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ABSTRACT
In this thesis, I investigate two related types of causal model selection: confounder
selection and constraint-based causal discovery.
The aim of confounder selection is to determine a valid adjustment set when the
interest lies in the causal effect of an exposure or treatment X on an outcome
Y. Ideally, this is based on a causal graph representing relevant domain knowledge. However, as sufficiently detailed knowledge is often not available, alternative strategies are common in practice. These range from simple knowledge-based
rules to complex data-driven algorithms, and include e.g. the disjunctive cause criterion, univariate correlation testing and the change-in-estimate method. In this
thesis, I investigate popular rules and algorithms from a graphical perspective.
I point out implicit structural assumptions, propose a classification scheme and
characterise the types of adjustment sets targeted by the different classes of methods. This is supplemented by an extensive simulation study. Main results are that
structural assumptions cannot be avoided even if no causal graph is drawn, and
that ‘outcome-oriented’ strategies often lead to more precise estimates than other
methods.
The efficiency aspect in then further investigated for the case that the underlying
causal graph is known or has been estimated, and the variables jointly follow
a multivariate Gaussian distribution. I show that the ‘optimal’ adjustment set
yielding the smallest asymptotic variance can be read off using graphical rules
and does not depend on the parameters of the distribution. It has an intuitive
interpretation in terms of a graphical projection I propose and can be viewed as
the target set of backward regression selection.
Instead of focussing on a single treatment-outcome pair and its confounding
factors, the aim of causal discovery is to infer the causal structure among several variables simultaneously. Constraint-based causal discovery algorithms such
as the PC-algorithm are based on conditional independence testing and are thus
related to backward regression selection and similar methods. I propose a modified version of PC that takes temporal background knowledge into account, and
show that the new algorithm is sound and complete and has certain stability properties. Further, I formally investigate two recently suggested methods for handling
missing values in causal discovery: test-wise deletion and multiple imputation. In
particular, I present necessary and sufficient conditions for the recoverability of
causal structures under test-wise deletion and argue that multiple imputation is
more challenging in the context of causal discovery than for estimation. Using sim-
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ulated and real data, I demonstrate that while both methods outperform list-wise
deletion and single imputation, neither is uniformly best. Finally, I discuss chances
and challenges of causal discovery and causal graphical modelling in general.
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ZUSAMMENFASSUNG
In dieser Arbeit untersuche ich zwei verwandte Arten von kausaler Modellselektion: die Selektion von Confoundern und die constraintbasierte kausale Struktursuche.
Confounderselektion hat zum Ziel, eine gültige Adjustierungsmenge für den kausalen Effekt einer Exposition oder Behandlung X auf ein Outcome Y zu bestimmen. Im Idealfall wird dafür relevantes Fachwissen in Form eines kausalen Graphen dargestellt, aus dem dann gültige Adjustierungsmengen abgelesen werden
können. Da vorhandenes Wissen jedoch oft nicht detailliert genug ist, wird in
der statistischen Praxis häufig auf alternative Strategien zurückgegriffen. Diese reichen von einfachen, auf Hintergrundwissen basierenden Regeln bis hin
zu komplexen datengetriebenen Algorithmen und umfassen beispielsweise das
„Disjunctive-Cause“-Kriterium, univariate Korrelationstests und die „Change-inEstimate“-Methode. In der vorliegenden Arbeit betrachte ich gängige Regeln und
Algorithmen aus einer graphischen Perspektive. Ich zeige auf, dass viele Methoden implizite strukturelle Annahmen machen, schlage ein Klassifikationsschema
vor und beschreibe, welche Arten von Adjustierungsmengen von den Methoden
in den verschiedenen Klassen ausgewählt werden. Ergänzt wird dies durch eine
umfangreiche Simulationsstudie. Zu den wichtigsten Ergebnissen gehört, dass
strukturelle Annahmen auch dann unvermeidbar sind, wenn kein kausaler Graph
spezifiziert wird, und dass sogenannte outcomeorientierte Methoden oft zu präziseren Schätzungen führen.
Die Frage nach der statistisch effizienten Adjustierung wird dann weiter untersucht für den Fall, dass der zugrunde liegende kausale Graph bekannt ist oder geschätzt wurde und die Variablen einer gemeinsamen multivariaten Normalverteilung folgen. Ich zeige, dass die „optimale“ Adjustierungsmenge, die zu der kleinsten asymptotischen Varianz führt, direkt vom kausalen Graphen abgelesen werden
kann und nicht von den Parametern der Verteilung abhängt. Sie lässt sich im Kontext einer von mir vorgeschlagenen graphischen Projektion anschaulich interpretieren und kann als Zielmenge der Rückwärtsselektion von Regressionsmodellen
betrachtet werden.
Im Gegensatz zu Analysen, die einzelne Exposition-Outcome-Paare und ihre Störfaktoren betrachten, besteht das Ziel der kausalen Struktursuche darin, die kausalen Beziehungen zwischen mehreren Variablen gleichzeitig zu ermitteln. Constraintbasierte Algorithmen für die kausale Struktursuche wie der PC-Algorithmus
basieren auf bedingten Unabhängigkeitstests und sind daher mit der Rückwärts-
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selektion von Regressionsmodellen und ähnlichen Verfahren verwandt. Ich schlage
eine modifizierte Variante des PC-Algorithmus vor, die zeitliches Hintergrundwissen berücksichtigt, und zeige, dass der neue Algorithmus korrekt und vollständig ist und bestimmte Stabilitätseigenschaften aufweist. Außerdem untersuche ich
zwei kürzlich vorgeschlagene Methoden zum Umgang mit fehlenden Werten in
der kausalen Struktursuche: das testweise Auslassen von Beobachtungen und die
multiple Imputation. Dabei stelle ich notwendige und hinreichende Bedingungen
für die Identifizierbarkeit kausaler Strukturen mittels testweiser Auslassung auf
und lege dar, warum die multiple Imputation im Kontext der kausalen Struktursuche eine größere Herausforderung darstellt als beim Schätzen. Anhand von
simulierten und echten Daten zeige ich, dass beide Methoden bessere Ergebnisse
liefern als die analyseweite Auslassung von Beobachtungen und die Einfachimputation, aber keine der beiden der anderen durchweg überlegen ist. Abschließend
diskutiere ich die Chancen und Herausforderungen der kausalen Struktursuche
und der kausalen graphischen Modellierung im Allgemeinen.

X

1 Introduction
The aim of causal inference is to discover and quantify non-deterministic causeeffect relationships (Morgan and Winship, 2014; Pearl and Mackenzie, 2018; Cunningham, 2021). This is of central interest in various areas of science including
epidemiology, economics, psychology and sociology. Example research questions
within the scope of causal inference include:
How would the incidence rate of dementia or stroke change if everyone in the population
stopped smoking? (Rojas-Saunero et al., 2021)
Did the job training intervention improve the employment rate, and how much of the effect
was mediated by increased job search self-efficacy? (Imai et al., 2010)
What is the causal structure of academic achievement, and where are good points of intervention? (Quintana, 2020)
While these and similar questions could in theory be approached by experimentation, this is often not feasible in practice. Causal inference as a discipline is
therefore concerned with the assumptions and methods that allow researchers to
draw causal conclusions based on observational data (Hill and Stuart, 2015).
‘Regular’ statistical inference leverages data to draw conclusions about an underlying probability distribution (Fahrmeir et al., 2003). For example, a typical aim is to
estimate the mean of a random variable and to quantify the uncertainty associated
with the estimate. Causal inference differs from ‘regular’ inference in that at least
two (joint) distributions are involved: the observational distribution underlying the
observable data, and a hypothetical or counterfactual or interventional distribution
describing the system after an intervention or decision of interest has taken place
(Dawid and Didelez, 2010; Peters et al., 2017). A central notion in causal inference
is therefore that of identification: An aspect of a hypothetical distribution is identified from observable data if it can be re-expressed in terms of an observational
distribution. Identification is non-parametric if it does not rely on assumptions such
as linearity, monotonicity or parallel trends.
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Two major frameworks for formalising causal inference have evolved over the last
decades: the potential outcomes framework (Neyman, 1990; Rubin, 1974) and the
causal graph framework (Spirtes et al., 2000; Pearl, 2009). Both embrace the above
idea of mapping hypothetical quantities to observable data, but they do so using different basic concepts and terminology. The potential outcomes framework
mainly relies on algebraic equations and is particularly suited to express parametric assumptions about the causal relationships among a small number of variables
(Imbens, 2020). Causal graphs represent causal structures among a potentially
large number of variables in a non-parametric fashion and are useful especially
for assessing non-parametric identification (Pearl, 2009). Each framework thus has
its own strengths and weaknesses and main areas of application, but the two approaches do not in general contradict each other. The focus of this thesis lies on
causal graphs.
Intuitively, the nodes in a causal graph represent random variables, and an edge
A → B means that A has a direct causal effect on B relative to the other vari-

ables represented in the graph. A causal graph is ideally constructed based on
subject-matter knowledge about the system of interest. It can then be used to read

off whether an estimand, i.e. target of inference, is non-parametrically identified.
For example, if the estimand is the average causal effect of X on Y and the graph
contains a valid adjustment set Z relative to ( X, Y ), then this estimand is identified by
adjustment, which is the most popular non-parametric identification strategy (Imbens, 2004; Morgan and Winship, 2014). However, as the causal graph is often only
partially known in practice, a large number of alternative, non-graphical strategies
for selecting an adjustment set are in use. Among them are methods developed
specifically for causal inference, while others, such as backward regression selection, are multi-purpose variable selection tools popular also for predictive and
descriptive model building (Heinze et al., 2018). In this work, I refer to the process
of choosing an adjustment set for causal inference as ‘confounder selection’, and
call any method used for this purpose a ‘confounder selection strategy’. It should
be noted, however, that the term confounder itself is difficult to define (VanderWeele
and Shpitser, 2013); it loosely refers to a variable that is part of one or more valid
adjustment set.
The process of estimating a causal graph from data is called causal search, causal
structure learning or causal discovery (Spirtes et al., 2000; Heinze-Deml et al., 2018;
Glymour et al., 2019). Even though it relies on strong (causal) assumptions, causal
discovery can be a valuable addition to analyses focussing on individual treatmentoutcome pairs. A famous example of a causal discovery algorithm is the PC-
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algorithm (Spirtes et al., 2000), named after its inventors, Peter Spirtes and Clark
Glymour.

1.1 Aim and structure of this work
In this cumulative dissertation thesis, I investigate aspects of model selection for
causal inference, where ‘model selection’ includes both confounder selection and
selection of a causal graph based on data, i.e. causal discovery. Throughout, I
assume that the system under study can be represented by a causal graph, which
may be known, partly known or unknown. Chapter 2 provides the necessary
background on graph terminology, the probabilistic and causal interpretation of
different types of causal graphs, and causal discovery.
Chapters 3 and 4 are concerned with confounder selection. Data-driven confounder selection strategies are popular, but most of them were not developed with
causal inference in mind. The additional assumptions necessary for ensuring that
a valid adjustment set is selected are rarely discussed. Further, it is not clear how
these algorithmic strategies relate to alternative, knowledge-based rules, in terms
of their assumptions and type of selected adjustment set. In Chapter 3, I formalise
different knowledge-based and data-driven strategies using a common notation.
I then analyse them from a graphical perspective and compare the assumptions
under which each strategy selects a valid adjustment set. The publication associated with Chapter 3, Witte and Didelez (2019), Biometrical Journal 61(5):1270–1289,
contributes a classification scheme shedding further light onto the differences and
commonalities of the various strategies, and a simulation study in which different
selection methods are combined with different adjustment methods.
One of the results in Chapter 3 is that different types of adjustment sets result
in different variances of the causal effect estimators. This is investigated further
in Chapter 4 for linear regression adjustment. I show that if the variables follow
a multivariate normal distribution, there exists a unique ‘optimal’ adjustment set
in the sense that adjustment for this set results in a smaller asymptotic variance
than adjusting for any other valid adjustment set. The optimal adjustment set
can be characterised graphically and, under certain assumptions, coincides with
the target set of backward regression selection. Part of the results was published
in Witte, Henckel, Maathuis and Didelez (2020), Journal of Machine Learning Research
21(246):1–45.
The topic of Chapter 5 is causal discovery with cohort data. In cohort studies, in3

1 Introduction

dividuals are followed over time, and the number of measured variables is usually
large, making this type of study a valuable resource for causal discovery analyses.
I show in Chapter 5 how the PC-algorithm can be modified to efficiently exploit
the partial temporal ordering while retaining its soundness and completeness. The
modified algorithm is implemented in the R package tpc (Witte, 2021). One of the
challenges posed by typical cohort data is missing values. In Witte, Foraita and
Didelez (2021), arXiv preprint arXiv:2108.13331, test-wise deletion and multiple imputation are investigated as two possible solutions. The manuscript contains both
theoretical and empirical results. Software implementing both methods is available
in the R package micd (Foraita and Witte, 2021).
The thesis concludes with a discussion in Chapter 6, where I point out parallels
between data-driven confounder selection and causal discovery, and critically discuss whether systems of interest in epidemiology can or should be represented by
directed acyclic graphs.

4

2 Graphical models for causal
inference
Graphs are used in numerous branches of science to depict systems of interconnected or interacting units. Examples include food webs in ecology, Feynman diagrams in theoretical physics and semantic networks in computational linguistics.
In statistics, graphs represent dependence and independence relations in probability distributions (Lauritzen, 1996; Maathuis et al., 2018).
The first use of graphs with an explicit probabilistic as well as causal interpretation is usually attributed to the geneticist Sewall Wright (Denis and Legerski,
2006; Pearl and Mackenzie, 2018). Around 1930, he developed the method of path
analysis, where path diagrams represent the association structure among a set of
variables, and path coefficients quantify linear relations (Wright, 1921, 1934). While
Wright deduced his path diagrams from subject-matter knowledge and gave them
a causal interpretation, the method can also be used for purely associational analyses. Elements of path analysis were later combined with methods for handling
latent variables, resulting in a suite of methods summarised under structural equation modelling (Denis and Legerski, 2006). The focus, however, remained on linear
relations for several decades.
Non-parametric causal graphs, as they are popular today, had their breakthrough
towards the end of the 20th century, when computer scientist Judea Pearl introduced the do-notation and developed the associated concept of do-calculus for the
non-parametric identification of causal effects (see Section 2.3.1 of this thesis).
Around the same time, Spirtes et al. (2000) laid the foundations of causal discovery. The new versatile and explicitly causal graphical framework was quickly
endorsed by biometricians and epidemiologists. Following an influential introductory article by Greenland et al. (1999), a large number of tutorial-style papers
were published in journals covering a wide variety of subdisciplines of medicine
and epidemiology (e.g. Hernán et al., 2002; Shrier and Platt, 2008; Hardt et al.,
2011; Williamson et al., 2014; Suttorp et al., 2015; Staplin et al., 2017). The first
5
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2003
2004
2005
2006
2007
2008
2009
2010
2011
2012
2013
2014
2015
2016
2017

1
0
1
2
1
1
3
6
8
3
12
24
42
59
71

Figure 1: Number of publications in applied health research reporting the use of
causal graphs, for years 2003–2017. The number of publications between
1990 and 2002 was zero. Modified from Tennant et al. (2020).
applications of causal graphs in health research that went beyond toy examples
followed in the early 2000s, as investigated by Tennant et al. (2020). Their systematic review identified all published uses of causal graphs in applied health research
during 1990–2017. The earliest of 234 articles they found was from 2003, and the
numbers increased especially between 2013 and 2017, see Figure 1.
Other disciplines such as economics, psychology and sociology have been more
hesitant in taking up the non-parametric causal graph framework. This is partly
due to the fact that non-parametric identification by adjustment, which connects
particularly well with graphical modelling, is less popular in these fields. Instead, identification methods e.g. in econometrics often rely on parametric and
functional assumptions such as linearity, monotonicity and convexity, which can
better be captured using potential outcomes (Imbens, 2020). When it comes to
graphical modelling, linear structural equation models are often the method of
choice in particular in psychology and sociology (Bollen and Pearl, 2013). Still, in
all of the above disciplines, the interest in non-parametric causal graphs is growing, as can be witnessed from a large number of recently published textbooks (e.g.
Morgan and Winship, 2014; Cunningham, 2021), introductory works (e.g. Rohrer,
2018; Hünermund and Bareinboim, 2019; Dablander, 2020) and works ‘translating’ assumptions and methods from other frameworks into graphical terms (e.g.
Mansournia et al., 2013; Kim and Steiner, 2021a,b; Mohan and Pearl, 2021).
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2.1 Basic terminology

This chapter provides an overview about causal graphs and causal discovery. In
Section 2.1, I introduce the basic graphical terminology used throughout the thesis.
Additional terms will be added in later sections and chapters when needed. Sections 2.2 and 2.3 cover the probabilistic and causal interpretation, respectively, of
causal directed acyclic graphs (causal DAGs). If two or more DAGs have the same
probabilistic interpretation, they can collectively be represented by a completed partially directed acyclic graph (CPDAG). The class of CPDAGs is a subclass of the larger
class of maximally oriented partially directed acyclic graphs (MPDAGs). Both classes
are introduced in Section 2.4. Section 2.5 is about acyclic directed mixed graphs (ADMGs), which can be derived from DAGs by projection over unobserved nodes.
Finally, Section 2.6 contains an introduction to causal discovery.

2.1 Basic terminology
Nodes and edges
A graph G = (V, E) consists of a set of nodes V and a set of edges E. An edge

connects two distinct nodes, which are called its endpoints. Edges can be undirected

(−), directed (→) or bi-directed (↔). A directed edge A → B is said to be directed

from or out of A and directed to or into B. A graph with at most one edge between

a given pair of nodes is called a simple graph. An undirected graph is a simple graph
where all edges are undirected, and a directed graph is a simple graph where all
edges are directed.
Induced subgraphs
An induced subgraph of a graph G = (V, E) is a graph G ′ = (V′ , E′ ) such that
V′ ⊆ V and E′ is the subset of E containing all edges in G among nodes in V′ .
Paths
A path is an ordered sequence (V0 , e1 , V1 , . . . , eK , VK ) of distinct nodes V0 , V1 , . . . , VK
and edges e1 , . . . , eK , K ≥ 1, such that for k = 1, . . . , K, ek has endpoints Vk−1

and Vk . The nodes and edges in the sequence are said to be on the path. In a
simple graph, a path is uniquely determined by the sequence of its nodes. The
path (V0 , e1 , V1 , . . . , eK , VK ) has endpoints V0 and VK , and non-endpoints V1 , . . . , VK −1 .

Given a path p = (V0 , e1 , V1 , . . . , eK , VK ), the subsequence (Vi , ei+1 , Vi+1 , . . . , e j , Vj ),
0 ≤ i, j ≤ K, is called the subpath of p between Vi and Vj .
Consider the path p = (V0 , e1 , V1 , . . . , eK , VK ) and two disjoint sets of nodes A and
B such that V0 ∈ A and VK ∈ B. Then p is said to be between A and B. It is directed
7
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from A to B if for k = 1, . . . , K, ek is directed from Vk−1 to Vk . It is possibly directed

from A to B if for k = 1, . . . , K, ek is either directed from Vk−1 to Vk or undirected
and there is no edge Vi ← Vj , 0 ≤ i < j ≤ K, in G . Note that the edge Vi ← Vj is
not required to be on p. This non-standard definition of a possibly directed path

is required for the correct interpretation of causal MPDAGs, see Section 2.4. If p is
not possibly directed from A to B, it is non-directed from A to B. A directed, possibly
directed or non-directed path from A to B is proper if only one of its nodes is in A.
Ancestry
Two nodes A, B joined by at least one edge are adjacent to each other, otherwise
they are non-adjacent. If A − B, then A and B are siblings of each other. If A → B,
then A is a parent of B, and B is a child of A. If there is a directed path from A to
B, or if A = B, then A is an ancestor of B, and B is a descendant of A. If there is a
possibly directed path from A to B, or if A = B, then A is a possible ancestor of B,
and B is a possible descendant of A. A node that is not a possible descendant of A is
called a non-descendant of A.
The sets of all siblings, parents, children, ancestors, possible ancestors, descendants, possible descendants and non-descendants of a node A are denoted as sib( A),
pa( A), ch( A), an( A), possan( A), de( A), possde( A) and nde( A), respectively. For
a set of nodes A, sib(A) =

S

A∈A sib( A ),

and analogously for pa(A), ch(A), an(A),

possan(A), de(A), possde(A) and nde(A).
Colliders and definite-status paths
A collider on a path p = (V0 , e1 , V1 , . . . , eK , VK ) is a non-endpoint node Vi such that
the subpath of p between Vi−1 and Vi+1 is one of Vi−1 → Vi ← Vi+1 , Vi−1 ↔

Vi ← Vi+1 , Vi−1 → Vi ↔ Vi+1 and Vi−1 ↔ Vi ↔ Vi+1 . A non-collider on p is a

non-endpoint node Vi such that either (i) Vi−1 ← Vi is on p, or (ii) Vi → Vi+1 is
on p, or (iii) the subpath of p between Vi−1 and Vi+1 is Vi−1 − Vi − Vi+1 , and Vi−1

and Vi+1 are not adjacent in the graph. A definite-status path is one on which every
non-endpoint node is either a collider or a non-collider. A v-structure is a path
Vi−1 → Vi ← Vi+1 such that Vi−1 and Vi+1 are non-adjacent in the graph.
DAGs
A directed cycle is a directed path from a node A to a node B together with an edge
B → A. A DAG is a directed graph without directed cycles. DAGs are called

acyclic digraphs in some fields of the literature (e.g. Andersson et al., 1997).
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Blocking and d-separation in DAGs (Pearl, 2009)
A path p in a DAG is open given a possibly empty set of nodes Z if (i) no noncollider on p is in Z and (ii) every collider on p has a descendant in Z. Otherwise,
p is blocked given Z. Two disjoint sets of nodes A and B are d-separated given a
possibly empty set C in a DAG D if all paths between A and B are blocked given
C in D . This is denoted as A ⊥D B | C.

2.2 Probabilistic modelling with DAGs
A DAG with node set V can be used to represent conditional independencies
among a set of variables V. Throughout the thesis, I use the convention that a node
(or set of nodes) and its corresponding variable (or set of variables) are denoted
with the same symbol. Further, in order to improve the readability of some of the
proofs in later sections, I sometimes consider V to be a vector of random variables
instead of a set. This affects the notation but does not change the meaning of the
graphs or distributions.
Briefly, both DAGs and probability distributions induce independence models. A
probability distribution is represented by a DAG if every conditional independence
implied by the DAG is implied by the distribution as well. This is now explained
in detail.
An independence model I over some set V is a set of triples ⟨A, B | C⟩, where A,

B and C are disjoint subsets of V, and C is possibly empty. The triple ⟨A, B | C⟩ is
interpreted as a conditional independence statement: A is conditionally independent
of B given C.
A DAG D is associated with an independence model I(D) by letting every d-

separation stand for a conditional independence statement between nodes in D :

⟨A, B | C⟩ ∈ I(D)

⇔

A ⊥D B | C.

As an example, consider a DAG D of the form A → B → C. Here A ⊥D C | B,

and no other d-separations hold. The independence model induced by D is thus

I(D) = {⟨ A, C | B⟩}. The same independence model is induced by the DAGs
A ← B ← C and A ← B → C. DAGs inducing the same independence model are
said to be Markov equivalent and form a (Markov) equivalence class (Andersson et al.,
1997). The term originated from the Markov property discussed below.
9
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Independence models induced by DAGs are compositional graphoids, as defined
next.

