO2 average concentration 
in the fiber, m�t�; (d) logarithmic plot of 1 � m�t�. 
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T h e  gr ai n  si z e  di stri b uti o n  pr o fil e  i n Fi g.  7 aft er  2  h  of  t h e  h e at 

tr e at m e nt w a s c al c ul at e d b y u si n g t h e s e cti o n s i n t h e dir e cti o n n or m al t o 

t h e diff u si o n fl o w si mil ar t o t h e c o n c e ntr ati o n di stri b uti o n pr o fil e. At 

l o w t e m p er at ur e ( 1 3 0 0 ◦ C), t h e diff e r e n c e i n gr ai n si z e o n t h e ri m a n d i n 

t h e c e nt er i s a b o ut d ri m / d c e nt er = 1 .3 9 f o r t h e diff u si o n c o ef fi ci e nt s D 1 a n d 

D 2. T h at i s m u c h m or e t h a n i n t h e e x p eri m e nt al r e s ult s i n T a bl e 1 . T h e 

diff u si o n  c o ef fi ci e nt  0 .1 5 D 1 = 8 .4 × 1 0 − 1 7 m 2 / s  at  1 3 0 0 ◦ C  gi v e s  t h e 

b e st fit wit h t h e e x p eri m e nt wit h d ri m / d c e nt er = 1 .1 5. At hi g h t e m p er at ur e 

( 1 4 0 0 ◦ C), t h e diff e r e n c e i s al s o si g ni fi c a nt a n d t h e r ati o of gr ai n si z e s 

r e a c h e s d ri m / d c e nt er = 1 .5.  C o m p a ri n g  t o  t h e  e x p eri m e nt al  r e s ult s  i n 

T a bl e 1 s h o w s t h e b e st fit at 1 4 0 0 ◦ C f o r t h e diff u si o n c o ef fi ci e nt D 3 =

2 .9 × 1 0 − 1 6 m 2 / s.  T h e  c o m p ari s o n  of  t h e  e x p eri m e nt al  a n d  m o d eli n g 

r ati o of gr ai n si z e s b et w e e n t h e ri m a n d t h e c e nt er i s s h o w n i n T a bl e 3 . 

T h e m o d eli n g r ati o i n c a s e 1 i s a littl e l ar g er t h a n i n t h e e x p eri m e nt. 

4. 4.  C as e 2 

T h e diff u si o n of M g fr o m t h e m atri x i nt o t h e fi b er i s m o d el e d f or t w o 

t e m p er at ur e s, 1 2 0 0 ◦ C a n d 1 4 0 0 ◦ C, wit h t h e c o n c e ntr ati o n c 0 = 0 .0 5 % 

( 5 0 0 p p m) i n t h e m atri x a n d 0 % i n t h e fi b er. T h e l o w er t e m p er at ur e i s 

c h a n g e d n o w c o m p ar e d t o c a s e s 1 a n d 3 d u e t o t h e m u c h f a st er diff u si o n 

i n t hi s c a s e. T h e eff e ct of M g diff u si o n c a n b e o b s er v e d i n t h e e x p eri m e nt 

alr e a d y at 1 2 0 0 ◦ C, w h e r e a s t h e eff e ct of sili c a at t hi s t e m p er at ur e i s n ot 

e vi d e nt. T h e a p pli e d G B diff u si o n c o ef fi ci e nt s a n d t h e i nt erf a c e m o bilit y 

ar e li st e d i n T a bl e 2 . N o diff u si o n of sili c a fr o m t h e fi b er t o t h e m atri x i s 

si m ul at e d.  T o  mi mi c  t h e  pr e s e n c e  of  sili c a  i n  t h e  fi b er,  t h e  i nt erf a c e 

m o bilit y i s c h o s e n t o b e f o ur ti m e s s m all er t h a n i n c a s e 1. T h e c o n c e n -

tr ati o n of M g O o n t h e l eft b o u n d ar y of t h e b o x i s s et t o c 0 . 

