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Executive Summary

In this thesis, the methods of differential topology are used to study the gravitational

lensing effect. First, the reader is taken on a brief tour through the basics of black holes,

wormholes, gravitational lensing and the mathematical tools of Fermat’s principle, Morse

theory and the Gauss-Bonnet theorem. Then, the understanding is deepened by applying

Morse theory and the Gauss-Bonnet theorem to gravitational lensing.

In the first part, we have fixed an observation event p and the worldline of a light source

γ and identified the set of all past-oriented lightlike geodesics from p to γ. Since each

such geodesic corresponds to an image of the light source on the observer’s sky, this

allows us to examine the lensing properties of wormholes. As key results, we have

proven with the help of Morse theory that under very mild conditions on γ, the observer

is able to see infinitely many images of γ. Moreover, we have studied some qualitative

features of the lightlike geodesics with the help of two potentials that determine the sum

of the centrifugal and Coriolis forces of observers in circular motion for the case that the

observers’ velocity approaches the velocity of light. We have exemplified the general

results with two specific wormhole spacetimes.

In the second part, we have shown with the help of Fermat’s principle that every lightlike

geodesic in the Brill metric projects onto a geodesic of a two-dimensional Riemannian

metric, the so-called optical metric. The optical metric is defined on a (coordinate) cone,

whose opening angle is determined by the impact parameter of the lightlike geodesic.

We have shown that the optical metrics on cones with different opening angles are locally

isometric. With the help of the Gauss-Bonnet theorem, we have demonstrated that

the deflection angle of a lightlike geodesic is determined by an area integral over the

Gaussian curvature of the optical metric.

Last but not least, we have investigated gravitational lensing of Brill wormholes by

examining the existence of photon circles and propagation possibilities of light rays.
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Chapter 1

Introduction

Einstein’s equations from general relativity

Rµν −
1

2
gµνR+Λgµν = κTµν (1.1)

describe the four-dimensional spacetime on the left-hand side and the matter on the

right-hand side. Generally speaking, they describe the interaction between matter and

spacetime, i.e., a massive object tells spacetime how to curve, and curved spacetime tells

the massive object how to move. Gravity is not considered as a force but is encoded in

the geometry of spacetime. It follows that particles and light rays follow the curvature of

spacetime when they pass closer to an astronomical object. In Eq. (1.1), the Greek letters

run over the 3-space and 1-time coordinate, gµν is the metric tensor, Rµν the Ricci tensor,

R the Ricci scalar, Λ the cosmological constant, and κ is called Einstein’s gravitational

constant. Tµν is the stress-energy tensor, which in general relativity must satisfy the

energy conditions. One of these energy conditions is, roughly speaking, a relation

that the stress-energy tensor of matter must satisfy in order to capture the idea that

“energy should be positive”. The simplest example is the weak energy condition: For any

timelike vector ηµ at any point of the spacetime, Tµν satisfies the condition Tµνηµην ≥ 0.

This means the energy density of the fields contributing to the stress-energy tensor, as

measured by any observer, is always positive.
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The vacuum Einstein equations without Λ reduce to

Rµν = 0 . (1.2)

To explain keywords in this thesis, we take as a simple example, the unique spherically

symmetric solution to this equation, the Schwarzschild solution

ds2 =−(1− rS

r
)dt2 +

dr2

(1− rS

r
)
+ r2(dϑ2 + cosϑ dϕ2) . (1.3)

For a celestial body of radius r∗(t), the solution is valid in the exterior region where the

vacuum exists,

t ∈ R, r ∈]r∗(t),∞[, (ϑ,ϕ) ∈ S
2 (two-spheres). (1.4)

If a body features a radius smaller than the Schwarzschild radius rS = 2M (M is the

mass of the central body), this leads to the notion of a Schwarzschild black hole. This

black hole has a curvature or physical singularity at r = 0, and an event horizon

at r = rS. At the singularity, the curvature goes to infinity, and thus the tidal force is

large enough to rip any particle that comes close enough to this point. The region r > rS

is called the domain of the outer communication because this is the region from

which an observer who is far away from the black hole can receive information, including

light rays.

In the situation of a rotating black hole, for example the Kerr black, there are two

horizons and a ring singularity. If gtt > 0, there is a so-called ergoregion. This

name points out to the fact that one can extract energy from the black hole by dropping a

particle into the ergoregion, letting it be split into two particles there, and recovering the

one of these particles with higher energy than the original compound had before.

By definition, a wormhole is a spacetime model where two asymptotically flat ends

are joined by a throat. Historically, the first theoretical idea of wormholes appeared

by the maximal analytical extension of the Schwarzschild metric, i.e., the so-called

Einstein-Rosen bridge [3]. But unfortunately, the Einstein-Rosen bridge is non

traversable. An observer cannot travel from one side of the throat to the other at sub-

liminal speeds. Morris and Thorne [4] introduced and discussed a class of traversable
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Chapter 2

Review of mathematical

preliminaries

In this chapter, we review and explain the mathematical tools that will be needed later to

investigate gravitational lensing.

2.1 Fermat’s principle

It is helpful for gravitational lensing to describe light rays by a variational principle rather

than by a differential equation. The version of Fermat’s principle in this section holds for

arbitrary general relativistic spacetimes (M, g). In addition, the causal structure does not

have to be restricted, and there is no assumption of symmetry. G. Temple [13] (1938)

proposed this version of Fermat’s principle in a local version restricted to convex normal

neighbourhoods of an event. I. Kovner [14] (1990) rediscovered it in a global version and

pointed out the relevance of this principle for gravitational lensing, but without complete

proof. However, V. Perlick [15, 16] (1990) gave the complete proof.

Let us fix some point q in the spacetime (M, g), and a curve

ξ : I → M

τ 7→ ξ(τ)
(2.1)
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that is timelike,

gµν
ξµ(τ)

dτ

ξν(τ)

dτ
< 0 . (2.2)

τ takes values within an open interval I. It can be chosen as the proper time, but any

other smooth parametrization can also be chosen. By a variational principle, one wants to

determine all lightlike geodesics that start at the point (event) q and end on the timelike

curve (worldline) γ. To realize this, let us define the space of trial paths Lq,ξ as the set of

all curves

η : [0,1]→ M ,

s 7→ η(s)
(2.3)

such that

(1) η(0) = q.

(2) There exists some T (η) such that η(1) = η(T (η)), i.e., η ends somewhere on the

world line ξ.

(3) For all s ∈ [0,1], η is considered as the worldline of an object moving at the speed

of light.

(4) η is future-oriented with respect to ξ.

Condition (2) gives the arrival time functional

T : Lq,ξ → R ,

η 7→ T (η)
(2.4)

that can be extremized. We summarize the general-relativistic version of Fermat’s princi-

ple with the next theorem.

Theorem: For a curve η∈Lq,ξ, the following equivalence is considered: η is a stationary

point ⇔ η is a geodesic.

Proof See, V. Perlick [15] �
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To apply these results to gravitational lensing, ξ should be taken as the worldline of

a light source and parametrized as past-oriented, and q interpreted as an observation

event in the spacetime (M, g). The set of all past-oriented light rays from q to ξ are

considered as solution curves, that provide all images of a light source that are received

by an observer at the event q; see Fig 2.1. If the spacetime is conformally stationary,

Fermat’s principle can be reduced to a spatial variational principle. It is well-known that

the lightlike geodesic and the conformal structure of a spacetime remain unchanged if one

performs a conformal transformation with a conformal factor, and that the calculations

should be simpler for a conformal metric. A conformally stationary metric is of the form

g = g00(dx0)2 +2g0idx0dxi +gi jdxidx j

=−g00

(

− (dx0)2 +2γ0idx0dxi + γi jdxidx j ,
(2.5)

with

γ0i :=
g0i

−g00
, γi j :=

gi j

−g00
. (2.6)

In this metric, of course g00 < 0, ∂0γ0i = 0 and ∂0γi j = 0. One can apply Fermat’s

principle to the case where ξ is an integral curve of ∂0, parametrized by its proper time.

In other words:

(ξ(x0),ξ(x1),ξ(x2),ξ(x3)) = (τ,x1,x2,x3) . (2.7)

q can be taken at any point in spacetime. Since every trial path η ∈ Lq,ξ is lightlike,

gµνη̇µη̇ν = 0. After dividing by the factor −g00, we get

η̇0 = γ0iη̇
i ±

√

(γ0iγ0 j + γi j)η̇iη̇ j . (2.8)

By Condition (4), one has to choose the plus sign. If we integrate over the trial path from

s = 0 to s = 1,

η0(s)|s=1 = T (η) and η0(s)|s=0 = constant , (2.9)

we get the arrival time functional as an integral:

T (η) =
∫ 1

0

(

γ0iη̇
i ±

√

(γ0iγ0 j + γi j)η̇iη̇ j
)

ds+ constant . (2.10)

(η1,η2,η3) are only spatial components and γ0i and γi j are independent of x0, so Eq.

(2.10) reduces Fermat’s principle to a variational problem for curves in 3-dimensional
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detail and proof, we recommend [10][18]. The first things we should clarify are some

properties of the globally hyperbolic spacetime because we are interested in a version

of Morse theory that is applicable to global hyperbolic spacetime. It has been proved

in [19] that a spacetime M is globally hyperbolic if and only if it is diffeomorphic to a

product manifold, i.e., if the spacetime M can be written as a product of a 3-dimensional

manifold Σ, and each {t}×Σ is a Cauchy hypersurface,

M = R×Σ , (2.14)

If the spacetime M has metric

ds2 = gµνxµxν (2.15)

with respect to the product manifold (2.14), one can split this metric orthogonally into a

spatial and a temporal part:

g =− f (x, t)dt2 +Hi j(x, t)dxidx j , (2.16)

where the projection from M = R×Σ onto the first factor gives the time coordinate t,

and the space coordinates on Σ are given by x = (x1,x2,x3).

For the rest of this section, let us assume that M is a globally hyperbolic spacetime. The

splitting in Eq. (2.14) satisfies the metric growth condition (see, Uhlenbeck [18]) if for

every compact subset of Σ, there is a function F that satisfies

∫ 0

−∞

dt

F(t)
= ∞ , (2.17)

so that for t ≤ 0, the inequality

Hi j(x, t)v
iv j ≤ f (x, t)F(t)2Gi j(x)v

iv j (2.18)

is valid for all x in the compact subset, and for all (v1,v2,v3) ∈ R
3. Gi j is a time-

independent Riemannian metric on Σ.