Definition 1 (Semi-graphoid, graphoid, compositional; Lauritzen and Sadeghi,
2018)
An independence model I over a set V is a semi-graphoid if the following properties hold
for disjoint subsets A, B, C, D ⊂ V:

(I1) if ⟨A, B | C⟩ ∈ I , then ⟨B, A | C⟩ ∈ I (symmetry),
(I2) if ⟨A, B ∪ D | C⟩ ∈ I , then ⟨A, B | C⟩ ∈ I and ⟨A, D | C⟩ ∈ I (decomposition),
(I3) if ⟨A, B ∪ D | C⟩ ∈ I , then ⟨A, B | C ∪ D⟩ ∈ I (weak union),
(I4) if ⟨A, B | C⟩ ∈ I and ⟨A, D | B ∪ C⟩ ∈ I , then ⟨A, B ∪ D | C⟩ ∈ I (contraction).
It is a graphoid if in addition,
(I5) if ⟨A, B | C ∪ D⟩ ∈ I and ⟨A, C | B ∪ D⟩ ∈ I , then ⟨A, B ∪ C | D⟩ ∈ I
(intersection).

It is compositional if it holds that
(I6) if ⟨A, B | C⟩ ∈ I and ⟨A, D | C⟩ ∈ I , then ⟨A, B ∪ D | C⟩ ∈ I (composition).
The compositional graphoid properties do not form a complete set of axioms for
DAG-induced independence models. In fact, it has been conjectured that no complete set of axioms exists (Geiger, 1987). One of the additional properties satisfied
by all DAG-induced independence models, and that will be needed for two proofs
in this thesis, is weak transitivity.

Definition 2 (Weak transitivity; Pearl, 1988)
An independence model I over a set V has the weak transitivity property if, for disjoint
subsets A, B, C ⊂ V and a singleton D ∈ V \ (A ∪ B ∪ C), it holds that:

(I7) if ⟨A, B | C ∪ D ⟩ and ⟨A, B | C⟩, then either ⟨A, D | C⟩ or ⟨B, D | C⟩ (weak
transitivity).
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Consider now a set of random variables V with joint distribution P. Following
Lauritzen (1996), I use f as a generic symbol for the probability density of continuous, discrete or mixed variables. For disjoint subsets A, B and C of V, A is
said to be conditionally independent of B given C if f (a | b, c) = f (a | c). This is
denoted as A ⊥
⊥ B | C, where I suppress an explicit reference to the distribution

P. The independence model induced by P is defined as the set of all conditional

independencies implied by P:

⟨A, B | C⟩ ∈ I( P)

⇔

A⊥
⊥ B | C.

Independence models induced by probability distributions are semi-graphoids. If
the probability distribution has a strictly positive density, the corresponding independence model is also a graphoid.
A probability distribution is represented by a given DAG if it satisfies the Markov
property with respect to that DAG.

Definition 3 (Markov property)
A distribution P over a set of random variables V is Markov to a DAG D with node set
V if for all disjoint subsets A, B, C, ⊂ V,

⟨A, B | C⟩ ∈ I(D)

⇒

⟨A, B | C⟩ ∈ I(P )

A ⊥D B | C

⇒

A⊥
⊥ B | C.

or, equivalently,

It can be shown that the Markov property holds if and only if the density f (v)
factorises according to
f (v) =

∏

V ∈V

f (v | pa(V, D))

(1)

(Lauritzen et al., 1990). The name ‘Markov property’ stems from this recursive
factorisation expression.
A stronger condition than the Markov property is faithfulness.

Definition 4 (Faithfulness)
A distribution P over a set of random variables V is faithful to a DAG D with node set V
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if for all disjoint subsets A, B, C, ⊂ V,

⟨A, B | C⟩ ∈ I(D)

⇔

⟨A, B | C⟩ ∈ I(P )

A ⊥D B | C

⇔

A⊥
⊥ B | C.

or, equivalently,

Faithfulness implies that the independence model induced by the distribution P
is a compositional graphoid. Causal discovery algorithms often assume that the
distribution of the variables of interest is faithful to an unknown underlying DAG
(see Section 2.6).

2.3 Causal interpretation of DAGs
This section is concerned with the additional assumptions under which a probabilistic DAG model can be interpreted causally. Although the term ‘causal DAG’ is
often used without further specification, there are in fact several (related) ways of
giving a graphical model a causal interpretation. In the following, I first present
the definitions and concepts used in this thesis, then briefly discuss alternatives.

2.3.1 Denition used in this thesis
Consider the joint density f (v) over a set of variables V. Spirtes et al. (2000) and
Pearl (2009) introduced the notion of the (atomic) manipulation or intervention, which
sets the value of a subset X ⊂ V to x, without directly influencing the values of

the other variables. This is denoted by do (X = x), or do (x) for short. Importantly,
the atomic intervention is a (hypothetical) intervention on the system governing
the distribution of the variables in V, not a mathematical operation on f (v). The
interventional density of V after the intervention do (x) has taken place is denoted by
f (v | do (X = x)) or f (v | do (x)) for short. I keep with this popular notation, even

though it has been criticised for the danger of being confused with the conditional

density f (v | X = x). Using the do-notation, the observational density f (v) can be
expressed as f (v | do (∅)), where do (∅) stands for no intervention and is called the

observational regime. To avoid notational clutter, I denote the observational density

by just f (v) in this thesis. The conditional interventional density of V given W = w
after the intervention do (x), for X ∩ W = ∅, is denoted as f (v | W = w; do (x)).
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Definition 5 (Causal DAG; Spirtes et al., 2000; Pearl, 2009)
Let D be a DAG with node set V. A joint density f (v) is compatible with D if for all
X ⊆ V and all x′ ∈ X , the interventional density f (v | do (x′ )) exists and can be written
as

f (v | do (x′ )) = 1(x = x′ )

∏

V ∈V\X

f (v | pa(V, D)),

(2)

where the indicator function 1(x = x′ ) equals 1 if x = x′ , and 0 otherwise. The DAG D is
then called a causal DAG.

Here X denotes the state space of X. Equation (2) is called the manipulation formula

(Spirtes et al., 2000) or the truncated factorisation formula (Pearl, 2009), due to its
similarity to the ‘untruncated’ factorisation formula describing the Markov property in equation (1). The ‘truncation term’ 1(x = x′ ) sets the density to zero for all
values of x not consistent with the intervention do (x′ ). The conditional distributions of all non-manipulated variables, given their respective parents, are the same
as in the observational regime. This assumes that the conditional distributions
are stable (Dawid and Didelez, 2010), which is often motivated by the concept of

autonomous physical mechanisms (Pearl, 2009): The idea is that each conditional
density f (v | pa(V, D)) represents a physical mechanism taking as input the value

of pa(V, D), and outputting a value v. The output hence depends on the input, but
crucially, the output does not depend on whether the input arose ‘naturally’ or by
intervention (Peters et al., 2017). Roughly said, the stable conditional distributions
are what allows us to estimate causal effects from observational data (Dawid and
Didelez, 2010).

In a causal DAG, directed paths are also called causal paths, and non-directed
paths are called non-causal paths. An ancestor of a node A in a causal DAG is also
called a cause of A.

2.3.2 Alternative denitions
Various alternative definitions of a causal DAG have been given in the literature,
and the differences between them are often subtle (Didelez, 2018). Definition 5
of a causal DAG is sometimes called the ‘Pearlian DAG’ (Dawid, 2010). Two notable, though less popular, alternatives to the Pearlian DAG are the influence diagram (Dawid, 2002) and the single world intervention graph (SWIG; Richardson and
Robins, 2013). They have in common that they represent a joint distribution under
one intervention of interest. In influence diagrams, the intervention is depicted by
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a special type of node without parents and with outgoing edges into all nodes representing variables directly affected by the intervention. SWIGs have split nodes
where one half represents a variable in the observational regime and the other
half represents the same variable under the intervention. Unlike Pearlian DAGs,
intervention graphs and SWIGs do not rely on the assumption that every variable
represented in the graph can be intervened on.
A Pearlian DAG D can be combined with a parametric or non-parametric struc-

tural equation model to represent a functional causal model (Pearl, 2009). For each
node V in D , it is then assumed that the variable V is generated as a function of

its parents and an error term ε as V ← h(pa(V, D), ε). Functional causal models
impose a joint distribution over all variables in the model under all possible interventions, including a joint distribution over different versions of the same variable
under different interventions. The functional causal model has therefore been
called the multiple-world model, in contrast to the Pearlian DAG aka the single-world
model, which considers only one ‘world’ or intervention at a time (Shpitser and
Tchetgen Tchetgen, 2016). Hence, the functional causal model relies on stronger assumption than the Pearlian DAG, even if no functional forms are specified. In this
thesis, the additional assumptions of the functional causal model are not needed.

2.4 CPDAGs and MPDAGsrepresenting Markov
equivalent DAGs
Recall that two DAGs inducing the same independence model are said to be
Markov equivalent, and the set of all DAGs inducing the same model is called
a (Markov) equivalence class. It has been shown that a given equivalence class
of DAGs can compactly be represented by a CPDAG (Andersson et al., 1997).
CPDAGs are simple graphs allowed to contain directed and undirected edges. A
directed edge A → B means that A is a parent of B in every DAG in the equi-

valence class, and an undirected edge A − B means that the equivalence class

contains at least one DAG with A → B, and at least one with A ← B. The set of
all DAGs represented by a CPDAG G is denoted as [G]. CPDAGs are also sometimes called essential graphs (Andersson et al., 1997), d-separation-equivalence patterns
(Hoyer et al., 2008) or simply patterns (Spirtes et al., 2000).
Two DAGs are Markov equivalent if and only if they have the same adjacencies
and v-structures (Verma and Pearl, 1990). Further, it has been shown that the
CPDAG representing a given equivalence class can be constructed from any one
14
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DAG in this class as follows (Meek, 1995a): In step 1, all edges in the DAG are
turned into undirected edges, except for those forming v-structures. In step 2, as
many edges as possible are oriented using the following rules:

Definition 6 (Meek’s rules; Meek, 1995a)
Let G be a simple graph containing only directed and undirected edges, and no directed

cycles. If the schematic on the left-hand side matches an induced subgraph of G , then
replace an undirected edge by a directed edge in G according to the schematic on the righthand side.

Rule 1

⇒

Rule 2

Rule 3

⇒

Rule 4

⇒

⇒

The soundness of Meek’s rules can be demonstrated by showing that they prevent new v-structures and directed cycles. Meek (1995a) showed that the rules
are also complete in the sense that all edges remaining undirected after exhaustive application of the rules, correspond to edges for which both directions occur
within the equivalence class. Figure 2 shows an example CPDAG together with all
DAGs in the equivalence class it represents, and illustrates how the CPDAG can
be constructed from one of those DAGs.
A given CPDAG G may be modified by orienting additional edges, and again ap-

plying Meek’s rules. The resulting graph is then called an MPDAG and uniquely

represents the subset of DAGs in the equivalence class that are compatible with
the additional orientations (Meek, 1995a; Perković et al., 2017). The interpretation of the edges is the same as in a CPDAG. Other names for MPDAGs are aggregated partially directed acyclic graph (Eigenmann et al., 2017), interventional essential graph (Hauser and Bühlmann, 2012) and distribution equivalence pattern (Hoyer
et al., 2008). Figure 3 illustrates the construction of an MPDAG from the CPDAG
in Figure 2 under the restriction that V4 → V1 .
The class of DAGs and the class of CPDAGs both form subclasses of the class of
MPDAGs. All results in this thesis that hold for MPDAGs thus hold for DAGs and
CPDAGs as well. The set of DAGs represented by a given MPDAG G is denoted

as [G].

Blocking and m-separation in MPDAGs (Maathuis and Colombo, 2015)
In MPDAGs, blocking is only defined for definite-status paths. A definite-status
15
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CPDAG G
V1

V2

V3

V4

V5

V6
v-structures

DAG

after Meek’s rules

V1

V2

V3

V1

V2

V3

V1

V2

V3

V4

V5

V6

V4

V5

V6

V4

V5

V6

Figure 2: Upper panel: Example CPDAG G together with schematics of all DAGs
in [G]. Lower panel: Construction of G from one of the DAGs.

MPDAG G ′
V1

V2

V3

V4

V5

V6

CPDAG G

restrictions

after Meek’s rules

V1

V2

V3

V1

V2

V3

V1

V2

V3

V4

V5

V6

V4

V5

V6

V4

V5

V6

Figure 3: Upper panel: Example MPDAG G ′ together with schematics of all DAGs
in [G ′ ]. Lower panel: Construction of G ′ from the CPDAG G in Figure 2
under the edge restriction V4 → V1 .
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path p in an MPDAG is open given a possibly empty set of nodes Z if (i) no noncollider on p is in Z and (ii) every collider on p has a descendant in Z. Otherwise,
p is blocked given Z. Two disjoint sets of nodes A and B are m-separated given a
possibly empty set C in an MPDAG G if all definite-status paths between A and B
are blocked given C in G . This is denoted as A ⊥G B | C. In a DAG, m-separation

and d-separation coincide.

Maathuis and Colombo (2015) showed that for disjoint node sets A, B and C in an
MPDAG G , A ⊥G B | C if and only if A ⊥D B | C for every DAG D ∈ [G]. Thus,

an MPDAG induces the same independence model as every DAG it represents.
Causal interpretation of MPDAGs (Perković et al., 2017)

An MPDAG is causal if it represents a causal DAG. When a causal MPDAG G is

considered in practice, it is usually not known which of the DAGs in [G] has a
causal interpretation. The DAGs in [G] are then called possibly causal.
In a causal MPDAG, directed paths are also called causal paths, possibly directed
paths are called possibly causal paths and non-directed paths are called non-causal
paths. This is analogous to DAGs. Perković et al. (2017) showed that a path in an
MPDAG G is possibly causal if and only if [G] contains at least one DAG in which
the corresponding path is causal, and at least one in which it is non-causal.

A density f is said to be consistent with a causal MPDAG G if it is consistent with
one of the possibly causal DAGs in [G].

2.5 ADMGslatent projection
If a (causal) DAG contains nodes representing latent, i.e. unobserved, variables,
one may be interested in a graph representing the marginal independence model
induced by the distribution over the observed nodes only. Such a graph can be
constructed by latent projection. In the following definition, the sets of observed
and latent variables are denoted as W and L, respectively.

Definition 7 (Latent projection; Verma and Pearl, 1990; Shpitser et al., 2014)
Let D be a DAG with node set W ∪ L and W ∩ L = ∅. The latent projection D(W) over

L on W is a graph with node set W and edges as follows: For distinct nodes Wi , Wj ∈ W,

(i) D(W) contains a directed edge Wi → Wj if and only if D contains a directed path
Wi → · · · → Wj on which all non-endpoint nodes are in L,
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(ii) D(W) contains a bi-directed edge Wi ↔ Wj if and only if D contains a path, with at

least one non-endpoint node, of the form Wi ← · · · → Wj on which all non-endpoint
nodes are non-colliders and in L.

The definition is quoted from Witte et al. (2020) for consistency. Latent projections are allowed to have directed and bi-directed edges, and may have two edges
between a given pair of nodes. They belong to the class of ADMGs. Figure 4 shows
example DAGs containing unobserved nodes, and their latent projections.
Blocking and m-separation in latent projections
The definitions of blocking and d-separation I gave in Section 2.1 may also be
applied to ADMGs; d-separation is then called m-separation (Richardson, 2003),
as in MPDAGs.
The latent projection D(W) derived from a DAG D faithfully represents the independence relations in D among the nodes in W in the following sense: For disjoint
node sets A, B, C ∈ W, A ⊥D(W) B | C if and only if A ⊥D B | C (Shpitser et al.,

2014).

Causal interpretation of latent projections
In a latent projection of a causal DAG, a directed edge A → B means that A is
a cause of B in the DAG. A bi-directed edge means A ↔ B means that A and B

share a latent common cause in the DAG (see Section 2.6.1 for a formal definition
of a common cause).

V1

V2

V3

V4

V1

V4

V1

V2

V3

V4

V1

V4

V1

V2

V3

V4

V2

V4

V1

V2

V3

V4

V2

V4

Figure 4: Example DAGs with latent nodes shown as dashed diamonds (left), and
the corresponding latent projections (right).
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2.6 Causal discovery
In the previous sections, it was described how DAGs and other types of graphs can
compactly represent causal structures, and what information they contain about
conditional independencies in observable and hypothetical distributions. Chapters
3 and 4 will illustrate how to read off adjustment sets from graphs when the aim
is to estimate a causal effect. All this assumes that the graph is known or can be
constructed based on subject-matter knowledge; the graph is then used in order to
make inference about aspects of the probability distribution.
The aim of causal discovery is to achieve the opposite, i.e. to infer aspects of the underlying graph based on data. In this section, I first describe the PC-algorithm by
Spirtes et al. (2000), which is one of the most popular causal discovery algorithms,
and then give a brief overview about alternative strategies.

2.6.1 The PC-algorithm
The PC-algorithm was first proposed in Spirtes and Glymour (1991) and later improved by adding Meek’s rules (Meek, 1995a; see Definition 6). The improved
version has three phases: I. skeleton search, II. v-structure phase, III. application
of Meek’s rules.
I. Skeleton phase
The skeleton of a (partially) directed graph is an undirected graph with the same
nodes and adjacencies. In phase I of the PC-algorithm, the skeleton is estimated
based on the fact that two nodes Vi and Vj in a DAG with nodes set V are not adjacent if and only if they are separated given a set S ⊆ V \ {Vi , Vj } (Lauritzen, 1996,
pp. 47). The separations are determined by testing for conditional independencies.
Algorithm 1 shows pseudocode for this phase. It starts with a fully connected undirected graph in line 1. Edges are then gradually removed between pairs of nodes
for which separating sets are found (see lines 11 and 12). The conditional independence tests are organised such that marginal tests are performed first, followed
by conditional tests of order |S| = 1, 2, . . ., where the current order is determined
by the parameter ℓ (see lines 3 and 5). In order to reduce the number of tests

performed, only those pairs of nodes (Vi , Vj ) are considered that are still adjacent
in the current intermediate skeleton estimate (see line 7), and the candidate separating sets are chosen from among the current siblings of Vi (see line 10). Together,
these restrictions have the effect that for reasonably sparse graphs, the majority of
the tests performed are low-order tests (|S| = 0 or |S| = 1), which tend to have a
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higher power than higher-order tests and are thus expected to be more reliable.
Algorithm 1 Skeleton phase of PC
INPUT: i.i.d. data on a set of variables V; a procedure for testing conditional
independencies
1: form the complete undirected graph C on node set V
2: C ′ = C
3: ℓ = −1
4: repeat
5:
ℓ = ℓ+1
6:
repeat
7:
select new ordered pair of nodes (Vi , Vj ) such that Vi and Vj are adjacent
8:
in C ′ and |sibC ′ (Vi ) \ {Vj }| ≥ ℓ
9:
repeat
10:
choose new S ⊆ sibC ′ (Vi ) \ {Vj } such that |S| = ℓ
11:
if Vi ⊥
⊥ Vj | S then
12:
delete edge Vi − Vj from C ′
13:
record S as Sepset(Vi , Vj )
14:
end if
15:
until edge Vi − Vj is deleted or all S ⊆ sibC ′ (Vi ) \ {Vj } such that |S| = ℓ
16:
have been chosen
17:
until all ordered pairs of nodes (Vi , Vj ) such that Vi and Vj are adjacent in
18:
C ′ have been chosen
19: until all ordered pairs of nodes (Vi , Vj ) adjacent in C ′ satisfy |sibC ′ (Vi ) \ {Vj }| <

ℓ

OUTPUT: estimated skeleton C ′ ; list of separating sets
II. V-structure phase
In the v-structure phase, PC goes through all triples of variables (Vi , Vj , Vk ) in the
estimated skeleton C ′ such that Vi and Vj are adjacent, Vj and Vk are adjacent,

and Vi and Vk are not adjacent. There are four possible constellations of edge
orientations, of which three are Markov equivalent: (i) Vi → Vj → Vk , (ii) Vi ←

Vj → Vk and (iii) Vi ← Vj ← Vk all imply that any set d-separating Vi and Vk must

contain Vj , while (iv) Vi → Vj ← Vk implies that any set d-separating Vi and Vk

must not contain Vj . Hence, the PC-algorithm checks whether Vj is included in the
separating set of Vi and Vk found in the skeleton phase, and if this is not the case,
orients the edges as Vi → Vj ← Vk .
III. Meek’s rules
In the last phase of the PC-algorithm, further edges are oriented by exhaustively
applying Meek’s rules (Meek, 1995b; Definition 6).
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Pseudocode for all three phases is included in Algorithm 2 in Appendix A.1.
The theoretical properties of constraint-based causal discovery algorithms are often
assessed by analysing the ‘oracle version’ of the respective algorithm, i.e. what the
algorithm would do and return if the input was not data, but the list of true
conditional independencies implied by the true DAG. Spirtes et al. (2000) and
Meek (1995a) showed that oracle PC is sound and complete, i.e. it returns the true
CPDAG, under the assumptions of faithfulness (Definition 4) and causal sufficiency.

Definition 8 (Causal sufficiency)
Let D be a DAG with node set V. Then a subset V′ ⊆ V is causally sufficient relative to

D if for every pair (Vi , Vj ), Vi , Vj ∈ V′ , Vi ̸= Vj , the set of common causes of (Vi , Vj ) is a
subset of V′ .

A common cause of a pair (Vi , Vj ) of distinct nodes is a node Vk such that there is a
directed path from Vk to Vi that does not include Vj , and a directed path from Vk
to Vj that does not include Vi (Spirtes et al., 2000). A simple example is the causal
graph Vi ← Vk → Vj , where Vk is a common cause of (Vi , Vj ).
Deriving theoretical guarantees for the PC-algorithm applied to data is more difficult. Assuming faithfulness and causal sufficiency, the PC-algorithm using any
standard procedure for testing conditional independencies (e.g. Fisher’s z-test or
the G2 -test) is pointwise consistent (Robins et al., 2003). This means that for a given
set of variables { X, Y } ∪ Z in a given DAG, for every faithful distribution in which
the null hypothesis X ⊥
⊥ Y | Z holds, there exists a sample size at which the prob-

ability of falsely rejecting the null is controlled, i.e. smaller than an arbitrary ε > 0;
and for every faithful distribution in which the null does not hold, there exists
a sample size at which the probability of falsely accepting the null is controlled.
However, PC is not uniformly consistent, which would mean that there exists a
sample size at which the total error probability (i.e. either falsely rejecting or falsely
accepting the null hypothesis) if the distribution is unknown is controlled (Robins
et al., 2003; Zhang and Spirtes, 2003). Intuitively, this is because without restricting
the parameter space, it is possible to construct a faithful distribution that is arbitrarily close to an unfaithful distribution (Uhler et al., 2013). Uniform consistency
does hold under assumptions stronger than faithfulness, e.g. the λ-strong faithfulness assumption for Gaussian distributions in Zhang and Spirtes (2003), where the
parameters are restricted such that the conditional correlations among variables
are always larger than a constant λ > 0.
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While the output of oracle PC is always a CPDAG, the output of PC applied to
data may be a partially directed graph not representing an equivalence class of
DAGs, which makes the interpretation more difficult. Further, PC is column indexsensitive in the sense that shuffling the data column indices and re-running the
algorithm can change the output, as certain decisions made during the algorithm
depend on the sequence in which the variables are considered. Colombo and
Maathuis (2014) demonstrated how shuffling the column indices and re-running
the algorithm can lead to very different conclusions, and suggested an indexstable1 version of PC, called LMPC-stable (‘L’ and ‘M’ stand for ‘lists’ and ‘majority
rule’, respectively; see Appendix A.2 for more details). Besides solving the column
index-sensitivity problem, LMPC-stable has the additional advantage that its skeleton phase can easily be parallelised on multi-core machines. However, a drawback is that it is even more likely with LMPC-stable to obtain an estimated graph
that is not a CPDAG. Pseudocode for LMPC-stable is included in Algorithm 3 in
Appendix A.2.
PC and LMPC-stable can be modified to take background knowledge in the form
of required or forbidden edges or orientations into account. In Section 5.1, a version of LMPC-stable accounting for a partial node ordering is considered. The
output of oracle PC or oracle LMPC-stable using background knowledge is an
MPDAG (Meek, 1995a; Perković et al., 2017).

