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Abstract

Complex and adaptive networks are ubiquitous in many fields of scientific study,

ranging from biological to social and communication networks, and can produce

interesting and vital emerging phenomena, such as self-organized criticality. In this

thesis, we study complex and adaptive networks in four different applications.

Our first field of study regards neural science, specifically brain criticality, which is

hypothesized to be vital for the functioning of brains. In three papers, we study the

presence of criticality in high-degree threshold networks and find a new critical point

with dynamics more similar to real brain dynamics than previous high-degree critical

points in such networks. Additionally, we develop algorithms that can tune networks

towards such criticality, providing ideas for how criticality might be maintained in

real brain networks.

Our second field of interest is epidemiology. Here, networks can be used to model

contact between members of society and the spread of infectious diseases. We study

the efficacy of a recursive contact tracing algorithm that attempts to predict the

spread of a disease and quarantine possibly infectious people accordingly to combat

a disease with a finite asymptomatic infection rate. We develop analytical calcula-

tions, supported by simulations, for the reduction of a disease’s infections using this

algorithm and find that recursive contact tracing can combat diseases that could

not be controlled with classical tracing of only first contacts.

The third field is epigenetics, in which genetic networks are often modeled as

simple Boolean networks. We hypothesize that genetic networks must be robust to

noise, due to the environment in which they must function to facilitate life, and test

this hypothesis by comparing the robustness of a number of real genetic networks

to random networks. We find a higher robustness of the real networks compared to

randomized variants and further trace the origins of this robustness to a combination

of the networks’ attractors themselves as well as the underlying network topology.

Finally, to spark ideas for amorphous computing, we develop a computing scheme

using collision-based computing in an irregular, two-dimensional threshold network.

We show that interactions of gliders of activity traversing the network can be used

to create a universal set of Boolean gates that can be used to facilitate universal

computing.





Kurzfassung

Komplexe und adaptive Netzwerke sind allgegenwärtig in vielen wissenschaftlichen

Gebieten, von biologischen bis sozialen und Kommunikations-Netzen, und können

interessante und lebenswichtige emergente Phänomene, wie zum Beispiel selbstor-

ganisierte Kritizität, produzieren. In dieser Arbeit untersuchen wir komplexe und

adaptive Netzwerke in vier verschiedenen Anwendungsbereichen.

Unser erster Forschungsbereich behandelt Neurowissenschaft, speziell Gehirn Kri-

tizität, von der wir glauben, dass sie unerlässlich für ein funktionierendes Gehirn

ist. In drei Veröffentlichungen untersuchen wir die Existenz von Kritizität in hoch-

verbundenen Schwellennetzen und finden einen neuen kritischen Punkt mit ähnli-

cherer Dynamik zu realen Gehirn Netzwerken als zuvor bekannte kritische Punkte

in solchen Netzen. Zusätzlich entwickeln wir Algorithmen, die Netzwerke durch Um-

verdrahtung zu einem kritischen Punkt leiten können. Dies soll Ideen dafür liefern,

wie Kritizität in echten Gehirn Netzen aufrecht erhalten wird.

Unser zweites Forschungsgebiet ist die Epidemiologie. Hier können Netzwerke ver-

wendet werden, um Kontakt zwischen Mitgliedern einer Gesellschaft und die Aus-

breitung einer infektiösen Krankheit zu modellieren. Wir untersuchen die Wirksam-

keit eines rekursiven Kontaktverfolgungsalgorithmus, der versucht, die Ausbreitung

einer Krankheit vorherzusehen, und möglicherweise infektiöse Menschen entspre-

chend unter Quarantäne zu stellen, um eine Krankheit mit einer endlichen asympto-

matischen Infektionsrate zu bekämpfen. Wir entwickeln analytische Berechnungen,

unterstützt von Simulationen, für die Reduktion der Infektionen einer Krankheit

unter Benutzung dieses Algorithmus und finden, dass rekursive Kontaktverfolgung

Krankheiten, die durch klassische Kontaktverfolgung von nur direkten Kontakten

nicht gestoppt werden könnten, effektiv bekämpfen kann.

Das dritte Gebiet ist die Epigenetik, in dem genetische Netze oft als simple Boo-

lesche Netzwerke modelliert werden. Wir stellen die Hypothese auf, dass genetische

Netzwerke robust gegenüber Rauschen sein müssen, da sie mit unzuverlässigen Bau-

steinen stabil funktionieren müssen, um Leben zu erzeugen, und testen diese Hypo-

these, indem wir die Robustheit von mehreren echten genetischen Netzwerken mit

der von Zufallsnetzen vergleichen. Wir finden höhere Robustheit in den realen Netz-

werken verglichen mit zufällig verdrahteten Varianten dieser Netze und führen den

Ursprung dieser Robustheit auf eine Kombination der Form der Netzwerkattraktoren

und der darunterliegenden Netzwerktopologie zurück.

Um Ideen für amorphe Computer zu wecken, entwickeln wir zuletzt ein kolli-

sionsbasiertes Datenverarbeitungsschema in einem irregulären, zweidimensionalen

Schwellennetz. Wir zeigen, dass Interaktionen von ”Glidern”von Aktivität, die das

Netzwerk durchqueren, genutzt werden können, um einen universellen Satz von Boo-

leschen Gattern zu erstellen, die universelle Datenverarbeitung ermöglichen.
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Preface

This work, as is often the aim of complex systems science, concerns itself with the

attempt to simplify a complex system to a model with a, hopefully, minimal set of

rules and parameters that still recreates interesting phenomena we observe in the

original system, as well as the study of these models. Such a system might, for

example, be a congeries of people—of course each with their own opinions, histories,

and idiosyncrasies—but who, as a collective, act no differently than a set of soulless

actors following a simple set of rules. One often finds that, even with only simple

rules, surprisingly complicated phenomena can emerge from such a model.

While other fields often try to consider and faithfully recreate every little meta-

phorical gear and lever moving such systems in their models to predict the future as

accurately as possible, physicists tend to agree with von Neumann’s words: ”With

four parameters I can fit an elephant, and with five I can make him wiggle his trunk.”

In other words, with enough complexity, any model can describe any system to an

arbitrary degree of accuracy; however, by reducing a model to the minimum required

to recreate reality we can hope to understand how and why phenomena emerge in-

stead of just predicting reality without understanding the underlying mechanisms.

Therefore, in this work, we will consider problems from vastly different fields—

neural science, epidemiology, epigenetics, and amorphous computing—and use the

tool of network science to develop parsimonious models to describe and study them.

It is not relevant or necessary to understand, for example, how proteins interact with

each other to turn certain genes in an organism on or off, how a signal is created

inside a neuron, or to know the exact course of an infectious disease, as these are

microscopic details that do not qualitatively change the resulting behavior of the

system. This enables us physicists to be able to study these fields without having

to be consummate experts in every single one of them. Naturally, if one’s aim is to

quantitatively predict anything, the types of models we will use here are insufficient,

but our goal is to understand the underlying mechanisms behind the phenomena we

observe and to create a foundation on which more quantitative research can be

based.
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1 Introduction

Various real-life systems can be described as network models, e.g., networks of neu-

rons [1], genetic regulation [2, 3], websites [4], scientific collaborations [5], or so-

cial interactions [6, 7]. These models consist of nodes representing elements of the

network—such as neurons in a neuronal network, websites in a model of the world

wide web, or people in social interaction networks—and links connecting two nodes,

which might for example represent synapses connecting neurons, links between web-

sites, or regular contact between people. These links can either be directed, such as

in the case of neuronal networks in which a neuron sends a signal via its axons to

dendrites of other neurons but not vice versa, or undirected, for example in social

interaction network where, if a person has contact with another person, the inverse

is also true.

In dynamic networks, nodes have states which are influenced by the states of

nodes at the other end of a node’s connections and the corresponding connection

strengths. For example, in neuronal networks, a neuron would either be quiescent

or fire, depending on its membrane potential. A firing neuron would then alter the

membrane potentials of its neighboring neurons, potentially causing other neurons

to also fire. In epigenetic networks, i.e., networks of gene regulation, a gene’s activity

may be suppressed or promoted by other genes, and in social networks, the spread of

an infectious disease can be simulated with the individual nodes’ states representing

whether the state is susceptible to infection, infected or already recovered.

Such networks show myriad interesting dynamical properties that can be studied.

In neuronal and epidemic network models, one of the most interesting properties

of a network is criticality. For neuronal network models, this means that firings of

neurons occur in avalanches whose size and duration distributions exhibit power-

laws, i.e., avalanches of any arbitrary length can theoretically occur, but longer

avalanches are increasingly less likely, resulting in many short avalanches and few

long avalanches. In epidemic networks, the critical point represents the boundary

between two phases in which, below the critical point, the number of disease carriers

decreases with time and, above the critical point, increases with time.

These critical points are therefore of great importance to study because, for neu-

ronal networks, it has been observed that real brain networks operate at or near

this critical point [8–31], offering optimal information procession abilities [22, 32–

35], while a divergence from the critical point can have devastating effects, such as

epileptic seizures [36, 37]. For epidemic networks, naturally one wants to limit the

spread of a disease, and it is, therefore, vital to understand what network properties

cause sub- or supercriticality, enabling one to manipulate the network to push it

into the subcritical regime and thus eliminate a disease over time, or to calculate
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CHAPTER 1. INTRODUCTION

the point when a number of recovered agents can protect the population via herd

immunity.

In genetic networks, the property of interest we discuss here is the robustness of

genetic modulation networks under noise. Naturally, a cell is a very noisy environ-

ment making the reliable following of tasks via genetic switches a difficult challenge.

Yet, it has been observed that the genetic network of the budding yeast cell cycle

can reliably reach and follow a specific attractor, i.e., a repeating sequence of states,

despite high noise levels [38, 39].

In this work, we study four separate problems in the realm of complex networks:

criticality and its emergence in high-degree neuronal networks, pandemic mitigation

via instantaneous recursive contact tracing, the stability of various genetic networks

under signal transmission noise, and universal, collision-based computing in a thresh-

old network.

Criticality in neuronal network models: In three papers, we study the critical

transition in threshold models as a simple representation of neuronal networks.

The first paper discusses the existence of critical points at high degrees, i.e., a

high average number of connections per node, in threshold models. Historically,

the critical transition in such models has been studied for low average degrees,

at which criticality could be reached by tuning a network’s average degree [40–

43]; however, recently a new critical point was discovered at high degrees, which is

almost independent of average degree and can instead be tuned to by varying the

ratio of excitatory to inhibitory connections in a network [44]. In our paper, we

find the existence of a second critical point at high average degrees, which appears

in networks with a high clustering coefficient, meaning that a node’s neighbors are

likely to also be neighbors of each other as opposed to random networks in which

this is not the case, and nodes that either only have excitatory or only inhibitory

outgoing connections. This new critical point has the interesting property of having

a low average degree compared to the other critical point at high average degrees,

which is closer to real neuronal networks.

In the second paper, we present an algorithm that tunes a threshold model to-

wards criticality using only a node’s locally available information. To move the

network away from the subcritical quiescent regime, nodes receive incoming exci-

tatory/inhibitory connections if they have exclusively inactive/active for a number

of time steps, and to push the network away from the supercritical chaos, connec-

tions are removed from nodes that do change their state. This tunes towards the

previously mentioned critical point at low average degrees.

The third paper combines the first two papers to create an algorithm that tunes

towards the biologically more realistic high-degree critical point. In this paper, a

similar algorithm to that in the second paper is applied with two changes: Firstly,

nodes are either excitatory or inhibitory instead of connections, meaning that a

node either has only excitatory or only inhibitory outgoing connections. A node’s

identity is not initially determined. Instead, if a node requires a connection from an

excitatory node, a connection is either created to an excitatory node or to a node
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without any outgoing connections which then becomes excitatory, or equivalently

for inhibitory connections. Once a node loses all its outgoing connections, it returns

to having no excitatory or inhibitory identity.

Secondly, the network is embedded in two-dimensional space which determines

which nodes are connected to each other: Instead of randomly connecting nodes like

in the previous paper, a connection is always formed to the closest available node

or removed from the farthest connected node. This results in a high clustering co-

efficient, and overall the algorithm will then tune the network towards criticality at

ever-increasing average degrees. Finally, we also present a variant of the model that

is closer to real neuronal networks with nodes having a refractory period in which

they cannot be active again directly after being active which also tunes towards

criticality, indicating the potential biological relevance of our algorithm.

Epidemics with asymptomatic transmission: Sub-critical phase from

recursive contact tracing: We study the capability of an app-facilitated, instan-

taneous, recursive contact tracing algorithm to stop an infectious disease with a

nonzero asymptomatic rate in a toy SIR (susceptible, infected, removed) model.

In this model, a set percentage of agents uses an app that will inform the people

who have had contact with a symptomatically infected person, and, depending on

the recursion depth, these people’s contacts and their contacts’ contacts and so on.

These people will then be quarantined so they cannot infect anyone else. Depending

on the fraction of people using the app, the recursion degree, the network topology,

and the disease’s asymptomatic rate, there is a phase transition between regimes

in which the number of infected people either increases or decreases. Using both

numerical simulations and an analytical approach, we can precisely calculate this

critical transition point. We find that the network topology has almost no influence

on this transition and that there is a critical value of asymptomatic rate above which

even app usage by the entire population cannot push the system into the subcritical

phase, with this critical value decreasing for increasing recursion depth.

Robustness to noisy signal transmission delays in genetic networks: In-

dicated by the remarkable robustness of the budding yeast cell cycle oscillator [39],

we hypothesize that robustness to noise is an evolved property that many if not all

genetic modulation networks should exhibit. To test this, we study Boolean net-

work representations of various genetic networks provided by the cellcollective.org

database. In numerical simulations, we compare the stability under signal transmis-

sion noise of genetic networks exhibiting cyclical attractors to randomized versions

of these networks. We find that almost all of the networks we tested are more stable

than their randomized variants and that this is a combined result of the form of the

attractor, i.e., the sequence of states the network goes through, and the underlying

topology facilitating this attractor.

Universal computing using localized activity in threshold networks: We

present an algorithm that creates Boolean gates in two-dimensional threshold net-
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work models. Signals in this model are represented by periodic ”gliders”, localized

clusters of activity that travel through the network, where the presence of a glider

indicates a TRUE signal and its absence a FALSE signal. In a Boolean gate, two

paths of gliders collide, and, depending on which gliders are present, an output glider

is produced or not produced. We show that a universal set of such Boolean gates

can be built, enabling the construction of a universal computer by combining these

gates.
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may also have additional properties. Nodes may for example belong to certain cat-

egories: In a social network, one could distinguish between male and female nodes,

e.g., when modeling sexually transmitted diseases [45], or in neuronal networks, one

can distinguish between excitatory and inhibitory neurons. More often, nodes have

an internal state or property that is influenced by the rest of the network, e.g. agents

being infected or not in epidemic models or an intrinsic concentration of promoter

proteins in an epigenetic system [39]. In this case, a network becomes a dynamical

system whose next state is determined by the network’s history. Often, networks

are implemented as Markov systems, meaning that only the network’s current state

determines its next state.

Of course, in addition to dynamics affecting the states of nodes, one can also

study dynamics of the network topology. In this case, the dynamics of the network

consist of adding, removing, strengthening, or weakening links between nodes and

adding or removing nodes. This could for example be the evolution of a scientific

co-authorship network in which nodes are added as new authors publish their papers

and links are added as authors collaborate on publications [46]. The most common

application of these kinds of dynamics is network construction algorithms, such as

the Watts-Strogatz model [47] or the Barabási-Albert model [48, 49].

Networks that include both dynamics of node states and dynamics of the under-

lying topology are called adaptive networks [50]. In such networks, node states are

influenced by the underlying topology and the topology is in turn influenced by the

nodes’ states, creating a feedback loop. These networks can exhibit many interesting

properties, most notably for this work self-organized criticality as we will discuss in

section 2.2.5.

2.1.1 Network Topology

A network’s topology describes the arrangement of all links and nodes in a network.

It is most often mathematically described via an adjacency matrix A in the form of

Aij =

{
0 if there is no connection between nodes i and j

wij otherwise
(2.1)

where wij denotes a connection’s strength. In the simplest form wij = 1, which

we will assume in this chapter. In this case, the adjacency matrix only describes

whether a connection between two nodes exists or not, with no difference in strength

between connections. Often, wij will be either +1 or −1 when nodes have promoting

or impeding properties, such as in epigenetic [2] networks.

One of the simplest and most intuitive network topologies is a random graph, also

called an Erdős-Rényi network [51]. Such a network consists of N nodes and any

connection between two nodes i and j is formed with a probability p. This results

in a network with an average degree k = pN , or commonly k = p(N − 1) if no

self-connections are allowed, i.e., if a node i cannot have a link to itself.

The Erdős-Rényi network has the advantage over, for example, an ordered graph—
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ing of random graphs is the Watts Strogatz model [47]. This model compromises

between the high clustering coefficients of a network with local connections and the

low average path length of a random graph. The Watts Strogatz model starts off

as a ring of N nodes in which every node is connected to its k nearest neighbors.

Then, connections are randomly rewired with a probability p. This introduces short-

cut connections that lower the distances between nodes. Of course, for p = 0, the

Watts Strogatz model is just a regular graph, and for p = 1 it is a random graph.

However, for intermediate values of p, networks that combine the properties of these

two graph types can be found. There exists a relatively large regime in p-space in

which networks exhibit both high global clustering coefficients and low average path

lengths, see figure 2.5.

Figure 2.4: Watts Strogatz networks with N = 20, k = 4, and different values of
the rewiring probability p. The leftmost network is a regular graph with
high clustering and a high average path length. The rightmost network
is a random graph with low clustering and a low average path length.
The center network is an intermediate state between the two with both
high clustering and a low average path length.

Another very important network property is the degree distribution, that is, the

distribution describing the number of nodes N(k) that have exactly k connections.

The Erdős-Rényi graph has a binomial degree distribution [60]. However, for many

networks found in the real world, such a degree distribution is unrealistic. Instead,

real-life networks often show a power-law degree distribution [49]. Such networks

are called scale-free networks. Examples include actor collaboration networks, the

world wide web [61], electrical power grids, scientific citation networks [62], and—

most importantly for this work—neuronal networks [63–70].

The Barabási-Albert model, first described in a more general form by Price [48]

and later rediscovered by Barabási and Albert [49], constructs scale-free networks

and also provides a possible mechanism for the creation of such network: a combina-

tion of growth and preferential attachment. Let us explain this mechanism with the

example of a scientific citation network, a network in which nodes represent pub-

lished research papers and a connection means that one paper cites another. Firstly,

the number of nodes in such a network is not constant; new papers are constantly

being published. Secondly, the probability that a paper will be cited will grow with

13
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most basic form, node states of Boolean networks are synchronously updated in

discrete time steps, where every node state σi follows a Boolean update rule

σi(t+ 1) = fi ({σj(t)}) , (2.13)

where fi({σj(t)} is a Boolean function depending on the node states of all nodes at

time t. In neural contexts, the Boolean functions fi are often chosen to be a simple

threshold function

fi ({σj(t)}) = f (Si(t)) = Θ (Si(t)− h) (2.14)

with Si(t) =
N∑

j

Aij(t)σj(t), (2.15)

where Si(t) is the incoming signal node i receives at time t, Θ is the Heaviside step

function, and h is a threshold. In such threshold networks, a node is thus only active

if the sum of its inputs, possibly weighted by Aij, is greater than some threshold h.

It is clear that, in the absence of noise, such a network is a deterministic system

with a finite number of states, and therefore its dynamics have to eventually lead

to a repeating set of states, called an attractor. An attractor consisting of only

one stationary state is called a steady state, and one consisting of multiple states is

called a limit cycle.

These attractors are of immense importance in epigenetic networks. A steady

state may determine the type a cell becomes, therefore enabling cells with the same

DNA to fulfill different functions [83, 84], and limit cycles—as well as transients,

the states leading up to an attractor—often describe states a cell goes through while

fulfilling a function. For example, the fission yeast cell cycle can be described by a

simple Boolean model [85], as shown in figure 2.7.

2.2 Criticality in complex networks

In this section, we will discuss the concept of criticality in networks, which, alongside

many occurrences of this phenomenon that we do not concern ourselves with, is a

vital feature of brain networks and, in epidemiology, separates phases in which an

infectious disease can or cannot be stopped, as will be discussed further in the

publications.

It has been discovered early on, that the dynamics of Boolean network models—or

similar spin glass models in which σi ∈ {−1, 1}—can be sectioned into two different

regimes: a quiescent, frozen, or ordered regime in which the network’s dynamics are

subdued and the response to a change in a node’s state dies out quickly, characterized

by small limit cycles whose average length scales with a sublinear power of system

sizeN , and a chaotic regime in which such a perturbation is amplified and propagates

through the network and the average length of limit cycles grows exponentially with

system size [41, 86–90]. In between these two regimes, at the ”edge of chaos”, is a

16



2.2. CRITICALITY IN COMPLEX NETWORKS

Figure 2.7: Boolean network describing the fission yeast cell cycle. Arrows described
interactions between genes. Green arrows are activating connections,
red arrows are inhibiting. Yellow arrows are self-inhibiting loops. Taken
from [85].

critical point whose properties we will discuss in this section.

2.2.1 Galton-Watson branching processes

Before returning to networks, let us first discuss the theory of branching processes

[91, 92], in which we can make analytical calculations regarding criticality. We will

later discuss how and why the findings of this section are also relevant for networks.

A branching process is a tree of nodes that can spawn child nodes. The tree

starts with an initial 0-th generation; these nodes’ children are the first generation,

and so on. Let Zn denote the number of nodes in the n-th generation, and let us

for simplicity’s sake assume that Z0 = 1. We now also assume that all nodes act

independently of each other and that Zn+1 only depends on Zn. The creation of

such a tree can thus be described as a Markov process. The number of nodes in

successive generations is determined via the probabilities pk, with
∞∑
k=0

pk = 1, of a

node having exactly k child nodes. We now introduce the probability generating

function

f(w) =
∞∑

k=0

pkw
k, (2.16)
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that encodes the probabilities pk as coefficients of a power series, where w ∈ C is

a complex number. If we have a generating function of a probability distribution

f(w), the generating function for the sum of k′ random variables is simply [f(w)]k,

since

[f(w)]k =

(
∞∑

k=0

pkw
k

)k′

=
∞∑

k=0

wk
∏

i=k1,..,kk′∑
i=k

pi, (2.17)

where the product produces all possible combinations of k′ probabilities for random

variables i that sum up to k.

If we now assume that we know the generating function fn(w) for the number

of nodes Zn in the n-th generation, the generating function for Zn+1 of a tree with

Z1 = k is

fn+1 (w|Z1 = k) = [fn(w)]
k , (2.18)

because each of the k nodes in the first generation independently produces a tree

whose n-th generation corresponds to the entire tree’s (n + 1)-th generation. If we

remove the restriction that Z1 = k, the generating function of Zn+1 is therefore

fn+1(w) =
∞∑

k=0

P (Z1 = k) [fn(w)]
k =

∞∑

k=0

pk [fn(w)]
k = f [fn(w)] . (2.19)

We can now see that the generating functions of Zn are given by

f0(w) = w (2.20)

f1(w) = f(w) (2.21)

f2(w) = f [f(w)] (2.22)

. . .

fn+1(w) = f [fn(w)] . (2.23)

The expected value m of a probability distribution pk is

m =
∞∑

k=0

pkk = f ′(1), (2.24)

and with this, the expected value of Zn is

⟨Zn⟩ = f ′
n(1) = f ′ [fn−1(1)] f

′
n−1(1) = f ′(1)f ′

n−1(1), (2.25)

with f1(1) =
∞∑

k=0

pk1
k = 1, (2.26)

and therefore fn−1(1) = 1. (2.27)

If we iterate this result, we receive

⟨Zn⟩ = f ′(1)f ′
n−1(1) = f ′(1)f ′(1)fn−2(1) = · · · = [f ′(1)]

n
= mn. (2.28)
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Extinction probability

We see now that, if m < 1, the expected value of Z∞ tends towards zero, in other

words, the tree will die out. To show this more rigorously, we consider the extinction

probability

Pext = lim
n→∞

P (Zn = 0) = lim
n→∞

fn(0), (2.29)

with the convention that 00 = 1. Since

lim
n→∞

fn+1(0) = lim
n→∞

f [fn(0)] = lim
n→∞

fn(0) = Pext, (2.30)

we receive

Pext = f(Pext). (2.31)

For m ≤ 1, we consider that

f(1) =
∞∑

k=0

pk1
k = 1 (2.32)

and f ′(w) < f ′(1) ⇒ f ′(w) < 1 for 0 ≤ w < 1. (2.33)

Therefore,

f(w) > 1− f ′(1)(1− w) = w for 0 ≤ w < 1 (2.34)

⇒ Pext = 1. (2.35)

Hence, all trees with m ≤ 1 die out with probability 1. For m > 1, conversely,

f ′(w) > 1 for s ≲ 1, and f(0) ≥ 0, see figure 2.8. Therefore, there is a solution

for equation (2.31) with Pext < 1, meaning that there is a nonzero probability of

trees surviving infinitely long. We have consequently shown that there is a critical

transition at m = 1.

