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Abstract
Bifurcation Analysis for Systems with Piecewise Smooth Nonlinearity and Applications

by Miriam Steinherr Zazo

In the first part of this thesis, Andronov–Hopf bifurcations in systems with piecewise
smooth nonlinearity are analyzed, which are motivated by models that arise in controlled
ship maneuvering. In particular, within this nonsmooth setting, we derive explicit formulas
for the generalization of the first Lyapunov coefficient, which generically determines the
direction of branching (super- versus subcriticality). In addition, we show that, in general,
this differs from any fixed smoothing of the vector field. Specifically, we focus on nonsmooth
nonlinearities of the form ui|uj |, i.e., the product of one variable of the system times the
absolute value of another variable. However, our results are formulated in broader generality
for systems in any dimension with piecewise smooth nonlinear part. Moreover, we discuss
some codimension-one degeneracies and apply the results to a model of a shimmying wheel.

Furthermore, other bifurcations occur in systems with the aforementioned nonsmooth
nonlinearity. In particular, we perform an analysis of normal forms with piecewise smooth
nonlinear part for coefficients for Bogdanov–Takens points, and compare these results with
the corresponding smooth version. We show how these two kinds of models differ from each
other in terms of the criticality of the Hopf bifurcation and its scaling law. Homoclinic and
heteroclinic orbits are briefly studied via an example.

After the most theoretical part of this manuscript, we consider a particular ship maneuver-
ing model, and show that the previously developed outcomes really apply in actual systems.
Specifically, nonlinear terms in standard models of ship maneuvering entail continuous non-
smooth terms so that bifurcations of straight motion are not amenable to standard center
manifold reduction. In the second part of this dissertation, and using an approach based on
the results developed in the first part, we determine the criticality of Hopf bifurcations that
arises in stabilizing the straight motion of a marine craft model. For such a 3 degree of
freedom system of ship motion with yaw damping and yaw restoring control, we present a
detailed study of the possibilities for stabilizing the straight motion and the resulting nonlinear
effects. To facilitate the analysis, we consider a combination of rudder and propeller forces
into an effective thruster force. We identify the existence, location and geometry of the sta-
bility boundary in terms of the controls, including the dependence on the propeller diameter
and the thruster position. We find numerically that “safe” supercritical Hopf bifurcations are
typical and, by means of numerical continuation, we provide a global bifurcation analysis,
which identifies the arrangement and relative location of stable and unstable equilibria and
periodic orbits. We illustrate the resulting stable ship motions in Earth-fixed coordinates and
present some direct numerical simulations.
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Zusammenfassung
Verzweigungsanalyse von Systemen mit stückweise glatten Nichtlinearitäten und deren

Anwendungen

von Miriam Steinherr Zazo

Im ersten Teil dieser Doktorarbeit analysieren wir die Andronov–Hopf-Verzweigung in
Systemen mit stückweise glatten Nichtlinearitäten, die durch Modelle aus der gesteuerten
Schiffsmanövrierung motiviert sind. Vor allem leiten wir in diesem nichtglatten Rahmen
explizite Formeln für die Verallgemeinerung des ersten Lyapunov-Koeffizienten her, der im
Allgemeinen die Richtung der Verzweigung bestimmt (super- oder subkritische Verzweigung).
Zusätzlich zeigen wir, dass sie sich im Allgemeinen von festen Glättungen des Vektorfeldes
unterscheiden. Wir konzentrieren uns besonders auf nichtglatte Nichtlinearitäten in der Form
ui|uj |, das heißt also das Produkt aus einer Variablen aus dem System und dem Betrag einer
anderen Variablen. Wir formulieren die Ergebnisse dennoch allgemeiner für Systeme in
beliebiger Dimension mit stückweise glatten Nichtlinearitäten. Zudem behandeln wir einige
Degeneriertheiten mit Kodimension eins und wenden die Ergebnisse auf ein Modell an, dass
ein taumelndes/flatterndes Rad beschreibt.

Darüber hinaus entstehen auch andere Verzweigungen in Systemen mit den oben genan-
nten nichtglatten Nichtlinearitäten. Wir führen insbesondere eine Analyse in Normalform
durch, mit stückweise glatten Nichtlinearitäten, um die Koeffizienten für Bogdanov–Takens
Punkte zu untersuchen, und vergleichen diese Ergebnisse mit den entsprechenden glatten
Varianten. Wir zeigen, wie sich die zwei Arten von Modellen bezüglich des kritischen
Zustandes der Hopf-Verzweigung und dessen Skalierungsgesetz voneinander unterscheiden.
Homokline und heterokline Orbits werden kurz anhand eines Beispiels untersucht.

Nach dem theoretischen Teil dieser Doktorarbeit betrachten wir ein bestimmtes Modell
zur Schiffsmanövrierung und zeigen, dass die zuvor hergeleiteten Resultate auch anwendbar
sind auf reale Systeme. Nichtlineare Terme in Standardmodellen der Schiffsmanövrierung
bringen stetige, nichtglatte Terme mit sich, wodurch Verzweigungen von geraden Bewegun-
gen nicht zugänglich ist für eine gewöhnliche Reduktion auf Zentrumsmannigfaltigkeiten. Im
zweiten Teil dieser Arbeit bestimmen wir, mit Hilfe der Resultate im ersten Teil, den kriti-
schen Zustand von Hopf-Verzweigungen, der durch das Stabilisieren der geraden Bewegung
in einem Wasserfahrzeugmodell entsteht. Für solch ein System, das die Bewegung eines
Schiffes beschreibt, mit drei Freiheitsgraden und mit Dämpfungs- und Wiederherstellungs-
steuerung der Gierrichtung liefern wir eine ausführliche Analyse über die Möglichkeiten zur
Stabilisierung der geraden Bewegung und die entstehenden nichtlinearen Effekte. Um die
Untersuchungen zu erleichtern, betrachten wir eine Kombination aus Ruder- und Schiffs-
schraubekraft zu einem effektiven Schubantrieb. Wir stellen fest, dass überwiegend “sichere”
superkritische Hopf-Verzweigungen vorherrschen und mittels Numerischer Kontinuierung
liefern wir eine globale Verzweigungsanalyse, die die Anordnung und relative Lage der



xiv

stabilen und instabilen Gleichgewichtszustände und periodischen Orbits ermittelt. Wir ver-
anschaulichen die stabilen Schiffsbewegungen, die sich ergeben, in einem erdfesten Koordi-
natensystem und präsentieren einige direkte numerische Simulationen.



xv

Contents

Acknowledgments ix

Abstract xi

Zusammenfassung xiii

List of Figures xviii

List of Tables xix

List of Acronyms and Symbols xxiii

1 Introduction and Background 1
1.1 Basic ideas of dynamical systems . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Fixed points and stability . . . . . . . . . . . . . . . . . . . . . . . . 2
1.1.2 Bifurcation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Bifurcations for systems with nonsmooth nonlinearities . . . . . . . . . . . . 12
1.3 Marine craft modeling and control . . . . . . . . . . . . . . . . . . . . . . . 19
1.4 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2 Lyapunov Coefficients for Hopf Bifurcations 25
2.1 Abstract viewpoint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2 Planar normal form case with absolute values . . . . . . . . . . . . . . . . . 33

2.2.1 Averaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.2.2 Smoothing and the first Lyapunov coefficient . . . . . . . . . . . . . 37
2.2.3 Direct method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.3 Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.3.1 Generalization from the absolute value . . . . . . . . . . . . . . . . 45
2.3.2 3D system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.3.3 n-dimensional system . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.3.4 General linear part . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.4 A 3D example: Shimmying wheel . . . . . . . . . . . . . . . . . . . . . . . 57

3 Bogdanov–Takens Bifurcation 61
3.1 Planar normal form case with absolute value . . . . . . . . . . . . . . . . . . 62

3.1.1 Bifurcation analysis at the zero equilibrium . . . . . . . . . . . . . . 62
3.1.2 Bifurcation analysis at the nonzero equilibria . . . . . . . . . . . . . 67



xvi

3.2 Generalized absolute value . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.3 Example for homoclinic and heteroclinic bifurcations . . . . . . . . . . . . . 77

4 Stabilizing Nonsmooth Ship Models with P-Control 81
4.1 Governing equations and thruster model . . . . . . . . . . . . . . . . . . . . 83
4.2 Theoretical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.2.1 Equilibrium straight motion . . . . . . . . . . . . . . . . . . . . . . 87
4.2.2 Linear stability of the straight motion . . . . . . . . . . . . . . . . . 87

4.2.2.1 Impact of changing the parameters np and Dp . . . . . . . 92
4.2.2.2 Impact of changing the thruster position parameter xT . . . 93

4.2.3 Nonlinear stability and bifurcation analysis . . . . . . . . . . . . . . 99
4.2.3.1 Pitchfork bifurcation for εψ = 0 . . . . . . . . . . . . . . . 100
4.2.3.2 Hopf bifurcation . . . . . . . . . . . . . . . . . . . . . . . 102

4.3 Numerical bifurcation analysis . . . . . . . . . . . . . . . . . . . . . . . . . 106

5 Conclusions and Outlook 113
5.1 Bifurcation and stability analysis . . . . . . . . . . . . . . . . . . . . . . . . 113
5.2 Partial differential equations . . . . . . . . . . . . . . . . . . . . . . . . . . 114
5.3 Analysis for marine craft models . . . . . . . . . . . . . . . . . . . . . . . . 117
5.4 Further applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

A Detailed Calculations for Chapter 2 119
A.1 Averaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
A.2 Poincaré map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
A.3 3D system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

A.3.1 Computation of γij , δij of system (2.57) . . . . . . . . . . . . . . . 124
A.3.2 Computation of δ03 of system (2.65) . . . . . . . . . . . . . . . . . 126

B Ship Characteristics 127
B.1 HTC Characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
B.2 Rudder forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

C Implementations of Simulations 131

Afterword 133



xvii

List of Figures

1.1 Stability and instability in a double-well . . . . . . . . . . . . . . . . . . . . 3
1.2 Exhibiting criticality by means of the double-well . . . . . . . . . . . . . . . 5
1.3 Bifurcation diagrams for the pitchfork bifurcation . . . . . . . . . . . . . . . 5
1.4 Phase portrait of a Lotka-Volterra model . . . . . . . . . . . . . . . . . . . . 7
1.5 Phase portraits showing homoclinic and heteroclinic orbits . . . . . . . . . . 9
1.6 Sketch of the phase portrait illustrating the supercritical Hopf bifurcation . . . 11
1.7 Sketch of the phase portrait illustrating the subcritical Hopf bifurcation . . . . 12
1.8 Bifurcation diagrams for the pitchfork bifurcation for the smooth and the

nonsmooth case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.9 Comparison of the absolute value function with smooth approximations of it . 17
1.10 Bifurcation diagrams showing hysteresis . . . . . . . . . . . . . . . . . . . . 18
1.11 Ship-fixed coordinates with 3 DOF . . . . . . . . . . . . . . . . . . . . . . . 20

2.1 Bifurcation diagram for the nonsmooth Bautin situation . . . . . . . . . . . . 45
2.2 Degenerate supercritical pitchfork bifurcation . . . . . . . . . . . . . . . . . 46

3.1 Σ and Σs values from the zero equilibrium case . . . . . . . . . . . . . . . . 65
3.2 Subcritical Hopf bifurcations from the zero equilibrium case . . . . . . . . . 66
3.3 Periodic orbits of the nonsmooth system approaching heteroclinic trajectories. 66
3.4 Σ2 and Σs2 values from the nonzero equilibria case . . . . . . . . . . . . . . 71
3.5 Supercritical Hopf bifurcations from the nonzero equilibria case . . . . . . . 72
3.6 Periodic orbits of the nonsmooth system approaching homoclinic trajectories. 72
3.7 Subcritical pitchfork bifurcation, degenerate subcritical pitchfork and trans-

critical bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.8 Bifurcation diagrams affected by the generalization from the absolute value . 75

4.1 Different forms of the stability boundary depending on the value of xT . . . . 82
4.2 Expressions u0 and ∂uτ(u0) in terms of Dp. . . . . . . . . . . . . . . . . . . 88
4.3 Stability boundary of the straight motion in the (εr, εψ)-plane. . . . . . . . . 92
4.4 Different behaviors of the curve εψ(εr). . . . . . . . . . . . . . . . . . . . . 94
4.5 Relevant quantities as functions of xT . . . . . . . . . . . . . . . . . . . . . . 95
4.6 Function εψ(εr) for different critical xT values. . . . . . . . . . . . . . . . . 95
4.7 Nonsmooth pitchfork bifurcation diagrams in the 3D system for εψ = 0. . . . 102
4.8 Function Σ for diverse Dp values. . . . . . . . . . . . . . . . . . . . . . . . 105
4.9 Function Σ for diverse xT values. . . . . . . . . . . . . . . . . . . . . . . . 106



xviii

4.10 Stability boundary of the straight motion in the (εr, εψ)-plane indicating
significant regions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.11 Nonsmooth Hopf bifurcation diagrams in the 4D system with εr = 0. . . . . 108
4.12 Sample profiles of periodic orbits and solution for fixed εr ≈ 10.6. . . . . . . 109
4.13 Earth-fixed coordinate plots of periodic solutions from Figure 4.12 for εψ ≥ 1. 110
4.14 Earth-fixed coordinate plots of periodic solutions from Figure 4.12 close to

the termination point. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
4.15 Thruster angles of distinct solutions. . . . . . . . . . . . . . . . . . . . . . . 111
4.16 Time simulation for εψ = 0, εr ≈ 10.6 from the straight motion. . . . . . . . 111
4.17 Time simulation for εψ = 0.2, εr ≈ 10.6 from t = 1050 on. . . . . . . . . . 111
4.18 Time simulation from a non-trivially perturbed initial condition. . . . . . . . 112

A.1 Illustrations of the Poincaré map in the nonsmooth setting . . . . . . . . . . . 123

0 Applied analysis logo. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133



xix

List of Tables

B.1 Rescaled rigid-body’s mass, added mass coefficients and moment of inertia. . 127
B.2 Hydrodynamic bare hull coefficients, (4.2). . . . . . . . . . . . . . . . . . . 127
B.3 Propeller characteristics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
B.4 Further parameters from the HTC. . . . . . . . . . . . . . . . . . . . . . . . 128





xxi

List of Acronyms and Symbols

BT Bogdanov–Takens
DOF Degrees of Freedom
HTC Hamburg Test Case
ODE(s) Ordinary Differential Equation(s)
P-control Proportional control
PD-control Proportional Derivative control
PI-control Proportional Integral control
PID-control Proportional Integral Derivative control

Symbol Meaning

|·| Euclidean norm
[[·]] ·| · |
[u]p+

p− p+u for u ≥ 0, and p−u for u < 0
sgn sign function
Re real part of a complex number
Im imaginary part of a complex number
det(L) determinant of the matrix L
tr(L) trace of the matrix L

N set of natural numbers {1, 2, 3, · · · }
Rn n-dimensional space of real numbers
R+ set of positive real numbers (0,+∞)
C set of complex numbers
O(µ) limµ→0 |O(µ)/µ| ≤ K < ∞, for K ∈ R+

o(|a|) lima→0 |o(a)/a| = 0
O(n) terms of at least nnth order in the corresponding variables, n ≥ 2
Ck continuous and k-times differentiable, k ≥ 0
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Chapter 1

Introduction and Background

The world is nonlinear and it may be nonsmooth, even discontinuous sometimes. In the present
thesis, we consider continuous systems with piecewise smooth nonlinearities; investigation
of these has become a subject of current interest caused by the will and need for refined
modelings.

The key contribution of this work is an exhaustive analysis regarding Hopf bifurcations for
systems with piecewise smooth nonlinearities, not considered so far in the literature, which
are motivated by applications along with general research interest. Specifically, modesty
aside, we establish decisive results on the criticality of the degenerate Hopf bifurcation and
apply these on a particular model for ship maneuvering.

Before opening the starting section, I want to point out that during the last few years, several
friends and relatives (who are not into the topic of dynamical system, or not directly involved
in maths), have asked me repeatedly about my PhD topic. Unfortunately (or luckily for them),
the time and the place was never appropriate to explain the subject properly. Therefore, I
would like to dedicate a few lines here, in the first section, to introduce fundamental elements
of my research to a broader audience.

Moreover, it is also worth mentioning that, a couple of times, while talking with friends,
I did not bring up the mathematical background, but told them about the main application of
my work related to ship maneuverability, thinking that this would be accessible. One time I
received the unexpected answer that ships already navigate and have been doing so for quite
a long time. However, the focus of this thesis is not merely navigating, but understanding the
details of the model while digging into the depths of the behavior of the system. In particular,
the aim of studying models for marine craft maneuvering in this thesis, is to stabilize the
straight motion of a ship model via a proportional control mechanism and to recognize its
criticality in order to determine whether the dynamics are “safe” (supercritical) or “unsafe”
(subcritical) from an engineering standpoint.

From now on, let me continue using the first-person plural, “we”, rather than the singular
form thereof, “I”.

1.1 Basic ideas of dynamical systems

As mentioned above, for a better understanding of the importance of bifurcations in dynamical
systems, we present first an introduction into the topic for laymen.



2 Chapter 1. Introduction and Background

1.1.1 Fixed points and stability

To begin with, we introduce the term dynamical system, which describes the temporal evolu-
tion of a system. In other words, a dynamical system is a model which captures how quantities
change over time, where these “quantities” can be almost everything whose status changes
with time. We can model many systems in several different fields, for instance biology
(population growth), chemistry (autocatalytic reactions), physics (swinging pendulums) and
engineering (electrical circuits), to name a few.

We present some examples, to get a better feeling for such systems, starting with the
well-known logistic equation:

dN(t)
dt = rN(t)

(
1 − N(t)

K

)
, (1.1)

where N(t) corresponds to the population of a species as a function of time t, the constant
r denotes the growth rate, and K is the carrying capacity, which is the maximum population
size that the environment can sustain, given the available resources, as water, food and habitat.
In [58], this equation was proposed to model the growth of human populations. (We note
that, in this example, the quantity for the dynamical system corresponds to a population of
organisms.) Furthermore, the notation dN(t)

dt expresses the rate of change at any time of
the population N . Since we are differentiating the function N, (1.1) is called a differential
equation. In particular, the differentiation is merely on the time variable, and thus it is called
an ordinary differential equation (ODE). From now on we will use the notation Ṅ instead
of dN(t)

dt to slightly simplify the writing, as well as N instead of N(t), i.e., we will skip the
explicit t dependence notation and call N (or the corresponding symbol for each equation)
variable of the system. Therefore, such an equation, as in (1.1), will be preferably written as
Ṅ = rN(1 −N/K). Notice that in this simple case there is only one equation, so that (1.1)
could be just called a differential equation or an ODE, instead of system. Nevertheless, we
will work mainly with systems with two or more equations.

To analyze the dynamics of an equation (or system), we also require an initial state or, in
this case, an initial population N0, which obviously cannot be negative since we are dealing
with organisms. Then, on the one hand, if N0 = 0, clearly the population will always remain
(for all time) at zero, N = 0, since nobody is there to start reproducing. Substituting N = 0
into (1.1) gives Ṅ = 0, and no rate of change occurs, i.e., the population remains constant at
zero. Furthermore, if N0 = K, the population also stays constant, but now at N = K, since
substitution into (1.1) yields Ṅ = 0, and again no change happens.

On the other hand, if N0 > K, which means the initial population already exceeds the
carrying capacity K, the function N will shrink in the direction of K. Indeed, from the
logistic equation Ṅ = rN0(1 −N0/K), we see that 1 −N0/K < 0 and since r > 0, the rate
of change is negative, Ṅ < 0, meaning that the population decreases over time.

Moreover, ifN0 < K, then 1 −N0/K > 0 and thus Ṅ > 0, i.e., the population increases
towards K.

From this nice example we can define further essential concepts regarding the analysis of
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Figure 1.1: In the left diagram, the behavior of a ball in a double-well is shown: when placing the
ball at diverse points of the double-well, it will move towards one of the lowest positions, except if it
is placed exactly at the top of the peak. These three different endings of the ball are exhibited in the
right diagram: at the top, the ball is red to remark its instability, while it is green at each well since in
these two cases the position is stable.

dynamical systems. As we have seen, Ṅ = 0 for N0 = 0 as well as for N0 = K. In fact, the
right-hand side of the differential equation is zero if and only if N takes the values 0 or K.
We say then that these two points are fixed points or equilibrium points, since the variable N
of the equation remains constant. More precisely (and here we use a more refined definition),
if we consider a general system ẋ = f(x) with x ∈ Rn, then the fixed points are all x∗ ∈ Rn

for which f(x∗) = 0.
Next in our example, we observe that for N0 ∈ (0,K), the population increases ap-

proaching K, while for N0 > K, it decreases to K. This means that the fixed point N∗ = 0
is repelling since the solutions of the equation move away from it, and thus it is called an
unstable fixed point. A qualitatively different behavior occurs for the point N∗ = K, which
is attracting the solutions towards it, and therefore it is denominated a stable fixed point. In
this way, we talk about the stability of the system.

To thoroughly understand the meaning of stability in the current context, we present an
example in Figure 1.1. Here, two images with a double-well are shown: the left-hand picture
displays the direction of motion of a ball placed at different locations in the double-well. We
notice that if the ball is placed precisely on the peak or on one of the basins, then it will
remain there. In this sense, these positions are fixed points since the ball will stay there over
time. However, if we perturb the ball slightly from one of these locations, we would see that
its behavior differs. On the right-hand picture in Figure 1.1, we show these three spots: if the
ball on the top (in red) is perturbed, then it will fall either to the right or to the left, depending
on the perturbation direction. After some time, the ball will end up at the bottom of one of
the wells and cannot ever return to its previous state even by applying some additional small
perturbations. By contrast, if we disturb a ball placed at the bottom (in one of the two green
positions) it will return to its initial position.

At this stage, it should be clear that the top position of the ball (in red) can be identified
as a repelling state, and thus the unstable fixed point; and the bottom positions (in green) with
attracting locations, and hence stable equilibrium points.

1.1.2 Bifurcation theory

The previous introduction into dynamical systems paves the way towards the fascinating
theory of bifurcations. For that, we first recall the appearance of two parameters in the logistic
equation, (1.1): the growth rate r and the carrying capacity K. In this case, modification
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of these parameters does not change the qualitative behavior of the system. However, these
can play a significant role in dynamical systems since by modifying a particular parameter,
the stability of the fixed points can be changed (from stable to unstable or vice versa), or
these can be even destroyed or created. In other words, variation of certain parameters may
produce a deviation to the qualitative behavior of the system. This qualitative change to the
dynamics of the system is called a bifurcation, which takes place at a bifurcation point, and the
characteristic parameter (or parameters) causing this effect is called a bifurcation parameter.
As one can expect, sometimes the qualitative behavior of a dynamical system is unaffected
by perturbations to its parameters, and hence no bifurcation can occur, as we will show later
for (1.4). Nevertheless, the identification of bifurcation parameters and their analysis is one
of the key goals of bifurcation theory.

Furthermore, there are many kinds of bifurcations which depend on the system and its
parameters. As an example, we consider the first order system

u̇ = µu− u3, (1.2)

where u ∈ R is the variable and µ ∈ R the parameter, and define the right-hand side of the
equation as f(u) := µu − u3. As previously explained, the fixed points of the system are
the u∗ ∈ R for which f(u∗) vanishes. Thus, in this case, we have to solve u∗(µ − u2

∗) = 0.
Clearly, u∗ = 0 is a fixed point, and from the second term, we have u∗ = ±√

µ. We already
see that this second (double) equilibrium depends on the parameter of the system and, more
precisely, only exists for µ ≥ 0, since for negative µ the square root function does not exist in
R. Therefore, for µ < 0, the system has one single fixed point u∗ = 0; for µ = 0, the other
equilibrium also vanishes since u∗ = ±√

µ = 0, and the system again has one fixed point
(with multiplicity three); and for µ > 0, the system has three different equilibrium points,
namely u∗ ∈ {−√

µ, 0,√µ}. The creation/destruction of two equilibria together with the
change of stability of the other fixed point while modifying the parameter is called a pitchfork
bifurcation, and the bifurcation point is, in this case, u∗ = 0.

Moreover, if instead of (1.2) we have

u̇ = µu+ u3, (1.3)

then the fixed points are u∗ ∈ {−
√

−µ, 0,
√

−µ}, and thus, now the existence of three
equilibria happens for µ < 0, and for µ > 0 only one remains, in contrast to (1.2). We have
the same type of bifurcation as before, i.e., the creation or destruction of two fixed points
and the change of stability of the other equilibrium point, and hence a pitchfork bifurcation.
However, now the criticality is different. The pitchfork bifurcation of (1.2) is supercritical
while of (1.3), subcritical.

If we remember the double-well from Figure 1.1, we can easily comprehend the meaning
of the distinct criticalities as follows: in Figure 1.2 (a), we have on the left-hand side a
single-well and next to it, the already shown double-well, exhibiting the creation of two fixed
points. The single stable equilibrium is transformed to an unstable fixed point while two
stable equilibria pop up. On the other hand, in Figure 1.2 (b), the left-hand side is an inverted
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(a) (b)

Figure 1.2: (a) Supercritical and (b) subcritical pitchfork bifurcation. The green particles correspond
to stable equilibria and the red ones to unstable points.

u u

(a) (b)

Figure 1.3: Bifurcation diagrams showing the (a) supercritical and (b) subcritical pitchfork bifurcation
of equations (1.2) and (1.3), respectively, with stable (green) and unstable (red dashed) equilibria.

double-well and right to it, an inverted single-well. Here, the two unstable equilibria disappear
and the single stable fixed point becomes an unstable one.

With these pictures in mind, we plot the bifurcation diagrams in Figure 1.3, showing the
effect of the two different criticalities. The diagrams (a) and (b) correspond to the fixed point
u in terms of the parameter µ of systems (1.2) and (1.3), respectively. More precisely, for
µ < 0, the equation (1.2) has the single stable fixed point u∗ = 0 (in green in the diagram),
while (1.3) has two more equilibria, u∗ = ±

√
−µ, which are unstable (and thus in a dashed

red curve in the diagram). For µ > 0, the already explained exchange of stability of u∗ = 0
occurs together with the creation (a) or destruction (b) of the other two equilibria.

In the rest of this section we present some further example systems with different dynamics.
These will serve merely as illustrations showing firstly, a qualitatively distinct behavior, and
secondly, a variety of bifurcation types. Consequently, we do not pretend to perform a deep
analysis of them.

Recalling the logistic equation (1.1), we extended it to a model with more than one species
as follows: Ṅ = αN − βNP,

Ṗ = γNP − δP,
(1.4)

which corresponds to the so-called Lotka–Volterra model, where two species are in competi-
tion. For this reason, it is also known as predator–prey system. In this sense,N is the number
of prey (let us say rabbits), P the number of predators (foxes for instance), and Ṅ , as well as
Ṗ , correspond to the instantaneous growth rates of the corresponding species. The parameters
α, β, γ, δ ∈ R are positive and characterize the interaction between both populations. We
recall that the variables are in fact functions of time, t, and should be thought as N(t), P (t).
As previously mentioned, we will skip the notation for the explicit dependence on time.

System (1.4) is then to be thought as follows: on the one hand, the first equation shows
how the presence of foxesP influences the population of rabbitsN by the term −βNP , which
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is negative since the more foxes, the less rabbits. On the other hand, for the second equation,
the product of preys and predators is a positive value since this makes the population of foxes
increase. Notice that from −δP , if there are no rabbits at all, then the mortality of the foxes
surpasses the rate of birth and hence, the predators will become extinct eventually.

Next, we observe that the fixed points are found as before, but working with two variables,
and thus, we have to solve Ṅ = 0 together with Ṗ = 0, which gives a couple of equilibria:
(N∗, P∗) = (0, 0) and (N∗, P∗) = (δ/γ, α/β). However, the stability analysis is now more
involved and, as pointed out above, we will not enter into details and just comment on the
results.

Then, for the stability analysis of a 2-dimensional system (or higher), we compute first
the Jacobian matrix which, in this case, reads

J(N,P ) =
(
α− βP −βN
γP γN − δ

)
,

and evaluate it at the fixed points (0, 0) and (δ/γ, α/β), which yields, respectively,

J(0, 0) =
(
α 0
0 −δ

)
, J(δ/γ, α/β) =

(
0 −βδ/γ

γα/β 0

)
.

The eigenvalues of the first matrix are λ1 = α, λ2 = −δ, and since α, δ are positive, λ1, λ2

will have always different signs. Therefore, the (0, 0) equilibrium point is a saddle point.
For the second matrix, the eigenvalues are given by λ1 = i

√
αδ, λ2 = −i

√
αδ, which

are purely imaginary and correspond to a complex conjugate pair. This setting for a linear
system would mean that the fixed point corresponds to a center for closed orbits. However,
for a nonlinear system with these eigenvalues, one has to see if it is either a center or a spiral
(attracting or repelling). In this case, the system is conservative and therefore, closed orbits
must exist. Later on we will introduce this concept.

In Figure 1.4, a sample of trajectories of system (1.4), in the phase plane, is displayed,
showing that they form closed orbits, also called periodic solutions, around the equilibrium
point (δ/γ, α/β). Since all trajectories starting at N0, P0 > 0 rotate about a fixed point
forming closed orbits (except the nonzero fixed point, which will remain motionless), this
equilibrium is called a center.

From the phase portrait, it is easy to see that, on the one hand, if a starting point is no prey
at all, i.e., N0 = 0, and P0 > 0, then the predator will eventually die and reach P = 0. On
the other hand, if we start with no predator, i.e., P0 = 0, andN0 > 0, then the number of prey
will grow (until infinity since there is no restriction on food for this species). IfN0 = P0 = 0,
both population will obviously remain at zero forever. Furthermore, if the initial conditions
of both populations are strictly positive,N0, P0 > 0, then the solutions of the system move in
cycles as seen in Figure 1.4. For instance, if initially, the number of hunted animals is much
larger than the number of predators, this second population will increase while at some point,
the prey individuals will decrease, reaching a point in which the predators will start dying due
to the drop-off of prey, and once this number is low enough, the prey will expand again, and



1.1. Basic ideas of dynamical systems 7

N

P

Figure 1.4: Phase portrait of (1.4) with α = β = γ = δ = 1. This portrait exhibits the general
behavior of the interaction of both species. The arrows (orange) reveal the flow of the vector field
of the system and, in particular, three trajectories are shown (blue), corresponding to three different
initial conditions. The axes are N,P ≥ 0 since negative values make no sense.

this cycle will continue forever. Such qualitative behavior will not be modified by perturbing
any parameter of the system and hence, no bifurcation occurs.

It is worth mentioning that this kind of system (Lotka–Volterra) is not used exclusively
to model the competition between predator and prey. It can also be used to describe two
populations competing for a common food resource, but in this case the dynamics are different!
It can exemplify, for instance, the so-called competition exclusion principle, as sheep and
rabbits compete for grass. Moreover, we note that such a model is a very simplified version
of reality since additional characteristics of the environment are ignored, such as predators,
weather, and other food supplies or water. However, such “simple” systems, already provide
an approach to better understand reality. In fact, one can introduce more species to the model,
and get a dynamical system containing as many variables and equations as correlating species.
Then, one can study the interaction between them by analyzing the system as we have briefly
shown.

For our next example we have chosen a system which the reader will find familiar, namely,
a particle moving in a double-well, as in Figure 1.1. Without entering much into detail, we
briefly explain how to get the mentioned system. For that, we consider the well-known
Newton’s law F = ma, where m is the mass of the particle, a its acceleration and F a
nonlinear force. Providing that F only depends on x (the position of the particle), and thus
no damping or friction is taken into account, Newton’s law can be expressed as F (x) = mẍ,
and we can define the potential energy V (x) as F (x) = −dV/dx.

Therefore, the equation of motion of a particle withm = 1 in a double-well with potential
energy V (x) = −x2/2 + x4/4 reads ẍ = x − x3. This equation can be rewritten as the
system ẋ = y,

ẏ = x− x3,
(1.5)
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where the new variable y denotes the velocity of the ball. The fixed points are (0, 0) and
(±1, 0), and from the Jacobian matrix

J(x, y) =
(

0 1
1 − 3x2 0

)
,

we have that the zero equilibrium corresponds to a saddle point while the nonzero fixed points
seem to be centers. We specifically say “seem to be” because this is a nonlinear system and
thus, its linearization does not provide the complete information, like in the Lotka–Volterra
system mentioned above. However, (±1, 0) are again centers due to the energy conservation,
and we plot the phase portrait in Figure 1.5 (a). In this figure we can see how the trajectories
are organized, where the more fascinating aspect is that trajectories “coming out” from the
origin form a curve “ending” at the same starting point. This particular behavior is called a
homoclinic orbit. Furthermore, if a trajectory starts inside of one of these homoclinic orbits,
then it will enclose the corresponding nonzero fixed point. On the contrary, if it starts outside,
the periodic orbit will encircle all three equilibria.

Above we have used the conservation of energy of the system and therefore, we spend now
a few lines to explain its meaning. It is said that the energy of a system is conserved when the
total energyE = mẋ2/2+V (x) is constant in time, and it is then called a conservative system.
Indeed, the already mentioned equationF (x) = −dV/dx can be written asmẍ+dV/dx = 0,
and multiplying it by ẋ, we get

d
dt

(1
2mẋ

2 + V (x)
)

= 0,

where the expression in brackets (which is the energy E) must be constant in time.
We recall that the Lotka–Volterra model (1.4) is a conservative system too, which implies

that the phase portrait is a nonlinear center, and present here the derivation of the conserved
quantity. For that, we divide the two equations of the system (considering N,P ̸= 0) to
eliminate the time dependence as follows:

dP
dN = P (γN − δ)

N(α− βP ) ,

which can be written as
α− βP

P
dP − γN − δ

N
dN = 0.

Straightforward integration yields

α ln(P ) − βP − γN + δ ln(N) = E,

whereE is constant along any trajectory, i.e., dE/dt = 0, and thus, we say that it is conserved
on each curve. This quantity is also called a first integral of the system.
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Figure 1.5: Phase portraits of system (1.5) in (a), showing homoclinic orbits; and of system (1.6)
in (b), exhibiting a heteroclinic cycle. The arrows (orange) show the flow of the vector field of the
system while the trajectories are curves (blue), corresponding to different initial conditions. The axes
are x, y ∈ R.

Next, we consider the previous example (1.5) but with opposite sign for the potential
energy, which yields ẋ = y,

ẏ = −x+ x3,
(1.6)

and the phase portrait is displayed in Figure 1.5 (b). Although the equations of systems (1.5)
and (1.6) are very similar, the phase portrait differs considerably. Both systems have three
equilibria, but, on the one hand, the first model has two centers (nonzero fixed points) and
one saddle point (origin) from which two homoclinic orbits emerge. On the other hand, the
second system has one center (origin) and two saddle points (nonzero fixed points) connecting
themselves via heteroclinic orbits. While a homoclinic orbit is a trajectory linking one single
fixed point to itself, a heteroclinic orbit is a solution between two equilibria.

From the systems (1.5) and (1.6), we can already imagine that if the second equation
is written as ẏ = g1x + g3x

3 with g1, g3 ∈ R, then these two parameters determine the
bifurcation. In Chapter 3, this kind of bifurcation, with homoclinic and heteroclinic orbits,
will be accurately analyzed. There, the so-called Bogdanov–Takens bifurcation will be
investigated, which will be defined in that chapter.

We recall that here we just want to show some types of other systems and bifurcations,
without going into details.

Notice that the more we understand what dynamical systems are, the more we see that the
world is filled with them. Nevertheless, these models should not be taken completely literally,
but rather as a reference for the essential features of the system. For example, the logistic
equation is not a biological truth, but an allusion for populations which have a predisposition
to grow towards some carrying capacity. Among the (huge) far-reaching literature about
modeling, there are many dynamical systems to be found which excellently describe real-life
systems. Despite their precision, they should not to be considered as universal laws. In
addition, we seize the moment to mention that, for instance, dynamical systems in books,
articles and other publications, are often smooth (continuous and differentiable), but our
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surroundings can behave nonsmoothly, as in electronic oscillators and mechanical systems.
Therefore, with this thesis, we aim to develop an analysis for a better understanding of some
systems with nonsmooth nonlinear terms. Before starting to deal with such systems, we show
a few more models to explain other bifurcations.

For our next example we want to show a system in which its linearization does not predict
the center or periodic orbits properly. For this purpose, we chooseu̇ = −v + µu(u2 + v2),

v̇ = u+ µv(u2 + v2),
(1.7)

where µ ∈ R is a parameter. Firstly, it is easy to see that (u∗, v∗) = (0, 0) is a fixed point.
Secondly, the eigenvalues of the linearization of the system at this point are complex conjugates
and purely imaginary, which means that the point (0, 0) should be a center. However, this is
only true if µ = 0, since in this case, the system becomes linear. To analyze the full nonlinear
model, we change the variables (u, v) to polar coordinates (r, φ), where r ≥ 0 is the radial
direction (or radius) from the origin and φ ∈ [0, 2π) is the angular coordinate of the ray. This
change of coordinates is conducted by u = r cosφ, v = r sinφ, and applied to the original
system (1.7), yields  ṙ = µr3,

φ̇ = 1.

From this system we first notice that the radial and angular equations are decoupled and the
angular velocity, φ̇, is constant. This system is therefore easier to analyze. If µ = 0, the
origin is indeed a center of closed orbits of the flow since the radius does not change and only
the angle moves. Nevertheless, if µ < 0, then ṙ < 0 and hence, the radius decreases in form
of a spiral in towards the fixed point (u∗, v∗) = (0, 0). On the contrary, if µ > 0, then ṙ > 0
and thus the trajectories spiral out. With this information, we conclude that the equilibrium
point is stable for µ < 0, a center for µ = 0, and unstable for µ > 0, where µ = 0 is then the
bifurcation point.

Next, we extend, as follows, the previous example (1.7) to be even more interesting:u̇ = µu− ωv − u(u2 + v2),

v̇ = ωu+ µv − v(u2 + v2),

where µ, ω ∈ R with ω ̸= 0 are the parameters of the system. In polar coordinates, it reads ṙ = µr − r3,

φ̇ = ω.
(1.8)

Notice that the first equation looks like (1.2), but in this case, since r is the radial direction,
it cannot be negative. Hence, the fixed points, which are found solving ṙ = 0, are r∗ = 0
and r∗ = √

µ. The bifurcation diagram for r as a function of µ is similar to Figure 1.3 (a)
for r ≥ 0. Moreover, on the one hand, the parameter ω ̸= 0 denotes the velocity of the angle
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Figure 1.6: Phase portrait of (1.8) exemplifying the corresponding supercritical Hopf bifurcation. (a)
For µ < 0, the trajectories (green) spiral in towards the origin. (b) For µ = 0, the trajectories (green)
spiral in again to the fixed point, but slower than before. (c) For µ > 0, a stable closed orbit is born
(green) while the origin is now unstable (the trajectories starting close to it are red colored).

and thus, no qualitative change in the phase portrait can be expected with varying ω. On the
other hand, µ plays a significant role in the system and we will show, as for (1.2), that it is the
bifurcation parameter.

First of all, if µ < 0, then only one fixed point exists, namely r∗ = 0, and from the radial
equation of (1.8), ṙ < 0 since the starting point is positive, r0 > 0. Therefore, the origin is a
stable, or attracting, equilibrium point. Secondly, if µ = 0, then again ṙ < 0, but decreases
much slower. Finally, if µ > 0, the extra second equilibrium appears, r∗ = √

µ, meaning
that a periodic orbit is born. In this case, for r0 ∈ (0,√µ), the radial velocity is positive
and thus, the trajectories spiral out towards the closed orbit defined by r∗ = √

µ. On the
contrary, for r0 >

√
µ, its velocity is negative and therefore, the solutions spiral in towards

the periodic orbits. Hence, the origin is now unstable and a stable closed orbit has been born.
This specific switch of qualitative behavior is called a Andronov–Hopf bifurcation and will
play a very important role within the whole thesis, particularly, in Chapter 2. For simplicity, it
is usually referred to as just a Hopf bifurcation. Analytically, this bifurcation is characterized
by the existence of a complex conjugate pair of eigenvalues, λ± = µ ± iω, which cross the
imaginary axis, i.e., at some point the real part of the eigenvalues vanishes. In our case, this
happens for µ = 0.

Furthermore, as for the pitchfork bifurcation, we also have two different criticalities. For
the system (1.8), the criticality is given by the sign of the cubic term in the radial equation,
which is negative, and thus, supercritical. This behavior is illustrated in Figure 1.6.

As for (1.3), if the sign of the cubic term is positive, the bifurcation is then subcritical and
the phase portrait is inverted as in Figure 1.3. Indeed, forµ < 0, the phase plane would display
an unstable periodic orbit with a stable fixed point, and for µ ≥ 0, the closed orbit disappears
and the origin becomes unstable. In Figure 1.7, we display this behavior. Consequently, we
see that the sign of the cubic term in (1.8) decides the criticality of the Hopf bifurcation.
Condensing these ideas in a single system in polar coordinates, yields ṙ = µr + σsr

3,

φ̇ = ω,
(1.9)

where the Hopf bifurcation occurs in µ and its criticality is given by sgn(σs). In particular,
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Figure 1.7: Phase portrait illustrating the corresponding subcritical Hopf bifurcation. (a) For µ < 0,
an unstable closed orbit exists (red dashed) and the fixed point is stable (green). (b) For µ = 0, the
periodic orbit disappears and all trajectories spiral out from the unstable origin. (c) For µ > 0, the
trajectories move faster away from the origin.

in this system, σs is called the first Lyapunov coefficient. We already anticipate that this
coefficient (and the second one) will be of major interest in this thesis; see for instance the
title of Chapter 2.

So far, we have observed that, for example, the equations (1.2), (1.3), as well as the planar
system (1.9), are pretty straightforward to analyze. This is due to the fact that these models
are “prototypes” for pitchfork and Hopf bifucations. We say that these systems are prototypes
since they might be simplified versions of more involved systems, but contain the whole infor-
mation to study the qualitative behavior of the original model. In particular, such canonical
forms are called normal forms, and may be obtained applying suitable transformations to
the initial system; in other words, they are the same as the original systems, but in different
coordinates.

Up to now, we have seen systems which do not explicitly depend on the time variable t.
These are then called autonomous systems (or autonomous differential equations), and if the
independent variable appears explicitly, the system is then nonautonomous. Further in this
manuscript, we will deal with such systems.

After this introduction dedicated to a dynamical systems background for laymen, we
proceed with the next section, which addresses to present the type of piecewise smooth
nonlinearities considered in this thesis.

1.2 Bifurcations for systems with nonsmooth nonlinearities

Here we introduce the nonsmooth nonlinearities for our setting, which are formed by the
product of one variable of the system with the absolute value function of another variable,
namely ui|uj | with u ∈ Rn. The effects of these terms in a system, regarding bifurcation
theory, will be compared with a regular smooth system. Furthermore, we point out in
which way these nonsmooth terms differ from other nonsmoothnesses and, before finishing
this section, related literature considering similar (and not so similar) nonsmooth systems is
discussed.

We start by recalling that for the Andronov–Hopf bifurcation from equilibria to periodic
orbits, the most relevant characteristic parameter is the first Lyapunov coefficient, σs ∈ R; in
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particular, its sign. Indeed, if σs ̸= 0, it determines the scaling and the direction of bifurcation
relative to the real part of the critical eigenvalues of the linearization at the equilibrium point.
As previously explained, and going one step further, the truncated normal form of the radial
component on the center manifold reads

u̇ = µu+ σsu
3, (1.10)

with parameter µ ∈ R. For an excellent exposition of Andronov–Hopf bifurcation theory
and applications, we refer to [41]; see also [25, 35]. In Figure 1.8 (a,b), we show again the
associated pitchfork bifurcation for different signs of σs.

Generically, σs ̸= 0 and the bifurcating periodic orbits either coexist with the unstable
fixed point —the supercritical case, σs < 0; see Figure 1.6 (c)— or with the stable equilibrium
—the subcritical case, σs > 0; see Figure 1.7 (a). This distinction is of significant interest
for applications since, in the supercritical case, the transition induced by the bifurcation is a
“soft” first order phase transition, while in the subcritical case, it is a “hard” one. In other
words, the transition is “safe” in a control sense in the supercritical case and “unsafe” in the
subcritical one, where the local information near the equilibrium is insufficient to determine
the dynamics near the unstable equilibrium. In particular, nowadays this is of extreme
importance in engineering applications, since it is the determining factor between safe and
unsafe scenarios. For instance, in Chapter 4, we will profoundly explain the application in
ship maneuvering models.