2.6.2 Other algorithms
Based on the main assumptions they rely on, causal discovery algorithms can
roughly be divided into two classes (Glymour et al., 2019), which I call ‘traditional’
and ‘functional’. The traditional methods rely on the faithfulness assumption.
They can further be divided into constraint-based, score-based and hybrid algorithms.
The PC-algorithm belongs to the constraint-based algorithms, which exploit the
faithfulness assumptions rather directly by testing for conditional independencies and reconstructing the graph based on the constraints the test results imply.
The fast causal inference (FCI) algorithm is a variant of PC that does not assume
causal sufficiency (Spirtes et al., 2000; Zhang, 2008a). It uses different orientation
rules than PC and outputs a so-called partial ancestral graph (PAG), which is less
informative, in terms of the causal directions, than a CPDAG. An advantage of
all constraint-based algorithms is that they are, in principle, non-parametric, even
1 Note

that Colombo and Maathuis (2014) used the terms ‘order-dependent’ and ‘orderindependent’ to characterise PC and LMPC-stable, respectively. In this thesis, I decided to
reserve the term ‘order’ in the context of causal discovery to refer to a time ordering or topological node ordering, see Chapter 5.
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though in practice, conditional independencies are often tested using parametric
tests.
In contrast to constraint-based algorithms, score-based algorithms always rely on
parametric assumptions. They assign a parametric score to each DAG or CPDAG
in the search space, for example a penalised Gaussian or multinomial likelihood.
The search space is then usually traversed in a heuristic manner in order to maximise the score function. As an example, greedy equivalence search (GES) first adds and
then removes edges in a greedy manner until an optimum is reached (Chickering,
2002). It assumes faithfulness and causal sufficiency and under these assumptions
has been shown to be uniformly consistent (Chickering, 2002). Recently, scorebased search has been reformulated as a continuous optimisation problem, which
can be solved using deep learning (Zheng et al., 2018; Vowels et al., 2021). While
the algorithm proposed by Zheng et al. (2018) in particular has been criticised for
making unrealistic assumptions (Reisach et al., 2021), the general strategy of using
continuous optimisation might prove to be a fruitful direction of development.
Hybrid algorithms combine constraint-based and score-based learning. An example is adaptively restricted greedy equivalence search (ARGES; Nandy et al., 2018),
combining elements of PC with GES.
For the functional approach, a functional causal model is assumed, where each
variable can be written as a function of its parents and an independent error term
(see Section 2.3.2). In addition, assumptions are made about either the functional
form or the distribution of the error terms or both. The DAG is then reconstructed by searching for asymmetries in the joint distribution entailed by these
assumptions, for example by regressing a variable on its potential parent variables and checking whether the residuals follow the distribution assumed for
the error terms. A popular example is the Linear Non-Gaussian Acyclic Model
(LiNGAM) algorithm, which assumes non-linear functional forms and Gaussian
errors (Shimizu et al., 2006).
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confounder selection
The idea of adjusting for confounding factors in order to isolate a causal contrast
of interest, is much older than the formal frameworks of causal inference. As a
result, the ‘traditional’ literature is abound with vague, informal descriptions of
adjustment in general and confounder selection in particular. For example, the
aim of confounder selection in causal regression modelling has been described as
selecting variables ‘essential to the regression on the basis of theory’ (Studenmund,
2014, p. 177). Without further explanation, such descriptions are not very useful.
Moreover, regression modelling in particular can serve very different purposes.
Shmueli (2010) and Hernán et al. (2019) distinguished between descriptive, predictive and causal modelling. Accordingly, model selection will sometimes aim
primarily at dimension reduction, sometimes at optimising the predictive performance in unseen data, and only in certain cases at confounder selection. Although
the categories are not clear-cut and may overlap, it is certainly important to know
what the aim of model selection is in any real-data application. Many textbooks,
however, do not distinguish between the different purposes that regression modelling can have. There is a tendency to call every regression coefficient the ‘effect’
of an explanatory variable on the outcome, but the assumptions under which the
coefficient can actually be given a causal interpretation are often not discussed in
sufficient detail.
Fortunately, a shift in paradigm is visible. In newer textbooks, adjustment and
confounder selection are approached from an explicitly causal, often graphical
point of view (Morgan and Winship, 2014; Westreich, 2019; Hernán and Robins,
2020). Further, new methods for confounder selection have been proposed that
do not require complete knowledge of the causal graph, but are still based on
causal theory (de Luna et al., 2011; VanderWeele and Shpitser, 2011; Shortreed and
Ertefaie, 2017). At the same time, ‘traditional’ data-driven confounder selection
strategies such as stepwise regression selection and the change-in-estimate method
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are still very popular (Weitzen et al., 2004; Walter and Tiemeier, 2009; Ali et al.,
2015; Talbot and Massamba, 2019; Pressat-Laffouilhère et al., 2021), but they do
not seem to fit into the graphical framework.
The aim of this chapter is to clarify the causal assumptions underlying ‘traditional’
and newer strategies for confounder selection, and to compare them with regard
to the type of adjustment set they select. The chapter is organised as follows: In
Section 3.1, I define a valid adjustment set and provide an overview over common
classes of adjustment methods, including regression adjustment and propensity
score methods. In Section 3.2, graphical criteria for confounder selection using a
causal DAG are given. Section 3.3 summarises review articles investigating how
adjustment sets are selected in the epidemiological practice. The most common
methods identified in the reviews are investigated in detail in Section 3.4. In particular, I show under what causal assumptions the different methods select valid
adjustment sets, given that the underlying causal structure can be represented by
an unknown causal DAG. Section 3.5 contains the publication associated with this
chapter, Witte and Didelez (2019), which can be read as a complement to Section 3.4.
It contributes a classification scheme and a simulation study providing further insight into the differences and commonalities between the confounder selection
methods considered in this chapter. A special focus in the paper lies on estimation
efficiency, i.e. the variance of the estimator, when adjusting for different types of
selected sets.

3.1 Identication by adjustment and adjustment
methods
Consider a set of exposures or treatments X with state space X and a set of outcomes
Y. If X and/or Y are singletons, which is a common case in practice, I denote them

as X and Y, respectively. I call all other measured variables covariates and denote
them as W.
The (total) causal effect of X on Y is said to be non-parametrically identified if the
interventional density f (y | do (x)), which is a function of both y and x, can be reexpressed in terms of observational (‘do-free’) terms without making parametric
assumptions (but structural assumptions are usually required). Note that the term
‘causal effect’ does not refer to a particular estimand, but rather to the collection
of all estimands that can be written as functions of f (y | do (x)), x ∈ X .
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Adjustment is a commonly used non-parametric identification strategy. The causal
effect of X on Y is said to be identified by adjustment if there exists a set of variables
Z ⊆ W satisfying the following definition of a valid adjustment set:
Definition 9 (Valid adjustment set; Perković et al., 2018)
Let X, Y and Z be disjoint sets of random variables, where Z is possibly empty. Then Z is
a valid adjustment set relative to (X, Y) if for every x ∈ X ,

 f (y | x)
f (y | do (x)) = R
 f (y | x, z) f (z)dz
z

if Z = ∅,

(3)

otherwise.

Equation (3) is called adjustment formula, standardisation formula or G-formula (Hernán
and Robins, 2020). It holds if the following three conditions are satisfied: First, for
all z such that f (z) > 0, it must hold that f (x | z) > 0, as otherwise f (y | x, z) is
not well-defined. This condition is called positivity. Second, f (y | z; do (x)) = f (y |

x, z); this is the conditional exchangeability or no unobserved confounding condition.
Third, f (z | do (x)) = f (z), which is sometimes called the pre-treatment condition,

expressing that Z ‘happens before X’, in the sense that Z is not causally influenced

by X. Under these three conditions, it follows immediately that f (y | do (x)) =
R
R
R
f
(
y,
z
|
do
(
x
))
dz
=
f
(
y
|
z;
do
(
x
))
f
(
z
|
do
(
x
))
dz
=
z
z
z f (y | x, z) f (z) dz.

Analyses in practice usually focus on specific aspects of f (y | do (x)). For binary
X and binary or continuous Y, a commonly targeted estimand is the average causal

effect
τ = E(Y | do ( X = 1)) − E(Y | do ( X = 0)),
which, by equation (3), is identified from observational data on X, Y and a valid
adjustment set Z as
τ = EZ [EY (Y | X = 1, Z) − EY (Y | X = 0, Z)]

(4)

For binary X and binary Y, an alternative estimand is the marginal causal odds ratio
δ=

P(Y = 1 | do ( X = 1)) / P(Y = 0 | do ( X = 1))
,
P(Y = 1 | do ( X = 0)) / P(Y = 0 | do ( X = 0))

identified as
δ=

EZ [ P(Y = 1 | X = 1, Z)] / EZ [ P(Y = 0 | X = 1, Z)]
.
EZ [ P(Y = 1 | X = 0, Z)] / EZ [ P(Y = 0 | X = 0, Z)]
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There are several options for estimating τ and δ. In the following, I give an overview about estimators for τ; the analogous estimators for δ are omitted.
Regression adjustment
Equation (4) suggests fitting a regression model for E(Y | X, Z) and estimating τ
via regression standardisation as

1
N

τ̂ reg =

N

∑ µ̂1 (Zi ) −

i =1

1
N

N

∑ µ̂0 (Zi ),

i =1

where N is the sample size, and µ̂1 (Zi ) = Ê(Y | X = 1, Zi ) and µ̂0 (Zi ) = Ê(Y | X =

0, Zi ) are predictions obtained from the fitted regression model. Zhang (2008b)
showed that τ̂ reg consistently estimates τ if a correctly specified logistic regression
model is used. If a linear main effects model E(Y | X, Z) = β y.xz + β yx.z X + β Tyz.x Z
is assumed, then τ̂ reg = 1/N ∑iN=1 ( β̂ y.xz + β̂ yx.z + β̂ Tyz.x Zi ) − 1/N ∑iN=1 ( β̂ y.xz +

β̂ Tyz.x Zi ) = β̂ xy.z , hence the standardisation step can be skipped and the estim-

ator is the ordinary least squares estimator.
Inverse probability weighting
The inverse probability weighted estimator is defined as
τ̂ weight =

1
N

N

XY
1
∑ ê(Zi i i) − N
i =1

N

(1 − Xi )Yi
,
1
−
ê
(
Z
)
i
i =1

∑

where ê(Zi ) = P̂( X = 1 | Zi ) is the estimated propensity score. The intuition behind
inverse probability weighting is to create a pseudo-population in which the distri-

bution of the covariates Z is balanced between the two treatment groups, i.e. the
group of individuals with X = 1 (treatment group) and the group of individuals
XY
∑iN=1 ê(Zi i i) , which estimates the weighted
mean outcome in the treatment group. Here individuals with a covariate pro-

with X = 0 (control group). Consider

1
N

file that is ‘typical’ for the treatment group are downweighted, as they have large
propensity score terms in the denominator. Individuals that are ‘typical’ for the
control group are upweighted, as their denominator terms are small. The converse
( 1 − X )Y

∑iN=1 1−ê(Zi i )i , which estimates the weighted mean outcome in the
control group. As a consequence, in the weighted population, the distribution of
is the case for

1
N

Z is the same in both groups, and hence independent of X, just as it would be in a
randomised experiment.
The inverse probability weighted estimator is a consistent estimator of τ if the
propensity score model is correctly specified (Robins et al., 1994; Lunceford and
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Davidian, 2004). In practice, the propensity score model is often fitted by logistic
regression (Granger et al., 2020; Webster-Clark et al., 2021).
Doubly robust estimation
Doubly robust estimation combines regression adjustment and inverse probability
weighting. The average treatment effect is estimated as

τ̂

dr

1
=
N

N

∑

i =1




Xi − ê(Zi )
Xi Yi
−
µ̂1 (Zi ) −
ê(Zi )
ê(Zi )
1
N

N

∑

i =1




(1 − Xi )Yi Xi − ê(Zi )
+
µ̂0 (Zi ) .
1 − ê(Zi )
1 − ê(Zi )

This estimator is doubly robust in the sense that it is a consistent estimator of τ as
long as either the outcome model (µ̂1 (Z) and µ̂0 (Z)) or the treatment model ê(Zi )
is correctly specified (Scharfstein et al., 1999; Lunceford and Davidian, 2004). If
both models are correct, then τ̂ dr has a smaller asymptotic variance than τ̂ weight
(Robins et al., 1994; Lunceford and Davidian, 2004).
Matching
Similar to inverse probability weighting, the idea behind matching is to create
a pseudo-population in which the distribution of the covariates is the same in
the two treatment groups. However, in contrast to inverse probability weighting,
matching is a non-parametric method. In 1:1 matching, each individual i in the
treatment group is matched with an individual j from the control group such
that Z j is ‘as close as possible’ to Zi , and vice versa. Matching methods exist in
many variants, using different metrics to measure the distance between Zi and Z j ,
and different ways of dealing with individuals for whom no good match can be
found. Further, matching can be done with and without replacement of already
matched individuals to the pool of possible matches, and a ratio of 1:k may be used
instead of matching 1:1 (Morgan and Winship, 2014). All matching procedures
have in common that the average treatment effect is estimated from the matched
population by simply subtracting the average outcome in the control group from
the average outcome in the treatment group.
Finding good matches is harder when the number of variables in Z is large. An
alternative is to match on the estimated propensity score, which has been shown
to have the same balancing effect, in expectation, as matching directly on the covariates (Rosenbaum and Rubin, 1983). The propensity score model need not be
correctly specified as long as balance is achieved, which can be checked empirically
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for the observed covariates (Granger et al., 2020).

3.2 Adjustment criteria for DAGs
Valid adjustment sets can be read off causal DAGs, as explained next. An adjustment set is valid with respect to a causal graph if it is valid for every joint density
compatible with the graph, as formalised in Maathuis and Colombo (2015):

Definition 10 (Valid adjustment set in a causal DAG)
Let X, Y and Z be disjoint node sets in a causal DAG D , where Z is possibly empty. Then Z
is a valid adjustment set relative to (X, Y) in D if Z is a valid adjustment set (according
to Definition 9) relative to (X, Y) in every density compatible with D .

Pearl (1993) introduced the back-door criterion for checking whether a given set of
variables is a valid adjustment set in a DAG. A back-door path from X to Y in a DAG

D is a path between X and Y in D that starts with a directed edge into X.
Definition 11 (Back-door criterion; Pearl, 2009)
Let X, Y and Z be disjoint node sets in a causal DAG D , where Z is possibly empty. Then
Z satisfies the back-door criterion relative to (X, Y) in D if
(i) Z ∩ de(X, D) = ∅ and
(ii) all back-door paths from X to Y in D are blocked given Z.
Proposition 12 (Pearl, 2009)
Let X, Y and Z be disjoint node sets in a causal DAG D , where Z is possibly empty. If
Z satisfies the back-door criterion relative to (X, Y) in D , then Z is a valid adjustment set
relative to (X, Y) in D .

The back-door criterion is sufficient, but not necessary. An example for an adjustment set that does not satisfy the back-door criterion, but can be shown to be
a valid adjustment set in the sense of Definition 10, is the set { Z } in the causal
DAG Z ← X → Y, when X is the treatment and Y is the outcome of interest.
Here { Z } satisfies condition (ii) of the back-door criterion, but not condition (i),

as Z is a descendant of X. A sufficient and necessary criterion, the adjustment
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Non-causal paths from X to Y:
X←A→B→Y
X←A→D→Y
X←A→D→G←Y
X→D←A→B→Y
X→D→G←Y
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X1

X2

Y

C

Proper non-causal paths from X to Y:
X1 ← B → Y

B

Figure 5: Example causal DAGs. G1 : Shown in circles are the forbidden nodes
with respect to treatment X and outcome Y (highlighted in grey). The
sets { A}, { A, B}, { A, C }, { A, E}, { A, B, C }, { A, B, E}, { A, C, E} and
{ A, B, C, E} are valid adjustment sets relative to ( X, Y ) in G1 . G2 : Shown
in circles are the forbidden nodes with respect to treatment X = { X1 , X2 }
and outcome Y (highlighted in grey). The sets { B} and { A, B} are valid
adjustment sets relative to (X, Y ) in G2 .
criterion, was proposed by Shpitser et al. (2010). Consider the following additional terminology for disjoint sets of nodes X and Y in a causal DAG D : The

causal nodes cn(X, Y, D) are all nodes on causal paths from X to Y in D , excluding the nodes in X. The forbidden set with respect to X and Y in D is defined as

forb(X, Y, D) = de(cn(X, Y, D), D) ∪ X. It contains the ‘mediators’ (the term is
used informally here) of the causal effect of interest, together with their descend-

ants. The nodes in the forbidden set are called forbidden nodes. Figure 5 shows two
example DAGs illustrating the concept of the forbidden set and the adjustment
criterion.
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Definition 13 (Adjustment criterion1 ; Shpitser et al., 2010; van der Zander et al.,
2014)
Let X, Y and Z be disjoint node sets in a causal DAG D , where Z is possibly empty. Then
Z satisfies the adjustment criterion relative to (X, Y) in D if
(i) Z ∩ forb(X, Y, D) = ∅ and
(ii) all proper non-causal paths from X to Y in D are blocked given Z.
Proposition 14 (Shpitser et al., 2010; Perković et al., 2018)
Let X, Y and Z be disjoint node sets in a causal DAG D , where Z is possibly empty.

Then Z satisfies the adjustment criterion relative to (X, Y) in D if and only if Z is a valid
adjustment set relative to (X, Y) in D .

Although the sufficient and necessary adjustment criterion in Definition 13 makes
the sufficient, but not necessary back-door criterion in Definition 11 obsolete, the
latter remains popular in textbooks (Hernán and Robins, 2020; Lash et al., 2020;
Cunningham, 2021).
The causal effect of a singleton treatment X on a singleton outcome Y in a DAG

D is always identified: If Y ∈ pa( X, D), then X has not causal effect on Y due to
the acyclicity of DAGs; if Y ̸∈ pa( X, D), then the effect is identified by adjustment
for pa( X, D) (Pearl, 2009, p. 72f.). For sets X and Y, the causal effect of X on
Y is always non-parametrically identified in D , but not necessarily identified by
adjustment (Perković, 2020). As an example, consider the causal graph in Figure 6
with treatment X = { X1 , X2 } and outcome Y. Here the set {V } is not a valid
adjustment set relative to (X, Y ), as V ∈ forb(X, Y, G). The empty set is not valid
either, as the non-causal path X2 ← V → Y is not blocked given the empty set.
Hence, the effect of X on Y is not identified by adjustment, but it is identified
e.g. by the G-formula for sequential treatments (Robins, 1986; Dawid and Didelez,
2010).

1 The

adjustment criterion was first published by Shpitser et al. (2010) in a slightly different formulation than presented here, and was later revised by the authors in an unpublished addendum
that also contains a corrected proof (see Perković et al., 2018). An alternative proof was published in Perković et al. (2018). The formulation presented here follows van der Zander et al.
(2014) and is equivalent to the revised formulation.
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X1

V

X2

Y

Figure 6: Example causal DAG in which the causal effect of { X1 , X2 } on Y is not
identified by adjustment. The forbidden nodes are shown as circles, treatment and outcome are additionally highlighted in grey.

3.3 Confounder selection in practice

Tennant et al. (2020) demonstrated in their systematic review that the number of
health-related applied publications mentioning DAGs has been increasing dramatically from 26 in total between 1999 and 2012, to 71 in 2017 alone. It is therefore
likely that a growing number of authors use the graphical adjustment criteria of
Section 3.2 for confounder selection. However, 71 is still small compared to the
total number of health-related studies published each year. So how were adjustment variables selected in the remaining studies?
A partial answer for the year 2008 was provided by Walter and Tiemeier (2009).
They considered 300 applied studies aiming at causal inference that were published in American Journal of Epidemiology, Epidemiology, European Journal of Epidemiology or International Journal of Epidemiology. From each article, they extracted information on how adjustment variables were selected. They found that 105
articles provided no information or at most a vague description (e.g. ‘based on
prior knowledge’). Among those that described the selection process in more
detail, 1 % provided a DAG, 43 % stated the background knowledge on which
they relied in words, 30 % reported the use of stepwise regression, 23 % used the
change-in-estimate criterion and 4 % other methods (percentages not adding up
due to rounding). Talbot and Massamba (2019) presented a similar analysis of
articles published in 2015 and noted that data-driven methods remained popular,
although their relative share was smaller than in Walter and Tiemeier (2009): 9 %
stepwise regression, 18 % change-in-estimate and 14 % univariate regression selection, which had not been assessed in Walter and Tiemeier (2009). In an even more
recent literature review, Pressat-Laffouilhère et al. (2021) considered 488 articles
published in New England Journal of Medicine, The Lancet, Journal of American Medical Association, British Medical Journal or Annals of Internal Medicine between 2017
and 2019. The variable selection method was unclear in 234 articles. Among the
remaining articles, 4 % reported a DAG, 66 % other background knowledge (including vague hints such as ‘based on existing literature’, 6 % stepwise regression,
3 % change-in-estimate and 9 % univariate regression selection (possibly among
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other methods). The three data-driven methods — stepwise regression, changein-estimate and univariate regression selection — are explained in more detail in
Section 3.4.
Similar results were obtained in systematic reviews focussing on propensity score
analyses. Weitzen et al. (2004) considered applied studies published in 2001 that
mentioned propensity score-related terms in their title or abstract, or that were
published in 2001 and cited at least one of a list of seminal propensity score
methods papers. They identified 47 articles, 24 of which provided no information on how the variables in the (initial) propensity score model were selected.
Among the remaining articles, 26 % included ‘all available variables’, 17 % relied on
background knowledge, 17 % applied stepwise regression to the propensity score
model, 30 % used univariate regression selection, 4 % combined background knowledge and stepwise regression and 4 % selected variables based on the goodnessof-fit of the propensity score model (percentages not adding up due to rounding).
Another systematic review identified 296 health-related applied studies published
between December 2011 and May 2012 that mentioned propensity score-related
terms (Ali et al., 2015). Of these, 194 did not describe how the adjustment variables
were selected. Among those that did, 14 % mentioned background knowledge
(possibly among other methods), at least one (number not provided) reported the
use of stepwise regression, and 56 % used univariate regression selection (possibly
among other methods). Both review articles also investigated the use of balance
checking; for a recent review regarding this topic, see Granger et al. (2020).
I will ignore the worryingly large numbers of publications failing to describe how
adjustment variables were selected. Instead, my aim is to provide a graphical
perspective on the strategies mentioned in the literature reviews above. Assuming
that an underlying DAG exists, can each of those strategies succeed in selecting a
valid adjustment set? If yes, under what causal assumptions? Answers to these
questions are given in the next section.

3.4 Non-graphical confounder selection from a
graphical point of view
Throughout this section, I assume that the causal system under study can be represented by an unknown causal DAG D = (V, E), where potentially only a subset
of the variables in V have been measured. The measured variables include the

treatment X ∈ V, the outcome Y ∈ V \ { X } and a set of covariates W ⊆ V \ { X, Y }.
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Figure 7: (a) M-graph; (b,c) one-winged butterfly graphs; (d) butterfly graph.
I consider seven (groups of) strategies for confounder selection. Among them are
the popular data-driven methods identified in Section 3.3, i.e. change-in-estimate,
univariate regression selection and stepwise regression. The reviews further identified knowledge-based selection as a common strategy, but no details were given.
I thus consider three possible knowledge-based rules for confounder selection,
namely the pre-treatment criterion, the common cause criterion and the disjunctive cause criterion (VanderWeele and Shpitser, 2011). Lastly, I include the CovSel
algorithm (de Luna et al., 2011) as a less well-known data-driven approach. For
each strategy, I state a set of assumptions under which the selected set W∗ is a
valid adjustment set, or give examples of situations in which W∗ is not valid.
All considered methods considered have in common that they always output a
selected adjustment set (which may be the empty set), but do not attempt to detect
situations in which no valid adjustment set exists among the variables to choose
from (but see Entner et al., 2013, for an alternative approach). It is therefore clear
that a minimal assumption for the validity of each of these procedures must be
that the set W of covariates to choose from contains a valid adjustment set. In fact,
most of the considered strategies require the stronger assumption that W is itself a
valid adjustment set. The simplest example where W contains a valid adjustment
set, but is not valid itself, is W = {C } in the so-called ‘M-graph’ in Figure 7(a).