Size distribution

We now want to calculate the probability distribution of the number of nodes

Z =
∞∑
i=0

Zi in a tree with p0 ̸= 0 (since otherwise the branching process would con-

tinue indefinitely),

Pn = P (Z = n), (2.36)

for which we will follow [93]. Some mathematical details will be omitted that can be

found in the original work. Let us define the generating function of this distribution

as

F (z) =
∞∑

n=0

Pnz
n, (2.37)
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for which w = F (z) is the solution, and the inverse function of F (w) can be con-

structed

F−1(w) = z =
w

f(w)
(2.43)

if |z| ≤ α and |w| ≤ ρ, where α and ρ are the radii of convergence of F (z) and f(w),

respectively. Now, let q be the greatest common denominator of all ν with pν ̸= 0,

and let Θ = 2π
q
. Then, wkq is a positive real number if arg(w) is a multiple of Θ. If

this is the case, the equality in

|f(z)| =
⏐⏐⏐⏐⏐

∞∑

k=0

pkqw
kq

⏐⏐⏐⏐⏐ ≤
∞∑

k=0

pkq |w|kq = f(|z|) (2.44)

holds, and therefore, using (2.43), we obtain

|F (z)| = |w| = F [z(|w|)] = F

( |w|
f(|w|)

)
= F

( |w|
|f(w)|

)
= F (|z|), (2.45)

which implies that, since w = F (z), and therefore also arg(w) = arg [F (z)], Pn = 0

if n ̸≡ 1(mod q), so that

w = |w| exp
(
2πi

q
m

)
= P (z) =

∞∑

k=0

Pkq+1

(
w

f(w)

)kq+1

(2.46)

=
∞∑

k=0

Pkq+1

⏐⏐⏐⏐
w

f(w)

⏐⏐⏐⏐
kq+1

exp

(
2πi

q
m(kq + 1)

)
(2.47)

= exp

(
2πi

q
m

)
P (|z|) (2.48)

= exp

(
2πi

q
m

)
|P (z)| (2.49)

= exp

(
2πi

q
m

)
|w| = w, (2.50)

with m ∈ Z.

Since all coefficients of the power series F (z) are non-negative, F (z) has a singu-

larity at F (α). Therefore, we can use the implicit function theorem, which states

that there is an analytic function that solves the implicit equation (2.42) if

∂

∂w
G(z, w) ̸= 0. (2.51)

Since F (z) has a singularity at z = α, and is thus not analytic, we know that

∂

∂w
G(z, w)

⏐⏐⏐⏐
z=α,w=a

= αf ′(a)− 1 = 0, (2.52)
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with a = F (α). Now, we define the points

zν = αeiνΘ (2.53)

wν = aeiνΘ, (2.54)

with ν = 0, 1, . . . , q − 1. One can easily see that

F (zeiνΘ) =
∞∑

k=0

Pkq+1z
kq+1eiνΘ(kq+1) (2.55)

=
∞∑

k=0

Pkq+1z
kq+1eiνΘ (2.56)

= eiνΘF (z), (2.57)

and therefore wν = F (zν). If we test the condition of the implicit function theorem

(2.51) at these points, we find that

∂

∂w
G(z, w)

⏐⏐⏐⏐
z=zν ,w=wν

= zνf
′(wν)− 1 (2.58)

= zν

∞∑

k=0

pkqkqw
kq−1
ν − 1 (2.59)

= αeiνΘ
∞∑

k=0

pkqkqa
kq−1eiνΘ(kq−1) − 1 (2.60)

= αeiνΘ
∞∑

k=0

pkqkqa
kq−1e−iνΘ − 1 (2.61)

= α
∞∑

k=0

pkqkqa
kq−1 − 1 (2.62)

= αf ′(a)− 1 = 0, (2.63)

(so long as a < ρ so that G(z, w) is analytic here), which means that zν are sin-

gularities of F (z). In fact, by calculating the derivatives of the inverse function

F−1(w),

d

dw
F−1(w)

⏐⏐⏐⏐
w=wν

=
1− zνf

′(wν)

f(wν)
= 0 (2.64)

d2

dw2
F−1(w)

⏐⏐⏐⏐
w=wν

= −zνf
′′(wν)

f(wν)
= −α2f ′′(a)

wν

̸= 0, (2.65)

we see that F (z) has first order branch points at zν , whereas for |z| = α but z ̸= zν
we find

|G(z, w)| > 1− α |f ′(w)| > 1− αf ′(|w|) > 1− αf ′(a) = 0, (2.66)

meaning that F (z) is analytic at these points. We can therefore define an analytic
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continuation for F (z) as a function of (z − zν)
1/2, due to the branch point being

of first order. If we make branch cuts radiating outwards from zν , this function is

analytic in the resulting domain D within a circle |z| ≤ β with β > α. Now, we use

Cauchy’s integral formula which gives the n-th derivative of a holomorphic function

f at a point a via

f (n)(a) =
n!

2πi

∮

γ

f(z)

(z − a)n+1
dz, (2.67)

where a lies in the domain that is by γ (running counterclockwise). Thus

Pn = F (n)(0) =
1

2πi

∮

Γ

F (z)

zn+1
dz, (2.68)

where Γ is the counterclockwise oriented boundary of the domain D, as shown in

figure 2.9. Since F (eiνΘz) = eiνΘF (z), see equation (2.57), we can write

Pn =
1

2πi

∮

Γ

F (z)

zn+1
dz =

A

2πi

∫

γ

F (z)

zn+1
dz, (2.69)

where γ is the part of Γ that lies in −π
q

≤ arg(z) ≤ π
q
and A is

A =

q−1∑

ν=0

e−iνΘ(n−1) =

{
0 if n ̸≡ 1(mod q)

q if n ≡ 1(mod q).
(2.70)

We now write the analytic continuation of F (z) as

F (z) = a+ b(z − α)1/2 + c(z − α) + (z − α)3/2ζ(z), (2.71)

where ζ(z) is analytic in D. Clearly, the end result Pn cannot depend on β so the

only part of the integral we need to concern ourselves with is the path around the

branch cut, which we call γ′, see figure 2.9. Since the parts that are linear in z − α

do not branch, their integral along γ′ is zero. Therefore,

∫

γ

F (z)

zn+1
dz = b

∫

γ′

(z − α)1/2

zn+1
dz +

∫

γ′

(z − α)3/2ζ(z)

zn+1
dz +O(β−n). (2.72)

When integrating along the branch cut, we choose the branch of the square root

function that has Im(
√
z) ≥ 0. When crossing the branch cut, this branch changes

the sign of its real part, which means that

∫

γ′

(z − α)1/2

zn+1
dz = 2

∫ β

α

(x− α)1/2

xn+1
dx. (2.73)

To solve this integral, we use the generalized binomial theorem

(x+ y)r =
∞∑

k=0

(
r

k

)
xr−kyk, (2.74)
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The constant b can be determined by using

w − a = F (z)− F (α) = b(z − α)1/2 +O(z − α) (2.81)

and a Taylor approximation of F−1(z), using equation 2.65,

z − α = F−1(w)− F−1(a) = −α2f ′′(a)

2a
(w − a)2 +O

[
(w − a)3

]
, (2.82)

which results in

b = i

(
2a

α2f ′′(a)

)1/2

(2.83)

Putting the results in equations (2.78), (2.80), and (2.83) back into the equation

(2.68) for Pn, and approximating the binomial coefficients with

⏐⏐⏐⏐
(
1/2

n

)⏐⏐⏐⏐ = (4πn3)−1/2 +O(n−5/2) and (2.84)

⏐⏐⏐⏐
(
3/2

n

)⏐⏐⏐⏐ = O(n−5/2), (2.85)

we receive the result

Pn =

⎧
⎨
⎩
q
(

a
2παf ′′(a)

) 1
2
α−nn− 3

2 +O(α−nn−5/2) if n ≡ 1(mod q)

0 if n ̸≡ 1(mod q).
(2.86)

For all practical purposes, q can be assumed to be one, since p1 ̸= 0 implies q = 1,

and for any branching process with p1 = 0, p1 can be infinitesimally increased such

that q = 1. The probabilities Pn go faster than exponentially towards zero with

increasing n, except in the case of α = 1. In this case, we can calculate that

F (1) = a = 1, and therefore, from the implicit function theorem (2.63), we know

that f ′(1) = 1 = m. In other words, α = 1 is the case at the critical point m = 1

(it can more rigorously be shown that α = 1 iff m = 1 [91]). In short, at the critical

point, for large values of n the probabilities of a branching process consisting of n

nodes scale as

Pn ∝ n− 3
2 . (2.87)

Length distribution

It is difficult to provide a general expression for the number of generations before

extinction in a branching process [91], but it can be shown via Taylor expanding

f(s) that for large n at the critical point, if f ′′′(1) < ∞,

P (Zn > 0) ≈ 2

nf ′′(1)
, (2.88)
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which can be used to calculate the probability of a generation having zero members

[94]

P (Zn = 0) ≈ 1− 2

n
(2.89)

for a branching process with p0 = p2 = 1/2. With this, we calculate that the

distribution of times to extinction

Qn ∝ d

dn
P (Zn = 0) ∝ n−2 (2.90)

also follows a power-law with an exponent of −2.

Connection to networks

It is easy to see that the propagation of a signal through a directed network—so long

as clustering can be dismissed, i.e., if it is infinitely improbable that signals taking

different paths through the network will ever meet each other—can be described as

a branching process. For example, activation spreading in an infinitely large random

regular graph, i.e., a random graph in which every node has precisely k outgoing

connections, with k = 2 and a probability of p = 0.5 of activating a node at the end

of a connection can be described as a branching process with p0 = 0.25, p1 = 0.5, and

p2 = 0.25. It is therefore clear that the distributions of the total number of activated

nodes and lengths of activation cascades will follow the power-laws calculated above.

Of particular interest for this work is that the exponents of −3/2 and −2 calcu-

lated here for the distributions of sizes and lengths of critical branching processes

can be found in experimental data of neural activity avalanches, indicating that

these avalanches may result from a process belonging to the same universality class

as branching processes,[8–11, 95, 96], although power-laws with exponents differ-

ing from these have also been observed depending on the cortical region, observed

animal, or context, e.g., in vivo versus in vitro, [97, 98].

2.2.2 Annealed approximation

The first analytical calculation of the critical point in networks was done by Der-

rida and Pomeau for random regular Boolean networks [40]. Consider two network

configurations Σ1(t = 0) and Σ2(t = 0), that is specific states for all nodes σi, of a

network with a distance

d [Σ1(t = 0),Σ2(t = 0)] = n, (2.91)

meaning that n nodes have different states in the two configurations. We now want to

calculate the probability P1(m,n) that the distance between these two configurations

after one time step will be

d [Σ1(t = 1),Σ2(t = 1)] = m. (2.92)
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Any nodes whose k inputs are all identical in Σ1(t = 0) and Σ2(t = 0) will also be

identical in Σ1(t = 1) and Σ2(t = 2). The probability of this applying to N0 nodes

is

Q(N0) =

(
N

N0

)[(
N − n

N

)k
]N0

[
1−

(
N − n

N

)k
]N−N0

. (2.93)

For all other nodes, we assume that the functions governing node states, see equation

(2.13) are 1 with probability p = 1/2 and 0 with probability 1−p = 1/2. Therefore,

there is a probability of 1/2 that these nodes will be identical in Σ1(t = 1) and

Σ2(t = 1). Therefore, we can calculate

P1(m,n) =
N∑

N0=0

Q(N0)

(
1

2

)N−N0
(
N −N0

m

)
(2.94)

=
N !

m!(N −m)!

1

2N

[
1 +

(
1− n

N

)k]N−m [
1−

(
1− n

N

)k]m
. (2.95)

To calculate the probabilities of distances at subsequent time steps Pt(m,n), one

would have to consider that states of subsequent time steps are correlated with each

other. Here, Derrida and Pomeau introduce the idea of an annealed approximation.

Instead of assuming that the functions governing node activity fi(σj(t)), see equa-

tion (2.13), are constant throughout time, we now assume that these functions are

randomized in each time step which removes the correlations of node configurations

in subsequent time steps. We can therefore write

P a
t (m,n) =

N∑

q1=0

· · ·
N∑

qt−1=0

P1(m, qt−1)P (qt−1, qt−2) . . . P (q1, n), (2.96)

where P a
t is the annealed approximation for Pt. After introducing continuous vari-

ables x = n
N

and y = m
N

for large N , one finds that the probabilities Pt(m,n) are

peaked around values

yt =
1− (1− yt−1)

k

2
, (2.97)

with y1 =
1− (1− x)k

2
, (2.98)

as shown for P1 in figure 2.10. For N → ∞, two configurations Σ1 and Σ2 with a

distance Nx at t = 0 will have a distance Nyt after t time steps. The map 2.98 has

an attractive fixed point at x = 0 for k ≤ 2 which becomes unstable for k > 2, where

a new fixed point at y∗ > 0 appears. We see therefore that k = 2 is the critical

point at and below which any perturbation to a system will die out eventually with

probability one, just like a branching process will end for m ≤ 1.
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2.2.4 Additional criteria of criticality

As mentioned above, the sensitivity is merely an indicator of criticality, but a sen-

sitivity of one does not necessarily imply true criticality. Even the power-laws de-

scribed above can also be observed in non-critical regimes [101]. A stronger criterion

for criticality results from universal scaling theory [102], namely that, if the distri-

bution of avalanche sizes S follows a power-law Prob(S) ∝ S−τ and the distribution

of avalanche durations T follows a power-law Prob(T ) ∝ T−α, the average avalanche

sizes ⟨S⟩ as a function of avalanche durations T must also follow a power-law

⟨S⟩ ∝ T γ (2.99)

with γ =
α− 1

τ − 1
. (2.100)

Another criterion resulting from universal scaling theory is that the average temporal

profiles of avalanches, that is, the number of active nodes in an activity avalanche as

a function of time, when properly rescaled, collapse onto each other for all avalanche

sizes. This is a result of dynamics at a critical point being scale-invariant, as we will

discuss in subsection 2.2.6.

2.2.5 Self-organized Criticality

While the critical point can be reached by tuning a system’s parameters, i.e., raising

the temperature until a phase transition occurs, many natural systems reliably reach

this point without any outside tuning. These systems essentially tune their own

parameters to reach criticality; in other words, the critical point is an attractor of

the system’s dynamics [103]. This phenomenon is called self-organized criticality,

or SOC for short, and can be observed in a variety of different systems, such as

sandpiles [103], forest fires [104, 105], earthquakes [106], or extinction models [107].

These systems can be viewed as networks in which criticality is encoded in the

node states while the connectivity remains constant. It is often, especially in the

context of neural networks, of more interest to have criticality emerge from the

network’s topology instead. Bornholdt and Rohlf [108] introduced a model that

evolves a network’s topology to reach criticality instead.

This model is a threshold model with binary nodes taking values σi = ±1 accord-

ing to

σi(t) = sgnfi(t) (2.101)

with fi(t) =
N∑

j=1

Aijσj(t), (2.102)

where Aij are the elements of the adjacency matrix A, with Aij = ±1 if nodes i and j

are connected and Aij = 0 otherwise. The system is initialized as a random network

with random states and the dynamics are run until an attractor is reached. Then a

node is randomly selected and a local rewiring rule is applied to it: If the node does
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not change its state during the attractor, it receives a new connection from a random

node; if it does change its state, it loses a random connection. Additionally, the sign

of a random nonzero entry of the adjacency matrix is reversed. The system’s state

is then randomized again and the process is repeated. For an infinite number of

nodes, this algorithm evolves a network towards the critical point at ⟨k⟩ = 2.

2.2.6 Universality classes

One can find many systems that, although they are governed by different microscopic

rules, behave similarly at the critical point, meaning that they have the same critical

exponents. Two such systems that share critical exponents are said to belong to the

same universality class. Examples include liquid-gas coexistence curves of fluids or

magnetic systems [109].

This behavior can be explained by the renormalization group transformation [109,

110]. This is a mathematical method in which a system is coarse-grained, removing

degrees of freedom on short scales, and its parameters are rescaled to reproduce the

behavior of the original system. This can be described as a flow in the system’s

parameter space, which in many cases will end in a fixed point. This fixed point

maps onto itself under coarse-graining, meaning that it is self-similar, i.e., it has

a fractal structure. We recognize this behavior from the power-laws in avalanche

duration and size distributions, which are called scale-free, i.e., invariant under

coarse-graining, due to their lack of a characteristic scale. Different systems, with

different microscopic properties, in a fixed point’s vicinity will flow towards that

same fixed point under coarse-graining and therefore share the same behavior on

long length scales and thus belong to the same universality class.

Notably, it is believed, although still debated, that brain dynamics are part of the

same universality class as branching processes [8, 111] which is commonly referred

to as the mean-field directed percolation universality class [112]. Critical exponents

for various SOC models are shown in table 2.1.

Table 2.1: Critical exponents for avalanche distributions for various SOC models.

α τ

Sandpile model [103]
2D 0.42 0.98
3D 0.90 1.35

Forest fire model [105] 1 2

Earthquake model [106]
2D 1
3D 1.35

Bak-Sneppen model [107] 1.074± 0.004 [113] 1.2911 [114]
Branching process (MF-DP) [91] 2 1.5
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2.3 Epidemiological models

In this section, we will explain the basics of epidemiological network models which

are utilized by one of our publications. One of the simplest and most popular models

for the spread of epidemic diseases is the SIR model, see e.g. [115] for a review. In

this model, a population is split into three groups: susceptible (S), infected (I), and

removed (R), which may represent states such as recovered and immune or diseased.

These models were at first studied in a fully mixed ensemble, in which all members

of the population have equal probabilities of meeting and thus infecting others. In

this case, the model’s evolution can be described using simple nonlinear differential

equations [116].

This approach, however, neglects all network effects that might play a role in the

spread of a disease. To study these effects, we follow [45] and imagine an infinitely

large, random, undirected network with an arbitrary degree distribution. Like in

previous sections, the infinite size in this network means that a disease spreading

across the network encounters no loops. Every node represents a person who is in

one of the three states (susceptible, infected, or removed), and connections represent

contact between two people. An infected node i may now infect any susceptible node

j that is connected to with probability

Tij = 1− erijτi , (2.103)

where rij is the average rate of disease-causing contacts between the two and τi
is the time that node i is infective. Assuming that rij and τi are independently

and identically distributed random variables pulled from the distributions P (r) and

P (τ), the a priori probability T of infection is simply the average of Tij,

T = ⟨Tij⟩ = 1−
∫ ∞

0

drdτP (r)P (τ)erτ , (2.104)

and this average transmissibility T is sufficient to describe the spread of a disease

in a network, as demonstrated in [45].

We now once again introduce generating functions

f0(x) =
∞∑

k=0

pkx
k, (2.105)

where pk describes the network’s degree distributions, i.e., pk is the probability of a

node having k edges. A crucial property of the spread of a disease is that nodes are

not equally likely to be infected; instead, an infecting connection is more likely to

lead to a node with a high degree than one with a low degree, which leads to high

degree nodes being more likely to become infected. Thus, we define the generating
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function for the degree of a node at the end of a random link

∞∑
k=0

kpkx
k

∞∑
k=0

kpk

= x
f ′
0(x)

f ′
0(1)

. (2.106)

Since we want to know the number of edges that can continue the infection chain,

we want to exclude the one edge the node itself was infected by, which we can do

by dividing equation (2.106) by x, arriving at

f1(x) =
f ′
0(x)

f ′
0(1)

=
1

⟨k⟩f
′
0(x), (2.107)

where ⟨k⟩ = f ′
0(1) is the average degree. Further, we also define the generating

functions for the number of infective connections originating from a random node

f0(x;T ) and for a node at the end of a random connection f1(x;T ),

f0(x;T ) =
∞∑

l=0

∞∑

k=l

pk

(
k

l

)
(1− T )k−l(xT )l (2.108)

=
∞∑

k=0

pk

k∑

l=0

(
k

l

)
(1− T )k−l(xT )l (2.109)

=
∞∑

k=0

pk(1− T + xT )k (2.110)

= f0[1 + (x− 1)T ], (2.111)

where we used the binomial theorem between lines (2.109) and (2.110), and

f1(x;T ) = f1[1 + (x− 1)T ]. (2.112)

To determine the sizes of infected clusters, we define the generating functions

H0(x;T ) =
∞∑

n=0

Pn(T )x
n (2.113)

of the sizes of clusters of infected nodes that a random node is part of and H1(x;T )

for a node at the end of a random edge. Analogously to equation (2.39), we find

that

F1(x;T ) = xf1(F1(x;T );T ) (2.114)

and F0(x;T ) = xf0(F1(x;T );T ). (2.115)
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The average size of an infected cluster is then

⟨n⟩ = F ′
0(1;T ) = 1 + f ′

0(1;T )F
′
1(1;T ) (2.116)

with F ′
1(1;T ) = 1 + f1(1;T )F

′
1(1;T ) =

1

1− f ′
1(1;T )

, (2.117)

and thus

⟨n⟩ = 1 +
f ′
0(1;T )

1− f ′
1(1;T )

= 1 +
Tf ′

0(1)

1− Tf ′
1(t)

. (2.118)

Note that ⟨n⟩ diverges for Tf ′
1(1) = 1. In epidemiology, this quantity is often called

the basic reproduction number R0 = Tf ′
1(1) and is the equivalent to the parameter

m in branching theory. The value R0 = 1 marks the critical point past which a

disease can infect a finite fraction of an infinitely large network. We can calculate a

critical transmissibility

Tc =
1

f ′
1(1)

=
f ′
0(1)

f ′′
0 (1)

=
⟨k⟩

∞∑
k=0

k(k − 1)pk

. (2.119)

Finding this critical point and developing strategies for reducing the transmissibility

to below this point are some of the main interests of epidemiological research. Note

therefore in particular, that for a power-law governed degree distribution pk ∝ k−γ

with γ < 3, the denominator in equation (2.119) diverges, and the critical trans-

missibility Tc becomes zero. Therefore, in a scale-free network—so long as γ < 3,

which is the case for most real-world networks—there is no critical transition [117],

meaning that any disease is supercritical, which is of particular interest since many

real-life networks can approximately be described by power-laws, albeit with cutoffs,

as discussed in section 2.1.1.
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average activity. Also, both criteria for the existence of this critical branch, high

clustering and nodes having either only excitatory or only inhibitory outgoing con-

nections, are present in brains. As the critical point is largely independent of the

average degree k, this critical point will still be relevant at the very high average

degrees present in brains, unlike the previously discussed critical point at k = 2, see

section 2.2.2. We also provide an analytical approximation for the fraction of exci-

tatory connections at the high-activity critical branch as a function of the average

degree k using annealed approximation.

In another paper, we describe an algorithm to tune a Boolean threshold network

towards the critical point at low average degrees using only locally available informa-

tion. Every W time steps, a node is picked and, if its state has not changed within

the last W time steps, it gains an incoming link from a random node. Otherwise,

it loses a random incoming connection. Newly created connections are excitatory if

the receiving node has been inactive in the previous W time steps or inhibitory if it

has been active. Therefore, adding links moves the network away from a quiescent

state, and removing links moves the network away from chaos. The result is that

this algorithm, regardless of a network’s initial topology, quickly tunes a network

towards criticality for a large part of the parameter space. Further, we also tested

the algorithm for different possible network implementations, namely networks with

a fixed number of inhibitory and excitatory nodes and networks with continuous

link weights. The algorithm led to criticality regardless of the exact network im-

plementation, indicating the universality of the underlying mechanism. We verified

this criticality using avalanche profiles as well as universal scaling theory.

Finally, we combined the two previous results to create an algorithm that tunes

to the critical point at high average degrees. For this, we modified the previously

explained algorithm such that new connections are always formed to the nearest

available node and when an incoming connection of a node is removed, the longest

connection is chosen. This ensures that the resulting network will have a high

clustering coefficient. Further, nodes are either excitatory or inhibitory, and their

identity, instead of being set according to a set fraction of inhibitory nodes as is

usually done, is decided by the algorithm. Nodes that have no outgoing connections

are undecided, i.e., neither excitatory nor inhibitory. When a node needs to receive

for example an inhibitory connection, it can receive this connection from either an

inhibitory node or an undecided one. If it receives a connection from an undecided

node, that node then becomes inhibitory. The ratio of inhibitory to excitatory

nodes is therefore dynamically attained by the algorithm. Since the network now

fulfills both criteria for the existence of the low-activity critical branch at high

degrees, it should now be able to be tuned to this critical branch, and we do find

that the algorithm creates a critical high-degree network for a large part of the

parameter space. Once again, we verify the criticality using avalanche profiles as

well as universal scaling theory, see figure 3.2. Finally, we introduce a variant of the

algorithm operating on a more biologically realistic network model in which nodes

can only be active for one time step and are then inactive for a refractory period.

This imitates the spiking activity of real neuronal networks. Here too, we find that
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We then consider a recursive contact tracing algorithm in which the contacts of

an infected person who is using the app will be quarantined for the time they might

be infectious, as well as, depending on the recursion depth, their contacts and their

contacts’ contacts, and so on. We calculate the probability that an infectious per-

son is quarantined, which leads to a critical point depending on the transmission

probability, symptomatic rate, app adoption rate, degree distribution, and recursion

depth, that separates a phase in which the infection will spread through the network

and a phase in which it will quickly die out. Firstly, we find that the degree distribu-

tion has almost no influence on this critical point, so long as the basic reproduction

number and average degree are the same.

Secondly, we calculate the critical values of the app usage rate depending on

symptomatic rate and recursion depth, see figure 3.3. Here, it can be seen that,

for a given degree distribution and transmissibility, there is a critical value of the

symptomatic rate below which infection rates cannot be pushed below the criti-

cal point even with app adoption by the entire population; however, this critical

symptomatic rate decreases with increasing recursion depth, and any disease with

a nonzero symptomatic rate can be stopped using a high enough recursion depth.

This shows the value of recursive contact tracing, as only tracing the contacts of

infected people would be unable to stop diseases with low symptomatic rates.

Figure 3.3: Critical app usage rate Φc as a function of the symptomatic rate Θ for
different recursion depths r for a realistic example degree distribution
and transmissibility.

Finally, we test our calculations using simulations, which show excellent agree-

ment with our theoretical results. These simulations also show the fraction of quar-

antined individuals in the population, which will of course increase with recursion

depth. We find that, for high symptomatic rates, the rate of unnecessary quaran-

tining of healthy individuals can grow fast with increasing recursion depths while

the critical app usage rate is almost unaffected. In other words, there needs to be

a compromise in the chosen recursion depth between infection prevention effective-
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ness and unnecessary restrictions on the population. Our research could be used to

inform such a decision.

3.3 Robustness to noisy signal transmission delays in

genetic networks

Since genetic networks need to function reliably in a noisy environment, we hypoth-

esize that these networks are specifically evolved to have robust dynamics under

noise. We test this hypothesis by comparing Boolean genetic network models, col-

lected from the cellcollective.org database, to randomized variants of these networks

with equal attractor lengths. Our criterion for robustness is the time a network

follows the dynamic attractor it would have without noise in the presence of noise in

signal transmission times. We find a significant advantage of the real networks over

their randomized variants for most of our studied networks, not much of a difference

for some, and an advantage of the randomized variant for one network, as shown in

figure 3.4.

Figure 3.4: Average time tatt networks remain in their attractors under noise in sig-
nal transmission times, as a function of the maximum delay χmax of a
signal due to noise. The noise delay χ ∈ [0, χmax] is added onto a stan-
dard signal transmission time of one. Different colors denote different
attractors, in order of frequency of appearance, and the dotted, black
line shows the maximum simulation runtime. For an explanation of the
network names, see 4. Solid lines show the original genetic network, with
their standard deviation indicated by the shaded area, while dashed lines
show the randomized variants, with their standard deviation indicated
by the dotted area.

To further study the origin of this increased robustness, we observe the average

Hamming distance of consecutive states in the attractor and find that this is often

significantly larger in random networks than in the genetic networks. To eliminate

this factor, we studied two more randomized variants of the genetic networks: one
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that has the exact same attractor as the original network and one with a random

attractor of equal length and similar average Hamming distances between consecu-

tive attractor states. Here, we still find an advantage, albeit a slightly smaller one,

for most of the genetic networks over the randomized ones, while the randomized

networks with the same attractors as the original networks have a slight advantage

over the randomized networks with merely similar Hamming distances. This indi-

cates that the genetic networks’ robustness is encoded in the shape of the attractor

itself as well as the underlying network topology facilitating it.

3.4 Universal computing using localized activity in

threshold networks

We want to create a universal computing scheme in a random, irregular, two-

dimensional threshold network using collision-based computing. For this, we cre-

ate Boolean gates that allow universal computing, in which two gliders, pockets of

activity propagating through the network, collide with each other and produce an

output signal. This output signal can be encoded in the form of the presence or

absence of another glider or persistent activity or inactivity within a target region

of the network. We develop a fitness-based rewiring algorithm in which gliders from

two input nodes travel towards a target region in which they interact, which then

produces the output. The input nodes produce gliders with different prime attractor

lengths, which makes the output independent of the activation times of the input

nodes, since the prime attractor lengths ensure that any phase difference between

the two will occur at some point. A resulting example gate with two outputs, one

for each input node, is shown in figure 3.5.

We demonstrate that a universal set of Boolean gates can be created using our

algorithm and that these can easily be combined into a universal computer.
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Figure 3.5: Snapshots of a gate where the output (bottom right) for the left node (A)
is A¬B, and the output (bottom left) of the right node (B) is B¬A. Both
of the outputs are in the form of gliders traveling past the target region.
Rhombi denote the input nodes, the red circle denotes the target, and
rings denote the intended position of gliders as well as the start (yellow)
and target (gray) regions of the signal. Green rings denote gliders that
are traveling towards the target point, blue rings denote gliders after
the target point for a TRUE output, and red rings show the position a
glider would be, had it continued its path, given a FALSE output signal.
Nodes have a yellow outline if they are ever active during the simulation,
and a yellow body if they are currently active. In other words, yellow
nodes in blue rings and no yellow nodes in red rings indicate that the
computation is working correctly.
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4 Conclusion

In this work, we utilized the framework of network science to formulate complex real-

life problems in the form of simple toy models to study their behavior. Our main goal

in this formulation was to create minimal models, i.e., with as few parameters and

rules as possible, that can still meaningfully recreate phenomena we observe in the

real world. Our goal in all of this research is therefore never to make quantitative

predictions, as this would require more complicated models, but to qualitatively

understand mechanisms that create the effects we see in reality.

In the context of neural science, we studied the critical point that brains seem

to tune themselves to using two-dimensional threshold network models. We found

a new critical point at high average degrees with properties that can be found

in neuronal networks and developed simple algorithms using only locally available

information to tune threshold networks towards such a critical point at both low

and high degrees. We hope that these findings can help increase our understanding

of criticality in real neuronal networks. However, since we used toy models here,

further research could be focused on implementing the provided algorithm in more

realistic network models.

Next, we turned to the area of epidemiology in which we studied the possibility

of stopping infectious diseases with asymptomatic infections using recursive contact

tracing. We calculated critical values of compliance in a population necessary to

push the spread of a disease into a subcritical regime depending on the disease’s

rate of asymptomatic infections, recursion depth of contact tracing, and network

structure, which we verified using network simulations. These calculations show

that it is possible to suppress any disease with an arbitrary asymptomatic rate

given high enough compliance of the population if one uses recursive contact trac-

ing, which cannot be achieved with simple one-step contact tracing. Further work

could study our quarantining algorithms on more realistic models with real diseases’

infection profiles, network structure that considers household structures and similar

topological properties of real social networks, and possible delays, should the contact

tracing not be facilitated by an app enabling instant tracing and communication.

In the field of epidemiology, we formulated a hypothesis that genetic networks

should be evolved to be extraordinarily robust towards noisy environments. To

test this, we studied the dynamic attractors of eight epigenetic networks from the

cellcollective.org database under random signal transmission delays and found that

most of them are significantly more robust under these conditions than randomized

variants of each network. Our research shows that this robustness is both a result of

the shape of these attractors themselves as well as the underlying network topology.

Further research could study more genetic networks, as well as more realistic imple-
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mentations of these networks than simple Boolean networks. Also, we believe that

our research could be used to evaluate if a Boolean representation of a real genetic

network is realistic, as a network that is not robust to noise is likely not realistic for

a real organism.

Finally, we use random two-dimensional threshold networks to create a univer-

sal computer. This is facilitated by gates in which gliders of activity propagating

through the network collide with each other and create an output that can be in-

terpreted as a logical TRUE or FALSE. These gliders and gliders are automatically

created by an algorithm altering the network topology. We show that, using this

strategy, a universal set of gates can be created and describe how these gates could

be combined to create a universal computer. While our algorithm is unlikely to func-

tion in the presence of noise, and therefore is likely not actionable in the real world,

we hope that, as a proof of concept, it can spark ideas regarding the implementation

of amorphous computing in the future.
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[99] B. Luque and R.V. Solé. “ Phase transitions in random networks: Simple

analytic determination of critical points ”. In: Phys. Rev. E 55.1 (Jan. 1997),

pp. 257–260.

[100] I. Shmulevich and S.A. Kauffman. “ Activities and Sensitivities in Boolean

Network Models ”. In: Phys. Rev. Lett. 93.4 (July 2004), p. 048701.

[101] Jonathan Touboul and Alain Destexhe. “Power-law statistics and univer-

sal scaling in the absence of criticality”. In: Physical Review E 95.1 (2017),

p. 012413.

[102] James P Sethna, Karin A Dahmen, and Christopher R Myers. “Crackling

noise”. In: Nature 410.6825 (2001), pp. 242–250.

[103] Per Bak, Chao Tang, and Kurt Wiesenfeld. “Self-organized criticality: An

explanation of the 1/f noise”. In: Physical review letters 59.4 (1987), p. 381.

[104] Per Bak, Kan Chen, and Chao Tang. “A forest-fire model and some thoughts

on turbulence”. In: Physics letters A 147.5-6 (1990), pp. 297–300.

[105] Barbara Drossel and Franz Schwabl. “Self-organized critical forest-fire model”.

In: Physical review letters 69.11 (1992), p. 1629.

52

https://doi.org/10.1523/JNEUROSCI.2771-11.2012
https://doi.org/10.1523/JNEUROSCI.2771-11.2012
https://www.jneurosci.org/content/32/3/1061.full.pdf
https://www.jneurosci.org/content/32/3/1061.full.pdf
https://www.jneurosci.org/content/32/3/1061


REFERENCES

[106] Per Bak and Chao Tang. “Earthquakes as a self-organized critical phenomenon”.

In: Journal of Geophysical Research: Solid Earth 94.B11 (1989), pp. 15635–

15637.

[107] Per Bak and Kim Sneppen. “Punctuated equilibrium and criticality in a

simple model of evolution”. In: Physical review letters 71.24 (1993), p. 4083.

[108] Stefan Bornholdt and Thimo Rohlf. “Topological evolution of dynamical net-

works: Global criticality from local dynamics”. In: Physical Review Letters

84.26 (2000), p. 6114.

[109] James J Binney et al. The theory of critical phenomena: an introduction to

the renormalization group. Oxford University Press, 1992.

[110] Kenneth G Wilson and John Kogut. “The renormalization group and the ϵ

expansion”. In: Physics reports 12.2 (1974), pp. 75–199.

[111] Tawan TA Carvalho et al. “Subsampled directed-percolation models explain

scaling relations experimentally observed in the brain”. In: Frontiers in neural

circuits 14 (2020).

[112] Miguel A Munoz et al. “Avalanche and spreading exponents in systems with

absorbing states”. In: Physical Review E 59.5 (1999), p. 6175.

[113] Peter Grassberger. “The Bak-Sneppen model for punctuated evolution”. In:

physics Letters A 200.3-4 (1995), pp. 277–282.

[114] Bernhard Mikeska. “Monte Carlo renormalization-group approach to the

Bak-Sneppen model”. In: Physical Review E 55.3 (1997), p. 3708.

[115] Herbert W Hethcote. “The mathematics of infectious diseases”. In: SIAM

review 42.4 (2000), pp. 599–653.

[116] Norman TJ Bailey et al. The mathematical theory of infectious diseases and

its applications. 2nd. Charles Griffin & Company Ltd 5a Crendon Street,

High Wycombe, Bucks HP13 6LE., 1975.

[117] Romualdo Pastor-Satorras and Alessandro Vespignani. “Epidemic spreading

in scale-free networks”. In: Physical review letters 86.14 (2001), p. 3200.

53





Original works

This chapter contains all original works involving the author selected for this thesis,

as listed on page 45.

55





Critical excitation-inhibition balance in dense neural

networks

Lorenz Baumgarten and Stefan Bornholdt. “Critical excitation-inhibition balance

in dense neural networks”. In: Physical Review E 100.1 (2019), p. 010301.

57





PHYSICAL REVIEW E 100, 010301(R) (2019)
Rapid Communications

Critical excitation-inhibition balance in dense neural networks

Lorenz Baumgarten* and Stefan Bornholdt†

Institut für Theoretische Physik, Universität Bremen, 28759 Bremen, Germany

(Received 29 March 2019; published 10 July 2019)

The “edge of chaos” phase transition in artificial neural networks is of renewed interest in light of recent
evidence for criticality in brain dynamics. Statistical mechanics traditionally studied this transition with
connectivity k as the control parameter and an exactly balanced excitation-inhibition ratio. While critical
connectivity has been found to be low in these model systems, typically around k = 2, which is unrealistic
for natural neural systems, a recent study utilizing the excitation-inhibition ratio as the control parameter found
a new, nearly degree independent, critical point when connectivity is large. However, the new phase transition
is accompanied by an unnaturally high level of activity in the network. Here we study random neural networks
with the additional properties of (i) a high clustering coefficient and (ii) neurons that are solely either excitatory
or inhibitory, a prominent property of natural neurons. As a result, we observe an additional critical point
for networks with large connectivity, regardless of degree distribution, which exhibits low activity levels that
compare well with neuronal brain networks.

DOI: 10.1103/PhysRevE.100.010301

Between the ordered and chaotic regimes of threshold
neural networks lies the “edge of chaos,” a critical point
where the length and size distributions of activity avalanches
are governed by characteristic power laws. This dynamical
phase transition has been thoroughly studied in random neural
networks [1–4], nonsymmetric spin glasses [5], and random
Boolean networks [6–10]. Traditionally, threshold neural net-
works have been studied with precisely balanced excitation
and inhibition, usually by randomly assigning activating and
inhibiting links with equal probabilities. In these networks,
criticality occurs for small average degrees k [1]. However,
when allowing the fraction of excitatory links F+ as a second
control parameter of the phase transition, it was recently
discovered that there exist two critical lines in the k-F+-plane:
one almost parallel to the F+ axis at low k and one almost
independent of k at some F+ > 0.5 [11]; see Fig. 1.

The relevance of this new critical point becomes appar-
ent in the context of neural brain networks which exhibit
a high average degree (k ≈ 104 in human brains [12]) and
a characteristic imbalance between excitation and inhibition
(20–30% of neurons are inhibitory in monkey brains [13]).
There is a large amount of evidence suggesting that the
brain operates near a critical point, namely, avalanche sizes
and durations governed by power laws [14–19], the possibil-
ity of tuning from a subcritical regime through the critical
point to a supercritical regime [20], mathematical relations
between critical exponents, and collapsible avalanche shapes
[15,19,21]. Further, Fraiman et al. showed striking similarities
between correlation networks extracted from brains and the
Ising model at the critical point [22]. The interest in the role
of criticality in the brain is illustrated by the large amount of
research devoted to criticality in network models inspired by
biological networks [23–30].

*lbaumgarten@itp.uni-bremen.de
†bornholdt@itp.uni-bremen.de

Unfortunately, the high-degree critical point of Fig. 1 ex-
ists in a high-activity regime which is unrealistic for brain
networks. We find, however, an additional critical point that
persists at low activities, at the left flank of the high sensitivity
region, when including additional network properties char-
acteristic of brain networks, thereby providing a more likely
network model candidate for describing the processes behind
brain criticality.

We use threshold networks consisting of N nodes con-
nected by kN directed edges, whose node states are updated
in parallel according to

σi(t + 1) =
{

1 if
∑N

j=1 wi jσ j (t ) > h

0 if
∑N

j=1 wi jσ j (t ) � h,
(1)

where σi(t ) is the node i’s state at time t and wi j is the
weight of the connection from node j to node i. The weights
wi j can be 0 if there is no connection between nodes i and
j, or ±1 otherwise. The weights of existing connections are
chosen randomly with excitatory links wi j = +1 chosen with
probability F+. Initial states of the nodes are chosen according
to a random initial activity A0 = 1

N

∑
i σi.

A simple quantity that we use to measure criticality is the
sensitivity λ [31,32]. Imagine switching one node’s state in
the current time step; then λ is defined as the average number
of nodes whose states will then be different in the next time
step from what they would have been otherwise. If sensitivity
is smaller or larger than 1, perturbations will quickly die out
or dominate the entire network, respectively. Hence, at λ = 1,
the network is in a critical state.

First, in order to establish whether the vertical white line
defined by λ = 1 seen in Fig. 1 indeed is a critical point, we
measure the averages of multiple quantities of interest, as well
as the average sensitivity for 103 time steps after letting the
network relax from its initial condition within 2 × 103 time
steps (tests show that increasing this time or waiting until
an attractor is reached—where possible, attractors cannot be

2470-0045/2019/100(1)/010301(6) 010301-1 ©2019 American Physical Society
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FIG. 1. Sensitivity as a function of fraction of excitatory links
F+ and connectivity k in random neural networks, similar to
Fig. 1C in [11], for threshold h = 0 and N = 103 nodes. Lines
compare Eq. (3) (green solid line) and the numerical solution of
Eq. (2) (red dashed line) with the simulation results. Both lines
approximate the simulation’s critical line well for large k. Note that
the left flank of the sensitive region of the simulation does not exhibit
a (white) critical corridor, which is further discussed in the text.

found in a reasonable amount of time for λ � 1—does not
change the results) for different values of F+. Afterwards, we
can plot the measured quantities as a function of sensitivity.
The measured quantities are the network’s activity A, the
fraction of nodes which do not change their state within the
103 time steps NS, and the average number of state changes
per node and time step F/Nt . This measurement is shown in
Fig. 2.

For λ < 1, essentially all nodes are static (i.e., remaining
in one state, either active or inactive) and almost no flips
happen, whereas for λ > 1, the number of static nodes drops
and the number of flips increases, so λ = 1 is a boundary
between order and chaos. Also note that the network’s activity
is very high at the critical point. It seems, therefore, that
this critical point cannot underlie a mechanism that defines
criticality in the brain, as almost all neurons constantly firing
is not realistic.

Further, we measure avalanche sizes and durations at the
critical point, as described in the Supplemental Material [33];
see Fig. 3. We observe power laws in both avalanche size and
duration distributions.

FIG. 2. Activity A, static node fraction NS, and flips per node and
time step F/Nt as a function of the sensitivity λ for k = 80, N = 104,
and h = 1.

(a) (b)

(c) (d)

N
o.

N
o.

FIG. 3. Distributions of avalanches. (a) Sizes and (c) durations
for networks with F+ ≈ 0.6, k = 80, N = 104, and h = 1. The slopes
shown in red are (a) −0.8 and (c) −1.4. Also, (b) attractor and
(d) transient length distributions for networks with 0.95 � λ � 1.05,
F+ ≈ 0.6, k = 80, N = 4444, and h = 1. The slopes shown in red
are (b) −1.3 and (d) −1.9. Logarithmic binning is used for all four
figures.

Finally, we measure the attractor and transient lengths, as
well as the average sensitivity within the attractor for a num-
ber of different network realizations for fixed parameters. We
only use parameter and attractor lengths of networks whose
average sensitivity λ is within 1 − δ � λ � 1 + δ with δ =
0.05. Attractor and transient length distributions are shown in
Fig. 3. Both the attractor lengths as well as the right flank of
the transient length distributions show clear power laws, as is
to be expected for critical networks [34].

All of the above discussed properties lead us to conclude
that this is indeed a critical point.

We use Derrida’s annealed approximation [6], adopted for
threshold networks [2], to estimate the critical F+ as a function
of k, and arrive at the equation

1

k
=

(
k

k+h+1
2

)
F

k+h+1
2+ (1 − F+)

k−h−1
2

k + h + 1

2k
. (2)

Under the assumption of large average degree k � h, k � 1,
this can be simplified to

F+ = 1

2

⎡
⎣1 +

{
1 −

(
2π

k

) k
2

} 1
2

⎤
⎦. (3)

See the Supplemental Material [33] for details. Figure 1 shows
a comparison of Eq. (3), as well as the numerical solution of
Eq. (2), with our simulation results.

Let us now focus on the the left flank of the central high
sensitivity region in Fig. 1. When lowering the value of F+
from intermediate values towards 0, sensitivity λ seems to
suddenly drop to 0 from values larger than 1. In the simu-
lations, this is due to a sudden drop in persistent activity: All
activity dies out before the average sensitivity crosses through
one. Critical sensitivity here falls into the left (black) region

010301-2
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(a)

(b)

FIG. 4. (a) Activity A, static node fraction NS, flips per node and
time step F/Nt , and sensitivity λ at h = 1 and (b) sensitivity λ for
different thresholds h as a function of F+ for k = 80, N = 104, and
WS-EIN networks with rewiring probability β = 10−2 (C ≈ 0.72).
The sensitivity for an equivalent ER network (C = 0.008) is also
shown in (a) for comparison.

of entirely inactive networks, whose sensitivity is not shown
(as only persisting activity is relevant and, therefore, plotted).

However, as a central observation of our study, we find
that networks can be kept from abruptly dying out for low
F+ by introducing two properties to the network: increasing
the networks’ clustering coefficientC and requiring that nodes
have either only excitatory or only inhibitory outgoing edges
(Dale’s principle). Both of these properties are prominent
features of brain networks [35–39]. Note that these properties
do not necessarily cause networks to show finite activity for
values of F+ in which the random network has zero activity,
but instead that the activity goes continuously towards zero
with lowering F+ instead of abruptly dropping to zero.

We believe the mechanism underlying the left flank’s sur-
vival to be as follows: If two excitatory nodes which are
connected to each other are active, then for high clustering
coefficients, they are likely to have shared neighbors and can
therefore combine their efforts to also activate these neighbors
more easily than in random networks and thereby create
islands of surviving activity. The contribution of nodes being
either excitatory or inhibitory is likely that if few random
nodes are active within a region, this property significantly
increases the variance of the relative number of activating
signals in that region and therefore increases the probability
of areas exhibiting high excitation by random chance.

We also see that the sensitivity in clustered graphs with
nodes either fully excitatory or inhibitory closely follows the
sensitivity of random graphs for high values of F+, but then
drops off for lower F+; see Fig. 4. This is likely due to
nodes in the center of activity islands receiving many more
excitatory connections than necessary for activation. This both
lowers the overall activity because these redundant excitatory
signals essentially lower the network’s total excitation and

FIG. 5. Sensitivity as a function of fraction of excitatory links
F+ and connectivity k in clustered EIN (Dale) neural networks
for threshold h = 2, clustering coefficient C = 0.65, and N = 104

nodes.

lowers the sensitivity because only nodes with an input sum
near the excitation threshold contribute to it.

Networks with only a high clustering coefficient, without
the second property of nodes having either only excitatory
or only inhibitory outgoing edges, can also show surviving
activity on the left flank for some initial configurations and
for exceedingly high clustering coefficients and thresholds,
but even then the left flank drops sharply towards zero. In
the following, let us denote networks obeying Dale’s princi-
ple [39], i.e., networks consisting of excitatory neurons and
inhibitory neurons as EIN networks, as opposed to networks
with excitatory-inhibitory edges which we will call EIE net-
works.

Since the network’s activity does not abruptly die out
on the left flank anymore for clustered EIN networks, a
second critical point can be found here, as shown in Fig. 5
and Fig. 4(a). Plotting the sensitivity in the F+-k plane in
Fig. 5, we now see that the left flank indeed exhibits critical
sensitivity λ = 1 (white color). Note that in contrast to the
first critical point at the right flank of the sensitive region, this
second critical point at the left flank exists in a low-activity
state, making it more interesting for real-life applications,
such as studying mechanisms underlying brain criticality.

To construct networks with different high clustering coef-
ficients, here we use directed Watts-Strogatz (WS) networks
[40,41]. The original WS model consists of a ring of N
neurons with periodic boundary conditions in which every
neuron is connected to its k nearest neighbors. Then, connec-
tions are randomly rewired with rewiring probability β. We
use an essentially equivalent implementation without explicit
rewiring from [41] in which the probability of a connection
from a node i to a node j existing is

pi j = βp0 + (1 − β )�[p0 − Di j/(N/2)]

+ 1
2 (1 − β )�[p0 + Di j/(N/2)]

×�[p0 − (Di j − 0.5)/(N/2)], (4)
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FIG. 6. Sensitivity λ and activity A for different network configurations. White denotes a critical sensitivity. (a) For EIE networks—except
for very high clustering coefficients and thresholds—the left flank dies out before reaching the critical point. (b) Switching to an EIN network
stabilizes the left flank; however, it still collapses for high average degrees k without a high clustering coefficient. Some white artifacts can
be seen because the left flank does not die out within 2 × 103 time steps; it does, however, die out after a larger number of time steps, and
therefore no second critical point exists here; see Supplemental Material [33] for more information. (c) A higher clustering coefficientC = 0.65
stabilizes the left flank even for higher average degrees k (this case is taken from Fig. 5). (d) With a higher threshold h = 10, even a lower
clustering coefficient C = 0.25 can have a stable left flank. The distance between the critical points shrinks for higher thresholds and both
critical points are also moved to higher F+. (e) For EIN networks, a higher clustering coefficient (C = 0.5) lowers the network’s average
sensitivity, leading this configuration to only barely pass above λ = 1 between the critical points. From the shape of the left critical line from
(b) to (d), it can also be seen that the left critical line is merely a continuation of the horizontal line from Fig. 1 folded upwards.

where p0 = k/(N − 1) and Di j is the distance between nodes
i and j on the ring, i.e., Di j = min(|i − j|,N − |i − j|). The
third term has been added to enable uneven values of k.
By manipulating the rewiring probability β, we can vary
a network’s clustering coefficient and average path length.
The Watts-Strogatz model’s strength is that when varying β,
there is a region in which the clustering coefficient is nearly
constant while the average path length changes drastically and
a second region in which the clustering coefficient changes
and the average path length is nearly constant, enabling us to
isolate these two parameters’ effects.

In our study of clustered EIN networks, we find that the
second critical point comes into existence in the region in
which the clustering coefficient changes, while it is unaffected
by changes within the region in which the clustering coeffi-
cient is constant. Therefore, a high clustering coefficient is
sufficient to enable the second critical point’s existence.

The influence of thresholds and clustering coefficients, as
well as the difference between EIE and EIN networks is
shown in Figs. 4(b) and 6.

So far, our networks had degree distributions centered
around an average value; however, random or Watts-Strogatz
models rarely describe real-life networks. Scale-free or simi-
lar networks with a broad degree distribution are significantly
more abundant in nature. In fact, for neuronal networks,
cumulative degree distributions ranging from power laws
[42–44] over exponentially truncated power laws [45–49]
to exponential laws [50–53] have been found, with the ob-
servation that distributions following exponentially truncated
power laws increasingly resemble true power laws for mea-
surements on finer scales [45].

In analogy to the brain, we focus on EIN networks with
a broad link distribution. For generating the topology, we
require an algorithm that (1) can produce a scale-free graph

in which low-degree nodes can exist, (2) can initialize large
networks fast, (3) can produce networks with variable clus-
tering coefficient, as we have already seen that this can
have a large impact on criticality, and, if possible, (4) can
also produce other degree distributions similar to scale-free
graphs.

For this purpose, we adapt the algorithm described by
Lo et al. [54], a particularly efficient implementation of
preferential attachment [55], to fit our criteria.

In our algorithm, we start with a single node and iteratively
add a connection between two nodes every two time steps, so
that the sum of in and out degrees in the network increases
by one per time step. The origins and targets of these added
nodes are chosen by preferential attachment, meaning that
the probability of a node being chosen is proportional to
the sum of its in and out degree plus an offset δ, which
ensures that the probability of previously unconnected nodes
receiving connections is nonzero. Further, every m time steps,
a new node is added to the network. One significant difference
between our algorithm and other algorithms creating scale-
free graphs is that the newly added edges need not connect to
the newly added node, but can instead connect any two nodes
in the system, allowing low-degree nodes to exist in the final
network.

This process is repeated multiple times and the connections
of every initialization are added together into one network
until the desired average degree is reached. Finally, we add
i random incoming and outgoing connections to every node,
where i is the first integer with i > h, so that all nodes have
the chance of being activated. For a detailed description of
this algorithm, see the Supplemental Material [33].

The two parameters δ and m control whether the resulting
degree distribution is scale free or an exponentially truncated
power law and also the clustering coefficient. In general,
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(a) (b) (c)

(d) (e) (f)

FIG. 7. (a)–(c) Sensitivity λ and (d)–(f) activity A as a function
of F+ for an exponentially truncated power law network with low
clustering coefficient (δ = 40,m = 2) (red) and a scale-free network
with high clustering coefficient, where the largest node is excitatory
(δ = 1,m = 10) (green) or inhibitory (blue) at k = 40, N = 104,
and (a), (d) h = 1, (b), (e) h = 7, (c), (f) h = 10. The sensitivity
and activity for the highly clustered network were measured as the
average within the network’s attractor.

lower δ and higher m lead to scale-free distributions with high
clustering, whereas high δ and low m lead to low clustering
truncated power law distributions.

Studying the dynamics of EIN networks with such a topol-
ogy, we find that for scale-free graphs, the right critical point
still exists (see Fig. 7), and that the sensitivity λ splits into
two paths on the right flank and is therefore no longer solely
dependent on F+. The two different paths are dependent on
whether the network’s largest node is excitatory or inhibitory
(in our algorithm, there is a clear hierarchy between nodes,
dictated by when they were introduced to the network, and
therefore the first node is always clearly larger than the rest, so
no multiple nodes are competing for the spot of largest node).
Similarly to the existence of the left flank in WS networks,
this split in the sensitivity is amplified by high clustering
coefficients and thresholds.

Figure 7 also shows the existence of the left flank’s second
critical point for high clustering coefficients C and thresholds
h; see Fig. 7. For low clustering coefficients, the left flank still
dies out. High clustering coefficients and thresholds lower the
sensitivity curve’s slope, so that for certain parameters, the
sensitivity, and therefore criticality, is almost constant over a
wide area of F+; see Fig. 7(b).

To summarize, in threshold neural networks, a phase transi-
tion between a chaotic and a quiescent regime has been found
for highly clustered networks with exclusively excitatory-
inhibitory nodes. This critical point exhibits a persisting, yet
low level of average activity (which in unclustered networks
would die out). Besides the requirement of a certain level
of clustering, it is robust both for random as well as broad
(scale-free) degree distributions.

This new critical point is of particular interest to neuro-
science because it is relatively independent of the degree k
and may, therefore, occur at the large average degree present
in brains. Furthermore, the main prerequisites for this critical
point’s existence are present in the brain: a highly clustered
architecture and nodes being either exclusively excitatory or
inhibitory (Dale’s principle).

It can only be speculated what role criticality may play in
nature. It has been discussed that it could optimize a network’s
information processing capabilities. Yet also, dynamical phase
transitions are a simple means that physics provides, allowing
a complex system to tune to an intermediate activity regime
with great ease.

Last, but not least, research has shown that the balance
between excitation and inhibition in the brain, which needs to
be a specific value for a network to be critical in our model, is
vital for a functioning brain [56–60] and that disturbing this
balance can negatively impact information processing [61].
Interestingly, the ratio of excitatory and inhibitory neurons in
brain networks is observed to be almost constant throughout
an organism’s development, and feedback algorithms that
regulate this ratio are currently discussed [62]. This supports
our hypothesis that the critical point described in this Rapid
Communication, resulting from the statistical mechanics of a
dynamical phase transition, may provide a natural target value
for mechanisms that regulate the excitation-inhibition balance
in the brain.
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I. ANNEALED APPROXIMATION

We assume that all nodes are active, which is close to
true at the critical point, and that the degree distribution
is narrow enough that it can be approximated by a single
peak at k. Consider a single node with a fixed number k
of incoming signals. The probability of any specific signal
Z is

p(Z) =

(
k

k+

)
F

k+

+ F
k−
− , (1)

where F− = 1 − F+ and k+ and k− are the numbers of
incoming excitatory and inhibitory signals, respectively.
We want to calculate the probability ps that the node
will change its state in the next timestep if one of the
incoming signals is turned off. This can only happen if
the sum of incoming signals is

k+ − k− = h (2)

or k+ − k− = h+ 1. (3)

Note that for given k and h only one of these two cases
can occur since k and h need to both be odd or both be
even for the first case and have different parities for the
second case.
In the first case, an inhibitory incoming signal needs to
be turned off to effect a flip. Therefore, the fraction of
connections whose disabling would produce a flip is

k−
k

=
k − h

2k
, (4)

and for the second case, where an excitatory connection
has to be turned off to effect a flip, the fraction is

k+
k

=
k + h+ 1

2k
. (5)
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The respective damage spreading probabilities are

p(−)
s =

∑
Z∈Z(−)

p(Z)
∑

Z p(Z)

k − h

2k

=

(
k

k+h
2

)
F

k+h
2

+ F
k−h

2
−

k − h

2k
, (6)

p(+)
s =

∑
Z∈Z(+)

p(Z)
∑

Z p(Z)

k + h+ 1

2k

=

(
k

k+h+1
2

)
F

k+h+1
2

+ F
k−h−1

2
−

k + h+ 1

2k
. (7)

Because we assume high activity, which requires k+ −
k− > h, equation (7) is used in the main text. For k � h
and k � 1, the probabilities can be approximated by

p(−)
s ≈ p(+)

s ≈ ps ≈
1

2

(
k
k
2

)
(F+F−)

k
2 . (8)

A sensitivity of λ = 1 is equivalent to a damage-spreading
probability of

ps =
1

k
. (9)

We use Stirling’s approximation on the binomial coeffi-
cient in ps to arrive at

1

k
=

2k

k

√
k

2π
(F+F−)

k
2

⇔ 0 = F 2
+ − F+ +

1

4

(
2π

k

) 1
k

⇒ F+ =
1

2


1±

{
1−

(
2π

k

) 1
k

} 1
2


 . (10)

Only the solution with F+ > 0.5 is realistic, since the
assumption of high activity does not hold for F+ < 0.5.

II. METHODS

A. Measuring avalanche sizes and lengths

We initialize random networks with random activity
and let their dynamics evolve until the network runs into
an attractor. If the average sensitivity within the attrac-
tor is within a small margin of one (1−δ < λ < 1+δ with



2

δ = 10−2), we change the state of one node and again
simulate the network dynamics until the network either
returns to its old attractor or reaches a new one. During
this procedure, we count the number of nodes that had
a different state than they would have had in the un-
touched initial attractor at the corresponding time, and
the number of timesteps it takes to arrive at an attractor.
This is repeated for all nodes in the network.

B. Existence of the second critical point

For large clustering coefficients and high thresholds,
transient lengths can become exceedingly long on the left
flank, and therefore the assertion in the main text that
letting networks evolve for 2 · 103 timesteps before mea-
suring is sufficient to probe the network’s dynamics may
not always be correct here. Some left flanks may seem-
ingly exist, but will eventually die out after a long time.
Although the measurements shown in the main text were,
unless otherwise stated, not explicitly done after the tran-
sient period, because waiting until the network reaches
an attractor is not feasible for large sensitivities, the ex-
istence of all critical points shown was verified by letting
the network reach an attractor and measuring the aver-
age sensitivity within the attractor.
Further, we also tested whether this left flank was merely
an aberration caused by the WS model’s unrealistic
ring structure by repeating our measurements for a two-
dimensional network in which node position’s were ran-
domly chosen within a square area and node connec-
tions were established according to a decreasing exponen-
tial probability function of node distance (with periodic
boundary conditions). By varying this probability func-
tion, different clustering coefficients could be achieved.
We verified that the left flank, and therefore also the
second critical point, do exist in these more realistic net-
works.

C. Scale-free and exponentially truncated
scale-free graphs

For our preferential attachment, we do not differentiate
between a node’s in- and outdegree, i.e. the probability
of a node being chosen via preferential attachment is pro-
portional to the sum of a node’s in- and outdegree, and
the probability of a node being chosen as the origin or the
target of a node are also equal. Therefore, for simplicity,
we refer to the sum of in- and outdegree simply as the
degree in this section, as if the network were undirected.
We start with a single node and add one edge between
two nodes, both the edge’s origin and target chosen by
preferential attachment, in every two timesteps, so that
the network’s total degree increases by one per timestep.
After every 2m timesteps, we also add one node to the
system. Ignore for now that it is not always possible to
add edges to the system for small t. We do not, however,

use the nodes’ actual degrees to choose which nodes will
gain an edge, but instead calculate expected degrees for
the nodes. The expected degree at timestep tj of a node
vk that was introduced to the network at time tk is

ExpDeg(tj , vk)

= ExpDeg(tj−1, vk) +
ExpDeg(tj−1, vk)

total(tj−1)

= ExpDeg(tj−1, vk)(1 + 1/total(tj−1))

= ExpDeg(tk, vk)

j−1∏

i=k

(1 + 1/total(ti)), (11)

where total(tj) is what we call the system’s total adjusted
degree at time tj . In our definition of a node’s adjusted
degree (and the expected degree), we include a bias δ
that is added to a node’s number of edges. The total
adjusted degree is therefore

total(tj) = tj + δnj , (12)

where nj is the number of nodes in the system at time tj .
This bias is necessary because all nodes start with zero
edges and would therefore never receive any new edges for
δ = 0. Using the nodes’ expected instead of their actual
degrees enables us to parallelize our algorithm, signifi-
cantly speeding up a network’s initialization. Note that
for the expected degree the issue of being unable to add
any edges for small network sizes is irrelevant. We simply
pretend that nodes had the degree they could have, had
we actually added an edge in every two timesteps, which
still simulates preferential attachment. This simplistic
approach enables us to simplify products in the following
calculations which would otherwise be computationally
expensive.
More useful than every single node’s degree, however, is
the cumulative degree

ECumDeg(tj , vk)

=

k∑

i=1

ExpDeg(tj , vi)

=
k∑

i=1

ExpDeg(tk, vi)

j−1∏

i=k

(1 + 1/total(ti))

= total(tk)

j−1∏

i=k

(1 + 1/total(ti))

= total(tk) · ξ(tk, tj), (13)

as it allows us to do a fast binary search to find the
node an edge needs to be connected to, without having to
calculate and sum up expected degrees for a large number
of nodes. The factor ξ(tk, tj) can easily be calculated
when the number of nodes currently in the network n is
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Neural systems process information in a dynamical regime between silence and chaotic dynamics. This has
lead to the criticality hypothesis, which suggests that neural systems reach such a state by self-organizing toward
the critical point of a dynamical phase transition. Here, we study a minimal neural network model that exhibits
self-organized criticality in the presence of stochastic noise using a rewiring rule which only utilizes local
information. For network evolution, incoming links are added to a node or deleted, depending on the node’s
average activity. Based on this rewiring-rule only, the network evolves toward a critical state, showing typical
power-law-distributed avalanche statistics. The observed exponents are in accord with criticality as predicted by
dynamical scaling theory, as well as with the observed exponents of neural avalanches. The critical state of the
model is reached autonomously without the need for parameter tuning, is independent of initial conditions, is
robust under stochastic noise, and independent of details of the implementation as different variants of the model
indicate. We argue that this supports the hypothesis that real neural systems may utilize such a mechanism to
self-organize toward criticality, especially during early developmental stages.

DOI: 10.1103/PhysRevE.103.032304

I. INTRODUCTION

Neural systems, to efficiently process information, have to
operate at an intermediate level of activity, avoiding both a
chaotic regime as well as silence. It has long been specu-
lated that neural systems may operate close to a dynamical
phase transition that is naturally located between chaotic and
ordered dynamics [1–4]. Indeed, recent experimental results
support the criticality hypothesis, most prominently the so-
called neuronal avalanches, specific neuronal patterns in the
resting state of cortical tissue which are power-law distributed
in their sizes and durations [5–9]. Studies suggesting that
neural systems exhibit optimal computational properties at
criticality [10–12] further support the criticality hypothesis.

However, which mechanisms could drive such com-
plex systems toward a critical state? Ideally, criticality is
reached by a decentralized, self-organized mechanism, an
idea known as self-organized criticality (SOC) [13–15]. Mod-
els for self-organized criticality in neural networks were
discussed even before experimental indications of neural criti-
cality [5], including a self-organized critical adaptive network
model [3,16], as well as an adaptation of the Olami-Feder-
Christensen SOC model for earthquakes [17] in the context of
neural networks [18].

The seminal paper of Beggs and Plenz [5] eventually in-
spired a multitude of self-organized critical neural network
models, often with a particular focus on biological details in
the self-organizing mechanisms. Some of these mechanisms
are based on short-term synaptic plasticity [19], spike timing
dependent plasticity [20], long-term plasticity [21], while oth-
ers rely on Hebbian-like rules [22–24] or anti-Hebbian rules

*bornholdt@itp.uni-bremen.de

[25]. For recent reviews on criticality in neural systems see
Refs. [26–31].

In this paper we revisit the earliest model, the self-
organized critical adaptive network [3], in the wake of the
observation of neural avalanches and ask two questions:
Does this general model still self-organize to criticality when
adapted to the particular properties of neural networks? How
do its avalanche statistics compare to experimental data? Our
aim remains to formulate the simplest possible model, namely,
an autonomous dynamical system that generates avalanche
statistics without external parameters and without any param-
eter tuning.

The original SOC network model [3] had been formulated
as a spin system in the tradition of statistical physics, with
binary nodes of values σ ∈ {−1, 1}, corresponding to inactive
and active states respectively. To study avalanches in the crit-
ical state, a translation to Boolean state nodes σ (t ) ∈ {0, 1}
is necessary, as has been formulated for modeling biological
networks in Ref. [32]. For an adaptive neural network model
with rewiring based on the correlation between neighboring
nodes [16], we demonstrated earlier that in such a binary
realization, avalanche statistics become accessible and exhibit
self-organized criticality [33]. Nevertheless, the correlation-
based rewiring of that model is not the simplest possible
rule, and its algorithmic implementation falls short of a fully
autonomous dynamical system: Its adaptation rule still uses
data from different simulation runs to determine the synaptic
change to be performed.

Therefore, we here reconsider the simpler activity-based
rewiring and reformulate our model as a fully autonomous
system with adaptation dynamics based on solely local infor-
mation. It uses Boolean state nodes on a network without a
predefined topology. The network topology changes by link
adaptations (addition and removal of links) based on local

2470-0045/2021/103(3)/032304(8) 032304-1 ©2021 American Physical Society
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information only, namely, the temporally averaged activity
of single nodes. Neither information of the global state of
the system nor information about neighboring nodes, e.g.,
activity correlations [33] or retrosynaptic signals [21], are
needed. Last, it is well motivated by abundant evidence for
homeostatic processes in neural plasticity.

II. THE MODEL

Let us now define our model in detail. Consider a directed
graph with N nodes with binary states σ (t ) ∈ {0, 1} represent-
ing resting and firing nodes. Signals are transmitted between
nodes i and j via activating or inhibiting links ci j ∈ {−1, 1}.
If there is no connection between i and j, then we set ci j = 0.
Besides the fast dynamical variables σ (t ) of the network,
the connections ci j form a second set of dynamical variables
of the system which are evolving on a considerably slower
timescale than the node states σ (t ). Let us define these two
dynamical processes, activity dynamics and network evolu-
tion, separately.

A. Activity dynamics

The state σi(t + �t ) of node i depends on the input

fi(t ) =
N∑
j=1

ci j σ j (t ) (1)

at some earlier time t . For simplicity of simulation we here
choose a time step of �t = 1 and perform parallel update such
that this time step corresponds to one sweep where each node
is updated exactly once. Please note that random sequential
update as well as an autonomous update of each node accord-
ing to a given internal timescale is possible as well and does
not change our results. Having received the input fi(t ), node i
will be active at t + 1 with a probability

Prob[σi(t + 1) = 1] = 1

1 + exp[−2β( fi(t ) − 0.5)]
. (2)

Here, β is an inverse temperature, solely serving the purpose
of quantifying the amount of noise in the model. For the low-
temperature limit β → ∞ the probability Eq. (2) becomes a
step function which equals 0 for fi < 0.5 and 1 for fi > 0.5.
This function broadens for decreasing β, also allowing for
nodes being active once in a while without receiving any
input. Such idling activity is observed in cortical tissue and
will play a role in the evolutionary dynamics as defined in the
following.

This model attempts to formulate the simplest rules for the
activity dynamics possible, i.e., with the fewest states of the
nodes and the fewest parameters. Thus the dynamics neither
consider a refractory time nor a nonzero activation threshold.
Nevertheless, as shown in Sec. V, the mechanism driving the
network toward criticality works in very different biologically
inspired implementations of the model. This suggests that de-
spite being a coarse simplification of a real biological system,
the model can represent basic mechanisms that can also be at
work in real neuronal systems.

B. Network evolution

Following the natural timescale separation between fast
neuron dynamics and slow change of their connectivity, we
here implement changes of the network structure itself on a
well-separated slow timescale. For every time step, each node
is chosen with a small probability μ

N � 1 and its connectivity
is changed based on its average activity Ai = 〈σi〉W over the
time window of the last W time steps according to the follow-
ing rules:

(i) Ai = 0: add a new incoming link ci j = 1 from another
randomly chosen node j.

(ii) Ai = 1: add a new incoming link ci j = −1 from an-
other randomly chosen node j.

(iii) Ai �∈ {0, 1}: remove one incoming link of node i.
Thus, inactive (i.e., nonswitching) nodes receive new links,

while active (i.e., switching) nodes lose links. These rules pre-
vent the system from reaching, both, an ordered phase where
all nodes are permanently frozen, as well as a chaotic regime
with abundant switching activity. In particular, the system is
driven toward a dynamical phase transition between a globally
ordered and a globally chaotic phase.

Note that rewiring is based on locally available information
only. To simulate the way a single cell could keep a running
average, we also implemented the average activity of a node as
Ai(t + 1) = σ (t + 1)(1 − α) + Ai(t )α as the basic principle,
a biochemical average would be taken. Here, the parameter
α ∈ [0, 1] determines the temporal memory of the nodes (in-
stead of the averaging time window parameter W ). Since the
newly defined Ai can only approach but never attain 0 or 1, we
have to reformulate the criteria which determine the type of
rewiring to be performed. The condition for a node to receive
an activating link is transformed from Ai = 0 to Ai < ε with
ε � 1, the other criteria are changed correspondingly. Then,
we find that the model works accordingly.

For practical purposes, we perform the rewiring of only
one randomly chosen node i after every N

μ
sweeps, instead

of selecting every node with a certain probability μ

N at each
time step. Both implementations yield the same results. To
minimize the number of model parameters, we quantify the
separation between fast and slow timescales in the model
with one parameter by setting N

μ
= W and using W as the

parameter.
The proposed rules for the network evolution are inspired

by synaptic wiring and rewiring as observed in early devel-
opmental stages of neural populations or during the rewiring
of dissociated cortical cultures [34]. In these systems, home-
ostatic plasticity mechanisms are at work, which lead to
increased activity of overly inactive neurons and vice versa.
In Ref. [35] it was found that the application of inhibitory
neurotransmitters to pyramidal neurons in isolated cell cul-
tures, and thus a decrease of activity, leads to an increased
outgrowth of neurites. In contrast, if excitatory neurotrans-
mitters are applied, a degeneration of dendritic structures
is induced [35–37]. These observations were confirmed in
experiments where electrical stimulation of neurons showed
to inhibit dendritic outgrowth [38] and blocking of activity
resulted in increased growth of dendrites [39,40]. Thus, if a
neuron is overly inactive or active, it “grows and retracts its
dendrites to find an optimal level of input...” [41], which is
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FIG. 1. (a) Time series of the average in-connectivities and branching parameter for N = 1000, β = 10, W = 1000, starting from a
completely unconnected network. After a transient period, the average connectivities and the branching parameter become stationary. The
branching parameter fluctuates around 〈λ〉 = 1.10 ± 0.11, indicating possible criticality. (b) Evolution starts with an average connectivity of
〈k〉 = 2 for activating and inhibiting links. Even though having a very different initial configuration, the system evolves toward a similar steady
state as found in panel (a).

mimicked by the proposed rewiring rules. Similar homeostatic
adaption rules have been successfully used to model cortical
rewiring after deafferentation [42]. In recent models, home-
ostatic regulation has been proposed as a key mechanism of
self-organization and modulation of neural dynamics [43,44].

III. EVOLUTION OF THE NETWORK STRUCTURE

The evolution of the network starts with a specified initial
configuration of links c(t = 0) and the state of all nodes
set to σ(t = 0) = 0. Doing so, all activity originates from
small perturbations caused by stochastic noise. Applying the
rewiring rules, the system then evolves toward a dynamical
steady state with characteristic average numbers of activating
and inhibiting links.

As a convenient observable of the dynamical state of the
network, and an approximate indicator of a possible critical
state of the network, we measure the branching parameter 〈λ〉
by calculating, for every node i, how many neighbor nodes λ

on average change their state at time t + 1 if the state of i is
changed at time t . Averaging λ over the network indicates the
dynamical regime of the network, where 〈λ〉 = 1 is often used
as an indicator of criticality. Note that, by construction, 〈λ〉 de-
pends on the connectivity matrix ci j (t ) and on the state vector
σ(t ) and, therefore, has to be considered with some caution.
For example, its critical value may differ from one when
the evolved networks develop community structure or degree
correlations between in- and out-links or between nodes [10].
Therefore, we will here use the branching parameter for a
qualitative assessment of the network evolution, only, and
analyze criticality with tools from dynamical scaling theory
below.

Let us now turn to the evolutionary dynamics of the model,
starting from a random network c(t = 0) with only the av-
erage connectivity specified at t = 0. Figure 1(a) shows the
time series of the average number of incoming activating and
inhibiting links per node 〈k+〉 and 〈k−〉 starting from a fully
unconnected network. The figure also shows the temporal

evolution of the branching parameter 〈λ〉. At the begin-
ning of the network evolution, there are only a few links
between the nodes, and noise-induced activity dies out fast.
Therefore, the activity is very low, and only activating links
are added. As a result, the branching parameter increases.
When the value of 〈k+〉 approaches one, the activity starts
to propagate through the network and some nodes become
permanently active. This causes the rewiring algorithm to
insert inhibiting links. After some transient time, the aver-
age connectivities become stationary and fluctuate around a
mean value. The branching parameter also becomes stationary
and fluctuates around a value near one, indicating a possible
critical behavior. The ratio of inhibiting links to activating
links approximately attains 〈k−〉/〈k+〉 ≈ 0.3 which is close
to the ratio of inhibition/activation typically observed in real
neural systems [45]. The connectivity in the stationary states
exhibits Poisson-distributed degree distributions of incoming
and outgoing links.

Figure 1(b) shows the evolution of the average connectiv-
ities with different initial conditions. Here, the initial average
connectivities are chosen as 〈k+〉 = 〈k−〉 = 2. In contrast to
the starting configuration in Fig. 1(a), the network is densely
connected and the nodes change their states often. Since the
nodes rarely stay in the same state during the averaging time
W , links are preferentially deleted in the beginning. After a
transient period, the system reaches a stationary steady state
similar to the one already observed in Fig. 1(a), indicating
independence from initial conditions.

This scenario is reminiscent of synaptic pruning during
adolescence, where in some regions of the brain approx-
imately 50% of synaptic connections are lost [46]. It is
hypothesized that this process contributes to the observed
increase in efficiency of the brain during adolescence [47].
In the proposed model, starting with the densely connected
network shown in Fig. 1(b), the branching parameter is
considerably larger than one. In this state, information trans-
mission and processing are difficult since already small
perturbations percolate through the entire network. The
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FIG. 2. (a) The average connectivity of activating incoming links 〈k+〉 for different values of the averaging length W and the inverse
temperature β. The white dotted line is the upper bound of W given by Eq. (4). (b) The average branching parameter 〈λ〉 for different values
of the averaging window length W and the inverse temperature β. The average branching parameter is close to a typical value near one over a
broad range of (β,W ). The data was obtained by averaging over 30 000 evolution steps, system size is N = 1000.

decrease in the number of links leads to a network with
a branching parameter close to one, much better suited for
information processing tasks.

To explore the parameter dependency of the model, let us
now ask how the steady-state averages of the connectivities
and the branching parameter depend on the system param-
eters (β,W,N ). Figure 2(a) shows the average connectivity
of activating incoming links over a broad range of parameter
space. A prominent feature is the subcritical region (upper left
corner) where the algorithm fails to create connected graphs
and the average connectivity of incoming links is far below
one. This is due to nodes being predominantly active by noise,
instead of signal transmission. If a node i has no incoming
links its probability to be turned on at least once by noise
during the W time steps is given by

Prob(Ai > 0) = 1 −
(

1 − 1

1 + eβ

)W

. (3)

Therefore, demanding that on average not more than half of
the nodes should be turned on by noise during W steps gives
an upper bound for the time window W :

Wmax = − log 2

log
(
1 − 1

1+eβ

) . (4)

This boundary is shown as a white dashed line in Fig. 2(a),
obviously being a good approximation for the boundary of
the subcritical region. Most importantly, we see that if β is
sufficiently large, i.e., if the noise is sufficiently small, then
there always is a region in which connected networks emerge.
Since Wmax is independent of system size N , this also holds
for large systems. Figure 2(b) shows the average branching
parameter for the same range of (β,W ) as Fig. 2(a). Note that
〈λ〉 is close to a value slightly larger than one, over a wide
range of noise and averaging times. To explore whether this
indicates criticality (with a critical branching parameter value
larger than one for the evolved networks), let us now explore
other criteria of criticality.

IV. CRITICALITY

An important feature of critical systems is scale-
independent behavior, meaning that close to a phase transition
similar patterns can be observed on all scales. Near critical-
ity, correlations between distant parts of the system do not
vanish and microscopic perturbations can cause influences on
all scales. This also implies that power laws occur in many
observables, as, e.g., in the size distribution of fluctuations.

A. Avalanches of perturbation spreading

Let us now investigate the statistics of avalanches of per-
turbations spreading on the networks. Note that the network
evolution drives the system toward a state where activity never
dies out. Therefore, we cannot consider avalanches of activity-
spreading, as usually done in numerical experiments, with
one perturbation at a time. The problem of persistent activity
could be circumvented by introducing an activity threshold
that defines the start and the end of avalanches as done in
Ref. [48]. This procedure, nevertheless, is not reliable since
the introduction of an activity threshold can generate power-
law-like scaling from uncorrelated stochastic processes as was
shown in Ref. [49]. Instead, showing that the size and dura-
tion of the fluctuations are power-law distributed is a more
reliable procedure commonly used in statistical physics [50].
This method is related to the determination of the Boolean
Lyapunov exponent, which was used, e.g., in Ref. [51] to
examine the critical behavior of neural networks.

First, we let the system evolve until the branching parame-
ter and the average connectivities reach steady average values.
Then, noise is deactivated and a copy σc of the network is
made. One node of this copy is chosen at random and its
state is flipped: If it was active, then it is turned inactive
and vice versa. By comparing the temporal evolution of the
unperturbed system σ and the perturbed system σc one can
examine the spreading of this perturbation. For quantifying
the “difference” between the two copies it is convenient to use
the Hamming distance of the state vectors dH (σ, σc) which
is defined as the number of differing entries in σ and σc,
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FIG. 3. Avalanche statistics and collapse of avalanche profiles. (a) Avalanche duration distribution. (b) Avalanche size distribution.
(c) Average avalanche size over avalanche duration. (d) Collapse of avalanche shapes. The curves show the Hamming distance during
avalanches of lengths between 5 and 30. N = 2000,W = 1000, β = 10, data from 6 × 106 avalanches.

i.e., the number of nodes which deviate from each other in
their states. During the examination of one perturbation, the
rewiring algorithm is not in action.

Performing simulations we found that in most cases
dH (σ, σc) → 0 after some time, which means that the per-
turbed system falls back onto the attractor of the unperturbed
system. For a system of, e.g., 2000 nodes with β = 10 and
W = 1000, this was observed in more than 90% of all pertur-
bations.

It is straightforward to define the avalanche duration T as
the time between the start of the perturbation and the return of
σc to the same attractor as σ and the avalanche size S as the
cumulative sum of the Hamming distances between σ and σc

during the avalanche:

S =
T∑
t=0

dH [σ(t ), σc(t )]. (5)

From universal scaling theory [52] it is expected that these
observables exhibit power-law scaling at criticality:

Prob(S) ∼ S−τ , (6)

Prob(T ) ∼ T−α. (7)

Furthermore, it should also hold that the relation between
the average avalanche size and the avalanche duration shows

power-law scaling

〈S〉(T ) ∼ T−γ , (8)

with the exponents fulfilling the relation

α − 1

τ − 1
= γ . (9)

To further verify criticality it is possible to explicitly show the
scale-freeness of the avalanche dynamics. This can be done
by determining the average avalanche profiles (avalanche size
over time) for different avalanche durations. Scaled properly,
these shapes should collapse onto one universal curve if the
system is critical.

B. Results

Figure 3 shows the distribution of avalanche sizes and
durations as well as the collapse of avalanche profiles for
avalanches of different durations. Exponents were fitted us-
ing the estimator for discrete integer variables described in
Ref. [53].

Figure 3(a) shows that the avalanche duration scales with
an exponent of α ≈ 2.0332 ± 0.0004 up to the square root of
the system size.

Figure 3(b) reveals a power-law scaling of the avalanche
size with an exponent of τ ≈ 1.5428 ± 0.0002. Both
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FIG. 4. Scaling of the avalanche size distribution with increasing
system size N . Each distribution is obtained from 106 avalanches.
During one avalanche each node can only contribute once to the
avalanche size. Parameters: β = 10, W = 1000.

exponents α and τ are in line with experimental results [5,8].
Note that the right end of the avalanche duration and size
distributions underestimates the true numbers of avalanches,
as we here only count avalanches that return to the same
attractor as in the unperturbed network. Larger avalanches
more frequently end up in a different attractor when perturbed,
resulting in a larger fraction of long avalanches not counted in
the statistic.

Figure 3(c) shows that the relation between average
avalanche size and avalanche duration also exhibits a power-
law scaling up to the square root of system size with an
exponent of γ ≈ 1.92 ± 0.04. These exponents fulfill the re-
lation

α − 1

τ − 1
= 1.9036 ± 0.0003 ≈ γ , (10)

strongly suggesting that the system is critical.
Figure 3(d) shows the collapse of the activity curves onto

one universal shape, as it was also found in experiments [8],
reflecting the fractal structure of the avalanche dynamics.

A further verification of criticality can be found in Fig. 4,
which shows the avalanche size distributions for different sys-
tems sizes N . Figure 4 uses a different definition of avalanche
size than previously introduced. Here, instead of the sum
of Hamming distances between perturbed and unperturbed
networks, the avalanche size is the number of nodes that, at
any time, have had a different state in the perturbed and the
unperturbed network, where every node can only contribute
once to the avalanche size. This means that the maximum
avalanche size is N . With increasing system size the power-
law-like regions of the distributions increase, showing that the
cut-off is only a finite size effect.

V. OTHER VERSIONS OF THE MODEL

The main goal of this work is to present a minimal adaptive
network model that exhibits self-organized critical behavior.
At the same time, the model is supposed to be plausible, in
the sense that only local information is used to approach the
critical state. While we simulate this model on a von Neumann

computer, a fully autonomous implementation is possible.
To further demonstrate that our model represents a general
mechanism and does not depend on particular features of the
implementation, also variants of the model were tested.

A. Inhibiting nodes

We tested a variant that uses inhibiting nodes instead
of inhibiting links (and excitatory nodes instead of excita-
tory links). In this modified model, nodes are connected by
un-weighted links and the sign of the outgoing signal is
determined by the nature of the node. Before starting the
evolution of the network a fraction of all nodes is chosen to
be inhibitory. Here we typically choose 20–30%, as it is often
used as a rough approximation for real neural systems [45]
(simulations show that in the frame of the model the exact
number is not of importance). If an inhibitory node is active,
it contributes a signal −1 to the inputs of all nodes to which it
is connected via outgoing links, and vice versa for excitatory
nodes. Further, the network evolution rules of our model are
rewritten accordingly and now take the simple form:

(i) Ai = 0: add a new incoming link from another ran-
domly chosen excitatory node j.

(ii) Ai = 1: add a new incoming link from another ran-
domly chosen inhibitory node j.

(iii) Ai �∈ {0, 1}: remove one incoming link of node i.
We find that the dynamics of this modified version closely

resembles the dynamics of the original model.

B. Continuous link weights

Choosing discrete link weights ci j ∈ {−1, 0, 1} allows for
a minimalistic description of the model and to formulate sim-
ple rules for the network evolution. However, to mimic the
varying synaptic strengths of a real neural system, a version
with continuous link weights has also been examined. We find
that the following continuous rewiring rules lead to critical
behavior, as well. In the same way as in the original model,
after every W time steps, one node i is chosen at random.
Depending on its average activity Ai its linkage is changed
as described in the following:

(i) Ai = 0: randomly choose another node j. If ci j = 0,
then add a new incoming link ci j ∈ [0,�]. If ci j �= 0 multiply
the link weight by a factor [1 + δ sign (ci j )].

(ii) Ai = 1: randomly choose another node j. If ci j = 0,
then add a new incoming link ci j ∈ [−�, 0]. If ci j �= 0 multi-
ply the link weight by a factor [1 − δ sign (ci j )].

(iii) Ai �∈ {0, 1}: randomly choose one incoming link of
i. If |ci j | < 1, then set ci j = 0; otherwise, decrease the link
weight by a factor (1 − δ).

Hereby, the additional parameters δ and � should be cho-
sen such that δ � 1 to keep incremental changes small, and
� > 2 for new links to have a dynamical effect in the face of
the threshold update rule. Then the network robustly reaches
a critical state.

VI. CONCLUSION AND OUTLOOK

In this article, we tried to sketch the simplest possible neu-
ral network model that self-organizes toward a critical state,

032304-6



SELF-ORGANIZED CRITICALITY IN NEURAL NETWORKS … PHYSICAL REVIEW E 103, 032304 (2021)

while reproducing detailed features of criticality observed in
real biological neural systems.

Note that the model involves only three parameters, none
of which is critical: The inverse temperature β determining the
amount of noise in the model, the averaging time W defining
the timescale separation between the fast neural dynamics
and the slow homeostatic plasticity, and the system size N .
None of these needs fine-tuning and they can be varied over a
considerable range.

The homeostatic evolution of the network connectivity is
based on the temporally averaged activity of single nodes
only. Thus, neither information about the global state of the
network, nor information about neighboring nodes is neces-
sary for self-organized criticality in this neural network. The
model is a variation of the earlier spin-based network SOC
model [3], in an implementation with neurons with states
zero and one, with a stochastic update rule, allowing for
spontaneous activity, and with an evolution rule that specifies
inhibitory and excitatory links separately.

Theoretical studies have demonstrated that neural net-
works can be tuned to criticality by properly adjusting the
ratio of activating and inhibiting nodes/links [48]. This is
in line with experimental results, which indicate that crit-
ical behavior arises in cortical networks with a balanced
activation/inhibition ratio [11,54]. In the model studied here,
we observe that the balance of inhibitory and excitatory links
self-organizes to a steady state. It is possible that mechanisms
of similar form help to keep the balance between activation
and inhibition especially during early developmental stages of
neural systems [34] where phases of rapid synaptic production
[46] and synaptic pruning occur [47].

In contrast to the classical models of self-organized crit-
icality, as, e.g., the sandpile model [13], the Bak-Sneppen
model of evolution [15], or the forest fire model [14], the
model we study here exhibits critical dynamics over a broad
range of noise. Indeed, it even utilizes noise to sustain activity

permanently. The origin of the noise resilience of this class of,
what we could call “robust self-organized criticality” models,
is the fact that the criticality of the system is stored in separate
variables, in our case in the links between the nodes, rather
than in the dynamical variables, the node states, themselves.
Classical SOC models, on the other hand, are more vulnerable
against noise as can be seen, for example, in the forest fire
model, where criticality emerges as a fractal distribution of
tree states that is easily disturbed. In our self-organized critical
adaptive network model, in contrast, noise may vary over a
broad range.

We have further explored the robustness of the rewiring
mechanism in different versions of the model where, for
example, inhibiting nodes instead of inhibiting links are im-
plemented or continuous link weights are used. This illustrates
that the observed self-organized critical characteristics arise
as stable phenomena independent of even major features of
the system, only depending on the structure of the rewiring
algorithm. Together with the robustness against noise, these
observations give strong support to the hypothesis that also
real biological neural systems could take advantage of this
simple and robust way to self-tune close to a phase transition.

Future work on minimal neural network models showing
self-organized critical behavior could focus on how criticality
influences learning, as it already has been touched on, e.g., in
Refs. [21,24]. Further insights into this field could not only
help our understanding of biological neural systems but also
motivate new ways of constructing artificial neural networks
optimally. The autonomous nature of the self-organized crit-
ical adaptive neural network should make it implementable
with memristors or other forms of neuromorphic hardware.
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The critical brain hypothesis receives increasing support from recent experimental results. It
postulates that the brain is at a critical point between an ordered and a chaotic regime, sometimes
referred to as the ”edge of chaos.” Another central observation of neuroscience is the principle of
excitation-inhibition balance: Certain brain networks exhibit a remarkably constant ratio between
excitation and inhibition. When this balance is perturbed, the network shifts away from the critical
point, as may for example happen during epileptic seizures. However, it is as of yet unclear what
mechanisms balance the neural dynamics towards this excitation-inhibition ratio that ensures critical
brain dynamics.

Here we introduce a simple yet biologically plausible toy model of a self-organized critical neural
network with a self-organizing excitation to inhibition ratio.

The model only requires a neuron to have local information of its own recent activity and changes
connections between neurons accordingly. We find that the network evolves to a state characterized
by avalanche distributions following universal scaling laws typical of criticality, and to a specific exci-
tation to inhibition ratio. The model connects the two questions of brain criticality and of a specific
excitation/inhibition balance observed in the brain to a common origin or mechanism. From the per-
spective of the statistical mechanics of such networks, the model uses the excitation/inhibition ratio
as control parameter of a phase transition, which enables criticality at arbitrary high connectivities.
We find that network clustering plays a crucial role for this phase transition to occur.

Statistical Mechanics has been a long time companion
to neuroscience. Decades ago, it played a central role in
demonstrating how memory and computation can emerge
from a network of neurons and thereby laid out the foun-
dations of a theory of neural computation. Today, where
signs of dynamical criticality emerge from neurophysi-
ological data, statistical mechanics can, quite similarly,
provide elements towards a theory of neural criticality.
Statistical mechanics has been developed as a toolkit in
physics for modeling interacting many particle systems
by means of maximally reductionist models. Magnetic
atoms that align to each other are represented as purely
binary variables (with states up or down). For example,
the iconic Ising Model [1, 2] almost looks like a toy model.
Nevertheless, such models often make predictions about
phase transitions of matter that match experimental ob-
servations with startling accuracy.

In the same reductionist approach, networks of neurons
can be modeled by representing the neuron’s activity as
either on (1) or off (0), dropping most biological detail,
in order to study dynamical mechanisms and phase tran-
sitions on the systemic level of neural networks. Such a
simplified neural network model is surprisingly similar to
disordered magnetic glasses, or Ising spin glasses, as has
been pointed out by Hopfield in his seminal paper [3].
He formulated the idea of associative memory: storing
memories of patterns as states in the energy landscape
of a modified model of a magnetic spin glass. This paper

∗ lbaumgarten@itp.uni-bremen.de
† bornholdt@itp.uni-bremen.de

initiated a field of statistical mechanics of neural net-
works and the theory of neural computation [4, 5]. Its
success was based on its central idea that artificial neural
networks based on symmetric synaptic links, which are
nonsense from the biological viewpoint, enjoy full access
to the tools of equilibrium statistical mechanics and spin
glass physics [6–11]. It allowed to calculate the mem-
ory capacity of neural networks and to characterize the
phase transition between order vs. chaos—or memory vs.
forgetting—in great detail.

Explorations into the more realistic asymmetric neu-
ral networks turned out to be more difficult. Analytical
results were mainly achieved in the sparsely asymmetric
limit where asymmetry and loops do not fully destroy
the energy landscape picture of spin glass physics [12–
19]. In addition, numerical studies of random neural net-
works with fully asymmetric links exhibited interesting
complex dynamics with an order-chaos phase transition
[20–23]. A similar class of networks, random automata
networks or random Boolean networks, originally moti-
vated by the idea that gene regulation networks in living
cells determine their cell type by means of a dynamical
attractor [24, 25], added to this phenomenology. They
exhibit a similar order-chaos phase transition and their
dynamics is characterized by fixed points and periodic
attractors and interesting properties near criticality [26–
36]. A popular subset of random Boolean networks, the
so-called random threshold networks, in fact map onto
random neural networks with binary states and links [37–
42]. The prominent dynamical feature of these networks
is the transition between a chaotic regime at higher con-
nectivities and a quiescent regime for lower connectivity,
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divided by a critical point in the average connectivity,
often at or around an average degree K = 2 for ran-
dom Boolean networks and for neural networks with zero
threshold.

Statistical mechanics has thus created a fundamental
understanding of critical dynamics in networks. This
has been of renewed interest for neuroscience since Beggs
and Plenz [43] discovered power-law distributed activity
avalanche profiles suggesting that the brain neural net-
works may also be poised at a critical point. Subsequent
studies have produced increasingly convincing evidence
for brain criticality, in the form of more critical neuronal
avalanche size and duration distributions [44–65] with
scale-invariant profiles [50, 57, 61, 65, 66]. One popular
explanation why brains may be poised at a critical point
is that criticality has been shown to optimize information
processing tasks in certain model systems [57, 67–69].
We would like to point out here an alternative hypoth-
esis, which might be the simplest after Occam’s razor:
The brain must function away from both chaos and qui-
escence, regardless of criticality. With phase transitions,
statistical physics provides the opportunity to stabilize a
system in an intermediate region via tuning to the criti-
cal point, where criticality itself is not the goal, but only
the tool.

Many numerical models have been developed to de-
scribe criticality in neural networks, starting with sim-
ple critical branching models [67, 70], integrate-and-fire
models [46, 56, 71–77], or models using other types of
neurons [78] that try to reproduce the observed critical
behavior via finely-tuned or realistic parameters.

There is a host of papers that go beyond replicating the
critical behavior to presenting algorithms that lead the
network to self-organized criticality (SOC), often using
spike timing dependent plasticity [79–82], synaptic de-
pression [83–88], Hebbian or anti-Hebbian learning [89–
91], axonal and dendritic outgrowth [48, 92, 93] or com-
binations of these or other methods [94–99]—although
many of these models still require manually fine-tuned
parameters, see [100] for a review. Recent models also
combine SOC with learning [101–103].

Some of these SOC papers acknowledge the impor-
tance of a balance between excitation and inhibition
in a network for criticality [73, 74, 78, 89], as has also
been observed experimentally [43]. A balance between
excitation and inhibition in brains had already been
theoretically assumed [104–108] and experimentally
shown [109–111], see also [112] for a review, outside the
context of criticality. The importance of the balance
between excitation and inhibition can also be seen by the
ratio of excitatory to inhibitory nodes being constant,
roughly 4:1, among different cortical regions, species,
and stages of development [113].

Self-organized criticality in adaptive Boolean and neu-
ral networks has already been established [39, 114–117]
before Beggs and Plenz’s seminal paper discovering signs
of criticality in the brain [43]. Models bridging the gap

between statistical mechanics and neuroscience have sub-
sequently been developed [118], e.g., by combining sta-
tistical mechanics SOC models [39] with neural network
adaptation mechanisms such as STDP [79]. These mod-
els self-organize to a connectivity K = 2 which is the
critical value for networks with excitation/inhibition bal-
ance 1:1—the common value historically used in statis-
tical mechanics models of random networks. As criti-
cality in brains is not determined by the average degree
(which in any case is much larger than K = 2), but in-
stead by the balance between excitation and inhibition,
it is an interesting question if these statistical mechan-
ics SOC models also function at high connectivities and
with excitation/inhibition balance as the control param-
eter. Both ingredients are present in some of the neuro-
science models mentioned above; however, these contain
considerable complexity in order to faithfully model real
neural networks. Here, we want to provide a minimal,
yet biologically plausible adaptive neural network model
with as few parameters as possible that can nonetheless
self-organize to a critical point at biologically relevant
high average degrees and is also hopefully simple enough
to allow it to be studied analytically using the methods
of statistical mechanics.

Our model is a simple Markovian threshold network
in which historically criticality has only been researched
at the critical point at low connectivity K = 2 [119].
Based on our recent observation of the existence of K-
independent critical points in such systems at high con-
nectivities [120, 121], but dependent on the ratio of ex-
citatory to inhibitory connections, we introduce an algo-
rithm that tunes towards such a critical point using only
locally available information. We show that this algo-
rithm produces high-degree critical networks with spe-
cific excitation to inhibition ratios in a wide area of pa-
rameter space. Afterwards, we present an extension of
the model which more closely resembles biological net-
works, using a constraint on the maximum number of
incoming connections per node, as well as a refractory
period after firing, and show that this extension also pro-
duces criticality. The property of our algorithm to be in-
dependent of implementation details points to a univer-
sality of the underlying mechanism, which suggests that
such an algorithm could be used in a variety of networks
of all levels of complexity.

ALGORITHM

We start with a collection of N neurons, whose
states take Boolean values, randomly placed in a two-
dimensional space with periodic boundary conditions.
The probability of a neuron i being active at time step
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than excitatory nodes, although more excitatory nodes
may be activated, a node in proximity to this activa-
tion is likely connected to many of the active inhibitory
nodes but only a few of the active excitatory nodes and
may therefore not activate. This leads avalanches to often
end after a time step with high activity. These high activ-
ity steps and subsequent dropoffs—albeit not to complete
inactivity—also occur during avalanches but are averaged
out in the avalanche profile.

CONCLUSION

In this paper we develop a simple self-organized criti-
cal neural network model to tune towards the newly dis-
covered critical point at high average degrees discussed
in [120, 121]. This critical point, unlike the previously
known critical point at average degree K = 2, is nearly
independent of the average degree and instead depends
on the balance between excitation and inhibition. We
have thus developed a simple algorithm that produces
criticality in neural networks at high average degrees,
using only local information and very few parameters.
The algorithm differs from early physics papers, which
studied the aforementioned critical point at a constant
excitation/inhibition ratio 1:1 [26, 39, 41, 119], and also
from neuroscience models, which—due to their closeness
to biological reality—are more complex than our model.

The core idea behind our model is to move the network
away from quiescence by adding excitatory/inhibitory
connections to permanently inactive/active neurons, and
to move the network away from chaos by removing con-
nections from neurons switching their states. The addi-
tion of two-dimensional space and creating connections to
the nearest neurons generates network clustering which
ultimately allows the model to adjust to the critical point
with high average degree.

As a result, the model exhibits power-law shaped
distributions of activity avalanche sizes and durations,
which obey universal scaling relationships and can be
collapsed onto each other, the criteria for criticality re-
quired by dynamical scaling theory. The model allows to
tune through the critical point, from a supercritical to
a subcritical regime, by varying the ratio of excitatory
to inhibitory connections in the network. We have also
confirmed that the algorithm produces the observed scal-
ing for a large part of parameter space. Variants of the
model that more closely resemble properties of biological
networks can be easily built, as we demonstrated with an
extended version that constrains the maximum number
of connections of a node, and by introducing a refractory
period as a simple representation of firing neurons. This
extension also resulted in networks in a critical state,
further indicating that the precise implementation of our
model is irrelevant for the emergence of criticality.

There already exists a host of neuroscience papers
modeling self-organized criticality, however, the com-
monly complex nature and/or high number of param-

eters, see for example [80, 95, 99, 103], of the models
and the breadth of possible implementations used—such
as synaptic depression [82, 83, 85, 87, 99], Hebbian or
anti-Hebbian learning [89–91], STDP [79, 81, 95, 103],
or axonal outgrowth [48, 92, 93]—makes it difficult to
gauge which properties of the models are essential for
self-organized criticality, whereas the model presented
here has been trimmed down to its minimal possible ver-
sion. For example, nearly all neuroscience models of self-
organized criticality utilize integrate-and-fire neurons or
other parameter-heavy biologically realistic neuron be-
haviors [48, 79, 81–86, 92, 95–98, 129], but these, as
well as their exact implementation, seem to merely be
biological flavor not needed for criticality, as shown by
our model. Many of these models opt for less realistic
network structures than the one we used, such as fully-
connected [82, 83, 86, 89, 96, 97, 99] or Watts-Strogatz
networks [81, 129, 130], and some models omit inhibi-
tion [83, 87, 92, 130] or require very specific parameters
to attain self-organized criticality [81–83, 95, 98]. The
previously existing models closest to the one presented
here are outgrowth models [48, 92, 93] in which neurons
increase or decrease their interaction ranges depending
on their activity level, but these also require, in addition
to multiple parameters describing the neuron behavior,
manually setting a parameter, namely a neuron target
activity level, for the network to self-organize to critical-
ity.

In contrast, the minimal nature of our model allows us
to isolate and observe the underlying mechanism regulat-
ing criticality. As a main observation, we find that our
model requires clustering to achieve the critical state at
high connectivities K, and that, while a ratio of excita-
tory to inhibitory nodes consolidates during growth, its
exact value is not central to criticality; rather, critical-
ity is achieved by fine-tuning the connectivity between
nodes, as has been observed experimentally [131]. Fur-
ther, the exact algorithm parameters—namely how of-
ten rewiring operations are performed, governed by tr,
the time window considered for the rewiring rules, ta,
the noise level β, and the number of neurons N—and
the neuron activity implementation, i.e., being inactive
for a refractory period after activation or not, may vary
details of the resulting network’s behavior, such as the
critical exponents, but do not impede criticality itself, so
long as the parameters are within a rather large area of
the parameter space. Lastly, to the best of our knowl-
edge, no other self-organized criticality model dynami-
cally produces the network’s ratio of excitatory to in-
hibitory nodes.

In addition to pinpointing the mechanisms that enable
self-organized criticality, due to the model’s minimal na-
ture, the assumptions we do make about connectivity and
clustering are realistic for real neural networks within the
frame of our modeling approach. Since we further showed
that the model can be easily extended to include more
biologically relevant implementation details, such as a re-
fractory period after firing, we hope that it can form a
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useful link between underlying mechanism and more de-
tailed models of brain criticality. An interesting question
is how the known biological and biochemical processes in
the brain could implement or interpret the mechanisms

studied here. We further hope that the simplicity of our
model may also encourage analytical follow-up studies in
statistical mechanics and dynamical systems theory [132]
of self-organized critical neural networks.

[1] W. Lenz, Z. Physik 21, 613 (1920).
[2] E. Ising, Z. Phys. 31, 253 (1925).
[3] J. J. Hopfield, Proceedings of the national academy of

sciences 79, 2554 (1982).
[4] D. J. Amit, Modeling Brain Function: The World of At-

tractor Neural Networks (Cambridge University Press,
1989).

[5] J. Hertz, A. Krogh, and R. G. Palmer, “Introduction
to the theory of neural computation,” (1991).

[6] D. J. Amit, H. Gutfreund, and H. Sompolinsky, Phys-
ical Review A 32, 1007 (1985).

[7] W. Kinzel, in Complex Systems — Operational Ap-
proaches in Neurobiology, Physics, and Computers,
edited by H. Haken (Springer Berlin Heidelberg, Berlin,
Heidelberg, 1985) pp. 107–115.

[8] E. Gardner, EPL (Europhysics Letters) 4, 481 (1987).
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066118 (2003).

[116] T. Gross and B. Blasius, Journal of the Royal Society
Interface 5, 259 (2008).

[117] T. Gross and H. Sayama, Adaptive Networks: Theory,
Models and Applications (Springer Science & Business
Media, 2009).

[118] F. Droste, A.-L. Do, and T. Gross, Journal of The Royal
Society Interface 10, 20120558 (2013).
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The challenges presented by the COVID-19 epidemic have created a renewed interest in the development of
new methods to combat infectious diseases, and it has shown the importance of preparedness for possible future
diseases. A prominent property of the SARS-CoV-2 transmission is the significant fraction of asymptomatic
transmission. This may influence the effectiveness of the standard contact tracing procedure for quarantining
potentially infected individuals. However, the effects of asymptomatic transmission on the epidemic threshold
of epidemic spreading on networks have rarely been studied explicitly. Here we study the critical percolation
transition for an arbitrary disease with a nonzero asymptomatic rate in a simple epidemic network model in the
presence of a recursive contact tracing algorithm for instant quarantining. We find that, above a certain fraction
of asymptomatic transmission, standard contact tracing loses its ability to suppress spreading below the epidemic
threshold. However, we also find that recursive contact tracing opens a possibility to contain epidemics with a
large fraction of asymptomatic or presymptomatic transmission. In particular, we calculate the required fraction
of network nodes participating in the contact tracing for networks with arbitrary degree distributions and for
varying recursion depths and discuss the influence of recursion depth and asymptomatic rate on the epidemic
percolation phase transition. We anticipate recursive contact tracing to provide a basis for digital, app-based
contact tracing tools that extend the efficiency of contact tracing to diseases with a large fraction of asymptomatic
transmission.

DOI: 10.1103/PhysRevE.104.054310

I. INTRODUCTION

The methods used to fight the spread of the contemporary
COVID-19 epidemic in its initial phase have largely been the
same as 100 years ago during the Spanish flu [1,2]. In particu-
lar, contact tracing has been used as a standard procedure that
is well understood, both analytically and in network modeling
approaches [3–8]. Some early papers even already considered
the concept of recursive contact tracing, i.e., not only tracing
direct contacts but also contacts of contacts and so on [9,10].

However, the arrival of the SARS-CoV-2 epidemic, with
its high asymptomatic transmission rate and the possibility of
presymptomatic infections, presents new challenges that need
addressing [11–14]. As such, a renewed interest in recursive
contact tracing [15–21], as well as in digital contact tracing
solutions [22–34] that could enable instantaneous recursive
contact tracing, has emerged in an effort to surpass the meth-
ods of 100 years ago.

In this article, we introduce a simple model that consid-
ers an epidemic as a percolation problem, as is common in
network epidemiology theory [35–44], in combination with a
recursive contact tracing algorithm operating on the model.
Throughout this paper, we assume this algorithm to be facil-
itated by a digital contact tracing app which enables contact
tracing and quarantining to happen effectively instantly; how-
ever, similar results could be achieved using recursive manual
contact tracing, provided that the time necessary to trace

*lbaumgarten@itp.uni-bremen.de
†bornholdt@itp.uni-bremen.de

contacts is small compared to the time between a person
being infected and being infectious themselves, and that the
recursion depth is sufficiently small. Note that the model
operates in the theoretical limit of an ideal world without
reporting, communication, or quarantining delays and with-
out noncompliance with quarantining instructions, and we
aim not to make quantitative predictions but to create a base
model to further theoretical understanding. We thus do not
explicitly model the SARS-CoV-2 virus, but an arbitrary virus
with finite asymptomatic rate. We will study the efficacy of
recursive contact tracing and characterize the influence of
a possible future disease’s asymptomatic transmission rate
on the model’s critical transition. Our model allows for ar-
bitrary instantaneous recursion depths, as has been done
only in [16], and our results, to the best of our knowledge,
are the first to discuss the relationship of recursion depth
and asymptomatic infection rate with regard to the critical
transition.

We find a critical value in the fraction of nodes par-
ticipating in the contact tracing (corresponding to tracing
app usage) which depends on the asymptomatic transmission
rate of the disease. Further we find a critical (maximum al-
lowed) asymptomatic transmission rate as a function of the
algorithm’s recursion depth. We show that any disease with
arbitrary basic reproduction number and finite asymptomatic
rate can be stopped by a sufficiently large recursion depth.
Finally, we validate our calculations using simulations on in-
fection trees and networks with different degree distributions,
as degree distribution can have a significant impact on an
epidemic [38,40,42,44–48]. Let us now start by defining the
model.

2470-0045/2021/104(5)/054310(9) 054310-1 ©2021 American Physical Society
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II. THEORY

We consider an SIR (susceptible, infected, removed) model
with N nodes and an arbitrary degree distribution p(k) in
which a proportion � of nodes take part in contact trac-
ing (“use a contact tracing app”). Nodes in the network are
infected with a virus with symptomatic rate � and basic
reproduction number R0. It is known that in such a network, if
we fix R0, the disease has a transmissibility

T = R0
〈k〉

〈k2〉 − 〈k〉 (1)

[40]. Carriers of the disease will be able to infect their sus-
ceptible neighbors with probability T one time step after
being infected themselves and be immune and noncontagious
afterwards.

If an infectious agent is symptomatic and uses the contact
tracing app, this will trigger an alarm on the app and warn
neighboring nodes of the chance of being infected, sending
them into quarantine for their one infectious time step and
removing them from quarantine afterwards so they effectively
skip the infectious state and jump directly to the recovered
stage. An infectious, symptomatic node will, however, have
the chance to infect its neighboring nodes before triggering an
alarm, which can be interpreted as a presymptomatic period
or a testing delay.

We can consider higher degrees of recursivity r for the
app, meaning how many time steps in the past the app will
consider to guess who might currently be infected. For r = 0,

only the node’s direct neighbors are sent into quarantine. For
r = 1 in addition to those nodes that are quarantined for r = 0,
any node with a distance of exactly three to the symptomatic
node is quarantined, for r = 2 any node with a distance of five
is quarantined, and so on. This is illustrated in Fig. 1. The
algorithm disregards any possible immunities due to nodes
having already been infected previously, but it does consider
breaks in the infection chain that are caused by the app’s own
quarantining algorithm, i.e., if a node was quarantined at time
t , the app does not consider this node a possible infection
spreader at that time step. We disregard possible immunities,
although they are present in the underlying infection model
because, for a new disease, the exact nature of immunity due
to previous infection would likely not be immediately known,
and it would thus be prudent to err on the side of caution
and not assume immunity. Also note that it is nontrivial to
determine which nodes’ immunities would be known to the
app (certainly the ones of nodes triggering alarms, but for
other nodes it is unclear).

Given a vector �S of symptomatically infected nodes at time
t0,

Si =
{

1 if node i is symptomatically infected
0 otherwise ,

the vector of nodes �U using the app, the vectors �Q(t ) of quar-
antined nodes and �P(t ) of not quarantined nodes at time steps
t � t0, and the adjacency matrix A, the vector of quarantined
nodes at t = t0 + 1 can be calculated by

�Q(t0 + 1) = {A · [�S · �U · �P(t0)]} · �P(t0) · �U︸ ︷︷ ︸
r=0

+ [A · (A · {[A · (�S · �U )] · �P(t0 − 1) · �P(t0 − 2) · �U }) · �P(t0 − 1) · �P(t0) · �U ] · �P(t0) · �U︸ ︷︷ ︸
r=1

+ . . .︸︷︷︸
r>1

.

Multiplications with �P(·) ensure that a considered node in
the backtracking chain was quarantined neither at its supposed
time of infection nor at the time it could have infected its
neighbors, and multiplications with �U ensure that all nodes
in the backtracking chain use the app. We now calculate the
probability that an infected node is correctly put into quaran-
tine by our algorithm. For this, we assume an infinitely large
network, with a finite number of nodes being infected. In a
network in which a finite fraction of nodes is infected, it is of
course possible that a node will be in contact with multiple
infected nodes in a single time step. With our assumption of
the fraction of infected nodes being infinitely small, barring
any nontrivial network structure, the chance of a node being
in contact with more than one infected node also becomes
infinitely small. We assume that the clustering in the network
is negligible so that we can consider the infection chain effec-
tively as a tree.

For r = 0, both the infected node and the infecting node
must be part of the network and the infecting node needs
to be symptomatic. Therefore, a first approximation of the
probability Pr=0

q of an infected node i being correctly put into

quarantine is simply

Pr=0
q (�,�) = �2�. (2)

However, node i has to have been infected by a different node
j. For this infecting node j to have been infectious in the
previous time step, it cannot have been quarantined in that
time step. There are two possible reasons why node j would
not have been quarantined despite being infected. Either it is
not using the app, which happens with a probability 1 − �,
or it is using the app, which has a probability of �, but the
algorithm did not quarantine it in the time step in which
it was infectious, which happens, for a node using the app,

with a probability 1 − Pr
q

�
. Therefore, the node j’s probability

of using the app, with the observation that it has not been
quarantined despite being infectious, is

�′ = �
(
1 − Pr

q

�

)
�

(
1 − Pr

q

�

) + (1 − �)
= � − Pr

q

1 − Pr
q

� �,

as the amount of nodes using the app with the ability to infect
other nodes is reduced by a factor (1 − Pr=0

q ), resulting in the
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FIG. 1. Illustration of the quarantining algorithm with an infec-
tion spreading from top to bottom. Nodes with a black outline are
not infected (susceptible = S), nodes with a red outline are infected
(I), either symptomatically (filled nodes, IS) or asymptomatically
(unfilled nodes, IA), and nodes with a dashed outline are not using
the contact tracing app (noncompliant, NC). Red arrows indicate
the spread of the infection, while black lines indicate noninfectious
connections between nodes. The time t indicated on the right-hand
side marks the time at which infected nodes are infectious—or, in
the case of the uninfected nodes, the latest time at which the app
would consider them to be possibly infectious. While nodes could
reappear in later time steps, e.g., the node in the t = 0 row could
also be shown in the t = 2 row as it is connected to (most of) the
nodes in the t = 1 row, we show nodes only once for visual clarity.
At time t = 1 a symptomatic node triggers an alarm on the app. For
recursion depth r = 0, only its nearest neighbors are quarantined.
These quarantined nodes cannot infect any other nodes, as indicated
by the blocked outgoing connections. For r = 1, the app considers
every nearest neighbor of the symptomatic node as a possible origin
of the symptomatic node’s infection and therefore quarantines all
nodes that the infection could have spread to within two time steps
from these nearest neighbors. This results in every node with a
distance of exactly three to the symptomatic node being quarantined,
so long as the connection is not interrupted by a node not using the
app or by a node that was in quarantine itself at its time of infection
or in the time step after infection, as shown on the right-hand side.
This can, of course, also include nodes which have not yet actually
been in contact with any infected nodes, as shown by the leftmost
nodes in the t = 1 and t = 2 rows. Note that, although the infection
chain is shown in a treelike structure for visual clarity, these nodes
can be part of a network of arbitrary structure, so that two nodes
might be connected via multiple different paths and therefore also
have multiple possible distances to each other.

numerator, which is normalized by the total fraction of nodes
that are not being quarantined, which is the denominator; and
therefore

Pr=0
q = ��′�. (3)

For higher degrees of recursion, the chance of being quar-
antined is increased:

Pr>0
q = Pr=0

q + (
1 − Pr=0

q

)
�′′P1︸ ︷︷ ︸

r=1

+ · · ·︸︷︷︸
r>1

(4)

= ��′[P0 + (1 − P0)�′′{P1 + (1 − P1)�′′(· · · )}]
(5)

with P0 = �. (6)

Here, in every part of the sum, the chance of a node hav-
ing already been quarantined due to a lower recursion level

is excluded via (1 − Pi ), and a factor �′′ is added for the
chance of the next upstream node using the app. The factor
�′′ represents the chance of a node using the app if the
next downstream node has not been quarantined, and needs
to be used for nodes that are two or more levels above the
currently regarded node in the infection tree. The chance of
such a node using the app regardless of the behavior of its
downstream nodes is �′. The chance of a downstream node,
which is using the app, of a node that is also using the app

not being quarantined is approximately (1 − Pr
q

��′ ). Since we
assume both infecting node and infected node to be using the
app, the factor ��′ is removed from Pr

q . This approximation
disregards that the upstream node not being quarantined also
influences the chance of its downstream node being quaran-
tined. Then the chance of an upstream node using the app,
given that its downstream node is using the app and has not
been quarantined is

�′′ = �′(1 − Pr
q

��′
)

�′(1 − Pr
q

��′
) + (1 − �′)

(7)

= ��′ − Pr
q

� − Pr
q

. (8)

Next, we need to calculate the chance Pi of a node being
quarantined due to the ith recursion step, given that its r
nearest upstream nodes are using the app. For simplicity’s
sake, we start with P1. Here a leaf node i is quarantined due
to the first recursion step if any of the downstream nodes of
i’s second degree upstream node, which we call j, have been
infected, use the app, and are symptomatic. The chance of
one node fulfilling these conditions is �′�T . Since just one
node needs to cause an alarm on the app, the chance of being
quarantined is

P1 = 1 − (1 − ��T )n, (9)

where n is the average number of j’s downstream nodes minus
one. We subtract one, since one of j’s downstream nodes
is i’s direct upstream node and would already have caused
i to be quarantined in the zeroth recursion step, if it were
symptomatic. Since the chance of a node of degree k being
infected is proportional to kp(k) [46], the average number of
downstream nodes minus one is

n =
∑∞

k=2 k(k − 2)p(k)∑∞
k=2 kp(k)

, (10)

where we subtract two from k because of the one downstream
node that is not considered and j’s upstream node. Therefore,

P1 = 1 − (1 − ��T )

∑∞
k=2 k(k−2)p(k)∑∞

k=2 kp(k) (11)

= P1(x)|x=2 = 1 − (1 − ��T )

∑∞
k=x k(k−x)p(k)∑∞

k=x kp(k)
∣∣
x=2. (12)

We indicate how many connections are removed when calcu-
lating n via the variable x.

For the second recursion step, at least one of the down-
stream nodes of j’s upstream node, which we call l , must
fulfill the condition of P1, meaning that at least one of
their downstream nodes must be infected, using the app, and
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symptomatic. This chance is given by

P2 = 1 − [1 − P1(1)�̃]

∑∞
k=2 k(k−2)p(k)∑∞

k=2 kp(k) (13)

= P2(x)|x=2 = 1 − [1 − P1(1)�̃]

∑∞
k=x k(k−x)p(k)∑∞

k=x kp(k)
∣∣
x=2

(14)

with �̃ = �T (1 − �)

�T (1 − �) + (1 − �T )
. (15)

Here, in P1(x), we do not discount one of each node’s down-
stream nodes, since these nodes are not upstream nodes of
node i, and therefore all of their downstream nodes need to be
considered. Thus, we use P1(1) instead of P1(2). Also, we use
�̃, because nodes that are using the app and symptomatically
infected would have already caused a quarantine in a previous
time step and can therefore not be part of the considered tree.
Similarly, the equation for following recursion steps is

Pi(x) = 1 − [1 − Pi−1(1)�̃]

∑∞
k=x k(k−x)p(k)∑∞

k=x kp(k) . (16)

Summarizing these calculations, the chance of a leaf node
being quarantined with a recursion degree of r is

Pr
q ≈ ��′

r∑
i=0

({
i−1∏
j=0

[1 − Pj (2)]�′′
}
Pi(2)

)
(17)

with Pi(x) =
⎧⎨
⎩

� if i = 0
1 − (1 − P0(1)�T )n(x) if i = 1
1 − (1 − Pi−1(1)�̃)n(x) otherwise

(18)

and n(x) =
∑∞

k=x k(k − x)p(k)∑∞
k=x kp(k)

. (19)

Note that (17) is a self-consistent equation, since �′ and �′′
contain Pr

q .

III. THEORETICAL RESULTS

It is easy to see that the upper limit of Pr
q is

Pr
q � ��′ < � if � < 1, (20)

so contact tracing by recursive backtracking is strictly worse
than vaccinating a fraction � of the population. Since such a
vaccination strategy is already insufficient to stop an epidemic
on an infinitely large scale-free network with a degree dis-
tribution p(k) ∝ k−γ with γ � 3 [46], recursive backtracking
can also not stop such an epidemic for � < 1.

However, there is still something that can be learned from
taking a closer look at scale-free networks. For γ � 3, the sum∑k

k=2 k
2p(k) in the exponent of the Pi’s diverges, therefore

P1 → 1 (if ��T > 0), and Pr
q becomes

Pr
q = ��′[� + (1 − �)�′′]. (21)

We can see that all infected nodes that can be caught by the
algorithm will already be detected in the first recursion step.

Luckily, real-world networks are not infinitely large, so
the sum mentioned previously will not diverge, so recursive
backtracking will be able to stop epidemics for � < 1. For
such networks, we expect the observation made for infinitely
large scale-free networks to be still be relevant, i.e., the closer

FIG. 2. Reduction of the reproduction number R as a function
of the app-usage rate � for a Barabási-Albert (BA) network with a
cutoff κ = 1000, recursion depth r = 1, R0 = 3, and � = 0.5. The
dashed line shows the critical value R0(1 − Pr

q ) = 1.

a real-world network is to an infinitely large scale-free net-
work, the less will the epidemic threshold �c be affected by
recursion depths past r = 1.

In Fig. 2 we show the reduction of the reproduction number
R = R0(1 − Pr

q ) as a function of � for a Barabási-Albert
(BA) network with average degree 〈k〉 = 4 and a cutoff at
κ = 1000 and recursion depth r = 1. We also tested this
for a simple Erdős-Rényi (ER) network with average degree
〈k〉 = 4, a scale-free network with exponential cutoff p(k) ∝
k−2 exp( k

94.2 ) that produces an epidemic threshold comparable
to that of urban networks for SARS [49] and higher recursion
depths. Since all of the resulting graphs are nearly indis-
tinguishable [except that R(� = 1) → 0 for r → ∞ while
R(� = 1) 
= 0 for r = 1], we chose to show only the BA
network. We can also calculate the critical value �c as a
function of the symptomatic rate �, as is shown in Fig 3.
There is a large visible difference between the classic con-
tract tracing method with r = 0 and recursive contact tracing,
even for relatively large values of �. While for r > 0 the

FIG. 3. Critical value �c as a function of the symptomatic rate �

for different recursion depths r with R0 = 3. Since the ER distribu-
tion and the scale-free distribution with an exponential cutoff again
yield almost the same results, we plot �c only for the Barabási-Albert
distribution with average degree 〈k〉 = 4 and cutoff κ = 1000.
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FIG. 4. Critical symptomatic rate �c below which an epidemic
cannot be stopped even for � = 1 as a function of the recursion
depth r for different basic reproduction numbers R0 using a Barabási-
Albert distribution with average degree 〈k〉 = 4 and cutoff κ = 1000.
For large recursion depths, the critical value �c → 0 for all ba-
sic reproduction numbers, whereas for r = 1 there is a maximum
�max

c ≈ 0.28 at R0 ≈ 3.6.

recursion depth has little influence on �c for large values of
the symptomatic rate �, we see that there is a critical value
�c, depending on the recursion depth, below which, even with
� = 1, an epidemic cannot be stopped. This critical value is
approximately halved when going from the classical method
r = 0 to r = 1, meaning that recursive contact tracing is an

effective method to combat diseases with high asymptomatic
rates which would not have been able to be stopped by previ-
ous contact tracing methods.

The critical value �c is shown in Fig. 4 as a function of the
recursion depth for different values of R0. The critical value
�c exponentially decreases with r, with �c → 0 for r → ∞.
Therefore, any disease with a symptomatic rate � > 0 and
arbitrarily large basic reproduction number R0 can be stopped
via recursive contact tracing, given a sufficiently large recur-
sion depth and app usage rate.

IV. SIMULATIONS

To test the accuracy of our calculations in Sec. II, we
simulate infection trees with recursive backtracking. The sim-
ulation starts with a single infected node, and each time step
for each infected, unquarantined leaf node k − 1 downstream
nodes are added, with k proportional to kp(k). These new
leaf nodes are infected with probability T and symptomatic
with probability �. Then, according to the rules described in
Sec. II, infected leaf nodes may be quarantined, causing them
to not receive any downstream nodes. We let these dynamics
run for 100 time steps or until there were 10 000 new infected
leaf nodes added in a time step, at which point we consider
the epidemic out of control. In Fig. 5 we show the fraction
of trees in which the epidemic is not stopped within 100 time
steps, the fraction of quarantined nodes, and the average re-
production number R for trees using an ER degree distribution

FIG. 5. Fraction of trees in which the epidemic survives 100 time steps (left column), probability of an infected node being quarantined
P1
q (center column), and reproduction number R (right column) for trees built with an ER degree distribution (upper row) or a BA degree

distribution with cutoff κ = 1000 (lower row), with r = 1, R0 = 3, and � = 0.5 where the shaded areas show the standard deviation. Blue
lines show the averages of 100 trees per data point, unbroken orange lines show the theoretical results for P1

q and R, and dashed orange
lines show the theoretical critical value �c. The dashed black lines in the reproduction number diagrams show the critical value of R. Note
that the measurement for the reproduction number R and the quarantined fraction P1

q are skewed near or past the critical point, because the
measurements here are dominated by just the beginning of the tree where the quarantining algorithm does not have enough history yet to
quarantine nodes.

054310-5



LORENZ BAUMGARTEN AND STEFAN BORNHOLDT PHYSICAL REVIEW E 104, 054310 (2021)

FIG. 6. Fraction of infected nodes (left), fraction of nodes that have ever been quarantined (center), and maximum number of nodes that
have been quarantined at one time (right) for ER networks with recursion depth r = 1 (top row) and r = 2 (bottom row) as a function of the
app-usage rate �. Different color graphs show networks of different sizes N , and orange dashed lines show the theoretical critical value �c.
All data points are the average of 100 simulation runs, and shaded areas show the standard deviation.

or a BA degree distribution with a cutoff κ = 1000. We see a
very good agreement between our calculation and simulations
for recursions r = 1; see Fig. 5. We have also verified that
our calculations and simulations agree very well for larger
recursion depths.

Next, we move away from the tree structure and use net-
works instead. In these networks, we start with ten initially
infected nodes, which are chosen with a probability propor-
tional to kp(k), and we let the dynamics run until no new
nodes are infected within a time step. Figure 6 shows the
fraction of infected nodes, the fraction of nodes that have ever
been quarantined, and the maximum fraction of nodes that has
been quarantined at one point in time for ER networks with
different recursion depths.

For the network size N → ∞, we see that the fractions of
infected and quarantined nodes drop to zero at the theoretical
critical value �c. For higher recursion depths and relatively
small networks, the infected fraction is already kept quite low
below the theoretical critical value because a large fraction of
nodes is being quarantined and therefore the assumption we
made in Sec. II that nodes are not coincidentally swept up
in unrelated infection trees does not hold anymore; however,
this lower infected fraction comes at the cost of wrongly
quarantining a relatively large fraction of nodes. Also, this
effect is mitigated for larger network sizes N .

For BA networks, especially for large networks, the infec-
tion dies out quickly even for low values of �, because the
infection dynamics are dominated by the strongly connected
hub nodes, which, after some time, will be in the recovered
state, and therefore the effective degree distribution for the
infection is quickly cut off for larger k. Additionally, in a
BA network the first few nodes which are added to the net-
work and later are likely to grow into the strongest connected

nodes are likely to connect to each other and have common
neighbors, meaning that the assumption we made in Sec. II
of low clustering does not hold, which reduces the number
of susceptible nodes adjacent to an infected large spreader i
because its neighbors are likely to have already been infected
by i’s own infecting node. Both these effects lower the basic
reproduction number R0 below the theoretical value given by
Eq. (1).

V. CONCLUSION

Considering the problem of epidemic spreading of an in-
fectious disease with a finite asymptomatic transmission rate,
such as the current epidemics caused by the SARS-CoV-2,
we have introduced a combined infection model of nodes tak-
ing susceptible, infected, or recovered states with a recursive
contact tracing algorithm for quarantining, equivalent to an
app used by a network’s nodes to stop a pandemic in our
model. The contact tracing algorithm changes the percolation
phase transition of the epidemic spreading model, and we
here studied the interplay of these two processes in a minimal
statistical mechanics model.

We have calculated the odds of an infected node being
quarantined by the contact tracing algorithm, as well as the re-
sulting theoretical critical values for the app usage rate above
which an infection does not percolate through the network,
and the minimum symptomatic rate beneath which a disease
cannot be stopped, depending on the algorithm’s recursion
depth, the disease’s basic reproduction number, and the con-
tact network’s underlying degree distribution.

We found that the critical app adoption rate and critical
symptomatic rate are both significantly lower for an algorithm
using recursive contact tracing, even with a low recursion
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depth, than for the classically employed, nonrecursive method
of direct contact tracing. In fact, any disease with a finite
symptomatic rate and arbitrary basic reproduction number
can be stopped if the app usage rate and recursion depth
are large enough, meaning that recursive contact tracing can
be an effective method for controlling diseases with large
asymptomatic transmission rates which could not have been
stopped with previous contact tracing methods.

Our critical app adoption rate of over 95% may seem
unusually high at first glance compared to some other
results [5,23,27,29], with other estimates generally lying be-
tween 56% and 95% [50]. However, this is simply caused
by our model’s harsh assumptions, such as a very high basic
reproduction number R0 = 3, a relatively high asymptomatic
rate of 50%. Furthermore, keep in mind that we here study an
idealized statistical mechanics model without further infection
prevention measures, such as random testing or social distanc-
ing, apart from contact tracing, not distinguishing between the
infectivity of symptomatic and asymptomatic disease carriers
(symptomatic carriers are often assumed to self-quarantine
and therefore infect fewer people), and a lack of manual
contact tracing even for symptomatic infected individuals who
are not using the app. Our results are comparable to those
of other models making harsh assumptions [16,17,26]. We
stress once again, however, that our model’s goal is not to
make quantitative predictions, but to provide a theoretical
basis for understanding the limits of recursive contact tracing
and further work.

Further, we found that, while higher recursion depths can
stop diseases with a high asymptomatic rate, for low asymp-
tomatic rates, recursion depths higher than one show very little
improvement in the critical app usage rate while falsely quar-
antining more uninfected nodes, implying that for such dis-
eases recursion depths larger than one are mostly not useful.

Also, the contact network’s degree distribution was shown
to have little impact on these critical values, so recursive con-
tact tracing is not only viable for Erdős-Rényi graphs, as tested
in previous studies, but also for more realistic scale-free-like
networks, i.e., scale-free networks with a cutoff.

We have ensured the accuracy of our theoretical calcula-
tions using simulations on infection trees and networks with
different degree distributions. We found very good agreement

between our calculations and simulations for any degree dis-
tribution on infection trees and for Erdős-Rényi networks.
For Barabási-Albert networks, the simulation’s critical val-
ues lie below the calculated ones because quarantining the
most connected nodes quickly changes the network’s de-
gree distribution and because the effect of clustering, as
highly connected nodes in Barabási-Albert networks are likely
to be connected to each other, was not considered in the
calculations.

The calculations presented here are viable for a simple
model, but we believe that the qualitative conclusions should
be applicable to the real world as well. Future research should
expand this simple model to be more realistic and possibly fit
the infection profiles of real diseases, as well as consider the
effect of clustering on the model’s critical values.

The presented model could easily be extended to more
closely model real-life processes, for example, by introducing
parameters for presymptomatic durations, delays in testing
or communication, using different reproduction numbers for
symptomatic and asymptomatic individuals, or studying real-
life networks that model household structures. Further, in the
real world, an asymptomatic node who is considered by the
algorithm to have potentially been infected could be tested and
then be used as a new index case for further contact tracing.

Also, as the exact nature of immunity due to previous in-
fection would not be immediately known for any new disease,
we erred on the side of caution and assumed the possibility
of reinfection when considering who should be quarantined,
although the underlying infection model does not allow this.
Should the existence of such immunities be known, one could
instead remove previously infected individuals from consider-
ation when determining possible infection chains and thereby
lower the false positive rate of quarantining. Conversely, the
model could also be modified to take into consideration the
possibility of recovered or vaccinated agents still possibly
becoming infectious disease carriers, despite being immune
themselves.

Finally, while digital contact tracing has been the underly-
ing case for our model, it could also be extended to simulate
and explore the theoretical limits of recursive manual contact
tracing, with the inherent difficulties and unavoidable delays
therein.
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It has been shown that many real life gene regulatory networks can be described by simple, de-
terministic Boolean networks models. However, in the real world, these networks need to operate
in a highly noisy environment. It stands to reason that a genetic network needs to be specifically
designed to be able to reliably fulfill its function despite this noise. Here, we test this hypothesis by
extending a number of Boolean network models found on the cellcollective.org database to include
stochastic transmission time delays of signals and comparing these networks’ cyclic attractors’ sta-
bility under noise to comparable random networks. We find that gene regulatory networks show a
remarkable stability when compared to their randomized variants.

I. INTRODUCTION

Boolean network models have been a popular tool for
modeling genetic networks since their inception [1–11], as
they provide an attractive option of simulating complex
genetic networks without needing to concern oneself with
biological details. Real world networks, however, invari-
ably will have to contend with noise while performing
their functions [8, 12–14].

It is therefore no wonder that there exists a host of
research concerning itself with the robustness of genetic
networks against noise [15–26] and the relationship
between the simplified Boolean models and their real
world equivalents [27–30].

Due to the observed robustness in these papers, it is
a reasonable assumption that most if not all genetic net-
works have evolved towards robustness against noise.

Here, we want to test this hypothesis by studying the
robustness of cyclic attractors of networks found in the
online genetic network database cellcollective.org [31, 32]
in the form of Boolean network models. We extract all
networks of the database whose papers sufficiently de-
scribe the network’s cyclic attractors. We then test the
robustness of these networks towards noise in the sig-
nal transmission time as done in [19]. As a comparison
to these networks, we first use comparable, i.e., same
number of genes, similar number of connections, same
attractor length, etc., random networks and observe a
substantially larger robustness for most of the genetic
networks.

To determine whether this robustness is caused by the
network’s topology or the shape of its attractor itself,
we also compare the genetic networks’ robustness to ran-
domized networks with cyclic attractors that more closely
resemble or are equivalent to the original networks’ at-
tractors. Here, we also find a higher, albeit less so than
for the earlier randomizations, robustness of the genetic

∗ lbaumgarten@itp.uni-bremen.de
† bornholdt@itp.uni-bremen.de

networks. These findings suggest that the state sequence
of genetic networks’ cyclic attractors as well as their un-
derlying topology are evolved to be robust against noise.

II. METHODS

A. Model

The models given in the cellcollective.org database are
networks with Boolean update rules

σi(t) = fi({σj(t− td)})

representing real life genetic networks. Here, σi(t) ∈
{0, 1} is the Boolean state of gene i at time t, the function
fi ∈ {0, 1} determines a gene’s response to a given input,
i.e., its next state depending on the current states of all
genes, and td = 1 is the signal transmission time. To test
a network’s stability under noise, as done in [19] with
techniques introduced in [33], we modify this model by
introducing an internal variable of protein concentration
levels ci(t) ∈ [0, 1] following

ci(t > t0) =





1− [1− ci(t0)] exp
[
−(t−t0)

τ

]
if fi = 0

ci(t0) exp
[
−(t−t0)

τ

]
if fi = 1,

where τ = 0.3 is a time constant, as well as fluctuat-
ing signal transmission delays, meaning that signal trans-
mission between genes is delayed by a random variable
χ ∈ [0, χmax] in addition to the standard signal transmis-
sion time,

td = 1 + χ.

A gene’s state is then determined by a threshold function
of the protein concentration levels

σi(t) =

{
1 if ci(t) ≥ 0.5

0 if ci(t) < 0.5.

These two additions allow us to more realistically simu-
late a genetic network as signal transmission times will



2

undoubtedly vary in a noisy environment, and the inter-
nal protein concentration variable allows the network to
not respond to short signal spikes caused by the trans-
mission delay variability. This will allow the network to
remain in the same attractor as without noise; however,
if the noise level, represented by χmax, is large enough,
the attractor can still be escaped despite the ”buffer” af-
forded by the interal protein concentration levels.
We define a network’s attractor, given by n attractor
states {Si}, as still functioning under noise as long as the
network assumes the attractor states Si in the given or-
der, where we ignore any states the networks assumes for
less than half a timestep. We also consider an attractor
as no longer functioning if no state has been assumed for
more than half a time step within a time of 2(1+χmax) as
can sometimes happen for very large levels of noise χmax.
With this, we test an attractor’s stability under noise by
measuring the average time the network remains in the
attractor under a given noise level.

As a comparison benchmark, we use randomized ver-
sions of the studied networks. For a given attractor,
random networks are created using the same number of
nodes as the original network. Each of the nodes in such
a network then receives incoming connections from n ran-
dom nodes where n is a random number between 1 and N
generated from a normal distribution with the mean and
standard deviation of incoming connections in the origi-
nal network. Next, another number p for the fraction of
incoming signals that elicit an ”on”-response is generated
from a normal distribution with the mean and standard
deviation of the fractions of ”on”-responses of each node
in the original network. Responses to random signals are
then set to ”on” until the fraction p is reached while the
rest is set to ”off”. Regardless of the random numbers
each node has to have at least one incoming connection
and at least one ”on”- and one ”off”-response so all nodes
can participate in the network’s dynamics. Finally, we
initialize the network in a random state and let its dy-
namics run without noise until an attractor is found. If
the found attractor does not have the same length as the
original network’s attractor, the randomized network is
discarded and the randomization process is repeated un-
til an attractor of equal length is found. We will call this
form of randomization the complete randomization.
As we will see that Hamming distances between consec-
utive states in attractors of completely randomized net-
works are often significantly larger than those found in
genetic networks, we will also use two additiona types
of random networks whose attractors are more compara-
ble to those of the original genetic networks: the func-
tionally equivalent randomization and the randomization
with similar Hamming distances.
For the functionally equivalent randomization, we pro-
duce a random network that has the same number of
genes as the original network and exhibits the exact same
attractor as an attractor of the original network that we
want to compare it to, albeit with different connections
between genes.

To create a functionally equivalent network, we first find
a random set of connections that can facilitate the at-
tractor by iteratively removing random superfluous con-
nections from a fully connected network. For each node,
a target number of incoming connections is randomly se-
lected from a normal distribution with the same average
and standard deviation as the incoming connections in
the inital network. Incoming connections are removed
for each node until either this target number is reached
or there are no more removable connections. This set
of connections will contain a minimum set of necessary
connections, meaning that no connection can be removed
from this set while still reproducing the attractor. Note
that this does not mean that this set has to be the set
with the absolute minimum of necessary connections, i.e.,
there can be multiple different such sets.
Finally, the genes’ responses are set similarly to the ran-
domization described above; however, the responses nec-
essary for the attractor that shall be recreated are set
accordingly before other random responses that are irrel-
evant for the attractor are set to ”on” until the node’s tar-
get number for the fraction of ”on”-responses is reached.
For the randomization with similar Hamming distances,
for every cyclic attractor found for a network, we create
a random network with the same number of nodes and
attractor length as the original network. Assuming, we
want a comparison network for an m-state attractor of an
N gene network, we randomly select one initial attractor
state for N genes with the same probability of a node
being ”on” as in the original attractor. Then, the follow-
ing m−1 attractor states of the randomized network are
created iteratively by changing the states of n nodes in
the previous attractor state where n is a random number
between 1 and N picked from a normal distribution with
the mean and standard deviation of Hamming distances
between consecutive attractor states in the original at-
tractor. Finally, we generate one last n from the same
distribution as before and accept the generated attrac-
tor states if the Hamming distance between the final and
the first attractor states is not larger than n. Otherwise,
we reject the attractor states and generate new attractor
states until an acceptable set of states is found. Next,
we set the connections and node responses as described
above for the functionally equivalent randomization, only
with the randomly selected attractor as a goal.

B. Data

We utilize the cellcollective.org database providing 79
Boolean network models at the time of writing. Be-
cause we study the stability of cyclic attractors, we filter
out all models whose papers do not mention any cyclic
behaviour or whose attractors are trivial two-state at-
tractors. Further, as we only want to study attractors
of known biological relevance, we also do not use net-
works with more than two attractors of unknown function
or whose attractors are mentioned but whose nature—
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attractor length, at minimum—are not documented. The
remaining networks are listed in Table I, and their archi-
tectures are shown in the supplemental material. We also
add one additional popular network that we have studied
previously: the fission yeast cell cycle network [38] where
we added a restart signal to make the attractor cyclic.

III. RESULTS

For all studied networks, we initialize the networks in
random states and run their dynamics without noise and
in the limit of τ → 0, which recreates standard Boolean
network update rules as are used in the cellcollective.org
database, until an attractor is found. If the found attrac-
tor is a steady state, we repeat the process until a cyclic
attractor is found. For every found attractor, we mea-
sure the time tatt the network as well as its completely
randomized variant remain in the attractor for different
levels of noise χmax and τ = 0.3. The simulation is run
up to a maximum time of tmax = 104. Figure 1 shows the
average of all attractors found after 104 simulation runs.
We find that in five cases (Arabidopsis, Budding Yeast,
CRP, the biologically relevant attractor of length 10 of
Fission Yeast, Mammalian CC), the real world genetic
networks are significantly more stable in the presence of
noise than their randomized counterparts. For the re-
maining networks, we find that the OSP and IA+OSR
networks are roughly as stable as an average random net-
work and that the attractor of length 6 of Fission Yeast
as well as the CC Transcription attractors are already
unstable if just the time constant τ is increased, even in
the absence of noise.
For the Fission Yeast, this is an agreeable result as this
attractor is not biologically relevant. For CC Transcrip-
tion, however, the reported attractor seems to be unable
to function under any level of noise and therefore is likely
not the attractor one would find in the real world.
If we take a closer look at the nature of the randomized
attractors, we find that the Hamming distances between
consecutive attractor states is often significantly larger
in random networks than in the genetic networks, as is
shown in Figure 2 Therefore, to determine whether this
stability is caused by the similarity—and the concomi-
tant lower opportunities for possible errors—of consecu-
tive attractor states, by the exact sequence of attractor
states, or by the topology underlying these attractors,
we test the two additional randomization methods de-
scribed in section II A: the functionally equivalent ran-
domization (FE rand.) and the similhar Hamming dis-
tance randomization (sHd rand.). In Figure 3, we see
that networks created using these two randomizations are
indeed more stable in many cases than the simpler ran-
domized networks shown in Figure 1. For Arabidopsis,
Budding Yeast, IA+OSR, the 10-length attractor of Fis-
sion Yeast, and Mammalian CC these randomizations are
comparable to or slightly more stable than the previous
randomization while still being less stable than the orig-

inal networks. Notably, for CRP, the functionally equiv-
alent randomization is roughly as stable as the original
network while being significantly more stable than the
sHd variant, indicating that the attractor states them-
selves are enough to guarantee stability here. For OSP,
the new randomized networks are even more stable than
the original network.
It seems clear, however, that the superior stability of Ara-
bidopsis, Budding Yeast, and Mammalian CC attractors
compared to their randomized variants indicates that not
only the form of the attractor, but the topology of indi-
vidual gene interactions itself is optimized for stability
under noise.

IV. DISCUSSION

Using Boolean genetic network models from the cell-
collective.org database, we tested the hypothesis that ge-
netic networks are evolutionarily designed for robustness
to noise by studying the stability of networks with cyclic
attractors against noise in signal transmission delays. We
found that most genetic networks are more stable under
this noise than comparable random networks with the
same attractor lengths. One factor contributing to this
stability is the average Hamming distance between at-
tractor states which is in most cases lower for real net-
works than randomized networks, giving the real net-
works less potential for errors.
Only one network (CC Transcription) was a clear out-
lier here. This network’s attractor is unstable even for
very small levels of noise, indicating that either this at-
tractor is not the one found in the real genetic network,
that the network has been simplified too much to still
retain its stability, or that there are more phenomena
present within the real system guaranteeing the attrac-
tor sequence.
To uncover further stability decoupled from this, we com-
pared the networks to networks created with two addi-
tional randomization methods: one method that creates
the exact same attractor, albeit with different network
topology, and another method that creates a random at-
tractor with the same length as the original network and
similar Hamming distances between attractor states. We
observed that these networks are in most cases more sta-
ble than the comletely randomized ones, while still being
mostly less stable than the original networks, with the
random networks with the exact same attractor as the
original networks still being marginally more stable than
randomized networks with similar Hamming distances.
We conclude from this that real life genetic networks are
designed to reliably work in a noisy environment, with
this stability being caused by a noise resistant attractor
being supported by an underlying noise resistant topol-
ogy.
Further research could of course continue testing this hy-
pothesis for a larger collection of networks or for the re-
liability of transients leading to an attractor instead of
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TABLE I: Gene activation rules for the fission yeast network.

Gene Activation rule
Start Ste9 ∧ ¬(Start ∨ Sk ∨ PP)
SK Start

Ste9
((PP ∧ Ste9) ∧ ¬((Cdc2/Cdc13* ∧ Sk) ∨ (Cdc2/Cdc13* ∧ Cdc2/Cdc13) ∨ (Cdc2/Cdc13 ∧ Sk)))
∨ ((PP ∨ Ste9) ∧ ¬(Cdc2/Cdc13* ∨ Sk ∨ Cdc2/Cdc13))

Cdc2/Cdc13 ¬(Ste9 ∨ Rum1 ∨ Slp1)

Rum1
((PP ∧ Rum1) ∧ ¬((Cdc2/Cdc13* ∧ Sk) ∨ (Cdc2/Cdc13* ∧ Cdc2/Cdc13) ∨ (Cdc2/Cdc13 ∧ Sk)))
∨ ((PP ∨ Rum1) ∧ ¬(Cdc2/Cdc13* ∨ Sk ∨ Cdc2/Cdc13))

PP Slp1
Cdc25 (Cdc2/Cdc13 ∧ Cdc25) ∨ ((Cdc2/Cdc13 ∨ Cdc25) ∧ ¬PP)
Slp1 Csc2/Csc13*

Cdc2/Cdc13* Cdc25 ∧ ¬(Ste9 ∨ Rum1 ∨ Slp1 ∨ Wee1/Mik1)
Wee1/Mik1 (PP ∧ Wee1/Mik1) ∨ ((PP ∨ Wee1/Mik1) ∧ ¬ Cdc2/Cdc13)
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Universal computation using localized limit-cycle attractors in neural networks

Lorenz Baumgarten∗ and Stefan Bornholdt†

Institut für Theoretische Physik, Universität Bremen, 28359 Bremen, Germany
(Dated: December 13, 2021)

Neural networks are dynamical systems that compute with their dynamics. One example is the
Hopfield model, forming an associative memory which stores patterns as global attractors of the
network dynamics. From studies of dynamical networks it is well known that localized attractors
also exist. Yet, they have not been used in computing paradigms.

Here we show that interacting localized attractors in threshold networks can result in universal
computation. We develop a rewiring algorithm that builds universal Boolean gates in a biologi-
cally inspired two-dimensional threshold network with randomly placed and connected nodes using
collision-based computing. We aim at demonstrating the computational capabilities and the ability
to control local limit cycle attractors in such networks by creating simple Boolean gates by means of
these local activations. The gates use glider guns, i.e., localized activity that periodically generates
”gliders” of activity that propagate through space. Several such gliders are made to collide, and the
result of their interaction is used as the output of a Boolean gate. We show that these gates can be
used to build a universal computer.

I. INTRODUCTION

Computation in nature occurs in highly irregular envi-
ronments that differ significantly from regular human-
constructed computation methods. In this spirit, the
field of unconventional computing [1–3] explores alter-
native methods of computation to the ubiquitous von-
Neumann architecture of modern computers. A common
and promising strategy is using biology as inspiration for
new computation schemes, as in the field of neuromorphic
computing [4], and the sub-field of amorphous computing
with its large numbers of irregularly spatially distributed,
unreliable, and locally communicating parts [5–7]. Such
irregularly placed and only partially connected parts can,
for example, be found in neural brain networks.
Unconventional computing schemes find uses in a variety
of fields such as managing robot swarms [8, 9], engineer-
ing biological devices [10], medical image analysis [11], or
information storage [12], and a multitude of other ideas,
such as cellular neural networks [13], for example, have
been developed.

In particular, highly parallelizable computation net-
works, such as memristor networks [14–17], that can be
trained like artificial neural networks [18, 19], appear
highly promising. We take recent advances in this field
as inspiration for creating a new unconventional com-
puting scheme in irregular, randomly constructed neural
networks.

A major mechanism of computation in neural networks
is computing with attractors, where the global attractors
of the dynamical network represent the result of a compu-
tation [20, 21]. This computing paradigm is perhaps best
exemplified by the Hopfield model [22] in which patterns
are stored as global attractors of the network dynamics.

∗ lbaumgarten@itp.uni-bremen.de
† bornholdt@itp.uni-bremen.de

It has long been discussed that computation in the brain
takes advantage of using attractors, including non-fixed
point (or limit-cycle) attractors [23].

One prominent property of attractors in asymmetric
neural networks is that, under certain circurmstances,
they may occur as localized excitations. Such localized
attractors, or localized persistent activity, have been ob-
served in neural networks [24–35], and have been dis-
cussed in diverse systems, such as genetic networks [36–
38] and immune networks [39–41],

We here expand the idea of attractor computation to
co-existing, localized attractors. In an example system,
we use multiple spatially localized periodic (or limit-
cycle) attractors, as opposed to the conventionally used
global attractors in artificial neural networks such as the
Hopfield model.

As a proof of concept, to demonstrate the possibil-
ity of localized attractor computation in irregular neural
networks, we will make use of collision-based computing,
which utilizes moving particle-like localized activity is-
lands, as have been observed in attractor neural networks
in [35]. We do not, however, suggest that the algorithm
and resulting dynamics described in this paper accurately
reflect a brain’s function; we merely propose a biologi-
cally inspired new unconventional computing method.
Collision-based computing is the computation of signals
propagating through space, usually called gliders, soli-
tons, or wave-fragments depending on context, by in-
teraction on impact with each other or obstacles. It
is the subject of research in a variety of different sys-
tems such as non-linear [42–44] and chemical media such
as the Belousov-Zhabotinsky medium [45–49] and liquid
marbles [50], and biological systems such as biopolymers
[51–53] and slime molds [54–56], see [2, 3, 57–59] for re-
views.
The field emerged in the wake of Fredkin and Toffoli’s
paper [60] introducing the idea of a ballistic computer—
the billiard ball model—, in which Boolean logic gates
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were implemented by collisions between billiard balls and
reflectors; Margolus’ following paper [61] creating a cellu-
lar automaton implementation of the billiard ball model;
and Berlekamp, Conway, and Guy creating Boolean logic
gates using gliders in the game of life [62]. Since then,
various other collision-based computing schemes for cel-
lular automata [42–44, 63–69] or in preconstructed mazes
[70] have been developed . Unlike our systems, however,
these automata operate on regular lattices.
We demonstrate how limit cycles can be manipulated
by rewiring algorithms to achieve desired results. For
this, we will create Boolean gates operating on limit cycle
glider guns and show that universal computation using
these gates is possible.

II. MODEL

We study a network of N nodes randomly distributed
in a two-dimensional square of space whose side length
we define as 1. The nodes have directed connections be-
tween each other in such a way that the probability P of
a connection existing from node A to node B is propor-
tional to an exponential function

P (d) = K exp(−λd)

of the distance d between A and B. The parameters K
and λ are chosen to result in specific values for the aver-
age degree k and the clustering coefficient C. We choose
a relatively high clustering coefficient and average degree
due to our observations of localized attractors in the net-
works we studied in [71].
Nodes are either excitatory or inhibitory, meaning that,
if they are active, they send a positive or negative signal
to all nodes they have efferent connections to. A node i’s
state σi is determined by its incoming signal

Si =
∑

j

cijσj(t)

via

σi(t+ 1) =

{
1 if Si > h

0 otherwise
,

where cij is ±1 if there is a connection from node j to
node i and zero otherwise, and h is the threshold. All
nodes are updated synchronously in discrete time steps.

In all our simulations, we use an initial network with
N = 2000 nodes, threshold h = 2, average degree k = 10,
clustering coefficient C ≈ 0.4, and a chance of nodes be-
ing excitatory or inhibitory of 50 % each. In Movie S1
in the supplemental material, we show an animation of
localized attractors in a similar, untrained random net-
work.
To create logic gates, we will encode incoming signals in
glider guns that periodically produce propagating pat-
terns called gliders. These gliders will collide and inter-
act with each other to produce a desired output.

Let us first discuss how glider guns are created and af-
terwards discuss two different strategies to utilize these
glider guns for logic gates.

III. GLIDER GUNS

To create a glider gun, we denote a node as an input
node whose state will be defined from outside instead of
by the network dynamics and which will serve to activate
a glider gun, meaning it will periodically produce an ac-
tivation that will propagate through space. This node
will send a signal of strength h + 1 instead of strength
one to the nodes it is connected to, i.e., cij = h + 1 or
cij = 0 where node j is the input node, so that its signal
is sufficient to activate nodes in its vicinity given no other
incoming signals.
We also define a target point towards which the glider
will move with constant velocity within T time steps.
The glider need not necessarily stop at the target point;
therefore, the target point only defines a glider’s direction
and speed, not its destination. Throughout this paper T
will be chosen as T = 10.
To set a glider gun’s corresponding period, we rewire
connections in an area around the input node randomly
and measure the period of the limit cycle that is reached
when initially only the input node is active. If the result-
ing period is further from the desired result than before
rewiring, the rewiring is undone. This is repeated until
the desired period is produced. Here, and throughout
this paper, rewiring is done by choosing two connections
and swapping their target nodes [72], so long as that does
not result in redundant connections between two nodes,
preserving all nodes’ degrees. Rewirings are also only
done if they do not result in connections above a certain
length L to preserve the network’s spatial character.
To now create gliders, we divide space into three regions:
region I in which we do not want activity, region II in
which we do want activity and region III where anything
is allowed to happen. We define a fitness function f as

f =

∑
A
∑

i g(Si, xi, yi)

|A| with

g(S, x, y) =





min(h− S, 0) if (x, y) in I

max(S − (h+ 1), 0) if (x, y) in II

0 otherwise

.

where (xi, yi) are the node i’s coordinates, A is the set
of network states in the network’s limit cycle, and |A| is
the number of states in the limit cycle.
Now the three regions need to be defined: Region III is
the region immediately around the input node, with a ra-
dius D, for which we choose D = 0.07 in our simulations.
The length D also governs the maximum length of formed
connections L = 3D. For the glider gun to periodically
produce gliders, some periodic activity is required, and
it does not make sense to promote or suppress activity
here.
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For both these strategies, the area of radius D around
the target point is also added to region III, meaning any
behavior is permitted here. This allows, for example, the
signal from one glider gun to remain within this region
to then catch a signal from another glider gun and in-
teract with it without the need for the signals to arrive
simultaneously.
Also, for strategy two and for gliders in strategy one
whose output is either supposed to be FALSE or for
whom no desired output is defined, the glider shots are
terminated at the target region, while these shots’ region
II is overwritten by the target region’s region III. This
means that these shots are only forced into existence out-
side the target region. This, for example, makes it easier
for an AND-interaction to occur because otherwise both
signals would compete for activating all nodes in the in-
teraction region by themselves, as opposed to only in the
case when both signals are present.
Both these strategies have advantages and disadvantages:
For strategy one, if the desired output requires only one
input node to be active, say an A¬B gate, the result-
ing output has the period of the active glider gun and
can therefore simply be routed towards another gate for
further computations. Since the A¬B gate is universal,
any Boolean operation can be created using this princi-
ple. On the other hand, if an output requires multiple
symbols to be active, the resulting output signal will in
general have the rather large and unwieldy period of the
macro limit cycle. This output will likely need to be read
out and converted into a new input signal to start a new
glider gun. This could be accomplished by simply setting
nodes at the glider’s end to permanently be in region II
and therefore be able to permanently activate a glider
gun—fig. 2 (D) shows that permanent activity of nodes
in such an area is possible—, given that the previous in-
put remains, or by defining an input node that only turns
off when it has not received a signal for a period of time
longer than the macro limit cycle.
For strategy two, the same period length problems ap-
ply. For this strategy’s advantages, let us discuss how
one would create an XOR-gate using the two separate
strategies:
For strategy two, the common output region can simply
be trained to output XOR, removing the need to create
more complicated circuits. For strategy one, an XOR-
gate cannot be realized on one of the outputs since the
output belonging to an input node A can only be TRUE
if there is an incoming signal from input node A. There-
fore, one has to either reroute the outputs of an A¬B-
and a B¬A-function to the same output region and add
them together or use the possible gates, for example the
universal A¬B gate, to build a circuit with an XOR out-
put.
Fortunately, multiple gates can easily be combined. The
direction and speed of different gliders in our algorithm is
simply constant for convenience’s sake; however, nothing
dictates that a glider cannot change direction or speed,
and therefore it is easily possible to reroute signals to

arbitrary points in the network or to delay or accelerate
them, should it be required.

V. ALGORITHM

The algorithm to create gates is similar to the one for
creating glider guns, but needs to be expanded to deal
with various issues that can occur when multiple input
nodes are active.
Note that we will distinguish between inputs and input
nodes. An input is one combination of active or inactive
input nodes.
Firstly, we need to ensure that the gate works correctly
for all possible inputs, so the calculation of the network’s
fitness will now consist of activating some combination
of input nodes, measuring the fitness for this input, and
repeating this process for all possible inputs (excluding
all input nodes being inactive). Again, between different
inputs, all input nodes are deactivated and the network
dynamics are run for a random number of time steps be-
fore the next input is activated. The final fitness is then
the sum of fitnesses for the individual inputs.
One important property we want our gates to have is for
them to function regardless of when and in which order
input nodes are activated. Therefore, instead of simul-
taneously activating all input nodes in a specific input,
individual input nodes are activated in random order and
with a random number of time steps between them. With
the random number of time steps any possible glider gun
interaction, during the previously active guns’ transient
dynamics or within the limit cycle, can occur.
Because of this large number of possible activation pat-
terns, it is unreasonable to calculate the fitness for all of
them for every rewiring attempt; instead, we only calcu-
late whether the fitness increases for one set of activation
patterns per rewiring attempt. This, unfortunately, may
lead to rewirings worsening the fitness for different acti-
vation patterns. This can also lead to the macro limit
cycle’s period changing or the network not returning to
an inactive state without inputs. When it is detected that
either of those two happened, previous rewirings are se-
quentially undone in reverse order until the problem no
longer occurs for the activation pattern for which this
was detected.
Another issue that may occur is that some activation pat-
terns may have a significantly lower fitness than others,
and a rewiring that improves this pattern will often lower
other activation patterns’ fitnesses to a similar value. To
avoid this, an activation pattern that has a significantly
lower fitness than the previous pattern will be skipped.
To speed up the rewiring, when searching for a valid
rewiring step, activation patterns are reused until a
rewiring step that actually improved — instead of just
preserving — the fitness is found, so as to not be forced
to recalculate the fitness before rewiring at every step.
When choosing connections to rewire, one of the connec-
tions chosen has to originate from a node that at any
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point during the calculation of the fitness, during the
transient or the limit cycle, has been active to further
speed up the algorithm, since rewiring connections that
do not transmit any signal has no effect.
Additionally, not all connections in the network are con-
sidered for rewiring. Instead, the lowest distance in the
direction to the target point that any cannon shot has
reached during any of the inputs normalized by the dis-
tance between the corresponding input node and the tar-
get point is calculated. Only connections which lead to
nodes within a region depending on this distance are con-
sidered for rewiring. The algorithm alternates between
choosing this region as a region around the points that lie
at this minimum distance in the direction from the input
nodes to the target point with radius D and as the entire
path of the gliders up to those points. When calculating
this distance, cannon shots that are not meant to pass
the target point are disregarded as long as they get close
enough to the target point. For shared outputs, once all
cannon shots get close enough to the target point, the
minimum reached distance from the target point to the
end of the output region for an input with desired output
TRUE is used instead. Alternating between these two re-
gions has the advantage that, for the region around the
minimum distance point, there is a good chance for the
rewiring to result in the cannon shot traveling farther af-
ter rewiring while the other region can optimize the path
that has already been created.
Also, and this is vital for the algorithm to function, by
only rewiring up to the lowest distance reached, when
multiple cannon shots have to pass the target point, a
situation in which one cannon shot already reaches far
past the target point while the other has not passed the
target point yet is not created. In such a situation, any
rewiring around the target point necessary to make the
second shot pass the target point, that would negatively
affect the first shot would significantly lower the fitness
because it would cut off the first shot significantly earlier
than before while only slightly increasing the distance
that the second shot travels. In such a situation, it is
difficult to find a rewiring that improves the second shot
without ruining the already established first shot.
Finally, when activation patterns are skipped because
they have a significantly lower fitness than previous pat-
terns, after skipping configurations 100 times in a row,
it is assumed that something has gone wrong and previ-
ous rewirings are sequentially undone similar to when an
activation pattern results in the wrong period, until the
problem does not occur any longer.

VI. RESULTS

In this section, we will present the results of an AND-
gate on both outputs and an A¬B-gate on one output
and a B¬A-gate on the other one for strategy one as well
as an AND- and an XOR-gate for strategy two. Snap-
shots for all these gates are shown in Figure 2, and the

fitness as well as the error rate as a function of rewiring
attempts is shown in Figure 3. Animations of these gates
can be found in the supplemental material, movies S2–
S13.

By periodically measuring error rates under the same
conditions used during rewiring, i.e., activation of input
nodes at random times and in random orders and with
random numbers of time steps between inputs, and stop-
ping the rewiring algorithm when minimal error rates are
achieved, it is easily possible for all these gates to achieve
perfect performance. The results of an input is counted
as an error if any of the outputs is not the desired re-
sult, if the macro limit cycle’s period differs from the
intended period, or if the network would not return to
the deactivated state after deactivating all input nodes.
When measuring error rates, all possible inputs are used
equally frequently, except for the zero input, which is
already implicitly covered by the third error condition.

VII. CONCLUSION

We have demonstrated the possibility of computation
with attractors in irregular two-dimensional threshold
networks. For this, we constructed a rewiring algorithm
that enables us to control the behavior of localized limit
cycle attractors within such networks. With this algo-
rithm, we first created glider guns to propagate signals
in space and then used these glider guns to build Boolean
gates. We have developed two strategies for such gates,
both involving the collision of multiple gliders from differ-
ent glider guns. In the first strategy, every glider gun has
its own associated output, whereas in the second strat-
egy, the entire gate only has one common output.
We have built multiple Boolean gates with either of
these strategies and argued that these gates can easily
be combined to build a universal computer. We have
also demonstrated that these gates can achieve perfect
performance, in the absence of noise, even given random
activation and deactivation times of the incoming inputs.
This is, to our knowledge, the first application of local-
ized activity in such networks, and we hope that it may
therefore be useful to gain insight on the operation of
brain networks in which localized activity as a response
to external stimuli can also be observed.
Further, the computation method described in this paper
is merely one option for utilizing localized attractors for
computation in threshold networks. A number of differ-
ent computation schemes are also conceivable and may
hopefully be explored in the future. We hope that this
simple demonstration can spark new ideas for amorphous
computation schemes using localized activity in neural
network structures.
The gates shown here would most likely not work if the
updates to the nodes were not synchronized or if the sig-
nals or node states were subject to noise, and neither
such synchronization nor a noise-free environment are to
be expected in real-world applications. However, in bi-
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SUPPLEMENTAL MATERIAL

This section contains explanations of the supplemen-
tary movie files.

Movie S1

Local attractors occur in a two dimensional irregu-
lar neural network at large clustering coefficient C. We
show an animation of a random network with k = 40,
N = 4000, h = 2, C = 0.5, and a probability of nodes
being excitatory or inhibitory of 50 % each. To better
illustrate the spatially disjoint nature of the attractors,
only connections between nodes are shown whose states

change in the cyclical attractor.

Movies S2–S13

The movies S2–S13 show animations of the gates
shown in Figure 2. The possible combinations of active
input nodes are shown in a separate movie each, result-
ing in three movies per gate. Movies S2–S4 show a gate
with an AND output for both input nodes; movies S5–S7
show a gate with an A¬B output for input node A and
a B¬A output for input node B; movies S8–S10 show a
gate with a common AND output; movies S11–S13 show
a gate with a common XOR output.
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