
Hybrid Deep Learning 

Maximilian Schmidt
Dissertation

How Combining Data-Driven and Model-Based 
Approaches Solves Inverse Problems in Computed 

Tomography and Beyond





Department 3: Mathematics and Computer Science
Center for Industrial Mathematics - ZeTeM

WG Industrial Mathematics

Deep Learning and Inverse Problems

Hybrid Deep Learning: How Combining
Data-Driven and Model-Based Approaches

Solves Inverse Problems in Computed
Tomography and Beyond

Maximilian Schmidt

1. Reviewer Prof. Dr. Dr. h.c. Peter Maaß
WG Industrial Mathematics
University of Bremen

2. Reviewer Prof. Dr. Andreas Hauptmann
Faculty of Science, Mathematical Sciences
University of Oulu

Supervisor Prof. Dr. Dr. h.c. Peter Maaß

Ph.D. Colloquium 03.11.2022



Maximilian Schmidt
Hybrid Deep Learning: How Combining Data-Driven and Model-Based Approaches Solves
Inverse Problems in Computed Tomography and Beyond
Deep Learning and Inverse Problems, December 11, 2022
Reviewers: Prof. Dr. Dr. h.c. Peter Maaß and Prof. Dr. Andreas Hauptmann
Supervisor: Prof. Dr. Dr. h.c. Peter Maaß

University of Bremen
WG Industrial Mathematics
Center for Industrial Mathematics - ZeTeM
Department 3: Mathematics and Computer Science
Bibliothekstraße 5
28359 Bremen, Germany



Abstract

Artificial neural networks from the field of deep learning are increasingly becoming
the state of the art in more and more applications. Their success is based on
learning complex relationships in a system purely from data. For this, the data-
driven networks often require hundreds of thousands of reference examples. They
are contrasted by model-based approaches that use mathematical methods to describe
the processes in a system. They work without large amounts of data but often cannot
cover all the nuances of an application.

In inverse problems, model-based approaches have been the standard so far. Here,
the necessary amount of data to use purely data-driven deep learning is usually
unavailable. In addition, requirements are placed on the model properties that
cannot always be proven for classical neural networks. Hybrid deep learning models
that combine data-driven and model-based approaches can solve these challenges.
In recent years, their research has steadily gained importance.

In this thesis, several hybrid deep learning approaches for solving inverse problems
are presented and further developed. These include the deep image prior (DIP)
and conditional invertible neural networks (CINN). The reconstruction problem in
computed tomography (CT) serves as a central example to compare the models with
each other, as well as to reveal their strengths and weaknesses. This is done in
particular concerning the unique challenges in inverse problems, such as lack of
data and ill-posedness. For this purpose, a realistic medical CT dataset is presented
and used. The performed comparison for medical and industrial data clearly shows
that the hybrid approaches are superior to the classical, model-based methods in
many areas. Countless applications from inverse problems can thus already benefit
from hybrid deep learning approaches.

Abstract (German)

Künstliche neuronale Netze aus dem Bereich des Deep Learning avancieren in immer
mehr Anwendungen zum etablierten Stand der Technik. Ihr Erfolg beruht auf dem
Erlernen komplexer Zusammenhänge in einem System alleine aus vorliegenden
Daten. Hierfür benötigen die datengetriebenen Netzwerke oft hunderttausende von
Referenzbeispielen. Ihnen gegenüber stehen modellbasierte Ansätze, die mittels
mathematischer Methoden die Vorgänge in einem System beschreiben. Sie kom-
men ohne große Datenmengen aus, können aber oft nicht alle Feinheiten einer
Anwendung abdecken.
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Im Bereich der inversen Probleme stellen modellbasierte Ansätze den bisherigen Stan-
dard dar. Hier fehlt in der Regel die nötige Datenbasis, um rein datengetriebenes
Deep Learning einzusetzen. Zudem werden Anforderungen an die Modelleigen-
schaften gestellt, die sich für klassische neuronale Netze nicht immer nachweisen
lassen. Hybride Deep Learning Modelle, die datengetriebene und modellbasierte
Ansätze vereinen, können diese Herausforderungen lösen. In den letzten Jahren hat
ihre Erforschung daher stetig an Bedeutung gewonnen.

Im Rahmen dieser Arbeit werden verschiedene hybride Deep Learning Ansätze
zum Lösen inverser Probleme vorgestellt und weiterentwickelt. Hierzu zählen der
Deep Image Prior (DIP), sowie Conditional Invertible Neural Networks (CINN). Das
Rekonstruktionsproblem in der Computertomografie (CT) dient als zentrales Beispiel,
um die Modelle miteinander zu vergleichen, sowie ihre Stärken und Schwächen
aufzudecken. Dies geschieht insbesondere im Hinblick auf die speziellen Her-
ausforderungen in inversen Problemen, wie Datenmangel und schlecht gestellte
Probleme. Hierfür wird ein realistischer, medizinischer CT Datensatz vorgestellt und
eingesetzt. Die durchgeführten Vergleiche auf medizinischen und industriellen Daten
zeigen deutlich, dass die hybriden Ansätze den klassischen, modellbasierten Metho-
den in vielen Bereichen überlegen sind. Unzählige Anwendungen aus den inversen
Problemen können somit schon heute von hybriden Deep Learning Anwendungen
profitieren.
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Introduction 1
Learning is an integral part of the whole life of every human being. During the
first years, ways of communicating with the outside world are learned in order to
exchange information with it. The learning process is based on sensory impressions,
such as hearing or seeing, and the perceived reactions of the environment to one’s
communication attempts and can be linked to statistical learning theory [SM89;
SAN96; CDB06]. Based on this biological role model, it is logical to transfer a
corresponding concept to machines and computer programs: Given some input, we
are interested in learning a model from data that generates the desired output.

The interest in intelligent machines can be traced back to ancient Greece [Spa96;
OM10]. Since the 1950s, applications in this direction can be assigned to the field of
Machine Learning (ML) [Sam59]. The subcategory of deep learning (DL) has taken
on a special significance in recent years, and corresponding models now represent
the current state of the art in various areas [GBC16]. Two prominent examples
are natural language processing (NLP) [Dev+19; Bro+20] and the classification of
image data [KSH12; Sze+15; Liu+18]. In both instances, large datasets [Den+09;
Lin+14; KY04], often with millions or billions of data samples, are a cornerstone of
the success of these models. These amounts of samples are necessary for the models
to learn appropriate relationships between input and output purely from data.

However, large amounts of data cannot be generated for every application. For this
challenge, we can look to another essential building block in the learning process:
building on existing knowledge about the relationships and rules of a process.
For language, these can be specific grammatical rules, or for physical systems
existing mathematical models, like Maxwell’s equations. These interrelationships
and constraints of the overall system then do not have to be learned from data.
In many cases, mathematical modeling is used to integrate them into our model.
Nonetheless, not every aspect of the overall system may be known in advance or be
directly describable by established mathematical techniques.

Consequently, combining data-driven approaches and mathematical modeling in
artificial neural networks has become the focus of attention in recent years. In the
following, we refer to such approaches as hybrid deep learning models. One area that
can particularly benefit from these developments is the field of inverse problems. An
increasing number of conference papers and publications on combining learned and
modeled approaches to solve a variety of problems in this research field underscores
its growing importance [Arr+19; Ong+20].

In inverse problems, one is interested in determining a – often not directly observable
– cause from a measured effect. Classically, approaches to problem-solving in this
area are based on pure mathematical modeling. On the one hand, this is due to the
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often very limited data available. On the other hand, guarantees are required for
the models’ characteristics. However, these guarantees are usually only available for
general function spaces, e.g., the Hilbert space of square-integrable functions L2,
where the target data might just be a particular subset. In addition, mathematical
models can only ever represent an approximation of real-world processes. Their
quality depends on the knowledge of the process and the necessary adjustments for
a numerical evaluation. Finally, a significant challenge is posed by so-called ill-posed
problems [EHN00; Rie03]. These include the existence of no or ambiguous solutions
and, in particular, the instability of the inversion, i.e., solutions can be arbitrarily
far away, even if the measured effects are very similar [Had02; Nas87]. All of these
challenges present an opportunity for novel models to take the solving of inverse
problems to a new level.

In this thesis, we introduce and develop diverse hybrid deep learning approaches for
some of the common challenges described above. We use inverse problems arising in
computed tomography (CT) as our main application to compare the hybrid models
with classical methods. Many currently released hybrid approaches are tested for
performance in this application [AÖ18b; BLS20; HWM20; Jin+17; PBS18; Yan+18].
CT is a prime example of an inverse problem, where multiple measurements of the
attenuation of X-rays (effect) are used to infer the scanned individual’s internal
density distribution (cause). Nonetheless, many of the presented observations and
results directly apply to other inverse problems.

1.1 Structure of the Work

The content is organized into two parts. Part I introduces general concepts and
theoretical aspects of this work’s techniques, models, and applications. The starting
point is Chapter 2 on deep learning. Here, the historical development, relevant
network structures, and challenges in the learning process are described. In addition,
a mathematical framework is presented with the introduction to statistical learning
theory. Chapter 3 follows with an overview of linear inverse problems. Central
aspects are the formal definition of these problems, what ill-posedness means, and
how such problems can be stabilized using regularization theory. In Chapter 4, the
prior knowledge is brought together to present current deep learning approaches
for application in inverse problems. The focus here is on the four most common
model classes, each of which has different shares of learned and modeled parts,
and a discussion about the stability of these approaches. Finally, Chapter 5 covers
aspects of our application of computed tomography. These include a description
of the physical phenomena involved and the Radon transform [Rad17; Rad86]
as a mathematical model of the scanner’s processes. Furthermore, the filtered
backprojection (FBP), a classic reconstruction method still used in CT scanners today,
is introduced.

A selection of seven of the author’s publications in Part II forms the centerpiece of
this cumulative thesis. Its overall structure is based on the conventional process
steps in deep learning: dataset creation (Chapter 6), model construction (Chapters 7
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and 8), and method comparison (Chapter 9). For each chapter, a prolog outlines
the author’s contributions and provides further information about the respective
publications. For a better reading experience, the language and notation have been
standardized. Recurring elements, such as the introduction to CT, were centralized
in Part I. Nonetheless, the core content is identical to the original publications.

A main part is the introduction and description of our benchmark dataset LoDoPaB-
CT [Leu+21a] in Chapter 6. This comprehensive dataset simulates the challenges
of CT reconstructions for low-dose scan settings. It is based on real normal-dose
CT scans of the thorax region from over 800 patients. LoDoPaB-CT is used in all
following chapters to evaluate the performance of different models. The subsequent
two chapters discuss the improvement of recently presented hybrid approaches to
solve some of the previously described challenges in the inverse problems. Chapter 7
covers conditional invertible neural networks (CINN) [Ard+19b; Ard+21; Den+20;
Den+21]. These generative networks are trained to approximate the posterior
conditional distribution px|y(x|yδ). Thus, the likelihood of a candidate solution x̃ can
be determined for a given measurement yδ, or uncertainties in the reconstruction can
be identified. We derive an adapted loss function and show advantageous network
structures. In addition to CT, we test these on inverse problems from compressed
sensing and magnetic resonance imaging (MRI).

In addition to selecting and determining the uncertainty of solutions, the limited data
available in inverse problems also plays a crucial role. One approach that gets by with
a single measurement, and no additional training data, is the deep image prior (DIP)
[UVL20]. DIP has already delivered convincing results in applications with limited
data [Dit+21]. However, this approach’s slow and sometimes unstable iteration
process is a significant drawback. We present solutions to these problems through
regularization approaches and smart pre-training in Chapter 8. Finally, Chapter 9
compares the CINN and the DIP with other hybrid deep learning approaches and
classical methods on challenging CT reconstruction tasks. Here we take the models
to their limits and comprehensively discuss the individual strengths and weaknesses
of the different approaches. Chapter 10 then summarizes the most important results
from Part II and draws a general conclusion.
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1.2 Notation

The notation used is presented in Tab. 1.1. Variations are pointed out in the text.
Essential definitions and results are highlighted with a blue box .

Tab. 1.1.: Overview of the notation.

Symbol Meaning Symbol Meaning
Θ Parameter space θ ∈ Θ Parametrization
F Hypothesis space fθ ∈ F Neural network

X Reconstruction space Y Measurement space
x ∈ X Ground truth x̃ ∈ X Reconstruction
yδ ∈ Y Noisy measurement ξ ∈ Y Noise
δ ≥ 0 Noise level

A : X → Y Forward model A∗ : Y → X Adjoint operator
A−1 : Y → X Inverse mapping A+ : dom(A+)→ X Generalized inverse
Rλ : Y → X Regularization

method
T : Y → X Reconstruction

method
dom(A) Domain of A N (A) Null space of A
λ ≥ 0 Regularization pa-

rameter
Λ Parameter choice

rg(A) Range of A rg(A)⊥ Orthogonal comple-
ment

Prg(A) Orthogonal projec-
tion

I : X → X Identity operator

L : FΘ × Ω→ R Loss/cost function DY : Y × Y → R Discrepancy
∥ · ∥X : X → R+ Norm ⟨·, ·⟩X : X ×X → K Inner product
L(X,Y ) Space of linear, con-

tinuous mappings
K(X,Y ) ⊂ L(X,Y ) Space of compact op-

erators
L2(X) Hilbert space of

square-integrable
functions on X
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Deep Learning 2
„Perhaps one day we will have machines that can cope

with approximate task descriptions, but in the
meantime, we have to be very prissy about how we tell
computers to do things.

— Richard P. Feynman

Deep learning (DL) has become one of the most influential and rapidly advancing
technologies in recent years [GBC16]. In many areas, neural networks are already
starting to replace classical methods. This is also the case in medical applications
such as computed tomography (CT). In addition, DL models are increasingly finding
their way into our everyday lives. These include voice assistants on cell phones
[TD19], models for editing photos and videos [GEB16; Nik+19; WML21], or
assistants for a healthy lifestyle on smartwatches [Cho+22; Mau+18].

The basic principle of deep learning is the extraction of knowledge from data. This
makes it part of the machine learning (ML) family. In common terms, DL is also at-
tributed to the field of artificial intelligence (AI). However, the current goal of a deep
learning model is to outperform human performance in specific scenarios. Achieving
general intelligence with pure deep learning is not yet possible [Fje20]. However,
extensive natural language processing (NLP) models, such as BERT [Dev+19] and
GPT-3 [Bro+20], can already conduct comprehensive conversations today1.

This chapter covers the building blocks and primary principles of artificial neural
networks. Even though deep learning models have only (re)gained significant
importance in recent years, their development results from decades of research and
development. Three crucial phases in this development process can be identified.
These are presented in Section 2.1. In Section 2.2, we give an introduction to
statistical learning theory. This provides us with a mathematical framework in
which we can describe the goals and challenges of deep learning. The part on
the theoretical framework is complemented by the fundamental components of a
neural network in Sections 2.3 and 2.4. These include artificial neurons, activation
functions, and convolutional layers. To conclude the chapter, we cover the training
mechanisms for neural networks in Section 2.5. In particular, we also address
common pitfalls in the training process.

1We refer the reader to the video “What It’s Like To be a Computer: An Interview with GPT-3” (https://
www.youtube.com/watch?v=PqbB07n_uQ4) by ERIC ELLIOTT to get an impression of how advanced
conversations with a DL model have become.
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The primary pieces of literature for the content of this chapter are the books of
GOODFELLOW et al. [GBC16], CHOLLET [Cho18], and GÉRON [Gér17]. The general
structure is based on previous work of the author [Sch18].

2.1 A Brief History of Deep Learning

Recent newspaper headlines contained stories about neural networks beating the
world champion in the game Go [Sil+16] or creating authentic news articles [Bec19].
Furthermore, the wide availability of smart devices with voice assistants [TD19] and
intelligent health tracking features [Cho+22] have made deep learning methods
known to a broad audience. To the same extent, a wide variety of scientific fields rely
on methods from the field of artificial intelligence in the latest research developments.
All of this gives the impression that deep learning is a very young concept. However,
the recent popularity results from decades of research, marked by phases of success
and failure. The concepts were revised again and again and, in the meantime, were
only considered a niche. Overall, three formative phases can be identified that define
our current understanding of deep learning: cybernetic, connectionism, and modern
deep learning. We take a closer look at these in the following. The section is based
on [GBC16, Sec. 1.2], [Cho18, Ch. 1], and [Gér17, Ch. 10].

2.1.1 Cybernetic

The cybernetic phase, which lasted from the 1940s until the 1960s, can be seen
as the origin of deep learning. The biological processes inside the brain strongly
inspired models from this era. This is also where the term artificial neuron originated
(cf. Section 2.3). Overall, developments in this period are strongly influenced by
neuroscience. Thereby, the motivation to artificially mimic the behavior of the brain
is two-fold. On the one hand, the brain is evidence of an intelligent learning system
in nature. In theory, it should be possible to create an artificial copy. On the other
hand, modeling the brain also allows conclusions about its functionality.

The prominent representatives of this period are the so-called linear models.

Definition 2.1.1 (Linear Model). Let y, ω ∈ Rn. Then fω : Rn → R

fω(y) = ⟨y, ω⟩

is called a linear model. Here, ⟨·, ·⟩ is the scalar product of input y and weights ω.

In a linear model, every entry of the input vector y is multiplied by a specific weight
entry of vector ω. The results are summed up to generate the output of the model.
One of the first examples of such a model is the McCulloch Pitts neuron [MP43],
which uses a sign function to classify the input.
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We will see in Section 2.3 that the combination of a linear mapping with a non-
linear activation is still relevant in today’s networks. However, the weights in the
McCulloch Pitts neuron had to be tuned by hand. ROSENBLATT [Ros58; Ros62] fixed
this downside with his Perceptron model. Now the weights were adjusted according
to some training data. In addition, the ADALINE approach introduced a special case
of stochastic gradient descent to update the weights. Overall, the cybernetic era
introduced essential concepts like the combination of linear and non-linear layers
and the training of weights based on data using gradient descent, which still form
the fundamental pillars of modern deep learning.

However, the cybernetic phase ended when there was more and more criticism of
biologically inspired learning. An influential paper by MINSKY and PAPERT [MP69],
among others, denounced the linear models’ inability to learn the XOR function.
Together with other weaknesses and the overly high expectations for AI models at
the time, interest in such models plummeted.

2.1.2 Connectionism

It would take another 20 years before the ideas of connectionism once again brought
movement into the world of deep learning. The core of this phase was that a
large number of simple computing units are capable of intelligent behavior when
interconnected in a network. The psycho-biologist DONALD HEBB [Heb49] formu-
lated important guiding principles in this direction that were retrieved during the
1980s and 1990s. Overall, the phase was characterized by approaches from the
interdisciplinary field of the cognitive sciences.

As in the cybernetic phase, new key concepts were adopted, which are still relevant
today. One of them is the backpropagation mechanism [Bry61; Kel60; Wer74], an
efficient method from the field of optimal control to calculate the gradients of the
network parameters. Another one is the idea of distributed representation [HS86].
Here, every input to a system should be represented by as many features as possible.
At the same time, every feature should be involved in representing as many inputs
as possible. For time series prediction, HOCHREITER and SCHMIDTHUBER [HS97]
introduced the Long Short-Term Memory (LSTM), a concept used in modern recurrent
networks, e.g., for speech recognition systems [GBC16].

Again, the concept of deep learning fell victim to overly high expectations of the
technology. This time, the collapse was so drastic that there was talk of an AI winter.
This refers to the term nuclear winter – a possible consequence of a large-scale
nuclear war. Consequently, budgets were cut, and scientific interest in AI methods
dropped sharply. Nevertheless, some researchers, among others now well-known
names like Geoffrey Hinton, Yann LeCun, and Yoshua Bengio, held on to the idea
and thus enabled the start of the third phase a few years later.
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2.1.3 Modern Deep Learning

In 2006, a breakthrough by HINTON et al. [HOT06] to make Deep Belief Networks
trainable through greedy layer-wise pre-training heralded the age of modern deep
learning. BENGIO et al. [Ben+07] extended the approach to several other networks.
The previously difficult task of training an artificial neural network had become a lot
easier.

Nonetheless, parts of the scientific community were still skeptical about the use
of deep learning. An example of this period is the rejection of a paper by LE-
CUN et al. [Far+12] at the influential Conference on Computer Vision and Pattern
Recognition (CVPR), to which LeCun responded with a letter2 to the CVPR chair –
unsuccessfully. However, in the same year, a team by KRIZHEVSKY et al. [KSH12] was
able to win the ImageNet Large Scale Visual Recognition Challenge [Den+09] with
a convolutional neural network (CNN) against all other submitted image processing
approaches. Their AlexNet architecture improved the top-5 classification error from
26.1 % to 15.3 %. In the following years, the challenge was always won by deep
learning approaches improving the previous results every time [Liu+18; Sze+15].

Key to the success of AlexNet was the first use of graphics processing units (GPU) to
benefit from the massive parallelization of calculations. This allowed the efficient
training of a deep network. The ability to parallelize calculations is ideal for
modern hardware, which draws its ever-increasing performance from the division
into many separate computing cores. Only through this division is Moore’s law
[Moo65] of doubling the number of transistors still feasible. The reduction in the
size of individual components is increasingly coming up against physical limits
[Fra02]. Meanwhile, special computer chips, like the Tensor Processing Units from
Google [Jou+17] or Apple’s Neural Engine, allow for even faster and more efficient
training and inference of neural networks – also on devices like smartphones or
smartwatches.

Besides hardware, easy-to-use and powerful software libraries significantly impact
the current success and fast development of deep learning approaches. The popular
PyTorch [Pas+19] and Tensorflow [Aba+15] libraries provide an easy entry point
for researchers and users from all fields. At the same time, they exploit the strengths
of modern hardware and are flexible enough to realize the most diverse approaches
in them.

The third point is the availability of comprehensive, open-access datasets with
millions of data samples, like ImageNet [Den+09] or Microsoft COCO [Lin+14],
for image processing tasks. In the case of natural language processing (NLP), the
internet itself is often used as a resource for text examples [Dev+19]. For computed
tomography, we report on creating a comprehensive dataset in Chapter 6. Overall,
the general need for large datasets supports the metaphor of data being “the oil of
the 21st century”. This also set the new trend of data-centric AI, which has the most
efficient use of existing data as its core theme [Ng21].

2A copy of the letter is available at shorturl.at/hsyKR
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For the current phase of deep learning to continue, the mistakes of the previous two
phases must not be repeated. This includes evaluating the current possibilities and
not relying solely on data-driven approaches. An intelligent combination with model-
based methods represents a fundamental approach to the challenges in applications
with little data and necessary robustness requirements – as they occur in many
inverse problems.

2.2 Statistical Learning Theory

Before we go into details about the building blocks and design principles of modern
neural networks, we introduce a fundamental mathematical framework called
statistical learning theory. The theory was introduced during the 1960s [Vap99b].
It covers the general goals and concepts of machine learning approaches. In this
context, the problem of learning is formulated as one of function approximation
[HTF13]. The field received increasing attention with the development of support
vector machines (SVM) in the 1990s [Vap99a].

The books of MURPHY [Mur12], SHALEV-SHWARTZ and BEN-DAVID [SB14], HASTIE

et al. [HTF13], and HELD and BOVÉ [HB13] form the background for this section.
The general structure follows BEHRMANN [Beh19, Sec. 2.1] and DENKER [Den20,
Sec. 2.2].

2.2.1 Basics of Probability Theory

In probability theory, one is concerned with random experiments and the probability
of specific outcomes. Many of today’s definitions and results can be traced back to
KOLMOGOROW’s work [Kol33]. Here, an integral part is the sample space Ω, which
is the non-empty set of all possible experiment outcomes. In combination with a
σ-algebra S ⊆ 2Ω over the set Ω, called the event space, we get a measurable space
(Ω,S). Finally, we can define a probability space by introducing probability measure
P : S → [0, 1].

Definition 2.2.1 (Probability Space). Let Ω be a sample space and S a σ-algebra
as defined above. The triple (Ω,S, P ) is called a probability space if the probability
measure P fulfills:

1. The probability measure of the whole sample space is P (Ω) = 1, i.e., one of
the outcomes will occur (Kolmogorow’s 2nd axiom).

2. Let Si be pair-wise disjoint sets. For all countable collections {Si} applies
P (∪iSi) =

∑︁
i P (Si) (Kolmogorow’s 3rd axiom).

The probability space (Ω,S, P ) is the starting point for defining random vectors
and variables. Here, we restrict ourselves to real-valued random vectors, where the
target space Ω̂ is a subset of Rn equipped with the Borel σ-algebra B.
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Definition 2.2.2 (Random Vector and Variable, [Den20, Def. 2.2]). Let (Ω,S, P )
be a probability space, Ω̂ ⊆ Rn, and B(Ω̂) the Borel σ-algebra. If for function
y : (Ω,S)→ (Ω̂,B(Ω̂)) holds

y−1(B) = {ω ∈ Ω |y(ω) ∈ B} ∈ S ∀B ∈ B(Ω̂),

y is called a random vector. For the special case n = 1, the term random variable is
common. We use the latter term when a distinction is necessary.

Mapping an element ω ∈ Ω from the sample space with the random vector results
in a realization y = y(ω). In addition, we can talk about the distribution of the
random vector Py = P ◦ y−1 with respect to probability space (Ω,S, P ). Commonly,
the notation y ∼ Py signals that y follows distribution Py. Under the following
assumptions, the distribution of continuous random variables can be expressed via a
probability density function (PDF) or, respectively, a probability mass function (PMF)
in the case of discrete random variables.

Definition 2.2.3 (Probability Density/Mass Function, [Mur12, Sec. 2.2.5]). Let P
be absolutely continuous with respect to measure λ, e.g., the Lebesque measure for
real-valued random variables, of target space Ω̂. We define the function p : Ω̂→ R+
that uniquely determines

P (y ∈ B) =
∫︂
B
p(y) dλ(y)

as the probability density function (PDF). The counting measure is used for discrete
random variables, i.e., random variables where the number of elements in the target
space is countable. In this case,

P (y ∈ B) =
∑︂
y∈B

p(y),

where p is called the probability mass function (PMF).

This connection can also be extended to random vectors, where one talks about joint
densities (cf. [Mur12, Sec. 2.5]). In addition, the distribution of random variables
and vectors can also be characterized by so-called moments. In this thesis, the
moments expected value and variance play a role.

Definition 2.2.4 (Expected Value and Variance, [Mur12, Sec. 2.2.7]). Let y be a
random variable defined on probability space (Ω,S, P ). The expected value E and
the variance Var are defined as

E(y) :=
∫︂

Ω
y(ω) dP (ω), Var(y) := E

(︂
(y− E(y))2

)︂
.

For random vectors, the equivalent moments are calculated component-wise, and
the variances of the individual components form the covariance.
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We conclude this subsection with Bayes’ theorem, a significant result about the
interrelationships of conditional densities.

Theorem 2.2.1 (Bayes’ Theorem). Let evidence py > 0, then

px|y =
py|xpx

py
,

where px|y is the posterior, px the prior, and py|x the likelihood.

Proof. Application of the product rule px,y = px|ypy = py|xpx proves Bayes’ theorem.

2.2.2 Risk Minimization

As mentioned before, the concept of statistical learning theory is to formulate the
task of learning as a function approximation problem. Consider some measurements
y, which will be the input to the model, and some corresponding ground truth data
x. Now, we are interested in finding a model f ∈ F , which captures the relationship
between y and x, i.e., f(y) ≈ x. In accordance with VAPNIK [Vap99b; Vap99a],
we consider y ∼ Py to be a random vector over Y and a corresponding ground
truth x ∈ X to follow the conditional distribution x ∼ Px|x(x|y). The third part is a
learning algorithm, which chooses a function from the set

FΘ := {fθ : X → Y | θ ∈ Θ},

called the hypothesis space. This is the set of all functions that should be considered
during the learning process.

Remark. We only consider parametrized models in the case of deep learning, where
θ ∈ Θ is a specific parametrization. However, the definitions in this subsection can
also be used for model types from any other hypothesis space.

We are interested in selecting the “best” model from the hypothesis space with the
help of the learning algorithm. However, we first need some measure to decide if
one model is better than the other. This is done by the loss function.

Definition 2.2.5 (Loss Function). Let Ω be a sample space and FΘ a hypothesis
space. The mapping L : FΘ × Ω→ R is called a loss function.

The actual choice of the loss function depends on the task and the involved spaces
(cf. Section 2.2.3 for some examples). In addition, the composition of set Ω itself is
dependent on the task. For example, Ω = Y ×X for supervised learning problems
in classification or regression, where ground truth data is available. Otherwise, for
Ω = Y , we speak of an unsupervised problem, such as occurs in clustering.
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The loss function evaluates the choice of a model fθ for an element from the sample
space Ω. To consider the stochastic setting, we are interested in the expected loss
using the distribution PD over the sample space.

Definition 2.2.6 (Risk). Let F be a hypothesis space and PD be a distribution over
sample space Ω. In addition, let L be a loss function. For fθ ∈ FΘ

L̄PD
(fθ) := Ed∼PD

[L(fθ,d)]

is the risk w.r.t. the loss function and distribution PD.

In general, one does not have access to the distribution PD. Instead, there is a
limited number of samples d ∼ PD available. Together, these n ∈ N samples
form a dataset Dn = {d1, ...., dn}. We assume these samples to be independent and
identically distributed, short i.i.d. Now, we can consider the risk on the dataset,
which is called the empirical risk.

Definition 2.2.7 (Empirical Risk, [Mur12, Sec. 6.5]). Let L be a loss function and
Dn be a dataset of n i.i.d. samples from distribution PD. For fθ ∈ FΘ, we call

L̄Dn := 1
n

∑︂
i

L (fθ, di)

the empirical risk of fθ w.r.t. the loss function and dataset Dn.

In applications, the task to reduce this risk for a given dataset by an adequate choice
of the model is called empirical risk minimization (ERM) [Mur12, Sec. 6.5].

Definition 2.2.8 (Empirical Risk Minimization and Inductive Bias, [SB14,
Sec. 2.3]). Let L be a loss, Dn a dataset of n i.i.d. samples from distribution
PD, and FΘ the hypothesis class. With inductive bias from the restriction to a
specific hypothesis class, the ERM problem is

f+
θ ∈ arg min

fθ∈FΘ

L̄Dn .

In the best case, the bias induced by the pre-learning choice of the hypothesis space
can be understood as integrating prior knowledge about the problem. For example,
we might know that the problem is linear, and we should restrict our hypothesis
class to linear models. In general, this choice is often unclear, and one needs to
balance the number of model types included in the hypothesis space, called the
bias-complexity tradeoff (cf. [HTF13, Ch. 7] and [SB14, Ch. 5] for an in-depth
discussion).

Restricting the hypothesis space too strongly can result in models that do not
sufficiently explain the underlying relationship of input y and ground truth x. On
the other hand, allowing too many model types increases the risk of overfitting the
dataset. This phenomenon is illustrated in Fig. 2.1, where polynomials of degrees 1
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and 5 are considered hypothesis classes for a linear toy example. We will also face
these problems in deep learning (cf. Section 2.5.4).

Fig. 2.1.: Visualization of the overfitting phenomenon. The linear ground truth model
generates the train and test data, and Gaussian noise is added. The parameters
of Poly1 and Poly5 are determined on the training set. Poly5 can fit the training
data perfectly. Nevertheless, it fails to generalize on the test data. Overall, Poly1
is closer to the GT model.

2.2.3 Likelihood Estimation and Loss

This section introduces a special kind of ERM by assuming FΘ to be a hypothesis
space of parametric models, where Ω is the parameter space. The parametric models
themselves are then used as PDF/PMF (cf. Definition 2.2.3).

In addition, the choice of the loss function is guided by generative suppositions
about the data. In the following, we directly refer to the parameter space Θ instead
of the hypothesis class to underline that we are now interested in finding a suitable
parametrization θ ∈ Θ.

Definition 2.2.9 (Likelihood, [HB13, Sec. 2.1]). Let d ∈ Ω̂ be a realization, θ ∈ Θ
be a parameter, and denote a PDF/PMF by fθ. Then, L : Θ× Ω̂→ R+

L(θ, d) = fθ(d)

is called likelihood loss, where the assignment of parameter θ to fθ(d) is the likelihood
function.

Given one or multiple samples d, e.g., from a dataset Di, we are interested in finding
a parametrization θ ∈ Θ of our PDF/PMF fθ, which assigns a high likelihood to the
samples. This is the idea of maximum likelihood estimation [HB13, Ch. 2].
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Definition 2.2.10 (Maximum Likelihood Estimate, [HB13, Def. 2.2]). Let L be a
likelihood loss. For fixed realization d ∈ Ω̂, parameter θ+ is called the maximum
likelihood estimate (MLE) if

θ+ ∈ arg max
θ∈Θ

L(θ, d).

A common trick is to transform the maximization problem above into a minimization
problem using the – strictly monotone – negative logarithm, i.e.,

arg max
θ∈Θ

L(θ, d) = arg min
θ∈Θ

− log [L(θ, v)] .

This has the benefit that products of likelihoods turn into sums for multiple i.i.d.
samples di, making derivation easier. It also allows us to see the connection to
empirical risk minimization from Definition 2.2.8 (cf. [SB14, Sec. 24.1])

θ+ ∈ arg min
θ∈Θ

L̄Dn = arg min
θ∈Θ

− 1
n

∑︂
i

log [L(θ, di)]

= arg min
θ∈Θ

− 1
n

∑︂
i

log [fθ(di)] . (2.1)

Therefore, maximum likelihood estimation is a special case of empirical risk mini-
mization using a likelihood loss and parameter space Θ.

We close this section with an example of maximum likelihood estimation for data
generated by a Gaussian distribution.

Example 2.2.1 (Mean Squared Error). Assume that the data is generated by the
following Gaussian distribution with variance σ2

fθ(x|y) = N
(︂
x|f(y, θ), σ2

)︂
For sampled, i.i.d. pairs di = (yi, xi), we can plug the Gaussian into Eq. (2.1) and
receive

arg min
θ∈Θ

− 1
n

∑︂
i

log
[︄(︃ 1

2πσ2

)︃ 1
2

exp
(︃
− 1

2σ2 (xi − f(yi, θ))2
)︃]︄

= arg min
θ∈Θ

1
2σ2n

∑︂
i

(xi − f(yi, θ))2 + 1
2 log

(︂
2πσ2

)︂
= arg min

θ∈Θ

1
n

∑︂
i

(xi − f(yi, θ))2 .

The final result is called the mean squared error (MSE). The MSE is a common choice
for the parameter estimation of learned models. In addition, we refer to

L(fθ, y, x) := (x− fθ(y))2

as squared loss.
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2.3 An Artificial Neuron – Inspired by Nature

In Section 2.1.1, we learned about the McCulloch Pitts neuron, which combined a
linear model (cf. Definition 2.1.1) with a sign function to replicate the behavior of a
real neuron in the human brain. We can generalize this concept to achieve a modern
definition of an artificial neuron used in deep learning today.

Definition 2.3.1 (Artificial Neuron). Let y ∈ Rn be an input. The concatenation of
an affine transform and non-linear activation φ : R→ R

Nw,b(y) := φ
(︂
wT y + b

)︂
∈ R

is called a neuron. The neuron is parametrized by weight vector w ∈ Rn, and the bias
b ∈ R. Function φ is an activation function.

The input to the neuron is weighted and afterward activated by function φ. The term
activation can be related to the functionality of real neurons, where the incoming
information is summed up. If a certain threshold is exceeded, the neuron is activated,
i.e., an electrical response is generated (all-or-none law) [Adr32].

We follow the basic idea of connectionism from Section 2.1.2 to connect many of
these simple units. The first step is to let many neurons work on the same input.
This combination can be elegantly represented by matrix-vector multiplication.

Definition 2.3.2 (Fully-Connected Layer). Let y ∈ Rn be an input, φ an activation
function, and {Nwi,bi

: Rn → R}i=1,...,m be a set of m neurons applied to input y.
We define W ∈ Rm×n as a weight matrix with rows wi and bias vector b ∈ Rm with
entries bi. Together, these are the parameters of the fully-connected layer

ΣW,b(y) := φ (Wx+ b) ∈ Rm,

which combines the action of the m neurons.

The activation function is often applied entry-wise. However, there are examples
like the softmax activation (see Definition 2.3.7) or the routing mechanism in capsule
networks [HSF18; SFH17], where the activation depends on all neurons involved.
We will see some examples of standard activation functions in Section 2.3.2. In
addition, under suitable assumptions that we explore in Section 2.3.1, a single
fully-connected layer is a powerful function approximator. Nevertheless, it is often
reasonable to concatenate multiple layers to create expressive models.

Definition 2.3.3 (Neural Network). A neural network fθ : Y → X is a mapping
from input space Y to target space X, parametrized by θ ∈ Θ, consisting of a
concatenation of layers f iθi

fθ(y) = fkθk
◦ fk−1

θk−1
◦ ... ◦ f0

θ0(y) = x.

If the whole neural network consists of fully-connected layers, it is often called a
multi-layer Perceptron [Ros58]. However, many other types of network layers have
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been developed over time. We will get to know some of them in more detail in
this chapter. Besides different layers, we can also differentiate between network
concepts. A network that maps directly from input to output is called a feed-forward
network. In contrast, a recurrent network loops its output back as a new input into the
same model. This concept is often applied for time series data or natural language
processing (NLP), where past events influence the current prediction.

With Definition 2.3.3 of neural networks, we now have a general hypothesis class
FΘ of parametric models that we can use for empirical risk minimization.

2.3.1 Universal Approximation

As introduced in Section 2.2, we understand the task of learning as a function
approximation problem. Since we restricted our hypothesis class to neural networks
(cf. Definition 2.3.3), we have to investigate their approximation ability. It turns
out that the previously introduced building blocks can approximate any continuous
function C(Rn). This result is known as the universal approximation theorem and
was first investigated by CYBENKO [Cyb89] and HORNIK [Hor91]. Over the years,
this theorem has been refined and expanded [KL20; Les+93; Lu+17; Pin99]. We
use the version of LESHNO et al. [Les+93] at this point.

Theorem 2.3.1 (Universal Approximation Theorem [Les+93]). Let µ be the
Lebesque measure, and {·} be the closure of a set. In addition, we define the
set of considered activation functions

M :=
{︂
φ ∈ L∞

loc(R) |µ
(︂
{y ∈ R |φ not continous in y}

)︂
= 0

}︂
.

For φ ∈M , let F be the span over the set of neurons

F := span{φ
(︂
wT (·) + b

)︂
|w ∈ Rn, b ∈ R}.

F is dense in C(Rn) iff activation function φ is not a polynomial.

Proof. We refer the reader to LESHNO et al. [Les+93].

By the above theorem, a network consisting of a single fully-connected layer
equipped with a non-polynomial activation function is able to approximate any
C(Rn)-function arbitrarily well. However, the exact number of required neurons
within this layer is unknown. Depending on the application, the number can be vast,
so numerical methods for parameter identification fail. Therefore, it has become
established practice to use the combinatorial power of networks with multiple layers.
We refer to LU et al. [Lu+17] for a version of the universal approximation theorem
for a multi-layer network with a minimum number of neurons per layer and ReLU
activation (cf. Definition 2.3.5).
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2.3.2 Activation Functions

In the following, we list popular activation functions that suffice the universal ap-
proximation Theorem 2.3.1. In general, to simplify the gradient calculation for the
training process of the neural network, activation functions and their derivative
should be easy to calculate. They can also have trainable/fixed (hyper)parameters.
The start is made by the sigmoid activation, which is often used in classical net-
works.

Definition 2.3.4 (Sigmoid). Let y ∈ R. The sigmoid activation function for neural
networks is given by

sig(y) := 1
1 + exp(−y) = exp(y)

exp(y) + 1 = 1
2

(︃
1 + tanh

(︃
y

2

)︃)︃
∈ (0, 1).

The function is non-linear, monotonic, continuously differentiable, and has a fixed
output range (0, 1). Downsides are saturating values close to boundaries of the
range, the possibility of vanishing gradients (cf. Section 2.5.4), and outputs that are
not zero-centered. All these effects can slow down or ultimately hinder the learning
process.

Remark. In mathematics, the term “sigmoid” function is used for a class of functions
with a characteristic “S”-shaped curve. The sigmoid function defined above is one
particular case from this class, also known as the logistic function. Others are the
hyperbolic tangent or the Gompertz function.

A modern alternative is the rectified linear unit (ReLU) [Hah+00]. In particular,
its choice will counteract the problem of exploding or vanishing gradients [Gér17,
p. 275f.].

Definition 2.3.5 (ReLU). The rectified linear unit (ReLU) for input y ∈ R is defined
as

ReLU(y) := max(0, y) ∈ [0,∞).

With ReLU, the neural network has the ability to ignore certain information by giving
a negative sign during the affine transformation step and setting it to zero by the
activation. ReLU is continuously differentiable, except for y = 0. In theory, all values
[0, 1] could be used for the gradient at this point. Popular software libraries use a
fixed value of 0., 0.5, or 1.0. A disadvantage is the dying ReLU problem, i.e., too many
neurons having zero outputs and, thereby, not changing their parameters since the
gradient is also zero. Without appropriate measures, this can bring the learning
process to a halt. Therefore, generalizations of the ReLU function were proposed.
One of them is the exponential linear unit (ELU).
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Fig. 2.2.: A comparison of the sigmoid, ReLU, and ELU activation functions for the input
range [−2, 2].

Definition 2.3.6 (ELU). Let y ∈ R. The exponential linear unit (ELU), with (hy-
per)parameter α ≥ 0, is defined by

ELU(y) =
{︄
y : y > 0
α (exp(y)− 1) : y ≤ 0

∈ (−α,∞).

In contrast to ReLU, ELU can also output negative values. The lower bound of
the range can be controlled by parameter α. This parameter can either be fixed
or learned during training. For special choice α = 0, we get the ReLU function.
Figure 2.2 shows a visual comparison of the sigmoid, ReLU, and ELU activation.

The three previously introduced activation functions have in common that they are
applied entry-wise to a multi-dimensional input, e.g., in a fully-connected layer.
Therefore, the output of each neuron in this layer is independent of all others. It is
different, for example, with the softmax activation.

Definition 2.3.7 (Softmax). Let y ∈ Rn. The entries are called logits in this case.
The i-th output of the softmax activation softmax : Rn → [0, 1]n is

softmax(y)i := exp(yi)∑︁n
k=1 exp(yk)

∈ [0, 1], i = 1, ..., n

Every entry of the output vector is in the range [0, 1]. In addition, it is also guaranteed
that the sum of all entries is exactly 1 since

n∑︂
i=1

softmax(y)i =
n∑︂
i=1

exp(yi)∑︁n
k=1 exp(yk)

=
∑︁n
i=1 exp(yi)∑︁n
k=1 exp(yk)

= 1.

Therefore, the softmax function can be interpreted as assigning probabilities to each
logit. This is a desired property for classification networks. Here, one is interested
in the probability of specific classes being present in the input, e.g., a dog or cat
in an image. In general, the softmax function is only used as the activation on the
network’s last layer.

20 Chapter 2 Deep Learning



In this thesis, we are concerned with computed tomography (CT) reconstruction,
which is a regression task. Therefore, the sigmoid, ReLU, and ELU activation will
play an important role. Nevertheless, if we are also interested in segmenting the
reconstructed image, i.e., assigning every pixel a class, like tumor or bone, the
softmax activation on the final layer is recommended.

2.4 Convolutional Neural Networks

Previously, we have seen that the fully-connected layer is a powerful building block
of a neural network. Nevertheless, we have to consider the dimensions of the
involved spaces for a numerical implementation of the model. For example, consider
creating a neural network with the task of colorizing old gray-scale images. The
input image has a dimension of H × B × 1, and the colorized output image of
H ×B × 3. A mapping between these spaces by a single fully-connected layer has
H2 ·B2 · 3 +H ·B · 3 parameters. For reasonable image sizes of H,B ≥ 1000, this
results in more than 3 trillion (3 · 1012) trainable parameters. This is numerically not
feasible.

By using a fully-connected layer, we assume that every input pixel has a global
relationship with every other pixel in the image. However, it is more efficient to view
an image as a multi-scale cascade of local relationships, ranging from small features,
like edges, to bigger structures composed of low-level features. To summarize, we are
interested in a concatenation of local feature detectors, i.e., sparse fully-connected
layers. We find an answer in convolutions, which, when connected, produce a
convolutional neural network (CNN). LECUN [Lec+89] first explored this idea.

Convolutions are a vital tool in classical signal processing (cf. JÄHNE [Jäh05] or
BREDIES and LORENZ [BL11] for more information). In the continuous case, a
convolution between signal f and a kernel w can be defined as follows.

Definition 2.4.1 (Continuous Convolution). Let f, w : Rn → R be two functions.
We call f ⋆ g the convolution of f with kernel/filter w, if the integral

(f ⋆ w) (y) :=
∫︂
Rn
f(z)w(y − z) dz

exists for almost all y.

The convolution of real-valued functions is associative, commutative, and distributive
concerning addition. Therefore, the role of signal and kernel can be interchanged
f ⋆ w = w ⋆ f .

Remark (Convolution Theorem). The convolution theorem creates a link between
the Fourier transform and convolutions. In essence, it says that a convolution in the
time domain is equivalent to a complex-valued multiplication in Fourier space and
vice versa. More details can be found in [Jäh05, p. 56f.]. We will use this connection
in Chapter 5.
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Fig. 2.3.: Visualization of a convolution between a 3× 3 kernel and a 2D, single-channel
input signal. Zero-padding is used at the borders. The figure is taken from [CS18].

In applications, we have to deal with discrete signals, i.e., functions with finite
integer support. This can be covered by the definition of a discrete convolution
operation. Within the scope of this work, we will deal with signals f : H ×B → R
with two spatial components H,B ∈ N. For this, the following basic definition is
commonly used in deep learning.

Definition 2.4.2 (Discrete 2D-Convolution). Let f : H ×B → R be an input signal
with finite support H,B ∈ N and w : M ×N → R be a discrete convolution kernel.
For simplicity, we assume M,N ∈ N to be uneven. The discrete convolution of input
f with kernel w at point (i, j) is defined as

(f ⋆ w) (i, j) =
M∑︂
m=1

N∑︂
n=1

f(i+m− m̄, j + n− n̄)w(m,n).

Here, m̄ :=
⌈︂
M
2

⌉︂
and n̄ :=

⌈︂
N
2

⌉︂
are the center coordinates of the kernel.

The entries of convolution kernel w are the trainable parameters of the convolution.
We can observe that the number of parameters N ·M is independent of the spatial
size H × B of the signal. Only local points around (i, j), covered by the filter, are
considered for the convolution at this place. This is in contrast to the neuron, which
considers all pixels at once. The same filter is applied to all positions (i, j) until the
whole spatial support H ×B of the signal is covered. Here, we have to consider the
special case for border values. Padding adds additional values to the border to keep
the same spatial dimension. For example, zeros are added (zero-padding) or the
image is mirrored at the edge (mirror padding). Figure 2.3 illustrates a convolution
with zero-padding.

There is also the option to apply the filter with a step-size, called stride, higher
than one. Not every position is covered in this case, and the output is spatially
downsampled compared to the input. Besides downsampling and stride, there are
multiple other settings for convolution operations used in neural networks. We refer
to DUMOULIN and VISIN [DV16] for an overview.
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Remark (Cross-Correlation). To be precise, the discrete convolution used in most
deep learning frameworks is a discrete cross-correlation. However, up to re-
parametrization, both are equivalent. We stick to the term convolution to be consis-
tent with the deep learning literature.

Besides the properties listed above, the convolution operator is also translation
equivariant. This means that a translation of a feature in the signal also results in a
predictable shift of the output. An essential part of current research is the derivation
of convolution operations with further equivariances, e.g., with respect to rotations
of the input [CW17; Coh+18]. Thereby, the same filter can also be used to detect
transformed versions of the same feature.

Often a signal f : H×B×C consists of multiple channels C ∈ N, e.g., red-green-blue
(RGB) color channels in an image or information from multiple distance sensors in a
self-driving car. In this case, Definition 2.4.2 extends as follows.

Definition 2.4.3 (Discrete Multi-Channel Convolution). Let f : H × B × C → R
and w : M ×N ×C → R like in Definition 2.4.2, with additional channel dimension
C ∈ N. The convolution of an input signal with multiple channels at (i, j) is defined
as

(f ⋆ w) (i, j) =
C∑︂
c=1

M∑︂
m=1

N∑︂
n=1

f(i+m− m̄, j + n− n̄, c) · w(m,n, c).

Finally, we are able to define a new type of layer for neural networks based on the
convolution. Here, we use the same principle as for the combination of multiple
neurons in a fully-connected layer: K convolution kernels are combined to form a
convolutional layer.

Definition 2.4.4 (Convolutional Layer). Let f : H ×B×C → R be an input signal
and W := {wk : M × N × C → R | k = 1, ...,K} be a set of K ∈ N kernels. In
addition, let b be a bias vector and φ an activation function. Then

Conv(f,W, b) = φ

⎛⎜⎝
⎡⎢⎣ f ⋆ w1

...
f ⋆ wK

⎤⎥⎦+ b

⎞⎟⎠
is called a convolutional layer applied to f . The output signal Conv(f,W, b) has K
channels.

The multi-channel convolution from Definition 2.4.3 can be reformulated as a matrix-
vector multiplication. The matrix has a special, sparse structure with repeating
entries. We refer the reader to SEDGHI et al. [SGL19, Sec. 2.2] for the details.
In combination with the bias term and the activation function, we see that the
convolutional layer is a special case of the fully-connected layer. A neural network
(Definition 2.3.3) that consists primarily of convolutional layers is referred to as
a convolutional neural network (CNN). Downsampling operations are applied in
the CNN to map the structure from low to high-level features in the signal to
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Fig. 2.4.: The VGG16 architecture [SZ15] as an example of a typical CNN. Figure based on
a template from [CS18].

the structure of the network. In addition to the previously introduced stride in
convolutions, pooling operations are also employed for this purpose. Here local
information is aggregated. Examples are max pooling [ZC88] and average pooling
(cf. [GBC16, pp. 330f.]). Figure 2.4 shows the structure of a typical CNN using the
VGG16 network [SZ15] as an example.

To summarize, we introduce structural bias by assuming only a local relationship
between features in the input signal. In addition, we apply the same filter at all
spatial positions of the same channel. Thereby, the number of parameters of a
convolutional layer is independent of the spatial dimension of the input and, in
general, several magnitudes lower compared to a non-sparse fully-connected layer.
The assumption about local relationships is valid in most imaging applications, and
the multi-scale structure of features can be captured by concatenating convolutional
layers combined with downsampling operations. Therefore, we will mainly use
CNNs for the task of CT reconstruction in the second part of this work.

2.5 Training of Neural Networks

So far, we have chosen neural networks fθ as the model class for hypothesis space
FΘ. These consist of parameterized layers, such as the fully-connected or the
convolutional layer. To determine the network parameters θ ∈ Θ according to the
MLE principle, an optimization problem, given a dataset Dn, has to be solved. This is
called the learning or training phase of the neural network. The methods commonly
used for this purpose and the challenges that arise are discussed in this section.

2.5.1 Training Paradigms

As presented in Section 2.2.2, one generally differentiates between supervised and
unsupervised training. The first uses input-label pairs di := (yi, xi), while the latter
just has the input information di := (yi) available. Unsupervised methods are used
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when references xi are difficult or even impossible to get. Both approaches aim to
minimize the empirical risk on a dataset Dn concerning some loss function L.

The dataset is split into a training, validation, and test set in practice. The training
set is used for maximum likelihood estimation. In addition, the validation set helps
to evaluate the empirical risk on a dataset from the same distribution as the training
data. However, it is not part of the parameter identification process. By this, we can
estimate the generalizability and compare different parametrizations, i.e., monitor
the progress of learning. Often, the final parametrization is selected as the one
with minimal risk on the validation set. When the training is finished, we check
the generalizability of the selected model again – this time on the test set. The
data was neither involved in the parameter identification nor the selection process.
Note that there are also more advanced schemes like cross-validation or additional
evaluation stages (see WESTPHAL [Wes19]). However, these are often unfeasible for
deep learning approaches due to time or resource constraints.

It has become established to solve the MLE optimization problem using gradient
descent. The gradient with respect to the entire training data is not calculated at
once, but data packages of l ≤ m data points, so-called mini-batches, are evaluated
one after the other. This is called stochastic gradient descent. Successively, for
each mini-batch, the following three steps are performed to calculate the gradient
information and update the parameters:

1. Forward propagation: The network’s output is evaluated for the current mini-
batch.

2. Empirical risk: The loss function is applied to estimate the current risk.

3. Backpropagation: The gradient of the loss with respect to the parameters θ is
efficiently calculated by the backpropagation mechanism (cf. Section 2.5.2).
The parameters are updated by gradient descent.

The repetition of this process for a fixed number of steps, e.g., until every data point
from the training set was involved once, is called an epoch. At the end of the epoch,
the current parameter configuration is evaluated on the validation set. Here, only
the first and second steps are performed. Afterward, another epoch can take place,
or the training is terminated.

2.5.2 Backpropagation

A variety of optimization methods exist for solving parameter identification problems,
e.g., gradient descent or Newton’s method. However, due to the size and complexity
of modern network architectures, only those that use first-order derivatives for
minimization are practically applicable. The method of choice in this respect is
stochastic gradient descent. As shown in the third step of the training sequence,
the gradient of the loss function with respect to the parameters must be calculated
for this purpose. An efficient approach for the calculation is the backpropagation
scheme. The approach was first applied to dynamical systems [Bry61; Kel60]

2.5 Training of Neural Networks 25



and then transferred to neural networks by PAUL WERBOS [Wer74]. In addition
to the efficiency, RUMELHART et al. [RHW86; RMA86] could also show that the
backpropagation leads to rich representations of the input in deep layers of the
network. All major deep learning software libraries today rely on backpropagation
for gradient calculation.

In the following, we demonstrate the necessary steps for backpropagation on a
simple k-layer Perceptron fθ. The parametrization θ = {W i, bi | i = 1, ..., k} consists
of the weights matrices and bias vectors. The loss function comprises a discrepancy
term D and a weighted regularization R of the parameters

L(fθ(y), d, θ) := D(fk, d) + λR(θ), λ ≥ 0.

The first step is the calculation of the forward propagation and the loss, shown in
Algorithm 1.

Algorithm 1 Forward Propagation and Loss
Forward propagation and calculation of the loss for a single data point d ∈ Dn from
the dataset.

Require: k ∈ N ▷ Number of layers
Require: W i, i ∈ {1, ..., k}, bi, i ∈ {1, ..., k} ▷ Weight matrices and bias
Require: y ∈ d ▷ Network input

1: f0 ← y

2: for i = 1, ..., k do
3: ai ←W if i−1 + bi ▷ Affine transformation
4: f i ← φ

(︁
ai
)︁

▷ Activation

5: L← D(fk, d) + λR(θ) ▷ Loss

When the forward propagation and the loss calculation are completed, the backprop-
agation step can be performed. Here, the gradient information is propagated from
the back to the front of the network step by step. The basis for this procedure is the
application of the chain rule.

Theorem 2.5.1 (Chain Rule). Let y ∈ Rm and f : Rm → Rn, L : Rn → R be
differentiable functions. It holds

∂L(f(y))
∂yi

=
n∑︂
j=1

∂L(f(y))
∂f(y)j

∂f(y)j
∂yi

.

Let ∂F (x)
∂x define the n × m Jacobian of f . Then the gradient calculation can be

formulated in matrix-vector notation

∇yL(f(y)) =
(︃
∂f(y)
∂y

)︃T
∇f(y)L(f(y)).

Proof. We refer the reader to LASSER and HOFMAIER [LH12, p. 194f.].
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By Theorem 2.5.1, the gradient with respect to y can be calculated as a multiplication
of the transposed Jacobian ∂F (x)

∂x with gradient ∇f(y)L(f(y)). Since our network
consists of a concatenation of l layers, we apply the chain rule multiple times. In
Algorithm 2, we use the chain rule to set up the backpropagation regarding the
parameters θ. Nevertheless, the idea can be used to calculate other gradients, e.g.,
concerning the input y.

Algorithm 2 Backpropagation
Backpropagation algorithm for the calculation of the gradients using the chain rule
(Theorem 2.5.1) with respect to the parameters θ.