Here the empty set is valid, but adjusting for the collider C opens the non-causal
path. The bias thus introduced is sometimes called ‘M-bias’ (Greenland, 2003).
The M-graph will be used as a recurring example to demonstrate how different
strategies fail when the input set W is not a valid adjustment set.

3.4.1 Pre-treatment criterion
It is sometimes argued that in the absence of detailed causal knowledge, the safest
strategy is to adjust for all measured pre-treatment covariates, i.e. all measured
covariates that are non-descendants of the treatment in the graph. This argument
was put forward, for example, by Rosenbaum (2002) and Rubin (2009). Formally,
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the ‘pre-treatment criterion’ can be expressed as follows:
Procedure 1 (Pre-treatment criterion)
Input:

knowledge about which nodes in the set W of observed covariates
are descendants of the treatment X in the causal DAG D

Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗
if W ∈ nde( X, D).

Output:

selected covariates W∗

The incorrect intuition behind the pre-treatment criterion is that if the set of pretreatment covariates contains a valid adjustment set, then by adjusting for all covariates in the set, no relevant covariate can be missed. As has been pointed out by
numerous authors, this intuition is flawed (e.g. Greenland et al., 1999; Shrier, 2008;
Pearl, 2009; Sjölander, 2009; Elwert and Winship, 2014). Consider the M-graph in
Figure 7(a) and assume that only X, Y and C have been measured. Then the set of
measured covariates contains a valid adjustment set — the empty set — but the set
of measured pre-treatment covariates — {C } — is not valid. The next proposition
shows that if the starting set is a valid adjustment set, the pre-treatment criterion
will succeed in selecting a valid subset.

Proposition 15
Let X and Y be two nodes in a causal DAG D with node set V. Let W be a subset
of V \ { X, Y } such that W is a valid adjustment set relative to ( X, Y ) in D . If W is
subjected to Procedure 1, then the output W∗ is a valid adjustment set relative to ( X, Y )
in D .
Proof. By construction, W∗ ⊆ nde( X, D), hence W∗ satisfies condition (i) of the
adjustment criterion (Definition 13) relative to ( X, Y ) in D . In order to see that W∗

satisfies condition (ii) as well, pick a non-causal path p from X to Y in D . As p is

blocked given W, it contains (1) a collider A such that de( A, D) ∩ W = ∅, or (2)
a non-collider B such that B ∈ W. In case (1), since W∗ ⊆ W, de( A, D) ∩ W = ∅

implies de( A, D) ∩ W∗ = ∅, hence p is blocked given W∗ . In case (2), if B ∈ W∗ ,
then p is blocked given W∗ . Hence, for the rest of the proof, consider the case that

B ̸∈ W∗ , which implies B ∈ de( X, D). There are now three cases; I show that p is

blocked given W∗ in all of them.

(a) The node B is a collider on p. Then p is blocked given W∗ .
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(b) The subpath p′ of p between X and B contains an edge out of B. The subpath
cannot be directed all the way to X, as this would imply a directed cycle. Hence,
p′ must contain a collider in de( B, D) ⊆ de( X, D), which implies that p is blocked

given W∗ .

(c) The subpath p′′ between B and Y contains an edge out of B. The subpath cannot
be directed all the way to Y, as this would imply that B ∈ forb( X, Y, D) and hence
B ̸∈ W. Hence, p′′ must contain a collider in de( B, D) ⊆ de( X, D), which implies

that p is blocked given W∗ .

The question whether M-bias is relevant in practice continues to be a topic of debate. Intuitively, the associations corresponding to all four edges in the M-structure
need to be sufficiently large in order to induce a non-negligible association between
treatment and outcome when conditioning on the collider. Several analytical and
empirical studies have been undertaken to quantify M-bias in realistic scenarios
(Greenland, 2003; Liu et al., 2012; Ding and Miratrix, 2015; Pearl, 2015; Thoemmes,
2015). While the authors come to different conclusions, it seems fair to say that
taken together, their analyses illustrate two points: First, while M-bias tends to be
small in practice, there are realistic scenarios in which erroneously conditioning on
a pre-treatment collider alters the conclusions drawn from an analysis. Second, the
situation becomes considerably more complicated when the underlying structure
is not the M-structure shown in panel (a) of Figure 7, but the so-called ‘butterfly
structure’ in panel (d) or one of the ‘one-winged butterflies’ in panels (b) and (c).
Neither the empty set nor {C } are valid adjustment sets in these two graphs. The
results in the papers cited above suggest that the M-bias resulting from adjusting
for C is then usually smaller than the confounding bias resulting from not adjusting for C, assuming that A and B are unmeasured and hence not adjusted for.
Thus, if there is uncertainty about the exact causal relationship between the pretreatment covariates and treatment and outcome, adjusting for all pre-treatment
covariates appears to be a good option regarding bias reduction.

3.4.2 Common cause criterion
The aim of confounder selection is often informally described as identifying common causes of treatment and outcome (e.g. Glymour et al., 2008; Schomaker et al.,
2016, p. 288). Recall that a node V3 is a common cause of two nodes V1 and V2
if there is a directed path from V3 to V1 that does not include V2 , and a directed
path from V3 to V2 that does not include V1 . Based on this definition, the ‘common
cause criterion’ can be formalised as follows (see VanderWeele and Shpitser, 2011,
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for a similar definition):
Procedure 2 (Common cause criterion)
Input:

knowledge about which variables in the set W of observed covariates are ancestors of the treatment X, and which are ancestors of
the outcome Y through paths that do not contain X, in the causal
DAG D

Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗

if W ∈ an( X, D) and there is a directed path from W to Y in D that
does not contain X.

Output:

selected covariates W∗

Note that Procedure 2 does not require that W is an ancestor of X through a path
that does not contain Y. This is because it is implicitly assumed that X ̸∈ de(Y, D).

This assumption is made also in the next proposition.

Proposition 16
Let X and Y be two nodes in a causal DAG D with node set V such that X ̸∈ de(Y, D).

Let W be a subset of V \ { X, Y } such that W contains all common causes of X and Y in

D . If W is subjected to Procedure 2, then the output W∗ is a valid adjustment set relative
to ( X, Y ) in D .

Proof. By construction, W∗ is the set of common causes of X and Y in D . As

(an( X, D) \ { X }) ∩ forb( X, Y, D) = ∅, W∗ satisfies condition (i) of the adjustment
criterion (Definition 13). In order to see that W∗ satisfies condition (ii) as well, pick
a non-causal path p from X to Y in D . There are two cases:
Consider first the case that p does not contain a collider. Then p must be of the
form X ← · · · ← A → · · · → Y, which implies A ∈ W∗ . Hence, p is blocked given
W∗ in this case.

Consider now the case that p contains a collider. Denote the collider closest to Y on
p by C and denote the subpath of p between C and Y by p′ . If p′ is a directed path
from Y to C, then neither C nor any descendant of C is in W∗ , as a node cannot
be in de( X, D) and an( X, D) at the same time. Hence, p is blocked given W∗ . The

only other possibility is that p′ is of the form C ← · · · ← B → · · · → Y, where B is
a common cause of C and Y. If B ∈ an( X, D), it follows immediately that B ∈ W∗
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and p is blocked given W∗ . If B ̸∈ an( X, D), then no node in de( B, D) can be in

an( X, D) either, hence de(C, D) ∩ W∗ = ∅ and p is blocked given W∗ .

However, the common cause criterion does not necessarily select a valid adjustment set when some common causes of X and Y are not observed. Consider the
graph X ← A → B → Y and assume that W = { B}. Then { B} is a valid adjustment set, but not a common cause of X and Y. Hence, the set W∗ selected by the
common cause criterion is the empty set, which is not a valid adjustment set in
this example. VanderWeele and Shpitser (2011) provided further examples where
the common cause criterion fails to select a valid adjustment set.
In conclusion, thinking about common causes of treatment and outcome, irrespective of the available data, can be a useful first step in the confounder selection
process. However, the common cause criterion does not provide guidance when
some common causes are unmeasured or even unmeasurable. Further, a valid
adjustment set does not necessarily include one or more common causes.

3.4.3 Disjunctive cause criterion
The ‘disjunctive cause criterion’ was suggested by VanderWeele and Shpitser
(2011) with the explicit goal of overcoming the shortcomings of the pre-treatment
criterion and the common cause criterion. It selects a valid adjustment set under
the relatively mild assumption that the set of covariates to select from contains a
valid adjustment set (without necessarily being valid itself) and does not contain
post-treatment covariates.
Procedure 3 (Disjunctive cause criterion)
Input:

knowledge about which of the variables in the set W of observed
covariates are ancestors of the treatment X or the outcome Y in the
causal DAG D

Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗
if W ∈ an( X, D) or W ∈ an(Y, D) or both.

Output:

selected covariates W∗

Proposition 17
Let X and Y be two nodes in a causal DAG D with node set V. Let W be a subset of
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V \ { X, Y } such that (i) all nodes in W are non-descendants of X and (ii) W contains a
valid adjustment set relative to ( X, Y ) in D . If W is subjected to Procedure 3, then the

output W∗ is a valid adjustment set relative to ( X, Y ) in D .

Proof. See the Online Appendix to VanderWeele and Shpitser (2011).
The proof is not reprinted here as it is somewhat tedious. The main challenge is to
show that all non-causal paths are blocked given W∗ despite the fact that some of
the paths may contain colliders that are in W∗ .
Compared to e.g. the common cause criterion, the disjunctive cause criterion tends
to select a much larger number of variables into the adjustment set, including
so-called instrumental variables or instruments, i.e. variables that are causes of treatment, but unrelated to the outcome other than through treatment. VanderWeele
and Shpitser (2011) acknowledged that the inclusion of instruments can increase
the variance of common estimators, and can amplify bias due to residual confounding (see e.g. Bhattacharya and Vogt, 2007; Myers et al., 2011; Pearl, 2011;
Ding et al., 2017). As a solution, they proposed to combine the disjunctive cause
criterion with data-driven backward or forward selection, as discussed below in
Section 3.4.5.
More recently, VanderWeele (2019) proposed the ‘modified disjunctive cause criterion’: Select an adjustment set using the disjunctive cause criterion first, then exclude covariates known to be instrumental variables, and add proxies, if available,
for unmeasured covariates that are common causes of treatment and outcome. The
aim of the latter heuristic is to reduce bias due to residual confounding.

3.4.4 Univariate regression selection
The review papers cited in the introduction to this chapter identified univariate regression selection as a popular method for (pre-)selecting adjustment variables. Univariate regression selection involves testing for marginal independencies
between each covariate and the outcome Y and/or the treatment X in the available
data. For example, a commonly used variant is to regress Y on each covariate in
turn, and select into the adjustment set all covariates whose coefficients turn out to
be significantly different from zero (Sun et al., 1996). Alternatively, the conditional
independence between each covariate and Y given X is tested by regressing Y on
the covariate and X. (Strictly speaking, this is a multivariate regression procedure,
but will be covered in this section due to its similarity to the genuinely univariate
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procedures.) In the context of confounder selection for a propensity score model,
univariate selection can also mean that X, not Y, is regressed on each covariate.
Moreover, outcome regression and treatment regression are sometimes combined,
and a covariate is selected for adjustment if its coefficient reaches statistical significance (or meets some other criterion) in both regressions, or, alternatively, in at
least one of them (Miettinen and Cook, 1981).
Univariate regression selection is most commonly implemented within a linear or
logistic model framework, but in principle any (conditional) independence test can
be used. In the following, I formalise the above procedures without specifying how
the independence information is obtained. One further procedure is added that
corresponds to an often stated ‘traditional definition of a confounder’: According
to that definition, a confounder is a cause of the outcome that is associated with the
treatment and does not lie on the causal path from the treatment to the outcome
(Morabia, 2011). Although known to be misleading (VanderWeele and Shpitser,
2013), the ‘traditional definition’ is popular in applied epidemiology.
Procedure 4A (Univariate outcome regression selection)
Input:

list of conditional independencies given treatment X between outcome Y and each variable in the set W of observed covariates

Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗
if W ̸⊥
⊥Y | X.

Output:

selected covariates W∗

Procedure 4B (Univariate treatment regression selection)
Input:

list of marginal independencies between treatment X and each variable in the set W of observed covariates

Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗
if W ̸⊥
⊥ X.

Output:

selected covariates W∗

41

3 A graphical perspective on confounder selection

Procedure 4C (Univariate outcome AND treatment regression selection)
Input:

list of conditional independencies given treatment X between outcome Y and each variable in the set W of observed covariates, and
list of marginal independencies between X and each variable in W

Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗
if W ̸⊥
⊥Y | X and W ̸⊥
⊥ X.

Output:

selected covariates W∗

Procedure 4D (Univariate outcome OR treatment regression selection)
Input:

list of conditional independencies given treatment X between outcome Y and each variable in the set W of observed covariates, and
list of marginal independencies between X and each variable in W

Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗
if W ̸⊥
⊥Y | X or W ̸⊥
⊥ X or both.

Output:

selected covariates W∗

Procedure 4E (Traditional confounder selection)
Input:

knowledge about which of the variables in the set W of observed
covariates are descendants of the treatment X or ancestors of the
outcome Y in the DAG D , and a list of marginal independencies

between X and each variable in W
Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗
if W ∈ an(Y, D), W ∈ nde( X, D) and W ̸⊥
⊥ X.

Output:

selected covariates W∗

Variants that consider the marginal dependence Y ̸⊥
⊥W instead of the conditional

dependence Y ̸⊥
⊥W | X could be formulated for Procedures 4A, 4C, 4D and 4E, but
are omitted here, as they do not exhibit any additional interesting behaviours.

The next examples demonstrate that none of the five variants of univariate regression selection has the potential to select a valid adjustment set under reasonably
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general assumptions that allow for some covariates in the underlying causal DAG

D to be unobserved. In all examples, assume that the joint distribution of V is
faithful to D .
Consider first the M-graph in Figure 7(a) and suppose that the set of measured
covariates is W = { A, C }, which is a valid adjustment set relative to ( X, Y ). Then

Procedures 4A and 4C select W∗ = {C }, which is not valid. Similarly, if W =

{ B, C }, then Procedures 4B and 4C select W∗ = {C }. If W = { A, B, C }, which
is valid, then Procedures 4A and 4B select the valid subsets W∗ = { B, C } and
W∗ = { A, C }, respectively, but Procedure 4C still selects W∗ = {C }. Note that the
high-dimensional propensity score method (Schneeweiss et al., 2009; Wyss et al.,
2018) is based on the same principle as Procedure 4C, and may thus be susceptible
to the same kind of problematic behaviour.
Consider next the causal DAG X ← A → B ← C → D ← E → Y and suppose that
the set of measured covariates is W = { B, C, D }, which is a valid adjustment set

relative to ( X, Y ). Then Procedure 4D selects W∗ = { B, D }, which is not valid. This
example in particular shows that it is not advisable in general to exclude covariates

from the adjustment set based solely on their lack of association with treatment
and/or outcome. Even the exclusion of a covariate that is marginally independent
of both X and Y, such as C in this example, can invalidate an adjustment set.
Finally, consider the causal DAG X ← A ← B → Y and suppose that W = { A},

which is a valid adjustment set relative to ( X, Y ). Here Procedure 4E selects the
empty set, which is not valid.
In summary, from a theoretical perspective, univariate regression selection has
little to recommend itself. For all Procedures 4A to 4E, there exist situations in
which the procedure fails to select a valid adjustment set even if the set to select from is itself a valid adjustment set. Procedure 4C even fails in a situation
where all variables in the graph are observed. In practice, additional problems are
false test decisions due to an insufficient sample size, and misspecification of the
function form of continuous covariates. A major advantage, on the other hand, is
that univariate regression selection considers one covariate at a time. This can be
relevant especially when the number of covariates is larger than the sample size.

3.4.5 Stepwise regression
Stepwise procedures are among the most popular and most widely implemented methods for variable selection in regression models (Heinze et al., 2018). The
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review papers cited in the introduction to this chapter confirmed that stepwise
procedures are popular also for causal inference. They can be used either for outcome model selection, or for treatment model selection when the propensity score
is estimated. Two common variants of stepwise regression selection are backward
selection and forward selection, both of which are discussed in this section.
Stepwise regression procedures are usually implemented within a parametric
framework, although non-parametric variants have been proposed (Li et al., 2005).
Variables are selected into or out of the adjustment set based on the p-values
of their estimated coefficients, or based on information criteria such as Akaike’s
Information Criterion (AIC; Akaike, 1974) or the Bayesian Information Criterion
(BIC; Schwarz, 1978). It has been shown that selection of a linear model using
AIC or BIC can be re-formulated as p-value selection with AIC- or BIC-specific
significance levels (e.g. Murtaugh, 2014; Derryberry et al., 2018). Hence, all three
strategies are essentially based on conditional independence testing.
In the following, the selection procedures are formalised in terms of conditional independencies, without specifying how the information is obtained. For the proofs,
I assume that the information is correct (‘independence oracle’). In practice, of
course, choices need to be made regarding functional forms and interactions to include. Further practical issues with stepwise regression include instable selection
decisions due to wrong test decisions, under-selection of covariates with small true
coefficients, and under-coverage of naive confidence intervals.
I first consider outcome model selection.
Procedure 5A (Backward regression selection, outcome model)
Input:

list of conditional independencies in the joint distribution of treatment X, outcome Y and the set W of observed covariates

Procedure:

Define W′ = W. Consider all variables in W′ in turn. If for W ∈ W′ ,

W ⊥
⊥ Y | (W′ \ {W }) ∪ { X }, then update W′ to W′ \ {W } before
proceeding.

Output:
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Proposition 18
Let X and Y be two nodes in a causal DAG D and let W be a valid adjustment set relative

to ( X, Y ) in D . Then the output W∗ of Procedure 5A with input ( X, Y, W) and oracle

independence information is a valid adjustment set relative to ( X, Y ).

Proof. If W = W∗ , the proposition follows trivially. Consider therefore the case
where at least one variable is removed during Procedure 5A. Denote the first variable being removed as R and define W′ = W \ { R}. By Definition 10 of a valid
adjustment set, for any density f compatible with D , W satisfies
f (y | do ( x )) =
As R ⊥
⊥ Y | { X } ∪ W′ ,
f (y | do ( x )) =

Z

Z

w

w′

f (y | x, w) f (w)dw.

f (y | x, w′ ) f (w′ )dw′ ,

hence W′ is a valid adjustment set relative to ( X, Y ) in D . By induction, it follows
that W∗ is a valid adjustment set relative to ( X, Y ) in D .

Similar proofs using the potential outcome notation are given in VanderWeele and
Shpitser (2011) and in de Luna et al. (2011). Note that the proof does not actually require the distribution of { X, Y } ∪ W, possibly together with unmeasured
variables, to be compatible with a DAG; it suffices to assume that the induced in-

dependence model is a semi-graphoid (see Definition 1). The graphical view will
be maintained, however, for the purpose of consistency within this chapter.
The next lemma shows that the set selected by Procedure 5A is unique, i.e. that
the order in which the covariates are considered does not matter. Here the proof
requires that the induced independence model is a graphoid, which is guaranteed
if there is an underlying DAG, but also under the weaker assumption that the joint
density of { X, Y } ∪ W is strictly positive (see Section 2.2).
Lemma 19
Let X and Y be two nodes in a causal DAG D and let W be a valid adjustment set relative

to ( X, Y ) in D . Then the output W∗ of Procedure 5A with input ( X, Y, W) and oracle

independence information is the same regardless of the order in which the variables in W
are considered during the procedure.

Proof. I show that a variable R1 ∈ W is removed in the course of Procedure 5A
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if and only if R1 ⊥
⊥ Y | (W′ \ { R1 }) ∪ { X } at some point during the procedure,

where W′ is the current reduced set of covariates.

One direction follows immediately from the definition of Procedure 5A: If variable
R1 is removed, then R1 ⊥
⊥ Y | (W′ \ { R1 }) ∪ { X } at the point of its removal.
Thus, assume that R1 ⊥
⊥ Y | (W′ \ { R1 }) ∪ { X }, but that the variable that is

removed in the current step is R2 ̸= R1 . Then, by the definition of Procedure 5A,
R2 ⊥
⊥ Y | (W′ \ { R2 }) ∪ { X }. By the property of ‘intersection’ (see Definition 1),

{ R1 , R2 } ⊥
⊥ Y | (W′ \ { R1 , R2 }) ∪ { X }, and by ‘decomposition’ (see Definition 1),
R1 ⊥
⊥ Y | (W′ \ { R1 , R2 }) ∪ { X }. It follows by induction that R1 will be removed
at a later stage of the procedure.
Lemma 19 suggests that it may be possible to select the output W∗ of Procedure 5A
in one step without iteratively updating the adjustment set. Indeed, given oracle
independence information, the following Procedure 5A’ selects the same set as
Procedure 5A if an independence oracle is available. The proof requires again that
the independence model is a graphoid.
Procedure 5A’ (Backward regression selection, outcome model)
Input:

list of conditional independencies in the joint distribution of treatment X, outcome Y and the set W of observed covariates

Procedure:

Consider all variables in W in turn. Include variable W ∈ W in W∗
if W ̸⊥
⊥Y | (W \ {W }) ∪ { X }.

Output:

selected covariates W∗

Proposition 20
Let X and Y be two nodes in a causal DAG D and let W be a valid adjustment set relative

to ( X, Y ) in D . Denote the output of Procedure 5A with input ( X, Y, W) and oracle
independence information by W∗ , and the output of Procedure 5A’ with the same input by
W′ . Then W∗ = W′ .
Proof. Lemma 19 implies that a variable W ∈ W is removed during Procedure 5A
if and only if W ⊥
⊥ Y | (W \ {W }) ∪ { X }. Hence, the remaining variables are
exactly those not removed in Procedure 5A’.
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Thus, the adjustment set selected by backward regression selection using oracle
independence information can alternatively be characterised as the set of all covariates that are independent of Y given X and all other covariates. In a finite
data setting, Procedure 5A’ could be implemented by regressing Y on X and all
covariates, and removing all covariates with estimated coefficients close to zero.
Whether this has advantages over conventional backward regression, e.g. in terms
of selection stability or coverage of naive confidence intervals, is an interesting
question that goes beyond the scope of this thesis.
Proposition 20 further implies that in a causal DAG with node set { X, Y } ∪ W
where the joint distribution of { X, Y } ∪ W is faithful to the DAG and W is a valid

adjustment set, the set W∗ selected by backward regression selection using oracle
independence information is the set of parents of Y in the graph. For causal DAGs
including unobserved nodes, it is not obvious how the selected set could be characterised graphically. This if further investigated in Chapter 4.
Yet another way of characterising the output of backward regression selection is to
say that the selected set W∗ is the subset of W with the smallest cardinality such
that W \ W∗ ⊥
⊥ Y | W∗ ∪ { X }. This property is proven next, again relying on the
graphoid properties. It will connect backward selection to the CovSel method in
Section 3.4.6.
Procedure 5A” (Backward regression selection, outcome model)
Input:

list of conditional independencies in the joint distribution of treatment X, outcome Y and the set W of observed covariates

Procedure:

Select W∗ ⊆ W such that W \ W∗ ⊥
⊥ Y | W∗ ∪ { X } and there is no
proper subset U ⊂ W∗ such that W \ U ⊥
⊥ Y | U ∪ { X }.