T h e si m ul at e d mi cr o str u ct ur e a n d t h e c o n c e ntr ati o n pr o fll e of M g O 

aft er  1  a n d  2  h  of  t h e  h e at  tr e at m e nt  ar e  s h o w n  i n Fi g s.  8  a n d  9 at 

1 2 0 0 ◦ C a n d 1 4 0 0 ◦ C, r e s p e cti v el y. T h e m atri x i s o n t h e l eft b o u n d ar y of 

t h e si m ul ati o n b o x a n d t h e diff u si o n fl o w of M g i s dir e ct e d fr o m t h e l eft 

t o t h e ri g ht. 

T h e  a v er a g e  gr ai n  si z e  e v ol uti o n  i s  s h o w n  i n Fi g.  1 0 ( a)  f or  t w o 

t e m p er at ur e s a n d diff er e nt diff u si o n c o ef fi ci e nt s. T h e c o m p ari s o n t o t h e 

t h e or eti c al  c ur v e, d 2 = d 2
0 + μ 0 σ t,  f o r  1 2 0 0 ◦ C  s h o w s  t h at  t h e  gr ai n 

Fi g. 7. Gr ai n si z e di stri b uti o n i n c a s e 1 i n t h e fi b er wit h Si O 2 diff u si o n aft er 

h e at tr e at m e nt d uri n g 2 h at 1 3 0 0 ◦ C a n d 1 4 0 0 ◦ C f o r diff e r e nt G B diff u si o n 

c o ef fi ci e nt s.  T h e  di st a n c e  fr o m  t h e  m atri x / fi b er  b o u n d ar y  i s  pl ott e d  o n  t h e 

x - a xi s.

T a bl e 3 

C o m p ari s o n of e x p eri m e nt al a n d m o d eli n g r e s ult s: r ati o b et w e e n t h e ri m a n d t h e 

c e nt er  a n d  t h e  a v er a g e  si z e  i n  t h e  c e nt er  of  t h e  fi b er.  T h e  d at a  f or  t h e  f er et 

di a m et er ar e s h o w n i n br a c k et s.    

E x p eri m e nt M o d eli n g 

C o n diti o n s d ri m / d c e nt er d c e nt er , 

n m  

d ri m / d c e nt er d c e nt er , 

n m  
C a s e, D g b

1 3 0 0 ◦ C  n o 

d o p a nt 

1. 1( 1. 1 8)  1 6 1 

( 2 3 3) 

1. 1 5  1 5 5  1, 0 .1 5 D 1   

wit h 

M g O 

1. 1( 1. 1 0)  1 2 4 

( 1 6 8) 

1. 0 5  1 2 8  3, 

D 9 & D 1 1   

1 4 0 0 ◦ C  n o 

d o p a nt 

1. 3 2( 2. 3)  2 2 5 

( 3 3 6) 

1. 5 0  2 1 2  1, D 3   

n o 

d o p a nt 

1. 3 2( 2. 3)  2 2 5 

( 3 3 6) 

1. 4 8( 1. 8)  2 4 5 

( 3 6 0) 

4, D 1 3   

wit h 

M g O 

1. 5 0 

( 1. 9 5) 

1 5 3 

( 3 3 8) 

1. 2 5  1 7 5  3, 

D 1 0 & D 1 2   

Fi g. 8. Si m ul ati o n r e s ult s i n c a s e 2 aft er h e at tr e at m e nt d uri n g 1 h (t o p) a n d 2 h ( b ott o m) at 1 2 0 0 ◦ C wit h D 6( M g): (l eft) gr ai n mi cr o str u ct ur e i n t h e fi b er e m b e d d e d 

i n al u mi n a m atri x; (ri g ht) c o n c e ntr ati o n fi el d f or M g O. T h e m atri x / fi b er b o u n d ar y i s o n t h e l eft sit e. 
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Fi g. 9. Si m ul ati o n r e s ult s i n c a s e 2 aft er h e at tr e at m e nt d uri n g 1 h (t o p) a n d 2 h ( b ott o m) at 1 4 0 0 ◦ C wit h D 7( M g): (l eft) gr ai n mi cr o str u ct ur e i n t h e fi b er e m b e d d e d 

i n al u mi n a m atri x; (ri g ht) c o n c e ntr ati o n fl el d f or M g O. T h e m atri x / fi b er b o u n d ar y i s o n t h e l eft sit e. 

Fi g. 1 0. Si m ul ati o n r e s ult s i n c a s e 2 at 1 2 0 0 ◦ C a n d 1 4 0 0 ◦ C wit h diff er e nt G B diff u si o n c o ef fi ci e nt s: ( a) gr ai n si z e e v ol uti o n i n t h e fi b er wit h M g O diff u si o n fr o m t h e 

m atri x t o t h e fi b er d uri n g h e at tr e at m e nt; ( b) c o n c e ntr ati o n di stri b uti o n of M g O i n t h e fi b er aft er h e at tr e at m e nt d uri n g 2 h, t h e di st a n c e fr o m t h e m atri x / fi b er 

b o u n d ar y i s pl ott e d o n t h e x - a xi s; ( c) ti m e e v ol uti o n of t h e M g O a v er a g e c o n c e ntr ati o n i n t h e fi b er, m (t); ( d) l o g arit h mi c pl ot of m (t). 
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gr o wt h r at e d e cr e a s e s at l e a st i n t w o ti m e s if M g diff u s e s i n t h e fi b er 

al o n g t h e gr ai n b o u n d ari e s. T h e i n cr e a s e of t h e G B diff u si o n c o ef fl ci e nt 

d o e s  n ot  eff e ct  t h e  gr o wt h  r at e  at  1 2 0 0 ◦ C.  H o w e v e r,  at  t h e  hi g h er 

t e m p er at ur e ( 1 4 0 0 ◦ C) t h e eff e ct o n t h e gr o wt h ki n eti c s i s si g ni fi c a nt. 

T h e  a v er a g e  c o n c e ntr ati o n  di stri b uti o n  i n  t h e  s a m pl e  f or  t h e 

diff er e nt diff u si o n c o ef fi ci e nt s aft er 2 h of t h e h e at tr e at m e nt i s s h o w n i n 

Fi g. 1 0 ( b). T h e c al c ul ati o n w a s c arri e d o ut b y u si n g t h e s e cti o n s i n t h e 

dir e cti o n n or m al t o t h e diff u si o n fi o w. T h e m atri x i s o n t h e l eft si d e a n d 

t h e diff u si o n fi o w i s dir e ct e d fr o m t h e l eft t o t h e ri g ht s o t h at t h e di s -

t a n c e i s m e a s ur e d fr o m t h e ri m t o t h e c e nt er. T h e a v er a g e c o n c e ntr ati o n 

i n  s e cti o n s  i n cr e a s e s  wit h  i n cr e a si n g  diff u si o n  c o ef fi ci e nt.  At  hi g h er 

t e m p er at ur e M g O fill s t h e gr ai n b o u n d ari e s of t h e fi b er u ntil t h e c e nt er 

a n d, t h er ef or e, it s h o ul d d e cr e a s e t h e gr ai n gr o wt h r at e h er e. 

T h e  fitti n g  of  t h e  c o n c e ntr ati o n  di stri b uti o n  b y  t h e  err or  f u n cti o n 

gi v e s: 

c̃ = c 0

(

1 − erf

(
x

x 0

)  )

, ( 1 3)  

w h e r e t h e fitti n g p ar a m et er s a a n d b ar e t h e f oll o wi n g:  

P ar a m et er  1 2 0 0 ◦ C, D 5  1 2 0 0 ◦ C, D 6  1 4 0 0 ◦ C, D 7  1 4 0 0 ◦ C, D 8 

x 0 1. 1 8 1. 5 7 3. 2 2 5. 5 5 

c 0 0. 0 3 5 5  0. 0 3 6 0  0. 0 3 0 1  0. 0 2 9 9  

H e r e x 0 i s p r o p o rti o n al t o 
̅̅ ̅̅ ̅̅ ̅
D g b

√
wit h t h e p r e ci si o n ± 1 2 %. 

Fi g. 1 0 ( c) a n d ( d) d e s cri b e t h e ti m e e v ol uti o n of t h e c o n c e ntr ati o n 

fi el d  f or  diff er e nt  G B  diff u si o n  c o ef fi ci e nt s  a n d  t e m p er at ur e s.  F or  t h e 

c al c ul ati o n of t h e t ot al m a s s, m (t)  = c̃ ( t)/ c 0 , t h e d o p a nt c o n c e ntr ati o n s 

at t h e b e gi n ni n g of t h e e q uili br ati o n pr o c e s s (i. e. t h e i niti al c o n c e ntr a -

ti o n of M g O i n t h e m atri x) w a s u s e d. T h e r el a x ati o n c ur v e s ar e pr e s e nt e d 

i n Fi g. 1 0 ( d) a s l o g arit h mi c pl ot s of m (t) v er s u s ti m e. T h e y c a n b e fitt e d 

b y a p h e n o m e n ol o gi c al e q u ati o n 

m (t)  = a
̅̅ ̅̅ ̅̅ ̅
D g b

√
tn , ( 1 4)  

w h e r e t i s t h e ti m e i n h o ur s, a a n d n ar e t h e fltti n g p ar a m et er s:  

P ar a m et er  1 2 0 0 ◦ C, D 5  1 2 0 0 ◦ C, D 6  1 4 0 0 ◦ C, D 7  1 4 0 0 ◦ C, D 8 

a
̅̅ ̅̅ ̅̅ ̅
D g b

√
0. 0 9 8 3  0. 1 4 2 8  0. 2 4 2 3  0. 3 4 4 4 5 

a 5 .2 × 1 0 6 5 .3 × 1 0 6 4 .5 × 1 0 6 4 .5 × 1 0 6

n 0. 4 5 8 7  0. 4 5 1 8  0. 3 7 2 0  0. 3 7 9 1  

T h e c o r r el ati o n c o ef fl ci e nt i s 0. 9 9 9 8 7. It c a n b e s e e n t h at t h e s e p a -

r a m et er s  c h a n g e  wit h  t h e  t e m p er at ur e.  T hi s  i s  d u e  t o  c h a n g e  of  t h e 

a v er a g e gr ai n si z e a n d t h e l e n gt h of t h e gr ai n b o u n d ari e s. 

T h e gr ai n si z e di stri b uti o n pr o fil e i s pl ott e d i n Fi g. 1 1 aft er 2 h. It c a n 

b e s e e n t h at at l o w t e m p er at ur e t h e diff er e n c e i n gr ai n si z e o n t h e ri m 

a n d i n  t h e c e nt er of t h e  fi b er i s s m all. H o w e v er, at hi g h t e m p er at ur e 

( 1 4 0 0 ◦ C) t h e diff e r e n c e i s si g ni fi c a nt, t h e r ati o b et w e e n gr ai n si z e s i s 

a b o ut d ri m / d c e nt er = 0 .8. 

4. 5.  C as e 3 

T h e c o m bi n e d diff u si o n of Si fr o m t h e fi b er i nt o t h e m atri x a n d M g 

Fi g. 1 1. Gr ai n si z e di stri b uti o n i n c a s e 2 i n t h e fi b er wit h M g diff u si o n aft er 

h e at tr e at m e nt d uri n g 2 h at 1 2 0 0 ◦ C a n d 1 4 0 0 ◦ C f o r diff e r e nt G B diff u si o n 

c o ef fi ci e nt s.  T h e  di st a n c e  fr o m  t h e  m atri x / fi b er  b o u n d ar y  i s  pl ott e d  o n  t h e 

x - a xi s.

Fi g. 1 2. Si m ul ati o n r e s ult s i n c a s e 3 aft er h e at tr e at m e nt d uri n g 2 h at 1 4 0 0 ◦ C wit h D 1 0( Si) a n d D 1 2( M g): ( a) Si m ul at e d gr ai n mi cr o str u ct ur e i n t h e fi b er e m b e d d e d 

i n al u mi n a m atri x; ( b) c o n c e ntr ati o n fil e d f or Si O2 ; ( c) c o n c e ntr ati o n fi el d f or M g O; ( d) gr ai n si z e di stri b uti o n i n t h e fi b er. T h e m atri x / fi b er b o u n d ar y i s o n t h e 

l eft sit e. 
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i nt o  t h e fi b er i s  si m ul at e d at t h e  t e m p er at ur e s 1 3 0 0 ◦ C a n d 1 4 0 0 ◦ C. 

F r o m t h e e x p eri m e nt al d at a i n T a bl e 1 , w e c a n s e e t h at t h e gr ai n si z e 

d e cr e a s e s i n t h e c e nt er a n d o n t h e ri m of t h e fl b er i n pr e s e n c e of M g O 

d o p a nt w h er e a s t h e Si diff u si o n aff e ct s o nl y t h e ri m c a u si n g h er e t h e 

l ar g er gr ai n si z e. H e n c e w e c a n a s s u m e t h at t h e M g diff u si o n i s m u c h 

f a st er t h a n Si diff u si o n a n d M g h a v e ti m e t o fill t h e fi b er till t h e c e nt er. 

T h e diff u si o n c o ef fi ci e nt s li st e d i n T a bl e 2 ar e t h e b e st fit of t h e e x p er -

i m e nt al gr ai n si z e. T h e mi cr o str u ct ur e aft er 2 h of t h e h e at tr e at m e nt a n d 

t h e c o n c e ntr ati o n fi el d of Si O2 a n d M g O i s s h o w n i n Fi g. 1 2 ( a)– ( c). T h e 

gr ai n si z e di stri b uti o n pr o fil e i s pl ott e d i n Fi g. 1 2 ( d) f or t w o diff er e nt 

diff u si o n c o ef fi ci e nt s of M g. T h e r ati o of gr ai n si z e s i s d ri m / d c e nt er = 1 .2 5 

f o r  b ot h  diff u si o n  c o ef fi ci e nt s.  T h e  c o m p ari s o n  of  e x p eri m e nt al  a n d 

m o d eli n g r ati o of gr ai n si z e s o n t h e ri m a n d i n t h e c e nt er a n d t h e a v er a g e 

si z e i n t h e c e nt er i s s h o w n i n T a bl e 3 . 

T h e c o n c e ntr ati o n di stri b uti o n a n d t h e ti m e e v ol uti o n of t h e a v er a g e 

c o n c e ntr ati o n  of  Si O 2 a n d  M g O  i n  t h e  fi b er  i s  s h o w n  i n Fi g.  1 3 .  T h e 

si m ul ati o n r e s ult s all o w t o a s s e s s t h e G B diff u si o n c o ef fi ci e nt of M g b y 

t h e i n v er s e m et h o d. T h e fitti n g p ar a m et er s f or 1 3 0 0 ◦ C a r e: D 9 (Si )  =

8 .4 × 1 0 − 1 7 m 2 / s; D 1 1 (M g )  = 6 .8 × 1 0 − 1 6 m 2 / s. T h e fitti n g p ar a m et er s 

f or  1 4 0 0 ◦ C  a r e: D 1 0 (Si )  = 2 .9 × 1 0 − 1 6 m 2 / s; D 1 2 (M g )  = 5 .2 × 1 0 − 1 5 

m 2 / s. T h e v al u e s ar e li st e d i n T a bl e 4 . I n s u m m ar y, t h e diff u si o n c o ef-

fl ci e nt of M g i s hi g h er t h a n t h at of Si i n 6 – 7 ti m e s t o flt t h e e x p eri m e nt al 

d at a. 

Fi g. 1 3. Si m ul ati o n r e s ult s i n c a s e 3 at 1 4 0 0 ◦ C: ( a) c o n c e ntr ati o n di stri b uti o n of M g O a n d Si O 2 i n t h e fi b e r aft er h e at tr e at m e nt d uri n g 2 h; ( b) ti m e e v ol uti o n of t h e 

M g O a n d Si O 2 a v e r a g e c o n c e ntr ati o n i n t h e fi b er f or diff er e nt G B diff u si o n c o ef fi ci e nt s, c o m p ari s o n t o c a s e 4. 

T a bl e 4 

C o m p ari s o n of t h e r e al G B diff u si o n c o ef fi ci e nt s d e fi n e d i n t hi s w or k wit h t h e 

l atti c e diff u si o n c o ef fi ci e nt s. T h e diff u si o n c o ef fi ci e nt s ar e gi v e n i n u nit s m2 / s.  

T  El e m e nt D g b 

( m o d el)  

D g b 

( r e al)  

D L [ R ef ]  D g b ( r e al)/ D L

1 3 0 0 ◦ C  Si 8 .4 ×

1 0 − 1 7  

1 .4 ×

1 0 − 1 5  

1 .7 × 1 0 − 1 9 e xt r. 

[ 1 0 ]  

8 .3 × 1 0 3

M g 6 .8 ×

1 0 − 1 6  

1 .2 ×

1 0 − 1 4  

2 .2 × 1 0 − 1 8 e xt r. 

[ 1 0 ]  

5 .4 × 1 0 3

Al – – 4 .0 × 1 0 − 1 9 [ 1 0 ] 3 .5 × 1 0 3

[ 4 8 ]   

1 4 0 0 ◦ C  Si 2 .9 ×

1 0 − 1 6  

4 .9 ×

1 0 − 1 5  

1 .5 × 1 0 − 1 8 e xt r. 

[ 1 0 ]  

3 .5 × 1 0 3

M g 5 .2 ×

1 0 − 1 5  

8 .8 ×

1 0 − 1 4  

1 .9 × 1 0 − 1 7 e xt r. 

[ 1 0 ]  

4 .4 × 1 0 3

Al – – 3 .5 × 1 0 − 1 8 [ 1 0 ] -

Fi g. 1 4. Si m ul ati o n r e s ult s i n c a s e 4 aft er h e at tr e at m e nt d uri n g 1 h (t o p) a n d 2 h ( b ott o m) at 1 4 0 0 ◦ C wit h D 1 3( Si): (l eft) a ni s otr o pi c gr ai n mi cr o str u ct ur e i n t h e 

fi b er e m b e d d e d i n al u mi n a m atri x; (ri g ht) c o n c e ntr ati o n fi el d f or Si O 2 . T h e a ni s otr o pi c s urf a c e e n er g y a n d mi s ori e nt ati o n d e p e n d e nt gr ai n b o u n d ar y m o bilit y ar e 

u s e d f or t h e si m ul ati o n of t h e a b n or m al gr ai n gr o wt h. T h e m atri x / fi b er b o u n d ar y i s o n t h e l eft sit e. 

J. K u n di n et al.



4.6. Case 4 

The diffusion of Si from the fiber into the matrix is modeled at 
1400 �C for the abnormal grain growth. We assume in the sample the 
presence of 20% of abnormal grains which have a large misorientation 
with normal grains and hence the mobility of grain boundaries of such 
grains is chosen to be in 5 times higher than the mobility of grain 
boundary between normal grains The later assumed to be ����� �

0:45�0. The values of the anisotropic surface energy and anisotropy 
parameter are taken from Ref. [40]. Other parameters are listed in 
Table 2. 

The simulated microstructure in the fiber and the composition field 
for SiO2 after 1 and 2 h of heat treatment is shown in Fig. 14. The 
estimation of the average grain size in the center and on the rim gives 
d������ � 245 and d��� � 361 nm, the ratio of grain sizes is d���=d������ �

1:48 as shown in Table 4 (with GB diffusion coefficient D13). 
It can be also seen in Fig. 13(b) (compare Si diffusion in case 3 and 

case 4) and Fig. 14 (right) (compare concentration distribution with 
Fig. 12(b)) that the concentration in the case of the abnormal grain 
growth with the Si diffusion do not show an evident difference with the 
results for the normal grain growth in case 3. A future work is needed to 
make the precise verification of the abnormal grain growth effect by 
means of 3D simulations. 

5. Discussion

It is important to point out that the accuracy of the assessment of
diffusion coefficients is determined by the statistical data of the exper
iment and the assumption that the grain growth kinetic can be repro
duced by the isotropic model neglecting the anisotropic character of the 
microstructure. Nevertheless, the differences found by the modeling 
between diffusion coefficient of Si and Mg are significant which is 
confirmed by the literature data regarding the size and the charge of the 
cations. It is assumed in the modeling that the presence of SiO2 in the 
fiber does not affect the diffusion of magnesia from the matrix and the 
duffusion of magnesia does not affect the diffusion of silica. However, 
the presence of both components on the grain boundary can affect the 
GB mobility. 

To calculate the real diffusion coefficients, the coefficients in the 
model should be multiplied by factor f � �=�8��. For the grain width in 
ceramic � � 0:2 nm, the factor is equal to 17. The comparison of the 
estimated real GB diffusion coefficients, Dgb (real) �17Dgb (model), with 
the data from the literature is given in Table 4. The lattice diffusion 
coefficients of Al in alumina from the literature [10] were extrapolated 
to Mg and Si by using the factors defined by the molecular dynamics 
(MD) simulation in Ref. [47]. It can be seen that the diffusion coefficient
of Mg is much higher than that of Al and Si. This is also in accordance to
the fact that diffusion of the cations with lower valence, e.g. Mg, is much
faster than with high valence, e.q. Si [10].

Using the real GB diffusion coefficients estimated by the inverse 
modeling, we can find the parameters of the Arrhenius law. The acti
vation energy of the diffusion for Mg is 435:7 kJ/mol and the prefactor is 
3:5 m2/s. The activation energy of the diffusion for Si is 273:9 J/mol and 
the prefactor is 1:8 � 10� 6 m2/s. Then we can calculate the unknown 
diffusion coefficients at 1200 �C as Dgb(real, Mg) � 1:2 � 10� 15 m2/s and 
Dgb(real, Si) � 3:4 � 10� 16 m2/s. 

The modeling results such as the phenomenological eqs. (12) and 
(14) allow us to estimate the time to reach a stable concentration dis
tribution of the dopant in the fiber. E.q. for Mg, we can find that to reach
the maximum value of the concentration in the full fiber at 1400 �C, m�t�
� 0:03% in Fig. 10(b), one needs 17.6 h. 

The developed model with estimated parameters allows us to make 
the predictions of grain size distribution in the fiber (see Fig. 12(d)) by 
varying the dopant concentration in the matrix at different heat treat
ment temperatures for different dwell time. 

6. Conclusion

We developed an extended model for describing GB diffusion and
segregation in ceramic materials. The model is based on the multi-phase- 
field model of grain growth which takes into account the dependency of 
the GB mobility on the concentration (segregation dependency). Our 
considerations are restricted to the cases of silica diffusion from the fiber 
to the matrix and magnesia diffusion from the matrix to the fiber. The 
grain size distribution in the fiber after heat treatment is affected by the 
diffusion of dopants that leads to the different grain size on the rim of the 
fiber and in the center. The inverse method is applied to adjust the un
known grain boundary diffusion coefficients of dopants by comparison 
to the experimental grain size distribution. The analysis of the concen
tration distribution in the fibers shows that the simulation results are in 
agreement with the theoretical prediction of diffusion profiles for semi- 
infinite bodies. 

By numerical tests with different diffusion coefficients the following 
effects are found:  

� the diffusion of Si from the fiber to the matrix in the samples without
MgO dopant causes the increase of the average grain size on the rim
of the fiber due to the decreasing concentration of SiO2 on the rim.

� the diffusion of Mg from the matrix to the fiber causes the decrease of
the average grain size on the rim of the fiber due to the increasing
concentration of MgO on the rim.

� at high temperature (1400 �C) the effect of the diffusion of Mg and Si
on the grain size difference between the rim and the center of the
fiber is larger;

� the combined diffusion of Mg and Si causes the decrease of the
average grain size in full sample due to the faster diffusion of Mg. The
effect of the Si diffusion slightly decreases.

� the GB diffusion coefficient of Mg is estimated to be larger than that
of Si by 6�7 times that is in agreement with the data in the literature
(see Table 4).

The developed model with estimated kinetic parameters allows us to
make the predictions on the dopant concentration of the matrix and the 
heat treatment process parameters to fully or partially inhibit grain 
growth in ceramic composites. 

7. Data availability

The datasets generated during and/or analysed during the current
study are available from the corresponding author on reasonable 
request. 
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