Since we are interested in gravitational lensing, we choose the past-oriented (time-

reversed: t ≤ 0) lightlike geodesics from p to γ. The metric growth condition in this

situation is so important because it ensures that from each point p in M, one can detect a
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past-pointing lightlike curve for every timelike curve that is vertical regarding the orthog-

onal splitting chosen. This means that the existence of particle horizons is prohibited

from the metric growth condition.

Before we give Uhlenbeck’s result (theorem), we elucidate the concepts of the conjugate

points and we give a definition of Betti numbers. A point q is said to be conjugate to a

point p along a geodesic λ if there is a non-trivial geodesic variation; i.e., a non-zero

Jacobi field along λ which vanishes at p and q. Such Jacobi fields form a vector space,

and the dimension of this vector space is called the multiplicity of the conjugate point.

For lightlike geodesics, multiples of the tangent field have to be factored out of the space

of Jacobi fields. The Morse index of a given geodesic that begins at p can be defined

as the number of points q conjugate to p, and the past caustic can be explained as the

set of all points that are conjugate to a given point p, along any past-pointing lightlike

geodesic.

The κth Betti number Bκ of a topological manifold M is the dimension of the κth

homology space of M with coefficients in R. Explanatorily, B0 counts the connected

components of M , and Bκ, for κ> 0, counts those holes in M that inhibit a κ-dimensional

sphere from being a boundary. For our problem, M will be the loop space L(M) of the

spacetime manifold M, i.e., the set of all continuous maps from the circle S1 to M that go

through a fixed point p in M. If one assumes that the spacetime manifold M is connected,

L(M) is independent of the chosen point p.

Now we have prepared enough to introduce Uhlenbeck’s theorem.

Theorem 1 Consider a globally hyperbolic spacetime (M,g) with orthogonal splitting

(2.14) and (2.16), and provided that the metric growth condition is satisfied. Let p be a fix

point in M and γ : R→ M a smooth timelike curve, which has the form γ(τ) = (β(τ),τ)

in the sense of the above-mentioned orthogonal splitting, where β is a curve β : R → Σ.

Let us assume that γ does not meet the caustic of the past light-cone of the point p and

that for some sequence (τi)i∈N with τi →−∞, the sequence (β(τi))i∈N converges in the

3-dimensional manifold Σ. With these conditions, the Morse inequalities

Nκ ≥ Bκ for all κ ∈ N0, (2.19)
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and the Morse relation
∞

∑
κ=0

(−1)κNκ =
∞

∑
κ=0

(−1)κBκ, (2.20)

remain true. Bκ stands for the κth Betti number of the loop space of M, and Nκ stands

for the number of past-pointing lightlike geodesics with index κ from p to γ

Proof See Uhlenbeck [18], Sec. IV and Proposition 5.2. �

For the convergence condition on (β(τi))i∈N, it is sufficient to proof that β is confined to

a compact subset of Σ.

By definition, the right-hand side of the Eq. (2.20) is the Euler characteristic χ of the

loop space of M. Then, Eq. (2.20) is equivalent to

N+−N− = χ , (2.21)

where N− (respectively N+) stands for the number of past-pointing lightlike geodesics

with odd (respectively even) index from p to γ.

Since M takes the form of a product manifold (2.14), the Betti numbers of the loop space

of M are identified by the topology of Σ. One distinguishes three cases:

(1) M is simply connected but not contractible to a point. In such a case, Serre [20]

has proven that for all but finitely many κ ∈ N0, there is some Bκ > 0. It follows

from Eq. (2.19) that Nκ > 0 for all but finitely many κ. In other words, for almost

every positive integer κ, there exists a past-pointing lightlike geodesic from p to

γ with κ conjugate points in its interior. Accordingly, there are infinitely many

past-pointing lightlike geodesics from p to γ. We would emphasize in particular

that the caustic has to be nonempty and rather complicated. Otherwise it would be

not possible to find a sequence of past-pointing lightlike geodesics.

(2) M is not simply connected. In this situation, B0 = ∞ because the loop space of M

has infinitely many connected components. It follows from Eq. (2.19) that N0 = ∞

then. In other words, there are infinitely many past-pointing lightlike geodesics
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Let the region D be a subset of an oriented two-dimensional surface with Riemannian

metric

ds2 = gi jdxidx j , (2.22)

where xi and x j with i, j ∈ {1,2} represent coordinates on this two-dimensional sur-

face. Let ∂D : {s} → D : be its piecewise smooth boundary, positively oriented and

parametrised by the line element s along the boundary, and let αi be its external angles at

the ith vertex (see Fig 2.2). The Gauss-Bonnet theorem then tells us that

∫∫
D

K dS+
∫

∂D
κds+

n

∑
i=1

αi = 2πχ(D) , (2.23)

where K is the Gauss curvature of the metric (2.22), κ is the geodesic curvature of the

boundary ∂D and χ(D) is the Euler characteristic of the region D.

The Gaussian curvature by definition satisfies the equation

Ri jkl = K(gikg jl −gilg jk) , (2.24)

where Ri jkl are the covariant components of the Riemannian curvature tensor of the

metric (2.22).

By definition, the Euler characteristic is related to the Betti numbers of the surface D by

the equation

χ(D) =
n

∑
i=0

(−1)ibi . (2.25)

The first two Betti numbers say:

• b0 is the number of path connected components.

• b1 is the number of two-dimensional holes.

So, it is clear that if D is simply connected and has no holes, χ(D) = 1.

If we consider a smooth curve γ(s) on D of the unit velocity with g(γ̇, γ̇) = 1, the geodetic

curvature of γ can be calculated by

κ =
∣

∣g
(

∇γ̇γ̇,n
)∣

∣ , (2.26)
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where ∇ is the Levi-Civita connection of the metric (2.22) and n is a unit vector per-

pendicular to γ̇. The geodesic curvature in this case means how far γ is from being a

geodesic.
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Chapter 3

Spacetimes

In this chapter, we briefly introduce the spacetimes that will be needed in the next chapters

to study the Gauss-Bonnet theorem and Morse theory in relation to the gravitational

lensing effect.

3.1 Rotating traversable wormholes

The concept of spherically symmetric and static traversable wormholes was first intro-

duced by Morris and Thorne [4](1988). Teo extended their results to formulate the

rotating traversable wormhole [5](1998). A stationary and axisymmetric metric in a form

suitable to describe a rotating traversable wormhole spacetime is given by

g =−Ñ(r,ϑ)2dt2 +
(

1− b(r,ϑ)

r

)−1

dr2

+R̃(r,ϑ)2

[

dϑ2 + sin2 ϑ(dϕ−ω(r,ϑ)dt)2

]

. (3.1)

ϑ and ϕ are the standard coordinates on the two-sphere, t ∈ R is the time coordinate,

and r ∈]b(r,ϑ),∞[ is the radial coordinate. We assume that in the entire domain, the

metric functions Ñ, R̃ and b are strictly positive. We also assume that the conditions

for asymptotic flatness are satisfied. This means that rω(r,ϑ) → 0, R̃(r,ϑ)/r → 1,

b(r,ϑ)/r → 0 and Ñ(r,ϑ) → 1 for r → ∞. The metric functions Ñ, R̃ and ω have the
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following meaning:

• b tells us the location of the throat.

• ω determines the rotation of the wormhole.

• R̃ measures the proper circumference 2πR̃(r,ϑ)sinϑ of the circle placed at the

coordinate values (r,ϑ) with ϕ varying from 0 to 2π.

• Ñ is called lapse function. It associates the time coordinate t with proper time

along the t-lines.

In order to have a metric that is well-defined and regular as needed later, the two following

conditions are required for b/r → 1:

(i) ∂ϑb → 0. This means the equation b(r,ϑ) = r defines a unique radius value r0 that

is independent of the coordinate ϑ. This guarantees that the Ricci scalar of the

metric does not diverge to infinity at the throat.

(ii) b − r∂rb → 0, which is the so-called “flare-out conditions”. It means that if

Condition (i) is satisfied, the area of the sphere at r =constant approaches a local

minimum for the radial coordinate r → r0.

If Conditions (i) and (ii) are fulfilled, one may connect two copies of the metric at the

throat, each with the radial coordinate r ∈ [r0,∞[. This gives a wormhole spacetime with

two asymptotically flat ends. If ω = 0, R̃, Ñ and b are independent of ϑ, Teo wormholes

reduce to Morris and Thorne wormholes [4].

The representation in Eq. (3.1) is a reduced view of wormholes, appropriate to the region

between the throat and one asymptotic end. Here, however, we take a radial coordinate

that covers the entire spacetime because we will use methods where the global topology

of the manifold is relevant. To that end, it is possible to define a new radial coordinate ℓ

by

dℓ

dr
=±

(

1− b(r)

r

)−1/2

, (3.2)
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where b = b(r) is independent of ϑ, and ℓ is defined everywhere and takes values within

the range ℓ ∈]−∞,+∞[. With this new coordinate, the metric (3.1) becomes

g =−Ñ(ℓ,ϑ)2dt2 +dℓ2

+R̃(ℓ,ϑ)2

[

dϑ2 + sin2 ϑ(dϕ−ω(ℓ,ϑ)dt)2

]

. (3.3)

It is remarkable that the component gℓℓ = 1 in the metric (3.3) can be generalized to

gℓℓ = h(ℓ,ϑ)2, without any violation of the regularity or the asymptotic flatness of the

metric, if one only assumes that h > 0 and limℓ→±∞ h = 1. The metric (3.3) then becomes

g =−Ñ(ℓ,ϑ)2dt2 +h(ℓ,ϑ)2dℓ2

+R̃(ℓ,ϑ)2

[

dϑ2 + sin2 ϑ(dϕ−ω(ℓ,ϑ)dt)2

]

. (3.4)

This metric defines a class of spacetimes that includes all Teo wormholes with b = b(r),

but it also describes metrics which are not of the Teo type. That is, if one requires, as the

only conditions on the metric coefficients in Eq. (3.4), that Ñ > 0, R̃ > 0 and h > 0 and

that the condition of asymptotic flatness is provided for both ℓ→−∞ and ℓ→+∞, one

obtains a class of mathematical models that define wormholes in the sense that there is a

spacetime without horizons or singularities that joins two asymptotically flat ends.