Output:

selected covariates W∗

Proposition 21
Let X and Y be two nodes in a causal DAG D and let W be a valid adjustment set relative

to ( X, Y ) in D . Denote the output of Procedure 5A with input ( X, Y, W) and oracle
independence information by W∗ , and the output of Procedure 5A” with the same input by
W′′ . Then W∗ = W′′ .
Proof. Assume for contradiction that W∗ ̸= W′′ . By Proposition 20, for all R ∈

W \ W∗ , R ⊥
⊥ Y | (W \ { R}) ∪ { X }, and by the ‘composition’ property (see Defini47
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tion 1), W \ W∗ ⊥
⊥ Y | W∗ ∪ { X }. It follows that W∗ cannot be a proper subset of

W′′ , as W′′ is chosen by Procedure 5A” such that for all proper subsets U ⊂ W′′ ,
W \ U̸ ⊥
⊥Y | U ∪ { X }. Hence, there exists a variable W such that W ∈ W∗ , but

W ̸∈ W′′ . By construction, W \ W′′ ⊥
⊥ Y | W′′ ∪ { X }. By the ‘weak union’ property (see Definition 1), W ⊥
⊥ Y | (W \ {W }) ∪ { X }. But then by Proposition 20,

W ̸∈ W∗ , which is a contradiction.

To sum up, backward regression selection on the outcome model reduces a valid
adjustment set to a smaller unique valid adjustment set under assumptions that
are weaker than requiring the joint distribution of the variables to be compatible
with a DAG. If the starting set W contains a valid adjustment set but is not itself
valid, the selected set is not in general valid, as the example with the M-graph in
Figure 7(a) and W = {C } shows: Here the empty set is a valid adjustment set, but,
under the assumptions of Proposition 18 plus faithfulness, Procedure 5A selects

{ C }.
Next, forward selection on the outcome model is considered.
Procedure 5B (Forward regression selection, outcome model)
Input:

list of conditional independencies in the joint distribution of treatment X, outcome Y and the set W of observed covariates

Procedure:

Define W′ = ∅. Consider all variables in W \ W′ in turn. If for

W ∈ W \ W′ , W ̸ ⊥
⊥Y | W′ ∪ { X }, then update W′ to W′ ∪ {W }
before proceeding.

Output:

selected covariates W∗ = W′

Proposition 22
Let D be a causal DAG with node set V such that the joint distribution of V is faithful to

D . Let X and Y be two nodes in V and let W ⊆ V \ { X, Y } be a valid adjustment set
relative to ( X, Y ) in D . Then the output W∗ of Procedure 5B with input ( X, Y, W) and
oracle independence information is a valid adjustment set relative to ( X, Y ).
Proof. Define R = W \ W∗ . By construction, for all R ∈ R, R ⊥
⊥ Y | W∗ ∪ { X } .
Faithfulness implies that the independence model induced by the joint distribution

of the variables in V is a compositional graphoid, see Definition 1. It follows from
the ‘composition’ property that R ⊥
⊥ Y | W∗ ∪ { X } .
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By Definition 10 of a valid adjustment set, for any density f compatible with D , W
satisfies

f (y | do ( x )) =
As R ⊥
⊥ Y | W∗ ∪ { X } ,
f (y | do ( x )) =

Z

Z

w

w∗

f (y | x, w) f (w)dw.

f (y | x, w∗ ) f (w∗ )dw∗ ,

hence W∗ is a valid adjustment set relative to ( X, Y ) in D .
Procedure 5B does not select a valid adjustment set in general if the starting set
W contains a valid adjustment set but is not itself valid. This can again be seen
from the M-graph example in Figure 7(a) with W = {C }. Under the assumptions

of Proposition 22, Procedure 5B selects {C }, which is not valid.

The set of covariates selected by Procedure 5B is not in general unique, but depends on the order in which the covariates are considered. As an example, suppose the underlying DAG is X ← A → B → Y and all variables are observed.
Then, under the assumptions of Proposition 22, Procedure 5B selects W∗ = { A, B}

if A is considered first, but W∗ = { B} if B is considered first. Consequently, Procedures 5A (backward) and 5B (forward) do not in general select the same set of

covariates. As shown next, however, the set selected by Procedure 5B is always a
superset of the set selected by Procedure 5A under faithfulness.

Lemma 23
Let D be a causal DAG with node set V such that the joint distribution of V is faithful

to D . Let X and Y be two nodes in V and let W ⊆ V \ { X, Y } be a valid adjustment
set relative to ( X, Y ) in D . Denote the output of Procedure 5A with input ( X, Y, W) and

oracle independence information by W∗A , and the output of Procedure 5B with the same
input by W∗B . Then W∗A ⊆ W∗B .
Proof. I show that all variables not selected by Procedure 5B are also not selected by
Procedure 5A. Define R := W \ W∗B . By construction, for all R ∈ R, R ⊥
⊥ Y | W∗B ∪

{ X }, and by the ‘composition’ property implied by faithfulness, R ⊥
⊥ Y | W∗B ∪
{ X }. By the properties of ‘decomposition’ and ‘weak union’ (see Definition 1), for
all R ∈ R, R ⊥
⊥ Y | (W \ R) ∪ { X }. It follows from Propositions 20 and 18 that R is
removed during Procedure 5A and thus R ̸∈ W∗A .
Next, I consider backward and forward selection on the treatment model, as form-
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alised in Procedures 5C and 5D. Their properties are very similar to those of Procedures 5A and 5B. For completeness, I prove the validity of the selected adjustment sets, but omit analogues of Lemma 19, Procedure 5A’, Proposition 20, Procedure 5A”, Proposition 21 and Lemma 23, as they follow from the same arguments
as used before.
Procedure 5C (Backward regression selection, treatment model)
Input:

list of conditional independencies in the joint distribution of treatment X and the set W of observed covariates
Define W′ = W. Consider all variables in W′ in turn. If for W ∈ W′ ,

Procedure:

W ⊥
⊥ X | W′ \ {W }, then update W′ to W′ \ {W } before proceeding.

selected covariates W∗ = W′

Output:

Proposition 24
Let X and Y be two nodes in a causal DAG D and let W be a valid adjustment set relative

to ( X, Y ) in D . Then the output W∗ of Procedure 5C with input ( X, Y, W) and oracle
independence information is a valid adjustment set relative to ( X, Y ).

Proof. If W = W∗ , the proposition follows trivially. Consider therefore the case
where at least one variable is removed during Procedure 5C. Denote the first variable being removed as R and define W′ = W \ { R}. By Definition 10 of a valid
adjustment set, for any density f compatible with D , W satisfies
f (y | do ( x )) =

Z

w

f (y | x, w) f (w)dw =

Z

w

f (y, x, w′ , r )
dw.
f ( x | w′ , r )

As R ⊥
⊥ X | W′ ,
f (y | do ( x )) =
and since
have

R

w

Z

w

f (y, x, w′ , r )
dw =
f ( x | w′ )

f (r | w′ , x ) f (w′ )dw =
f (y | do ( x )) =

R

Z

w

w′

Z

w

f (y, r | w′ , x ) f (w′ )dw,

f (r | w′ ) f (w′ )dw =
f (y | w′ , x ) f (w′ )dw′ .

R

w

f (w)dw = 1, we

Hence, W′ is a valid adjustment set relative to ( X, Y ) in D . By induction, it follows
that W∗ is a valid adjustment set relative to ( X, Y ) in D .

50

3.4 Non-graphical confounder selection from a graphical point of view

Procedure 5D (Forward regression selection, treatment model)
Input:

list of conditional independencies in the joint distribution of treatment X and a set W of observed covariates
Define W′ = ∅. Consider all variables in W \ W′ in turn. If for

Procedure:

W ∈ W \ W′ , W ̸ ⊥
⊥ X | W′ , then update W′ to W′ ∪ {W } before
proceeding.

selected covariates W∗ = W′

Output:

Proposition 25
Let D be a causal DAG with node set V such that the joint distribution of V is faithful to

D . Let X and Y be two nodes in V and let W ⊆ V \ { X, Y } be a valid adjustment set
relative to ( X, Y ) in D . Then the output W∗ of Procedure 5D with input ( X, Y, W) and
oracle independence information is a valid adjustment set relative to ( X, Y ) in D .
Proof. Define R := W \ W∗ . By construction, for all R ∈ R, R ⊥
⊥ X | W∗ . Faithfulness implies that the independence model induced by the joint distribution of

the variables in V is a compositional graphoid. It follows from the ‘composition’
property in Definition 1 that R ⊥
⊥ X | W∗ .
By Definition 10 of a valid adjustment set, for any density f compatible with D , W
satisfies

f (y | do ( x )) =

Z

w

f (y | x, w) f (w)dw =

Z

w

f (y, x, w∗ , r)
dw.
f ( x | w∗ , r )

As R ⊥
⊥ X | W∗ ,
f (y | do ( x )) =
and since
have

R

w

Z

w

f (y, x, w∗ , r)
dw =
f ( x | w∗ )

f (r | w∗ , x ) f (w∗ )dw =
f (y | do ( x )) =

Z

R

w

w∗

Z

w

f (y, r | w∗ , x ) f (w∗ )dw,

f (r | w∗ ) f (w∗ )dw =

f (y | w∗ , x ) f (w∗ )dw∗ .

R

w

f (w)dw = 1, we

Hence, W∗ is a valid adjustment set relative to ( X, Y ) in D .
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3.4.6 CovSel
De Luna et al. (2011) proposed a confounder selection algorithm that I call CovSel,
after the R package in which the algorithm is implemented (Häggström et al., 2015).
Their motivation was to devise a selection procedure that combines well with a
matching analysis. Desirable properties in that context are that the method should
be non-parametric in nature, and that the selected set of covariates should be small,
in order to simplify matching. CovSel is thus based on non-parametric conditional
independence testing, and aims at identifying a minimal valid adjustment set, i.e.
a valid adjustment set such that no proper subset is a valid adjustment set. The
algorithm exists in two variants, which are presented here in slightly simplified
versions (de Luna et al., 2011, allowed the conditional independence relations to
differ between the subgroup where X = 0 and the subgroup where X = 1). As
before, it is not specified in the procedures how the conditional independence
information is obtained.
Procedure 6A (CovSel variant A)
Input:

list of conditional independencies in the joint distribution of treatment X, outcome Y and a set W of observed covariates

Procedure:

(0) Define W0 = W.
(1) Choose W1 ⊆ W0 such that W0 \ W1 ⊥
⊥ X | W1 and there is no
subset U ⊂ W1 such that W0 \ U ⊥
⊥ X | U.

(2) Choose W2 ⊆ W1 such that W1 \ W2 ⊥
⊥ Y | W2 ∪ { X } and there

is no subset U′ ⊂ W2 such that W1 \ U′ ⊥
⊥ Y | U′ ∪ { X } .

(3) If W2 ̸= W1 , then update W0 to W2 and repeat steps (1) to (3).
Output:
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Procedure 6B (CovSel variant B)
Input:

list of conditional independencies in the joint distribution of treatment X, outcome Y and a set W of observed covariates

Procedure:

(0) Define W0 = W.
(1) Choose W1 ⊆ W0 such that W0 \ W1 ⊥
⊥ Y | W1 ∪ { X } and there

is no subset U ⊂ W1 such that W0 \ U ⊥
⊥ Y | U ∪ { X }.

(2) Choose W2 ⊆ W1 such that W1 \ W2 ⊥
⊥ X | W2 and there is no

subset U′ ⊂ W2 such that W1 \ U′ ⊥
⊥ X | U′ .

(3) If W2 ̸= W1 , then update W0 to W2 and repeat steps (1) to (3).

Output:

selected covariates W∗ = W2

The CovSel algorithms thus iterate between backward outcome selection (Procedure 5A”) and backward treatment model selection (Procedure 5C”). CovSel variant
A starts with treatment model selection, while CovSel variant B starts with outcome model selection. Therefore, the selected sets are not in general equal, as
demonstrated in the example in Figure 8, where CovSel A selects { B} and CovSel
B selects {C }.

It follow immediately from the results in Section 3.4.5 that the output of each
CovSel version using oracle independence information is valid and unique (see
de Luna et al., 2011, for an alternative proof):

Proposition 26
Let X and Y be two nodes in a causal DAG D and let W be a valid adjustment set relative

to ( X, Y ) in D . Then the output W∗ of Procedure 6A with input ( X, Y, W) and oracle

independence information is a valid adjustment set relative to ( X, Y ).

Proof. The validity follows directly from Proposition 21 and the analogous result
for the backward treatment model selection. The uniqueness follows from Proposition 21 together with Lemma 19 and the analogous results for backward treatment
model selection.

Proposition 27
Let X and Y be two nodes in a causal DAG D and let W be a valid adjustment set relative

to ( X, Y ) in D . Then the output W∗ of Procedure 6B with input ( X, Y, W) and oracle
independence information is a valid adjustment set relative to ( X, Y ).
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Proof. See proof of Proposition 26.
In order to show that the adjustment sets selected by CovSel A and CovSel B are
minimal valid adjustment sets, de Luna et al. (2011) assumed that the joint distribution of W ∪ U, where U is a (possibly empty) set of unobserved variables, is
faithful to an unknown DAG. The minimality then follows from the ‘weak trans-

itivity’ property (Definition 2) of DAG-induced independence models. The DAG
does not need to be given a causal interpretation in order for the result to hold.
In de Luna et al. (2011), a proof sketch is presented using the potential outcome
notation. For completeness, I provide a completely graphical proof in Lemma 29,
making use of the following result from Tian et al. (1998).

Lemma 28 (Theorem 1 in Tian et al., 1998)
Let X and Y be two nodes in a DAG D and let Z be a set of nodes in D such that
X ⊥D Y | Z. If there is a set Z ∪ { Z1 , . . . , Z M } with M ≥ 2 and Z ∩ { Z1 , . . . , Z M } = ∅

such that X ⊥D Y | Z ∪ { Z1 , . . . , Z M }, then X ⊥D Y | Z ∪ { Zm } holds for at least one
m ∈ M.

Lemma 29
Let D be a causal DAG with node set V such that the joint distribution of V is faithful to

D . Let X and Y be two nodes in V and let W ⊆ V \ { X, Y } be a valid adjustment set
relative to ( X, Y ) in D . Let W∗ be the output of Procedure 6A or Procedure 6B with input
( X, Y, W) and oracle independence information. Then no proper subset of W∗ is a valid
adjustment set relative to ( X, Y ) in D .
Proof. Assume for contradiction that there exists a subset U ⊂ W∗ such that U
is a valid adjustment set relative to ( X, Y ) in D , and define R := W∗ \ U. As
the variables in R were not removed during Procedure 6A/6B, it must hold that
X ̸⊥
⊥R | U and Y ̸⊥
⊥R | U ∪ { X }, hence X ̸⊥D R | U and Y ̸⊥D R | U ∪ { X }.
Denote by D ′ the DAG that can be constructed by removing from D all edges

from X to forb( X, Y, D). It follows from the adjustment criterion in Definition 13

together with Proposition 14 that if a set Z is a valid adjustment set relative to

( X, Y ) in D , then X ⊥D ′ Y | Z. Hence, X ⊥D ′ Y | W∗ and X ⊥D ′ Y | U. By
Lemma 28, X ⊥D ′ Y | U ∪ { R} for at least one R ∈ R, and by the ‘weak transitivity’
property (Definition 2), X ⊥D ′ R | U or Y ⊥D ′ R | U or both. By induction
and the ‘contraction’ property (Definition 1), it then follows that X ⊥D ′ R | U or
Y ⊥D ′ R | U or both. I show next that either leads to a contradiction.
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Figure 8: Illustration of CovSel A (Procedure 6A) and CovSel B (Procedure 6B).
Node E, shown as a dashed diamond, is unobserved and thus not available for adjustment. The nodes in the rectangles are those selected at the
different stages of the algorithms.
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Consider first Y ⊥D ′ R | U. As Y ̸⊥D R | U ∪ { X }, there exists a path p between Y

and R in D . There are three cases: (i) X is not on p, (ii) X is a non-collider on p,

(iii) X is a collider on p. In case (i), p is also in D ′ . As Y ⊥D ′ R | U, p is blocked
given U in D ′ . As X is not on p, p is also blocked given U ∪ { X } in both D ′ and

D . In case (ii), p is blocked given U ∪ { X } in D because X is a non-collider on
p. In case (iii), denote the subpath of p between Y and X, which is a non-causal
path from X to Y, as p′ . As U is a valid adjustment set relative to ( X, Y ) in D , p′ is
bocked given U in D , hence p is blocked given U ∪ { X } in D . But then p is blocked
given U ∪ { X } in D , and the same is true for all other paths between Y and R in
D , which contradicts Y ̸⊥D R | U ∪ { X }.

Consider now X ⊥D ′ R | U. As X ̸⊥D R | U, there exists a path p′ between X

and R in D . There are three cases: (i) p contains an edge into X, (ii) p contains
an edge X → T such that T ̸∈ forb( X, Y, D), (iii) p contains an edge X → T such

that T ∈ forb( X, Y, D). In cases (i) and (ii), p is also in D ′ . As X ⊥D ′ R | U, p is
blocked given U in D ′ , and hence also in D . In case (iii), p cannot be a directed

path from X to R, as R ∩ forb( X, Y, D) = ∅ due to R being a subset W∗ , which
is a valid adjustment set relative to ( X, Y ) in D . Hence, p contains a collider in
forb( X, Y, D). But this means that p is blocked given U in D , and the same is true
for all other paths between X and R in D , which contradicts X ⊥D R | U.

3.4.7 Change-in-estimate
Change-in-estimate was among the most frequently mentioned confounder selection methods in the literature reviews cited in Section 3.3. It is a heuristic method
and cannot be characterised graphically. The starting point of the procedure is
an estimate adjusted for the ‘full set’ of covariates; covariates are then gradually
removed until the estimated effect deviates from the initial estimate by more than
a pre-specified amount (usually 10 %). The intuition is that if the starting set is
a valid adjustment set, the initial estimate will be close to the true effect. By removing covariates whose removal does not substantially change the estimate, it is
hoped that the remaining covariates more accurately represent the relevant confounding factors (Greenland and Pearce, 2015). Change-in-estimate is usually used
within a parametric regression framework, although it is not inherently restricted
to parametric estimation nor regression. It has been recommended over stepwise
regression selection due to its focus on the estimate of interest, and because it does
not rely on statistical testing (Sonis, 1998).
However, it is obvious that change-in-estimate does not in general select a valid
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adjustment set. Even under the assumption that the initial estimate is equal to the
true effect, change-in-estimate has an inbuilt selection bias, as it allows the final
estimate to deviate from the initial estimate by a non-negligible amount. The final
estimator may have a smaller variance than the initial one, but there is no guarantee. An additional issue of relevance e.g. in logistic regression models is noncollapsibility (Daniel et al., 2021): In naive implementations of change-in-estimate,
estimated partial regression coefficients from different models are compared with
each other. However, these are estimates of conditional dependencies, and the estimands depend on the conditioning variables. A better alternative is to choose
a marginal estimand, e.g. the marginal causal odds ratio, which can be estimated using regression standardisation. A more sophisticated procedure comparing
mean squared errors instead of point estimates was proposed by Vansteelandt et al.
(2012).

3.5 Paper 1:

Witte and Didelez (2019)

The paper associated with this chapter is Witte and Didelez (2019). It makes two
main contributions. First, a classification system for covariate selection strategies
is suggested, covering all methods analysed above as well as additional ones. The
second contribution is a simulation study illustrating the properties of the different approaches and their targeted adjustment sets when estimating an average
treatment effect, where the focus is on estimation efficiency.
The notation and terminology in Witte and Didelez (2019) mostly agree with those
used in this frame text, with the following deviations: In the paper, the treatment is
denoted as T, the set of measured covariates as X∗ and the selected adjustment set
as X (instead of X, W and W∗ ); valid adjustment sets are called sufficient adjustment
sets; univariate regression selection is referred to as univariate screening; and causal
DAGs are called causal diagrams. Further, in the paper we use a sum notation
where in this thesis I use integrals.

Own contributions
As the first author of this publication, I took the lead in identifying the different
confounder selection strategies from the literature and constructed the classification scheme. I designed and programmed the simulation study and created all
plots and figures. I wrote the first draft of the manuscript and led the revision
process.
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Abstract
When causal eﬀects are to be estimated from observational data, we have to adjust for
confounding. A central aim of covariate selection for causal inference is therefore to

determine a set that is suﬃcient for confounding adjustment, but other aims such as
eﬃciency or robustness can be important as well. In this paper, we review six general approaches to covariate selection that diﬀer in the targeted type of adjustment set.
We discuss and illustrate their advantages and disadvantages using causal diagrams.
Moreover, the approaches and diﬀerent ways of implementing them are compared
empirically in an extensive simulation study. We conclude that there are considerable
diﬀerences between the approaches but none of them is uniformly best, with performance depending on the chosen adjustment method as well as the true confounding
structure. Any prior structural knowledge on the causal relations is helpful to choose
the most appropriate method.
KEYWORDS

average causal eﬀect, causal diagram, confounder selection, propensity score matching, variable selection

1

I N T RO D U C T I O N

In epidemiology, a common aim is to estimate causal eﬀects from observational data. This typically requires adjustment for
confounding to avoid bias. Hence, a central aim of covariate selection for causal inference is to provide a set of covariates
suﬃcient for confounding adjustment. This is in contrast to covariate selection for prediction, where prediction accuracy is
of main concern, or for descriptive modeling, which aims at a sparse representation of the association structure (Shmueli,
2010).
In addition to ﬁnding a suﬃcient adjustment set, covariate selection for causal inference can have other aims such as eﬃciency.
In linear regression, for example, the estimates are most precise when adjusted for predictors of the outcome even when these
are not necessary for confounding adjustment. For matching, on the other hand, a central requirement is that the adjustment
set be small (see de Luna, Waernbaum, & Richardson, 2011, and references therein). A further aim can be robustness against
misspeciﬁcation of the functional form, or more generally non- or semiparametric estimation. Selecting a small set requires fewer
functional forms to be determined. Another idea is to combine outcome- and treatment-oriented selection so that a confounder
that is missed out in one selection process has a second chance to be selected in the other one (Belloni, Chernozhukov, & Hansen,
2014). This is related to the double-robust property of adjustment methods that combine treatment and outcome modeling (Bang
& Robins, 2005). Finally, in situations where the number of covariates is large compared to the number of observations, the mere
reduction of the number of covariates may be an aim in itself.
Considering these diﬀerent situations and the variety of implied adjustment sets, it becomes clear why so many diﬀerent
approaches to covariate selection have been suggested and also why it can be diﬃcult to decide which method is best for a
particular problem. In this paper, we oﬀer some orientation by sketching a classiﬁcation scheme useful for reasoning about and
1270
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Classiﬁcation of covariate selection strategies for causal inference
Preadjustment

Minimal approach

Outcome approach

Knowledge-based

Nonparametric

• Common cause criterion
(cf. Glymour, Weuve, &
Chen, 2008)

• CovSel (de Luna et al.,
2011)

• DAGitty algorithm (Textor • Univariate confounder
& Liśkiewicz, 2011)
screening (uniTandY)

• Univariate outcome
screening (uniY)

• Model-free variable
selection (Li, Cook, &
Nachtsheim, 2005)

Treatment approach
Union set approach

Causal search approach
Estimation approach

• Random forest variable
selection, e.g., Genuer,
Poggi, and Tuleau-Malot
(2010) and Kursa and
Rudnicki (2010)
• Univariate treatment
screening

• Disjunctive cause criterion • Univariate double
(VanderWeele & Shpitser,
screening (uniTorY)
2011)
• EHS algorithm (Entner
et al., 2013)

Parametric

• Outcome-adaptive lasso
(Shortreed & Ertefaie,
2017)

Wrapper

• Optimize outcome model,
e.g., AIC, BIC, 𝑝-value
method, validation data

• Optimize treatment model,
e.g., AIC, BIC, 𝑝-value
method, validation data

• Double selection (Belloni
et al., 2014)

• Penalized credible regions
(Wilson & Reich, 2014)

• Change in estimate (CIE)

• Change in MSE (CI-MSE;
Greenland, Daniel, &
Pearce, 2016)
• Focused confounder
selection (FCS;
Vansteelandt, Bekaert, &
Claeskens, 2012)

Note. Methods in the left-most column assume prior knowledge, the EHS algorithm assumes that all measured covariates are pretreatment, all remaining methods assume
that the full set of measured covariates is suﬃcient.