Therefore, a formula for the first Lyapunov coefficient is important from a theoretical
as well as an applied viewpoint. In generic smooth bifurcation theory, such a formula is
well known in terms of quantities derived from the Taylor expansion up to order three in
the dependent variables and parameter evaluated at the equilibrium point and bifurcation
parameter value, e.g., [35]. However, this cannot be applied, in general, for nonsmooth
systems, although many applications show nonsmoothnesses. Nonsmooth terms appear in
models for numerous phenomena and their studies have gained momentum in past decades,
as illustrated by the enormous amount of literature; see [16, 32, 40, 55] and the references
therein to hint at some. Before finishing this introductory section, we will discuss literature
that relates to our situation.

In Chapter 2, we provide explicit formulas for the analogues of the first Lyapunov coeffi-
cient in systems with regular linear term and Lipschitz continuous but only piecewise smooth

u u u u

(a) (b) (c) (d)

Figure 1.8: (a) Supercritical, σs = −1, and (b) subcritical, σs = 1, pitchfork bifurcation of (1.10)
with stable (green) and unstable (red dashed) equilibria. In (c), (d) we plot the analogous “degenerate”
pitchforks for the nonsmooth case (1.11), with σ# = −1 and σ# = 1, respectively.
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nonlinear terms, with jumps in derivatives across switching surfaces. The system is smooth in
the regions delimited by the switching surfaces but nonsmooth when crossing them. In fact,
in this thesis, we focus on systems with these type of nonsmooth nonlinearities. Furthermore,
we also discuss codimension-one degeneracies and the second Lyapunov coefficient. Such
systems can be viewed as mildly nonsmooth but occur in various models, e.g., for systems
with stick-slip motion [7, 15, 26], or for ocean circulation models, in particular, in the Stom-
mel’s 2-box model, which was firstly introduced in [53]. In a nutshell, this model consists
of two containers of water with distinct temperature and salinity, which are connected by a
very thin pipe at the bottom. The flow between both repositories is pushed by the difference
of pressure. However, at the surface between the boxes there is also a flow to compensate
the volume passed through the bottom tube, such that the amount of liquid remains the same
in both containers. In this case, the direction of circulation is not relevant since the surface
flow compensates the bottom flow in opposite direction, and thus, the absolute value function
enters into the rate of flow or advective term. The Stommel’s 2-box model has been broadly
studied, e.g., [29], and recently in [46]. In these references, the nonsmooth terms are of the
form |x− y|x, with x and y being the variables of the non-dimensionalized 2D system.

Moreover, nonsmooth nonlinearities are of relevance in ship maneuvering [3, 21, 56],
which motivates the present study. Here, the hydrodynamic drag force (or viscous damping
force) at high-enough Reynolds number is a nonsmooth function of the velocity u. In the next
section, it will be shown that a dimensional and symmetry analysis with ρ being the density
of water, CD the drag coefficient, and A the effective drag area, yield

FD = −1
2ρCDAu|u|.

Additionally, we remark here that, considering u ∈ Rn, where n depends on the specific
model, effective hydrodynamic forces among the velocity components ui, uj , 1 ≤ i, j ≤ n,
are often likewise modeled by second order modulus terms: ui|uj |; cf. [21]. In a few
lines, we will illustrate the effects of such terms in bifurcation theory. We consider first the
corresponding nonsmooth version of (1.10),

u̇ = µu+ σ#u|u|, (1.11)

where the nonlinear term has the odd symmetry of the cubic term in (1.10) and is once
continuously differentiable, but not twice. Although |u| is not differentiable at zero, the
product u|u| is. Indeed, d(u|u|) /du = 2|u| exists for all u ∈ R. However, it is just
once differentiable since d2(u|u|)/du2 = d(2|u|) /du = 2 sgn(u) is not defined at zero.
We note that in higher dimensions, the mixed nonlinear terms ui|uj | for i ̸= j are not
differentiable everywhere. Actually, we can briefly show this fact taking just two components,
for instance, x, y (to simplify the notation) and the mixed terms x|y|, y|x|. The partial
derivatives of x|y| read

(
∂(x|y|)
∂x , ∂(x|y|)

∂y

)
= (|y|, x sgn(y)), and similarly for y|x|, we have(

∂(y|x|)
∂x , ∂(y|x|)

∂y

)
= (y sgn(x), |x|). These derivatives are not defined everywhere and hence,

a combination of mixed terms causes the system to be nondifferentiable.
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In Figure 1.8 (c,d), we plot the resulting bifurcation diagrams. Although these figures look
similar compared to the smooth version, there are two fundamental differences. Choosing the
supercritical case for both systems (1.10) and (1.11), i.e., σs = σ# = −1, these variations
are the amplitude scaling law of µ, which changes from √

µ to µ; and the rate of convergence
to the bifurcating state, which shifts from −2µ to −µ. For the subcritical case we have an
analogous comparison in which the scaling law deviates from

√
−µ to −µ and the rates of

convergence are as for the supercritical situation.
Furthermore, we point out that, in this scalar equation, one can circumvent the absolute

value by a singular coordinate change which transforms (1.11) into (1.10) up to time rescaling
by 2. Indeed, one the one hand, for u > 0 we apply the change u = ũ2 which implies ũ ̸= 0.
Then, after dividing (1.11) by ũ, we get

2 ˙̃u = µũ+ σũ3.

The fixed points are ũ = 0 and ũ2 = −µ
σ . On the other hand, for u < 0 we apply u = −ū2

and similarly, we obtain the same equation as before, from which the fixed points are now
ū = 0 and −ū2 = µ

σ .
Nevertheless, there is no such coordinate change for general systems of equations with

nonsmooth terms of this kind. For instance, let us consider the following planar systemu̇1 = µu2 + u1|u1|,

u̇2 = ωu1 + u2|u2|,
(1.12)

and the change of coordinates u1 = ũ2
1. The first equation becomes 2ũ1 ˙̃u1 = µu2 + ũ4

1,
where the term u2

ũ1
has a singularity for ũ1 = 0. Therefore, to find the fixed points, one

might employ the right-hand side of the equations in (1.12), setting their left-hand side to zero
before using u1 = ũ2

1 and u2 = ũ2
2. This way we would not get any singularity, but possibly

artificial solutions.

Next, to show how the mixed nonlinear terms affect the analysis of a 2-dimensional
system, we consider the following case with linear part in normal form: v̇ = µv − ωw + f (v, w) ,

ẇ = ωv + µw + g (v, w) ,
(1.13)

where f (v, w) , g (v, w) contain the second order modulus terms as follows:

f (v, w) = a11v|v| + a12v|w| + a21w|v| + a22w|w|,

g (v, w) = b11v|v| + b12v|w| + b21w|v| + b22w|w|,
(1.14)

and aij , bij , 1 ≤ i, j ≤ 2, are real parameters.
These kinds of nonsmoothnesses are precisely the ones we focus on in this thesis. We

recall that these nonsmooth terms are continuous but nondifferentiable. Nevertheless, it is
worth mentioning that many other different nonsmooth systems are found in the literature, as
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discontinuous systems. For instance, in mechanics, friction and impacts may produce jumps
in the velocity and the force of a rigid-body, making the evolution of the system discontinuous.
In particular, in such systems other questions arise regarding well-posedness; in general, it is
not guaranteed that the solutions exist uniquely.

Going back to (1.13) with (1.14), our new first Lyapunov coefficient reads

σ# = 2a11 + a12 + b21 + 2b22.

We remark that σ# cannot be computed in the regular way due to the lack of differentiability.
Therefore, a new approach is requiered, which we explain and prove in detail in Chapter 2.

In comparison, the classical first Lyapunov coefficient for purely cubic nonlinearity, i.e.,
the absolute value function | · | replaced by (·)2, reads

σs = 3a11 + a12 + b21 + 3b22.

Moreover, the leading order expansion of the radius r# and rs of bifurcating periodic solutions
in these cases read, respectively,

r#(µ) = − 3π
2σ#

µ+ O
(
µ2
)
, rs(µ) = 2

√
− 2
σs
µ+ O (µ) .

Furthermore, in the case that the first Lyapunov coefficient of the nonsmooth case vanishes,
i.e., σ# = 0, the amplitude of the periodic orbit takes the form

r0 =
√

−2πω
σ2

µ+ O (µ) ,

analogous to the smooth case, but with second Lyapunov coefficient in this setting given by

σ2 = 1
9
[
11(2a11a22 − a12b11 + a22b21 − 2b11b22)

+ 13a11b12 − 13a21b22 − 2a12a21 + 2b12b21
]

+ π

4 (2a22b22 + a11a21 + a12a22 − b11b21 − b12b22 − 2a11b11).

In the presence of smooth quadratic and cubic terms, the latter is modified with the classical
terms, as we present in §2.2.1.

Despite the similarity between σ# and σs, it turns out that there is no fixed smoothing of
the absolute value function that universally predicts the correct criticality of Hopf bifurcations
in these systems (§2.2.2). Let us briefly motivate how this issue arises. For that, we consider
the absolute value function f1(x) = |x|, and its L∞-approximations, with regularization
parameter ε > 0, given by the convex approximation f2(x) = 2

π arctan
(
x
ε

)
x (cf. [37]), and

the nonconvex approximation f3(x) = 2
π arctan

(
x
ε (x− 1)(x+ 1)

)
x.

Function f3(x) approximates the absolute value for large (absolute) values of x, as it is
exhibited in Figure 1.9 (a). We further consider bifurcation diagrams for ẋ = µx − fi(x)x,



1.2. Bifurcations for systems with nonsmooth nonlinearities 17

(a) (b)

Figure 1.9: (a) Functions f1(x) in blue, f2(x) in green, and f3(x) in red, fixing ε = 1. (b) Comparison
of bifurcation diagrams for f1, f2, f3, respect to µ, as explained in the text.

i ∈ {1, 2, 3}, in Figure 1.9 (b). In particular, f3(x) gives a “microscopically” wrong result,
which is nevertheless correct “macroscopically”.

Now, we take the opportunity to make a short digression in order to explain the behavior
of the bifurcating diagram for the equation with f3 (fixing ε = 1) close to the origin; see
Figure 1.9 (b). For that, let us Taylor expand the function f3 in x = 0 to sixth order, which
yields f3(x) = − 2

πx
2 + 8

3πx
4 + O(x6). We consider ẋ = µx − f3(x)x, and truncate it to

fifth order,
ẋ = µx+ µ3x

3 + µ5x
5, (1.15)

defining µ3 = 2
π , µ5 = − 8

3π to simplify the exposition. The fixed points are x∗ = 0 and

x∗ = ±
√

−µ3±
√
µ2

3−4µ5µ
2µ5

. Since µ3 > 0 and µ5 < 0, for µ ∈
(
µ2

3
4µ5

, 0
)
, all five equilibria

are real, and the stability of them is exhibited in Figure 1.10 (a). Furthermore, from this
image, it is easy to observe that, for small values of x, the plot looks similar to Figure 1.3 (b).
However, from the term x5, the unstable branches turn around becoming stable branches of
larger amplitudes. In particular, the smooth approximation f3(x) of the absolute value gives
a macroscopically supercritical bifurcation (correct approximation) while the microscopic
level shows a subcritical behavior (wrong result); see Figure 1.10 (a).

For completeness, we consider µ3 < 0, which implies that two of the fixed points are
imaginary, and thus, the bifurcation diagram has two branches less than in the previous case
with µ3 > 0; see Figure 1.10 (b).

In addition, if µ5 changes sign, then the whole picture of the diagrams in Figure 1.10 is
reversed as for the pitchfork bifurcation in Figure 1.3, meaning that the coefficient µ5 decides
the criticality of the bifurcation in this case.

Finally, and to end our digression, we just note that the kind of behavior depicted in
Figure 1.10 (a) is called hysteresis, which denotes a lack of reversibility by means of varying
the bifurcation parameter. This is due to the occurrence of different stable and unstable
curves, giving a state the chance to jump from one branch to another. Indeed, if a state starts
at the stable zero equilibrium in Figure 1.10 (a), and µ is increased, then passing µ = 0, the
state will jump to the upper stable branch. Now, if we decrease the parameter, the state will
remain in the large amplitude branch and µ will have to be decreased further in order for the
state to jump back to the original zero equilibrium curve.
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(a) (b)

Figure 1.10: Bifurcation diagrams for (1.15) with µ5 < 0. In (a) µ3 > 0, and in (b) µ3 < 0. In both
cases, stable fixed points are represented with green curves while unstable equilibria are depicted with
dashed red curves.

Continuing with the above exposition regarding smoothing of the absolute value, we
remark that nonsmooth terms in models typically stem from passing to a macro- or mesoscopic
scale such that microscopic and smooth information is lost. Hence, the bifurcations in such
models carry a macroscopic character and it is not surprising that an arbitrary smoothing
changes this nature microscopically: a macroscopically supercritical bifurcation might show
a subcritical behavior on the microscopic level. However, the relevant information for the
model is the macroscopic character, and —for the class of models considered here— this is
given by our newly derived Lyapunov coefficients.

We briefly discuss here related literature. As mentioned, piecewise smooth vector fields
have been widely investigated in many different applications as well as from a theoretical point
of view, leading to a broad analysis in terms of bifurcation theory; cf. [17, 32, 40]. Herein
theory of continuous as well as discontinuous vector fields, e.g., [20, 31], is used and further
developed. A major distinction between our case and the systems studied in the literature
is that we assume a separation a priori of a linear part and a nonsmooth nonlinear part.
Broadly studied are more general switching differential systems that are discontinuous across
a switching surface or piecewise linear. These have been analyzed in various different forms,
and we refer to [55] for an exhaustive list of references; a typical case of discontinuity across
the switching manifolds arises from the Heaviside step functions in biology neural models,
e.g., [1, 14, 27]. In analogy to center manifolds, the existence of invariant manifolds and sets
has been investigated in [4] for Carathéodory vector fields and in [33, 60] for vector fields with
one switching surface. The bifurcation of periodic orbits in planar vector fields with one axis
as the switching line has been studied in [13, 23] via one-forms, and characteristic quantities
have been determined, though the aforementioned Lyapunov coefficients are not included.
Planar Hopf bifurcations for piecewise linear systems have been studied via return maps for
one switching line in [34], for several switching lines meeting at a point in [6, 49, 62], and
for a nonintersecting switching manifold using Liénard forms in [39]. Higher dimensional
Filippov-type systems with a single switching manifold are considered in [63], which allows
us to also abstractly study the occurrence of a Hopf bifurcation for our setting; see also
[32]. An approach via averaging with a focus on the number of bifurcating periodic orbits
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for discontinuous systems is discussed in [38]. Nevertheless, we are not aware of results in
the literature that cover our setting and our results on the explicit derivation of Lyapunov
coefficients and the leading order analysis of bifurcating periodic solutions.

1.3 Marine craft modeling and control

As mentioned in the previous section, ship maneuvering models, with piecewise smooth
nonlinearities, motivate the current work since an approach for their study, in terms of
stability and bifurcation analysis, has not been performed yet.

To start with, we discuss shortly the kinetics of watercraft, which relates the motion of
a rigid-body with the forces causing it, and show the vector representation of a marine craft
system.

We consider Newton’s second law,ma = f , withm the mass of the body, a its acceleration
and f the force acting on the body; and express it in terms of conservation of linear momentum
p and angular momentum h. Then Euler’s axioms are obtained: the first law reads ṗ := f ,
p := mv, where v is the velocity of its center of mass, and the second axiom takes the form
ḣ := mC , h := Iω, stating that the rate of change of angular momentum about a fixed point in
an inertial reference frame equals the external moment of force mC acting on the body, with
I being the inertia tensor about the center of gravity of the body and ω the angular velocity.

From Euler’s axioms the vector form of the rigid-body equations of motion take the form
Mν̇ = F(ν), with ν the vector of ship-fixed velocities, ν̇ its time derivative, M the matrix
of added mass coefficients and moments of inertia, and F containing forces from the hull,
rudder, propeller and hydrodynamics, as well as the Coriolis term. In particular, m,mC , I

are combined in M, and the velocities v, ω are included in ν. For detailed derivations of the
equations of motion for a marine craft we refer to [21].

Since now we know how the equations of motion for a marine craft look like, we continue
showing which motions a vessel can experience. Models of ship maneuvering entail a
selection of independent displacements and rotations, called degrees of freedom (DOF),
which determine the orientation and displaced position of the vessel. Three of these motions
are principally caused by sea waves: roll (rotation about the longitudinal axis), pitch (rotation
about the transverse axis) and heave (vertical —up/down— motion). The other three motions,
surge (longitudinal motion), sway (sideways motion) and yaw (rotation about the vertical axis),
are caused mainly by internal forces, such as rudders and propellers, and external forces, such
as maritime conditions, cf. [21].

By means of these 6 DOF, a marine craft maneuvering model can be represented with 12
ODEs: 6 equations for the position and 6 more for the velocity. We mention that a model
including environmental forces (wind, waves, ocean current), for instance, could require
additional equations. Nevertheless, reduced order models are frequently considered and a
common simplification for relatively weak sea waves is the 3 DOF horizontal plane model for
the velocities surge u, sway v, and yaw r1 [21, 43]; see Figure 1.11 (a). Even more reduced

1For the notation of the yaw velocity in marine craft modeling, the use of the letter r is broadly extended.
However, it has not to be mistaken with the radial component of the system in polar coordinates.
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Figure 1.11: Ship-fixed coordinates sketches with 3 DOF: surge u, sway v and yaw r velocities. (a)
3-dimensional model. (b) 4-dimensional model including the yaw angle ψ and the steering angle η.

systems are used: 1 DOF models are useful to design forward velocity controllers (surge)
or heading autopilot systems (yaw), to mention a few. Notice that although for the purpose
of human comfort the motions roll, pitch and heave seem to be of relevance, due to their
tendency to cause seasickness, these are not usually considered in reduced order models. One
of the reasons is that many vessels actually have no direct control over all of them.

We consider then the mentioned 3 DOF horizontal plane model, with surge, sway and
yaw velocities, and following [2, 3, 57], we include explicitly the yaw angle as the fourth
variable. The system is further augmented by a P-controller (proportional controller) for yaw
damping and yaw restoring. This results in a 4-dimensional system of ODEs; see Figure 1.11
(b) for a sketch of the considered variables in the ship model. This type of control is called
“proportional” due to the following reasoning. For a P-control mechanism in the yaw damping,
the control is proportional to the difference between the current state r(t) and its target yaw
velocity r0, resulting in εr(r−r0) with control strength εr. Analogously for the yaw restoring
control, we have εψ(ψ − ψ0), with target yaw angle ψ0 and control strength εψ. Notice that
such a controller is considered to be a response to the size of the error, since the state of
the system is r, ψ but the goal is r0, ψ0, respectively. In this sense, the P-control applies a
correction to the course of the vessel, and therefore, we have a linear feedback control.

For the model analyzed in the current manuscript, we follow [3] and therefore combine
the rudder and the propeller forces into a single “thruster force”. This acts on the hull with an
angle η; see Figure 1.11 (b). The variable η is an external input which is assumed to obey the
following control law design: η = εr(r−r0)+εψ(ψ−ψ0) with non-negative control strengths
εr, εψ. This realizes a P-control for r, ψ that combines both yaw damping and yaw restoring
control, cf. [21]. Moreover, since in this case we have ψ̇ = r, the control can be viewed
as a PD-control (proportional derivative control) for ψ or a PI-control (proportional integral
control) for r. For completeness, we mention the existence of a PID-control (proportional
integral derivative control), which considers all three terms of control in the same algorithm.
However, this kind of controller will not be considered in our study. All these types of
controllers are feedback control systems as well.

Before continuing, we spend a few lines to quickly introduce some of the main ship
characteristics. First, the hull of a vessel is defined as its watertight body, i.e., the completely
water-resistant enclosure of the marine craft. A propeller is a rotating mechanism to push
the ship forward. It has blades that spin around in a fan-like structure. Next, a rudder is a
vertical, blade-like surface used to steer the vessel, which acts by deflecting the water flow.
Both propeller and rudder are generally placed at the back of the ship, also called aft or stern
of the watercraft (the front of the marine craft is called fore or stem). As mentioned above,
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we consider a combination of the propeller and the rudder forces into a thruster force, and
call the resulting system “thruster model”. In particular, the longitudinal location of the ship
thruster xT will be a relevant design parameter in our study, as well as the propeller diameter
Dp. The influence of the propeller frequency np will also be analyzed. Lastly, we emphasize
that the parameters of the ship model are taken from the so-called Hamburg Test Case (HTC).

As we present the most relevant ingredients for our subsequent analysis, we come to the
modeling of hydrodynamic forces, whose nature give rise to nonlinear terms, in particular,
of nonsmooth character, which is decisive in the analysis of bifurcations, and requires new
theory as developed in Chapter 2. We recall that one approach to the nonlinear terms follows
the drag equation for high Reynolds number given by

FD = −1
2ρCDAu|u|,

where u is the velocity of the body, ρ the density of the water, CD the drag coefficient, and
A the effective drag area, [21]. This equation is a consequence of the following reasoning.
From experimental observation it is known that the drag forceFD = FD(ρ,A, u) is a function
of ρ,A, u. Next, using dimensional analysis in a power law ansatz FD = ραAβuγC with
exponentsα, β, γ ∈ R and a constantC, we have thatM ·L·T−2 = Mα ·L−3α ·L2β ·Lγ ·T−γ

must hold, where M denotes the quantity of mass, L of length and T of time, as usual. In
the International System of Units these correspond to kilogram kg, meter m and second s,
respectively. From the previous equality, we have that α = β = 1, γ = 2, and hence the
velocity has to be quadratic. However, since FD is an opposing force, this must be odd with
respect to u, i.e., the sign of the velocity is needed, and therefore, the term u|u| is required.

Specifically, polynomial regression studies on the representation of hydrodynamic forces
confirm that u|u|, v|v|, r|r| and the mixed terms v|r|, r|v|, are the relevant higher order
terms [59, 61]. These second order modulus terms can be regarded as square law damping
in this context and may also be motivated by a Taylor expansion with correction for the
signs [2]. We remark that ship models with third order Taylor approximations have been
analyzed, e.g., in [44]. Moreover, a combination of truncated Taylor expansions with odd
functions and second order modulus terms have been also considered in the literature, e.g.,
[43]. Nevertheless, regression studies show that these are in general not appropriate as they
may lead to multicollinearity (producing redundant information), cf. [59].

Additionally, we briefly point out that hydrodynamic damping forces have diverse causes,
such as skin friction, wave resistance and lifting forces. In particular, these last ones are due
to the so-called cross-flow drag [21], which corresponds to the viscous effects in sway and
yaw. The cross-flow drag force for the sway and yaw velocities are

dv = −1
2ρ
∫
Lpp

T (x)CD(x)|v + xr|(v + xr)dx,

dr = −1
2ρ
∫
Lpp

T (x)CD(x)x|v + xr|(v + xr)dx,
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respectively, where Lpp is the length between the perpendiculars of the hull, x is the longitu-
dinal coordinate, T (x) is the local draught and CD(x) is the local cross-flow drag coefficient.
Notice the extra x term in the equation for the yaw. The idea behind dv, dr is to think about
the hull of a ship split into strips in the lateral direction, i.e., perpendicular to the longitudinal
length, of the same size and then to compute the local viscous drag of each segment, [24].
Finally, approximating the cross-flow drag integrals one gets the mixed second order modulus
terms v|r|, r|v|, as explained in [43].

We recall that these terms are also obtained from the second order of the Taylor expansion,
choosing the absolute values to correct the sign. Moreover, concerning the choice of model,
we quote from [2, p. 75] that the “choice of the form of nonlinear terms is a matter of accuracy
and convenience [...] also dependent on in which form the hydrodynamic derivatives were
obtained in PMM [planar motion mechanism] test”. However, when it comes to bifurcation
analysis, there is a significant difference between the second order modulus and cubic terms
as discussed in detail in Chapter 2; see also §4.2.3.2.

For our analysis in Chapter 4 we consider a 3 DOF system with second order modulus terms
as explained above, where the model parameters are taken from the HTC characteristics; see
[57]. We show the instability of the straight motion of the ship without control and present the
possibilities of stabilization in terms of the control strengths. More precisely, we analyze the
effectiveness of proportional control (P-control) to stabilize the ship’s motion at the linear and
nonlinear levels in a standard class of models for ship maneuvering with continuous nonsmooth
nonlinearities. Such a theoretical study is not possible by standard center manifold reduction,
but is relevant for predicting properties and guiding design choices, also with certification
standards in mind [2]. Indeed, linear stability can be misleading if nonlinear effects produce an
“unsafe” subcritical bifurcation, where the stabilized state has such a small basin of attraction
that its linear stability may be practically irrelevant. In addition, a detailed understanding of
the specific possibilities for linear stabilization in parameter space is already a challenge for a
given model. In the present thesis, the results developed in Chapter 2 are used in Chapter 4 to
analyze a nonsmooth marine craft model and determine the criticality of the Hopf bifurcation
for the straight motion equilibrium.

For smooth models of marine vehicles the common reduction techniques (as center
manifold reduction) are a standard tool, e.g., [45]. A general review in the context of smooth
nonlinear ship models and motion can already be found in [50]. Our main goal in Chapter 4
is to present a method that can also handle the widely used continuous nonsmooth models.
Furthermore, in a selected model class, we aim for a rather complete mathematical analysis
of controllability and its failure, and of the local and global nonlinear effects associated with
such a stabilization. We are specifically concerned with the standard problem of stabilizing
the straight motion of a vessel [2, 21], which, however, has so far not been analyzed in this
form.
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1.4 Outline

This thesis has been written under the supervision of Jens D. M. Rademacher and it is
structured as follows.

In Chapter 2, we focus on the analysis of Hopf bifurcations for mildly nonsmooth systems,
with continuous linear part and a lack of differentiability in the nonlinear terms. More
precisely, the nonlinearities are of the form ui|uj | and thus, for i ̸= j, the system is not
differentiable everywhere but Lipschitz continuous. The bifurcation behavior and criticality
are characterized, as in the smooth case, by the so-called first Lyapunov coefficient. Therefore,
we provide explicit formulas for the corresponding first Lyapunov coefficient in our nonsmooth
setting.

Furthermore, averaging theory is applied in order to obtain the first and second Lyapunov
coefficients for our nonsmooth setting, and show how the first Lyapunov coefficient differs
from the corresponding smooth version of the system. In addition, we show that there is
no smoothing possible which brings one system to the other maintaining the sign of the
coefficient and therefore the criticality of the bifurcation, meaning that a distinct bifurcation
behavior occurs if Lipschitz continuity is considered instead of differentiability. Moreover,
we provide a method (which we call the direct method) for demonstrating the existence of a
locally unique branch of periodic orbits bifurcating from the bifurcation point. In addition,
an explicit expression for the leading order amplitude of the periodic solution is derived, as
well as a formula to determine the criticality of the system.

After the analysis of the 2-dimensional system with the absolute value, generalizations
are considered, where a different nonsmooth function is presented and the system is extended
to higher dimensions. In addition, since the linear part of the systems considered is usually
in normal form, we reveal how challenging the previous analysis becomes when considering
a general linear part. Finally, the results are applied to a shimming wheel model.

The results of this chapter and Appendix A, except A.2 as well as further explanations
and minor corrections, have been published in [51].

In Chapter 3, the unfolding of the Bogdanov–Takens bifurcation is performed on a planar
system in normal form with nonlinearities x|x|, y|x|. For that, we consider first a smooth sys-
tem undergoing a symmetric Bogdanov–Takens bifurcation and consider then its nonsmooth
version by means of changing x2 to |x|. For this nonsmooth system, results on the criticality
of the Hopf bifurcation, as well as the amplitude of the limit cycle, are shown and compared
to the smooth case. In particular, the bifurcations for both systems at the distinct fixed points
are examined, showing the scaling law of the Hopf bifurcation branches. Moreover, at the
nonzero equilibria, it is found that the amplitude of the first Lyapunov coefficient for each
system depends on different parameters, while at the zero fixed point the amplitude of the
Lyapunov coefficient for the two systems depends on the same parameters. In addition, the
presence of homoclinic and heteroclinic orbits is illustrated.

Afterwards, the nonsmooth function is generalized to a “broader” absolute value function,
where the left and right slopes are not necessarily the same. We show how these nonsmooth



24 Chapter 1. Introduction and Background

terms affect the pitchfork as well as the Hopf bifurcation, and compare further these results
to the smooth system and to the nonsmooth case with the regular absolute value.

We end this chapter with a short analysis of an example of a system where homoclinic
and heteroclinic orbits either occur or are broken depending on an extra parameter.

In Chapter 4 a specific model for ship maneuvering with piecewise nonsmooth nonlinear-
ities is studied in terms of stabilization and bifurcation theory. We start with a 3-dimensional
model with surge u, sway v, and yaw r velocities, see Figure 1.11 (a), combine the propeller
and rudder forces into a single thruster force and rescale the system to facilitate its implemen-
tation and analysis. Next, this model is extended to a 4-dimensional system with yaw angle,
ψ, and we add the yaw damping and yaw restoring proportional control η = εrr + εψψ, see
Figure 1.11 (b), with the corresponding rescaled quantities.

Subsequently, a theoretical analysis is presented, starting with the existence of the straight
motion as an equilibrium of the system in relation to the propeller diameter Dp and the
longitudinal thruster position xT . Next, the linear stability of the straight motion is inves-
tigated, showing first that this equilibrium is unstable for the system without control, and
then presenting a detailed analysis regarding stabilization and controllability of the straight
motion of the rescaled 4 ODEs thruster model. The impact of the parameters np, Dp, xT in
this analysis is investigated as well, where np is the propeller frequency. In particular, the
existence, location and geometry of the stability boundary is completely determined in terms
of the control strengths εr, εψ, considering also the dependence on the previously mentioned
parameters.

After the linear analysis, we continue with the nonlinear stability and bifurcation analysis,
presenting the case of the pitchfork bifurcation followed by the more involved Hopf bifurcation.
We prove results on its existence for the rescaled thruster model as well as a formula for the
leading order amplitude of the periodic orbit. It is then shown that for the classical HTC, the
Hopf bifurcation is supercritical.

Later, a global bifurcation analysis is performed by numerical continuation, corroborating
and illustrating the results of the previous theoretical analysis. Finally, simulations for the
motions of the ship in Earth-fixed coordinates are presented.

The results presented in this chapter, together with Appendix B.1, have been submitted
for publication [52], and include additional explanations.

A summary of the main results and some possible directions for further research topics
are presented in Chapter 5. Regarding the Appendices, A exhibits detailed computations from
Chapter 2 which are not shown in the section itself for sake of brevity. B displays the values
of the HTC characteristics used for the analysis of the ship maneuvering model in Chapter 4,
as well as the expressions of the rudder forces. Finally, C shows some notes concerning the
simulations implemented for this thesis.
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Chapter 2

Lyapunov Coefficients for Hopf
Bifurcations

The focus of this chapter falls on n-dimensional systems of ordinary differential equations
(ODEs) of the form u̇ = A(µ)u + G(u), with matrix A(µ) depending on a parameter
µ ∈ R, and Lipschitz continuous nonlinear function G(u) = O(|u|2). We shall assume the
nonlinearity is smooth away from the smooth hypersurfacesHj , j = 1, . . . , nH , the switching
surfaces, which intersect pairwise transversally at the equilibrium point u∗ = 0. We assume
further that the smoothness of G extends to the boundary within each component of the
complement of ∪nHj=1Hj ⊂ Rn.

The bifurcation of periodic orbits is —as in the smooth case— induced by the spectral
structure of A(µ), which is (unless stated otherwise) hyperbolic except for a simple complex
conjugate pair that crosses the imaginary axis away from the origin as µ crosses zero.

Our main results may be summarized informally as follows.
We infer from the result in [4] that the center manifold of the smooth case is replaced by

a Lipschitz continuous invariant manifold (Proposition 2.2) and directly prove that a unique
branch of periodic orbits emerges at the bifurcation (Theorem 2.3). Moreover, we prove that
the quadratic terms of G are of generalized second order modulus type if G is piecewise C2

smooth (Theorem 2.6). Here the absolute value in the above terms is replaced by

[u]p+
p− =

p+u, u ≥ 0,

p−u, u < 0,
(2.1)

where p− , p+ ∈ R are general different slopes left and right of the origin, respectively.
The first Lyapunov coefficient can already be expressed in an integral form, but its explicit

evaluation is somewhat involved, so that we defer it to §2.3.4. Instead, we start with the
simpler case when A is in block-diagonal form, in normal form on the center eigenspace, and
of pure second order modulus form (p+ = −p− = 1). For the planar situation, we derive
a normal form of the bifurcation equation with rather compact explicit coefficients using
averaging theory (Theorem 2.8). Beyond the first Lyapunov coefficient σ# , this includes the
second Lyapunov coefficient σ2, which becomes relevant when σ# = 0, and which explains
how the smooth quadratic and cubic terms interact with the nonsmooth ones in determining
the bifurcation’s criticality.
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For refinement and generalization, and to provide direct self-contained proofs, we proceed
using the Lyapunov–Schmidt reduction for the boundary value problem of periodic solutions
and refer to this as the “direct method” (§2.2.3). We also include a discussion of the Bautin-
type bifurcation in this setting, when σ# = 0. Concluding the planar case, we generalize the
results to arbitrary p+ , p− (§2.3.1).

These results for the planar case readily generalize to higher dimensions, n > 2, with
additional hyperbolic directions (§2.3.2, §2.3.3). In addition, we apply the direct method to
the situation with an additional nonhyperbolic direction in the sense that the linearization
at the bifurcation has three eigenvalues on the imaginary axis: one zero eigenvalue and a
complex conjugate pair. In this case, we show that either no periodic solutions bifurcate or two
curves bifurcate (Corollaries 2.22, 2.26), depending on the sign of a particular combination
of coefficients of the system that is assumed to be nonzero. For completeness, in §2.3.4 we
discuss the modifications in the situation when the linear part is not in normal form.

Furthermore, we anticipate here that the basic idea of proof is to change coordinates to a
nonautonomous system for which the lack of smoothness is in the time variable only, so that
averaging and the “direct method” can be applied. We remark that in standard ODE literature
on existence and bifurcations, smoothness of the time variable is often assumed, for example,
[11], but it is not needed in parts relevant for us. Indeed, mere continuity in time is considered
in [12, 28, 30], for instance.

Finally, in order to demonstrate how to apply our method in a concrete case, we discuss
in §2.4 the 3-dimensional (3D) model of a shimmying wheel from [5]. This system is of
the form presented above with pure second order modulus nonlinearity but linear part not in
normal form, though it has a nonzero real eigenvalue, as well as a complex conjugate pair of
eigenvalues that crosses the imaginary axis upon parameter change. We fully characterize the
resulting bifurcations in Theorem 2.29.

This chapter is organized as follows. In §2.1 we discuss the abstract setting and provide
basic results for the subsequent more explicit analysis. This is conducted in §2.2 for the planar
case with linear part in normal form and nonlinear part with pure second order modulus terms
for the nonsmooth functions, together with quadratic and cubic smooth functions. In §2.3 we
generalize the absolute value to arbitrary slopes, and the system to higher space dimensions.
Furthermore, we consider the linear part not being in normal form. Finally, in §2.4 we
illustrate the application of our method and results to a concrete model.1

2.1 Abstract viewpoint

In this section we discuss the abstract starting point for our setting and motivate the spe-
cific assumptions used in the following sections. We consider an n-dimensional system of
autonomous ODEs in an open set U ⊂ Rn, with the origin in U , of the form

u̇ = A(µ)u +G(u), (2.2)

1The main results presented in this chapter have been published in [51].
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with matrixA(µ) depending on a parameter µ ∈ R, and Lipschitz continuous nonlinearG(u).
We are interested in a detailed analysis of Hopf-type bifurcations at the equilibrium point

u∗ = 0. This requires control over the linear part, which is separated a priori in (2.2) from
the potentially nondifferentiable nonlinear part —note that G is differentiable at u∗ but not
necessarily elsewhere. As usual for Hopf bifurcations, we assume that a pair of simple
complex conjugate eigenvalues of A(µ) crosses the imaginary axis upon moving µ ∈ R
through zero. We collect the structural hypotheses on A and G without further loss of
generality to our leading order analysis.

Hypothesis 2.1. The eigenvalues of A(µ) are given by µ ± iω(µ) with smooth nonzero
ω(µ) ∈ R and all other eigenvalues have nonzero real part at µ = 0. The nonlinearity G is
Lipschitz continuous and satisfies G(u) = O(|u|2).

We denote by Ec the center eigenspace of A(0) corresponding to the eigenvalues ±iω(0)
and first note the following result on invariant manifolds due to [4], which corresponds to
center manifolds in the smooth case.

Proposition 2.2. Under Hypothesis 2.1, for 0 ≤ |µ| ≪ 1 there exist 2D Lipschitz continuous
invariant manifolds Mµ in an open neighborhood U∗ ⊂ U of u∗, which contain u∗ and
all solutions that stay in U∗ for all time. Furthermore, if at µ = 0 all eigenvalues other
than ±iω(0) have strictly negative real part, then each Mµ is (transversally) exponentially
attractive. In addition, each Mµ is a Lipschitz continuous graph over Ec that depends
Lipschitz continuously on µ.

Proof. The statements follow directly from [4] upon adding a trivial equation for the param-
eter, as usual in center manifolds. As for center manifolds, the proof relies on cutting off the
vector field near u∗ according to [4, Remark 6.2], and infer the existence of Mµ from [4,
Corollary 6.4]. The assumptions are satisfied since G is of quadratic order, which means the
Lipschitz constant of G becomes arbitrarily small on small balls centered at u∗. The stability
statement follows from [4, Corollary 6.5].

More refined stability information and estimates can be found in [4].
Next, we present a variant of the standard Andronov–Hopf bifurcation theorem (cf. [11]),

which does not use any additional smoothness assumption. Here the uniqueness part relies
on Proposition 2.2, but the existence is independent of it. As mentioned, in case of a single
switching surface, the abstract bifurcation of periodic solutions without smoothness statement
concerning the branch follows from the results in [63]; see also [32].

Theorem 2.3. Assume Hypothesis 2.1. A locally unique branch of periodic solutions to (2.2)
bifurcates from u∗ = 0 at µ = 0. Specifically, there is a neighborhood V ⊂ U of u∗ such
that for 0 < |µ| ≪ 1 periodic solutions to (2.2) in V are given (up to phase shift) by a
Lipschitz continuous one-parameter family of ω̃(a)-periodic solutions uper(t; a), µ = µ(a)
for 0 ≤ a ≪ 1, ω̃(0) = ω(0), µ(0) = 0, whose projections into Ec have the complexified
form aeiω̃(a)t + o(|a|). Moreover, we have the estimate dist(uper(·; a), Ec) = O(a2).
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This bifurcation is typically “degenerate” compared to the generic smooth Hopf bifurca-
tion as in the example (1.11), where the bifurcating branch is not C1 through u = 0.

Proof. We change coordinates such that A(µ) is in block-diagonal form with the upper left
2-by-2 block for the eigenspaceEc having diagonal entries µ and antidiagonal ±ω(µ) and the
remaining lower right (n− 2)-dimensional block invertible at µ = 0; the modifiedG remains
of quadratic order and is Lipschitz continuous. Upon changing to cylindrical coordinates with
vertical component u = (u3, . . . , un), where uj are the scalar components of u, we obtain

ṙ = µr + R1(r, u;µ),

rφ̇ = ω(0)r + R2(r, u;µ),

u̇ = Ãu+ R3(r, u;µ).

(2.3)

Here Ã is the invertible right lower block at µ = 0 and we suppress the dependence on
φ of Rj , j = 1, 2, 3. Due to Hypothesis 2.1 in these coordinates we have the estimates
R1(r, u;µ) = O

(
r2 + |µ|(r2 + |u|) + |u|2

)
, Rj(r, u;µ) = O

(
r2 + |µ|(r + |u|) + |u|2

)
,

j = 2, 3. We seek initial conditions r0, u0, φ0 and a parameter µ that permit a periodic
solution near the trivial solution r = u = 0. By Proposition 2.2 any such periodic orbit is a
Lipschitz graph over Ec so that there is a periodic function ũ with u = rũ. Let T > 0 denote
the period and suppose r(t) = 0 for some t ∈ [0, T ]. Then u(t) = 0 and therefore u(t) = u∗,
so that u = u∗ is the trivial solution. Hence, we may assume that r is nowhere zero and thus
ũ solves

˙̃u = Ãũ+ R̃3(r, ũ;µ),

where R̃3(r, ũ;µ) = O
(
r + |µ| + |ũ|(|µ| + r|ũ|)

)
. By variation of constants we solve this

for given r, φ as

ũ(t) = eÃtũ0 +
∫ t

0
eÃ(t−s)R̃3(r(s), ũ(s);µ)ds, (2.4)

with initial condition ũ(0) = ũ0. T -periodic solutions solve in particular the boundary value
problem

0 = ũ(T ) − ũ(0) =
∫ T

0
˙̃u(s)ds

=
∫ T

0
ÃeÃsũ0ds+

∫ T

0

(
Ã

∫ s

0
eÃ(s−τ)R̃3(r(τ), ũ(τ);µ)dτ + R̃3(r(s), ũ(s);µ)

)
ds

=
(
eÃT − Id

)
ũ0 + R̃4(r, ũ;µ), (2.5)

where eÃT − Id, with Id the identity matrix, is invertible since Ã is invertible. We have

R̃4(r, ũ;µ) = O
(
r∞ + |µ| + ũ∞(|µ| + r∞ũ∞)

)
with

r∞ = sup{r(t) | t ∈ [0, T ]}, ũ∞ = sup{|ũ(t)| | t ∈ [0, T ]}.



2.1. Abstract viewpoint 29

By (2.4) there is a C > 0 depending on T with

ũ∞ ≤ C
(
|ũ0| + r∞ + |µ| + ũ∞(|µ| + r∞ũ∞)

)
⇐⇒

(
1 − C(|µ| + r∞ũ∞)

)
ũ∞ ≤ C(|ũ0| + r∞ + |µ|),

so that for 0 ≤ |ũ0|, r∞, |µ| ≪ 1 it follows 1
2 ≤

(
1 − C(|µ| + r∞ũ∞)

)
and therefore

ũ∞ ≤ 2C(|ũ0| + r∞ + |µ|). Thus,

R̃4(r, ũ;µ) = O
(
r∞ + |µ| + |ũ0|(|µ| + r∞|ũ0|)

)
.

Based on this, the uniform Banach contraction principle applies upon rewriting (2.5) as

ũ0 =
(
eÃT − Id

)−1
R̃4(r, ũ;µ),

which yields a locally unique Lipschitz continuous solution ũ0(r, φ;µ) = O(r∞ + |µ|). Note
that together with the aforementioned, this implies the estimate ũ∞ = O(r∞ + |µ|).

Substituting u(t) = r(t)ũ(t) with initial condition ũ0(r, φ;µ) for ũ into the first two
equations of (2.3) gives

ṙ = µr + R5(r;µ),

φ̇ = ω(0) + R6(r;µ),
(2.6)

where we have divided the equation for φ by r, since we look for nonzero solutions, and

R5(r;µ) = rO
(
r + |µ|r + |ũ|(|µ| + r|ũ|)

)
= rO(r∞ + |µ|r∞) = rO(r∞),

R6(r;µ) = O(r∞ + |µ|).

Since ω(0) ̸= 0, for 0 ≤ r, |µ| ≪ 1 we may normalize the period to T = 2π and obtain

dr

dφ
= µr + R5(r;µ)
ω(0) + R6(r;µ) = r

(
µ

ω(0) + R7(r;µ)
)
, (2.7)

where R7(r;µ) = O(r∞ + |µ|r∞) = O(r∞) follows from direct computation. Analogous to
ũ above, the boundary value problem r(2π) = r(0) can be solved by the uniform contraction
principle, which yields a locally unique and Lipschitz continuous solution µ(r0) = O(r0).
Since φ is 2π-periodic, any periodic solution has a period 2πm for some m ∈ N, and the
previous computation gives a unique solution for any m, from which we took the one with
minimal period, i.e., m = 1.

Finally, the statement of the form of periodic solutions directly proceeds with a = r0 from
changing back to the original time scale and coordinates. Notice that r∞ = O(r0) holds true
since we are integrating an ODE over a bounded interval, such that the ratio between r∞ and
r0 is a bounded quantity, which is uniform because the vector field goes to zero when r goes to
zero. Therefore, and together with µ(r0) = O(r0), the previous estimate ũ∞ = O(r∞ + |µ|)
becomes ũ∞ = O(r0). Moreover, applying the supremum norm on both sides of u = rũ one
gets u∞ = r∞ũ∞, which is precisely of order O(r2

0), as we wanted to prove.
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While this theorem proves the existence of periodic orbits, it does not give information
about their location in parameter space, scaling properties, and stability; the problem is to
control the leading order part of R7 in (2.7), which —in contrast to the smooth case— turns
out to be tedious. Consequently, we next aim to identify a suitable setting analogous to the
center manifold reduction, and normal form transformations for a smooth vector field. In
particular, we seek formulas for the analogue of the first Lyapunov coefficient from the smooth
framework, whose sign determines whether the bifurcation is sub- or supercritical.

In order to specify a setting that allows for such an analysis, and is also relevant in
applications, we will assume additional regularity away from sufficiently regular hypersurfaces
Hj , j = 1, . . . , nH , and denote H := ∪nHj=1Hj . We refer to these hypersurfaces as switching
surfaces and assume these intersect pairwise transversally at the equilibrium point u∗ = 0.

Hypothesis 2.4. The switching surfaces Hj , j = 1, . . . , nH , are Ck smooth, k ≥ 1, and
intersect transversally at u∗ = 0. In each connected component of U \ H the function G is
Ck smooth and has a Ck extension to the component’s boundary.

For simplicity, and with applications in mind, we consider only two switching surfaces,
nH = 2. In order to facilitate the analysis, we first map H1, H2 locally onto the axes by
changing coordinates.

Lemma 2.5. Assume Hypotheses 2.1 and 2.4 and letnH = 2. There is a neighborhoodV ⊂ U

of u∗ and a diffeomorphism Ψ on V such that Ψ(Hj ∩ V ) = {uj = 0} ∩ Ψ(V ), j = 1, 2; in
particular Ψ(u∗) = 0. In subsequent cylindrical coordinates (r, φ, u) ∈ R+×[0, 2π)×Rn−2

with respect to the (u1, u2)-coordinate plane, the vector field is Ck with respect to (r, u).

Proof. The smoothness of Hj , j = 1, 2, and their transverse intersection allow for a smooth
change of coordinates that straightenH1,H2 locally near u∗ and map these onto the coordinate
hypersurfaces {u1 = 0}, {u2 = 0}, respectively. The assumed smoothness away from the
switching surfaces implies the smoothness in the radial direction.

A concrete analysis of the nature of a Hopf bifurcation requires additional information on
the leading order terms in G. As shown subsequently, a sufficient condition to identify the
structure of the quadratic terms is Hypothesis 2.4 with k = 2, where we use the notation [·]p+

p−

as defined in (2.1).

Theorem 2.6. Assume Hypotheses 2.1 and 2.4 for k ≥ 2 and let nH = 2. In the coordinates
of Lemma 2.5, the nonsmooth quadratic order terms in a component Gj , j = 1, . . . , n, of G
are of the form uℓ[ui]

p+
p− , 1 ≤ ℓ ≤ n, i = 1, 2, where p+ , p− ∈ R depend on i, ℓ, j and are the

limits of second derivatives of G on the different connected components of Rn \H .

Proof. Consider a coordinate quadrant and let G̃ be the extension of G to its closure. By
assumption, we can Taylor expand G̃(u) = 1

2D
2G̃(0)[u,u] + o(|u|2) since G(0) = 0 as

well as DG̃(0) = 0. However, for different coordinate quadrants the second order partial
derivates may differ. By the form of H in Lemma 2.5, one-sided derivatives transverse to
the coordinate axes might be distinct only for the u1, u2 axes. Hence, at u = 0 second
order derivatives involving u1, u2 may differ, and we denote by pjℓi± the partial derivatives
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∂2

∂ui∂uℓ
Gj(0), 1 ≤ ℓ ≤ n, that are one-sided with respect to i = 1, 2 as indicated by the

sign. The functions [ui]
pjℓi+
pjℓi−

thus provide a closed formula for the quadratic terms of Gj as
claimed.

Even with explicit quadratic terms in these coordinates, an analysis based on the coordi-
nates of Lemma 2.5 remains a challenge.

Remark 2.7. In cylindrical coordinates relative to Ec (cf. (2.3)), the vector field is generally
not smooth in the radial direction. In general, smoothness cannot be achieved by changing
coordinates as this typically modifies H to be nonradial. In particular, we cannot assume,
without loss of generality, that the linear part in the coordinates of Lemma 2.5 is in block-
diagonal form or in Jordan normal form as in (2.3).

We recall from the introduction the planar system with linear part in normal form v̇ = µv − ωw + f (v, w) ,

ẇ = ωv + µw + g (v, w) ,
(2.8)

where f (v, w) , g (v, w) contain the second order modulus terms as follows

f (v, w) = a11v|v| + a12v|w| + a21w|v| + a22w|w|,

g (v, w) = b11v|v| + b12v|w| + b21w|v| + b22w|w|,
(2.9)

and aij , bij , 1 ≤ i, j ≤ 2, are real parameters. However, in contrast to (2.8) (and (2.3)), the
linear part is generally not in normal form. For exposition, we consider the n = 2 situation,
where H1, H2 are the u1- and u2-axes, respectively, which reads(

u̇1

u̇2

)
=
(
m1 m2

m3 m4

)(
u1

u2

)
+
(
f1 (u1, u2)
f2 (u1, u2)

)
, (2.10)

where G = (f1, f2) is nonlinear. Based on Hypothesis 2.1 the linear part satisfies µ =
1
2(m1 +m4), with µ = 0 at the bifurcation point, and the determinant at µ = 0 is positive so
that we get together m2

1 + m2m3 < 0 and m2m3 < 0. Upon changing to polar coordinates
we obtain, generally different from (2.6),ṙ = M(φ)r + χ2(φ)r2 + O(r3),

φ̇ = W (φ) + Ω1(φ)r + O(r2),
(2.11)

where M,χ2,W,Ω1 are 2π-periodic in φ. Abbreviating c := cosφ and s := sinφ, we have
explicitly

M(φ) = m1c
2 + (m2 +m3)sc+m4s

2,

W (φ) = m3c
2 + (m4 −m1)sc−m2s

2,

where χ2,Ω1 are continuous but in general nonsmooth in φ as a combination of generalized
absolute value terms (2.1). Due to the conditions at µ = 0 we have W (φ) ̸= 0 for any φ so
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that φ̇ ̸= 0 for 0 ≤ r, |µ| ≪ 1. This allows us to rescale time in (2.11) analogous to (2.7) and
gives

r′ := dr

dφ
= M(φ)r + χ2(φ)r2

W (φ) + Ω1(φ)r +O(r3) = M(φ)
W (φ)r+

(
χ2(φ)
W (φ) − M(φ)Ω1(φ)

W (φ)2

)
r2+O(r3).

(2.12)
Using averaging theory, as will be discussed in detail in §2.2.1, periodic orbits of (2.12) are
generically in 1-to-1 correspondence with equilibria of the averaged form of (2.12) given by

r̄′ = Λr̄ + Σr̄2 + O(r̄3), (2.13)

where Λ,Σ ∈ R are the averages of the linear and quadratic coefficients, respectively:

Λ = 1
2π

∫ 2π

0

M(φ)
W (φ)dφ = m1 +m4√

−4m2m3 − (m1 −m4)2 , (2.14)

Σ = 1
2π

∫ 2π

0

χ2(φ)
W (φ) − M(φ)Ω1(φ)

W (φ)2 dφ. (2.15)

The explicit expression in (2.14) follows from a straightforward but tedious calculation; note
that Λ ∈ R for 0 ≤ |µ| ≪ 1 due to the above conditions at bifurcation. Notably, the sign of
Λ depends on the choice of the normal form, which in this case corresponds to the first and
second row of the linear part being (µ,−ω), (ω, µ), respectively, as in (2.8), with ω > 0. For
the situation in which ω < 0, then the expression in (2.14) has to be chosen with opposite
sign, i.e., −Λ.

For Σ ̸= 0, equilibria of (2.13) are r̄ = 0 and r̄ = −Λ/Σ, which gives a branch of
non-trivial periodic orbits parameterized by Λ. The direction of branching, and thus the
super- and subcriticality, is determined by the sign of Σ, which therefore is a generalized
first Lyapunov coefficient. However, this is still unsatisfying as it does not readily provide an
explicit algebraic formula for Σ in terms of the coefficients of A(µ) and G.

In order to further illustrate this issue, let f1, f2 be purely quadratic and built from second
order modulus terms as in (2.9). In this case we explicitly have

χ2(φ) = c|c|(a11c+ b11s) + c|s|(a12c+ b12s) + s|c|(a21c+ b21s) + s|s|(a22c+ b22s),

(2.16)

Ω1(φ) = −
[
c|c|(a11s− b11c) + c|s|(a12s− b12c) + s|c|(a21s− b21c) + s|s|(a22s− b22c)

]
,

(2.17)

which are continuous but not differentiable due to the terms involving |c|, |s|.
Clearly, the building blocks of the integrals in (2.15) are rational trigonometric functions

with denominator W of degree 2 and numerators of degrees 3 and 5. However, explicit
formulas based on this appear difficult to obtain, so that we instead change to linear normal
form as discussed in §2.3.4, with the caveat that the nonlinear terms are, in general, not
smooth in the radius.

Indeed, in the normal form case m1 = µ, m2 = −ω, m3 = ω, m4 = µ, with ω > 0, the
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situation becomes manageable: in (2.11) we have constant M(φ) = µ and W (φ) = ω(µ),
and we will show below that then Σ = 2

3πωσ# , with σ# as defined in §1.2. Therefore, until
§2.3.4 we will assume that the linear part is in normal form in the coordinates of Lemma 2.5,
which also occurs in applications as mentioned in §1.2.

2.2 Planar normal form case with absolute values

In this section we discuss two approaches to prove existence and bifurcation of periodic orbits
in our mildly nonsmooth setting. First, we provide details for the aforementioned approach
by averaging, and second we discuss a direct approach that provides a detailed unfolding by
Lyapunov–Schmidt reduction and that can also be used in some nongeneric cases.

While we focus here on the planar case, both methods readily generalize to higher
dimensional settings. For averaging one needs normal hyperbolicity in general, and for the
direct approach we present higher dimensional cases in upcoming sections. Without change
in the leading order result, for simplicity we fix the imaginary part ω ̸= 0 independent of µ.

To simplify the exposition in this section, we assume the linear part is in normal form
and the nonsmooth terms are of second order modulus type, i.e., with the absolute value
| · | = [·]1−1. The general case with [·]p+

p− , defined in (2.1), will be discussed in §2.3. With the
linear part in normal form and including smooth quadratic and cubic terms we thus consider
the form of (2.2) given by (cf. (2.8))v̇ = µv − ωw + f (v, w) + fq (v, w) + fc (v, w) ,

ẇ = ωv + µw + g (v, w) + gq (v, w) + gc (v, w) ,
(2.18)

where f, g are as in (2.9), and

fq (v, w) = a1v
2 + a2vw + a3w

2, fc (v, w) = ca1v
3 + ca2vw

2 + ca3v
2w + ca4w

3,

gq (v, w) = b1v
2 + b2vw + b3w

2, gc (v, w) = cb1v
3 + cb2vw

2 + cb3v
2w + cb4w

3,

and µ, ω ∈ R with ω ̸= 0, and aij , bij , ak, bk, cah, cbh, ∀i, j ∈ {1, 2},∀k ∈ {1, 2, 3},∀h ∈
{1, 2, 3, 4} are real constants, all viewed as parameters.

2.2.1 Averaging

We next show how to apply averaging theory to (2.18) in polar coordinates. For that we recall
first the coefficients σ# , σ2 introduced in §1.2,

σ# = 2a11 + a12 + b21 + 2b22, (2.19)

σ2 = 1
9
[
11(2a11a22 − a12b11 + a22b21 − 2b11b22)

+ 13a11b12 − 13a21b22 − 2a12a21 + 2b12b21
]

(2.20)

+ π

4 (2a22b22 + a11a21 + a12a22 − b11b21 − b12b22 − 2a11b11).
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In addition to these two terms, the following appear as normal form coefficients:

Sq := a1a2 + a2a3 − b1b2 − b2b3 − 2a1b1 + 2a3b3,

Sc := 3ca1 + ca2 + cb3 + 3cb4.
(2.21)

Notice that σ# , σ2 depend only on f, g, i.e., the nonsmooth terms, while Sq depends on the
smooth quadratic terms fq, gq, and Sc on the cubic ones fc, gc.

Theorem 2.8. For 0 < |µ| ≪ 1 periodic solutions to (2.18) are locally in 1-to-1 correspon-
dence with equilibria of the averaged normal form in polar coordinates v = r cosφ, w =
r sinφ of (2.18) given by

r̄′ = µ

ω
r̄+ 2

3πωσ# r̄
2+
( 1

8ω2Sq + 1
8ωSc + 1

2πω2σ2

)
r̄3+O

(
r̄4 + σ# r̄

3 + |µ|r̄2
)
. (2.22)

We observe that, on the one hand, if σ# ̸= 0, then the bifurcation structure is determined
by the quadratic term and all cubic terms are of higher order. On the other hand, if σ# = 0,
then the cubic term σ# r̄

3 is removed from the remainder terms. In addition, we note that
|µ|r̄2 within the remainder terms is effectively also of higher order.

Furthermore, it is worth to mention that in accordance with the smooth Hopf bifurcation,
the quadratic term in r̄′ vanishes for vanishing nonsmooth terms f = g = 0, so that the
leading order nonlinear term in the normal form is cubic. Before giving the proof we note
and discuss an important corollary. For this recall the pitchfork bifurcation of (1.11) which
is degenerate in that the bifurcating branch is nonsmooth.

Corollary 2.9. If σ# ̸= 0, then at µ = 0, the leading order of (2.22) undergoes a degenerate
pitchfork bifurcation in µ, where non-trivial equilibria are of the form

r0(µ) = − 3π
2σ#

µ+ O
(
µ2
)
. (2.23)

In this case, (2.18) undergoes a degenerate Hopf bifurcation in the sense that for 0 < |µ| ≪ 1
periodic solutions to (2.18) are locally in 1-to-1 correspondence with r0(µ), which is also
the expansion of the radial component of the periodic solutions. In particular, this Hopf
bifurcation is subcritical if sgn(σ#) > 0 and supercritical if sgn(σ#) < 0. Moreover, the
bifurcating periodic orbits of (2.18) are of the same stability as the corresponding equilibria
in (2.22).

Proof of Corollary 2.9. The bifurcation statement follows directly from Theorem 2.8 and the
statement about stability follows from [48, Thm. 6.3.3]. Since r0 ≥ 0 we must have µ

σ#
≥ 0.

Hence, the sign of σ# determines the criticality of the bifurcation.

The radial components r(φ;µ) of the periodic orbits are in general not constant in φ, but
this dependence is of order µ2. We thus consider (2.23) as the leading order amplitude of the
periodic solutions.

Remark 2.10. Since the criticality of the Hopf bifurcation is given by the sign of σ# , it is
an analogue of the first Lyapunov coefficient in this nonsmooth case. For the smooth case
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f = g = 0, where σ# = σ2 = 0, the classical first Lyapunov coefficient is σs := 1
8ωSq+ 1

8Sc.
In §2.2.2 we show that there is no canonical way to infer the sign of σ# from smoothing a
priori.

Remark 2.11. In the case that σ# = 0 but the cubic coefficient in (2.22) is nonzero, the
bifurcating branch is a quadratic function of µ to leading order. This readily gives an
analogue of the second Lyapunov coefficient in this nonsmooth case. An explicit statement
in absence of smooth terms is given in Theorem 2.19 below. Notably, in the smooth case,
a vanishing first Lyapunov coefficient together with a nonzero second Lyapunov coefficient
yield a quartic bifurcation equation. Hence, the scaling laws for the radius are µ1/j with
j = 1, 2 in the nonsmooth case and j = 2, 4 in the smooth case, respectively.

Next we give the proof of Theorem 2.8.

Proof of Theorem 2.8. Taking polar coordinates (v, w) = (r cosφ, r sinφ), system (2.18)
(cf. (2.11)) becomes ṙ = rµ+ r2χ2(φ) + r3χ3(φ),

φ̇ = ω + rΩ1(φ) + r2Ω2(φ),
(2.24)

where χ2(φ) and Ω1(φ) are as in (2.16) and (2.17), respectively, but adding now the contri-
butions of the smooth quadratic terms of fq, gq,

χ2(φ) = c|c|(a11c+ b11s) + c|s|(a12c+ b12s) + s|c|(a21c+ b21s) + s|s|(a22c+ b22s)

+ (a1 − b2 − a3)c3 + (b1 + a2 − b3)sc2 + (b2 + a3)c+ b3s,

Ω1(φ) = −
[
c|c|(a11s− b11c) + c|s|(a12s− b12c) + s|c|(a21s− b21c) + s|s|(a22s− b22c)

]
+ (b1 + a2 − b3)c3 + (−a1 + b2 + a3)sc2 + (−a2 + b3)c− a3s,

and χ3(φ) and Ω2(φ) are smooth functions of φ and the coefficients of fc, gc:

χ3(φ) = (ca1 − ca2 − cb3 + cb4)c4 + (ca3 − ca4 + cb1 − cb2)sc3

+ (ca2 + cb3 − cb4)c2 + (ca4 + cb2)sc+ cb4s
2,

Ω2(φ) = (ca3 − ca4 + cb1 − cb2)c4 + (ca2 − ca1 + cb3 − cb4)sc3 − ca3c
2

+ (cb4 − ca2)sc− ca4s
2 + (cb2 + ca4)c2.

To simplify the notation we write, as before, c := cosφ, s := sinφ.
Analogous to (2.12), we change parametrization such that the return time to φ = 0 is

equal for all orbits starting on this half-axis with initial radius r0 > 0 to get

r′ := dr
dφ = rµ+ r2χ2(φ) + r3χ3(φ)

ω + rΩ1(φ) + r2Ω2(φ) .
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Expanding the right-hand side of r′ in small r and µ gives, step by step,

r′ =rµ+ r2χ2(φ) + r3χ3(φ)
ω

1
1 + rΩ1(φ)+r2Ω2(φ)

ω

=rµ+ r2χ2(φ) + r3χ3(φ)
ω

∞∑
n=0

(
−rΩ1(φ) + r2Ω2(φ)

ω

)n

=rµ+ r2χ2(φ) + r3χ3(φ)
ω

[
1 − rΩ1(φ) + r2Ω2(φ)

ω

+ r2Ω2
1(φ) + 2r3Ω1(φ)Ω2(φ) + r4Ω2

2(φ)
ω2 + O(r3)

]

=µ

ω
r +

(
χ2
ω

− µΩ1
ω2

)
r2 +

(
χ3
ω

− µΩ2 + χ2Ω1
ω2 + µΩ2

1
ω3

)
r3 + O(r4),

which yields

r′ = µ

ω
r + χ2

ω
r2 +

(
χ3
ω

− χ2Ω1
ω2

)
r3 + O

(
r4 + |µ|r2

)
. (2.25)

To follow the method of averaging (e.g., [25, 48]), we write r = ϵx and µ = ϵm for
0 < ϵ ≪ 1 such that (2.25) in terms of x and m becomes

x′ = ϵ

(
m

ω
x+ χ2

ω
x2
)

+ ϵ2
(
χ3
ω

− χ2Ω1
ω2

)
x3 + ϵ2O

(
ϵx4 + |m|x2

)
. (2.26)

Following [48], there is a near-identity transformation which maps solutions of the truncated
averaged equation

y′ = ϵf̄(y) + ϵ2f̄2(y) + O(ϵ3) (2.27)

to solutions of (2.26), where its detailed derivation is given in Appendix A.1, as well as an
explanation of the computation of the following functions:

f̄(y) = m

ω
y + 2

3πωσ#y
2,

f̄2(y) =
( 1

8ω2Sq + 1
8ωSc + 1

2πω2σ2

)
y3 + O

(
σ#y

3 + |m|y2
)
.

(2.28)

We obtain the averaged equation (2.22) from (2.25) by the change of coordinates y = r̄
ϵ

and m = µ
ϵ applied to (2.27) with (2.28); this becomes (2.22) since all terms involving ϵ

cancel out.
Finally, from [48, Thm. 6.3.2] the existence of a periodic orbit in the averaged system

implies the existence of a periodic orbit in the original system.
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2.2.2 Smoothing and the first Lyapunov coefficient

From Remarks 2.10 and 2.11 on the first and second Lyapunov coefficients, it is natural to
ask in what way the nonsmooth first Lyapunov coefficient

σ# = 2a11 + a12 + b21 + 2b22

from (2.19) differs from the first Lyapunov coefficient of a smoothed version of (2.8).
Specifically, the question is whether one can smooth the vector field in such a way that the

sign of the resulting first Lyapunov coefficient is the same as that of the nonsmooth one, σ# ,
in all cases. We shall prove that this is not possible without using the formula for σ# —with
the help of this formula we can find suitable smoothing.

Clearly, nonconvex approximations of the absolute value | · | can change criticality com-
pared to the nonsmooth case (see Figure 1.9). More generally, we have the following result.

Lemma 2.12. For any f, g with a sign change in the coefficients a11, a12, b21, b22, there are
smooth approximations fε, gε with (fε, gε) → (f, g) in L∞ such that the criticality of the
smoothed Hopf bifurcation is opposite that of the nonsmooth case. Moreover, fε, gε can be
chosen as symmetric smooth convex approximations of the absolute values in f, g.

Proof. Without loss of generality, we consider system (2.8). For given f, g we can choose a
smooth approximation of |·| in the terms with coefficients a11, a12, b21, b22 that have quadratic
terms with positive coefficients of the form ε−1ã11, ε

−1ã12, ε
−1b̃21, ε

−1b̃22, respectively.
Then the (smooth) first Lyapunov coefficient reads

σs,ε := ε−1
(
3ã11a11 + ã12a12 + b̃21b21 + 3b̃22b22

)
,

which is the same as Sc in §2.2.1 when replacing accordingly coefficients of f, g and fc, gc,
respectively.

Suppose now σ# < 0; then the sign change within (a11, a12, b21, b22) allows us to choose
(ã11, ã12, b̃21, b̃22) > 0 such that σs,ε > 0. Likewise for σ# > 0 we can arrange σs,ε < 0.

Remark 2.13. If all of a11, a12, b21, b22 have the same sign, then any convex smoothing of
the absolute value with nonzero quadratic terms will yield a first Lyapunov coefficient of the
same sign as σ# ̸= 0. Moreover, having derived the formula for σ# , we can —a posteriori—
identify a smoothing that preserves the criticality for all f, g. With the notation of Lemma
2.12 this is ã11 = b̃22 = 2/3, ã12 = b̃21 = 1.

Lemma 2.14. There is no smooth approximation of the absolute value function with nonzero
quadratic term that preserves the criticality of the nonsmooth case for all f, g.

Proof. In contrast to Lemma 2.12, here all absolute value terms in f, g are approximated in
the same way so that in the notation of the proof of Lemma 2.12 we have ã11 = ã12 = b̃21 =
b̃22 > 0. Without loss of generality we can assume these coefficients are all equal to 1 due to
the prefactor ε−1, so that the first Lyapunov coefficient is

σs,ε = ε−1 (3a11 + a12 + b21 + 3b22) ,
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and we readily find examples of (a11, a12, b21, b22) such that the signs ofσ# andσs,ε differ.

The discrepancies shown here for the absolute value function readily carry over to the
generalized absolute value function (2.1).

2.2.3 Direct method

In Theorem 2.8, the conclusion for (2.18) does not cover the bifurcation point µ = 0 so that we
cannot infer uniqueness of the branch of bifurcating periodic orbits directly. In order to directly
include µ = 0 in the bifurcation analysis and to facilitate the upcoming generalizations, we
present a “direct” method for a general (possibly) nonsmooth planar system. This does not
rely on the existence of an invariant manifold as in Proposition 2.2 or results from averaging
theory.

The basic result is the following bifurcation of periodic solutions for a radial equation
with quadratic nonlinear terms, which cannot stem from a smooth planar vector field, but
occurs in our setting as in (2.11).

Proposition 2.15. Consider a planar system in polar coordinates (r, φ) ∈ R+ × [0, 2π)
periodic in φ of the form ṙ = rµ+ r2χ2(φ),

φ̇ = ω + rΩ1(φ),
(2.29)

where µ ∈ R, ω ̸= 0 and continuous χ2(φ),Ω1(φ) with minimal period 2π.
If
∫ 2π

0 χ2(φ)dφ ̸= 0, then a locally unique branch of periodic orbits bifurcates at µ = 0.
These orbits have period 2π + O(µ) and leading order constant radius satisfying

r0 = −2π∫ 2π
0 χ2(φ)dφ

µ+ O
(
µ2
)
. (2.30)

In particular, since r0 ≥ 0, the criticality of the bifurcation is determined by the sign of∫ 2π
0 χ2(φ)dφ.

For later reference we present a rather detailed proof.

Proof. As in the proof of Theorem 2.8, for small r the radius satisfies

r′ :=rµ+ r2χ2(φ)
ω + rΩ1(φ) =: Ψ(r, φ). (2.31)

We fix the initial time at φ0 = 0 and for any initial r(0) = r0, a unique local solution is
guaranteed from the Picard–Lindelöf theorem with continuous time dependence, e.g., [28].
This also guarantees existence on any given time interval for sufficiently small |µ|, r0. More-
over, the solution r(φ; r0) can be Taylor expanded with respect to r0 due to the smoothness
of Ψ(r, φ) in r and continuity in the time component using the uniform contraction principle
for the derivatives; cf. [28].
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On the one hand, we may thus expand r(φ) = r(φ; r0) as

r(φ) = α1(φ)r0 + α2(φ)r2
0 + O

(
r3

0

)
, (2.32)

and differentiate with respect to φ,

r′(φ) = α′
1(φ)r0 + α′

2(φ)r2
0 + O

(
r3

0

)
, (2.33)

where α1(0) = 1 and α2(0) = 0 since r(0) = r0.
On the other hand, we Taylor expand Ψ(r, φ) in r = 0 from (2.31), using Ψ(0, φ) = 0, as

r′ = Ψ(r, φ) = Ψ(0, φ) + ∂rΨ(0, φ)r + 1
2∂

2
rΨ(0, φ)r2 + O

(
r3
)

= k1r + k2r
2 + O

(
r3
)
, (2.34)

where we denote ∂irΨ(0, φ) = ∂iΨ(r,φ)
∂ri

∣∣
r=0, i ∈ N, and set

k1 := ∂rΨ(0, φ) = µ

ω
, k2(φ) := 1

2∂
2
rΨ(0, φ) = ωχ2(φ) − µΩ1(φ)

ω2 . (2.35)

Next, we substitute (2.32) into (2.34) and match the resulting coefficients of r0 and r2
0 with the

corresponding coefficients in (2.33). This gives the ODEs α′
1 = k1α1 and α′

2 = k1α2 +k2α
2
1.

The solutions with α1(0) = 1 and α2(0) = 0 read

α1(φ) = ek1φ, α2(φ) = ek1φ
∫ φ

0
ek1sk2(s)ds.

Indeed, one can solve the equation for α2(φ) as follows:

α2(φ) = ek1φ
[
e−k1φ0α2(φ0) +

∫ φ

0
e−k1sk2(s)

(
ek1s

)2
ds
]
,

which gives the expression mentioned above for φ0 = 0.
Periodic orbits necessarily have period 2πm for somem ∈ N, which yields the condition

0 = r(2πm) − r(0)

=
∫ 2πm

0
r′dφ = r0

∫ 2πm

0
α′

1(φ)dφ+ r2
0

∫ 2πm

0
α′

2(φ)dφ+ O
(
r3

0

)
. (2.36)

Using the series expansion of e2πmk1 in µ = 0 we have∫ 2πm

0
α′

1(φ)dφ = α1(2πm) − α1(0) = e2πmk1 − 1 = 2πmk1 + O
(
µ2
)
,
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and similarly,∫ 2πm

0
α′

2(φ)dφ =α2(2πm) − α2(0) = e2πmk1

∫ 2πm

0
ek1φk2(φ)dφ− 0

=
(
1 + 2πmk1 + O

(
µ2
)) ∫ 2πm

0

(
1 + k1φ+ O

(
µ2
))
k2(φ)dφ

=
∫ 2πm

0
k2(φ)dφ+ k1

∫ 2πm

0
φk2(φ)dφ+ 2πmk1

∫ 2πm

0
k2(φ)dφ

+ 2πmk2
1

∫ 2πm

0
φk2(φ)dφ+ O

(
µ2
)

=(1 + 2πmk1)
∫ 2πm

0
k2(φ)dφ+ k1

∫ 2πm

0
φk2(φ)dφ+ O

(
µ2
)
.

For r0 ̸= 0, we divide (2.36) by r0, which provides the bifurcation equation

0 = 2πmk1 + r0

(
(1 + 2πmk1)

∫ 2πm

0
k2(φ)dφ+ k1

∫ 2πm

0
φk2(φ)dφ

)
+ O

(
µ2
)
,

where the factor of r0 is nonzero at µ = 0 by assumption. Hence, the implicit function
theorem applies and gives a unique solution. Since the solution for m = 1 is a solution for
anym, this is the unique periodic solution. Solving the bifurcation equation form = 1 yields

r0 = −2πµ
(ω + 2πµ)

∫ 2π
0 k2(φ)dφ+ µ

∫ 2πm
0 φk2(φ)dφ

+ O
(
µ2
)
,

whose expansion inµ = 0 gives the claimed (2.30) and in particular the direction of branching.
Finally, the exchange of stability between the trivial equilibrium and the periodic orbit

follows from the monotonicity of the 1D Poincaré map on an interval that contains r = 0 and
r = r0(µ) by uniqueness of the periodic orbit.

In A.2 we present in detail how to compute the Poincaré map in our nonsmooth setting.
We next note that higher order perturbations do not change the result to leading order.

Corollary 2.16. The statement of Proposition 2.15 holds for a planar system in polar coor-
dinates (r, φ) ∈ R+ × [0, 2π) periodic in φ, of the form

ṙ = rµ+ r2χ2(φ) + r3χ3(r, φ),

φ̇ = ω + rΩ1(φ) + r2Ω2(r, φ),
(2.37)

where µ ∈ R, ω ̸= 0, and χj+1, Ωj , j = 1, 2, are continuous in their variables.

Note that (2.37) is a generalization of (2.24) in which χ3 and Ω2 depend now on r.

Proof. Following the proof of Proposition 2.15 we write system (2.37) analogous to (2.31)
with

Ψ(r, φ) = rµ+ r2χ2(φ) + r3χ3(r, φ)
ω + rΩ1(φ) + r2Ω2(r, φ) .

Upon subtracting the leading order part of (2.34), a direct computation produces a remainder
term of order O(r3), which leads to the claimed result.
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Next we show how these results can be directly used to determine the Hopf bifurcation
and its super- or subcriticality. Starting with the simplest model, we return to system (2.18)
with fq, gq, fc, gc ≡ 0, i.e., (2.8). Recall σ# = 2a11 + a12 + b21 + 2b22 from (2.19) was
identified as determining the criticality in Corollary 2.9. With the direct method we obtain
the following result.

Theorem 2.17. If σ# ̸= 0, then there exists an interval I around µ = 0 such that at µ = 0
system (2.8) with f, g from (2.9) undergoes a degenerate Hopf bifurcation in µ where the
amplitudes of the locally unique periodic orbits are given by (2.23), in polar coordinates.
In particular, the unique bifurcating branch of periodic solutions emerges subcritically if
sgn(σ#) > 0 and supercritically if sgn(σ#) < 0. Moreover, the bifurcating periodic orbits
have exchanged stability with the equilibrium at r = 0, i.e., are stable if they exist for µ > 0
and unstable if this is for µ < 0.

Proof. Taking polar coordinates (v, w) = (r cosφ, r sinφ) for system (2.8) gives (2.29),
where χ2(φ) and Ω1(φ) are as in (2.16) and (2.17), respectively. Applying Proposition 2.15
and computing the integral of χ2 in each quadrant as in the proof of Theorem 2.8, we obtain
(2.23), and the criticality follows as in Corollary 2.9.

Finally, the exchange of stability is due to the monotonicity of the 1D Poincaré map.

We next note that, proceeding as for Corollary 2.16, the coefficients from the quadratic
and cubic terms do not affect the bifurcation to leading order.

Corollary 2.18. If σ# ̸= 0, then the statement of Theorem 2.17 holds for the more general
system (2.18). In particular, fq, gq, fc, gc affect neither σ# nor the leading order bifurcation.

Having investigated σ# ̸= 0, we next consider the degenerate case σ# = 0. For that,
recall Remark 2.11 and σ2 from (2.20).

Theorem 2.19. If σ# = 0 and σ2 ̸= 0, then there exists an interval I around µ = 0 such
that at µ = 0 system (2.8) with f, g from (2.9) undergoes a degenerate Hopf bifurcation in µ
where the leading order amplitude of the locally unique periodic orbit is given by

r0 =
√

−2πω
σ2

µ+ O (µ) . (2.38)

In particular, the unique bifurcating branch of periodic solutions emerges subcritically if
sgn(ωσ2) > 0 and supercritically if sgn(ωσ2) < 0. Moreover, the bifurcating periodic orbits
have exchanged stability with the equilibrium at r = 0, i.e., are stable if they exist for µ > 0
and unstable if this is for µ < 0.

Proof. Proceeding as before, we write (2.8) in polar coordinates (v, w) = (r cosφ, r sinφ)
and change the time parametrization to obtain the form (2.31) for the radial equation.

On the one hand, we expand the solution r(φ) = r(φ; r0) with r(0) = r0 as

r(φ) = α1(φ)r0 + α2(φ)r2
0 + α3(φ)r3

0 + O
(
r4

0

)
, (2.39)



42 Chapter 2. Lyapunov Coefficients for Hopf Bifurcations

and differentiate with respect to φ,

r′(φ) = α′
1(φ)r0 + α′

2(φ)r2
0 + α′

3(φ)r3
0 + O

(
r4

0

)
, (2.40)

where α1(0) = 1 and α2(0) = α3(0) = 0.
On the other hand, we compute the Taylor expansion of r′ from (2.31) up to third order

in r = 0 as
r′ = Ψ(r, φ) = k1r + k2r

2 + k3r
3 + O

(
r4
)
, (2.41)

where we use Ψ(0, φ) = 0 and the notation (2.35) as well as

k3(φ) := 1
3!∂

3
rΨ(0, φ) = −ωχ2(φ)Ω1(φ) + µΩ1(φ)2

ω3 .

Analogous to the proof of Proposition 2.15, substituting (2.39) into (2.41) and comparing
coefficients with (2.40), we obtain the ODEs

α′
1 = k1α1, α′

2 = k1α2 + k2α
2
1, α′

3 = k1α3 + 2k2α1α2 + k3α
3
1.

We solve these by variation of constants using α1(0) = 1 and α2(0) = α3(0) = 0 as

α1(φ) = ek1φ,

α2(φ) = ek1φ
∫ φ

0
ek1sk2(s)ds,

α3(φ) = ek1φ
[
2
∫ φ

0
k2(s)α2(s)ds+

∫ φ

0
e2k1sk3(s)ds

]
.

Periodic orbits are the solutions with r0 ̸= 0 of

0 = r(2π) − r(0)

= r0

∫ 2π

0
α′

1(φ)dφ+ r2
0

∫ 2π

0
α′

2(φ)dφ+ r3
0

∫ 2π

0
α′

3(φ)dφ+ O
(
r4

0

)
. (2.42)

Similarly as for the proof of Proposition 2.15, straightforward computations give∫ 2π

0
α′

1(φ)dφ = α1(2π) − α1(0) = e2πk1 − 1 = 2π
ω
µ+ O

(
µ2
)
.

In order to calculate the integrals of α′
2 and α′

3, we accommodate the nonsmooth terms
by splitting the integration over quadrants. For the integral of α′

2 we have first

∫ 2π

0
α′

2(φ)dφ = α2(2π) − α2(0)

=
(
1 + k12π + O(µ2)

) ∫ 2π

0

(
1 + k1φ+ O(µ2)

) ωχ2(φ) − µΩ1(φ)
ω2 dφ,

which yields ∫ 2π

0
α′

2(φ)dφ = 1
ω

∫ 2π

0
χ2(φ)dφ+ O(µ) = 4

3ωσ# + O(µ).
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To better understand the outcome of the integral of α′
3, we show some intermediate steps of

its computation:∫ 2π

0
α′

3(φ)dφ =α3(2π) − α3(0)

=
(
1 + k12π + O(µ2)

) [
2
∫ 2π

0

ωχ2(φ) − µΩ1(φ)
ω2

·
(
1 + k1φ+ O(µ2)

) ∫ φ

0

(
1 + k1s+ O(µ2)

) ωχ2(s) − µΩ1(s)
ω2 dsdφ

+
∫ 2π

0

(
1 + 2k1φ+ O(µ2)

) −ωχ2(φ)Ω1(φ) + µΩ1(φ)2

ω3 dφ
]
,

which results in∫ 2π

0
α′

3(φ)dφ = 2
∫ 2π

0

χ2(φ)
ω

∫ φ

0

χ2(s)
ω

dsdφ−
∫ 2π

0

χ2(φ)Ω1(φ)
ω2 dφ+ O(µ),

= 1
ω2σ2 + O(µ).

Substitution into (2.42) for periodic orbits and dividing out r0 ̸= 0, yields the bifurcation
equation

0 = 2π
ω
µ+ 4

3ωσ#r0 + 1
ω2σ2r

2
0 + O

(
µ2 + µr0 + r3

0

)
. (2.43)

Since σ# = 0, the previous equation reads

0 = 2π
ω
µ+ 1

ω2σ2r
2
0 + O

(
µ2 + µr0 + r3

0

)
. (2.44)

Here the implicit function theorem applies a priori to provide a unique branch µ(r0) with

µ = − σ2
2πωr

2
0 + O

(
r3

0

)
. (2.45)

Solving this for r0 provides (2.38), where the square root to be real requires µωσ2 > 0, which
gives the claimed sub/supercriticality.

Notice that to express r0 in terms of µ, one may write r0 = p1
√
µ + p2µ

n + O(µm)
and substitute this expression into (2.45) to find the values of p1, p2, n,m ∈ R. This yields
µ = σ2

2πωp
2
1µ + 2 σ2

2πωp1p2µ
n+1/2 + O

(
p3

1µ
3/2
)
, and matching coefficients and exponents,

result into p2
1 = 2πω

σ2
and n + 1/2 = 3/2 to become of higher order. Hence, choosing the

positive expression for p1 (since r ≥ 0), yields (2.38).

We remark that in the nonsmooth case, as expected, for σ# = 0 one gets indeed the same
second Lyapunov coefficient from both the averaging and the direct method. This means that
the same expression for σ2 is obtained and, in particular, the same criticality for the system,
cf. (2.22) with Sq = Sc = 0 and (2.44).
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This last theorem readily extends to the analogue of the so-called Bautin bifurcation for
smooth vector fields, also called the generalized Hopf bifurcation, which unfolds from zero
first Lyapunov coefficient and identifies a curve of fold points for periodic orbits. From (2.43)
we directly derive the loci fold points in the (µ, σ#)-parameter plane as

µ = 2ω
9πσ2

σ2
#

to leading order with respect to σ# .
Notably, the loci of fold points for the smooth Bautin bifurcation also lies on a quadratic

curve in terms of the first Lyapunov coefficient. This last similarity is due to the fact that the
ODE of the smooth case has no even terms in the radial component. For instance, we consider

ṙ = µr + σsr
3 + σlr

5,

which is the simplest example for such an equation. To find the loci fold points in the (µ, σs)-
parameter plane, we write µ = µ(r;σs) = −(σs + σlr

2)r2, from which its derivative in
r ̸= 0 vanishes if and only if r =

√
− σs

2σl , and hence,

µ(σs) = σ2
s

4σl
, for

σs
σl

< 0.

For a direct comparison of this last expression, we assume the radial equation of the
nonsmooth system to be

ṙ = µr + σ#r
2 + σ2r

3,

and compute the analogous curve in the (µ, σ#)-parameter plane. Similarly as before,
µ = µ(r;σ#) = −(σ# + σ2r)r, from which its derivative in r ̸= 0 vanishes if and only if
r = −

σ#
2σ2

, yielding

µ(σ#) =
σ2

#

4σ2
, for

σ#

σ2
< 0.

Although it looks as both curves µ(σs), µ(σ#) have the same scaling, that is not directly true
since the vertical axis of both cases are different from each other.

Specifically, in the parameter plane, the origin corresponds to the Bautin point and the
vertical axis, µ = 0, to the sub- and supercritical Hopf bifurcations for positive and negative
values of σ# (as well as of σs), respectively. In Figure 2.1 we illustrate the bifurcation diagram
for the nonsmooth Bautin situation. On the one hand, in Figure 2.1 (a), which corresponds to
σ2 = 1, the fixed point of the system is stable in region 1 and the limit cycle is unstable. In
region 2, the fixed point changes stability and a stable periodic limit cycle is born. The two
periodic orbits collide and disappear while moving to region 3 through the fold point curve,
obtaining an unstable fixed point. On the other hand, in Figure 2.1 (b), for σ2 = −1, the
creation of an unstable limit cycle and further exchange of stability of the fixed point occurs
while moving from region 1 to region 2, where two limit cycle coexist. In the curve of fold
points the two cycles collide. Finally, in region 3 no periodic orbits happen and the fixed
point remains stable.
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σ#

μ
1

2

3

σ#

μ

1

2

3

(a) (b)

Figure 2.1: Bifurcation diagram for the nonsmooth Bautin situation. In both cases, the vertical axis
(µ = 0) corresponds to the Hopf bifurcation, where the upper branch, in red (σ# > 0), denotes the
subcritical case, while the lower branch, in green (σ# < 0), indicates the supercritical bifurcation.
The Bautin point occurs at the origin. The loci fold points µ(σ#) = σ2

#
/(4σ2) is illustrated by the

blue curve in both diagrams. In (a) σ2 = 1, and in (b) σ2 = −1. The stable periodic orbits are pictured
in green while the unstable ones in dashed red. The trajectories approaching the stable fixed point are
green and the ones leaving the unstable fixed point are red.

2.3 Generalizations

In this section we discuss analogous bifurcation results for the generalization from the absolute
value, (2.1), and then turn to higher dimensional systems as well as general linear form of the
linear part.

2.3.1 Generalization from the absolute value

Recall our notation for different left and right slopes (2.1), and consider the generalized
canonical equation

u̇ = µu+ σ#u
j [u]p+

p− , (2.46)

with left slope p−, right slope p+, and j ∈ N measuring the degree of smoothness such that
the right-hand side is Cj but not Cj+1 smooth. Sample bifurcation diagrams for j = 1 and
j = 2 are plotted in Figure 2.2 for σ# = −1.

The case j = 2 highlights that also lack of smoothness in the cubic terms impacts the
bifurcation in general. We do not pursue this further here, but analogous to the following
discussion, it is possible to derive a modified normal form coefficient Sc.

For the Hopf bifurcation analysis, we analogously replace the absolute value in (2.9) by
(2.1), and thus replace f, g in (2.8) by

f (v, w;α) = a11v[v]
α1+
α1−

+ a12v[w]
α2+
α2−

+ a21w[v]
α3+
α3−

+ a22w[w]
α4+
α4−

, (2.47)

g (v, w;β) = b11v[v]
β1+
β1−

+ b12v[w]
β2+
β2−

+ b21w[v]
β3+
β3−

+ b22w[w]
β4+
β4−

, (2.48)
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u u

(a) (b)

Figure 2.2: Degenerate supercritical pitchfork bifurcation of (2.46) for p− = −1, p+ = 5 of degree
j = 1 in (a), and j = 2 in (b).

whereα = (α1± , α2± , α3± , α4±), β = (β1± , β2± , β3± , β4±) ∈ R8. This generalization leads
to the generalized nonsmooth first Lyapunov coefficient given by

σ̃# := a11(α1+ −α1−) + 1
2a12(α2+ −α2−) + 1

2b21(β3+ −β3−) + b22(β4+ −β4−). (2.49)

Notably, in the smooth case, where the left and right slopes coincide, we have σ̃# = 0, and if
left and right slopes are −1 and 1, respectively, we recover σ# .

Theorem 2.20. If σ̃# ̸= 0, then the statement of Theorem 2.17 holds true for (2.8) with f, g
from (2.47), (2.48), respectively, with σ# replaced by σ̃# .

Proof. Taking polar coordinates we obtain (2.29), where

χ2(φ) = c2
(
a11[c]

α1+
α1−

+ a12[s]
α2+
α2−

)
+ s2

(
b21[c]

β3+
β3−

+ b22[s]
β4+
β4−

)
+ sc

(
a21[c]

α3+
α3−

+ a22[s]
α4+
α4−

+ b11[c]
β1+
β1−

+ b12[s]
β2+
β2−

)
,

again with s := sin(φ), c := cos(φ). Applying Proposition 2.15 we compute
∫ 2π

0 χ2(φ)dφ,
which gives 4

3 σ̃# . Indeed, from (2.1) we obtain

∫ 2π

0
c2a11[c]

α1+
α1−

dφ =
∫ π

2

0
c3a11α1+dφ+

∫ 3π
2

π
2

c3a11α1−dφ+
∫ 2π

3π
2

c3a11α1+dφ

= 4
3a11

(
α1+ − α1−

)
,∫ 2π

0
c2a12[s]

α2+
α2−

dφ =
∫ π

0
c2s a12α2+dφ+

∫ 2π

π
c2s a12α2−dφ

= 2
3a12

(
α2+ − α2−

)
,

and similarly for the other terms. Note that∫ 2π

0
sc

(
a21[c]

α3+
α3−

+ a22[s]
α4+
α4−

+ b11[c]
β1+
β1−

+ b12[s]
β2+
β2−

)
dφ = 0,
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i.e., the integral of the third term on the right-hand side of χ2, vanishes due to the symmetry
of sc. Thus, as we wanted to show, we get (2.23) with σ# replaced by σ̃# = 0, i.e.,

r0(µ) = − 3π
2σ̃#

µ+ O
(
µ2
)
.

Notice that in the (v, w)-plane, the function [·]p+
p− is linear in each quadrant, with p+ ∈

{αi+ , βi+}, p− ∈ {αi− , βi−} for i ∈ {1, 2, 3, 4}. In polar coordinates, we can remove the
nonsmoothnesses as follows. Using the definition (2.1), we have [c]p+

p− = p+c forφ ∈
[

3π
2 ,

π
2

]
and [c]p+

p− = p−c for φ ∈
(
π
2 ,

3π
2

)
; while [s]p+

p− = p+c for φ ∈ [0, π] and [s]p+
p− = p−c for

φ ∈ (π, 2π). Therefore, splitting the integrals as in the proof, one can easily integrate each
term considering the corresponding slope.

For completeness, although it is not used for our analysis, we additionally exhibit the
expression of Ω1(φ) in (2.29) for the current setting:

Ω1(φ) =c2
(
b11[c]

β1+
β1−

+ b12[s]
β2+
β2−

)
− s2

(
a21[c]

α3+
α3−

+ a22[s]
α4+
α4−

)
+ sc

(
b21[c]

β3+
β3−

+ b22[s]
β4+
β4−

− a11[c]
α1+
α1−

− a12[s]
α2+
α2−

)
.

2.3.2 3D system

In this section we extend the previous results to higher dimensional systems. Recall that
Proposition 2.2 and Theorem 2.3 rely on hyperbolicity of the spectrum of A(0) from (2.2)
except for a simple pair of complex conjugate eigenvalues. Analogously, averaging theory
can be used in this setting to obtain a normal form as in Theorem 2.8. Here we follow the
“direct method” and obtain bifurcation results also without normal hyperbolicity.

To simplify the exposition, we start with the absolute value |·| and consider an extension of
the planar quadratic case (2.8), (2.9), motivated by the example in [3], which is a simplification
of a model used for ship maneuvering. As discussed in §2.1, we first assume the linear part
is in normal form —a general linear part will be considered in §2.3.4— which gives

u̇

v̇

ẇ

 =


c1u+ c2u

2 + c3uv + c4uw + c5vw + h (v, w)
µv − ωw + c6uv + c7uw + f (v, w)
ωv + µw + c8uv + c9uw + g (v, w)

 , (2.50)

where f, g are as in (2.9), h (v, w) = h11v|v| + h12v|w| + h21w|v| + h22w|w| and hij , ck,
∀i, j ∈ {1, 2}, ∀k ∈ {1, . . . 9}, are real constants, all viewed as parameters. Again we assume
ω ̸= 0 and take µ as the bifurcation parameter.

With linear part in normal form in the coordinates of Lemma 2.5, the vector field is
actually smooth in the additional variable u. It turns out that in the generic case c1 ̸= 0, this
additional smoothness will not be relevant for the leading order analysis, while we make use
of it in the degenerate case c1 = 0.
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We define the following quantities that appear in the upcoming results:

γ10 = e
2πc1
ω − 1, γ20 =

e
2πc1
ω

(
e

2πc1
ω − 1

)
c1

(
c2 − c1ρ2

ω(c2
1 + 4ω2)

)
,

γ02 = 1
ω
e

2πc1
ω

∫ 2π

0
es

2µ−c1
ω Υ(s)ds, γ11 = 2

3ω2 e
2πc1
ω

[
c1

(
2τ2 + P

3ωµ
)

−3πc4µ

]
+ O

(
µ2
)
,

δ01 = 2πµ
ω

+ O
(
µ2
)
, δ02 = 2

3ω

[
σ#

(
2 + 6π

ω
µ

)
+ Q

3ωµ
]

+ O
(
µ2
)
,

δ11 = e
2πc1
ω − 1
c1

1
ω(c2

1 + 4ω2)
[
ωρ1 +Rµ

]
+ O

(
µ2
)
,

(2.51)
where we shortened the notation by lumping the weighted sums of coefficients from f, g and
from the smooth quadratic terms, respectively, given by

τ1 = 4a22 + 5a21 − 5b12 − 4b11, P = 3π(2τ2 − a11 + b21) + 4τ3,

τ2 = 2a22 + a21 − b12 − 2b11, Q = −3π(b11 + a21) + 2τ1,

τ3 = a11 − a12 − b21 + b22, R = 2πρ1 − ρ2,

ρ1 = c6c
2
1 − c7c1ω + 2c6ω

2 − c8c1ω + 2c9ω
2,

ρ2 = c8c
2
1 − c9c1ω + 2c8ω

2 + c6c1ω − 2c7ω
2,

as well as the h-dependent

Υ(φ) = c5cs+ h11c|c| + h12c|s| + h21s|c| + h22s|s|.

The explicit form of γ02 can be found in Appendix A.3.1.

Theorem 2.21. In cylindrical coordinates (u, v, w) = (u, r cosφ, r sinφ), up to time shifts,
periodic solutions to (2.50) with r(0) = r0, u(0) = u0 for 0 ≤ |µ| ≪ 1 near r = u = 0 are
in 1-to-1 correspondence with solutions to the algebraic equation system

0 = γ10u0 + γ20u
2
0 + γ02r

2
0 + γ11u0r0 + O (3) , (2.52)

0 = δ01r0 + δ02r
2
0 + δ11u0r0 + O (3) , (2.53)

where O(3) are terms of at least cubic order in u0, r0.

Proof. In cylindrical coordinates (u, v, w) = (u, r cosφ, r sinφ) system (2.50) becomes
u̇ = c1u+ c2u

2 + (c3cu+ c4su)r + Υ(φ)r2,

ṙ = (µ+ χ1(φ)u) r + χ2(φ)r2,

φ̇ = ω + Ω0(φ)u+ Ω1(φ)r,

(2.54)
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where χ1(φ) = c6c
2 + (c7 + c8)cs + c9s

2, Ω0(φ) = c8c
2 + (c9 − c6)cs − c7s

2, and the
nonsmooth functions χ2(φ) and Ω1(φ) are as in (2.16) and (2.17), respectively.

Upon rescaling time the equations for u and r of the previous system become
u′ = du/dt

dφ/dt = c1u+c2u2+(c3cu+c4su)r+Υ(φ)r2

ω+Ω0(φ)u+Ω1(φ)r =: Ψu(u, r, φ),

r′ = dr/dt
dφ/dt = (µ+χ1(φ)u)r+χ2(φ)r2

ω+Ω0(φ)u+Ω1(φ)r =: Ψr(u, r, φ).
(2.55)

Taylor expansion of u′ and r′ in (u, r) = (0, 0) up to third order gives

u′ = Ψu(0, 0, φ) + ∂uΨu(0, 0, φ)u+ ∂rΨu(0, 0, φ)r

+ 1
2∂

2
uΨu(0, 0, φ)u2 + 1

2∂
2
rΨu(0, 0, φ)r2 + ∂2

urΨu(0, 0, φ)ur + O (3) ,
(2.56a)

r′ = Ψr(0, 0, φ) + ∂uΨr(0, 0, φ)u+ ∂rΨr(0, 0, φ)r

+ 1
2∂

2
uΨr(0, 0, φ)u2 + 1

2∂
2
rΨr(0, 0, φ)r2 + ∂2

urΨr(0, 0, φ)ur + O (3) .
(2.56b)

On the other hand, and similarly to the procedure of the 2D case, we write u(φ) and r(φ)
as the following expansions with coefficients γij , δij :

u(φ) = γ10(φ)u0 + γ20(φ)u2
0 + γ01(φ)r0 + γ02(φ)r2

0 + γ11(φ)u0r0 + O (3) ,

r(φ) = δ10(φ)u0 + δ20(φ)u2
0 + δ01(φ)r0 + δ02(φ)r2

0 + δ11(φ)u0r0 + O (3) ,
(2.57)

with the initial conditions u(0) = u0 and r(0) = r0, which imply γ10(0) = δ01(0) = 1 and
the rest zero.

Substituting (2.57) into (2.56a) and (2.56b) and matching the coefficients of the powers
of u0 and r0 we get to solve a set of ODEs in order to obtain the expressions for γij and δij
(see Appendix A.3.1 for the details). Using these, the system of boundary value problems
0 = u(2π) − u(0), 0 = r(2π) − r(0) for periodic solutions precisely yields (2.52), (2.53),
where γij = γij(2π) − γij(0) and δij = δij(2π) − δij(0).

The solution structure of (2.52), (2.53) strongly depends on whether c1 = 0 or not. If not,
then the transverse direction is hyperbolic and Theorem 2.17 implies a locally unique branch
of periodic solutions. In the nonhyperbolic case the situation is different and we note that if
c1 = 0, then with γ# := 2h21 + c5 + πh22, we have

γ10 = 0, γ11 = −2πc4
ω2 µ+O

(
µ2
)
, γ20 = 2πc2

ω
, γ02 = −

πγ#

ω2 µ+ O
(
µ2
)
.

(2.58)

Corollary 2.22. Consider (2.50) in cylindrical coordinates (u, v, w) = (u, r cosφ, r sinφ).
If c1 ̸= 0, then u = u(φ;µ) = O

(
µ2) and the statement of Theorem 2.17 holds true. If

c1 = 0 and ωc2γ#µ > 0, then precisely two curves of periodic solutions bifurcate at µ = 0
for µσ# ≤ 0, each in the sense of Theorem 2.3, and their initial conditions r(0) = r0,
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u(0) = u±
0 satisfy

u±
0 = u±

0 (µ) = ∓ 3π
2σ#

√
γ#

2ωc2
µ3 + O

(
µ2
)

= O
(
|µ|3/2

)
, (2.59)

r0 = r0(µ) = − 3π
2σ#

µ+ O
(
|µ|3/2

)
. (2.60)

In the case that c1 = 0 and ωc2γ#µ < 0, there is no bifurcation through µ.

Proof. In the (transversely) hyperbolic case c1 ̸= 0 we have γ10 ̸= 0, and thus one may
solve (2.52) for u0 by the implicit function theorem as u0 = u0(r0) = O(r2

0). Substitution
into (2.53) changes the higher order term only, so that, to leading order, we obtain the
same problem as in Theorem 2.17 with solution given by (2.23). The stability statement of
Theorem 2.17 holds true from the existence of a 2D Lipschitz continuous invariant manifold
given by Proposition 2.2.

We now consider c1 = 0. Using (2.58) we can cast (2.52), (2.53) as

0 = 2πc2
ω

u2
0 −

πγ#

ω2 µr2
0−2πc4

ω2 µu0r0 + O
(
µ2r2

0

)
+ O (3) , (2.61)

0 = δ01r0 +
4σ#

3ω r2
0 + O

(
|u0r0| + |µr0|(|u0| + |r0|)

)
+ O (3) , (2.62)

so that we may solve (2.61) as

u0 = u±
0 (r0;µ) = c4

ωc2
µr0 ± r0

√
c2

4
4c2

2
µ2 +

γ#

2ωc2
µ+ O(|µ|)

= ±r0

√
γ#

2ωc2
µ+ O(|µ|). (2.63)

Substitution into (2.53) gives a factor r0 corresponding to the trivial solution u0 = r0 = 0.
For non-trivial solutions we divide the equation by r0 ̸= 0 and solve it as

r0 = − δ01
4σ#
3ω + O(√µ)

= − 3π
2σ#

µ+ O
(
|µ|3/2

)
.

Next, we substitute this into (2.63) and note that perturbation by the higher order terms yields
(2.59), (2.60). These give positive r0 in the case that µσ# < 0 and therefore, real valued u0

in the case that ωc2γ#µ > 0. However, if ωc2γ#µ < 0, then for any 0 < |µ| ≪ 1 either
r0 < 0 or u0 is imaginary.

We subsequently consider the degenerate case σ# = 0 but assume c1 ̸= 0, which
generalizes Theorem 2.19 to the present 3D setting. We will show that the generalization of
σ2 is given by ω2Γ̃3, where

Γ̃3 := δ̃03 − δ̃11
γ̃02
γ10

, (2.64)
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with γ10 from (2.51), and

δ̃11 := δ11|µ=0 = e
2πc1
ω − 1
c1

ρ1
c2

1 + 4ω2 , γ̃02 := γ02|µ=0 = 1
ω
e

2πc1
ω

∫ 2π

0
e−s c1

ω Υ(s)ds,

δ̃03 := Γ3 + 1
ω2

∫ 2π

0
χ1(s)

∫ s

0
ec1

s−τ
ω Υ(τ)dτds,

where
Γ3 = 2

ω2

∫ 2π

0
χ2(s)

∫ s

0
χ2(τ)dτds− 1

ω2

∫ 2π

0
χ2(s)Ω1ds.

Comparing Γ̃3 with Γ3, we thus expect Γ̃3 ̸= Γ3, as a result of the coupling with the additional
variable u. We omit here the fully explicit approach for Γ̃3, since the expressions become
too lengthy for practical use. However, for illustration, we consider the simpler case h = 0 in
(2.50), which yields

δ̃03 = Γ3 + c5π(c6 + c9)
c2

1 + 4ω2

(
e

2π
ω
c1 − 1

)
, δ̃11

γ̃02
γ10

= c5ρ1ω

c1(c2
1 + 4ω2)2

(
e

2π
ω
c1 − 1

)
,

and hence,

Γ̃3 = Γ3 +
c5
(
e

2π
ω
c1 − 1

)
c2

1 + 4ω2

[
π(c6 + c9) − ρ1ω

c1(c2
1 + 4ω2)

]
.

Corollary 2.23. Consider (2.50) in cylindrical coordinates (u, v, w) = (u, r cosφ, r sinφ)
and σ# = 0. If c1 ̸= 0, then u = u(φ;µ) = O

(
µ2) and the statement of Theorem 2.19 holds

true with σ2 replaced by ω2Γ̃3.

Proof. Upon rescaling time the equations for u, r in cylindrical coordinates of (2.50) become
(2.55). Similarly to the proof of Theorem 2.21, we compute the Taylor expansion of u′ and r′

in (u, r) = (0, 0) up to fourth order (see Appendix A.3.2 for the details) and we write u(φ)
and r(φ) as the following expansions:

u(φ) = γ10(φ)u0 + γ20(φ)u2
0 + γ30(φ)u3

0 + γ01(φ)r0 + γ02(φ)r2
0 + γ03(φ)r3

0

+ γ11(φ)u0r0 + γ21(φ)u2
0r0 + γ12(φ)u0r

2
0 + O (4) ,

r(φ) = δ10(φ)u0 + δ20(φ)u2
0 + δ30(φ)u3

0 + δ01(φ)r0 + δ02(φ)r2
0 + δ03(φ)r3

0

+ δ11(φ)u0r0 + δ21(φ)u2
0r0 + δ12(φ)u0r

2
0 + O (4) ,

(2.65)

with the initial conditions u(0) = u0 and r(0) = r0, which imply γ10(0) = δ01(0) = 1
and the rest zero. With these expressions we compute, as before, the functions γij and δij
∀i, j ∈ N0, such that i+ j = 3. Note that the others are the same as for Theorem 2.21. The
periodic solutions with r(0) = r0, u(0) = u0 for 0 ≤ |µ| ≪ 1 near r = u = 0 are in 1-to-1
correspondence with solutions to the algebraic equation system

0 = γ10u0 + γ20u
2
0 + γ30u

3
0 + γ02r

2
0 + γ03r

3
0 + γ11u0r0 + γ21u

2
0r0 + γ12u0r

2
0 + O (4) ,

(2.66)

0 = δ01r0 + δ02r
2
0 + δ03r

3
0 + δ11u0r0 + δ21u

2
0r0 + δ12u0r

2
0 + O (4) , (2.67)
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where O(4) are terms of at least fourth order in u0, r0, and γij = γij(2π) − γij(0), δij =
δij(2π) − δij(0). Moreover, since c1 ̸= 0 we have γ10 ̸= 0. Therefore, we may solve (2.66)
for u0 by the implicit function theorem as u0 = −γ02

γ10
r2

0 + O
(
r3

0
)

= O
(
r2

0
)
.

Substitution into (2.67) and dividing out r0 ̸= 0 yield

0 = δ01 + δ02r0 +
(
δ03 − δ11

γ02
γ10

)
r2

0 + O (3) ,

which we rewrite, similarly to (2.43) in Theorem 2.19, as

0 = 2π
ω
µ+ Γ̃2r0 + Γ̃3r

2
0 + O

(
µ2 + µr0 + r3

0

)
, (2.68)

where Γ̃2 = δ02|µ=0, which vanishes for σ# = 0 analogous as for equation (2.44), and Γ̃3

is as defined in (2.64); the expression for δ03 stems from (A.9). Hence, assuming Γ̃3 to be
nonzero, the solution for (2.68) is given by (2.38) replacing σ2 by ω2Γ̃3:

r0 =
√

− 2π
ωΓ̃3

µ+ O (µ) ,

as we wanted to show. The stability statement of Theorem 2.17 holds true from the existence
of a 2D Lipschitz continuous invariant manifold given by Proposition 2.2.

Lastly, we use these results to extend system (2.50) to a higher order model with the
generalized absolute value (2.1) as follows:

u̇

v̇

ẇ

 =


c1u+ c2u

2 + c3uv + c4uw + c5vw + h(v, w; γ)
µv − ωw + c6uv + c7uw + f (v, w;α) + fq (v, w) + fc (v, w)
ωv + µw + c8uv + c9uw + g (v, w;β) + gq (v, w) + gc (v, w)

 , (2.69)

where f (v, w;α) and g (v, w;β) are (2.47) and (2.48), respectively, and the functions
fq, gq, fc, gc are as in system (2.18). The expression of h is analogous to f, g. We recall also
σ̃# from (2.49).

Corollary 2.24. If σ̃# ̸= 0, the statement of Corollary 2.22 for system (2.69) holds true with
σ# replaced by σ̃# .

Proof. The proof follows from Theorems 2.20 and 2.21 and Corollary 2.18.

This concludes our analysis for the 3D case, which paves the way for the n-dimensional
case discussed thereafter.

2.3.3 n-dimensional system

We consider the n-dimensional generalization of (2.50) with additional component u =
(u1, . . . , un−2) ∈ Rn−2 given by

u̇

v̇

ẇ

 =


Ãu+ U(u, v, w)

µv − ωw +
∑n−2
i=1 (c6iuiv + c7iuiw) + f̃ (v, w)

ωv + µw +
∑n−2
i=1 (c8iuiv + c9iuiw) + g̃ (v, w)

 , (2.70)
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where Ã = (c1ij)1≤i,j≤n−2 is an (n− 2) × (n− 2) matrix and U : Rn−2 ×R×R −→ Rn−2

is a nonlinear function, smooth in u and possibly nonsmooth in v, w with absolute values as in
(2.50). Hence, U(u, v, w) = O(2), where O(2) are terms of at least second order in ui, v, w.
The constants c1ij , c6i, c7i, c8i, c9i are all real ∀i, j ∈ {1, . . . , n− 2}, and the functions f̃ , g̃
are of the same form as the nonlinear part of system (2.18).

We present now analogous results as before for this n-dimensional case. However, we
refrain from explicitly determining the coefficients involved.

Theorem 2.25. Consider (2.70) in cylindrical coordinates (u, v, w) = (u, r cosφ, r sinφ)
analogous to Theorem 2.21 with u ∈ Rn−2. Up to time shifts, periodic solutions to (2.70)
with r(0) = r0, u(0) = u0 ∈ Rn−2 for 0 ≤ |µ|, r0, |u0| ≪ 1 are in 1-to-1 correspondence
with solutions to the algebraic (n − 1)-dimensional system given by equations analogous to
(2.52) and (2.53), where δ01, δ02 are scalars and γ10, γ11, γ02, γ20, δ11 are linear maps and
quadratic forms in n− 2 dimensions.

Proof. The proof is analogous to that of Theorem 2.21, now by setting up a boundary value
problem with n−2 equations for 0 = u(2π)−u(0) and one for 0 = r(2π)− (0). This results
in a system of n− 1 equations formed by direct analogues to (2.52) and (2.53), where O(3)
contains all terms of at least cubic order in u0i, r0, and γ20u

2
0 is a quadratic form in n − 2

dimensions.

Similar to the 3D case, the solution structure of the (n − 1)-dimensional system (2.52),
(2.53) depends on whether the matrix Ã is hyperbolic (i.e., the full linear part A satisfies
Hypothesis 2.1) or not, as shown in the next result.

Corollary 2.26. Consider (2.70) in cylindrical coordinates (u, v, w) = (u, r cosφ, r sinφ).
If Ã is hyperbolic, then the solution vector u = u(φ;µ) is of order O

(
µ2) and the statement

of Theorem 2.17 holds true. If Ã is not hyperbolic with 1D generalized kernel, then there are
constants c2, γ# such that the statements of Corollary 2.22 for c1 = 0 hold true.

Proof. From Theorem 2.25 we have the corresponding equations (2.52), (2.53) for the n-
dimensional system (2.70), where γ20u

2
0 is a quadratic form in n − 2 dimensions. If Ã is

hyperbolic, then the (n− 2) × (n− 2) matrix γ10 = e2πÃ/ω − Id is invertible. Solving the
(n− 1)-dimensional system gives the same as in the proof of Corollary 2.22 to leading order.

If Ã is not hyperbolic, then by assumption it has a 1D generalized kernel. In this case, we
change coordinates in the analogue of (2.52) such that the matrix γ10 is block-diagonal with
the kernel in the top left, and an invertible (n− 3) × (n− 3) block γ′

10 on the lower right of
the matrix. Thus, we split (2.52) into a scalar equation and an (n − 3)-dimensional system.
By the implicit function theorem we solve the equations corresponding to γ′

10 and substitute
the result into the other two equations: the one with the 1D kernel and the corresponding
(2.53) with δ01 = 2πµ

ω + O(µ2), δ02 =
4σ#
3ω + O(µ). We obtain then two scalar equations of

the same type as in Corollary 2.22 for the case c1 = 0.

We omit explicit formulas for c2, γ#, but note that these can be provided in terms of data
from Ã. Before concluding this section, we remark that these results directly extend to the
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more general nonsmooth terms (2.1) and to additional higher order functions as in (2.18). For
that, we present the following corollary, recalling σ̃# from (2.49):

σ̃# = a11(α1+ − α1−) + 1
2a12(α2+ − α2−) + 1

2b21(β3+ − β3−) + b22(β4+ − β4−).

Corollary 2.27. Consider system (2.70) with f̃ , g̃ as the nonlinear part of (2.18), but with
f, g as in (2.47), (2.48), respectively. If Ã is hyperbolic and σ̃# ̸= 0, then the statement of
Corollary 2.26 holds true with σ# replaced by σ̃# .

Recall from §2.1 that we have presented results for systems where the linear part is in
block-diagonal form and normal form for the oscillatory part, while the nonlinear part is
smooth in the radial direction. For completeness, we next discuss the case of general linear
part, i.e., not necessarily in normal form.

2.3.4 General linear part

Here we show that our analysis also applies to systems with general linear part. First, we
consider the planar case (2.10) with

f1(u1, u2) = a11u1|u1| + a12u1|u2| + a21u2|u1| + a22u2|u2| + O(3),

f2(u1, u2) = b11u1|u1| + b12u1|u2| + b21u2|u1| + b22u2|u2| + O(3).

Under Hypothesis 2.1, changing the linear part of (2.10) to normal form by the associated
matrix T, i.e., T · (v1, v2)⊺ = (u1, u2)⊺, the system becomes

(
v̇1

v̇2

)
=
(
µ −ω
ω µ

)(
v1

v2

)
+ T−1

(
g1 (v1, v2)
g2 (v1, v2)

)
, (2.71)

where gi(v1, v2) = fi (T · (v1, v2)⊺) for i ∈ {1, 2} and with T = (zij)1≤i,j≤2, as well as the
shorthand [[·]] := ·| · |, we have

g1(v1, v2) = a11[[z11v1 + z12v2]] + a12(z11v1 + z12v2)|z21v1 + z22v2|

+ a21(z21v1 + z22v2)|z11v1 + z12v2| + a22[[z21v1 + z22v2]] + O(3),

g2(v1, v2) = b11[[z11v1 + z12v2]] + b12(z11v1 + z12v2)|z21v1 + z22v2|

+ b21(z21v1 + z22v2)|z11v1 + z12v2| + b22[[z21v1 + z22v2]] + O(3).

We use polar coordinates for (v1, v2) = (r cos(φ), r sin(φ)) as before, and

(z11, z12) = (C cos(ϕ), C sin(ϕ)), (z21, z22) = (D cos(ϑ), D sin(ϑ)),

where C,D ∈ R, ϕ, ϑ ∈ [0, 2π) are fixed constants. System (2.71) can be written as

ṙ = µr + χ2(φ)r2 + O
(
r3) ,

φ̇ = ω + Ω1(φ)r + O
(
r2) , (2.72)
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where, using trigonometric identities, we have

χ2(φ) = 1
det(T)

(
[[cos(φ− ϕ)]]C|C|(a11R+ b11S)

+ cos(φ− ϕ)| cos(φ− ϑ)|C|D|(a12R+ b12S)

+ cos(φ− ϑ)| cos(φ− ϕ)||C|D(a21R+ b21S)

+ [[cos(φ− ϑ)]]D|D|(a22R+ b22S)
)
,

with R := D sin(ϑ− φ), S := C sin(φ− ϕ). By assumption, ω ̸= 0 so that rescaling time
in (2.72) analogous to (2.7) gives (2.12) with M(φ) = µ and W (φ) = ω. Following the
approach described in §2.1, for the analogue of (2.13) we obtain

Λ = 1
2π

∫ 2π

0

µ

ω
dφ = µ

ω
, (2.73)

Σ = 1
2π

∫ 2π

0

χ2(φ)
ω

dφ, (2.74)

where we set µ = 0 in (2.74) (unlike in (2.15)) and the expression for Σ can be determined
explicitly. For instance, the first term of χ2(φ) can be integrated as

C|C|D
det(T) a11

∫ 2π

0
[[cos(φ− ϕ)]]sin(ϑ− φ)dφ = 8C|C|D

3det(T) a11sin(ϑ− ϕ) = 8
3 |C|a11,

with last equality due to det(T) = CD sin(ϑ− ϕ). Computing the integral of χ2(φ), (2.74)
turns into

Σ = 2
3πω

[
2|C|a11 + |D|a12 + |C|b21 + 2|D|b22

+ cos(ϑ− ϕ)
(

sgn(C)Da21 + sgn(D)Cb12
)]
.

(2.75)

In the case that ϕ = 0 and ϑ = π
2 , we have cos(ϑ− ϕ) = 0 so that the last few terms in (2.75)

vanish and for C = D = 1 the same expression as in (2.28) is obtained, i.e., Σ = 2
3πωσ# .

Notice that this set of parameters gives z11 = z22 = 1, z12 = z21 = 0, i.e., T is the identity.

General linear part with generalized absolute value

We can derive the analogue of (2.75) for the generalized nonsmooth function (2.1) and
compute the integrals involved in the generalized χ2(φ) as in the proof of Theorem 2.20. For
instance, some of them read, omitting the factor det(T)−1,

C|C|
∫ 2π

0
cos(φ− ϕ)

·
(

[cos(φ− ϕ)]
α1+
α1−

D sin(ϑ− φ)a11 + [cos(φ− ϕ)]
β1+
β1−

C sin(φ− ϕ)b11

)
dφ

= 4
3C|C|D sin(ϑ− ϕ)a11

(
α1+ − α1−

)
,



56 Chapter 2. Lyapunov Coefficients for Hopf Bifurcations

C|D|
∫ 2π

0
cos(φ− ϕ)

·
(

[cos(φ− ϑ)]
α2+
α2−

D sin(ϑ− φ)a12 + [cos(φ− ϑ)]
β2+
β2−

C sin(φ− ϕ)b12

)
dφ

= 1
3C|D|

[
2D sin(ϑ− ϕ)a12

(
α2+ − α2−

)
+ C sin

(
2(ϑ− ϕ)

)
b12
(
β2+ − β2−

) ]
.

The full expression can be simplified to

Σ̃ := 2
3πω

[
|C|a11

(
α1+ − α1−

)
+ |D|

2 a12
(
α2+ − α2−

)
+ |C|

2 b21
(
β3+ − β3−

)
+ |D|b22

(
β4+ − β4−

)
+ cos(ϑ− ϕ)

2
(

sgn(C)Da21
(
α3+ − α3−

)
+ sgn(D)Cb12

(
β2+ − β2−

) )]
.

As above, for ϕ = 0 and ϑ = π
2 the last few terms vanish, and for C = D = 1 we have

Σ̃ = 2
3πω σ̃# with σ̃# from (2.49).

Furthermore, we can extend these results for the case n > 2 in the form of a coupled
system similar to (2.3) using the approach presented in the proof of Theorem 2.3. This gives
an integral expression for the generalized first Lyapunov coefficient which provides an explicit
algebraic formula for an adjusted σ̃# . We summarize this in the following result.

Theorem 2.28. Consider system (2.2) with general linear part A(µ) and satisfying the
hypotheses of Theorem 2.6. The statement of Corollary 2.27 holds true with σ̃# replaced by
3πω

2 Σ̃.

In particular, this theorem covers system (2.10) with general matrix A = (mij)1≤i,j≤2.
We also remark that the system considered here is neither of the form of (2.50) nor of (2.70)
in terms of smoothness of the u variable.

Proof. We proceed as before to get the analogue of system (2.71), i.e., transforming the linear
part into a block-diagonal matrix and normal form in Ec. From Theorem 2.6 the nonlinear
terms are second order modulus terms, which in this case are of the form

(Li(v, w) +Ki(u))[Lj(v, w) +Kj(u)]p+
p− , i, j ∈ {1, 2},

with variables u ∈ Rn−2, v, w ∈ R. The functions Li(v, w) are linear combinations of v, w;
Ki(u) are linear combinations of the components of the vector u, i.e., ul ∀l ∈ {1, . . . , n−2};
and p+, p− ∈ R are as in (2.1). Note that L1,K1 are not necessarily equal to L2,K2,
respectively.

The previous product can be expanded as

(Li(v, w)+Ki(u))[Lj(v, w)+Kj(u)]p+
p− = Li[Lj ]

p+
p− +O(LiKj +LjKi+KiKj), (2.76)

since the error term p+LiLj − Li[Lj ]
p+
p− (resp., p−LiLj − Li[Lj ]

p+
p− ) is of order |u|2, i.e.,

contained in the higher order terms of (2.76). More precisely, consider the case Lj +Kj ≥ 0.
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Then, the error term is p+LiLj − Li[Lj ]
p+
p− , which is zero for Lj ≥ 0, and otherwise

(p+ − p−)LiLj . However, in order to have both Lj + Kj ≥ 0 and Lj < 0, the signs of
Lj and Kj have to differ, which happens only if these magnitudes are comparable. Hence,
O(Lj) = O(Kj), and thus this error term enters as higher order. For the case Lj +Kj < 0
one proceeds analogously.

In particular, O(LiKj + LjKi + KiKj) = O(K(Ǩ + L)), where K, Ǩ are linear
combinations of the components of u, and L of v, w.

Following the proof of Theorem 2.3, we write u = rũ and, together with the change of
polar coordinates from above, Li = r cos(φ− ζi) (where ζi is either ϕ or ϑ), so that

(Li(v, w) + rKi(ũ))[Lj(v, w) + rKj(ũ)]p+
p− = r2 cos(φ− ζi)[cos(φ− ζj)]

p+
p− + r2O(ũ).

From Theorem 2.3 we have ũ = O(r0) and thus r2O(ũ) is of higher order. We can then
integrate explicitly the leading order as done for (2.74).

We implement now these results to an applied 3D model in the field of land vehicles.

2.4 A 3D example: Shimmying wheel

For illustration of the theory and its practice, we consider as an example the model of a
shimmying wheel with contact force analyzed in [5], where a towed caster with an elastic tire
is studied. The equations of motion of the towed wheel can be written as follows:

Ω̇
ψ̇

q̇

 = J


Ω
ψ

q

+ c̃4


q|q|
0
0

 , J :=


c̃1 c̃2 c̃3

1 0 0
c̃5 c̃6 c̃7

 , (2.77)

where ψ is the yaw angle, q is the deformation angle of the tire due to the contact with the
ground and Ω = ψ̇, and the parameters c̃i ∈ R are constants determined by the system.
We can readily see that there is only one switching surface in this case, namely {q = 0}.
Furthermore, J is the Jacobian matrix at the equilibrium point (Ω, ψ, q) = (0, 0, 0).

The system is of the form (2.2) and suitable parameter choices yield a complex conjugate
pair of eigenvalues crossing the imaginary axis, as well as one nonzero real eigenvalue. The
resulting bifurcations were studied in [5] and termed “dynamic loss of stability”. Here we
expound how our approach applies to this system.

Clearly, Theorem 2.3 applies for any Hopf bifurcation eigenvalue configuration, which
proves that a unique branch of periodic solutions bifurcates. In order to identify the direction
of bifurcation, we first aim to apply the results of §2.3.2 and thus attempt to bring the nonlinear
part into a second order modulus form, while also bringing the linear part into Jordan normal
form.

We therefore suppose the parameters are such that the Jacobian matrix has a complex
conjugate pair of eigenvalues λ± = µ ± iω, where µ, ω, λ3 ∈ R, ω, λ3 ̸= 0, with the
corresponding eigenvectors s1 = u + iv, s2 = u − iv, and s3, where u, v, s3 ∈ R3. In
particular, we write u = (u1, u2, u3), v = (v1, v2, v3), s3 = (s1, s2, s3). Such parameter
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choices are possible as it can be seen from inspecting the characteristic equation with the
Routh–Hurwitz criterion; we omit the details and refer to [5]. Defining T = (u|v|s3)
with columns u, v, s3, and considering the new state variables (ξ1, ξ2, ξ3), we have that the
transformation (ξ1, ξ2, ξ3)⊺ = T−1(Ω, ψ, q)⊺ turns (2.77) into

ξ̇1

ξ̇2

ξ̇3

 = A


ξ1

ξ2

ξ3

+ h2(ξ1, ξ2, ξ3), A =


µ ω 0

−ω µ 0
0 0 λ3

 . (2.78)

Here h2 contains the quadratic terms and reads, using the shorthand [[·]] := ·| · |,

h2(ξ1, ξ2, ξ3) =
(
T̃1, T̃2, T̃3

)⊺
[[u3ξ1 + v3ξ2 + s3ξ3]], (2.79)

where uj , vj , sj , j ∈ {1, 2, 3}, are the components of the vectors u, v, s3, respectively, and

T̃1 := c̃4
v2s3 − v3s2

det(T) , T̃2 := c̃4
s2u3 − s3u2

det(T) , T̃3 := c̃4
u2v3 − u3v2

det(T) .

If u3 = v3 = 0, then the nonlinear term h2 in (2.79) is of second order modulus form:

h2(ξ1, ξ2, ξ3) = s3|s3|
(
T̃1, T̃2, 0

)⊺
ξ3|ξ3|, (2.80)

where det(T) ̸= 0 implies s3 ̸= 0. In this case, we need no further theory as we can directly
solve (2.78): the equation for ξ3 becomes decoupled and reads ξ̇3 = λ3ξ3, with solution
ξ3(t) = ξ3(0)eλ3t, where periodic orbits require ξ3(t) ≡ 0, and thus, ξ3(0) = 0. The
remaining system for ξ1, ξ2 is then the purely linear part(

ξ̇1

ξ̇2

)
=
(
µ ω

−ω µ

)(
ξ1

ξ2

)
,

yielding the solutions

ξ1(t) = eµt
(

sin(ωt)ξ2(0) + cos(ωt)ξ1(0)
)
,

ξ2(t) = eµt
(

cos(ωt)ξ2(0) − sin(ωt)ξ1(0)
)
,

which consist of periodic orbits (except the origin) forµ = 0. The unique branch of bifurcating
periodic solutions is thus vertical, i.e., has µ = 0 constant.

Next, we consider the case when one of u3, v3 is nonzero. In order to simplify the
nonlinear term, we apply a rotation Rθ about the ξ3-axis with angle θ,

Rθ =


cos θ − sin θ 0
sin θ cos θ 0

0 0 1

 ,
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which keeps the Jordan normal form matrix invariant, and in the new variables (v, w, u)⊺ =
R−1
θ (ξ1, ξ2, ξ3)⊺, in particular ξ3 = u, the nonlinear term from (2.79) reads

|u3(v cos θ − w sin θ) + v3(v sin θ + w cos θ) + s3u| =
∣∣∣d̃v + w(v3 cos θ − u3 sin θ) + s3u

∣∣∣,
(2.81)

where d̃ = u3 cos θ + v3 sin θ. We select θ to simplify (2.81) as follows: if u3 ̸= 0,
we choose θ = θ̃ = arctan( v3

u3
) such that the coefficient of w in (2.81) vanishes, i.e.,

v3 cos θ̃ − u3 sin θ̃ = 0. Note that d̃ ̸= 0 since otherwise v3 tan θ̃ = −u3, but tan θ̃ = v3
u3

,
so that combining both expressions we would have v2

3 = −u2
3 and thus u3 = v3 = 0 (which

has been discussed above). If u3 = 0 and v3 ̸= 0, we choose θ = θ̃ = arctan(−u3
v3

) such that
the coefficient of v vanishes, i.e., u3 cos θ̃ + v3 sin θ̃ = 0, and the following computation is
analogous.

Hence, in the case that u3 ̸= 0, system (2.78) becomes
v̇

ẇ

u̇

 = A


v

w

u

+ h3(v, w, u), h3(v, w, u) =


T̃1 cos θ̃ + T̃2 sin θ̃

−T̃1 sin θ̃ + T̃2 cos θ̃
T̃3

 [[d̃v + s3u]].

(2.82)

Notably, since d̃ ̸= 0, the nonlinear term is of second order modulus form for s3 = 0, and we
consider this degenerate situation first; as mentioned, the case u3 = 0, v3 ̸= 0 is analogous.

If s3 = 0 (which means that the third component of the third eigenvector of the matrix T
is zero) the nonlinear term in (2.82) is of second order modulus form. We can write system
(2.82) in the notation of system (2.50):

u̇

v̇

ẇ

 =


c1u+ h11v|v|

µv − ωw + a11v|v|
ωv + µw + b11v|v|

 , (2.83)

where we changed ω to −ω and set

c1 := λ3, a11 := (T̃1 cos θ̃ + T̃2 sin θ̃)d̃|d̃|,

h11 := T̃3d̃|d̃|, b11 := (−T̃1 sin θ̃ + T̃2 cos θ̃)d̃|d̃|.

Since s3 = 0, we have a11 = 0 by choice of θ̃, which implies σ# = 0. Furthermore, σ2 = 0
holds so that Theorem 2.19 does not apply. However, at µ = 0 we havev̇ = −ωw,

ẇ = ωv + b11v|v|,

which can be written as
v̈ = −ω2v − ωb11v|v| = − d

dvP
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with potential energy

P (v) = ω2

2 v2 + ωb11
3 v2|v|,

which is globally convex if ωb11 ≥ 0. Otherwise, it is convex in an interval around zero and
concave outside of it. In both cases there is a vertical branch of periodic solutions, which is
either unbounded or bounded by heteroclinic orbits.

Let us now come back to (2.82) for s3 ̸= 0, where the nonlinearity is of the form
h3 = (h31, h32, h33)T [[d̃v+s3u]]. We first note that in the cylindrical coordinates from (2.3)
with the rescaled u = rũ for r ̸= 0, we have

ṙ = µr + r2[[d̃ cos(φ) + s3ũ]](h31 cos(φ) + h32 sin(φ)),

φ̇ = ω + r[[d̃ cos(φ) + s3ũ]](h32 cos(φ) − h31 sin(φ)),
˙̃u = λ3ũ+ T̃3r[[d̃ cos(φ) + s3ũ]].

Following the notation of the proof of Theorem 2.3, we have the estimate |ũ∞| = O(r∞) and
together with the expansion of the [[·]] terms from the proof of Theorem 2.28, we can write

ṙ = µr + r2[[d̃ cos(φ)]](h31 cos(φ) + h32 sin(φ)) + O
(
r2r∞

)
.

In the notation of Proposition 2.15, in this case

χ2(φ) = [[d̃ cos(φ)]](h31 cos(φ) + h32 sin(φ)),

and according to Corollary 2.16 the bifurcating branch is given by (2.30) with

∫ 2π

0
χ2(φ)dφ = d̃|d̃|h31

∫ 2π

0
cos2(φ)| cos(φ)|dφ = 8

3 d̃|d̃|h31 = 8
3 |d̃| d̃s3c̃4

det(T) .

Since d̃ ̸= 0 the direction of bifurcation is determined by the sign of d̃s3c̃4 det(T). Note
that d̃, s3, det(T) are independent of c̃4, and d̃s3c̃4 det(T) = 0 requires s3 = 0 as discussed
above, or c̃4 = 0, which implies vanishing nonlinearity. Thus, in all degenerate cases the
branch is vertical and we have proven the following result.

Theorem 2.29. Any Hopf bifurcation in (2.77) either yields a vertical branch of periodic
solutions or is super-/subcritical as in Proposition 2.15. Using the above notation, the branch
is vertical if and only if d̃s3c̃4 = 0, where d̃ = 0 means u3 = v3 = 0. The bifurcation is
supercritical if d̃s3c̃4 det(T) < 0 and subcritical for positive sign. In particular, reversing
the sign of c̃4 switches the criticality of the bifurcation.

This conclusion is consistent with the results in [5].
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Chapter 3

Bogdanov–Takens Bifurcation

As mentioned in the introduction, this chapter is dedicated to the Bogdanov–Takens (BT)
bifurcation, a bifurcation occurring from the variation of two parameters (codimension-two),
characterized by the existence of a double zero eigenvalue. More precisely, if we consider
a planar system ẋ = f(x;µ) with variable x ∈ R2 and parameter µ ∈ R2, and f a smooth
function in x, then the Jacobian matrix J(x∗) ̸= 0, at the fixed point x∗, has a double zero
eigenvalue λ1 = λ2 = 0. In addition, some nondegeneracy conditions must hold; see [35,
Theorem 8.4].

In the previous chapter, we have analyzed the Andronov–Hopf bifurcation and its criticality
for nonsmooth systems and derived explicit formulas for the generalization of the first and
second Lyapunov coefficients. For this kind of model with piecewise smooth nonlinearity, an
analysis of normal forms for coefficients for other bifurcations can be done. Specifically, in
Chapter 2, we have shown that for systems of the form (2.8) with (2.9), the criticality of the
Hopf bifurcation cannot be, in general, inferred from the smooth case.

Motivated by this idea, we will now investigate nonsmooth systems undergoing a sym-
metric Bogdanov–Takens bifurcation, showing that, in contrast to before, one can, in fact,
infer the criticality of the nonsmooth system —with regular absolute value functions— from
the smooth case. We will further show that, when considering the generalized absolute value
(2.1), one has to pay attention to the different slopes which enter into the bifurcation analysis
and hence, into the criticality of the Hopf bifurcation.

This chapter is structured as follows. In §3.1, the nonsmooth normal form of a system
undergoing a BT bifurcation is presented. Hopf bifurcation results for this system are
developed and compared to the smooth situation. A generalization from the absolute value is
considered in §3.2 and the study of the resulting system is shown. Finally, an example for the
unfolding of homoclinic and heteroclinic orbits is briefly explained in §3.3.
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3.1 Planar normal form case with absolute value

A generic smooth system undergoing a symmetric Bogdanov–Takens bifurcation takes the
following normal form ẋ = y,

ẏ = g1x+ g3x
3 + y

(
g2 + g4x

2) , (3.1)

where g1, g2, g3, g4 ∈ R and g3 ̸= 0, see [10]. The fixed points are given by (x0, y0) = (0, 0)
and (x0, y0) = (±

√
−g1/g3, 0) for sgn(g1) = − sgn(g3).

If we replace x2 in (3.1) by |x|, the system becomes

ẋ = y,

ẏ = g1x+ g3x|x| + y (g2 + g4|x|) ,
(3.2)

where the nonlinear terms have the same odd symmetry as the cubic terms in the previous
smooth system. Thus, we consider (3.2) to be the corresponding nonsmooth version of (3.1) for
our analysis. The three steady states are now (x0, y0) = (0, 0) and (|x0|, y0) = (−g1/g3, 0).
As for the smooth system, the nonzero equilibria exist only for sgn(g1) = − sgn(g3).

In the next sections it is shown that for g1 = g2 = 0, the linearization of both systems,
at the zero and nonzero fixed points, have a double zero eigenvalue. In this case, Bogdanov–
Takens bifurcations occur.

We recall that the normal form transformation requires differentiability, while in the
nonsmooth case it is even not assured that the Taylor expansion exists in general. Therefore,
we choose the nonsmooth system consisting basically of replacing the normal form terms
from (3.1) by the absolute value function, as done for (3.2). We observe that the quadratic
term x2 with coefficient g4 needs also to be changed to |x|. Otherwise, the cubic term g4yx

2

would not enter into the Hopf bifurcation analysis.
Furthermore, regarding the singular change of variables used in §1.2 to transform the

nonsmooth system into a smooth one, we observe that in this case, there is again no such a
coordinate change, see (1.12), which would exist for the scalar case, similar to (1.11), and
thus, a “nonsmooth” approach is required, as done in Chapter 2.

In the succeeding subsections we present results about the Hopf bifurcation curve bifur-
cating from the BT point (g1, g2) = (0, 0).

3.1.1 Bifurcation analysis at the zero equilibrium

In this subsection we consider the nonsmooth system (3.2) at the zero fixed point and, applying
the bifurcation analysis developed in Chapter 2 for a planar system with general linear part
(2.10), as well as the averaging theory from §2.2.1, we obtain the following first result.
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Theorem 3.1. If g4 ̸= 0, then at g1 < 0, g2 = 0, (3.2) undergoes a degenerate Hopf
bifurcation in g1, g2, for the zero equilibrium. To leading order, the limit cycle is given by

r̄ = − g2

C(g1)g4
√

−4g1 − g2
2

, where C(g1) := 1
2π

∫ 2π

0

s2|c|
(g1c2 − s2)2 dφ > 0, (3.3)

with r̄ the averaged radial component of the system in polar coordinates. In particular, the
bifurcation is supercritical if sgn(g4) < 0 and subcritical if sgn(g4) > 0.

Proof. From the linearization of (3.2) at (0, 0) and computing its Jordan form, we obtain

the eigenvalues λ± = g2
2 ±

√
g2

2+4g1
2 . These are purely imaginary if and only if g2 = 0 and

g1 < 0, yielding λ± = ±√
g1, and thus, Hopf bifurcations occur for this set of parameters.

Upon changing to polar coordinates (x, y) = (r cosφ, r sinφ), system (3.2) reads

ṙ = M(φ)r + χ2(φ)r2,

φ̇ = W (φ) + Ω1(φ)r,
(3.4)

where
M(φ) = (1 + g1)sc+ g2s

2, W (φ) = (1 + g1)c2 + g2sc− 1,

χ2(φ) = g3sc|c| + g4s
2|c|, Ω1(φ) = g3c

2|c| + g4sc|c|,
(3.5)

defining s := sinφ, c := cosφ for abbreviation.
Following the same approach as for (2.11) in Chapter 2, we rescale time and expand in

r = 0, which yields

r′ := dr

dφ
= M(φ)r + χ2(φ)r2

W (φ) + Ω1(φ)r = M(φ)
W (φ)r + W (φ)χ2(φ) −M(φ)Ω1(φ)

W (φ)2 r2 + O(r3).

Notice that the Taylor expansion exists since only differentiation in the smooth variable r is
required. By means of averaging theory, see §2.2.1 (in particular, Theorem 2.8), the previous
equation is transformed into r̄′ = Λr̄ + Σr̄2 + O(r̄3), with coefficients

Λ = 1
2π

∫ 2π

0

M(φ)
W (φ)dφ = − g2√

−4g1 − g2
2

, (3.6)

Σ = 1
2π

∫ 2π

0

W (φ)χ2(φ) −M(φ)Ω1(φ)
W (φ)2 dφ, (3.7)

where g1 < 0 and we have employed (2.14) for the explicit formula of Λ, which vanishes
at g2 = 0. In addition, Λ > 0 for g2 ∈ (−

√
−4g1, 0), and Λ < 0 for g2 ∈ (0,

√
−4g1),

providing in the (g1, g2)-plane, the left-sided parabola g2 = ±
√

−4g1, which serves as a
boundary for the parameter values, i.e., neither the formula for Λ nor Σ are considered if
g2 /∈ (−

√
−4g1,

√
−4g1), which is a non-trivial interval by assumption on g1.

Furthermore, we bring to attention that, regardless of whether the explicit form of Λ is
known, one can easily check that for g2 = 0, the integral expression over 2π equals zero since
M = (1 + g1)sc is an odd function and W = (1 + g1)c2 − 1 is even. We observe that the
integral kernel of (3.6) exists for all g1 < 0 since the zeros ofW are given by arctan

(
±√

g1
)
.
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Next, the integration of (3.7) results in

Σ = 1
2π

∫ 2π

0

−s|c|(g3c+ g4s)
(g1c2 − s2)2 dφ = −C(g1)g4, (3.8)

where C(g1) ∈ R+ depends on g1 < 0. Notice that Σ is independent of g3 since this is
the coefficient of an odd term and W is an even function. Therefore, only the coefficient g4

remains. Moreover, W 2 > 0 and thus C > 0. We see that for g4 ̸= 0, the steady state of
the leading order averaged equation for r̄ ̸= 0 corresponds to r̄ = −Λ/Σ, yielding (3.3). In
particular, the criticality of the Hopf bifurcation is given by the sign of Σ, but since for fixed
g1 < 0, we have C > 0, the criticality is provided by the sign of g4 as sgn(Σ) = − sgn(g4).
Hence, for g4 < 0 the system undergoes a supercritical Hopf bifurcation, while for g4 > 0
the bifurcation is subcritical, as we wanted to prove.

We observe that g4 can be thought as the degenerate first Lyapunov coefficient for this
nonsmooth case since its sign gives the criticality of the bifurcation. However, this coefficient
is actually the “regular” first Lyapunov coefficient as we will prove next, where we relate the
previous result for the nonsmooth system to the corresponding smooth case, showing these
are qualitatively similar.

Corollary 3.2. Consider the nonsmooth system (3.2) at the zero fixed point. The conditions
for this system to undergo a Hopf bifurcation and its criticality can be inferred from the
corresponding analysis of the smooth system (3.1) at the zero fixed point.

Proof. The eigenvalues of the linear part of (3.1) at (0, 0) are purely imaginary if and only if
g2 = 0 and g1 < 0. In this case, λ± = ±√

g1 and therefore Hopf bifurcations occur.
Proceeding as for the proof of Theorem 3.1, we write (3.1) in polar coordinates,ṙ = M(φ)r + χ3(φ)r3,

φ̇ = W (φ) + Ω2(φ)r2,
(3.9)

where the functions M(φ),W (φ) are as in (3.5), and

χ3(φ) = g3sc
3 + g4s

2c2, Ω2(φ) = g3c
4 + g4sc

3. (3.10)

Rescaling time and applying averaging theory, the averaged equation of (3.9) reads r̄′ =
Λsr̄ + Σsr̄

3 + O(r̄4), with coefficients

Λs = 0, Σs = 1
2π

∫ 2π

0

W (φ)χ3(φ) −M(φ)Ω2(φ)
W (φ)2 dφ,

at the Hopf bifurcation curve. Furthermore, using symmetry arguments of the trigonometric
functions again, the integral for Σs can be simplified as

Σs = 1
2π

∫ 2π

0

−sc2(g3c+ g4s)
(g1c2 − s2)2 dφ = −(1 −

√
−g1)2g4

2
√

−g1(1 + g1)2 = −Cs(g1)g4, (3.11)
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Figure 3.1: The blue dots correspond to the values of Σ from (3.8) for a set of points, and the green
curve corresponds to the algebraic expression Σs from (3.11), which has been checked numerically by
individual computations of g1. The parameters are g1 ∈ (−1, 0), g2 = 0 and g4 = 1 (i.e., subcritical
Hopf bifurcation). Both Σ and Σs are independent of g3.

where Cs(g1) ∈ R+ depends on g1 < 0, and thus the criticality is given by sgn(g4) in the
same way as in Theorem 3.1.

We remark that, in this particular situation for Σs, the algebraic expression is given
explicitly (by the software Maple). However, this is not the relevant aspect we want to point
out here. Moreover, although the explicit formula holds for g1 < 0, g1 ̸= −1, its limit for
g1 → −1 exists, and can be computed basically using the quotient rule as well as L’Hôpital’s
rule as follows:

lim
g1→−1

−(1 −
√

−g1)2g4
2
√

−g1(1 + g1)2 = g4
2

limg1→−1
2
√

−g1+g1−1
(1+g1)2

limg1→−1
√

−g1
= g4

2 lim
g1→−1

2
√

−g1 + g1 − 1
(1 + g1)2

= g4
2 lim
g1→−1

√
−g1 − 1

2
√

−g1(1 + g1) = g4
4

limg1→−1
√

−g1−1
1+g1

limg1→−1
√

−g1

= g4
4 lim
g1→−1

−1
2
√

−g1
= −g4

8 .

Nevertheless, since g1 is a perturbation, we consider g1 ∈ (−1, 0). Additionally, it is
easy to see that limg1→0− Σs = −∞. In particular, from the leading order averaged equation,
the periodic orbits are given by r̄ =

√
−Λs/Σs and therefore, for g1 → 0− the limit cycles

converge to the origin.
In Figure 3.1, we compare the function Σ, from the nonsmooth system (3.2), with Σs,

from the smooth system (3.1), for the same set of parameter values, where g4 = 1 and hence,
the bifurcation is subcritical. Notably, their behavior is closely related. Indeed, Σ < Σs,
which actually holds for all g4 > 0. To prove that, we compare the amplitudes of Σ = −Cg4

and Σs = −Csg4 as follows. Firstly, we note that g3 does not enter into either (3.8) or (3.11),
as previously explained, and we thus consider the functions inside the integral which contain
g4 only. These do not change sign for any φ ∈ [0, 2π], for fixed parameter values. Hence, it
suffices to compare Σ and Σs by means of

−g4s
2|c|

(g1c2 − s2)2 ,
−g4s

2c2

(g1c2 − s2)2 ,
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Figure 3.2: Subcritical Hopf bifurcations of (3.2) in (a), and (3.1) in (b), from the zero equilibrium
point, with g1 = −0.5, g3 = 0.5, g4 = 0.2, where the maximum of x is plotted.
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Figure 3.3: Periodic orbits of the nonsmooth system (3.2), with g1 = −0.5, g3 = 0.5, g4 = 0.2
fixed and for different values of g2, approaching a heteroclinic cycle. The inner orbit corresponds
to g2 ≈ −2.91 · 10−2, and the outer trajectory to g2 ≈ −7.32 · 10−2. Notice that there is no even
symmetry.

respectively. Furthermore, the denominator is the same in both cases and positive, and clearly
s2c2 < s2|c| holds. This yields C > Cs and therefore, for g4 > 0, we have Σ < Σs < 0, as
observed in Figure 3.1. For g4 < 0, the relation becomes then Σ > Σs > 0. We remark that,
since g4 is fixed in Figure 3.1, the functions Σ,Σ2 plotted correspond in fact to −C,−Cs,
respectively.

Finally, in Figure 3.2 we plot the Hopf bifurcation diagram for (3.2) and (3.1) at the
zero equilibrium, where it is shown that, near the bifurcation point, the scaling law of the
nonsmooth case behaves linearly, while in the smooth system it is of order √

g2, similarly to
the pitchfork bifurcation; cf. Figure 1.8. Additionally, whereas the shape of these scaling laws
is independent of the precise value of g4, the direction of the branch is determined by its sign.
Indeed, if sgn(g4) > 0, the bifurcating branch has negative g2-values (subcritical), while for
sgn(g4) < 0, the curve is found for positive g2-values (supercritical). Moreover, comput-
ing numerically the profile of the periodic solutions, we observe, as expected, heteroclinic
loops for the upper-left end of either curve in Figure 3.2, connecting the symmetric nonzero
equilibria and encircling the zero fixed point. We show in Figure 3.3 an example of how the
periodic orbits from Figure 3.2 (a) increase in period while decreasing g2 (or increasing its
length), which clearly approach the predicted heteroclinic behavior. In the smooth situation
a similar organization of periodic orbits and heteroclinic loops occurs.
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In particular, the bifurcation diagram in the (g1, g2)-plane includes the curve of Hopf
bifurcations (horizontal axis g1 < 0) as well as the curve of heteroclinic orbits, with the
Bogdanov–Takens point at the origin.

Next, the more involved analysis of the nonzero fixed points of systems (3.1) and (3.2) is
presented.

3.1.2 Bifurcation analysis at the nonzero equilibria

As before, we start developing the analysis for the nonsmooth case, and subsequently compare
this with the equivalent analysis for the smooth model, both at the corresponding nonzero
equilibria.

We note first that the Jacobian matrix of the nonsmooth system (3.2) at (|x0|, y0) =
(−g1/g3, 0) reads

L =
(

0 1
−g1 g2 − g1g4

g3

)
,

with trace tr(L) = g2 − g1g4
g3

and determinant det(L) = g1. On the one hand, for g1 < 0 we
are in the same situation as above and these fixed points correspond to saddles. On the other
hand, for g1 > 0 and g2 = g1g4

g3
, we get Hopf bifurcations at the nonzero equilibria and the

zero fixed point becomes then the saddle point.

Theorem 3.3. If g3, g4 ̸= 0, then at g1 > 0, g2 = g1g4
g3

, (3.2) undergoes a Hopf bifurcation in
g1, g2, for the non-trivial equilibria. The leading order amplitude of the limit cycle is given
by

r̄ =
√√√√− g2

K(g1)g3g4
√

−4g1 − g2
2

, where K(g1) := 1
2π

∫ 2π

0

2s2c4

(g1c2 + s2)3 dφ > 0,

(3.12)
with r̄ the averaged radial component of the system in polar coordinated. In particular, the
bifurcation is supercritical if sgn(g4) > 0 and subcritical if sgn(g4) < 0.

Proof. The eigenvalues of the Jacobian matrix of (3.2) at the nonzero equilibria for g1 > 0
and g2 = g1g4

g3
are given by λ± = ±

√
−g1, which correspond to purely complex conjugates.

We recall sgn(g1) = − sgn(g3), and thus we require g3 < 0 in this case.
For the analysis of the system at (|x0|, y0) = (−g1/g3, 0), we compute its linearization

and keep the quadratic terms as follows. We begin shifting the nonzero equilibrium (x0, y0)
to the origin (0, 0) by x = x0 + z, where z is a perturbation of the location of the equilibrium
state, and rewrite the system for (z, y). The second equation of (3.2) becomes

ẏ =g1(x0 + z) + g3(x0 + z)|x0 + z| + g2y + g4|x0 + z|y

=g1x0 + g1z + g3 sgn(x0 + z)(x2
0 + 2x0z + z2)

+ g2y + g4 sgn(x0 + z)x0y + g4 sgn(x0 + z)zy.
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Using now x0 = sgn(x0)|x0| and |x0| = −g1/g3, the previous equation turns into

ẏ = −g2
1
g3

sgn(x0) + g1z + g2
1
g3

sgn(x0 + z) − 2g1 sgn(x0 + z) sgn(x0)z + g3 sgn(x0 + z)z2

+
(
g2 − g1g4

g3
sgn(x0 + z) sgn(x0)

)
y + g4 sgn(x0 + z)zy.

Furthermore, for the purpose of the bifurcation analysis, we consider the sign of x0 + z to
be equivalent to the sign of x0, since x0 ̸= 0, yielding the following quadratic smooth vector
field: ż = y,

ẏ = −g1z +
(
g2 − g1g4

g3

)
y + g3 sgn(x0)z2 + g4 sgn(x0)zy.

(3.13)

Writing (3.13) in polar coordinates we get (3.4) with coefficients

M(φ) = (1 − g1)sc+
(
g2 − g1g4

g3

)
s2, W (φ) = (1 − g1)c2 +

(
g2 − g1g4

g3

)
sc− 1,

χ2(φ) = (g3sc
2 + g4s

2c) sgn(x0), Ω1(φ) = (g3c
3 + g4sc

2) sgn(x0),
(3.14)

and the Taylor expansion in r = 0 of the rescaled system yields

r′ := dr

dφ
= Mr + χ2r

2

W + Ω1r
= M

W
r + Wχ2 −MΩ1

W 2 r2 + (MΩ1 −Wχ2)Ω1
W 3 r3 + O(r4),

with leading order averaged equation r̄′ = Λr̄+ Σr̄2 + Σ1r̄
3, where the coefficients Λ,Σ are

computed as for (3.6), (3.7), respectively. Since Λ,Σ vanish at the Hopf bifurcation points
given by g1 > 0, g2 = g1g4/g3, the leading order bifurcation equation can be written as
r̄′ = Λr̄+ Σ2r̄

3, where Σ1 equals Σ2 evaluated at the bifurcation points, and Λ is considered
to be the parameter. Notice that even though we start from the nonsmooth setting (3.2), at
the nonzero equilibria the system behaves as a smooth system, (3.13). The coefficients of the
leading order bifurcation equation read

Λ = 0, Σ2 = 1
2π

∫ 2π

0

(MΩ1 −Wχ2)Ω1
W 3 dφ, (3.15)

at the Hopf bifurcation curve. Σ2 can be computed as follows:

Σ2 = 1
2π

∫ 2π

0

sc3(g3c+ g4s)2 sgn(x0)2

((1 − g1)c2 − 1)3 dφ = 1
2π

∫ 2π

0

2g3g4s
2c4

−(s2 + g1c2)3 dφ = −K(g1)g3g4,

(3.16)
where K(g1) ∈ R+ depends on g1 > 0. Notice that from the product MΩ1, we only get g1

in (g3c+ g4s)sc3 sgn(x0)g1, which is the same as in Wχ2, and thus the coefficient g1 in the
numerator disappears. Moreover, from the initial step, we see that the sign of x0 does not
affect the result, which is consistent with the fact that the bifurcating branch of one nonzero
fixed point behaves as the other. Next, both terms with g2

3 and g2
4 in the first fraction cancel
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out integrating over the four quadrants since they are the coefficients of odd functions and
the denominator is even. Therefore, only g3g4 remains, which is the coefficient of an even
function. Furthermore, s2c4 is positive and the denominator is negative, yielding K > 0.

Finally, since g3 < 0, we have sgn(Σ2) = sgn(g4), and hence, the sign of g4 determines
the criticality of the bifurcation.

As for Theorem 3.1, we may call g4 the first Lyapunov coefficient for the Hopf bifurcations
in this case. Notice that the nonsmooth system at the nonzero equilibria behaves smoothly,
(3.13), and therefore, we have again a regular first Lyapunov coefficient rather than degenerate.

As in the previous subsection, we compare now this result with the smooth case by means
of the following corollary, noting first that although (3.13) is a smooth system, it is not obvious
that the organization of the criticality behaves as in the smooth situation.

Corollary 3.4. Consider the nonsmooth system (3.2) at the nonzero steady states. The
conditions for this system to undergo a Hopf bifurcation and its criticality can be inferred
from the corresponding analysis of the smooth system (3.1) at the nonzero equilibria.

Proof. The linear part of (3.1) at (x0, y0) = (±
√

−g1/g3, 0) reads

Ls =
(

0 1
−2g1 g2 − g1g4

g3

)
,

with trace tr(Ls) = tr(L) and determinant det(Ls) = 2g1. For g1 > 0 and g2 = g1g4
g3

, Hopf
bifurcations occur. In this case, we consider g3 < 0 for the fixed points to exist.

Pursuing a similar proof as for Theorem 3.3, we shift the nonzero equilibria (x0, y0) to
the origin by x = x0 + z, where z is small, and rewriting the system for (z, y), we get

ż = y,

ẏ = −2g1z +
(
g2 − g1g4

g3

)
y + 3g3x0z

2 + 2g4x0zy + g5z
3 + g6z

2y,
(3.17)

where we have redefined the coefficients of the cubic terms from g3, g4 to g5, g6, respectively,
in order to examine the effect of these into the criticality of the bifurcation. Writing the system
in polar coordinates and expanding the rescaled system as above, yield

r′ : = dr

dφ
= Mr + χ2r

2 + χ3r
3

W + Ω1r + Ω2r2

= M

W
r + Wχ2 −MΩ1

W 2 r2 +
(
Wχ3 −MΩ2

W 2 + (MΩ1 −Wχ2)Ω1
W 3

)
r3 + O(r4),

where

M(φ) = (1 − 2g1)sc+
(
g2 − g1g4

g3

)
s2, W (φ) = (1 − 2g1)c2 +

(
g2 − g1g4

g3

)
sc− 1,

χ2(φ) = (3g3sc
2 + 2g4s

2c)x0, Ω1(φ) = (3g3c
3 + 2g4sc

2)x0,

χ3(φ) = g5sc
3 + g6s

2c2, Ω2(φ) = g5c
4 + g6sc

3.

(3.18)
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Notice that M,W,χ2,Ω1 are similar to the corresponding functions in (3.14), while χ3,Ω2

are the same as in (3.10). Next, the leading order averaged equation reads r̄′ = Λsr̄+ Σsr̄
2 +

Σs1 r̄
3, where Λs = Σs = 0 at the Hopf bifurcation points given by g1 > 0 and g2 = g1g4

g3
, and

hence, the leading order bifurcation equation can be written as r̄′ = Λsr̄+ Σs2 r̄
3, where Σs2

results from evaluating Σs1 at the bifurcation points, and Λs is thought to be the parameter.
The criticality of the system is then given by

Σs2 = 1
2π

∫ 2π

0

Wχ3 −MΩ2
W 2 + (MΩ1 −Wχ2)Ω1

W 3 dφ.

More precisely, the integral of the first fraction becomes

∫ 2π

0

Wχ3 −MΩ2
W 2 dφ =

∫ 2π

0

−sc2(g5c+ g6s)
((1 − 2g1)c2 − 1)2 dφ =

∫ 2π

0

−g6s
2c2

(s2 + 2g1c2)2 dφ

= −2πK1(g1)g6,

(3.19)

where K1(g1) ∈ R+ depends on g1 > 0. In the second equality, the term with g5 does not
enter after integrating since it is an odd function and the denominator is even. Additionally,
since s2c2 is positive, K1 > 0. For the second fraction of Σs2 we have

∫ 2π

0

(MΩ1 −Wχ2)Ω1
W 3 dφ =

∫ 2π

0

−g1sc
3(9g3c

2 + 12g4sc+ 4g2
4s

2/g3) sgn(x0)2

((1 − 2g1)c2 − 1)3 dφ,

=
∫ 2π

0

−12g1g4s
2c4

−(s2 + 2g1c2)3 dφ =
∫ 2π

0

12g1g4s
2c4

(s2 + 2g1c2)3 dφ

= 2πK2(g1)g4,

(3.20)

whereK2(g1) ∈ R+ depends on g1 > 0 andK2 > K1. We note that in order to compute that
integral, we have written the value x0, which corresponds to the fixed point ±

√
−g1/g3, as

x0 = sgn(x0)
√

−g1/g3, and therefore, the explicit expression sgn(x0) appears in the previous
integration. In particular, in the numerator of the integrand we have x2

0 sgn(x0)2 = −g1/g3.
Moreover, and in contrast to the nonsmooth case, here g1 in the numerator does not vanish since
χ2,Ω1 in (3.18) have x0 instead of only sgn(x0), which happens in (3.14). Furthermore, the
only term remaining is the even term −12g1g4s

2c4, and since g4 is the coefficient of a positive
function, K2 > 0 holds. We recall g1 > 0 since we are analyzing the Hopf bifurcation.

The criticality of the bifurcation is then given by Σs2 = −K1g6 +K2g4, where g6 = g4,
and therefore Σs2 = Ksg4, with Ks ∈ R+. Hence, as in the nonsmooth case, we have
sgn(Σs2) = sgn(g4). We do get the same criticality also for the nonzero equilibria for both
the smooth and the nonsmooth system, as we wanted to prove.

We first recall that the coefficients of the cubic terms of (3.17) have been defined as g5, g6,
instead of g3, g4, respectively, to easily track the effects of these terms into the bifurcation
analysis. This is relevant since the nonsmooth system shifted to the nonzero equilibria (3.13)
is quadratic while the smooth case (3.17) is cubic. For instance, the cubic terms in the smooth
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Figure 3.4: For a set of g1, the values of Σ2 from (3.16) are displayed in blue, and in green, the
values of Σs2 from (3.19) + (3.20), corresponding to the systems (3.13) and (3.17), respectively. The
parameters for both figures are g3 = −0.025 and g4 = 1 (i.e., supercritical Hopf bifurcation). A set of
100 points is displayed in each figure, where (a) has a larger horizontal axis with g1 ∈ (0, 1), and in (b)
we have chosen g1 ∈ (0, 0.1) in order to distinguish better the crossing point. Upon changing g3 < 0,
the blue curve can be made arbitrarily small/large, while the green curve would remain unaltered.

situation have a contribution in Σs2 , as we have seen in the previous proof. In addition, below
we present a remark considering g5 = g6 = 0.

Now, comparing the functions Σ2 and Σs2 from above, we observe that their scaling
differs since g3 enters into Σ2, while Σs2 is completely independent of it, meaning that in the
nonsmooth system, the value of g3 modifies the amplitude of the bifurcating solutions. In
Figure 3.4, we compare both Σ2, Σs2 for fixed g4 = 1, where we have chosen g3 = −0.025
to get a better comparison between both curves since, in this case, Σ2 scales similar to Σs2 .
Additionally, the size of the coefficients cannot be related in the same way as before, i.e.,
neither Σ2 ≥ Σs2 nor Σ2 ≤ Σs2 occur for all g1 > 0. To show that this is the case, in general,
we compare Σ2 and Σs2 as follows. For Σ2, we consider again the function inside the integral
of (3.16), since it does not change sign,

2g3g4s
2c4

−(s2 + g1c2)3 = −g4s
2c2 2g3c

2

(s2 + 2g1c2)3 ,

where the numerator depends on g3. For Σs2 , we take also the integral kernel of (3.19) (with
g6 = g4) and (3.20),

−g4s
2c2

(s2 + 2g1c2)2 + 12g1g4s
2c4

(s2 + 2g1c2)3 = −g4s
2c2 s2 − 10g1c

2

(s2 + 2g1c2)3 ,

where the numerator depends on g1. Clearly, the expressions to be compared are 2g3c
2 and

s2 − 10g1c
2, and thus, the existence of the crossing point is contingent upon g3. If this

crossing exists, then its location depends on g1, as observed in Figure 3.4.
In addition, in Figure 3.5 we plot the Hopf bifurcation diagram for the nonsmooth and

smooth cases for the equilibria −g1/g3 and
√

−g1/g3, respectively. Notably, since at the
nonzero equilibria the nonsmooth system is smooth, (3.13), both bifurcating curves behave
similarly near the bifurcation, while they slightly deviate further away. Furthermore, looking
at the profile of the periodic solutions, which we compute numerically employing the software
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Figure 3.5: Supercritical Hopf bifurcations of (3.2) in blue, and (3.1) in green, from the nonzero
equilibria, with g1 = 0.5, g3 = −0.5, g4 = 0.2, where the maximum of x is plotted.
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Figure 3.6: Periodic orbits of the nonsmooth system (3.2), for different values of g2, approaching
homoclinic trajectories with g1 = 0.5, g3 = −0.5, g4 = 0.2. The inner orbits correspond to
g2 ≈ −0.194, and the outer trajectories to g2 ≈ −0.172. Notice that there is no even symmetry.

Auto (as done for the analysis above), homoclinic orbits occur for the upper-right end of either
curve, as one would expect. In Figure 3.6 we plot such orbits for the nonsmooth system (3.2)
at both nonzero equilibria. We observe that, while increasing g2 (or decreasing it in absolute
value), the period of the limit cycles grow, as displayed in Figure 3.5, approaching homoclinic
loops. A similar behavior happens for the smooth case.

Motivated by the fact that the nonsmooth system at the nonzero equilibria behaves as
a smooth system, we present the following result, which shows that there is a direct corre-
spondence between the leading order vector field of (3.17) and (3.13). For that, we call g̃j
the parameters of (3.13), and keep the notation gj for the parameters of (3.17). We con-
sider the first component x0 of the fixed point in both systems to have the same sign, i.e.,
sgn(±

√
−g1g4/g3) = sgn(∓g1/g3).

Remark 3.5. There exists a homeomorphism between the normal form of the quadratic part
of (3.17), i.e., setting g5 = g6 = 0, and (3.13) in terms of the parameter space. This direct
correspondence is orientation preserving and thus, a priori, the criticality of the Bogdanov–
Takens bifurcation is the same. In the case g5, g6 ̸= 0, this can only be concluded a posteriori
after the computations above.
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Proof. Firstly, for the linear part of z from both systems considered, we straightforwardly
require g1 = g̃1/2. Next, for the coefficient of z2 and zy, we need, respectively,

3g3

√
−g1
g3

= g̃3, 2g4

√
−g1
g3

= g̃4.

We recall that g1 > 0, which implies g3 < 0 to have the existence of the nonzero equilibria.
Therefore, we solve the equation for g3 and g4, respectively, as

g3 = −2g̃2
3

9g̃1
, g4 = |g̃3|g̃4

3g̃1
.

The last coefficient which has to match is the one of y, i.e., g2 − g1g4
g3

= g̃2 − g̃1g̃4
g̃3

. Substitution
of the previous mappings gives

g2 = g̃2 + g̃1g̃4
4g̃3

.

Hence, we have a bijection between both vector fields in terms of the parameter space.
Furthermore, this is orientation preserving because it does not change the sign of any parameter
since it is just a scaling mapping, meaning that the parameters change in the same direction
with the same monotonicity, but with different speeds. Moreover, for g1, g̃1 > 0 and g3, g̃3 < 0
the bijection is continuous with continuous inverse and, therefore, we have a homeomorphism
between the normal forms in terms of the parameter space.

Finally, since this correspondence is local, the criticality can be inferred from one system
to the other. More precisely, for g5 = g6 = 0, (3.19) vanishes and the homeomorphism
between (3.20) and (3.16) holds, as we wanted to show.

To extend the analysis of the Bogdanov–Takens bifurcation, we introduce subsequently
the generalization from the absolute value defined in (2.1), with different left and right slopes,
as done in §2.3.1.

3.2 Generalized absolute value

The corresponding nonsmooth system (3.2) replacing the regular absolute value by the gen-
eralized function (2.1) readsẋ = y,

ẏ = g1x+ g3x[x]
p1+
p1−

+ y
(
g2 + g4[x]

p2+
p2−

)
,

(3.21)

where p1± , p2± ∈ R. The fixed points are (x0, y0) = (0, 0) and
(
[x0]

p1+
p1−

, y0
)

=
(

− g1
g3
, 0
)
.

Note that the nonzero equilibria correspond to (x0, y0) =
(

− g1
g3p1−

, 0
)

for x0 < 0, and
(x0, y0) =

(
− g1

g3p1+
, 0
)

for x0 ≥ 0.
From the previous results, we get the following corollaries.

Corollary 3.6. If g4 ̸= 0 and p2+ ̸= p2− , then at g1 < 0, g2 = 0 the system (3.21) undergoes a
degenerate Hopf bifurcation for the zero equilibrium. The leading order amplitude of the limit
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g1

X X

g1 g1

X

(a) (b) (c)

Figure 3.7: Bifurcation diagrams of (3.21) for g1, fixing g3 = 1: (a) subcritical pitchfork for
p1+ = 1, p1− = −1; (b) subcritical pitchfork for p1+ = 1, p1− = −3; and (c) transcritical bifurcation
for p1+ = p1− = 1.

cycle is given by (3.3) multiplying it by the factor 2/(p2+ −p2−). In particular, the bifurcation
is supercritical if sgn

(
g4(p2+ − p2−)

)
< 0 and subcritical if sgn

(
g4(p2+ − p2−)

)
> 0.

Proof. Following the proof of Theorem 3.1, (3.21) in polar coordinates becomes as in (3.4)
and the corresponding averaged equation reads r̄′ = Λ̃r̄ + Σ̃r̄2 + O(r̄3), where the absolute
value is now the generalized one, and the expressions of Λ̃ and Σ̃ are as in (3.6) and (3.7),
respectively. At the Hopf bifurcation points, given by g1 < 0, g2 = 0, we have Λ̃ = 0.
Furthermore, out of the different slopes, repercussions are present on the second coefficient:

Σ̃ = 1
2π

∫ 2π

0

χ2(φ)
W (φ) − M(φ)Ω1(φ)

W (φ)2 dφ = −C(g1)
2 g4(p2+ − p2−), (3.22)

where C(g1) ∈ R+ is the same as in (3.3), and to leading order, the limit cycle is then given
by

r̄ = − 2g2

C(g1)(p2+ − p2−)g4
√

−4g1 − g2
2

,

as claimed. We observe that [c]
pj+
pj−

= pj+c for φ ∈ (3π/2, π/2) and [c]
pj+
pj−

= pj−c for
φ ∈ (π/2, 3π/2), where j ∈ {1, 2}. As above, g3 vanishes, and thus we only have the impact
of p2± .

We remark that for p1+ = 1, p1− = −1, the pitchfork bifurcation is obtained, as in
Figure 3.7 (a). For slopes p1+ ̸= p1− different from the regular absolute value, we get
a degenerate pitchfork bifurcation for the parameter g1, where an example is displayed in
Figure 3.7 (b). Recall that this case has been analyzed in §2.3.1 for the more general (2.46).
In addition, for the case p1+ = p1− , the system undergoes a transcritical bifurcation; see
Figure 3.7 (c).

Next in line, we analyze the effect of p2± into the Hopf bifurcation. For that, and without
loss of generality, we fix p1+ = 1, p1− = −1, as the absolute value function, together with
p2+ = 1 and the parameter g4 > 0. We then examine how different values of p2− affect the
behavior of the system. We point out that for p2− = −1, we recover the same result as for the
regular absolute value function; see Figure 3.2 (a). Note that fixing g4, the Hopf bifurcation of
system (3.21) changes criticality when p2+ − p2− switches sign; see Σ̃ in (3.22). If p2+ > 0,
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Figure 3.8: Bifurcation diagrams of (3.21) where the maximum of x is plotted: (a) degenerate case
for p2− = 1, (b) subcritical Hopf for p2− = 0.9, and (c) supercritical Hopf for p2− = 1.1. The
parameter values are g1 = −0.5, g3 = 0.5, g4 = 0.2 and p2+ = 1.

this switch happens for p2− > p2+ , while if p2+ < 0, Σ̃ changes sign for p2− < p2+ . We
consider here the first case and explore the bifurcation diagrams when p− is close to p+.

Firstly, if both slopes are the same, we have [x]
p2+
p2−

= p2x, which is smooth, and Σ̃ = 0.
The bifurcation diagram is then a vertical branch, where an example of this curve is exhibited
in Figure 3.8 (a). We remark that for these figures we have used the numerical continuation
software Auto and thus some numerical errors are expected. In particular, this program
implicitly assumes differentiability so that it is not guaranteed a priori that the computations
work. The Hopf bifurcation branches shown in this manuscript have been computed with
this software and hence, the same considerations have to be taken into account for the other
diagrams, e.g., Figure 3.8 (b,c).

Secondly, for p2− < 1, Σ̃ < 0 and therefore, the Hopf bifurcation is subcritical while,
if p2− > 1, then Σ̃ > 0 and the bifurcation is supercritical; see Figure 3.8 (b,c). Note that
this different behavior of the bifurcation curves coming from modifying p2− , is a bifurcation
induced by changing the nonlinearity rather than varying only the coefficient. Hence, this
has no direct analogue in the smooth situation, and the results regarding Hopf bifurcations
and their criticality, in this case, cannot be inferred from the analysis of the smooth system
(3.1). Furthermore, the curve close to the bifurcation point behaves linearly, as for the regular
absolute value case. We recall that in the smooth case this is a square root behavior. In
addition, at the end of the bifurcating branches in Figure 3.8, heteroclinic orbits occur.

Observe that for the diagrams in Figure 3.8, p1± = ±1 is considered. However, if
p1+ = p1− as well as p2+ = p2− , the bifurcating branch behaves similarly as illustrated in
Figure 3.2 (b), i.e., as in the smooth system (3.1), where the system is then of second order in
x rather than cubic.

Corollary 3.7. Consider (3.21) at the nonzero equilibria
(
[x0]

p1+
p1−

, y0
)

=
(

− g1
g3
, 0
)
. If

g3, g4 ̸= 0 as well as p1, p2 ̸= 0, where p1 and p2 represent the corresponding slope p1− or
p1+ and p2− or p2+ , respectively, depending on the sign of the fixed point x0 ̸= 0, then the
system undergoes a Hopf bifurcation at g1 > 0, g2 = g1g4p2

g3p1
. The leading order amplitude

of the limit cycle is given by (3.12) multiplying it by the factor 1/√p1p2. In addition, the
criticality of the bifurcation is given by the sign of g4p1p2.
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Proof. Following the proof of Theorem 3.3, we shift the non-trivial steady states of (3.22) to
the origin, with z = x− x0 denoting a small disturbance from the equilibrium, yieldingż = y,

ẏ = −g1z +
(
g2 − g1g4p2

g3p1

)
y + g3p1z

2 + g4p2zy,
(3.23)

where p1 and p2 represent the corresponding slope p1− or p1+ and p2− or p2+ , respectively,
depending on the sign of the fixed point x0 ̸= 0. Here, the Hopf bifurcations happen for
g1 > 0 and g2 = g1g4p2

g3p1
.

The leading order averaged equation of the system in polar coordinates reads r̄′ =
Λ̃r̄ + Σ̃r̄2 + Σ̃1r̄

3, where Λ̃, Σ̃ vanish at the Hopf bifurcation points given by g1 > 0 and
g2 = g1g4p2

g3p1
. Furthermore, we write the leading order bifurcation equation as r̄′ = Λ̃r̄+Σ̃2r̄

3,
where Σ̃1 equals Σ̃2 at the bifurcation points and, in this case, Λ̃ is considered to be the
parameter of the system. The coefficient of the cubic term has the same expression as in
(3.16), but with g3 sgn(x0) and g4 sgn(x0) replaced by g3p1 and g4p2, respectively, and its
integral reads

Σ̃2 = 1
2π

∫ 2π

0

sc3(g3p1c+ g4p2s)2

−(s2 + g1c2)3 dφ = 1
2π

∫ 2π

0

2g3g4p1p2s
2c4

−(s2 + g1c2)3 dφ = −K(g1)g3g4p1p2,

(3.24)
where, analogous to (3.16), only the term with the product g3g4 remains from the integration.
In addition, K(g1) ∈ R+ is exactly as in (3.12) and g3 < 0. Finally, to leading order, the
limit cycle is then given by

r̄ =
√√√√− g2

K(g1)g3g4p1p2
√

−4g1 − g2
2

,

as claimed.

Notice that for sgn(p1) = sgn(p2) we have sgn(Σ̃2) = sgn(Σ2), with Σ2 from (3.16),
and the criticality is the same as for the case with the regular absolute value. Here, homoclinic
loops also occur. However, a difference from the other situations is that the amplitude of the
bifurcating branch depends on the choice of the slopes p1± , p2± .

Before moving on to the next section, we point out the following observations.

Remark 3.8. At the nonzero equilibria, the location of the Hopf bifurcations in the (g1, g2)-
plane differs between the smooth system (3.1) and the nonsmooth case (3.21) with p1 ̸= p2,
i.e., p1− ̸= p2− or p1+ ̸= p2+ . Nevertheless, for the system (3.2) with the regular absolute
value, the location of the Hopf bifurcations is the same as in the smooth case.

Remark 3.9. The generalized absolute value (2.1) can always be decomposed between a
linear and an absolute value shape function as follows:

[x]p+
p− = p+ + p−

2 x+ p+ − p−
2 |x|.
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For instance, if p2+ = 1 and p2− = 0.9, as chosen for Figure 3.8 (b), the decomposition
reads [x]

p2+
p2−

= 0.95x+ 0.05|x|, showing an expression which behaves similar to the regular
x function. In order for this splitting to diverge further from the smooth x function shape,
and approach the absolute value contour, we require |p+ − p−| > |p+ + p−|. Hence,
dealing with nonsmooth functions it is, practically speaking, more significant to consider
the generalized function [x]p+

p− with sgn(p+) ̸= sgn(p−), so that −p+p− > p+p− and thus
|p+ − p−| > |p+ + p−| holds.

From this decomposition, it is easy to see the weights of x and |x| which contribute
to [x]p+

p− . However, considering the whole system (3.21), this splitting would introduce the
factors x2 and xy, deviating further from the normal form situation. For that reason, we
employ the expression [x]p+

p− .

With this last remark we complete the study of the impact of the generalized absolute
value into the system undergoing a Bogdanov–Takens bifurcation discussed before and give
way to our last section, where we briefly consider homoclinic and heteroclinic loops.

3.3 Example for homoclinic and heteroclinic bifurcations

It is well known that for the BT bifurcation, homoclinic and heteroclinic orbits occur —as we
have seen in the previous sections— which in the present context, we expect to differ from the
smooth case. However, we refrain from doing the detailed analysis of the nonsmooth BT case
for these bifurcations here, and instead we point out, by way of an example, the similarities, as
well as the differences, between a nonsmooth setting and its corresponding smooth version.
Therefore, we present an artificial model, motivated by Hamiltonian systems, which deviates
from the usual normal form. In addition, we introduce an extra parameter µ ∈ R to illustrate
how to break the homoclinic or heteroclinic loops and, at the same time, get periodic orbits
varying µ.

As for the previous sections, we present a smooth system and its nonsmooth version to
study how the effects of the absolute value function move the dynamics of the nonsmooth
system away from the smooth situation.

The models to analyze are chosen adapting (3.1) and (3.2) to Example 6.16 in [47] as
follows. For the smooth systems we haveẋ = y,

ẏ = g1x+ g3x
3 + yGs(x, y),

(3.25)

where Gs(x, y) = 2g1x
2 + g3x

4 − 2y2 + 4µs, and for the nonsmooth system,

ẋ = y,

ẏ = g1x+ g3x|x| + yG(x, y),
(3.26)

where G(x, y) = 3g1x
2 + 2g3x

2|x| − 3y2 + 6µ.
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To begin with, we point out that, for Gs, G ≡ 0, both systems are Hamiltonian and
they exhibit a similar behavior as for the systems shown in the previous sections. Indeed,
on the one hand, if g1 < 0, g3 > 0, heteroclinic connections exist between the two fixed
points (|x0|, y0) = (−g1/g3, 0) for the nonsmooth case, or (x0, y0) = (±

√
−g1/g3, 0) for

the smooth case, and the origin is a center. On the other hand, if g1 > 0, g3 < 0, the nonzero
equilibria are centers and the origin connects the two homoclinic orbits. Notice that the
condition Gs, G ≡ 0 is equivalent to g2 = g4 = 0 in (3.1) and (3.2).

We briefly observe that, in particular for Gs ≡ 0, the smooth system corresponds to the
so-called Duffing oscillator, [25]. For g1 < 0, this system can be considered as the oscillatory
behavior of a nonlinear spring with a mass, describing the hardening and softening spring
effects. In this case, g1x+ g3x

3 would correspond to the restoring force. If g3 < 0, then it is
called a “hard spring” since the restoring force is greater for larger values of |x|. On the other
hand, for g3 > 0 the system is called a “soft spring” since the restoring force is weaker for big
|x|. For g1 > 0 and g3 < 0, we have a double-well potential, cf. Figure 1.1, and the system
may be used to model a slender steel beam which is bent towards two permanent magnets;
see [42]. If g3 > 0, then the unique fixed point of the system (the origin) is a saddle point.

Coming back to the full system (3.26) (resp. (3.25)), we have that for G ̸= 0 (resp.
Gs ̸= 0) the symmetry is broken and the existence of the aforementioned heteroclinic and
homoclinic orbits depends on the parameter µ (resp. µs).

Without loss of generality, we consider from now on g1 > 0 and g3 < 0, and thus we
expect the occurrence of homoclinic orbits. The analysis regarding g1 < 0 and g3 > 0 is
analogous to that, but we would then expect heteroclinic orbits instead.

We start analyzing the nonsmooth system and afterwards we compare it with the smooth
version of it.

For G ≡ 0, the energy function of (3.26) reads

H(x, y) = y2

2 − g1
x2

2 − g3
x2|x|

3 ,

and its time derivative becomes Ḣ = 6y2(µ − H), where the equations of the full system
(3.26) are used. Ḣ vanishes if and only if H = µ, and the level curves are then given by

y(x;µ) = ±

√
6µ+ 3g1x2 + 2g3x2|x|

3 . (3.27)

To facilitate the further exposition of results, we write (3.27) as y(x;µ) = ±
√
γ(x;µ),

where γ(x;µ) behaves as a quartic polynomial function in x centered horizontally at zero and
crossing the x-axis up to four times. Fixing g1, g3, the number of zeros of γ(x;µ) depends
on the value of µ. We recall that g1 > 0, g3 < 0 are considered to be fixed. Moreover, at
the nonzero equilibria (|x0|, y0) = (−g1/g3, 0), the function γ(x0;µ) vanishes if and only if
µ = µ̄ := −g3

1/6g2
3 < 0. In addition, and regarding the zero steady state, we observe that

the linearization of (3.26) at this point has negative determinant since g1 > 0, so that this is
always a saddle point.



3.3. Example for homoclinic and heteroclinic bifurcations 79

With that, we now present the analysis of the behavior of the trajectories of (3.26) by
means of (3.27) and in terms of µ:

• For µ = 0, γ(x) vanishes at x = 0 and at the two symmetric points |x| = −3g1/2g3.
Thus, in (3.26) two stable homoclinic orbits exist, where each of them encloses one of
the nonzero unstable fixed points. By contrast, for µ ̸= 0, the homoclinic orbits are
broken.

• If µ > 0, the zeros of γ(x) are ±δ = ±δ(g1, g3) with δ > 0, and hence, γ(x) is strictly
positive for x ∈ (−δ, δ). For the ODE system, this means that a larger periodic orbit
exists, which is stable and the two nonzero fixed points remain unstable.

• For µ ∈ (µ̄, 0), the function γ(x) vanishes at ±δ = ±δ(g1, g3), ±ρ = ±ρ(g1, g3) with
δ > ρ > 0. Therefore, γ(x) is strictly positive for x ∈ (−δ,−ρ) ∪ (ρ, δ). In this
case, the two homoclinic orbits are disconnected from zero so that they become stable
periodic orbits, with unstable nonzero equilibria.

• If µ = µ̄, γ(x) ≤ 0 with two symmetric zeros. The previous periodic orbits collide
into the nonzero equilibria, where the trajectories spiral into these two points.

• For µ < µ̄, γ(x) < 0 and thus y(x) /∈ R. The nonzero equilibria of (3.26) are then
stable point.

For the smooth system (3.25), we now perform an analogous analysis to the aforemen-
tioned explanation. For that, the energy function reads

Hs(x, y) = y2

2 − g1
x2

2 − g3
x4

4 ,

with the time derivative Ḣs = 4y2(µs −H). The trajectories are then curves defined by the
contours of constant energy Hs = µs, which can be written as

y(x;µs) = ±

√
4µs + 2g1x2 + g3x4

2 . (3.28)

Notice that these functions scale differently from the level curves from (3.27). The expression
inside the square root of (3.28), which we call γs(x;µs), is a quartic polynomial in x with
a similar behavior as γ(x;µ) from (3.27). For instance, at (x0, y0) = (±

√
−g1/g3, 0), the

function γs(x0;µs) vanishes if and only if µs = µ̄s := g2
1/4g3 < 0, and the study of the

behavior of the trajectories of system (3.25), with help of (3.28), can be carried on equivalently
here as done before.
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To conclude this chapter, we briefly comment on the main results as follows. In the first
part, we have seen that, at first glance, the bifurcation analysis for both nonsmooth (3.2)
and smooth systems (3.1) at the zero equilibrium appear to be quite similar, e.g., Figure 3.1,
although the scaling laws of the Hopf bifurcation branch at the zero steady state are different
between both systems, cf. Figure 3.2 (a,b). While the criticality of the Hopf bifurcation of the
nonsmooth system at the trivial fixed point can be inferred from the corresponding results of
the smooth situation, this is not the case for the nonzero equilibria, e.g., Figure 3.4, in which
a proper study for the nonsmooth case is required to get a complete analysis, even though the
criticality is as for the smooth case.

Further on, we have shown that the generalized absolute value may produce a change in
the criticality of the Hopf bifurcation depending on the slopes of the nonsmooth function; see
Figure 3.8.

Finally, a short comparison between (3.26) and (3.25), regarding homoclinic and het-
eroclinic loops has been performed, revealing that one has to pay attention to the scaling
differences between both systems.
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Chapter 4

Stabilizing Nonsmooth Ship Models
with P-Control

In this chapter, a 3 DOF marine craft model, with surge u, sway v, and yaw r velocities,
is considered. This is extended to 4 ODEs including the yaw angle ψ, and adding the
yaw damping and yaw restoring P-control η = εrr + εψψ, with control strengths εr, εψ.
Furthermore, in order to facilitate the analysis of the model, we rescale the 4-dimensional
system with control in terms of the lengthLpp between perpendiculars of the ship. Specifically,
we focus on stabilizing the straight motion, which appears to be an unstable fixed point in the
4D system.

For this system, we determine the existence, location and geometry of the region in the
positive quadrant of the (εr, εψ)-plane for which the straight motion is linearly stable. In fact,
we provide this in terms of an explicit formula. We show that the stability region may be
bounded or even empty (within the positive quadrant). For this, we investigate exhaustively
the influence on the stability region of the propeller diameterDp and the longitudinal thruster
location xT in percent of length from midship. In Figure 4.1 we illustrate the resulting
different forms of the stability region depending on the value of xT with respect to certain
thresholds xT0 , xT− , xT1 , xTs . Note that the natural domain of xT is [−0.5, 0.5]. For instance,
if the thruster (the combination of the rudder and the propeller of the ship) was placed at the
very end of the vessel, at the aft, then xT = −0.5.

As might be expected, the further away from the aft, the more constrained the stability
region is, and beyond the threshold xTs the straight motion cannot be stabilized at all, at least
not by the fixed P-control design. In a nutshell, either stabilization is possible by εr alone
(for εψ = 0) or by no means, and —except in the case 4 in Figure 4.1— the stable region is
unbounded and can be reached by increasing εr for any εψ ≥ 0. In fact, we prove that this
scenario occurs not only for the Hamburg Test Case (HTC) but much more broadly in the
space of model parameters.

Concerning nonlinear effects of the stabilizing control, we study the character of the
bifurcations of the system. This is complicated by the fact that the nonlinear terms in the
model equations are nonsmooth, featuring second order modulus terms such as v|r| due to
the hydrodynamic forces, cf. §4.1. Such terms prevent the use of standard bifurcation theory,
in particular for the Andronov–Hopf bifurcations to periodic solutions. For vanishing yaw
restoring control, εψ = 0, steady state bifurcations occur and we prove that this is a nonsmooth
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xT0
xT-
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xT1 xT
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er 

Figure 4.1: The insets show the possible forms of the stability region in the (εr, εψ)-plane in terms
of the thresholds on the xT -axis (green dashed), where the red shaded areas mean unstable straight
motion. Cases 2 and 3 feature a vertical asymptote of the corresponding stability boundary curve (blue
dashed); the stability region is bounded in case 4 only. For xT ≥ xTs the straight motion cannot be
stabilized (is uncontrollable). For the HTC, xT0 ≈ −0.38, xT− ≈ −0.17, xT1 ≈ 0.016, xTs ≈ 0.17.
The specific values for the insets are (1) xT ≈ −0.49, (2) xT = −0.3, (3) xT = −0.16, (4) xT = 0.16.

pitchfork bifurcation. For εψ > 0, the mentioned Hopf bifurcations occur, which we handle
by the method developed in Chapter 2. Our approach transforms the problem to a system of
the form  ṙ = µr + χ(φ)r2 + O(r3),

φ̇ = ω + Ω(φ)r + O(r2),

for certain polar coordinates (r, φ), bifurcation parameter µ and 2π-periodic functions χ,Ω.
As detailed in Chapter 2, it follows that a Hopf-type bifurcation occurs, where the amplitudes
of the emerging periodic solutions are given by

r = −2π
Σ µ+ O

(
µ2
)
, where Σ :=

∫ 2π

0
χ(φ)dφ.

This bifurcation comes in two generic types, analogous to the usual smooth case: su-
percritical (unstable fixed point coexists with stable periodic orbits, Σ < 0) or subcritical
(stable fixed point coexists with unstable periodic orbits, Σ > 0). In the subcritical case, upon
moving the control parameter through the stability threshold, the corresponding solution will
typically not track the stabilized equilibrium but will be repelled from the unstable periodic
orbit. In contrast, in the supercritical (“safe”) case, the trajectories will track the stabilized
state. Hence, from a mathematical as well as an engineering point of view, it is relevant to
a priori determine this criticality from the equations, i.e., to obtain a formula for Σ. In the
smooth setting this corresponds to the first Lyapunov coefficient, which is found from a center
manifold reduction and normal form computation based on Taylor expansion. This expansion
cannot be used for the nonsmooth models and we instead employ the aforementioned approach
to determine Σ. We emphasize that in the smooth case, the amplitudes of the bifurcating
periodic orbits, and thus the basin of attraction, scale as |µ|1/2, rather than linearly as happens
in the present nonsmooth case. As mentioned, this analysis reveals that for the ship model the
bifurcations at the stability boundary are supercritical in the HTC and for different thruster
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positions. While this means all bifurcations are safe for the parameter values we considered,
it is not clear at all for which other modification of the HTC parameters this remains the case.

However, the local analysis near a bifurcation does not reveal the overall organization of
nonlinear states. In order to gain additional insight into this, we have performed a numerical
continuation analysis, still focusing on the setup for the straight motion stabilization. This
corroborates our analytical predictions and reveals how the stable and unstable equilibria, as
well as periodic orbits, are organized globally in the positive quadrant of control strengths
εr, εψ. As expected, we find that periodic orbits continue to the stability boundary curve and
to the steady states at εψ = 0. In addition, we also find that periodic orbits continue to certain
heteroclinic bifurcations, as discussed in §4.3. Such a global analysis requires the vector field
to be 2π-periodic with respect to the yaw angle ψ and, for definiteness, we modify the control
law to η = εrr + εψ sin(ψ), which is nonlinear and has no impact on the local bifurcations.
This global cylinder geometry also induces a winding number for periodic orbits, which is
a topological invariant and enters into the global bifurcation scenario. We remark that this
change for the model to be periodic in ψ is exclusively applied for the global bifurcation
analysis in §4.3.

For further illustration, we present several simulations of solutions from ship motions also
on Earth-fixed position coordinates.

This chapter is structured as follows. We present the rescaled 4-dimensional thruster
model for ship maneuvering with control in §4.1. In the main section §4.2, we theoretically
analyze the straight motion in terms of linear stability and bifurcations and continue with a
nonlinear analysis. The numerical bifurcation investigation is presented in §4.3 and concludes
this chapter.1

4.1 Governing equations and thruster model

The specific model equations that we will investigate are a variation of the 3 DOF model from
[2, 57], for which some basic analysis was conducted in [3]. The model parameters stem from
the Hamburg Test Case (HTC) characteristics that we collect in B.1 as needed. We adopt
these values throughout, except when analyzing the impact of selected parameter changes.
The general 3 DOF model takes the form

m+muu 0 0
0 m+mvv mvr

0 mrv Iz +mrr



u̇

v̇

ṙ

 =


mvr +X

−mur + Y

N

 , (4.1)

where u, v and r are the surge, sway and yaw velocities, respectively, m is the mass of the
rigid-body, mij the added mass coefficients for i, j ∈ {u, v, r}, and Iz the moment of inertia
in yawing. The external forces X,Y,N for the “rudder model” of [57] are of the form

X = XH +XR +XP , Y = YH + YR, N = NH +NR,

1Most of the results in this chapter have been submitted for publication and can be found in the preprint [52].
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with the contributions from the hull (H), the rudder (R) and the propeller (P) of the vessel.
In order to facilitate the presentation of the mathematical method and analysis, we combine

the rudder and propeller forces as in [3] into a simpler thruster force, which gives

X = XH +XP cos η,

Y = YH +XP sin η, (4.2)

N = NH + xTXP sin η.

Here the thruster acts on the hull at a longitudinal position xT relative to the length Lpp
between perpendiculars of the hull, and exerts a force in the direction η of amplitude given
by the propeller force XP . We recall that η is an external input assumed to obey a control
law design. As the default position we take that of the rudder in the HTC, namely xT =
−(0.5 + xB

100)Lpp = −0.49429Lpp, with xB = −0.571 being the longitudinal center of
gravity with respect to midship in percent of length. Note that xT is measured from the
midship towards the front, and thus the domain in this case is [−0.5Lpp, 0.5Lpp].

The hull forces have the following general expressions, cf. [2, 57]:

XH =1
2ρLppT

(
Xu|u|u|u| +XβγLppv r

)
,

YH =1
2ρLppT

(
Yβ|u|v + YγLppu r + Yβ|β|v|v| + Yγ|γ|L

2
ppr|r| + Yβ|γ|Lppv|r|

+ Y|β|γLpp|v|r + Yab |uayvby | sgn(v)V 2−ay−by
)
,

NH =1
2ρL

2
ppT

(
Nβu v +NγLppr|u| +Nγ|γ|L

2
ppr|r| +Nβ|β|v|v|

+Nββγr v
2LppV

−1 +Nβγγv r
2L2

ppV
−1 sgn(u) +Nu′γcL

cn
pp|u rcn |V −cn+1 sgn(r)

+Nab|uanvbn |V −an−bn+2 sgn (u v)
)
,

where V =
√
u2 + v2 and all coefficients are by default those of the HTC as listed in B.1,

from which we note an, bn, cn as well as ay, by are all positive integers. We observe that these
forces implement the aforementioned second order modulus form of the drag.

The propeller force taken from [57] reads

XP = (1 − t)Tp(u),

with thrust deduction fraction t and propeller thrust Tp(u) = ρn2
pD

4
pKT , where ρ is the

water density, np the propeller frequency, and Dp the propeller diameter. Further, KT =∑5
i=0KT iJ

i
p with Jp = u(1−w)

npDp
, wherew is the wake fraction. Later, it turns out to be relevant

that the propeller thrust is monotone decreasing with respect to the surge u, i.e.,

∂uXP < 0, (4.3)

which can readily be verified numerically for the HTC. Specifically, since (1 − t)ρn2
pD

4
p > 0,

see B.1, the condition ∂uXP < 0 is equivalent to ∂uKT < 0. In addition, Jp > 0 holds
considering forward motion u > 0.
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For completeness, we present the rudder forces XR, YR, NR in B.2, although these are
not relevant for our analysis.

The model is completed by the control law for the steering angle η = η1 + η2, which is
a combination of the yaw damping P-control η1 and yaw restoring P-control η2; we refer to
[21] for a general background. The first one consists of adding a proportional compensation
to the yaw velocity r by setting η1 = η0 + εr(r − r0), with target yaw velocity r0, initial
thruster angle η0, and control parameter εr ≥ 0. Analogously, for the yaw angle ψ we have
η2 = η0 + εψ(ψ − ψ0), with target yaw angle ψ0 and second control parameter εψ ≥ 0.
Notably, for εψ > 0 this requires to add ψ̇ = r as a fourth equation to (4.1). Since we are
focusing on controlling a straight line trajectory, we set r0 = ψ0 = 0, and consider, without
loss of generality, η0 = 0, which gives

η = εrr + εψψ. (4.4)

Regarding the propeller frequency np, we reflect the following reasoning: all forces scale
quadratically with respect to the velocities so that u = npǔ gives, e.g., XP = n2

pX̌P (ǔ),
where X̌P is independent of np. This implies the natural relation that all velocities are
proportional to the propeller speed: rescaling all velocities proportional to np gives a factor
n2
p on the right-hand side of (4.1) and a factor np on the left-hand side. Time rescaling with
np gives a second factor on the left so that np is removed upon division. Hence, any motion
for one value of np > 0 can directly be rescaled to the motion corresponding to another
positive value of np. Therefore, without loss of information, we can fix np > 0 arbitrarily;
as in [3], we choose np = 2. Concerning the propeller diameter Dp, we also observe that
scaling u = Dpũ gives XP = D4

pX̃P (ũ), where X̃P is independent of Dp. However, not all
forces scale in the same way and, as we will explain below, the value of Dp enters into the
analysis of the model.

In order to simplify the implementation and analysis, we rescale (4.1) in terms of the length
Lpp between perpendiculars of the vessel, but do not pursue a full non-dimensionalization.
As the starting point, we note that the surge and sway velocities have dimensions [u] = [v] =
m/s, while the dimension of the angular yaw velocity is [r] = 1/s. It is worth to mention
that, although the angular velocity is radians per second, i.e., rad/s, since the radian is
a dimensionless quantity, it may be written as 1/s in the International System of Units.
Next, we equate these by introducing r̄ = Lppr and then rescale (4.1), together with (4.2),
accordingly. Denoting the rescaled quantities with overbar, except using τ for the rescaled
thruster force amplitude, we obtain

m̄+ m̄uu 0 0
0 m̄+ m̄vv m̄vr

0 m̄rv Īz + m̄rr



u̇

v̇

˙̄r

 =


L−1
pp m̄vr̄ + X̄H + τ cos η

−L−1
pp m̄ur̄ + ȲH + τ sin η
N̄H + x̄T τ sin η

 , (4.5)

where we have scaled
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m̄ = B−1
2 m, m̄uu = B−1

2 muu, m̄vv = B−1
2 mvv, Īz = B−1

4 Iz ,
m̄vr = B−1

3 mvr, m̄rv = B−1
3 mrv, m̄rr = B−1

4 mrr, τ = B−1
2 XP ,

X̄H = B−1
2 XH , ȲH = B−1

2 YH , N̄H = B−1
3 NH , x̄T = L−1

pp xT ,

with Bi = 1
2ρL

i
ppT . More specifically, this gives

X̄H = L−1
pp

(
Xu|u|u

2 +Xβγvr̄
)
,

ȲH = L−1
pp

(
Yβuv + Yγur̄ + Yβ|β|v|v| + Yγ|γ|r̄|r̄| + Yβ|γ|v|r̄| + Y|β|γ |v|r̄

+ Yabu
ay |vby | sgn(v)V 2−ay−by

)
,

N̄H = L−1
pp

(
Nβuv +Nγur̄ +Nu′γcu|r̄cn |V −cn+1 sgn(r̄) +Nγ|γ|r̄|r̄| +Nβ|β|v|v|

+Nββγ r̄v
2V −1 +Nβγγvr̄

2V −1 +Nabu
an |vbn |V −an−bn+2 sgn(v)

)
,

where the general assumption u ≥ 0 is considered since the ship is pushed forward due to
the thruster force (combination of the propeller and rudder forces). To ease the exposition,
in the following we refer to the rescaled hydrodynamic bare hull coefficients X̄j = L−1

pp Xj ,
Ȳj = L−1

pp Yj , N̄j = L−1
pp Nj , where j ̸= H denotes the corresponding subindex; and likewise

introduce mL = L−1
pp m̄.

Concerning the control law (4.4), it is natural to scale ψ̄ = Lppψ so that the added
equation ψ̇ = r becomes ˙̄ψ = r̄; note that ψ̄ is then 2π/Lpp-periodic. Therefore, in (4.4) we
scale further ε̄r = L−1

pp εr and ε̄ψ = L−1
pp εψ, which yields

η = ε̄rr̄ + ε̄ψψ̄. (4.6)

From now on, we omit all overbars an study the rescaled 4D “thruster model”
m+muu 0 0 0

0 m+mvv mvr 0
0 mrv Iz +mrr 0
0 0 0 1




u̇

v̇

ṙ

ψ̇

 =


mLvr +XH + τ(u) cos η
−mLur + YH + τ(u) sin η

NH + xT τ(u) sin η
r

 , (4.7)

written more compactly as Mν̇ = F (ν), with M the invertible matrix on the left-hand side
and F (ν) the right-hand side. The equivalent explicit compact form of (4.7) thus reads

ν̇ = M−1F (ν). (4.8)

4.2 Theoretical analysis

In this section, we investigate the impact of the yaw damping and yaw restoring control
(4.6) on the stability and bifurcation analysis of the straight motion with constant speed. We
include variations of the selected design parameters Dp, the propeller diameter, and xT , the
thruster position, in order to illustrate the methodology. We start discussing the existence
of the straight motion as an equilibrium in the ship-fixed coordinates, then turn to the linear
stability and finally analyze the resulting bifurcations.
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4.2.1 Equilibrium straight motion

The straight motion of the vessel with constant speed corresponds to an equilibrium point
(u0, v0, r0, ψ0) = (u0, 0, 0, 0), with u0 > 0 and the reference direction ψ0 = 0 of system
(4.7). Equilibria are those ν = (u, v, r, ψ)⊺ for which F (ν) in (4.8) vanishes. Setting
v = r = ψ = 0, the last three components of F (ν) vanish, which in fact holds for any ψ0

if εψ = 0, so that in this case we obtain a line of equilibrium motion in any direction. For
εψ ̸= 0, this is constrained to the reference direction ψ0 = 0. The remaining first component
of F (ν) now reads XH + τ(u) cos(0), which gives the condition for the equilibrium straight
velocity u0 as

Xu|u|u
2
0 + τ(u0) = 0, (4.9)

independent of the control parameters εr, εψ. This equation possesses a unique positive
solution if (4.3) holds, i.e., ∂uτ(u) < 0, since τ(0) > 0 and Xu|u| < 0, and therefore the
left-hand side is strictly decreasing for u > 0. These conditions hold for the HTC values (see
B.1), and then u0 = uHTC

0 ≈ 8.71.
Regarding the parametersDp, xT , the equilibrium location is independent of xT since this

does not appear in (4.9). For the propeller diameter Dp, we scale u = Dpũ and τ̃(ũ) := τ(u)
D4
p

so that (4.9) becomes Xu|u|ũ
2
0 + D2

p τ̃(ũ0) = 0, where the first addend is independent of
Dp. Hence, the equilibrium depends on Dp, but for large values its location is approximately
proportional to Dp, cf. Figure 4.2 (a,b): indeed, the rescaled (4.9), upon multiplication by
(D2

pXu|u|)−1, takes the form

D−2
p ũ2

0 + C0 + P (ũ0) = 0, (4.10)

with P (ũ0) := C1ũ0 + · · ·+C5ũ
5
0, where theCi are real constants. In the limitDp → ∞, the

termD−2
p ũ2

0 vanishes, and ũ0 converges to the unique positive solution ũ∗
0 ofC0 +P (ũ0) = 0,

which is independent of Dp so that the resulting u0 is proportional to Dp. The condition
(4.3), with the rescaled τ function, is readily verified numerically for any Dp, cf. Figure 4.2
(c); for large Dp we can also see this rigorously by inspecting the expression for ∂uτ(u0) as
a function of Dp, which reads

∂uτ(u0, Dp) = C̃5D
3
p

−C̃4

(
u0
Dp

)4

+ C̃3

(
u0
Dp

)3

− C̃2

(
u0
Dp

)2

+ C̃1
u0
Dp

− C̃0

 ,
where all C̃i are positive constants. Therefore, for u0 exactly proportional to Dp we have
∂uτ(u0, Dp) = C̃D3

p, with C̃ < 0 and the approximate proportionality implies ∂uτ(u0) < 0
for Dp ≫ 1.

4.2.2 Linear stability of the straight motion

From [3], we first point out that the straight motion without control is unstable. Linearizing
the right-hand side of (4.5) without control at u = u0, v = r = 0 and multiplying by the
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Dp

u0

Dp

u0
Dp

(a) (b) (c)

Figure 4.2: Solution function u0(Dp) from (4.9) for (a) Dp ∈ [0, 10], and (b) Dp ∈ [0, 100]. In (c)
∂uτ(u0) is plotted as a function of Dp > 0, where it is shown that ∂uτ(u0) < 0 holds.

inverse of the mass matrix yield

S̃ := 1
D


D

m+muu 0 0
0 Iz +mrr −mvr

0 −mrv m+mvv




2Xu|u|u0 + ∂uτ(u0) 0 0
0 Yβu0 (Yγ −mL)u0

0 Nβu0 Nγu0


withD := (m+mvv)(Iz +mrr) −mrvmvr. We recall that the system we are working with
is rescaled but we omit the overbars to simplify the notation. Next, due to the block structure,
the upper left entry is an eigenvalue λ1 = (2Xu|u|u0 + ∂uτ(u0))/(m+muu) of S̃, which is
always negative since Xu|u|u0 < 0 and ∂uτ(u0) < 0 as just discussed. More specifically, for
the HTC, see B.1, Xu|u| ≈ −0.00009, m = 0.2328, muu = 0.0247 and u0 = uHTC

0 ≈ 8.71,
∂uτ(u0) ≈ −0.0008, yielding λ1 ≈ −0.0094. Since λ1 < 0, the stability of the straight
motion equilibrium point (u0, 0, 0) is determined by the lower right 2 × 2 submatrix of S̃,
which we denote by S. Its trace and determinant are, respectively,

tr(S) = D−1((Iz +mrr)Yβ + (m+mvv)Nγ −mvrNβ −mrv(Yγ −mL)
)
u0,

det(S) = D−1(YβNγ −Nβ(Yγ −mL))u2
0.

For the HTC, see again B.1, both trace and determinant are negative, which implies that
the eigenvalues λ2, λ3 are nonzero with opposite signs. Specifically, tr(S) ≈ −0.0657,
det(S) ≈ −0.0059, λ2 ≈ 0.0506 and λ3 ≈ −0.1163.

Hence, for the system without control, the straight motion equilibrium is unstable and we
subsequently discuss the impact of the P-control (4.6) on the eigenvalues. Before that, we
note that the free parameters Dp, xT do not change the instability. Indeed, the longitudinal
thruster position xT clearly does not influence the stability analysis since the matrix and fixed
point do not depend on it. The propeller diameterDp enters only in ∂uτ(u0), which modifies
the first eigenvalue λ1 of S̃, but —as noted above— it is negative for any value of Dp.

In the remainder of this subsection we analyze the eigenvalues for the rescaled thruster
model (4.7) with the P-control (4.6). For that, we denote by J the linearization of the
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right-hand matrix of (4.7) at the equilibrium point (u, v, r, ψ) = (u0, 0, 0, 0), which reads

J =


2Xu|u|u0 + ∂uτ(u0) 0 0 0

0 Yβu0 (Yγ −mL)u0 + τ(u0)εr τ(u0)εψ
0 Nβu0 Nγu0 + xT τ(u0)εr xT τ(u0)εψ
0 0 1 0

 .

Then, F (ν) = Jν+h(ν), where the function h(ν) = O(|ν|2) contains the quadratic and
higher order terms; we recall that due to the second order modulus terms, h(ν) is Lipschitz
continuous but not differentiable. The resulting linear part of (4.8) is M−1J (with upper left
3 × 3 block S̃ from above) and has the form

A := M−1J =


p11 0 0 0
0 p22 p23 p24

0 p32 p33 p34

0 0 1 0

 , (4.11)

where
p11 = (m+muu)−1

(
2Xu|u|u0 + ∂uτ(u0)

)
,

and we define the other matrix entries as follows, noting the dependencies on u0, εψ, εr:

p22 = p22uu0, p23 = p23uu0 + q23τ(u0)εr, p24 = q23τ(u0)εψ,
p32 = p32uu0, p33 = p33uu0 + q33τ(u0)εr, p34 = q33τ(u0)εψ,

with

p22u = D−1((Iz +mrr)Yβ −mvrNβ

)
,

p23u = D−1((Iz +mrr)(Yγ −mL) −mvrNγ
)
,

q23 = D−1(Iz +mrr −mvrxT
)
,

p32u = D−1(−mrvYβ + (m+mvv)Nβ

)
,

p33u = D−1(−mrv(Yγ −mL) + (m+mvv)Nγ
)
,

q33 = D−1(−mrv + (m+mvv)xT
)
.

We remark that the coefficient q23 is the same in the expressions for p23 and p24, as well as
q33 for p33 and p34. Further, we define the following terms, which enter in the stability result:

K11 = q2
33τ(u0)2,

K02 = q33(p32uq23 − p22uq33)u0τ(u0)2,

K01 = [(p22u + p33u)(p32uq23 − p22uq33) + q33(p23up32u − p22up33u)]u2
0τ(u0),

K10 = [(p22u + p33u)q33 + p32uq23 − p22uq33]u0τ(u0),

K00 = (p22u + p33u)(p23up32u − p22up33u)u3
0.

(4.12)
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With these preparations we can formulate our main result concerning the change of
stability of the unstable straight motion equilibrium for the HTC values. This is a refinement
of the result in [54], and implies “global controllability” of the straight motion in the sense
that the stabilization by the P-control is possible along any direction in the control parameter
space, i.e., the positive quadrant of the (εr, εψ)-plane.

Theorem 4.1. Consider the rescaled thruster model (4.7) with the HTC values and define

εψ(εr) := −K02ε
2
r +K01εr +K00
K11εr +K10

, (4.13)

with Kij from (4.12) and εr, εψ the P-control parameters from (4.6). Fix any εr, εψ ≥ 0
and for s ≥ 0 consider control parameters on the ray s · (εr, εψ). Then, as s increases, the
equilibrium (u0, 0, 0, 0) of (4.7) is stabilized when s · (εr, εψ) crosses the curve defined by
(4.13). This crossing point lies at a unique s∗ > 0 for each fixed εr, εψ. For the eigenvalues
of J the following holds: for εψ > 0, a complex conjugate pair of eigenvalues traverses
the imaginary axis as s crosses s∗, while for εψ = 0 one eigenvalue is fixed at zero and a
simple real eigenvalue traverses zero at s = s∗. In both cases, the real part of the traversing
eigenvalues has nonzero derivative with respect to s at s = s∗.

We emphasize that in the special case εψ = 0, the system is degenerate in the sense that
the right-hand side of (4.8) is independent of ψ. This immediately implies that J always
possesses one zero eigenvalue. Hence, the change in stability mentioned in the theorem results
from another real eigenvalue. In fact, for εψ ̸= 0 the continuation of these two eigenvalues
forms the complex conjugate pair of the Hopf bifurcation. While this eigenvalue configuration
near εψ = 0, εr = s∗εr is similar to a Bogdanov–Takens (BT) point, unlike a generic BT
unfolding, the straight motion equilibrium exists for all parameters εr, εψ ≥ 0, and for εψ = 0
the system is completely independent of ψ, having an eigenvalue fixed at zero. We discuss
aspects of the resulting bifurcation in §4.2.3.1.

Proof. We analyze the eigenvalues of the linear part of (4.7) given by A in (4.11). As noted
above, p11 < 0 for the HTC values, so that it suffices to consider the lower right 3 × 3 matrix,
which we denote by P , and reads

P =


p22 p23 p24

p32 p33 p34

0 1 0

 .
Its characteristic polynomial is given by

QP (λ) = det(λId − P ) = λ3 + c2λ
2 + c1λ+ c0,
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with Id the 3 × 3 identity matrix and

c0 = p34p22 − p24p32 = (p22uq33 − p32uq23)u0τ(u0)εψ,

c1 = p22p33 − p23p32 − p34

= (p22up33u − p23up32u)u2
0 + (p22uq33 − p32uq23)u0τ(u0)εr − q33τ(u0)εψ,

c2 = −p22 − p33 = −(p22u + p33u)u0 − q33τ(u0)εr.

The Routh–Hurwitz criterion, see [22], states that all eigenvalues of P have negative real part
if and only if c2, c0 > 0 and c2c1 − c0 > 0 hold. The first condition is always satisfied for the
HTC values and for εψ > 0 since for these we have p22, p33 < 0, which implies c2 > 0; and
p24 > 0, p32, p34, p22 < 0 yield c0 > 0. Concerning the second condition, using Kij from
(4.12) gives

c2c1 − c0 =q2
33τ(u0)2εψεr + q33(p32uq23 − p22uq33)u0τ(u0)2ε2

r

+
[
(p22u + p33u)(p32uq23 − p22uq33) + q33(p23up32u − p22up33u)

]
u2

0τ(u0)εr
+
[
(p22u + p33u)q33 + p32uq23 − p22uq33

]
u0τ(u0)εψ

+ (p22u + p33u)(p23up32u − p22up33u)u3
0

=K11εψεr +K02ε
2
r +K01εr +K10εψ +K00.

Hence, as claimed, precisely those (εr, εψ) “above” the convex curve defined by c2c1 −c0 = 0
or equivalently (4.13), provide eigenvalues with negative real part.

In addition, for the control values satisfying (4.13) and εψ(εr) ̸= 0, it follows that there
exist a complex conjugate pair with vanishing real part. Indeed, for the curve c2c1 − c0 = 0
the characteristic polynomial can be factorized asQP (λ) = (c2λ

2 +c0)
(

1
c2
λ+ 1

)
, and since

c2, c0 > 0, the eigenvalues of the first factor correspond to a purely complex conjugate pair,
λ± = ±

√
− c0
c2

.
Finally, if εψ = 0, then the last column of the matrix A in (4.11) vanishes, and c0 = 0

holds, so that the matrix has a fixed zero eigenvalue. The conditions for the other eigenvalues
to have negative real parts are c2, c1 > 0. Here c2 > 0 holds as above since p22, p33 < 0
for the HTC values and εr ≥ 0. On the one hand, c1 is linear in εr with positive slope, and
c1 < 0 at εr = 0 for the HTC. Therefore, c1 changes sign from negative to positive at a unique
εr1 > 0. Moreover, at εr1 the characteristic polynomial reads QP (λ) = λ2(λ + c2), with a
double root. On the other hand, since c0 = 0 and c2 > 0 in the present case, the sign of c1 is
that of c2c1 − c0 so that εψ(εr) = 0 is the stability threshold as claimed.

We plot the curve defined by (4.13) with the HTC parameter values in Figure 4.3. Although
the (complete) theoretical analysis has been performed with the rescaled P-control (4.6), the
figures in this chapter regarding the stability boundary curve, use εr, εψ from the unscaled
P-control (4.4), and hence, with a scaling difference of Lpp. We chose to plot the unscaled
control strengths to show the “real” control parameter values which would be used in the
model.
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ey

er 

Figure 4.3: Stability boundary of the straight motion for the HTC values in the positive quadrant of
the (εr, εψ)-plane, in terms of the unscaled control parameters, i.e., corresponding to (4.4) rather than
(4.6). The straight motion is unstable in the colored area below the curve, and it is stable in the white
region. The transition to stability for εψ > 0 goes via a complex conjugate pair of eigenvalues, and
the transition for εψ = 0 via a real eigenvalue.

Furthermore, in agreement with the theorem statement, we numerically find that the
linearization of the system at the equilibrium straight motion, i.e., the matrix A, on this curve
possesses two real negative eigenvalues and a complex conjugate pair with zero real part.
In Figure 4.3, in the shaded region below the curve, two eigenvalues have positive real part
while in the white region beyond this curve, the real part of all eigenvalues is negative. Thus,
one expects that a Hopf bifurcation occurs at (εr, εψ) satisfying (4.13). However, as mention
before, for this nonsmooth system, the analysis is more delicate than usual.

Next we discuss the impact of varying the parameters np, Dp and xT on the stabilization
and therefore, the linear controllability of the straight motion.

4.2.2.1 Impact of changing the parameters np and Dp

To begin with, we briefly discuss the influence of the propeller frequency np. From §4.1 we
recall that np can be removed from the uncontrolled system by rescaling. Here we consider
the dependence on np of εψ(εr), i.e., of Kij in (4.12). As in §4.1, we scale u = npǔ and
τ(u) = n2

pτ̌(ǔ). Note that q23, q33 in Kij are multiplied by τ and thus K11 = O(τ2),
K02 = O(uτ2), K01 = O(u2τ), K10 = O(uτ), K00 = O(u3). This yields

εψ(εr, ǔ;np) = −
Ǩ02n

2
pǔτ̌

2ε2
r + Ǩ01npǔ

2τ̌ εr + Ǩ00ǔ
3

Ǩ11npτ̌2εr + Ǩ10ǔτ̌
,

where Ǩij are real constants. Hence, εr should be scaled as εr = ε̌r/np, with ε̌r independent
of np, so that εr is inversely proportional to np. In this case, εψ(ε̌r, ǔ;np) is independent of
np. We note that εr and εψ differ in units of second s, so that ε̌r and εψ(ε̌r, ǔ;np) have the
same units.

Furthermore, the qualitatively shape of the curve (4.13) for distinct values of np is similar
as to the one shown in Figure 4.3, where the crossing point with the εr-axis depends on
np. For instance, if we consider the values for Figure 4.3 as a reference, i.e., for the HTC
characteristics and np = 2, and divide now by two the value of np in (4.13), then the crossing
point (εr, 0) has εr doubled, as we see from the relation εr = ε̌r/np. Clearly, (0, εψ) remains
the same.
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Concerning Dp, we scale as in §4.2.1, u = Dpũ and τ(u) = D4
p τ̃(ũ), so that τ̃ is

independent of Dp and (4.13) becomes

εψ(εr, ũ;Dp) = −
K̃02D

6
pũτ̃

2ε2
r + K̃01D

3
pũ

2τ̃ εr + K̃00ũ
3

K̃11D5
p τ̃

2εr + K̃10D2
pũτ̃

, (4.14)

where K̃ij are real constants. From (4.10) we have ũ0 = ũ0(Dp) → ũ∗
0 ̸= 0, as Dp → ∞,

where ũ∗
0 is independent of Dp. Setting in (4.14) E := τ̃D3

pεr, Υ := τ̃D2
p gives

εψ(E,Υ) = −K̃02ũE
2 + K̃01ũ

2E + K̃00ũ
3

(K̃11E + K̃10ũ)Υ
,

which has the same functional form with same signs of coefficients as (4.13). Therefore, the
stability boundary is qualitatively the same for different Dp. Specifically, on the one hand,
for εr = 0 we get from (4.14) that

εψ(0, ũ;Dp) = − K̃00ũ
2

K̃10D2
p τ̃

= O(D−2
p ).

On the other hand, for εψ = 0 in (4.14) we obtain the function

εr(ũ;Dp) = ũ

D3
p τ̃

−K̃01 ±
√
K̃2

01 − 4K̃02K̃00

2K̃02
,

and ũ0(Dp) → ũ∗
0 ̸= 0 implies εr(ũ0;Dp) = O(D−3

p ). This means that for larger propeller
diameter Dp it is “easier” to stabilize the straight motion by εr, in the sense that a smaller
value of the control strength εr is required for the stabilization. In fact, numerically this holds
for all Dp.

4.2.2.2 Impact of changing the thruster position parameter xT

As shown next, understanding the impact of the thruster position is more involved. It turns
out that for the HTC, when increasing xT from the default value near −0.49, i.e., placing
the thruster more forwards, beyond xT ≈ −0.38 we lose the ability to stabilize the straight
motion by εψ alone, meaning that there exists an ε∗

r > 0 such that for εr ∈ [0, ε∗
r ] there is

no εψ that stabilizes the straight motion. Moreover, beyond xT ≈ 0.17 the P-control cannot
stabilize the fixed point at all, thus creating an “uncontrollable” situation.

Before preparing the precise statement and proof, we first note that while (4.9) does not
depend on xT , the function (4.13) does. In fact, all qij in (4.12), i.e., q23, q33, depend on
xT , which results in K02,K11 being quadratic in xT , and K01,K10 linear; only K00 does
not depend on xT . However, it is not clear that the graph of εψ(εr;xT ) remains a stability
boundary since this only accounts for one of the criteria for stable eigenvalues. Indeed, the
first condition for the Routh-Hurwitz criterion in the proof of Theorem 4.1 requires c0 ≥ 0
and c2 > 0, but for instance at xT = 0.3 we have εψ(εr;xT ) < 0 for εr < εr2 ≈ 144.47,
and c2 < 0 for εr > εr2 , where εr2 is the unique root of c2; see Figure 4.4 (a). Therefore, in
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Figure 4.4: We display different forms of the curve εψ(εr) (blue) together with violations of the
stability criteria c0 < 0, c2 < 0 (colored regions), where c0 < 0 for εψ < 0, and c2 < 0 for large εr.
(a) xT = 0.3, (b) xT = xTs

≈ 0.17, and (c) xT = 0.16, where we omit the second blue branch which
is similar to that in (b). This last plot corresponds to the case 4 in the proof of Theorem 4.2.

this case the curve εψ(εr;xT ) is not a stability boundary, and the straight motion cannot be
stabilized by the P-control (4.6).

In the following we provide a detailed, and somewhat tedious, analysis that explains all
possibilities to stabilize the straight motion depending on xT . We recall that u0 does not
depend on xT , but for the coefficients c0, c1, c2 of the eigenvalue problem we have

c0 = p34p22 − p24p32 = (α̃+ β̃xT )εψ,

c1 = p22p33 − p23p32 − p34 = δ + (α̃+ β̃xT )εr + (α+ βxT )εψ,

c2 = −p22 − p33 = γ + (α+ βxT )εr,

where

α := D−1mrvτ(u0) > 0,

β := −D−1(m+mvv)τ(u0) < 0,

α̃ := −D−1 [mrvp22u + (Iz +mrr)p32u]u0τ(u0) > 0,

β̃ := D−1 [(m+mvv)p22u +mvrp32u]u0τ(u0) < 0,

γ := D−1 [mvrNβ − (Iz +mrr)Yβ − (m+mvv)Nγ +mrv(Yγ −mL)]u0 > 0,

δ := D−1 [((m+mvv)Nγ −mrv(Yγ −mL)
)
p22u

+
(
mvrNγ − (Iz +mrr)(Yγ −mL)

)
p32u

]
u2

0 < 0.

The signs of all these coefficients are given by the values of the HTC and remain the same for
any Dp > 0 due to (4.3). Furthermore, the stability boundary (4.13) can be written in terms
of xT as

εψ(εr;xT ) =
γδ +

[
γα̃+ δα+ (γβ̃ + δβ)xT +

(
αα̃+ (αβ̃ + α̃β)xT + ββ̃x2

T

)
εr
]
εr

α̃− γα+ (β̃ − γβ)xT − (α+ βxT )2εr
,
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er 
*
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Figure 4.5: We plot relevant quantities as functions of xT , and mark the HTC value xT = −0.49429
(red vertical line) as well as the region xT > −α̃/β̃ (shaded area). Orange curves: ε∗

r(xT ) from
(4.15) for the singularity of εψ(εr;xT ); blue curves: εr1(xT ), the root of c1 at εψ = 0; green curves:
εr2(xT ), the root of c2. Although the domain of xT is [−0.5, 0.5], we extend it to illustrate better the
shape of the curves as well as the location of the shaded region.
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Figure 4.6: The function εψ(εr) is plotted for (a) xT = −0.3, where ε∗
r ≈ 20.94; (b) xT = −0.1669;

and (c) xT = −0.1668. A change of convexity/concavity occurs between (b) and (c).

from which the singularity reads

ε∗
r = α̃− γα+ (β̃ − γβ)xT

(α+ βxT )2 , (4.15)

i.e., the denominator of εψ(εr;xT ) vanishes for εr = ε∗
r ; see Figure 4.5. For the HTC values,

large negative values of xT give negative ε∗
r < 0, a sign change occurs at xT ≈ −0.38, and

a singularity near xT = 0.016 takes place. In particular, ε∗
r < 0 for the HTC default value

xT ≈ −0.49. As long as ε∗
r < 0, the singularity lies outside the positive range of the control

parameters and is thus disregarded. However, for values of xT where ε∗
r > 0, stabilization by

εψ alone is not possible and fixing εr < ε∗
r creates an “uncontrollable” situation. We plot an

example in Figure 4.6 (a), showing also negative values of εψ for completeness. Furthermore,
for ε∗

r > 0, there may be two positive values of εr for which εψ(εr;xT ) = 0, i.e., potentially
a stabilization and subsequent destabilization when increasing εr from zero, for instance, as
plotted in Figure 4.4 (c). In addition, we emphasize that, comparing Figures 4.6 (a) and 4.4
(a), a switching from convexity to concavity of εψ(εr;xT ) has occurred, which in particular
takes place at xT ≈ −0.17, cf. Figure 4.6 (b,c). This switch corresponds to the transition
between regions 2 and 3 in Figure 4.1. These different regions (or cases) are explained in
detail in the proof of Theorem 4.2.
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With these preparations we formulate the following main result concerning controllability
of the straight motion in terms of xT . This involves the threshold for xT given by

xTs = δα− γα̃

γβ̃ − δβ
> 0,

which is independent of u0 and therefore of Dp. Specifically, it is the unique value of xT for
which the roots εr = εrj of cj , j = 1, 2, at fixed εψ = 0 coincide, i.e., εr1(xTs) = εr2(xTs).
For the HTC values we have xTs ≈ 0.17. As before, the stability region and its boundary
refer to the positive quadrant in the (εr, εψ)-plane.

Theorem 4.2. Consider xT as a free parameter and assume for all other parameters the same
signs of coefficients within c0, c1, c2 as above for the HTC values. Then two scenarios occur.
In the case that −α/β < −α̃/β̃, for any xT ≤ −α/β the statement of Theorem 4.1 holds
true for all εr > 0, and the stability boundary is a strictly monotone curve intersecting the
εr-axis, but possibly not the εψ-axis, with a vertical asymptote at ε∗

r . Moreover, if xT ≥ xTs ,
the straight motion cannot be stabilized by any εr, εψ > 0, while for −α/β < xT < xTs , the
stability region is bounded with boundary of parabolic shape, intersecting twice the εr-axis.
In the case that −α̃/β̃ < −α/β, the stability boundary is strictly monotone if xT < −α̃/β̃
and otherwise stabilization is impossible.

Before presenting the proof we proceed with some remarks. The theorem in particular
implies the following alternative: either the straight motion can be stabilized by increasing εr
for all εψ ≥ 0 or none, except in the case of a bounded stability region, cf. Figure 4.1. In all
situations, the possibility to stabilize is determined by the case εψ = 0 alone. Specifically,
for the HTC values, occurring in the case −α/β < xTs < −α̃/β̃, if the longitudinal location
of the thruster of the vessel, xT , is too far from the aft, i.e., near the fore, then the straight
motion cannot be stabilized by the P-control (4.6).

Proof of Theorem 4.2. We recall that the Routh-Hurwitz criterion from the proof of Theorem
4.1 consists of c0, c2 > 0 and c2c1 > c0, which must be attainable for stabilization in
case εψ > 0; for εψ = 0 we have c0 = 0 and the criterion becomes c1, c2 > 0. The
common condition c2 > 0 is independent of the control parameter εψ and equivalent to either
xT ≤ −α/β (and any εr ≥ 0), or εr < εr2 = −γ/(α + βxT ). Note that −α/β > 0 by the
sign conditions α > 0, β < 0 on the coefficients (for the HTC −α/β ≈ 0.016).

Concerning εψ = 0, the sign conditions α̃ > 0 and δ, β̃ < 0 yield c1 > 0 if and only if
xT < −α̃/β̃ and εr > εr1 = −δ/(α̃ + β̃xT ). In particular, only εr1 > 0 is relevant. In the
case that xT > −α/β, the two bounds on εr are compatible if and only if εr1 < εr2 , which
is equivalent to xT < xTs . Hence, we find that controllability for εψ = 0 requires

xT < min
{

−α̃/β̃,max{−α/β, xTs}
}
,

which covers the claimed statements in this case. (In particular, for the HTC values we
have xTs = (δα − γα̃)/(γβ̃ − δβ) ≈ 0.17, and −α̃/β̃ ≈ 0.83, so the threshold would be
xT = xTs .)
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We now turn to controllability for εψ > 0. First we note that the condition c0 > 0 is
then equivalent to α̃ + β̃xT > 0, i.e., xT < −α̃/β̃ so that again εr1 > 0. It remains to
incorporate the last condition, c1c2 > c0, whose boundary is given by εψ(εr), which solves
c1c2 = c0 (we omit the dependence on xT for brevity). In the case that α + βxT = 0, we
have εψ(εr) = γδ/(α̃+ β̃xT ) + γεr with positive slope and root at εr1 . This is the stability
boundary since in this case c2 > 0 and c0 > 0 for εψ > 0. For α + βxT ̸= 0, the value
εr2 = −γ/(α+ βxT ) is finite and we can write

εψ(εr) = a
(εr − εr2)(εr − εr1)

εr − ε∗
r

, a = − α̃+ β̃xT
α+ βxT

,

with ε∗
r = εr2 + (α̃+ β̃xT )/(α+ βxT )2, so that ε∗

r > εr2 . The sign of a is that of α+ βxT

since we only consider xT < −α̃/β̃. Notably, the graph consists of one convex and one
concave branch, and at least one intersects εψ = 0 at εr = εr1 > 0. On the one hand, we
directly compute

∂εrεψ(εr1) = a
(εr1 − εr2)(εr1 − ε∗

r)
(εr1 − ε∗

r)2 ,

which has the sign of −(α + βxT )(εr1 − εr2)(εr1 − ε∗
r). On the other hand, via F :=

c1c2 − c0 = 0, which defines εψ(εr), we have ∂εrεψ(εr) = − ∂εrF
∂εψF

, and εr = εr2 gives

∂εrF = (∂εrc2)c1, with ∂εrc2 = α + βxT , and ∂εψF = −∂εψc0 = −(α̃ + β̃xT ). Since
α̃+ β̃xT > 0, we have

sgn(∂εrεψ(εr2)) = sgn((α+ βxT )c1).

Due to the conditions εr1 > 0 and εr2 < ε∗
r from above, we have six possible orderings

of εr1 , εr2 , ε
∗
r and εr = 0 which we present below. In addition, we discuss the relation

of these cases to the value of xT . For that, we define xT0 = (γα − α̃)/(β̃ − γβ), which
solves ε∗

r(xT0) = 0, and xT− , xT+ as the roots of ε∗
r − εr1 , where xT− < xT+ . From

the sign conditions, we note that δα − γα̃ < 0 and γβ̃ − δβ < 0. Furthermore, it turns
out that relevant is the sign of α/β − α̃/β̃. We first consider −α/β < −α̃/β̃, in which
εr1(xTs) = εr2(xTs) > 0; see Figure 4.5 for the HTC values. Here xT0 < xT− < xTs < xT+

applies. Indeed, since ε∗
r vanishes for a unique xT0 , left and right of this point the function is

negative and positive, respectively, and εr1 > 0 is monotone increasing, so that xT0 < xT−

holds. Note that ∀xT < −α̃/β̃, we have ε∗
r > εr2 , and therefore xTs < xT+ . Finally, again

since εr1 > 0 is monotone increasing, xT− < xTs holds.

Case (1). εr2 < ε∗
r < 0 < εr1 (which occurs in the HTC). Here ∂εrεψ(εr1) < 0 and the

graph of εψ(εr) ≥ 0 connects the εr and εψ-axes, is strictly decreasing and forms the stability
boundary as in Figure 4.3. This case is equivalent to xT < xT0 if β̃ > γβ, or xT > xT0 if
β̃ < γβ, since then ε∗

r < 0. However, as for the HTC values, we assume β̃ > γβ and thus
this case corresponds to xT < xT0 .

Case (2). εr2 < 0 ≤ ε∗
r < εr1 . Here ∂εrεψ(εr1) < 0 and again the graph of εψ(εr) ≥ 0 is

strictly decreasing and forms the stability boundary, but it no longer connects to the εψ-axis.
More precisely, ε∗

r is the lower bound for the stability threshold εr at any given εψ > 0. The
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situation is as in Figure 4.6 (a). Regarding xT we consider, as before, β̃ > γβ, and we then
require xT ≤ (γα− α̃)/(β̃−γβ) for ε∗

r ≥ 0. Furthermore, ε∗
r < εr1 means xT /∈ (xT− , xT+)

and hence, in this case, xT ∈ (xT0 , xT−).
Case (3). εr2 < 0 < εr1 < ε∗

r . Here ∂εrεψ(εr1) > 0 and the graph of εψ(εr) ≥ 0 is
now strictly increasing; it still forms the stability boundary without connecting to the εψ-axis
as in Figure 4.6 (c). Here ε∗

r is an upper bound for the stability threshold εr at any given
εψ > 0. As for the previous cases, we have xT < −α/β such that εr2 < 0. Moreover,
xT ∈ (xT− , xT+) for εr1 < ε∗

r . Thus, xT ∈ (xT− ,−α/β). Notice that at εr = εr1 = ε∗
r , i.e.,

at xT = xT− , the graph of the function εψ(εr) degenerates to the union of a vertical and a
non-vertical line; cf. Figure 4.6 (b,c).

Case (4). 0 < εr1 < εr2 < ε∗
r . Here ∂εrεψ(εr1) > 0 > ∂εrεψ(εr2), the graph of

εψ(εr) ≥ 0 is strictly increasing near εr1 with a local maximum below εr2 , and this part
forms the stability boundary to a bounded stable region since c2 > 0 between both roots; see
Figure 4.4 (c). In terms of xT , this case is translated into xT ∈ (−α/β, xTs). The transition
between case 3 and 4 occurs at xT = −α/β, where we have confirmed controllability in this
situation above.

The remaining two cases have xT ≥ xTs and correspond to fully uncontrollable situations.
Case (5). 0 < εr2 < εr1 < ε∗

r . Here ∂εrεψ(εr1) < 0 < ∂εrεψ(εr2), the graph of
εψ(εr) ≥ 0 is strictly increasing near εr2 with a local maximum below εr1 , but it does not form
a stability boundary since c2 < 0 for εr > εr2 . This situation happens for xT ∈ (xTs , xT+).
The transition between case 4 and 5 takes place at xT = xTs , which yields εr1 = εr2 and thus
∂εrεψ(εr1) = 0. The graph is negative or concave and therefore no control is possible; see
Figure 4.4 (b).

Case (6). 0 < εr2 < ε∗
r < εr1 . Here ∂εrεψ(εr1) > 0 and the graph of εψ(εr) ≥ 0

is strictly increasing, but no longer forms a stability boundary since c2 < 0 in the region
where εψ(εr) > 0; see Figure 4.4 (a). It is easy to see that this case is equivalent to
xT ∈ (xT+ ,−α̃/β̃). For εr = εr1 = ε∗

r , i.e., at xT = xT+ , again the graph of the function
εψ(εr) degenerates to the union of a vertical line in the region where c2 < 0, and a line with
positive slope and root at c2 = 0.

Now we consider the second situation, −α̃/β̃ < −α/β, where εr1(xTs) = εr2(xTs) < 0.
The scenario is analogous to the previous cases 1 to 3 when accounting for the reversed
ordering xT− < xT0 < xT+ < xTs . Indeed, case 1 happens for xT ∈ (xT0 ,−α̃/β̃), case 2
for xT ∈ (xT− , xT0), and case 3 for xT < xT− . Notice that controllability requires εr1 > 0,
which happens only for xT < −α̃/β̃, and then εr2 < 0. Therefore, the straight motion is
fully uncontrollable for xT > −α̃/β̃ and cases 4 to 6 do not occur.

From this result, we observe that, on the one hand, in the case −α/β < xTs < −α̃/β̃,
which happens in the HTC, for small values of xT (close to the aft of the ship), the first
intersection point of the stability boundary curve with the positive εr-axis is also “small”. On
the contrary, for larger xT , we have εψ(εr) = 0 for larger (first intersection point) εr > 0, until
reaching a threshold xTs in which stabilization is not possible anymore by the P-control (4.6).
Therefore, the smaller the value of xT , the easier the stabilization is, in the sense that one needs
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less control strength εr to achieve that. On the other hand, in the case −α̃/β̃ < xTs < −α/β,
we also have a threshold for which increasing xT , the stabilization of the straight motion is
impossible, namely, for xT > −α̃/β̃. However, stabilizing this equilibrium, by the P-control
considered here, is not easier the closer the thruster is to the aft, as occurs for the HTC, though
we do not know whether this case can be realized in an actual ship.

With this last theorem, the study of linear stability is completed and now we move to the
nonlinear analysis.

4.2.3 Nonlinear stability and bifurcation analysis

Here we analyze the nonlinear effects of the stabilizing control based on the linear stability
analysis of the previous section. In order to facilitate the bifurcation analysis, we first shift
the straight motion equilibrium state (u0, 0, 0, 0) of (4.8) to the origin by writing the surge
variable as u = u0 + ũ, where ũ is a perturbation of the location of the fixed point. In terms
of (ũ, v, r, ψ) we thus obtain

˙̃u
v̇

ṙ

ψ̇

 = M−1


mLvr +XH(ũ) + τ̃(ũ) cos η

−mL(u0 + ũ)r + YH(ũ) + τ̃(ũ) sin η
NH(ũ) + xT τ̃(ũ) sin η

r

 , (4.16)

where τ̃(ũ) := τ(u0 + ũ). In the following we omit the tilde from ũ to simplify the notation.
We rewrite and expand the previous system in u, showing the cubic and higher order terms
for completeness, which give

u̇

v̇

ṙ

ψ̇

 =


τ11(cos η − 1) + k1u+ k2u

2 + k3vr + [τ12u+ τ13u
2] cos η

p22v + k5r + k6uv + k7ur + f1 (v, r) + [τ21 + τ22u+ τ23u
2] sin η

p32v + k9r + k10uv + k11ur + f2 (v, r) + [τ31 + τ32u+ τ33u
2] sin η

r

 (4.17)

+


0

fc (v, r) + ka1uv|v| + ka2ur|r| + ka3u
2v|v| + ka4u

3v|v| + ka5v
2|v| + ka6uv

2|v|
gc (v, r) + kb1uv|v| + kb2ur|r| + kb3u

2v|v| + kb4u
3v|v| + kb5v

2|v| + kb6uv
2|v|

0

 ,

where τij are the coefficients resulting from the expansion and

f1 (v, r) = a11v|v| + a12v|r| + a21r|v| + a22r|r|,

f2 (v, r) = b11v|v| + b12v|r| + b21r|v| + b22r|r|,

fc (v, r) = ca2vr
2 + ca3v

2r, gc (v, r) = cb2vr
2 + cb3v

2r.

We omit the explicit expressions of the coefficients except for aij , bij in f1, f2, which are
going to be relevant:
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a11 = D−1
(
(Iz +mrr)Yβ|β| −mvrNβ|β|

)
, a12 = D−1(Iz +mrr)Yβ|γ|,

a21 = D−1(Iz +mrr)Y|β|γ , a22 = D−1
(
(Iz +mrr)Yγ|γ| −mvrNγ|γ|

)
,

b11 = D−1
(
(m+mvv)Nβ|β| −mrvYβ|β|

)
, b12 = −D−1mrvYβ|γ|,

b21 = −D−1mrvY|β|γ , b22 = D−1
(
(m+mvv)Nγ|γ| −mrvYγ|γ|

)
.

Using again that our analysis focuses on the vicinity of the origin, we expand the functions
cos η = 1 + O(η2), sin η = η + O(η3) and, based on the results in Chapter 2, we omit all
cubic and higher order terms. Employing also the control form η = εrr + εψψ from (4.6),
this reduces (4.17) to

u̇

v̇

ṙ

ψ̇

 =


p11u+ U(u, v, r)

p22v + p23r + p24ψ + k6uv + (k7 + τ22εr)ur + τ22εψuψ + f1 (v, r)
p32v + p33r + p34ψ + k10uv + (k11 + τ32εr)ur + τ32εψuψ + f2 (v, r)

r

 ,
(4.18)

where U(u, v, r) is a second order nonlinear function. In agreement with §4.2.2, the coeffi-
cients p11 = k1 + τ12, p23 = k5 + τ21εr, p24 = τ21εψ, p33 = k9 + τ31εr, p34 = τ31εψ are
the entries of the matrix A from (4.11). These pij are exactly the same as before since we
have moved the fixed point to the origin and expanded the function τ .

As a first step towards the nonlinear analysis, we discuss the simpler case of the pitchfork
bifurcation, and then turn to the more involved Hopf bifurcation analysis.

4.2.3.1 Pitchfork bifurcation for εψ = 0

We keep εψ = 0 fixed so that the last equation in (4.18) can be dropped since the coefficients
p24, p34 as well as the terms with uψ vanish. The linearization in the steady forward motion
gives then the matrixA from (4.11) reduced to the upper left 3×3 matrix, with block diagonal
structure and hence, an eigenvalue p11 ̸= 0 for the HTC values. The remaining 2 × 2 block,
which we call B, i.e.,

B :=
(
p22 p23

p32 p33

)
=
(
p22uu0 p23uu0 + q23τ(u0)εr
p32uu0 p33uu0 + q33τ(u0)εr

)
,

has determinant that is linear in εr and vanishes at the unique positive value εr1 from (4.13),
as in the proof of Theorem 4.1, where εr1 is the root of c1. Notice that here, for εψ = 0, we
have det(B) = c1. We readily find numerically that for the HTC values, B0 := B|εr=εr1

has
eigenvectors e0 for the eigenvalue zero, and e1 for the nonzero eigenvalue λ. This means that
the bifurcation upon changing εr will be purely of equilibria states and we thus seek solutions
of the reduced (4.18) with zero left-hand side. Since f1, f2 are quadratic of second order
modulus type, we expect a nonsmooth pitchfork bifurcation as in the truncated normal form
ε̃rx + σx|x| = 0. Here the sign of σ ̸= 0 determines the super- or subcritical character of
the bifurcation (cf. (1.11)) with parameter ε̃r = g(εr), where g is a local bijection.
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The first steady state equation of the reduced (4.18),
u̇

v̇

ṙ

 =


p11u+ U(u, v, r)

p22v + p23r + k6uv + (k7 + τ22εr)ur + f1 (v, r)
p32v + p33r + k10uv + (k11 + τ32εr)ur + f2 (v, r)

 , (4.19)

can be solved for u by the implicit function theorem since p11 ̸= 0 and U is nonlinear; the
resulting solution satisfies u = O(v2 + r2) so that substitution into the second and third
equations contributes a term of cubic order.

We write εr = εr1 + ε̃r and B = B0 + ε̃rB1,

B =
(
p22uu0 p23uu0 + q23τ(u0)εr1

p32uu0 p33uu0 + q33τ(u0)εr1

)
+ ε̃r

(
0 q23τ(u0)
0 q33τ(u0)

)
,

and choose the eigenvectors e∗
j of the adjoint B⊺

0 so that ⟨ej , e∗
1−j⟩ = 0 and ⟨ej , e∗

j ⟩ = 1, j =
0, 1. Changing coordinates (v, r)⊺ = xe0 + ye1 and defining f(v, r) = (f1(v, r), f2(v, r))⊺,
we project the second and third equations of (4.19) onto span(e1), which results in

0 = ⟨B(v, r)⊺, e∗
1⟩ + ⟨(f1(v, r), f2(v, r))⊺, e∗

1⟩

= ⟨(B0 + ε̃rB1)(xe0 + ye1), e∗
1⟩ + ⟨f(v, r), e∗

1⟩

= y⟨B0e1, e
∗
1⟩ + ⟨ε̃rB1(xe0 + ye1), e∗

1⟩ + ⟨f(v, r), e∗
1⟩

= λy + ε̃r(x⟨B1e0, e
∗
1⟩ + y⟨B1e1, e

∗
1⟩) + ⟨f(v, r), e∗

1⟩.

Once more, we may solve this equation by the implicit function theorem since λ ̸= 0, yielding
y = y(x, ε̃r) = O(|ε̃rx| + x2). It remains to solve the projection onto span(e0), which is
given by

0 = ⟨(B0 + ε̃rB1)(xe0 + ye1), e∗
0⟩ + ⟨f(v, r), e∗

0⟩

= ε̃r(x⟨B1e0, e
∗
0⟩ + y(ε̃r, x)⟨B1e1, e

∗
0⟩) + ⟨f(v, r), e∗

0⟩

= ε̃rx⟨B1e0, e
∗
0⟩ + x|x|⟨f(e0), e∗

0⟩ + O(3),

where O(3) is of cubic order in x, ε̃r, and we used that the function f is of second order
modulus form. Thus, the truncated bifurcation equation reads

ε̃rx⟨B1e0, e
∗
0⟩ + x|x|⟨f(e0), e∗

0⟩ = 0,

which is indeed of the expected form. Numerical evaluation for the HTC values gives negative
coefficients

⟨B1e0, e
∗
0⟩ ≈ −4.04 · 10−2,

⟨f(e0), e∗
0⟩ ≈ −1.32 · 10−3.

Therefore, a nonsmooth pitchfork bifurcation occurs and it is supercritical since the steady
state is stable for ε̃r > 0. This means that a branch of equilibrium motions emerges when
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Figure 4.7: Different views of the nonsmooth supercritical pitchfork bifurcation diagram of equilib-
rium points in the 3D reduced system for εψ = 0 computed by numerical continuation. The dimensions
correspond to [u] = [v] = m/s, [r] = rad/s, [εr] = s, i.e., the unscaled model.

decreasing εr from εr1 . Indeed, we numerically find this as plotted in Figure 4.7.

For the full 4D system (4.18) we remark that the pitchfork bifurcation manifests itself
in a non-standard way. Firstly, for any εr, εψ, the straight motion always appears as the
equilibrium point with v = r = ψ = 0, and u = u0 solving (4.9). Secondly, for εψ = 0 the
system is independent of ψ, which induces a line of equilibria in the phase space given by
v = r = 0, u = u0 and arbitrary ψ. Indeed, the pitchfork bifurcation discussed above appears
in the 4D system as follows: let r0 be the r-component of one of the bifurcated equilibria,
then the ψ-component of the resulting solution ψ0 in the 4D system is ψ0(t) = r0t+ ψ0(0),
which is in particular unbounded in the angular variable ψ. In addition, at εψ = 0 the
4 × 4 linearization A from (4.11) possesses a zero eigenvalue for any εr, which is double
at εr1 with a 2 × 2 Jordan block, as well as two nonzero real eigenvalues. This is similar
to a Bogdanov–Takens bifurcation with symmetry, e.g., [8]; see also Chapter 3. Hence, we
expect the unfolding beyond the pitchfork to contain additional elements of a symmetric BT
bifurcation, including various heteroclinic orbits. However, a rigorous analysis is beyond
the scope of this thesis since the situation is degenerate owing to the occurrence of a line of
equilibria and the nonsmooth nonlinearity, which already makes the Hopf bifurcation analysis
more involved as discussed subsequently.

4.2.3.2 Hopf bifurcation

We have shown in §4.2.2 that, for any pair of control parameters (εr, εψ) with εr ≥ 0,
εψ > 0 on the stability boundary, satisfying (4.13), the eigenvalues of the linearization at
the equilibrium point (u, v, r, ψ) = (u0, 0, 0, 0) possess one complex conjugate pair with
nonzero imaginary part, and the two other eigenvalues are real and negative. Therefore, for
any such (εr, εψ), the linear part of (4.18) can be transformed into

λ1 0 0 0
0 µ −ω 0
0 ω µ 0
0 0 0 λ4

 ,

where µ ∈ R, ω > 0 and the eigenvalues are λ1, λ4 < 0 and λ± = µ ± iω. Note that from
(4.18) we have λ1 = p11.
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In the following, we perform the coordinate changes and identification of terms that allow
to apply the theory from Chapter 2. This will then justify to neglect the terms we drop in the
coming steps. In particular, since λ1 ̸= 0 the results from §2.3 imply that we can neglect the
first equation of (4.18) for our bifurcation analysis. Hence, we next analyze the lower right
3 × 3 matrix (v, r, ψ), which contains the linearly oscillating part and the coupled equation
ψ̇ = r. Moreover, we define the matrix T = (a|b|s) with columns a,b, s ∈ R3 coming
from the eigenvectors ζ+ = a + ib, ζ− = a − ib, s, of the eigenvalues µ + iω, µ − iω, λ4,
respectively. Notably, µ = 0 along the curve εψ(εr).

Setting ξ := (ξ1, ξ2, ξ3)⊺ = T−1(v, r, ψ)⊺, the (v, r, ψ)-subsystem of (4.18) takes the
form 

ξ̇1

ξ̇2

ξ̇3

 =


µ −ω 0
ω µ 0
0 0 λ4



ξ1

ξ2

ξ3

+ h2(ξ) + R, (4.20)

where h2(ξ) contains all relevant quadratic order terms. These have the form

h2(ξ) = T−1


f1(T · ξ)
f2(T · ξ)

0

 =


Z11 Z12 Z13

Z21 Z22 Z23

Z31 Z32 Z33



g1(ξ)
g2(ξ)

0

 =


Z11g1(ξ) + Z12g2(ξ)
Z21g1(ξ) + Z22g2(ξ)
Z31g1(ξ) + Z32g2(ξ)

 ,
with quadratic order functions g1, g2 discussed below, and the coefficients

Z11 = b2s3 − b3s2
det(T) , Z12 = −b1s3 + b3s1

det(T) ,

Z21 = −a2s3 + a3s2
det(T) , Z22 = a1s3 − a3s1

det(T) ,

where aj , bj , sj , j ∈ {1, 2, 3} are the components of the vectors a,b, s, respectively.
All remainder terms are collected in R, including the nonlinear terms involving u, i.e.,

uv, ur, uψ, from (4.18), which turn out to be irrelevant to leading order due to §2.1, §2.3.
Furthermore, Theorem 2.3 implies that the third component of the transformed system (4.20),
ξ3, will belong to higher order terms (perturbation) as well. With these preparations, and
using the shorthand [[·]] := ·| · | for the second order modulus terms, the relevant functions
g1, g2 are

g1(ξ1, ξ2) =a11[[a1ξ1 + b1ξ2]] + a12(a1ξ1 + b1ξ2)|a2ξ1 + b2ξ2|

+ a21(a2ξ1 + b2ξ2)|a1ξ1 + b1ξ2| + a22[[a2ξ1 + b2ξ2]],

g2(ξ1, ξ2) =b11[[a1ξ1 + b1ξ2]] + b12(a1ξ1 + b1ξ2)|a2ξ1 + b2ξ2|

+ b21(a2ξ1 + b2ξ2)|a1ξ1 + b1ξ2| + b22[[a2ξ1 + b2ξ2]].

The leading order part of (4.20) has the equation for ξ̇3 decoupled from the others,
such that only the first two equations in (4.20) remain of interest. Using polar coordinates
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(ξ1, ξ2) = (r cosφ, r sinφ), these become

ṙ = µr + χ(φ)r2 + O(r3),

φ̇ = ω + Ω(φ)r + O(r2),
(4.21)

where

χ(φ) =(a11Λ + b11Γ)[[a1c+ b1s]] + (a12Λ + b12Γ)(a1c+ b1s)|a2c+ b2s|

+ (a21Λ + b21Γ)(a2c+ b2s)|a1c+ b1s| + (a22Λ + b22Γ)[[a2c+ b2s]],
(4.22)

with c := cosφ, s := sinφ and Λ := cZ11 + sZ21,Γ := cZ12 + sZ22 to simplify the
notation. More specifically, we use cylindrical coordinates and then apply Theorem 2.3 in
order to obtain (4.21).

As an aside before continuing with this analysis, we point out that for the variables of
a ship model, the yaw velocity is represented by the symbol r, as we have used during this
chapter. However, this letter has not to be mistaken with the radial component of the system
in polar coordinates, which we are using now.

Prior to formulating the bifurcation theorem, we recall the two generic forms of a Hopf
bifurcation: in the supercritical (or safe) case the stable fixed point changes stability when the
stable limit cycle is created, while in the subcritical (or unsafe) scenario the unstable fixed
point becomes stable when an unstable limit cycle is born.

Theorem 4.3. For the rescaled thruster model (4.7) in the HTC, and considering εψ > 0, the
system undergoes a Hopf bifurcation for the control values (4.13), which is supercritical if∫ 2π

0 χ(φ)dφ < 0 and subcritical for positive sign. Furthermore, the amplitude of the periodic
orbit is given by

r = −2π∫ 2π
0 χ(φ)dφ

µ+ O
(
µ2
)
.

Proof. We recall from Theorem 4.1 that a complex conjugate pair of eigenvalues crosses
the imaginary axis for (εr, εψ) crossing the values of (4.13). Therefore, the equivalent
system (4.18) is amenable to Corollary 2.26. In particular, the non-oscillatory linear part
is invertible since λ1, λ4 < 0 on the stability boundary by Theorem 4.1. Due to Corollary
2.26, the criticality of the Hopf bifurcation is that of (4.21), and determined by the sign of∫ 2π

0 χ(φ)dφ. Finally, the claimed leading order amplitude of the bifurcating periodic orbits
follows directly from Proposition 2.15.

This result reduces the problem of determining the criticality of the Hopf bifurcation, i.e.,
the safety of the stabilizing control, to computing the sign of

Σ :=
∫ 2π

0
χ(φ)dφ.

We remark that Σ from (2.74) is the same up to the natural positive factor 2πω. However, even
with the formula (4.22), and despite the fact that all terms in χ can be explicitly integrated,
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Figure 4.8: Values of Σ for (a) εr ∈ {1, 2, · · · , 130} for the HTC values, and (b) εr ∈ {1, 2, · · · , 68}
with Dp = 9.1575. These two situations correspond to case 1 in Figure 4.1.

it appears difficult to determine the sign of Σ analytically since the eigenvectors enter non-
trivially. For illustration, two of the terms that arise in Σ for (εr, εψ) = (0, εψ(0)) from (4.13)
are given by

∫ 2π

0
a11Λ[[a1c+ b1s]]dφ =

8
√
a2

1 + b2
1

3 a11(Z11a1 + Z12b1),∫ 2π

0
a12Λ(a1c+ b1s)|a2c+ b2s|dφ = 4

3
√
a2

2 + b2
2

a12
(
Z11(a1(2a2

2 + b2
2) + a2b1b2)

+ Z12(b1(2b2
2 + a2

2) + a1a2b2)
)
.

Computing the sign of Σ requires summing up terms of this form so that we generally
need details on each of these, which requires knowing all entries of the matrix T, i.e., the
eigenvectors.

Nevertheless, numerical evaluation of all these quantities and thus of Σ is highly accurate
and almost instantaneous on modern computers. This makes it possible to readily predict the
criticality, as well as the leading order expansion of the bifurcating periodic solutions. We
next show various evaluations of Σ along the stability boundary (4.13) determined in §4.2.2.
These are all negative for the values of the classical HTC, see Figure 4.8 (a). Therefore, the
Hopf bifurcation appears to be supercritical for any stabilizing P-control, which means a safe
control scenario.

Furthermore, and regarding the propeller diameter Dp, Σ is as well always negative for
the different values that we have taken of this parameter. For instance, in Figure 4.8 (b) we
plot Σ for Dp = 1.5DHTC

p , which has the same qualitative behavior as in Figure 4.8 (a).
Notice that we use the notation DHTC

p to remark that this corresponds to the HTC value for
the propeller diameter. In addition, we point out that here Σ is much smaller for small εr,
where εψ is relatively big, than for larger εr. In view of Theorem 4.3, this means that the
amplitudes of the bifurcating periodic orbits grow much quicker for large εr. Hence, the
transition from stable straight motion to the motion induced by the stable periodic orbits is
much more abrupt for larger εr values.

Concerning the thruster position xT , we recall from §4.2.2 that there are four cases, as
shown in Figure 4.1, to stabilize the straight motion. At xT = −0.3, which is case 2, control
is possible for approximately εr ∈ (21, 152.5); see Figure 4.6 (a). We plot the resulting
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Figure 4.9: Values of Σ for (a) εr ∈ {21, 22, · · · , 152} with xT = −0.3, see Figure 4.1 case 2; and
(b) εr ∈ {226, 227, · · · , 488} with xT = 0.1, corresponding to case 4 in Figure 4.1. The vertical
lines mark in (a) the vertical asymptote and in (b) the intersections of the stability boundary with the
εr-axis.

values of Σ in Figure 4.9 (a). For xT = −0.16, which corresponds to case 3 in Figure 4.1,
we numerically find a qualitatively reflected Σ graph. Further, we compute Σ for xT = 0.1,
which corresponds to case 4, and display the results in Figure 4.9 (b). In this last example,
the interval of εr-values for which the straight motion is stable is bounded by the zeros of the
concave branch, which are approximately εr ∈ (225.9, 488.6); compare with Figure 4.4 (c),
where xT = 0.16. In both of these last cases, the abruptness mentioned above, regarding the
transition from stable straight motion to the motion caused by the stable limit cycles, occurs
for smaller εr, i.e., closer to the (first) intersection of the stability boundary curve with the
εr-axis.

4.3 Numerical bifurcation analysis

In this section we present numerical results that corroborate and illustrate the analysis of the
previous sections based on implementing the model in the continuation software Auto [18].
In Figure 4.10 we plot the stability boundary for the HTC that results from such a numerical
continuation, which tracks the Hopf bifurcation locus. Up to numerical error, this agrees with
(4.13) plotted in Figure 4.3, based on the analytical prediction of Theorem 4.1.

In order to accordingly relate the results of the simulations with the physical implications
for the ship motion, we plot the values of the unscaled model, meaning that the units of
the variables are [r] = rad/s, [ψ] = [η] = rad. Although the radian is a dimensionless
quantity, we explicitly write here that the angle variables are in radians and not in degrees.
Furthermore, the control strengths correspond to the unscaled control law (4.4) as well, and
thus [εψ] = −, [εr] = s. Notice that we have not rescaled u, v, so that their dimensions are
[u] = [v] = m/s always.

We have employed numerical bifurcation and continuation to compute the periodic orbits
that bifurcate from this stability boundary along curves in the (εr, εψ)-plane for εψ > 0; in
Figure 4.10 two such curves are plotted in violet and green. Notably, these curves lie “under”
the stability boundary, which corroborates the analytically predicted supercritical nature of
the Hopf bifurcations. For instance, simulations for the violet vertical line in Figure 4.10
are exhibited in Figure 4.12. Moreover, we have checked numerically that for values on
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Figure 4.10: Stability boundary curve εψ(εr) for the HTC values in blue, separating the unstable
region, which is shaded, from the stable region, in white. The existence of periodic solutions at
εr ≈ 10.6 is indicated by the violet vertical line, and on the near diagonal by the green line; both
extend until εψ ≈ 0.408 just above heteroclinic bifurcations. The dot marks the point (10.6, 30) for
which time simulations are plotted in Figure 4.18.

the green line under the stability boundary, periodic orbits occur. As shown in §4.2.3.1,
along the εr-axis, i.e., for εψ = 0, the Hopf bifurcation turns into a pitchfork bifurcation.
Specifically, for εψ = 0, (4.18) reduces to a 3D system for u, v, r since the vector field is
then independent of ψ. The numerical results plotted in Figure 4.7 illustrate the analytically
predicted supercritical pitchfork bifurcation. We observe that the resulting curve of (εr, u) is
smooth while those for (εr, v), (εr, r) are nonsmooth, having limiting nonzero slopes at the
bifurcation point.

We recall that in the 4D system (4.18), the ψ-component generated by such a fixed point is
ψ0(t) = r0t+ψ0(0), with r0 the equilibrium value and ψ0(0) arbitrary. Any straight motion
with u = u0 has either v0 = r0 = 0 and ψ0 = 0 if εψ ̸= 0, or otherwise the ψ-axis as a line of
equilibria. The trajectories of the solutions that bifurcate from the pitchfork for εψ = 0 take
the form ν±(t) = (u0, v±, r±, ψ±(t)) ∈ R4. Here v±, r± ̸= 0 are the bifurcating (constant)
v, r-values, respectively, and ψ±(t) = r±t+ ψ±(0).

While these solutions have unbounded ψ-component, εψ = 0 so that the system (4.18)
is independent of ψ. However, perturbing to εψ > 0, the vector field is linear in ψ through
the P-control (4.4), but the perturbed trajectories would perform full rotations in ψ. Hence,
in this case the linear dependence on ψ becomes incompatible with the periodic nature of
the yaw angle ψ in the ship model. Therefore, for such solutions the control law needs to be
modified to be periodic in ψ. Another reason for such a modification is that we find solutions
which perform full rotations can occur along branches of periodic solutions that bifurcate
from Hopf points.

Thus far, this did not play a role sinceψ only entered as a perturbation, and the P-control is
precisely intended to be applied in this regime. Indeed, any P-control involvingψ is consistent
merely for sufficiently small values of ψ. This is not relevant in practice (usually) and not
for the existence and linear stability analysis of the straight motion, and not even for the local
bifurcation analysis, where amplitudes are small. For definiteness, we choose to replace the
linear ψ-term by a sinus function,

η = εrr + εψ sin(ψ),
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Figure 4.11: Different views of the nonsmooth Hopf bifurcation diagram computed by numerical
continuation in the 4D system for the HTC and εr = 0. The dimensions correspond to the unscaled
model: [u] = [v] = m/s, [r] = rad/s, [ψ] = rad, [εψ] = −.

so that ψ replaced by ψ modulo 2π makes no difference. Being smooth and satisfying
sin′(0) = 1, this modification has no influence on the results so far. In particular, the stability
boundary, the supercritical nature of the bifurcations and, in fact, the pitchfork branches
of the 3D reduced system are identical to before. However, this choice has an impact on
the solutions along curves in the (εr, εψ)-plane for εψ > 0 further away from the stability
boundary. Nevertheless, we numerically checked numerous curves and found that there is
even no qualitative impact for εψ ≥ 1. Here we have chosen 1 as a relative small reference
value and will discuss smaller values later. Note that instead of the sinus we could choose a
function that is the identity for |ψ| below some threshold, but globally smooth and periodic,
which would provide results that fully coincide with the P-control as long as |ψ| is below the
threshold.

For the sinusoidal control law, we thus find numerically the presence of a smooth surface
of periodic solutions, parameterized by the control parameter values “under” the stability
boundary curve within the range εr ≥ 0, εψ ≥ 1. We have confirmed this along a number of
different axis-aligned curves, in particular including the εψ-axis, for 1 ≤ εψ < 45.8, which in
fact shows that the surface of periodic solutions extends into negative εr. In Figure 4.11 we
plot distinct views of the bifurcation diagram along the εψ-axis; the analytical predictions are
again matched by a smooth diagram for (εψ, u) and nonsmooth along the center eigenspace
within the (v, r, ψ)-subspace. This is completely analogous for other continuations along
different curves, in particular, along the colored curves in Figure 4.10. Furthermore, in
Figure 4.12 we plot some views of the profiles of the periodic solutions along the violet line
in Figure 4.10, and note the growth of the ψ-range as εψ decreases.

On the one hand, for decreasing values of εψ, the branch appears to terminate for εψ ≈
0.408 in a heteroclinic bifurcation, where the periodic orbit limits on a heteroclinic cycle
between a pair of nearly straight motion equilibrium points and ψ ≈ ±π rad. Note that
this means the ship direction completes a circle. We show one view near this cycle in
Figure 4.12 (c). On the other hand, increasing εψ from zero, we observe that ν± perturb to
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Figure 4.12: (a,b) Sample profiles of periodic orbits for εr ≈ 10.6 fixed, and εψ between 25.9 at the
Hopf bifurcation and εψ = 1 computed by numerical continuation. In (c) we plot periodic solutions
approaching the termination point εψ ≈ 0.408 and period T ≈ 9285. In (b,c) we additionally plot
vertical lines at the v-components of ν±, cf. Figure 4.7. The yaw angle ψ is expressed in radians.

nearby periodic solutions for 0 < εψ ≪ 1, which continue to the heteroclinic bifurcation at
εψ ≈ 0.408. Here these solutions appear to terminate in one of the heteroclinic cycles that
we found when decreasing εψ from the Hopf bifurcation, i.e., in Figure 4.12 (c) one of the
parts with fixed sign of v. Indeed, all the periodic solutions along the branch emerging from
the Hopf bifurcations have necessarily winding number zero in the cylinder with periodic ψ.
Additionally, the periodic trajectories with ψ±, coming from the pitchfork bifurcations, have
winding number one, which is therefore constant on the branch that emanates from these for
increasing εψ from zero. In particular, translating this into the yaw angle of the ship, winding
number one means that this angle is undergoing a full rotation. We remark that the winding
number is a topological invariant along branches, but branches with winding number zero and
one can —and apparently do— meet at such a heteroclinic cycle. It appears that this is the
way in which the entire region “under” the stability boundary up to the εr-axis is organized.

We turn to the resulting ship motions on the Earth-fixed position coordinates (x, y) ∈ R2.
These coordinates can be conveniently expressed in complex form as z = x + iy ∈ C, and
the relation of z(t) to the ship-fixed (u, v, ψ)-coordinates is given by ż = (u + iv)eiψ. We
have chosen ψ(0) = 0 as the reference straight direction, but by symmetry, any other angle ψ∗

can be implemented upon multiplication with eiψ∗ . Hence, for any initial z(0) the positions
can be readily computed by integration, using given ship-fixed coordinates. In particular,
the constant (u0, v0, r0) corresponds to straight (r0 = 0) or circular (r0 ̸= 0) motion of the
ship. For instance, in the 3D system, this constant conforms the reduced equilibrium point
ν± (its three first components) at εψ = 0. We display the results for selected solutions in
Figures 4.13, 4.14. The physical dimensions of the variables in the plots are [x] = [y] =
m and [t] = s. As expected, periodic solutions near the Hopf bifurcation, for εψ ≈ 25.6,
closely track the straight motion up to a superposed oscillation, cf. Figure 4.13 (a). Further
away from the bifurcation point, e.g., for εψ = 1, the ship still follows the straight motion
on average but with much larger oscillations, as illustrated in Figure 4.13 (b). The motion of
the vessel between these two solutions behave similarly, in which by decreasing the value of
εψ, the amplitude of the oscillations increases. However, decreasing εψ even further, the ship
motion is completely altered to a near eight shape as in Figure 4.14 (a), where εψ ≈ 0.419.
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Figure 4.13: Earth-fixed coordinate plots of periodic solutions from Figure 4.12, where εr ≈ 10.6,
with z(0) = 0, t ∈ [0, 3T ] and T the corresponding period. (a) Small amplitude solution near the Hopf
bifurcation with εψ ≈ 25.6 and period T ≈ 50.5. (b) Solution far away from the Hopf bifurcation
with εψ = 1 and period T ≈ 311.
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Figure 4.14: Earth-fixed coordinate plots of periodic solutions from Figure 4.12, where εr ≈ 10.6,
with z(0) = 0. (a) Solution with εψ ≈ 0.419, t ∈ [0, 3T ] and period T ≈ 873.4. (b) Solution close
to the heteroclinic orbit with εψ ≈ 0.408, t ∈ [0, T ] and period T ≈ 9285.

In Figure 4.14 (b) we plot the ship track close to the heteroclinic cycle mentioned above for
εψ ≈ 0.408 over one period of the ship-fixed (u, v, ψ)-coordinates. The ship track consists of
two phases that each resemble one of the heteroclinic orbits that are involved in the heteroclinic
cycle. These heteroclinic orbits are related by reflection and the motion also appears to be
reflection symmetric about the mid-point between the global extrema. In particular, each
orbit connects a straight motion with yaw angle ψ = ±π to a straight motion with yaw angle
ψ = ∓π, via a clockwise/counterclockwise rotation, cf. Figure 4.12 (c). The equilibria of
the heteroclinic cycle correspond to the straight motion opposite to the reference direction.
The ship track closely follows this motion on the nearly horizontal part between the extrema
and again towards the right boundary in Figure 4.14 (b). Along the track starting from the
right boundary, the ship moves nearly straight along the negative x-axis, and then it makes a
clockwise full turn that includes drifting to negative y-values. The vessel continues almost
parallel along the negative x-axis and then it turns counterclockwise with a drift back to near
y = 0. It appears that this motion periodically repeats as time progresses.

We additionally plot the thruster angle η (in radians) of selected solutions in Figure 4.15.
As expected, close to the Hopf bifurcation, Figure 4.15 (a), the angle η just mildly oscillates,
while further from it, Figure 4.15 (b,c), the thruster angles vary stronger, up to angles of
around 0.5 rad ≈ 28.6◦.
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Figure 4.15: Thruster angles η = εrr + εψ sin(ψ) in radians over one period t ∈ [0, T ] of different
solutions: (a) solution of Figure 4.13 (a), where εψ ≈ 25.6 and T ≈ 50.5; (b) solution of Figure 4.14
(a), where εψ ≈ 0.419 and T ≈ 873.4; (c) solution of Figure 4.14 (b), where εψ ≈ 0.408 and
T ≈ 9285.
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Figure 4.16: Time simulation for εψ = 0, εr ≈ 10.6 from the straight motion; (a) surge (t, u), (b)
sway (t, v) and (c) yaw (t, r) velocities.

Finally, we turn to time simulations of initial value problems in the model for εr ≈ 10.6.
The dimensions of the plots correspond to the unscaled model: [u] = [v] = m/s, [r] = rad/s,
and [t] = s. We recall that the analytic prediction of supercritical bifurcations implies stable
solutions near the bifurcation, i.e., they possess a basin of attraction so that any solution with
initial condition in this basin converges exponentially towards it. Indeed, we found in the
numerical continuation that all periodic solutions are stable, i.e., all Floquet exponents have
negative real parts, away from the mentioned heteroclinic bifurcations, e.g., for εψ ≥ 1.

For εψ = 0, we bring to mind that the ψ-component of the system becomes decoupled.
Hence the three first components of ν± are equilibria born from the pitchfork bifurcation,
which are stable (all Floquet exponents have negative real parts) in the reduced 3D system, cf.
Figure 4.16. These equilibrium points in ship-fixed coordinates correspond to large circular
motions in the Earth-fixed coordinates. Moreover, as discussed in §4.2.3.1, for the 4D system
these equilibria form exponentially stable periodic orbits. These continue for εψ > 0 to stable
periodic orbits. We show an example in Figure 4.17 for εψ = 0.2, εr ≈ 10.6.
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Figure 4.17: Time simulation, similar to Figure 4.16, for εψ = 0.2, εr ≈ 10.6 from t = 1050 on.



112 Chapter 4. Stabilizing Nonsmooth Ship Models with P-Control

 7
 7.2
 7.4
 7.6
 7.8

 8
 8.2
 8.4
 8.6
 8.8

 0  500  1000  1500  2000

u

t

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  500  1000  1500  2000

·10-1

v

t

-1

-0.6

-0.2

 0.2

 0.6

 1

 0  500  1000  1500  2000

·10-3

r

t

(a) (b) (c)

Figure 4.18: Time simulation, similar to Figure 4.16, for εψ = 30, εr ≈ 10.6 from a non-trivially
perturbed initial condition. In (b) and (c) the trajectories are oscillatory.

For completeness, and to conclude this chapter, we have computed as well simulations
for (εr, εψ)-values above the stability boundary curve. For instance, for the violet dot in
Figure 4.10; see Figure 4.18. Locally, the trajectories converge, as expected, to the stable
equilibrium straight motion.
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Chapter 5

Conclusions and Outlook

With this last chapter, we summarize the main results of the present thesis and discuss possible
directions for further research topics.

5.1 Bifurcation and stability analysis

In Chapter 2 we have analyzed Hopf bifurcations in mildly nonsmooth systems with piecewise
smooth nonlinearity for which standard center manifold reduction and normal form computa-
tions cannot be used. By averaging and a direct approach we have derived explicit analogues
of Lyapunov coefficients and have discussed some codimension-one degeneracies as well as
the modified scaling laws. Some of the methods developed have been applied in Chapter 3
to investigate a nonsmooth system undergoing a symmetric Bogdanov–Takens bifurcation.
Moreover, in Chapter 4 we have applied the results of Chapter 2 to models for controlled ship
maneuvering, where stabilization by P-control induces a Hopf bifurcation.

We believe that the nonsmooth setting considered in this thesis gives an interesting class
of equations from a theoretical as well as an applied viewpoint, arising in a variety of models
for macroscopic laws with lack of smoothness in the nonlinear part. Among the perspectives,
a complete unfolding of homoclinic and heteroclinic bifurcations is noteworthy, which we
have started in Chapter 3.

Furthermore, from [9], we find the analysis of the saddle-node Hopf (SNH) bifurcation a
stimulating case to investigate in our nonsmooth setting. This codimension-two bifurcation,
also called the Gavrilov-Guckenheimer bifurcation, is characterized by the existence of a
zero eigenvalue together with a pair of purely imaginary eigenvalues at the equilibrium
point. Moreover, in the parameter plane, the curves of saddle-node bifurcations and Hopf
bifurcations may intersect tangentially. At this location is where the bifurcation point is
expected to be found.

To show briefly some ideas regarding a regular 3D smooth system undergoing a SNH
bifurcation, we consider the following normal form in cylindrical coordinates (r, z, ϕ) and
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unfolding parameters µ, λ ∈ R:
ṙ = µr + α1rz + α2r

3 + α3rz
2 + O

((
r2 + z2)2) ,

ż = λz + β1r
2 + β2z

2 + β3r
2z + β4z

3 + O
((
r2 + z2)2) ,

ϕ̇ = ω + γ1z + O
(
r2 + z2) .

In this case, µ and ω ̸= 0 correspond to the real and imaginary part of the complex conjugate
pair of eigenvalues, respectively, and λ is the real eigenvalue. At the SNH bifurcation, both µ
and λ vanish. We note that the two first equations do not depend on the variable ϕ and thus,
truncating the system at cubic terms, we get an equivariant system with respect to rotations
about the z-axis. In fact, this truncated normal form determines the dynamic behavior of the
system.

For further research, we would start with the already mentioned normal form and modify
its form by adding nonsmooth terms. This would imply breaking the radial symmetry and
getting back a 3D system. In particular, since the cubic terms would interfere with the
dynamics, we would rather replace them with nonsmooth terms, e.g., rz2 7→ r|z|. With this
setting, we would investigate how the characteristic coefficients differ from the smooth SNH
situation in order to analyze the criticality of the system. One expects such quantities to behave
differently since they cannot be computed by straightforward expansion. Therefore, the most
significant contribution would be as for Chapter 2, in which one would not know a priori how
to compute the first Lyapunov coefficient since Taylor expansion cannot be performed due to
the lack of differentiability.

For an n-dimensional system with n > 2, an additional research direction could be to
explore the conditions for the existence of chaos. Notice that if the system is hyperbolic,
then there exists a 2-dimensional invariant manifold, which is stable, and hence, no chaos
is possible. However, for at least a 3-dimensional system, if the stable manifolds are very
different in each quadrant, complicated dynamics could happen.

5.2 Partial differential equations

Going one step further would be to move into partial differential equations (PDEs) and
examine models with nonsmooth terms as considered in this thesis.

In fluid dynamics, one can get nonlinear expressions of a similar nature as the second
order modulus terms. In particular, drag forces, or specifically bottom friction, in shallow
water equations include the form v|v|, where v ∈ Rn. One has here a similar situation
as in the previous chapters, in the sense that these kinds of terms are quadratic and with
odd reflection symmetry, and thus they enter into the bifurcation equations as terms that
scale quadratically. For example, if v = (v1, v2) ∈ R2, then in the case v1 ≈ 0, we have
|v| =

√
v2

1 + v2
2 ≈ |v2| and therefore v|v| ≈ (v1|v2|, v2|v2|). Indeed, by a change to higher

dimensional polar coordinates, we write v = rΥ with Υ being a vector on the unit sphere, i.e.,
|Υ| = 1, and thus v|v| becomes r|r|Υ = r2Υ. Hence, one expects that degenerate pitchfork
bifurcations, as well as Hopf bifurcations, can occur.
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A natural starting point to tackle a PDE system with such nonsmooth terms could be to
make the traveling waves ansatz, i.e., to convert the PDEs with functions of two variables
into a system of ODEs with functions of one variable. In this way, rather than having a PDE
system with nonsmooth terms, we would have a spatial ODE. Notice that we have already
investigated second order nonsmooth ODE systems in §3.3, cf. (3.26).

Potentially one could have reaction-diffusion equations with that form. Although we do
not know any explicit model with such terms, it would be nevertheless interesting to ask what
could happen and study the effect on stability. To get a first idea on these lines, let us consider

ut = uxx + µu+ σu|u|j , (5.1)

where u(t, x) ∈ C and we choose σ to be either −1 (supercritical bifurcation) or 1 (subcritical
bifurcation). Note that for j = 2, (5.1) becomes the real Ginzburg–Landau equation (RGLe),
and choosing j = 1, the nonlinear term becomes of second order modulus type u|u|.

We are interested in the impact of this nonsmooth term on the analysis of the previous
reaction-diffusion equation. For that, we analyze (5.1) considering general j ∈ N, and thus,
we will be able to observe the differences by setting j = 1 and j = 2.

To begin with, we study solutions of (5.1) of the form u(x) = reikx, called wave trains,
assuming r ≥ 0. The equation is then transformed into

0 =
(
−k2 + µ+ σ

∣∣∣rjeikxj∣∣∣) reikx,
which for r ̸= 0 becomes 0 = µ− k2 + σrj and therefore rj = k2−µ

σ .
As an initial comparison between the nonsmooth case (j = 1) with r1(k) = k2−µ

σ and
the RGLe (j = 2), which is smooth, with r2(k) =

√
k2−µ
σ , we already see a difference in the

scaling laws of r1(k) and r2(k) close to the crossing points ±√
µ in the (k, r)-plane. Indeed,

in a neighborhood of ±√
µ, the function r1(k) behaves linear, while r2(k) as a square root,

similar to the pitchfork bifurcation close to the origin, cf. Figure 1.8.
For the stability analysis, we next take polar coordinates u = ρeiψ, with ρ = ρ(t, x),

ψ = ψ(t, x). Computing their partial derivatives and substituting them into (5.1), yield

ρt + iρψt = (ρxx + 2iρxψx + iρψxx − ρψ2
x) + µρ+ σρj+1,

where we have divided eiψ out. For ρ ̸= 0, the previous equation is equivalent to the system

ρt = ρxx − ρψ2
x + µρ+ σρj+1,

ψt = 2(ln ρ)xψx + ψxx,

and its linearization in a wave train with (ρ, ψ) = (r, kx) gives the operator

L =
(
∂xx − k2 + µ+ (j + 1)σrj −2rk∂x

2k ∂xr ∂xx

)
.
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To study the spectrum of L, we consider its Fourier transform

L̂(κ) =
(

−κ2 − k2 + µ+ (j + 1)σrj −2rkiκ
2k iκr −κ2

)
,

with wavenumber κ, and compute det
(
L̂(κ) − λId

)
= 0, where Id is the 2 × 2 identity

matrix. This results in the dispersion relation given by

d(λ, κ) := λ2 + (2κ2 + k2 − µ− (j + 1)σrj)λ+ κ2(κ2 − 3k2 − µ− (j + 1)σrj) = 0.

We recall that rj = k2−µ
σ and substitute it in the dispersion relation, which yields

d(λ, κ) = λ2 + (2κ2 + jµ− jk2)λ+ κ2(κ2 + jµ− (j + 4)k2) = 0.

From this equation we now investigate stability properties of the wave train. Notice that
for each given κ, two solutions λ are obtained, from which stability is given by Re(λ). If one
of the solutions λ has Re(λ) > 0, then the wave train is unstable.

For κ = 0 we have d(λ, 0) = λ2 + j(µ − k2)λ = 0, and thus the solutions are given by
λ = 0 and λ = j(k2 − µ). In this case, for µ ̸= k2, the solution λ = 0 is isolated and, by
the implicit function theorem, the nearby solutions come as a curve λ(κ) with λ(0) = 0, and
λ′(0) = 0 since d(λ(κ2), κ2). Hence, if Re(λ′′(0)) > 0, then the wave train is unstable. For
this reason, we consider Re(λ′′) ≤ 0 as a necessary condition for stability.

Computing λ′′ from the dispersion relation gives

λ′′ = −∂2
κd

∂λd
= −2(jµ− (j + 4)k2)

j(µ− k2) ,

which is real, λ′′ ∈ R. Next, assuming the supercritical case for σ = −1, we have rj = µ−k2,
and for non-trivial solutions, µ− k2 > 0 must hold. Therefore, λ′′ ≤ 0 is equivalent to

jµ− (j + 4)k2 ≥ 0.

Notice that this condition actually scales differently between the cases j = 1 and j = 2.
Indeed, for the nonsmooth case with j = 1 the inequality becomes µ − 5k2 ≥ 0, while for
the RGLe with j = 2, we have µ − 3k2 ≥ 0 after dividing out a factor 2. In particular,
µ− 3k2 = 0 is called the Eckhaus boundary, and “above” it, for the inequality, it is where the
wave train if Eckhaus stable. This means that the stability region for j = 2 is larger than in
the nonsmooth case.
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5.3 Analysis for marine craft models

In Chapter 4 we have presented an accurate analysis of stabilizing the straight motion in a 3
DOF ship model with P-control. We have identified the location and geometry of the stability
region in the control parameter space, which has been, essentially, independent of the propeller
diameter, as well as its frequency, but it has strongly depended on the thruster —or rudder—
position. In the Hamburg Test Case, the stability region has shrunk and even disappeared when
moving the thruster location further to the fore of the ship. On the nonlinear level, the second
order modulus nonlinearities require a non-standard approach which we have applied to the
current setting in detail. In this manner, we have confirmed that the linearly stabilizing control
produces also a “safe” nonlinear system. By numerical continuation we have corroborated
these analytical results and, moreover, presented the arrangement of periodic solutions and
equilibria in ship-fixed coordinates globally in the control parameter space. Finally, we have
illustrated the resulting ship tracks in Earth-fixed coordinates.

While the details of the analysis depend on the specific choice of some parameters, such as
the thruster position, the approach can be in principle adapted to any other design parameter
of the ship model and even to related ones. A first approach could be to do different numerical
simulations for other parameter sets.

A number of questions and further lines of research arise from this report. On the one
hand, a natural next step would be to perform the same study for the full “rudder model” and
explore whether again only “safe” bifurcations occur. For instance, in this setting, it is not
obvious that the steady state is unique and, in addition, one would analyze how the eigenvalues
differ from the thruster model.

An extension would include turning circle maneuvers and optimality conditions, possibly
multi-objective control. On the other hand, it would be interesting to complete the analytical
unfolding of the double zero eigenvalue in this cylindrical geometry and nonsmooth setting,
and relate it to Bogdanov–Takens points with symmetry. One could start approximating
numerically the homoclinic or heteroclinic curves for this nonsmooth model and, from the
outcome, perform a similar analysis as in Chapter 3.

Furthermore and beyond the ship-fixed equilibrium maneuvers, numerical continuation
can be used as well to effectively investigate diverse planned movements, for instance, zig-zag
maneuvers. Notice that for the zig-zag maneuver delays on the trajectory could be expected
due to the time lag while switching the rudder. However, if the motion is instantaneous, then
one would talk about bang-bang control.

Moreover, a further research direction could be to add more DOF to the system. As an
example, a usual 4 DOF model would include the roll motion to the horizontal plane model
(surge, sway and yaw). In this case, possible control methods would consider fin stabilizers
and rudders. Clearly, distinct motions could be added to the model until reaching the system
with 6 DOF, i.e., with the maximum number of degrees of freedom.
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5.4 Further applications

In this thesis, we have observed that continuous nonsmooth terms are entailed in standard
marine craft systems (Chapter 4) as well as in models for a shimmying wheel (Chapter 2).
Therefore, an expected direction of research would be to investigate other possible vehicles
with such a nonsmooth setting. For instance, it would be interesting to apply our bifurcation
analysis approach to a two-vessel motion in a tandem offloading system [36], with similar
nonsmoothnesses.

Last but not least, a new perspective could be to shift into aircraft models, since the
equations of motion of a marine craft can be adapted to describe aircraft, cf. [19]. Without
going into detail, we mention here some similarities as well as differences between both types
of craft.

As a first comparison, we note that the vector of states for the rigid-body dynamics of
a plane is composed, in general, by the longitudinal (forward) U , lateral (transverse) V and
vertical W velocities, and the roll P , pitch Q and yaw R rates, similarly as for ship models.
The Earth-fixed coordinates for the position are (x, y, z) ∈ R3, where the altitude z is more
relevant in this case. Besides the roll, pitch and yaw angles, we find the so-called angle
of attack α and the sideslip angle β, defined as tan(α) := W/U and sin(β) := V/VT ,
respectively, where VT =

√
U2 + V 2 +W 2 is the speed of the craft. We remark that for an

underwater vehicle these two angles would also be of interest. Moreover, it is common to use
β and α as states of the system under the assumption that they are small. Specifically, after
applying some transformations to the system, we obtain U = VT , and β, α can be expressed
as β = V/VT , α = W/VT . In practice, the variables β and α basically replace the previous
lateral and vertical velocities in the system.

Before finishing this very short link between aircraft and watercraft, we turn our attention
to their physical structure. Although both craft require a thruster (or thrusters) to move
forward, the architecture of a plane considers the propulsion mechanism not at the end of the
vehicle, as happens for sea vessels, but usually at the laterals or front of the craft. Hence, it
would be intriguing to see how the (extensive) study of the impact of xT , the longitudinal
position of the thruster, modifies the stability analysis of §4.2.2.2.
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Appendix A

Detailed Calculations for Chapter 2

A.1 Averaging

Near-identity transformation

For completeness, we provide details for the essentially standard normal form transformation
used in the proof of Theorem 2.8. We set

f(x, φ, ϵ) := m

ω
x+ χ2

ω
x2 + ϵ

(
χ3
ω

− χ2Ω1
ω2

)
x3,

which is the leading part of the right-hand side of (2.26) up to a factor of ϵ. We write f as
the sum of its mean, f̄ , and its oscillating part, f̃ ,

f̄(x) = 1
2π

∫ 2π

0
f(x, φ, 0)dφ = m

ω
x+ 2

3πωσ#x
2, (A.1)

f̃(x, φ, ϵ) = f(x, φ, ϵ) − f̄(x) =
(
χ2
ω

− 2
3πωσ#

)
x2 + ϵ

(
χ3
ω

− χ2Ω1
ω2

)
x3.

Hence, f(x, φ, ϵ) = f̄(x) + f̃(x, φ, ϵ) and (2.26) reads

x′ = ϵ
(
f̄(x) + f̃(x, φ, ϵ)

)
+ ϵ2O

(
ϵx4 + |m|x2

)
. (A.2)

The near-identity transformation which we will use has smooth coefficients w1, w2 and is of
the form

x = y + ϵw1(y, φ, ϵ) + ϵ2w2(y, φ, ϵ).

Differentiating this equation with respect to φ, using the right-hand side of (A.2) for x′, and
rearranging terms give

y′ = ϵ
(
f̄(x)+f̃(x, φ, ϵ)

)
+ϵ2O

(
ϵx4 + |m|x2

)
−ϵ
(
∂w1
∂φ

+Dyw1y
′
)

−ϵ2
(
∂w2
∂φ

+Dyw2y
′
)
.

Further rearrangements yield

(1 + ϵDyw1 + ϵ2Dyw2)y′ = ϵ
(
f̄(x) + f̃(x, φ, ϵ)

)
+ ϵ2O

(
ϵx4 + |m|x2

)
− ϵ

∂w1
∂φ

− ϵ2
∂w2
∂φ

,
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and inverting the first factor on the left and expanding in terms of ϵ we obtain

y′ =
(
1 − ϵDyw1 + O(ϵ2)

)
ϵ

(
f̄(x) + f̃(x, φ, ϵ) − ∂w1

∂φ
− ϵ

∂w2
∂φ

)
+ ϵ2O

(
ϵx4 + |m|x2

)
.

(A.3)

Concerning f and the error term, directly using the transformation to y we expand

f̄(x) = f̄(y) +Dyf̄(y)ϵw1 + O(ϵ2),

f̃(x, φ, ϵ) = f̃(y, φ, 0) +Dyf̃(y, φ, 0)ϵw1 + ∂f̃

∂ϵ
(y, φ, 0)ϵ+ O(ϵ2),

and note that ϵ2O
(
ϵx4 + |m|x2) = O

(
ϵ3 + ϵ2|m|y2). Substituting into (A.3) gives

y′ =
(
1 − ϵDyw1

)
ϵ

(
f̄(y + ϵw1 + ϵ2w2) + f̃(y + ϵw1 + ϵ2w2, φ, ϵ) − ∂w1

∂φ
− ϵ

∂w2
∂φ

)
+ O

(
ϵ3 + ϵ3y4 + ϵ2|m|y2

)
= ϵ

(
f̄(y) + f̃(y, φ, 0) − ∂w1

∂φ

)
+ ϵ2

(
Dyf(y, φ, 0)w1(y, φ, 0) + ∂f̃

∂ϵ
(y, φ, 0) − ∂w2

∂φ

)

− ϵ2Dyw1(y, φ, 0)
(
f̄(y) + f̃(y, φ, 0) − ∂w1

∂φ

)
+ O(ϵ3).

In order to cancel φ-dependent terms and obtain (2.27), we choose periodic w1(y, φ, ε) and
w2(y, φ, ε) as follows. Firstly, since we have

∫ 2π

0
f̃(y, φ, 0)dφ =

∫ 2π

0

(
χ2(φ)
ω

− 2
3πωσ#

)
y2dφ

=
( 1
ω

∫ 2π

0
χ2(φ)dφ− 4

3ωσ#

)
y2 = 0,

the function w1 can be defined via

∂w1
∂φ

= f̃(y, φ, 0).

Regarding w2, we take the ansatz

∂w2
∂φ

= Dyf(y, φ, 0)w1(y, φ, 0) + ∂f̃

∂ϵ
(y, φ, 0) −Dyw1(y, φ, 0)f̄(y) − f̄2(y), (A.4)

where f̄2(y) is to be determined such that
∫ 2π

0
∂w2
∂φ dφ = 0 holds, i.e., in order for w2 to be

periodic. To simplify the notation, we define

A(s) := χ2(s)
ω

−
2σ#

3πω ,
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and the expressions from the right-hand side of (A.4) can be then written as

Dyf(y, φ, 0)w1(y, φ, 0) = m

ω

∫ φ

0
A(s)ds y2 + 2χ2(φ)

ω

∫ φ

0
A(s)ds y3,

∂f̃

∂ϵ
(y, φ, 0) =

(
χ3(φ)
ω

− χ2(φ)Ω1(φ)
ω2

)
y3,

Dyw1(y, φ, 0)f̄(y) = 2m
ω

∫ φ

0
A(s)ds y2 +

4σ#

3πω

∫ φ

0
A(s)ds y3.

Next, arranging the coefficients for y2 and y3, the integral of f̄2(y) reads

∫ 2π

0
f̄2(y)dφ =

∫ 2π

0

(
Dyf(y, φ, 0)w1(y, φ, 0) + ∂f̃

∂ϵ
(y, φ, 0) −Dyw1(y, φ, 0)f̄(y)

)
dφ

= − m

ω

∫ 2π

0

∫ φ

0
A(s)ds dφy2

+
[

2
ω

∫ 2π

0
χ2(φ)

∫ φ

0
A(s)ds dφ+ 1

ω

∫ 2π

0
χ3(φ)dφ

− 1
ω2

∫ 2π

0
χ2(φ)Ω1(φ)dφ−

4σ#

3πω

∫ 2π

0

∫ φ

0
A(s)ds dφ

]
y3,

where the expression withm gives a term of order O(|m|y2). Substituting the expression for
A(s) and then collecting the σ# terms yield

∫ 2π

0
f̄2(y)dφ =

[
2
ω2

∫ 2π

0
χ2(φ)

∫ φ

0

(
χ2(s) −

2σ#

3π

)
ds dφ

+ 1
ω

∫ 2π

0
χ3(φ)dφ− 1

ω2

∫ 2π

0
χ2(φ)Ω1(φ)dφ

−
4σ#

3πω2

∫ 2π

0

∫ φ

0

(
χ2(s) −

2σ#

3π

)
dsdφ

]
y3 + O

(
|m|y2

)

= 1
ω2

[
2
∫ 2π

0
χ2(φ)

∫ φ

0
χ2(s)ds dφ+ ω

∫ 2π

0
χ3(φ)dφ−

∫ 2π

0
χ2(φ)Ω1(φ)dφ

−
4σ#

3π

(∫ 2π

0
χ2(φ)φdφ+

∫ 2π

0

∫ φ

0
χ2(φ)dsdφ−

4πσ#

3

)]
y3 + O

(
|m|y2

)
=
(
π

4ωSc + π

4ω2Sq + 1
ω2σ2

)
y3 + O

(
σ#y

3 + |m|y2
)
, (A.5)

with Sq, Sc from (2.21). Notice that, although the terms with σ# are not relevant for our
analysis, since they contribute to O(σ#y

3), we have shown the detailed computations for
completeness. All these lead to f̄2(y) to be defined as

f̄2(y) =
( 1

8ωSc + 1
8ω2Sq + 1

2πω2σ2

)
y3 + O

(
σ#y

3 + |m|y2
)
,

which gives (2.27).
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Integration of some periodic functions with absolute values

Here we explain the computations of the integrals which yield f̄(y), f̄2(y) in (2.28).
We show

∫ 2π
0 χ2(φ)dφ = 4

3σ# in order to prove the resulting expression of f̄ in (A.1). On
the one hand, the smooth terms of χ2(φ) have clearly zero integral over 2π due to symmetry.
On the other hand, all nonsmooth terms have the following feature: aij and bij are always
multiplied by c and s, respectively, times a common symmetric odd or even function, which
implies that only one of the coefficients for each pair of (i, j) will be nonzero after integrating
over 2π. For instance,∫ 2π

0
c|c|(a11c+ b11s)dφ = 8a11

3 and
∫ 2π

0
s|c|(a21c+ b21s)dφ = 4b21

3 .

Finally, the factor 2 for a11 and b22 is due to the product of purely c or s:∫ 2π

0
c2|c|dφ =

∫ 2π

0
s2|s|dφ = 2

∫ 2π

0
c2|s|dφ = 2

∫ 2π

0
s2|c|dφ.

The computations in (A.5), which give the second expression in (2.28), are much more
involved. However, for the integral ofχ3(φ) over 2π one proceeds similarly as before. Indeed,
this yields π

4Sc since the integral of the arising mixed products between c and s vanishes.
Furthermore, different prefactors compared with σ# occur due to the fact that the power of c
and s is distinct as well: ∫ 2π

0
c4dφ = 3

4

∫ 2π

0
c2dφ = 3

4

∫ 2π

0
s2dφ.

Moreover,

2
∫ 2π

0
χ2(φ)

∫ φ

0
χ2(s)ds dφ−

∫ 2π

0
χ2(φ)Ω1(φ)dφ = π

4Sq + σ2,

where Sq comes from integrating the smooth terms and σ2 from integrating the others, which
give the products between ai, bj , and aij , bkl, respectively.

A.2 Poincaré map

To prove stability of the periodic orbit we make use of the monotonicity of the Poincaré map
(also called the first recurrence map), as in the proof of Proposition 2.15. In particular, on
the one hand, if the map is monotonically increasing inside the limit cycle, then the fixed
point is unstable while the periodic orbit is stable. On the other hand, if it is monotonically
decreasing, then the stabilities of the equilibrium and the periodic orbit switch.

Considering (2.8) with (2.9), we define the Poincaré section as S = {(v, 0) | v ∈ R+},
which is transversal to the flow, and choose the initial condition (φ, r) = (0, r1) for the system
in polar coordinates, (2.29).

To compute the Poincaré map in our nonsmooth setting, we start calculating

r̃i(φ; ri) = α1,i(φ)ri + α2,i(φ)r2
i + O(r3

i ) (A.6)
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r1(φ;r1 )r2(φ;r2 ) ˜˜

r3(φ;r3 )˜ r4(φ;r4 )˜

•10-5

(a) (b)

Figure A.1: (a) Composition of the Poincaré map by quadrants. (b) Glued functions r̃i(φ; ri) for a
complete period. The horizontal blue line marks the leading order amplitude r∗.

for each quadrant in order to avoid the nonsmoothnesses of the system. In Figure A.1 (a),
a schematic idea of the procedure can be observed. We compose these expressions to get
the Poincaré map, r̃4 (2π; r1), i.e., the function on the fourth quadrant composed with the
previous ones after a period of 2π.

Indeed, for the initial condition (0, r1), one starts computing r̃1(φ; r1) in the first quadrant.
Next, the function for the second quadrant is r̃2(φ; r2) with starting condition the end point
of the previous function, i.e., r2 = r̃1(π/2; r1). In this way, we compute further the function
in the third quadrant, r̃3(φ; r3) with r3 = r̃2(π; r2); and finally the function in the fourth
quadrant, r̃4(φ; r4) with r4 = r̃3(3π/2; r3).

With the corresponding initial conditions, one computes α1,i(φ), α2,i(φ) as in the proof
of Proposition 2.15. Subsequently, “gluing” all functions correspondingly, one can write r̃4

in terms of r1, so that the following “iteration” is given by r̃4(2π; r1) = r̄1(0; r1). Hence,
the periodic orbit of the original system corresponds to the smallest (due to the leading order
term) positive solution of r∗ = r̃4(2π; r∗).

For comparison, computing numerically r∗ = r̃4(2π; r∗) and using the expression r0

of (2.23), we observe that the difference between them is merely of order (around) 10−9.
For instance, choosing a12 = 1 and all other aij , bij zero, such that σ# = 1, together with
µ = −10−5, give r∗ = 4.712377012 · 10−5 and r0 = 4.712388981 · 10−5.

We note that the radial amplitudes r̃i(φ; ri) depend on φ, and therefore, in general,
r̃i(φ; ri) ≡ ri+1 is not true for all φ. Hence, strictly speaking, r∗ is the leading order
amplitude of the oscillation, as should be thought r0 as well. We display an example in
Figure A.1 (b), showing the variation of the amplitude for φ ∈ [0, 2π].

Finally, the corresponding Poincaré map for the case σ# = 0 can also be computed in a
similar way. For that, one expands (A.6) up to third order, as for Theorem 2.19, and proceed
as above. However, in this situation, the variation of results between the numerical value
r∗ and the analytical expression (2.38) is larger. Numerically, a disparity of order 10−3 is
observed in general.
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A.3 3D system

A.3.1 Computation of γij , δij of system (2.57)

In this subsection we present the functions γij , δij of system (2.57), used for the proof of
Theorem 2.21.

We first note that (2.56a) simplifies since Ψu(0, 0, φ) = ∂rΨu(0, 0, φ) = 0, and to ease
the notation we define

p1 := ∂uΨu(0, 0, φ) = c1
ω
,

p2(φ) := 1
2∂

2
uΨu(0, 0, φ) = c2ω − c1Ω0(φ)

ω2 ,

p3(φ) := 1
2∂

2
rΨu(0, 0, φ) = Υ(φ)

ω
,

p4(φ) := ∂2
urΨu(0, 0, φ) = cos(φ)c3 + sin(φ)c4

ω
− c1Ω1(φ)

ω2 .

Similarly, in (2.56b) we have Ψr(0, 0, φ) = ∂uΨr(0, 0, φ) = 1
2∂

2
uΨr(0, 0, φ) = 0, and

we define

k1 := ∂rΨr(0, 0, φ) = µ

ω
, k2(φ) := 1

2∂
2
rΨr(0, 0, φ) = χ2(φ)ω − µΩ1(φ)

ω2 ,

k3(φ) := ∂2
urΨr(0, 0, φ) = χ1(φ)ω − µΩ0(φ)

ω2 .

The expressions for γij and δij follow from solving the ODEs that arise upon substituting
(2.57) into (2.56a) and (2.56b), and matching the coefficients of the powers of u0 and r0. We
start with the equations and initial conditions to obtain γ01, γ10, δ01, δ10:

γ′
01 = p1γ01, γ01(0) = 0 ⇒ γ01 ≡ 0, δ′

01 = k1δ01, δ01(0) = 1 ⇒ δ01(φ) = ek1φ,

γ′
10 = p1γ10, γ10(0) = 1 ⇒ γ10(φ) = ep1φ, δ′

10 = k1δ10, δ10(0) = 0 ⇒ δ10 ≡ 0.

Using these, we solve the corresponding equations for the remaining coefficients as follows:

γ′
20 = p1γ20 + p2(φ)γ2

10, γ20(0) = 0 ⇒ γ20 =
∫ φ

0
ep1(φ+s)p2(s)ds,

γ′
02 = p1γ02 + p3(φ)δ2

01, γ02(0) = 0 ⇒ γ02(φ) =
∫ φ

0
ep1(φ−s)+2k1sp3(s)ds,

γ′
11 = p1γ11 + p4(φ)γ10δ01, γ11(0) = 0 ⇒ γ11(φ) =

∫ φ

0
ep1φ+k1sp4(s)ds,

δ′
20 = k1δ20, δ20(0) = 0 ⇒ δ20 ≡ 0,

δ′
02 = k1δ02 + k2(φ)δ2

01, δ02(0) = 0 ⇒ δ02(φ) =
∫ φ

0
ek1(φ+s)k2(s)ds,

δ′
11 = k1δ11 + k3(φ)γ10δ01, δ11(0) = 0 ⇒ δ11(φ) =

∫ φ

0
ek1φ+p1sk3(s)ds.

Since we aim to solve the boundary value problem 0 = u(2π) − u(0), 0 = r(2π) − r(0),
we write γij := γij(2π) − γij(0), δij := δij(2π) − δij(0) ∀i, j ≥ 0. Direct computation
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of γ10 and γ20 gives the expressions in (2.51). For the other functions, we consider the
corresponding integrals and Taylor expand in µ = 0, which results in γ11, δ01, δ02, and δ11

shown in (2.51). For illustration of details omitted, we next present the full derivation for
the explicit form of γ02. Taylor expansion of es

2µ
ω in µ = 0 and rearranging the terms in the

integral of γ02 give

γ02 = 1
ω
e

2πc1
ω

∫ 2π

0
e−s c1

ω Υ(s)ds+ 2µ
ω2 e

2πc1
ω

∫ 2π

0
se−s c1

ω Υ(s)ds+ O
(
µ2
)
. (A.7)

We compute the two integrals in (A.7) separately. The first one readily expands in c1 = 0 as

1
ω
e

2πc1
ω

∫ 2π

0
e−s c1

ω Υ(s)ds = ω

c1(c2
1 + 4ω2)

[
2
(
e

3π
2ω c1 − e

π
2ω c1

)
(c1h21 − 2h11ω)

+
(
e

2π
ω
c1 − 2e

π
ω
c1 + 1

)
(c1h12 + 2h22ω)

+
(
e

2π
ω
c1 − 1

)(
c1h21 + c1c5 + c2

1h11
ω

+ 2h11ω

)]

= 1
c2

1 + 4ω2

[
2π(c1h21 − 2h11ω)

+ 2π
(
c1h21 + c1c5 + c2

1h11
ω

+ 2h11ω

)]
+ O

(
c2

1

)
.

In particular, it vanishes for c1 = 0.
For the second integral of (A.7) we proceed similarly. Its explicit expression reads

2µ
ω2 e

2πc1
ω

∫ 2π

0
se−s c1

ω Υ(s)ds = − 4µ
ωc2

1(c2
1 + 4ω2)2

[
ω2c3

1(6h11π − h12) + ωc4
1π(c5 + h21) + c5

1h11π

+ ω

2

{
(−16h11ω

4 − 12c2
1h11ω

2 + 4c3
1h21ω)

(
e

π
2ω c1 − e

3π
2ω c1

)
+ π(−8c1h11ω

3 + 4c2
1h21ω

3 + c4
1h21 − 2h11c

3
1ω)

(
3e π

2ω c1 − e
3π
2ω c1

)}
+ ω

{
(3c2

1h22ω
2 + c3

1h12ω + 4h22ω
4)
(

−e 2π
ω c1 + 2e π

ω c1
)

+
(
ω44h11 + ω2c2

1h11 + ωc3
1(h21 + c5) + 1

2c
4
1h11

)(
−e 2π

ω c1 + 1
)}

+ (ω44πc1h22 + ω34πc2
1h12 + ω22πc3

1h22 + ωπc4
1h12)

(
e

π
ω c1 − 1

)
− 4ω5h22 + ω48c1h11π + ω3c2

1(4π(c5 + h21c1) − 3h22)
]
.

Expanding again the exponential functions in c1 = 0 and simplifying coefficients, at c1 = 0
we obtain

2µ
ω2 e

2πc1
ω

∫ 2π

0
se−s c1

ω Υ(s)ds = −µ π
ω2
(
2h21 + c5 + πh22

)
.
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A.3.2 Computation of δ03 of system (2.65)

Similar to the previous subsection, we present the function δ03 of system (2.65), used in the
proof of Corollary 2.23.

Taylor expanding the right-hand sides of (2.55) in (u, r) = (0, 0) up to fourth order gives
the following; we omit the dependence of Ψu and Ψr on (u, r, φ) at (0, 0, φ) to simplify the
notation:

u′ = Ψu + ∂uΨuu+ ∂rΨur + 1
2∂

2
uΨuu

2 + 1
2∂

2
rΨur

2 + ∂2
urΨuur

+ 1
3!∂

3
uΨuu

3 + 1
3!∂

3
rΨur

3 + 1
2∂

3
u2rΨuu

2r + 1
2∂

3
ur2Ψuur

2 + O (4) ,
(A.8a)

r′ = Ψr + ∂uΨru+ ∂rΨrr + 1
2∂

2
uΨru

2 + 1
2∂

2
rΨrr

2 + ∂2
urΨrur

+ 1
3!∂

3
uΨru

3 + 1
3!∂

3
rΨrr

3 + 1
2∂

3
u2rΨru

2r + 1
2∂

3
ur2Ψrur

2 + O (4) ,
(A.8b)

where 1
3!∂

3
uΨr = 0. We also set k4(φ) := 1

3!∂
3
rΨr = −ωχ2(φ)Ω1(φ)+µΩ1(φ)2

ω3 .

Substituting (2.65) into (A.8a) and (A.8b), and matching the coefficients of the powers of
u0 and r0 we get to solve a set of ODEs in order to obtain the expressions for γij , δij for i, j
such that i + j = 3, which are rather lengthy. We show δ03, which is the only one required
for the leading order analysis in the degenerate case σ# = 0, c1 ̸= 0 in Corollary 2.23:

δ′
03 = k4δ

3
01 + 2k2δ01δ02 + k3δ01γ02 + k1δ03, δ03(0) = 0 ⇒

δ03(φ) = ek1φ
∫ φ

0
e−k1sδ01(s)

[
2k2(s)δ02(s) + k3(s)γ02(s) + k4(s)δ01(s)2]ds. (A.9)
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Appendix B

Ship Characteristics

B.1 HTC Characteristics

The parameter values listed here are taken from [57].

Hull forces
Coefficient Value Coefficient Value
m̄ 0.2328 m̄uu 0.0247
Īz 0.0134 m̄vv 0.2286

m̄rr 0.0150
m̄vr 0.0074
m̄rv 0.0074

Table B.1: Rescaled rigid-body’s mass, added mass coefficients and moment of inertia in yawing,
(4.5).

Hull forces
Coefficient Value Coefficient Value
Xu|u| −0.0141
Yβ −0.1735 Nβ −0.1442
Yγ 0.0338 Nγ −0.0276
Yβ|β| −1.1378 Nβ|β| −0.0375
Yγ|γ| 0.0123 Nγ|γ| −0.0386
Yβ|γ| −0.0537
Y|β|γ 0.1251
ay 3 an 1
by 2 bn 3

cn 2

Table B.2: Hydrodynamic bare hull coefficients for (4.2). To obtain the rescaled values for (4.5),
multiply each force with L−1

pp .
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Propeller characteristics
Coefficient Value Coefficient Value
Dp 6.105 KT0 0.366897
np 2 KT1 −0.345036

KT2 0.068841
KT3 −0.710991
KT4 0.948559
KT5 −0.428915

Table B.3: Propeller characteristics with propeller diameter [Dp] = m and non-dimensional coeffi-
cients KTi of the propeller thrust Tp, corresponding to the model No. 5286. Although the frequency
[np] = 1/s is not a particular of the HTC propeller, we list it here for completeness.

Coefficient Value Coefficient Value
Lpp 153.70 t 0.22
T 10.30 w 0.38
ρ 1025

Table B.4: Further parameters: length between perpendiculars of the vessel [Lpp] = m, mean draft
[T ] = m, water density [ρ] = kg/m3, and non-dimensional thrust deduction fraction t and wake
fraction w.

B.2 Rudder forces

The rudder forces for forward speed are given by

XR = − 1
2ρV

−1
rr ARCL(ur sin η − vr cos η)

·
(
CLur
πΛ (ur sin η − vr cos η) + vr(ur cos η + vr sin η)

)
,

YR =1
2(1 + aH)ρV −1

rr ARCL(ur sin η − vr cos η)

·
(
ur(ur cos η + vr sin η) − CLvr

πΛ (ur sin η − vr cos η)
)
,

NR =YRxT −XRyT ,

where ur is the velocity at the rudder position and vr is the transverse velocity component,

ur = up + Crue

(√
u2
p + 8Tp(u)

ρπD2
p

− up

)
, with up = (1 − w)u;

vr = Cdbv + CdrxT r,

respectively. The velocity at the rudder is then computed as

Vrr =
√
u2
r + v2

r .
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Furthermore, xT and yT are the longitudinal and transverse position of the rudder, respec-
tively; AR is the rudder area, Λ the rudder aspect ratio, Crue the propeller-rudder interaction
coefficient, Cdb and Cdr the flow straightening factor for drift and yaw motion, respectively,
and CL the lift coefficient. For a detailed description of these expressions and coefficients,
we refer to [57].

Note that the rudder forces introduce additional complications to the bifurcation analysis
of the model due to, for instance, the non-polynomial dependence of the variables u, v. In
addition, in this manuscript, the focus falls on the influence of the hull forces on the ship
maneuvering, and thus, the simplified thruster model is considered.
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Appendix C

Implementations of Simulations

The simulations developed in this thesis have been implemented with the software Auto,
which is a Fortran based open source, as well as with Maple (version 2017), a mathematics-
based software from the company Maplesoft. In addition, simulations have been checked
using the commercial software Wolfram Mathematica (version 10). For plotting purposes,
the program gnuplot has been mainly employed.

In particular, for the implementation of the ship model in Auto, several files have
been used. Firstly, the specific values of the model parameters are collected in the file
ship.f90, including the HTC characteristics from B.1. Additional constants are contained
in constant.f90, as for example a conversion factor to change the angles from degrees to
radians, and inversely.

The file called c.man consists of a list with all Auto constants for the problem type to
work with, as the tolerances and the continuation steps, among others.

The right-hand side of the system to implement, cf. (4.8), is fully contained in man.f90,
with all corresponding variables, functions, continuation parameters, initialization values,
etc.

Finally, the specific command lines in order to perform the numerical continuation are
saved in man.script. For instance, one may start running the file man.f90 and locate the
Hopf bifurcation when modifying the values of εψ giving a starting point. Then, the Hopf
bifurcation can be traced out in the (εr, εψ)-plane, giving the stability boundary curve shown
in Figure 4.10.

Additionally, when saving the output data from Auto, three files are obtained: a solution
file s.name, a bifurcation file b.name, and a diagnostic file d.name. With these, one can
employ a different program to plot the wished data conveniently, as done for Figure 4.12, for
instance, where Mathematica has been used.

For a detailed explanation of the software Auto, we refer to [18].

By request, the specific codes can be provided.
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Afterword
Lastly, I would like to close this thesis by briefly presenting my very first outcome during

my PhD period, namely, the logo of the Applied Analysis group, from the University of
Bremen, which is shown in Figure 0.

This vignette combines diverse features which characterize the research directions of the
members of our working group. For instance, on the top, one can appreciate a couple of
Lorenz attractors whose shape reminds butterflies. Moreover, there is also the popular saying
that a butterfly flapping its wings in Brazil could trigger a tornado in Texas, meaning that the
Lorenz system, which consists of equations modeling weather behavior, is extremely sensitive
to initial conditions. Obviously, this saying must not be taken literally.

Furthermore, in our research group, fluid dynamics and waves equations are studied,
having their representation by some waves on the picture, for which the silver ratio has been
used. In addition, trajectories are depicted between fixed points.

Finally, on the bottom, some Rayleigh-Bénard convection cells are sketched, encircling the
explicit formulation of the topics spectral theory, pattern formation, and dynamical systems.

Research Group
Applied Analysis

Pattern 
formation

www.anan.math.uni-bremen.de

Spectral 
theory

Dynamical 
systems

Figure 0: Applied analysis logo.
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