1: g ← ∇fθ(y)L = ∇fθ(y)D(fθ(y), d)
2: for i = k, k − 1, ..., 1 do
3: g ← ∇aiL = g ⊙ φ′ (︁ai)︁ ▷ Entry-wise multiplication
4: ∇W iL← g

(︁
f i−1)︁T + λ∇W iR(θ) ▷ Gradient weight matrix i

5: ∇biL← g + λ∇biR(θ) ▷ Gradient bias i
6: g ← ∇f i−1L =

(︁
W i
)︁T

g ▷ Propagation of the gradient

An efficient implementation of the backpropagation Algorithm 2 can be found in
GOODFELLOW et al. [GBC16]. We can see that the loop in the algorithm traverses the
network from back to front. Only the subsequent layer (as seen from the forward
direction) is involved in calculating the gradients for layer i. We also require the
ai and f i from the forward propagation. These are generally stored in memory to
avoid constant recalculation by forward propagation steps. Here, one has to strike a
balance between the performance hit and memory constraints. The latter is often
the limiting factor when choosing the size of the mini-batches, especially in imaging
applications. One way out is invertible neural networks since these can also be
executed in the reverse direction, allowing ai and f i to be computed successively
in one backward pass. We will go into more detail about invertible networks in
Chapter 7.

2.5.3 Optimization Methods

The gradient information from the backpropagation is used to update θi, where
i ∈ I is the index set of all network parameters, by gradient descent methods. As
discussed in Section 2.5.1, we change the parameters after each mini-batch step.
Mini-batches are disjoint subsets of the dataset Dn with a fixed number m ≤ n of
randomly selected samples. The motivation for the choice of these subsets is limited
computational resources. However, there are additional points that support the
use of mini-batches. GOODFELLOW et al. [GBC16, p. 271] argue with the change
of the standard error of the mean, given by σ√

m
, where σ is the true standard

deviation. This means that an increase in the size of a mini-batch does not improve
the approximation of the true gradient in the same way. In addition, WILSON and
MARTINEZ [WM03] show that small mini-batch sizes have a regularizing effect
during training. However, the learning process can take a long time in this case.
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Overall, these arguments have led to mini-batches becoming the norm. The combi-
nation of gradient descent and randomly composed mini-batches is referred to as
stochastic gradient descent in this case.

Definition 2.5.1 (Stochastic Gradient Descent). Let η > 0 be a fixed learning rate
and let [·]∗ define the accumulation of gradient information from the data points
in the current mini-batch, e.g., the mean. A single update step for parameter θi by
stochastic gradient descent is defined as

θnew
i = θi − η[∇θi

L]∗.

We refer the reader to BOTTOU [Bot98] for convergence results. Here, the important
point is that the random selection of samples in the mini-batches can be seen as a
source of noise, which can also influence when a minimum is reached (cf. [GBC16,
p. 286]). Therefore, to not leave the minimum, different approaches are used in
practice to reduce the learning rate η over time.

Another challenge lies in the high dimensionality of the parameter space. The MLE
problem over this space is, in general, non-convex and several local minima and
saddle points exist. It is helpful to control the learning rate to avoid getting stuck
in one of these points too early during training. An effective way is to consider
prior updates. The adaptive moment estimation (Adam) [KB15] is one method that
extends classical gradient descent with such a heuristic.

Definition 2.5.2 (Adam [KB15]). Let β1, β2 ∈ [0, 1) be hyperparameters to control
the influence of prior updates and ε > 0 be a small stabilizing constant. For update
step j of parameter θi, the Adam method consists of

uj = 1
1− βj1

(β1uj−1 + (1− β1)[∇θi
L]∗) ,

vj = 1
1− βj2

(︂
β2vj−1 + (1− β2) ([∇θi

L]∗)2
)︂
,

θnew
i = θi − η

uj√
vj + ε

.

The learning rate controls are initialized as u0 = v0 = 0.

Adam uses a moving average of the gradients to integrate knowledge about prior
updates. This approach will be the primary optimization algorithm used in this thesis.
However, there are other approaches like Adadelta [Zei12] or Adagrad [DHS11]
designed with the same idea as Adam. The choice depends strongly on the specific
application. We refer the reader to RUDER [Rud16] for an overview.

2.5.4 Challenges

The training of neural networks is not without its challenges. Many design decisions
directly impact whether training an expressive neural network succeeds. Below,

28 Chapter 2 Deep Learning



we consider some of these challenges and provide advice on solutions. The de-
scribed procedures are also applied in Part II of this thesis. We refer the reader to
GOODFELLOW et al. [GBC16] for further reference.

Training of Deep Networks

The universal approximation Theorem 2.3.1 states that a single fully-connected
layer is enough to approximate arbitrary continuous functions. Nonetheless, a large
number of neurons can be necessary for this task. Another approach is to use the
combinatorial complexity of deep networks with a large number of layers.

However, the vanishing gradient problem hindered the training of deep networks for
a long time [Hoc91; KK01]. Here, the gradient information decreases exponentially
as a function of the distance from the last layer since continuously small gradient
values are multiplied with each other during backpropagation [SA14]. The first
layers of the network are no longer trained in this case.

Remark. Note that there is also the phenomenon of exploding gradients due to the
multiplication of large gradient values. This leads to numerical instabilities and also
hinders training.

The choice of the activation function has a direct impact on the risk of vanishing
gradients during training. As discussed in Section 2.3.2, ReLU is a better choice than
the sigmoid activation in this regard. The risk can be further minimized by selecting
a suitable network architecture. The breakthrough came with residual networks
(ResNet) [He+16] that consist of residual layers.

Definition 2.5.3 (Residual Layer). Let f̂ i be a typical network layer, like a convolu-
tional or fully-connected layer. This can be extended to a residual layer fi by adding
the identity I of the input

fi(y) = I(y) + f̂ i(y).

Conversion to a residual layer is easily possible in many cases. The identity mapping
allows skipping layers and opens multiple paths for the flow of information through
the network. Therefore, a ResNet can also be seen as an ensemble of networks of
different depths. Modern ResNet models can have hundreds of layers [He+16].
Here, memory consumption during backpropagation is the limiting factor for even
deeper architectures. Fortunately, the residual layer can be made invertible by
constraints on the Lipschitz constant of f̂ i, as shown by BEHRMANN et al. [Beh+19].
As invertible networks, these iResNets can compute backpropagation in a memory-
efficient manner.
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Overfitting

The term overfitting describes learning specific features, e.g., noise patterns, of the
training data that are not representative of the actual data distribution. Simply put,
the model has memorized the training examples and cannot generalize. A model
with overfitting has a low empirical risk on the training set. Therefore, we proposed
in Section 2.5 to select and evaluate the final model on a separate validation and
test set. We terminate the training when the risk on the validation set is no longer
decreasing or starts to increase again. This helps to detect overfitting during training
but cannot entirely prevent it.

Reasons for overfitting are often too small training sets and too large neural networks.
Small data sets can have the problem that they do not sufficiently capture the desired
input-output relationship of the underlying data distribution. Therefore, it is difficult
for a model to learn the desired relationship. In this case, a lower risk is achieved by
just learning the training examples by heart. This is simplified by the fact that the
models do not require many parameters due to the small number of samples.

On the other hand, large models are capable of memorizing even comprehensive
datasets. We either have to enlarge the training set even further or restrict our
hypothesis class to neural networks with fewer parameters. Here, we must consider
the bias-complexity tradeoff (cf. Section 2.2.2) to keep expressive models in the
hypothesis class and not risk underfitting.

A simple and cost-effective approach to artificially increase the size of the training
set is to use data augmentation. This involves performing small, random transfor-
mations on the input data, such as translation, rotation, or adding noise. So during
training, the network does not see any input twice but only slightly changed versions.
Overfitting is more challenging, and the models can become robust against these
small changes in the input. However, it must be verified that the transformations
used do not change the meaning of the input.

Combining many simple models into an ensemble can be promising at the model
level. The small networks are trained individually and have a low risk of overfitting.
The subsequent combination can, nevertheless, result in an overall expressive model.
Here, the stochastic gradient descent and the non-convex optimization task, among
others, are crucial as they provide for learning different models. This diversity can
be further supported by selecting different network architectures and completely
different methods. A disadvantage is an increased effort due to the training of many
models [Car+04]. An intermediate way is the use of dropout [Sri+14]. Here, a
random number of neurons in the network is deactivated in each training step. A
single network with n neurons thus becomes an ensemble of 2n thinned-out ones.
These networks share a large part of their parameters. However, considered on
their own, they are trained only very rarely or not at all. Since achieving overfitting
usually requires several gradient steps, overfitting is avoided effectively.
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Transfer Learning

The parameter identification process requires an initial guess for the parameters.
This is the starting point for the optimization by gradient descent. Since we are
dealing with an optimization problem with many minima, the initialization directly
impacts the speed and result of the training. It can be shortened if the initial
parameter selection already takes into account the recognition of basic features
of the dataset. This is the idea behind transfer learning. Here, parameters from
the same network architecture, pre-trained on a different dataset, are taken, i.e.,
knowledge is transferred from one case to another.

The pre-training and target datasets do not have to cover the same topic. The
ImageNet data set [Den+09], with millions of photos of dogs, cats, cars, and other
subjects, is often used for pre-training. Successful transfer, in this case, was achieved
for applications with medical images [Rag+19] and even speech data [GG14]. The
reason for this is the occurrence of similar low-level features, e.g., image edges, in
both data sets. Consequently, the network only needs to be re-trained to detect the
high-level features. Section 8.7 explores the benefits of transfer learning for the
deep image prior (DIP).

Another advantage of large pre-training datasets is the presence of many different
features. If the target dataset is small, these features can also play a role but are
not present in sufficient quantity to be picked up by the learning algorithm. This is
how transfer learning often makes effective training on small datasets possible in
the first place. In Chapter 6, we introduce the comprehensive LoDoPaB-CT dataset
for low-dose computed tomography reconstruction. We discuss its use in transfer
learning in detail in Section 6.6.

If pre-trained parameters are not available, initialization schemes such as those of HE

et al. [He+16] and GLOROT and BENGIO [GB10] can be used. They choose random
parameters from a fixed range of values that ensures a constant variance of the acti-
vations and gradients over the different layers. This prevents vanishing/exploding
gradients at the beginning of the training.
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Linear Inverse Problems 3
„He who seeks for methods without having a definite

problem in mind seeks in the most part in vain.

— David Hilbert

In mathematics, the description of processes in nature and technology with the help
of a mathematical model has a rich history. Thereby, the expected effect is calculated
for a fixed parameter configuration of the model. A famous example is the n-body
problem. It describes via a system of ordinary differential equations (ODE) how n
point masses behave under the gravitational influence of the respective others

miÿ(t) =
n∑︂
j ̸=i

G
mimj (yj(t)− yi(t))
∥yj(t)− yi(t)∥3

, i = 1, ..., n.

Here, the trajectories of the objects directly depend on the masses mi and the initial
values for the positions yi(0) and velocities ẏ(0). So, given these values for the earth
and the sun (n = 2), we could calculate an approximation of the earth’s path.

Inseparable from the description of nature is also its observation. Renowned as-
tronomers like TYCHO BRAHE [Bra48] or GALILEO GALILEI [Heh17] observed the
night sky and meticulously documented the position of celestial bodies. Based on
their measurements, we can ask the question about the cause for a specific orbit of a
celestial body regarding our mathematical model. Following the inverse route of
determining a (not directly observable) cause from an observed effect is called an
inverse problem.

Observed Path
True Path

Future Path

Forward Problem
m1, y1, ẏ1

m2, y2, ẏ2

?
Inverse Problem

m1, y1, ẏ1

?

Fig. 3.1.: Examples for a forward and an inverse problem. Given an observed path of
an asteroid, we can determine its current mass m2, position y2, and velocity ẏ2
by solving the inverse problem. Afterward, this information can be used in the
forward problem to calculate the asteroid’s future path.
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Returning to our introductory example, the observed, perturbed trajectory of Uranus
actually led to the discovery of its cause, Neptune, through independent calculations
by ADAMS [Gre51] and LE VERRIER [Le 46]. We refer the reader to BÜHRKE [Büh01]
and SHEEHAN et al. [SKW04] to learn more about the interesting background story
of the contemporaneous discovery. The works of Adams and Le Verrier can be
seen as solving a problem from the inverse perspective. However, the term inverse
problem and the associated research area were established much later [Arg12].
From the 1950s onwards, influential publications like the ones by BACKUS and
GILBERT [BG67; BG68], CALDERÓN and ZYGMUND [CZ52; CZ56], and the works of
TIKHONOV and ARSENIN [TA77], as well as BADEVA and MOROZOV [BM91], shaped
the modern perception of inverse problems [Arg12]. Today, inverse problems cover
tasks from acoustics [Bug04], optics [EV09], oceanography [Ben02], geophysics
[BG68], medical imaging [Hau+18], and many others. The image reconstruction
task in computed tomography (CT) – the focus of this dissertation – also belongs to
the class of inverse problems. We discuss this task in detail in Chapter 5.

Whenever we deal with an inverse problem, we have to ask questions about the exis-
tence and uniqueness of a solution to our problem. In addition, we have to consider
the influence of uncertainties in the mathematical model and the ever-present noise
in the measurements. This chapter introduces various approaches for solving inverse
problems and how to deal with the aforementioned challenges. A formal definition
of an inverse problem in Section 3.1 marks the starting point. In Section 3.2, we
learn about the class of ill-posed inverse problems. Corresponding problems occur
frequently and are particularly difficult to solve with ordinary (numerical) methods
due to their instability. The solution to stabilization lies in the regularization of the
problem, i.e., we slightly modify our problem. Regularization exists in various forms.
Therefore, Section 3.3 introduces several different reconstruction techniques.

The content of this chapter is based on the book by RIEDER [Rie03] with additions
from the books of ENGL et al. [EHN00] and HOFMANN [Hof99]. We show proofs of
selected results and refer to the standard literature for the remaining ones.

3.1 Inverse Problems - From Effect to Cause

The starting point for the study of inverse problems is usually a mathematical model
A describing the relationship of cause→ effect. Since it is a mapping in the forward
direction, we call it a forward model.

Definition 3.1.1 (Forward Model). Let X be the set of parameters (cause) and Y
be the set of measurements (effect). The mapping

A : X → Y

is called the mathematical forward model.
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The forward model forms the basis for the theoretical and practical study of the
inversion process.

Definition 3.1.2 (Inverse Problem). Let X and Y be vector spaces with appropriate
topologies and A be a forward model mapping between these spaces. For a
corrupted measurement yδ ∈ Y , we are interested in finding x ∈ X, which solves

yδ = y + ξ = Ax+ ξ, DY
(︂
y, yδ

)︂
≤ δ.

Here, ξ ∈ Y is the observational noise constrained w.r.t. some data discrepancy
DY : Y × Y → R+.

A standard corruption model is additive noise, e.g., realizations ξ ∼ N (0, 1)≤δ from
a truncated normal distribution.

Remark (Incomplete Forward Model). In Definition 3.1.2, we assume access to a
perfect forward model A. The corruption only stems from noise. In reality, such a
model is generally not known or too expensive to compute. One example of both
challenges is the reconstruction problem in magnetic particle imaging (MPI) [AKK22;
Klu18; KGM17]. Therefore, we also have to consider deviations due to inaccuracies
in our modeling for real-world applications.

With Definition 3.1.2, we can formulate examples of inverse problems. An intuitive
entry is the task of denoising.

Example 3.1.1 (Denoising). Let the forward model be the identity operator A =
I : X → X. In this case, we are interested in finding the noise-free version x of the
measurement

yδ = x+ ξ.

Other common classes are integration and differentiation operators, which are
inverse to each other. There is no clear forward or inverse direction between the
two. In the following example, we assume the differentiation to be the inverse
operation.

Example 3.1.2 (Differentiation, [EHN00, p. 4]). Let the noise-free measurement
y ∈ C1[0, 1] be any differentiable function and choose a noise level δ ∈ (0, 1). In
addition, choose an arbitrary n ∈ N≥2 and define the measurements as

yδn(k) := y(k) + δ sin
(︃
nk

δ

)︃
, k ∈ [0, 1].

The differentiation as the inverse operation, i.e., x̃n = ẏδn and x = ẏ, results in the
following reconstruction

x̃n(k) = x(k) + n cos
(︃
nk

δ

)︃
.
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Using the uniform norm ∥ · ∥∞, we can observe that the data discrepancy is indeed

∥y − yδn∥∞ = δ.

In contrast, on the reconstruction side, we get

∥x− x̃n∥∞ = n.

Therefore, the reconstruction can be as far from the ground truth x as our arbitrary
n, even for a small data error δ.

From the two examples above, the natural question arises about the existence of
a unique solution and its stability under the influence of perturbations. This is
the focus of the following section. Before making the switch, however, the reader
is invited to consider another way of approaching inverse problems. The current
definition uses operator equations. These are covered in the field of functional
analysis. Nevertheless, there is also a statistical point of view. In this case, an inverse
problem can be formulated as follows.

Definition 3.1.3 (Statistical Inverse Problem, [Arr+19, Def. 3.5]). Assume that
the conditional distributions for the posterior px|y and the data py|x exist. From
measured data yδ ∈ Y , the aim is to recover the posterior conditional distribution
px|y(x|yδ). Here, yδ is a single sample of the data likelihood py|x(y|x). The data
generating process A : x→ py|x is known, but x is not.

Note that the noise is generally not bounded in this formulation [Nic21]. In the
following, we use the operator point-of-view from Definition 3.1.2 to study inverse
problems. However, we re-encounter the statistical formulation in regularization
theory (Section 3.3.3) and conditional invertible neural networks (Chapter 7).

3.2 The Issue of Ill-Posed Problems

For an inverse problem, we have to investigate the existence, uniqueness, and
stability of a solution. Simple examples from linear algebra illustrate possible
challenges.

Example 3.2.1 (Examples from Linear Algebra).

a)

⎡⎢⎣1 0 0
0 1 0
0 0 0

⎤⎥⎦x =

⎡⎢⎣0
0
1

⎤⎥⎦ , b)

⎡⎢⎣1 0 0
0 1 1
0 1 1

⎤⎥⎦x =

⎡⎢⎣0
1
1

⎤⎥⎦ , c)

⎡⎢⎣1 1
2

1
3

1
2

1
3

1
4

1
3

1
4

1
5

⎤⎥⎦x =

⎡⎢⎣1
1
1

⎤⎥⎦+ ξ.

System a) does not have a solution x ∈ R3. System b) contains columns that are
linearly dependent, i.e., there are multiple x ∈ R3 that solve the problem. System c)
is a Hilbert matrix [Hil33]. The matrix is symmetric and positive definite, i.e., its
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inverse exists. However, the system is ill-conditioned since the columns are getting
closer and closer to being linearly dependent for higher dimensions. For n = 3,
the condition number (growing exponentially with n) is ≈ 500 using the Frobenius
norm. Therefore, the solution x is very sensitive, even to small changes ξ on the
right-hand side.

From the examples above, we can expect similar problems for the operator equations
in Definition 3.1.2. In the following, we introduce definitions by HADAMARD [Had02]
and NASHED [Nas87] to characterize such so-called ill-posed problems. We introduce
the concept of a generalized inverse, where only the instability is of interest, and
learn about a typical class of ill-posed problems: compact operators. Lastly, we
present important results from spectral theory.

3.2.1 Ill-Posed in the Sense of Hadamard

The famous French mathematician JACQUES HADAMARD defined three criteria to
distinguish between well-posed and ill-posed problems.

Definition 3.2.1 (Ill-posed problems, HADAMARD [Had02]). Let A : X → Y be
a forward model and X,Y topological spaces. The problem Ax = y is called
well-posed if all of the following properties are fulfilled:

1. Surjection: There exists a solution x ∈ X for every y ∈ Y .

2. Injection: The solution is unique.

3. Stability: The inverse mapping A−1 : Y → X is continuous.

Otherwise, the problem is called ill-posed.

Hadamard used the Cauchy problem for the Laplace equation as a synthetic example
for an ill-posed problem without connection to real physical meaning [Had23]. From
Hadamard’s point of view, ill-posedness in real-world problems could only occur due
to incorrect modeling of the physical properties [Rie03, p. 15]. Today, we know that
most inverse problems are indeed ill-posed and typically violate the third property.
As we will see in Chapter 5, computed tomography also belongs to this class of
problems. One can argue that by choosing appropriate spaces X and Y , the inverse
mapping in Definition 3.2.1 can be made continuous. However, these spaces are
usually determined by the application.

Since we want to investigate in more detail what criteria on mapping A lead to an
ill-posed problem, we narrow the setting. In the following, we assume A ∈ L(X,Y )
to be a continuous, linear mapping between Hilbert spaces X and Y . There exists
a rich general theory about inverse problems in this setting. It also covers our
application, computed tomography. Additionally, the stability of the operator is
a global property in this case. In contrast, for non-linear inverse problems, the
paradigm shifts from searching for general to application-specific results [Rie03,
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p. 223], and one has to investigate local stability, i.e., these problems can be locally
well-posed [HP18].

3.2.2 A Generalized Inverse

HADAMARD’s definition includes three different properties of a well-posed problem.
Two of them revolve around the number of solutions for a given y ∈ Y . In this
part, we generalize the definition of a solution to our problem by picking a specific
element x+ ∈ X. We restrict the search to the set K(y) of elements that minimize
the data discrepancy

x+ ∈ K(y) :=
{︃
x̃ ∈ X

⃓⃓
x̃ = arg min

x
DY (Ax, y)

}︃
,

where discrepancy DY (Ax, y) := ∥Ax − y∥Y for our Hilbert space setting. In the
case of A ∈ L(X,Y ), there is an equivalent characterization for elements of K using
the orthogonal projection P and the normal equation.

Theorem 3.2.1 ([Rie03, Theorem 2.1.1]). Let A ∈ L(X,Y ) and y ∈ Y . If x+ ∈ X
fulfills one of the requirements, the others are also fulfilled (equivalency):

1. x+ ∈ arg minxDY (Ax, y)

2. It is a solution for the normal equation A∗Ax+ = A∗y.

3. The forward mapped element Ax+ = Prg(A)y is the orthogonal projection of y
onto the closed range of A.

Proof. We prove the theorem by showing 1. ⇒ 2. ⇒ 3. ⇒ 1. In the following, we
make use of the split y = y1 + y2, where y1 ∈ rg(A) and y2 ∈ rg(A)⊥

.

1.⇒ 2.) For arbitrary φ ∈ X and λ ∈ R, consider the polynomial

F (λ) = ∥A(x+ + λφ)− y∥2Y .

Its derivative with respect to λ is

Ḟ (λ) = 2
(︂
⟨Ax+ − y,Aφ⟩Y + λ∥Aφ∥2Y

)︂
= 2

(︂
⟨A∗(Ax+ − y), φ⟩X + λ∥Aφ∥2Y

)︂
.

For x+ ∈ arg minxDY (Ax, y), it follows that the derivative has to be 0 for λ = 0

Ḟ (0) = 2⟨A∗(Ax+ − y), φ⟩X = 0, ∀φ ∈ X.

Consequently, the inner product has to be 0 for all φ, i.e., x+ is a solution for the
normal equation

A∗(Ax+ − y) = 0 ⇔ A∗Ax+ = A∗y.
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2.⇒ 3.) Assume that x+ solves the normal equation. Therefore,

A∗Ax+ = A∗y ⇔ A∗(Ax+ − y) = 0,

i.e., Ax+ − y = Ax+ − (y1 + y2) ∈ N (A∗) = rg(A)⊥. Consequently,

Ax+ = y1 = Prg(A)y.

3.⇒ 1.) We can use the Pythagorean theorem on the squared norm of the discrep-
ancy and use Ax+ = Prg(A)y = y1

∥Ax+ − y1 − y2∥2Y = ∥Ax+ − y1∥2Y + ∥y2∥2Y (Pythagorean theorem)

= ∥y2∥2Y (Orthogonal projection)

≤ ∥Ax− y∥2Y , ∀x ∈ X.

Now that we have characterized the elements of K, it is interesting under which
circumstances the set is not empty. In addition, we want to pick a specific element
x+ ∈ K(y) in this case. To be more precise, we are looking for the element with the
minimum norm.

Lemma 3.2.1 ([Rie03, Lemma 2.1.2 & 2.1.4]). For y ∈ Y , the set K(y) has the
following properties:

1. The set K(y) is not empty iff y ∈ rg(A)⊕ rg(A)⊥.

2. The set is convex and closed.

3. If K(y) is not empty, there is a unique element x+ ∈ K(y) with a minimum
norm, i.e.,

∥x+∥X < ∥x∥X ∀x ∈ K(y) \ {x+}.

The crucial part for the existence of the minimum norm element is that y ∈ Y is also
in the union of the range of A and its orthogonal complement. In general, we cannot
assume that rg(A)⊕ rg(A)⊥ = Y , i.e., there are y ∈ Y for which no x+ exists. We
show in Theorem 3.2.2 that the range of A needs to be closed so that every y ∈ Y is
covered. This motivates our second definition of ill-posed problems. First, however,
we are now able to define a generalized inverse using the previous results.

Definition 3.2.2 (Moore-Penrose Inverse, [Bje51; Moo20; Pen55]). Let A+ be
a mapping from dom

(︁
A+)︁ → X, where dom

(︁
A+)︁ = rg(A) ⊕ rg(A)⊥ ⊂ Y . If

A+ maps every y ∈ dom
(︁
A+)︁ to the minimum norm solution x+, it is called the

Moore-Penrose or generalized inverse of A ∈ L(X,Y ).

The definition of this generalized inverse was independently developed by MOORE

[Moo20], BJERHAMMAR [Bje51], and PENROSE [Pen55]. Going back to Defini-
tion 3.2.1 of ill-posed problems by HADAMARD, the existence and uniqueness of
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a solution x+ are covered for y ∈ rg(A) ⊕ rg(A)⊥ in our generalized setting. The
following theorem covers the continuity of A+.

Theorem 3.2.2 ([Rie03, Theorem 2.1.6 & 2.1.8]). For A ∈ L(X,Y ), the Moore-
Penrose inverse A+ has the following properties:

1. A+ is defined on the whole space Y iff the range of A is closed.

2. A+ is continuous iff the range rg (A) = rg (A) is closed.

3. The range rg
(︁
A+)︁ = N (A)⊥.

4. For y ∈ dom(A+), the minimum norm element x+ = A+y is the unique
solution of the normal equation in N (A)⊥.

5. The generalized inverse A+ is linear.

Proof. 1. We refer the reader to [EHN00, p. 34] for the proof.

4. We start by splitting y = y1 + y2, where y1 ∈ rg(A) and y2 ∈ rg(A)⊥. Now

x+ = A+(y1 + y2) = A+y1 ∈ N (A)⊥.

To show that x+ is a solution in N (A)⊥ to the normal equation, we plug it into the
left-hand side of the equation

A∗Ax+ = A∗AA+y1 = A∗y1 = A∗y1 +A∗y2 = A∗y.

Here we used the fact thatN (A∗) = rg(A)⊥ for y2. To show the uniqueness, consider
solutions x+

1 , x
+
2 ∈ N (A)⊥. It follows that

A(x+
1 − x

+
2 ) = 0 ⇒ x+

1 − x
+
2 ∈ N (A).

Since both solutions originate from N (A)⊥, the above can only be fulfilled for
x+

1 − x
+
2 = 0, i.e., x+

1 = x+
2 .

Proofs for 2., 3. and 5. can be found in [Rie03, p. 23f.].

Finally, the Moore-Penrose axioms uniquely determine the generalized inverse A+.

Theorem 3.2.3 (Moore-Penrose Axioms). Let A ∈ L(X,Y ). The corresponding
generalized inverse A+ : dom(A+)→ X is uniquely determined by the four Moore-
Penrose axioms:

1. AA+ = Prg(A) 3. A+A = Prg(A∗)

2. AA+A = A 4. A+AA+ = A+
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Proof. We make use of the results from Theorem 3.2.1 to prove statements 1. and 2.
For all y ∈ dom(A+),

AA+y = Ax+ = Prg(A)y.

Therefore, for all x ∈ X,

AA+Ax = Prg(A)Ax = Ax.

In addition, for statements 3. and 4., the third and fourth properties of the general-
ized inverse in Theorem 3.2.2 are crucial. Since rg

(︁
A+)︁ = N (A)⊥ = rg (A∗)

A+Ax = x+ = PN (A)⊥x = Prg(A∗)x

and

A+AA+y = Prg(A∗)A
+ = Prg(A+) = A+y ∀ y ∈ dom(A+).

It remains to show that these four properties uniquely determine the mapping.
Consider a mapping Ã+ : dom(A+)→ X, which fulfills the Moore-Penrose axioms.
For x = Ã+

y, y ∈ dom(A+) follows

Ax 2.= AÃ+Ax = AÃ+
y

1.= Prg(A)y,

i.e., x = Ã+
y solves the normal equation (Theorem 3.2.1). Furthermore,

x = Ã+
y

4.= Ã+AÃ+
y

3.= Prg(A∗)Ã
+
y = PN (A)⊥Ã+

y.

So, solution x ∈ N (A)⊥ is also the unique minimum norm solution (Theorem 3.2.2).
Thereby, Ã+ = A+ according to Definition 3.2.2 of the generalized inverse.

3.2.3 Ill-Posed in the Sense of Nashed

Theorem 3.2.2 motivates the second definition of ill-posed problems that is directly
connected to the range of forward model A.

Definition 3.2.3 (Ill-posed problems, NASHED [Nas87]). If the range of A is not
closed in Y , the problem is called ill-posed in the sense of Nashed. Otherwise, it is
well-posed in the sense of Nashed.

We also know from Theorem 3.2.2 that the range of A is directly coupled with the
continuity of A+. This makes the formulation of NASHED and the third requirement
in HADAMARD’s definition equivalent in our setting (cf. [Hof99, Theorem 3.2]). From
now on, we use the definition by NASHED whenever we refer to ill-posed linear
inverse problems. The following section covers a family of operators whose range
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for infinite-dimensional Y is never closed and, therefore, always results in ill-posed
inverse problems.

3.2.4 Compact Operators and Spectral Theory

This section introduces compact operators, a subclass of bounded linear operators,
and their special properties in relation to inverse problems. Intuitively, one can think
of some generalization of finite-dimensional matrices to infinite-dimensional spaces
[Rie03, p. 25]. This is underlined by the study of compact operators in spectral
theory. We start with a definition of compact operators in normed spaces.

Definition 3.2.4 (Compact Operator). Let X and Y be normed spaces and A : X →
Y be a linear operator. A is called compact if it fulfills one of the following equivalent
conditions:

1. For every bounded M ⊂ X, the image AM is relatively compact in Y .

2. For any bounded sequence {xn}n∈N in X, sequence {Axn}n∈N contains a
converging subsequence in Y .

As mentioned at the beginning, the set of compact operators is a subset of the
bounded linear operators considered so far.

Lemma 3.2.2 (Boundedness, [Rie03, Lemma 2.2.2]). Let K(X,Y ) := {A : X →
Y | A linear and compact} be the set of compact operators. It holds that K(X,Y ) ⊂
L(X,Y ), i.e., every compact operator is bounded.

Now, we can focus on the properties of compact operators, and by demanding
reasonable structures of spaces X and Y , we can further extend these.

Theorem 3.2.4 (Properties of Compact Operators, [Rie03, Theorem 2.2.8]). Let
X, Y , and Z be normed spaces. Then, the following properties hold:

1. The set K(X,Y ) is a normed space w.r.t. the operator norm.

2. The concatenation of a bounded and a compact operator is a compact op-
erator, i.e., for A ∈ L(X,Y ), B ∈ K(Y,Z) or A ∈ K(X,Y ), B ∈ L(Y, Z), it
holds that BA ∈ K(X,Z).

3. If Y is a Banach space, K(X,Y ) is closed w.r.t. the operator norm.

4. The identity operator I (cf. Example 3.1.1) is compact iff X is a finite-
dimensional space.

5. Let X not be finite-dimensional and A ∈ K(X,Y ) be invertible. Then, the
inverse A−1 is not continuous.
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Proof. We prove the theorem in the same order as above.

1. The operator norm is defined as ∥A∥ := sup∥x∥X≤1 ∥Ax∥Y . Since X and Y are
normed spaces, we can use their properties to show that K(X,Y ) is also a normed
space for this norm:

i) ForA = 0 follows sup∥x∥X≤1 ∥0x∥Y = sup∥x∥X≤1 0 = 0. In addition, if ∥A∥ = 0,
∥Ax∥Y = 0 for all x ∈ X. However, this is only fulfilled if all x are in the null
space of A, i.e., A = 0. Therefore, A = 0⇔ ∥A∥ = 0.

ii) For all ε ∈ K,

∥εA∥ = sup
∥x∥X≤1

∥εAx∥Y = |ε| sup
∥x∥X≤1

∥Ax∥Y = |ε|∥A∥.

iii) The triangular inequality is fulfilled since

∥A+ B∥ = sup
∥x∥X≤1

∥Ax+ Bx∥Y

≤ sup
∥x∥X≤1

∥Ax∥Y + ∥Bx∥Y

≤ sup
∥x1∥X≤1

∥Ax1∥Y + sup
∥x2∥X≤1

∥Bx2∥Y

= ∥A∥+ ∥B∥.

2. Let (xn)n∈N ∈ X be a bounded sequence. Sequence (Axn)n∈N is also bounded
since A is continuous. Now, we can distinguish two cases:

i) Following Definition 3.2.4 of compact operators, for B ∈ K(Y,Z), there is a
converging subsequence (BAxni)i∈N .

ii) If, instead, A ∈ K(X,Y ), there is a converging subsequence (Axni)i∈N using
the same arguments as above. In addition, (BAxni)i∈N also converges since B
is continuous.

3. We refer the reader to [Rie03, p. 27f.].

4. A proof can be found in the book by HEUSER [Heu86, Sec. 11.8].

5. Assume that A−1 is continuous. Due to property 2., the concatenation A−1A ∈
K(X,X) is compact. In addition, A−1A = I, but, according to 4., the identity
operator is only compact for finite-dimensional X.  

The properties are helpful for the investigation if a problem is ill-posed. We can
see that problems in finite-dimensional spaces, such as in the discrete numerical
evaluation setting, are not ill-posed. However, as Example 3.2.1 from linear algebra
illustrates, they can be ill-conditioned [Hof99, p. 89], making them challenging to
solve.
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Property 5. describes a setting where the inverse A−1 is not continuous, i.e., a
corresponding problem would violate the third requirement of HADAMARD’s well-
posedness Definition 3.2.1. However, we have to get further results to complete the
analysis for the generalized inverse. Therefore, we now switch to the spectral theory
of compact operators. The starting point is the singular value decomposition (SVD)
of such operators – a well-known tool for matrices in linear algebra.

Definition 3.2.5. Let A ∈ L(X,X), where X is a normed space:

1. ε ∈ C is called a regular value iff the inverse (εI − A)−1 is continuous.

2. The spectrum of A is defined as

S(A) := {ε ∈ C | ε is NOT a regular value ofA}.

3. If ε ∈ S(A) and the null space N (εI − A) ̸= {0} contains non-trivial ele-
ments, we call ε an eigenvalue and respective elements the corresponding
eigenfunctions.

Theorem 3.2.5 ([Rie03, Theorem 2.3.2]). Let A ∈ L(X,X), where X is a Banach
space:

1. If ε ∈ S(A), the absolute value of ε is bounded by the operator norm |ε| ≤ ∥A∥.

2. The spectrum S(A) ⊂ C is a compact set.

Proof. We refer the reader to [Rie03, p. 29] for proof of both statements.

Following Lemma 3.2.2, these results also hold for compact operators K(X,X).
However, we can get additional properties in this case.

Theorem 3.2.6 ([Rie03, Theorem 2.3.3]). Let A ∈ K(X,X), where X is a normed
space:

1. Every ε ∈ S(A) \ {0} is an eigenvalue of A.

2. For every eigenvalue, dim[N (εI − A)] <∞ is bounded.

3. 0 ∈ S(A), and the spectrum is countable.

4. 0 is the only possible limit point of the spectrum S(A).

Proof. Proofs can be found in the book by WEIDMANN [Wei00, p. 209f.].
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For compact, self-adjoint operators, the spectral theorem guarantees the existence of
decomposition by particular sequences.

Theorem 3.2.7 (Spectral Theorem, [Rie03, Theorem 2.3.4]). Let A ∈ K(X,X) be
a compact, self-adjoint operator on Hilbert space X. There exist:

1. An orthonormal sequence {vi}i∈N in X.

2. An (regarding their absolute value) monotonously decreasing sequence
{εi}i∈N in R̸=0, which either truncates or converges to 0.

Such that

Ax =
∞∑︂
i=1

εi⟨x, vi⟩Xvi.

Proof. We refer the reader to HEUSER [Heu86, Ch. 16].

This decomposition is known as the operator’s singular value decomposition (SVD).

Definition 3.2.6 (Singular Value Decomposition). Let X,Y be Hilbert spaces
and A ∈ K(X,Y ). The concatenation A∗A ∈ K(X,X) is self-adjoint. Following
Theorem 3.2.7, a series representation is given by

A∗Ax =
∞∑︂
i=1

εi⟨x, vi⟩Xvi,

where εi ∈ S(A∗A) \ {0} are the eigenvalues, and vi ∈ X are the eigenfunctions.
We define σi := √εi, i ∈ N as the singular values of A. Further, ui := 1

σi
Avi, and

we call ui and vi the singular functions. Together, the set

{(σi, vi, ui) | i ∈ N} ⊂ (0,∞)×X × Y

forms the singular system of A. Finally, the series

Ax =
∞∑︂
i

σi⟨x, vi⟩Xuj

is the singular value decomposition (SVD) of compact operator A.

We can directly infer some properties. The non-trivial eigenvalues are strictly positive
since

εi∥vi∥ = ⟨εvi, vi⟩X⟨A∗Avi, vi⟩X
= ⟨Avi,Avi⟩Y
= ∥Avi∥2Y > 0.

Therefore, the corresponding singular values σi are also strictly positive. Here,
we follow the standard convention to order them in a monotonous decreasing
sequence.
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Theorem 3.2.8 (Picard Criterion, [EHN00, Theorem 2.8 (i)]). Let A ∈ K(X,Y ) and
{σi, vi, ui | i ∈ N)} its singular system. Every element y ∈ rg(A) is also in rg(A) iff
the following series converges

∞∑︂
i=1

(︃ |⟨y, ui⟩Y |
σi

)︃2
<∞.

Proof. A proof can be found in [EHN00, p. 38].

Finally, we can establish a connection between the generalized inverse and the
SVD.

Theorem 3.2.9 (Generalized Inverse of Compact Operators, [Rie03, Theorem
2.3.9]). Let A : X → Y be a compact operator with singular system {σi, vi, ui | i ∈
N)}. For y ∈ dom

(︁
A+)︁,

A+y =
∞∑︂
i=1

1
σi
⟨y, ui⟩Y vi.

If dim[Y ] <∞, then A+ is continuous.

Proof. We start the proof with the common trick of splitting y ∈ dom(A) into two
parts: Ax ∈ rg(A) and ŷ ∈ rg(A)⊥ such that Ax+ ŷ = y.

By splitting and Definition 3.2.6 of the singular system, it is evident that the series
converges

x̃+ : =
∞∑︂
i=1

1
σi
⟨y, ui⟩Y vi =

∞∑︂
i=1

1
σi
⟨Ax+ ŷ, ui⟩Y vi

=
∞∑︂
i=1

1
σi
⟨Ax, ui⟩Y vi =

∞∑︂
i=1

1
σi
⟨x,A∗ui⟩Xvi

=
∞∑︂
i=1
⟨x, vi⟩Xvi.

We show that candidate x̃+ = x+ is indeed the minimum norm solution for
y ∈ dom(A) using property 4. from Theorem 3.2.2. The {vi}i∈N are a complete
orthonormal system in N(A)⊥. Therefore, x̃+ ∈ N(A)⊥. In addition, x̃+ solves the
normal equation

A∗Ax̃+ =
∞∑︂
i=1

σ2
i ⟨x̃+, vi⟩Xvi

=
∞∑︂
i=1

σ2
i

σi
⟨y, ui⟩Y vi

=
∞∑︂
i=1

σi⟨y, ui⟩Y vi = A∗y.
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Thereby, the series is the generalized inverse A+ of our operator. For dim[Y ] <∞,
the series reduces to a sum over a finite number of elements, i.e., the generalized
inverse is bounded in this case.

This is a powerful result since we now have exact instructions on constructing the
generalized inverse for compact operators. However, we need access to the SVD of
the operator. This is a non-trivial task for many applications. Fortunately, several
results exist for the Radon transform [Rad17; Rad86] – the standard forward model
for computed tomography problems. We take a closer look at the derivation of the
SVD for the Radon transform in Section 5.2.2.

3.3 Regularization of Linear Problems

In Definition 3.1.2 of an inverse problem, we included noisy corruptions ξ ∈ Y as a
common occurrence in real-world problems. We assume that the noise is bounded
by noise level δ, i.e., for our Hilbert space setting

DY (y, yδ) := ∥y − yδ∥Y ≤ δ.

From these noisy observations, we are interested in solving the underlying linear
operator equation

Ax = y, y ∈ rg(A).

The SVD of the generalized inverse in Theorem 3.2.9 illustrates the problem: parts of
the noise ξ that point in the same direction as singular function ui are multiplied by
σ−1
i . If the singular value σi is small, the influence of the noise is amplified strongly.

As we know from Theorem 3.2.2, the operator A+ is unbounded iff the range of A
is not closed. So, even if yδ ∈ dom(A+), the solution x+

δ = A+yδ can be arbitrarily
far away from the true x.

An intuitive approach is to truncate the SVD series if the singular values get too
small. This truncated SVD (TSVD) approach is a valid method to stabilize ill-posed
problems. Besides truncation, other approaches aim to modify the influence of small
singular values. However, we are now dealing with a bounded approximation of the
generalized inverse. This is the general idea of regularization: replace the unbounded
A+ with a family of – not necessarily linear – continuous operators {Rλ}λ>0. This
approximation of A+ should lead to a solution close to the unknown x+ = A+y. In
Section 3.3.1, we formalize requirements to derive a definition and properties of a
regularization. Building on this, Section 3.3.2 presents an overview of the theory of
linear regularization through filters for the singular values. Section 3.3.3 introduces
the Tikhonov method as a common regularization approach. Iterative regularization
schemes in Section 3.3.4 supplement this.
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3.3.1 What is a Regularization?

We start with a standard definition of regularizations and characterizations of the
parameter choice.

Definition 3.3.1 (Regularization, [EHN00, Def. 3.1 & 3.2]). Let A ∈ L(X,Y ) and
{Rλ} := {Rλ : Y → X |λ > 0,Rλ0 = 0, continuous}. If there is a parameter choice
Λ : (0,∞)× Y → (0,∞),

lim
δ→0

sup
{︂

Λ
(︂
δ, yδ

)︂
,
⃦⃦⃦
y − yδ

⃦⃦⃦
Y
≤ δ

}︂
= 0,

such that
sup

{︃⃦⃦⃦
A+y −RΛ(δ,yδ)y

δ
⃦⃦⃦
X
,
⃦⃦⃦
y − yδ

⃦⃦⃦
y
≤ δ

}︃
δ→0−−−→ 0

for every y ∈ rg(A), then ({Rλ},Λ) is called a regularization of A+. Choice Λ
(︂
δ, yδ

)︂
is called the regularization parameter. Further, Λ can just depend on δ and is, in this
case, an a priori and, otherwise, an a posteriori parameter choice.

Note that the operators of the regularization are allowed to be non-linear. We use
the term linear regularization if such a restriction is necessary.

Lemma 3.3.1 ([Rie03, Lemma 3.1.2]). Let A ∈ L(X,Y ) and ({Rλ},Λ) be a regu-
larization. We define

Γ :=
{︃

Λ(δ, y)
⃓⃓⃓

lim
δ→0
∥RΛ(δ,y)y −A+y∥X = 0, y ∈ rg(A), δ > 0

}︃
as the set of regularization parameters for y ∈ rg(A). Then, {Rγ}γ∈Γ converges
point-wise against A+ on rg(A) for γ → 0.

The following theorem shows that a linear regularization of an unbounded A+ also
becomes unbounded due to this convergence result.

Theorem 3.3.1 ([Rie03, Lemma 3.1.3]). Let A ∈ L(X,Y ) and ({Rλ},Λ) be a
linear regularization. There is no upper bound for {∥Rλ∥} if the range of A is not
closed.

Proof. Assume that there exists a bound on the operator norm for all λ > 0. Then,
this bound also holds for the subset Γ. Now we can use the point-wise convergence
result of Rγ from the previous Lemma 3.3.1, in combination with the Banach-
Steinhaus theorem (cf. [Alt06, Theorem 5.3]), to show that A+ is continuous in
this case. However, this contradicts Theorem 3.2.2: A+ is only bounded for a closed
range of A.  

48 Chapter 3 Linear Inverse Problems



For a linear regularization of A+, we have to strike a balance between the approxi-
mation error (1st summand) and the data error (2nd summand)

∥A+y −Rλyδ∥X ≤ ∥A+y −Rλy∥Y + ∥Rλ(y − yδ)∥X
≤ ∥A+y −Rλy∥Y + δ∥Rλ∥L(X,Y ).

This balance can be achieved by choosing an adequate regularization parameter
λ. For λ→ 0, the approximation error goes towards 0, but the data error explodes
if the noise ξ is not in the domain of A+ [EHN00, Prop. 3.6]. On the other hand,
increasing λ reduces the data error, but now the approximation error rises [Hof99,
p. 130]. Choosing an (approximately) optimal regularization parameter λ⋆ for the
current measurement yδ is the task of the parameter choice Λ(δ, yδ). There are
different approaches and heuristics, like the Morozov discrepancy principle [Mor68],
for the parameter choice Λ. We refer the reader to the book by ENGL et al. [EHN00,
Ch. 4] for a comprehensive overview of different techniques.

Before we introduce different linear and non-linear regularization methods in the
following sections, we will talk about the concept of optimality of regularization
techniques for an inverse problem with forward model A ∈ L(X,Y ). Here, we
generalize to the class of reconstruction methods, i.e., continuous T : Y → Y and
T 0 = 0. As we can see: every regularization approach is also a reconstruction
method. To characterize the optimality, we first define

Eν (δ, γ, T ) := sup
{︂
∥T yδ −A+y∥X

⃓⃓⃓
y ∈ rg(A), yδ ∈ Y, ∥y − yδ∥Y ≤ δ, ∥A+y∥ν ≤ γ

}︂
.

This is the worst-case error for the reconstruction method T , given the forward
model A, noise level δ, and a restriction on the generalized solution ∥A+y∥ν ≤ γ
[EHN00, p. 56]. The restriction on the generalized solution is necessary to get
results about the convergence rate of T for δ → 0. In general, the convergence rate
for ill-posed problems can be arbitrarily slow [EHN00, Prop. 3.11]. To characterize
such generalized solutions, we define subspaces Xν of X for ν ≥ 0

Xν := rg(|A|ν) =
{︂
x ∈ N (A)⊥

⃓⃓⃓
∥x∥ν <∞

}︂
, ∥x∥2ν :=

∞∑︂
i=1

|⟨x, vi⟩X |2

σ2ν
i

.

From Eν (δ, γ, T ), we are interested in the reconstruction T with the best worst-case
error

Eν (δ, γ) := inf{Eν (δ, γ, T ) | }
= sup

{︁
∥x∥X

⃓⃓
x ∈ Xν , ∥Ax∥ ≤ δ, ∥x∥ν ≤ γ

}︁
.

The equality is astonishing since the best worst-case error is independent of the
reconstruction method! A proof can be found in the book by LOUIS [Lou89]. The
result also enables us to calculate the error independent of the choice of T .
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Theorem 3.3.2 ([Rie03, Theorem 3.2.5]). Let A ∈ L(X,Y ) and ν > 0. Then,

Eν (δ, γ) ≤ γ
1

ν+1 δ
ν

ν+1 ,

and a sequence {δi}i∈N, δi
i→∞−−−→ 0 exists for which equality holds.

Proof. We refer the reader to [Rie03, p. 59].

Theorem 3.3.2 allows us to introduce two definitions of optimality of reconstruction
methods and, therefore, also for regularization methods.

Definition 3.3.2 (Optimality and Order Optimality, [Rie03, Def. 3.2.6]). Let A ∈
L(X,Y ) and rg(A) ̸= rg(A). If there is Cν ≥ 1, for a family of reconstruction
methods {Tδ}, such that

Eν (δ, γ, Tδ) ≤ Cνγ
1

ν+1 δ
ν

ν+1

for all γ ≥ 0 and all sufficiently small δ > 0, we call the family optimal if Cν = 1,
and otherwise order optimal, w.r.t. Xν and A.

We close this section with a result from PLATO [Pla90] about reconstruction methods
being regularizations under certain assumptions in the case of order optimality.
Thereby, the following theorem offers an alternative to prove that {Rλ,Λ} is a
regularization. Showing order optimality is often an easier task.

Theorem 3.3.3 ([Pla90, Theorem 2.1]). Let A ∈ L(X,Y ) and rg(A) ̸= rg(A). Let
{Rλ} be a family of reconstruction methods combined with mapping Λ : (0,∞)×
Y → (0,∞), such that {RΛ(δ,·)·} is order optimal w.r.t. Xν . Define Λα(δ, ·) = Λ(αδ, ·)
for α > 1. It follows that ({Rλ},Λα) is a regularization for A. It is order optimal
w.r.t. Xβ for every β ∈ (0, ν].

Proof. We refer the reader to PLATO [Pla90] for the proof.

3.3.2 Linear Regularization

Linear regularization expressed by filter functions is the starting point for considering
different regularization approaches. With the TSVD, we also get to know a first
practical example of a regularization method at the end of this section.

Definition 3.3.3 (Filter). Let {Fλ} be a set of piecewise continuous functions
Fλ : [0, ∥A∥2] → R and points of discontinuity with existing limits for both sides
(jump discontinuities). We call {Fλ} a filter if the functions fulfill

lim
λ→0

Fλ(ε) = 1
ε
, ∀ε ∈ (0, ∥A∥].
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For A ∈ K(X,Y ), the filter Fλ(A∗A) is a continuous operator with point-wise
convergence against (A∗A)−1. We define

Rλy := Fλ(A∗A)A∗y =
∞∑︂
i=1

Fλ(σ2
i )σi⟨y, ui⟩yvk (cf. [Rie03, p. 35])

as a candidate for a regularization. The filtering of A∗A is motivated by the fact that
A+ = (A∗A)−1A∗ for injective, compact A. The inverse (A∗A)−1 is unbounded, i.e.,
we want to stabilize it with the help of the filter. In the following, we formulate
requirements on the filter such that Rλ has regularizing properties.

Theorem 3.3.4 ([Rie03, Theorem 3.3.1]). Let A be a compact operator and {Fλ}
like in Definition 3.3.3. In addition, let

ε|Fλ(ε)| ≤ CF ∀ε ∈ [0, ∥A∥2], λ > 0.

Then,

lim
λ→0
Rλy = lim

λ→0
Fλ(A∗A)Ay =

{︄
A+y : y ∈ dom(A+)
∞ : otherwise

.

Proof. A proof can be found in [Rie03, p. 63] and [EHN00, p. 72].

We converge towards the solution of the generalized inverse for every y in its domain.
A central aspect of regularization is fulfilled. On the other hand, we can already see
the limitations of a linear regularization shown in Theorem 3.3.1 since there is no
bound for y outside dom(A+). Next, we check how stable the candidate Rλ is at
noise level δ.

Theorem 3.3.5 ([EHN00, Theorem 4.2]). Let filter {Fλ} be like in Theorem 3.3.4.
For candidate Rλ follows

∥ARλy −ARλyδ∥Y ≤ CF δ,

∥Rλy −Rλyδ∥X ≤ δ
√︂
CFM(λ),

M(λ) := sup{|Fλ(ε)| | ε ∈ [0, ∥A∥2]}

for y, yδ ∈ Y .

Proof. To show the validity of the first estimate, we use Fλ(A∗A)A∗ = A∗Fλ(AA∗)

∥ARλy −ARλyδ∥Y ≤ ∥AA∗Fλ(AA∗)∥ · ∥y − yδ∥Y
≤ sup

ε
ε|Fλ|δ

≤ CF δ.
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Squaring, representation as scalar product, and the first estimate prove the second
result

∥Rλy −Rλyδ∥2X =
⟨︂
Rλy −Rλyδ,A∗Fλ(AA∗)(y − yδ)

⟩︂
X

=
⟨︂
A(Rλy −Rλyδ), Fλ(AA∗)(y − yδ)

⟩︂
Y

≤ ∥ARλy −ARλyδ∥Y · ∥Fλ(AA∗)∥ · ∥y − yδ∥Y
≤ CF δM(λ)δ.

Finally, we have to control M(λ) in the estimation of the data error for λ→ 0. We
do so by considering the noise level in the parameter choice Λ.

Corollary 3.3.1 ([Rie03, Cor. 3.3.4]). Let {Fλ} be like in Theorem 3.3.4. For a
choice Λ : (0,∞)→ (0,∞), where

Λ(δ)→ 0, δ
√︂
M(Λ(δ)) δ→0−−−→ 0,

the corresponding candidate (Rλ,Λ) is a regularization of A+.

Thus we have found conditions for a filter {Fλ} to be called a regularizing filter.

Definition 3.3.4 (Regularizing Filter). A filter {Fλ}, as used in Theorem 3.3.4, is
called a regularizing filter for A ∈ L(X,Y ).

The requirements to obtain an order optimal regularization from a regularizing filter
{Fλ} and an a priori parameter choice Λ(δ) are shown in the following theorem.

Theorem 3.3.6 ([Rie03, Theorem 3.3.7]). Let {Fλ} be a regularizing filter. Let
there be λ0 and wν : (0, λ0]→ R for pλ(ε) = 1− εFλ(ε) and ν > 0, such that

sup
0≤ε≤∥A∥2

ε
ν
2 |pλ(ε)| ≤ wν(λ) ∀λ ∈ (0, λ0].

Let further, for λ→ 0

wν ≤ Cpλ
ν
2 and M(λ) ≤ CM

1
λ

for constant positive values Cp and CM . And, for the a priori parameter choice Λ

C1

(︃
δ

γ

)︃ 2
ν+1
≤ Λ(δ) ≤ C2

(︃
δ

γ

)︃ 2
ν+1

,

for δ → 0 and positive C1, C2. Then, ({Rλ},Λ) is order optimal for A+ w.r.t. Xν .
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Proof. We apply the common trick to split the discrepancy into approximation error
and data error to show order optimality. This is the only missing information since
Corollary 3.3.1 shows that ({Rλ},Λ) is a regularization. It holds that

∥A+y −RΛ(δ)y
δ∥X ≤∥A+y −RΛ(δ)y

δ∥X + ∥RΛ(δ)y −RΛ(δ)y
δ∥X

where we use [Rie03, Lemma. 3.3.6] and Theorem 3.3.5 to arrive at

≤wν(Λ(δ))γ + δ
√︂
CFM(Λ(δ))

plug in the prerequisites of the theorem for wν and M

≤Cp(Λ(δ))
ν
2 γ + δ

√︄
CF

CM
Λ(δ)

as well as for the a priori parameter choice Λ

≤CpC
ν
2
2

(︃
δ

γ

)︃ ν
ν+1

γ + δ

√︄
CF

CM
C1

(︃
γ

δ

)︃ 1
ν+1

=
(︄
CpC

ν
2
2 +

√︄
CF

CM
C1

)︄
γ

1
ν+1 δ

ν
ν+1 = Cνγ

1
ν+1 δ

ν
ν+1 .

Following Definition 3.3.2, the regularization ({Rλ},Λ) is order optimal.

The maximum convergence speed of the reconstruction error in relation to δ is called
the qualification of the filter and is determined by the behavior of wν .

Definition 3.3.5 (Qualification of a Filter, [Rie03, Def. 3.3.8]). Let A ∈ L(X,Y )
and {Fλ} be a regularizing filter, where M(λ) ≤ CM 1

λ for λ→ 0. The qualification
of the filter is the highest ν0, for which for every ν ∈ (0, ν0] exists a positive constant
Cp(ν), such that

sup
0≤ε≤∥A∥2

ε
ν
2 |pλ(ε)| ≤ Cp(ν)λ

ν
2

for λ→ 0.

The theoretical maximum convergence rate of O(δ) can be achieved for filters with
qualification ν0 =∞ [EHN00, p. 76]. For filters with lower qualifications, the upper

bound is O
(︃
δ

ν0
ν0+1

)︃
[Rie03, p. 67]. The intuitive example of the truncated singular

value decomposition (TSVD) can be used to demonstrate the concepts and results
introduced in this section.
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Example 3.3.1 (TSVD). To truncate the series of the singular value decomposition,
we define the filter {Fλ} by

Fλ(ε) =
{︄1
ε : ε ≥ λ
0 : otherwise .

It is a regularizing filter with CF = 1 since

lim
λ→0

Fλ(ε) = 1
ε

for ε > 0, sup
0≤ε≤∥A∥2

ε|Fλ(ε)| = 1.

In addition,

sup
0≤ε≤∥A∥2

ε
ν
2 |pλ(ε)| = sup

0≤ε≤∥A∥2
ε

ν
2 |1− εFλ(ε)|⏞ ⏟⏟ ⏞

∈{0,1}

= sup
0≤ε≤λ

ε
ν
2 = λ

ν
2 .

i.e., the filter has a qualification of ν0 =∞, since

M(λ) = sup{|Fλ(ε)| | ε ∈ [0, ∥A∥2]} = 1
λ
.