comparing the diﬀerent properties of covariate selection strategies when used for causal inference. We begin in Section 2 with key
assumptions. Importantly, all selection methods rely on assumptions that can only be justiﬁed with subject-matter knowledge.
Section 3 outlines our classiﬁcation: we describe six types of target sets and two selection mechanisms, see also Table 1. In
the spirit of Boulesteix, Binder, Abrahamowicz, and Sauerbrei (2018), we conduct an extensive simulation study in Section 4
to compare the principles and methods of selection, carefully separating general approaches from speciﬁc implementations
by considering the following aspects in turn: First, we investigate how each of the target adjustment sets (minimal, outcomeoriented, etc.) performs in combination with typical adjustment methods (regression, matching, etc.). As the target adjustment
sets are only known exactly when (most of) the causal structure is known a priori, we evaluate in a second step the performance
of standard implementations (univariate selection, change in estimate [CIE], etc.), for diﬀerent sample sizes, with regard to their
precision and ability to select the desired adjustment set. The results, presented in Section 5, illustrate quantitatively the strengths
and weaknesses expected based on theoretical properties; in particular they reveal that there is not a uniformly best selection
method. Rather, the target set should be determined based on the method used for adjustment. Not surprisingly, the ability of
diﬀerent methods to ﬁnd the target sets depends, among other things, on the speciﬁc causal structure and the sample size. We
conclude the paper with a discussion in Section 6.
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2

SUFFICIENT ADJUSTMENT SETS

The underlying principles of most covariate selection approaches are valid for general treatment types, but for simplicity we
consider a binary indicator 𝑇 of treatment (𝑇 = 1 when treated, 𝑇 = 0 otherwise). Let further 𝑌 be the outcome of interest
and 𝐗∗ the set of measured covariates. We denote by 𝐗 a subset of 𝐗∗ with realizations 𝐱 ∈ . Where appropriate, we use
subscripts to 𝐗 to indicate the selection method by which 𝐗 has been selected from 𝐗∗ , for example, 𝐗EHS for a set selected by
the Entner–Hoyer–Spirtes algorithm described in Section 3.5. We write (⋅) for distribution functions and 𝑃 (⋅) for probability
and assume that both are deﬁned on one common population of interest throughout the paper.
The central problem of causal inference from observational data is that the distribution of variables we see as passive observers
is diﬀerent from the distribution we would see if we were able to intervene in the treatment. Therefore, we need a terminology
that diﬀerentiates between observational and interventional regimes. We use in this paper Pearl's 𝑑𝑜-notation (Pearl, 2009),
where distributions are indexed by 𝑑𝑜(𝑍 = 𝑧) to indicate that 𝑍 is set to value 𝑧 by intervention. For example, (𝑌 ; 𝑑𝑜(𝑇 = 1))
describes the distribution of the outcome 𝑌 given treatment is enforced for everyone in the population. In contrast, (𝑌 ∣ 𝑇 = 1)
describes the distribution of 𝑌 in the subpopulation that is observed to receive treatment.
Causal treatment eﬀects can be deﬁned as contrasts between (summaries of) (𝑌 ; 𝑑𝑜(𝑇 = 1)) and (𝑌 ; 𝑑𝑜(𝑇 = 0)). A popular
estimand is the average causal eﬀect (ACE),
ACE = E(𝑌 ; 𝑑𝑜(𝑇 = 1)) − E(𝑌 ; 𝑑𝑜(𝑇 = 0))
(Imbens, 2004; Lunceford & Davidian, 2004; Schafer & Kang, 2008). An alternative estimand for binary 𝑌 is the marginal
causal odds ratio (MCOR),
MCOR =

𝑃 (𝑌 = 1; 𝑑𝑜(𝑇 = 1))∕𝑃 (𝑌 = 0; 𝑑𝑜(𝑇 = 1))
𝑃 (𝑌 = 1; 𝑑𝑜(𝑇 = 0))∕𝑃 (𝑌 = 0; 𝑑𝑜(𝑇 = 0))

(Zhang, 2008). Obviously, in observational studies neither (𝑌 ; 𝑑𝑜(𝑇 = 𝑡)) nor any summaries thereof are measured. Identiﬁcation from observational data requires that the eﬀect can be expressed in 𝑑𝑜(⋅)-free terms. This is possible when a set 𝐗 ⊆ 𝐗∗
is available satisfying the following three assumptions:
Assumption 1 (Pretreatment covariates).

(𝐗; 𝑑𝑜(𝑇 = 0)) = (𝐗; 𝑑𝑜(𝑇 = 1)) = (𝐗).

Assumption 1 says that the distribution of the covariates 𝐗 is not aﬀected by interventions in the treatment. We call this
the pretreatment assumption and say that 𝑋 ∈ 𝐗 is a pretreatment covariate. Assumption 1 automatically holds if 𝑋 has been
measured prior to 𝑇 , but it suﬃces to know that 𝑋 cannot be aﬀected by 𝑇 .
Assumption 2 (Conditional exchangeability).

(𝑌 ∣ 𝐗; 𝑑𝑜(𝑇 = 𝑡)) = (𝑌 ∣ 𝐗, 𝑇 = 𝑡)

for 𝑡 = 0, 1.

Assumption 2 is the key to identifying causal eﬀects from observational data. Intuitively, it guarantees that conditional on
covariates 𝐗, association is causation. Assumption 2 is also called “no unobserved confounding” (Robins, 1992). Unless additional experimental data are available or the data happen to contain a structure similar to an instrument (de Luna & Johansson,
2014; Entner, Hoyer, & Spirtes, 2013), it is untestable and therefore needs to be justiﬁed by subject-matter knowledge.
Assumption 3 (Positivity).
𝑃 (𝑇 = 𝑡 ∣ 𝐗 = 𝐱) > 0,

for 𝑡 = 0, 1 and all 𝐱 ∈ .

Assumption 3, positivity, implies that in suﬃciently large samples, both treated and untreated individuals are observed for
any given value of the covariates.
It is now shown for 𝑇 = 1 how the interventional distribution (𝑌 ; 𝑑𝑜(𝑇 = 1)) can be expressed by observable terms, using
Assumptions 1 and 2 in the second equation:
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F I G U R E 1 Example of causal diagram. 𝑇 , treatment; 𝑌 , outcome; 𝑋1 , … , 𝑋9 , observed covariates; 𝑈 , unobserved covariate. Data generation
for setup 1 in Section 4.1 is according to this causal diagram

(𝑌 ; 𝑑𝑜(𝑇 = 1))
∑
=
(𝑌 ∣ 𝐗 = 𝐱; 𝑑𝑜(𝑇 = 1))𝑃 (𝐗 = 𝐱; 𝑑𝑜(𝑇 = 1))


=

∑


(𝑌 ∣ 𝐗 = 𝐱, 𝑇 = 1)𝑃 (𝐗 = 𝐱).

Assumption 3 ensures that (𝑌 ∣ 𝐗 = 𝐱, 𝑇 = 1) is deﬁned over the whole range of . The terms in the resulting expression
are estimable from observational data. Note that the last equality shows that the intervention distribution can be regarded as a
weighted average that illustrates the principle of standardization. This is used in Section 4.3 to estimate the MCOR by standardizing a logistic regression.
We call a set 𝐗 ⊆ 𝐗∗ satisfying Assumptions 1–3 a suﬃcient adjustment set (Greenland, Pearl, & Robins, 1999). As addressed
later, many selection methods assume that 𝐗∗ itself is a suﬃcient adjustment set, and then attempt to reduce this set. We call a
suﬃcient adjustment set globally minimal if it has the smallest cardinality among all such sets. We call 𝐗 locally minimal if it
is suﬃcient and no proper subset of 𝐗 is suﬃcient. Every globally minimal adjustment set is also locally minimal, but not vice
versa. Note that none of these sets are necessarily unique.

2.1

Suﬃcient adjustment sets and causal diagrams

Causal diagrams are formal but intuitive representations of the underlying causal structure of a problem (Pearl, 2009). Even
though it is rare, in practice, that a causal diagram can be fully speciﬁed in all detail just based on background knowledge, they
are still useful to reason about and illustrate types of adjustment sets. For a short introduction to causal diagrams see Appendix
A.1. In the following, we use the terms “ancestor”/“cause” and “parent”/“direct cause” interchangeably. The notion of “direct”
cause has to be understood as relative to the variables in the graph, for example, one can often think of unobserved intermediates
between variables not shown in the causal diagram. Note that the strong assumptions of a causal diagram can to some extent be
relaxed while still allowing identiﬁcation of suﬃcient adjustment sets (see Dawid, 2002, for further details).
Assumption 1 (pretreatment covariates) and Assumption 2 (conditional exchangeability) have the following graphical counterparts that can be checked on a given causal diagram (Pearl, 2009):
Assumption 1g (Pretreatment covariates).

Every 𝑋 ∈ 𝐗 is a nondescendant of 𝑇 .
Assumption 2g (Backdoor criterion).
All backdoor paths from 𝑇 to 𝑌 are blocked by 𝐗.
Thus, 𝐗 is a suﬃcient adjustment set when Assumptions 1–3 or, graphically, Assumptions 1g, 2g, and 3 hold. As an example,
consider Figure 1, where 𝐗∗ = {𝑋1 , … , 𝑋9 } and 𝑈 is an unobserved covariate. There are three backdoor paths from 𝑇 to 𝑌 :
𝑇 ← 𝑋4 → 𝑋5 → 𝑌 , 𝑇 ← 𝑋3 ← 𝑈 → 𝑌 , and 𝑇 ← 𝑋2 → 𝑋8 ← 𝑋6 → 𝑌 . The latter is blocked by the empty set because 𝑋8 is
a collider on the path. Examples of suﬃcient adjustment sets are {𝑋3 , 𝑋4 }, {𝑋1 , 𝑋3 , 𝑋5 , 𝑋9 }, and {𝑋3 , 𝑋5 , 𝑋6 , 𝑋8 }. Moreover,
the sets {𝑋3 , 𝑋4 } and {𝑋3 , 𝑋5 } are both globally and locally minimal.
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2.2

Assumptions underlying covariate selection for causal inference

Assumptions 1–3 deﬁne a suﬃcient adjustment set. We now give assumptions relating such a set and the observed covariates.
The majority of selection strategies rely on the following key assumption:
Assumption 4. 𝐗∗ itself is a suﬃcient adjustment set.
In other words, it is assumed that Assumptions 1–3 hold for the full set of measured covariates 𝐗∗ (some methods require
Assumption 3 only for the actually selected set). Under Assumption 4, selection aims at reducing the number of covariates, for
one of the reasons mentioned in Section 1.
A weaker assumption is the following:
Assumption 5.
(i) Every 𝑋 ∈ 𝐗∗ is a pretreatment covariate.

(ii) 𝐗∗ contains a suﬃcient adjustment set.

Approaches requiring only Assumption 5 but not Assumption 4 are evidently desirable, but we are only aware of one (VanderWeele & Shpitser, 2011). To see the diﬀerence between Assumptions 4 and 5, consider the following example: In Figure 1, the set
{𝑋1 , … , 𝑋9 } satisﬁes Assumption 4. However, assume 𝑋2 and 𝑋6 are unobserved, then the set {𝑋1 , 𝑋3 , 𝑋4 , 𝑋5 , 𝑋7 , 𝑋8 , 𝑋9 }
does not satisfy Assumption 4 (conditioning on 𝑋8 opens a backdoor path) but satisﬁes Assumption 5 as it contains a suﬃcient
adjustment set.
A further selection strategy, the algorithm proposed by Entner et al. (2013), is sometimes able to infer conditional exchangeability under an even weaker assumption:
Assumption 6.
(i) Every 𝑋 ∈ 𝐗∗ is a pretreatment covariate.

(ii) Positivity holds for every selected set 𝐗 ⊆ 𝐗∗ .
Note that Assumptions 4–6 are speciﬁc to causal inference. When selection is for predictive modeling, confounding is not an
issue.

3

CLASSI FI CAT I O N O F COVA RIATE SELEC TIO N ST RATEG IES

We now describe six diﬀerent approaches to covariate selection (Sections 3.1–3.6), each corresponding to a diﬀerent type of
target adjustment set. For each approach, there are several proposed methods to implement the approach. They diﬀer mainly in
how much prior structural knowledge they assume, and in their validity under diﬀerent structures. The six approaches correspond
to the rows in Table 1. The columns correspond to a second classiﬁcation criterion, the mechanism of selection, which we
describe in Section 3.7.
We illustrate the approaches with the causal diagram of Figure 1, but note that for the majority of selection methods, it is not
required that the data-generating mechanism can in fact be represented by a causal diagram. However, even if only incomplete
prior knowledge is available, we still recommend to consider a set of plausible diagrams speciﬁcally to rule out problematic
unobserved quantities, and hence to help justify Assumption 4 or 5. The problem of unobserved covariates is, in fact, a general
one but aﬀects the diﬀerent approaches in diﬀerent ways; this will be addressed individually below.

3.1
3.1.1

Minimal approach
Motivation

Small adjustment sets are advantageous for nonparametric adjustment methods in terms of both bias and variance (de Luna
et al., 2011). Especially in the context of matching, small adjustment sets appear desirable as it is then easier to ﬁnd suitable
matches. They are also favorable for regression procedures with continuous covariates because fewer functional forms need to be
speciﬁed. This ﬁrst approach can therefore be described as aiming at small, ideally locally or even globally minimal adjustment
sets.
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Given a causal diagram, globally and locally minimal adjustment sets can in principle be read oﬀ using the backdoor criterion.
For large and complex diagrams, there exist algorithms that list all minimal sets, for example the algorithm given by Textor
and Liśkiewicz (2011), implemented in DAGitty (Textor, Hardt, & Knüppel, 2011; DAGitty algorithm). In the more realistic
situation that the causal structure is not fully known, proposals exist that aim at approximations to such minimal sets. A popular
rule requiring partial causal knowledge recommends to adjust for “all common causes of 𝑇 and 𝑌 ” (common cause criterion; cf.
Glymour et al., 2008). Another rule selects all covariates that are associated with the treatment and with the outcome conditional
on treatment and do not lie on the causal pathway between treatment and outcome. We call this method univariate confounder
screening (uniTandY). It is univariate in the sense that the associations with treatment and outcome are assessed for each covariate
separately, not conditionally on other covariates. In contrast, de Luna et al. (2011) suggested to base selection on conditional
associations/dependencies and independencies (see also Robins, 1997; VanderWeele & Shpitser, 2011). They describe two
algorithms. Roughly speaking, starting from the full set, Algorithm 1 ﬁrst removes covariates conditionally independent of
𝑇 given the remaining covariates, then further removes covariates conditionally independent of 𝑌 given 𝑇 and the rest. The
alternative Algorithm 2 reverses the role of 𝑇 and 𝑌 . At each stage, the covariates to be removed are chosen so that the number
of remaining covariates is as small as possible. The target sets of Algorithms 1 and 2 are each unique but can diﬀer from each
other (de Luna et al., 2011). In the example in Figure 1, Algorithm 1 selects the minimal set {𝑋3 , 𝑋4 } and Algorithm 2 selects
the minimal set {𝑋3 , 𝑋5 }. We refer to the general idea as the CovSel method, after the associated R package. It can be shown
that CovSel selects locally minimal adjustment sets under Assumption 4 and additional mild assumptions, given the dependence
structure is correctly inferred, which requires a suﬃciently large sample size (de Luna et al., 2011).
Selecting minimal sets without knowing the causal diagram is a diﬃcult task in practice. Even the intuitively appealing common
cause criterion cannot guarantee under Assumption 4 that a suﬃcient adjustment set is found, for example, due to unobserved
common causes (cf. VanderWeele & Shpitser, 2011). In Figure 1, even though Assumption 4 holds, it will only select {𝑋4 },
which is insuﬃcient, as 𝑈 is unobserved. The data-driven methods are of course aﬀected by sampling variation. In particular,
univariate confounder screening on the one hand tends to select unnecessarily large sets when the sample size allows many
signiﬁcances. In the example in Figure 1, univariate confounder selection selects 𝑋3 , the collider 𝑋8 , the unnecessary covariates
𝑋1 and 𝑋2 , and both 𝑋4 and 𝑋5 where one of them would suﬃce. On the other hand, because two tests have to be signiﬁcant
for selection, univariate confounder screening tends to miss important covariates when the sample size is small. Selection of
colliders and redundant selection are avoided by CovSel by considering conditional (in)dependencies. Except when the true
causal diagram is known, none of the aforementioned methods can guarantee globally minimal sets.

3.2

Outcome approach

3.2.1

Motivation

3.2.2

Examples

The idea of outcome-oriented selection strategies is to determine a suﬃcient adjustment set that includes strong predictors
of the outcome. As a major advantage, adjusting for outcome predictors reduces the standard errors in a variety of settings,
including linear outcome regression and propensity score (PS) weighting (Lunceford & Davidian, 2004). Excluding covariates
that are conditionally independent of the outcome given treatment and the remaining covariates is a valid strategy that leads
to a suﬃcient adjustment set, provided that Assumption 4 and possibly additional parametric assumptions hold (formally, the
conditional independencies relate to potential outcomes as in de Luna et al., 2011, or interventions as in Guo and Dawid, 2010).
In terms of a causal diagram, the desired set is suﬃcient for adjustment and additionally includes all direct causes of the outcome.
For the example in Figure 1, the ideal outcome-oriented set would be {𝑈 , 𝑋5 , 𝑋6 , 𝑋7 }. As 𝑈 is unobserved, the next best set is
{𝑋3 , 𝑋5 , 𝑋6 , 𝑋7 }.

Examples are general strategies aiming to select all nonredundant predictors of the outcome. These methods include univariate
screening for covariates associated with the outcome either marginally or conditionally on treatment (we refer to the latter as
univariate outcome screening, uniY). They further include selection methods for parametric regression that aim to optimize the
outcome model regarding prediction performance or model ﬁt, for example, model selection based on Akaike's information
criterion (AIC; Akaike, 1974), the Bayesian information criterion (BIC; Schwarz, 1978), the 𝑝-value method (cf. Greenland
& Pearce, 2015, for description and criticism), or evaluation of the prediction accuracy using a validation data set. Another
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example is model-free variable selection as described by Li et al. (2005). Starting from the full set, covariates are removed if
conditionally independent of the outcome given treatment and the remaining covariates, based on nonparametric tests. This is the
same principle as the ﬁrst part of CovSel Algorithm 2. Other nonparametric methods include random forest variable selection
(e.g., Genuer et al., 2010; Kursa & Rudnicki, 2010). An example of how outcome-oriented covariate selection can be combined
with treatment modeling is the outcome-adaptive lasso where the coeﬃcients of a treatment regression model are penalized
inversely proportional to the association of the respective covariates with the outcome in a separate outcome model (Shortreed
& Ertefaie, 2017).

3.2.3

Caveats

Methods focusing on the outcome alone share the drawback that, when used with a small sample size, they might miss covariates
that are only weakly associated with the outcome but strongly associated with the treatment and hence still induce confounding
bias (Wilson & Reich, 2014). This reﬂects the fact that covariates important for causal inference are not necessarily as important
for outcome prediction, and vice versa. Further, some of the methods have conceptual shortcomings. For example, univariate
outcome screening selects redundant covariates and covariates that will not contribute to an improved precision. In the example
in Figure 1, the set selected by univariate outcome screening contains 𝑋1 because 𝑋1 is associated with 𝑌 conditional on 𝑇 .
However, 𝑋1 is not on a backdoor path and would reduce rather than increase the precision. Multivariate methods avoid this to a
certain extent. As an example where even multivariate methods select more covariates than necessary, consider some backdoor
path of the form 𝑇 ← 𝑋𝑎 → 𝑋𝑏 ← 𝑈 → 𝑌 . Although the empty set is suﬃcient to block this particular path, multivariate
methods select {𝑋𝑎 , 𝑋𝑏 }, which is also suﬃcient but larger than necessary.

3.3

Treatment approach

3.3.1

Motivation

3.3.2

Examples

3.3.3

Caveats

As every backdoor path necessarily begins with a direct cause of treatment, the set of all direct causes of 𝑇 is a suﬃcient
adjustment set (Pearl, 2009), given Assumption 4. Selecting the direct causes of 𝑇 appears natural when adjustment involves the
PS, that is, typically a regression model for treatment given the selected covariates. A main advantage is that selection is clearly
separated from any outcome modeling or treatment eﬀect estimation (Rubin, 2001).

In principle, all variable selection methods mentioned for the outcome approach can also be used to select predictors of treatment
by replacing outcome regression with treatment regression. Basic methods include, for instance, univariate screening for association with the treatment (univariate treatment screening) and stepwise regression to optimize the treatment model (Weitzen,
Lapane, Toledano, Hume, & Mor, 2004).

The treatment model used to estimate the PS should not include causes (or more generally, predictors) of treatment that are not
required to block a backdoor path, such as 𝑋1 in Figure 1. It has been shown that adjusting for such unnecessary covariates can
lead to a higher variance of causal eﬀect estimates (Austin, Grootendorst, & Anderson, 2007; Brookhart et al., 2006; Lunceford &
Davidian, 2004) and to bias ampliﬁcation in case of residual unobserved confounding (Bhattacharya & Vogt, 2007; Wooldridge,
2009). Note that treatment-oriented selection is not required to be combined with PS-based adjustment methods but can, for
example, be used with regression adjustment. However, this is known to be equally ineﬃcient or biased (Bhattacharya & Vogt,
2007; Myers et al., 2011; Pearl, 2011). Finally, when the sample size is not large enough, association-based methods might miss
covariates that are only weakly associated with the treatment but strongly associated with the outcome (Wilson & Reich, 2014).

3.4
3.4.1

Union set approach
Motivation

If there is a suﬃcient adjustment set among the measured pretreatment covariates (Assumption 5), the union of all causes of
treatment or outcome is suﬃcient as well (VanderWeele & Shpitser, 2011). An advantage of this approach is that in the absence of
detailed prior knowledge on the causal structure, it is easier for subject-matter experts to justify which covariates are either causes
of treatment or outcome. Moreover, when selection is data-driven, the outcome or treatment approaches may miss covariates
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that are only weakly associated with the outcome but strongly associated with the treatment, and vice versa. By considering the
relationship to the treatment and to the outcome in turn, the selection process gains robustness (Belloni et al., 2014).

3.4.2

Examples

3.4.3

Caveats

VanderWeele and Shpitser (2011) suggested to select all causes of treatment or outcome or both (disjunctive cause criterion). A
data-driven, univariate method pursuing essentially this principle is univariate double screening (uniTorY), where a covariate is
selected if it is associated with treatment or outcome or both (Schafer & Kang, 2008). For high-dimensional problems, Belloni
et al. (2014) described double selection, where two penalized “nuisance” models are ﬁtted, one for treatment and one for outcome.
The union of covariates selected by either penalized model is then used for the causal eﬀect estimation. Another example is the
penalized credible regions method by Wilson and Reich (2014). Here, Bayesian regression models for treatment and outcome
are ﬁtted, and all models within a speciﬁed posterior region are deﬁned as “feasible”; within the constrained “feasible” parameter
space, the set of covariates with the smallest cardinality is targeted.
The union set approach results in the largest adjustment sets of all approaches considered. This may lead to problems for model
ﬁtting and robustness toward misspeciﬁcation. Replacing the union of causes set by the union set of nonredundant predictors of
treatment or outcome, as all methods not based on prior knowledge do, requires again Assumption 4 in order to yield a suﬃcient
adjustment set. Also, the union set might contain strong predictors of treatment that are not needed to avoid confounding bias
and therefore might share the disadvantages described for the treatment approach.