For each ϑ, there exists a circumference of the circle at (ℓ,ϑ) as a function of the radial

coordinate ℓ, which must have at least one local minimum if this circumference extends

to infinity for ℓ→−∞ and for ℓ→+∞. However, compared to the Teo wormholes, the

position of this minimum may depend on ϑ, and one might find several local minima

(“throats”) with local maxima (“bellies”) in between. Generally, there is no symmetry

regarding the reflections ϑ 7→ π−ϑ and also not regarding ℓ 7→ −ℓ.

It should be pointed out that that the lightlike geodesics remain unchanged with respect

to conformal transformations. If one uses conformal transformation with the conformal

factor h(ℓ,ϑ)2 on the metric (3.4), it my be become conformally equivalent to the

following metric:

g =−Ñ(ℓ,ϑ)2

h(ℓ,ϑ)2
dt2 +dℓ2
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+
R̃(ℓ,ϑ)2

h(ℓ,ϑ)2

[

dϑ2 + sin2 ϑ(dϕ−ω(ℓ,ϑ)dt)2

]

. (3.5)

If one defines

N :=
Ñ

h
, R :=

R̃

h
, (3.6)

one gets the metric

g =−N(ℓ,ϑ)2dt2 +dℓ2

+R(ℓ,ϑ)2

[

dϑ2 + sin2 ϑ(dϕ−ω(ℓ,ϑ)dt)2

]

. (3.7)

This metric is the same as the metric (3.3). Note that with Eq. (3.6), the asymptotic

flatness and the regularity of the metric (3.4) ensures the asymptotic flatness and the

regularity of the metric (3.7). Accordingly, for the rest of this section and later for the

application of Morse theory, the spacetime (M,g) with metric g from Eq. (3.7) will be

considered, and we require that N > 0, R > 0 and that for the radial coordinate ℓ→±∞,

N = 1+O
(

1/|ℓ|
)

, R = |ℓ|
(

1+O(1/|ℓ|
)

, ω = O
(

1/|ℓ|2
)

. (3.8)

In general, the Hamilton-Jacobi equation for lightlike geodesics of the metrics (3.7) is

not separable. However, if the functions R, N and ω are independent of ϑ, there might

be a special case where a generalised Carter constant to separate the Hamilton-Jacobi

equation exists. However, for the application of Morse theory, we are not necessarily

interested in the existence of such a constant, and this is the advantage of Morse Theory.

As a remark at the end of this section, it is worth mentioning that there basically is an

ergoregion in our wormhole spacetimes, i.e., a region where gtt = R2ω2 −N2 > 0. But

because of Eq. (3.8), this region is confined to a spatially compact domain |ℓ| < ℓmax,

meaning that one can not extend it to infinity.

3.2 Brill spacetimes

The Brill metric (3.9) or the so-called Reissner-Nordström-NUT metric 1 is an exact

solution of the Einstein-Maxwell equations that was found by Brill in 1964 [23] as

1NUT is the shortening of the names of authors: Newman, Unti and Tamburino
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an extension of the NUT metric [24]. The metric is given in Boyer-Lindquist-type

coordinates (t,r,ϑ,ϕ),

gµνdxµdxν =−(r−m)2 +b

r2 + l2

(

dt −2l(cosϑ+C)dϕ
)2

+
(r2 + l2)dr2

(r−m)2 +b
+(r2 + l2)

(

dϑ2 + sin2 ϑ dϕ2
)

,

(3.9)

with

b := e2 −m2 − l2 . (3.10)

ϑ and ϕ represent coordinates on the two-sphere S
2, the time coordinate t and the radial

coordinate r range over all of R.

The metric is stationary and axisymmetric, and contains four parameters. The dimension-

less parameter C is called Manko-Ruiz parameter, as it was introduced by Manko and

Ruiz [25]. e2 = q2+ p2 is the combination of the electric q and magnetic p charge. There

further are the mass parameter m ≥ 0 (positive by assumption), and the gravitomagnetic

charge or the in literature so-called NUT parameter l with l ∈]−∞,+∞[. The three pa-

rameter e, m and l have the dimension of a length. In comparison with electromagnetism,

m corresponds to the electric charge, while l corresponds to a magnetic (monopole)

charge. If l 6= 0 and e 6= 0, depending on the parameter b, the Brill metric is usually

interpreted to describe a black hole for b < 0 and a wormhole for b > 0 [26]. For b = 0,

i.e. q2 + p2 = m2 + l2, the metric is a special case of the Israel-Wilson-Perjès metric[26]

(which is not dealt with in this thesis).

In the case of black holes, the Brill spacetime has two horizons at r±=m±
√

m2 + l2 − e2.

However, for gravitational lensing, it is helpful to restrict r to the domain of the outer

communication; i.e., to the region outside of the outer horizon m+
√

m2 + l2 − e2 < r <∞.

It is clear that for e2 = l = 0, the metric (3.9) reduces to the Schwarzschild metric. For

l = 0 and e 6= 0, the metric reduces to the Reissner-Nordström metric, and for e2 = 0

and l 6= 0, it reduces to the Taub-NUT metric, where the Taub NUT solutions are the

analytically extentions of the NUT metric byond the horizon r+ = m+
√

m2 + l2 in the

domain m−
√

m2 + l2 < r < m+
√

m2 + l2. For b > 0, l 6= 0, m = 0 and e2 6= 0, we have

a so-called massless wormhole. We will seriously investigate gravitational lensing for

this case in Ch. 6.
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The parameter C can be used to check the location of axial singularities. For C =−1, a

conic singularity is on the half-axis ϑ = π, and for C = 1, it is on the other half-axis ϑ = 0.

For C = 0, there are two symmetrical singularities on both axis at ϑ = π and ϑ = 0, and

for all other values of C, the singularity is on both half-axes. Remarkably, C =−1 in the

original NUT metric [24]. To get the metric (3.9) with C = 0, the following coordinate

transformation is considered:

t ′ = t −2lCϕ, r′ = r, ϕ′ = ϕ, ϑ′ = ϑ . (3.11)

Since ϕ is 2π-periodic, this transformation is well-defined only locally and not globally.

One can change that by including time-periodicity with the period 4π|lC|, but that also

leads to another problem, namely the causality violation, telling that there exists a

closed timelike curve through every point of spacetime. Therefore, Brill spacetimes with

different values of C are locally but not globally isometric.

In the case of the wormhole spacetime, the metric (3.9) has no singularity and no

horizons. In this situation, we will investigate gravitational lensing in the entire space,

with r varying on the whole real axis with two asymptotic regions at r =±∞.

In the rest of this thesis, Brill spacetimes with l 6= 0, e 6= 0 and m≥ 0 shall be geodesically

complete. For b < 0, we limit ourselves in the domain of the outer communication of the

black hole, and for b > 0, the wormhole spacetime is traversable. For more detail about

the singularity of the Brill spacetime, we suggest the original papers.

3.3 Geodesics in the Brill metric

First, we specify the Killing vector fields in order to determine the symmetry and the

geodesic equations of the Brill metric. The metric (3.9) has the following four linearly

independent Killing vector fields:

ξ0 = ∂t , (3.12)

ξ1 =−sinϕ∂ϑ −
cosϕ

sinϑ

(

cosϑ∂ϕ +2l
(

1+C cosϑ
)

∂t

)

, (3.13)
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ξ2 = cosϕ∂ϑ −
sinϕ

sinϑ

(

cosϑ∂ϕ +2l
(

1+C cosϑ
)

∂t

)

, (3.14)

ξ3 = ∂ϕ +2lC∂t . (3.15)

The killing vectors satisfy the following Lie brackets:

[

ξ0,ξ1

]

=
[

ξ0,ξ2

]

=
[

ξ0,ξ3

]

= 0 , (3.16)

[

ξ1,ξ2

]

=−ξ3 ,
[

ξ2,ξ3

]

=−ξ1 ,
[

ξ3,ξ1

]

=−ξ2 . (3.17)

Hence, ξ1, ξ2 and ξ3 form a three-dimensional group of isometries which is isomorphic

to the rotation group SO(3, R), and ξ0 forms a one-dimensional group of isometries that

expresses stationarity.

Let us use the Killing symmetries to solve the geodesic equations of the metric (3.9)

now, where the geodesics xµ(s) are parametrized by an affine parameter s. Since there

are four Killing vector fields ξA (where A ∈ 0,1,2,3), there are also four constants of

motion gµνξ
µ
Aẋν:

E =−gµνξ
µ
0ẋν =

r2 + l2

r2 −2mr− l2 + e2

(

ṫ −2l
(

cosϑ+C
)

ϕ̇
)

, (3.18)

J1 = gµνξ
µ
1ẋν =−sinϕ(r2 + l2) ϑ̇

−cosϕcosϑsinϑ(r2 + l2) ϕ̇+2 l E cosϕsinϑ , (3.19)

J2 = gµνξ
µ
2ẋν = cosϕ(r2 + l2) ϑ̇

−sinϕcosϑsinϑ(r2 + l2) ϕ̇+2 l E sinϕsinϑ , (3.20)

J3 = gµνξ
µ
3ẋν = sin2ϑ(r2 + l2) ϕ̇+2 l E cosϑ . (3.21)
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After straightforward calculation, one finds that

J2 := J2
1 + J2

2 + J2
3 = (r2 + l2)2

(

ϑ̇2 + sin2ϑϕ̇2
)

+4 l2E2 (3.22)

and










J1

J2

J3











·











cosϕsinϑ

sinϕsinϑ

cosϑ











= 2 l E . (3.23)

The Lagrangian

L =
1

2
gµνẋµ ẋν (3.24)

is an additional constant of motion. Using the constants of motion E, J2, J3 and L , the

geodesic equations can be written in first-order form. For that purpose, one has to solve

Eqs. (3.21), (3.19), (3.22) and (3.24) in this order for ϕ̇, ṫ, ϑ̇2 and ṙ2. One gets

ϕ̇ =
J3 −2 l E cosϑ

(r2 + l2)sin2ϑ
, (3.25)

ṫ =
r2 + l2

(r2 −2mr− l2 + e2)E
+2 l

(

cosϑ+C
)

(

J3 −2 l E cosϑ
)

(r2 + l2)sin2ϑ
, (3.26)

ϑ̇2 =
J2 −4 l2E2

(r2 + l2)2
− (J3 −2 l E cosϑ)2

(r2 + l2)2 sin2ϑ
, (3.27)

ṙ2 = E2 − (r2 −2mr− l2 + e2)

(r2 + l2)2

(

J2 −4 l2E2
)

+
2L

(

r2 −2mr− l2 + e2
)

(r2 + l2)
. (3.28)

In this case, the Hamilton-Jacobi equation is separable and the Carter constant is J2 −
4 l2E2.

3.4 Lightlike geodesics contained in a cone

In order to calculate the deflection angle, one should first determine where lightlike

geodesics exist. In this section, we prove that lightlike geodesics in the Brill spacetime

are contained in a cone with constant ϑ, and that the opening angle α of such a cone
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is exactly the coordinate angle ϑ. The situation is different in comparison with the

Schwarzschild metric, where the lightlike geodesics are contained in the equatorial plane

ϑ = π/2. However, for the Brill spacetime as well as for the Schwarzschild spacetime,

when such geodesics are determined (for ϑ =constant), other ones can be obtained from

all possible rotations by using the action of the group that is made by the Killing vector

fields.

If ϑ = constans and J1 = J2 = 0, Eqs. (3.19) and (3.20) require

ϕ̇ =
2 l E

(r2 + l2)cosϑ
, (3.29)

and Eq. (3.23) yields

J3

E
=

2 l

cosϑ
. (3.30)

Eq. (3.30) indicates that in the Brill spacetime, the opening angle ϑ of the cone is defined

by the so-called impact parameter J3/E and vice versa. This is not the case for the

Schwarzschild metric, where cosϑ = 0 in the equatorial plane.

We now consider the lightlike geodesics, where L = 0, and we insert Eq. (3.30) into Eq.

(3.28). We get

ṙ2 = E2

(

1− 4 l2(r2 −2mr− l2 + e2)

(r2 + l2)2
tan2ϑ

)

. (3.31)

After differentiation of this equation with respect to the affine parameter s and a division

of the obtained results by 2ṙ, one obtains

r̈ =
4 l2E2 tan2ϑ

(r2 + l2)3

(

r3 −3mr2 −3l2r+2e2 r+m l2
)

. (3.32)

The orbit equation that determines the shape of a lightlike geodesic in the cone, with

ϑ = constant, can be found by dividing Eq. (3.31) by Eq. (3.29). The result is

dr

dϕ
=

ṙ

ϕ̇
=±

√

(r2 + l2)2

4 l2
cos2ϑ− (r2 −2mr− l2 + e2)sin2ϑ .

=±

√

(r2 + l2)2

4 l2
cos2ϑ− ((r−m)2 +b)sin2ϑ .

(3.33)

In this equation, the value of ϑ = π/2 is not allowed for l 6= 0, i.e., there are no lightlike

geodesics contained in the equatorial plane because the value under the root must be
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positive. For the Reissner-Nordström metric, just like for the Schwarzschild metric, the

value ϑ = π/2 is allowed.

For later purposes, we still need the circular lightlike geodesic at the intersection of

the sphere with radius r = rph with the cone ϑ = ϑph. To this end, one has to solve the

equations ṙ = 0 and r̈ = 0 simultaneously. One finds

r3
ph −3mr2

ph −3l2rph +2e2 rph +m l2 = 0 (3.34)

and

tanϑph =
r2

ph + l2

2 l
√

r2
ph −2mr− l2 + e2

. (3.35)

Eq. (3.34) can have different types of solutions, depending on how the three positive

parameters m, l and b are chosen. With the appropriate choice of the parameters, one

finds one solution in the domain of the outer communication m+
√

m2 + l2 < rph for the

Brill black hole. However, in case of wormholes, several solutions can exist (see Ch. 6).

For the Brill spacetime, one has to distinguish between two situations:

(i) The radius of the photon circle: If we restrict ourselves to a cone ϑ = constant, one

should determine the radius of a photon circle. Thus, one solves Eq. (3.34) and

inserts the solutions into Eq. (3.35) to identify ϑ = constant. To this end, for each

ϑ =constant, there is only one photon circle or there are double photon circles

(with rph1
= rph2

).

(ii) The radius of the photon sphere: One takes a positive real solution rph of Eq. (3.34)

and applies, because the Brill metric accepts SO(3, R), all available rotations

to show that the sphere at this radius coordinate is filled with circular lightlike

geodesics.

The photon sphere is essential for determining the shadow of Brill black holes. See

[27, 28] for more details.
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Chapter 4

Morse theory and gravitational

lensing

4.1 Global hyperbolicity and metric growth condition

As pointed out before, we are interested in applying Morse theory to spacetimes that

admit global hyperbolicity and fulfill the metric growth condition. Therefore, first of all,

we have to prove that the metric (3.7) fulfills these conditions.

Here, we consider a spacetime that can be written as a product manifold R×Σ, where R

is for the time axis and Σ is a 3-dimensional Riemannian manifold. For the wormhole

spacetime (M, g), Σ = R×S
2 (where S

2 are 2-spheres). For stationary spacetimes, the

product manifold can be presented as follows:

g =−N(x)2dt2 +gi j(x)(dxi +βi(x)dt)(dx j +β j(x)dt) , (4.1)

where x = (x1,x2,x3) are coordinates on Σ. If one compares Eq. (4.1) with Eq. (3.7), one

finds that (x1,x2,x3) = (ℓ,ϑ,ϕ) and one can identify the "lapse function" N(x) = N(ℓ,ϑ),

the "shift vector" βi(x)∂i = −ω(ℓ,ϑ)∂ϕ and the spatial metric gi j(x)dxidx j = dℓ2 +

R(ℓ,ϑ)2(dϑ2 + sin2ϑdϕ2). Now we thus have enough preparation to prove the next

proposition.
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Proposition 1 The rotating traversable wormhole spacetime (M, g) is a globally hyper-

bolic manifold.

Proof To prove this proposition, we follow the result given by Choquet-Bruhat and

Cotsakis [29]. In this sense, the wormhole spacetime (M, g) is globally hyperbolic

because it has the following three properties:

(i) Bounded lapse: The lapse function N(ℓ,ϑ) is strictly positive, and because of Eq.

(3.8),

lim
ℓ→±∞

N(ℓ,ϑ) = 1.

Thus, it satisfies the condition 0 < N1 < N(ℓ,ϑ)< N2 on the entire spacetime of

the wormhole, where N1 and N2 are positive constants.

(ii) Uniformly bounded shift: The norm of the shift vector βi(x)∂i =−ω(ℓ,ϑ)∂ϕ, i.e.,

gi j(x)β
i(x)β j(x) = R(ℓ,ϑ)2sin2ϑω(ℓ,ϑ)2, is bounded because from Eq. (3.8), the

function R(ℓ,ϑ)2sin2ϑω(ℓ,ϑ)2 has no singularities, and

lim
ℓ→±∞

R(ℓ,ϑ)2sin2ϑω(ℓ,ϑ)2 = 0.

Then, a positive constant B that restricts the norm of the shift vector exists, i.e.

gi j(x)β
i(x)β j(x)≤ B2.

(iii) Slice completeness: We use the general result given by Gordon [30] to prove that

the spatial part of the wormhole spacetime, (Σ,gi j(x)dxidx j), is a complete Rie-

mannian manifold. Remarkably, the coordinate function ℓ, defined by a projection

onto the first factor and with ℓ : Σ = R× S
2 → R, is proper because for each

compact subset I ⊂ R, the pre-image ℓ−1(I) is compact, and the gradient of this

function has a constant norm 1 with respect to the metric gi j(x)dxidx j. With these

results, the Riemannian manifold (Σ,gi j(x)dxidx j) permits a proper function with

bounded norm.

�
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After having proven that the wormhole spacetime (M, g) is globally hyperbolic, let us

now prove that it satisfies the metric growth condition with the proposition presented in

the following.

Proposition 2 The metric (3.7) satisfies the metric growth conditions Eqs. (2.17) and

(2.18).

Proof To prove this proposition, first of all, we transform the coordinates of the metric

because the t-lines are not orthogonal to the surfaces t =constant, i.e., the metric (3.7)

does not take the orthogonal splitting form (2.16). Hence, we use the following ansatz:

x1 = ℓ, x2 = ϑ, x3 = ϕ−ω(ℓ,ϑ)t, (4.2)

so that the metric gets the desired form, with

Hi j(x, t)dxidx j = dℓ2 +R(ℓ,ϑ)2dϑ2

+R(ℓ,ϑ)2 sinϑ2
(

t(
∂ω(ℓ,ϑ)

∂ℓ
dℓ+

∂ω(ℓ,ϑ)

∂ϑ
dϑ)+dx3

)2

,
(4.3)

and

f (x, t) = N(ℓ,ϑ)2 . (4.4)

If the range of the coordinates x = (x1,x2,x3) in Σ = R×S
2 restricted on a compact set,

one finds positive constants A and B that satisfy

Hi j(x, t)v
iv j

f (x, t)
≤ (A+B|t|)2δi jv

iv j (4.5)

for all (v1,v2,v3) ∈ R
3. This explains that our orthogonal splitting in Eq. (4.3) satisfies

the metric growth conditions, where Gi j = δi j and F(t) = A+B|t|.

�

4.2 Inertial forces in the wormhole spacetime

Finding potentials Ψ+ and Ψ− is relevant to investigate Morse theory with respect to

gravitational lensing. On the wormhole spacetime (M, g), they explain where the radius
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coordinate ℓ has minima or maxima along a lightlike geodesic. Firts, we derive the

inertial forces for observers on circular orbits around the axis of rotational symmetry in

this spacetime. For more details on the notions of the inertial forces in general relativity,

we indicate to the work of Abramowicz and his collaborators [31][32]. Analogous

potentials were investigated in the Kerr-Newman spactime [33].

Let us derive the inertial forces now, where first of all, we present the orthonormal basis

on the spacetime (M, g):

E0 =
1

N
(∂t +ω∂ϕ) ,

E1 = ∂ℓ ,

E2 =
1

R
∂ϑ ,

E3 =
1

R sinϑ
∂φ .

(4.6)

The corresponding dual basis is given by

−g(E0, .) = N dt ,

g(E1, .) = dℓ,

g(E2, .) = R dϑ ,

g(E3, .) = Rsinϑ(dϕ−ω dt) .