For the corresponding {Rλ} follows

Rλy = Fλ(A∗A)A∗y =
∞∑︂
i=1

Fλ(σ2
i )σi⟨y, uk⟩Y vk =

n∑︂
i=1

1
σi
⟨y, uk⟩Y vk

for the highest n ∈ N with σn ≥
√
λ. If we combine the {Rλ} with a parameter

choice Λ that fulfills the requirements of Theorem 3.3.6, then, for every ν > 0, the
TSVD ({Rλ},Λ) is an order optimal regularization w.r.t. Xν . However, LOUIS [Lou89,
Theorem 4.1.3] showed that there is no ν for which it is also an optimal regulariza-
tion.

3.3.3 Tikhonov Regularization

This section introduces the generalized Tikhonov-Phillips regularization [Phi62;
Tik43; TA77]. It is a common regularization approach to stabilize ill-posed inverse
problems. For simplicity, we restrict ourselves to injective, bounded linear forward
models A on real-valued Hilbert spaces X, Y in this overview. In addition, we
introduce operator B ∈ L(X,Z), where Z is a Banach space. The operator B is used
to modify the normal equation

(A∗A+ λB∗B)x = A∗y.

Here, weight λ ≥ 0 controls the influence of B∗B.
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Lemma 3.3.2 ([Rie03, Lemma 4.1.1]). Let A ∈ L(X,Y ), B ∈ L(X,Z), y ∈ Y , and
λ ≥ 0. For x̃ ∈ X, the following statements are equivalent

1. (A∗A+ λB∗B) x̃ = A∗y

2. x̃ = arg min{Lλ(x, y) := ∥Ax − y∥2Y + λ∥Bx∥2Z |x ∈ X}, where λ∥Bx∥2Z is
called the penalty or regularization term.

In the following, we demand that operator B also has a bounded inverse for elements
in the range, i.e.,

β∥x∥X ≤ ∥Bx∥Z ∀x ∈ X

for some fixed β > 0. In this case, there is a unique solution x̃ for λ > 0. We define
the candidate for our reconstruction approach as

Rλy := x̃λ = (A∗A+ λB∗B)−1A∗y

= arg min{Lλ(x, y) |x ∈ X}.

Theorem 3.3.7 ([Rie03, Theorem 4.1.2]). Let A ∈ L(X,Y ), B ∈ L(X,Z), y ∈
dom(A+), and

φr≥0 = inf{∥β2B∗BA+y −A∗w∥X |w ∈, ∥w∥Y ≤ r}.

For x̃λ follows

1. ∥x̃λ −A+y∥2X ≤ φ2
r + λβ2r2 for all r, λ > 0.

2. limλ→0 x̃λ = A+y.

Proof. A proof of the theorem can be found in [Rie03, p. 95–96].

The result from this theorem can be used to combine our candidate Rλ with an
appropriate a priori parameter choice Λ(δ) to get a regularization.

Theorem 3.3.8 ([Rie03, Theorem 4.1.3]). ({Rλ},Λ) is a regularization for A+ if
the a priori parameter choice Λ fulfills

Λ(δ)→ 0, δ
√︂

Λ(δ)
−1
→ 0, for δ → 0.

Proof. We start with the procedure to examine the approximation and data errors

∥A+y −RΛ(δ)y
δ∥X ≤ ∥A+y −RΛ(δ)y∥X + ∥RΛ(δ)∥δ.

Theorem 3.3.7, in combination with the prerequisites formulated above, guarantees
the convergence of the approximation error towards 0 for δ → 0. The missing step is
to identify a bound on {∥Rλ∥}. InRλ, we shorten the expression Cλ := A∗A+λB∗B.

We have to deal with the inverse C−1
λ , for which the following inequality holds

∥C−1
λ ∥ ≤ (λβ2)−1. ([Rie03, Eq. (4.4)])
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Therefore, an upper bound on {∥Rλ}∥ can be achieved by finding constant M ≥
∥C−1

λ A∗A∥ independent of λ since

∥Rλ∥2 = ∥RλR∗
λ∥ = ∥C−1

λ A
∗AC−1

λ ∥ ≤ ∥C
−1
λ A

∗A∥(λβ2)−1.

The second result from Theorem 3.3.7 and the injectivity of A lead to

lim
λ→0

C−1
λ A

∗y = A+Ax = x ∀x ∈ X.

In the next step, we split the parameter range of λ into two parts. First, due to the
limit, there exists λ̂(x) > 0, such that

∥C−1
λ A

∗y − x∥X ≤ ∥x∥X ∀λ ∈ (0, λ̂(x)].

For all λ in this range, we can use the triangular inequality

∥C−1
λ A

∗Ax∥X = ∥C−1
λ A

∗Ax− x+ x∥X ≤ ∥C−1
λ A

∗Ax− x∥X + ∥x∥X ≤ 2∥x∥X .

In the case of λ > λ̂(x)

∥C−1
λ A

∗Ax∥X ≤ ∥A∥2∥x∥X(λ̂(t)β2)−1.

Overall, for all λ > 0, the point-wise bound is the maximum of both results

∥C−1
λ A

∗Ax∥X ≤ ∥x∥X max
{︂

2, ∥A∥2∥x∥X(λ̂(t)β2)−1
}︂
.

The Banach-Steinhaus theorem guarantees uniform boundedness, i.e., the existence
of the searched constant M > 0 for all λ > 0. Finally, the data error is bounded by

∥RΛ(δ)∥δ ≤
√
Mδ

√︂
β2Λ(δ)

−1
.

Like for the regularizing filters, we are interested in the requirements to get order
optimality.

Theorem 3.3.9 (Order Optimal Tikhonov Regularization, [Rie03, Theorem 4.1.4
(a)]). Let A ∈ K(X,Y ) with singular system {σi, vi, ui} and B ∈ L(X,Z) with

B∗B =
∞∑︂
i=1

β2
i ⟨x, vk⟩Xvk, {βi} ∈ [β, ∥B∥].

In addition, let λ > 0 and

Rλ· = (A∗A+ λB∗B)−1A∗· =
∞∑︂
i=1

σi
σ2
i + λβ2

i

⟨·, ui⟩Y vi.

The parameter choice Λ(δ) from Theorem 3.3.6 leads to an order optimal regular-
ization ({Rλ},Λ) w.r.t. Xν for all ν ∈ (0, 2].
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Proof. The idea is to relate the statement to the classical Tikhonov regularization.
Then we can use the result about regularizing filters from Section 3.3.2. The filter is

Fλ(ε) = 1
ε+ λ

, pt(ε) = 1− εFλ(ε) = λ

ε+ λ
.

It is the special case where βi = 1 for all i ∈ N. For y ∈ rg(A), we can estimate that

∥x+ −Rλyδ∥X ≤ ∥x+ −Rλy∥X + ∥Rλ(y − yδ)∥X (Triangle inequality)

= ∥(I −RλA)x+∥X + ∥Rλ(y − yδ)∥X
≤ ∥p∥B∥2λ(A∗A)x+∥X + ∥Fβ2λ(A∗A)A∗∥δ.

Using Theorem 3.3.6 and the properties of the classical Tikhonov method (cf. Exam-
ple 3.3.2), we can confirm the statement.

The classical Tikhonov regularization is an easy-to-understand introductory exam-
ple. As a linear regularization, we can also make a direct connection here to the
regularization filters from Section 3.3.2 and compare it to the TSVD approach from
Example 3.3.1.

Example 3.3.2 (Classical Tikhonov Regularization). The classical Tikhonov regu-
larization uses B = I. Here, βi = 1 for all i ∈ N. Therefore, we can express the
regularization by a filter {Fλ}. To be more precise,

Fλ(ε) = 1
ε+ λ

.

In contrast to the TSVD in Example 3.3.1, the singular values are increased and not
truncated. It is easy to see that this choice fulfills the requirements of Definition 3.3.4
to be a regularizing filter. The qualification (Definition 3.3.5) of the filter is ν = 0
since

sup
0≤ε≤∥A∥2

ε
ν
2 |pλ(ε)| = sup

0≤ε≤∥A∥2
ε

ν
2

λ

ε+ λ
≤
{︄
Cpλ

ν
2 : 0 < ν ≤ 2

∥A∥ν−2λ : ν > 2
.

The corresponding Rλy is the unique solution to the following regularized normal
equation

A∗y = (A∗A+ λI)Rλy

or respectively the cost function

Lλ(x, y) = ∥Ax− y∥2Y + λ∥x∥2X .

Following VAINIKKO [Vai82, Ch. 9A], the regularization ({Rλ},Λ) with a priori
parameter choice

Λ(δ) = 1
ν

(︃
δ

γ

)︃ 2
ν+1
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is optimal w.r.t. Xν for all 0 < ν ≤ 2.

Other generalized Tikhonov schemes are the maximum-entropy regularization
[EHN00; KS88] or the total variation (TV) regularization [Che+15; ROF92]. The
latter is extensively used as a model-based benchmark in the second part of this
work. In the numerical application of Tikhonov regularization, special methods
[BT09; CP11; DDD04] have to be applied for the minimization of the associated cost
function L since the regularization term can be non-differentiable in the classical
sense. A prominent example is the fast iterative shrinkage-thresholding algorithm
(FISTA) [BT09] used for sparsity-inducing regularization terms ∥ · ∥1.

We close the section about the generalized Tikhonov regularization with a com-
parison to the statistical point of view on inverse problems without going into
the mathematical details. We refer the reader to ITO and JIN [IJ14], as well as,
KAIPIO and SOMERSALO [KS05], for more information on statistical regularization
theory. In the statistical setting, we are interested in conditional distribution px|y (cf.
Definition 3.1.3).

A common reconstruction approach is to estimate x̃ with the highest likelihood,
given y (maximum likelihood estimate, Definition 2.2.10), i.e.,

x̃ = arg max
x

px|y(x|y) = arg max
x

py|x(y|x)px(x)
py(y) = arg max

x
py|x(y|x)px(x).

Here, we used Bayes’ Theorem 2.2.1 and the fact that py(y) is irrelevant for the
maximization task. Equivalently, we can minimize the negative log-likelihood due to
the strict monotonicity of the transforms

x̃ = arg min
x

− log(px|y(x|y)) = arg min
x

− log(py|x(y|x))− log(px(x)).

The last expression allows for a direct comparison with our variational formulation

x̃ = arg min
x

Lλ(x, y) = arg min
x

∥Ax− y∥2Y + λ∥Bx∥2Z .

The first part corresponds to the data discrepancy, and the second one, the negative
log of the prior px(x), to the regularization term. Through this connection, we are
able to motivate the use of specific discrepancy and regularization terms in the
statistical setting. For example, the discrepancy is the least-squares model in the
case of Gaussian noise and the Kullback Leibler divergence for Poisson noise (cf.
BERTERO et al. [BLZ07]). In Chapter 7, we make use of these results.

3.3.4 Iterative Regularization

Besides the regularizing filters and generalized Tikhonov schemes, there are other
approaches to generating solutions for ill-posed inverse problems. In this section, we
introduce two iterative regularization approaches: the Landweber method [Lan51]
and the conjugate gradient (CG) method [HS52; Pat74]. Further, there are other
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approaches like mollifier [LM90; Lou96] or regularization by projection. The latter
plays an essential role in describing the effect of discretization of the problem for
solving it with numerical methods (cf. [EHN00, Sec. 3.3]). Readers interested in an
overview of modern regularization methods are recommended to read the work of
BENNING and BURGER [BB18].

The idea of iterative regularization approaches is to generate a sequence of approxi-
mations xk, k ∈ N to the generalized solution x+ of the noise-free problem. In the
case of noisy measurements, one can generally observe a decrease followed by an
increase in the reconstruction error over the iterations for linear methods. Again,
we must strike a balance between the approximation and data errors. This time, the
control variable is the number of iteration steps K. Recall the problem of overfitting
in deep learning (cf. Section 2.5.4). Here, limiting the number of gradient steps in
training by utilizing early stopping was also a valid strategy.

The starting point for the regularization of A+ is the normal equation A∗Ax = A∗y.
Here, we use the fact that the evaluation of the primal problem Ax and the dual
problem A∗y is generally stable, easy to obtain, and well understood. For the
Landweber method [Bia59; Fri56; Lan51], the normal equation is transformed into
a fixed-point equation. One iteration step for A ∈ L(X,Y ), y ∈ Y , and arbitrary
initialization x0 ∈ X is given by

Rk+1y := xk+1 = xk + ϕA∗ (y −Axk) = (I − ϕA∗A)xk + ϕA∗y,

where ϕ > 0 is a weighting factor. For 0 < ϕ < 2
∥A∥2 follows

lim
k→∞

xk =
{︄
A+y + PN (A)x0 : y ∈ dom(A+)
∞ : otherwise

,

i.e., the result directly depends on the choice of the starting point. Given the same
starting point x0 and weighting ϕ, we can also estimate the influence of noise with
level δ by

∥xk − xδk∥ ≤ δ ·
{︄√

2ϕ : k = 1
√
kϕ : k ≥ 2

.

For more information and proof of these statements, we refer the reader to ENGL et
al. [EHN00, Sec. 6.1] and RIEDER [Rie03, Sec. 5.1]. Finally, DEFRISE et al. [DDS87]
showed that for ∥Axk − yδ∥ > 2δ and weight 0 < ϕ < 2

∥A∥2

∥x+ − xk+1∥X < ∥x+ − xk∥X ,

i.e., the iteration procedure should not be stopped before the data discrepancy is
small enough.

The Landweber method was successfully applied to a wide range of applications
[Joh+06; TC85]. There are different names for the procedure, e.g., in computed
tomography reconstruction, it is known as SIRT [KN72]. In addition, we can also
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draw a connection to the regularizing filters from Section 3.3.2. For step k and
starting point x0 = 0, the corresponding filter is given by polynomial

Fk(ε) = ϕ
k−1∑︂
i=0

(1− ϕε)i .

Accelerated Landweber methods choose different polynomials for the regularizing filter,
e.g., Tschebyscheff polynomials, to reach higher convergence speeds. A downside is
the requirement to scale the forward operator to a norm smaller or equal to 1 for
applications [Rie03, p. 121].

An even faster alternative is the conjugate gradient (CG) method [HS52; Pat74]. It is
the first example of a non-linear regularization scheme in this work and does not
require operator scaling. Note that we allow the regularization in Definition 3.3.1 to
be non-linear, even if the original problem is linear. However, we cannot directly
apply the results from Section 3.3.2 about linear regularization. In addition, there is
no convenient split between approximation and data errors.

Algorithm 3 Conjugate Gradient Method

Require: A ∈ L(X,Y ), y ∈ Y , x0 ∈ X.
1: r0 ← y −Ax0
2: d0 ← A∗r0
3: p1 ← d0
4: k ← 1
5: while dk−1 ̸= 0 do
6: qk ← Apk ▷ Calculate next basis element for AUk.
7: αk ←

∥dk−1∥2
X

∥qk∥2
Y

▷ Update weighting coefficient

8: xk ← xk−1 + αkpk ▷ Update reconstruction
9: rk ← rk−1 − αkqk

10: dk ← A∗rk

11: βk ←
∥dk∥2

X

∥dm−1∥2
X

▷ Update weighting coefficient

12: pk+1 ← dk + βkpk ▷ Calculate next basis element for Krylov space Uk+1.
13: k + +

The idea of the CG method is to choose the unique minimizer xk of the data
discrepancy on the linear manifold {x0 + uk |uk ∈ Uk}, i.e.,

xk = arg min
x
{∥Ax− y∥Y |x− x0 ∈ Uk}.

We demand that the {Uk}k∈N are finite-dimensional sub-spaces of N (A)⊥ and
Uk ⊂ Uk+1. Adequate choices are Krylov spaces

Uk := span{(A∗A)0A∗r0, (A∗A)1A∗r0, ..., (A∗A)k−1A∗r0}, r0 := y −Ax0.
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With this choice, the CG method needs fewer iteration steps k⋆ than any accelerated
Landweber method using the discrepancy principle [Rie03, p. 122]

∥Axk⋆ − yδ∥Y ≤ τδ < ∥Axk − yδ∥Y , k = 0, 1, ..., k⋆ − 1 and fixed τ > 1.

The difference in the construction of Uk and Uk+1 is an additional basis element
pk+1. Otherwise, the same basis elements are used. In addition, we need to calculate
an orthogonal basis for AUk = span{q1, ...qk}, where qi = Api. Again, we only have
to calculate the new qk in the current step. All in all, the iteration step k of the
CG method calculates the new basis elements and updates the reconstruction xk
regarding the new information. The pseudo-code for the CG method is shown in
Algorithm 3.

Besides the two examples shown here, there are other iterative regularization
schemes, such as iterative Tikhonov methods (cf. [Rie03, Sec. 4.2]) or Newton-type
approaches for non-linear problems (cf. [EHN00, Sec. 11.2]).
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Hybrid Deep Learning for
Inverse Problems

4
„An intellect which at a certain moment would know all

forces that set nature in motion, and all positions of all
items of which nature is composed, if this intellect were
also vast enough to submit these data to analysis [...];
for such an intellect nothing would be uncertain and the
future just like the past would be present before its eyes.

— Pierre Simon Laplace
A Philosophical Essay on Probabilities [DL95]

In the last chapter, we focused on the basics of inverse problems and how to
solve and regularize them classically. As a reminder, we are concerned with the
reconstruction of solution x from noisy measurements yδ connected by an operator
equation Ax+ ξ = yδ.

The classical methods for solving inverse problems often include guarantees about
stability and convergence (speed) towards a solution. In addition, particular behavior
could be explained within a mathematical framework. One calls this a white-box
model. However, these model-driven approaches also come with downsides. For
example, using an accurate forward model within the method can be computationally
infeasible.

Further, the (function) spaces used as a setting to derive the desired properties
of these approaches are often too general, e.g., a real-world CT image can be
expressed as a matrix, but not every random matrix will represent a realistic CT
image. The challenge is that we do not know the distribution of authentic CT images
mathematically. Finally, we can have the problem that the exact forward model is
unknown. Here, we have to deal with additional uncertainty, besides the corruption
from noise.

In Chapter 2, we introduced data-driven models in the shape of artificial neural
networks. These networks use samples of data points to learn a relationship be-
tween the input and the target. They can be excellent function approximators (cf.
Section 2.3.1) – so a natural application is to learn a completion of an imperfect
forward model or speed a complex one up by learning an approximation. In addition,
we do not have to think about a mathematical formulation of the data distribution.
Instead, we use samples from the desired distribution itself. Therefore, we can
benefit from the structure of the data. However, there are three main challenges to
the application of deep learning approaches in inverse problems:
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1. Availability of data: Supervised deep learning models require comprehensive
datasets of measurement and ground truth pairs (yδi , xi). These are seldom
available for inverse problems.

2. Guarantees: In many cases, learned methods have no known guarantees, e.g.,
for convergence, or these are so limiting that no benefits are obtained in real
applications.

3. Black box: While neural networks can provide excellent results, the exact
processes inside the models are often unknown.

In the following, we introduce four different ideas to combine classical and data-
driven approaches to learned hybrid models. The goal is to get the best of both
worlds and tackle the respective individual ideas. As the sections progress, we
introduce models that learn more and more information from the data and are
less model-driven. We start with learned regularization terms in Section 4.1 and
unrolled iterative schemes in Section 4.2, which are strongly influenced by classi-
cal approaches. Section 4.3 introduces pre- and post-processing networks, which
balance model- and data-driven aspects. Finally, fully-learned inversion models are
introduced as a primarily data-driven concept in Section 4.4. These four sections
are based on the extensive overview articles of ARRIDGE et al. [Arr+19] and ONGIE

et al. [Ong+20].

Furthermore, we cover generative reconstruction methods in Chapter 7, exemplified
by the conditional invertible neural network (CINN). Another approach is the deep
image prior (DIP), which only requires a single measurement and thus avoids the
data availability problem. More details on the DIP are presented in Chapter 8.
To decide which method is most suitable for the reader’s application, we refer to
[Ong+20, Table 2].

Another major concern is the stability of learned approaches. This is based on the
problem of adversarial attacks observed in classification and segmentation tasks. We
address this problem in Section 4.5 and contrast current findings and views from
the literature.

4.1 Learned Regularization Terms

Section 3.3 covered a variety of classical regularization approaches for linear inverse
problems. In the following, we use the variational formulation

min
x
DY

(︂
Ax, yδ

)︂
+Rθ(x) (4.1)

to introduce parameterized regularization schemes Rθ : X → R+. Thereby, the
choice of parametrization θ is determined with the use of data. Many of the following
ideas and methods can also be applied to non-linear inverse problems.

As an introductory example, the regularization weight θ := λ can be determined
using data. As described in Section 3.3, several principles exist for this purpose,
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using the noise level δ, e.g., the Morozov principle [Mor68] and Miller’s method
[Mil70]. Another approach is the L-curve [Han92], which uses a log-log plot of λ
and the respective variational loss for some data. The weight is chosen at the point
where the plot has the highest curvature.

Gradually, one can increase the influence of learning by using a weighted sum
of hand-crafted regularization terms. Learned TV-type regularizers [KP13; RS13]
use a bilevel optimization formulation to determine each of the weights and the
reconstruction simultaneously. Here, the existence of an optimal solution can
be shown (see [DSV16]). This idea can also be used to learn a combination of
regularization terms that are no longer purely hand-crafted. The first approaches
[Che+13; CRP14] were based on field of expert models [OF97; RB09] that are
trained to approximate image patches by a linear combination of learned filters.

Starting from combining simple, learned filters, it is a logical next step to extend
the concept to deep neural networks. Below, we will take a closer look at two
different approaches summarized in [Arr+19, Sec. 4.7.1 & 4.7.2]. The neural
network Tikhonov (NETT) method proposed by LI et al. [Li+20] combines a pre-
trained network fθ : X → K with a regularization functional R : K → R+, such
that

Rθ(x) := R ◦ fθ(x).

In this framework, an auto-encoder structure consisting of an encoder Eθ1 : X → K
and a decoder part Dθ2 : K → X is often used for the training

min
θ

1
m

m∑︂
i=1
DX (Dθ2Eθ1(x), x) .

After the network’s parameters have been determined, only the encoder fθ := Eθ1 is
chosen for the network part. Rθ can be used in Eq. (4.1) as a regularization term
with a fixed parametrization. Note that this is a two-step process compared to the
all-in-one bilevel optimization approach discussed before.

The main component of the work of LI et al. [Li+20] is the derivation of analytic con-
ditions such that NETT fulfills the requirements from Section 3.3 to be a functional
analytic regularization. They base this on the regularization theory of GRASMAIR et
al. [GHS08], which requires a coercive, weakly lower semi-continuous regulariza-
tion. The use of a leaky ReLU activation [MHN13] and affine transformations in the
network fθ in combination with uniformly positive weighted lp norms

R(k) :=
∑︂
i

λi|ki|p

is one of many examples of such a learned regularizer. In addition to the classical
results, they also derive convergence rates and results using the concept of absolute
Bregman distances.

A different approach is to use the idea of generative adversarial networks (GAN)
[Goo+14]. In a GAN approach, a generator network tries to produce outputs as close
as possible to a reference distribution, e.g., natural images of dogs. Its counterpart,
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the discriminative network, then tries to distinguish the artificially generated samples
from the true ones. As adversaries, the networks learn from each other to improve
continuously. LUNZ et al. [LSÖ18] use the discriminative network Rθ to distinguish
between samples from the prior px and ones with imperfections, e.g., artifacts from
the reconstruction process T y. Here, Rθ can be connected to a log-likelihood model
of the prior, which is the statistical equivalent of the variational regularization term
(cf. the end of Section 3.3.3). The pseudo-inverse T : Y → X plays the role of the
generator in this case. It can also have adjustable parameters but will most likely be
fixed during the training of Rθ.

The empirical learning objective for the adversarial regularizer can be formulated
as

min
θ

1
m

m∑︂
i=1

G1 (Rθ(xi))−
1
n

n∑︂
i=1

G2
(︂
Rθ(T yδi )

)︂
.

Here, G1, G2 : R → R are monotone functions, like the logarithm [Goo+14] or
the Wasserstein loss [Gul+17]. A variant of the latter is also used in this approach.
Datasets Dm,x and Dn,y are required, whereby measurements (yδi ) and ground truth
(xi) do not have to be connected. As for the NETT approach, the parameters are
fixed after training, and the adversarial regularizerRθ is used in Eq. (4.1) to assist in
the determination of a solution. Under appropriate assumptions, weak convergence
to a minimizer can be achieved [LSÖ18, Theorem 3].

4.2 Unrolled Iterative Schemes

Feedforward neural networks consist of the concatenation of n layers. Each layer
can be seen as a single update step ∆i in an iterative scheme. In the same way, an
iterative scheme can be interpreted as a multi-layer neural network. We have seen
examples of iterative schemes in Section 2.5.3 for gradient descent methods and
Section 3.3.4 for iterative regularization.

Classical iterative schemes often come with guarantees about convergence and
stopping criteria. However, in general, the number of iterations is not known a priori
and can differ for each data sample. This is especially a problem in time-critical
applications. Therefore, the idea is to unroll the iterative scheme into a neural
network, parameterize the update steps ∆θi

, and terminate the process after a fixed
number of n layers for each data sample (early stopping). Now, we are interested in
finding a parametrization of the update steps that minimize the empirical risk on
some dataset Dm, i.e., the hypothesis class consists of different iterative schemes.

In the following, we consider a minimization problem that we regularly face in
inverse problems: a data discrepancy term and a weighted regularization

Lλ(x, y) := D(Ax, y) +Rλ(x). (4.2)

For this problem, we are interested in finding an iterative scheme with n steps that
minimizes the empirical risk for some dataset Dm := {yδj | j = 1, ...,m}. We unroll
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the different schemes into neural networks fθ for the optimization process. ERM
determines the final parametrization of the unrolled scheme

θ̂ ∈ arg min
θ

m∑︂
j=1
DY

(︂
Afθyδj ), yδj

)︂
+Rλ

(︂
fθ(yδj )

)︂
.

Note that this is unsupervised training since we just use the measurement data (yδj )
as a reference. Nonetheless, one can extend the loss function to also compare results
with ground truth data (xj) – if available.

Often, iterative schemes for minimizing Eq. (4.2) consider the primal space X and
the dual space Y . Therefore, we resort to the general definition of ARRIDGE et
al. [Arr+19] for the unrolling.

Definition 4.2.1 (Unrolled Iterative Scheme, [Arr+19, Sec. 4.9.1]). Let (xi, yi) ∈
X × Y , i = 0, ..., n be the intermediate results of the iterative scheme with initializa-
tion x0 = x0 and y0 = yδ. An update step in the unrolled iterative scheme is given
by (︂

xi+1, yi+1
)︂

:= ∆θi

(︂
xi, yi, xim1 , y

i
m2 , [∂A(xi)]∗(yi),A(xi),∇Rλ(xi)

)︂
.

Here,
∆θi

: X × Y ×Xm1 × Y m2 ×X × Y ×X → X × Y

is an updating operator with parametrization θi, which also has access to the last m1
and m2 updates

xim1 = (xi−1, ..., xi−m1) ∈ Xm1 ,

yim2 = (yi−1, ..., yi−m2) ∈ Y m2 .

Let us consider an example of unrolling an iterative scheme in the form of the Adam
gradient descent method [KB15].

Example 4.2.1 (Unrolled Adam). The Adam optimizer uses information from the
primal space X. Therefore, we omit the dual information in the general update
step in Definition 4.2.1. The memory part within Adam is defined implicitly by
updating a moving average of the last updates. Finally, we have to think about the
parametrization for the unrolling. To keep it simple in this example, we choose the
hyperparameters θi := {ηi, β1,i, β2,i} that control the learning rate and influence of
previous updates as the parameters of our model. We also allow different values in
each iteration step i = 1, ..., n. All in all, the i-th network layer of the unrolled Adam
scheme fθ looks as follows

ui = 1
1− (β1,i)i

(︂
β1,iui−1 + (1− β1,i)[∇xL(xi, yδ)]∗

)︂
,

vi = 1
1− (β2,i)i

(︃
β2,ivi−1 + (1− β2,i)

(︂
[∇xL(xi, yδ)]∗

)︂2
)︃
,

xi+1 = ∆θi

(︂
xi, yδ,∇xL(xi, yδ)

)︂
:= xi − ηi

ui√
vi + ε

.
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The above example shows that unrolling an iterative scheme into a neural network
is straightforward. The example can also be modified to share the same parametriza-
tion between all steps n and mimic a recurrent neural network. In addition, more
parts or the whole update step itself can be turned into learnable mappings. This
approach was followed in the learned gradient descent (LGD) model by ADLER and
ÖKTEM [AÖ17]. They replace the classical update step with a convolutional neural
network with ReLU activation functions and use information about the previous
update and the gradients as input to the network.

The learned primal-dual (LPD) network [AÖ18b] is an example of an unrolled
iterative scheme that also uses the dual space, as proposed in Definition 4.2.1. The
algorithm is shown in Appendix C.1. Its basis is the primal-dual reconstruction
method belonging to the proximal method class. These have been developed to
directly work with non-smooth objective functional, e.g., due to a non-differentiable
regularization term. Compared to gradient descent, a proximal step is used for
the update. The primal and dual proximal operator is approximated by a neural
network in the unrolled version. In addition, step sizes and relaxation parameters
are learned. In their original publications, LGD and LPD were successfully applied
to CT reconstruction tasks. They are also used in our investigations in Chapters 8
and 9.

Parametrizing and learning more parts of the update step broadens the hypothesis
class but, without restrictions, will lead to the loss of guarantees compared to the
classical scheme. The learned iterative shrinkage-thresholding algorithm (LISTA)
[GL10] is an illustration of an unrolled model for which analysis of guarantees
through restrictions on the parameters was conducted [Che+18; Liu+19a]. In the
classical ISTA, one is concerned with the minimization of Eq. (4.2) for regularization
Rλ(x) := λ∥x∥1. This regularization promotes sparsity in x. CHEN et al. [Che+18]
introduced necessary conditions for the LISTA parameters to achieve asymptotic
linear convergence. Similar to their work, LIU et al. [Liu+19a] proposed analytic
LISTA (ALISTA), where some parameters are optimized in a data-free fashion.

4.3 Pre- and Post-Processing Approaches

Learned pre- and post-processing methods for inverse problems are used to modify
the input/output of a classical reconstruction approach T : Y → X. The goal is to
improve the quality of the reconstruction by applying one or both of the methods

x = fpost
θ2
◦ T ◦ fpre

θ1

(︂
yδ
)︂
.

Here, fpre : Y → Y and fpost : X → X are each a mapping on one of the involved
spaces. This simplifies the design choice for neural network architectures. In the
following, we consider the standard inverse problem formulation Ax+ ξ = yδ for
applying pre- and post-processing approaches. Here, one of the involved spaces is
often related to images. This motivates the use of convolutional neural networks (cf.
Section 2.4).
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As discussed in Section 3.2, inverse problems are commonly ill-posed/ill-conditioned,
i.e., small changes in the measurement can result in significant differences between
the real solution and the reconstruction. Due to this sensitivity, training and applying
a pre-processing method to the vanilla problem can be difficult. Of course, the
choice of the classical approach T plays an important role, too. In general, T will
provide solutions to a regularized version of the actual problem, and changes in the
measurement have less influence on the reconstruction. Ideally, the pre-processing
maps to the noise-free version y of the measurement yδ. In this case, the regularized
and true solution should match (cf. Section 3.3).

In real applications, on the other hand, only a partial reduction of the noise level δ
can be expected. If the reduction can be quantified, the smaller δ can be taken into
account when choosing the regularization intensity in T . In addition to noise removal
[ARB18], pre-processing can also be used for upscaling measurements [Hon+18].
For example, in computed tomography, intermediate results from measurements
from a few angles can be interpolated at other angles by pre-processing [GK18;
Lee+19].

In general, there are two options for the training of pre-processing models. The first
requires pairs (yδi , yi) of noisy and desired measurements

min
θ

1
2

m∑︂
i=1
DY

(︂
fpre
θ (yδ), yi

)︂
. (4.3)

The second option includes classical reconstruction T : Y → X and requires pairs
(yδi , xi) of measurements and ground truth data

min
θ

1
2

m∑︂
i=1
DX

(︂
T fpre

θ (yδ), x
)︂
. (4.4)

Note that one must be able to compute gradients of T so backpropagation can be
performed in this option. This allows the model to learn what influence changes in y
have on the reconstruction x̃. However, computing the gradients may be expensive
or not possible in all cases. The objectives in Eqs. (4.3) and (4.4) can also be
combined, e.g., as a weighted sum.

The post-processing approach follows after the creation of a reconstruction by T .
The goal is to remove noise and artifacts from this reconstruction. It can also be
used to add missing information previously observed by the post-processing model
in the training data. For example, one could train a model on high-quality CT images
that require a long scanning time. During inference, the model will be used to
enhance reconstructions from faster scans with lower quality. However, without
constraints on the model, this can lead to a hallucination of features not present
in the true solution (cf. Section 9.6.2). Here it is recommended to at least check
the data consistency DY (Afpost

θ T (yδ), yδ) to the measurement by using the forward
model. We discuss this in more detail in Section 4.5.

A benefit of post-processing is the availability of two reconstructions at the end,
which can be evaluated. For example, in computed tomography, first post-processing
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networks are applied alongside the classical filtered back-projection (cf. Section 5.3)
in real CT scanners. Here, the radiologist can base their diagnosis on both images,
which helps differentiate between real features and artifacts from the reconstruction
techniques. Additionally, the skepticism among users towards the partially data-
driven method can be reduced.

For the training of post-processing methods, pairs (x†
i , xi) of unprocessed and ground

truth data are required. In most cases, the specific faults to be eliminated in
x† can only be produced by applying the reconstruction method T . Therefore,
measurements (yδi ) are usually also required for the generation of x†

i = T yδi . The
standard supervised training objective is defined as follows

min
θ

1
m

m∑︂
i=1
DX

(︂
fpost
θ (x†

i ), xi
)︂
. (4.5)

In contrast to the training objective Eq. (4.4) for pre-processing models, it is unnec-
essary to calculate gradients of T since it plays no role in the backpropagation of
the parameters θ. Alternatively, it is also possible to switch to unsupervised training
in the absence of ground truth data

min
θ

1
m

m∑︂
i=1
DY

(︂
Afpost

θ (x†
i ), y

δ
)︂

+Rλ
(︂
fpost
θ (x†

i )
)︂
. (4.6)

Here, one needs to be able to calculate gradients of the forward model A, and a
regularization Rλ is recommended to counter the ill-posedness of the problem. Like
for the pre-processing methods, Eqs. (4.5) and (4.6) can be combined into one
objective.

In many inverse problems, the target space X is related to images. Therefore,
standard CNN architectures, like the U-Net [RFB15], U-Net++ [Zho+18], or the
mixed-scale dense (MS-D)-CNN [PBS18], are used in a post-processing role. The
respective algorithms and network architectures are included in Appendices C.2, C.3
and C.5. JIN et al. [Jin+17] apply a U-Net to enhance low-dose CT reconstructions.
For the same task, LIU et al. [Liu+22] replace the encoder part of the U-Net with a
learned, sparse dictionary realized with the ISTA algorithm. More information on
their method can be found in Appendix C.4.

Another approach is the application of directional wavelets within the U-Net archi-
tecture [HY18; KMY17; KY18]. Moreover, the mathematical framework of YE et
al. [YHC18] provides explanations for how these models work in the context of
inverse problems. Generative approaches can also be applied for post-processing
purposes; as explored for CT reconstruction in the work of YANG et al. [Yan+18]
and YOU et al. [You+18; You+20]. Finally, YUAN et al. [YJZ18] jointly train CNNs
for pre- and post-processing for CT reconstruction.

All in all, a whole range of different post-processing methods exist for image data.
We refer the reader at this point to ARRIDGE et al. [Arr+19, Sec. 5.1.5] for an
overview of additional methods.
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4.4 Fully-Learned Inversion

We have assumed the availability and applicability of a complete forward model until
now. In some areas, however, this requirement is not met. The forward model may
be unknown in part or whole [Lun+21]. In another case, the forward model may
be completely known but numerically complex to evaluate. In all three scenarios,
the addition of data-driven approaches can help to close the gap. In the following,
we give an overview of solutions in the case of an unknown forward operator for
learning a complete inversion model. For an overview of operator correction and
speed-up approaches, we refer the reader to ARRIDGE et al. [Arr+19, Sec. 6.2] and
Ongie et al. [Ong+20, Sec. IV].

In the following, we assume that no mathematical description exists for the processes
in the forward model. The minimum requirement, in this case, is the existence of
data pairs (yδi , xi) to train a corresponding model. First, however, one should be
clear about whether training a forward model Aθ : X → Y is purposeful for the
own application. If the only goal is the determination of reconstructions, one can
try to directly learn a (pseudo) inverse Tθ : Y → X with the help of the data pairs.
On the other hand, if more background on the forward problem can be drawn from
the data, learning in the other direction is profitable. The learned forward model
Aθ can then be used in other reconstruction procedures. In this case, moreover, the
computation of gradients with respect to the forward model is straightforward. The
following methods address the approach of completely learning an inversion model
Tθ. However, the same ideas can also be applied to the forward direction.

The challenge in learning an inversion model is the, usually, mathematically differing
spaces Y and X. To solve this, many approaches rely on a combination of a fully-
connected network fθ1 : Y → X followed by a CNN gθ2 : X → X

Tθ := gθ2 ◦ fθ1 .

Here, network f can be seen as a pseudo-inverse operator, and g is compara-
ble to post-processing (cf. Section 4.3). Initial applications of such an approach
to low-dimensional medical imaging problems have been made by PASCHALIS et
al. [Pas+04] and ARGYROU et al. [Arg+12].

For PET and MRI images of size 128 × 128, ZHU et al. [Zhu+18] proposed the
AutoMap network. However, fully-connected layers significantly increase the number
of necessary parameters in these approaches. For example, in the LoDoPaB dataset
(cf. Chapter 6), mapping from the measurement space dim(Y ) = 513 × 1000 to
the image space dim(X) = 362 × 362 requires a fully-connected layer with more
than 67 billion parameters. This is at least 3 to 4 magnitudes higher than any other
reconstruction approach presented in this chapter. Therefore, some approaches try
to derive sparsity conditions from the respective applications to reduce the number
of parameters [HWM20; KY19; Oh+18]. However, this requires more profound
knowledge about the respective problem.
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An interesting alternative is presented by ARDIZZONE et al. [Ard+19a]. They use
an invertible network fθ to map from underdetermined measurement data into
the target space, i.e., dim(Y ) < dim(X). The problem of different dimensionality
is solved by using a latent space Z, such that dim(Y ) + dim(Z) = dim(X) and
fθ : Y × Z → X. Due to the invertibility, a forward and inverse model is trained
simultaneously.

Even if the problem with the high number of parameters can be solved in some cases,
two substantial problems of learned inversion models remain. First, they require
many data pairs (yδi , xi) (cf. Section 8.5), which are available in very few inverse
problems. Second, they are trained for a fixed setup of the measurement process.
Changes in the dimensionality of Y , e.g., when the CT scanner measures with fewer
angles than before, require a new training of the models.

4.5 Stability of Learned Approaches

To conclude this chapter, we address the stability of learned hybrid methods in the
domain of inverse problems. For small, directed changes to the input, SZEGEDY et
al. [Sze+14] were able to show that arbitrary other outputs can be generated in
classification tasks for many network architectures. These perturbations are often
imperceptible to the human eye. The phenomenon is now known as adversarial
attacks. SZEGEDY et al. calculate gradients of the output with respect to the input
to determine a suitable small change in the input. Newer attack methods work
without direct access to the models (see YUAN et al. [Yua+19] and ORTIZ-JIMÉNEZ

et al. [Ort+21] for an overview).

Classification systems are particularly vulnerable to adversarial attacks because
they map high-dimensional inputs, such as images, to low-dimensional, discrete
classification decisions. Inverse problems in imaging, however, usually involve
regression tasks. For this type of problem, ANTUN et al. [Ant+20] extend the
method of SZEGEDY et al. [Sze+14]. Here, they distinguish between instabilities
due to minor changes, those due to small details, e.g., tumors in medical images,
and due to the change in the number of measurement points. The experiments
reveal different types of instabilities for a selection of fully learned, post-processing,
and learned iterative methods in MRI reconstruction. However, ANTUN et al. apply
the perturbations only to noise-free measurements. As we have already seen in
Chapter 3, this circumstance does not apply in reality.

GENZEL et al. [GMM22] investigate the stability of methods applied to underdeter-
mined inverse problems, i.e., dim(Y ) << dim(X). They compare learned recon-
struction methods with total variation (TV) regularization. The latter especially
comes with robustness guarantees. Their experiments improve upon the shortcom-
ings [RBL20] of the investigation by ANTUN et al. [Ant+20] by using a constrained
optimization problem to generate the adversarial noise (see [GMM22, Sec. 3.4] for
more details). One additional adaptation is the calculation of adversarial examples
for the TV method.
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GENZEL et al. define a learned model as robust in their experiments if its performance
is comparable to the TV method. This is always the case in the synthetic benchmarks
(sparse signals, MNIST [LC10], CT ellipses) and on actual MRI data [Kno+20b].
More so, they can also create small perturbations that lead to artifacts in the TV
reconstruction. In addition, artifacts from adversarial examples for the deep learning
models also appeared in the TV reconstruction, which indicates that the changes led
to new objects in the measurement. Further experiments show that standard noise
distributions do not have the same worsening effect on the performance of hybrid
models as the adversarial noise. In addition, image reconstruction in the medical
environment is usually followed by image analysis. Their experiments demonstrate
that the subsequent pipeline remains open to attack by altering the measurement
data, regardless of the previous reconstruction method (classical or learned).

Overall, the work by GENZEL et al. [GMM22] indicates that the robustness of learned
hybrid methods to adversarial noise is quite comparable to classical approaches. As
a key to robust methods, they identify training with data to which random noise
is applied by jittering [GBC16]. On the other hand, the instabilities can be caused
by committing an inverse crime [Wir04] by training with noise-free data. However,
research in this area is still in its early stages, so additional work is needed to get
more results about the stability of learned approaches in the context of inverse
problems.
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Computed Tomography 5
„The role of radiologists will evolve from doing perceptual

things that could probably be done by a highly trained
pigeon to doing far more cognitive things.

— Geoffrey Hinton
What happens when diagnosis is automated? [Muk17]

Since the introduction of the first commercial scanners in the 1970s, computed
tomography (CT/CAT) has become an irreplaceable tool in medical imaging [Buz08;
SKJ18]. As with classical radiography, the material-dependent attenuation of X-rays
is used for this purpose. However, in CT, the information from several measurements
on a circular path around the object is used to reconstruct an image of the inside
of the body (cf. Fig. 5.1). Here, the attenuation of the X-ray radiation (effect)
must be used to infer the density distribution (cause) of the object being scanned.
Thus, in the spirit of Chapter 3, an inverse problem has to be solved for image
reconstruction.

Due to several measuring positions, CT became the first non-invasive imaging
technique that allowed images of the inside of the body without distortion due to
the superimposition of anatomical features. In addition, higher contrast compared
with conventional radiography can be achieved. Nowadays, additional imaging
techniques meet these requirements, including magnetic resonance imaging (MRI)
and positron emission tomography (PET). Each of these methods has its advantages
and disadvantages, so computed tomography still has its place in the clinical routine
[Buz08]. In addition to medical applications, computed tomography is also used, for
example, in non-destructive materials testing [PRG16; ST18], archaeology [AA05;
Tho+03], and paleontology [Pol+02].

A downside of CT is the ionizing effect of X-rays. The ionization can lead to adverse
health effects and promote cancer formation. Here, a decisive factor is the radiation
dose to which the patient is exposed. There are guideline values for individual
treatments and more extended periods. It is estimated that about 1.5 – 2 % of
the annual cancer cases in the USA are connected to the use of CT scans [BH07].
Therefore, an important area of research is the development of reconstruction
techniques that still provide good images even for low-dose scans. Part II covers
image reconstruction approaches for the low-dose scenario.

This chapter takes a closer look at the various aspects of computed tomography. In
Section 5.1, we first consider the physical processes in a CT scanner. Subsequently,
in Section 5.2, we derive a forward model known as the Radon transform from this
information. Finally, we learn about the filtered backprojection (FBP), a classical CT
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Fig. 5.1.: Patient in a CT scanner. The scanner rotates inside the gantry in the direction of
the orange arrow. For a patient-fixed coordinate system, the machine moves in
direction k3. 2D reconstruction slices are created for the (k1, k2)-plane. Newer
scanners can continuously move in the k3-direction during the measurement
process. In this case, the circular path becomes a helical path from the point of
view of the patient system.

reconstruction technique still used in practice today [Buz08; PSV09], in Section 5.3.
The primary source for this chapter is the book by BUZUG [Buz08], to which we also
refer for further information.

5.1 The Working Principles of Computed Tomography

Fundamental to the development of computed tomography was the discovery of X-
rays by the German physicist WILHELM CONRAD RÖNTGEN [Rön98] in 1895. Röntgen
made the first medical radiograph of his wife Anna Bertha’s hand (cf. Fig. 5.2a).
The medical use of the X-ray beams was quickly recognized, and in 1901 Röntgen
was awarded the Nobel Prize in Physics for his research. In Sections 5.1.1 and 5.1.2
we consider the processes involved in the generation of X-rays and their interaction
with matter.

The mathematical foundations to reconstruct an image from the information of
several measurements on a circle were laid independently, first by HENDRIK AN-
TOON LORENTZ [Cor82] and then in 1917 by the Austrian mathematician JOHANN

RADON [Rad17; Rad86]. However, it would be another 50 years before ALLAN COR-
MACK’s [Cor63; Cor64], and GODFREY HOUNSFIELD’s [Hou73] research led to the
development of the first CT scanner [Hou77]. Figure 5.2b shows the first medical CT
scan by Hounsfield. In this process, they knew neither of each other’s work nor the
preliminary groundwork done by Lorenz and Radon, resulting in additional effort. In
1979, Cormack and Hounsfield were awarded the Nobel Prize in Medicine for their
research. In Section 5.1.3, we look at how the scan geometries and measurement
techniques in a CT scan have evolved since those days.
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(a) First medical radiograph by Röntgen. (b) First medical CT scan by Hounsfield.

Fig. 5.2.: a) The first medical radiograph by Röntgen of his wife Anna Bertha’s hand. b)
The first medical CT reconstruction of a head section scanned by Hounsfield.
The scanner used a pencil beam geometry and an angular resolution of 1◦. The
calculation for the reconstruction took 9 days. ©Deutsches Röntgen-Museum.
They kindly provided both images for use in this work.

5.1.1 X-ray Generation

The generation of X-ray beams sets the starting point. These belong to the class
of electromagnetic radiation and have a typical wavelength between 10−8 m to
10−13 m. For their creation, electrons are emitted from a cathode due to heating and
accelerated by applying an electric field. The electrons have a kinetic energy of

1
2mev

2
e = eUa,

where e is the electron charge, me is the electron mass, ve is the velocity, and Ua is
the acceleration voltage inside the tube. The voltages Ua range from 25 kV to 150 kV
in medical applications and up to 500 kV in material testing [Buz08, p. 16].

The X-rays are then created by the deceleration of the fast electrons when entering a
solid metal anode, e.g., made of tungsten. At this moment, each electron can transfer
its energy to one or multiple photons. The maximum energy Emax and, thus, also
the minimum wavelength λmin of the X-ray photons is limited by the accelerating
voltage

Emax = eUa, λmin = ℏc
eUa

.

Effects such as bremsstrahlung, characteristic emission of the anode material, and
direct electron-nucleus collision create a continuous energy spectrum, i.e., X-rays of
different energy/wavelength are emitted. Overall, however, only about 1% of the
applied energy is converted into X-rays. Heat is the remaining amount, making
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cooling concepts for the anode necessary. In addition, the bombardment with
electrons also causes erosion of the anode, so it must be replaced after a specific
time.

Before the radiation leaves the tube and hits the target, the energy/wave spectrum
is usually restricted to high-energy photons in medical applications. The reason is
attenuation, which is a complicated function of the wavelength. However, as a rule
of thumb, low-energy X-ray is more strongly attenuated than high-energy X-ray when
passing through matter [Buz08, p. 28]. As a result, low-energy photons are absorbed
within the patient, contributing to the dose but not imaging. The narrowing of
the energy spectrum also better satisfies the assumption of many mathematical
reconstruction methods of a monochromatic X-ray source. Thus, so-called beam
hardening artifacts in the reconstruction can be reduced.

5.1.2 Interaction of Photons and Matter

At location l, the intensity I(l) of an X-ray beam depends on the initial intensity I0,
the attenuation function x, and the energy spectrum [Emin, Emax]

I(l) =
∫︂ Emax

Emin

I0(E) exp
(︄
−
∫︂ l

0
x(E, k) dk

)︄
dE.

In practice, a monochromatic X-ray source is a common assumption, i.e., the integra-
tion over the energy spectrum is omitted

I(l) = I0 exp
(︄
−
∫︂ l

0
x(k) dk

)︄
. (5.1)

This model of the relationship between current and initial intensity is known as
the Beer-Lambert law [Bee52; Bou29; LKD60]. In Section 5.2.1, we will show its
connection to the Radon transform and derive Eq. (5.1).

The interaction of photons with matter, which is the reason for the attenuation, can
change the energy, number, and traveling direction of the incoming photons. The
following four phenomena can be distinguished [Buz08, Sec. 2.3.2]:

• Rayleigh scattering is an elastic scattering event without loss of energy but with
a change in the direction of the photon.

• Photoelectric absorption and pair production are pure photon absorption pro-
cesses.

• Compton scattering is a mixture of scattering and photon energy absorption.
Here, the scattering angle is directly related to the transferred energy. Current
research, therefore, tries to use this additional information for reconstruction
methods [RH21a; WQ20].
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The contributions of the four attenuation processes to the total attenuation x depend
on the wavelength of the incident beam and the material penetrated.

Except for Rayleigh scattering, all other types release electrons from the material
atoms. This is referred to as ionizing radiation. As a result of ionization, cell
structures may be damaged, and cancer risk can increase. In particular, scattering
effects may result in irradiation of other body areas and also the region around the
patient. Therefore, radiation protection measures and dose regulation are critical in
computed tomography.

5.1.3 X-ray Detection and Scan Geometries

The previous section covered the main principles of the interaction between X-ray
photons and matter, which are also relevant for detection. Here, the X-ray quanta
are not measured directly but detected by their interaction products, e.g., emitted
photoelectrons. Two factors mainly determine the efficiency of the detection. The
geometric efficiency refers to the X-ray-sensitive area of the detector as a fraction
of the total exposed area. The second factor is the quantum/capture efficiency and
refers to the fraction of quanta that are absorbed and contribute to the signal.

Older machines use gas detectors for the measurement process. However, most
modern scanners rely on solid-state scintillator detectors. For the latter, different
shapes of the detector screen also exist – depending on the application and scan
geometry. For µ-CT, solid flat-panel detectors are standard, while medical CT
scanners often have cylindrical-shaped, multi-row, or multi-slice detector systems
[Buz08, Sec. 2.5].

In addition to the detector setup, the scan geometry also plays an important role.
Developments in this area aimed to utilize X-ray radiation better (reminder: only
1% of the total energy is X-rays) and scan sequences faster. The first generation of
scanners used a pencil/parallel beam geometry (cf. Fig. 5.3a). Here, each beam
is generated separately with the help of a pinhole collimator. A translation of the
X-ray tube, in addition to the rotation, is necessary to cover the whole patient. One
advantage is that only measurement recordings from the angular range [0◦, 180◦)
are required since additional recordings do not contain new information. The next
development steps were narrow and wide fan beam geometries (cf. Fig. 5.3b). While
the former has an aperture angle of around 10◦ and still requires a source translation,
40◦ to 60◦ are typical for the wide fan. An entire human abdomen can be covered
without translation. Thus, scans can be performed faster, and motion artifacts caused
by the patient and the heartbeat are reduced. However, the angular range must be
extended to [0◦, 360◦) for complete measurement compared to parallel beams.

The latest scanners rely on a cone beam geometry. As the name suggests, collimators
are not used here in order to utilize the entire X-ray cone. For 2D CT slices, the
cone beam can be treated like the fan beam geometry. In addition to the beam
geometry, the measuring path also plays a role. Here, slip ring technology allows
the X-ray source to be powered without cables. Thus, continuous rotation > 1 Hz
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Fig. 5.3.: (a) Pencil/parallel beam geometry created with the help of a collimator and
translation of the X-ray source. Image adapted from [BLS20]. (b) The fan beam
geometry. In 2D, it is identical to the cone beam geometry. Image adapted from
[Bar+21a].

of the scanner and continuous movement of the patient through the CT machine
are now possible. The scanner moves along a helical path in the patient coordinate
system (cf. Fig. 5.1).

In the context of this work, we are mainly concerned with reconstruction methods
for parallel beam geometry. For this case, the methods are the easiest to understand.
In addition, the transfer to more modern geometries is usually straightforward by
suitable coordinate transformations.

5.2 The Radon Transform

A mathematical model describing the processes during a CT scan was developed
by Johann Radon in 1917, over 50 years before the first CT scan was performed.
Furthermore, he also proposed an inversion approach for his model. Nonetheless,
as mentioned before, neither Cormack nor Hounsfield knew about his work. The
reasons for this are, on the one hand, that his original work [Rad17] was written
in German and, on the other hand, the complexity and depth of the mathematical
publication. After the value of his work was recognized, an English translation
of his work was published [Rad86]. Nowadays, the Radon transform also plays
an important role for single-photon emission computed tomography (SPECT) and
geophysical applications, among others [RK96].

In this section, we derive the forward model by Radon for the 2D case. Here we
assume that the density distribution of the objects to be scanned can be represented
by square-integrable functions x ∈ L2(Ω) that have compact support. We refer the
reader to the book by RAMM and KATSEVICH [RK96] for a general analysis and
properties of the n-dimensional Radon transform using functions from the Schwartz
space.
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5.2.1 Derivation of a Forward Model

This section derives a forward model for the CT reconstruction of two-dimensional
slices. For simplicity, we assume a parallel beam geometry (cf. Section 5.1.3). The
idea is to use the intensity I(0) of the X-ray at the source and the detected intensity
I(L) after traveling along a line L through the patient. From all lines intersecting
the support of the body Ω, we aim to recover the attenuation x : Ω ⊂ R2 → R for
each k ∈ Ω. Based on the phenomena described in Section 5.1.2, we assume that
the attenuation x is directly related to the density of the material passed.

We start modeling by looking at the attenuation change for a small line segment
∆k

I(k + ∆k) = I(k)− I(k)x(k)∆k

We obtain a difference quotient by rearranging, which leads to the derivative of the
intensity for the limit ∆k → 0

I(k + ∆k)− I(k)
∆k = −I(k)x(k) ∆k→0−−−−→ İ(k) = −I(k)x(k).

The result is an ordinary differential equation. In the next step, we isolate the
searched for x(k) and integrate along the whole traveling path of the X-ray∫︂ l

0

İ(k)
I(k) dk = −

∫︂ l

0
x(k) dk = ln(I(k))|l0 = ln

(︃
I(l)
I(0)

)︃
.

We arrive at the rearranged and log-transformed version of the Lambert-Beer law
Eq. (5.1). Computing the logarithm of the ratio between the final and initial intensity
gives the negative integral of the attenuation along the line of an X-ray beam.

A common simplification trick is to re-scale the functions to have compact support
on the unit circle. Here, we are parametrizing the lines Ls,φ by means of rotation
angle φ ∈ [0, π] and detector position s ∈ [−1, 1]

Ls,φ(t) := sω(φ) + tω⊥(φ), Ls,φ := {k ∈ Ω | ⟨k, ω(φ)⟩ = s},

for unit vectors

ω(φ) :=
[︄
cos(φ)
sin(φ)

]︄
, ω⊥(φ) :=

[︄
− sin(φ)

cos(φ)

]︄
.

In addition, we define

Z := {(s, φ) | s ∈ [−1, 1], φ ∈ [0, π]}

as the parameter space. For every line, there is a unique parametrization in Z. In
some cases, φ ∈ [0, 2π] is selected to represent the full rotation of the scanner. Since
two lines are identical in each case here, the result of the Radon transformation
is identical (symmetry). Figure 5.4 visualizes the different components of the
parametrization. Finally, we can define an operator, which maps the attenuation to
the corresponding integration over lines.

5.2 The Radon Transform 81



Fig. 5.4.: Parametrization of a line Ls,φ with angle φ and distance s from the origin. Unit
vector ω is perpendicular to the line.