3.5

Causal search approach

3.5.1

Motivation and example

3.5.2

Caveats

Entner et al. (2013) described a selection algorithm to which we refer as EHS algorithm (for the authors Entner, Hoyer, and
Spirtes). It can be viewed as a restricted variant of the Fast Causal Inference (FCI) algorithm for causal search (Spirtes, Glymour,
& Scheines, 2000). The EHS algorithm is based on two rules. Rule 1 selects sets 𝐗EHS ∈ 𝐗∗ so that, for a 𝑋 ′ ∈ 𝐗∗ ⧵ 𝐗EHS , (i)
𝑋 ′ 𝑌 ∣ 𝐗EHS and (ii) 𝑋 ′ 𝑌 ∣ 𝐗EHS ∪ 𝑇 . It can be shown that sets satisfying Rule 1 are suﬃcient (Entner et al., 2013). Rule 2
identiﬁes null causal eﬀects and is not discussed here. In the example in Figure 1, assuming that the eﬀect of 𝑇 on 𝑌 is not equal
to zero, Rule 1 applies for several combinations of 𝑋 ′ and 𝐗EHS , including, for example, (𝑋 ′ = 𝑋1 , 𝐗EHS = {𝑋3 , 𝑋5 }), (𝑋 ′ =
𝑋2 , 𝐗EHS = {𝑋3 , 𝑋4 , 𝑋5 , 𝑋6 }), and (𝑋 ′ = 𝑋4 , 𝐗EHS = {𝑋2 , 𝑋3 , 𝑋5 , 𝑋7 , 𝑋8 }). The advantage of the EHS algorithm is that in
contrast to all aforementioned methods, it is sometimes able to infer that a set of covariates is a suﬃcient adjustment set based
only on Assumption 6, which is considerably weaker than Assumptions 4 and 5.
Although the EHS algorithm returns a list of suﬃcient adjustment sets in theory, a main disadvantage is that when the dependence
structure has to be inferred from data, it likely happens that the rules contradict each other and some amount of user discretion
is warranted to interpret the results. Further, when an appropriate 𝑋 ′ does not exist the EHS algorithm cannot return any result.

3.6

Estimation approach

3.6.1

Motivation

3.6.2

Examples

As we are primarily interested in estimating a causal eﬀect, a natural approach is to target suﬃcient adjustment sets that directly
optimize desirable properties of the estimator, especially precision.

One can regard selection using the CIE criterion as aiming for a low-bias estimator with a minimal covariate set: A benchmark
eﬀect is ﬁrst estimated using all covariates, then covariates are gradually removed until any further removal would result in a
change in the estimate of more than, for example, 10%, compared to the benchmark estimate. Greenland et al. (2016) suggested
instead to evaluate the change in the mean-squared error (CI-MSE) of the estimate, which they approximate based on the standard
error provided by the regression output. A related and more sophisticated procedure is proposed by Vansteelandt et al. (2012).
They described focused confounder selection (FCS) for logistic regression. Their method takes into account that conditional
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eﬀects, such as conditional odds ratios, are not collapsible and therefore focuses on the marginal, regression-standardized (log)
odds ratio. The MSE of the marginal eﬀect is estimated using either cross-validation or an asymptotic approximation.

3.6.3

Caveats

The CIE procedure is a heuristic method that can improve as well as corrupt the properties of the estimator (Greenland & Pearce,
2015). For example, the estimator based on the reduced model can be both more biased and more variable than the benchmark
eﬀect. All of the example methods rely on Assumption 4, as they all use the full model to obtain a benchmark estimate. However,
even under Assumption 4 there are no guarantees that these methods select suﬃcient adjustment sets.

3.7

Mechanism of selection

The six types of target sets described in Sections 3.1–3.6 form our ﬁrst classiﬁcation criterion (rows in Table 1). The columns
correspond to a second criterion, the mechanism of selection. We distinguish between two general mechanisms, preadjustment
and wrapper, and subclassify preadjustment methods into knowledge-based, nonparametric, and parametric methods.
Preadjustment methods separate selection from adjustment. For instance, if selection is completely knowledge-based, it is
independent of the adjustment process, which might involve, for example, matching or regression adjustment. The analyst can
select diﬀerent adjustment sets for diﬀerent adjustment methods (e.g., a minimal set for matching and an outcome-oriented
set for regression), but crucially, the selection process is not inﬂuenced by the resulting estimate. The same is true for many
data-driven selection methods, including all variants of univariate screening. We also classify as preadjustment all methods that
perform selection for nuisance models such as the PS. This is in line with the notion that PS estimation is part of the design, not
the analysis, of a study (Rubin, 2001).
When using wrapper methods, selection and estimation cannot be separated. Instead, the causal eﬀect is repeatedly estimated
with diﬀerent adjustment sets and one set is selected that optimizes some criterion. The selection procedure is wrapped around
the estimation procedure, hence the name (see, e.g., Saeys, Inza, & Larrañaga, 2007, for a similar usage of the term “wrapper”).
For example, for CIE the selection criterion is the cardinality of the adjustment set. The CIE method as described in Section 3.6
is a backward procedure, meaning one starts with the full set of covariates, then gradually removes covariates without readding
them in later stages. Other types of wrapper algorithms are forward, stepwise, and exhaustive search.
Preadjustment methods have the advantage that they oﬀer a certain amount of safeguard against researchers' discretion because
the selection process is not inﬂuenced by the estimated causal eﬀect. Further, preadjustment selection is generally ﬂexible, that
is, it can be combined with diﬀerent adjustment methods. In contrast, wrapper methods are speciﬁc to one adjustment method,
usually a regression model. A disadvantage of all parametric methods, either preadjustment or wrapper, is that one has to assume
a functional form for each continuous covariate prior to selection. We also note as an important caveat that whenever datadriven methods are used for selection, inference needs to be adjusted for this selection (Leeb & Pötscher, 2005). For example,
resampling the entire selection and estimation process is one way to guarantee valid conﬁdence intervals (Heinze, Wallisch, &
Dunkler, 2018). Only few methods are robust toward selection without further provisions, see, for example, Belloni et al. (2014)
and Dukes, Avagyan, and Vansteelandt (2018).

4

SIMULATION SETUP

The aim of our simulation study is twofold: First, we compare the target adjustment sets themselves in the context of typical
adjustment methods: (a) outcome regression (combined with standardization for noncollapsible measures, such as odds ratios,
when estimating a marginal eﬀect parameter), (b) matching on covariates, (c) matching on the estimated PS, and (d) doubly robust
estimation, where both treatment and outcome are modeled and estimators are consistent as long as either model is correctly
speciﬁed. Doubly robust estimation appears especially attractive when the adjustment set is large, such as with the union set
approach, as models are then more likely to be misspeciﬁed. In practice, method (a) is often combined with outcome-oriented,
method (c) with treatment-oriented, and method (d) with union-set selection. However, it is important to note that all adjustment
methods can be combined with any type of adjustment set. Second, we evaluate how well common data-driven methods (see
Section 4.2) select their target sets and estimate the target causal eﬀect.
We investigated two general setups, the ﬁrst following Figure 1 and the second following Figure 2. In setup 1, all causal
connections were relatively strong, which made it easy for selection algorithms to detect all relevant associations. In setup 2,
in contrast, covariates 𝑋1 , 𝑋3 , 𝑋5 , and 𝑋7 inﬂuenced treatment only weakly, and covariates 𝑋2 , 𝑋4 , 𝑋6 , and 𝑋8 inﬂuenced
outcome only weakly, making it more diﬃcult to detect all associations.
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Causal diagram used for data generation in setup 2, see Section 4.1. Double-headed arrows indicate correlated error terms, which
can be thought of as resulting from an unobserved common cause

FIGURE 2

For each setup, we investigated two scales of outcome (continuous, binary), three scales of covariates (continuous, mixed
scale, binary), two treatment eﬀects (present, absent), and three sample sizes (100, 500, 2,000), resulting in 72 scenarios in total.
In the mixed-scale scenarios, the binary covariates were 𝑋3 , 𝑋4 , 𝑋6 , 𝑋7 , 𝑋9 in setup 1 and 𝑋1 , 𝑋2 , 𝑋3 , 𝑋4 in setup 2.
In short, the following steps were carried out: (a) Data were generated from the causal diagram in Figure 1 or Figure 2, (b)
adjustment sets were determined as the true target sets as well as by applying diﬀerent selection methods, (c) the causal eﬀect
was estimated adjusting, in turn, for the diﬀerent selected sets. The three steps were repeated 1,000 times. The full code, written
for the software package R (R Core Team, 2018), is available as Supporting Information on the journal's web page. The online
Supporting Information also includes an overview of the R packages available for the methods in Table 1.

4.1

Data generation

4.2

Implementation of selection methods

The detailed formulas used for data generation are in Appendix A.2. In short, continuous variables were generated according
to linear models and binary variables according to logistic models, without interaction eﬀects. Intercepts were chosen such that
the prevalence of treatment and outcome, when binary, was about 0.5. In setup 1, for continuous outcome the true ACE is either
0 or 0.5 and an unadjusted analysis has a bias of 0.86/0.58/0.71 for continuous/mixed/binary covariates. For binary outcome,
if the treatment is eﬀective the true log(MCOR) is 0.91/0.95/0.88 and an unadjusted analysis has a bias of 0.55/0.37/0.44 for
continuous/mixed/binary covariates; if treatment is not eﬀective, the bias is 0.53/0.37/0.47. In setup 2, for continuous outcome
the true ACE is either 0 or 0.5 and an unadjusted analysis has a bias of 0.84/1.02/1.15 for continuous/mixed/binary covariates. For binary outcome, the true log(MCOR) is 0.60/0.54/0.51 and an unadjusted analysis has a bias of 0.53/0.61/0.64 for
continuous/mixed/binary covariates; if treatment is not eﬀective, the bias is 0.51/0.60/0.63.

The true target adjustment sets for setup 1 are given as follows.
𝐗min : The minimal target set {𝑋3 , 𝑋5 } was used.

𝐗∗ : The full set {𝑋1 , 𝑋2 , 𝑋3 , 𝑋4 , 𝑋5 , 𝑋6 , 𝑋7 , 𝑋8 , 𝑋9 } was used.

𝐗𝑌 : The outcome-oriented target set {𝑋3 , 𝑋5 , 𝑋6 , 𝑋7 } was used.

𝐗𝑇 : The treatment-oriented target set {𝑋1 , 𝑋2 , 𝑋3 , 𝑋4 } was used.

The following covariate selection strategies were implemented. If not stated otherwise, we used default options for all R
functions.
AIC: AIC-based selection was implemented as a stepwise (linear or logistic) outcome regression procedure with main eﬀects
only, starting with the full set of covariates.
BIC: Analogous to AIC.
Boruta: The Boruta package (Kursa & Rudnicki, 2010) was used. All covariates tagged as Confirmed by the algorithm
were selected into 𝐗Boruta . Boruta is an algorithm for random forest variable selection; covariates are selected based on their
so-called variable importance compared to artiﬁcially generated noninformative covariates.
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CIE: CIE was implemented as a backward (linear or logistic) regression procedure with main eﬀects only. The estimated
treatment eﬀect from the full model served as the benchmark estimate. Covariates were then removed one by one such that
the CIE, compared to the benchmark estimate, was as small as possible, stopping at a maximum change of 10%. CIE was
implemented in two versions: In the coeﬃcient version (CIE_coe), the relevant estimate in each step was the estimated partial
regression coeﬃcient of 𝑇 , corresponding to the eﬀect of 𝑇 conditional on all other covariates in the model. In the marginal
version for binary 𝑌 (CIE_mar), regression standardization as described in Section 4.3 was used to estimate the marginal eﬀect
of 𝑇 before assessing the change in the estimate.
CI-MSE: We followed the instructions in Greenland et al. (2016) to implement the CI-MSE method (CI-MSE_coe). In addition, we implemented the variant CI-MSE_mar for binary 𝑌 in which the MSE of the marginal treatment eﬀect is estimated in
each step, using again standardization, see Section 4.3.
CovSel: For scenarios with only continuous covariates, the package CovSel (Häggström, Persson, Waernbaum, & de Luna,
2015) was used. For scenarios with binary covariates, we obtained the source code of the faster CovSelHigh (Häggström, 2017;
see also Häggström, 2018) from GitHub. We modiﬁed the code so that continuous covariates were not discretized. We used the
modiﬁed function with options method=mmpc, simulate=FALSE, betahat=FALSE. From the results that were returned by
either cov.sel or cov.sel.high, the sets 𝐗CovSelQ =Q0∪ Q1, 𝐗CovSelX.Y =X.Y0∪ X.Y1, 𝐗CovSelX.TY =X.T∪ X.Y0∪ X.Y1, and
𝐗CovSelZ =Z0∪ Z1 were extracted, where 𝐗CovSelQ is the minimal set selected by Algorithm 1, 𝐗CovSelX.Y is an outcome-oriented
set, 𝐗CovSelX.TY is the union set of the outcome-oriented and a treatment-oriented set, and 𝐗CovSelZ is the minimal set selected
by Algorithm 2.
doubleAIC: AIC selection as described above was performed separately on the outcome model and the treatment model. All
covariates selected by either model were selected into 𝐗doubleAIC .
doubleBIC: Analogous to doubleAIC.
FCS: Focused confounder selection (for binary 𝑌 ) was implemented as a stepwise procedure for standard logistic regression
(without PS), starting from the full model. Code for the main selection algorithm was kindly provided by Prof. Vansteelandt.
uniY: For every covariate 𝑋 ∈ 𝐗∗ , 𝑌 was regressed on 𝑋 and 𝑇 , using linear regression for continuous 𝑌 and logistic regression for binary 𝑌 . 𝑋 was selected into the adjustment set 𝐗uniY if the 𝑝-value of 𝑋 in this model was ≤0.05.
uniTorY: For every covariate 𝑋 ∈ 𝐗∗ , 𝑇 was regressed on 𝑋 using logistic regression. 𝑋 was selected into the adjustment
set 𝐗uniTorY if the 𝑝-value of 𝑋 in this model was ≤0.05 or 𝑋 ∈ 𝐗uniY or both.
uniTandY: For every covariate 𝑋 ∈ 𝐗uniY , 𝑇 was regressed on 𝑋 using logistic regression. 𝑋 was selected if the 𝑝-value of
𝑋 in this model was ≤0.05.

4.3

Estimation of causal eﬀects

Linear regression: The treatment eﬀect was estimated as the partial regression coeﬃcient corresponding to 𝑇 and the conventional standard error estimate was calculated. If the linear regression model is correct, this corresponds to the ACE.
Logistic regression: Logistic regression was followed by standardization using the package stdReg (Sjölander & Dahlqwist,
2017) to obtain an estimate of the log(MCOR): For 𝑡 = 0, 1, the outcome 𝑌 was predicted for each individual with its observed
covariate values and 𝑇 set to 𝑡. The mean predicted outcomes 𝜇0 and 𝜇1 were obtained and the log(MCOR) was estimated as
log(𝜇1 ∕(1 − 𝜇1 )∕𝜇0 ∗ (1 − 𝜇0 )).
(PS) matching: Matching was performed using the package Matching (Sekhon, 2011) with estimand=ATE (corresponding
to the ACE). For PS matching, the PS was estimated with a logistic regression model. For continuous 𝑌 , the estimated average
treatment eﬀect and the Abadie–Imbens standard error were obtained. For binary 𝑌 , the matched sample was employed to
estimate 𝜇0 and 𝜇1 and the marginal log odds ratio was calculated as described above. Note that none of the matching methods
were implemented with any pruning of observations.
Doubly robust estimation: For doubly robust estimation, the iWeigReg package (Tan & Shu, 2013) was used. This implements
a calibrated likelihood estimator that has been shown to outperform other doubly robust estimation procedures (Tan, 2010). The
treatment was modeled by logistic regression, the outcome by linear or logistic regression. Both models are correctly speciﬁed
if the selected covariates contain the parents of treatment and outcome, but they may be misspeciﬁed otherwise.

5

RESULTS

We discuss the results for two of the 72 scenarios: Scenario A is with setup 1, continuous outcome, continuous covariates,
eﬀective treatment, and 𝑁 = 500. Scenario B is similar but with binary outcome. The results for the other scenarios are

68

3.5 Paper 1: Witte and Didelez (2019)

WITTE AND DIDELEZ

1281

Estimated eﬀects in scenario A (continuous outcome, continuous covariates, 𝑁 = 500) adjusted for target sets. Plots show the
average causal eﬀect (ACE) estimated by linear regression, matching, propensity score (PS) matching, and doubly robust estimation. The true ACE is
0.5 (dashed line), an unadjusted analysis yields about 1.36

FIGURE 3

provided as Supporting Information on the journal's webpage. Key ﬁndings from the other scenarios are also mentioned in the
text.

5.1

Adjusting for target sets

5.2

Adjusting for selected sets

We start by comparing adjustments with diﬀerent types of true target adjustment sets. Figure 3 shows box-plots of the estimated
ACEs for scenario A with diﬀerent adjustment methods. Using linear regression, all adjustment sets result in unbiased estimators.
The variance is smallest for the outcome-oriented set 𝐗𝑌 and largest for the treatment-oriented set 𝐗𝑇 . In stark contrast, when
matching on the covariates, only the minimal set 𝐗min leads to near unbiased estimators. The bias is largest when adjusting
for the full set 𝐗∗ . The reason is that the more covariates need to be matched on, the worse the matches get with respect to
each single covariate. In practice one would prune observations with bad matches; however, as we can see from the improved
results, it is not necessary to prune with smaller adjustment sets. Interestingly, the bias for 𝐗𝑇 is notably larger than for 𝐗𝑌 ,
although these two sets are of the same size. A possible explanation is that covariates strongly associated with treatment tend to
be diﬀerently distributed in the treatment group versus the control group so that ﬁnding good matches is harder. Again, adjusting
for 𝐗𝑌 yields the smallest variance. PS matching results in unbiased or near unbiased estimators for all adjustment sets. The
variance is smallest for 𝐗𝑌 , slightly larger for 𝐗min , and considerably larger for 𝐗∗ and 𝐗𝑇 . The latter conﬁrms previous results
(Austin et al., 2007). For doubly robust estimation, similar trends can be observed as for linear regression, with some loss of
precision when 𝐗∗ or 𝐗𝑇 are used. However, given the greater robustness of this method, it is noteworthy that the loss is only
small.
Figure 4 shows the corresponding results of the same analysis for scenario B, that is, binary outcome. For matching and
PS matching, the box-plots show very similar trends as in scenario A. When the adjustment method is standardized logistic
regression, all estimators are unbiased. The variance is slightly smaller when adjusting for 𝐗min or 𝐗𝑌 instead of 𝐗∗ or 𝐗𝑇 .
However, the diﬀerences in eﬃciencies between the types of adjustment sets appear to be quite small.
Varying the sample size or setting the treatment eﬀect to zero does not change the pattern. Further, the trends remain when
using all binary covariates. Surprisingly, however, with mixed-scale covariates matching yields close to unbiased estimators for
all adjustment sets, see the online Supporting Information.

Figures 5 and 6 show results obtained by adjusting for sets selected by the diﬀerent selection methods. The associated tile plots in
Figure 7 illustrate how often covariates are selected by which methods. In each plot, the methods are ordered according to their
target set. Treatment-oriented selection was not implemented due to inferior results in Section 5. For comparison, we include
the box-plot for the full set 𝐗∗ .
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standardization

Estimated eﬀects in scenario B (binary outcome, continuous covariates, 𝑁 = 500) adjusted for target sets. Plots show the log
marginal causal odds ratio (log(MCOR)) estimated by logistic regression with standardization, matching, propensity score (PS) matching, and
doubly robust estimation. The true log(MCOR) is about 0.91 (dashed line), an unadjusted analysis yields about 1.46

FIGURE 4

Estimated eﬀects in scenario A (continuous outcome, continuous covariates, 𝑁 = 500) adjusted for selected sets. Plots show the
average causal eﬀect (ACE) estimated by linear regression, matching, propensity score (PS) matching, and doubly robust estimation. The true ACE is
0.5 (dashed line), an unadjusted analysis yields about 1.36

FIGURE 5

standardization

Estimated eﬀects in scenario B (binary outcome, continuous covariates, 𝑁 = 500) adjusted for selected sets. Plots show the log
marginal causal odds ratio (log(MCOR)) estimated by logistic regression with standardization, matching, propensity score (PS) matching, and
doubly robust estimation. The true log(MCOR) is about 0.91 (dashed line), an unadjusted analysis yields about 1.46

FIGURE 6

5.2.1

Minimal approach

UniTandY, CovSelQ, and CovSelZ aim at small adjustment sets. For uniTandY, a phenomenon called collider bias can be
observed: uniTandY is prone to selecting 𝑋8 , a collider on the backdoor path 𝑇 ← 𝑋2 → 𝑋8 ← 𝑋6 → 𝑌 . When adjusting for
𝑋8 without also adjusting for either 𝑋2 or 𝑋6 , and when all pairwise associations are positive (as in our simulation), a negative
association is induced between 𝑇 and 𝑌 , resulting in a negatively biased estimator (Pearl, 2009). This is visible in Figures 5 and
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Frequencies of covariates selected. The gray level of the tiles is proportional to the number of times the covariate was selected,
with white indicating “never selected” and black indicating “always selected.” mean#: mean size of selected set; suﬀ.: proportion of times the
selected set is suﬃcient

FIGURE 7

6 for regression, PS matching, and doubly robust estimation. For matching, the negative bias cancels out with the positive bias
from the large number of covariates to be matched on. However, as the size of the set selected by uniTandY strongly depends on
the sample size, collider bias cannot be observed for scenario A when the sample size is 𝑁 = 100, as 𝑋8 is then not selected,
or when the sample size is 𝑁 = 2,000, as 𝑋2 is then selected in addition to 𝑋8 (see online Supporting Information). Ignoring
uniTandY, where negative and positive bias cancel out, the smallest bias for matching in scenario A (Figure 5) is achieved by
adjusting for the CovSelZ set. The CovSel method performs even better when 𝑁 = 2,000 (see online Supporting Information).

5.2.2

Outcome approach

5.2.3

Union set approach

5.2.4

Estimation approach

UniY, Boruta, CovSelX.Y, AIC, and BIC aim at predictors of the outcome. We see in Figure 7 that as expected, uniY tends to
select all covariates associated with 𝑌 conditional on 𝑇 . Covariate 𝐶9 is selected in about 5% of cases, reﬂecting the signiﬁcance
level of the test. The random forest method Boruta selects similar sets but is better able to identify 𝐶9 as an unnecessary covariate.
Interestingly, Boruta performs well in combination with matching in many scenarios, including scenario B (Figure 6), although
the selected sets are quite large. A possible explanation is that in these scenarios Boruta only rarely selects the strong treatment
predictors 𝑋1 and 𝑋2 (Figure 7), for which good matches are especially hard to ﬁnd. The multivariate methods CovSelX.Y,
AIC, and BIC tend to correctly identify {𝑋3 , 𝑋5 , 𝑋6 , 𝑋7 } as the direct predictors of 𝑌 . The sets selected by AIC and especially
BIC are less “noisy” compared to CovSelX.Y, due to the correct parametric assumptions they make. The CovSel method might
prove more reliable than AIC and BIC in settings with other than linear inﬂuences.
UniTorY, CovSelX.TY, doubleAIC, and doubleBIC aim at the union set of treatment and outcome predictors. In scenarios
A and B, and all other scenarios from setup 1, they tend to select suﬃcient, but unnecessarily large sets, leading to increased
variance and to bias when matching. In setup 2 (see Figure 2), however, where we included many weak associations, the union set
methods are the only ones able to ﬁnd suﬃcient adjustment sets. As an example, we show in Figure 8 the tile plot for setup 2 with
continuous outcome, continuous covariates, eﬀective treatment, and 𝑁 = 500. Only the full set and {𝑋1 , … , 𝑋8 } are suﬃcient.
The “gaps” in Figure 8 indicate where the selection methods fail to select important covariates due to weak associations.
The estimator-oriented selection methods CIE_coe, CIE_mar, CI-MSE_coe, CI-MSE_mar, and FCS are based on parametric
regression models (at least in our implementations), hence we show results for their performance only for regression adjustment.
In scenario A, selection by CIE_coe (coe for “coeﬃcient version”) yields unbiased estimators. The reason is that the full set
of covariates is relatively small, so a good estimate is expected without selection (see box-plot “full set” in Figure 5) and the
estimate after CIE selection cannot deviate from this by more than 10%, by deﬁnition. The same is true for CIE_mar (mar for
“marginal version”) in scenario B. The coeﬃcient version leads to bias here because the odds ratio is noncollapsible. In general,
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Frequencies of covariates selected, for a scenario with setup 2, continuous outcome, continuous covariates, eﬀective treatment, and
𝑁 = 500. The gray level of the tiles is proportional to the number of times the covariate was selected, with white indicating “never selected” and
black indicating “always selected.” mean#: mean size of selected set; suﬀ.: proportion of times the selected set is suﬃcient

FIGURE 8

the CIE method will always perform well when the full model does, especially when the true treatment eﬀect is small. However,
this does not mean that the selected covariates are suﬃcient. For example, in the scenario in Figure 8, CIE selection yields a close
to unbiased estimator (see online Supporting Information), yet the selected set is suﬃcient in only 2% of cases (see Figure 8).
Further, it is to be expected that CIE does not perform well when the number of covariates is large so that the estimate from
the full model has a large variance. CI-MSE_coe performs well in setup 1 for linear regression, but is unreliable for logistic
regression. CI-MSE_mar performs comparable to the union set methods for setup 2 when the sample size is at least 500, but is
outperformed in most scenarios by FCS in setup 1 in terms of bias and variance (see online Supporting Information).

5.3

Coverage

5.4

Conclusions

For scenario A, standard ways of estimating the standard error exist; we calculated 95% conﬁdence intervals and assessed how
often the true eﬀect of 0.5 was included (Table 2). Note that these standard errors are not corrected for the preceding variable
selection. As expected, strong bias leads to severe undercoverage, see, for example, matching on 𝐗∗ . Moderate undercoverage
without bias occurs for doubly robust estimation, especially when the adjustment set is large. For PS matching, the conﬁdence
intervals tend to be very wide, resulting in coverage greater than 0.95. For linear regression, mild undercoverage is seen for
several adjustment sets, including the target set 𝐗𝑌 . However, we note that 1,000 replications are not suﬃcient to pin down the
mean coverage to the second decimal place, and from the online Supporting Information we ﬁnd that overall, coverage reaches
values close to 0.95 when adjusting for the target sets. When adjusting for the selected sets, the coverage is good in general for
𝑁 = 2,000 and decreases with sample size. This is to be expected, as selection is relatively stable when the observations-tocovariates ratio is high (Heinze et al., 2018) so that adjusting for the selected set comes closer to adjusting for a ﬁxed set.

In summary, the following conclusions can be drawn from the simulation results. For setup 1 (where only two of nine covariates
are necessary for confounding adjustment and the association between causally connected variables is relatively strong), linear
regression, logistic regression with standardization, PS matching, and doubly robust estimation worked best when adjustment
was for the outcome-oriented target set. Interestingly, however, the results obtained by logistic regression with standardization
were quite insensitive to which target set was adjusted for in our simulation. In contrast to all other adjustment methods, matching
on the covariates worked best when adjustment was for the minimal set, but was biased when matching was on more than two
covariates. In practice, the bias may be reduced by pruning, that is, discarding observations for which no suitable matches can be
found. This can be thought of as discarding observations 𝐱 for which Assumption 3, positivity, is violated empirically (though
not necessarily in the limit). It is important to check for suﬃcient overlap between the treatment groups regarding the covariates
one wants to adjust for, not only for matching but also when using other adjustment methods. In our simulation, regression and
PS matching are not aﬀected by insuﬃcient overlap because they are based on correct models that allow for valid extrapolation.
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Coverage analysis for scenario A (continuous outcome, continuous covariates, 𝑁 = 500)

Adjustment set
𝐗∗
𝐗min
𝐗𝑌

1285

Linear regression

𝐗uniTandY
𝐗CovSelQ
𝐗CovSelZ
𝐗uniY
𝐗Boruta
𝐗CovSelX.Y
𝐗AIC
𝐗BIC
𝐗uniTorY
𝐗CovSelX.TY
𝐗doubleAIC
𝐗doubleBIC
𝐗CIE_coe
𝐗CI-MSE_coe

PS matching

Doubly robust

Width

Covered

Width

Covered

Width

Covered

Width

0.94

0.71

0.94

0.82

0.94

0.87

0.94

0.72

0.94
0.93
0.95

𝐗𝑇

Matching

Covered

0.55
0.46
0.89

0.68
0.82
0.89

0.79

0.71

0.92

0.97

0.70

0.90

0.96
0.94
0.93
0.94
0.92
0.92
0.94
0.94

0.82
0.51
0.50
0.50
0.48
0.47
0.54
0.54

0.89
0.83
0.84
0.76

0.67
0.56
0.99

0.81
0.92
0.80
0.62
0.62
0.61

0.98
0.99
0.96

0.89
0.96
0.97
0.98
0.98
0.99

1.48
0.88
1.46

1.11
1.31
1.13
1.17
1.13
1.13

0.89
0.93
0.90

0.77
0.92
0.94
0.91
0.92
0.92

0.58
0.47
0.96

0.74
0.88
0.73
0.53
0.52
0.52

–

–

–

–

0.91

0.49

–

–

–

–

0.88

0.59

–
–

–
–

–
–

–
–

0.93
0.88

0.47
0.59

–

–

–

–

–

–

0.88

0.59

0.96

0.63

–

–

–

–

–

–

–

0.92

–

0.47

–

–

–

–

–

–

–

–

0.88
–

0.59
–

Note. Shown are the proportion of times the true eﬀect of 0.5 was included in the 95% conﬁdence interval (Covered) and the mean width of the interval (Width) when
adjusting for the diﬀerent adjustment sets using linear regression, matching, propensity score (PS) matching, or doubly robust estimation.

We conﬁrmed that univariate confounder selection (uniTandY) is prone to select colliders and that the CIE and the CI-MSE
procedure must be used in their marginal versions when the eﬀect of interest is a marginal eﬀect. An important result is that for
setup 2 (where eight of nine covariates are necessary for suﬃcient adjustment but each covariate is responsible for only a small
amount of confounding), only methods pursuing the union set approach reliably selected suﬃcient sets in our simulation. This
is unfortunate as the union set as a target set generally leads to ineﬃcient estimation and bias when matching is used. Hence,
the question of which approach to use can best be answered based on a priori knowledge of the structure and magnitude of the
causal relationships between all variables. If such knowledge is lacking, and if avoiding confounding bias, not eﬃciency, is the
main concern then the union set approach appears to be the safest bet, unless matching is used.

6

DI S CUSSI O N

In this paper, we distinguished six general approaches to covariate selection for causal inference based on the type of target
adjustment set. Common theoretically founded and heuristic methods for implementing these approaches were compared with
regard to their theoretical as well as empirical properties. It becomes clear that most selection methods aim at covariate reduction
rather than selection because they assume that the full set of covariates is a suﬃcient adjustment set (Assumption 4). Moreover,
we argued, and illustrated with simulated data, that diﬀerent adjustment methods need diﬀerent types of adjustment sets.
For non- or semiparametric methods, especially matching, small or minimal adjustment sets are clearly desirable. If the
underlying causal diagram is known, these can be determined with the DAGitty algorithm. Otherwise, under Assumption 4,
CovSel can be recommended while neither the common cause criterion nor univariate confounder screening should be used.
Under Assumption 4, selecting all nonredundant outcome predictors, that is, deselecting variables that are conditionally
independent of the outcome given the set of included covariates and treatment increased eﬃciency not only for regression
adjustment but also for PS matching and doubly robust estimation in our simulation. Here many of the data-driven approaches,
explicitly or implicitly testing for this type of conditional independence, performed well; univariate outcome screening cannot
be recommended.
The treatment-oriented approach cannot be recommended as it is outperformed by all other approaches for all methods of
adjustment considered. Note an important diﬀerence to the outcome approach: including strong treatment predictors not needed
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to adjust for confounding is harmful regarding eﬃciency of all adjustment methods, and can amplify bias when there is residual
unobserved confounding. In contrast, and under Assumption 4, including strong outcome predictors, even if not needed to avoid
confounding bias, can still increase eﬃciency. The main reason to use the treatment approach would be to separate covariate
selection completely from modeling of the outcome, for example, to avoid postselection bias.
The disjunctive cause criterion has the advantage that it leads to valid adjustment sets under the weaker Assumption 5 without
requiring full knowledge of the underlying causal diagram. However, in many situations, one will not even have the expert
knowledge to identify the causes of treatment or outcome. Data-driven methods then require again Assumption 4. The union set
approach appears most useful in situations where there are many weak confounders, and where avoidance of confounding bias is
the primary concern over eﬃciency. With the resulting typically large size of adjustment set one may be particularly interested
in approaches that are robust toward model misspeciﬁcation.
In the absence of any prior knowledge to justify Assumptions 4 or 5, the EHS algorithm is an interesting alternative but has
not demonstrated its practical use in real-life data examples yet.
There are a number of limitations to our investigation. First, the list of example methods we mention is, of course, not exhaustive. Among others, we did not consider methods that combine two or more approaches, such as the combination of the disjunctive cause criterion with model-free backward selection (VanderWeele & Shpitser, 2011), combinations of causal diagrams and
CIE (Evans, Chaix, Lobbedez, Verger, & Flahault, 2012; Weng, Hsueh, Messam, & Hertz-Picciotto, 2009), or the adjustment
uncertainty algorithm by Crainiceanu, Dominici, and Parmigiani (2008) combining outcome- and treatment-oriented selection
with the CIE criterion. Also, we did not consider model averaging approaches as described in Wang, Parmigiani, and Dominici
(2012), Zigler and Dominici (2014), and Talbot, Lefebvre, and Atherton (2015).
In our simulation study, we generated data according to linear and logistic models. In practice, other functional forms for
relations between variables may be more plausible. Especially when the covariates are continuous, selection of the covariates
itself is only one half of the problem, the other half being model speciﬁcation, for example, selection of higher order terms
and interaction terms. One approach is to consider such terms as additional covariates (Belloni et al., 2014). Another approach
selects and adjusts nonparametrically, for example, combining CovSel selection with matching on the covariates.
Another important point we touched only brieﬂy is postselection inference. When eﬀects are estimated from the same data
as used to select covariates, the standard errors, conﬁdence intervals, 𝑝-values, etc. reported by software are inappropriate.
Although in our simulation undercoverage was primarily driven by bias, the eﬀects of postselection inference will be more pronounced with more covariates. For this reason, among others, Heinze et al. (2018) advised to refrain from data-driven selection
of covariates altogether when the number of covariates is small to moderate. Although this advice is in principle also sensible,
under Assumption 4, when the aim is causal inference, the set of potential confounders will often not be small.
Importantly, all selection methods for causal inference rely on untestable assumptions. The assumption that the full set of
measured covariates is suﬃcient for confounding adjustment, as assumed by the majority of methods, is strong and can only
be justiﬁed by subject-matter knowledge. Although ideally, one would specify a causal diagram to identify the exact desired
target adjustment set (Hernán, Hernández-Díaz, Werler, & Mitchell, 2002), this is often not practical. An understanding of the
strengths and weaknesses of alternative selection methods is therefore crucial; our classiﬁcation and comparison contribute to
such an understanding.
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AP P E N D I X

A.1

Introduction to causal diagrams

A.2

Data-generating mechanisms

Causal diagrams are statistical models associated with directed acyclic graphs (DAGs). In a DAG, variables are represented by
nodes and causal relationships are represented by arrows, also called directed edges. A directed edge from node 𝐴 to node 𝐵,
𝐴 → 𝐵, means that 𝐴 has a causal eﬀect on 𝐵 that is not mediated by any other variable in the DAG. 𝐴 is then called a parent or
direct cause of 𝐵. Although an edge may represent a zero eﬀect, the absence of an edge always indicates that there is no eﬀect.
Any sequence of nodes joined by edges in a DAG is called a path, regardless of how the edges are oriented. A path is directed
if all edges have the same direction. If there is a directed path from 𝐴 to 𝐵, then 𝐴 is called an ancestor or cause of 𝐵 and
𝐵 is called a descendant of 𝐴. A directed path from a node to itself is called a cycle and is not allowed in a DAG. If 𝐴 is a
nondescendant of 𝐵, a backdoor path between 𝐴 and 𝐵 is deﬁned as a path from 𝐴 to 𝐵 that starts with an arrowhead at 𝐴. A
collider on a path is a node at which two arrowheads collide with respect to that path, → 𝐶 ←.
Causal diagrams have to satisfy the condition of causal suﬃciency demanding that every common cause of two variables in
the DAG is a node in the DAG as well. A causal diagram not only illustrates causal relations, but also represents the conditional
independence structure between all variables in the DAG. A conditional independence between variables 𝐴 and 𝐵 given variables
𝐂 can be read oﬀ the graph by checking whether the nodes in 𝐂 block every path between nodes 𝐴 and 𝐵. A path between 𝐴
and 𝐵 is blocked by 𝐂 if (a) it contains a noncollider in 𝐂 or (b) it contains a collider such that neither the collider itself
nor any descendant thereof are in 𝐂. The special case of marginal independence between variables 𝐴 and 𝐵 can be seen by
checking whether the empty set blocks every path between 𝐴 and 𝐵. This is only possible if there is no path or every path
contains a collider. Although blocked paths guarantee conditional independencies, an unblocked path means that a (conditional)
association is possible.

In all scenarios, continuous covariates with no incoming arrows were drawn from the standard normal distribution. Binary
covariates with no incoming arrows were drawn from the Bernoulli distribution with probability 1∕(1 + exp(2)). In setup 2,
the correlated covariates (𝑋3 , 𝑋4 ) were generated from a bivariate normal distribution such that both had a standard normal
distribution marginally and their covariance was 0.5. In the scenarios that speciﬁed (𝑋3 , 𝑋4 ) as binary, they were discretized
using 0 as a threshold. The same applies for (𝑋7 , 𝑋8 ). The remaining covariates were generated according to the following
formulas.
In setup 1, for binary 𝑋3 , P(𝑋3 = 1) = 1∕(1 + exp(2 − 𝛽3.𝑈 𝑈 )). For continuous 𝑋3 , 𝑋3 = 𝛽3.𝑈 𝑈 + 𝜀3 with 𝜀3 ∼  (0, 1), and
𝑋3 was standardized afterward to have zero mean and unit variance. For binary 𝑋5 , P(𝑋5 = 1) = 1∕(1 + exp(2 − 𝛽5.4 𝑋4 )); for
continuous 𝑋5 , 𝑋5 = 𝛽5.4 𝑋4 + 𝜀5 with 𝜀5 ∼  (0, 1) followed by standardization. For binary 𝑋8 , P(𝑋8 = 1) = 1∕(1 + exp(2 −
𝛽8.2 𝑋2 − 𝛽8.6 𝑋6 )); for continuous 𝑋8 , 𝑋8 = 𝛽8.2 𝑋2 + 𝛽8.6 𝑋6 + 𝜀8 with 𝜀8 ∼  (0, 1) followed by standardization. The treatment was generated according to P(𝑇 = 1) = 1∕(1 + exp(𝛽0𝑇 − 𝛽𝑇 .1 𝑋1 − 𝛽𝑇 .2 𝑋2 − 𝛽𝑇 .3 𝑋3 − 𝛽𝑇 .4 𝑋4 )) and the outcome according to 𝑌 = 𝛽𝑌 .𝑈 𝑈 + 𝛽𝑌 .5 𝑋5 + 𝛽𝑌 .6 𝑋6 + 𝛽𝑌 .7 𝑋7 + 𝛽𝑌 .𝑇 𝑇 + 𝜀𝑌 with 𝜀𝑌 ∼  (0, 1) or P(𝑌 = 1) = 1∕(1 + exp(𝛽0𝑌 − 𝛽𝑌 .𝑈 𝑈 −
𝛽𝑌 .5 𝑋5 − 𝛽𝑌 .6 𝑋6 − 𝛽𝑌 .7 𝑋7 − 𝛽𝑌 .𝑇 𝑇 )), respectively. The treatment eﬀect 𝛽𝑌 .𝑇 𝑇 was 0.5 when treatment had an eﬀect and the
outcome was continuous, 1.5 when treatment had an eﬀect and the outcome was binary, and 0 otherwise. The other parameter values varied according to the scale of the covariates: For continuous covariates, 𝛽3.𝑈 = 𝛽5.4 = 𝛽8.2 = 𝛽8.6 = 𝛽𝑇 .1 = 𝛽𝑇 .2 =
𝛽𝑇 .3 = 𝛽𝑇 .4 = 𝛽𝑌 .𝑈 = 𝛽𝑌 .5 = 𝛽𝑌 .6 = 𝛽𝑌 .7 = 1, 𝛽0𝑇 = 0, and 𝛽0𝑌 = 0.5. For mixed-scale covariates, 𝛽3.𝑈 = 𝛽8.2 = 𝛽𝑇 .1 = 𝛽𝑇 .2 =
𝛽𝑌 .𝑈 = 𝛽𝑌 .5 = 1, 𝛽5.4 = 𝛽8.6 = 𝛽𝑇 .3 = 𝛽𝑇 .4 = 𝛽𝑌 .6 = 𝛽𝑌 .7 = 3, 𝛽0𝑇 = 0.7, and 𝛽0𝑌 = 1.1. For binary covariates, 𝛽3.𝑈 = 𝛽5.4 =
𝛽8.2 = 𝛽8.6 = 𝛽𝑇 .1 = 𝛽𝑇 .2 = 𝛽𝑇 .3 = 𝛽𝑇 .4 = 𝛽𝑌 .𝑈 = 𝛽𝑌 .5 = 𝛽𝑌 .6 = 𝛽𝑌 .7 = 3, 𝛽0𝑇 = 1.4, and 𝛽0𝑌 = 1.9.
In setup 2, P(𝑇 = 1) = 1∕(1 + exp(𝛽0𝑇 − 𝛽𝑇 .1 𝑋1 − 𝛽𝑇 .2 𝑋2 − 𝛽𝑇 .3 𝑋3 − 𝛽𝑇 .4 𝑋4 − 𝛽𝑇 .5 𝑋5 − 𝛽𝑇 .6 𝑋6 − 𝛽𝑇 .7 𝑋7 − 𝛽𝑇 .8 𝑋8 ))
and 𝑌 = 𝛽𝑌 .1 𝑋1 + 𝛽𝑌 .2 𝑋2 + 𝛽𝑌 .3 𝑋3 + 𝛽𝑌 .4 𝑋4 + 𝛽𝑌 .5 𝑋5 + 𝛽𝑌 .6 𝑋6 + 𝛽𝑌 .7 𝑋7 + 𝛽𝑌 .8 𝑋8 + 𝛽𝑌 .𝑇 𝑇 + 𝜀𝑌 with 𝜀𝑌 ∼  (0, 1)
or
P(𝑌 = 1) = 1∕(1 + exp(𝛽0𝑌 − 𝛽𝑌 .1 𝑋1 − 𝛽𝑌 .2 𝑋2 − 𝛽𝑌 .3 𝑋3 − 𝛽𝑌 .4 𝑋4 − 𝛽𝑌 .5 𝑋5 − 𝛽𝑌 .6 𝑋6 − 𝛽𝑌 .7 𝑋7 − 𝛽𝑌 .8 𝑋8 − 𝛽𝑌 .𝑇 𝑇 )),
respectively. The treatment eﬀect 𝛽𝑌 .𝑇 was 0.5 when treatment had an eﬀect and the outcome was continuous, 1 when
treatment had an eﬀect and the outcome was binary, and 0 otherwise. The other parameter values varied according
to the scale of the covariates: For continuous covariates, 𝛽𝑇 .2 = 𝛽𝑇 .4 = 𝛽𝑇 .6 = 𝛽𝑇 .8 = 𝛽𝑌 .1 = 𝛽𝑌 .3 = 𝛽𝑌 .5 = 𝛽𝑌 .7 = 1,
𝛽𝑇 .1 = 𝛽𝑇 .3 = 𝛽𝑇 .5 = 𝛽𝑇 .7 = 𝛽𝑌 .2 = 𝛽𝑌 .4 = 𝛽𝑌 .6 = 𝛽𝑌 .8 = 0.05, 𝛽0𝑇 = 0, and 𝛽0𝑌 = 0.5. For mixed-scale covariates,
𝛽𝑇 .2 = 𝛽𝑇 .4 = 𝛽𝑌 .1 = 𝛽𝑌 .3 = 3, 𝛽𝑇 .6 = 𝛽𝑇 .8 = 𝛽𝑌 .5 = 𝛽𝑌 .7 = 1, 𝛽𝑇 .1 = 𝛽𝑇 .3 = 𝛽𝑌 .2 = 𝛽𝑌 .4 = 0.15, 𝛽𝑇 .5 = 𝛽𝑇 .7 = 𝛽𝑌 .6 =
𝛽𝑌 .8 = 0.05, 𝛽0𝑇 = −1.2, and 𝛽0𝑌 = −0.7. For binary covariates, 𝛽𝑇 .2 = 𝛽𝑇 .4 = 𝛽𝑇 .6 = 𝛽𝑇 .8 = 𝛽𝑌 .1 = 𝛽𝑌 .3 = 𝛽𝑌 .5 = 𝛽𝑌 .7 = 3,
𝛽𝑇 .1 = 𝛽𝑇 .3 = 𝛽𝑇 .5 = 𝛽𝑇 .7 = 𝛽𝑌 .2 = 𝛽𝑌 .4 = 𝛽𝑌 .6 = 𝛽𝑌 .8 = 0.15, 𝛽0𝑇 = −2.5, and 𝛽0𝑌 = −2.
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4 The optimal adjustment set
In this chapter, I follow up on the connection between graph-aided confounder
selection, backward outcome regression selection and efficient adjustment. We
conjectured in Witte and Didelez (2019) that outcome-oriented adjustment yields
small standard errors for a number of estimators, which we supported by theoretical and empirical evidence from the literature as well as our own simulation results. However, our graphical characterisation of the target set of outcome-oriented
selection remained vague: ‘In terms of a causal diagram, the desired set is sufficient for adjustment and additionally includes all direct causes of the outcome.’
(Section 3.2.1 of Paper 1, Witte and Didelez, 2019).
It is intuitively clear that adjusting for direct causes, i.e. parents, of the outcome
is beneficial in terms of the efficiency of e.g. the ordinary least squares (OLS)
estimator. However, the set of parents of the outcome may violate the adjustment
criterion for DAGs (Definition 13), as illustrated by the causal DAG in Figure 9.
Suppose that X is the treatment and Y is the outcome of interest. The only valid
adjustment set is { A}, but A is not a parent of Y. Node B, on the other hand, is

a parent of Y, but is a forbidden node that must not be adjusted for. Thus, in this
example the parent set of the outcome satisfies neither of the two conditions of the
adjustment criterion.
In this chapter, I define the optimal adjustment set (O-set), which is a valid adjustment set and, loosely speaking, as ‘close’ to the set of parents of Y as possible. A
central result will be that in a Gaussian setting, adjusting for the O-set is more efficient in terms of the asymptotic variance of the OLS estimator than adjusting for
A

X

B

Y

Figure 9: Example causal DAG in which the set of parents of the outcome Y is not
a valid adjustment set relative to ( X, Y ).
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any other valid adjustment set. Importantly, this does not rely on the parameters
of the Gaussian distribution, but only on the graphical structure. Further, I show
that the O-set is the target set of Procedure 5A (backward outcome regression
selection) above, thereby answering another question left open in Chapter 3.
While Chapter 3 was focussed on causal DAGs, I here consider the larger class of
causal MPDAGs. It is useful to distinguish between so-called amenable and nonamenable MPDAGs, where amenability is defined with respect to a given treatmentoutcome pair (X, Y) (Perković, 2020). In an amenable causal MPDAG, the causal
effect of X on Y is the same in all represented possibly causal DAGs. Amenable
MPDAGs behave similarly to DAGs in several aspects relevant for adjustment,
which makes generalisations of results from DAGs to amenable MPDAGs relatively straight-forward. For non-amenable MPDAGs, where the causal effect of
X on Y differs among the represented DAGs, