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Abstract
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Influence of the spin on the radiation of a spinning emitter orbiting compact objects

by Jan-Menno Memmen

In this thesis, I develop a theoretical description of the radiation of an extended, spinning
light source on a circular orbit in the symmetry plane of a stationary, axially symmetric and
asymptotically flat spacetime. The light source is assumed to be a test particle, in order
to neglect its gravitational influence on the background spacetime. I derive the necessary
transformations for a reference frame that is at rest on the surface of the rotating emitter, and
link the emission angles, relative to the surface of the emitter, to the constants of motion of
the light ray. Two emitter geometries are considered: a sphere and a Maclaurin spheroid,
which is flattened as a result of its spin. In particular, I apply this theory to an emitter in
orbit around a Schwarzschild object, as well as an emitter orbiting a Kerr black hole. In
this context, I investigate the influence of the emitter spin on the observables, specifically
the polarization plane, redshift and flux, as well as the influence of the black hole rotation.
Notably, the position of the emitter orbit where the maximum flux is observed depends on the
spin, and non-monotony is observed in the amount of observed flux, varying the spin of the
emitter. This theory may find application in describing the emissions of spinning hot spots in
accretion disks or neutron stars.
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Chapter 1

Introduction

Whereas a few decades ago, black holes were considered merely hypothetical in nature, results
allowed by Einsteins’ theory of gravity, there is now strong observational evidence for their
existence in this universe. The information of these heavy objects is gathered mainly by
studying the effects of their strong gravitational influence on light signals in the vicinity of
the black hole. Since the end of the previous millennium, observations produced increasing
evidence of supermassive black holes at the centre of galaxies. This evidence was mainly
based on infrared observations of stars in orbit close to the gravitational centre of our galaxy,
see Ghez [1] and Gillisen [2]. This research effort culminated in the first image of a black
hole, in particular the supermassive black hole in the centre of galaxy M87, by the Event
Horizon Telescope Collaboration in 2019 [3]. The EHT is an international collaboration of
synchronised radio observatories, investigating the light sources in the millimeter and submil-
limeter regimes. Additionally, the EHT produced images of SgrA*, the supermassive black
hole in the centre of our galaxy [4]. Evidently, it becomes important to study the effect of
strong gravitational fields on these sources of radiation.

One of the most fundamental concepts of physics is the conservation of angular momen-
tum. Physical rotating objects, that decrease in size, e.g. stars under gravitational collapse,
retain their angular momentum and thereby increase their angular velocity. Fast rotating, small
and compact astrophysical objects may form the basis for realizations of this thesis in nature.
Particularly, one may consider rotating hot spots in accretion disks around aforementioned
black holes or neutron stars as possible applications.

Accretion disks form as matter around a compact object accelerates and falls towards the
source of gravity, and the energy released in this process is received as light by terrestrial
observers, mostly in the radio range. For a thorough discussion on this topic, see e.g. [5].
These disks, as sources of light, give insight on the properties of the central object that creates
the gravitational field. Hot spots in these accretion disks are defined by their increased level of
emissions, first theoretically discussed by Abramowicz et al. [6] andMangalam andWiita [7].
In principle, these hot spots may have a non-vanishing spin, as they are postulated to be formed
via angular momentum conservation and the interaction with the surrounding magnetic field.
They are a defining feature of accretion disks, and the increased emissions of the hot spots
make them prime targets for studying the physics of strong gravity. The theoretical model of
spinning light sources may be applied to study the effects of the spin and its origins for hot
spots near strong sources of gravity, e.g. black holes.

Neutron stars are the remains of a core collapse of heavy stars between around 10 and 25
solar masses, see e.g. [8]. Neutron stars are extremely dense, having a mass of a few solar
masses, while having only a size of only a few 10 kilometers. They were first postulated by
Baade and Zwicky in 1934 [9], and the first evidence seen by Hewish and Bell in 1967 [10]. A
upper limit on the mass of these objects was first introduced by Oppenheimer and Volkoff in
1939 [11]; if the star would pass this limit, it would collapse into a black hole. The theoretical
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limit was placed approximately between 1.5 and 3 solar masses in 1996 [12], where current
studies set this limit between 2 and 2.16 solar masses [13].

As a result of the conservation of angular momentum, these objects spin inherently fast,
up to a quarter of the speed of light [14]. One mission dedicated to studying neutron stars is
the Neutron star Interior Composition Explorer (NICER) mission, deployed by NASA [15].
Among other subjects, this mission aims to study the Xray emission and the polarization of
said emissions of these dense objects. In particular, Bogdanov et al. [16, 17] created a model
to describe the surface of fast spinning neutron stars. In contrast to the theory introduced in
this thesis, the model has the spinning object as the source of gravity, and the main objective
is to study the effect of the emitter gravity on the light that is observed. The observer is placed
at infinity, and the gravitational field is modeled to be static. Therefore, the paper may be seen
as a preparation to extend the theory, that is introduced in this thesis, to further include the
effect of the emitter gravity on the light coming from a spinning light source in orbit around
a central source of gravity.

From a theoretical point of view, radiation of light sources orbiting a black hole is usually
calculated while neglecting the effect of the self-rotation, the so-called spin, of the emitter.
To the best of our knowledge, the spin of the light source and its direct effect on the observed
radiation is yet to be described theoretically in its entirety. Therefore, the goal of this thesis is
to develop a theoretical description of spinning light sources in orbit around compact objects
and the influence of their spin on the observed radiation.

More specifically, this thesis aims to establish a theory for strong sources of gravity,
and then studying the effect of the spin on the radiation observed for specific examples of
compact objects. For the simplest case of a light source in geodesic motion, the emitter
cannot be closer to the source of gravity than the innermost stable circular orbit (ISCO).
For non-spinning test-particles in Schwarzschild spacetime, which may be used to describe
non-rotating black holes, the ISCO is well-known and lies at r = 6M , first found by Kaplan
[18]. If the source of gravity, e.g. the black hole, is assumed to be rotating as well, one
may consider the Kerr spacetime for describing its gravitational field. For this solution to
Einsteins vacuum field equations, the position of the ISCO for non-spinning test particles lies
at radii smaller than 6M for co-rotating orbits, reaching the horizon at r = M for extreme
Kerr solutions with a/M = 1, and increases beyond 6M for a counter-rotating orbit, reach-
ing 9M in the extreme case [19, 20]. If the emitter is spinning and orbits in the equatorial
plane, the distance of these orbits were determined by Jefremov, Tsupko andBisnovatyi-Kogan
[21], for the case where the spin axis is parallel or anti-parallel to the orbit angular momentum.

This thesis aims to develop a theoretical model of a spinning light source in the symme-
try plane of general compact objects, establishing the notion of observables in this case, and
studying the influence on the spin on these observables. In this context, this thesis is structured
as follows:

The first chapter introduces the equations of motions for the orbit of a spinning test-
particle, the Mathisson-Papapetrou-Dixon equations. Following a brief overview on this
topic, the importance of the choice and influence of the supplementary condition on the
trajectory of the test particle are discussed.

The second chapter then develops the theoretical description of a spinning light source
in the symmetry plane of any compact that is axisymmetric, stationary and asymptotically
flat. Specifically, the surface rest frame is established. Additionally, the observables, namely
the polarization plane, redshift and flux, associated with the aforementioned light rays, are
described. The chapter ends with the discussion on the numerical procedure in calculating
the light ray that connects emitter and observer.
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The third chapter deals with the geometry of the emitter. In the context of this thesis, two
different geometries are discussed: a rigidly rotating sphere, and a rigidly rotating spheroid,
described by the Maclaurin spheroid. In particular, the velocities of the surface elements and
other properties implied are studied.

The fourth chapter applies the theory of spinning light sources to the Schwarzschild
spacetime, a static and spherically symmetric solution to the Einstein vacuum field equations.
After a brief introduction on this solution, the surface rest frame is established for an emitter
orbiting a Schwarzschild object in the symmetry plane. The subsequent part of this chapter
studies the effect of the spin on the different observables described in chapter 2 for a fixed
configuration of emitter and observer.

The fifth chapter generalizes the source of gravity even further and applies the theory to
the Kerr spacetime, which describes the exterior gravitational field of a rotating black hole.
Structured similarly, this chapter first gives a brief overview over the properties of this solution,
and then develops the surface rest frame for a spinning emitter in circular orbit around a Kerr
black hole. Finally, an extended study of the aforementioned observables and the influence
of the emitter spin on them concludes this section.

The last chapter is dedicated to summarizing the results of this thesis and giving an outlook
about possible extensions and further studies regarding this topic.

In the context of this thesis, the metric is expressed as g with the convention of signature as
(−, +, +, +). Furthermore, all Greek indices run from 0 to 3 and Einsteins’ summation
convention is complied. Additionally, geometrized units, i.e. c = G = 1, are adopted. In
order to differentiate the reference frames, each frame will be denoted with differing brackets.
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Chapter 2

Mathisson–Papapetrou–Dixon

equations

In this chapter, the theory on spinning test particles, the Mathisson-Papapetrou-Dixon equa-
tions, is discussed. First, a brief overview is given on the history and general approach to the
equations of motion, and then the importance and influence of the choice of spin supplemen-
tary condition on the trajectory of the spinning test body is discussed. A thorough description
may be found in e.g. [22, 23, 24].

2.1 General approach

In order to describe the motion of extended bodies, the Einstein field equations

Gµν = 8πTµν (2.1)

may be used, first introduced by Einstein, Infeld and Hoffmann [25]. Here,Gµν is the Einstein
tensor and T νµ is the energy-momentum tensor describing the physical properties of the test
body.

For studying the equations ofmotion of test particles, there exists amore suitable approach,
developed by Fock [26] and Papapetrou [27]. In this context, the conservation law

∇νT
νµ = 0 (2.2)

is used to determine the equations of motion instead. This conservation law follows directly
from the field equations in Eq. (2.1), as well as from the second Bianchi identities

∇νG
µν = 0 . (2.3)

The method to find the equations of motion by Papapetrou involves choosing a representative
world line in the body, taking all multipole moments of Eq. (2.2) in the vicinity of that world
line into account. Additionally, the n-pole particle approximation is used; if one assumes
that the body is sufficiently small, all multipole moments of order n + 1 and higher shall be
neglected. For a monopole particle, the motion of the test particle is described by the geodesic
equation. In this regard, when spinning particles are of interest, all moments higher than the
dipole moment are neglected, resulting in the equations of motion for a pole-dipole particle
derived by Papapetrou.
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2.2 Supplementary conditions

Up to this point, a world line through a distinguished point of the body is yet to be chosen;
this choice is in general arbitrary. As a consequence, it becomes necessary to properly and
uniquely specify a world line through the body; if not uniquely selected, the motion of the
desired point of the body may not be determined fully. Thus, a supplementary condition,
specifying the world line, is needed to determine the motion.

There are different kinds of supplementary conditions that have proven to be particularly
convenient in describing a spinning test body in this pole-dipole test particle approximation.
Specifically, the following two conditions are used most often in literature:

(i) Mathisson [28] and Pirani [29] (originally: Frenkel [30]) used the following supple-
mentary condition, the so-called Mathisson-Pirani-Frenkel condition:

VµS
µν = 0 , (2.4)

where V µ is the tangent vector to the world line Zµ and Sµν is the spin tensor. This
fixes the reference world line to be the body’s centre of mass as measured in the rest
frame moving with four-velocity V µ. However, the world line that is defined by this
supplementary condition is not unique. Thus, special care needs to be taken when
choosing such a world line, as, in general, the trajectory of spinning bodies that emerge
while using this condition is represented by helical motions.

(ii) Dixon [23, 31, 32] and Tulczyjew [33] introduced another supplementary condition to
fix the center of mass world line:

PµS
µν = 0 . (2.5)

This supplementary condition is frequently referred to as the Tulczjew-Dixon condition.
Here, Pµ is the four-momentum of the object, and Sµν is the spin tensor describing the
spin of the object. This fixes the reference world line of the body’s centre of mass as
measured by an observer moving with four-velocity Uν = P ν/µ, where µ is the mass
of the object. Unless the spacetime is flat, this world line generally does not coincide
with the centre of gravity, or proper centre of mass as defined by Moeller [34].

Throughout this thesis, the Tulczjew-Dixon condition will be used, as its unique choice of
world line simplifies the description of the centre of mass reference frame, and also leads to
an explicit expression of the four velocity V µ in terms of the momentum pµ, spin tensor Sµν

and world line Zµ. Following Wald [22] and Dixon [32], this world line will be referred to as
the centre of mass world line throughout this thesis.

For any choice of world line through the test body, one can derive the motion of a spinning
test body in the procedure described before; this leads to the Mathisson-Papapetrou-Dixon
equations:

D

Dσ
Pµ = −1

2
Rµ

νρλV
νSρλ (2.6)

D

Dσ
Sµν = P νV µ − PµV ν , (2.7)

where D/Dσ denotes the covariant derivative along the world line,

Rµ
νρλ = ∂ρΓ

µ
νλ − ∂λΓ

µ
νρ + ΓµτρΓ

τ
νλ − ΓµτλΓ

τ
νρ (2.8)

is the Riemann tensor and V ν is the tangent vector to the world line.
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Equations Eq. (2.6) and (2.7), together with the supplementary condition in Eq. (2.5),
determine the motion of the spinning test body.

By contracting Sµν in Eq. (2.7) and using Eq. (2.5), it is possible to find that

Ŝ2 =
1

2
SµνS

µν (2.9)

is conserved along the world line. In this context, Ŝ is the magnitude of the spin of the test
particle. Another constant of motion, for the Tulcziew-Dixon condition, is the mass of the
object µ, i.e.

µ2 = PνP
ν . (2.10)

Additionally, the general definition of the specific spin vector will be of importance in the
exact calculations of the trajectory of the spinning test particle on the equatorial plane of an
Schwarzschild or Kerr object, i.e.

Sν = −
ϵνκαβP

κSαβ

2µ
, (2.11)

where ϵνκαβ is the four dimensional fully anti-symmetric tensor.

In the context of special relativity, Moeller [34] has shown that a body in self-rotation and
mass µ, as well as positive energy density, i.e.

Tκνξ
κξν > 0 for all timelike vectors ξ , (2.12)

has to abide a limit on its scale of geometric extension r0, as measured in the proper centre
of mass reference frame; this limit arises from the fact that the emitters’ peripheral velocity
is only allowed up to subluminal speed, i.e.

r0 ≳
Ŝ

µ
. (2.13)

Therefore, in order to describe spinning test bodies that are physically reasonable, one has
to rigorously consider the geometrical extension in Eq. (2.13); in particular, this will be
discussed in chapter 4.

Since the equations of motion in Eqs. (2.6) and (2.7) are invariant under reparametriza-
tion of the orbital parameter σ, one may choose σ such that

P νVν = −µ . (2.14)

There are some important remarks to bemade about the relation between the tangent of the
world line V ν and the normalized four-momentumUν := P ν/µ. In general, if the test particle
is spinning, Uν and V ν are not parallel anymore, see e.g. Ehlers and Rudolph [24]. However,
in a space-time of constant curvature, e.g. flat space-time, the normalized four-momentum
and the four-velocity are collinear. In this thesis, spinning emitters are discussed in curved
spacetimes, specifically Schwarzschild and Kerr spacetimes, thus the non-parallelism of the
two quantities is of importance. This will be discussed in detail in 3.1.3 for a general compact
object that is stationary and axially symmetric, and in 5.2.3 and 6.2.3 for Schwarzschild and
Kerr, respectively, as the surface rest frame is defined relative to the centre of momentum.





9

Chapter 3

Modelling the emission of a spinning

light source in circular orbit in the

symmetry plane of a compact object

3.1 Theoretical description of the radiation of spinning light sources

In this chapter, a theoretical description of a spinning light source in circular motion around
a compact object described by any stationary, axisymmetric, asymptotically flat spacetime is
considered. In this case, the metric of such an object can always be written in the form of

ds2 = −e2νdt2 + e2ψ(dφ− ωdt)2 + e2µ1dr2 + e2µ2dϑ2 , (3.1)

see e.g. [19]. Evidently, if the quantity ω → 0, the spacetime becomes static, while in general
remaining axisymmetric and asymptotically flat.

3.1.1 Static and stationary observers

In general relativity, there are infinitely many possibilities for the choice of coordinates in
which to mathematically describe physical laws and quantities. For any stationary, axisym-
metric, asymptotically flat spacetime, for which the metric can be written in the form given in
Eq. (3.1), it is useful to introduce a set of local observers for which their angular momentum,
as measured at infinity, vanishes. Incidentally, such reference frames are called ZAMO (Zero
AngularMomentumObservers) or LNRF (LocallyNon-Rotating Frames); see Bardeen [19].
In this thesis, the ZAMO acronym is used to describe these observers. Naturally, if the
quantity ω vanishes, the observers become static.

An observer is defined by its orthonormal tetrad, consisting of 4 vectors, that locally
represent the set of basis vectors in which the spacetime is flat, i.e. pseudo-euclidean.
Mathematically, physical observables are represented by projecting these quantities on the
orthonormal tetrad.

The orthonormal tetrad of this frame (and its dual form, see e.g. [35]) is given by

e(a) = eλ(a) ∂λ , (3.2)

e(a) = e
(a)
λ dxλ , (3.3)
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where the tensors take form

eλ(a) =









e−ν 0 0 ωe−ν

0 e−µ1 0 0
0 0 e−µ2 0
0 0 0 e−ψ









, (3.4)

e
(a)
λ =









eν 0 0 0
0 eµ1 0 0
0 0 eµ2 0

−ωeν 0 0 eψ









. (3.5)

Vector components that are expressed in a local stationary reference frame are denoted by
round-bracketed latin indices, where (a) ∈ {0, 1, 2, 3}.

The components of the tetrad are chosen in such a way that the observer’s angular
momentum, as measured at infinity, vanishes, and also that the metric in the observer’s
reference frame is locally flat, i.e.

η(i)(j) = eµ(i)e
ν
(j) gµν , (3.6)

where η = diag(−1, 1, 1, 1) is the Minkowski metric.

At any instance of time, the reference frame of any physical observer differs from the ZAMO
reference frame only by a Lorentz transformation. Thus, if the relative velocity of another
arbitrary observer to the ZAMO reference frame is known, the transformation formulae of
special relativity (see e.g. [22] or [36]) can be used to describe such observers. This fact will
be abused to describe the reference frame in which the observer is at rest on the surface of
the spinning light source. Consequently, the centre of mass (COM) reference frame, which
moves with the orbital velocity of the spinning light source around the source of gravity, is
established first.

3.1.2 Centre of mass reference frame

In this subsection, the centre of mass reference frame is established. The light source is
assumed to be on a circular orbit around the central object, with its four-velocity denoted by
V ν . If the light source is spinning, this four-velocity is the tangent to the world line Zν(σ),
established in chapter 2, particularly section 2.2.

The centre of mass reference frame is obtained by a Lorentz transformation that boosts
the above introduced ZAMO reference frame with the spin-dependent orbit 3-velocity of the
spinning light source, as measured in the ZAMO reference frame. As the light source orbits
the source of gravity on a circular orbit, there is only one non-vanishing spatial component of
the four-velocity, thus the orbit velocity v can be calculated via

v :=
V (3)

V (0)
=

−ωeν V t + eψ V φ

eν V t
. (3.7)

In particular, it is important to note that V (3) and V (0) are the components of the four-velocity
as measured in the ZAMO reference frame, while V t and V φ are its spacetime components.

This four-velocity is consequently dependent on the spin of the object and the background
spacetime considered. For two specific cases in Schwarzschild and Kerr spacetimes, the
analytic expression of these velocities is given in chapters 5.2.2 and 6.2.2 respectively.
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The orthonormal tetrad of this frame, as well as its dual form, is given by the following
transformation rule:

e[b] = Λ
(a)
[b] e(a) , (3.8)

e[b] =
(

Λ−1
)[b]

(a)
e(a) , (3.9)

where the Lorentz transformation is given by

Λ
(a)
[b] =











γ 0 0 γv
0 1 0 0
0 0 1 0

γv 0 0 1 + γ2v2

1+γ











(3.10)

and its inverse

(

Λ−1
)[b]

(a)
=











γ 0 0 −γv
0 1 0 0
0 0 1 0

−γv 0 0 1 + γ2v2

1+γ











. (3.11)

In this context, the gamma-factor γ is defined as γ =
[

1 − v2
]−1/2

. Equivalently, for
completion purposes, one can give the transformation formulae for the back transformation,
i.e. transforming from the COM frame back into the ZAMO reference frame:

e(a) =
(

Λ−1
)[b]

(a)
e[b] , (3.12)

e(a) = Λ
(a)
[b] e[b] . (3.13)

Vector components that are expressed in the centre of motion reference frame are denoted by
square bracketed latin indices, where [b] ∈ {0, 1, 2, 3}.

As the rest frame of the surface of the spinning emitter is defined with respect to the normal-
ized four-momentum, instead of the tangent of the world line, there needs to be a reference
frame that is co-moving with the normalized four-momentum.

3.1.3 Centre of momentum reference frame

In this subsection, the centre of momentum (COMOM) reference frame is established. The
rest frame in which the observer is at rest on the surface of the spinning light source is defined
with respect to the normalized four-momentum Uν . The reference frame described above,
however, is co-moving the with the four-velocity V ν of the spinning emitter. As the two
velocities are generally not parallel if the emitter is spinning (see the discussion at the end of
chapter 2), another reference frame, that is co-moving with the normalized four-momentum,
needs to be established. For the remainder of this thesis, this reference framewill consequently
be called the centre of momentum frame.

First, the relative velocity between the normalized four-momentum Uν and the tangent of
the world line V ν has to be calculated. For any two normalized four-vectors Xν and Y ν that
are not parallel to each other, the velocity V between those can be written as (see e.g. [36])

XνYν =
1√

1− V
. (3.14)



12
Chapter 3. Modelling the emission of a spinning light source in circular orbit in the

symmetry plane of a compact object

In the context of spinning particles, and in particular by using the Tulczjiew-Dixon supple-
mentary condition, the tangent of the world line is not normalized, i.e. V νVν ̸= −1. Thus, a
normalized four-velocity

W ν :=
V ν

√
−VνV ν

(3.15)

is introduced. Using the fact that Uν is normalized, i.e. UνUν = −1, and the normalization
condition in Eq. (2.14), i.e. UνVν = −1, one can find the relative velocity between the
normalized four-momentum and the tangent of the world line as

1√
1− V2

= UνW
ν =

1√
−VνV ν

(3.16)

⇒ V2 = 1 + VνV
ν . (3.17)

The exact form of this velocity depends on the position of the emitter, and, more generally,
on the background spacetime considered. The relative velocity of an emitter orbiting in
Schwarzschild and Kerr spacetimes will be given and discussed in chapters 5.2.3 and 6.2.3,
respectively.

Now that the formula for the relative velocity has been established, the transformation from
the centre of mass reference frame into the centre of momentum reference frame can be
introduced:

e⟨c⟩ = Λ
[b]
⟨c⟩ e[b] , (3.18)

e⟨c⟩ =
(

Λ−1
)⟨c⟩
[b]

e[b] , (3.19)

where the exact Lorentz transformation is dependent on the spin direction, relative to the
motion of the spinning body. For an emitter on circular motion and spin parallel to the orbit
angular momentum, the transformation can be written as

Λ
[b]
⟨c⟩ =









Γ 0 0 ΓV
0 1 0 0
0 0 1 0

ΓV 0 0 1 + Γ2V2

1+Γ









(3.20)

and its inverse

(

Λ−1
)⟨c⟩
[b]

=









Γ 0 0 −ΓV
0 1 0 0
0 0 1 0

−ΓV 0 0 1 + Γ2V2

1+Γ









. (3.21)

In this context, Γ is defined as Γ =
[

1 − V2
]−1/2

. Equivalently, for completion purposes,
one can define the formulae for the back transformation, i.e. the transformation from the
COMOM frame back into the COM frame, as

e[b] =
(

Λ−1
)⟨c⟩
[b]

e⟨c⟩ , (3.22)

e[b] = Λ
[b]
⟨c⟩ e

⟨c⟩ . (3.23)

Vector components that are expressed in the centre of momentum frame of the emitter are
denoted by angular bracketed latin indices, where ⟨c⟩ ∈ {0, 1, 2, 3}.
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An additional remark can be made in the general case of non-spinning particles. If the
object of interest is not spinning, or the background spacetime is flat, the normalized four-
momentum and the tangent to the world line are parallel, and the relative velocity vanishes.
Consequently, the centre of mass and centre of momentum reference frames coincide in the
case of a non-spinning emitter.

By establishing the centre of momentum reference frame, it is now possible to construct
the surface rest frame.

3.1.4 Surface rest frame

The goal of this section is to construct a reference frame in which the observer is at rest on the
surface of the spinning emitter. This can be accomplished by transforming from the centre
of momentum reference frame via a Lorentz transformation, as established in the previous
subsections.

To construct the components of the surface velocity, a relationship is required between the
spin vector (see Eq. (2.11)) and the angular velocity of the spinning light source. Following
Ehlers and Rudolph [24], the two quantities are related via the inertia tensor I of the object,
i.e.

S⟨i⟩ = I⟨i⟩⟨j⟩Ω⟨j⟩ , (3.24)

where Ω is the angular velocity vector and i, j ∈ {1, 2, 3}. Note that this equation holds only
in the centre of momentum reference frame. Thus, it becomes necessary to transform the spin
vector into the COMOM reference frame.

Since the spin angular momentum of the emitter is chosen to be (anti-)parallel to the orbit
angular momentum, there is only one non-vanishing component of the spin vector as measured
in the ZAMO reference frame, specifically S(2) (see in particular [37]). This fact considerably
simplifies the transformation of the spin vector into the COMOM reference, as the Lorentz
transformations established in Eqs. (3.10) and (3.20) leave the (2)- and [2]-component of any
vector invariant, i.e. S(2) = S[2] = S⟨2⟩.

Another consequence of the (anti-)parallelity of the spin angular momentum and the orbit
angular momentum is that the angular velocity vector has to be orthogonal to the tangent of
the world line of the light source, i.e.

U ⟨c⟩Ω⟨c⟩ = 0 ; (3.25)

here, the scalar product is evaluated in theCOMOM reference frame. This equation, combined
with the fact that the spin vector, as measured in the COMOM reference frame, has only one
non-vanishing component, determine that there is only one non-vanishing component of the
angular velocity vector, too, namely

Ω⟨c⟩ =

{

ω c = 2

0 else ,
(3.26)

where we define the magnitude of this non-vanishing component of the angular velocity as
Ω⟨2⟩ =: ω0.

With the relationship between the spin vector and the angular velocity established, the
non-vanishing components of the surface velocity u⟨1⟩ and u⟨3⟩, as measured in theCOMOM
reference frame, can be computed via

u⟨i⟩ = −ε
⟨i⟩

⟨j⟩⟨k⟩r
⟨j⟩Ω⟨k⟩ , (3.27)
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where r⟨j⟩ is the three-dimensional vector that parametrizes the surface of the emitter as
measured in the COMOM reference frame, pointing from the origin of the emitter to a point

on the surface; ε⟨i⟩ ⟨j⟩⟨k⟩ is the total anti-symmetric tensor and i, j, k ∈ {1, 2, 3}.
Since Ω⟨k⟩ has only one non-vanishing component, there are only two non-vanishing

components of the linear 3-velocity for each point on the surface, i.e.

u⟨i⟩ =

[

u⟨1⟩ , 0 , u⟨3⟩
]

, i ∈ {1, 2, 3} . (3.28)

Note that the above formula denotes the components of the 3-velocity of any surface element
in the centre of momentum reference frame, as indicated by the angular brackets.

The exact form of the components of the surface velocity depends on the chosen shape
and geometry of the spinning light source. In the following chapter, the properties, geometry
and surface velocity are discussed for two types of emitter shapes. In section 4.1, these are
expressed for a spherical emitter; in section 4.2, the behavior and equations for an emitter
taking the shape of a Maclaurin spheroid are given.

Now that the formulae for the surface velocities are established, the transformation from
the centre of momentum reference frame into the surface rest frame (SRF) can be introduced:

e{d} = Λ
⟨c⟩
{d} e⟨c⟩ , (3.29)

e{d} =
(

Λ−1
){d}
⟨c⟩ e⟨c⟩ , (3.30)

where the tensor of transformation is given by

Λ
⟨c⟩
{d} =











ℸ ℸu⟨1⟩ 0 ℸu⟨3⟩

ℸu⟨1⟩ 1 + ℸ2(u⟨1⟩)2

1+ℸ
0 ℸ2u⟨1⟩u⟨3⟩

1+ℸ

0 0 1 0

ℸu⟨3⟩ ℸ2u⟨1⟩u⟨3⟩

1+ℸ
0 1 + ℸ2(u⟨3⟩)2

1+ℸ











(3.31)

and the inverse transformation

(

Λ−1
){d}
⟨c⟩ =











ℸ −ℸu⟨1⟩ 0 −ℸu⟨3⟩

−ℸu⟨1⟩ 1 + ℸ2(u⟨1⟩)2

1+ℸ
0 ℸ2u⟨1⟩u⟨3⟩

1+ℸ

0 0 1 0

−ℸu⟨3⟩ ℸ2u⟨1⟩u⟨3⟩

1+ℸ
0 1 + ℸ2(u⟨3⟩)2

1+ℸ











. (3.32)

In this context, ℸ is defined as

ℸ =
[

1− (u⟨1⟩)2 − (u⟨3⟩)2
]−1/2

. (3.33)

For completion purposes, the back transformation from the SRF to the COMOM reference
frame can be defined as

e⟨c⟩ =
(

Λ−1
){d}
⟨c⟩ e{d} , (3.34)

e⟨c⟩ = Λ
⟨c⟩
{d} e

{d} . (3.35)

Vector components that are expressed in the rest frame of the emitter are denoted by curly
bracketed latin indices, where {d} ∈ {0, 1, 2, 3}.
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Figure 3.1: Overview over the introduced reference systems and the appro-
priate transformation tensors that link these frames of reference.

An additional remark has to be made for the components of the surface velocity. We re-
quire the surface of the emitter to move with subluminal speed, i.e.

1− (u⟨1⟩)2 − (u⟨3⟩)2 > 0 , (3.36)

which imposes a limit on the spin in relation to the notion of size of the object. The exact
form of this limit is dependent on the geometry of the emitter, see e.g. [34] or [36], and will
be discussed in more detail in chapter 4.

A graphical summary and overview of these reference frames and their connections to
each other is given in figure 3.1. Following the definition of the reference frame which is
co-moving with the surface of the emitter, it is possible to define the type of emission with
respect to this reference frame, and relate the constants of motion of the light ray to the
emission properties.

3.1.5 Relating the emission angles to the constants of motion

In this subsection, the relation between the quantities describing the emission and the constants
of motion of the light ray itself is established. In this context, the solution of the geodesic
equation for lightlike geodesics kν in terms of a set of constants of motion ζi is assumed to be
known for the considered spacetime. The four-momentum of the lightlike geodesic can then
be written as

pν(ζi) = gνλk
λ(ζi) . (3.37)

It is possible to relate the four-momentum of the lightlike geodesic in spacetime coordinates
to the four- momentum as measured in the SRF reference frame, i.e.

eµ(a) pµ
!
=

(

Λ−1
)[b]

(a)

(

Λ−1
)⟨c⟩
[b]

(

Λ−1
){d}
⟨c⟩ p{d} . (3.38)

Here, p{d} is the four-momentum of the photon with respect to the reference frame that is at
rest on the surface of the emitter. For simplicity, isotropic emission is assumed, i.e.

p{0} = −χ , (3.39)

p{1} = χ cos ι sin η , (3.40)

p{2} = χ cos η , (3.41)

p{3} = χ sin ι sin η . (3.42)
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In this regard, ι corresponds to an azimuth emission angle, ι ∈ [0, 2π), η corresponds to
an polar angle, η ∈ [0, π], and χ is a normalization parameter. All physically relevant
observables are independent on the normalization parameter. Finally, the constants of motion
of the lightlike geodesic can be related to the emission angles as seen on the rest frame of the
surface, by evaluating Eq. (3.38):

e−ν pt + ω e−ν pφ = −χ · γ(b0 + vb3), (3.43)

e−µ1 pr = χ · c1, (3.44)

e−µ2 pϑ = χ · cos η, (3.45)

e−ψ pφ = χ ·
(

γv b0 +

[

1 +
γ2v2

1 + γ

]

b3

)

, (3.46)

with

b0 = Γ[c0 + V c3], b3 = ΓV c0 +

(

1 +
Γ2V2

1 + Γ

)

c3 , (3.47)

and

c0 = ℸ · [1+ u⟨1⟩ cos ι sin η + u⟨3⟩ sin ι sin η], (3.48)

c1 = −ℸ u⟨1⟩ +

(

1 +
ℸ2 (u⟨1⟩)2

1 + ℸ

)

cos ι sin η (3.49)

+

(

ℸ2 u⟨1⟩u⟨3⟩

1 + ℸ

)

sin ι sin η , (3.50)

c3 = −ℸ u⟨3⟩ +

(

ℸ2 u⟨1⟩u⟨3⟩

1 + ℸ

)

cos ι sin η (3.51)

+

(

1 +
ℸ2 (u⟨3⟩)2

1 + ℸ

)

sin ι sin η . (3.52)

The equations above are used to numerically solve the emitter-observer problem:
For every pair of emission angles (ι, η), it is possible to construct the corresponding light

ray associated with the constants of motion. One may introduce an observer at any arbitrary
position in spacetime, moving with arbitrary velocity. Now, the emission angles are varied
such that the resulting light ray reaches the observer; this has to be done numerically, as there
is no analytical solution to this kind of problem. The numerical procedure is discussed in
detail in section 3.3.

There are some important remarks to be made. The emitter itself is assumed to be fully
opaque; any light that passes through the emitter before reaching the observer is discarded.
Throughout this thesis, the observer is assumed to be stationary, which is important for the
discussion on the redshift associated with the light rays.

In the next section, some applications regarding observables of this formalism are discussed.
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3.2 Observables

The vast majority of observational astrophysics is done by analyzing the properties of light
coming from their respective emitters directly, or the effect of matter distributions effecting
the light on its way to the observers. In this section, some observable quantities of light rays
coming from spinning emitters on a circular orbit around a compact object are discussed, such
that the influence of the spin on these observables can be studied.

The first section deals with the notion of a screen at the observer’s position, adapted from
Grenzebach et al. [38]. This notion will be used to visualize the results of the following
subsections.

As a first application of the formalism introduced in the previous section, the second
subsection is dedicated to calculating the shift of a polarization angle, if the light is assumed
to be linearly polarized in the rest frame of the surface. The effect of the spin on the
polarization angle for a spinning emitter in Schwarzschild and Kerr spacetime specifically are
discussed in detail in sections 5.3.3 and 6.3.3, respectively.

In the third subsection, the redshift of a light ray coming from a spinning emitter in relation
to a stationary observer is calculated and discussed in detail. In particular, this will be used to
calculate and visualize the redshift distribution, as seen by an observer, for an emitter orbiting
a Schwarzschild and Kerr object, see sections 5.3.2 and 6.3.2, respectively.

The ensuing subsection is dedicated to calculating the flux of the spinning emitter, as
measured by an stationary observer. While, even with modern precision, the redshift dis-
tribution of a light source cannot be observed directly due to its small angular size at the
observer, measuring the flux of such a light source is common practice, e.g. when studying
the line emission from accretion disks around black holes [39]. In sections 5.3.4 and 6.3.2, the
influence of the spin on the observed flux is studied for a spinning emitter in Schwarzschild
and Kerr spacetime, respectively.

3.2.1 Celestial sphere coordinates at the observer

In order to derive an analytical formula describing the point of detection on the screen of the
observer, the orthonormal tetrad of the observer must be fixed. Recall from section 3.1.1 that
the observer is assumed to be stationary at a point in spacetime (robs, ϑobs), and follows the
definition of the ZAMO observer of 3.1.1, namely:

e(0) = e−ν∂t + ω e−ν∂φ , e(1) = −e−µ1∂r , (3.53)

e(2) = e−µ2∂ϑ , e(3) = −e−ψ∂φ . (3.54)

Note that the signs in front of the basis vectors determine an observer whose radial direction
e(1) points towards the centre of the compact object. As usual, the timelike vector e(0) is
interpreted as the four-velocity of the observer.

For any light ray λ(σ), the tangent vector at the position of the observer may be written
either by using the coordinate basis or the tetrad introduced above, namely:

λ̇ = ṫ∂t + ṙ∂r + ϑ̇∂ϑ + φ̇∂φ (3.55)

λ̇ = ζ(−e0 + cosΘe(1) + cosΦ sinΘe(2) + sinΦ sinΘe(3)) . (3.56)

Here, the celestial coordinates Φ and Θ are defined, where Φ ∈ [0, 2π) is the azimuth
coordinate andΘ ∈ [−π/2, π/2) is the polar coordinate. In linewith the argument introduced
before, Θ = 0 corresponds to the direction towards the compact object. The scalar factor ζ is
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defined as
ζ = g(λ̇, e(0)) . (3.57)

By comparing the coefficients in (3.55) and (3.56), it is possible to find the celestial coordinates
in terms of the components of the four-velocity of the photon at the observer position:

cosΘ = −eµ1 ṙ

ζ
, sinΘ =

√

1− ṙ2

ζ2
, (3.58)

cosΦ =
eµ2 ϑ̇

√

ζ2 − ṙ2
, sinΦ = − eψφ̇

√

ζ2 − ṙ2
. (3.59)

Usually, the observer screen is given in flattened coordinates (α, β), which are Cartesian
coordinates obtained by standard stereographic projection, i.e.

α := −2
(1− cosΘ)

sinΘ
sinΦ ,

β := 2
(1− cosΘ)

sinΘ
cosΦ . (3.60)

This notion of the celestial sphere and observer screen coordinates form the basis of
simulating the observations and the influence of the spin and gravity on them. The following
subsection deals with the theoretical description of the polarization angle in this context.

3.2.2 Polarization angle

In astronomy and astrophysics, the polarization angle of light is heavily studied, as it gives rise
to information on the properties of its emitter. Emissions from accretion disks near compact
objects are expected to be strongly polarized (see [40, 41, 42]), and studying the polariza-
tion may put constraints on the physical appearance and parameters of the compact source.
Furthermore, there is interest in studying the polarization of light emitted by neutron stars
and pulsars; these are of particular interest in the context of this thesis, as they are expected
to have high angular velocities. Specifically, the NICER mission and instrument aboard the
International Space Station will provide precise measurements of neutron stars, assisting in
measuring the polarization of light emitted by them, see e.g. [43].

In this subsection, a notion for a polarization angle that is observed by an arbitrary ob-
server is needed.

For simplicity, let f{d} be the polarization vector that is parallel to the e{2} axis, as measured
in the rest frame of the surface. This leaves two non-zero components for the polarization
vector; in particular, one can write

f{d} = N ·
(

F 0 , 0 , F 2 , 0

)

, (3.61)

where N is a normalization constant that is to be fixed, and F 0 and F 2 are the components
of the polarization vector yet to be determined.
The polarization vector is orthogonal to the four-momentum p of the photon, i.e.

p{d} f
{d} = 0 , (3.62)
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where the product is evaluated in the reference frame that co-rotates with the surface of the
emitter. As a consequence, there exists a relation between F 0 and F 2, namely

F 2 = −
p{0}
p{2}

· F 0 . (3.63)

Without loss of generalization, one may choose F 0 := −1. Thus, the polarization vector can
be written as

f{d} = N ·
(

−1 , 0 ,
p{0}
p{2}

, 0

)

. (3.64)

The normalization constant N can be fixed by requiring

g(a)(b)f
(a)f (b) = 1 with f (a) = Λ

(a)
[b] Λ

[b]
⟨c⟩Λ

⟨c⟩
{d}f

{d} . (3.65)

The scalar product is evaluated here in the ZAMO reference frame for convenience, as
g(a)(b) = η(a)(b). Then, the constant N can be written as

N =

([

γ(ℸΓ + ℸu⟨3⟩ΓV) + γv(ℸΓV + ℸu⟨3⟩Γ)

]2

+ (ℸu⟨1⟩)2 +

(

p{0}
p{2}

)2

+

[

γv(ℸΓ + ℸu⟨3⟩ΓV) + γ(ℸΓV + ℸu⟨3⟩Γ)

]2)− 1

2

(3.66)

The physical quantity measured by an observer, however, is not the polarization vector itself,
but rather the polarization angle. In general, to measure this polarization angle, the polar-
ization vector is parallel transported to the position of the observer along the light ray. This
would require the integration of the parallel transport equation, in addition to the geodesic
equation. Nevertheless, it is possible to calculate the components of the polarization vector at
any point in spacetime along the light’s path due to the existence of another conserved quantity
along the geodesic: the Penrose-Walker constant [44]. This constant is a complex number for
which both real and imaginary parts are conserved along the light ray, and is well-known in
both considered spacetimes, in Schwarzschild and Kerr, see e.g. [45, 46].

In addition to the normalization condition and the orthogonality condition in spacetime
coordinates, namely

1 = gλνf
λfν , (3.67)

0 = gλνk
λfν , (3.68)

the conservation of the Penrose-Walker constant results in 4 non-trivial determining equations
for the four components of the polarization vector at any point in spacetime [45], as long as
the value of the constant and the four-velocity at the point of evaluation are known. Thus, the
following procedure for calculating the polarization angle is established.
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Procedure for calculating the polarization angle for an arbitrary stationary observer

The prerequisite for calculating the polarization angle is the numerical computation of the
world line and its tangent of the light ray that connects the emitter and observer, following the
procedure introduced in the previous subsection.

Then, in order to calculate f at an arbitrary point in spacetime, the components of the
polarization vector, as measured in the SRF reference frame, have to be transformed to
spacetime coordinates. This is where the effects of spin and orbital rotation come into play.

Afterwards, the four determining equations described above are used to determine all
components of the polarization vector at the position of the observer in spacetime coordinates,
using the components of the four-velocity calculated in the process of ray tracing.

Finally, the polarization vector is measured in the observer rest frame, projected onto the
observer screen and then the angle between the polarization and some arbitrary axis on the
screen is calculated.

For the projection of the polarization vector onto the celestial sphere of the observer, consider
a toy light ray connected to the original light ray by the polarization vector. One may now
repeat the process described in 3.2.1. The coordinate vector of the toy light ray λ′(σ) can be
constructed by

λ′(σ) = λ(σ) + ϵδ(σ) , (3.69)

where λ(σ) is the coordinate vector of the original light ray, ϵ ≪ 1 is a small, real, positive
factor and δ is connected to the polarization vector via

δ̇(σ) := f(σ) . (3.70)

By again writing the tangent vector of the toy light ray in terms of the coordinate basis and the
tetrad, one can obtain the celestial coordinates of the toy light ray in terms of the four-velocity
of the original photon and the components of the polarization vector at the position of the
observer, i.e.:

cosΘ = −eµ1(ṙ + ϵf r)

ζ
, sinΘ =

√

1− (ṙ + ϵf r)2

ζ2
, (3.71)

cosΦ =
eµ2(ϑ̇+ ϵfϑ)

√

ζ2 − (ṙ + ϵf r)2
, sinΦ = − eψ(φ̇+ ϵfφ)

√

ζ2 − (ṙ + ϵf r)2
. (3.72)

The polarization angle is then found by stereographic projecting the celestial coordinates of
the toy light ray into the Cartesian (α, β) coordinates (see Eq. (3.60)) and simple geometry.
The polarization angle is defined as the angle of the line connecting the toy light ray and the
original light ray on the observer screen with the positive β axis, which corresponds to the
axis Φ = 0, Θ > 0.

For Schwarzschild and Kerr, as mentioned before, the Penrose-Walker constant is known.
The components of the polarization vector at any point in spacetime are rather unhandy, and
are given in the appendix (for more detail, see sections 5.3.3 and 6.3.3, respectively). The
distribution of this angle on the observer’s screen can then be examined; for a light source
orbiting a Schwarzschild object, this is done in detail in section 5.3.3, and for a light source
orbiting a Kerr black hole, the results can be found in section 6.3.3.
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3.2.3 Redshift

For any given point on the surface of the spinning emitter, it is possible to determine the light
ray that reaches the observer, as described in the previous section. An important observable
of this light ray is its redshift, relative to the observer. In the context of general relativity, the
redshift z of a light ray is commonly defined as

z = 1/g − 1 , (3.73)

where g =: νobs/νem is the energy- or frequency ratio. The redshift of a light ray is generally
influenced by the gravitational field(s) and the velocity of the emitter and observer; for further
discussions on this, see e.g. [36]. In general, the energy ratio can be written as

g =
Eobs

Eem
=

−pκ Uκobs
∣

∣

∣

∣

obs

−pσ Uσem
∣

∣

∣

∣

em

, (3.74)

where U is the four-velocity of the observer and emitter, depending on the subscript.

In the context of this thesis, the observer is in general assumed to be stationary, thus its
local observation frame is also described as a ZAMO frame at the position of the observer,
which may be chosen arbitrarily. Then, the energy of a light ray, as measured in the rest frame
of the observer, can simply be written as

Eobs = −p(0)

∣

∣

∣

∣

obs

= −et0 pt − eφ0 pφ

∣

∣

∣

∣

obs

= −e−νpt − ωe−νpφ

∣

∣

∣

∣

obs

, (3.75)

where pκ := gκλk
λ denotes the four-momentum of the photon, and kλ is the four-velocity of

the photon. It is important to remember that et0 and e
φ
0 are the components of the local tetrad

(cf. Eq. (3.5)), while e−ν are the metric factors, as defined in Eq. (3.1).

Similarly, it becomes necessary to evaluate the product in Eq. (3.74). This product is
independent on the choice of reference frame, thus it may be chosen arbitrarily. The reference
frame, in which the four-velocity Uem takes the simplest form, is in the COMOM reference
frame, where the velocity can be written as

U ⟨0⟩
em = ℸ , U ⟨1⟩

em = ℸ u⟨1⟩ , (3.76)

U ⟨2⟩
em = 0 , U ⟨3⟩

em = ℸ u⟨3⟩ . (3.77)

Thus, in order to calculate the product of the four-velocity of the emitter and the four-
momentum of the light ray, it is imperative to transform the four-momentum into theCOMOM
reference frame, with the transformation procedure as described in the previous section.
Accordingly, the energy of the light ray at emission can then be calculated to be

Eem = −
[

(e−νpt + ωe−νpφ) ·
(

γ

(

ℸΓ− ℸ u⟨3⟩ΓV
)

− γv

(

−ℸΓV + ℸ u⟨3⟩
(

1 +
Γ2V2

1 + Γ

)))

+ e−µ1pr · ℸu⟨1⟩ + e−ψpφ ·
(

−γv

(

ℸΓ− ℸ u⟨3⟩ΓV
)

(3.78)

+

(

1 +
γ2(v)2

1 + γ

)

·
(

−ℸΓV + ℸ u⟨3⟩
(

1 +
Γ2V2

1 + Γ

)))]

em

.
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The energy fraction g is then the fraction of the energy of the light ray, as measured by the
observer, in Eq. (3.75), over the energy of the light ray at the point of emission in Eq. (3.78).
The redshift follows accordingly, see Eq. (3.73).

Evidently, as the velocities and the four-momentum of the photon itself depend on the choice
of background spacetime, so too does the redshift. In section 5.3.2, the redshift is calculated
for a spinning light source in Schwarzschild spacetime, and the effect of the spin on the redshift
distribution on the observer’s screen is studied. Similarly, in section 6.3.2, the same is done
for a spinning light source orbiting a Kerr black hole.

If the redshift distribution of the image of the spinning light source on the observer’s screen
is calculated, then the associated flux can be determined. The theoretical basis for the
calculations is discussed in the following subsection.

3.2.4 Flux

The spectrographic observation of astrophysical light sources is a widely used tool to investi-
gate the physics of the emitter and its surroundings. Examples range from x-ray line profiles
of accretion disks for investigating the properties of the environment immediately surrounding
a black hole (e.g. [47, 39]), to extracting information about the atmosphere of transiting ex-
trasolar planets (see e.g. [48]). While it is hardly possible to observe the redshift distribution
of astrophysical light sources directly, it is common practice to measure the energy flux of
these emitters.

First, some basic concepts and equations of radiation theory need to be recapitulated. Further
details can be found in any standard introductory textbook on astrophysics, e.g. [49]. Assume
there is some radiation passing through a surface, and consider an element of that surface dA.
The amount of energy entering a solid angle dω within a small frequency range dν in a time
dt is

dEν = Iν dA dν dω dt , (3.79)

where Iν is the specific intensity of the radiation at frequency ν, with dimensions of
W m−2 Hz−1 sr−1. If the intensity profile, i.e. the dependency of the intensity on the
frequency, at the point of emission is known, the total intensity I can be found by integrating
over all frequencies, i.e.

I =

∫ ∞

0
Iν dν . (3.80)

From an observational point of view, it is generally more useful to describe the observed
emission in terms of the flux density F or specific flux density Fν . The specific flux density
gives the power of radiation per unit area and frequency, has units of Wm−2 Hz−1 and relates
to the specific intensity as

Fν =

∫

Iν dω , (3.81)

while the flux density is the integrated power of radiation per unit area, has units of W m−2

and relates to the total intensity as

F =

∫

I dω =

∫∫

Iν dν dω . (3.82)
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For completeness, the flux or luminosityL is defined as the the power of the radiation emitted,
and relates to the flux density as

L =

∫

F dA . (3.83)

In order to now calculate the flux density of an image of the spinning light source at the
observer, it is necessary to describe the specific intensity of the radiation. Unless specifically
stated otherwise, the radiation coming from the spinning light source is assumed to be
monochromatic, i.e. Iem, ν = I0 δ(ν − ν0), such that

Iem =

∫ ∞

0
Iem, ν dν = I0 . (3.84)

Any flux density calculated will be given in units of I0. For the purpose of calculating the
flux density at the observer, it is important to relate the total intensity at the point of emission
to the total intensity at the point of observation. In the context of geometrical optics, the
quantity Iν/ν

3 is conserved along the trajectory of the light [50], hence the flux density of
the image at the observer is given by the following equation:

Fobs =

∫ ∫

g3 · Iem, ν dν dω =

∫

Iem · g4 dω , (3.85)

where g is the frequency ratio of the light ray as introduced in the previous subsection.

For a spinning light source orbiting a Schwarzschild object, the variation of the flux den-
sity along its orbit and the influence of the spin on the flux density is calculated and discussed
in chapter 5.3.4. An equivalent calculation and discussion on the flux density of a light source
orbiting a Kerr black hole is given in chapter 6.3.4.

3.3 Numerical procedure

In this section, the numerical procedure used to gather the results and graphs in chapters 5 and
6 is discussed. It is arranged by topic into three subparts; first, the numerical calculation and
finding of a single light ray is described; then, it is described how the results are combined to
gather the image of the whole surface of the emitter; and lastly, the algorithm to finding the
emitter on the observer’s screen is highlighted.

Numerical procedure to find the light ray connecting the emitter and observer

First, the algorithm for calculating the properties of a single light ray that connects the emitter
and observer is outlined.

In order to visualize the data, it is important to introduce a notion of a screen at the ob-
server. For Schwarzschild and Kerr, this is established in chapters 5 and 6, respectively. Every
point on the screen corresponds to a set of constants of motion of a lightlike curve, which are
used to determine the initial velocities of the light ray. The initial position of the light ray, i.e.
the position of the observer, is assumed to be known.

Afterwards, the full second order coupled differential equation for lightlike geodesics is
solved numerically. While it is possible to reduce the geodesic equation to solving only 4 first
order coupled differential equations for Schwarzschild and Kerr using the constants of motion,
one must be careful in the treatment of turning points in each coordinate; in this sense, it is
more practical to solve the full geodesic equation, if speed is not of utmost importance.
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Then, a form of hit detection must be implemented. First, it is checked whether the
distance of any point of the light ray to the centre of the emitter is smaller than its scale of
geometry. This implies the possibility that the light ray hits the emitter. In order to retrieve
the exact intersection of the light ray with the emitter, i.e. the point of emission, the light ray
is interpolated around where the hit was detected. This assures that the point of emission is
known precisely.

The set of spacetime coordinates of the point of emission is then converted into the local
set of coordinates that parametrize the surface of the emitter (see chapter 4). Furthermore,
this determines the surface velocities for this point of emission for a given spin value, and
reaffirms the constants of motion via the emission angles. Then, as the four-velocity of the
photon at emission is important for the calculation of e.g. the redshift, the exact light ray is
calculated that starts at the emitter and passes the observer. In particular, this fixes the sign of
the four-velocity of the lightlike curve, and serves as a double-check to confirm the previous
calculations.

Imaging the surface of the emitter

Now, some remarks should be made regarding the imaging of the whole emitting surface,
as seen on the observer’s screen. For this, a subsection of the screen must be sampled; the
dimensions of this sample and how to find it is detailed in the last subsection. This subsection
of the screen is gridded using a set resolution, and for each point in this grid, the procedure
for calculating the associated light ray is applied. If it does collide with the emitter, i.e. the
light ray does indeed connect emitter and observer, the meta data containing e.g. the point of
emission, the initial condition of the light ray and the surface velocities, are saved for later
use, i.e. calculating the redshift. This results in an image of the entire emitting surface of the
light source on the observer’s screen. This has to be done for every position of the emitter on
its orbit.

Finding the emitter on the observer’s screen

In order to calculate the light rays that the observer receives on their screen, it is of utmost
importance to first determine the position of the emitter on the observer’s screen. Particularly,
the subsection of the observer’s screen that contains the primary image of the observer is
quested. This also limits the geometry of the emitter; if the emitter is very small, it takes
increasingly more effort to find it on the screen.

I have implemented an iterative process. First, the scale of geometry of the emitter is
heavily increased, such that it becomes easily visible on the observer’s screen. Thus, a large
portion of the screen can be used, in combination with low resolution, to track the emitter. A
matrix containing the information of whether the light ray associated with the point on the
screen connects emitter and observer is made. Afterwards, the geometric mean is calculated,
as well as the median distance of this mean to the edge of the image on the screen.

This marks the new subsection of the screen that has to be sampled. Iteratively, the scale
of geometry of the emitter is reduced, and the new subsection of the screen to be sampled is
calculated. This algorithm stops if the reduced size of the emitter is equal to or smaller than
the scale of the emitter geometry that is to be used in the experiment itself. Then, the portion
of the observer’s screen that contains the image of the emitter is known, and this range of
parameters is saved.

It is important to remark that this procedure is sensitive to the position of the emitter and
observer, and also the source of gravity. For every point on its orbit, the image of the emitter
on the observer’s screen has to calculated. Furthermore, for every experiment that alters the
position of the emitter or observer, this process has to be repeated. Moreover, it is important
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to note that, in the case of a Kerr black hole, this procedure has to be repeated for each value
of black hole spin.
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Chapter 4

Emitter geometry

The information on the emitter geometry is needed to describe the velocity of any point on
the surface of the emitter. In this chapter, two types of geometries, which are considered in
this thesis, are discussed in more detail.

First, an emitter with spherical symmetry is considered. The sphere is assumed to be solid,
i.e. there is neither differential rotation nor deformation to the emitter due to its rotation.

For a more realistic model, a Maclaurin spheroid is discussed. A Maclaurin spheroid is
an oblate spheroid arising from a self-gravitating fluid with uniform density and constant
angular velocity.

4.1 Spherical emitter

Consider the emitter to be a static sphere with radius ρ. Furthermore, consider a point on the
surface of the ball in spherical coordinates on the tangent space (ρ, Θ, Φ), as measured from
theCOMOM reference frame. Then, the relation between the only non-vanishing component
of the spin vector S⟨2⟩ and the angular velocity Ω⟨2⟩ =: ω0 (see Eq. (3.24)) is

ω0 =
5

2ρ2
· S

⟨2⟩

µ
, (4.1)

where we used the fact that for a solid sphere, the only non-vanishing component of the inertia
tensor is

I⟨2⟩⟨2⟩ = 2/5 µρ2 . (4.2)

The goal of this section is to find the linear velocities for any point on the surface of the
emitter. This can be achieved by linking the angular velocity to the position of the surface
point in local spherical coordinates. As Ω⟨k⟩ has only one non-vanishing component, there
are only two non-vanishing components of u⟨i⟩, which can be calculated via Eq. (3.27):

u⟨1⟩ =
5S⟨2⟩

2µρ
· sinΦ sinΘ, u⟨3⟩ = −5S⟨2⟩

2µρ
· cosΦ sinΘ . (4.3)

Points on the surface of the emitter moving with superluminal speed are to be excluded, i.e.

1− (u⟨1⟩)2 − (u⟨3⟩)2 > 0 . (4.4)

This condition on the surface velocities imposes a limit on the spin vector in relation to the
radius of the spherical emitter ρ. Specifically,

5|S⟨2⟩|
2µρ

< 1 . (4.5)
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Figure 4.1: Graphical representation of Maclaurin’s formula, cf. Eq. (4.6).
Here, the square of the angular velocity in terms of the density as a function
of the eccentricity is given. The red line indicates the critical eccentricity at

ecrit ≈ 0.812.

4.2 Spheroidal emitter

In this section, the linear velocities for any point on the surfaces of a spheroidal emitter are
calculated. In particular, the emitter is modelled as a Maclaurin spheroid. For a thorough
discussion on this topic, refer e.g. to [51].

4.2.1 Maclaurin spheroid

The first description of homogeneous bodies in uniform motion was made by Newton, inves-
tigating the shape of the Earth. In particular, he showed that the effect of a small rotation on
the figure must result in a slightly oblate deformation.

The next advance in the theory was due to Maclaurin, who generalized Newton’s result
to the case where the ellipticity caused by the rotation cannot be considered small. Maclau-
rin spheroids are the simplest of ellipsoidal figures in hydrostatic equilibrium, describing
homogeneous bodies rotating with constant angular velocity.

For such spheroids, there is an exact analytic formula linking the square of the angular
velocity Ω2 and the eccentricity e, called Maclaurin’s formula:

Ω2

πρ
=

2
√
1− e2

e3
(3− 2e2) arcsin(e)− 6(1− e2)

e2
. (4.6)

The course of this graph can be seen in figure 4.1.
The eccentricity is defined via

e2 = 1− C2

A2
(4.7)
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and determines the eccentricity of the meridional sections. Here, C is the polar semi-minor
axis and A the equatorial semi-major axis.

As Maclaurin spheroids are figures of uniform density; the density ρ can be rewritten in
terms of the mass µ and geometry of the spheroid, i.e.

ρ =
µ

4
3πA

2C
=

3µ

4πA3
√
1− e2

. (4.8)

Thus, the angular velocity can be rewritten in terms of the eccentricity e, the semi-major axis
a and the mass µ:

Ω2 = πρ

(

2
√
1− e2

e3
(3− 2e2) arcsin(e)− 6(1− e2)

e2

)

(4.9)

=:
3µ

4A3
· F(e) . (4.10)

4.2.2 Linear surface velocity

Consider a point on the surface of a Maclaurin spheroid in parameterized coordinates on the
tangent space (ϕ, θ). Here, ϕ is the usual azimuth angle, but θ does not describe an physical
angle, measured to a Cartesian axis; rather, it is a real parameter with θ ∈ [0, π] used to
parameterize the surface. This parameterization of the spheroid surface is then given by

r⟨1⟩ = A cosϕ sin θ, (4.11)

r⟨2⟩ = C cos θ, (4.12)

r⟨3⟩ = A sinϕ sin θ . (4.13)

The goal of this section is to find the linear velocities for any point of the surface of the emitter.
As before, this is achieved by linking the angular velocity to the position of the surface point
in parameterized coordinates. Using the following relation for the non-vanishing components
of the inertia tensor,

I⟨2⟩⟨2⟩ = 2/5 µA2 , (4.14)

and the fact that Ω⟨k⟩ has only one non-vanishing component in Ω⟨2⟩ =: ω0, it is possible to
relate the angular momentum to the spin vector as

S⟨2⟩ =
µ

5
A

√

µ

A
·
√

3F(e) (4.15)

=:
µ

5
A

√

µ

A
· G(e) , (4.16)

⇒ ω =
5

2A2
· S

⟨2⟩

µ
. (4.17)

This result is similar to the case of a spherical emitter in Eq. (4.1), where the semi-major axis
A takes the role of the radius of the sphere.
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The only two non-vanishing components of the surface velocity u⟨1⟩ and u⟨3⟩ can then be
calculated to be

u⟨1⟩ =
5S⟨2⟩

2µA
· sinϕ sin θ, u⟨3⟩ = −5S⟨2⟩

2µA
· cosϕ sin θ . (4.18)

As discussed in the previous section, we want to exclude points on the surface that are
moving with superluminal speed, cf. Eq. (4.5). Incidentally, this condition on the surface
velocity imposes a limit on the spin vector in relation to the semi-major axis a. Specifically,

5|S⟨2⟩|
2µA

< 1 . (4.19)

However, contrary to an spherical emitter, there is another restriction imposed on the param-
eters describing the spheroid due to secular instability.

4.2.3 Secular instability

It is important to note that Eq. (4.16) is not only dependent on the geometry and the spin
value, but also on the mass µ. If the eccentricity of a Maclaurin spheroid is greater than
ecrit ≈ 0.812, any perturbation that would break the rotational symmetry leads to elongation
into a Jacobian ellipsoid due to secular instability. Assuming the geometry and the spin value
are fixed, this limit on the eccentricity also limits the mass allowed.

In the following, the spin vector S⟨2⟩ is given in units of the small body mass µ, i.e.
S⟨2⟩/µ =: S . If the scale of geometry is chosen, i.e. the value of a, then equation (4.19)
dictates a limit to the spin value |S| < Smax. To ensure that, for this value of spin and
geometry, the spheroid is stable, i.e. e < ecrit ≈ 0.812, there must be a limit to the mass of
the test body µ, dictated by the following equation, derived from Eq. (4.16):

µcrit =
25S2

max

G(ecrit)2
1

A
(4.20)

=
2A

G(ecrit)2
. (4.21)

In fact, this is a lower limit to µ, i.e. for a given spin and geometry, the mass of the test body
cannot be smaller than µcrit.

Thus, there are two limits to be considered for emitters that take the shape of a Maclaurin
spheroid. If the value of A is fixed, then the requirement of subluminal speeds on the surface
of the emitter in Eq. (4.19) limits the maximal absolute value of the spin that the emitter may
have. Additionally, if secular stability is assumed, then the mass of the emitter is restricted
via Eq. (4.21). Consequently, if the spin of the emitter and the semi-major axis are fixed,
and the emitter is assumed to be at the critical mass value µcrit, Eq. (4.16) may be used to
determine the value of the semi-minor axis, if solved for e.
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Chapter 5

Spinning emitter in Schwarzschild

spacetime

The theory on modelling the emission from an spinning emitter, established in the previous
chapters, was introduced for any stationary and axially symmetric spacetime for which the
metric can bewritten as in Eq. (3.1). In this chapter, the theoretical description is applied to the
spherically symmetric, static solution of the Einstein vacuum equations: the Schwarzschild
metric. This chapter first discusses briefly the properties of the Schwarzschild spacetime.
Furthermore, the properties of light coming from a spinning emitter around a Schwarzschild
object are investigated, as well as the influence of the spin on the observables.

5.1 Schwarzschild spacetime

The most general family of axisymmetric, static and asymptotically flat solutions of the
vacuum field equations in Eq. (2.1) is represented by the Weyl class of solutions, the simplest
of which is the spherically symmetric Schwarzschild metric. It describes the gravitational
field outside a spherical mass and its line-element in Boyer-Lindquist coordinates (see e.g.
[52]) is given by

ds2 = gµνdx
µdxν = −

(

1− 2M

r

)

dt2+

(

1− 2M

r

)−1

dr2+r2(dϑ2+sin2 ϑ dφ2) , (5.1)

where M is the mass parameter.

The first subsection recapitulates the physical properties of the Schwarzschild solution as
thorough as necessary for the scope of this thesis.

The second subsection covers the theoretical description and solution of lightlike geodesics
in Schwarzschild spacetime, describing the path light rays take.

5.1.1 General physical properties

According to the Jebsen-Birkhoff theorem [53, 54], any spherically symmetric solution of the
vacuum field equations has to be static and asymptotically flat. Thus, the exterior gravitational
field of a spherically symmetric, uncharged, non-rotating source of gravity has to be described
by the Schwarzschild metric. It is asymptotically flat, i.e. it transitions into the Minkwoski
metric for r → ∞, and is static. Accordingly, the mass M of the object uniquely determines
the exterior gravitational field of any spherically symmetric, non-rotating source of gravity.

The Schwarzschild metric in the representation of Eq. (5.1) inhibits two singularities. The
singularity at the origin r = 0 is a curvature singularity, which can be verified by calculating
any curvature scalar (e.g. RαβγδRαβγδ, see [55, 52]). The other singularity at r = 2M is an
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artifact of the chosen coordinates and can be removed by proper coordinate transformation;
hence, it is called a coordinate singularity. One way to remove it is to map outgoing radial
lightlike geodesics onto straight lines; this set of coordinates is called Eddington-Finkelstein
coordinates [56, 57]. The distance of the coordinate singularity r = 2M is called the
Schwarzschild radius.

Any object whose outer radius decreases below the coordinate singularity r = 2M (e.g.
the core of a star collapsing in a supernova, see e.g. [58]) must collapse to r = 0, forming a
black hole in the process. The hypersurface r = 2M becomes a Killing- or event horizon;
outside the event horizon, the Killing vector field ∂/∂t is timelike, and becomes spacelike
when inside. When inside the event horizon, nothing in (sub)luminal motion can escape the
black hole, or more generally increase its radius coordinate.

5.1.2 Lightlike geodesics

In this subsection, lightlike geodesics in Schwarzschild spacetimes are discussed. The path of
light rays (or, more general, any lightlike object) are described by the solution of the lightlike
geodesic equation; formulated in the form of the Euler-Lagrange equations, it can be written
as

d
dσ

∂L
∂ẋµ

=
∂L
∂xµ

, (5.2)

where ẋ := dx
dσ is the tangent of the world line x, differentiated with respect to the affine

parameter σ along the geodesic. Furthermore, the Lagrangian L is connected to the metric
via

L =
1

2
gµν ẋ

µẋν . (5.3)

For lightlike objects, the Lagrangian is a constant of motion; in particular, L = 0. The
geodesic equation is invariant under linear transformation of the affine parameter.

The solution of the geodesic equation is of particular importance, as the geodesics describe
the path of light rays in curved spacetime. Consequently, the properties and analytic form
of this solution in Schwarzschild spacetime is integral in studying the effects of spin on the
light coming from spinning light sources. In particular, when discussing the properties of the
radiation for a given set of emitter and observer properties, the lightlike geodesic equation is
solved numerically, finding the light ray that connects emitter and observer.

The solution of the geodesic equation for lightlike geodesics in Schwarzschild spacetime
is well-established (see e.g. [52, 36]) and can be written as

ṫ =
E

(

1− 2M

r

) , (5.4)

ṙ = ±
√

E2 − Q+ L2

r2

(

1− 2M

r

)

, (5.5)

ϑ̇ = ±r2
√

Q− L2 cot2 ϑ , (5.6)

φ̇ =
L

r2 sin2 ϑ
, (5.7)

where the dot indicates a derivative with respect to the affine parameter, and E, Q and L
are the constants of motion. In particular, E is the energy of the light ray, L its angular
momentum and Q is the adopted Carter constant [59]. By rescaling the affine parameter, it
is possible to absorb the factor E and give the solution above in the more common form in
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terms of λ := L/E and q := Q/E2:

ṫ =
1

(

1− 2M

r

) , (5.8)

ṙ = ±
√

1− q + λ2

r2

(

1− 2M

r

)

, (5.9)

ϑ̇ = ±r2
√

q − λ2 cot2 ϑ , (5.10)

φ̇ =
λ

r2 sin2 ϑ
. (5.11)

In the following, selected physical properties of this solution are discussed.

When looking at purely radial motion, it is evident that ṙ vanishes only at rc = 3M , marking
the position of the so-called photon sphere. The motion of light on the photon sphere is
unstable, i.e. r̈(r = rc) < 0. For most stellar objects, the outer radius is much greater than
the Schwarzschild radius, thus this distance lies beneath its surface. For black holes, however,
it is a valuable tool for observing the effects of gravitation of such dense objects.

Another phenomenon associated with light rays in curved spacetime is the light deflec-
tion. In the vicinity of gravitational fields, light is deflected on its path from and towards
the surface of gravity. This effect forms the cornerstone of the field of gravitational lensing,
where compact objects are used as lenses, bending the light of light sources from behind the
line-of-sight between emitter and observer. Particularly, it allows the study of the physical
properties of the compact objects in question.

An additional, notable effect is the gravitational time delay or Shapiro time delay. It
describes the increase in the travel time of light in the vicinity of gravitational fields. Together
with gravitational lensing, it is one of the first effects for which to conduct experiment to test
general relativity.

Furthermore, the gravitational field influences the energy of the light. When moving
out of the gravitational potential, a photon loses energy, which consequently decreases its
frequency. This effect is called gravitational redshift, as the light observed appears "redder"
than the emitted light. For purely radial light rays from a static emitter to an static observer
in Schwarzschild spacetime, the redshift due only to the gravitational field alone can be
calculated to be

1 + z =

√

√

√

√

√

√

√

1− 2M

robs

1− 2M

rem

, (5.12)

where robs is the radial position of the observer, and rem is the radial position of the emitter.

The following section covers the theoretical description of an spinning emitter in Schwarzschild
background in particular.
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5.2 Emission of spinning light source in equatorial plane of a

Schwarzschild object

In this section, the general theory of spinning light sources in the equatorial plane of any
stationary, axially symmetric spacetime, as described in chapter 3, is applied to the static,
asymptotically flat solution to Einsteins vacuum field equations, the Schwarzschild spacetime
introduced in the previous section.

The first subsection covers the notion of static observers in Schwarzschild spacetime, which
are the basis for describing any physical observer for a point in spacetime (cf. sec. 3.1.1).

In the second subsection, the solution of the MPD-equations (cf. ch. 2) for spinning test
bodies in the symmetry plane of a Schwarzschild object is discussed in detail, and the centre
of mass reference frame (cf. sec. 3.1.2) for this particular case is established.

The third and last subsection is dedicated to describing the mathematical and physical proper-
ties of the relative velocity for a spinning light source on a Schwarzschild background, giving
rise to the centre of momentum reference frame (cf. sec. 3.1.3), being the basis for the SRF
reference frame.

In particular, the emitter is assumed to orbit in the symmetry plane of the Schwarzschild
object ϑ = π/2; in the context of this thesis, it will be called the equatorial plane.

5.2.1 Static observers in Schwarzschild spacetime

For any point in spacetime, a static observer, as defined following the flow of the Killing
vector field ∂t, can be described by an orthonormal tetrad. Following the description of Eq.
(3.5), it can be written as

eλ(a) =























(

√

1− 2M

r

)−1

0 0 0

0

√

1− 2M

r
0 0

0 0
1

r
0

0 0 0
1

r sinϑ























, (5.13)
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(
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0 0 r 0
0 0 0 r sinϑ

















. (5.14)

It is easily verifiable that the spacetime, as measured in this frame, is flat, i.e. eµ(a)e
ν
(b)gµν =

η(a)(b) with η = diag(−1, 1, 1, 1).

5.2.2 MPD equations in the symmetry plane of a Schwarzschild object

In this section, the solution of the MPD equations in the equatorial plane of a Schwarzschild
object for a spinning test particle in circular motion is discussed. The spin of the test particle
is assumed to be (anti-)parallel to the orbital angular momentum.
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First, a short summary on the derivation of the solution is given, following the approach
of Tanaka et al. [37].

It is convenient to give the equations of motion in terms of the static reference frame, described
in the previous subsection. For an arbitrary vector fκ, the following relation holds:

e(a)κ
D

Dτ
fκ =

d
dτ

f (a) − w
(a)

(b)(c) v(b)f (c) , (5.15)

where D
Dτ is the covariant derivation. The components of w are defined via the components

of the orthonormal tetrad and its derivative, i.e.

w
(c)

(a)(b) := eκ(a)e
ρ
(b)e

(c)
ρ;κ , (5.16)

where e(c)ρ;κ = ∇κe
(c)
ρ is defined as the derivative of the components of the orthonormal tetrad.

Then, the equations of motion reduce to

dU (a)

dτ
= w

(a)
(b)(c) V (b)U (c) − ŜR(a) , (5.17)

dS(a)

dτ
= w

(a)
(b)(c) V (b)S(c) − ŜU (a)S(b)R(b) , (5.18)

where U := P/µ is the normalized four-velocity associated with the four-momentum, V is
the tangent of the world line of the particle, Ŝ is the magnitude of the spin and S(a) is the unit
spin vector; for a detailed introduction of these quantities, see chapter 2. Specifically, R(a) is
defined as

R(a) =
1

2µŜ
R

(a)
(b)(c)(d)V

(b)S(c)(d) , (5.19)

where R(a)(b)(c)(d) is the Riemann tensor.

For a spinning particle in the equatorial plane ϑ = π/2 of a Schwarzschild object, one
can now compute all non-vanishing components of w:

w
(0)

(0)(1) = w
(1)

(0)(0) =: w1 = −M

r2

√

r

r − 2M
, (5.20)

w
(1)

(2)(2) = −w
(2)

(2)(1) = w
(1)

(3)(3) = −w
(3)

(3)(1) =: w2 =
1

r

√

r − 2M

r
. (5.21)

(5.22)

Similarly, the only non-vanishing components of the Riemann tensor in the equatorial plane
can be calculated to be

R(0)(1)(0)(1) = −R(2)(3)(2)(3) = −r − 2M

r3
, (5.23)

R(0)(2)(0)(2) = R(0)(3)(0)(3) = −R(1)(2)(1)(2) = −R(1)(3)(1)(3) =
r − 2M

2r3
. (5.24)

Due to assumption that the orbit is circular (V (1) = V (2) = 0) and in the equatorial plane
(ϑ = π/2), the only non-vanishing component of the spin vector is S(2) := −S/Ŝ. Using the
mass conservation (cf. Eq. (2.10)) and normalization condition (cf. Eq. (2.14)), it is notable
that U (1) = U (2) = 0, by calculating the time derivative of the centre of mass condition (cf.
Eq. (2.5)).
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Then, all but one equation of the set in Eq. (5.17) vanish trivially, leaving

dU1

dt
= w1V

(0)U (0) + w2V
(3)U (3) + SM

r3

(

2V (0)U (3) + V (3)U (0)
)

= 0 . (5.25)

To solve this equation, it is convenient to introduce a set of new variables, namely

χv :=
V (3)

V (0)
and χu :=

U (3)

U (0)
and s =

S
M

. (5.26)

Particularly, the quantity s is the dimensionless spin parameter; all equations in the following
discussion regarding spinning light sources in Schwarzschild spacetime will be given in terms
of s.

For a spinning test particle on a circular orbit in the equatorial plane of a Schwarzschild
object, the following solution can be obtained:

χv =
−3M2s±

√

4Mr3 + 13M4s2 − 8M7s4/r3

2
√
r2 − 2Mr(r −M3s2/r2)

, (5.27)

χu =
r −M3s2/r2

r + 2M3s2/r2
· χv . (5.28)

Using again the mass conservation and normalization condition, one can obtain the solution
on terms of U and V , namely

U (0) =
1

√

1− χ2
u

, U (3) =
χu

√

1− χ2
u

(5.29)

V (0) =

√

1− χ2
u

1− χvχu
, V (3) =

χv
√

1− χ2
u

1− χvχu
. (5.30)

A few remarks can be made regarding this solution. For large values of the fraction s/r,
the root of χv is not positive definite; in this limit, there are no circular orbits. For every
physically reasonable values of s/r; however, they always exist. In particular, the quantities
χv and χu differ only slightly for physically expected values of spin, which for most physical
applications is much less than unity. Consequently, the difference between V and U is small
for very small spin values. Evidently, for vanishing spin, χv and χu coincide, and so do V
and U .

Now, the centre of mass reference frame can be constructed. The orbital velocity is de-
fined as v := V (3)/V (0) = χv, which only depends on the spin parameter s, the distance to
the origin r and the mass of the central object M . The tensors of transformation, i.e. the
Lorentz transformation, from the static observer into the centre of mass reference frame and
back is given in Eq. (3.10) ff.

The following section covers the description of the centre of momentum reference frame
and the velocity between the V and U , which is directly related to the solution introduced
above.

5.2.3 Relative velocity between four-velocity and normalized four-momentum

in Schwarzschild background

In this section, the relative velocity for a spinning test particle in the equatorial plane of a
Schwarzschild object is calculated in detail. The relative velocity arises as a consequence of
the fact that the four-velocity and the normalized four-momentum are not parallel anymore in
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using the Tulcziew-Dixon supplementary condition; for further details, see section 3.1.3.

The determining equation for the relative velocity is given by Eq. (3.17), and for conve-
nience here again:

V2 = 1 + VνV
ν , (5.31)

where V ν is the four-velocity of the spinning test-particle. In the previous subsection, the
four-velocity of a spinning test-particle in the equatorial plane of a Schwarzschild object is
given, in particular Eqs. (5.29) ff. Evaluating the product above, one can easily find that

V2 = 1− (1− χ2
v)(1− χ2

u)

(1− χuχv)2
. (5.32)

Some important remarks shall be made here. For vanishing spin (see the discussion in the
previous subsection), the quantities χu and χv coincide. Evidently, one can see that, in this
case, the relative velocity vanishes too, in line with previous discussions. For small spin
values much smaller than unity, which is the case in most physically appropriate settings, the
relative velocity is only slightly larger than zero; in leading terms of s, the relative velocity is
approximately given by

V2

∣

∣

∣

∣

s=0

≈ 288M5(r − 2M)∓M4r(r2 − 2Mr)2(21r3 + 12)

2r(r2 − 3Mr)2(r − 2M)
· s2 +O(s3) . (5.33)

The full derivation is given in the appendix A.

5.3 Observables in Schwarzschild spacetime

In this section, the observables, introduced in section 3.2, are discussed in detail for a spinning
emitter orbiting a Schwarzschild object. In particular, the dependence of the spin on these
observables is studied.

Accordingly, a configuration of emitter and observer properties is required. This includes
the observer position in spacetime, as well as the distance of the orbit of the emitter from
the centre of the Schwarzschild object, as well as its geometrical properties. There are, in
principal, no constraints on these parameters, as long as they abide the established theory;
however, to study the effects of spin and gravity on the observables, it is possible to reason
some preferences.
As a natural scale of distances, all lengths are given in units of the mass of the central
object, namelyM . Additionally, the spin of the emitter is specified by the dimensionless spin
parameter, defined as

s =
S
M

. (5.34)

The emitter is orbiting the Schwarzschild object in the equatorial plane ϑem = π/2 at a
distance of rem = 8M . The distance is chosen such that it is far enough away to not interfere
with the innermost stable circular orbit at risco = 6M for a spinless test particle, and is close
enough to observe the effects of the strong gravitational field on the light, in particular the
bending of the light curve.
The location of the observer is chosen to be at robs = 35M , elevated above the symmetry plane
atϑobs = π/3. As the theory does not limit the observer’s position to be at infinity, the distance
is chosen to be finitely but moderately far away from the source of light. Additionally, the
observer is chosen to not be in the equatorial plane in order to study the effect of an inclination
of the observer on the observables, and to limit the discussion regarding multiple images of
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the emitter to only using the primary image.
The geometrical extension of the emitter is chosen to be ρ = 0.005M , if the emitter is
spherical, and A = 0.005M , if the emitter is described by a Maclaurin spheroid. This scale
of geometry is chosen to be small enough to abide the test particle approximation for the
MPD equations and its size limit, see Eq. (2.13), but large enough to uphold numerical
constraints discussed in section 3.3. The size of the emitter then, following Eq. (4.5) and
(4.19), determines the maximally allowed value of the spin parameter. Thus, due to theMöller
limit, the maximum spin of a spinning object with a scale of geometry of {A, ρ} = 0.005M
is |smax| = 0.002.

Screen coordinates for a static observer in Schwarzschild spacetime

In order to simulate the recording of the observables at the observer, the notion of a celestial
sphere and observer screen has to be established for a static observer in Schwarzschild
spacetime specifically, following the description in section 3.2.1.

Recall that the celestial sphere is described by the azimuth coordinate Φ ∈ [0, 2π) and
the polar coordinate Θ ∈ [−π/2, π/2], see Eqs. (3.58) ff. These coordinates are determined
by the four-velocity of the lightlike geodesic, see Eqs. (5.17), and can be written as

cosΘ = − ṙ

ζ

√

r

r − 2M
, sinΘ =

√

1− ṙ2

ζ2
, (5.35)

cosΦ =
rϑ̇

√

ζ2 − ṙ2
, sinΦ = − r sinϑφ̇

√

ζ2 − ṙ2
, (5.36)

where

ζ = g(λ̇, e(0)) = −E

√

r

r − 2M
. (5.37)

The screen coordinates α and β are then defined by stereographic projection; recall from Eq.
(3.60):

α := −2
(1− cosΘ)

sinΘ
sinΦ , (5.38)

β := 2
(1− cosΘ)

sinΘ
cosΦ . (5.39)

Structure of the following section

This section is structured as follows:
First, the influence of the spin on the velocities, namely the orbital and relative velocity,

is studied.
Next, the dependency of the spin on the redshift is studied. In this context, the influence

of spin and the different velocities on the redshift distribution is discussed, and the redshift
distribution of spherical and spheroidal emitters is compared.

Afterwards, the influence of the spin on the polarization vector is studied, where the
notion of the polarization vector and the parallel transport of it, in Schwarzschild spacetime
in particular, is discussed in more detail.

Lastly, the effect of the spin on the observed flux is studied for monochromatic light
sources. Here, the fluxes of spherical and spheroidal emitter are compared as well.
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Figure 5.1: Change in orbital velocity △v/v relative to the spinless case,
dependent on the spin of the emitter. The blue shaded area indicates the
range of spin allowed for an emitter with a scale of geometry of 0.005M .

Figure 5.2: Graphical depiction of the relative velocity V .
Top: dependence of the relative velocity on the distance to the origin of the
Schwarzschild object. Blue: relative velocity for an (physically improbable)
emitter with spin s = 1; red: relative velocity for an (physically improbable)
emitter with spin s = −1. The black dashed line indicates the position of the

emitter r = 8M chosen throughout this thesis.
Bottom: relative velocity at the orbital position of the emitter r = 8M ,

depending on the spin parameter s.
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5.3.1 Influence of the spin on the velocities

In this section, the influence of the spin on the orbital velocity and relative velocity is studied.

Figure 5.1 depicts the change of orbital velocity, relative to the orbital velocity of a non-
spinning emitter, depending on its spin. The blue shaded area indicates the region of spin
that is in line with the Möller limit, see Eqs. (4.5) and (4.19) for the considered scale of
the two emitter geometries, respectively. While it is possible to observe a change of v, as
it is decreasing with increasing spin, the effect is rather small. For a small emitter, such is
chosen to be in this thesis, the orbital velocity can be assumed to be constant. For numerical
computations, however, the orbital velocity is inserted exactly.

In figure 5.2, the relative velocity, depending on the spin and distance, is depicted. The
top panel of the figure shows the relative velocity depending on the distance to the source
of gravity, for two different spin values. Both lines indicate physically unrealistic values of
spin of ±1, which diverges between r = 2M and r = 4M , as the orbit becomes lightlike.
The high values of spin parameter are chosen to demonstrate the fact that the relative velocity
drops off strongly at the marginally stable circular orbit (rms(s = 0) = 6M ) and beyond. The
black line indicates the position of the emitter throughout this thesis at rem = 8M .

This can be seen more clearly in the lower panel of figure 5.2, where the dependence of
the spin on the relative velocity at rem = 8M is depicted. Even at the edges of the graph,
corresponding to the maximum allowed spin values |smax| = 0.002, the relative velocity does
not exceed 2 · 10−16. Thus, it is magnitudes lower than the orbital velocity, and its effect on
the observables will be small, and can effectively be neglected. Still, the relative velocity is
inserted exactly for all numerical computations.

The following section investigates the influence of the spin on the shape and redshift dis-
tribution of the emitter on the observer’s screen.
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5.3.2 Influence of the spin on the redshift

Redshift distribution for a spherical emitter

Figure 5.3: Redshift distribution of a spherical emitter for different spin
values for an emitter in front of the compact object, i.e. φem = φobs = 0,
on the observer’s screen. Negative spin values correspond to counter-rotating
emitters, while positive spin values correspond to co-rotating emitters. Colors
indicate the magnitude of redshift z, while the grey bars indicate the shift of

the polarization plane, see section 5.3.3.
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Figure 5.4: Redshift distribution of a spherical emitter for different spin
values for an emitter at orbital position φem = π/2, on the observer’s screen.
Negative spin values correspond to counter-rotating emitters, while positive
spin values correspond to co-rotating emitters. Colors indicate the magnitude
of redshift z, while the grey bars indicate the shift of the polarization plane,

see section 5.3.3.
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Figure 5.5: Redshift distribution of a spherical emitter for different spin
values for an emitter behind of the compact object, i.e. φem = π, on
the observer’s screen. Negative spin values correspond to counter-rotating
emitters, while positive spin values correspond to co-rotating emitters. Colors
indicate the magnitude of redshift z, while the grey bars indicate the shift of

the polarization plane, see section 5.3.3.
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Figure 5.6: Redshift distribution of a spherical emitter for different spin
values for an emitter at orbital positionφem = 3π/2, on the observer’s screen.
Negative spin values correspond to counter-rotating emitters, while positive
spin values correspond to co-rotating emitters. Colors indicate the magnitude
of redshift z, while the grey bars indicate the shift of the polarization plane,

see section 5.3.3.
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The information about the shape and redshift of the emitted light that reaches the observer
and the influence of the spin on it can be seen in figures 5.3 to 5.10. Figures 5.3 to 5.6 depict
the redshift distribution for a spherical emitter, while figures 5.7 to 5.10 show the distribution
for a spheroidal emitter.
Thus, there are 4 figures for each emitter geometry; every set of four images is composed of
an image of the emitter for φem ∈ {0, π/2, π, 3π/2} in ascending order. In particular, if
φem = φobs = 0, the emitter is in front of the Schwarzschild object, while at φem = π, it is
exactly behind the source of gravity, relative to the observer.
Every figure is composed of 9 panels, where each panel represents the image of the emitter
at different spins, ranging from s = 0.00175 to s = −0.00175, still below the maximal spin
value at |smax| = 0.002. Note that positive values of s correspond to co-rotating emitters,
while negative values of s correspond to counter-rotating emitters, relative to the direction of
orbit rotation.
Each panel consists of a colored shape, which is the observed shape of the emitter on the
observer’s screen. The image is plotted in terms of the stereographic projection of the screen
coordinates, namely (α, β); see the beginning of section 5.3. For a sense of direction of orbit,
the emitter moves on the observer’s screen on its orbit in positive α-direction if the emitter is
in front of the compact object, and in negative α-direction if the emitter is behind the source
of gravity. The color corresponds to the redshift z of the received light, where blue colors
indicate positive redshift, i.e. the frequency of the light is increased, relative to the emitted
frequency, and red colors indicate negative redshift, i.e. the frequency of the observed light
is decreased. Additionally, every panel shows the distribution of the plane of polarization
by gray bars on top of the redshift distribution, which is discussed in detail in the following
section 5.3.3.

First, consider the spinless case, in particular for a spherical emitter. This corresponds
to the middle panels of figures 5.3 to 5.6.
If the emitter is in front of the Schwarzschild object (cf. figure 5.3), the path of the light from
the emitter to the observer is bent only slightly, thus the shape of the emitter on the observer’s
screen appears spherical, similar to the purely special relativistic case, where the shape of
any spherical object is conserved, cf. Penrose [60]. The emitter is observed around α ≈ 0,
as it is in front of the source of gravity, and observed at negative values of β, because the
observer is located not in the equatorial plane ϑ = π/2, but at an inclination above it, namely
ϑobs = π/3. However, due to its small size, i.e. ρ = 0.005M , the extension of the emitter
on the observer’s screen is small. The redshift distribution is nearly uniform and the redshift
negative, as the light has to move out of the gravitational potential of the central object, losing
energy and therefore frequency in the process. This effect is known as gravitational redshift.
If the emitter is at φem = π/2 or φem = 3π/2 (cf. figure 5.4 and 5.6), the shape of the
emitter is elongated vertically. This is due to the fact that, in order to reach the observer, the
path of the light is bent by the gravitational field of the Schwarzschild object, resulting in
an non-spherical image. The redshift distribution for both orbit positions is nearly uniform;
however, for φem = π/2, the redshift is negative, while it is positive for φobs = 3π/2. This
effect can be explained by the Doppler shift due to the orbital velocity: at φem = π/2, the
emitter is moving away from the observer, resulting in a decrease in frequency of the observed
light, relative to the emitted frequency. If the emitter is at φem = 3π/2, it is moving towards
the observer, resulting in a positive frequency shift.
The most extreme case of an non-spherical image can be obtained if the emitter is behind
the source of gravity, namely φem = π, cf. figure 5.5. Here, the emitter is observed again
around α ≈ 0, but at positive values of β, due to the fact that the observer is at inclination
ϑobs = π/3 and β = 0 corresponding to the direction towards the centre of gravity. The
image of the spherical emitter is elongated horizontally on the observer’s screen, forming a
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nearly elliptical shape. The path of the light here is bent strongly by the central object; it
appears higher on the observer’s screen than is expected, and its shape is visibly non-spherical.

Next, the influence of the spin on the redshift is discussed, again in particular for a spherical
emitter.
Most of the following discussion applies for every orbit position, thus the influence of the spin
is studied exemplary if the emitter is in front of the Schwarzschild object, i.e. figure 5.3. It is
clearly visible that for non-vanishing spin, the redshift distribution is no longer uniform, and
this effect is stronger for increasingly co- and counter-rotating emitters. Thus, the strongest
impact on the redshift distribution is introduced by the surface velocity; if the emitting surface
element is moving towards the observer, the frequency of the observed light relative to the
emitted light is increased, while the opposite is true if the emitting surface element is moving
away from the observer. In the case that the emitter is in front of the source of gravity, the
emitter moves to positive values of α, thus the surface elements on the right of a co-rotating
emitter is away from the observer, while surface elements on the left move towards the ob-
server. By similar argument, the opposite is true for a counter-rotating emitter. This line of
reasoning is reflected in the redshift distributions for co- and counter-rotating emitters and is
best seen for |s| = 0.00175. Additionally, it is important to note that the redshift distribution
is not symmetrical to a thought symmetry line on the image of the emitter on the observer’s
screen due to inclination of the observer; lines with constant latitude on the emitter surface
project to (non-closed) ellipses on the observer’s screen. Furthermore, this inclination allows
us to observe the emitters surface from above; observing the pole corresponds to redshift
values that are equal to the spinless case.
As stated before, this line of reasoning holds for all orbit positions, where the effect of the
orbital velocity is either amplified or de-amplified by the spin of the emitter. An important
remark can be made for the case that the emitter is behind the Schwarzschild object; there,
due to the deflection of the light path, parts of the back side of the emitter can be seen on the
observer’s screen.

Following this, the effect of the shape of the emitter on the observables is discussed.
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Redshift distribution for a spheroidal emitter

Figure 5.7: Redshift distribution of a spheroidal emitter for different spin
values for an emitter in front of the compact object, i.e. φem = φobs = 0,
on the observer’s screen. Negative spin values correspond to counter-rotating
emitters, while positive spin values correspond to co-rotating emitters. Colors
indicate the magnitude of redshift z, while the grey bars indicate the shift of

the polarization plane, see section 5.3.3.
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Figure 5.8: Redshift distribution of a spheroidal emitter for different spin
values for an emitter at orbital position φem = π/2, on the observer’s screen.
Negative spin values correspond to counter-rotating emitters, while positive
spin values correspond to co-rotating emitters. Colors indicate the magnitude
of redshift z, while the grey bars indicate the shift of the polarization plane,

see section 5.3.3.
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Figure 5.9: Redshift distribution of a spheroidal emitter for different spin
values for an emitter behind of the compact object, i.e. φem = π, on
the observer’s screen. Negative spin values correspond to counter-rotating
emitters, while positive spin values correspond to co-rotating emitters. Colors
indicate the magnitude of redshift z, while the grey bars indicate the shift of

the polarization plane, see section 5.3.3.
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Figure 5.10: Redshift distribution of a spheroidal emitter for different spin
values for an emitter at orbital positionφem = 3π/2, on the observer’s screen.
Negative spin values correspond to counter-rotating emitters, while positive
spin values correspond to co-rotating emitters. Colors indicate the magnitude
of redshift z, while the grey bars indicate the shift of the polarization plane,

see section 5.3.3.

The influence of the geometry of the emitter can be seen in figures 5.7 to 5.10. In
particular, it is clear to see that, for highly co- and counter-rotating emitters, the image of
the emitter on the screen is non-spherical, as the geometry of the emitter itself changes from
spherical in the spinless case to spheroidal for high absolute spin values. This matches the
theoretical considerations introduced in section 4.2. Specifically, the semi-minor axis C for
the highest spin case of |s| = 0.00175 for the mass smaller than the critical mass ratio (cf.
Eq. (4.21)) is c ≈ 0.00327M ; recall that the semi-major axis is fixed at a = 0.005M . The
extent of this eccentricity is not fully reflected in the figures, as the emitter is observed from
above, thus the shape is less elliptical than would be the case if the light source was observed
edge-on. The influence of the spin on the redshift distribution for a spheroidal emitter still
follows the line of reasoning introduced above.
Peculiarly, the shape of the image of the emitter on the observer’s screen at φem = π/2
and φem = 3π/2 changes from elongated vertically to elongated horizontally, being nearly
spherical for certain values of spin in between. Additionally, the change of shape for highly



5.3. Observables in Schwarzschild spacetime 51

co- and counter-rotating emitters is minimal if the emitter is behind the Schwarzschild object;
the effect of the light bending is stronger.

5.3.3 Influence of the spin on the polarization

In this subsection, the polarization angle of radiation coming from spinning light sources in
Schwarzschild spacetime is discussed in detail. The theoretical description follows the one
outlined in section 3.2.2.

Recall that the light is assumed to be linearly polarized, parallel to e{2}, as measured in the
SRF, and is given by Eq. (3.64); the polarization vector is given here for reading convenience
only:

f{d} = N ·
(

−1 , 0 ,
p{0}
p{2}

, 0

)

. (5.40)

Again, p{d} describes the four-momentum (see Eq. (5.8) - (5.11)) of the lightlike geodesic,
transformed into the SRF system, and N is the normalization constant fixed in Eq. (3.66).
Assuming that the light ray between the emitter and observer is found by the scheme introduced
in chapter 3, the constants of motion are known, and if the spin is chosen, the components of
the polarization vector, measured in the SRF system, are uniquely determined.

In order to calculate the polarization angle at the observer, the polarization vector has to
be evaluated at the position of the observer. The 4 non-trivial determining equations for the
spacetime components of the polarization vector in Schwarzschild spacetime specifically are
given as

κ1 = r
(

ktf r − krf t
)

, (5.41)

κ2 = −r3
(

kφfϑ − kϑfφ
)

, (5.42)

1 = −gtt
(

f t
)2

+ grr (f
r)2 + gϑϑ

(

fϑ
)2

+ gφφ (f
φ)2 , (5.43)

0 = −gttf
tkt + grrf

rkr + gϑϑf
ϑkϑ + gφφf

φkφ , (5.44)

where κ1, 2 are the real and imaginary parts of the Penrose-Walker constant (cf. section 3.2.2
and [44, 61]), and gµν are the components of the metric tensor of the Schwarzschild solution.
As described above, the components of the polarization vector, as measured in the SRF
system, are assumed to be known, and by transforming f{d} back into spacetime coordinates,
fν at the point of emission is assumed to be known as well. Consequently, the value of
the Penrose-Walker constant can be calculated at the point of emission, and has to calculated
only once, as it is conserved along the light ray. Thus, the value of κ1 and κ2 are known as well.

This set of equations can be solved analytically, giving rise to the components of the
polarization vector anywhere along the geodesic, as long as the point of evaluation is specified.
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For an arbitrary point in spacetime, these can be expressed as

f t =
Tnom ± αkt(β(kφ)2

√
ΞT1 − (kϑ)2

√
Ξt2)

r · Tdenom
, (5.45)

f r =
Rnom ± αkr(β(kφ)2

√
ΞR1 − (kϑ)2

√
ΞR2)

r ·Rdenom
, (5.46)

fϑ =
θnom ± kϑ

√
Ξθ

r3 · θdenom
, (5.47)

fφ =
ϕnom ± kφ

√

Ξϕ

r3 · ϕdemon
, (5.48)

and

α = 1− 2M

r
, β = sin2 ϑ . (5.49)

The full derivation, alongwith the definition of the terms described above, is given in appendix
A.3.1, and the polarization angle at the observer can be calculated by the scheme introduced
in section 3.2.

The information on the polarization plane and the influence of the spin on it can be seen
in figures 5.3 to 5.10. There, the distribution of the plane of polarization on the image of
the emitter is indicated by the grey bars, which are plotted on top of the redshift distribution;
see section 5.3.2. Figures 5.3 to 5.6 depict the distribution of the plane of polarization for a
spherical emitter, while figures 5.7 to 5.10 show the distribution for a spheroidal emitter. It is
important to note that the relative strength of the polarization is not depicted.

For a spinless emitter, the plane of polarization is uniformly distributed along the image
of the emitter on the observer’s screen. If the emitter is in front of the Schwarzschild object
(cf. figures 5.3 and 5.7), the plane of polarization is tilted slightly to the right, relative to the
positive β-axis to which the polarization angle is evaluated. This effect is due to the orbital
velocity; the φ-component of the polarization vector at the point of emission in spacetime
coordinates becomes non-zero, following the inverse Lorentz transformation to transform f{d}

to fµ. Therefore, the polarization vector has, in general, a non-vanishing φ-component along
the lightlike geodesic, including the observer’s position in spacetime.
Further velocities of a spinning surface element introduce a shift in all the components of
the polarization vector at emission in spacetime coordinates, except fϑ. In general, the plane
of polarization follows the surface velocity distribution, mimicking the redshift distribution.
The plane of polarization generally also shifts along the orbit, making a full revolution along
one orbit.

This is a very simple model of initial polarization to investigate the influence of the spin
on the plane of polarization at an arbitrarily positioned, static observer in Schwarzschild
spacetime. For more physically probable models, the emitter would have to be modelled more
in-depth, too; in particular, if a model for the magnetic field is chosen, the polarization vector
then follows from it, cf. eg. [46] and [43]. In the context of this thesis, however, the goal of
modelling the polarization plane is to demonstrate the capabilities of the theory established
in chapter 3; further introducing properties of the emitter would introduce more and different
aspects of study, thus it is outside the scope of this thesis.
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Figure 5.11: Flux at the observer’s screen in arbitrary units along a spherical
emitters’ orbit. The different colors indicate different spin values.

Figure 5.12: Flux at the observer’s screen in arbitrary units along a spheroidal
emitters’ orbit. The different colors indicate different spin values.

5.3.4 Influence of the spin on the flux

In this section, the flux of a spinning emitter in orbit in the equatorial plane around a
Schwarzschild object is investigated. As the redshift distribution of astrophysical objects is
hardly resolvable, it is of great interest to investigate the influence of the spin on the com-
monly observed flux along the emitters orbit. This section follows the theoretical foundation
introduced in section 3.2.4.

The observed flux of a light source is derived from integrated redshift over the observed
surface area; for convenience, equation (3.85) is repeated here:

Fobs =

∫ ∫

g3 · Iem, ν dν dω =

∫

Iem · g4 dω , (5.50)

where g is the energy fraction associated with the redshift of the light ray and Iem is the
emitted intensity profile. For simplicity, the light emitted is assumed to be monochromatic,
thus the observed flux is an integral over g only. The observed flux in arbitrary units for an
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observer at inclination ϑobs = π/3 is depicted in figure 5.11 for a spherical emitter and figure
5.12 for a spheroidal emitter.

Both figures show the observed flux as a function of the orbit position φem. The dif-
ferent colors represent different spin configurations of the emitter, evenly spaced between
s = 0.00175 and s = −0.00175; the black line indicates the spinless case.
Starting from φem = 0, the observed flux decreases until φ ∈ [π/2, π], where it the increases
until φ ∈ [5π/4, 7π/4], where it then drops again. This follows the redshift distribution
images shown before. The general redshift for a spinless emitter for the given orbit positions
in section 5.3.2 is lowest for φem = π/2, and highest for φem = 3π/2, which can be seen in
the figures for the observed flux as well. Additionally, the shape of the image of the emitter
on the observer’s screen plays a role; while the redshift of a spinless emitter at φem = 0
and φem = π are similar, the image of the emitter is smaller if the emitter is behind the
Schwarzschild object, thus the observed flux is smaller as well.
If the emitter is spinning, the position of the maximum of the flux, as well as the magnitude
of the flux at its maximum, changes depending on the direction of spin. If the emitter is co-
rotating, the position of maximal flux moves monotonically in spin to earlier orbit positions,
while the opposite is true for a counter-rotating emitters. The change of the magnitude of
maximal flux, however, is non-monotic in general. While the magnitude of flux does decrease
monotonically with increasing values of s, the same cannot be said for the counter-rotating
case. Here, there is a maximal magnitude lies between s = −0.0005 and s = −0.0010 for a
spherical emitter and earlier between s = 0 and s = −0.0005 for a spheroidal emitter; this
also marks the main difference for different emitter geometries. This effect is caused by the
inclination of the observer; as the emitter is seen from above, one can see parts of the emitters
surface that do not move edge-on towards the observer, thus there is no horizontal symmetry.
Moreover, it is visible in general in the redshift distribution images; there, one can see (eg. in
5.6 and 5.10) that the image for a highly co-rotating emitter is more strongly dominated by
red colors, indicating a higher decrease in observed frequency and thus observed flux.
Furthermore, one can see that the observedfluxes for highly co- and counter-rotating spheroidal
emitters are generally lower than the observed flux for similar spherical emitters. This effect
is caused by the reduced image size of the emitter, due to the increased ellipticity for high
spin values for a Maclaurin spheroid with fixed semi-major axis.

In practice, the shift of the flux of known emission lines is used in astronomy to estimate the
so-called radial velocity of the emitter, which is the fraction of the velocity of the emitter
towards the observer. The effect of the spin on this flux is not taken into account, so the radial
velocity of light sources may be over- or underestimated. However, for almost all astrophysical
objects, the spin values relative to the maximal spin value is very small, so the effect is also
very small too. Further study regarding this subject would be needed to estimate the error in
the calculation of the radial velocity.
Other models of the type of radiation may be studied as well, with a black body profile for
radiation being the most simple and astrophysically reasonable model. Nevertheless, if this
theory would be used to model the emission of neutron stars, astrophysical objects with some
of the highest spin-to-extension models, other radiation profiles and especially non-isotropic
radiation may be important to study in detail. In either case, the amount of work regarding
this would go well beyond the scope of this thesis.
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Chapter 6

Spinning emitter in Kerr spacetime

6.1 Kerr spacetime

The theoretical description of light emitted by a spinning light source, introduced in the
chapter 3 of this thesis, enables the discussion for an emitter in any stationary and axially
symmetric spacetime for which the metric can be written as in Eq. (3.1). The previous
chapter limited the discussion to a static and spherically symmetric exterior solution of the
vacuum Einstein equations, the Schwarzschild solution. This chapter, however, introduces a
stationary and axially symmetric background metric, the Kerr spacetime, used to describe in
particular rotating black holes. The following pages are dedicated to discussing the properties
of this solution, as well as the properties of light coming from a spinning emitter around a
Kerr black hole.1

6.1.1 General physical properties

The Kerr spacetime is a exact solution to the vacuum field equations, which describes the
exterior gravitational field of a uncharged, spinning black hole. The solution is stationary,
axially symmetric and asymptotically flat. It was first found by Kerr [62] in 1963. It reduces to
the Schwarzschild spacetime in the non-rotating case. The only physical parameters uniquely
determining gravitational field of the black hole are its massM and the dimensionless angular
momentum parameter a = J/M , with its line element given in Boyer-Lindquist coordinates
(cf. e.g. [52]) by

ds2 =−
(

1− 2Mr

Σ

)

dt2 − 4Mra sin2 ϑ

Σ
dtdφ+

Σ

∆
dr2

+Σ dϑ2 +

(

r2 + a2 +
2Mra2 sin2 ϑ

Σ

)

sin2 ϑ dφ2 , (6.1)

where
Σ = r2 + a2 cos2 ϑ , ∆ = r2 − 2Mr + a2 . (6.2)

For a thorough discussion on the solution, see e.g. [52, 36]. The sign of a determines
the direction of rotation of the black hole. As mentioned before, the metric reduces to the
Schwarzschild solution in Eq. (5.1) for a = 0, and the Minkowski metric for M → 0. In
contrast to the Schwarzschild case, the Kerr metric is non-diagonal, as its line element includes
a non-zero dtdφ-component, in line with the notion of stationarity. The solution admits two
Killing fields ∂t and ∂φ, thus it is possible to construct a Killing tensor. Additionally, it is
invariant under simultaneous transformation of t → −t and φ → −φ.

1To minimize confusing terminology, I will refer to self-rotating light sources as spinning, and self-rotating
sources of gravity as rotating.
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The horizon- and singularity structure of the Kerr solution is more advanced than in the
Schwarzschild case. In Boyer-Lindquist coordinates, the metric is degenerate on multiple
surfaces: the event horizon and the ergosphere.
The position of the event horizon can be determined by investigating the divergent behavior
of the drdr-component of the metric; there are two event horizons at

r±EH = M ±
√

M2 − a2 . (6.3)

For a maximally rotating black hole at |a| = M , both event horizons coincide at r = M ; for
a minimally rotating black hole at a = 0, the outer horizon coincides with the Schwarzschild
radius at r = 2M , while the inner horizon drops to r = 0. For |a| ≤ M , the inner horizon
is not directly observable, and for |a| > M , there is no event horizon covering the black hole
anymore, leaving a naked singularity. Thus, the discussion throughout this thesis is limited
to the case |a| ≤ M .
The ergosurfaces can be located by investigating the sign of the dtdt-component of the metric,
where solving the quadratic equation in gtt = 0 leads to

r±ES = M ±
√

M2 − a2 cos2 ϑ . (6.4)

It is notable that the metric is regular at r±ES; the ergosurfaces do not represent a coordinate
singularity in this set of coordinates. For the Schwarzschild case, the outer ergosurface co-
incides with the Schwarzschild radius again, and the inner ergosurface falls to r = 0. The
outer ergosurface and outer event horizon coincide at the poles, i.e. ϑ = 0 and ϑ = π. The
region between the outer ergosurface and the outer event horizon is called the ergosphere;
here, massive particles must co-rotate in the direction of the sense of rotation of the black hole.

There also exists a curvature singularity, which can be checked by calculating any curva-
ture scalar (e.g. RαβγδRαβγδ); it lies at

r2 + a2 cos2 ϑ = 0 . (6.5)

The curvature singularity now takes the shape of a ring in the symmetry plane ϑ = π/2 at
|r| = |a|, which coincides with a point at r = 0 for vanishing rotation.

Lense-Thirring effect

An important gravitomagnetic effect of a non-static, stationary spacetime is the so-called
Lense-Thirring effect, found by J. Lense and H. Thirring [63]. In the context of a Kerr black
hole, it describes dragging of space induced by the rotation of the black hole. In particular,
the movement of any observer is superimposed with a non-vanishing angular velocity in the
direction of rotation of the black hole, relative to a non-rotating observer at infinity; this also
called rotational frame-dragging. This also influences the notion of a stationary observer;
specifically, there are no static observers in Kerr spacetimes, but rather only observers with
zero angular momentum can be constructed, which will be discussed in more detail in section
6.2.1.
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6.1.2 Lightlike geodesics

This subsection is dedicated to giving a quick overview over the solution of the geodesic
equation for lightlike particles; recall from section 5.1.2 that they can be formulated via the
Euler-Lagrange equations (cf. Eq. (5.2)) with the Lagrangian

L =
1

2
gµν ẋ

µẋν = 0 , (6.6)

where gµν are the components of the metric, and ẋµ is the tangent to the light ray; the
Lagrangian itself is conserved along the orbit. Carter showed in 1968 [59, 64] that the
equations of motion in Kerr spacetime are fully integrable with three constants of motion,
namely E, the energy associated with the lightlike particle, L, its angular momentum, andQ,
the so-called Carter constant. In the context of this thesis, the solution of the geodesic equation
for lightlike particles is of particular importance, as it allows us to study the properties and
path of light rays, and is consequently relevant in describing the light coming from spinning
light sources around a Kerr black hole. The equation is solved numerically, finding the light
ray that connects emitter and observer, following the scheme introduced in section 3.3.

The solution of the geodesic equation for lightlike geodesics in Kerr spacetime is well-
established, see e.g. [52, 65]. By rescaling the affine parameter, it is possible to absorb
the constant E and give the solution in the more common form in terms of λ := L/E and
q := Q/E2, similar to the Schwarzschild case. The solutions take the following from:

Σṫ = −a

(

a sin2 ϑ− λ

)

+

(

r2 + a2
)

T

∆
, (6.7)

Σṙ = ±
√
R , (6.8)

Σϑ̇ = ±
√

Θθ , (6.9)

Σφ̇ = −
(

a− λ

sin2 ϑ

)

+ a
T

∆
, (6.10)

with

R = r4 − r(q + λ2 − a2)r2 + 2

(

q + (λ− a)2
)

− a2q , (6.11)

Θθ = q + a2 cos2 ϑ− λ2 cot2 ϑ , (6.12)

T = r2 + a2 − aλ . (6.13)

The structure of closed photon orbits in Kerr spacetime is much more difficult than the
associated structure of photon regions in Schwarzschild spacetime; for a thorough discussion,
see e.g. [66]. For Kerr, there is no photon sphere anymore, due to the lack of spherical
symmetry in the spacetime itself. However, there exist two circular photon orbits in the
equatorial plane, depending on the sense of rotation of the orbit angular momentum; in
Boyer-Lindquist coordinates, they take the following form (cf. e.g. [67]):

r±c = 2M

[

1 + cos

(

2

3
arccos

±|a|
M

)]

. (6.14)

Other photon orbits with constant radial distance from the source exist, but are generally more
complicated in shape, and do not lie in one plane with ϑ = const. On the other hand, in
general, light rays that starting in the equatorial plane and end into the equatorial plane stay
at ϑ = π/2 [68].
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The same phenomena for light, discussed in section 5.1.2, apply in Kerr spacetime as well. In
particular, the light bending effects in the vicinity of gravitational fields, altering the path the
light takes though spacetime, and the gravitational redshift, associated light moving out of or
into a gravitational potential.

The following section discusses spinning light source in a Kerr background in detail.

6.2 Emission of spinning light source in equatorial plane of aKerr

black hole

In this section, the general theory on spinning light sources in the symmetry plane of station-
ary, axially symmetric spacetime, as established in chapter 3, is applied to the Kerr metric,
introduced in the previous section. It is important to note the following sign convention for the
black hole parameter a: the black hole angular momentum and the orbit angular momentum
are parallel if the black hole parameter a is positive; otherwise, it is anti-parallel.

The first subsection establishes stationary observers in Kerr spacetime, which form the basis
for describing physical observers at any point in spacetime, see section 3.1.1.

The second subsection covers the solution of the MPD-equations (cf. chapter 2) for spinning
test particles in the symmetry plane of a Kerr black hole. In particular, this is used to establish
the centre of mass reference frame, see section 3.1.2.

In the third and last subsection, the mathematical and physical properties of the relative
velocity between the normalized four-momentum and the tangent of the worldline of the
emitter are discussed (cf. section 3.1.3). This velocity gives rise to the centre of momentum
reference frame, being the basis for the SRF reference frame.

For all following discussions and calculations, the emitter is assumed to be in the sym-
metry plane of the Kerr black hole, namely ϑ = π/2; in the context of this thesis, this will be
called the equatorial plane.

6.2.1 Stationary observers in Kerr spacetime

Following the description of Eqs. (3.5), a stationary observer, which has vanishing angular
momentum as seen by an observer at infinity, can be written as

eλ(a) =

















√

A
Σ∆ 0 0 2ar√
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0
√
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, (6.15)
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This tetrad also forms the basis for describing a physical observer, which will be used to
evaluate the observables established in section 6.3.

6.2.2 MPD equations in the symmetry plane of a Kerr object

In this section, the solution to the MPD equations in the equatorial plane of a Kerr black hole
for a spinning test particle in circular motion is discussed; this spin angular momentum of the
test particle is assumed to be either anti-parallel or parallel to the orbit angular momentum.

This section starts with a quick summary on the derivation of the solution, similar to
section 5.2.2, which follows the approach of Tanaka et al. [37].

Recall from section 5.2.2 that the equations of motion of a spinning test particle in the
orthonormal tetrad frame can be written as

dU (a)

dτ
= w

(a)
(b)(c) V (b)U (c) − ŜR(a) , (6.17)

dS(a)

dτ
= w

(a)
(b)(c) V (b)S(c) − ŜU (a)S(b)R(b) , (6.18)

where U := P/µ is the four-velocity associated with the four-momentum, V is the tangent of
the world line of the particle, Ŝ is the magnitude of the spin and S(a) is the unit spin vector.
For a more detailed explanation, see section 5.2.2.

For a spinning particle in the equatorial plane of a Kerr black hole, the only non-vanishing

components of the tensor w (c)
(a)(b) are

w
(0)

(0)(1) = w
(1)

(0)(0) =: w1 = −a2 −Mr

r2
√
∆

, (6.19)

w
(0)

(3)(1) = w
(1)

(3)(0) = w
(0)

(1)(3) = w
(3)

(1)(0) = w
(1)

(0)(3) = −w
(3)

(0)(1) =: w2 =
a

r2
, (6.20)

w
(1)

(2)(2) = −w
(2)

(2)(1) = w
(1)

(3)(3) = −w
(3)

(3)(1) =: w3 =

√
∆

r2
. (6.21)

As a result of assuming the spinning test particle to be in the equatorial plane, and the orbit
to be circular, all but one equation vanishes trivially, leaving only the differential equation for
U (1), namely

dU1

dt
=w1V

(0)U (0) + w2

(

V (0)U (3) + V (3)U (0)

)

+ w3V
(3)U (3) + SM

r3

(

2V (0)U (3) + V (3)U (0)

)

= 0 (6.22)

With the same line of reasoning described in section 5.2.2 and [37], one can obtain the
non-zero components of V (a) and U (b) in terms of χv := V (3)/V (0), χu := U (3)/U (0) and
s = S/M :

U (0) =
1

√

1− χ2
u

, U (3) =
χu

√

1− χ2
u

, (6.23)

V (0) =

√

1− χ2
u

1− χvχu
, V (3) =

χv
√

1− χ2
u

1− χvχu
. (6.24)



60 Chapter 6. Spinning emitter in Kerr spacetime

with

χv =
−(2ra+ 3M2s+ aM3s2/r2)±√

χ0

2
√
∆(r −M3s2/r2)

, (6.25)

χu =
r −M3s2/r2

r + 2M3s2/r2
· χv , (6.26)

χ0 := 4Mr3 + 12aM2rs+ 13M4s2 + 6aM5s3/r2 − 8M7s4/r3 + 9a2M6s4/r4 .
(6.27)

Again, we can identify the quantity χv as the orbital velocity v of the spinning test particle,
depending only on the distance r to the centre of the black hole, the spin of the particle s and
the black hole rotation parameter a, as well as the mass M of the central object. Thus, the
Lorentz transformation from the stationary observer into the centre of mass reference frame
and back is fully determined, see Eq. (3.10) ff.

6.2.3 Relative velocity between four-velocity and normalized four-momentum

in Kerr background

In this section, the relative velocity for a spinning light source in the symmetry plane of a
Kerr black hole is calculated in detail. As discussed in section 3.1.3 in general, and in section
5.2.3 for Schwarzschild specifically, the relative velocity is a consequence of the fact that the
tangent of the world line and the normalized four-momentum are not parallel for spinning test
particles. Again, the relative velocity V can be expressed in terms of the four-velocity V ν (see
Eq. (3.17)), i.e.

V2 = 1 + Vν V
ν . (6.28)

In particular, the four-velocity of a spinning light source in the equatorial plane of a Kerr black
hole is given by Eq. (6.24), thus the relative velocity can be rewritten in terms of χu and χv
as

V2 = 1− (1− χ2
u)(1− χ2

v)

(1− χuχv)2
. (6.29)

Recall that for vanishing spin values, the quantities χu and χv coincide, and the relative
velocity vanishes as a consequence, which is in line with the physical considerations, see e.g.
sections 2.2 and 3.1.3. For small spin values, the relative velocity can be approximated up to
leading order in s by

V2

∣

∣

∣

∣

s=0

≈
[

108M3(a±
√
Mr)4

r3
(

4∆− (a±
√
Mr)2

)2 − 4aM + 8aM3r

r4

± 31M4
√
r2 − 2Mr − 9a2M

√
r2 − 2Mr + 24M4r

4r4
√

M(r − 2M)

]

· s2 +O(s3) . (6.30)

The full derivation is given in appendix A.

The subsequent section handles the description of the different observables, specifically
for a spinning source of radiation in the equatorial plane around a Kerr black hole.
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Table 6.1: Depiction of the radial distance values rem and associated orbital
velocities v for non-spinning test particles, depending on the Kerr parameter
a considered throughout this thesis. The values of rem are chosen such that

the emitter takes the same time for one orbit for every value of a.

Black hole spin a Radial distance of orbit rem Orbital velocity v
−0.9M 9.321M 0.475693

0M 8M 0.408248

0.9M 6.067M 0.309639

6.3 Observables in Kerr spacetime

This section is dedicated to discussing the observables of spinning light sources around Kerr
black holes, formerly introduced in section 3.2. In particular, the influence of the spin on
these observables is studied in detail.

For this reason, a configuration of emitter and observer properties is required, including
their positions in spacetime, as well as the geometrical properties of the emitter. Again, as
long as the values chosen abide the established theory, there are no constraints on the choice
of parameters; nonetheless, it is possible to reason some preferences for studying the effects
of spin and gravity on the observables.
As a natural scale of distances, all lengths are given in units of the mass of the central object,
M . In addition to length scales, the spin of the emitter is given in units of the central mass
M , namely

s =
S
M

. (6.31)

The emitter is orbiting the Kerr black hole in the symmetry plane ϑem = π/2. The distance to
the central object is chosen such that the duration of orbit on the observer’s screen coincides
with the Schwarzschild case; the values of distance are depicted in table 6.1. Although at
varying distances, the emitter is close enough to the black hole to study the effect of gravity
on the path of the light, and at the same time far enough away from the centre of gravity to
not interfere with any marginally stable circular orbit.
The location of the observer in spacetime remains at robs = 35M and ϑobs = π/3, as in the
Schwarzschild case. In particular, the distance is chosen to be finite, but moderately far away
from the black hole, and the elevation of the observer enables the studying of the effect of
inclination on the observations. Furthermore, it allows us to limit the discussion of multiple
images to only using the direct images.
The geometrical extension is again set to be ρ = 0.005M for a spherical emitter and A =
0.005M if the emitter is described by a Maclaurin spheroid. Thus, the emitter is small
enough to abide the test particle approximation for the MPD equations and its size limit, cf.
Eq. (2.13), but large enough to uphold the numerical constraints discussed in section 3.3.
Again, the Möller limit for a spinning object of this geometrical extension limits the spin to
|smax| = 0.002.

Screen coordinates for a static observer in Kerr spacetime

In order to simulate the recording of the observables at the observer, the notion of a celestial
sphere and observer’s screen has to be established in Kerr spacetime specifically, following
the description in section 3.2.1.

Recall that the celestial sphere is described by the azimuth coordinate Φ ∈ [0, 2π) and
the polar coordinate Θ ∈ [−π/2, π/2], see Eqs. (3.58) ff. These coordinates are determined
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by the four-velocity of the lightlike geodesic, see Eqs. (6.7) to (6.10), and can be written as

cosΘ = − ṙ

ζ

√

A

Σ∆
, sinΘ =

√

1− ṙ2

ζ2
, (6.32)

cosΦ =
ϑ̇

√

ζ2 − ṙ2

√

Σ

∆
, sinΦ = − sinϑφ̇

√

ζ2 − ṙ2

√

A

Σ
, (6.33)

where

ζ = g(λ̇, e(0)) =
aλ− a2 sin2 ϑ− Σ√

Σ∆
. (6.34)

The screen coordinates α and β are then defined by stereographic projection; recall from Eq.
(3.60):

α := −2
(1− cosΘ)

sinΘ
sinΦ , (6.35)

β := 2
(1− cosΘ)

sinΘ
cosΦ . (6.36)

Structure of the following section

This section is structured similarly to the section for a Schwarzschild central object, in
particular:

First, the influence of the emitter spin on the orbital and relative velocity for different
rotating black hole rotations is studied.
Afterwards, the influence of the emitter spin on the redshift distribution, similar to the
Schwarzschild case, is studied. Here, the influence of different emitter and black hole spins
are objects of study, and the different types of emitter geometries are distinguished.
Then, the change of polarization angle, depending on the spin of the emitter, is discussed in
detail. In this context, the notion of a polarization vector and its parallel transport along the
lightlike geodesic to the observer is detailed.
Lastly, the observed flux and the dependence of the spin on it is studied; here, the difference
of emitter geometry on the flux is examined, too.
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Figure 6.1: Change in orbital velocity △v/v relative to the spinless case,
dependent on the spin of the emitter. Each color represents the magnitude
and direction of the black hole rotation. The blue shaded area indicates the
range of spin allowed for an emitter with a scale of geometry of 0.005M .

6.3.1 Influence of the spin on the velocities

In this section, the influence of the spin on the orbital velocity and relative velocity for different
black hole rotations is studied.

In figure 6.1, the relative change in orbital velocity of the emitter depending on the spin
is depicted; the values of the orbital velocity for spinless test particles is given in table 6.1.
The different colors represent different values of the black hole angular momentum parameter
a; the black line indicates the Schwarzschild limit at a = 0, see section 5.3.1. For black holes
co-rotating with the direction of orbit rotation, the change in orbital velocity reduces, relative
to the Schwarzschild case, while the opposite is true for a black hole counter-rotating with the
orbit. However, the effect of the spin on the change of orbital velocity is still rather small, so
the orbital velocity can be considered nearly constant for different values of spin, regarding
the discussions on the influence of spin on the light emitted. In all numerical procedures, the
exact values for the orbital velocity is inserted.

Figure 6.2 shows the relative velocity V depending on the spin and distance for different
black hole rotations. The top panel shows shows the relative velocity depending on the dis-
tance of the source of gravity for two spin values for each black hole rotation each. It is clear
to see that the relative velocity diverges at different radial distances, depending on the black
hole rotation. This occurs when the orbital velocity becomes lightlike for these high values
of spin. The spin values are chosen to be unrealistically high at s = ±1 in order to show that
the relative velocity drops off strongly at the position of the emitter, indicated by the dashed
lines for every value of a.

In the bottom panel, this can be seen even more clearly. Here, the dependence of the
relative velocity on the spin of the light source is shown on a logarithmic scale. Again, the
different colors depict the relative velocity evaluated at different values of a at their respective
orbit positions. The relative velocity does differ strongly between different angular momentum
parameters; however, even at the maximal spin values of |s| = smax, the relative velocity does
not exceed magnitudes> O(10−13), and is negligible compared to the orbital velocity. Thus,
the effect of the relative velocity on the observables are small, but the exact values for V are
inserted in all numerical computations exactly.
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Figure 6.2: Graphical depiction of the relative velocity V .
Top: dependence of the relative velocity on the distance to the source of
gravity. The different colors indicate the relative velocity for very high values
of spin |s| = 1. The black dashed line indicates the position of the emitter,

see table 6.1.
Bottom: relative velocity at the orbital position of the emitter, depending on
the spin parameter s. The different colors indicate different magnitude and

direction of black hole rotation.
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6.3.2 Influence of the spin on the redshift

Redshift distribution for a spherical emitter at a = −0.9M

Figure 6.3: Redshift distribution of a spherical emitter for different spin
values for an emitter in front of the Kerr black hole, i.e. φem = φobs = 0,
on the observer’s screen, with Kerr spin a = −0.9M . Negative emitter spin
values correspond to counter-rotating emitters, while emitter positive spin
values correspond to co-rotating emitters. Colors indicate the magnitude of
redshift, while the grey bars indicate the shift of the polarization plane, see

section 6.3.3.
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Figure 6.4: Redshift distribution of a spherical emitter for different spin values
for an emitter behind the Kerr black hole, i.e. φem = π, on the observer’s
screen, with Kerr spin a = −0.9M . Negative emitter spin values correspond
to counter-rotating emitters, while emitter positive spin values correspond to
co-rotating emitters. Colors indicate the magnitude of redshift, while the

grey bars indicate the shift of the polarization plane, see section 6.3.3.
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Redshift distribution for a spheroidal emitter at a = −0.9M

Figure 6.5: Redshift distribution of a spheroidal emitter for different spin
values for an emitter in front of the Kerr black hole, i.e. φem = φobs = 0,
on the observer’s screen, with Kerr spin a = −0.9M . Negative emitter spin
values correspond to counter-rotating emitters, while emitter positive spin
values correspond to co-rotating emitters. Colors indicate the magnitude of
redshift, while the grey bars indicate the shift of the polarization plane, see

section 6.3.3.



68 Chapter 6. Spinning emitter in Kerr spacetime

Figure 6.6: Redshift distribution of a spheroidal emitter for different spin
values for an emitter behind the Kerr black hole, i.e. φem = π, on the
observer’s screen, with Kerr spin a = −0.9M . Negative emitter spin values
correspond to counter-rotating emitters, while emitter positive spin values
correspond to co-rotating emitters. Colors indicate the magnitude of redshift,
while the grey bars indicate the shift of the polarization plane, see section

6.3.3.
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Redshift distribution for a spherical emitter at a = 0.9M

Figure 6.7: Redshift distribution of a spherical emitter for different spin
values for an emitter in front of the Kerr black hole, i.e. φem = φobs = 0,
on the observer’s screen, with Kerr spin a = 0.9M . Negative emitter spin
values correspond to counter-rotating emitters, while emitter positive spin
values correspond to co-rotating emitters. Colors indicate the magnitude of
redshift, while the grey bars indicate the shift of the polarization plane, see

section 6.3.3.
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Figure 6.8: Redshift distribution of a spherical emitter for different spin values
for an emitter behind the Kerr black hole, i.e. φem = π, on the observer’s
screen, with Kerr spin a = 0.9M . Negative emitter spin values correspond
to counter-rotating emitters, while emitter positive spin values correspond to
co-rotating emitters. Colors indicate the magnitude of redshift, while the

grey bars indicate the shift of the polarization plane, see section 6.3.3.
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Redshift distribution for a spheroidal emitter at a = 0.9M

Figure 6.9: Redshift distribution of a spheroidal emitter for different spin
values for an emitter in front of the Kerr black hole, i.e. φem = φobs = 0,
on the observer’s screen, with Kerr spin a = 0.9M . Negative emitter spin
values correspond to counter-rotating emitters, while emitter positive spin
values correspond to co-rotating emitters. Colors indicate the magnitude of
redshift, while the grey bars indicate the shift of the polarization plane, see

section 6.3.3.
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Figure 6.10: Redshift distribution of a spheroidal emitter for different spin
values for an emitter behind the Kerr black hole, i.e. φem = π, on the
observer’s screen, with Kerr spin a = 0.9M . Negative emitter spin values
correspond to counter-rotating emitters, while emitter positive spin values
correspond to co-rotating emitters. Colors indicate the magnitude of redshift,
while the grey bars indicate the shift of the polarization plane, see section

6.3.3.

The information on the redshift of the emitted light, as well as the shape of the object
and its placement on the observer’s screen can be seen in figures 6.3 to 6.10. In particular,
figures 6.3 to 6.6 depict the redshift distribution of an emitter in the equatorial plane of a
Kerr black hole that is strongly counter-rotating relative to the sense of orbit direction, with
a = −0.9M . Similarly, figures 6.7 to 6.10 present the redshift distribution for a Kerr black
hole that is strongly co-rotating, relative to the sense of orbit direction, with a = 0.9M .
For every Kerr rotation parameter, there are 2 figures for each of the considered emitter ge-
ometries; the first two images represent the redshift distribution of a spherical light source,
the latter two represent the redshift distribution of a spheroidal light source. Each emitter
geometry is depicted for two orbit positions, φem = 0 and φem = π. In this thesis, the
observer is at φobs = 0, thus the case φem = 0 is referred to as the emitter being in front of
the black hole, while the the case φem = π is referred to as the emitter being behind the black
hole.
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Similar to the figures in section 5.3.2, every figure is composed of 9 panels, each panel repre-
senting the emitter spinning at different rates. The values of spin range from s = −0.00175
to s = 0.00175, below the maximal spin value of |smax| = 0.002, dictated by the Möller
limit in Eq. (4.5) and (4.19). Positive values of s correspond to emitters co-rotating with the
direction of orbit rotation, while negative values of s correspond to emitters counter-rotating
with the direction of orbit rotation instead.
Each panel consists of a colored shape, which is the shape of the emitter on the observer’s
screen. The emitter is depicted on the observer’s screen in terms of the stereographic projec-
tion of the celestial sphere of the observer, namely (α, β); see the start of section 6.3. To
give a sense of direction, the emitter moves in positive α-direction, i.e. to the right, if the
emitter is in front of the black hole, and in negative α-direction, i.e. to the left, if the emitter
is behind the black hole. The color of the image represents the redshift of the observed light;
red colors indicate a decrease in frequency, relative to the emitted frequency, and blue colors
indicate an increase in frequency. Additionally, each panel depicts the plane of polarization,
distributed over the image of the emitter; these are represented as the grey bars on top of the
redshift distribution. The polarization plane and the influence of the spin on it is discussed in
detail in the following section 6.3.3.

First, the spinless case is discussed, in particular for a spherical emitter. This corresponds
to the middle panels of figures 6.3 and 6.4 for a black hole that is counter-rotating with the
direction of orbit, and 6.7 and 6.8, if the black hole is co-rotating. Specifically, the redshift
distribution for different black hole rotations is discussed, and compared to the case of vanish-
ing black hole rotation, i.e. Schwarzschild, which can be seen in the centre panels of figures
5.3 and 5.5.
Similarly to the Schwarzschild case, if the emitter is in front of the black hole, its shape is
conserved, appearing spherical on the observer’s screen. The influence of the black hole rota-
tion becomes most apparent when comparing the position of the observer on the screen itself.
For the Schwarzschild case, i.e. a = 0, the emitter is seen at negative values of β, due to the
inclination of the observer at ϑobs = π/3, but centered around α = 0 in the vertical middle
of the screen. This symmetry is broken if the black hole is rotating; for a black hole that is
co-rotating with the direction of orbit rotation, i.e. a = 0.9M , the image of the emitter is
shifted to the left on the observer’s screen, and to the right if the black hole is counter-rotating
relative to the orbit rotation, i.e. a = −0.9M . This is due to the frame-dragging effect of the
rotating black hole: if the black hole is strongly co-rotating with the orbit rotation, the light is
emitted from the light source against the direction of orbit rotation, to compensate the effect
of the black hole on spacetime. The light thus forms an arc, such that it hits the observer
from the left. Similarly, if the black hole is strongly counter-rotating with the orbit direction,
the light is emitted further into the direction of orbit rotation, to counteract the effect that the
black hole drags the path of the light against the sense of orbit direction. Thus, the light forms
an arc such that it hits the observer from the right, resulting in an image of the emitter that is
shifted in positive α-direction.

The redshift distribution is nearly uniform and negative, explainable by the notion of
gravitational redshift, similar to the Schwarzschild case. For a = −0.9M , the redshift is
generally slightly increased compared to a non-rotating black hole, and slightly decreased
for a = 0.9M . This effect is caused by the different distances of orbit of the emitter to the
source of gravity, thus increasing or decreasing the distance of the emitter to the observer; the
rotation of the black hole does not significantly impact the redshift by itself in this context.
The most extreme case of a non-spherical image of the emitter is depicted for the case that
the emitter is behind the black hole, cf. figures 6.4 and 6.8. For the case of a non-rotating
black hole, the image of the emitter is strongly flattened vertically, appearing on the screen
at positive values of β, and again centred around α = 0. The fact that the emitter is visible
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at β > 0 is due to the observer’s inclination, as the direction β = α = 0 corresponds to the
direction towards r = 0. For a rotating black hole, the position of the emitter on the observer’s
screen, as well as its appearance, changes drastically. For a strongly co-rotating black hole,
relative to the direction of orbit rotation, the image of the emitter is shifted far to the right, i.e.
positive values of α. Furthermore, the previously nearly elliptical shape of the emitter appears
rotated to the right. On the contrary, the emitter is shifted far to the left, i.e. to negative values
of α, with its elliptical shape appearing rotated to the left, for a strongly counter-rotating black
hole, relative to the direction of orbit rotation. This effect is caused by a combination of the
light bending due to the gravitational pull of the black hole and the frame-dragging caused
by the black hole rotation. The light bending effects are strongest if the emitter is behind the
black hole; in particular, the light is bent so strongly that parts of the back side of the emitter
are visible. Tha line of reasoning explains the non-spherical shape of the object. The shift of
the image is caused by the frame-dragging, as the path is bent into or against the direction of
orbit rotation, counteracting the effect of the black hole rotation. The apparent rotation of the
image is caused by a combination of both; for a = 0.9M , the emitted light coming from the
right side of the light source, compared to its left side, is increasingly shifted to the right by
the frame-dragging effect, but the light has to be emitted closer the equatorial plane as a result,
in order to reach the observer. Similar reasoning explains the equivalent effect for a = −0.9M .

Next, the influence of the spin on the redshift is discussed, again in particular for a spherical
emitter.
In the following, most of the discussion applies for both orbit positions, thus the case that the
emitter is in front of the black hole is studied exemplary, again seen for a = −0.9M in figure
6.3 and for a = 0.9M in figure 6.7. It is apparent that the redshift distribution of a spinning
emitter is not uniform anymore, and the effect is stronger for increasing magnitude of spin.
This is in line with the discussion for a spinning emitter in Schwarzschild spacetime. The
most important observations are repeated here briefly: the frequency of the light emitted by
surface elements moving towards the observer is increased due to the Doppler effect, and the
frequency of light emitted by surface elements moving away from the observer is decreased.
This is best seen for highly spinning emitters with |s| = 0.00175. The non-symmetrical
appearance of the redshift distribution is caused again by the inclination of the observer above
the equatorial plane.

The influence of the black hole rotation on this behaviour is small. The general behaviour
of the redshift distribution for different emitter spins is similar for both black hole rotations
considered. There are slight differences in the redshift, which are caused by the frame-
dragging of the light, as the areas of positive redshift for a highly counter-rotating emitter for
a = −0.9M are bigger than the areas of positive redshift are for a highly counter-rotating
emitter for a = 0.9M . Similar arguments can be made for highly co-rotating emitters, where
the areas of positive redshift are bigger for a = 0.9M , compared to the same areas for
a = −0.9M ; however, this effect is even smaller.

The influence of the geometrical shape of the emitter is shown in figures 6.5 and 6.6 for
a black hole that is counter-rotating with the direction of orbit rotation, and 6.9 and 6.10, if the
black hole is co-rotating. For strongly spinning emitters, independent on the direction of spin,
the shape of the emitter changes even for an emitter in front of the black hole. This matches
the increasingly non-spherical, spheroidal form of the emitter in spacetime and the theoretical
considerations made in section 4.2. Specifically, the semi-minor axis c for the highest spin
case of |s| = 0.00175, for a mass smaller than the critical mass ratio (cf Eq. (4.21)), is
c ≈ 0.00327M ; recall that the semi-major axis is fixed at a = 0.005M . The extent of this
eccentricity is not fully reflected in the figures above, as the emitter is observed from above,
thus the shape is less elliptical than would be the case if the emitter was observed edge-on;
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this behaviour is observed in the Schwarzschild case as well. The influence of the spin on
the redshift distribution follows the same line of reasoning as described above, and the spin
of the black hole does not influence the distribution in other ways than those described in the
previous paragraph.

6.3.3 Influence of the spin on the polarization

In this subsection, the polarization of the light emitted from spinning light source orbiting a
Kerr black hole is discussed in detail, following the theoretical description outlined in section
3.2.2.

First, recall that the light is assumed to linearly polarized parallel to e{2}, relative to the
rest frame of the surface. In this frame, the polarization vector is given by Eq. (3.64),
repeated here for convenience:

f{d} = N ·
(

−1 , 0 ,
p{0}
p{2}

, 0

)

. (6.37)

Note that p{d} is the four-momentum of the light ray, established from Eq. (6.7) to (6.10),
transformed into the SRF reference frame by transformation rules established in section 3.1.4,
andN is the normalization constant fixed by the velocities, seen in Eq. (3.66). The constants
of motion, used to fix the four-momentum, are computed by the scheme introduced in chapter
3, thus the polarization vector is uniquely determined for every chosen spin.

The goal of this section is to describe the polarization angle at the position of the observer
for a spinning source of radiation orbiting a Kerr black hole. In order to achieve that, the
polarization vector has to be transformed into spacetime coordinates and parallel transported
to the observer position. There are four non-trivial equations for all spacetime components of
the polarization vector, parallel transported along the lightlike geodesic, and are given by

κ1 = r
(

ktf r − krf t
)

+ ra sin2 ϑ (krfφ − kφf r)

− a cosϑ sinϑ
[

(r2 + a2)
(

kφfϑ − kϑfφ
)

− a
(

ktfϑ − kϑf t
)]

, (6.38)

κ2 = −a cosϑ
(

ktf r − krf t
)

− a2 sin2 ϑ cosϑ (krfφ − kφf r)

− r sinϑ
[

(r2 + a2)
(

kφfϑ − kϑfφ
)

− a
(

ktfϑ − kϑf t
)]

, (6.39)
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(
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+ gφφ (f
φ)2 , (6.40)

0 = −gttf
tkt + gtφ

(

f tkφ + fφkt
)

+ grrf
rkr + gϑϑf

ϑkϑ + gφφf
φkφ , (6.41)

where κ1, 2 are the real and imaginary parts of the Penrose-Walker constant (cf. [44, 45, 46]),
and gµν are the components of the metric tensor for the Kerr solution, see Eq. (6.1). The
value of the Penrose-Walker constant can be fixed at the point of emission, only necessary
to compute once, and the tangent of the world line of the photon and the polarization vector
at emission in spacetime coordinates are known for a given light ray, in the context of this thesis.
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This set of equations can be solved analytically, thus it is possible to write down the exact
formula for the polarization vector at any point in spacetime. It can be expressed as

f t = C38 ±
√

C39 , (6.42)

f r = C40 ±
√

C41 , (6.43)

fϑ = C36 ±
√

C37 , (6.44)

fφ = C42 ±
√

C43 . (6.45)

The full derivation, along with the definition of all terms mentioned here, can be seen in
appendix A.3.2. Afterwards, as the polarization vector is then computed at the position of
the observer, the polarization angle on the observer’s screen can be calculated, relative to the
positive β-axis, introduced in section 3.2.

The information on the plane of polarization and influence of the spin on it can be seen
in figures 6.3 to 6.10, where the polarization plane is depicted as grey bars on top of the
redshift distribution, which is discussed in the previous subsection. The polarization plane
for a spherical emitter in the equatorial plane of a Kerr black hole is depicted in figures 6.3 to
6.8, and for a spheroidal emitter in figures 6.5 to 6.10. It is important to note that the relative
strength of the polarization is not depicted in these figures.

In general, the qualitative behaviour of the plane of polarization for a spinning emitter in
the equatorial plane of a Kerr black hole is similar to the Schwarzschild case, i.e. for vanish-
ing black hole rotation. The plane of polarization of an emitter in front of the black hole is
uniformly distributed on the observer’s screen for a spinnless emitter, see e.g. figure 6.3. If
it is in front of the black hole, the polarization plane is generally tilted to the right, relative
to the positive β-axis, which is an effect of the orbit velocity on the polarization vector; see
section 5.3.3 for more details. Furthermore, if the emitter is spinning, the plane of polarization
generally follows the surface velocities, in addition to the general shift by the orbit veloc-
ity. Similarly to the Schwarzschild case, the polarization plane makes a full revolution along
one orbit, and the behaviour of it does not change qualitatively for different emitter geometries.

There are some effects visible when comparing the polarization planes of an emitter for
Kerr black holes that are strongly co- and counter-rotating, relative to the sense of orbit rev-
olution; in particular, see figures 6.3 and 6.7. The plane of polarization of an emitter in
the equatorial plane of a co-rotating black hole with a = 0.9M is appearing nearly vertical
in the observer’s screen for a spinnless emitter, where the polarization plane of a emitter in
Schwarzschild spacetime is tilted to the right. This tilt is increased even further if the black
hole is strongly counter-rotating, i.e. a = −0.9M , relative to the sense of direction of the
orbit. This effect is a result of the frame-dragging of the black hole on the path of the light.
For a strongly co-rotating black hole, the light has to be emitted further against the sense of
direction of the orbit rotation, compared to the Schwarzschild case; this counteracts the effect
of the orbit velocity on the plane of polarization, thus the plane of polarization is less tilted
to the right. The opposite is true for a strongly counter-rotating black hole: the light has to be
emitted further into the direction of the direction of orbit rotation to counteract the effect of the
black hole dragging on the spacetime, thus the plane of polarization is further tilted to the right.

As discussed in section 5.3.3 for an emitter in the equatorial plane of a Schwarzschild object,
this is a very simple model of initial polarization to investigate the influence of the spin on the
plane of polarization at an arbitrary positioned, stationary observer in Kerr spacetime. For a
more realistic model, one would have to impose further properties on the emitter, such as a
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Figure 6.11: Flux at the observer’s screen in arbitrary units along the emitter’s
orbit, where a = −0.9M . Top panel: Observed flux emitted by spherical
light source. Bottom panel: Observed flux emitted by spheroidal light source.

The different colors indicate different spin values.

magnetic field generating the polarization, see e.g. [46] and [43]. In the context of this thesis,
however, the goal of modelling the polarization plane is to demonstrate the possibilities of the
theory established in chapter 3; further introducing properties of the emitter would introduce
more and different aspects of study, thus it is outside the scope of this thesis.

6.3.4 Influence of the spin on the flux

In this section, the flux of a spinning light source orbiting a Kerr black hole in the equatorial
plane is studied in detail. While the distribution of redshift over the observed parts of the
surface of the emitter is hardly resolvable even with modern instruments, the observed flux
of light sources around heavy objects is a common used observable to study astrophysical
objects. This section follows the theoretical considerations introduced in section 3.2.4.

For convenience, the equation for calculating the observed flux, given as the integrated
redshift over the observed surface area, is repeated here from Eq. (3.85):

Fobs =

∫ ∫

g3 · Iem, ν dν dω =

∫

Iem · g4 dω , (6.46)
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Figure 6.12: Flux at the observer’s screen in arbitrary units along the emitter’s
orbit, where a = 0.9M . Top panel: Observed flux emitted by spherical light
source. Bottom panel: Observed flux emitted by spheroidal light source. The

different colors indicate different spin values.

where g is the energy fraction associated with the redshift of the light ray and Iem, ν is the
emitted intensity profile. As mentioned before, the light is assumed to be monochromatic for
simplicity, so the observed flux is an integral over g only. The observed flux for a strongly
rotating black hole anti-parallel to the orbit sense of direction with a = −0.9M can be seen
in figure 6.11, both for a spherical and spheroidal emitter. Similarly, figure 6.12 depicts the
observed flux for a strongly rotating black hole parallel to the orbit sense of direction with
a = +0.9M , again both for a spherical and spheroidal emitter.

Both figures show the observed flux depending on the position φem of the emitter on its
orbit in the equatorial plane of the black hole. Observed fluxes of light sources with differing
spin are differentiated by their color; the spinless case s = 0 is indicated by the black line.
The general behavior of the observed flux is similar to the Schwarzschild case. For both
values of black hole angular momentum, the observed flux decreases until φem ∈ [π/2, π],
depending on the spin of the emitter. It then increases until φem ∈ [5π/4, 7π/4], and drops
again afterwards. This general shape can be found independent on the shape of the emitter,
and does not differ qualitatively on the black hole parameter a.
If the black hole angular momentum and the orbit angular momentum are anti-parallel, i.e.
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a = −0.9M and figure 6.11, the behavior of the flux for different spin values s of the emitter
resembles the same behavior for an emitter orbiting a Schwarzschild object, see section 5.3.4
and figures 5.11 and 5.12. The position of the maximal flux increases monotonically with
decreasing spin. Additionally, the height of the maximal flux depends on the spin, too, and
does not vary monotonically. For increasingly positive values of spin, counter-rotating with
the black hole and co-rotating with the orbit, the height of the maximal flux decreases, but
the same cannot be said generally for increasingly negative values of spin. The observed flux
here reaches its maximum between s = −0.0005 and s = −0.0010 for a spherical emitter
and between s = 0 and s = −0.0005 for a spheroidal emitter; this effect is caused by the
inclination of the observer at ϑobs = π/3. This is inline with the discussion for a spinning
emitter in Schwarzschild spacetime. While the observed flux for a = −0.9M is generally
bigger, and the ratio of maximal to minimal flux, i.e. the sharpness of the flux curve, is
greater for a rotating black hole, this effect cannot be uniquely attributed to the rotation, as
the distance of the light source to the observer and the centre of gravity are not the same as in
the Schwarzschild case.
However, if the black hole angular momentum and the orbit angular momentum are parallel,
i.e. a = 0.9M and figure 6.12, there are qualitative changes to the observed flux. The
position of the maximal spin does still increase monotonically with decreasing spin values
for negative spins, however, this is not the case for positive values of spin. For increasing
values of spin, the position of the maximal flux decreases to earlier orbit positions at first,
but then appears to stagnate and then even retract and move to later orbit positions for high
values of positive spin, albeit only slight. Moreover, the effect of the spin on the height of
maximal spin changes, relative to the Schwarzschild case. The height of maximal flux still
decreases with increasingly positive values of spin, co-rotating with both the black hole and
orbit; however, the observed flux reaches its maximum for more negative values of spin.
It is maximal between s = −0.001 and s = −0.0015 for a spherical emitter, and around
s = −0.0005 for a spheroidal emitter. In addition to this, it is possible to see that the observed
flux is asymmetric around the maximal flux for non- and slowly spinning co-rotating emitters,
i.e. more flux is observed before the position of maximal flux than after, best seen for s = 0
in figure 6.12. Furthermore, height of the minimal flux is lower for highly negative values of
spin; for the Schwarzschild case and anti-parallel black hole angular momenta, the height of
the minimal spin is approximately constant. It is also notable that the general amount of flux
received for a = 0.9M is smaller than in the Schwarzschild case and for a Kerr black hole
with a = −0.9M . Again, however, this effect cannot be uniquely attributed to the rotation of
the black hole, as the emitter is generally closer to the source of gravity, which increases the
distance of the light source to the observer.
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Chapter 7

Summary and Outlook

The goal of this thesis was to establish the theoretical description of a spinning light source
orbiting a compact object that is stationary and axially symmetric, and study the influence of
the spin on the observables associated to the light coming from the emitter. This may serve
as the theoretical groundwork for describing e.g. hot spots in accretion discs and spinning
neutron stars.

In this context, the first chapter dealt with the notion of the velocity of a spinning test particle
along a circular orbit in the symmetry plane of such an object, theMathisson–Papapetrou–Dixon
equations. In particular, a brief overview was given and the influence of the choice of supple-
mentary condition discussed.

The subsequent chapter was dedicated to establishing the general theory of spinning light
sources in the symmetry plane of compact objects that are stationary, axially symmetric and
asymptotically flat. This included defining an stationary observer at any point in spacetime,
which also serves as the local reference frame of an observer at which to evaluate the observ-
ables. Then, by Lorentz transformation, the centre of mass reference frame was established,
which co-moves with the orbital velocity. Then, the centre of momentum reference frame was
defined as an observer that follows the normalized four-momentum of the emitter, rather than
the tangent to the world line, as those two are not parallel anymore for spinning test-particles.
Afterwards, the rest frame of the surface was introduced via Lorentz boost with the surface
velocity, which depends on the emitter geometry. With the description of these reference
frames, and solution of the lightlike geodesic equation for the given spacetime, the emitter-
observer problem can be solved numerically; the procedure is also given in much detail. In
the same chapter, the notion of a celestial sphere and screen at the observer is developed, in
order to study the observables. The observables discussed include the plane of polarization,
which is linearly polarized in the direction of the spin angular momentum, as measured in the
surface rest frame, the redshift distribution across the image of the emitter on the observer’s
screen, as well as the observed flux, a result of integrating the redshift distribution along the
image.

The third chapter dealt with the geometry of the emitter, and the influence of the geom-
etry on the velocity of surface elements of the rigidly spinning light source. Specifically,
two geometries were discussed: a spherical emitter, and a spheroidal emitter, described by a
Maclaurin spheroid. Additionally, the limit of the spin values on the geometrical extension of
the emitter was discussed in detail.

Afterwards, this theory was applied to a spinning emitter in the equatorial plane of a
Schwarzschild object. This includes a brief overview of the Schwarzschild solution, as well
as concreting the mentioned velocities for the given spacetime. Following this, the influence
of the spin on the observables was studied in much detail for a fixed configuration of emitter
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and observer.
First, the influence of gravity, spin and emitter geometry on the shape of the light source

and redshift distribution on the observer’s screen was discussed. Here, the effect of light bend-
ing on the appearance can be seen, especially for an emitter that is behind the Schwarzschild
black hole, where the emitter takes on a nearly elliptical shape. The image appears spherical
if the spherical emitter is in front of the Schwarzschild object instead. Additionally, the
observed frequency of the light coming from the emitter is generally lower, compared to the
emitted frequency, result of the gravitational pull on the light, commonly referred to as gravi-
tational redshift. The influence of the spin on the redshift distribution was also discussed in
detail; the frequency of the light emitted by surface elements moving towards the observer is
increased, while the frequency of the light emitted by surface elements moving away from the
observer is decreased. This effect is coupled to the effect of the orbital velocity on the redshift
distribution, resulting in highly different distributions for co- and counter-rotating emitters.

Then, the influence of the spin on the polarization plane was discussed. It can be seen
that, if the emitter is in front of the object, it is generally tilted to the right, relative to the
up-direction (parallel to the axis β = 0) on the observer’s screen, due to the influence of
the orbital velocity. The tilt is influenced by the spin of the emitter, increasing or decreasing
depending on the velocity of the emitting surface elements relative to the observer. This effect
is stronger for higher magnitudes of spin.

Lastly, the influence of the spin on the observed flux was studied. This is of significant im-
portance regarding astrophysical observations, as the redshift distribution is hardly resolvable,
even by means of modern technology. It is clear to see that the spin influences not only the
position of the maximal flux, but also its height. Peculiarly, the height of maximal flux does
not vary monotonically with spin, but is rather non-monotonic for strongly counter-rotating
emitters as a result of the observer inclination.

The last chapter dealt with the application of the theory of spinning light sources in a spe-
cific stationary and axially symmetric solution of Einstein’s vacuum field equations, the Kerr
spacetime. Following a brief overview of this solution, the velocities for an emitter orbiting
a Kerr black hole specifically are discussed in detail. This is then proceeded by a study for a
specific configuration of emitter and observer, that is chosen to have the same orbit duration
on the observer’s screen, relative to the configuration considered for the Schwarzschild case.

First, the influence of gravity, spin, emitter geometry, and importantly the black hole
rotation, on the shape of the emitter and redshift distribution on the observer’s screen is
discussed. The effect of light bending on the appearance can be seen as well; however,
another important effect arises from the rotation of the black hole, as frame-dragging shifts
the position of the images of the emitter on the observer’s screen. In particular, if the emitter
is behind the black hole, the emitter appears not only elliptical, but also rotated, due to a
combination of the light bending and frame-dragging. The influence of the spin of the emitter
on the redshift distribution follows the same line of reasoning as described before, with only
slight differences induced by the black hole rotation.

Afterwards, the influence of the spin and black hole rotation on the polarization plane
is discussed. In general, the behaviour described for the plane of polarization in the
Schwarzschild case is repeated here. Although the strength of the tilting of the polariza-
tion plane changes with the black hole rotation due to frame-dragging, this effect is rather
small.

Lastly, the influence of the spin and black hole rotation on the observed flux was studied
once more. The effect that the height of the maximal flux is highly non-monotonic for emitters
strongly counter-rotating relative to the direction of orbit rotation is still visible here; how-
ever, the position of the maximal flux does not change monotonically anymore for strongly
co-rotating black holes, relative to the sense of orbit rotation. This effect is not a result of the
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observer’s inclination, but rather of the black hole rotation and dragging of the path of light.
Additionally, the spin value for which the peak of the flux curve is highest depends on the
black hole rotation.

This closes the study of the influence of the spin on the light received from spinning emitters
in the symmetry plane of compact objects that are axisymmetric, stationary and asymptoti-
cally flat. However, it may be interesting to extend the theory and this study in some of the
following ways:

The model of the emitter established in this thesis is entirely sufficient for studying the
general effects of the spin on the light received, but one may want to extend this to more astro-
physically realistic emitter properties. For example, this may include a model of a magnetic
field, which would also result in a more realistic initial polarization, motivated and generated
by the magnetic field. Studying other emitter geometries might be of interest, too, especially
for non-rigidly spinning emitters.

The light emitted by the light source is assumed to be isotropic and, with respect to the
observed flux, monochromatic. This is the simplest form of radiation, that serves the purposes
of this thesis, such that the effects of anisotropy and dispersion do not enter in the study of the
observables, thus the focus can be placed on the influence of the spin and gravity. For a more
realistic model, one might be interested in light that is not emitted isotropically, or only partly
light emitting surface elements. In regards to the flux, other intensity profiles may affect the
observed flux in notable ways, where modelling the light to emit black body radiation comes
to mind.

Throughout this thesis, the spin of the emitter is assumed to be either parallel or anti-
parallel to the orbit angular momentum, as it allows us to study the effect of spin and the
coupling to the orbit angular momentum. For further generalization, one may be able to
extend this study for arbitrary spin directions, in order to study the effect of precession on the
observables.

If this theory is to be implemented to describe, for example, a hot spot in the accretion
disk in the vicinity of a black hole, it might be useful to investigate the effect of a plasma
in the path between the emitter and observer. As this theory does not limit the matter or its
distribution in space, this may be a simple extension to studying the influence of the spin on
the light observed.

Another possible extension of the model, outside the scope of this thesis, is the influence
of the gravity of the emitter on the emitted light. This would lead to information of parts of
the surface of the emitter that are not visible in the context of the theory established here, and
may be interesting when modelling the emission of neutron stars; in particular, the papers of
Bodanov et al. [16, 17] introduce such a model for a neutron star as the central object and
source of gravity, and may thus be used as preparatory material in this context.

Lastly, one may also be interested in other choices of sources of gravity. If e.g. the emitter
is assumed to possess a magnetic field, it may be worthwhile to investigate the emission of
light sources in the symmetry plane of charged solutions of the field equations, e.g. the
Kerr-Newman solution. Studying the influence of other axisymmetric solutions, such as the
q-metric [69], which described a quadrupolar mass distribution, may also be a intriguing
prospect.
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Appendix A

Additional calculations

A.1 Relative velocity for small spin approximation forSchwarzschild

Recall fromEqs. (5.28) that for a spinning test-particle in the equatorial plane of a Schwarzschild
object, the relative velocity is given by

V2 = 1− (1− χ2
v)(1− χ2

u)

(1− χuχv)2
, (A.1)

where

χv =
−3M2s±

√

4Mr3 + 13M4s2 − 8M7s4/r3

2
√
r2 − 2Mr(r −M3s2/r2)

=:
−3M2s± α(s)

2
√
r2 − 2Mrβ(s)

, (A.2)

χu =
r −M3s2/r2

r + 2M3s2/r2
· χv =:

δ(s)

γ(s)
· χv . (A.3)

We want to approximate the relative velocity up to the first non-vanishing order in s for small
spin values, i.e. s → 0.

A.1.1 Approximation for zeroth order in spin

In leading terms of s0, it is trivial to see that V vanishes, as χv = χu. This effect is only
emerging from the fact that the test-particle is spinning, see section 2 or 5.2.2 for more details.

A.1.2 Approximation for first order in spin

For the approximation of the relative velocity in first order in s, the derivative of the relative
velocity in s is needed:

∂sV2 =
2χv∂sχv(1− χ2

u) + 2χu∂sχu(1− χ2
v)

(1− χuχv)2
(A.4)

− (2χu · ∂sχv + 2χv · ∂sχu)(1− χ2
u)(1− χ2

v)

(1− χuχv)3
, (A.5)

including the derivatives of the quantities χv and χu:

∂sχv =
1

2
√
r2 − 2Mr

[

−3M2

β(s)
(A.6)

± 13M4s− 16M7s3/r3

α(s)β(s)
(A.7)

+
2M3s(−3Ms2 ± α(s))

r2β(s)2

]

(A.8)
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and

∂sχu =−
(

2M3

r2γ(s)
+

4M3δ(s)

r2γ(s)2

)

χv · s (A.9)

+
δ(s)

γ(s)
∂sχv . (A.10)

Investigating the behavior of the derivatives, as well as the quantities χv and χu themselves,
for vanishing spin reveals:

χv
∣

∣

s=0
= ±

√

Mr

r2 − 2Mr
, (A.11)

χu
∣

∣

s=0
= χv

∣

∣

∣

∣

s=0

, (A.12)

∂sχv
∣

∣

s=0
= − 3M2

r
√
r2 − 2Mr

, (A.13)

∂sχu
∣

∣

s=0
= ∂sχv

∣

∣

s=0
. (A.14)

We can thus rewrite the quantities χv(s = 0) = χu(s = 0) =: χ and the derivatives
∂sχv(s = 0) = ∂sχu(s = 0) =: χ′, and see that the relative velocity vanishes in first order
in s:

V2 ≈ ∂sV2
∣

∣

s=0
· s (A.15)

=

[

4χχ′(1− χ2)

(1− χ2)2
− 4χχ′(1− χ2)2

(1− χ2)3

]

· s (A.16)

= 0 . (A.17)

A.1.3 Approximation for second order in spin

For the approximation of the relative velocity in second order in s, the second order derivative
of V2 in terms of the spin is needed:

∂2
sV2 =

(

2 (∂sχv)
2 + χv

(

∂2
sχv

)

)

(1− χ2
u) +

(

2 (∂sχu)
2 + χu

(

∂2
sχu

)

)

(1− χ2
v)

(1− χuχv)2

− (2χu · ∂sχv + 2χv · ∂sχu)(2χv∂sχv(1− χ2
u) + 2χu∂sχu(1− χ2

v))

(1− χuχv)3
(A.18)

−
(

2χu(∂
2
sχv) + 4(∂sχu)(∂sχv) + 2χv(∂

2
sχu)

)

(1− χ2
u)(1− χ2

v)

(1− χuχv)3
(A.19)

+
(2χu · ∂sχv + 2χv · ∂sχu)(2χv∂sχv(1− χ2

u) + 2χu∂sχu(1− χ2
v))

(1− χuχv)3
(A.20)

+
(3χu∂sχv + 3χv∂sχu)(2χu · ∂sχv + 2χv · ∂sχu)(1− χ2

u)(1− χ2
v)

(1− χuχv)4
, (A.21)

where it is important to note that the second and fourth terms cancel. Before simplifying this
further for evaluating this at s = 0, we extend the list of partial derivatives by the second-order
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derivatives of χv and χu:

∂2
sχv =

1

2
√
r2 − 2Mr

[

− 6M5s

r2β(s)2
± 13M4 − 48M7s2/r3

α(s)β(s)
(A.22)

±
(

13M4s− 16M7 s
3

r3

)(

−13M4s− 16M7s3/r3

2α3β(s)
+

2M3s

r2α(s)β(s)2

)

(A.23)

− 18M3s2 ± 2M3α(s)

r2β(s)2
± 26M7s2 − 32M10s4/r3

r2α(s)β(s)
+

4M6s2(−3Ms2 ± α(s))

r2β(s)3

]

and

∂2
sχu =−

(

2M3

r2γ(s)
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4M3δ(s)

r2γ(s)2

)

χv +

(

4M6 + 2M3

r4γ(s)2
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32M6δ(s)

r4γ(s)3

)

χv · s2 (A.24)

−
(

2M3

r2γ(s)
+

4M3δ(s)

r2γ(s)2

)

∂sχv · s+
δ(s)

γ(s)
∂2
sχv . (A.25)

Extending the list of quantities at s = 0 in Eqs. (A.11) to (A.14) with the second-order
derivatives of the quantities χv and χu reveals:

∂2
sχv

∣

∣

s=0
= ± 1

2
√
r2 − 2Mr

[

13M4

α(0)β(0)
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2M3α(0)
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∂2
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s=0
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= ±6M3

r3

√

Mr

r2 − 2Mr
+ ∂2

sχv
∣

∣

s=0
. (A.28)

Again, we rewrite the quantities χv(s = 0) = χu(s = 0) =: χ and the derivatives ∂sχv(s =
0) = ∂sχu(s = 0) =: χ′, as well as the second-order derivatives ∂2

sχv(s = 0) = χ′′ =:
∂2
sχu∓u(r), in order to simplify the second-order approximation of the relative velocity first:

∂2
sV

∣

∣

∣

∣

s=0

=
4(χ′)2 + χ(2χ′′ ± u(r))

1− χ2
(A.29)

− 2χ(2χ′′ ± u(r)) + 4(χ′)2

1− χ2
(A.30)

+
24χ2(χ′)2

(1− χ2)2
(A.31)

=
24χ2(χ′)2 − χ(2χ′′ ± u(r))

(1− χ2)2
. (A.32)

Thus, we can write the second order approximation of the relative velocity:

V2

∣

∣

∣

∣

s=0

≈ 288M5(r − 2M)∓M4r(r2 − 2Mr)2(21r3 + 12)

2r(r2 − 3Mr)2(r − 2M)
· s2 +O(s3) . (A.33)
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A.2 Relative velocity for small spin approximation for Kerr

Recall from Eqs. (5.28) that for a spinning test-particle in the equatorial plane of a Kerr black
hole, the relative velocity is given by

V2 = 1− (1− χ2
v)(1− χ2

u)

(1− χuχv)2
, (A.34)

where

χv =
−(2ra+ 3M2s+ aM3s2/r2)±√
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2
√
∆(r −M3s2/r2)

=:
−(2ra+ 3M2s+ aM3s2/r2)± α(s)

2
√
∆β(s)

,

(A.35)

χu =
r −M3s2/r2

r + 2M3s2/r2
· χv =:

δ(s)

γ(s)
· χv , (A.36)

χ0 := 4Mr3 + 12aM2rs+ 13M4s2 + 6aM5s3/r2 − 8M7s4/r3 + 9a2M6s4/r4 .
(A.37)

We want to approximate the relative velocity up to the first non-vanishing order in s for small
spin values, i.e. s → 0.

A.2.1 Approximation for zeroth order in spin

In leading terms of s0, it is trivial to see that V vanishes, as χv = χu. This effect is only
emerging from the fact that the test-particle is spinning, see section 2 or 6.3.2 for more details.

A.2.2 Approximation for first order in spin

For the approximation of the relative velocity in first order in s, the derivative of the relative
velocity in s is needed:

∂sV2 =
2χv∂sχv(1− χ2

u) + 2χu∂sχu(1− χ2
v)

(1− χuχv)2
(A.38)

− (2χu · ∂sχv + 2χv · ∂sχu)(1− χ2
u)(1− χ2

v)

(1− χuχv)3
, (A.39)

where the derivatives of the quantities χv and χu now read
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1
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(A.40)
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(A.41)

+
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and

∂sχu =−
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2M3

r2γ(s)
+

4M3δ(s)

r2γ(s)2

)

χv · s+
δ(s)

γ(s)
∂sχv . (A.43)
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Investigating the behaviour of all those quantities for s = 0 yields:
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s=0
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We can again rewrite the quantities χv(s = 0) = χu(s = 0) =: χ and the derivatives
∂sχv(s = 0) = ∂sχu(s = 0) =: χ′, and see that the relative velocity vanishes in first order
in s, following the same argument as used for the Schwarzschild case:

V2 ≈ ∂sV2
∣

∣

s=0
· s (A.48)

=

[

4χχ′(1− χ2)

(1− χ2)2
− 4χχ′(1− χ2)2

(1− χ2)3

]

· s (A.49)

= 0 . (A.50)

A.2.3 Approximation for second order in spin

For the approximation of the relative velocity in second order in s, the second-order derivative
of V2, in terms of the spin s, is used; recall that

∂2
sV2 =

(

2 (∂sχv)
2 + χv

(

∂2
sχv

)

)

(1− χ2
u) +

(

2 (∂sχu)
2 + χu

(

∂2
sχu

)

)

(1− χ2
v)

(1− χuχv)2

−
(

2χu(∂
2
sχv) + 4(∂sχu)(∂sχv) + 2χv(∂

2
sχu)

)

(1− χ2
u)(1− χ2

v)

(1− χuχv)3
(A.51)

+
(3χu∂sχv + 3χv∂sχu)(2χu · ∂sχv + 2χv · ∂sχu)(1− χ2

u)(1− χ2
v)

(1− χuχv)4
. (A.52)

We give the partial derivatives with the second-order derivatives of χv and χu, namely

∂2
sχv =

1

2
√
∆

[

− 2aM3

r2β(s)
− 6M5s+ 4aM6s2/r2

r2β(s)2
(A.53)

± 13M4 + 18aM5s/r2 − 48M7s2/r3 + 54a2M6s2/r4

α(s)β(s)
(A.54)

± (6aM2r + 13M4s+ 9aM5s2/r2 − 16M7s3/r3 + 18a2M6s3/r4)· (A.55)
(

2M3s

r3α(s)β(s)2
− 6aM2r + 13M4s+ 9aM5s2/r2 − 16M7s3/r3 + 18a2M6s3/r4

2α3(s)β(s)

)

− 4M3ra+ 12M5s+ 6aM6s2/r2 ∓ α(s)

r2β(s)2
(A.56)

+
8M6s2(−(2ra+ 3M2s+ aM3s2/r2)± α(s))

r4β(s)3

]

(A.57)
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and

∂2
sχu =−

(

2M3

r2γ(s)
+

4M3δ(s)

r2γ(s)2

)

χv +

(

4M6 + 2M3

r4γ(s)2
+

32M6δ(s)

r4γ(s)3

)

χv · s2 (A.58)

−
(

2M3

r2γ(s)
+

4M3δ(s)

r2γ(s)2

)

∂sχv · s+
δ(s)

γ(s)
∂2
sχv . (A.59)

Extending the list of quantities at s = 0 in Eqs. (A.11) to (A.14) with the second-order
derivatives of the quantities χv and χu reveals:

∂2
sχv

∣

∣

s=0
= −2aM + 4aM3r

r4
± 31M4r − 9a2M3

4r3
√
Mr

(A.60)

∂2
sχu

∣

∣

s=0
= ±6M3

r3

√

Mr

r2 − 2Mr
+ ∂2

sχv
∣

∣

s=0
(A.61)

Again, we rewrite the quantities χv(s = 0) = χu(s = 0) =: χ and the derivatives ∂sχv(s =
0) = ∂sχu(s = 0) =: χ′, as well as the second-order derivatives ∂2

sχv(s = 0) = χ′′ =:
∂2
sχu∓u(r), in order to simplify the second-order approximation of the relative velocity first:

∂2
sV

∣

∣

∣

∣

s=0

=
24χ2(χ′)2 − χ(2χ′′ ± u(r))

(1− χ2)2
. (A.62)

Thus, we can write the second-order approximation of the relative velocity for a spinning
test-particle in the equatorial plane of a Kerr black hole as

V2

∣

∣

∣

∣

s=0

≈
[

108M3(a±
√
Mr)4

r3
(

4∆− (a±
√
Mr)2

)2 − 4aM + 8aM3r

r4
(A.63)

± 31M4
√
r2 − 2Mr − 9a2M

√
r2 − 2Mr + 24M4r

4r4
√

M(r − 2M)

]

· s2 +O(s3) (A.64)
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A.3 Polarization vector at any point in spacetime

A.3.1 Polarization vector in Schwarzschild spacetime

In this section, the exact formula for the polarization vector fµ is given, as defined in section
5.3.3. Recall the determining equation for the components of the polarization vector at any
point in spacetime, relative to the tangent of the worldline kµ:

κ1 = r
(

ktf r − krf t
)

, (A.65)

κ2 = −r3
(

kφfϑ − kϑfφ
)

, (A.66)

1 = −gtt
(

f t
)2

+ grr (f
r)2 + gϑϑ

(

fϑ
)2

+ gφφ (f
φ)2 , (A.67)

0 = −gttf
tkt + grrf

rkr + gϑϑf
ϑkϑ + gφφf

φkφ , (A.68)

where κ1, 2 are the real and imaginary parts of the Penrose-Walker constant, and gµν are
the components of the metric tensor of the Schwarzschild solution, see Eq. (5.1). The
computations of the components of the polarization vector become quite unhandy, as this set
of equations is non-linear, due to Eq. (A.67). This results in the following components of fµ:

f t =
Tnom ± αkt(β(kφ)2

√
ΞT1 − (kϑ)2

√
Ξt2)

r · Tdenom
, (A.69)

f r =
Rnom ± αkr(β(kφ)2

√
ΞR1 − (kϑ)2

√
ΞR2)

r ·Rdenom
, (A.70)

fϑ =
θnom ± kϑ

√
Ξθ

r3 · θdenom
, (A.71)

fφ =
ϕnom ± kφ

√

Ξϕ

r3 · ϕdemon
, (A.72)

where the terms, in terms of appearance, are defined as follows:

α = 1− 2M

r
, β = sin2 ϑ .

For the t-component:

Tnom =+ 2α3βkφ(kt)3kϑκ2 + α2β(kφ)2kr(kt)2κ1 − α2kr(kt)2(kϑ)2κ1

+ αβ2(kφ)4krκ1r
2 + 2αβ(kφ)2kr(kϑ)2κ1r

2 − 2αβkφ(kr)2ktkϑκ2

+ αkr(kϑ)4κ1r
2 − β(kφ)2(kr)3κ1 + (kr)3(kϑ)2κ1
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ΞT1 =− α4β(kφ)2(kt)4r4 + α4β(kt)4κ22 + α4(kt)4(kϑ)2r4

− α3β2(kφ)4(kt)2r6 + α3β2(kφ)2(kt)2κ22r
2 − 2α3β(kφ)2(kt)2(kϑ)2r6

+ α3β(kφ)2(kt)2κ21r
2 − α3β(kt)2(kϑ)2κ22r

2 − α3(kt)2(kϑ)4r6

− α3(kt)2(kϑ)2κ21r
2 + α2β2(kφ)4κ21r

4 + 2α2β(kφ)2(kr)2(kt)2r4

+ 2α2β(kφ)2(kϑ)2κ21r
4 − 2α2β(kr)2(kt)2κ22 − 2α2(kr)2(kt)2sq(kϑ)2r4

+ α2(kϑ)4κ21r
4 + αβ2(kφ)4(kr)2r6 − αβ2(kφ)2(kr)2κ22r

2

+ 2αβ(kφ)2(kr)2(kϑ)2r6 − αβ(kφ)2(kr)2κ21r
2 + αβ(kr)2(kϑ)2κ22r

2

+ α(kr)2(kϑ)4r6 + α(kr)2(kϑ)2κ21r
2 − β(kφ)2(kr)4r4

+ β(kr)4κ22 + (kr)4(kϑ)2r4

ΞT2 =− α4β(kφ)2(kt)4r4 + α4β(kt)4κ22 + α4(kt)4(kϑ)2r4

− α3β2(kφ)4(kt)2r6 + α3β2(kφ)2(kt)2κ22r
2 − 2α3β(kφ)2(kt)2(kϑ)2r6

+ α3β(kφ)2(kt)2κ21r
2 − α3β(kt)2(kϑ)2κ22r

2 − α3(kt)2(kϑ)4r6

− α3(kt)2(kϑ)2κ21r
2 + α2β2(kφ)4κ21r

4 + 2α2β(kφ)2(kr)2(kt)2r4

+ 2α2β(kφ)2(kϑ)2κ21r
4 − 2α2β(kr)2(kt)2κ22 − 2α2(kr)2(kt)2(kϑ)2r4

+ α2(kϑ)4κ21r
4 + αβ2(kφ)4(kr)2r6 − αβ2(kφ)2(kr)2κ22r

2

+ 2αβ(kφ)2(kr)2(kϑ)2r6 − αβ(kφ)2(kr)2κ21r
2 + αβ(kr)2(kϑ)2κ22r

2

+ α(kr)2(kϑ)4r6 + α(kr)2(kϑ)2κ21r
2 − β(kφ)2(kr)4r4

+ β(kr)4κ22 + (kr)4(kϑ)2r4

Tdenom =+ α4β(kφ)2(kt)4 − α4(kt)4(kϑ)2 + α3β2(kφ)4(kt)2r2

+ 2α3β(kφ)2(kt)2(kϑ)2r2 + α3(kt)2(kϑ)4r2 − 2α2β(kφ)2(kr)2(kt)2

+ 2α2(kr)2(kt)2(kϑ)2 − αβ2(kφ)4(kr)2r2 − 2αβ(kφ)2(kr)2(kϑ)2r2

− α(kr)2(kϑ)4r2 + β(kφ)2(kr)4 − (kr)4(kϑ)2

For the r-component:

Rnom =+ α(α3β(kφ)2(kt)3κ1 − α3(kt)3(kϑ)2κ1 + α2β2(kφ)4ktκ1r
2

+ 2α2β(kφ)2kt(kϑ)2κ1r
2 + 2α2βkφkr(kt)2kϑκ2 + α2kt(kϑ)4κ1r

2

− αβ(kφ)2(kr)2ktκ1 + α(kr)2kt(kϑ)2κ1 − 2βkφ(kr)3kϑκ2)
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ΞR1 =− α4β(kφ)2(kt)4r4 + α4β(kt)4κ22 + α4(kt)4(kϑ)2r4

− α3β2(kφ)4(kt)2r6 + α3β2(kφ)2(kt)2κ22r
2 − 2α3β(kφ)2(kt)2(kϑ)2r6

+ α3β(kφ)2(kt)2κ21r
2 − α3β(kt)2(kϑ)2κ22r

2 − α3(kt)2(kϑ)4r6

− α3(kt)2(kϑ)2κ21r
2 + α2β2(kφ)4κ21r

4 + 2α2β(kφ)2(kr)2(kt)2r4

+ 2α2β(kφ)2(kϑ)2κ21r
4 − 2α2β(kr)2(kt)2κ22 − 2α2(kr)2(kt)2(kϑ)2r4

+ α2(kϑ)4κ21r
4 + αβ2(kφ)4(kr)2r6 − αβ2(kφ)2(kr)2κ22r

2

+ 2αβ(kφ)2(kr)2(kϑ)2r6 − αβ(kφ)2(kr)2κ21r
2 + αβ(kr)2(kϑ)2κ22r

2

+ α(kr)2(kϑ)4r6 + α(kr)2(kϑ)2κ21r
2 − β(kφ)2(kr)4r4

+ β(kr)4κ22 + (kr)4(kϑ)2r4

ΞR2 =− α4β(kφ)2(kt)4r4 + α4β(kt)4κ22 + α4(kt)4(kϑ)2r4

− α3β2(kφ)4(kt)2r6 + α3β2(kφ)2(kt)2κ22r
2 − 2α3β(kφ)2(kt)2(kϑ)2r6

+ α3β(kφ)2(kt)2κ21r
2 − α3β(kt)2(kϑ)2κ22r

2 − α3(kt)2(kϑ)4r6

− α3(kt)2(kϑ)2κ21r
2 + α2β2(kφ)4κ21r

4 + 2α2β(kφ)2(kr)2(kt)2r4

+ 2α2β(kφ)2(kϑ)2κ21r
4 − 2α2β(kr)2(kt)2κ22 − 2α2(kr)2(kt)2(kϑ)2r4

+ α2(kϑ)4κ21r
4 + αβ2(kφ)4(kr)2r6 − αβ2(kφ)2(kr)2κ22r

2

+ 2αβ(kφ)2(kr)2(kϑ)2r6 − αβ(kφ)2(kr)2κ21r
2 + αβ(kr)2(kϑ)2κ22r

2

+ α(kr)2(kϑ)4r6 + α(kr)2(kϑ)2κ21r
2 − β(kφ)2(kr)4r4

+ β(kr)4κ22 + (kr)4(kϑ)2r4

Rdenom =+ α4β(kφ)2(kt)4 − α4(kt)4(kϑ)2 + α3β2(kφ)4(kt)2r2

+ 2α3β(kφ)2(kt)2(kϑ)2r2 + α3(kt)2(kϑ)4r2 − 2α2β(kφ)2(kr)2(kt)2

+ 2α2(kr)2(kt)2(kϑ)2 − αβ2(kφ)4(kr)2r2 − 2αβ(kφ)2(kr)2(kϑ)2r2

− α(kr)2(kϑ)4r2 + β(kφ)2(kr)4 − (kr)4(kϑ)2

For the ϑ-component:

θnom = kφκ2(α
2β(kt)2 + αβ2(kφ)2r2 + αβ(kϑ)2r2 − β(kr)2)

Ξθ =− α4β(kφ)2(kt)4r4 + α4β(kt)4κ22 + α4(kt)4(kϑ)2r4

− α3β2(kφ)4(kt)2r6 + α3β2(kφ)2(kt)2κ22r
2 − 2α3β(kφ)2(kt)2(kϑ)2r6

+ α3β(kφ)2(kt)2κ21r
2 − α3β(kt)2(kϑ)2κ22r

2 − α3(kt)2(kϑ)4r6

− α3(kt)2(kϑ)2κ21r
2 + α2β2(kφ)4κ21r

4 + 2α2β(kφ)2(kr)2(kt)2r4

+ 2α2β(kφ)2(kϑ)2κ21r
4 − 2α2β(kr)2(kt)2κ22 − 2α2(kr)2(kt)2(kϑ)2r4

+ α2(kϑ)4κ21r
4 + αβ2(kφ)4(kr)2r6 − αβ2(kφ)2(kr)2κ22r

2

+ 2αβ(kφ)2(kr)2(kϑ)2r6 − αβ(kφ)2(kr)2κ21r
2 + αβ(kr)2(kϑ)2κ22r

2

+ α(kr)2(kϑ)4r6 + α(kr)2(kϑ)2κ21r
2 − β(kφ)2(kr)4r4

+ β(kr)4κ22 + (kr)4(kϑ)2r4
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θdenom =+ α2β(kφ)2(kt)2 − α2(kt)2(kϑ)2 + αβ2(kφ)4r2

+ 2αβ(kφ)2(kϑ)2r2 + α(kϑ)4r2 − β(kφ)2(kr)2

+ (kr)2(kϑ)2

For the φ-component:

ϕnom = −kϑκ2(−α2(kt)2 + αβ(kφ)2r2 + α(kϑ)2r2 + (kr)2)

Ξϕ =− α4β(kφ)2(kt)4r4 + α4β(kt)4κ22 + α4(kt)4(kϑ)2r4

− α3β2(kφ)4(kt)2r6 + α3β2(kφ)2(kt)2κ22r
2 − 2α3β(kφ)2(kt)2(kϑ)2r6

+ α3β(kφ)2(kt)2κ21r
2 − α3β(kt)2(kϑ)2κ22r

2 − α3(kt)2(kϑ)4r6

− α3(kt)2(kϑ)2κ21r
2 + α2β2(kφ)4κ21r

4 + 2α2β(kφ)2(kr)2(kt)2r4

+ 2α2β(kφ)2(kϑ)2κ21r
4 − 2α2β(kr)2(kt)2κ22 − 2α2(kr)2(kt)2(kϑ)2r4

+ α2(kϑ)4κ21r
4 + αβ2(kφ)4(kr)2r6 − αβ2(kφ)2(kr)2κ22r

2

+ 2αβ(kφ)2(kr)2(kϑ)2r6 − αβ(kφ)2(kr)2κ21r
2 + αβ(kr)2(kϑ)2κ22r

2

+ α(kr)2(kϑ)4r6 + α(kr)2(kϑ)2κ21r
2 − β(kφ)2(kr)4r4

+ β(kr)4κ22 + (kr)4(kϑ)2r4

ϕdenom =+ α2β(kφ)2(kt)2 − α2(kt)2(kϑ)2 + αβ2(kφ)4r2

+ 2αβ(kφ)2(kϑ)2r2 + α(kϑ)4r2 − β(kφ)2(kr)2 + (kr)2(kϑ)2
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A.3.2 Polarization vector in Kerr spacetime

In this section, the exact formula for the polarization vector fµ is given, as defined in section
6.3.3. Recall the determining equation for the components of the polarization vector at any
point in spacetime, relative to the tangent of the worldline

κ1 = r
(

ktf r − krf t
)

+ ra sin2 ϑ (krfφ − kφf r)

− a cosϑ sinϑ
[

(r2 + a2)
(

kφfϑ − kϑfφ
)

− a
(

ktfϑ − kϑf t
)]

, (A.73)

κ2 = −a cosϑ
(

ktf r − krf t
)

− a2 sin2 ϑ cosϑ (krfφ − kφf r)

− r sinϑ
[

(r2 + a2)
(

kφfϑ − kϑfφ
)

− a
(

ktfϑ − kϑf t
)]

, (A.74)

1 = −gtt
(

f t
)2

+ gtφf
tfφ + grr (f

r)2 + gϑϑ

(

fϑ
)2

+ gφφ (f
φ)2 , (A.75)

0 = −gttf
tkt + gtφ

(

f tkφ + fφkt
)

+ grrf
rkr + gϑϑf

ϑkϑ + gφφf
φkφ , (A.76)

where κ1, 2 are the real and imaginary parts of the Penrose-Walker constant, and gµν are the
components of the metric tensor of the Kerr solution, see Eq. (6.1). The computations of
the components of the polarization vector become quite unhandy, as this set of equations is
non-linear. This results in the following components of fµ:

f t = C38 ±
√

C39 , (A.77)

f r = C40 ±
√

C41 , (A.78)

fϑ = C36 ±
√

C37 , (A.79)

fφ = C42 ±
√

C43 , (A.80)

where the terms, in order of appearance, are defined as follows:

C36 =
−2C27C28C9 − 2C29C30C7 − 2C31C32C5 − C6 (C27C32 + C28C31)

2C2
28C9 + 2C2

30C7 + 2C30C32C6 + 2C2
32C5 + 2C8

,

C37 =
(2C27C28C9 + 2C29C30C7 + 2C31C32C5 + C6 (C27C32 + C28C31))

2

4C2
28C9 + 4C2

30C7 + 4C30C32C6 + 4C2
32C5 + 4C8

− C2
27C9 + C27C31C6 + C2

29C7 + C2
31C5 − 1

C2
28C9 + C2

30C7 + C30C32C6 + C2
32C5 + C8

,

C38 =C31 +
C32 (−2C27C28C9 − 2C29C30C7 − 2C31C32C5 − C6 (C27C32 + C28C31))

2C2
28C9 + 2C2

30C7 + 2C30C32C6 + 2C2
32C5 + 2C8

,

C39 =
C2
32 (2C27C28C9 + 2C29C30C7 + 2C31C32C5 + C6 (C27C32 + C28C31))

2

4C2
28C9 + 4C2

30C7 + 4C30C32C6 + 4C2
32C5 + 4C8

− C2
32C

2
27C9 + C27C31C6 + C2

29C7 + C2
31C5 − 1

C2
28C9 + C2

30C7 + C30C32C6 + C2
32C5 + C8

,

C40 =C29 +
C30 (−2C27C28C9 − 2C29C30C7 − 2C31C32C5 − C6 (C27C32 + C28C31))

2C2
28C9 + 2C2

30C7 + 2C30C32C6 + 2C2
32C5 + 2C8

,



96 Appendix A. Additional calculations

with

C27 = (−C14C18κ1 − C15κ1 + κ2 (C10C18 + C11)) ,

·
(

−C14 (C18 (C10C20 + C13)− C20 (C10C18 + C11))

− C15 (C10C20 + C13) + C17 (C10C18 + C11)

)−1

,

C28 =
−C10C15C19 + C10C16C18 + C11C14C19 + C11C16 − C12C14C18 − C12C15

C10C15C20 − C10C17C18 − C11C14C20 − C11C17 + C13C14C18 + C13C15

C29 =
C10C20κ2 + C13κ2 − C14C20κ1 − C17κ1

C10C15C20 − C10C17C18 − C11C14C20 − C11C17 + C13C14C18 + C13C15
,

C30 =
−C10C16C20 + C10C17C19 + C12C14C20 + C12C17 − C13C14C19 − C13C16

C10C15C20 − C10C17C18 − C11C14C20 − C11C17 + C13C14C18 + C13C15
,

C31 =
−C11C20κ2 + C13C18κ2 + C15C20κ1 − C17C18κ1

C10C15C20 − C10C17C18 − C11C14C20 − C11C17 + C13C14C18 + C13C15
,

C32 =
C11C16C20 − C11C17C19 − C12C15C20 + C12C17C18 + C13C15C19 − C13C16C18

C10C15C20 − C10C17C18 − C11C14C20 − C11C17 + C13C14C18 + C13C15
.

The remaining constants are functions of the metric, or directly translate from the Penrose-
Walker constants; in particular,

C20 = − gφφk
φ + gtφk

t

−gttkt + gtφkφ
, C19 = − gϑϑf

ϑ

−gttkt + gtφkφ
,

C18 = − grrf
r

−gttkt + gtφkφ
, C17 = −a2 cosϑ sin2 ϑkr + (r2 + a2)r sinϑkϑ ,

C16 = −(r2 + a2)r sinϑkφ + ra sinϑkt , C15 = −a cosϑkt + a2 cosϑ sin2 ϑkφ ,

C14 = a cosϑkr − ra sinϑkϑ , C13 = ra sin2 ϑkr + (r2 + a2)a cosϑ sinϑkϑ ,

C12 = −a cosϑ sinϑ

[

(r2 + a2)kφ − akt
]

, C11 = rkt − ra sin2 ϑkφ ,

C10 = −rkr − a2 cosϑ sinϑkϑ , C9 = gφφ ,

C8 = gϑϑ , C7 = grr ,

C6 = 2gtφ , C5 = −gtt ,

C4 = gφφk
φ + gtφk

t , C3 = gϑϑk
ϑ ,

C2 = grrk
r , C1 = −gttk

t + gtφk
φ ,
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