Definition 5.2.1 (2D Radon transform [Rad17; Rad86]). The operator A :
L2(Ω)→ L2(Z) with

Ax(s, φ) :=
∫︂
Ls,φ

x(k) dk = ln
(︃

I0
I(s, φ)

)︃
is called the Radon transform.

The result of the application of the Radon transform can be visualized with the help
of a sinogram. Figure 5.5 shows the attenuation distribution x and corresponding
Radon transformed Ax for the Shepp-Logan phantom [SL74].

Remark. In Definition 5.2.1, the minus sign was transferred to the RHS by swapping
the nominator and denominator in the logarithm. In addition, we assume that the
initial intensity I0 at the X-ray source is independent of the current rotation angle φ
and targeted detector position s.

In addition to the forward model, the adjoint operatorA∗ is also of interest, especially
for the calculation of the SVD in Section 5.2.2.

s

ϕ

Fig. 5.5.: Left) The Shepp-Logan phantom [SL74]. Right) A corresponding sinogram for a
parallel-beam geometry.
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Theorem 5.2.1 (Backprojection). The adjoint A∗ : L2(Z) → L2(Ω) of the Radon
transform, called backprojection, is given by

A∗y(k) =
∫︂ π

0
y(⟨k, ω(φ)⟩, φ) dφ

for y ∈ L2(Z).

Proof. Calculation of the adjoint is straight-forward by using the definition of the
Radon transform and ⟨k, ω(φ)⟩ = s

⟨Ax, y⟩L2(Z) =
∫︂
Z
Ax(s, φ) · y(s, φ) dsdφ

=
∫︂
Z

∫︂
Ls,φ

x(k) · y(s, φ) dk dsdφ

=
∫︂

Ω
x(k)

∫︂ π

0
y(⟨k, ω(φ)⟩, φ) dφdk

= ⟨x,A∗y⟩L2(Ω).

To summarize, the Radon transform is the integration over all points on a line, while
the backprojection is the integration over all lines through a point.

5.2.2 SVD of the Radon Transform

Section 3.2.4 introduced the singular value decomposition (SVD) for compact
operators. The Radon transform from Definition 5.2.1 belongs to this class of
operators [NW01]. However, to the author’s knowledge, the SVD is unknown
for the spaces used in Definition 5.2.1. Nonetheless, we can derive the SVD for
A : L2(Ω)→ L2(Z, 1

w ), where w is some weighting. We clarify below which precon-
ditions apply in this case.

The SVD of the Radon transform was discovered independently by DAVISON [Dav83]
and LOUIS [Lou84], and the derivation is rather extensive. At this point, we summa-
rize the essential ideas in four steps, based on the in-depth calculations in [Rie03,
Sec. 2.5] and [RK96, Sec. 2.3].

I) Prerequisites In the following, we restrict the analysis to functions x : R2 → R
with compact support on the unit circle Ω = {k ∈ R2 | ∥k∥2 ≤ 1}. We can apply a
re-scaling to the unit sphere for objects with a limited size. For lines L, we are just
interested in the intersection with the unit sphere

L(s, φ) ∩ Ω = {sω(φ) + tω⊥(φ) | t ∈ [−w(s), w(s)]}, (s, φ) ∈ Z, w(s) =
√︁

1− s2.

Here, w(s) is the chord length through the circle, and

Z := {(s, φ) | s ∈ [−1, 1], φ ∈ [0, 2π]}
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the parameter space for the lines.

In this setting, using the Cauchy–Schwarz inequality [Bun59; Cau21] leads to

|Ax(s, φ)|2 =
⃓⃓⃓⃓
⃓
∫︂ w(s)

−w(s)
1 · x(sω(φ) + tω⊥(φ)) dt

⃓⃓⃓⃓
⃓
2

≤ 2w(s)
∫︂ w(s)

−w(s)
|x(sω(φ) + tω⊥(φ))|2 dt

and, therefore,

∥Ax∥2L2(Z) =
∫︂ 2π

0

∫︂ 1

−1
|Ax(s, φ)|2 dsdφ

≤ 2
∫︂ 2π

0

∫︂
Ω
|x(k)|2 dφ = 4π∥x∥2L2(Ω).

The Radon transform is linear and bounded by ∥A∥ ≤
√

4π, i.e., it is a continuous
transform.

II) The Fixed-Angle Case To determine the eigenvalues and eigenfunctions of AA∗,
we start by looking at the case of fixed angles

Aφx(s) := Ax(s, φ), A∗
φy(k) := A∗y(⟨k, ω(φ)⟩, φ).

Here, calculating the scalar products of the unit vectors ω, ω⊥ and substituting
t = w(s)r results in

AφA∗
ψy(s) = w(s)

∫︂ 1

−1
g(s cos(φ− ψ)− w(s)r sin(φ− ψ), ψ) dr.

If we assume y(·, ψ) = ym(·, ψ) to be polynomials of degree m, the integral is a
linear combination of wj(s)rjsz−j , 0 ≤ j ≤ z ≤ m and

AφA∗
ψym(s) = w(s)Pm

for some polynomial Pm. For the determination of Pm, we take a look at

⟨AφA∗
ψym(s), Q⟩L2(−1,1) =

∫︂ 1

−1
w(s)Pm(s)Q(s) ds,

which is at the same time the scalar product of Pm and Q on L2([−1, 1], w). Here,
the Chebyshev polynomials of the second kind

Um(s) = sin((m+ 1) arccos(s))
w(s)

are orthogonal and can be used as an ansatz for Q. One arrives at

AφA∗
ψUm(s) = α(φ− ψ)w(s)Um(s), α(φ− ψ) = 2

m+ 1Um(cos(φ− ψ))
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Finally, we define a weighted adjoint A⋆φ := A∗
φ( yw ) and um(s) := w(s)Um(s) to

achieve the standard representation

AφA⋆ψum(s) = α(φ− ψ)um(s)

with eigenfunctions um and corresponding eigenvalues α(φ− ψ) of AφA⋆ψ.

III) Eigenvalues and Eigenfunctions Now we also want to consider the angles.
To do so, we have to extend our previous results. The ansatz is to introduce a
function

f(ψ) := exp(ilψ) ∈ L1(0, 2π), l ∈ Z

such that

AA⋆(fum)(s, φ) = AA⋆(exp(il·)um)(s, φ)

=
∫︂ 2π

0
AφA⋆ψum(s) exp(il) dψ

= 2
m+ 1

∫︂ 2π

0
Um (cos(φ− ψ)) exp(ilψ) dψ um(s)

Using [Rie03, Lemma 2.5.2]

AA⋆(fum)(s, φ) = 4
m+ 1

∫︂ 1

−1

1
w(t) cos(l arccos(t))Um(t) dt um(s) exp(ilψ)

= σ2
m,lum(s) exp(ilψ).

In σ2
m,l, we identify Tl(t) = cos(l arccos(t)) as Chebyshev polynomials of the first

kind and, thereby, we can use orthogonality results for these polynomials

σ2
m,l = 4

m+ 1

∫︂ 1

−1

1
w(t)T|l|(t)Um(t) dt

=
{︄ 4π
m+1 : |l| ≤ m,m+ l ∈ 2Z
0 : otherwise

.

(5.2)

Finally, we define the corresponding eigenfunctions

um,l := 1
π

exp(ilφ)w(s)Um(s), (5.3)

which are orthonormal on L2(Z, 1
w ), and receive

AA⋆um,l = σ2
m,lum,l, |l| ≤ m,m+ l ∈ 2Z.

IV) Singular Function and SVD In the last step, we have to determine the singular
functions. Since A⋆um,l = σm,lvm,l follows

vm,l(·) := σ−1
m,lA

⋆um,l(·) ∈ L2(Ω).
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We switch to polar coordinates k = rω(ϑ), apply [Rie03, Lemma 2.5.2] again, and
use properties of the Chebyshev polynomials

vm,l(rω(ϑ)) = σ−1
m,l

1
π

∫︂ 2π

0
exp(ilφ)Um(r cos(ϑ− φ)) dφ

= 1√
2π

exp(ilϑ)q̃m,l(r)

q̃m,l(r), =
√︃

8
π
σ−1
m,l

∫︂ 1

−1

1
w(t)T|l|(t)Um(rt) dt = r|l|qm,l

(︂
r2
)︂ (5.4)

In this case, qm,l is a polynomial of degree k ≤ m−|l|
2 . For the determination of qm,l,

we exploit the orthonormality of {vm,l}

⟨vm,l, vn,l⟩L2(Ω) = 2−2−|l|
∫︂ 1

−1
(t+ 1)|l|qm,l

(︃
t+ 1

2

)︃
qn,l

(︃
t+ 1

2

)︃
dt

=
{︄

1 : n = m

0 : otherwise
.

(5.5)

Regarding weight (t+1)|l|, the Jacobi polynomials
{︂
P

(0,|l|)
n

}︂
n∈N

are orthogonal, such
that

qm,l(r2) =
√︂

2(m+ 1)P (0,|l|)
m−|l|

2

(︂
2r2 − 1

)︂
fulfills the condition in Eq. (5.5).

Lastly, qm,l can be inserted into Eq. (5.4) and transformed back to Cartesian coordi-
nates

vm,l(k) =
√︃
m+ 1
π

exp(ilϑ(k))∥k∥|l|P (0,|l|)
m−|l|

2
(2∥k∥2 − 1). (5.6)

With the determination of the eigenvalues σm,l, eigenfunctions um,l and singular
functions vm,l of AA⋆, the Radon transform’s singular value decomposition (SVD)
(cf. Definition 3.2.6) can be stated explicitly.

Theorem 5.2.2 (SVD Radon Transform, [Rie03, Theorem 2.5.3]). Let {σm,l}
as in Eq. (5.2), {vm,l} ⊂ L2(Ω) be like in Eq. (5.6) and {um,l} ⊂ L2

(︂
Z, 1

w

)︂
as

defined in Eq. (5.3). The set {(σm,l, vm,l, um,l) |m ∈ N, l ∈ Z, |l| ≤ m,m+ l ∈ 2Z}
forms the singular system of the Radon transform A : L2(Ω) → L2

(︂
Z, 1

w

)︂
. By

Definition 3.2.6

Ax(s, φ) = 1
π
w(s)

∞∑︂
m=0

m∑︂
l=−m,m+l∈2Z

σm,l⟨x, vm,l⟩L2(Ω) exp(ilφ)Um(s).

Using Theorem 3.2.9, we can set up the generalized inverse for the Radon trans-
formation A : L2(Ω) → L2

(︂
Z, 1

w

)︂
. As a reminder, the small singular values are

problematic here. Specifically for the Radon transform, it shows σm,l =
√︂

4π
m+1 → 0
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for m → ∞, but the decay rate is relatively slow and, therefore, one speaks of a
weakly ill-posed problem [RK96].

5.3 Reconstruction with the Filtered Backprojection

In the last section of the CT chapter, we look at the filtered backprojection (FBP).
This procedure has been the established method for CT reconstruction for more
than 35 years. The FBP formula can be derived using the Fourier slice theorem,
introduced in Section 5.3.1. It establishes a connection between the measurement
space (Radon space) and the Fourier space. An exact inversion procedure for the
continuous case can already be derived with the theorem alone. For the application
on discrete data, however, problems with high frequencies, e.g., edges in the image,
occur so that the reconstructions become blurry. The solution is high-pass filtering
using the FBP method, derived in Section 5.3.2. Finally, in Section 5.3.3, we discuss
why the filtered backprojection is still the reconstruction approach of choice and
what new approaches must offer to replace it in the future.

5.3.1 The Fourier Slice Theorem

The idea of using the Fourier slice theorem for reconstruction involves using the
Fourier transform. The whole process can be separated into three steps:

1. Calculate the 1D Fourier transform F1(yφ)(s) = ỹφ(r) of the measurements
w.r.t. the detector position s for each measurement angle φ, i.e.,

ỹφ(r) =
∫︂
R
yφ(s) exp (−i2πrs) ds

2. Construct the Fourier transform of x, defined as x̃, using ỹ.

3. Apply the inverse 2D Fourier transform F−1
2 (x̃)(u) = x(k) to get the desired

reconstruction.

Steps 1. and 3. are straightforward. Here, the Fourier transforms do not change the
coordinate systems, i.e., in step 1., we are always in polar coordinates, and in step
3. Cartesian coordinates are used in the spatial and frequency domain, respectively.
Therefore, the coordinate transformation has to be carried out in step 2., which can
be done using the Fourier slice theorem.

Theorem 5.3.1 (Fourier Slice Theorem). The 1D Fourier transform of a Radon
measurement at an angle φ can be identified with a line L(0, φ) through the origin
of the 2D Cartesian Fourier space of the object, i.e.,

F1yφ(r) = ỹφ(r) = (F2x)(rω(φ)) = x̃(rω(φ)).
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Fig. 5.6.: The Fourier slice Theorem 5.3.1 connects the Radon space and the Fourier space.
Therefore, inversion A−1 of the Radon transform can also be achieved by follow-
ing the blue arrows. The relationship is visualized for the example of the Shepp
Logan phantom [SL74]. For the Fourier space, the absolute values are shown.

Proof. We start with the LHS by plugging in Definition 5.2.1 of the Radon transform
and using s = ⟨k, ω(φ)⟩, t = ⟨k, ω⊥(φ)⟩

ỹφ(r) =
∫︂
R
yφ(s) exp (−i2πrs) ds

=
∫︂
R2
x(sω(φ) + tω⊥(φ)) exp (−2πirs) dtds

=
∫︂
R2
x(k) exp (−2πir⟨k, ω(φ)⟩) dk

The 2D Fourier transform of x is given by

F2x(u) =
∫︂
R2
x(k) exp(−i2π⟨k, u⟩) dk.

For u = rω(φ) both expressions are equal.

With the help of the Fourier slice Theorem 5.3.1, we get a triangular relation be-
tween the object space, the Radon space, and the Fourier space. This relationship is
graphically illustrated in Fig. 5.6. At this point, we could end our investigations since
we have found an inversion model for the Radon transform. However, the direct in-
verse has two crucial disadvantages, especially for real discrete measurements. First,
the measurement points of the line in Cartesian Fourier space lie on a circular grid
around the origin. However, the fast Fourier transform (FFT) requires a rectangular
grid, so regridding becomes necessary. On the other hand, the distance between
two measuring points increases with the radial distance r so that the density of
the measured values is low for high frequencies. The consequences are blurred
reconstruction images. Figure 5.7 visualizes this problem. As a solution, we address
the filtered backprojection in the next section.
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Fig. 5.7.: Sampling points in the 2D Fourier space F2(x). The blue line corresponds to
the 1D Fourier transform of the measurement yφ at angle φ by the Fourier slice
theorem. It can be seen that the density of the sampling points decreases radially.
Furthermore, the sampling points are located on a circular grid, while the FFT
requires a rectangular grid.

5.3.2 The Filtered Backprojection

The FBP formula can be derived with the help of the Fourier slice Theorem 5.3.1.
However, in contrast to the previous section, we will pay special attention to the
radial component r. We start by expressing x(k) as the 2D inverse Fourier transform
of x̃(u) using polar coordinates

x(k) =
∫︂ 2π

0

∫︂
R+
x̃(rω(φ)) exp(i2πr⟨k, ω(φ)⟩)r dr dφ.

The integration over φ can be split into two parts, and a phase shift by π can achieve
the same integration limits

x(k) =
∫︂ π

0

∫︂
R+
x̃(rω(φ)) exp(i2πr⟨k, ω(φ)⟩)r dr dφ

+
∫︂ π

0

∫︂
R+
x̃(rω(φ+ π)) exp(i2πr⟨k, ω(φ+ π)⟩)r dr dφ.

The next step uses symmetry properties of the Fourier transform for the real and
imaginary parts of x̃

x(k) =
∫︂ π

0

∫︂
R+

(Re(x̃(rω(φ))) + i Im(x̃(rω(φ)))) exp(i2πr⟨k, ω(φ)⟩)r dr dφ

−
∫︂ π

0

∫︂
R+

(Re(x̃(−rω(φ)))− i Im(x̃(−rω(φ)))) exp(i2πr⟨k, ω(φ)⟩)r dr dφ
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Now, we can use the symmetry again

x(k) =
∫︂ π

0

∫︂
R+
x̃(rω(φ)) exp(i2πr⟨k, ω(φ)⟩)r dr dφ

+
∫︂ π

0

∫︂
R−

x̃(−rω(φ)) exp(i2πr⟨k, ω(φ)⟩)(−r) dr dφ

and combine the result into a single term

x(k) =
∫︂ π

0

∫︂
R
x̃(rω(φ)) exp(i2πr⟨k, ω(φ)⟩)|r|dr dφ

Finally, we use s = ⟨k, ω(φ)⟩ and apply the Fourier slice Theorem 5.3.1 to replace
x̃(rω(φ)) in the previous equation with ỹφ(r)

x(k) =
∫︂ π

0

∫︂
R
ỹφ(r) exp(i2πrs)|r|dr⏞ ⏟⏟ ⏞

=:hφ(s,|·|)

dφ. (5.7)

Here, we have the backprojection (cf. Theorem 5.2.1) applied to some high-pass
filtered hφ(s) since high frequencies have more influence due to the weighting
with |r|. Therefore, the reconstruction method in Eq. (5.7) is called filtered back-
projection. The filter aspect can also be illustrated using the convolution theorem,
which states that multiplication in the Fourier domain is equal to a convolution (cf.
Definition 2.4.1) in the spatial domain, i.e.,

hφ(s, | · |) =
∫︂
R
ỹφ(r) exp(i2πrs)|r|dr =

∫︂
R
yφ(z)f(s− z) dz = (yφ ⋆ f) (s).

The filter f = F−1
1 |r| is the inverse Fourier transform of the weighting function in

the spatial domain.

While the filtered backprojection formula in the above form gives an exact recon-
struction for continuous, noise-free measurements, we also have to consider the
application in the real world. In this case, we are not interested in boosting the
high-frequencies too much since this amplifies the influence of the noise. The most
straightforward idea is to cut-off after some frequency (band limitation), which re-
sults in the Ram-Lak filter [RL71]. Besides, other filter functions like the Shepp and
Logan filter, Cosine filter, or optimal filters for Gaussian noise of level δ [Nic21] have
been proposed. They all give a lower priority to very high-frequency components.

Definition 5.3.1 (Filtered Backprojection). For some low-pass filter W , a generic
FBP formula is given by

x̃ = A∗F−1
2 | · |WF1 y

δ .

Here, we derived the FBP formula for the reconstruction of 2D slices. If one aims to
directly recover a 3D volume, e.g., from cone-beam measurements, the 3D equivalent
of the FBP is the FELDKAMP, DAVIS, and KRESS [FDK84] (FDK) algorithm.
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5.3.3 Why the FBP is Still Used Today

In this final section, we explore why FBP/FDK is still the primary reconstruction
method in many modern CT scanners. To do this, we look at the study by PAN

et al. [PSV09] on this topic. Their analysis is already more than 10 years old at
the time of this thesis. Nevertheless, it lost none of its relevance in many respects.
The FBP approach has been in use for over 35 years, and during this time, a whole
range of alternative reconstruction methods have been developed by the scientific
community. However, only a few of these methods have made it into the real world.
Reasons for this can be found among researchers and manufacturers, as well as
among radiologists themselves.

In the scientific field, problems are often solved that are irrelevant to the application.
In the CT area, the following points are crucial [Buz08; PSV09]:

• Speed of the reconstruction: With moderate hardware requirements, FBP
achieves 100 slices per second, where 1000 slices are usually required in total.
New approaches should not be significantly slower.

• Flexibility: The approach must work for all patients and scan geometry changes.
It should require minimum manual calibration and tuning (plug and play).

• Dose: Dose reduction while maintaining stable reconstruction quality is a sub-
stantial gain from the reconstruction procedure. FBP reconstructions quickly
lose quality in this scenario.

Without these benefits, it is not attractive for manufacturers to use the reconstruction
techniques in their scanners. Therefore, we will go over all of these points for the
hybrid deep learning approaches in Part II. In the past, moreover, research on
analytical methods often demonstrated important properties, such as convergence,
in the continuous case. However, in the discrete case for the real problem, these were
lost, or unrealistic physical assumptions were necessary to gain an advantage over
FBP. This changed first with optimization-based approaches, and more recently, with
deep learning-based approaches that focus directly on the discrete problem. Here,
in other words, development since the publication by PAN et al. is discernible.

Another problem is demonstrating reconstruction methods exclusively on synthetic
data, such as the Shepp Logan phantom [SL74] (cf. Fig. 5.5). However, the reasons
for this do not lie with the scientists alone, but also with the manufacturers. To
date, there are almost no public datasets containing actual CT measurements (cf.
Section 6.2 for an overview). Nevertheless, as we have seen in the previous chapters,
these datasets are essential for training data-driven methods. The DICOM format
[Par95], an established standard for reconstructions, was only recently extended
(DICOM-CT-PD) to include raw measurements. In the future, the inclusion of
measurement data could also be a matter of course. However, manufacturers will
also have to disclose proprietary techniques, for example, in the pre-processing of
data in the CT device. As an intermediate step, we use, among others, the LoDoPaB-
CT dataset [Leu+21a] (cf. Chapter 6) in this work. As a basis, reconstructions
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of real thorax scans are used, which are supplemented by simulated low-dose
measurements.

Finally, on the user side, what stands out most is that radiologists have over time
adjusted to the disadvantages and artifacts of the FBP. One can argue that the pro-
fessionals perform a “mental post-processing” of the FBP reconstructions. Therefore,
other reconstruction methods do not subjectively provide better results for them.
Consequently, many vendors have moved to provide unprocessed FBP reconstruction
alongside the post-processing solution of deep learning methods. Through a slider,
one or the other reconstruction can be gradually emphasized. This subjective per-
ception also makes it difficult to find a measure of image quality that reflects utility
for routine clinical practice. Established image quality measures cannot fully reflect
this [Buz08; PSV09].
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Part II

Research and Application





LoDoPaB-CT - A Dataset for
CT Reconstruction

6
„Without data, you are just another person with an

opinion.

— William Edwards Deming

6.1 Prolog

Availability of data is the main requirement for training data-driven models. Depend-
ing on the model type, this requires either measurement data (yδi ), ground truth
data (xi), or a combination of both (yδi , xi). However, for application to an inverse
problem, the starting point is always a noisy measurement yδ from which the ground
truth x is to be reconstructed. Nevertheless, as discussed in Section 5.3.3, almost
no freely available real-world measurement data exist for computed tomography
scans.

The standard procedure, in this case, is to create simulated data that is as close as
possible to actual measurements. In addition, the dataset should also be prepared
to meet the requirements of data-driven reconstruction approaches from the field
of deep learning. This means, in particular, that all hybrid model classes presented
in Chapter 4 can be trained and evaluated on the dataset in a standardized setting.
Thus, a fair comparison of different classical and learned reconstruction methods is
possible.

For the task of CT reconstruction from low-dose measurements, we developed the
LoDoPaB-CT dataset. Its structure and properties are described in detail in this
chapter, based on the following publication in Nature Scientific Data:

[Leu+21a] Johannes Leuschner, Maximilian Schmidt, Daniel Otero Baguer,
and Peter Maass. “LoDoPaB-CT, a benchmark dataset for low-
dose computed tomography reconstruction”. In: Scientific Data
8.1 (April 2021), p. 109, DOI: 10.1038/s41597-021-00893-z.
License: CC BY 4.0

Johannes Leuschner and Maximilian Schmidt are the primary authors of this publi-
cation and contributed equally. They both worked on the simulation script and the
main parts of the manuscript. The contribution of the other authors is listed in the
original publication.
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6.2 Background and Related Work

Tomographic image reconstruction is an extensively studied field. One popular
imaging modality in clinical and industrial applications is computed tomography
(CT). It allows for the non-invasive acquisition of the inside of an object or the human
body. The measurements are based on the attenuation of X-ray beams. To obtain the
internal distribution of the body from these measurements, an inverse problem must
be solved. Traditionally, analytical methods, like filtered backprojection (FBP) or
iterative reconstruction (IR) techniques, are used for this task. These methods are
the gold standard in the presence of enough high-dose/low-noise measurements.
However, since high doses of applied radiation are potentially harmful to patients,
modern scanners aim at reducing the radiation dose. Several strategies exist, but all
introduce specific challenges for the reconstruction algorithm, e.g., undersampling
or increased noise levels, which require more sophisticated reconstruction methods.
The higher the noise or undersampling, the more prior knowledge about the target
reconstructions is needed to improve the final quality [BB18]. Analytical methods
are only able to use very limited prior information. Alternatively, machine learning
approaches are able to learn underlying distributions and typical image features,
which constitute a much larger and more flexible prior. Recent image reconstruction
approaches involving machine learning, in particular deep learning (DL), have been
developed and demonstrated to be very competitive [AÖ17; Che+17b; Jin+17;
Li+20; Sha+19; Wan+18; Yan+18].

DL-based approaches benefit strongly from the availability of comprehensive datasets.
A wide variety of CT data has been published in recent years, covering different body
parts and scan scenarios. For the training of reconstruction models, the projections
(measured data) are crucial but are rarely made available. Recently, Low Dose CT
Image and Projection Data (LDCT-and-Projection-data) [McC+20] was published by
investigators from the Mayo Clinic, which include measured normal-dose projection
data of 299 patients in the new open DICOM-CT-PD format. The AAPM Low Dose
CT Grand Challenge data [McC16] includes simulated measurements featuring 30
different patients. The Finish Inverse Problems Society (FIPS) provides multiple
measurements of a walnut [Häm+15] and a lotus root [Bub+16] aimed at sparse
data tomography. Recently, DER SARKISSIAN et al. [Der+19] published cone-beam
CT projection data and reconstructions of 42 walnuts. Their dataset is directly aimed
at the training and comparison of machine learning methods. In magnetic resonance
imaging, fastMRI [Kno+20b] with 1600 scans of human knees is another prominent
example.

Other CT datasets focus on the detection and segmentation of special structures like
lesions in the reconstructions for the development of computer-aided diagnostic
(CAD) methods [Arm+11; Cla+07; Cod+10; Hel+19; Mas+18; Shi+00]. There-
fore, they do not include the projection data. The LIDC/IDRI database [Arm+11],
which we use for the ground truth of our dataset (cf. Section 6.3), targets lung
nodule detection. FUMPE [Mas+18] contains CT angiography images of 35 subjects
for the detection of pulmonary embolisms. KiTS2019 [Hel+19] is built around
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the segmentation of kidney tumors in CT images. The Japanese Society of Ra-
diology Technology (JSRT) database [Shi+00] and the National Lung Screening
Trial (NLST), in cooperation with the CT Image Library (CTIL) [Cla+07; Cod+10],
each contain scans of the lung. These datasets can also be used to investigate
reconstruction methods by simulating the missing measurements.

Different learned methods have been successfully applied to the task of low-dose
reconstruction [Wan+18]. However, comparing these approaches is a challenging
task since they highly rely on the data and the setup that is used for training. The
main goal of this work is to provide a standard dataset that can be used to train, and
benchmark learned low-dose CT reconstruction methods. To this end, we introduce
the Low-Dose Parallel Beam (LoDoPaB)-CT dataset, which uses the public LIDC/IDRI
database [Arm+11; Arm+15; Cla+13] of human chest CT reconstructions. We
consider these, in the form of 2D images, to be the so-called ground truth. The pro-
jections are created by simulating low photon count CT measurements with a parallel
beam scan geometry. Due to the slice-based 2D setup, each generated measurement
corresponds directly to a ground truth slice. Thus, the reconstruction process can
be carried out slice-wise without rebinning [DNK01], which would have to be ap-
plied to the measurements for 3D helical cone-beam geometries commonly used in
modern scanners [McC+20] to allow for the slice-wise use of a 2D reconstruction
algorithm. In order to generalize from our dataset to the clinical 3D setup, the effect
of rebinning needs to be evaluated. Also, learned algorithms directly targeted at 3D
reconstruction should be considered in this case, which at the moment are barely
computationally feasible [EKS20], but presumably outperform 2D reconstruction
algorithms applied to rebinned measurements. Despite the generalization to the
3D case not being straightforward, our dataset allows us to train and compare a
large number of approaches applicable to the 2D scenario, which we expect to yield
insights for the design of 3D algorithms.

Paired samples constitute the most complete training data and could be used for all
kinds of learning. In particular, methods that require independent samples from the
distributions of images and measurements, or only from one of these distributions,
can still use the dataset. In total, the dataset features more than 40 000 sample
pairs from over 800 different patients. This amount of data and variability can be
necessary to train deep neural networks successfully [BLS20]. It also qualifies the
dataset for transfer learning. In addition, the included measurements can be easily
modified for sparse and limited angle scan scenarios.

6.3 Methods for Data Generation

In this section, the considered mathematical model of CT is stated first, followed
by a detailed description of the dataset generation. This starts with the LIDC/IDRI
database [Arm+11], from which we extract the ground truth reconstructions. Finally,
the data processing steps are described, which are also summarized in a semi-formal
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manner at the end of the section. As a technical reference, the script[LSB20] used
for generation is available online1.

6.3.1 Parallel Beam CT Model

We consider the inverse problem of computed tomography given by

Ax+ ξ(Ax) = yδ (6.1)

with:

• The linear ray transform A defined by the scan geometry.

• The unknown interior distribution x of the X-ray attenuation coefficients in
the body; also called image.

• A sample ξ from a noise distribution that may depend on the ideal measure-
ment Ax.

• The noisy CT measurement yδ; also called projections or sinogram.

More specifically, we choose a two-dimensional parallel beam geometry, for which
the ray transform A is the Radon transform [Rad17; Rad86]. We refer to Section 5.2
for more information on the Radon transform.

According to Beer-Lambert’s law, the projection relates to the ideal intensity mea-
surements I1(s, φ) at the detector by

Ax(s, φ) = − ln
(︃
I1 (s, φ)
I0

)︃
= y (s, φ) , (6.2)

where I0 is the intensity of an unattenuated beam.

In practice, the measured intensities are noisy. The noise can be classified into
quantum noise and detector noise. Quantum noise stems from the process of photon
generation, attenuation, and detection, which as a whole can be modeled by a
Poisson distribution [Buz08]. The detector noise stems from the electronic data
acquisition system and is usually assumed to be Gaussian. It would play an essential
role in ultra-low-dose CT with minimal numbers of detected photons [Fu+17] but is
neglected in our case. Thus we model the number of detected photons and, by this,
the measured intensity ratio with

Ñ1(s, φ) ∼ Pois(N0 exp(−Ax(s, φ))), Ĩ1(s, φ)
I0

= Ñ1(s, φ)
N0

,

where N0 is the mean photon count without attenuation and Pois(λ) denotes the
probability distribution defined by

px(k) = λke−λ

k! , k ∈ N0.

1https://github.com/jleuschn/lodopab_tech_ref
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For practical application, the model needs to be discretized. The forward operator
is then a finite-dimensional linear map A : Rn → Rm, where n is the number of
image pixels and m is the product of the number of detector pixels and the number
of angles for which measurements are obtained. The discrete model reads

Ax+ ξ(Ax) = yδ, ξ(Ax) = −Ax− ln(Ñ1/N0), Ñ1 ∼ Pois(N0 exp(−Ax)). (6.3)

Here, Pois(λ) denotes the joint distribution of m Poisson distributed observations
with parameters λ1, . . . , λm, respectively.

Remark. Note that since the negative logarithm is applied to the observations, the
noisy post-log values yδ do not follow a Poisson distribution but the distribution
resulting from this logarithmic transformation. However, taking the negative log-
arithm is required to obtain the linear model and, therefore, is most commonly
applied as a preprocessing step. For our dataset, we consider post-log values by
default.

The Radon transform is a linear and compact operator. The continuous inverse
problem of CT is mildly ill-posed in the sense of NASHED [Nas87; Nat01]. This
means that slight variations in the measurements can lead to significant differences
in the reconstruction (cf. Section 3.2). While the discretized inverse problem is
not ill-posed, it is typically ill-conditioned [Buz08, p. 205]. This property leads to
artifacts in reconstructions obtained by direct inversion from noisy measurements.

We use the described model with the following dimensions and parameters for our
discrete simulation setting:

• Image resolution of 362 px × 362 px on a domain of size 26 cm× 26 cm.

• 513 equidistant detector bins s spanning the image diameter.

• 1000 equidistant angles φ between 0 and π.

• Mean photon count per detector bin without attenuation N0 = 4096.

6.3.2 LIDC/IDRI Database and Data Selection

The Lung Image Database Consortium (LIDC) and Image Database Resource Ini-
tiative (IDRI) published the LIDC/IDRI database [Arm+11; Arm+15; Cla+13] to
support the development of CAD methods for the detection of lung nodules. The
dataset consists of 1018 helical thoracic CT scans of 1010 individuals. Seven academic
centers and eight medical imaging companies collaborated to create the database.
As a result, the data is heterogeneous with respect to the technical parameters and
scanner models.

Standard-dose and lower-dose scans are part of the dataset. Tube peak voltages
range from 120 kV to 140 kV and tube current from 40 mA to 627 mA with a mean
of 222.1 mA. Twelve radiologists created labels for the lung nodules in a two-
phase process. The image reconstruction was performed with different filters,
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Fig. 6.1.: Scans from the LIDC/IDRI database [Arm+11] with poor quality, good quality,
and an artifact. The shown HU window is [−1024, 1023].

depending on the scanner’s manufacturer. Figure 6.1 shows examples of the provided
reconstructions. The LIDC/IDRI database is freely available from The Cancer Imaging
Archive (TCIA) [Cla+13]. It is published under the Creative Commons Attribution
3.0 Unported License2.

The LoDoPaB-CT dataset is based on the LIDC/IDRI scans. Our dataset is intended
for the evaluation of reconstruction methods in a low-dose setting. Therefore, we
simulate the projection data not included in the LIDC/IDRI database. In order to
enable a fair comparison with good ground truth, scans that are too noisy were
removed in a manual selection process (cf. Section 6.5). Additional scans were
excluded due to their geometric properties, namely an image size different from
512 px × 512 px, a too-small area of valid pixel values (cf. Section 6.3.3 below), or a
different patient orientation. The complete lists of excluded scan series are in the
technical reference repository [LSB20] in file series_list.json. In the end, 812
patients remain in the LoDoPaB-CT dataset.

The dataset is split into four parts: three parts for training, validation, and testing,
respectively, and a “challenge” part reserved for the LoDoPaB-CT Challenge3. Each
part contains scans from a distinct set of patients, as we want to study the case of
learned reconstructors being applied to patients that are not known from training.
The training set features scans from 632 patients, while the other parts contain
scans from 60 patients each. Every scan contains multiple slices (2D images) for
different z-positions, of which only a subset is included. The amount of extracted
slices depends on the slice thickness obtained from the metadata. As slices with
small distances are similar, they may not provide much additional information while
increasing the chances of overfitting. The distances of the extracted slices are larger
than 5.0 mm for > 45 % and larger than 2.5 mm for > 75 % of the slices. In total, the
dataset contains 35 820 training images, 3522 validation images, 3553 test images,
and 3678 challenge images.

Remark. We propose using our default dataset split, allowing for a fair comparison
with other methods that use the same split. However, users are free to remix or

2https://creativecommons.org/licenses/by/3.0/
3https://lodopab.grand-challenge.org/
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re-split the dataset parts. For this purpose, randomized patient IDs are provided, i.e.,
the same random ID is given for all slices obtained from one patient. Thus, when
creating custom splits, it can be regulated whether – and to what extent – data from
the same patients are contained in different splits.

6.3.3 Ground Truth Image Extraction

First, each image is cropped to the central rectangle of 362 px×362 px. The cropping
is done because most of the images contain (approximately) circle-shaped recon-
structions with a diameter of 512 px (cf. Fig. 6.1). After the crop, the image only
contains pixels inside this circle, which avoids value jumps occurring at the border
of the circle. While this yields natural ground truth images, we need to point out
that the cropped images generally do not show the whole subject but some interior
parts. Hence, it is unlikely that methods trained with this dataset perform well on
full-subject measurements.

The circle is subject to a geometric transformation for some scan series, either
shrinking or expanding the circle in some directions. In particular, for a few scan
series, the circle is shrunk such that it is smaller than the cropped rectangle. We
exclude these series, i.e., those with patient IDs 0004, 0032, 0102, 0116, 0120,
0289, 0368, 0418, 0541, 0798, 0926, 0972, and 1000, from our dataset, which
allows cropping all included images consistently to 362 px × 362 px.

The integer Hounsfield unit (HU) values obtained from the DICOM files are dequan-
tized by adding uniform noise from the interval [0, 1). By adding this noise, the
discrete distribution of stored values is transformed into a continuous distribution
(up to the floating-point precision), a common assumption of image models. For
example, the meaningful evaluation of densities learned by generative networks
requires dequantization [TOB16], which in some works [Ho+19] is more refined
than the uniform dequantization applied to the HU values in our dataset.

In the next step, the linear attenuations µ are computed from the dequantized HU
values using the definition of the HU,

HU = 1000 µ− µwater
µwater − µair

⇔ µ = HU µwater − µair
1000 + µwater, (6.4)

where we use the linear attenuation coefficients

µwater = 20 m, µair = 0.02 m,

which approximately correspond to X-ray energy of 60 keV [HS95]. Finally, the
µ-values are normalized into [0, 1] by dividing by

µmax = 3071 µwater − µair
1000 + µwater = 81.358 58 m,
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which corresponds to the largest HU value represented with the standard 12-bit
encoding, i.e., (212− 1− 1024) HU = 3071 HU, followed by the clipping of all values
into the range [0, 1],

µ̂ = clip(µ/µmax, [0, 1]) =

⎧⎪⎪⎨⎪⎪⎩
0 : µ/µmax ≤ 0
µ/µmax : 0 < µ/µmax ≤ 1
1 : 1 < µ/µmax

. (6.5)

Eqs. (6.4) and (6.5) are applied pixel-wise to the images.

6.3.4 Projection Data Generation

For the simulation of the measurements, based on the virtual ground truth images,
the primary step is to apply the forward operator, the ray transform (Radon transform
in 2D). We utilize the Operator Discretization Library [Adl+18] (ODL) with the
’astra_cpu’ backend [Aar+15] for this task.

Remark. We choose ’astra_cpu’ over the usually favored ’astra_cuda’ because of
minor inaccuracies observed in the sinograms when using ’astra_cuda’, specifically
at angles 0, π2 , and π and detector positions −1/

√
2 l

2 , and 1/
√

2 l
2 with l being the

length of the detector. The used version is astra-toolbox==1.8.3 on Python 3.6.
The tested CUDA version is 9.1 combined with cudatoolkit==8.0.

In order to avoid “committing the inverse crime” [Wir04], which, in our scenario,
would be to use the same discrete model both for simulation and reconstruction,
we use a higher resolution for the simulation. Otherwise, the good performance
of reconstructors could also stem from the properties of the specific discretized
problem rather than from the accurate inversion of the analytical model. We use
bilinear interpolation to upscale the virtual ground truth from 362 px × 362 px to
1000 px × 1000 px.

The non-normalized, upscaled image is projected by the ray transform. Based on this
projection, Ax, the measured photon counts Ñ1 are sampled according to Eq. (6.3).
The sampling in some cases yields photon counts of zero, which we then replace
by photon counts of 0.1. As a result, strictly positive values are ensured, which is
a prerequisite for the log-transform in the next step (cf. WANG et al. [Wan+17a]).
The negative logarithm of the photon counts quotient max(0.1, Ñ1)/N0 is taken,
resulting in the post-log measurements yδ according to (6.3) (up to the 0.1 photon
count approximation). Finally, yδ is divided by µmax to match the normalized ground
truth images. A summary of all steps can be found in Algorithm 4.

Remark. Although the linear model obtained by the log-transform is easier to study,
pre-log models are more accurate in some cases. See FU et al. [Fu+17] for a detailed
comparison. For applying a pre-log method, the stored observation data ŷ = yδ/µmax
must be back-transformed by exp(−µmax · ŷ). For the creation of physically consistent
data pairs, the ground truth images should then be multiplied with µmax, too.
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Remark. Note that the minimum photon count of 0.1 can be adapted subsequently.
This adaptation is most easily made by filtering out the highest observation values
and replacing them with − log(ϵ0/4096)/µmax, where ϵ0 is the new minimum photon
count.

Algorithm 4 Data Generation Algorithm
1: (µair, µwater, µmax)← (0.02, 20.0, 81.358 58)

2: procedure EXTRACTGROUNDTRUTH(z) ▷ z is an image from the LIDC dataset in
3: the DICOM data format
4: z̄ ← transpose(center_crop(z, 362× 362)) ▷ Take center crop of size
5: 362× 362
6: image_hu← z̄ ∗ z.RescaleSlope+ z.RescaleIntercept ▷ Transform pixels to
7: HU values
8: image_hu← image_hu+ noise ▷ Add dequantization noise uniformly
9: distributed in [0, 1] for each pixel

10: image_mu← image_hu ∗ (µwater − µair)/1000 + µwater ▷ Convert HU values
11: to linear attenuation
12: return clip(image_mu/µmax, min = 0, max = 1) ▷ Clip all pixel values to
13: be within [0, 1]

14: procedure GENERATEPROJECTION(x) ▷ x is a ground truth generated by
15: the previous procedure
16: x̄← bilinear_interpolation(µmax ∗ x, 1000× 1000) ▷ Interpolate ground
17: truth to avoid inverse crime
18: y ← ray_trafo(x̄) ▷ ODL RayTransform with 1000 angles, 513 detector pixels
19: and image domain [−0.13, 0.13]2

20: photons← max(poisson(exp(−y) ∗ 4096), 0.1) ▷ Scale and add Poisson
21: noise. Max is taken pixel-wise.
22: return − log(photons/4096)/µmax ▷ Apply log-transform and formalization
23: constant

6.4 Data Records

The LoDoPaB-CT dataset is published as open access on Zenodo in two repositories.
The main data repository [LSO19] has a size of around 55 GB and contains obser-
vations and ground truth data of the train, validation, and test set. For each
subset, represented by *, the following files are included:

• CSV files patient_ids_rand_*.csv include randomized patient IDs of the
samples. The patient IDs of the train, validation, and test parts are
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integers in the range of 0–631, 632–691, and 692–751, respectively. The ID of
each sample is stored in a single row.

• Zip archives ground_truth_*.zip contain HDF5 files [The97] of the ground
truth reconstructions.

• Zip archives observation_*.zip contain HDF5 files of the simulated low-dose
measurements.

• Each HDF5 file contains one HDF5 dataset named data, that provides several
samples (128 except for the last file in each ZIP file). For example, the n-th
training sample pair is stored in the HDF5 files observation_train_%03d.hdf5
and ground_truth_train_%03d.hdf5 where the placeholder %03d is defined
as floor (n/128). Within these HDF5 files, the observation or ground truth is
stored at entry (n mod 128) of the HDF5 dataset data.

The second repository [LSO20] for the challenge data consists of a single zip
archive:

• observation_challenge.zip contains HDF5 files of the simulated low-dose
measurements.

The structure inside the HDF5 files is the same as in the main repository.

6.5 Technical Validation

6.5.1 Ground Truth and Data Selection

Creating high-quality ground truth images for tomographic image reconstruction
is challenging and time-consuming. In computed tomography, one option is to
cut open the object after the scan or use 3D printing [JG17], whereby the digital
template of the object is the reference. In general, this also involves high radiation
doses and many scanning angles. This combination makes it even harder to generate
ground truth images for medical applications.

The primary goal of low-dose CT reconstruction models is to match the normal-
dose reconstruction quality of methods currently in use. Therefore, normal-dose
reconstructions from classical methods, e.g., filtered backprojection, are an excellent
choice as ground truth. This choice simplifies the process considerably.

The ground truth CT reconstructions of LoDoPaB-CT are taken from the established
and well-documented LIDC/IDRI database. Three of the authors performed an
independent visual inspection of one 2D slice per scan. Figure 6.1 shows three
examples of such slices. A five-star rating system was used to evaluate the image
quality and remove noisy ground truth data, like the first slice in Fig. 6.1. Scans with
artifacts, e.g., from photon starvation due to dense material (cf. Fig. 6.1 (right)),
were not generally removed, as the artifacts only affect a few slices of the whole scan.
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The slice in the middle of Fig. 6.1 represents an ideal ground truth. The following
procedure was then used to exclude scans based on their rating:

1. Centering of the ratings from each evaluator around the value 3.

2. Calculation of the mean rating and the variance for each looked at 2D slice.

3. For a variance < 1, the mean was used as the rating score. Otherwise, the scan
is evaluated by all three authors together.

4. All scans with a rating ≤ 2 are excluded from the dataset.

These excluded scans are listed at key "series_excluded_manual_low_q_filter"
in file series_list.json in the technical reference repository [LSB20].

6.5.2 Reference Reconstructions and Quantitative Results

To validate the usability of the proposed dataset for machine learning approaches, we
provide reference reconstructions and quantitative results for the standard filtered
backprojection (FBP) and a learned post-processing method (FBP + U-Net). FBP is a
widely used analytical reconstruction technique (cf. Section 5.3 for an introduction).
If the measurements are noisy (due to the low dose), FBP reconstructions tend
to include streaking artifacts. A typical approach to overcoming this problem is
applying some post-processing, such as denoising (cf. Section 4.3). Recent works
[Che+17b; Jin+17; Yan+18] have successfully used convolutional neural networks,
such as the U-Net [RFB15]. The idea is to train a neural network to create clean
reconstructions from the noisy FBP results.

In this initial study, for the FBP, we used the Hann filter with a frequency scaling
of 0.641. We selected these parameters based on the performance over the first
100 samples of the validation dataset. For the post-processing approach (FBP +
U-Net), we used a U-Net-like architecture with five scales. We trained it using the
proposed dataset by minimizing the mean squared error loss (see Example 2.2.1)
with the Adam algorithm [KB15] for a maximum of 250 epochs with batch size 32.
Additionally, we used an initial learning rate of 10−3, decayed using cosine annealing
until 10−4. The model with the highest mean peak signal-to-noise ratio (PSNR) on
the validation set was selected from the models obtained during training. Sample
reconstructions are shown in Fig. 6.2.

Table 6.1 depicts the obtained results regarding the peak signal-to-noise ratio (PSNR)
and structural similarity [Wan+04] (SSIM) metrics (cf. Section 6.6.2 for a detailed
explanation). As it can be observed, the post-processing approach, which was
trained using the proposed dataset, outperforms the classical FBP reconstructions
by a margin of 5 dB. This result demonstrates that the dataset contains valuable
data ready for training machine learning methods to obtain CT reconstructions with
higher quality than the standard methods.
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Fig. 6.2.: Different baseline reconstructions from the FBP and FBP + U-Net methods. The
ground truth images are part of the LoDoPaB-CT test set. The window [0, 0.45]
corresponds to a HU range of ≈ [−1001, 831].
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Tab. 6.1.: Baseline performance on LoDoPaB-CT. Values are the mean and standard devia-
tion over all samples.

FBP FBP + U-Net
PSNR (dB) SSIM PSNR (dB) SSIM

Training 30.45± 2.65 0.742± 0.131 36.17± 3.75 0.862± 0.123
Validation 30.75± 2.52 0.758± 0.123 36.74± 3.28 0.882± 0.102
Test 30.52± 3.10 0.737± 0.147 35.84± 4.59 0.844± 0.150

6.6 Usage Notes

6.6.1 Download and Easy Access

The whole LoDoPaB-CT dataset [LSO19; LSO20] can be downloaded directly from
the Zenodo website. However, we recommend the Python library DIVαℓ [Leu+21g]
for easy access to the dataset. The library includes specific functionalities for the
interaction with the provided dataset.

Remark. Access to the dataset on Zenodo might be restricted or slow in some regions
of the world. In this case, please contact one of the corresponding authors to get an
alternative download option.

DIVαℓ is also available through the package index PyPI. With the library, the dataset
is automatically downloaded, checked for corruption, and ready for use within two
lines of Python code:

1 from dival import get_standard_dataset
2 dataset = get_standard_dataset (’lodopab ’)

Remark. When loading the dataset using DIVαℓ, an ODL [Adl+18] RayTransform
implementing the forward operator is created. This creation requires a backend, the
default being ’astra_cuda’, which requires both the ASTRA toolbox [Aar+15] and
CUDA to be available. If either is unavailable, a different backend (’astra_cpu’ or
’skimage’) must be selected by keyword argument impl.

In addition, DIVαℓ offers multiple options to work with the LoDoPaB-CT dataset:

• Access the train, validation, and test subset and draw a specific number of
samples.

• Sort the data by the patient ids.

• Use the pre-log or post-log data (cf. Section 6.3.4).

• Evaluate the reconstruction performance.

• Compare with pre-trained standard reconstruction models.
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6.6.2 Evaluation Practice

Since ground truth data is provided in the dataset, we recommend using so-called
full-reference methods for the evaluation. The peak signal-to-noise ratio (PSNR) and
the structural similarity [Wan+04] (SSIM) are two standard image quality metrics
used in CT applications [AÖ18b; JG17]. While the PSNR calculates pixel-wise
intensity comparisons between ground truth and reconstruction, SSIM captures
structural distortions.

Peak Signal-to-Noise Ratio The PSNR expresses the ratio between the maximum
possible image intensity and the distorting noise, measured by the mean squared
error (MSE),

PSNR (x̃, x) := 10 log10

(︄
L2

MSE (x̃, x)

)︄
, MSE (x̃, x) := 1

n

n∑︂
i=1
|x̃i − xi|2. (6.6)

Here, x is the ground truth image, and x̃ is the reconstruction. Higher PSNR
values are an indication of a better reconstruction. We recommend choosing L :=
max(x) − min(x), i.e., the difference between the highest and lowest entry in x,
instead of the maximum possible intensity since the reference value of 3071 HU is far
from the most common values. Otherwise, the results can often be too optimistic.

Structural Similarity Based on assumptions about human visual perception, SSIM
compares the overall image structure of ground truth and reconstruction. Results lie
in the range [0, 1], with higher values being better. The SSIM is computed through a
sliding window at M locations

SSIM (x̃, x) := 1
M

M∑︂
j=1

(︂
2µ̃jµj + C1

)︂
(2Σj + C2)(︂

µ̃2
j + µ2

j + C1
)︂ (︂
σ̃2
j + σ2

j + C2
)︂ , (6.7)

where µ̃j and µj are the average pixel intensities, σ̃j and σj are the variances, and
Σj is the covariance of x̃ and x at the j-th local window. Constants C1 = (K1L)2 and
C2 = (K2L)2 stabilize the division. Following WANG et al. [Wan+04], we choose
K1 = 0.01 and K2 = 0.03 for the technical validation in this paper. The window size
is 7× 7 and L = max(x)−min(x).

Test and Challenge Set The test data is the advised subset for offline model evalu-
ation. The data should not be involved in the training process or hyperparameter
selection of the model to guarantee a fair comparison. We recommend using the
whole test set and selecting the parameters mentioned above for PSNR and SSIM.
Deviations from this setting should be mentioned. In addition, a challenge set with-
out ground truth images is provided. We encourage users to submit their challenge
reconstructions to the evaluation website4. All methods are assessed under the same

4https://lodopab.grand-challenge.org/
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conditions and with the same metrics. The performance can be directly compared
with other methods on a public leaderboard. Therefore, we recommend reporting
performance measures on the challenge set for publications that use the LoDoPaB-CT
dataset without modifications, in addition to any evaluations on the test set. In
accordance with the Biomedical Image Analysis (BIAS) guidelines [Mai+20], more
information about the challenge can be found on the aforementioned website.

6.6.3 Further Usage of the Dataset

Other Scan Scenarios The provided measurements and simulation scripts can
easily be modified to cover different scan scenarios:

• Limited and sparse-angle problems can be created by loading a subset of the
projection data, e.g., a sparser setup with 200 angles was already used by
BAGUER et al. [BLS20]

• Super-resolution experiments can be mimicked, by artificially binning the
projection data into larger pixels.

• To study lower or higher photon counts, the dataset can be re-simulated with a
different value of N0 (e.g., using resimulate_observations.py [LSB20] by
changing the value of PHOTONS_PER_PIXEL).

The provided reconstructions can still be used as ground truth for all scenarios.

Transfer Learning Transfer learning is a popular approach to boost the performance
of machine learning models on smaller datasets. First, the idea is to train the model
on a different, comprehensive data collection. Afterward, the determined parameters
are used as an initial guess for fine-tuning the model on the smaller one. The goal is
to learn to process low-level features, e.g., edges in images, from the comprehensive
dataset. The adaption to specific high-level features is then performed on the smaller
dataset. The ImageNet database [Den+09], with over 14 million natural images, is
frequently used in this role for imaging tasks. The applications range from image
classification [She+19] to other domains like audio data [GG14].

Transfer learning has also been successfully applied to CT reconstruction tasks.
This includes training on different scan scenarios [KB20; Wu+19], e.g., a different
number of angles, as well as first training on 2D data and continuing on 3D data
[Sha+18]. HE et al. [HWM20] simulated parallel beam measurements on some of
the natural images in ImageNet. Subsequently, the training was continued on CT
images from the Mayo Clinic [McC16]. LoDoPaB-CT, or parts of the dataset, can be
used in similar roles for transfer learning. Additionally, the ground truth data from
actual thoracic CT scans may be more advantageous for similar CT reconstruction
tasks compared to random natural images from ImageNet [Rag+19].

Nonetheless, we advise the user to check the applicability for their specific use
case and reconstruction model. Re-simulation or other changes to the LoDoPaB-CT
dataset might be needed, especially for datasets with different scan geometries.
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Additionally, simulated data cannot capture all aspects of real-world measurements
and, therefore, cause reconstruction errors. For a comprehensive study on the
benefits and challenges of transfer learning for medical imaging, we refer the reader
to the publication by RAGHU et al. [Rag+19].

Remark. A simulation script with a fan beam geometry on the ground truth data can
be found in the DIVαℓ library [Leu+21g]:
dival/examples/ct_simulate_fan_beam_from_lodopab_ground_truth.py

6.6.4 Limits of the Dataset

The LoDoPaB-CT dataset is designed to systematically compare CT reconstruction
methods on a simulated low-dose parallel beam setting. The focus is on how a
model deals with the challenges that arise from low photon count measurements to
match the quality of normal-dose images. Of course, this represents only one aspect
of many for the application in real-world scenarios. Therefore, results achieved
on LoDoPaB-CT might not completely reflect the performance on actual medical
data. The following limits of the dataset should be considered when evaluating and
comparing results:

• The simulation uses the Radon transform and Poisson noise. Real measure-
ments can be influenced by additional physical effects, like scattering.

• Modern CT machines use advanced scanning geometries, like helical fan beam
or cone beam. Specific challenges for the reconstruction can arise compared
to parallel beam measurements (cf. BUZUG [Buz08]).

• In general, the goal is to reconstruct a whole 3D subject and not just a single
2D slice. Reconstruction methods might benefit from additional spacial infor-
mation. On the other hand, memory and compute power requirements can be
higher for methods that reconstruct 3D volumes directly.

• Image metrics, e.g., PSNR and SSIM, cannot express and cover all aspects of
high-quality CT reconstruction. An additional assessment by experts in the
field can be beneficial.

• The ground truth images are based on reconstructions from normal-dose medi-
cal scans. As such, they can contain noise and artifacts. The measurements
are created from this "noisy" ground truth. Therefore, a perfect reconstruction
model would re-create the imperfections. Approaches designed to remove
them can score lower PSNR and SSIM values, although their reconstruction
quality might be higher.

• A crop to a region of interest is used for the ground truth images (cf. Sec-
tion 6.3.3). Hence, the results for full-subject measurements can be different.
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6.6.5 Code Availability

Python scripts [LSB20] for the simulation setup and dataset’s creation are publicly
available on Github5. They use the ASTRA Toolbox [Aar+15] (version 1.8.3) and the
Operator Discretization Library [Adl+18] (ODL, version ≥0.7.0). In addition, the
ground truth reconstructions from the LIDC/IDRI database [Arm+15] are needed
for the simulation process. A sample data split into training, validation, test, and
challenge parts is also provided. It differs from the one used for the creation of this
dataset in order to keep the ground truth data of the challenge set undisclosed. The
random seeds used in the scripts are modified for the same reason.

5https://github.com/jleuschn/lodopab_tech_ref
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Conditional Invertible Neural
Networks

7
„Medicine is a science of uncertainty and an art of

probability.

— Sir William Osler

7.1 Prolog

Research in inverse problems has mainly focused on developing algorithms for ob-
taining stable reconstructions of the true image x in the presence of noise. In recent
years, hybrid deep learning methods have been increasingly used in research and
applications to solve inverse problems [Arr+19]. The choice of methods ranges from
post-processing approaches [Jin+17], unrolling iterative schemes as neural network
layers [AÖ17; AÖ18b], and learned regularization terms [LSÖ18] to complete learn-
ing of an inversion model from data [Zhu+18] (cf. 4). However, an estimation of
the uncertainties is essential, especially for ill-posed inverse problems.

In order to incorporate uncertainties arising in the inversion process, the recon-
struction process can be interpreted statistically as a quest for information [KS05;
TV+82]. Instead of approximating a single point estimate, we are interested in the
entire conditional distribution px|y(x|yδ) of the image given the noisy measurement
data. Traditionally, methods like Markov chain Monte Carlo (MCMC) [Mar+12] or
approximate Bayesian computation [Sun+13] have been used to estimate the un-
known conditional distribution. However, these methods are often computationally
expensive and unfeasible for large-scale imaging problems.

A new approach is the application of deep generative models for this task. In general,
the goal of a deep generative model is to learn a surrogate model for the unknown
distribution based on samples. Well-known approaches from the field of genera-
tive networks are variational autoencoders (VAE) [KW14; RM15] and generative
adversarial networks (GAN) [Goo+14]. Recently, flow-based generative models
[TT13] were introduced, which use an invertible transformation to learn a continu-
ous probability density. One of the advantages is that flow-based models allow exact
likelihood computation, thus allowing for maximum likelihood training.

We use invertible neural networks (INN) inside the normalizing flow (NF) framework
and combine them with a conditioning model. An introduction to INNs and NF is
given in Sections 7.3 and 7.4, respectively. The resulting conditional invertible neural
network (CINN) is used in Section 7.5 to approximate the conditional distribution
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px|y(x|yδ). Finally, the models are applied to reconstruction tasks in medical imaging
in Section 7.6. The whole chapter is based on the following publication:

[Den+21] Alexander Denker, Maximilian Schmidt, Johannes Leuschner,
and Peter Maass. “Conditional Invertible Neural Networks for
Medical Imaging”. In: Journal of Imaging 7.11 (November 2021),
p. 243, DOI: 10.3390/jimaging7110243. License: CC BY 4.0

Maximilian Schmidt worked on all parts of the manuscript. The primary contribu-
tions are the design and implementation of the iUNet architecture, the evaluation of
the experiments, and the discussion. Contributions of the other authors are listed in
detail in [Den+21].

7.2 Related Work and Contributions

A variety of neural network methods have been proposed to analyze inverse prob-
lems (cf. Chapter 4). We are especially interested in methods that can estimate
the uncertainties arising in the inversion process. Several approaches have been
developed in the past, e.g., Bayesian neural networks can be combined with deep
learning models [Bar+21b], or conditional GAN can be used to learn the unknown
posterior density implicitly [AÖ18a]. Recently, flow-based models have been used to
learn a surrogate model for the unknown posterior. These flow-based models are
often implemented using invertible neural networks. They have been used to predict
oxygen saturation in tumors [Ard+19a], image colorization [Ard+19b], day-to-night
translation [Ard+21], reconstruction of the grazing incidence in X-ray fluorescence
[And+21], or the identification of the permeability field of an oil reservoir [AZ21].
There is also the first application for computed tomography [Den+20; Leu+21d].
Recent work also studies the application of stochastic normalizing flows to inverse
problems [HHS21]. Our work builds on the concept of conditional invertible neural
networks (CINN) as introduced in [Ard+19b], but our focus lies on medical image
reconstruction.

Prior work of CINN for inverse problems deals mainly with image-to-image problems
[Ard+19b; Ard+21] or lower dimensional applications [Ard+19a]. These CINN
are implemented using two components: an invertible neural network, used for
the normalizing flows, and a conditioning network, used to extract features from
the conditional input. This conditioning network does not have to be invertible
and is often implemented as a convolutional neural network (CNN). In our work,
we expand these concepts to inverse problems in medical imaging, where the
topology of the measurement space and the image space differ significantly. In CT
reconstruction, the measurements are line integrals over the image domain. In MR
imaging, the measurements can be interpreted in the frequency domain. This creates
an additional challenge as CNNs are built to take advantage of local relationships
and often fail when global relationships are in the measurement. We address this
problem by integrating a traditional reconstruction operator into the conditioning
network of the CINN. For the problem of CT reconstruction, we use the filtered
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backprojection (FBP) operator, and for MRI, we use the zero-filled inverse Fourier
transform. Further, we experiment with two different invertible neural network
architectures found in literature: the multi-scale architecture popularized in the
Real NVP framework [DSB17] and an invertible U-Net as proposed by ETMANN et
al. [EKS20]. Additionally, we propose to use a different base distribution, a radial
Gaussian distribution, instead of the widely used standard normal distribution.

7.3 Solving Inverse Problems with Normalizing Flows

This section introduces normalizing flows and discusses how flow-based models can
be implemented. We describe building blocks for invertible neural networks and
how they can be used for conditional normalizing flows. In the last part, we explain
the different architectures used for the experiments.

7.3.1 Deep Generative Models

Generative modeling aims to build a model using a dataset that represents the under-
lying distribution of the data. There are two distinct goals in generative modeling.
The first is to approximate the probability density function (PDF) (Definition 2.2.3)
of given samples, i.e., density estimation. The second goal is to generate new
data samples distributed according to the distribution, i.e., sampling. The term
deep generative modeling is used when the underlying model is implemented using
neural networks. In recent years, a wide variety of powerful methods have been
proposed. These can be broadly grouped into latent-variable models, autoregressive
models [OKK16; Oor+16], and normalizing flows (NF) [Pap+21]. The latent-
variable models include implicit models, such as generative adversarial networks
(GAN) [Goo+14] and variational autoencoders (VAE) [KW14; RM15]. These latent-
variable models work by specifying a lower-dimensional latent space and learning a
conditional distribution to sample from the image space. GAN are trained using a
critic or discriminator network in an adversarial scheme. It was recently shown that
GAN have the ability to produce realistic-looking images [BDS19]. However, it is
not possible to compute the likelihood with a GAN. VAE induce a noisy observation
model and utilize a lower bound to the exact likelihood function for training. So it
is only possible to evaluate an approximation to the exact likelihood.

Additionally, the noisy observation model often leads to blurry-looking images. For
autoregressive models (ARM), the joint distribution is factorized into a product of
conditional distributions using the product rule. Neural networks are used to model
the dependencies using this factorization. In this way, the likelihood of an ARM
can be computed exactly, but sampling from such a model can be slow. Recently
score-based generative models were proposed [Son+21], which are trained to
approximate the gradient of the density and rely on Langevin dynamics for sampling.
Models based on the concept of NF have the advantage of allowing exact likelihood
calculation, thus offering the possibility to use a maximum likelihood training and a
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fast sampling procedure. In distinction to VAE, they are invertible by design and have
no reconstruction loss. Recently, stochastic NF [WKN20] were introduced, which
interweave the deterministic invertible transformations of an NF with stochastic
sampling, promising more expressive transformations. For more information, we
refer to the recent review article by RUTHOTTO and HABER [RH21b].

7.3.2 Application of Generative Models to Inverse Problems

Inverse problems can be studied from a statistical point of view [KS05]. In this
interpretation, we are interested in the conditional distribution px|y(x|yδ) of the
unknown image x given the measurement data yδ, the so-called posterior. Using
Bayes’ Theorem 2.2.1, this posterior can be decomposed into a prior px(x) and the
likelihood py|x(yδ|x):

px|y(x|yδ) ∝ py|x(yδ|x) · px(x)

For a given noise model, the likelihood py|x(yδ|x) can be evaluated using the forward
model A : X → Y [DS17]. The prior px(x) encodes information about the image.
Deep generative models are usually incorporated in two ways: learning a model for
the prior [Asi+20] or learning a model for the full posterior distribution [Ard+21;
Den+20]. Other point estimates can be used to explore the posterior distribution.
Commonly, the maximum a posterior (MAP) estimate

x̃ = arg max
x∈X

px|y(x|yδ) = arg max
x∈X

log py|x(yδ|x) + log px(x)

or the pointwise conditional mean E[x|yδ] is used as reconstruction, and the point-
wise conditional variance Var[x|yδ] is used to assess the uncertainty. As computing
the conditional mean and the conditional variance would require solving a high-
dimensional integral, we use an approximation to estimate both moments as

ˆ︂E[x|yδ] = 1
N

n∑︂
i=1

xi and ˆ︂Var[x|yδ] = 1
n

N∑︂
i=1

(︂
xi − ˆ︂E[x|yδ]

)︂2
,

with N i.i.d. samples {xi} drawn from the trained model. Our experiments focus on
directly learning a model for the full posterior px|y(x|yδ).

7.3.3 Normalizing Flows

The concept of NF is based on the work of TABAK and TURNER [TT13]. Flow-based
models are constructed using a base distribution and an invertible transformation.
Let z be a random variable with a known probability density function pz. This
distribution is called the base distribution and should be simple to evaluate and
sample from. The second component is a transformation Tθ : X = Rn → Y = Rn,
which is parametrized by θ. This transformation has to be invertible, and both
Tθ and T−1

θ have to be differentiable. This particular class of functions is called
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a diffeomorphism. The base distribution pz induces a distribution on the image
space x = Tθ(z) via the invertible transformation Tθ. It is possible to evaluate the
likelihood of this induced distribution using the change-of-variable theorem:

pθ(x) = pz
(︂
T−1
θ (x)

)︂ ⃓⃓⃓
det JT−1

θ
(x)
⃓⃓⃓
. (7.1)

Here, JT−1
θ

(x) denotes the Jacobian of T−1
θ . In some cases, it may be advantageous

to express Eq. (7.1) using the Jacobian of Tθ:

pθ(x) = pz
(︂
T−1
θ (x)

)︂ ⃓⃓⃓
det JTθ

(︂
T−1
θ (x)

)︂⃓⃓⃓−1
.

This exact formulation of the probability density offers the possibility to fit the
parameters θ of the NF using maximum likelihood estimation [DKB15]. Assume that
we have a dataset of i.i.d. samples {x(i)}Ni=1 from an unknown target distribution,
then this objective is used for training the NF:

max
θ

N∑︂
i=1

log pθ
(︂
x(i)

)︂
= max

θ

N∑︂
i=1

log p
(︂
T−1
θ (x(i))

)︂
+ log

⃓⃓⃓
det JTθ

(︂
T−1
θ (x(i))

)︂⃓⃓⃓
.

This maximum likelihood objective is equivalent to minimizing the Kullback-Leibler
(KL) divergence between the unknown target distribution and the induced distribu-
tion of the flow-based model [Pap+21].

The key challenge is to build an expressive invertible transformation Tθ. For this
purpose, two essential properties of diffeomorphisms can be exploited. Diffeomor-
phisms are composable, i.e., if T1 and T2 are invertible and differentiable, then the
same holds for T2 ◦ T1. Further, it is possible to decompose the computation of the
inverse and the Jacobian determinant:

(T2 ◦ T1)−1 = T−1
1 ◦ T−2

2 and det JT2◦T1(z) = detJT2(T1(z)) · det JT1(z).

This allows us to build a complex transformation as a concatenation of simple
transformations. We start by defining a base distribution for z0. We can compute the
probability density of x = zK = Tθ(z0) using the concatenated Tθ = TK ◦ · · · ◦ T1,
via

pθ(zK) = pz0

(︂
T−1
θ (zK)

)︂ K∏︂
k=1

⃓⃓⃓
det JTk

(︂
T−1
k (zk)

)︂⃓⃓⃓−1

with zk−1 = T−1
k (zk). This composition of transformations leads to the name

normalizing flow [Pap+21]. The transformations Ti are a critical part of this
formulation. We need transformations that

• are easily invertible,

• offer an efficient calculation of the logarithm of the Jacobian determinant,

• are still expressive enough to approximate complex distributions.

Several models offer invertibility and tractable determinants, e.g., planar flows
[RM15], residual flows [Beh+19; Che+19a], or Sylvester flows [Ber+18]. We focus
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on a class of models based on so-called coupling layers [DKB15; Gom+17]. Besides
the invertibility of the transformations, the stability of the inverse pass must also
be taken into account. BEHRMANN et al. [Beh+21] show that typical normalizing
flow building blocks can become highly unstable and, therefore, numerically non-
invertible.

7.4 Invertible Neural Networks

Invertible neural networks consist of layers that guarantee an invertible relation-
ship between input and output. Therefore, they are ideally suited to be used as
normalizing flow. There is also the advantage that the intermediate activations do
not have to be stored during backpropagation in training. Compared to regular
neural networks, memory consumption decreases considerably, so more extensive
networks or batch sizes can be realized. There are already invertible architectures
for CT [EKS20; Rud+21] and MRI [PW19] that actively use this property.

The main building blocks of invertible neural networks used in this work are the
coupling layers [DKB15; Gom+17]. Coupling layers are invertible by design and
have block triangular Jacobians, which allow for an efficient calculation of the
logarithm determinant. The main idea of a coupling layer is that the input is split
into two parts, where one part is transformed, whereas the other is left unchanged.
It is crucial to implement some mixing or permutation between coupling layers for
all dimensions to influence one another. In imaging applications, invertible spatial
downsampling operations are also integrated into the network [Ard+19a; DSB17;
EKS20; KD18].

7.4.1 Coupling Layers

Let x ∈ Rn and I1, I2 disjoint partitions of {1, . . . , n} with |I1| = d and |I2| = n− d.
Then a coupling layer is defined via

yI1 = xI1

yI2 = G (xI2 ,M(xI1)) ,

where G : Rn−d ×Rn−d → Rn−d is called the coupling law, which must be invertible
w.r.t. the first argument. The function M : Rd → Rn−d is the coupling function,
which does not need to be invertible and can be implemented as an arbitrary neural
network. Two main types of coupling functions have been studied in the literature:
additive and affine. Additive coupling, as used in [DKB15], follow this design:

yI1 = xI1

yI2 = xI2 +M(xI1) ⇔
xI1 = yI1

xI2 = yI2 −M(yI1). (7.2)

A more flexible type of coupling is affine coupling [DSB17]. Affine coupling layers
introduce an additional scaling function to the translation of the additive coupling
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layer. In this way, a scale s(x) and a translation t(x) are learned, i.e., M(x) =
[s(x), t(x)]:

yI1 = xI1

yI2 = xI2 ⊙ es(xI1) + t(xI1)
⇔

xI1 = yI1

xI2 = e−s(yI1) ⊙ (yI2 − t(yI1))

Instead of choosing e(·), sometimes other functions which are non-zero everywhere
are used. Because one part of the input is unchanged during the forward pass of a
coupling layer, we get a lower block triangular structure for the Jacobian matrix:

∂y

∂x
=
(︄
Im 0
∂yI2
∂xI1

∂yI2
∂xI2

)︄
.

This allows us to compute the determinant as

det
(︃
∂y

∂x

)︃
= det

(︃
∂yI2

∂xI2

)︃
,

drastically reducing the computational complexity. For additive coupling layers, this
further reduces to the identity matrix, i.e., they have a unit determinant. Affine
coupling layers have a diagonal structure in the block:

det
(︃
∂yI2

∂xI2

)︃
= exp

⎛⎝∑︂
i∈I1

s(x1)i)

⎞⎠ .
However, as s(x1) is already evaluated in the forward pass, computing the deter-
minant does not involve significant computational effort. The particular structure
of the Jacobian highlights the fact that some parts of the input are not processed
and have no influence on each other. It is essential to include some permutation or
mixing of dimensions to build an expressive sequence of coupling layers.

7.4.2 Channel Mixing and Downsampling

The input is split into two parts for each coupling layer, and only one-half is processed.
For image data, this splitting usually is done in the channel dimension. Let u ∈
Rc×h×w be an image with c channels. We choose c1, c2 such that c1 + c2 = c. The
image is then split into two parts, uI1 ∈ Rc1×h×w and uI2 ∈ Rc2×h×w. In earlier
works, the permutation after each coupling layer was implemented as a fixed random
channel shuffling [DKB15]. In the Glow architecture, an improvement was seen when
using fixed 1× 1 convolutions instead of simple permutations [KD18]. These fixed
convolutions can be seen as a generalization of random shuffling. Another central
part of invertible neural networks in imaging applications is invertible downsampling
operations, i.e., reduction of the spatial dimensions of image data. The standard
downsampling operations in CNNs, like pooling layers or strided convolutions, are
inherently non-invertible as they reduce the dimensionality of the image.
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a) b) c)

Fig. 7.1.: a) Input image, b) output of the checkerboard downsampling and c) Haar down-
sampling. Based on a reference illustration in [EKS20].

Invertible downsampling operations reduce the spatial dimension while simultane-
ously increasing the number of channels, thus keeping the overall dimensionality
the same. Let u ∈ Rc×h×w be an image with c channels, where both the height h
and the width w are even. An invertible downsampling operation halves both spatial
dimensions and quadruples the number of channels, i.e., ũ ∈ R4c×h/2×w/2. There
are three main types of invertible downsampling operations used in the literature.
The first is checkerboard downsampling, a simple rearrangement of the image pixels
[JSO18]. A more advanced type of downsampling is Haar downsampling introduced
in [Ard+19a], which uses the 2D Haar transform to decompose the image into
average channels and vertical, diagonal, and horizontal components. These two
downsampling operations are illustrated in Fig. 7.1. Recently ETMANN et al. [EKS20]
introduced a learnable invertible downsampling operation.

7.5 Conditional Normalizing Flow

Let x and y be two random variables over two spaces, X and Y . For our applications,
we always use X = Rn and Y = Rm. The goal of conditional density estimation is to
approximate the conditional probability distribution px|y(x|y) given an i.i.d. dataset
{(x(i), y(i))}Ni=1 of input-output pairs sampled from the joint distribution px,y(x, y).
We use a conditional normalizing flow (CNF) to build a probabilistic model pθ(x|y)
to approximate the unknown conditional distribution [Ard+19a; Win+19]. A CNF
consists of a transformation Tθ : Z × Y → X that must be invertible w.r.t. the first
argument. Both Tθ(·; y) and T−1

θ (·; y) have to be differentiable for every y ∈ Y . The
CNF model induces a probability distribution by choosing a base distribution pz. The
density can be evaluated via the change-of-variable method:

pθ(x|y) = pz
(︂
T−1
θ (x; y)

)︂ ⃓⃓⃓⃓⃓det
(︄
∂T−1

θ (x; y)
∂x

)︄⃓⃓⃓⃓
⃓ .
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We use JT−1
θ

(x; y) = ∂T−1
θ

(x;y)
∂x as a shorthand notation for the Jacobian matrix.

Fitting the parameters θ of the CNF can be done using a maximum likelihood loss:

max
θ

N∑︂
i=1

log pθ
(︂
x(i)⃓⃓y(i)

)︂

= max
θ

N∑︂
i=1

log pz
(︂
T−1
θ (x(i); y(i))

)︂
+ log

⃓⃓⃓
det JT−1

θ

(︂
x(i); y(i)

)︂⃓⃓⃓
.

We use the same trick as for the NF and implement the CNF as a concatenation of
simple invertible building blocks.

7.5.1 Conditional Coupling Layers

Conditional coupling layers are the primary way of constructing expressive CNF
models. They can be seen as an extension of the original coupling layers and were
introduced for modeling conditional image densities [Ard+19b]. We extend the
coupling function M to take the measurements yδ as an additional input for a
conditional coupling layer. Let x ∈ Rn be the input, yδ ∈ Rm the measurements,
and I1, I2 disjoint partitions of {1, . . . , n} with |I1| = d and |I2| = n − d. Then a
conditional coupling layer is defined by

yI1 = xI1

yI2 = G
(︂
xI2 ,M(xI1 , y

δ)
)︂
,

where G : Rn−d×Rn−d → Rn−d is called the coupling law, which has to be invertible
w.r.t. the first argument. Function M : Rd × Rm → Rn−d is the coupling function.
Conditional coupling layers offer the same advantages as regular coupling layers,
i.e., a block triangular Jacobian and analytical invertibility. In our experiments,
we use mainly conditional affine coupling layer, i.e., replacing s(xI1) and t(xI1)
with s(xI1 , y

δ) and t(xI1 , y
δ). For any fixed conditional input yδ, the conditional

normalizing flow is invertible.

Another way of introducing the conditional input yδ into the model is to use a
conditional base distribution [Win+19]. In this approach, the base distribution can
be modeled as a normal distribution where the mean and variance are functions
of yδ, i.e., p(z|yδ) = N (z;µ(yδ), σ2(yδ)). The mean and variance function can be
parametrized as a neural network and trained in parallel to the flow-based model.

7.5.2 Base Distribution

In most applications, a standard n-dimensional Gaussian z ∼ N (0, I) is chosen as
the base distribution, which leads to the following log-likelihood:

log pz(z) = −1
2∥z∥

2
2 −

n

2 log(2π).
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The second term is constant w.r.t. z and can be dropped during training. It has
been observed that the likelihood of flow-based models sometimes exhibits artifacts,
i.e., out-of-distribution data is often assigned a higher likelihood than training data
[Nal+19a]. In [Nal+19b], the authors suggest that this behavior is due to the
difference between the high likelihood set and the typical set in high-dimensional
Gaussian distributions. For a standard n-dimensional GaussianN n(µ, σ2), the region
of highest density is at its mean, but the typical set is at a distance of σ

√
n away

from the mean µ. Therefore, high-dimensional target spaces, like the image space in
our application, suffer from this specific problem.

In [FOG20], the authors address this problem for Bayesian neural networks and
choose a radial Gaussian distribution where the typical set and high-density region
coincide. This radial Gaussian is formulated in hyperspherical coordinates, where:

• the radius r is distributed accordingly to a half-normal distribution,

• all angular components φ1, . . . , φn−2 ∈ [0, π], φn−1 ∈ [0, 2π] are uniformly
distributed, yielding equal probability density at every point on the surface of
the n-dimensional sphere.

Our derivation of the likelihood closely follows their approach. We assume that all
dimensions are independently distributed. For the radius r, we get the density:

p(r; θ) =
√

2√
πσ

exp
(︄
− r2

2σ2

)︄
for r ≥ 0.

Let v be a point on the unit sphere. We want every point on the unit sphere to be
equally likely, i.e.,

p(v) = 1
Sn

with Sn = 2 πn/2

Γ(n/2) ,

where Sn is the surface of the n-dimensional unit sphere. We can get the density for
the radial components p(ϕ1, . . . , ϕn−1) by solving

p(v) dA = 1
Sn

dA = p(ϕ1, . . . , ϕn−1) dϕ1 . . . dϕn−1. (7.3)

Here, dA is the surface element:

dA = dϕn−1

n−2∏︂
i=1

sin(ϕi)n−1−i dϕ1 . . . dϕn−2.

Solving Eq. (7.3) leads us to the density:

p(ϕ1, ϕ2, . . . , ϕn−1) = 1
Sn

n−2∏︂
i=1

sin(ϕi)n−1−i.
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Setting σ = 1 for the radial components gives us the full density in hyperspherical
coordinates:

pϵ(ϵ = (r, ϕ1, ϕ2, . . . , ϕn−1)) =
√

2√
π

exp(−r2/2) 1
Sn

n−2∏︂
i=1

sin(ϕi)n−1−i. (7.4)

We are always working in Cartesian coordinates for our experiments, so one has to
do a final transformation x = f(ϵ) and use the change-of-variables theorem. The
Jacobian of the n-dimensional spherical coordinate transformation is known:⃓⃓⃓⃓

det
(︃
∂f(ϵ)
∂ϵ

)︃⃓⃓⃓⃓
= rn−1

n−2∏︂
i=1

sin(ϕi)n−1−i.

Finally, we get

px(x) =
√

2√
πSn

exp(−r2/2)
n−2∏︂
i=1

sin(ϕi)n−1−i
(︄
rn−1

n−2∏︂
i=1

sin(ϕi)n−1−i
)︄−1

=
√

2√
πSnrn−1 exp(−r2/2)

=
√

2√
πSn∥x∥n−1 exp(−∥x∥2/2)

(7.5)

as our radial Gaussian density. We use this radial distribution as a base distribution
for training flow-based models. This radial distribution leads to the following
log-likelihood.

Theorem 7.5.1 (Log-Likelihood of the Radial Distribution). Based on the deriva-
tion, the log-likelihood of the radial distribution is

log pz(z) = log
(︄ √

2√
πSn

)︄
− (n− 1) log(∥z∥2)− ∥z∥

2
2

2 ,

where Sn is the surface of the n-dimensional unit sphere.

Sampling is nearly as efficient as for the standard Gaussian distribution. First, a point
x ∼ N (0, In) is sampled and normalized. This point is then scaled using a radius
r = |r̂| with r̂ ∼ N (0, 1). Other base distributions have also been considered in the
literature. HAGEMANN and NEUMAYER [HHS21] use a Gaussian mixture model as a
base distribution, which leads to higher quality samples, especially in multi-modal
applications.

7.5.3 Conditioning Network

Instead of directly using the measurements yδ as an additional input to the condi-
tional coupling layer, a conditioning network H is used, which transforms the yδ to
h = H(yδ) [Ard+19b; Win+19]. The motivation behind this is that the conditioning
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network can learn to extract essential features. This decouples the feature extraction
and the density modeling. It is possible to either use a fixed, pre-trained network
H or train the conditioning network parallel to the CNF. This conditioning network
is often implemented as a big CNN. As convolutional networks are built to exploit
equivariance in natural images, they are not ideally suited for CT or MRI measure-
ment data. Instead, we implemented this conditioning network as a model-based
inversion layer T : Y → X, which maps from the measurement space to the image
space, concatenated with a post-processing CNN to extract features from this initial
reconstruction.

Depending on the structure of the conditioning network, an additional loss term
for this network can be used during training. One option is to compare the output
of H to the ground truth data and, thereby, train a second reconstruction path
within the whole CINN. The goal is to get a single high-quality reconstruction
from the conditioning network and cover the uncertainties, e.g., from ambiguous
solutions, in the sampled reconstruction from the CNF. During inference, the output
from the conditioning network and the CNF can be combined to create the final
reconstruction.

7.5.4 Multi-Scale Architecture

Unlike other latent variable models, such as GAN or VAE, flow-based models work
with a full-dimensional base distribution. This is necessary to ensure bijectivity.
However, both in memory cost and computational complexity, it is expensive to
propagate the full-dimensional image through the network. A typical architecture
for flow-based models is the multi-scale architecture [DSB17]. This architecture
combines coupling blocks, downsampling, and splitting operations. A part of the
intermediate representation is split off and directly forwarded to the output for
each scale. This combination of splitting and feed-forwarding creates a hierarchy
of features and reduces the computational effort. We visualize this architecture in
Fig. 7.2. In our experiments, we always use a downsampling of factor 2 after each
scale. A multi-scale architecture with L scales can be described by:

x0 = x(︂
zi+1, xi+1

)︂
= f i+1

(︂
xi, H i(yδ)

)︂
zL = fL

(︂
xL−1, HL−1(yδ)

)︂
z =

(︂
z1, . . . , zL

)︂
.

Each f i consists of a coupling→ downsampling→ coupling→ splitting operation.

The multi-scale architecture follows the NICE and Real-NVP framework [DKB15;
DSB17] and is related to the i-RevNet architecture [JSO18]. However, in i-RevNet,
the authors refrain from splitting the dimensions in their bijective architecture.
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Conditional Coupling Block

Invertible Up-/Downsampling

Split and Copy

Fig. 7.2.: Multi-scale architecture with conditioning network H. The conditioning network
processes the conditioning input yδ and outputs this to the respective conditional
coupling layer.

7.5.5 Invertible U-Net

With the iUNet, we follow the work of ETMANN et al. [EKS20]. The idea is to adapt
the concept of the U-Net architecture [RFB15] and replace all common layers with
their invertible counterparts. In addition, we introduce a conditioning network H,
which also has a U-Net structure. In this case, the layers do not have to be invertible.
Network H uses the same spatial down- and upsampling scales as the iUNet. At each
scale, the current activation H i

u;d is used as conditioning for the respective block
f i+1
d;u in the iUNet. Note that the direction of the U-Net is inverse to the iUNet since

it starts from measurement yδ ∈ Y and maps to X. A representation of the whole
network is shown in Fig. 7.3. For an architecture with L scales, we get:

x0
d = x(︂

ci+1, xi+1
d

)︂
= f i+1

d

(︂
xid, H

i
u(yδ)

)︂
, i = 0, . . . , L− 2

xLd = fLd

(︂
xL−1
d , HL−1

u (yδ)
)︂

xLu = xLd

xi−1
u = f iu

(︂(︂
xiu, c

i
)︂
, H i

d(yδ)
)︂
, i = L, . . . , 1

z = x0
u

where indices d, u denote the down- and upsampling paths, respectively. Block
f id consists of coupling → downsampling → split, fLd is just coupling and f iu is
upsampling→ concat→ coupling. Compared with the multi-scale architecture, the
iUNet concatenates the splits step-by-step in the upsampling path and not just in the
last layer.

The conditioning U-NetH creates outputs in the image domainX. Therefore, we can
introduce an additional conditioning loss, as proposed in Section 7.5.3. Specifically,
we use

min
θ
− log pθ

(︂
x | yδ

)︂
+ λMSE

(︂
H(yδ), x

)︂
, (7.6)
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Conditional Coupling Block

Invertible Up-/Downsampling

Split and Concat

Fig. 7.3.: End-to-end invertible U-Net with conditioning network H. The conditioning
network processes the conditioning input yδ and outputs this to the respective
conditional coupling layer.

where λ ≥ 0 is a weighting factor. Note that one can also use a pre-trained U-Net
with fixed parameters as conditioning and benefit from the advantages of the CNF
in comparison to a simple post-processing approach.

7.6 Experiments

This section presents three different applications used to evaluate different architec-
tures for conditional flow-based models. In the first example, we study compressed
sensing with Gaussian measurements on the popular MNIST dataset [LC10]. The
other two applications cover essential aspects of medical imaging: accelerated mag-
netic resonance imaging and low-dose computed tomography. Different sources
introduce uncertainty to the reconstruction process in these two medical imaging
scenarios. We have an undersampling case in accelerated MRI, i.e., we have fewer
measurements than necessary according to the Nyquist-Sampling theorem. So, a
strong prior is needed for a good reconstruction. The challenge in low-dose CT is
that the lower radiation dose leads to a worse signal-to-noise ratio. Although we
are in an oversampling case, the reconstruction is complicated by a more significant
amount of noise. Our source code is publicly available on GitHub1.

7.6.1 Compressed Sensing

As an initial example, we study a similar setup as in [GMM22]. The goal is the
recovery of an image from Gaussian measurements. We evaluate our models on
the popular MNIST [LC10] dataset, which consists of 28 px × 28 px images of hand-
written digits. MNIST contains 60 000 training images and 10 000 test images. We

1https://github.com/jleuschn/cinn_for_imaging
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split the training set into 50 000 images for training the CNF model and 10 000
for validation. The forward operator is a matrix A ∈ Rm×n. It has independent
Gaussian entries with zero mean and variance 1/m, i.e., Ai,j ∼ N (0, 1/m). We use
m = 196, n = 784, i.e., 4-times downsampling and add 10% relative noise to the
simulated measurements.

In this experiment, we want to study the influence of the inversion layer in the
conditioning network H. We use the generalized inverse T := A+ and a TV-
regularized solution T = (ATA+ λ∇T∇)AT with a regularization parameter λ =
0.02. We further use the same neural network architecture for both the conditional
invertible network and the conditioning network for both choices of T . The CINN
was implemented as a multi-scale architecture with two learnable downsampling
operations.

Tab. 7.1.: Mean and standard deviation of PSNR and SSIM for compressed sensing on the
MNIST test dataset. The conditioned mean was computed with 100 samples.

Compressed Sensing on MNIST

T = A+ T = (ATA+ λ∇T∇)AT
PSNR SSIM PSNR SSIM

Multi-scale cINN 17.32± 2.05 0.752± 0.084 19.89± 2.54 0.868± 0.063

Both models were trained using the Adam optimizer [KB15] until convergence with
a fixed learning rate of 1 × 10−4. The final model was chosen as the best model
regarding the negative log-likelihood on the validation set. The conditional mean
was used as reconstruction, and we evaluated both the PSNR and SSIM for the
entire test set. The results can be seen in Tab. 7.1. The TV-regularized solution
as the conditioning input leads to a drastic improvement in PSNR and SSIM. A
visual comparison of one reconstruction is given in Fig. 7.4. One can see that the
reconstruction using the TV-regularized solution fits way better with the original
ground truth image. Also, the conditioned standard deviation is more centered
toward the edges of the number. The reconstruction using the generalized inverse as
a conditioning input is much smoother and more blurry. The conditional standard
deviation is not so focused on specific features of the image. Lastly, we illustrated
samples from both models in Fig. 7.5. The samples drawn from the model using the
TV-regularized conditioning input look much more realistic.

0.1

0.2

0.3

Truth Cond. std.Cond. mean

0.1

0.2

0.3

0.4

PSNR: 21.11
SSIM: 0.918 

PSNR: 15.96
SSIM: 0.702

Truth Cond. std.Cond. mean

a) TV regularized conditioning b) Generalized Inverse conditioning

Fig. 7.4.: Conditioned mean and standard deviation for the different inversion layers.
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a) Samples from Posterior with TV reconstruction conditioning

b) Samples from Posterior with generalized Inverse conditioning

Fig. 7.5.: Samples from the Posterior learned by the CINN. The ground-truth sample is
shown in the upper left corner. In a), we used the conditioning based on the
TV regularized reconstruction, and in b), the conditioning was chosen as the
generalized inverse. It can be seen that individual samples from the generalized
inverse conditioning do not look realistic.

7.6.2 Computed Tomography

In our experiments, we use the LoDoPaB-CT dataset [Leu+21a] from Chapter 6 to
replicate the challenges that arise from low-dose CT measurements. The dataset
contains over 40 000 normal-dose medical CT images from the human thorax from
around 800 patients. Poisson noise is used to simulate the corresponding low-dose
measurements. Figure 7.6 shows an example of a simulated low-dose measurement,
an FBP reconstruction, and the ground truth image.

LoDoPaB-CT has a dedicated test set that we use to evaluate and compare our
models. In addition, there is a special challenge set with undisclosed ground truth
data. We evaluate the best model from our experiments on this set to allow for
a comparison with other reconstruction approaches. The challenge results can be
found on the online leaderboard2.

First, we investigate different conditioning networks for the multi-scale architecture.
Based on these results, we compare the multi-scale network to the iUNet. The
experiments also include variations in the target distribution and the loss function.
The overall results for the LoDoPaB-CT test set are shown in Tab. 7.3.

A unified setting was used for all comparisons between multi-scale architecture and
iUNet. Both networks had a similar size (2.9 Mio. for the iUNet and 3.2 Mio. for the
multi-scale architecture). We used 5 scales for all networks. The inversion model

2https://lodopab.grand-challenge.org/evaluation/challenge/leaderboard/
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a) Sinogram b) Filtered back-projection c) Ground truth

Fig. 7.6.: Measurement, FBP reconstruction, and ground truth for one of the low-dose
samples from LoDoPaB-CT.

inside the conditioning is the filtered backprojection (FBP). For the iUNet additive
coupling layers and for the multi-scale architecture, affine coupling layers were
used. Channel permutation after each coupling layer was implemented using fixed
1× 1 convolutions [KD18]. Gradient descent steps with the Adam optimizer [KB15],
an initial learning rate of 1× 10−4, and a reduction factor of 0.8 on plateaus were
performed during training. The best parameter configuration for each setting was
chosen based on the lowest negative log-likelihood on the validation set.

Architecture of Conditioning Network

We tested three different architectures for the conditioning network in the multi-
scale CINN model. The first architecture (Average Pooling) consisted of one initial
learned convolutional layer to blow up the number of channels, followed by average
pooling operations to reduce the spatial dimensions to the correct size. In the next
architecture (CNN), a fully convolutional neural network replaced the one initial
convolutional layer. The last architecture (ResNet) used residual connections and
replaced all average pooling operations with strided convolutional layers. All models
were trained using the same initialization with the Adam optimizer [KB15]. We
evaluated all three choices on the LoDoPaB test set, and the results can be seen
in Tab. 7.2. In our experiments, increasing the complexity of the conditioning
network also increased the reconstruction quality in terms of SSIM and PSNR. We
suspect that this increase in quality is related to the fact that a more extensive
conditioning network can extract a larger amount and more essential features from
the conditioning input.

We chose the ResNet conditioning for the following experiments based on these
results. Note that we reduced the number of parameters of the multi-scale CINN in
the other experiments to be comparable with the iUNet model and shorten the time
for training. Overall, this has only a minor effect on the reconstruction quality.
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Tab. 7.2.: Influence of the type of conditioning network for the multi-scale CINN. The
Mean and standard deviation of the PSNR and SSIM were evaluated on the full
LoDoPaB test set using 1000 samples for the cond. mean.

LoDoPaB-CT

Model Cond. Network PSNR SSIM

Multi-scale
Avg. Pooling 33.15± 3.64 0.806± 0.156
CNN 34.64± 4.18 0.826± 0.160
ResNet 35.07± 4.34 0.831± 0.160

Tab. 7.3.: Mean and standard deviation of the PSNR and SSIM for the LoDoPaB-CT test set.
Conditioned mean computed with 100 samples. Unless stated otherwise, training
noise was applied, and no conditioning loss was used.

LoDoPaB-CT

Model Base Distr. Train Noise PSNR SSIM

Multi-scale
Normal

Yes 34.94± 4.24 0.829± 0.157
No 34.92± 4.26 0.829± 0.158

Radial
Yes 34.89± 4.29 0.823± 0.161
No 34.65± 4.25 0.829± 0.161

iUNet
Normal

Yes 34.65± 4.11 0.805± 0.151
No 34.48± 3.96 0.824± 0.153

Radial
Yes 34.58± 4.40 0.830± 0.158
No 34.57± 4.40 0.830± 0.158

Cond. Loss

iUNet
Normal

Yes 34.88± 4.17 0.809± 0.148
No 34.65± 4.11 0.805± 0.151

Radial
Yes 34.99± 4.39 0.825± 0.157
No 34.58± 4.40 0.830± 0.158

Base Distribution

It has been proven that under reasonable conditions for the true density, any base
distribution can be used for normalizing flows [Pap+21]. However, the question
arises of whether some distributions are more suitable than others. We study two
different choices for the base distribution: a standard Gaussian distribution used in
most flow-based models and a radial Gaussian as discussed in Section 7.5.2. As we
are interested in the conditional mean in most applications, sample efficiency is vital
for a flow-based model’s practical implementation and evaluation.

Table 7.3 shows mixed results for the different base distributions. While the iUNet
benefits from the choice of the radial Gaussian distribution, the performance is
worse for the multi-scale model. Nevertheless, the difference in PSNR and SSIM is
only minor in this test. However, we could observe a difference in the quality and
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Fig. 7.7.: Cond. mean and point-wise standard deviation for the iUNet and the multi-scale
architecture on the LoDoPaB-CT data.

deviation during the sampling process for a single reconstruction. Networks trained
with the radial distribution could produce high-quality reconstructions from a single
sample.

On the other hand, the standard deviation between each sampled reconstruction is
significantly smaller than for the models with normal distribution. This can also be
seen in the standard deviation plots in Fig. 7.7. Overall, models trained with the
radial distribution can use fewer samples for the conditional mean to achieve good
reconstructions. In Tab. 7.3, we used 100 samples to compute the conditioned mean.
Results for 1000 samples can be found in Tab. A.1. Overall, the additional effort of
sampling 10-times more data does not justify the small gain in image quality in this
experiment.

Training with Additional Noise

In most image datasets, pixel values can only take a specific, discrete range of values.
Training a continuous flow-based model on discrete data can lead to artifacts, i.e.,
the model allocates arbitrary high likelihood values to the discrete values [UML13].
In order to circumvent this problem, it is common to add a small amount of noise
to the data to get a continuous distribution. This process is called dequantization
and, in recent reviews, is done on all image datasets [KPB20]. This problem was
not as severe for the medical imaging datasets studied in this paper, e.g., the
LoDoPaB-CT dataset already used a dequantization of the discrete HU values. There
is, however, a different problem with medical imaging datasets used for image
reconstruction. Since there are no real ground truth images available, high-quality
reconstructions are used for training. For LoDoPaB-CT, reconstruction from normal-
dose CT measurements and for fastMRI reconstruction from fully sampled MRI
measurements are used instead [Leu+21a; Zbo+18]. These reconstructions are not
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free of noise, so we use an additional dequantization step and add random Gaussian
noise in the order of the background noise to the training images. As an ablation, we
add random Gaussian noise with zero-mean and a variance of 0.005 to the ground
truth images during training. We have chosen these values to correspond to the
empirical background noise in the ground truth images.

In Tab. 7.3, results for the multi-scale network and the iUNet with and without
additional training noise are shown. The additional noise results in the same or a
slightly improved PSNR for both architectures. Concerning SSIM, the models achieve
the same or a marginally lower score with the additional training noise. Overall, due
to the high number of images in the dataset (lower overfitting risk) and the existing
dequantization, there is no clear benefit from the additional noise in this case.

Training with Conditional Loss

As described in Section 7.5.5, the final output of the conditional network for the
iUNet is in the image domain X. As an ablation, we added a supervised mean
squared error loss to the negative log-likelihood term, see Eq. (7.6), during the
training using a weighting factor λ = 1.0. This additional loss could guide the
conditional network to learn more relevant features.

The results for the iUNet are given in the lower part of Tab. 7.3. The network benefits
from the additional loss on the output of the conditioning network. However, like for
all regularization terms, putting too much weight on the conditioning loss interferes
with the primary objective of the CINN model. The performance deteriorates in
this case. The loss also directly impacts the intermediate representations of the
conditioning U-Net. They shift from feature selection to the reproduction of complete
reconstructions. An example is shown in Fig. A.1 in the appendix.

Sample Refinement

Using CINN, we can sample realistic-looking CT reconstructions. However, we have
no guarantees that the sample explains the data y, i.e., ATθ(y, z) ≈ y. In order to
fulfill this data consistency constraint, we use an additional refinement based on a
variational Tikohonov formulation:

x̃ ∈ arg min
x
∥Ax− y∥22 − λ log pθ(x|y). (7.7)

We solve for x̃ using an iterative scheme and use as initialization our sample Tθ(y, z)
from the CINN. In our experiments, only using the maximum posterior solution as a
reconstruction often results in artifacts in the reconstructed image. Therefore, we
transitioned to the penalized version in Eq. (7.7). An important topic is the choice
of the parameter λ. In Tab. 7.4, the results for both the iUNet and the multi-scale
architecture are given. Increasing the weighting factor λ from 0 to 1.0 leads to an
improvement in terms of PSNR and SSIM for both the multi-scale architecture and
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Tab. 7.4.: Mean and standard deviation for Sample Refinement on LoDoPaB for the first
100 samples of the test set. We minimized Eq. (7.7) for 100 iterations with a
learning rate of 1 × 10−4. The initial value was one sample from our model
x0 = T−1

θ (z, yδ).

LoDoPaB-CT

Model λ PSNR SSIM

Multi-scale

0.0 32.02± 3.18 0.742± 0.135
0.01 32.10± 3.21 0.749± 0.137
0.1 32.56± 3.40 0.766± 0.142
1.0 33.03± 3.58 0.783± 0.148

10.0 32.97± 3.56 0.784± 0.149

iUNet

0.0 32.16± 3.12 0.731± 0.126
0.01 32.31± 3.19 0.737± 0.128
0.1 32.83± 3.41 0.759± 0.135
1.0 32.98± 3.45 0.765± 0.136

10.0 32.88± 3.40 0.756± 0.133

the iUNet. However, further increasing the factor λ leads again to a deterioration in
most cases.

In total, the reconstruction quality with the sample refinement is worse than for the
conditional mean approach. Therefore, we stick to the conditional mean reconstruc-
tion technique for the following experiments on the fastMRI dataset.

7.6.3 Magnetic Resonance Imaging

We now briefly introduce MRI and the considered simple model, following the
description in [Don20], to which we refer the reader for more details, including the
limitations of the model.

In MRI, one measures the radio frequency (RF) responses of nuclei (e.g., protons)
to RF pulses while applying different external magnetic fields in order to obtain a
density image. A strong static magnetic field is applied that causes the resonance
frequency of the nuclei to be within the RF range. Pulses at this frequency are
emitted using an RF transmitting coil, triggering RF response signals detected by
an RF receiving coil. For spatial encoding, configurable magnetic gradient fields
G = (Gx, Gy, Gz) change the applied magnetic field and thereby the resonance
frequency depending on the location. Different gradient fields G are selected for
each repetition of a pulse sequence during a scan.

A simple model for the measured receive coil signal in each repetition is given by

y(t) =
∫︂
x(r) exp(−2πik(t) · r) dr, k(t) = γ

∫︂ t

0
G(τ) dτ,
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a) Masked k-space b) Zero filled IFFT c) Ground truth

Fig. 7.8.: Measurements and reconstruction for the single-coil fastMRI data.

where x is the spatial signal density, i.e., the image, and k specifies a position
in the so-called k-space, which coincides with the Fourier space. The choice of
G determines the trajectory of k for this repetition. By collecting samples from
multiple repetitions, one can obtain a complete Cartesian sampling of the k-space
that satisfies the Nyquist-Shannon sampling theorem. This enables (approximate)
reconstruction via the inverse fast Fourier transform (IFFT).

A major limiting factor is the time-consuming measurement process, which depends
on the number of repetitions required to obtain a full sampling of the k-space. While
using fewer repetitions accelerates the process, it leads to an underdetermined
reconstruction problem and can introduce artifacts due to the missing frequencies.
In order to reconstruct from undersampled measurement data, prior information
needs to be incorporated. Additionally, measurements are noisy in practice, further
increasing reconstruction ambiguity since all solutions matching the measured data
within the noise level would be plausible. This strengthens the requirement for prior
information.

We used the emulated single-coil measurements from the NYU fastMRI database
[Kno+20b; Zbo+18] in our experiments. The fully sampled measurements were
retrospectively subsampled to simulate accelerated MRI data. See Fig. 7.8 for an
example of a subsampled measurement, a zero-filled IFFT reconstruction, and the
ground truth obtained from the full measurement. We used an acceleration factor
of 4, i.e., only 25% of frequencies were kept. Undersampling was performed by
selecting 8% of the lowest frequencies and randomly adding higher frequencies until
the acceleration factor was reached. The public dataset consists of a training part
and a validation part. In total, the training dataset includes 973 volumes (34 742
slices) and the validation dataset 199 volumes (7135 slices).

Additionally, a private test set consisting of 108 volumes (3903 slices) exists. Only
the undersampled measurements are available for this private test set. The models
can also only be evaluated on the official fastMRI website3. Our best model can be
found on the public leaderboard for “Single-Coil Knee”, allowing for comparison

3https://fastmri.org/
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Tab. 7.5.: Mean and standard deviation for the fastMRI dataset. Conditioned mean com-
puted with 100 samples. Unless otherwise specified, no additional training noise
and no cond. loss were used.

fastMRI

Model Base Distr. Train Noise PSNR SSIM
PD PDFS PD PDFS

Multi-scale
Normal

Yes 29.15± 6.25 23.18± 8.20 0.777± 0.086 0.536± 0.105
No 28.54± 6.52 20.92± 9.87 0.776± 0.086 0.536± 0.105

Radial
Yes 31.84± 3.56 25.76± 5.92 0.760± 0.092 0.515± 0.107
No 32.07± 2.34 26.54± 2.73 0.764± 0.090 0.522± 0.103

iUNet
Normal No 27.85± 1.38 25.76± 2.10 0.622± 0.052 0.474± 0.096

Radial No 31.89± 2.43 25.94± 2.86 0.732± 0.107 0.432± 0.126

Cond. Loss

iUNet
Normal

Yes 27.91± 1.35 25.83± 2.12 0.628± 0.054 0.474± 0.096
No 27.85± 1.38 25.76± 2.10 0.622± 0.052 0.474± 0.096

Radial
Yes 31.62± 2.26 26.04± 2.81 0.730± 0.096 0.469± 0.110
No 31.89± 2.43 25.94± 2.86 0.732± 0.107 0.432± 0.126

with other approaches4. The fastMRI dataset includes scans from two different pulse
sequences: coronal proton-density weighting with (PDFS) and without (PD) fat
suppression. We trained our models on the full dataset but used the distinction
between PD and PDFS for evaluation on the validation set.

The results for the two architectures, multi-scale, and iUNet, for different configura-
tions, are presented in Tab. 7.5. Example reconstructions and point-wise standard
deviations between samples for the best models are shown in Fig. 7.9. For all config-
urations, the models were trained using the Adam optimizer [KB15], and a factor of
0.8 on plateaus reduced the initial learning rate of 1× 10−4. The final model was
chosen as the best model regarding the negative log-likelihood on the validation set.
As the ground truth images for the fastMRI test set are not publicly available, we
report the PSNR and SSIM on the validation data in Tab. 7.5. Further, following the
evaluation in [Zbo+18], we present the results subdivided into PD and PDFS.

Both networks were implemented such that the number of parameters was com-
parable (2.5 Mio. for the iUNet and 2.6 Mio. for the multi-scale network). We
used 5 scales for all networks. For the iUNet additive coupling layers and for the
multi-scale architecture, affine coupling layers were used. Channel permutation
after each coupling layer was implemented using fixed 1× 1 convolutions [KD18].
The conditioning network for the iUNet was based on a U-Net architecture. For
the multi-scale network, we used an architecture based on a ResNet. Both use the
zero-filled IFFT as a model-based inversion layer.

4Our submission is named “CINN v2”
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Fig. 7.9.: Cond. mean and point-wise standard deviation for the best-performing multi-
scale architecture and iUNet on the fastMRI data. Both networks use the radial
base distribution, no additional training noise, and the iUNet is trained with
conditional loss.

Base Distribution

As with the LoDoPaB dataset, we investigate the influence of the target distribution.
The results in Tab. 7.5 show that switching from the standard Gaussian distribution
to the radial Gaussian leads to an improvement in terms of PSNR for nearly all
configurations on the fastMRI dataset. This contrasts with the observations on the
LoDoPaB dataset, where the differences were only minor. However, note that the
PSNR and SSIM values for fastMRI are calculated based on the maximum value range
of a whole scan, compared to a slice-based choice on LoDoPaB (cf. Appendix A.2).
Therefore, the values between the two experiments cannot be directly compared.
Nevertheless, the radial Gaussian appears to be a good choice for fastMRI.

We have also undertaken a small study to assess the influence of the number of
samples (100 vs. 1000) on the reconstruction quality. The results matched with the
extensive comparison on the LoDoPaB dataset: the additional sampling contributes
little to the image quality while using substantially more compute resources. On
fastMRI, we could also observe higher PSNR and SSIM values for single sample
reconstruction from models with radial Gaussian base distribution.

The performance of models trained with the normal Gaussian base distribution
depends on a sufficient number of samples for the reconstruction. On the other
hand, an increase in the number of samples usually leads to an equivalent increase
in the computing time.

Training with Additional Noise

We follow the same noising strategy as for the LoDoPaB-CT data and add random
Gaussian noise with zero-mean and a variance of 0.005 to the ground truth images
during training. For the multi-scale architecture, we observe an improvement for
the standard Gaussian and a decline for the radial Gaussian base distributions. We
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noticed instabilities during the training for the iUNet. Therefore, only values without
additional noise are given in Tab. 7.5.

Training with Conditional Loss

The results for the inclusion of the conditional loss term are given in the lower part
of Tab. 7.5. On fastMRI, introducing this additional term to the loss function only
gives a slight improvement in terms of PSNR and SSIM. In fact, we also observed a
minor deterioration for the iUNet trained using the radial Gaussian base distribution
on the PD case for fastMRI.

7.7 Discussion

This chapter covered various configurations of conditioned flow-based models on
different datasets. The focus of our research was to determine best practices for
the use of CINN models for reconstruction tasks in CT and MRI. The two networks
used, multi-scale and iUNet, showed comparable performance in many cases. The
results demonstrate that a crucial part of the CINN models is the design of the
conditioning network. A precise model-based inversion layer and a subsequent,
extensive neural network can provide diverse features for the CNF. In particular, the
model-based layer forms an interesting basis for combining mathematical modeling
and data-driven learning. This can go much further than the FBP and Fourier models
used here.

The choice of the base distribution also significantly impacts the model’s performance.
The radial Gaussian proved to be a valuable alternative to the standard Gaussian
distribution. Primarily to reduce the reconstruction time by needing fewer samples
for the conditioned mean and avoiding common problems with high-dimensional
distributions. For the noising during training and the additional conditioning loss,
on the other hand, there is no clear recommendation. The additional noise might
help on small datasets, where it acts as a data augmentation step. The conditioning
loss requires extra tuning of the weighting factor. More promising, therefore, might
be the use of a pre-trained reconstruction network whose parameters are frozen for
use in CINN.

The experiments have also indicated that the training of CINN models does not
always run without problems. Although invertible neural networks are analytically
invertible, it is possible to encounter instabilities in some situations, and the networks
may become numerically non-invertible. Furthermore, in this work, we have used
the conditional mean as a reconstruction method for most experiments. However,
other choices are possible. In the following, we will address these topics in more
detail.
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7.7.1 Stability

Recently it was noted that due to stability issues, an extensive invertible neural
network could become numerically non-invertible in test time due to rounding errors
[Beh+21]. We observed this problem when evaluating iUNets with affine coupling
layers. Figure 7.10 shows the loss during training and a reconstruction example
after training. It can be observed that even when the training looks stable, one can
get severe artifacts on unknown test images. We did not observe this problem for the
multi-scale architecture. Affine coupling layers can have arbitrarily large singular
values in the inverse Jacobian matrix, which leads to an unstable inverse pass. This
effect is known as exploding inverse [Beh+21]. For increasing stability in the iUNets,
we suggest using additive coupling blocks in this architecture.

Also, the inclusion of additional training noise led to severe instability in our ex-
periments with the iUNet on the fastMRI data. We did not obtain any meaningful
reconstructions for this case. In contrast, these issues neither occurred with the
multi-scale architecture on fastMRI nor with the iUNet on LoDoPaB-CT.
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Fig. 7.10.: Left) Moving average of loss during training. Right) Ground truth image from
the LoDoPaB test dataset and the corresponding iUNet reconstruction. The pixels
in white visualize exploding values in the reconstruction.

7.7.2 Reconstruction Method

A trained CINN offers us the possibility to explore the full posterior. However, for
evaluating the reconstruction quality of our models, we use the conditioned mean
as a point estimate. This was also done in prior work for computed tomography
reconstruction [Den+20; Leu+21d], but it would be interesting to explore different
choices of estimates. In the sample refinement experiments in Section 7.6, we
evaluated a penalized version of the maximum posterior estimate. For the LoDoPaB-
CT dataset, this results in a lower PSNR and SSIM compared to using the conditioned
mean. However, one could combine the idea of the conditioned mean and the
sample refinement to combine samples with a low, regularized data discrepancy (cf.
Eq. (7.7)).
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7.8 Conclusion

We combined invertible architectures with a conditioning network, which extracts
various features from the measurements for the reconstruction process. This CINN
framework combines the advantages of memory-efficient invertible networks and
normalizing flows for uncertainty estimation with a versatile reconstruction model.
Additionally, it provides a direct way to combine model-based and data-driven
approaches in a single model.

The use of CINN models for medical image reconstruction is in its beginning stages,
and many possible improvements should be explored. We investigated the radial
Gaussian distribution as an alternative to the normal Gaussian base distribution.
Our experiments show that it can be beneficial in many cases. A promising next
direction is the development of novel invertible network architectures from exist-
ing approaches. For applications in medical image reconstruction, state-of-the-art
hybrid deep learning methods are based on unrolled iterative methods [AÖ17]. In
[Leu+21d], an extensive evaluation of the LoDoPaB-CT dataset was performed (cf.
Chapter 9), and the best scoring deep learning method was an unrolled learned
primal-dual algorithm [AÖ18b]. These unrolled iterative methods can be made
invertible [PW19; Rud+21] but are currently only used for memory-efficient back-
propagation. We want to evaluate whether invertible iterative architectures can be
integrated into flow-based models in further work.
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The Deep Image Prior 8
„From a drop of water a logician could infer the

possibility of an Atlantic or a Niagara without having
seen or heard of one or the other.

— Sherlock Holmes
“A Study in Scarlet” by Sir Arthur Conan Doyle

8.1 Prolog

Deep learning approaches for solving ill-posed inverse problems currently achieve
state-of-the-art reconstruction quality. However, they require large amounts of
training data, i.e., pairs of ground truths and measurements, and it is not clear how
much is necessary to achieve good generalization. For ill-posed inverse problems
arising in medical imaging, such as magnetic resonance imaging (MRI), guided
positron emission tomography (PET), magnetic particle imaging (MPI), or computed
tomography (CT), obtaining such high amounts of training data is challenging.
In particular, ground truth data is difficult to obtain as it is impossible to take a
photograph of the inside of the human body. What learned methods usually consider
as ground truths are phantoms or high-dose reconstructions obtained with classical
methods, such as filtered backprojection (FBP). These methods work well when
using a large amount of low-noise measurements. In MRI, it is possible to obtain
these reconstructions, but the data acquisition process requires a great deal of time.
Therefore, one potential benefit of learned approaches in MRI is the reduction of
data acquisition times [Zbo+18]. In other applications such as CT, exposing patients
to high doses of X-ray radiation to obtain the required training ground truths would
be necessary.

Another approach called deep image prior (DIP) [LVU18; UVL20] also uses deep
neural networks, for example, a U-Net [RFB15]. However, there is a remarkable
difference: the DIP does not need any learning, i.e., the network weights are not
trained. This approach seems to have low applicability because it requires much
time for image reconstruction compared to learned methods. In the applications
initially considered, for example, inpainting, denoising, and super-resolution, it is
much easier to obtain or simulate data, which allows for the use of learned methods.
The DIP does not seem to have an advantage.

This chapter investigates a variety of modifications to the classical DIP approach to
allow for its use in a wide range of inverse problems. Our primary application is
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CT, but the results are directly transferable to other applications. We start with an
introduction to the DIP in Section 8.2. The introduction is followed by a combination
of the DIP and classical regularization approaches in Section 8.3. In addition, ways to
make use of initial reconstructions from other methods are presented in Section 8.4.
Finally, experiments with these modifications compared to supervised reconstruction
methods and classical approaches are presented in Section 8.5. Here, the focus is on
the number of required data points for each method. Section 8.2 to Section 8.5 and
the first half of the Prolog are part of the following publication:

[BLS20] Daniel Otero Baguer, Johannes Leuschner, and
Maximilian Schmidt. “Computed Tomography Reconstruc-
tion Using Deep Image Prior and Learned Reconstruction
Methods”. In: Inverse Problems 36.9 (July 2020), DOI:
10.1088/1361-6420/aba415. License: CC BY 3.0

Daniel Otero Baguer is the primary author of the paper. Maximilian Schmidt
contributed to the conceptualization, experiments, evaluations, and substantial
revision for publication.

In most cases, CNN architectures are used in the role of the DIP. Recently, capsule
networks [SFH17] were proposed as an extension of CNN. We investigate the use of
capsules in the role of the DIP in Section 8.6. The presented results are based on:

[Sch21] Maximilian Schmidt. “Around the clock - capsule networks and
image transformations”. In: PAMM 20.1 (January 2021), DOI:
10.1002/pamm.202000179. License: CC BY 4.0

[SDL21] Maximilian Schmidt, Alexander Denker, and Johannes
Leuschner. “The Deep Capsule Prior – advantages through
complexity?”. In: PAMM 21.1 (December 2021), DOI:
10.1002/pamm.202100166. License: CC BY 4.0

In both cases, Maximilian Schmidt is the primary author and contributed to all
aspects of the publication.

The final Section 8.7 covers the problem of the slow reconstruction speed and high
iterations required for the DIP. We propose a two-stage learning scheme consisting
of a supervised pretraining step on synthetic data. The section also includes studies
about the construction of the pretraining set and the transfer of knowledge. It
consists of selected parts of the preprint:

[Bar+21a] Riccardo Barbano, Johannes Leuschner, Maximilian Schmidt,
Alexander Denker, Andreas Hauptmann, Peter Maass, and
Bangti Jin. “Is Deep Image Prior in Need of a Good Edu-
cation?”. In: arXiv 2111.11926v1 (November 2021), DOI:
10.48550/ARXIV.2111.11926. License: CC BY 4.0

Riccardo Barbano and Johannes Leuschner are the primary authors of this paper.
Maximilian Schmidt contributed to the study’s design and evaluation of the results.
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8.2 Introduction to the Deep Image Prior

The DIP is similar to generative approaches and variational methods. However,
instead of having a regularization term R(x), the regularization is incorporated by
the reparametrization x = fθ(z). Here, f is a deep generative network, e.g., a U-Net,
with randomly initialized weights θ ∈ Θ, and z is a fixed input such as random white
noise. The approach is depicted in Fig. 8.1 and consists in solving

θ̂ ∈ arg min
θ∈Θ

∥Afθ(z)− yδ∥2, x̃ := fθ̂(z).

The weights are optimized by a gradient descent method to minimize the data
discrepancy of the network’s output. LEMPITSKY et al. use gradient descent with
early stopping in the original method to avoid reproducing noise. This stopping rule
is necessary due to the overparameterization of the network, which makes it able to
reproduce the noise.

The regularization is a combination of early stopping (similar to the Landweber
iteration) and the architecture [Saa03]. The drawback is that it is unclear how to
choose when to stop. In the original work, the authors do this using a validation
set and select the number of iterations that perform best on average in terms of
PSNR.

z

3 × 3 Conv + Bn + LeakyRelu

3 × 3 Stride-Conv + Bn + LeakyRelu
Upsample + 3 × 3 Conv + Bn + LeakyRelu

1 × 1 conv

128 128

1 × 1 conv + concatenation

128

128128

128 128

128 128

128

min 1
2

⃦⃦⃦⃦
A fθ(z)⏞ ⏟⏟ ⏞− yδ⏞⏟⏟⏞

⃦⃦⃦⃦2

θ

128128

Fig. 8.1.: The figure illustrates the DIP approach. We use a U-Net architecture with 128
channels at every layer. Some layers have additional skip channels (coming from
the dashed arrows). We always use either 4 or 0 skip channels.

The prior is related to the implicit structural bias of this kind of deep convolutional
network. In the original DIP paper [LVU18] and more recently in [CM19; HS20],
it is shown that convolutional image generators, optimized with gradient descent,
fit natural images faster than noise and learn to construct them from low to high
frequencies. This effect is illustrated in Fig. 8.2.
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Fig. 8.2.: Intermediate reconstructions of the DIP approach for CT (Ellipses dataset, see
Section 8.5.2). In the beginning, the coefficients are randomly initialized. The
method starts reconstructing the image from global to local details.

8.2.1 Related Work

The deep image prior approach has inspired many other researchers to improve
it by combining it with other methods [Liu+19b; MME19; Van+18], to use it for
a wide range of applications [GSI19; Gon+19; HSG19; Yoo+21], and to offer
different perspectives and explanations of why it works [CM19; Che+19b; Dit+19].
In [MME19], the concept of regularization by denoising (RED) is introduced. It
is shown how the two – DIP and RED – can be merged into a highly effective
unsupervised recovery process. Another series of works also add explicit priors but
on the network’s weights. In [Van+18], this is done in the form of a multi-variate
Gaussian but learning the covariance matrix and the mean using a small dataset. In
[Che+19b], a Bayesian perspective on the DIP is introduced by incorporating a prior
on the weights θ and conducting the posterior inference using stochastic gradient
Langevin dynamics (SGLD).

So far, the DIP has been used for denoising, inpainting, super-resolution, im-
age decomposition [GSI19], compressed sensing [Van+18], PET [Gon+19], MRI
[Yoo+21], among other applications. A similar idea [HSG19] was also used for
structural optimization, a popular method for designing objects such as bridge
trusses, airplane wings, and optical devices. Rather than directly optimizing densi-
ties on a grid, they optimize the parameters of a neural network that outputs those
densities.

8.2.2 Network Architecture

In the paper by LEMPITSKY et al. [LVU18], several architectures were considered,
e.g., ResNet [He+16], Encoder-Decoder (autoencoder), and a U-Net [RFB15]. For
inpainting large regions, the autoencoder with depth = 6 performed best, whereas,
for denoising, a modified U-Net achieved the best results. The regularization happens
mainly due to the architecture of the network, which reduces the search space and
influences the optimization process to find more natural images. Therefore, it is
crucial for each application to choose the appropriate architecture and tune hyper-
parameters, such as the network’s depth and the number of channels per layer.
Optimizing the hyperparameters is the most time-consuming part.
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Figure 8.3 shows some reconstructions from the Ellipses dataset (see Section 8.5.2)
with different hyper-parameter choices. In this case, it seems that the U-Net without
skip connections and depth 5 (Encoder-Decoder) achieves the best performance.
One can see that when the number of channels is too low, the network does not
have enough representation power. Also, if there are no skip channels, the higher
the number of scales (equivalent to the depth), the more the regularization effect.
The extraordinary success of this approach demonstrates that the architecture of the
network has a significant influence on the performance of deep learning approaches
that use similar kinds of networks.

PSNR: 19.37, SSIM: 0.2740

Channels: 1, Scales: 5

PSNR: 25.25, SSIM: 0.7245

Channels: 8, Scales: 5

PSNR: 28.88, SSIM: 0.8690

Channels: 32, Scales: 5

PSNR: 29.43, SSIM: 0.8842

Channels: 64, Scales: 5

PSNR: 29.36, SSIM: 0.8858

Channels: 128, Scales: 5

PSNR: 29.41, SSIM: 0.8778

Channels: 128, Scales: 4

PSNR: 28.20, SSIM: 0.8146

Channels: 128, Scales: 3

PSNR: 26.63, SSIM: 0.7473

Channels: 128, Scales: 2

PSNR: 29.34, SSIM: 0.8844

Skip: [0, 0, 0, 0, 4]

PSNR: 29.35, SSIM: 0.8666

Skip: [0, 0, 0, 4, 4]

PSNR: 28.09, SSIM: 0.8120

Skip: [0, 0, 4, 4, 4]

PSNR: 25.09, SSIM: 0.7003

Skip: [0, 4, 4, 4, 4]

Fig. 8.3.: CT reconstructions after 5000 iterations using the DIP with a U-Net architecture
and different scales, channels per layer, and quantity of skip connections. The
first two rows do not use skip connections. In the last row, all reconstructions use
5 scales and 128 channels.

8.2.3 Early-stopping

As mentioned earlier, in [LVU18], it is shown that early stopping positively impacts
the reconstruction results. In some applications, such as denoising, the loss decreases

8.2 Introduction to the Deep Image Prior 145



0 5000 10000 15000
Iterations

100

102

Loss

0 5000 10000 15000
Iterations

10

15

20

25

30
PSNR

0 5000 10000 15000
Iterations

0.2

0.4

0.6

0.8

SSIM

Sample 0

Sample 1

Sample 2

Fig. 8.4.: Training loss and true error (PSNR and SSIM) of CT reconstructions using the
DIP approach. The training was done over 15 000 iterations, and the architecture
is an Encoder-Decoder with 5 scales and 128 channels per layer.

rapidly towards natural images but takes much more time to go towards noisy
images. This empirical observation helps to determine when to stop. In Fig. 8.4, one
can observe how the similarity with respect to the ground truth (measured by the
PSNR (Eq. (6.6)) and the SSIM metrics (Eq. (6.7))) reaches a maximum and then
deteriorates during the optimization process.

8.3 Connection to Classical Regularization

In this section, we analyze the DIP in combination with classical regularization, i.e.,
we include a regularization term R : X → R ∪ {∞}, such as total variation (TV).
We give necessary assumptions to obtain standard guarantees in inverse problems,
such as the existence of a solution, convergence, and convergence rates.

We consider X and Y to be Banach spaces and A : X → Y a continuous linear
operator in the general case. To simplify notation, we use f· instead of f·(z) since
the input to the network is fixed. Additionally, we assume that Θ is a Banach space,
and f : Θ→ X is a continuous mapping.

The proposed method aims at finding

θδλ ∈ arg min
θ∈Θ

Dy
(︂
Afθ, yδ

)︂
+ λR(fθ), for λ > 0, (8.1)

to obtain
A†
λ(yδ) := fθδ

λ
.

With this approach, we eliminate the need for early stopping, i.e., the need to find
an optimal number of iterations. However, we introduce the problem of finding an
optimal λ, which is a classical issue in inverse problems (cf. Section 3.3). These
problems are similar since both choices depend on the noise level of the observation
data. The higher the noise, the higher the value of λ or the smaller the number of
iterations for obtaining optimal results.
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If the range of f is Ω := rg(f) = X, i.e.,

∀x ∈ X : ∃ θ ∈ Θ s.t. fθ = x,

this is equivalent to the standard variational approach in Lemma 3.3.2. However,
although the network can fit some noise, it cannot fit, in general, any arbitrary x ∈ X.
This depends on the chosen architecture, and the leading cause is that we do not use
any fully connected layers. Nevertheless, the minimization in Eq. (8.1) is similar to
the variational setting if we restrict the domain of A to be ˜︃dom(A) := dom(A)∩Ω

A†
λ(yδ) ∈ arg min

x∈˜︃dom
D(Ax, yδ) + λR(x),

where ˜︃dom := ˜︃dom(A) ∩ dom(R). If the following assumptions are satisfied, all the
classical theorems, namely well-posedness, stability, convergence, and convergence
rates, still hold (cf. Chapter 3 and [EHN00; Hof+07; Rie03]).

Assumption 8.3.1 (Closed Range). The range of f with respect to θ (parameters of
the network), namely Ω, is closed, i.e., if there is a convergent sequence {xk} ⊂ Ω
with limit x̃, it holds x̃ ∈ Ω.

Definition 8.3.1 (R-minimizing Solution). An element x+ ∈ ˜︃dom is called a R-
minimizing solution if Ax+ = y and ∀x ∈ ˜︃dom : R(x+) ≤ R(x), where y is the
perfect noiseless data.

Assumption 8.3.2 (Existence of a Solution). There exists a R-minimizing solution
x+ ∈ ˜︃dom and R(x+) <∞.

Assumption 8.3.1 guarantees that the restricted domain of A is closed, whereas
Assumption 8.3.2 guarantees that there is a R-minimizing solution in the restricted
domain.

We can now analyze under which conditions the assumptions on the model are
fulfilled. The mapping f : Θ→ X has a neural network structure, with a fixed input
z ∈ Rn0 , and can be expressed as a composition of affine mappings and activation
functions

f = φ(L) ◦ K(L) ◦ · · · ◦ φ(2) ◦ K(2) ◦ φ(1) ◦ K(1) ,

where K(i)(x) := W (i)x + b(i), W (i) ∈ G(i) ⊆ Rni×ni−1 , b(i) ∈ B(i) ⊆ Rni , φ(i) :
R → R (applied component-wise), and θ = (W (L), b(L), · · · , W (1), b(1)) ∈ G(L) ×
B(L) · · · ×G(1) ×B(1) = Θ. In the following, we analyze under which conditions we
can guarantee that the range of f (with respect to Θ) is closed.

Definition 8.3.2 (Valid Activation). An activation function φ : R → R is valid if
it is continuous, monotone, and bounded, in the sense there exist c > 0 such that
∀x ∈ X : |σ(x)| ≤ c|x|.
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Theorem 8.3.1. Let f be a neural network f : Θ → X with L layers. If Θ is a
compact set, and the activation functions φ(i) are valid, then the range of f is
closed.

Proof. In order to prove the result, we show that the range after each layer of the
network is compact.

i) Let the set V = {Wu : W ∈ G ⊂ Rm×n, u ∈ U ⊂ Rn}, where G and U are
compact sets, i.e., bounded and closed. Since G and U are bounded, it follows that
V is bounded.

Let the sequence {W (k)u(k)}, with W (k) ∈ G and u(k) ∈ U , converge to v. Since
{W (k)} and {u(k)} are bounded, there is a subsequence {W (k)

ū(k)}, where both
{W (k)} and {ū(k)} converge to W ∈ G and ū ∈ U respectively. It follows that
{W (k)

ū(k)} converges to Wū, therefore, v = Wū ∈ V , which shows that V is closed.
Thus, V is compact.

ii) From i), the fact that G(i), B(i) are compact sets, and assuming U (i) ⊂ Rni−1 is
also compact, it follows that V (i) = {Wu+ b : W ∈ G(i), u ∈ U (i), b ∈ B(i) ⊂ Rni}
is compact.

iii) It is easy to show that if the pre-image of a valid activation φ is compact, then its
image is also compact.

In the first layer, U0 = {z}, which is compact; thus, using i), ii), and iii) it can be
shown by induction that the range of f : Θ→ Ω is closed.

All activation functions commonly used in the literature, for example, sigmoid,
hyperbolic tangent, and piece-wise linear activations, are valid. The bounds on the
weights of the network can be ensured by clipping the weights after each gradient
update.

8.4 Deep Image Prior with Initial Reconstruction

In this section, we propose a two-step approach based on the method from the
previous section. The idea is to take the result from any end-to-end learned method
T : Y → X as initial reconstruction (first step) and further enforce data consistency
by optimizing its deep-neural parameterization (second step).

Definition 8.4.1 (Deep-Neural Parameterization). Given an untrained network
f : Θ× Z → X and a fixed input z ∈ Z, the deep-neural parameterization of an
element x ∈ X with respect to f and z is

θx ∈ arg min
θ∈Θ

∥fθ(z)− x∥2.

The projection onto the range of the network is possible because the range is
closed (result of Assumption 8.3.1). If f is a deep convolutional network, the
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Fig. 8.5.: Graphical illustration of the DIP approach with initial reconstruction. The blue
area refers to an approximation of some part of the space of natural images.

deep-neural parameterization has similarities with other signal representations, such
as the wavelets and Fourier transforms [HSG19]. Such domains are usually more
convenient for image processing than the classical pixel representation.

As shown in Fig. 8.5, one way to enforce data consistency is to project the initial
reconstruction into the set where ∥Ax − yδ∥ ≤ δ. The puzzle is that due to the
ill-posedness of the problem, the new solution (red point) will very likely have
artifacts. The proposed approach first obtains the deep-neural parameterization θ0
of the initial reconstruction T (yδ) and then uses it as starting point to minimize

L(θ) := ∥Afθ(z)− yδ∥2 + λR(fθ(z)), (8.2)

via gradient descent.

The iterative process is continued until ∥Afθ(z) − yδ∥ ≤ δ or for a given fixed
number of iterations K determined utilizing a validation dataset. This approach
seems to force the reconstruction to stay close to the set of natural images because
of the structural bias of the deep-neural parameterization. The procedure is listed in
Algorithm 5, and a graphical representation is shown in Fig. 8.5.

The new method T̂ : Y → X is similar to other image enhancement approaches. For
example, related methods [DJ94] first compute the wavelet transform (parametriza-
tion) and then repeatedly perform smoothing or shrinking of the coefficients (further
optimization).
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Algorithm 5 Deep Image Prior with Initial Reconstruction

1: x0 ← T (yδ) ▷ Initial reconstruction

2: z ← noise ▷ Random DIP input

3: θ0 ∈ arg min
θ
∥fθ(z)− x0∥2 ▷ Determine initial DIP parametrization

4: for k ← 0 to K − 1 do ▷ DIP iterations

5: ω ∈ ∂L(θk) ▷ Calculate gradients

6: θk+1 ← θk − ηω ▷ Update DIP weights

7: T̂ (yδ)← fθ(z)

8.5 Benchmark on Regularization and Data Usage

For the benchmark, we implemented some of the hybrid deep learning methods
described in Chapter 4. We trained them on different data sizes and compared
them with classical methods, such as FBP and TV regularization (cf. Appendices C.9
and C.11), and with the proposed methods. The datasets we use were recently
released to benchmark deep learning methods for CT reconstruction [Leu+21a].
They are accessible through the DIVαℓ python library [Leu+21g]. We also provide
the code and the trained methods in a GitHub repository1.

8.5.1 Setting on LoDoPaB-CT

For the experiments on the LoDoPaB-CT dataset (cf. Chapter 6), we use the standard
dataset split defining in total 35 820 training pairs, 3522 validation pairs, and 3553
test pairs. In addition, we analyze another dataset, LoDoPaB (200), obtained by
uniformly sampling 200 angles from the original 1000 without any further modifica-
tion.

8.5.2 Setting on the Ellipses Dataset

Random phantoms of combined ellipses are commonly used as a synthetic dataset for
imaging problems. We use the standard ’ellipses’ dataset from the DIVαℓ python
library [Leu+21g]. The images have a resolution of 128 px × 128 px. Measurements
are simulated with a parallel beam geometry with only 30 angles and 183 projection
beams. In addition to the sparse-angle setup, moderate Gaussian noise with a
standard deviation of 2.5 % of the mean absolute value of the projection data is
added to the projection data. In total, the training set contains 32 000 pairs, while
the validation and test sets consist of 3200 pairs each.

1https://github.com/oterobaguer/dip-ct-benchmark
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8.5.3 Implementation Details

We used learned primal-dual [AÖ18b] for the DIP with initial reconstruction, which
has the best performance among the compared methods (see the results in Fig. 8.6).
For each data size, we chose different hyperparameters, namely the step-size η,
the TV regularization parameter λ, and the number of iterations K, based on the
available validation dataset.

Minimizing L(θ) in Eq. (8.2) is not trivial because TV is not differentiable. We use
the PyTorch automatic differentiation framework [Pas+17] and the ADAM [KB15]
optimizer in our implementation. For the Ellipses dataset, we use the ℓ2-discrepancy
term, whereas, for LoDoPaB, we use the Poisson loss.

8.5.4 Numerical Results

We trained all the methods with different dataset sizes. For example, 0.1 % on
the Ellipses dataset means we trained the model with 0.1 % (32 data pairs) of the
available training data and 0.1 % (3 data pairs) of the validation data. Afterward,
we tested the method’s performance on the first 100 samples of the test dataset
(in the original order, i.e., not sorted by patients). This reduced test dataset was
used because some methods require much time for reconstruction, and the mean
performance on 100 samples already allows for accurate benchmarking. The results
are depicted in Fig. 8.6, and more details can be found in Appendix B.

As expected, the fully learned method iRadonMap [HWM20] requires a large amount
of data to achieve acceptable performance. On the Ellipses and LoDoPaB (200)
dataset, it outperformed TV using 100 % of the data, whereas, on the LoDoPaB
dataset, it performed just slightly better than the FBP. The learned post-processing
(FBP + U-Net) required much less data. It outperformed TV with only 10 % of the
Ellipses dataset and 0.1 % of the LoDoPaB dataset. On the other hand, the learned
primal-dual [AÖ18b] is very data efficient and achieves the best performance.
Appendix B.2 shows some results from the test set for different data sizes.

The DIP + TV approach achieved the best results among the data-free methods. On
average, it outperforms TV by 1 dB on all the analyzed datasets. In Fig. 8.7, it can
be observed that TV tends to produce flat regions but also produces high staircase
effects on the edges. On the other hand, the combination with DIP produces more
realistic edges. For the first two smaller data sizes of the Ellipses and LoDoPaB (200)
datasets, it performs better than all the end-to-end learned methods.

The DIP + TV with initial reconstruction improved the results on the low-data
regime for the Ellipses and LoDoPaB (200) datasets. For higher data sizes and the
LoDoPaB dataset, it did not yield reconstructions with higher quality than those
already obtained by the DIP + TV or learned primal-dual methods. We believe that
this approach is more useful in the case of having sparse measurements and little
training data.
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Fig. 8.6.: Benchmark results of several existing methods and the proposed approaches (DIP
+ TV, learned primal-dual + DIP) on the Ellipses, LoDoPaB (200), and LoDoPaB
datasets. The horizontal lines indicate the performance of data-free methods.
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Fig. 8.7.: Reconstructions obtained with the FBP, isotropic TV regularization, and the
DIP + TV approach for test samples from the Ellipses, LoDoPaB (200), and
LoDoPaB datasets. The ℓ2 data error measures the discrepancy between the noisy
observation and the noise-free projection of the (reconstructed) image.

Figure 8.8 shows some reconstructions obtained using this method for the LoDoPaB
(200) dataset. The reconstructions have better data consistency concerning the
observed data (ℓ2-discrepancy) and higher quality both visually and in terms of
the PSNR and SSIM measures. Moreover, this approach is, in general, much faster,
even if we also consider the iterations required to obtain the deep-prior/neural
parametrization of the first reconstruction. These initial iterations are much faster
because they only use the identity operator instead of the Radon transform.

For example, for the Ellipses dataset, the DIP + TV approach needs 8000 iterations to
obtain optimal performance in a validation dataset (5 ground truth and observation
pairs). On the other hand, using the initial reconstruction requires 4000 iterations
with the identity operator and only 1000 with the Radon transform operator, which
results in a 2× speed factor.
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Fig. 8.8.: Examples of reconstructions obtained with the DIP + TV approach, the learned
primal-dual method trained with 0.01 % and 0.1 % of the LoDoPaB (200) dataset,
and the DIP + TV approach with initial reconstruction. The ℓ2 data error measures
the discrepancy between the noisy observation and the noise-free projection of
the (reconstructed) image.

8.6 The Deep Capsule Prior

Convolutional neural networks (CNN) have become state-of-the-art for many image
processing tasks in the last few years. One example is the U-Net model [RFB15] we
used in the previous DIP experiments. Recently, capsule networks [SFH17] were
introduced as a natural extension of CNNs.

Capsules are supposed to have several advantages over classical networks. These
include an improved adaption to transformations in the input data and better
interpretability. This section examines and compares capsule networks and CNNs
empirically on different tasks.

First, we use the CloCk dataset, where the aim is to determine the displayed time
from synthetic images of an analog clock. For these images, we investigate the
influence of rotations on the model performance and the need for transformed data
samples during training. In the next step, we move from the classification task on
the CloCk dataset to some inverse problems. Here, we investigate an inpainting
problem and reconstruction from computed tomography scans. In these cases, the
capsule networks are used in the role of DIP and are consequently referred to as
deep capsule prior (DCP).
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8.6.1 Capsule Networks and Image Transformations

Capsules can be defined as a generalization of neurons from Definition 2.3.1.

Definition 8.6.1 (Capsule). Let Y := {y[i] ∈ Rd | i = 1, ..., I} be a set of input
vectors. A capsule C : Rd×I → Rm applies affine transformations followed by a
non-linear routing process ν : Rm×I → Rm

CW,b(Y ) := ν
(︂{︂
v[i] := W [i]y[i] + b[i] | i = 1, ..., I

}︂)︂
.

Here W [i] ∈ Rm×d is a transformation matrix, and b[i] ∈ Rm is the bias vector for
input i. The intermediate results v[i] ∈ Rm are called votes. The routing process
ν combines the votes to generate the capsule vector and can be understood as
clustering.

A layer of a neural network generally consists of multiple neurons or capsules.
Definition 8.6.1 allows for an easy adaption of popular layers, like fully connected
and convolution layers, to the capsule setting [SFH17].

The exact choices of the routing process and the parameter spaces are free. This
freedom is beneficial for the representative power of the network. Nevertheless,
it does not give any mathematical guarantees on how the network will react to
transformations of the input. To get an equivariant network, i.e., where the output
changes in a predictable manner with the input, one must limit these choices
based on the transformation class. There exist several derivations for equivariance
restrictions for CNNs and capsules [CW17]. However, the transformation class must
be known in advance and follow a specific (group) structure.

8.6.2 Experiments on the CloCk Dataset

The Classify on the Clock (CloCk) [Sch20] dataset is composed of 43 200 synthetic
images of an analog clock. Each time step between 00:00:00 and 11:59:59 is
represented as a single image. The dataset contains versions with different levels of
detail for each image. We use the "full" version in this experiment, which includes
markings and numbers (cf. Fig. 8.9).

A linear relationship connects the movement of the hands. By introducing an
additional rotation ω, the forward system for the determination of the angles α of
the hands becomes non-linear.

Definition 8.6.2 (Rotated Clock System). Let nsec, nmin ∈ {0, ..., 59}, nhour ∈
{0, ..., 11} be the current time point and ω ∈ [0◦, 360◦) a rotation angle. The angles
α for the hands of the clockwise rotated system are then given by

mod

⎛⎜⎝
⎡⎢⎣ 6◦ 0 0

0.1◦ 6◦ 0
0 0.5◦ 30◦

⎤⎥⎦
⎛⎜⎝ nsec
nmin
nhour

⎞⎟⎠+ ω, 360◦

⎞⎟⎠ =

⎛⎜⎝ αsec
αmin
αhour

⎞⎟⎠ .
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Fig. 8.9.: One example from the CloCk dataset.

We create four different test scenarios from the CloCk test set to investigate the
effect of transformed inputs on the model performance (cf. Tab. 8.1). The rotation
angle ω is uniformly drawn from the respective range for each image and scenario.
The ranges are discretized in steps of 1◦ to decrease the difficulty for the models.
The task is to classify the displayed hours, minutes, and seconds.

We compare two similar convolutional and capsule architectures with around 3.5
million parameters. The capsule architecture uses Dynamic Routing [SFH17] as a
routing process. There are no restrictions on the weights of the models that would
accommodate for the rotated inputs. Therefore, the networks have to learn the
effect of the transformation from data. For each architecture, we train three different
models to study the need for transformed samples in the training set. CONV and
CAPS are trained on unrotated images. Additional "12" and "360" indicate rotation
ranges [−12◦, 12◦], [0◦, 360◦) of the training data.

Tab. 8.1.: Accuracy of the convolutional and capsule models on the CloCk test set for four
different rotation ranges.

Model
ω = 0◦ ω ∈ [−12◦, 12◦] ω ∈ [−30◦, 30◦] ω ∈ [0◦, 360◦)

Hours Min. Sec. Hours Min. Sec. Hours Min. Sec. Hours Min. Sec.
CONV 0.92 0.84 1.00 0.56 0.20 0.29 0.37 0.09 0.14 0.08 0.02 0.02
CONV12 0.92 0.74 0.98 0.91 0.79 0.98 0.48 0.37 0.48 0.10 0.06 0.09
CONV360 0.09 0.00 0.02 0.09 0.00 0.02 0.08 0.00 0.02 0.08 0.00 0.02
CAPS 0.95 0.99 1.00 0.48 0.24 0.22 0.32 0.10 0.10 0.10 0.02 0.03
CAPS12 0.95 0.83 1.00 0.94 0.84 1.00 0.56 0.39 0.51 0.11 0.08 0.09
CAPS360 0.82 0.50 0.96 0.84 0.52 0.96 0.82 0.51 0.96 0.83 0.51 0.96

Table 8.1 indicates that both architectures benefit from examples of transformed
data in the training set. They cannot generalize the concept of rotations from smaller
angle ranges in the training set to complete rotations in the test case. This limitation
underlines the importance of equivariance restrictions if the transformation class is
known (cf. Section 8.6.1).

The capsule architecture outperforms the CNN in all test scenarios. The model
CAPS360 can learn the effect of the rotations and shows a stable performance in all
test cases.
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Fig. 8.10.: Inpainting of a large region. The white pixels in the masked image correspond
to the missing pixels. The results for the DIP were created using the code from
the official GitHub https://github.com/DmitryUlyanov/deep-image-prior.

8.6.3 Inpainting Experiments

We use a U-Net architecture for all DIP & DCP experiments and replace the convolu-
tional layers with their capsule equivalent in the case of the DCP. Direct routing, as
proposed by SABOUR et al. [SFH17], is employed for the routing mechanism. Both
networks are regularized by total variation (TV), i.e.,

R(x) := ∥∇x∥1.

We investigate the same image processing tasks as in the original publication by
LEMPITSKY et al. [LVU18] and show the results for the inpainting experiments.
The other results and the code for all experiments can be found in our GitHub
repository2.

In inpainting, we are given an image y = M ⊙x with missing pixels as measurement
data. The mask M is a binary matrix specifying which pixels are missing. The ℓ2
norm is used as the discrepancy, resulting in the following optimization problem

θ̂ = arg min
θ
∥M ⊙ fθ(z)− y∥22.

As the discrepancy is independent of the masked pixels, the prior has a significant
influence in inpainting. If minimized directly over the pixel values of the image, the
optimization would not affect the masked pixels. The comparison between DIP and
DCP for two test images from LEMPITSKY et al. [LVU18] is shown in Fig. 8.10.

2https://github.com/mschmidt25/deep-capsule-prior
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8.6.4 Computed Tomography Reconstruction

In computed tomography (CT), the forward operatorA can be modeled by the Radon
transform. We use the same two datasets and settings for the numerical experiments,
like in Section 8.5, with 100 test images each. As a reminder: the first consists of
synthetic ellipses and simulated sparse-angle, parallel beam measurements with
added Gaussian noise.

Tab. 8.2.: Results for the first 100 test images on the Ellipses and LoDoPaB datasets. Higher
values are better.

Ellipses LoDoPaB
Method

PSNR SSIM PSNR SSIM
DCP + TV 28.03 0.866 33.96 0.813
DIP + TV 28.94 0.886 34.44 0.814
TV 27.84 0.850 32.95 0.803
FBP 24.18 0.594 30.37 0.739

The measurements are undersampled, such that there exist multiple possible solu-
tions. The reconstructed images have a size of 128 px × 128 px. The second dataset
contains simulated low-intensity measurements from real, normal-dose thoracic CT
images of size 362 px × 362 px. In this case, the measurements are oversampled,
and the existence of a solution is not guaranteed. The DCP reconstructions are
compared against selected results from Section 8.5 in Tab. 8.2. Figure 8.11 shows a
reconstruction example from the LoDoPaB dataset.

The DCP can surpass the reconstruction performance of the classical methods FBP
and TV. However, a small performance gap to the established DIP approach exists.
Here, further research is necessary to tweak the DCP. Potential improvements lie in
the choice and design of the routing function and the network architecture. Further-
more, we have observed in the CloCk experiments that capsules need examples of
transformed inputs to play out their advantage. Pretraining the DCP with synthetic
examples could be a possible solution. The following section demonstrates the
benefits of pretraining for the deep image prior.

Fig. 8.11.: DIP and DCP reconstruction on a LoDoPaB-CT test image.
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8.7 Educating the DIP

The deep image prior approach was successfully used in the experiments in Sec-
tions 8.5 and 8.6. However, it is not entirely free from drawbacks. A downside of its
application is the requirement of “fresh training” each time DIP is deployed. This
requirement leads to higher computational cost during inference than supervised
learned reconstruction methods introduced in Chapter 4.

In addition, the optimization process can be slow and unstable to converge [BLS20;
Leu+21d]. For example, reconstruction of a single CT image of size 500× 500 takes
around 3 - 5 h on modern hardware3 until an early-stopping point is reached. This is
way too slow compared to the standards described in Section 5.3.3 set by FBP for
the application in medical scanners.

Therefore, a natural question is if DIP can benefit from pretraining. To be more
precise, we are interested in creating a helpful synthetic dataset using the available
forward model A. This pretraining data should then ameliorate the subsequent
unsupervised reconstruction task on real CT data. The challenge is to learn via su-
pervised pretraining feature representations that are transferable and generalizable
to subsequent fine-tuning.

As mentioned in Section 2.5.4, pretraining and transfer learning are well-established
paradigms to address data scarcity in supervised learning [Azi+21; Don+14; HR18].
Nevertheless, little attention has been paid to this idea for the DIP. One of the few
examples is the work of CUI et al. [Cui+21] for PET imaging.

In the following, we develop a simple supervised pretraining strategy for accelerating
DIP-based image reconstruction. The result is a two-stage learning paradigm for CT
reconstruction with the DIP, which comprises a supervised stage of pretraining on a
suitable synthetic dataset, setting the stage for subsequent unsupervised fine-tuning
for target reconstruction tasks. Our approach is then tested on two challenging
micro-CT (µCT) datasets.

8.7.1 Advances in Pretraining

Supervised pretraining on ImageNet [Den+09] has been common practice in com-
puter vision, where the models are pretrained to solve image classification and
transferred to downstream tasks [LSD15; Red+16; Ren+15]. HE et al. [HGD19]
observed that pretraining on ImageNet does not necessarily improve the accuracy of
the downstream task. Similar observations about the disputed benefit of pretraining
on ImageNet are made within the context of medical image classification [Rag+19].
Pretraining offers little benefit in boosting accuracy but leads to faster training
convergence. However, HENDRYCKS et al. [HLM19] show that pretraining may not
improve the accuracy of the downstream task but leads to model robustness and
uncertainty calibration.

3Time estimation on NVIDIA GeForce RTX 2080Ti - 1080Ti.

8.7 Educating the DIP 159



The aforementioned works focus on supervised learning, whereas we focus on an
unsupervised learning framework. More specifically, we study pretraining with
a synthetic dataset to accelerate DIP reconstruction on measured µCT data, and
we provide a detailed analysis of the mechanism of the pretraining strategy for
acceleration.

CUI et al. [Cui+21] recently used noisy PET images and their corresponding anatomi-
cal prior images (from CT or MR images) as a dataset in the (population) pretraining
phase. Our work focuses on whether we can construct meaningful synthetic repre-
sentations, i.e., pretraining with simulated noisy CT measurement data of phantom
images consisting of ellipses.

8.7.2 Two-Stage Learning Paradigm

In the following, we recast DIP reconstruction into the “supervised pretraining +
unsupervised fine-tuning” paradigm as a two-stage process, which is termed educated
DIP (EDIP). In the first stage, we pretrain the network fθ(T yδ), where T is an
approximate reconstruction operator. For CT, we choose the filtered backprojection
(cf. Section 5.3).

The training is conducted on a synthetic dataset D = {(yδi , xi)}Ni=1 composed of N
pairs drawn from the joint distribution of ground truth and corresponding simulated
measurement. This procedure is tailored to the target reconstruction task in Eq. (8.1)
and learns the optimal parameters θ̂s via supervised training:

θ̂s ∈ arg min
θ

⎧⎪⎨⎪⎩ls(θ) := 1
N

∑︂
(yδ

i ,xi)∈D

⃦⃦⃦
fθ
(︂
T yδi

)︂
− xi

⃦⃦⃦2

2

⎫⎪⎬⎪⎭ .
Note that the network fθ receives the initial guess T yδi as input instead of random
noise, serving as post-processing. In this way, we enforce “benignant” inductive
biases via supervised learning. This educates DIP with “human-guided” knowledge
contained in the simulated dataset D, which is then exploited, but still needs to be
amended, to solve the reconstruction task in Eq. (8.1).

In the second stage, for a given new query measurement yδ, we use the optimal
parameters θ̂s from the pretraining stage to initialize the network fθ(T yδ) in Eq. (8.1)
to get DIP up to speed in handling high-dimensional target reconstruction tasks
from real-measured data. In other words, we regard the DIP optimization as
a self-adaptation stage, where the network’s parameters θ are fine-tuned in an
unsupervised manner. Nevertheless, their drift is conditioned on θ̂s by initialization.
Note that the robustness of the proposed method does not rely solely on how well
the pretraining stage anticipates distributional shifts when it comes to reconstructing
from measurement data. The model makes good use of pretraining – the supervised
pretraining sets the stage – but ultimately adapts to distributional shifts at test time
and reserves its right to amend the supervision received during the pretraining. This
is crucial, as illustrated by the experimental evaluation in Section 8.7.4.
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There are several possible variants of the basic framework. The U-Net [RFB15]
consists of two parts: a decoder component with parameters θdec, and an encoder
component with parameters θenc. As a direct variant of EDIP, we consider the case
where only the parameters θdec of the decoder are fine-tuned, whilst the encoder
parameters, which are regarded as a shared (between stages) feature extractor, are
kept to the initial educated guess θ̂s,enc. At test time, we minimize the DIP loss only
with respect to θdec and rely on the pretraining to construct a suitable “universal”
encoding. The learned reconstructor fθ̂ reconstructs from the measurement data
with θ̂ = (θ̂s,enc, θ̂t,dec). This variant with the fixed encoder (FE) is termed EDIP-FE.

8.7.3 Micro-CT Datasets

We pretrain on a synthetic training dataset. The images are composed of ellipses
with random positions, shapes, rotations, and intensity values. They are commonly
used to train and evaluate learned reconstruction methods. We use 32 000 training
and 3200 validation images generated on-the-fly using ODL [Adl+18]. The image
resolution and the distribution of the ellipses can be easily adapted to match different
target data, e.g., with different reconstruction diameters.

We evaluate our approach on two real µCT measurement datasets. In each case,
the forward operator A used for both the pretraining and the DIP stage is a ray
transform matching the µCT geometry of the measurements.

Tomographic X-ray Data of a Lotus Root

CT measurements of a Lotus root slice filled with different materials are available
from [Bub+16] as a part of a series of open-access X-ray tomographic datasets. It
contains fan-beam measurements corresponding to a 2D volume slice, consisting of
120 projections at angles equally distributed over [0, 360◦) with 429 detector pixel
values each. A sparse matrix modeling the forward operator for an image resolution
of (128 px)2 is provided with the dataset used in the experiments.

We consider a 6-fold angular sub-sampling in the experimental evaluation: 20 angles,
equally distributed over [0, 360◦) in steps of 18◦. We denote this setting as Sparse
20. As a gold-standard reference, we use a TV-regularized reconstruction from all
120 projection angles obtained using the Adam optimizer.

X-ray Walnut Dataset

A collection of cone-beam CT measurement data from 42 Walnuts was released by
researchers from the Centrum Wiskunde & Informatica, the Netherlands [Der+19].
A set of three 3D cone-beam measurements are included for each walnut, each
obtained with a different source position. Projections are acquired at 1200 angles
equally distributed over [0, 360◦), with a resolution of 972 detector rows and 768
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detector columns. From a supplementing repository4, the code is available for
constructing suitable projection operators, as well as for preprocessing the raw
measurement data to match the linear model. A volume resolution of (501 px)3

is used. In our experiments, we reconstruct a single 2D slice from a suitable
subset of detector pixel measurements. In order to achieve accurate automatic
differentiation of this pseudo-2D forward projection operator, we utilize a sparse
matrix representation of it.

For the reconstruction task, we use a 10-fold angular sub-sampling. The setting
is called Sparse 120: 120 angles, equally distributed over [0, 360◦) in steps of 3◦.
Approximate reconstructions T yδ are computed via the Feldkamp-Davis-Kress (FDK)
algorithm [FDK84]. As ground truth, we use the corresponding 2D slice from the
3D ground truth reconstruction provided with the dataset, which was obtained
with accelerated gradient descent incorporating the measurements from all 1200
projection angles and all three source positions.

8.7.4 Experiments with the Educated DIP

We assess the quality of the reconstructed image via peak signal-to-noise ratio
(PSNR). We include the structural similarity index measure (SSIM) [Wan+04] for
the reconstructed images. To assess the convergence speed, we employ two simple
metrics: steady PSNR and rise time. The steady PSNR is the median PSNR over the
last 5k iterations of the fine-tuning stage. The rise time is the iteration number at
which we reach the baseline PSNR, i.e., DIP’s steady PSNR, up to a threshold set
to 0.1 dB. In addition, we always consider the iteration-wise median PSNR over
5 runs of the same experiment (with varying seeds) for the above metrics. Note
that the variability between runs does not only arise from random initialization of
the network parameters or noise input but also from numerical effects in parallel
computations on GPU, which still occur for the otherwise deterministic EDIP method
with FBP input.

We design a workable heuristic for identifying the parameters’ configuration used
at test time by comparing three different pretraining runs. For each run, we collect
checkpoints along the optimization trajectory after every 20 epochs and select
the parameters’ configuration with the best performance on a validation set. For
validation, we designed a reconstructive task based on the Shepp-Logan phantom
[SL74]. The phantom is by construction within the ellipses data manifold and shares
the same noise distribution of ellipses measurements. The checkpoint leading to the
shortest rise time is selected among those with a steady PSNR that is at most 0.25 dB
lower than the maximum reached steady PSNR. We verify whether the checkpoint
identified on the validation data also leads to the best rise time on the test data. We
observe minor variability within validation and test data, yet we select one of the
two best runs.

4https://github.com/cicwi/WalnutReconstructionCodes
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Tab. 8.3.: Quantitative evaluation for Lotus Sparse 20 with EDIP being pretrained on
ellipses data. Rise time is defined to be the minimal number of iterations after
which the PSNR reaches steady PSNR of DIP (noise) minus 0.1 dB. Maximum
PSNR and steady PSNR are computed using the iteration-wise median PSNR
history over the 5 repeated runs. For steady PSNR, the median value of the
median PSNR history over the last 5k iterations is considered. The convergence
of TV is very stable, and we report the final PSNR. Initial PSNR is the mean value
over the 5 repeated runs. All PSNR values are in dB.

Model Rise Time Max. PSNR Steady PSNR Init. PSNR

DIP (noise) 3848 31.17|i=8846 31.10 11.17
DIP (FBP) 3622 31.25|i=8813 31.17 11.33
DIP-FE (noise) 6118 31.10|i=9818 31.00 11.17
DIP-FE (FBP) 4516 31.19|i=7677 31.13 11.33
EDIP (FBP) 195 31.65 |i= 981 31.21 27.04

EDIP (noise) 723 31.53|i=3548 31.39 14.28

EDIP-FE (FBP) 226 31.59|i=1421 31.26 27.04

EDIP-FE (noise) 1414 31.46|i=4278 31.39 14.28
TV 30.73

For test and validation, the learning rate and the regularization parameter λ are fine-
tuned for the standard DIP, i.e., DIP fed with a fixed noise image as input. For a fair
comparison, when learning EDIP, we do not conduct an additional hyperparameter
search, although it can potentially be beneficial. We keep the hyperparameters that
are optimal for standard DIP.

The Lotus Root

Figure 8.12 shows the convergence properties of EDIP (pretrained on ellipses) and
DIP for Lotus Sparse 20. We include in our analysis the cases where the FBP is fed
as the input when solving the standard DIP loss, as well as inputting noise for EDIP.
Table 8.3 shows the different results. EDIP significantly outperforms DIP in terms
of the convergence speed for either a fixed noise image or the FBP. It only takes
195 iterations (and 723 if fed with a noise image) to reach −0.1 dB of the baseline
PSNR against 4.1k iterations needed for the standard DIP. The optimization process
is considerably more stable: the variation of the loss of EDIP is substantially smaller
than that with DIP, implying a possibly more favorable loss landscape for EDIP. We
also observe that fixing the encoder to the pretrained encoder parameters θs,enc
(EDIP-FE) is as fast as EDIP.

Figure 8.13 shows the reconstructed Lotus, along with its gold-standard reference
and FBP, for Lotus Sparse 20. Moreover, EDIP considerably overshoots the baseline
PSNR, suggesting that pretraining would lead to better reconstructions if coupled
with early stopping. A substantial overshoot of the baseline PSNR is also observed
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on the Shepp-Logan, possibly due to the in-distribution nature of the phantom with
respect to the ellipses. Pretraining can boost the performance of DIP, which differs
from the findings for object detection [HGD19] and classification [Rag+19].

Fig. 8.12.: PSNR convergence of EDIP compared to standard DIP on Sparse 20 Lotus
measurement data. All traces are the mean PSNR of 5 repetitions of the same
experimental run. The standard deviation is also reported.

PSNR: 31.15 dB, SSIM: 0.8387

EDIP (FBP)

PSNR: 31.14 dB, SSIM: 0.8398

DIP (noise) Reference

PSNR: 27.04 dB, SSIM: 0.7037

EDIP (FBP) initial DIP (noise) initial

PSNR: 21.15 dB, SSIM: 0.3213

FBP

Fig. 8.13.: Lotus reconstruction of EDIP compared to standard DIP on Lotus Sparse 20
measurement data. From the 5 runs, the one with the (closest to) median PSNR
was selected for each method. Note that the reported reconstructions are the
best reconstruction, i.e., reconstruction at the minimum loss value.
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The Walnut

Table 8.4 contains the experimental results for the Walnut Sparse 120 dataset.
Figure 8.14 shows the convergence properties of EDIP and DIP, and Fig. 8.15 shows
the reconstructed Walnut. It is observed that more delicate structures, like the
wrinkled shell, are better reconstructed with EDIP. DIP suffers from over-smoothing
artifacts.

Indeed, the speed-up on EDIP is consistent with the observation for the Lotus
root, albeit to a less dramatic degree. EDIP takes approximately 30 min at rise
time (approx. 4.4k iterations), against DIP, which takes 2 h and 30 min at rise time
(approx. 20.4k iterations) with an NVIDIA GeForce RTX 2080Ti.

A TV regularized reconstruction of the Walnut takes approximately 6 min and re-
quires 1.7k gradient steps to converge to 31.67 dB. EDIP takes only 3 min (ap-
proximately 421 iterations) to match 31.67 dB. In 6 min, EDIP reaches 32.80 dB,
corresponding to a gain of 1.1 dB.

Finally, we observe that DIP-FE / EDIP-FE report similar performances to DIP / EDIP.
Besides raising interesting questions about the role of the encoder, this result opens
up to even faster computing time (with fewer parameters to update).

Tab. 8.4.: Quantitative evaluation for Walnut Sparse 120 with EDIP being pretrained
on ellipses data. Rise time is defined to be the minimal number of iterations
after which the PSNR reaches steady PSNR of DIP (noise) minus 0.1 dB. Both
maximum PSNR and steady PSNR are computed using the iteration-wise median
PSNR history over the 5 repeated runs. For steady PSNR, the median value of the
median PSNR history over the last 5k iterations is considered. The convergence
of TV is very stable, and we report the final PSNR. Initial PSNR is the mean value
over the 5 repeated runs. All PSNR values are in dB. For the experiments marked
with “*” a higher initial learning rate was used.

Model Rise Time Max. PSNR Steady PSNR Init. PSNR

DIP (noise) 20 373 34.02|i=25 357 33.87 6.88
DIP (FBP) 13 778 34.07|i=28 094 33.90 6.26
DIP-FE (noise) 14 289 34.02|i=23 573 33.88 6.88
DIP-FE (FBP) 13 421 34.19 |i=23 266 33.97 6.26

EDIP (FBP) 4496 33.92|i=13 039 33.56 25.67
EDIP (noise) * 9561 34.12|i=23 352 33.95 12.22
EDIP-FE (FBP) 4384 33.91|i=12 540 33.70 25.67
EDIP-FE (noise) * 21 760 33.89|i=29 159 33.75 12.22
TV 31.67
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Fig. 8.14.: PSNR convergence of EDIP compared to standard DIP on Walnut Sparse 120
measurement data. All traces are the mean PSNR of 5 repetitions of the same
experimental run. the standard deviation is also reported.
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Fig. 8.15.: Walnut reconstruction of EDIP, compared to standard DIP. From the 5 runs, the
one with the (closest to) median PSNR was selected for each method, except for
EDIP (FBP) iter. 4500, which is taken from an additional run.
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8.7.5 Diagnostic Study

In Need to Amend

We investigate the effect of pretraining on performing reconstructions on the test
data and how the adaptation stage further improves the quality of the reconstructed
image. To assess to what extent the knowledge enforced through the synthetic
dataset needs to be amended during the fine-tuning stage, we investigate what
gets transferred. First, we observe that feature reuse plays a crucial role. By
initializing the network’s parameters to a pretrained configuration, we observe that
the deployment of the pretrained model on an out-of-distribution task shows high
input-robustness [HLM19].

However, the feature reuse mechanism leads to hallucinatory behaviors, i.e., be-
ing biased too much towards the synthetic dataset used in the pretraining stage.
Amending the knowledge acquired via pretraining protects from instabilities, e.g.,
hallucinations, due to distributional shifts. These are all recognized drawbacks
of supervised learned reconstructors [Ant+20]. Figure 8.13 and Fig. 8.15 show
this property: the initial reconstruction by a direct deployment of the pretrained
network shows overly-smooth images, with the Lotus being seriously affected by
ellipses-like artifacts – the network restores the FBP of the Lotus Sparse 20 by
patching it up with ellipses. The artifacts are then removed during the fine-tuning
stage. Similarly, the reconstruction of the Walnut regains a more realistic texture
through the fine-tuning stage.

Investigating Feature Reuse

In a similar spirit to [NSZ20], we feed a noise image to EDIP (rained on pairs of FBP
and ground truth image). By doing so, we make any visual features learned in the
pretraining stage completely useless. This is to shed insights into the factors that
come into play when adapting the model to downstream test data. We observe faster
convergence with respect to the standard DIP for the Lotus dataset (see Fig. 8.12).
EDIP (fed with FBP) still results in faster convergence, showing consistency with the
intuition that decreasing feature reuse leads to diminishing benefits.

Figure 8.16 shows that EDIP remolds the noise image differently compared to the
standard DIP. The inductive biases learned at the pretraining stage prioritize a
reshape of the noise image as ellipse-like structures: the model makes an educated
reconstruction relying on the data-generating process, and the space of solutions
learned in the pretraining stage. This suggests that the model is learning features
invariant of the input. Other factors, e.g., lower distributional statistics, from the
pretrained parameters are also helping the adaptation. It is then re-adapted and
improves over the initial reconstructive properties by enforcing data consistency via
Eq. (8.1).

On the Walnut, the benefit of pretraining seems (at least quantitatively) not to
be as dramatic as for the Lotus if a noise image input is used. We hypothesize
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Fig. 8.16.: Iterates collected throughout the Lotus reconstruction, comparing EDIP and
standard DIP on Sparse 20 measurement data. A video showing the recon-
struction process is available online: https://educateddip.github.io/docs.
educated_deep_image_prior/.

that the problem geometry of the Lotus Sparse 20 has induced more generalizable
feature representations. In fact, the difficulty of the inverse problem has prevented
the model from overfitting “dataset-specific knowledge”. Meanwhile, the Walnut
reconstruction can be considered more of a post-processing task (cf. Appendices
C1 and C2 in the original publication [Bar+21a] for some examples). There is,
indeed, room for overfitting to the image class, and such dataset-specific knowledge
is usually detrimental to the transfer.

Spectral Evaluation of Pretraining

We propose a spectral analysis to investigate the impact of a “good education”.
We construct an approximate spectral decomposition of the Jacobian matrix of
the network output, including the forward map A, with respect to the network
parameters θ, A∂φθ/∂θ ∈ Rm×p. We then consider the subspace spanned by the
leading right singular vectors corresponding to the largest singular values as a
faithful representation of the network’s parameter space, which determines the
dynamics of the training process. This is equivalent to a linearization of the model
in the over-parameterized regime, e.g., neural tangent kernel [JGH18]). Due to
the high-dimensionality of the output space, likewise, the parameter space, a direct
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Fig. 8.17.: Development of singular vectors of the forward map linearization w.r.t. the
parameters θ for EDIP (FBP), pretrained on images of ellipses, compared to
DIP (noise) on Lotus Sparse 20 measurement data. Histograms (a) and (b)
show mean histograms for the singular vectors v1, . . . , v20 and v976, . . . , v995,
respectively; denoting in brackets the Hoyer measure of sparsity.

computation of the full Jacobian matrix is computationally intractable. We resort to
approximation of the first ℓ singular vectors via a variant of the randomized singular
value decomposition [HMT11; Tro19]. In the analysis, we limit ourselves to the first
1000 singular vectors (i.e., ℓ = 1000).

We perform the analysis on EDIP and DIP, both receiving the FBP as the input, and
respectively approximate the singular vectors of the Jacobian matrix, evaluated
at three checkpoints during the adaptation stage: θinit, θ[100], θconv. Figure 8.17
summarizes our empirical findings on the right singular vectors component-wise
plots and the Hoyer measure of sparsity [Hoy04; HR09]. This measure assumes a
value of 0 whenever the vector is dense, i.e., all components are equal and non-zero,
and 1 if it is 1-sparse.

For DIP, we observe that the singular vectors are equally distributed throughout the
parameter space at θinit and across all frequencies. During the adaptation stage, we
observe a “relevance shift” towards the decoder’s parameters. This shift is not too
surprising since the decoder does the heavy lifting of representing the target image.
In addition, it is also consistent with our experimental findings: EDIP-FE shows
similar reconstruction properties to EDIP. We assess the criticality, i.e., the influence
of the drift of the output with respect to the parameters of different architectural
parts. We observe that the decoder layers have become more critical than before.
For EDIP, we also observe that pretraining enforces a hierarchical structure, i.e.,
a relevance shift towards the decoder’s parameters, and sparsity is observed after
pretraining. Pretraining strongly promotes sparsity in the parameter space.

Furthermore, the sparsity enforced via pretraining is not lost in the adaptation stage
but further promoted. Note that pretraining induces a shift in the singular values
spectrum, and the overall behavior does not vary much during the adaptation of the
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Fig. 8.18.: Exemplary reconstructions from the synthetic training dataset of brain images
for Walnut Sparse 120.

pretrained model. In contrast, for DIP, the shift is quite dramatic in terms of mag-
nitude. In particular, the number of singular values larger than a given (plausible)
threshold changes consistently. A similar observation was also made in [SSS19] in
the context of object detectors (but based on the normalized eigenspectrum of the
Hessian). This observation may explain the different dynamics of the optimization
scheme for the pretrained model and the model trained from scratch.

Limitations: An Unexpectedly “Bad Education”

As an alternative training image dataset to the Ellipses dataset, we attempt to design
a dataset for the supervised learning stage that we believe to be a better proxy
for the Walnut. We then choose human brain images as ground truths under the
impression that brains are more similar to a walnut [Der+19].

In particular, we consider MRI images of the human brain from the ACRIN-FMISO-
Brain (ACRIN 6684) dataset [Cla+13; Ger+16; Kin+18; Rat+18]. We normalize
the extracted 2D slices for the synthetic dataset and (mis)interpret the values to be X-
ray attenuation coefficients. We use a random data split at the patient level, leading
to 30 917 training images and 4524 validation images. Both training and validation
images are augmented by random rotations. Figure 8.18 shows an exemplary
reconstruction of the brain dataset.

Figure 8.19 shows the comparison between DIP and EDIP trained on the brain
dataset. We observe that EDIP deteriorates its performance. Surprisingly, we also
observe that EDIP pretrained on the brain dataset reports a lower initial PSNR than
when trained on the ellipses dataset, i.e., 25.49 dB vs. 25.67 dB. The brain dataset
results, indeed, in inferior input-robustness.

We observe the inadequacy of the brain dataset (of its education!), which we believed
would have led to better transferable properties than simple ellipses. Instead, it
turns out that pretraining on the brain dataset induces “malignant” inductive biases,
i.e., a “bad education” from which EDIP fails to escape, leading to slow convergence
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Fig. 8.19.: PSNR convergence of EDIP pretrained on the brain dataset compared to standard
DIP on Walnut Sparse 120 measurement data. All traces are the mean PSNR
of 5 repetitions of the same experimental run. The standard deviation is also
reported.

and sub-optimal steady PSNR. Possibly the implicit regularization exerted by the
pretraining on the brain dataset restricts the networks from leaving a “pretrained
landscape” of sub-optimal parameters’ configurations.

We then check whether using earlier checkpoints would lead to better transferable
performances. We, indeed, observe that an early stopping of the pretraining stage on
the brain dataset ameliorates EDIP. It is worth noting that we do not observe a similar
behavior when pretraining on the ellipses dataset. We also notice that pretraining
for more epochs leads to better input-robustness – the longer one pretrains on the
brain dataset, the higher the initial PSNR on the Walnut.

However, the longer we pretrain on the brain dataset, the worse EDIP performs on
the subsequent reconstruction. We conclude that determining whether a dataset is
sufficiently similar to the target reconstruction task is highly nontrivial, and simple
intuition might lead to a misleading conclusion.

In conclusion, what we believed in making up for a better dataset, i.e., a better
proxy knowledge to start with, actually resulted in “bad education”. A posteriori,
we realized that the brain dataset is far from being a perfect dataset for supervised
pretraining. One could hypothesize that it is by far more specific and, indeed,
less diverse. In contrast, the ellipses dataset is more general. Thus, intuitively, it
would enforce simple yet more transferable reconstructive properties. This sheds
light on the mechanism of the “supervised pretraining + unsupervised fine-tuning”
paradigm.
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8.8 Conclusion

The deep image prior is a unique approach among all methods covered in this
work. It can be used in settings where only a forward model and a single measure-
ment are available. The experiments in Section 8.5 showed that the DIP produces
higher-quality CT reconstructions compared to classical approaches, like the fil-
tered backprojection. It is also not far behind supervised reconstruction methods,
especially in the low-data regime.

Section 8.3 covered how the DIP can be combined with the classical regularization
theory introduced in Section 3.3. It is an effective way to choose appropriate
reconstructions from the solution space and prevent overfitting to the noise of the
measurement, besides the regularization by the network architecture [Dit+19].
The architecture itself can also deviate from standard CNN approaches. Capsule
networks are a viable alternative in many cases, as shown in Section 8.6.

Furthermore, Sections 8.4 and 8.7 introduced ways to make use of initial reconstruc-
tions and pretraining with the help of supervised approaches. On the one hand, the
advantages are significantly accelerated reconstruction and improved quality. On the
other hand, the DIP helps to ensure data consistency for previously used supervised
approaches, such as post-processing networks.

Overall, all these adjustments bring DIP closer to stable applicability for real-world
problems with little data and limited reconstruction time.
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Benchmarking CT
Reconstruction Methods

9
„There are two possible outcomes: if the result confirms

the hypothesis, then you have made a measurement. If
the result is contrary to the hypothesis, then you have
made a discovery.

— Enrico Fermi

9.1 Prolog

Computed tomography (CT) is a widely used (bio)medical imaging modality with var-
ious applications in clinical settings, such as diagnostics [Lig+15], screening [Nat11],
and virtual treatment planning [SMS09; YY06], as well as in industrial [Chi+14]
and scientific [Cob+20; CW05; Mor+10] settings. One of the fundamental aspects
of this modality is the reconstruction of images from multiple X-ray measurements
taken from different angles. Because each X-ray measurement exposes the sample
or patient to harmful ionizing radiation, minimizing this exposure remains an active
area of research [McC+17]. The challenge is to either minimize the dose per mea-
surement or the total number of measurements while maintaining sufficient image
quality to perform subsequent diagnostic or analytic tasks.

When classical techniques such as FBP or IR are used to reconstruct low-dose CT
images, the image quality often deteriorates significantly in the presence of increased
noise. Therefore, the focus is shifting towards developing reconstruction methods in
which a single or multiple component(s) or even the entire reconstruction process
is performed using deep learning [Arr+19]. Generally, data-driven approaches
promise fast and/or accurate image reconstruction by taking advantage of a large
number of examples, that is, training data.

The hybrid methods that learn parts of the reconstruction process can be roughly
divided into learned regularizers, unrolled iterative schemes, and post-processing
of reconstructed CT images (cf. Chapter 4). Methods based on learned regularizers
work on the basis of learning convolutional filters from the training data that can
subsequently be used to regularize the reconstruction problem by plugging it into
a classical iterative optimization scheme [LSÖ18]. Unrolled iterative schemes go
a step further in the sense that they “unroll” the steps of the iterative scheme
into a sequence of operations where the operators are replaced with convolutional
neural networks (CNN). A recent example is the learned primal-dual algorithm
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proposed by ADLER et al. [AÖ18b]. Finally, various post-processing methods have
been proposed that correct noisy images or those with severe artifacts in the image
domain [Jin+17]. Examples are improving tomographic reconstruction from limited
data using a mixed-scale dense (MS-D) CNN [PBS18], U-Net [Che+17b], or residual
encoder-decoder CNN (RED-CNN) [Che+17a], as well as CT image denoising
techniques [Yan+17; Yan+18]. Somewhat similar are the methods that can be
trained in a supervised manner to improve the measurement data in the sinogram
domain [FRW18].

The first fully end-to-end learned reconstruction method was the automated trans-
form by the manifold approximation (AUTOMAP) algorithm [Zhu+18] developed for
magnetic resonance image reconstruction. This method directly learns the (global)
relation between the measurement data and the image. It replaces the Radon or
Fourier transform with a neural network. The disadvantages of this approach are
the large memory requirements, as well as the fact that it might not be necessary to
learn the entire transformation from scratch because an efficient analytical transform
is already available. A similar approach for CT reconstruction was iRadonMAP pro-
posed by HE et al. [HWM20], who developed an interpretable framework for Radon
inversion in medical X-ray CT. In addition, LI et al. [Li+19] proposed an end-to-end
reconstruction framework for Radon inversion called iCT-Net and demonstrated its
advantages in solving sparse-view CT reconstruction problems.

The aforementioned hybrid deep learning-based CT image reconstruction methods
differ significantly in terms of which component of the reconstruction task is learned
and in which domain the method operates (image or sinogram domain), as well
as the computational and data-related requirements. As a result, it remains diffi-
cult to compare the performance of deep learning-based reconstruction methods
across different imaging domains and applications. Thorough comparisons between
different reconstruction methods are further complicated by the lack of sufficiently
large benchmarking datasets, including ground truth reconstructions, for training,
validation, and testing. CT manufacturers are typically very reluctant in making
raw measurement data available for research purposes, and privacy regulations for
making medical imaging data publicly available are becoming increasingly strict
[Eur17; Kai+20].

This chapter quantitatively compares the performance of classical and deep learning-
based CT image reconstruction methods on two large, two-dimensional (2D) parallel-
beam CT datasets created explicitly for this purpose. The content is based on:

[Leu+21d] Johannes Leuschner, Maximilian Schmidt, Poulami Somanya
Ganguly, Vladyslav Andriiashen, Sophia Bethany Coban, Alexan-
der Denker, Dominik Bauer, Amir Hadjifaradji, Kees Joost Baten-
burg, Peter Maass, and Maureen van Eijnatten. “Quantitative
Comparison of Deep Learning-Based Image Reconstruction Meth-
ods for Low-Dose and Sparse-Angle CT Applications”. In: Journal
of Imaging 7.3 (March 2021), DOI: 10.3390/jimaging7030044.
License: CC BY 4.0
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Johannes Leuschner and Maximilian Schmidt are the primary authors and con-
tributed equally. Maximilian Schmidt contributed to the conceptualization, formal
analysis, investigation, project administration, software, validation, and publication
writing. Contributions of the other authors are listed in detail in [Leu+21d].

In our work, we opted for a 2D parallel-beam CT setup to facilitate large-scale
experiments with many example images, whereas the underlying operators in the
algorithms have straightforward generalizations to other geometries. We focus
on two reconstruction tasks with high relevance and impact – the first task is the
reconstruction of low-dose medical CT images, and the second is the reconstruction
of sparse-angle CT images.

9.2 Dataset Description

For both datasets, the simulation model uses a 2D parallel beam geometry for the
creation of the measurements. We refer to Section 5.2 for a detailed description
of the forward model. Essential properties are the number of detector pixels and
measurement angles. These are summarized in Tab. 9.1. A detailed description
of the LoDoPaB-CT dataset can be found in Chapter 6 and Section 9.2.1. More
information is given in Section 9.2.2 for the Apple CT datasets.

Tab. 9.1.: Settings of the LoDoPaB-CT and Apple CT datasets.

Property LoDoPaB-CT Apple CT

Subject Human thorax Apples
Scenario low photon count sparse-angle
Challenge 3678 reconstructions 100 reconstructions
Image size 362 px × 362 px 972 px × 972 px
Angles 1000 50, 10, 5, 2
Detector bins 513 1377
Sampling ratio ≈ 3.9 ≈ 0.07 – 0.003

9.2.1 LoDoPaB - Low-Dose Medical CT

In order to compare (learned) reconstruction techniques in a low-dose CT setup, we
use the low-dose parallel beam (LoDoPaB) CT dataset [Leu+21a]. This dataset con-
tains 42 895 two-dimensional CT images and corresponding simulated low-intensity
measurements. The ground truth images of this dataset are human chest CT recon-
structions taken from the LIDC/IDRI database [Arm+11]. These scans had been
acquired with a wide range of scanners and models. The initial image reconstruc-
tion for creating the LIDC/IDRI database was performed with different convolution
kernels, depending on the manufacturer. Poisson noise is applied to the simulated
projection data to model the low-intensity setup. A more detailed description can be
found in Chapter 6.
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c) 5 anglesa) 50 angles b) 10 angles d) 2 angles

Fig. 9.1.: The angular sampling ranges employed for sparse image reconstructions for a)
50 (full), b) 10 (subset of 50 angles), c) 5 (subset of 50 angles) and d) 2 angles
(subset of 10 angles). The black arrows show the position of the X-ray source
(dot) and the position of the detector (arrowhead). For the sparse-angle scenario,
the unused angles are shown in light gray.

9.2.2 Apple CT - Sparse-Angle Industrial CT

When using X-ray tomography in high-throughput settings (i.e., scanning multiple
objects per second) such as quality control, luggage scanning, or inspection of
products on conveyor belts, very few X-ray projections can be acquired for each
object. In such settings, it is essential to incorporate a priori information about the
object being scanned during image reconstruction. In order to compare (learned)
reconstruction techniques for this application, we reconstruct parallel-beam CT
images of apples [CAG20] with internal defects using as few measurements as
possible.

The Apple CT datasets [CAG20] are a collection of ground truth reconstructions and
simulated parallel beam data with various noise types and angular range sampling.
The data is intended for benchmarking different algorithms and is particularly suited
for use in deep learning settings due to the large number of slices.

A total of 94 apples were scanned at the Flex-Ray Laboratory [Cob+20] using
a point-source circular cone-beam acquisition setup. High-quality ground truth
reconstructions were obtained using a full rotation with an angular resolution of
0.005 rad and a spatial resolution of 54.2 µm. A collection of 1D parallel beam
data for more than 70 000 slices were generated using the simulation model in
Definition 5.2.1. A total of 50 projections were generated over an angular range of
[0, π), each of size 1× 1377. The Apple CT ground truth images have a resolution
of 972 px × 972 px. In order to make the angular sampling even sparser, we also
reduced the data to include only 10, 5, and 2 angles. The angular sampling ranges
are shown in Fig. 9.1.

The noise-free simulated data (henceforth Dataset A) were corrupted with 5%
Gaussian noise to create Dataset B. Dataset C was generated by adding an imitation
of scattering to Dataset A. Scattering intensity in a pixel u′ is computed according to
the formula

S(u′) =
∫︂
u∈R2

G(u) exp
[︄
−(u− u′)2

2σ1(u)2

]︄
+H(u) exp

[︄
−(u− u′)2

2σ2(u)2

]︄
,
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Fig. 9.2.: A horizontal cross-section of a healthy slice in an apple is shown on the left, and
another cross-section with the bitter pit defects in the same apple on the right.

where |u − u′| is a distance between pixels, and scattering is approximated as a
combination of Gaussian blurs with scaling factors G and H, standard deviations
σ1 and σ2. Scattering noise in the target pixel u′ contains contributions from all
image pixels u as sources of scattering. Gaussian blur parameters depend on the
X-ray absorption in the source pixel. A Monte Carlo simulation was performed for
different thicknesses of water chosen as a material close to apple flesh to sample
functions G(u), H(u), σ1(u), and σ2(u). Furthermore, scaling factors G(u) and H(u)
were increased to create a more challenging problem. Due to the computational
complexity required, the number of slices on which the scattering model is applied
is limited to 7520 (80 slices per apple), meaning the scattering training subset is
smaller.

The Apple CT datasets consist of apple slices with and without internal defects.
Internal defects were observed to be of four main types: bitter pit, holes, rot, and
browning. A reconstruction of a healthy apple slice and one with bitter pit is shown
in Fig. 9.2 as examples. Each Apple CT dataset was divided into training and test
subsets using an empirical bias elimination method to ensure that apples in both
subsets had similar defect statistics. This process is detailed in [CAG20].

For the network training, the noise-free and Gaussian noise training subsets are
further split into 44 647 training and 5429 validation samples, and the scattering
training subset is split into 5280 training and 640 validation samples.

From the test subsets, 100 test slices were extracted in a similar manner like
for the split in training and test subsets. All evaluations in this chapter refer
to these 100 test slices in order to keep the reconstruction time and storage vol-
ume within reasonable limits. Five slices were extracted from each of the 20 test
apples such that in total, each defect type occurs with a pixel count ratio similar
to its ratio on the full test subset. Additionally, the extracted slices have a pair-
wise distance of at least 15 slices in order to improve the image diversity. The
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selected list of slices is specified in the supplementing repository [Leu+21e] as file
supp_material/apples/test_samples_ids.csv.

9.3 Algorithms

A variety of hybrid deep learning reconstruction methods were used to create a
benchmark. The selection is based on methods submitted by participants for the
data challenge on the LoDoPaB-CT and Apple CT datasets. The reconstruction
methods include unrolled architectures, post-processing approaches, and fully-
learned methods. Furthermore, classical methods such as FBP, TV regularization,
and CGLS were used as a baseline. In the following, we briefly introduce the
different reconstruction approaches. We refer the reader to Chapter 4 for additional
information.

9.3.1 Learned Reconstruction Methods

In this section, the learned methods included in the benchmark are presented. An
overview of the hyperparameters and pseudocode can be found in Appendix C.
All methods utilize artificial neural networks fθ, each in different roles, for the
reconstruction process.

Learning refers to the adaption of the parameters θ for the reconstruction process
in a data-driven manner. In general, one can divide this process into supervised
and unsupervised learning. Almost all methods in this comparison are trained in
a supervised way. This means that sample pairs (yδ, x) of noisy measurements and
ground truth data are used to optimize the parameters, for example, by minimizing
the discrepancy DX : X ×X → R between the output of the reconstruction model
Tfθ

and the ground truth
min
θ
DX

(︂
Tfθ

(yδ), x
)︂
.

Supervised methods often provide excellent results, but the number of required
ground truth data can be high [BLS20] (cf. Section 8.5). While the acquisition of
ground truth images is infeasible in many applications, this is not a problem in
the low-dose and sparse-angle case. Here, reconstructions of regular (normal-dose,
full-angle) scans play the role of the reference.

Post-Processing

Post-processing approaches aim to improve the reconstruction quality of an existing
method. When applied in computed tomography, FBP is often used to obtain an
initial reconstruction (cf. Section 5.3). Depending on the scan scenario, the FBP
reconstruction can be noisy or contain artifacts. Therefore, it functions as an input
for a learned post-processing method. This setting simplifies the task because the
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post-processing network fθ : X → X maps directly from the target domain into the
target domain

x̃ := [fθ ◦ TFBP] (yδ).

Convolutional neural networks (CNN) have successfully been used in recent works
to remove artifacts and noise from FBP reconstructions. Four of these CNN post-
processing approaches were used for the benchmark. The U-Net architecture
[RFB15] is a popular choice in many applications and was also used for CT re-
construction [Jin+17]. The details of the network used in the comparison can be
found in Appendix C.2. The U-Net++ [Zho+18] (cf. Appendix C.3) and ISTA U-Net
[Liu+22] (cf. Appendix C.4) represent modifications of this approach. In addition,
a mixed-scale dense (MS-D)-CNN [PBS18] is included, which has a different ar-
chitecture (cf. Appendix C.5). Like for the U-Net, one can consider adapting other
architectures used initially for segmentation, for example, the ENET [Com+20], for
the post-processing task.

Fully Learned

The goal of fully learned methods is to extract the structure of the inversion process
from data. In this case, the neural network fθ : Y → X directly maps from
the measurement space Y to the target domain X. A prominent example is the
AUTOMAP architecture [Zhu+18], which was successfully used for reconstruction
in magnetic resonance imaging (MRI). The main building blocks consist of fully-
connected layers. This makes the network design very general, but the number of
parameters can grow quickly with the data dimension. For example, a single fully-
connected layer mapping from Y to X on the LoDoPaB-CT dataset (cf. Chapter 6)
would require over 1000 · 513 · 3622 ≈ 67 · 109 parameters.

Adapted model designs exist for extensive CT data. They include knowledge about
the inversion process in the structure of the network. HE et al. [HWM20] introduced
an adapted two-part approach called iRadonMap. The first part uses small fully-
connected layers with parameter sharing to reproduce the structure of the FBP.
A post-processing network follows this in the second part. Another approach is
the iCT-Net [Li+19], which uses convolutions in combination with fully-connected
layers for the inversion. An extended version of the iCT-Net, called iCTU-Net, is part
of our comparison, and a detailed description can be found in Appendix C.8.

Learned Iterative Schemes

Like the fully learned approach, learned iterative methods also define a mapping
directly from the measurement space Y to the target domain X. The idea, in
this case, is that the network architecture is inspired by an analytic reconstruction
operator T † : Y → X implicitly defined by an iterative scheme. The basic principle
of unrolling can be explained by the example of learned gradient descent (see
Section 4.2 and [Arr+19]). Let J(·, yδ) : X → R be a smooth data discrepancy term
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and, possibly, an additional regularization term. For an initial value x[0], the gradient
descent is defined via iteration

x[k+1] = x[k] − ωk∇xJ
(︂
x[k], yδ

)︂
,

with a step size ωk. Unrolling these iterations and stopping after K iterations, we
can write the K-th iteration as

T (yδ) := (ΛωK ◦ . . . ◦ Λω1)(x[0])

with Λωk
:= id − ωk∇xJ

(︂
·, yδ

)︂
. In a learned iteration scheme, the operators Λωk

are replaced by neural networks. As an example of a learned iterative procedure,
learned primal-dual [AÖ18b] was included in the comparison. A description of this
method can be found in Appendix C.1.

Generative Approach

The statistical approach to inverse problems aims to determine the conditional
distribution of the parameters given measured data. This statistical approach is
often linked to Bayes’ Theorem 2.2.1 [DS17]. In this Bayesian approach to inverse
problems, the conditional distribution px|y(x|yδ), called the posterior distribution, is
supposed to be estimated. Based on this posterior distribution, different estimators,
such as the maximum a posterior solution or the conditional mean, can be used as a
reconstruction for the CT image. This theory provides a natural way to model the
noise behavior and integrate prior information into the reconstruction process.

Two different approaches have been used for CT. ADLER et al. [AÖ18a] use a
conditional variant of a generative adversarial network (GAN) [Goo+14] to generate
samples from the posterior. In contrast to this likelihood-free approach, ARDIZZONE

et al. [Ard+19b] designed a conditional variant of invertible neural networks to
estimate the posterior distribution directly. These conditional invertible neural
networks (CINN) were also applied to reconstruct CT images [Den+20; Den+21].
The CINN was included for this benchmark. For a more detailed description, see
Chapter 7 and Appendix C.6.

Unsupervised Methods

Unsupervised reconstruction methods just make use of the noisy measurements.
They are favorable in applications where ground truth data is not available. The
model parameters are chosen based on some discrepancy DY : Y × Y → R between
the output of the method and the measurements, for example,

min
θ
DY

(︂
ATfθ

(·) , yδ
)︂
. (9.1)
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In this example, the output of Tfθ
plays the role of the reconstruction x̃. However,

comparing the distance just in the measurement domain can be problematic. This
applies in particular to ill-posed reconstruction problems. For example, if the forward
operator A is not bijective, no/multiple reconstruction(s) might match the measure-
ment perfectly (ill-posed in the sense of HADAMARD [Had23], cf. Section 3.2.1).
Another problem can occur for forward operators with an unstable inversion, where
slight differences in the measurement space, for example, due to noise, can result in
arbitrary deviations in the reconstruction domain (ill-posed in the sense of NASHED

[Nas87], cf. Section 3.2.3). In general, the minimization problem in Eq. (9.1) is
combined with some regularization to mitigate these problems (cf. Section 3.3).

The optimization formulation in Eq. (9.1) is also used for the deep image prior (DIP)
approach. DIP takes a unique role among all neural network methods. The parame-
ters are not determined on a dedicated training set but during the reconstruction
of the challenge data. This is done for each reconstruction separately. Therefore,
one could argue that the DIP approach is not a learned method in the classical
sense. In combination with total variation regularization, the DIP approach was
successfully used for CT reconstruction [BLS20]. It is part of the comparison on
the LoDoPaB dataset in this paper. A detailed description is given in Chapter 8 and
Appendix C.7.

9.3.2 Classical Reconstruction Methods

In addition to the learned methods, we implemented popular direct and iterative
reconstruction methods, henceforth referred to as classical methods. They can often
be described as a variational approach

T (yδ) ∈ arg min
x

DY
(︂
Ax, yδ

)︂
+ λR(x),

where DY : Y ×Y → R is a data discrepancy and R : X → R is a regularizer. In this
context, T : Y → X defines the reconstruction operator. The included methods in
the benchmark are filtered backprojection (FBP) [Nat01], conjugate gradient least
squares (CGLS) [BES98; Saa03], and anisotropic total variation minimization (TV)
[Che+15]. A detailed description of each classical method, along with pseudocode,
is given in Appendices C.9 to C.11.

9.4 Evaluation Methodology

9.4.1 Evaluation Metrics

Two widely used evaluation metrics were used to assess the performance of the
methods.
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PSNR and SSIM

The maximum image value L in the PSNR Eq. (6.6) can be chosen in different ways.
In our study, we report two different values that are commonly used:

• PSNR: In this case, L = max(x) − min(x), that is, the difference between
the highest and lowest entry in the ground truth x. This allows for a PSNR
value that is adapted to the range of the current ground truth image. The
disadvantage is that the PSNR is image-dependent in this case.

• PSNR-FR: The same fixed L is chosen for all images. It is determined as the
maximum entry computed over all training ground truth images, L = 1.0 for
LoDoPaB-CT and L = 0.0129353 for the Apple CT datasets. This can be seen as
an (empirical) upper limit of the intensity range in the ground truth. In general,
a fixed L is preferable because the scaling of the metric is image-independent
in this case. This allows for a direct comparison of PSNR values calculated on
different images. The downside for most CT applications is that high values
(=̂ dense material) are not present in every scan. Therefore, the results can be
too optimistic for these scans. However, based on Eq. (6.6), all mean PSNR-FR
values can be directly converted for another fixed choice of L.

The structural similarity (SSIM) [Wan+04] compares the overall image structure of
ground truth and reconstruction. The SSIM formula (6.7) also includes a scaling
factor L. In accordance with the PSNR metric, results for the two different choices
for L are reported as SSIM and SSIM-FR.

Data Discrepancy

Checking data consistency, i.e., the discrepancy DY
(︂
Ax̃, yδ

)︂
between the forward-

projected reconstruction and the measurement can provide additional insight into
the performance of the reconstruction methods. Since noisy data is used for the
comparison, an ideal method would yield a data discrepancy close to the present
noise level.

Poisson Regression Loss on LoDoPaB-CT Dataset For the Poisson noise model
used by LoDoPaB-CT, an equivalent to the negative log-likelihood is calculated to
evaluate the data consistency. It is conventional to employ the negative log-likelihood
for this task since minimizing the data discrepancy is equivalent to determining a
maximum likelihood estimate (MLE) (cf. [GBC16, Sec. 5.5] or [Arr+19, Sec. 2.4]).
Each element yδj , j = 1, . . . ,m, of measurement yδ, obtained according to Eq. (6.3)
and subsequently normalized by µmax, is associated with an independent Poisson
model of a photon count Ñ1,j . Here,

E(Ñ1,j) = E
(︂
N0 exp(−yδjµmax)

)︂
= N0 exp(−yjµmax),
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where yj is a parameter that should be estimated [Buz08]. A Poisson regression
loss for y is obtained by summing the negative log-likelihoods for all measurement
elements and omitting constant parts,

−ℓPois(y | yδ) = −
m∑︂
j=1

N0e
−yδ

jµmax(−yjµmax + ln(N0))−N0e
−yjµmax . (9.2)

Each yδj is the only available realization of yδj . In order to evaluate the likelihood-
based loss Eq. (9.2) for a reconstructed image x̃ given yδ, the forward projection Ax̃
is passed for y.

Mean Squared Error on Apple CT Data On the Apple CT datasets, we consider the
mean squared error (MSE) data discrepancy,

MSEY (y, yδ) = 1
m
∥y − yδ∥22.

This data discrepancy term is natural for observations yδ with Gaussian noise
(Dataset B). It is a scaled and shifted version of the negative log-likelihood of
y given yδ. In this noise setting, a good reconstruction usually should not achieve an
MSE less than the variance of the Gaussian noise, that is,

MSEY (Ax̃, yδ) ≥

⎡⎣0.05 1
m

m∑︂
j=1

(Ax)j

⎤⎦2

This can be motivated intuitively by the conception that a reconstruction that
achieves a smaller MSE than the expected MSE of the ground truth probably fits the
noise rather than the actual data of interest.

In the setting of yδ being noise-free (Dataset A), the MSE of ideal reconstructions
would be zero. On the other hand, the MSE being zero does not imply that the
reconstruction matches the ground truth image because of the sparse-angle setting.
Further, the MSE can not be used to judge reconstruction quality directly, as crucial
differences in the image domain may not be equally pronounced in the sinogram
domain.

For the scattering observations (Dataset C), the MSE data discrepancy is considered,
too, for simplicity.

9.4.2 Training Procedure

While the reconstruction process with hybrid methods is usually efficient, their
training is more resource-consuming. This limits the practicability of extensive
hyperparameter searches. Therefore, it can be seen as a drawback of a learned
reconstruction method if they require particular hyperparameter choices for different
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tasks. As a result, it benefits a fair comparison to minimize the number of hyperpa-
rameter searches. In general, default parameters, for example, from the original
publications of the respective method, were used as a starting point. For some of
the methods, good choices were first determined for the LoDoPaB-CT dataset (cf.
[BLS20]) and kept similar for the experiments on the Apple CT datasets. Further
searches were only performed if required to obtain good results. More details
regarding the individual methods can be found in Appendix C. For the classical
methods, hyperparameters were optimized individually for each part of the Apple
CT datasets.

Most learned methods are trained using the mean squared error (MSE) loss. The
exceptions are the U-Net++ using a loss combining MSE and SSIM, the iCTU-Net
using an SSIM loss for the Apple CT datasets, and the CINN for which negative
log-likelihood (NLL) and an MSE term are combined (see Appendix C for more
details). Training curves for the pieces of training on the Apple CT datasets are
shown in the appendix of the original publication [Leu+21d]. While we consider the
convergence to be sufficient, continuing some of the training arguably would slightly
improve the network. However, this mainly can be expected for those methods which
are comparably time-consuming to train (approximately two weeks for 20 epochs),
in which case the limited number of epochs can be considered a fair regulation of
resource usage.

Early stopping based on the validation performance is used for all training except
for the ISTA U-Net on LoDoPaB-CT and the iCTU-Net.

Source code is publicly available in a supplementing GitHub repository [Leu+21e].
Further records hosted by Zenodo provide the trained network parameters for the
experiments on the Apple CT Datasets [Leu+21f], as well as the submitted LoDoPaB-
CT Challenge reconstructions [Leu+21b] and the Apple CT test reconstructions
of the 100 selected slices in all considered settings [Leu+21c]. Source code and
network parameters for some of the LoDoPaB-CT experiments are included in the
DIVαℓ library [Leu+21g]. For others, the original authors provide public repositories
containing source code and parameters.

9.5 Results

9.5.1 LoDoPaB-CT Dataset

Eleven different reconstruction methods were evaluated on the challenge set of the
LoDoPaB-CT dataset. Reconstructions from these methods were either submitted as
part of the CT Code Sprint 20201 (15 June – 31 August 2020) or after the event (1
September – 31 December 2020).

1http://dival.math.uni-bremen.de/code_sprint_2020/
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Tab. 9.2.: Results on the LoDoPaB-CT challenge set. Methods are ranked by their overall
performance. The highest value for each metric is highlighted. All values are
taken from the official challenge leaderboard.

Model PSNR PSNR-FR SSIM SSIM-FR Parameters
Learned PD 36.25± 3.70 40.52± 3.64 0.866± 0.115 0.926± 0.076 874 980
ISTA U-Net 36.09± 3.69 40.36± 3.65 0.862± 0.120 0.924± 0.080 83 396 865
U-Net 36.00± 3.63 40.28± 3.59 0.862± 0.119 0.923± 0.079 613 322
MS-D-CNN 35.85± 3.60 40.12± 3.56 0.858± 0.122 0.921± 0.082 181 306
U-Net++ 35.37± 3.36 39.64± 3.40 0.861± 0.119 0.923± 0.080 9 170 079
CINN 35.54± 3.51 39.81± 3.48 0.854± 0.122 0.919± 0.081 6 438 332
DIP + TV 34.41± 3.29 38.68± 3.29 0.845± 0.121 0.913± 0.082 (hyperp.)
iCTU-Net 33.70± 2.82 37.97± 2.79 0.844± 0.120 0.911± 0.081 147 116 792
TV 33.36± 2.74 37.63± 2.70 0.830± 0.121 0.903± 0.082 (hyperp.)
FBP 30.19± 2.55 34.46± 2.18 0.727± 0.127 0.836± 0.085 (hyperp.)
CGLS 22.83± 6.20 27.10± 6.04 0.399± 0.242 0.493± 0.269 (hyperp.)

Reconstruction Performance

In order to assess the quality of the reconstructions, the PSNR and the SSIM were
calculated. The results from the official challenge website2 are shown in Tab. 9.2.
The differences between the learned methods are generally minor. Notably, learned
primal-dual yields the best performance concerning the PSNR and the SSIM. The
following places are occupied by post-processing approaches, also with only minor
differences in terms of the metrics. DIP + TV stands out among the other methods,
with relatively good results for an unsupervised method. It is able to beat the
supervised method iCTU-Net. The classical reconstruction models perform the worst
of all methods. In particular, the performance of CGLS and FBP show a clear gap
with the other approaches.

While learned primal-dual performs slightly better than the post-processing methods,
the difference is not as significant as expected, considering that it incorporates the
forward operator directly in the network. This could be explained by the beneficial
combination of the convolutional architectures used for the post-processing, which
are observed to perform well on several image processing tasks, and a sufficient
number of available training samples. We investigated the influence of the size
of the training dataset on the performance of different learned procedures on the
LoDoPaB-CT dataset in Chapter 8. Here, a significant difference is seen between
learned primal-dual and other learned procedures when only a small subset of the
training data is used.

Visual Comparison

A representative reconstruction of all learned methods and the classical baseline is
shown in Fig. 9.3 to enable a qualitative comparison of the methods. An area of

2https://lodopab.grand-challenge.org/
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Fig. 9.3.: Reconstructions on the challenge set from the LoDoPaB-CT dataset. The window
[0, 0.45] corresponds to a HU range of ≈ [−1001, 831].
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interest around the spine is magnified. Here, one can compare the reproduction of
small details and the sharpness of edges in the image. Some visual differences can
be observed between the reconstructions. The learned methods produce somewhat
smoother reconstructions in comparison to the ground truth. A possible explanation
for the smoothness is the minimization of the empirical risk with respect to some
variant of the L2-loss during the training of most learned methods, which has an
averaging effect.

The convolutional architecture of the networks can also have an impact. Adequate
regularization during training and/or inference can be beneficial in this case (cf.
Section 9.6.2 for a suitable class of regularizers). Additionally, the DIP + TV
reconstruction appears blurry, which can be explained by the fact that it is the only
unsupervised method in this comparison and thus has no access to ground truth
data. The U-Net and the two modifications, U-Net++ and ISTA U-Net, show only
slight visual differences in this example image.

Data Consistency

The mean data discrepancy of all methods is shown in Fig. 9.4, plotted against their
reconstruction performance. The mean difference between the noise-free and noisy
measurements is included as a reference. Good-performing models should be close
to this empirical noise level. Values above the mean can indicate a sub-optimal data
consistency, while values below can be a sign of overfitting to the noise. A data
consistency term is only explicitly used in the TV and DIP + TV model.

Nevertheless, the mean data discrepancy for most of the methods is close to the
empirical noise level. The only visible outliers are the FBP and the iCTU-Net. A list
of all mean data discrepancy values, including standard deviations, can be found in
Tab. 9.3.
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Fig. 9.4.: Mean data discrepancy −ℓPois between the noisy measurements and the forward-
projected reconstructions, respectively, the noise-free measurements. Evaluation
is done on the LoDoPaB challenge images.
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Tab. 9.3.: Mean and standard deviation of the data discrepancy −ℓPois. Evaluation is done
on the LoDoPaB challenge images.

Method −ℓPois(Ax̃ | yδ)/109

Learned PD −4.022182± 0.699460
ISTA U-Net −4.022185± 0.699461
U-Net −4.022185± 0.699460
MS-D-CNN −4.022182± 0.699460
U-Net++ −4.022163± 0.699461
CINN −4.022184± 0.699460
DIP + TV −4.022183± 0.699466
iCTU-Net −4.022038± 0.699430
TV −4.022189± 0.699463
FBP −4.021595± 0.699282
CGLS −4.021171± 0.698991

−ℓPois(Ax | yδ)/109

Ground Truth −4.022184± 0.699461

9.5.2 Apple CT Datasets

A total of six different learned methods were evaluated on the Apple CT data. This
set included post-processing methods (MS-D-CNN, U-Net, ISTA U-Net), learned
iterative methods (learned primal-dual), fully learned approaches (iCTU-Net), and
generative models (CINN). As described in Section 9.2.2, different noise cases (noise-
free, Gaussian noise, and scattering noise) and different numbers of angles (50, 10,
5, and 2) were used. In total, each model was trained on the 12 different settings of
the Apple CT dataset. In addition to the learned methods, three classical techniques,
namely CGLS, TV, and FBP, have been included as a baseline.

Reconstruction Performance

A subset of 100 data samples from the test set was selected for the evaluation (cf.
Section 9.2.2). The mean PSNR and SSIM values for all experiments can be found in
Tab. 9.4. Additionally, Tabs. C.3 and C.5 in the appendix provide standard deviations
and PSNR-FR and SSIM-FR values.

The biggest challenge with the noise-free dataset is that the measurements become
increasingly undersampled as the number of angles decreases. As expected, the
reconstruction quality in terms of PSNR and SSIM deteriorates significantly as the
number of angles decreases. In comparison with LoDoPaB-CT, no model performs
best in all scenarios. Furthermore, most methods were trained to minimize the
MSE between the output image and ground truth. The MSE is directly related to
the PSNR. However, minimizing the MSE does not necessarily translate into a high
SSIM.
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Tab. 9.4.: Peak signal-to-noise ratio (PSNR) and structural similarity (SSIM) (adapted to
the data range of each ground truth image) for the different noise settings on the
Apple CT datasets. The best results are highlighted in gray. See Figs. C.7 and C.8
for visualization.

Noise-Free PSNR SSIM

Angles 50 10 5 2 50 10 5 2

Learned PD 38.72 35.85 30.79 22.00 0.901 0.870 0.827 0.740
ISTA U-Net 38.86 34.54 28.31 20.48 0.897 0.854 0.797 0.686
U-Net 39.62 33.51 27.77 19.78 0.913 0.803 0.803 0.676
MS-D-CNN 39.85 34.38 28.45 20.55 0.913 0.837 0.776 0.646
CINN 39.59 34.84 27.81 19.46 0.913 0.871 0.762 0.674
iCTU-Net 36.07 29.95 25.63 19.28 0.878 0.847 0.824 0.741
TV 39.27 29.00 22.04 15.95 0.915 0.783 0.607 0.661
FBP 30.39 17.09 15.51 13.97 0.714 0.584 0.480 0.438
CGLS 33.05 21.81 12.60 15.25 0.780 0.619 0.537 0.615

Gaussian PSNR SSIM

Angles 50 10 5 2 50 10 5 2

Learned PD 36.62 33.76 29.92 21.41 0.878 0.850 0.821 0.674
ISTA U-Net 36.04 33.55 28.48 20.71 0.871 0.851 0.811 0.690
U-Net 36.48 32.83 27.80 19.86 0.882 0.818 0.789 0.706
MS-D-CNN 36.67 33.20 27.98 19.88 0.883 0.831 0.748 0.633
CINN 36.77 31.88 26.57 19.99 0.888 0.771 0.722 0.637
iCTU-Net 32.90 29.76 24.67 19.44 0.848 0.837 0.801 0.747
TV 32.36 27.12 21.83 16.08 0.833 0.752 0.622 0.637
FBP 27.88 17.09 15.51 13.97 0.695 0.583 0.480 0.438
CGLS 27.36 21.09 14.90 15.11 0.767 0.624 0.553 0.616

Scattering PSNR SSIM

Angles 50 10 5 2 50 10 5 2

Learned PD 37.80 34.19 27.08 20.98 0.892 0.866 0.796 0.540
ISTA U-Net 35.94 32.33 27.41 19.95 0.881 0.820 0.763 0.676
U-Net 34.96 32.91 26.93 18.94 0.830 0.784 0.736 0.688
MS-D-CNN 38.04 33.51 27.73 20.19 0.899 0.818 0.757 0.635
CINN 38.56 34.08 28.04 19.14 0.915 0.863 0.839 0.754
iCTU-Net 26.26 22.85 21.25 18.32 0.838 0.796 0.792 0.765
TV 21.09 20.14 17.86 14.53 0.789 0.649 0.531 0.611
FBP 21.01 15.80 14.26 13.06 0.754 0.573 0.475 0.433
CGLS 20.84 18.28 14.02 14.18 0.789 0.618 0.547 0.625
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In many cases, the best method in terms of PSNR does not result in the best SSIM.
These observations are also evident in the two noisy datasets. Noteworthy is the
performance of the classical TV method on the noise-free dataset for 50 angles.
This result is comparable to the best-performing learned methods, while the other
classical approaches show a clear gap.

In addition to undersampling, noisy measurements present an additional difficulty
in the Gaussian and scattering datasets. Intuitively, one would expect a worse
performance than for the noise-free case. In general, a decrease in performance can
be observed. However, this effect depends on the method and the noise itself. For
example, the negative impact on classical methods is much more substantial for the
scattering noise.

In contrast, the learned methods often perform slightly worse on the Gaussian
noise. There are also some outliers with higher values than on the noise-free set.
Possible explanations are the hyperparameter choices and the stochastic nature of
the model training. Overall, the learned approaches can reach similar performances
on the noisy data, while the performance of classical methods drops significantly. An
additional observation can be made when comparing Gaussian and scattering noise
results. For Gaussian noise with 50 angles, all learned methods, except for the iCTU
net, achieve a PSNR of at least 36 dB. In contrast, the variation on scattering noise
with 50 angles is much more significant. The CINN obtains a much higher PSNR of
38.56 dB than the post-processing U-Net with 34.96 dB.

As already observed on the LoDoPaB dataset, the post-processing methods (MS-D-
CNN, U-Net, and ISTA U-Net) show only minor differences in all noise cases. This
could be explained by the fact that these methods are all trained with the same
objective function and differ only in their architecture.

Visual Comparison

Figure 9.5 shows reconstructions from all learned methods for an apple slice with
bitter pit. The decrease in quality with the number of angles is visible. For 2 angles,
none of the methods can accurately recover the shape of the apple. The iCTU-Net
reconstruction has sharp edges for the 2-angle case, while the other methods produce
blurry reconstructions.

For 50 angles, the inner structure, including the defects, is accurately reconstructed
by all methods. The only exception is the iCTU-Net. Reconstructions from this
network show a smooth interior of the apple. The other methods also result in the
disappearance of smaller defects with fewer measurement angles. Nonetheless, a
defect-detection system might still be able to sort out the apple based on the 5-angle
reconstructions. The 2-angle case can be used to assess the failure modes of the
different approaches. The undersampling case is so severe that most information is
lost. However, the iCTU-Net can produce a smooth image of an apple, but it has few
similarities with the ground truth apple. It appears that the models have memorized
the roundness of apples and produced results that have little in common with the
real apples except for the size and core.
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Fig. 9.5.: Visual overview of one apple slice with bitter pit for different learned methods.
Evaluated on Gaussian noise. The quality of the reconstruction deteriorates very
quickly for a reduced number of angles. For the 2-angle case, none of the methods
can reconstruct the exact shape of the apple.

Data Consistency

The data consistency is evaluated for all three Apple CT datasets. The MSE is used to
measure the discrepancy. It is the canonical choice for measurements with Gaussian
noise (cf. Section 9.4.1). Table C.6 in the appendix contains all MSE values and
standard deviations. Figure 9.6 shows the results depending on the number of angles
for the noise-free and Gaussian datasets.

In the noise-free setup, the optimal MSE value is zero. Nonetheless, an optimal data
consistency does not correspond to perfect reconstructions in this case. Due to the
undersampling of the measurements, the discretized linear forward operator A has
a non-trivial null space, that is, x̂ ∈ X, apart from x̂ = 0, for which Ax̂ = 0. Any
element from the null space can be added to the true solution x without changing
the data discrepancy

A (x+ x̂) = Ax+Ax̂ = Ax+ 0 = Ax = y.

In the Gaussian setup, the MSE between noise-free and noisy measurements is used
as a reference for a good data discrepancy. The problem from the undersampling is
also relevant in this setting.

Both setups show an increase in the data discrepancy with fewer measurement
angles. The reason for the increase is presumably the growing number of deviations
in the reconstructions. In the Gaussian noise setup, the high data discrepancy of all
learned methods for 2 angles coincides with the poor reconstructions of the apple
slice in Fig. 9.5. Only the TV method, which enforces data consistency during the
reconstruction, keeps a constant level. The main problem with this approach is the
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Fig. 9.6.: Mean squared error (MSE) data discrepancy between the measurements and the
forward-projected reconstructions for the noise-free (left) and Gaussian noise
(right) dataset. The MSE values are plotted against the number of angles used
for the reconstruction. The mean data discrepancy between noisy and noise-free
measurements is given for reference for the Gaussian dataset. Evaluation is done
on 100 Apple CT test images. See Tab. C.6 for the exact values.

ambiguous solutions due to the undersampling. The TV method cannot identify the
correct solution given by the ground truth. Therefore, the PSNR and SSIM values
are also decreasing.

Likewise, the data consistency was analyzed for the dataset with scattering noise. The
MSE values of all learned methods are close to the empirical noise level. In contrast,
FBP and TV have a much smaller discrepancy. Therefore, their reconstructions are
most likely influenced by the scattering noise. The effect is also reflected in the
PSNR and SSIM values in Tab. 9.4.

9.6 Discussion

Among all the methods we compared, no definite winner is the best on both LoDoPaB-
CT and Apple CT. As an example of a learned iterative method, learned primal-dual
is the best method on LoDoPaB-CT, in terms of both PSNR and SSIM, and gives
promising results on Apple CT.

However, it should be noted that the differences in performance between the learned
methods are relatively small. The ISTA U-Net, second place in terms of PSNR on
LoDoPaB-CT, scores only 0.14 dB less than learned primal-dual. The performance in
terms of SSIM is even closer on LoDoPaB-CT. The best-performing learned method
resulted in an SSIM that was only 0.022 higher than the last-placed learned method.
The observation that the top-scoring learned methods did not differ significantly in
terms of performance has also been noted in the fastMRI challenge [Kno+20a]. In
addition to the performance of the learned methods, other characteristics are also of
interest.
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9.6.1 Computational Requirements and Reconstruction Speed

When discussing the computational requirements of deep learning methods, it is
essential to distinguish between training and inference. Training usually requires
significantly more processing power and memory. All outputs of intermediate layers
have to be stored to determine the gradients during backpropagation. The inference
is much faster and less resource-intensive. The requirements are directly influenced
by image size, network architecture, and batch size in both cases.

A key feature and advantage of the learned iterative methods, post-processing
methods, and fully-learned approaches is the reconstruction speed. Once the network
is trained, the reconstruction can be obtained by a simple forward pass of the model.
Since the CINN draws samples from the posterior distribution, many forward passes
are necessary to reasonably approximate the mean or other moments. Therefore,
the quality of the reconstruction may depend on the number of forward passes
[Den+20; Den+21]. The DIP + TV method requires a separate model to be trained
to obtain a reconstruction. As a result, reconstruction is very time-consuming and
resource-intensive, especially on the 972 px×972 px images in the Apple CT datasets.
However, DIP + TV does not rely on a large, well-curated dataset of ground truth
images and measurements. As an unsupervised method, only measurement data
is necessary. The large size of the Apple CT images is also an issue for the other
methods. Compared to LoDoPaB-CT, the batch size had to be reduced significantly
to train the learned models. This small batch size can cause instability in the training
process, especially for CINN.

Transfer to 3D Reconstruction

The reconstruction methods included in this study were evaluated based on the
reconstruction of individual 2D slices. However, in real applications, the goal is often
to obtain a 3D reconstruction of the volume. This can be realized with separate
reconstructions of 2D slices, but (learned) methods might benefit from additional
spatial information. On the other hand, a direct 3D reconstruction can have a high
demand on the required computing power. This is especially valid when training
neural networks.

One way to significantly reduce the memory consumption of backpropagation is to
use invertible neural networks (INN) (cf. Section 7.4). Due to the invertibility, the
intermediate activations can be calculated directly and do not have to be stored in
memory. INNs were successfully applied to 3D reconstruction tasks in MRI [PW19]
and CT [EKS20]. The CINN approach from our comparison can be adapted similarly
for 3D data. In most post-processing methods, the U-Net can be replaced by an
invertible U-Net, as proposed by ETMANN et al. [EKS20].

Another option is the simultaneous reconstruction of only a part of the volume.
The information from multiple neighboring slices is used in this case, also referred
to as 2.5D reconstruction. Generally, networks operating in this scenario have a
mixture of 2D and 3D convolutional layers [Zia+18]. The goal is to strike a balance
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between the speed and memory advantage of the 2D scenario and the additional
information from the third dimension. All deep learning methods included in this
study would be suitable for 2.5D reconstruction with slight modifications to their
network architecture.

Overall, 2.5D reconstruction can be seen as an intermediate step that can already be
realized with many learned methods. The pure 3D case, on the other hand, requires
specially adapted deep learning approaches. Technical innovations such as mixed
floating-point precision and increasing computing power may facilitate the transition
in the coming years.

9.6.2 Impact of the Datasets

The type, composition, and size of a dataset can directly impact the performance
of the models. The observed effects provide insight into how the models can be
improved or how the results translate to other datasets.

Number of Training Samples

A large dataset is often required to train deep learning methods successfully. In
order to assess the impact of the number of data pairs on the performance of the
methods, we consider the Apple CT datasets. The scattering noise dataset (Dataset
C), with 5280 training images, is only about 10% as large as the noise-free dataset
(Dataset A) and the Gaussian noise dataset (Dataset B). Here it can be noted that the
iCTU net, as an example of a fully learned approach, performs significantly worse
on this smaller dataset than on dataset A and dataset B (26.26 dB PSNR on Dataset
C with 50 angles, 36.07 dB, and 32.90 dB on Dataset A and Dataset B with 50 angles,
respectively). The noise case could also cause this drop in performance. However,
BAGUER et al. [BLS20] have already noted that the performance of fully learned
approaches heavily depends on the number of training images (cf. Section 8.5).
This could be explained by the fact that fully learned methods need to infer most
information about the inversion process purely from data. Unlike learned iterative
methods, such as learned primal-dual, fully learned approaches do not incorporate
the physical model.

A drop in performance due to a smaller training set was not observed for the
other learned methods. However, 5280 training images are still comprehensive.
We also investigated the low-data regime on LoDoPaB-CT in Chapter 8, down to
around 30 training samples. In these previous experiments, learned primal-dual
worked well in this scenario but was surpassed by the DIP + TV approach. The
U-Net post-processing lined up between learned primal-dual and the fully learned
method. Therefore, the amount of available training data should be considered when
choosing a model. The DIP + TV approach can also be used to generate pseudo
ground truth data to enlarge the training set. Afterward, a supervised method with
a fast reconstruction speed can be trained to mimic the behavior of DIP + TV.
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Observations on LoDoPaB-CT and Apple CT

The samples and CT setups differ significantly between the two datasets. The
reconstructions obtained using the methods compared in this study reflect these
differences, but some effects were observed for both datasets.

The sample reconstructions in Figs. 9.3 and 9.5 show that most learned methods pro-
duce smooth images. The same observation can be made for TV, where smoothness is
integral to the modeling. An extension by a suitable regularization can help preserve
edges in the reconstruction without the loss of small details or the introduction of
additional noise. One possibility is to use diffusion filtering [SW00], for example,
variants of the Perona-Malik diffusion [PM90], in this role. Diffusion filtering was
also successfully applied as a post-processing step for CT [Men+09]. Whether
smoothness of reconstructions is desired depends on the application and further use
of the images, for example, visual or computer-aided diagnosis, screening, treatment
planning, or abnormality detection. For the apple scans, a subsequent task could
be detecting internal defects for sorting them into different grades. The quality of
the reconstructions deteriorates with the decreasing number of measurement angles.
Due to increasing undersampling, the methods have to interpolate more and more
information to find an adequate solution. The training dataset thereby influences
the model output.

The effects of severe undersampling can be observed in the 2-angle setup in Fig. 9.5.
All reconstructions of the test sample show a prototypical apple with a round shape
and a core in the center. The internal defects are not reproduced. One explanation
is that supervised training aims to minimize the empirical risk on the ground truth
images. Therefore, only memorizing and reconstructing common features in the
dataset, like the roundness and the core, can be optimal in some ways to minimize
the empirical risk on severely undersampled training data. Abnormalities in the data,
such as internal defects, are not captured in this case. This effect is subsequently
transferred to the reconstruction of test data. Hence, special attention should be
paid to the composition of the training data. The following section shows that this is
particularly important when the specific features of interest are not well represented
in the training set.

In the 5-angle setup, all methods are able to reconstruct the shape of the apple
accurately. Internal defects are partially recovered only by the post-processing
methods and the CINN. These approaches all use FBP reconstructions as a starting
point. Therefore, they rely on the information that the FBP extracts. This can be
useful in the case of defects but aggravating for artifacts in the FBP reconstruction.
The CINN approach has the advantage of sampling from the space of possible
solutions and the evaluability of the likelihood under the model. This information
can help decide whether objects in the reconstruction are really present.

In contrast, learned primal-dual and the iCTU-Net work directly on the measure-
ments. They are more flexible with respect to the extraction of information. However,
this also means that the training objective strongly influences which aspects of the
measurements are important for the model. Tweaking the objective or combining
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the training of a reconstruction and a detection model, that is, end-to-end learning
or task-driven reconstruction might be able to increase the model performance in
certain applications [Adl+22; BMB19].

Robustness to Changes in the Scanning Setup

A known attribute of learned methods is that they can often only be applied to
data similar to the training data. It is mostly unclear how a method trained in
one setting generalizes to a different setting. In CT, such a situation could, for
example, arise due to altered scan acquisition settings or application to other body
regions. Switching between CT devices from different manufacturers can also have
an impact.

For example, we evaluated the U-Net on a different number of angles than it was
trained on. The results of this experiment are shown in Tab. 9.5. The PSNR drops
by at least 10 dB when evaluated in a different setting in most setups. The angular
sampling pattern may change in practice, and it would be cumbersome to train a
separate model for each pattern.

Tab. 9.5.: Performance of a U-Net trained on the Apple CT dataset (scattering noise) and
evaluated on different angular samplings. In general, a U-Net trained on a
specific number of angles fails to produce good results on a different number of
angles. PSNR and SSIM are calculated with an image-dependent data range.

Train
Eval 50 Angles 10 Angles 5 Angles 2 Angles

PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM

50 Angles 39.62 0.913 16.39 0.457 11.93 0.359 8.760 0.252
10 Angles 27.59 0.689 33.51 0.803 18.44 0.607 9.220 0.394

5 Angles 24.51 0.708 26.19 0.736 27.77 0.803 11.85 0.549
2 Angles 15.57 0.487 14.59 0.440 15.94 0.514 19.78 0.676

Generalization to other CT Setups

The LoDoPaB-CT and Apple CT datasets were acquired by simulating parallel-beam
measurements based on the Radon transform. This setup facilitates large-scale
experiments with many example images, whereas the underlying operators in the
algorithms have straightforward generalizations to other geometries. Real-world
applications of CT are typically more complex than simulations. For example, the
standard scanning geometries in medical applications are helical fan-beam or cone-
beam [Buz08]. In addition, the simulation model does not cover all physical effects
that may occur during scanning. For this reason, the results can only be indicative
of performance on real data.

However, learned methods adapt well to other setups when retrained from scratch
on new samples. It is often unnecessary to adjust the architecture for this purpose
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other than replacing the forward operator and its adjoint where they are involved.
For example, most learned methods show good performance on the scattering ob-
servations, whereas the classical methods perform worse compared to the Gaussian
noise setup. This can be explained by the fact that the effect of scattering is struc-
tured, which, although adding to the instability of the reconstruction problem, can
be learned to be (partially) compensated for. In contrast, classical methods require
the reconstruction model to be manually adjusted in order to incorporate knowledge
about the scattering. Suppose scattering is treated like an unknown distortion (i.e.,
a kind of noise), such as in our comparison. In that case, the classical assumption of
pixel-wise independence of the noise is violated by the non-local structure of the
scattering. Convolutional neural networks can capture these non-local effects.

9.6.3 Conformance of Image Quality Scores and Requirements in
Real Applications

Tomographic imaging aims to provide the expert with adequate information through
an interpretable reconstructed image. This can be an accurate diagnosis or plan for
an operation in a medical setting. In an industrial setting, the image may be used to
detect and identify faults or defects as part of quality control.

PSNR and SSIM, among other image quality metrics, are commonly used in pub-
lications and data challenges [Kno+20a] to evaluate the quality of reconstructed
medical images [Han+19]. However, there can be cases in which PSNR and SSIM
disagree. Although not a huge difference, the results given in Tab. 9.4 are an ex-
cellent example of this. This often leads to the discussion of which metric is better
suited for a specific application. The PSNR expresses a pixel-wise difference between
the reconstructed image and its ground truth, whereas the SSIM checks for local
structural similarities (cf. Section 9.4.1). A common issue with both metrics is that
a local inaccuracy in the reconstructed image, such as a small artifact, would only
have a minor influence on the final assessment. The effect of the artifact is further
downplayed when the PSNR or SSIM values are averaged over the test samples.
This is evident in some reconstructions from the DIP + TV approach, where an
artifact was observed on multiple LoDoPaB-CT reconstructions, whereas this is not
reflected in the metrics. This artifact is highlighted with a red circle in the DIP + TV
reconstruction in Fig. 9.7.

An alternative or supporting metric to PSNR and SSIM is a visual inspection of the
reconstructions. A visual evaluation can be done, for example, through a blind study
with assessments and ratings of reconstructions by (medical) experts. However, due
to a large amount of work involved, the scope of such an evaluation is often limited.
The 2016 Low Dose CT Grand Challenge [McC+17] based their comparison on the
visibility of liver lesions, as evaluated by a group of physicians. Each physician had
to rate 20 different cases. The fastMRI Challenge [Kno+20a] employed radiologists
to rank MRI reconstructions. The authors were able to draw parallels between the
quantitative and blind study results, which revealed that, in their data challenge,
SSIM was a reasonable estimate for the radiologists’ ranking of the images. In
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PSNR: 43.62 dB, SSIM: 0.978

Learned Primal-Dual

PSNR: 36.52 dB, SSIM: 0.971

DIP + TV

PSNR: 36.66 dB, SSIM: 0.875

FBP Ground truth

0.0
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0.6

0.8
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Fig. 9.7.: Example of an artifact produced by DIP + TV, which has only a minor impact on
the evaluated metrics (especially the SSIM). The area containing the artifact is
marked with a red circle.

contrast, MASON et al. [Mas+19] found differences in their study between several
image metrics and experts’ opinions on reconstructed MRI images.

In industrial settings, PSNR or related pixel-based image quality metrics fall short of
assessing the accuracy or performance of a reconstruction method when physical and
hardware-related factors in data acquisition play a role in the final reconstruction.
These factors are not accurately reflected in the image quality metrics, and, therefore,
the conclusions drawn may not always be applicable. An alternative practice is
suggested in [Cob15], in which reconstructions of a pack of glass beads are evaluated
using pixel-based metrics, such as contrast-to-noise ratio (CNR) and pre-determined
physical quantification techniques. The physical quantification is object-specific, and
assessment is done by extracting a physical quality of the object and comparing this
to a reference size or shape. In one of the case studies, the CNR values of iterated
reconstructions suggest an earlier stopping for the best contrast in the image. In
contrast, a visual inspection reveals the image with the “best contrast” to be too
blurry and the bead un-segmentable. The Apple CT reconstructions can be assessed
in a similar fashion, where we look at the overall shape of a healthy apple, as well
as the shape and position of its pit.

9.6.4 Impact of Data Consistency

Checking the discrepancy between measurement and forward-projected reconstruc-
tion can provide additional insight into the quality of the reconstruction. Ground
truth data is not needed in this case. However, an accurate model A of the measure-
ment process must be known. Additionally, the evaluation must take into account
the noise type and level, as well as the sampling ratio.

Out of all tested methods, only the TV, CGLS, and DIP + TV approach use the
discrepancy to the measurements as (part of) their minimization objective for the
reconstruction process. Still, the experiments on LoDoPaB-CT and Apple CT showed
data consistency on the test samples for most of the methods. Based on these
observations, data consistency is not a problem with test samples coming from a
comparable distribution to the training data. However, altering the scan setup can
significantly reduce the reconstruction performance of learned methods. Verification
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of the data consistency can serve as an indicator without the need for ground truth
data or continuous visual inspection.

Another problem can be the instability of some learned methods, also known under
the generic term adversarial attacks [GSS15]. Recent works [Ant+20; Got+20] show
that some methods, for example, fully learned and post-processing approaches, can
be unstable. Tiny perturbations in the measurements may result in severe artifacts
in the reconstructions. Checking the data discrepancy may also help in this case.
Nonetheless, severe artifacts were also found in some reconstructions from the DIP
+ TV method on LoDoPaB-CT.

All in all, including a data consistency objective in training (bi-directional loss), could
further improve the results from learned approaches. Checking the discrepancy
during the application of trained models can also provide additional confidence
about the reconstructions’ accuracy.

9.6.5 Recommendations and Future Work

As many hybrid methods demonstrated similar performance in low-dose CT and
sparse-angle CT setups, further attributes must be considered when selecting a
learned method for a specific application. As discussed above, consideration should
also be given to reconstruction speed, availability of training data, knowledge of the
physical process, data consistency, and subsequent image analysis tasks. An overview
can be found in Tab. 9.6. From our comparison results, some recommendations for
the choice and further investigation of deep learning methods for CT reconstruction
emerge.

Overall, the learned primal-dual approach proved to be a solid choice on the tested
low photon count and sparse-angle datasets. The method’s applicability depends on
the availability and fast evaluation of the forward and the adjoint operators. Both
requirements were met for the 2D parallel beam simulation setup considered. How-
ever, more complicated measurement procedures and especially 3D reconstruction
could prove challenging without adjustments to the architecture. In contrast, the
post-processing methods are more flexible, as they only rely on some (fast) initial
reconstruction methods. The performance of the included post-processing models
was comparable to learned primal-dual. A disadvantage is a dependence on the
information provided by the initial reconstruction.

The other methods included in this study are best suited for specific applications due
to their characteristics. Fully learned methods do not require knowledge about the
forward operator, but the necessary amount of training data is not available in many
cases. The DIP + TV approach is on the other side of the spectrum, as it does not
need any ground truth data. One downside is the slow reconstruction speed, but
this can be increased by smart pre-training (cf. Section 8.7). However, even faster
reconstruction methods can be trained based on pseudo ground truth data created by
DIP + TV. The CINN method allows for evaluating the likelihood of a reconstruction
and can provide additional statistics from the sampling process. The invertible
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Tab. 9.6.: Summary of selected reconstruction method features. The reconstruction error
ratings reflect the average performance improvement in the evaluated metrics
PSNR and SSIM compared to filtered backprojection (FBP). Specifically, for
LoDoPaB-CT improvement quotients are calculated for PSNR and SSIM, and the
two are averaged; for the Apple CT experiments, the quotients are determined
by first averaging PSNR and SSIM values within each noise setting over the four
angular sampling cases, next computing improvement quotients independently
for all three noise settings and for PSNR and SSIM, and finally averaging over
these six quotients. GPU memory values are compared for 1-sample batches.
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network architecture also enables the model to be trained memory-efficiently. The
observed performance for 1000 samples per reconstruction was comparable to the
post-processing methods. For time-critical applications, the number of samples
would need to be lowered considerably, deteriorating the image quality.

In addition to the choice of model, the composition and amount of the training
data also play a significant role in supervised deep learning methods. The general
difficulty of application to data that deviate from the training scenario was also
observed in our comparison. Therefore, the training set should either contain
examples of all expected cases or modify the model to include guarantees to work in
divergent scenarios, such as different noise levels or the number of angles. Special
attention should also be directed to subsequent tasks. Adjusting the training objective
or combining training with successive detection models can further increase the
value of the reconstruction.

Additionally, incorporating checks for data consistency during training and/or re-
construction can help detect and potentially prevent deviations in reconstruction
quality. This possibility is currently underutilized by many methods and could be a
future improvement. Furthermore, the potential of additional regularization tech-
niques to reduce the smoothness of reconstructions from learned methods should be
investigated.

Our comparison lays the foundation for further research closer to real-world appli-
cations. Important points are the refinement of the simulation model, the use of
real measurement data, and the transition to fan-beam/cone-beam geometries. The
move to 3D reconstruction techniques and the study of the influence of the additional
spatial information is also an interesting aspect. Besides refining the low photon
count and sparse-angle setup, a future comparison should include limited-angle CT.
The first application of this setting to Apple CT can be found in the dataset descriptor
[CAG20].

An essential aspect of the comparison was using PSNR and SSIM image quality
metrics to rate the produced reconstructions. In the future, this assessment should
be supplemented by an additional evaluation of the reconstruction quality of some
samples by (medical) professionals. A multi-stage blind study for evaluating un-
marked reconstructions, including or excluding the (un)marked ground truth image,
may provide additional insights.

Finally, a comparison is directly influenced by selecting the included models. While
we tested a broad range of different methods, there are still many missing types,
for example, learned regularization [LSÖ18] and null space networks [SAH19].
We encourage readers to test additional reconstruction methods on the datasets
from our comparison and submit reconstructions to the respective data challenge
websites3.

3https://lodopab.grand-challenge.org/ and https://apples-ct.grand-challenge.org/
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9.7 Conclusion

This chapter aims to compare hybrid deep learning methods for image reconstruction
quantitatively. For this purpose, we organized two online data challenges, including
a 10-day kick-off event, to allow experts in this field to benchmark their methods. In
addition to this event, we evaluated some popular learned models independently.
The Appendix C includes a thorough explanation and references to the methods used.
We focused on two critical applications of CT. We simulated low-dose measurements
with the LoDoPaB-CT dataset, and with the Apple CT datasets, we included several
sparse-angle setups. In order to ensure reproducibility, the source code of the
methods, network parameters, and individual reconstruction are released.

Compared to the classical baseline FBP, CGLS, and TV regularization, the hybrid
data-driven methods can improve the quality of the CT reconstruction in both sparse-
angle and low-dose settings. The top-scoring methods, namely learned primal-
dual and different post-processing approaches, perform similarly well in various
settings. Besides that, the applicability of deep learning-based models depends on
the availability of training examples, prior knowledge about the physical system,
and requirements for the reconstruction speed.
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Summary and Conclusion 10
Deep learning models have become state-of-art in a wide range of applications
[GBC16]. They use large amounts of data to learn the complex underlying structure
of a system (cf. Chapter 2). However, such comprehensive datasets are not available
for every application. In addition, classical deep learning approaches are generally
black-box models, where mathematical guarantees are hard to achieve. In this thesis,
we studied how the purely data-driven approach can be adapted to mitigate the
aforementioned challenges in inverse problems based on seven publications of the
author. Inverse problems, with their specific requirements on the models, represent
a particularly challenging field of application (cf. Chapter 3).

To this end, we have presented and developed hybrid deep learning methods that
combine aspects of data-driven and model-based approaches. Our focus was on two
selected model categories. First, we covered conditional invertible neural networks
(CINN) [Ard+19a; Ard+19b; Ard+21]. These recently introduced models learn
an approximation to the posterior conditional distribution px|y to provide solutions
in terms of the statistical view of inverse problems. This makes them suitable
for uncertainty quantification as well as for generating synthetic data. Chapter 7
explored how to construct such models best for medical applications and proposed a
customized loss function. Second, we looked at the deep image prior (DIP) [LVU18;
UVL20] in Chapter 8, which can be used with a single measurement. The focus for
DIP was on stabilizing the iteration process, introducing novel network layers, and
using pre-training (education) to speed up the process. In addition, we investigated
how many samples are necessary for training different approaches and how the
DIP can be combined with other approaches, like learned primal-dual [AÖ18b], to
reduce their need for training data.

Over the last years, research on hybrid deep learning models has steadily gained
importance in inverse problems [Arr+19; Ong+20], and a range of different ap-
proaches are now available (cf. Chapter 4). This makes a comparison of the methods
in standardized benchmarks particularly interesting. For this purpose, we have
chosen the 2D reconstruction task in computed tomography (CT) as a commonly
used example of an inverse problem (cf. Chapter 5). To allow a fair comparison,
we introduced the comprehensive LoDoPaB-CT dataset in Chapter 6. It is based
on medical CT scans from over 800 patients and simulates a low-dose scan set-
ting. LoDoPaB-CT represented a cornerstone for the comprehensive benchmark of
CT reconstruction methods in Chapter 9. Here, hybrid deep learning approaches
and classical model-based reconstruction methods, such as the filtered backprojec-
tion (FBP), were compared. In all tests, the hybrid methods showed significant
advantages with respect to the image quality metrics PSNR and SSIM.
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Overall, the investigations have shown that hybrid deep learning models are an
operational option for solving inverse problems, some of which can already produce
significantly better results than established methods. These models enable the
usage of additional knowledge from small datasets for the reconstruction process.
Furthermore, mathematical modeling of known relationships remains an essential
component, and it is possible to build on existing theory. The results show that for a
fast, data-efficient training and stable application of hybrid methods, the following
rule of thumb can be used:

Model what is known and can be evaluated numerically with high performance.
Learn from data the subtleties of the problem that cannot be efficiently represented by

mathematical modeling.

Nevertheless, the current status marks only the starting point for using hybrid models
in inverse problems. Discussion of stability, demonstration of desired model proper-
ties, and development of novel network architectures remain important aspects of
future research. In this regard, inverse problems will continue to benefit from the
rapidly evolving multidisciplinary field of deep learning. For example, at the time of
writing (summer 2022), equivariant network architectures are gaining importance
in inverse problems [Cel+21], which have already increased data efficiency and
robustness in image processing [Coh+18; CW17]. The combination of data-driven
and model-based approaches for solving inverse problems is here to stay – the future
is hybrid.
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Appendix - Conditional
Invertible Neural Networks

A
A.1 Additional Loss for the Conditioning Network

An additional loss term Eq. (7.6) can be used for the conditioning network of the
iUNet model. This loss has a direct influence on the information provided by the
conditioning to the INN. Figure A.1 shows an example of the differences between
the standard and modified loss.

Fig. A.1.: Intermediate activations from a single layer in a conditioning U-Net model. Top:
CINN Model trained with just the log-likelihood. Bottom: CINN model trained
with an additional loss for the conditioning U-Net. One can observe that the
conditioning network focuses on different parts of the image if no special loss is
used. Otherwise, it produces activations that are close to the final reconstruction.
In addition, there are many empty activations.

A.2 Evaluation Metrics

For the experiments in Section 7.6, we use the PSNR (Eq. (6.6)) and SSIM (Eq. (6.7))
metrics, as proposed in Section 6.6.2. Both formulas contain a scaling factor L that
depends on the maximum image value. For the MNIST and the LoDoPaB-CT dataset,
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we compute the value per slice as L = max(x) − min(x). For evaluation with
the fastMRI dataset, we choose L as the maximum value per patient, i.e., per 3D
volume.

A.3 Results on LoDoPaB-CT for 1000 Samples

The experiments in Section 7.6 used 100 samples for the reconstruction with the
conditional mean. Here, we investigate the influence of using 1000 samples for the
LoDoPaB-CT test set. Table A.1 shows that the gain from the increased number of
samples is marginal compared to previous results in Tab. 7.3.

Tab. A.1.: Mean and standard deviation of the PSNR and SSIM for the LoDoPaB-CT test
set. Conditioned mean computed with 1000 samples. Unless stated otherwise,
training noise was applied, and no cond. loss was used.

LoDoPaB-CT

Model Base Distr. Train Noise PSNR SSIM

Multi-scale
Normal

Yes 34.99± 4.26 0.830± 0.158
No 34.97± 4.28 0.830± 0.157

Radial
Yes 34.89± 4.29 0.823± 0.161
No 34.65± 4.25 0.829± 0.161

iUNet
Normal

Yes 34.69± 4.13 0.806± 0.151
No 34.98± 4.19 0.823± 0.148

Radial
Yes 34.75± 4.23 0.819± 0.153
No 34.57± 4.40 0.830± 0.158

Cond. Loss

iUNet
Normal

Yes 34.92± 4.19 0.810± 0.148
No 34.69± 4.13 0.806± 0.151

Radial
Yes 34.99± 4.39 0.825± 0.159
No 34.75± 4.23 0.819± 0.153
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Appendix - Deep Image Prior B
B.1 Dataset Details and DIP Hyperparameters

Table B.1 displays the number of training and validation samples for each percentage
used in the experiments. Table B.2 shows the different hyperparameter configura-
tions used for the DIP + TV approach on the three datasets. The hyperparameter
choices for the DIP + TV approach with an initial earned primal-dual reconstruction
are shown in Tab. B.3.

Tab. B.1.: Amounts of training and validation pairs from the Ellipses and LoDoPaB datasets.

Dataset % 0.01 0.1 0.2 0.5 1.0 2.0 5.0 10.0 25.0 50.0 100.0

Ellipses
#train 32 64 160 320 640 1600 3200 8000 16 000 32 000
#val 3 6 16 32 64 160 320 800 1600 3200

LoDoPaB

#train 3 35 358 3582 35 820
#val 1 3 35 352 3522
#patients train 1 1 7 64 632
#patients val 1 1 1 6 60

Tab. B.2.: DIP + TV hyperparameters and results. For all experiments, the number of
channels is set to 128 at every scale.

Dataset Loss func. Scales Skip channels λ Step size PSNR [dB] SSIM

Ellipses ℓ2 5 (0, 0, 0, 0, 0) 3.16 · 10−4 1 · 10−3 28.94 0.886

LoDoPaB (200) Poisson 6 (0, 0, 0, 0, 4, 4) 4.0 5 · 10−4 32.51 0.780

LoDoPaB Poisson 6 (0, 0, 0, 0, 4, 4) 7.0 5 · 10−4 34.44 0.814

Tab. B.3.: DIP + TV with initial reconstruction provided by the learned primal-dual method.
For all experiments, the number of channels is set to 128 at every scale.

Dataset Data size [%] Loss Scales Skip channels λ PSNR [dB] SSIM

Ellipses

0.1 ℓ2 5 (0, 0, 0, 0, 0) 3.16 · 10−4 29.23 0.892
0.2 ℓ2 5 (0, 0, 0, 0, 0) 2.15 · 10−4 29.39 0.891
0.5 ℓ2 5 (0, 0, 0, 0, 0) 2.15 · 10−4 29.85 0.904
1.0 ℓ2 5 (0, 0, 0, 0, 0) 2.15 · 10−4 30.39 0.915
2.0 ℓ2 5 (0, 0, 0, 0, 0) 2.15 · 10−4 30.99 0.925
5.0 ℓ2 5 (0, 0, 0, 0, 0) 2.15 · 10−4 31.44 0.929

10.0 ℓ2 5 (0, 0, 0, 0, 0) 1.29 · 10−4 31.78 0.934

LoDoPaB (200)
0.01 Poisson 6 (0, 0, 0, 0, 4, 4) 4.0 32.52 0.782
0.1 Poisson 6 (0, 0, 0, 0, 4, 4) 3.0 32.78 0.782
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B.2 Learned Primal-Dual for Increasing Training Size

Figure B.1 contains four different examples reconstructed with the learned primal-
dual method, trained with different amounts of data samples.

Fig. B.1.: Reconstructions of test samples using the learned primal-dual method trained
with different amounts of data from the Ellipses and LoDoPaB datasets. The
ℓ2 data error measures the discrepancy between the noisy observation and the
noise-free projection of the (reconstructed) image.
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Appendix - Benchmarking CT
Reconstruction Methods

C
C.1 Learned Primal-Dual

The learned primal-dual algorithm is a learned iterative procedure to solve inverse
problems [AÖ18b]. A primal-dual scheme [CP11] is unrolled for a fixed number
of steps, and the proximal operators are replaced by neural networks (cf. Fig. C.1).
This unrolled architecture is then trained using data pairs from measurements and
ground truth reconstructions. The forward pass is given in Algorithm C1. In contrast
to the regular primal-dual algorithm, the primal and the dual space are extended to
allow memory between iterations:

x = [x(1), . . . , x(Nprimal)] ∈ X
Nprimal ,

h = [h(1), . . . , h(Ndual)] ∈ Y
Ndual .

For the benchmark, Nprimal = 5 and Ndual = 5 were used. Both the primal and dual
operators were parameterized as convolutional neural networks with 3 layers and
64 intermediate convolution channels. The primal-dual algorithm was unrolled for
K = 10 iterations. The training was performed by minimizing the mean squared
error loss using the Adam optimizer [KB15] with a learning rate of 0.0001. The
model was trained for 10 epochs on LoDoPaB-CT and for at most 50 epochs on the
Apple CT data, whereby the model with the highest PSNR on the validation set was
selected. Batch size 1 was used.

Fig. C.1.: Architecture of the learned primal-dual algorithm unrolled for K = 5 iterations.
We used a zero initialization for h[0] and the FBP reconstruction for x[0]. Figure
adapted from [AÖ18a].

245



Algorithm C1 Learned Primal-Dual
Given learned proximal dual and primal operators Γθd

k
,Λθp

k
for k = 1, . . . ,K the

reconstruction from noisy measurements yδ is calculated as follows.

Require: x[0] ∈ XNprimal , h[0] ∈ Y Ndual

1: for k = 1 : K do
2: h[k] = Γθd

k

(︂
h[k−1], A(x[k−1]

(2) ), yδ
)︂

3: x[k] = Λθp
k

(︂
x[k−1],

[︂
A(x[k−1]

(1) )
]︂∗

(h[m]
(1) )

)︂
4: return x̃ = x

[K]
(1)

C.2 U-Net

The goal of post-processing methods is to improve a pre-computed reconstruction.
For CT, the FBP is used to obtain an initial reconstruction. This reconstruction is
then used as an input to a post-processing network. For the enhancement of CT
reconstructions, the post-processing network is implemented as a U-Net [Jin+17].
The U-Net architecture, as proposed by RONNEBERGER et al. [RFB15], is designed for
the task of semantic segmentation but has many properties that are also beneficial
for denoising. The general architecture is shown in Fig. C.2. In our implementation,
we used 5 scales (4 up- and downsampling blocks each), both for the LoDoPaB-CT
and the Apple CT datasets. The skip connection between the same scale levels
mitigates the vanishing gradient problem so that deeper networks can be trained. In
addition, the multi-scale architecture can be considered a decomposition of the input
image, in which optimal filtering can be learned for each scale. There are many
extensions to this basic architecture. For example, the U-Net++ (cf. Appendix C.3)
extends the skip connections to different pathways.

Fig. C.2.: Architecture of the multi-scale, post-processing U-Net. The general architecture
of a U-Net consists of a downsampling path on the left and an upsampling path
on the right with intermediate connections between similar scales. Adapted from
[RFB15].
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The used numbers of channels at the different scales are 32, 32, 64, 64, and 128.
For all skip connections, 4 channels were used. The input FBPs were computed
with Hann filtering and no frequency scaling. Linear activation (i.e., no sigmoid
or ReLU activation) was used for the network output. The training was performed
by minimizing the mean squared error loss using the Adam optimizer. For each
training, the model with the highest PSNR on the validation set was selected. Due
to the different memory requirements imposed by the image sizes of LoDoPaB-CT
and the Apple CT data, different batch sizes were used. While for LoDoPaB-CT, the
batch size was 32, and standard batch normalization was applied, for the Apple CT
data, a batch size of 4 was used, and layer normalization was applied instead of
batch normalization. On LoDoPaB-CT, the model was trained for 250 epochs with
a learning rate starting from 0.001, reduced to 0.0001 by cosine annealing. On the
Apple CT datasets, the model was trained for at most 50 epochs with a fixed learning
rate of 0.001.

C.3 U-Net++

The U-Net++ was introduced by ZHOU et al. [Zho+18]. The network improves
on the original U-Net [RFB15] architecture by incorporating nested and dense
convolution blocks between skip connections. In U-Net, the down-sample block
outputs of the encoder are directly input into the decoder’s up-sample block at the
same resolution. In U-Net++, the up-sampling block receives a concatenated input
of a series of dense convolutional blocks at the same resolution. The input to these
dense convolutional blocks is the concatenation of all previous dense ones and the
corresponding up-sample of a lower convolutional block.

The design is intended to convey similar semantic information across the skip-
pathway. ZHOU et al. suggest that U-Net’s drawback is that the skip connections
combine semantically dissimilar feature maps from the encoder and decoder. The
results of these dissimilar semantic feature maps can limit the network’s learning. As
a result, they proposed U-Net++ to address this drawback in the U-Net architecture.
The purpose of the network is to progressively gain more fine-grained details from
the nested dense convolutional blocks. Once these feature maps are combined with
the decoder feature maps, it should, in theory, reduce the dissimilarity between
the feature maps [Zho+18]. U-Net++ has shown to be successful in nodule
segmentation of low-dose CT scans.

For our comparison on the LoDoPaB-CT dataset, we adopted a U-Net++ architecture
with five levels, four down-samples reduced by a factor of two, and four up-samples.
The numbers of filters per convolutional block were 32, 64, 128, 256, and 512 for the
different levels, respectively. Each convolutional block contained two convolutional
layers, each followed by batch normalization and ReLU activation. Input FBPs were
computed with Hann filtering, and no frequency scaling was used. Linear activation
(i.e., no sigmoid or ReLU activation) was used for the network output.
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The loss function was chosen as a combination of MSE and SSIM,

αMSE(x̃, x) + (1− α)(1− SSIM(x̃, x)).

Empirically, the mixed loss function with a weighting of 0.35 and 0.65 for MSE and
SSIM, respectively, provided the best results. The optimizer used for this task was
RMSprop [HSS12] with a weight decay of 1 × 10−8 and momentum of 0.9. The
model was trained for 8 epochs with a learning rate of 1× 10−5 using a batch size of
4, and the model with the lowest loss on the validation set was selected.

Source code and model weights are publicly available in a GitHub repository1.

C.4 ISTA U-Net

Sparse code

Fig. C.3.: Architecture of the ISTA U-Net adapted from [Liu+22]. The sparse code α
replaces the downsampling part in the standard U-Net (cf. Fig. C.2).

The ISTA U-Net [Liu+22] is a relatively new approach based on the encoder-decoder
structure of the original U-Net. The authors draw parallels from the supervised
training of U-Nets to task-driven dictionary learning and sparse coding. For the
ISTA U-Net, the encoder is replaced by a sparse representation of the input vector.
The decoder is linearized by removing all non-linearities, batch normalization, and
additive biases (cf. Fig. C.3). Given a data set of measurements and ground truth
pairs {yδi , xi}Mi=1, the training problem can be formulated as a bi-level optimization
problem

min
{θ,γ},λ>0

1
M

M∑︂
i=1

1
2∥Dγαyδ

i ,θ
− xi∥22

where

αyδ
i ,θ

= arg min
α≥0

1
2∥Dθα− yδi ∥22 + ∥λ⊙ α∥1,

1https://github.com/amirfaraji/LowDoseCTPytorch
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and ⊙ denotes the Hadamard product. Using an encoder dictionary Dθ, the corre-
sponding sparse code αθ can be determined with the iterative thresholding algorithm
(ISTA) [DDD04] with an additional non-negativity constraint for the sparse code.

LIU et al. [Liu+22] use a learned variant of ISTA, called LISTA [GL10], to compute
the sparse code. LISTA works by unrolling ISTA for a fixed number of K iterations

α
[k]
yδ,θ

= ReLU
[︂
α

[k−1]
yδ,θ

+ ηDT
κ

(︂
yδ −Dθα

[k−1]
yδ,θ

)︂
− ηλ

]︂
,

with k = 1, . . . ,K. In their framework, they additionally untie the parameters for
Dκ and Dθ, although both dictionaries have the same structure. The forward pass
of the network is given in Algorithm C2.

Algorithm C2 ISTA U-Net
Given a noisy input yδ, learned dictionaries Dκ, Dθ, Dγ , and learned step sizes η and λ
the reconstruction using the ISTA U-Net can be computed as follows.

1: x̃ = TFBP(yδ) ▷ Calculate FBP

2: α
[0]
yδ = 0

3: for k = 1 : K do

4: α
[k]
yδ = ReLU

(︂
α

[k−1]
yδ + ηDT

κ

(︂
x̃−Dθα

[i−1]
yδ

)︂
− ηλ

)︂
5: return x̃ = Dγα

[K]
yδ

For all experiments, K = 5 unrolled ISTA iterations were used. On LoDoPaB-CT, five
scales with hidden layer widths 1024, 512, 256, 128, and 64 were used, and the lasso
parameters λ were initialized with 10−3. For the Apple CT datasets, the network
appeared to be relatively sensitive with respect to the hyperparameter choices. For
the noise-free data (Dataset A), five scales with hidden layer widths 512, 256, 128,
64, and 32 were used, and λ was initialized with 10−5. For Datasets B and C, six
scales, but less wide hidden layers, namely 512, 256, 128, 64, 32 and 16, were used,
and λ was initialized with 10−4. All experiments used input FBPs computed with
Hann filtering and no frequency scaling were used. A ReLU activation was applied
to the network output. The network was trained by minimizing the mean squared
error loss using the Adam optimizer. For LoDoPaB-CT, the network was trained for
20 epochs with a learning rate starting from 2× 10−4, reduced by cosine annealing
to 1× 10−5, using batch size 2. For the Apple CT datasets, the network was trained
for at most 80 epochs with a learning rate starting from 1× 10−4, reduced by cosine
annealing to 1× 10−5, using batch size 1, whereby the model with the highest PSNR
on the validation set was selected.

Source code is publicly available in a GitHub repository2. A slightly modified copy of
the code used for training on the Apple CT datasets is also contained in our GitHub
repository [Leu+21e].

2https://github.com/liutianlin0121/ISTA-U-Net

C.4 ISTA U-Net 249

https://github.com/liutianlin0121/ISTA-U-Net
https://github.com/jleuschn/learned_ct_reco_comparison_paper
https://github.com/jleuschn/learned_ct_reco_comparison_paper
https://github.com/liutianlin0121/ISTA-U-Net


C.5 Mixed-Scale Dense Convolutional Neural Network

The Mixed-Scale Dense (MS-D) network architecture was introduced by PELT and
SETHIAN [PBS18]. The main properties of the MS-D architecture are mixing scales
in every layer and dense connection of all feature maps. Instead of downscaling
and upscaling, features at different scales are captured with dilated convolutions,
and multiple scales are used in each layer. All feature maps have the same size, and
every layer can use all previously computed feature maps as input. Thus, feature
maps are maximally reused, and features do not have to be replicated in multiple
layers to be used deeper in the network. The output image is computed based on all
layers instead of only the last one.

The authors show that MS-D architecture can achieve results comparable to typical
DCNN with fewer feature maps and trainable parameters. This enables training with
smaller datasets, which is highly important for CT. Furthermore, accurate results
can usually be achieved without fine-tuning hyperparameters, and the same network
architecture can often be used for different problems. A small number of feature
maps leads to less memory usage in comparison with typical DCNN and enables
training with larger images.

The networks used equally distributed dilations with intervals from 1 to 10. The
depth was 200 layers for the LoDoPaB-CT dataset and 100 layers for the Apple CT
datasets. For the input FBPs, Hann filtering and no frequency scaling were used.
The training was performed by minimizing MSE loss using the Adam optimizer with
a learning rate of 0.001, using batch size 1. The model was trained for 15 epochs on
LoDoPaB-CT and for at most 50 epochs on the apple data, whereby the model with
the highest PSNR on the validation set was selected. Data augmentation consisting
of rotations and flips was used for the Apple CT data but not for LoDoPaB-CT.

Fig. C.4.: The MS-D neural network architecture for a width of 1 and depth of 3. Feature
maps are drawn as light blue squares. Colored lines represent dilated convo-
lutions. Different colors correspond to different dilation values. Black lines
represent 1× 1 convolutions that connect the input and all feature maps to the
output image. Adapted from [PBS18].
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C.6 Conditional Invertible Neural Networks

Conditional invertible neural networks (CINN) are a relatively new approach for
solving inverse problems [Ard+19b; Win+19]. Models of this type consist of two
network parts (cf. Chapter 7 and Fig. C.5). An invertible network f represents
a learned transformation between the (unknown) distribution X of the ground
truth data and standard probability distribution Z, e.g., a Gaussian distribution.
The second building block is a conditioning network H, which includes physical
knowledge about the problem and encodes information from the measured data as
an additional input to f .

Fig. C.5.: Architecture of the conditional invertible neural network. The ground truth image
x is transformed by fΘ to a Gaussian distributed z. Adapted from [Den+20].

A CINN was successfully applied to the task of low-dose CT reconstruction by DENKER

et al. [Den+20]. Their model uses a multi-scale convolutional architecture as pro-
posed in [DSB17] and is built upon the FrEIA3 python library. Several improvements
over the design in [Den20] are incorporated for the experiments in this work. The
structure of the invertible network f and the conditioning network H are simpli-
fied. Using additive coupling layers [DKB15] with activation normalization [KD18]
improves the stability of the training. Replacing downsampling operations with a
learned version from ETMANN et al. [EKS20] prevents checkerboard artifacts and
enhances the overall reconstruction quality. In addition, the negative log-likelihood
(NLL) loss is combined with a weighted mean-squared error (MSE) term

min
θ,ψ

log pZ
[︂
fθ
(︂
x,Hψ(yδ)

)︂]︂
+ log

⃓⃓⃓
det

[︂
Jfθ

(︂
x,Hψ(yδ)

)︂]︂⃓⃓⃓
+ λMSE

[︂
f−1
θ

(︂
z,Hψ(yδ)

)︂
, x
]︂
.

The applied network has 5 different downsampling scales, where both spatial dimen-
sions are reduced by factor 2. Simultaneously, the number of channels increases by a
factor of 4, making the operation invertible. After each downsampling step, half the
channels are split off and sent directly to the output layer. In total, the network has
around 6.5 million parameters. It is trained with the Adam optimizer and a learning

3https://github.com/VLL-HD/FrEIA
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rate of 0.0005 for at most 200 epochs using batch size 4 (per GPU) on LoDoPaB-CT
and for at most 32 epochs using batch size 3 on the Apple CT data. The best model
according to the validation loss is selected. A Gaussian distribution is chosen for Z.
The MSE weight is set to λ = 1.0. After training, the reconstructions are generated
as a conditioned mean over K = 1000 sample reconstructions from the Gaussian
distribution (cf. Algorithm C3).

Algorithm C3 Conditional Invertible Neural Network (CINN)
Given a noisy measurement, yδ, an invertible neural network f , and a conditioning
network H. Let K ∈ N be the number of random samples that should be drawn from a
normal distribution N (0, I). The algorithm calculates the mean and variance of the
conditioned reconstructions.

1: h0 = TFBP(yδ) ▷ Calculate FBP
2: h = Hψ (h0) ▷ Calculate outputs of the conditioning
3: for k = 1 : K do
4: z[k] ∼ N (0, I) ▷ Draw random sample
5: x̃[k] = f−1

θ

(︂
z[k], h

)︂
▷ Reconstruct from sample

6: x̃ = 1
K

∑︁
k x̃

[k] ▷ Calculate mean

7: σ̃ = 1
K

∑︁
k

(︂
x̃[k] − x̃

)︂2
▷ Calculate variance

8: return (x̃, σ̃)

C.7 Deep Image Prior with TV Denoising

The deep image prior (DIP) [LVU18; UVL20] takes a special role among the listed
neural network approaches. In general, a DIP network f is not previously trained and,
therefore, omits the problem of ground truth acquisition. Instead, the parameters θ
are adjusted iteratively during the reconstruction process by gradient descent steps
(cf. Algorithm C4). The main objective is to minimize the data discrepancy of the
output of the network for a fixed random input z

min
Θ
DY

(︂
Afθ(z), yδ

)︂
. (C.1)

The number of iterations have a great influence on the reconstruction quality: While
too few can result in an overall bad image, too many can cause overfitting to the
noise of the measurement. The general regularization strategy for this problem is a
combination of early stopping and the architecture itself [Dit+19], where the prior
is related to the implicit structural bias of the network. Especially convolutional
networks, in combination with gradient descent, fit natural images faster than noise
and learn to construct them from low to high frequencies [CM19; LVU18; HS20].

The loss function in Eq. (C.1) can also be combined with classical regularization
(cf. Section 8.3). BAGUER et al. [BLS20] add a weighted anisotropic total variation
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Algorithm C4 Deep Image Prior + Total Variation (DIP + TV)

Given a noisy measurement yδ, a neural network fθ with initial parameterization θ[0],
forward operator A, and a fixed random input z. The reconstruction x̃ is calculated
iteratively over a number of K ∈ N iterations:

1: for k = 1 : K do
2: L = D

(︂
Afθ[k−1](z), yδ

)︂
+ λTV (fθ[k−1](z)) ▷ Evaluate loss

3: ∇θ[k−1] = ∇θL ▷ Calculate gradients
4: θ[k] = Optimizer

(︂
θ[k−1],∇θ[k−1]

)︂
▷ Update parameters

5: x̃[k] = fθ[k](z) ▷ Current reconstruction

6: return x̃ = x̃[K]

(TV) term and apply their approach to low-dose CT measurements (cf. Chapter 8).
The method DIP + TV is also used for the comparison in Chapter 9. The network
architecture is based on the same U-Net as for the FBP U-Net post-processing
described in Appendix C.2. It has 6 different scales with 128 channels each and a
skip-channel setup of (0, 0, 0, 0, 4, 4). The data discrepancy DY was measured with a
Poisson loss (see Eq. (9.2)), and the weight for TV was chosen as λ = 7.0. Gradient
descent was performed for K = 17 000 iterations with a stepsize of 5× 10−4.

C.8 iCTU-Net

The iCTU-Net is based on the iCT-Net by LI et al. [Li+19], which is inspired by
the filtered backprojection. The reconstruction process is learned end-to-end. The
sinogram is the input of the network, and the output is the reconstructed image.
The complete network architecture is shown in Fig. C.6.

First, disturbances in the raw measurement data, such as excessive noise, are
suppressed as much as possible via 3×3 convolutions (refining layers). The corrected
sinogram is then filtered using 10 × 1 convolutions (filtering layers). The filtered
sinogram maintains the size of the input sinogram. Afterward, the sinogram is back-
projected into the image space. A d × 1 convolution realizes this with N2 output
channels without padding, where d is the number of detectors in the sinogram and
N is the output image size. This convolution corresponds to a fully connected layer
for each viewing angle, connecting every detector element with every pixel in the
image space. The results for each view are reshaped to N × N sized images and
rotated according to the acquisition angle. A 1× 1 convolution combines all views
into the back-projected image. Finally, a U-Net further refines the image output.

An initial convolutional layer with stride 1 × 2 was added to downsample the
LoDoPaB sinograms from 1000 to 500 projection angles and significantly lower
the GPU memory requirements. For the Apple CT reconstructions, the number of
detector elements d and the output image size N were halved. After reconstruction,
the image size was doubled again using linear interpolation. The training was
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Fig. C.6.: Architecture of the iCTU-Net.

performed using the Adam optimizer with a learning rate of 0.001 and batch size
1. For LoDoPaB-CT, the mean squared error loss, and for Apple CT, the SSIM loss
function was used. The network was trained for 2 epochs on LoDoPaB-CT and at
most 60 epochs on the Apple CT datasets, without validation-based model selection,
i.e., no automated early stopping.

C.9 Filtered Backprojection

The projections Ax must be filtered before the backprojection to obtain an inversion
formula for the Radon transform (see Section 5.3). A generic FBP reconstruction
formula reads

x̃ = A∗F−1
2 | · |WF1 y

δ,

where F denotes the one-dimensional Fourier transform along the detector pixel
dimension s, | · | denotes the Ram-Lak filter, which multiplies each frequency compo-
nent with the absolute value of the frequency, and W is a low-pass filter (applying a
window function). While from perfect projections Ax(s, φ), exact recovery of x(k)
is possible by choosing a rectangular window function for W , in practice, W is also
used to reduce high-frequency components. This stabilizes the inversion by reducing
the impact of noise present in higher frequencies. Typical choices for W are the
Hann or the Cosine window. Sometimes the resulting weighting function is shrunk
along the frequency axis with a frequency scaling factor, which leads to the removal
of all frequency components above a threshold frequency.

For all experiments, the implementation of ODL [Adl+18] was used in conjunction
with the ASTRA toolbox [Aar+15]. Suitable hyperparameters have been determined
based on the performance on validation samples and are listed in Tab. C.1. The
FBPs used for post-processing networks were computed with the Hann window and
without frequency scaling. The Hann window serves as a pre-processing step for the
network, and the frequency scaling was omitted to keep all information available.
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Tab. C.1.: Hyperparameters for the filtered backprojection (FBP).

Dataset Angles Window Frequency Scaling

LoDoPaB-CT 1000 Hann 0.641

Apple CT Dataset A
(Noise-free)

50 Cosine 0.110
10 Cosine 0.013

5 Hann 0.011
2 Hann 0.011

Apple CT Dataset B
(Gaussian noise)

50 Cosine 0.080
10 Cosine 0.013

5 Hann 0.011
2 Hann 0.011

Apple CT Dataset C
(Scattering)

50 Cosine 0.090
10 Hann 0.018

5 Hann 0.011
2 Hann 0.009

C.10 Conjugate Gradient Least Squares

The conjugate gradient least squares (CGLS) method is the modification of the
well-known conjugate gradient [Saa03] (cf. Section 3.3.4), where the CG method
is applied to solve the least squares problem ATAx̃ = AT yδ. Here, A ∈ Rm×n

is the geometry matrix, yδ ∈ Rm×1 is the measured data, and x̃ ∈ Rn×1 is the
reconstruction. CGLS is a popular method in signal and image processing for its
simple and computationally inexpensive implementation and fast convergence. The
method is given in Algorithm C5. The code is adapted from [Cob15].

Our implementation also includes a non-negativity step (negative pixel values equal
to zero) applied to the final iterated solution. There is no parameter-tuning done for
this implementation since the only user-defined parameter is the maximum number
of iterations, K.

Algorithm C5 Conjugate Gradient Least Squares (CGLS)

Given a geometry matrix A, a data vector yδ, and a zero solution vector x̃[0] = 0
(a black image) as the starting point, the algorithm below gives the solution at Kth

iteration.

1: d[0] = AT yδ ▷ Initialize the direction vector
2: for k = 1 : K do
3: q[k−1] = Ad[k−1], α = ∥d[k−1]∥22/∥q[k−1]∥22
4: x̃[k] = x̃[k−1] + αd[k−1], b[k] = b[k−1] − αq[k−1] ▷ Update
5: q[k] = AT q[k−1], β = ∥q[k]∥22/∥d[k−1]∥22, d[k] = q[k] + βd[k−1] ▷ Reinitialize

6: return x̃ = x̃[K]
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C.11 Total Variation Regularization

Algorithm C6 Total Variation Regularization (TV)

Given a noisy measurement yδ, an initial reconstruction x̃[0], a weight λ > 0, and a
maximum number of iterations K.

1: for k = 1 : K do
2: L = DY

(︂
Ax̃[k−1], yδ

)︂
+ λ

(︂
∥∇hx̃[k−1]∥1 + ∥∇vx̂[k−1]∥1

)︂
▷ Evaluate loss

3: ∇x̃[k−1] = ∇xL ▷ Calculate gradients
4: x̃[k] = Optimizer

(︂
x̃[k−1],∇x̃[k−1]

)︂
▷ Update

5: return x̃ = x̃[K]

Regularizing the reconstruction process with anisotropic total variation (TV) is a
common approach for CT [Wan+17b]. In addition to the data discrepancy DY , a
weighted regularization term is added to the minimization problem

TTV(yδ) ∈ arg min
x

DY
(︂
Ax, yδ

)︂
+ λ (∥∇hx∥1 + ∥∇vx∥1) , (C.2)

where ∇h and ∇v denote gradients in horizontal and vertical image direction,
respectively, and can be approximated by finite differences in the discrete setting. TV
penalizes variations in the image, e.g., from noise. Therefore, it is often applied in a
denoising role. A number of optimization algorithms exist for minimizing Eq. (C.2)
[Che+15]. The choice and exact formulation depend on the properties of the data
discrepancy term.

Tab. C.2.: Hyperparameters for the total variation regularization (TV).

Dataset Angles Discrepancy Iterations Step Size λ

LoDoPaB-CT Dataset 1000 −ℓPois 5000 1× 10−3 20.56

Apple CT Dataset A
(Noise-free)

50 MSE 600 3× 10−2 2× 10−12

10 MSE 75 000 3× 10−3 6× 10−12

5 MSE 146 000 1.5× 10−3 1× 10−11

2 MSE 150 000 1× 10−3 2× 10−11

Apple CT Dataset B
(Gaussian noise)

50 MSE 900 3× 10−4 2× 10−10

10 MSE 66 000 2× 10−5 6× 10−10

5 MSE 100 000 1× 10−5 3× 10−9

2 MSE 149 000 1× 10−5 4× 10−9

Apple CT Dataset C
(Scattering)

50 MSE 400 5× 10−3 1× 10−11

10 MSE 13 000 2× 10−3 4× 10−11

5 MSE 149 000 1× 10−3 4× 10−11

2 MSE 150 000 4× 10−4 6× 10−11
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For our comparison, we use the standard DIVαℓ implementation of TV. Adam
gradient descent minimizes Eq. (C.2), whereby the gradients are calculated by
automatic differentiation in PyTorch [Pas+17] (cf. Algorithm C6).

For the data discrepancy DY , a Poisson loss (see Eq. (9.2)) was used for LoDoPaB-CT,
while the MSE was used for the Apple CT datasets. Suitable hyperparameters have
been determined based on the performance on validation samples and are listed in
Tab. C.2.

For lower numbers of angles, a very high number of iterations was found to be
beneficial, leading to very slow reconstruction (≈ 17 min per image for K = 150 000
iterations, which we chose to be the maximum). In all cases, an FBP with Hann
window and a frequency scaling factor of 0.1 was used as initial reconstruction.

C.11 Total Variation Regularization 257



C.12 Further Results

This section contains further benchmark results. In Figs. C.7 and C.8 the influence
of the decrease in the number of measurement angles is visualized. Tables C.3, C.4,
and C.5 show additional metrics for the performance of the models on the Apple
CT datasets. Finally, Tab. C.6 contains the data discrepancy values for the Apple CT
experiments.
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Fig. C.7.: PSNR and SSIM depending on the number of angles on the Apple CT datasets.
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Fig. C.8.: PSNR and SSIM compared for all Apple CT noise settings and numbers of angles.
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Tab. C.3.: Standard deviation of PSNR and SSIM (adapted to the data range of each ground
truth image) for the different noise settings on the 100 selected Apple CT test
images.

Noise-Free Standard Dev. PSNR Standard Dev. SSIM

Angles 50 10 5 2 50 10 5 2

Learned PD 1.51 1.63 1.97 2.58 0.022 0.016 0.014 0.022
ISTA U-Net 1.40 1.77 2.12 2.13 0.018 0.018 0.022 0.037
U-Net 1.56 1.61 2.28 1.63 0.021 0.019 0.025 0.031
MS-D-CNN 1.51 1.65 1.81 2.09 0.021 0.020 0.024 0.022
CINN 1.40 1.64 1.99 2.17 0.016 0.019 0.023 0.027
iCTU-Net 1.68 2.45 1.92 1.93 0.024 0.027 0.030 0.028
TV 1.60 1.29 1.21 1.49 0.022 0.041 0.029 0.023
FBP 0.80 0.58 0.54 0.50 0.021 0.023 0.028 0.067
CGLS 0.69 0.48 2.94 0.70 0.014 0.027 0.029 0.039

Gaussian Standard Dev. PSNR Standard Dev. SSIM

Angles 50 10 5 2 50 10 5 2

Learned PD 1.56 1.63 2.00 2.79 0.021 0.018 0.021 0.022
ISTA U-Net 1.70 1.76 2.27 2.12 0.025 0.021 0.022 0.038
U-Net 1.66 1.59 1.99 2.22 0.023 0.020 0.025 0.026
MS-D-CNN 1.66 1.75 1.79 1.79 0.025 0.024 0.019 0.022
CINN 1.53 1.51 1.62 2.06 0.023 0.017 0.017 0.020
iCTU-Net 1.98 2.06 1.89 1.91 0.031 0.032 0.039 0.027
TV 1.38 1.26 1.09 1.62 0.036 0.047 0.039 0.030
FBP 0.91 0.58 0.54 0.50 0.028 0.023 0.028 0.067
CGLS 0.78 0.49 1.76 0.68 0.014 0.026 0.029 0.037

Scattering Standard Dev. PSNR Standard Dev. SSIM

Angles 50 10 5 2 50 10 5 2

Learned PD 1.91 1.80 1.71 2.47 0.017 0.016 0.016 0.060
ISTA U-Net 1.48 1.59 2.05 1.81 0.023 0.019 0.019 0.038
U-Net 1.76 1.56 1.81 1.47 0.015 0.021 0.027 0.024
MS-D-CNN 2.04 1.78 1.85 2.03 0.023 0.022 0.015 0.020
CINN 1.82 1.92 2.32 2.25 0.019 0.024 0.029 0.030
iCTU-Net 1.91 2.09 1.78 2.29 0.030 0.031 0.033 0.040
TV 2.53 2.44 1.86 1.59 0.067 0.076 0.035 0.062
FBP 2.23 0.97 0.80 0.68 0.044 0.025 0.023 0.058
CGLS 2.38 1.32 1.71 0.95 0.020 0.020 0.026 0.032

260 Appendix C Appendix - Benchmarking CT Reconstruction Methods



Tab. C.4.: PSNR-FR and SSIM-FR for the different noise settings on the 100 selected Apple
CT test images. Best results are highlighted in gray.

Noise-Free PSNR-FR SSIM-FR

Angles 50 10 5 2 50 10 5 2

Learned PD 45.33 42.47 37.41 28.61 0.971 0.957 0.935 0.872
ISTA U-Net 45.48 41.15 34.93 27.10 0.967 0.944 0.907 0.823
U-Net 46.24 40.13 34.38 26.39 0.975 0.917 0.911 0.830
MS-D-CNN 46.47 41.00 35.06 27.17 0.975 0.936 0.898 0.808
CINN 46.20 41.46 34.43 26.07 0.975 0.958 0.896 0.838
iCTU-Net 42.69 36.57 32.24 25.90 0.957 0.938 0.920 0.861
TV 45.89 35.61 28.66 22.57 0.976 0.904 0.746 0.786
FBP 37.01 23.71 22.12 20.58 0.856 0.711 0.596 0.538
CGLS 39.66 28.43 19.22 21.87 0.901 0.744 0.654 0.733

Gaussian PSNR-FR SSIM-FR

Angles 50 10 5 2 50 10 5 2

Learned PD 43.24 40.38 36.54 28.03 0.961 0.944 0.927 0.823
ISTA U-Net 42.65 40.17 35.09 27.32 0.956 0.942 0.916 0.826
U-Net 43.09 39.45 34.42 26.47 0.961 0.924 0.904 0.843
MS-D-CNN 43.28 39.82 34.60 26.50 0.962 0.932 0.886 0.797
CINN 43.39 38.50 33.19 26.60 0.966 0.904 0.878 0.816
iCTU-Net 39.51 36.38 31.29 26.06 0.939 0.932 0.905 0.867
TV 38.98 33.73 28.45 22.70 0.939 0.883 0.770 0.772
FBP 34.50 23.70 22.12 20.58 0.839 0.711 0.596 0.538
CGLS 33.98 27.71 21.52 21.73 0.884 0.748 0.668 0.734

Scattering PSNR-FR SSIM-FR

Angles 50 10 5 2 50 10 5 2

Learned PD 44.42 40.80 33.69 27.60 0.967 0.954 0.912 0.760
ISTA U-Net 42.55 38.95 34.03 26.57 0.959 0.922 0.887 0.816
U-Net 41.58 39.52 33.55 25.56 0.932 0.910 0.877 0.828
MS-D-CNN 44.66 40.13 34.34 26.81 0.969 0.927 0.889 0.796
CINN 45.18 40.69 34.66 25.76 0.976 0.952 0.936 0.878
iCTU-Net 32.88 29.46 27.86 24.93 0.931 0.901 0.896 0.873
TV 27.71 26.76 24.48 21.15 0.903 0.799 0.674 0.743
FBP 27.63 22.42 20.88 19.68 0.878 0.701 0.589 0.529
CGLS 27.46 24.89 20.64 20.80 0.896 0.738 0.659 0.736
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Tab. C.5.: Standard deviation of PSNR-FR and SSIM-FR for the different noise settings on
the 100 selected Apple CT test images.

Noise-Free Standard Dev. PSNR-FR Standard Dev. SSIM-FR

Angles 50 10 5 2 50 10 5 2

Learned PD 1.49 1.67 2.03 2.54 0.007 0.006 0.010 0.019
ISTA U-Net 1.37 1.82 2.21 2.21 0.005 0.010 0.020 0.034
U-Net 1.53 1.66 2.33 1.68 0.006 0.012 0.019 0.026
MS-D-CNN 1.46 1.71 1.90 2.15 0.006 0.011 0.021 0.015
CINN 1.35 1.65 2.09 2.21 0.004 0.007 0.023 0.025
iCTU-Net 1.82 2.54 2.03 1.91 0.014 0.017 0.020 0.023
TV 1.54 1.32 1.28 1.36 0.006 0.023 0.026 0.018
FBP 0.77 0.46 0.38 0.41 0.011 0.015 0.029 0.088
CGLS 0.71 0.51 2.96 0.56 0.009 0.029 0.033 0.045

Gaussian Standard Dev. PSNR-FR Standard Dev. SSIM-FR

Angles 50 10 5 2 50 10 5 2

Learned PD 1.52 1.68 2.04 2.83 0.006 0.008 0.013 0.016
ISTA U-Net 1.65 1.78 2.36 2.17 0.008 0.010 0.018 0.034
U-Net 1.61 1.62 2.05 2.24 0.007 0.012 0.019 0.024
MS-D-CNN 1.62 1.80 1.84 1.84 0.008 0.011 0.015 0.014
CINN 1.50 1.59 1.65 2.09 0.007 0.016 0.017 0.019
iCTU-Net 2.07 2.12 1.93 1.90 0.020 0.021 0.026 0.024
TV 1.30 1.26 1.15 1.50 0.014 0.027 0.030 0.019
FBP 0.83 0.46 0.38 0.41 0.014 0.015 0.029 0.088
CGLS 0.63 0.45 1.76 0.53 0.012 0.028 0.034 0.043

Scattering Standard Dev. PSNR-FR Standard Dev. SSIM-FR

Angles 50 10 5 2 50 10 5 2

Learned PD 1.92 1.85 1.81 2.51 0.005 0.007 0.014 0.038
ISTA U-Net 1.56 1.68 2.17 1.89 0.010 0.014 0.014 0.035
U-Net 1.72 1.63 1.91 1.59 0.010 0.012 0.024 0.024
MS-D-CNN 2.02 1.84 1.96 2.08 0.008 0.012 0.016 0.019
CINN 1.74 1.97 2.41 2.21 0.005 0.011 0.016 0.022
iCTU-Net 1.96 2.14 1.79 2.32 0.016 0.023 0.022 0.030
TV 2.43 2.35 1.80 1.49 0.048 0.074 0.040 0.051
FBP 2.14 0.87 0.66 0.55 0.028 0.016 0.020 0.078
CGLS 2.28 1.24 1.67 0.83 0.016 0.021 0.030 0.035
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Tab. C.6.: Mean and standard deviation of the mean squared difference between the noisy
measurements and the forward-projected reconstructions, respectively the noise-
free measurements, on the 100 selected Apple CT test images.

Noise-Free MSE ×109

Angles 50 10 5 2

Learned PD 0.083± 0.027 0.405± 0.156 1.559± 0.543 2.044± 1.177
ISTA U-Net 0.323± 0.240 0.633± 0.339 2.672± 1.636 17.840± 12.125
U-Net 0.097± 0.093 1.518± 0.707 5.011± 3.218 31.885± 17.219
MS-D-CNN 0.117± 0.088 0.996± 0.595 3.874± 2.567 20.879± 12.038
CINN 0.237± 0.259 1.759± 0.348 3.798± 2.176 33.676± 16.747
iCTU-Net 2.599± 3.505 6.686± 8.469 14.508± 16.694 18.876± 12.553
TV 0.002± 0.000 0.001± 0.000 0.000± 0.000 0.001± 0.000
FBP 12.229± 3.723 89.958± 9.295 159.746± 15.596 273.054± 114.552
CGLS 1.449± 0.299 29.921± 6.173 752.997± 722.151 22.507± 13.748
Ground Truth 0.000± 0.000 0.000± 0.000 0.000± 0.000 0.000± 0.000

Gaussian MSE ×109

Angles 50 10 5 2

Learned PD 19.488± 5.923 19.813± 5.851 20.582± 5.690 32.518± 4.286
ISTA U-Net 19.438± 5.943 20.178± 6.060 21.167± 6.052 32.435± 9.782
U-Net 19.802± 6.247 22.114± 6.364 23.645± 6.527 38.895± 17.211
MS-D-CNN 19.348± 5.921 20.056± 5.930 23.080± 5.959 47.625± 18.133
CINN 19.429± 5.891 21.069± 5.663 29.517± 7.296 42.876± 15.471
iCTU-Net 25.645± 9.602 25.421± 9.976 38.179± 22.887 41.956± 15.942
TV 18.760± 5.674 18.107± 5.395 20.837± 5.510 18.514± 5.688
FBP 31.803± 9.558 109.430± 14.107 179.260± 19.744 292.692± 109.223
CGLS 87.892± 23.312 71.526± 17.600 262.616± 151.655 98.520± 18.245
Ground Truth 19.538± 6.029 19.505± 6.019 19.551± 6.028 19.483± 6.086

Scattering MSE ×109

Angles 50 10 5 2

Learned PD 541.30± 311.82 579.14± 317.59 549.30± 328.41 435.07± 260.02
ISTA U-Net 553.64± 355.14 557.03± 342.67 575.94± 338.82 522.33± 365.58
U-Net 629.62± 353.54 635.91± 343.31 550.54± 340.27 642.20± 295.46
MS-D-CNN 579.86± 332.39 585.18± 331.93 533.35± 331.21 606.55± 365.25
CINN 638.80± 355.24 619.47± 353.47 603.53± 362.96 649.30± 409.83
iCTU-Net 622.51± 348.32 622.63± 335.28 652.18± 359.00 573.46± 324.00
TV 3.35± 5.02 3.19± 4.83 2.96± 4.47 2.55± 6.33
FBP 12.48± 6.88 73.53± 10.19 144.70± 15.82 221.79± 59.71
CGLS 6.40± 6.39 34.71± 8.16 286.20± 205.42 19.92± 14.01
Ground Truth 610.47± 355.25 610.40± 355.16 611.23± 354.51 620.11± 386.79
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