(4.7)

From the orthonormal basis (4.6), we get the following nonvanishing Lie brackets:

[E0,E1] =
∂ℓN

N
E0 −

R∂ℓωsinϑ

N
E3 , (4.8)

[E0,E2] =
∂ϑN

RN
E0 −

∂ϑωsinϑ

N
E3 , (4.9)

[E1,E2] =−∂ℓR

R
E2 , (4.10)

[E1,E3] =−∂ℓR

R
E3 , (4.11)

[E2,E3] =−sinϑ ∂ϑR+ cosϑ R

R2 sinϑ
E3 . (4.12)
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Now, we consider the worldlines for observers on circular orbits (along the ϕ-lines)

around the axis of rotational symmetry in the wormhole spacetime. When one considers

three-velocities (in units of the velocity of light) v ∈ [0,1] of these observers with respect

to observers with four-velocity E0, the four-velocities of these observers are given by

integral curves of the vector field,

U =
E0 ± vE3√

1− v2
, (4.13)

where U is parametrized by proper time, g(U, U) =−1, and it is nongeodesic, ∇UU 6= 0.

In Eq. (4.13), the positive sign indicates corotating motion, meaning that the motion

relative to stationary observers is in positive ϕ-direction. The negative sign indicates

counter-rotating motion, which is in negative ϕ-direction relative to stationary observers.

Now, let us calculate the inertial acceleration g(∇UU,Eµ) of a freely falling particle

relative to the U-observer:

−g(∇UU,Eµ) =−Ug(U,Eµ)+g(U,∇U Eµ)

=−Ug(U,Eµ)+g(U, [U,Eµ]) =−g(U, [U,Eµ]) .
(4.14)

Then,

−g(∇UU, .) = Agrav +Acor +Acent , (4.15)

where

Agrav =−∂ℓN

N
dℓ− ∂ϑN

N
dϑ , (4.16)

Acor =± v

(1− v2)

(

− R ∂ℓω sinϑ

N
dℓ− R ∂ϑω sinϑ

N
dϑ

)

, (4.17)

Acent =
v2

(1− v2)

(

(

− ∂ℓN

N
+

∂ℓR

R

)

dℓ

+
(

− ∂ϑN

N
+

sinϑ ∂ϑR+Rcosϑ

Rsinϑ

)

dϑ

)

. (4.18)

Here, we follow the same rules as in Newtonian mechanics, where the gravitational

acceleration Agrav is independent of v, the Coriolis acceleration Acor is odd concerning v,

and the centrifugal acceleration Acent is even concerning v. If one multiplies the inertial
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acceleration by the rest mass of the freely falling particle, the result gives the appropriate

inertial force. Remarkably, one can determine the gravitational, Coriolis, and centrifugal

accelerations if and only if a timelike 2-surface with a timelike vector field is specified;

see Foertsch et al. [34]. In our case, we choose a 2-surface with (ℓ,ϑ) =constant and the

timelike vector field E0.

The sum of Coriolis and centrifugal acceleration up to the positive factor v/(1− v2) is

given by

Z±(v) =±
(

− R ∂ℓωsinϑ

N
dℓ− R ∂ϑωsinϑ

N
dϑ

)

+v

(

(

− ∂ℓN

N
+

∂ℓR

R

)

dℓ+
(

− ∂ϑN

N
+

sinϑ ∂ϑR+Rcosϑ

Rsinϑ

)

dϑ

)

. (4.19)

Since we are interested in the gravitational lensing, we consider the behavior of v

close to the velocity of light, i.e., one takes the limit of v → 1 in Eq. (4.19). By

uncomplicated calculation, one finds that the sum of the Coriolis and the centrifugal force

is perpendicular to the surfaces Ψ± = constant and points in the direction of increasing

Ψ± = constant,

lim
v→1

Z± =
Rsinϑ

N
dΨ± , (4.20)

where

dΨ± =
(

− ∂ℓN

Rsinϑ
+

N∂ℓR

R2 sinϑ
∓∂ℓω

)

dℓ

+
(

− ∂ϑN

Rsinϑ
+

N∂ϑR

R2 sinϑ
+

N cosϑ

Rsin2 ϑ
∓∂ϑω

)

dϑ

(4.21)

is the differential of the potential

Ψ± =− N

Rsinϑ
∓ω . (4.22)

Ψ+ stands for a Coriolis-plus-centrifugal potential of corotating observers, and Ψ−

stands for a Coriolis-plus-centrifugal potential of counter-rotating observers. In Eq.

(4.22), Ψ+ and Ψ− are singular along the axis because the denominator includes sinϑ.

Notice that if an ergoregion exists in the wormhole spacetime, then Ψ+ is negative in the

outside of this region, and Ψ− is positive. Inside of this region, one of the two potentials

changes its sign.
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In order to prove the propositions later, we still need the asymptotic flatness of the

potentials Ψ+ and Ψ− and their derivatives. Consequently,

Ψ± =− 1

ℓsinϑ

(

1+O
(

1/|ℓ|)
)

for ℓ→ ∞ , (4.23)

Ψ± =
1

ℓsinϑ

(

1+O
(

1/|ℓ|)
)

for ℓ→−∞ , (4.24)

and

∂ℓΨ± =
1

ℓ2 sinϑ

(

1+O
(

1/|ℓ|)
)

for ℓ→ ∞ , (4.25)

∂ℓΨ± =− 1

ℓ2 sinϑ

(

1+O
(

1/|ℓ|)
)

for ℓ→−∞ . (4.26)

Now let us use the potentials Ψ± to decompose the wormhole spacetime with the

following definition:

Definition 1 The regions Mout , Min, K+ and K− are defined as follows:

∂ℓΨ+ < 0 and ∂ℓΨ− < 0 on Min , (4.27)

∂ℓΨ+ < 0 and ∂ℓΨ− > 0 on K− , (4.28)

∂ℓΨ+ > 0 and ∂ℓΨ− < 0 on K+ , (4.29)

∂ℓΨ+ > 0 and ∂ℓΨ− > 0 on Mout . (4.30)

One can also define the closed set K = M \
(

Min ∪Mout

)

.

From this definition, Proposition 3 follows.

Proposition 3 (a) The set of all events with

−∂ℓN

N
+

∂ℓR

R
>
∣

∣

∣

Rsinϑ

N
∂ℓω

∣

∣

∣
(4.31)

is completely contained in Mout, and the set of all events with

−∂ℓN

N
+

∂ℓR

R
<−

∣

∣

∣

Rsinϑ

N
∂ℓω

∣

∣

∣
(4.32)

is completely contained in Min.
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(b) We can identify ℓ1 and ℓ2 so that the following two regions can be classified:

(i) The region where ℓ ∈]−∞, ℓ1[ is completely contained in Min.

(ii) The region where ℓ ∈]ℓ2 ,+∞[ is completely contained in Mout.

Proof From Eq. (4.21), we observe that

∂ℓΨ± =
N

Rsinϑ

(

− ∂ℓN

N
+

∂ℓR

R
∓ Rsinϑ

N
∂ℓω

)

, (4.33)

which proves Part (a). Part (b) follows directly from Eqs. (4.25) and (4.26).

�

From the definition, it gets clear that when v is close to 1, the direction of the centrifugal-

plus-Coriolis force always points in the direction of increasing ℓ in the region Mout,

whereas it always points in the direction of decreasing ℓ in the region Min. It is clear that

the centrifugal-plus-Coriolis force always points away from the center in these regions,

and this is also well-known in Newtonian physics. The situation is different in the K

region, where the centrifugal-plus-Coriolis force points in the reverse direction for either

co-rotating or counter-rotating observers.

In the following proposition, we show with the help of regions K, Min and Mout that the

radius coordinate ℓ has minima and maxima along a lightlike geodesic.

Proposition 4 (a) Along a lightlike geodesic in Mout , ℓ can not have any other extrema

than strict local minima.

(b) Along a lightlike geodesic in Min, ℓ can not have any other extrema than strict

local maxima.

(c) Through each point of K, there is a lightlike geodesic such that the first and second

derivatives of ℓ with respect to the affine parameter vanish at this point.

Proof We consider a lightlike geodesic vector field X on (M,g). In other words,

g(X ,X) = 0 and ∇X X = 0. In order to prove the theorem, we need to show:
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i) At all points of Mout,

Xℓ= 0 =⇒ XXℓ > 0 . (4.34)

ii) At all points of Min,

Xℓ= 0 =⇒ XXℓ < 0 . (4.35)

iii) At each point of K+ and K−,

Xℓ= 0 =⇒ XXℓ= 0 . (4.36)

Here, Xℓ is interpreted as “the derivative operator X applied to the function ℓ”. Eq.

(4.36) assigns a lightlike direction to each point of K+ and K− such that the integral

curves of the resulting direction field are spherical lightlike geodesics.

The condition ∇X X = 0 implies

XXℓ= Xdℓ(X) = X(g(E1, .)) = g(∇X E1, .) , (4.37)

where

X = E0 + cosαE3 + sinαE2 . (4.38)

Then,

XXℓ= g(∇E0
E1,E0)+ sinα(g(∇E2

E1,E0)+g(∇E0
E1,E2))

+ cosα(g(∇E3
E1,E0)+g(∇E0

E1,E3))+ sin2 αg(∇E2
E1,E2)

+ cos2 αg(∇E3
E1,E3)

= g([E0,E1],E0)+ sinα(g([E2,E1],E0)+g([E0,E1],E2))

+ cosα(g([E3,E1],E0)+g([E0,E1],E3))+ sin2 αg([E2,E1],E2)

+ cos2 αg([E3,E1],E3) .

(4.39)

Using the Lie brackets, the result is given by

XXℓ=
∂ℓR

R
− ∂ℓN

N
− cosα

(R ∂ℓωsinϑ

N

)

. (4.40)

Note that cosα in Eq. (4.40) can take the possible values from −1 to 1 and thus, it is

guaranteed by Proposition 3 that the right-hand side of the equation remains negative on

Min and positive on Mout. This proves Parts (a) and (b). The proof of Part (c) is clear,

because at every point of K+ and K−, there is exactly one value of cosα, so that the

right-hand side of Eq. (4.40) vanishes.
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�

In the particular case that one can separate the Hamilton-Jacobi equation for lightlike

geodesics in the wormhole spacetime, Part (c) of Proposition 4 suggests that there exists

a spherical lightlike geodesic through each point of K. In this situation, K is called a

photon region. However, we want to apply Morse theory in the next section to a general

case, also to a case where the Hamilton-Jacobi equation for lightlike geodesics of the

wormhole spacetime is not separable.

4.3 Multiple imaging in the wormhole spacetime

Our next intention is to use Morse theory to get some information about the past-pointing

lightlike geodesics from a point p to a timelike curve γ in the wormhole spacetime (M,g).

The next proposition characterizes a region in which all lightlike geodesics between p

and γ are confined.

Proposition 5 Let p be a point and γ a past-inextendible timelike curve in the wormhole

spacetime (M,g), where |ℓ| remains bounded if the time coordinate t goes to −∞ along γ.

Let

Λ : ℓ1 ≤ ℓ≤ ℓ2 (4.41)

be the smallest shell containing p, γ, and the region K. Then, every past-oriented lightlike

geodesic that joins p and γ is contained within Λ.

Proof According to Proposition 3, the radius coordinate ℓ along a lightlike geodesic

that leaves and reenters Λ must have either a minimum in the region Min or a maximum

in the region Mout , but Proposition 4 ensures that this cannot occur. �

In Proposition 5, we have identified the region in which the lightlike geodesics between

p and γ are confined, but we do not know the number of these geodesics. Therefore, we

now apply Theorem 1 to figure out this number. First of all, we assume that γ does not

meet the caustic of the past light-cone of p, i.e., that there is no past-pointing lightlike

geodesic from p which meets γ in a point conjugate to p. This is because Morse theory
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is applied only to functions for which the Hessian is non-degenerate at all critical points.

The application of the theorem is summarized in the following proposition.

Proposition 6 Let p be a point and γ :]−∞,τa[→ M a smooth future-pointing timelike

curve in the wormhole spacetime (M,g), where τa with −∞ < τa ≤ ∞, is parametrised

in such a way that the t-coordinate of the point γ(τ) is equal to τ. Furthermore, let us

assume the following:

(1) If τ →−∞, the coordinate ℓ of the point γ(τ) does not go to −∞ or +∞.

(2) γ does not meet the caustic of the past light-cone of p.

Thus, there is an infinite sequence (λn)n∈N of mutually various past-pointing lightlike

geodesics from p to γ. In addition, for n→∞, the index of λn goes to infinity. Furthermore,

let us denote the event where λn meets the curve γ by γ(τn). In that case, τn →−∞ for

n → ∞.

Proof As we have seen, the wormhole spacetime (M,g) is globally hyperbolic and

accepts an orthogonal splitting M = Σ×R, where Σ ≃ S
2 ×R. Furthermore, the metric

growth condition is fulfilled. To prove the proposition, we should first extend γ to a curve

that is defined on all of R; i.e., to a timelike curve γ′(τ) =
(

β′(τ),τ
)

: R→ M, such that

γ′(τ) = γ(τ) for −∞ < τ < τb with some τb ≤ τa. With the assumption about γ, it is also

possible to take γ′ in such way that it does not meet the caustics of the past light-cone of

p and that
{

β′(τ)
∣

∣−∞ < τ < τb

}

is restricted to a compact subset of Σ. This guarantees

that for every sequence (τi)i∈N, the sequence
(

β′(τi)
)

i∈N has a convergent subsequence.

In this way, Uhlenbeck’s theorem allows us to apply the Morse inequality N′
κ ≥ Bκ, where

N′
κ is the number of past-pointing lightlike geodesics from p to γ′ with index κ, and Bκ is

the κth Betti number of the loop space of M. Moreover, M ≃ S
2×R

2 is simply connected

but not contractible to a point. From Ch. 2, there are Betti numbers Bk > 0 for all but

finitely many κ. Thus, it has been shown that there is an infinite sequence of mutually

different past-pointing lightlike geodesics (λn)n∈N from p to γ′, where for n → ∞, the

index of λn goes to infinity.

Next, it is our goal to prove that there is a subsequence such that τn goes to −∞, i.e., τn

cannot be bounded below. This also indicates that almost all λn arrive at γ, i.e., that
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τn < τb for almost all n. By contradiction, let us suppose that there is a lower bound

for τn. Since there apparently is an upper bound for τn, which is given by the time

coordinate of the event p, this means that τn is restricted to a compact interval, so there

is be a subsequence of sequence
(

γ′(τn)
)

which converges towards a point q on γ′. This

provides us a converging sequence of points that belong on the timelike curve γ′ and

also on the past light-cone of p, which is an immersed lightlike submanifold near q by

assumption. This is possible only if this is a constant sequence. It shows up as infinitely

many mutually different lightlike geodesics λn from q to p. This is impossible because

there are no periodic lightlike geodesics in a globally hyperbolic spacetime, and there is

a unique lightlike direction tangent to the light-cone of p. �

With the next proposition, we demonstrate that all past-pointing lightlike geodesics from

p to γ come actually arbitrarily close to K.

Proposition 7 Consider any open subset W in M that contains the region K. In that

case, all but finitely many past-pointing lightlike geodesics from p to γ intersect this

subset.

Proof Take again the orthogonal splitting of the wormhole metric and indicate the

projection onto the time axis as t. In this situation, the sequence
(

λn

)

n∈N of lightlike

geodesics from Proposition 6 ensures that there exists a sequence of lightlike vectors

(wn)n∈N with dt(wn) =−1 at p, where wn ∈ TpM, and a sequence of parameter values

(sn)n∈N such that exp(snwn) is on γ for all n ∈ N. expp is the exponential map of the

Levi-Civita derivative of the wormholes metric at the point p. The set of all lightlike

vectors w at the point p with dt(w) = −1 builds a 2-sphere. Due to compactness, a

subsequence of (wn)n∈N converges to a lightlike vector w∞. According to Proposition 6,

t →−∞ along the lightlike geodesic s 7→ exp(sw∞), and, corresponding to Proposition 5,

the modulus of the coordinate |ℓ| has to be bounded. This means that along this geodesic,

ℓ either has a maximum and a minimum, or converges to the limit ℓ∞. In the first situation,

according to Proposition 4, the maximum has to be in Min or in K, and the minimum

has to be in Mout or in K. This means that the geodesic intersects K and therefore W,

because if neither the maximum nor the minimum lies in K, according to continuity, the
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geodesic has to intersect K between these two points. In the second situation, both the

first and the second derivative of ℓ with respect to the parameter s have to go to 0. But

by proving Proposition 4, the implication (4.35) remains in Mout, and the implication of

Eq. (4.34) remains in Min. It follows that the geodesic has to intersect W, so it comes

arbitrarily close to region K.

�

4.4 Example 1

We now give an example of the metric (3.7), where the regions defined in Definition 1

are connected, and the wormhole spacetime is symmetric with respect to the throat at

ℓ= 0. Let

N = 1+
(4acosϑ)2

r3
0

√

ℓ2 + r2
0

,

R =
√

ℓ2 + r2
0 +

(4acosϑ)2

r3
0

,

ω =
2a

(ℓ2 + r2
0)

3/2
,

(4.42)

where a is the angular momentum of the wormhole with the dimension of a length

squared. The positive parameter r0 with the dimension of a length determines the radius

of the throat in the equatorial plane. In this example, the time coordinate t and radial

coordinate ℓ have the dimension of a length. If a = 0, the metric reduces to the spherically

symmetric and static Ellis wormhole [35].

For this example, Eq. (4.21) simplifies to

Ψ± =− ℓ2 + r2
0 ±2asinϑ

(ℓ2 + r2
0)

3/2 sinϑ
, (4.43)

with

dΨ± =
ℓ(ℓ2 + r2

0 ±6a sinϑ)

(ℓ2 + r2
0)

5/2 sinϑ
dℓ+

cosϑ

sin2 ϑ
√

ℓ2 + r2
0

dϑ . (4.44)

One finds from Eq. (4.44) that the photon circles are located where dΨ± vanishes. If

one assumes that a > 0, two cases will be determined.
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1) 6a ≤ r2
0: In this case, dΨ± = 0 if and only if

ϑ =
π

2
and ℓ= 0 . (4.45)

Then, there are two circular lightlike geodesics in the equatorial plane, one co-rotating

circular lightlike geodesic at ℓ
ph
+ = 0 and one counter-rotating circular lightlike geodesic

at ℓ
ph
− = 0.

2) 6a > r2
0: dΨ± = 0 if and only if

ϑ =
π

2
and ℓ(ℓ2 + r2

0 ±6a sinϑ) = 0 . (4.46)

In this case, there are four circular lightlike geodesics in the equatorial plane, three

counter-rotating circular lightlike geodesics at ℓ
ph
− ∈

{

0,±
√

6a− r2
0

}

and one co-rotating

circular lightlike geodesic at ℓ
ph
+ = 0.

To make the calculation clearer, we plot the regions defined in Definition 1 and the

equipotential surfaces Ψ± = const. For covering the entire range ℓ ∈ ]−∞,+∞[ in one

plot, let us take eℓ/r0 as the radial coordinate such that ℓ=−∞ corresponds to the origin

of the axis. However, this parameterization has the disadvantage that the symmetry

concerning the throat, ℓ 7→ −ℓ, is not shown in the plots.
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4.5 Example 2

Let us now give an example for a wormhole spacetime (M, g) where the regions K− and

K+ are not connected. Consider

N = 1 ,

R =
√

ℓ2 + r2
0 ,

ω =
1

r0
sin

( r4
0s

(ℓ2 + r2
0)

2

)

,

(4.47)

where s is a dimensionless number and r0 is a positive constant with the dimension of a

length. Then, Eq. (4.21) reduces to

Ψ± =∓ 1

r0
sin

( r4
0 s

(ℓ2 + r2
0)

2

)

− 1

sinϑ
√

ℓ2 + r2
0

, (4.48)

with

dΨ± =

(

± 4r3
0 s ℓ

(ℓ2 + r2
0)

3
cos

( r4
0 s

(ℓ2 + r2
0)

2

)

+
ℓ

sinϑ(ℓ2 + r2
0)

3/2

)

dℓ+
cotϑ

sinϑ
√

ℓ2 + r2
0

dϑ . (4.49)

The photon circles are located at

ϑ =
π

2
and ℓ

(

±4r3
0 s cos

( r4
0 s

(ℓ2 + r2
0)

2

)

+(ℓ2 + r2
0)

3/2

)

= 0 . (4.50)

In this example, there are one co-rotating and one counter-rotating photon circle at

ℓ = 0 in the equatorial plane and, depending on the parameter s, a certain number of

additional photon circles in the equatorial plane, whose radius coordinates ℓ are given by

a transcendental equation.

As in Example 1, we plot again the equipotential surfaces with the same parameterization,

i.e. with eℓ/r0 as the radial coordinate. In Figs. 4.3 and 4.4, Ψ± are presented with

s = 2. In this situation, there are three co-rotating and five counter-rotating photon circles.

Furthermore, all photon circles are stable against latitudinal perturbations. Three of the

counter-rotating and two of the co-rotating photon circles are unstable with respect to
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radial perturbations, where the other ones are stable with respect to radial perturbations.

As in Example 4.4, dashed (red) curves correspond to unstable photon circles with respect

to radial perturbations, corresponding to self-intersections of equipotential surfaces. By

taking larger values of s, we may have arbitrarily many photon circles.

Fig. 4.5 represents the regions K+ and K− with s = 2. In this situation, K+ and K− have

two connected components. By taking a bigger value for s, there are many connected

components of these regions. We have previously shown that an infinite sequence of

past-oriented lightlike geodesics from a point p to a timelike curve γ has to converge to a

limiting lightlike geodesic that comes arbitrarily close to the region K = M (Min ∪Mout).

What this example indicates is the evidence that this region does not require a connection

and can in fact have many connected components that may be far apart from each other.

Accordingly, this result does not preclude that the limiting lightlike geodesic oscillates

constantly between two distant regions. Therefore, the situation is different for the

wormhole as compared to the black hole [33], where the limiting lightlike geodesic

inevitably spirals towards a spherical lightlike geodesic.
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51

Chapter 5

Gravitational lensing of Brill black

holes

5.1 Deflection angle

In this section, we calculate the deflection angle for the case when the Brill metric is

interpreted to describe black hole solutions. In order to calculate the deflection angle, we

consider a light ray in the cone ϑ = constant that comes in from infinity, goes through

a minimum radius value at r = rm and then escapes back to infinity. Notice that such a

lightlike geodesic can make any number of turns around the centre. With these conditions

and from the orbit equation Eq. (3.31), where the right-hand side has to be zero at r = rm,

one finds

r2
m + l2

√

r2
m −2mrm − l2 + e2

= 2 l tanϑ . (5.1)

Note also that the right side of Eq. (3.32) should be negative because our light rays come

in from infinity. Accordingly, light rays that go through a minimal radius value rm exist

for all rm outside of the photon sphere, rm > rph, and the corresponding values of ϑ

converge towards ϑph for rm → rph.

The existence of lightlike geodesics in a cone (with ϑ = constant) can be confirmed by
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From Eqs. (5.1) and (3.33), the orbit equation with respect to rm is given by

dr

dϕ
=±

√

(r2 + l2)2(r2
m −2mrm − l2 + e2)− (r2

m + l2)2(r2 −2mr− l2 + e2)

(r2
m + l2)2 +4l2(r2

m −2mrm − l2 + e2)
. (5.3)

Integrating this equation over the light ray from the point of its closest approach to

infinity gives

∆ϕ =
∫ ∞

rm

√

(r2
m + l2)2 +4l2(r2

m −2mrm − l2 + e2)dr
√

(r2 + l2)2(r2
m −2mrm − l2 + e2)− (r2

m + l2)2(r2 −2mr− l2 + e2)
. (5.4)

For determining the deflection angle of a light ray, it is helpful to introduce a new

azimuthal coordinate

ϕ̃ = ϕsinϑ =
(r2

m + l2)ϕ
√

(r2
m + l2)2 +4l2(r2

m −2mrm − l2 + e2)
. (5.5)

This angle is determined around the surface of the cone. One can visualize the deficit

angle ϕ̃ by cutting the cone open and flattening it. On each circle r = constans on the

cone, ϕ̃ runs from 0 to 2πsinϑ, because ϕ runs from 0 to 2π.

In Fig. 5.3, the deflection angle δ is described as the angle under which the asymptotes

(with ϑ = constant) of the lightlike geodesic intersect in the cut and flattened cone,

δ = 2∆ϕ̃−π , (5.6)

where

∆ϕ̃ = sinϑ∆ϕ

=
∫ ∞

rm

(r2
m + l2)dr

√

(r2 + l2)2(r2
m −2mrm − l2 + e2)− (r2

m + l2)2(r2 −2mr− l2 + e2)
.

(5.7)
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It is remarkable that for l = e = 0, δ is reduced to the value for the Schwarzschild case.

5.2 Gravitational lensing and the Gauss-Bonnet theorem

5.2.1 Optical metric and Gaussian curvature

It is recognized that in any spacetime, lightlike geodesics provide a variational principle

that can be seen as a general-relativistic Fermat’s principle (see Ch. 2). Weyl has

shown that due to Fermat’s principle, the spatial paths of lightlike geodesics in the static

spacetime are geodesics of a Riemannian metric which is recognized nowadays as the

Fermat metric or optical metric. Levi-Civita [36] generalized Weyl’s result to stationary

spacetimes, where the spatial paths of lightlike geodesics are determined by the combined

action of a Riemannian metric and a one-form, and the lightlike geodesics are projected

onto geodesics of a Finsler metric, and not onto geodesics of a Riemannian metric as it is

the case for a static spacetime.

In this section, we apply Levi-Civita’s version of Fermat’s principle to the Brill metric.

However, without loss of generality, the metric (3.9) may be restricted to the cone ϑ =

constant. One notices that for every lightlike curve, which does not have to be a geodesic,

the differential of the t-coordinate along its spatial projection simplifies to

dt = βidxi +
√

ḡi jdxidx j , (5.10)

with the one-form

βidxi = 2l(cosϑ+C)dϕ (5.11)

and the Riemannian metric

ḡi jdxidx j =
(r2 + l2)2

(r2 −2mr− l2 + e2)2
dr2

+
(r2 + l2)2

(r2 −2mr− l2 + e2)
sin2ϑ dϕ2 . (5.12)

Here, i, j ∈ {r,ϕ}. If one integrates over lightlike curves between two fixed points in the
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cone, the integral over βidxi has the same value for all these curves,

T =
∫ s2

s1

βi
dxi

ds
ds+

∫ s2

s1

√

ḡi j
dxi

ds

dx j

ds
ds

= 2l(cosϑ+C)(ϕ(s2)−ϕ(s1))+
∫ s2

s1

√

ḡi j
dxi

ds

dx j

ds
ds . (5.13)

According to Levi-Civita’s interpretation of Fermat’s principle, for an actual lightlike

geodesic, the variation of T among all lightlike curves between two fixed points,

δT = δ

∫ s2

s1

√

ḡi j
dxi

ds

dx j

ds
ds , (5.14)

vanishes. This shows that the lightlike geodesics in a cone with ϑ = constant project

onto geodesics of the Riemannian metric ḡi j defined in Eq. (5.12). This is the so-called

“optical metric”. Since the Brill metric is stationary and not static, one also cannot expect

that the lightlike geodesics project onto geodesics of a Riemannian metric.

Let us now visualize the intrinsic geometry of the optical metric in the cone ϑ = constant.

To this end, one tries to embed it into Euclidean 3-space isometrically. In cylindrical

polar coordinates (Z, R, ϕ), the condition

ḡi jdxidxi = dZ2 +dR2 +R2dϕ2 , (5.15)

where Z(r) and R(r) are embedding functions, has to be satisfied. If one inserts Eq.

(5.12) and compares the coefficients of dϕ2 and dr2, the results are

R(r)2 =
(r2 + l2)2sin2ϑ

(r2 −2mr− l2 + e2)
(5.16)

and
(dZ(r)

dr

)2

=
(r2 −2mr− l2 + e2)(r2 + l2)2

(r2 −2mr− l2 + e2)3

−sin2ϑ(r3 −3mr2 −3l2r+2e2 r+m l2)2

(r2 −2mr− l2 + e2)3
. (5.17)

We have to point out that an isometric embedding of the optical metric in Euclidean

3-space with ϑ = constant on the interval m+
√

m2 + l2 − e2 < r < ∞ is possible if and

only if
(

dZ(r)/dr
)2

is non-negative.
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With these conditions, Eq. (2.23) is equivalent to

∫∫
DR

K dS+
∫

∂DR

κds+
4

∑
A=1

αA = 2πχ(DR) , (5.20)

where χ(DR) = 1 for the Euler characteristic because DR is connected and has no holes.

Moreover, α1 = α2 = π/2 clearly holds. Since κ = 0 for a geodesic, the integral over

∂DR is reduced to an integral over the circular arc. The circular arc can be parametrised

according to the arclength, i.e., it is written in the form γR(s) with g
(

γ̇R, γ̇R) = 1. Then,

Eq. (2.26) implies that the geodesic curvature of γR can be calculated by

κ = g
(

∇γ̇R
γ̇R,n

)

. (5.21)

Hence, Eq. (5.20) simplifies to

∫∫
DR

K dS+
∫

γR

κds+α3 +α4 = π . (5.22)

If one sends R → ∞ and ψ̃ → 2∆ϕ̃, apparently, α3 → 0 and α4 → 0. Moreover, from Eq.

(5.12) one finds that ∫
γR

κds → 2∆ϕ̃ . (5.23)

Therefore, the limit version of the Gauss-Bonnet theorem simplifies to

∫∫
D∞

K dS+2∆ϕ̃ = π . (5.24)

A comparison with Eq. (5.6) yields

δ =−
∫∫

D∞

KdS . (5.25)

Since K is independent of ϑ, it can be seen from Eq. (5.25) that the second light ray has

a smaller deflection angle than the first if it remains further away from the center on its

entire path. This could not be seen in Eq. (5.7) because the radius rm appears not only as

the lower limit of the integral but furthermore in the integrand there.

As K is negative, one sees from Eq. (5.25) that the deflection angle in the Brill black

hole is always positive, so that every light ray is deflected towards the centre. This was

not clear when the deflection angle was calculated from Eq. (5.7) before, because it had

not been known if the integral on the right-hand side of this equation is greater or less
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than π/2 before having actually calculated it. In the next chapter, we will see that this is

not always the case for the wormhole spacetime, where K can also be negative in some

interval.

When we introduced Eq. (5.25) above, we assumed that the lightlike geodesics have

no self-intersection. But if one wants to allow for such geodesics, we have to consider

a region D∞ that is bounded by the parts of the lightlike geodesics between infinity

and the outermostself-intersection point. Furthermore, we should add 2nπsinϑ to the

right-hand side of Eq. (5.25), where n is the number of complete turns produced by the

lightlike geodesic. We also have to take the exterior angle at the self-intersection point

into account.

The area element of the optical metric is given by

dS =
√

det
(

ḡi j

)

dr dϕ =
(r2 + l2)2 sinϑdr dϕ

(r2 −2mr− l2 + e2)3/2

=
(r2 + l2)2dr dϕ̃

(r2 −2mr− l2 + e2)3/2
. (5.26)

Eq. (5.25) now delivers

δ =−2

∫ ∆ϕ̃

0

∫ ∞

z(ϕ̃)
K

√

det
(

ḡi j

)

dr dϕ̃ , (5.27)

where we use the angle ϕ̃ to represent the deflected light ray with the polar coordinate

r = z(ϕ̃).

In the Kerr metric [9], the bending angle in the equatorial plane is given up to linear

order in the mass parameter and the spin parameter. For the Brill metric, one has to go

at least up to second-order if one wants to have a non-zero contribution of l and e. The

bending angle has already been calculated up to this order in (5.9). For cross-checking,

this result is reproduced with the Gauss-Bonnet theorem. Concerning this, one needs the

integrand of Eq. (5.27) up to second order,

K

√

det
(

ḡi j

)

=−2m

r2
− 3m2

r3
− 7l2

r3
+

3e2

r3
+O(3) . (5.28)

As this expression has a vanishing zeroth-order term, one needs ∆ϕ̃ and z(ϕ̃) only up to

first order. From Eq. (5.8),

∆ϕ̃ =
π

2
+

2m

rm
+O(2) . (5.29)



62 CHAPTER 5. GRAVITATIONAL LENSING OF BRILL BLACK HOLES

Integrating the right-hand side of Eq. (5.8) from r = z(ϕ̃) to infinity gives the orbit

r = z(ϕ̃),

ϕ̃ =
∫ ∞

z(ϕ̃)

(

1 +
(r2 + rmr+ r2

m)

r(r+ rm)

m

rm

)

rm dr

r
√

r2 − r2
m

+O(2)

= arccos
( rm

z(ϕ̃)

)

+

√

z(ϕ̃)− rm
√

z(ϕ̃)+ rm

(

2+
rm

z(ϕ̃)

)

m

rm
+O(2) , (5.30)

where it is assumed that the light ray passes through the point of closest approach at

ϕ̃ = 0. If one solves for z(ϕ̃), the result is given by

z(ϕ̃) =
rm

cos ϕ̃

(

1−
(

2+ cos ϕ̃
)

sin2ϕ̃
(

1+ cos ϕ̃
)

cos ϕ̃

m

rm
+O(2)

)

. (5.31)

Inserting Eqs. (5.28), (5.29) and (5.31) into Eq. (5.27) actually reproduces Eq. (5.9).

We would like to point out that, if the only goal is to calculate the deflection angle, it

makes no sense to use the Gauss-Bonnet theorem because it is much easier to evaluate

the line integral in Eq. (5.4) than the area integral in Eq. (5.25). In fact, the latter

immediately shows some qualitative lensing features in terms of geometrical quantities.
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Chapter 6

Gravitational lensing of Brill

wormholes

In this chapter, we want to investigate the gravitational lensing effect of the Brill worm-

hole. To this end, the calculation is like in Ch. 5. However, we point out again that

the spacetime of the wormhole is defined in the entire domain −∞ < r <+∞, and that

there is no horizon and no singularity. This makes a difference when one examines the

gravitational lensing effect in the presence of wormholes as deflector compared to black

holes as deflector. Therefore, there will be some new qualitative results in this chapter. In

the first part, we check if the optical metric of the Brill wormhole (5.12) can be embedded

in the cone ϑ = constant in a Euclidean 3-space for the entire domain −∞ < r <+∞. In

the second part, we investigate the existence of photon circles and light ray propagation

possibilities.

6.1 Embedding diagrams

As in Ch. 5, in the cone ϑ = constant, we want isometrically embed the optical metric of

the Brill wormhole in Euclidean 3-space. We use the same cylindrical polar coordinates

(Z, R, ϕ). Eq. (5.17) is also valid for the optical metric of Brill wormhole. Let us define
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the right-hand side of this equation by H(r), i.e.,

H(r) :=
(r2 −2mr− l2 + e2)(r2 + l2)2

(r2 −2mr− l2 + e2)3

−sin2ϑ(r3 −3mr2 −3l2r+2e2 r+m l2)2

(r2 −2mr− l2 + e2)3
.

(6.1)

In Fig. 6.1, we plot H(r) for different values of ϑ, e and l. The embedding of the optical

metric of the Brill wormhole (for ϑ = constant) into Euclidean 3-space is possible for

r ∈]−∞,+∞[ if and only if the function H(r) is non-negative.

Fig.6.2 shows the embedding diagram of the optical metric of the Brill wormhole for

ϑ = π/3 into Euclidean 3-space. In contrast to black holes (see Fig. 5.4), in the Brill

wormhole, there may be several local minima (“throats”) with local maxima (“bellies”)

in between. This means that the Gaussian curvature is not everywhere negative, and

the light ray only diverges when the Brill wormhole exists as a deflector but it can also

converge.

Fig. 6.3 shows the embedding diagram of the optical metric of a massless wormhole into

Euclidean 3-space for ϑ = constant. In this wormhole, only one photon circle exists at

r = 0.
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Fig. 6.6 corresponds to Case 1). The boundary curve between the green and red regions

has two minima and one maximum. The minima correspond to unstable photon circles,

the maximum corresponds to a stable photon circle. One distinguishes the following

cases:

• Case (a) There are light rays that run from +∞ to −∞ or reversed (in the lower

area of Fig 6.6).

• Case (b) There are light rays that come from +∞ or −∞. The boundary curve

between the red and green area has a reversal point and an escape back to +∞ or

−∞.

• Case (c) There are light rays that oscillate back and forth between a maximum and

a minimum value of the radius. At that point, their radial coordinate remains in the

range between the radius of the stable photon circle and the radius of the upper

unstable photon circle. These light rays oscillate around the radius of the stable

photon circle.

• Case (d) The limiting cases between (a) and (b) or between (b) and (c) are light

rays which asymptotically spiral towards one of the unstable photon circles. They

run on horizontal lines that are drawn in black in the green region. There are four

different situations:

(1) Light rays come from −∞ and run to the lower unstable photon circle.

(2) Light rays come from +∞ and run to the lower unstable photon circle.

(3) Light rays come from +∞ and run to the upper unstable photon circle.

(4) The fourth is the most interesting case, corresponding to the so-called homo-

clinic orbit. It starts and ends asymptotically at the upper unstable photon

circle and has a turning point at a smaller radius value.

Correspondingly, the conditions for Cases (2), (3) and (4) can be understood in view of

of Figs. 6.7, 6.8 and 6.9.
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the deflection angle in Case (b) is similar to that of the black hole (see Ch. 5).

The application of the Gauss-Bonnet theorem to the Brill wormhole is similar to the

calculations in Ch. 5 without any new qualitative aspects.
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Chapter 7

Summary and Outlook

In Ch. 3, after a brief review of Brill spacetimes and rotating traversable wormholes, we

have extended the so-called Teo metric to a more general metric (3.4) as an important

achievement.

In Ch. 4, by using Morse theory we showed that an observer in a class of rotating

traversable wormholes that are globally hyperbolic spacetimes with topology S
2 ×R

2

and that satisfy the metric growth condition sees infinitely many images of a light source.

Thereby, the movement of the light source is very mildly constrained. Compared to

the domain of outer communication of the Kerr-Newman black hole, the situation is

similar for the wormhole because both these spacetimes have the same topology. In

addition, in the domain of outer communication of the black hole and in the domain of

the wormhole spacetime, there are potentials Ψ− and Ψ+, that are helpful to identify

turning points of the radial coordinate along a lightlike geodesic. However, there are

also significant differences. In the situation of the black hole, there is a photon region

K in which lightlike geodesics are located on a sphere r = constant. If one considers

an infinite sequence of lightlike geodesics from a point p to a generic timelike curve

γ, they converge to a lightlike geodesic λ∞ that asymptotically spirals to one of these

spherical lightlike geodesics that fill the photon region. For the wormhole spacetime,

however, the situation is more complicated because in general, there are no spherical

lightlike geodesics. If there were such, K could consist of many connected components.
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It follows that lightlike geodesics λ∞ must run close to the region K, but do not have

to spiral towards a certain limiting curve. For example, they can oscillate constantly

between different connected components of K.

The application of Morse theory to gravitational lensing has certainly not yet been

exhausted. For example, Uhlenbeck’s results could be applied to globally hyperbolic

spacetimes with topologies other than S
2 ×R

2. It would also be possible to apply Morse

theory to a spacetime that is not necessarily globally hyperbolic, like infinite-dimensional

Hilbert manifolds [37] for example. In a somewhat different way, it should also be

possible to consider the case of lightlike geodesics in a Finsler spacetime.

In Ch. 5, with the help of Fermat’s principle, we have applied the standard Gauss-

Bonnet theorem to the Brill spacetime without any approximations. This means without

introducing the so-called “osculating metric” although the optical metric of Brill metric

is a Finsler metric of Randers type. With help of Fermat’s principle, we have proved that

the projection of any lightlike geodesic is in fact a geodesic of an optical metric which

is Riemannian. The main difference from the previously considered application of this

theorem to gravitational lensing is that the spatial projection of each lightlike geodesic

lies in a cone and not on a plane. We have also seen that the Manko-Ruiz parameter C has

no influence on the spatial paths of lightlike geodesics, and that the Gaussian curvature of

the optical metric is independent of the opening angle of the cone. As future applications

of the Gauss-Bonnet theorem to gravitational lensing, it would be very interesting to use

the geodesics of a Finsler metric of Randers type, for example, in the optical metric of

the Kerr metric without any osculating metric. One could also consider hairy black holes.

In Ch. 6, we have investigated gravitational lensing of Brill wormholes. In contrast to

Brill black holes, in the cone ϑ = constant, one can isometrically embed the optical

metric of a Brill wormhole into Euclidean 3-space for r ∈]−∞,+∞[. There may be

several local minima (“throats”) with local maxima (“bellies”) in between, and the

Gaussian curvature is not only negative in this domain but within a certain interval also

positive. This means that lightlike geodesics can also diverge, not only converge like

in case of black holes. Moreover, there are more photon circles and light propagation

possibilities than for black holes. But for massless wormholes, only one photon circle at
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r = 0 exists, and the Gaussian curvature is negative everywhere.

It is interesting for future investigations to examine if Brill wormholes can be extended

to rotating Brill wormholes and to study their gravitational lensing effect. One could also

consider the situation of light rays in a plasma environment.
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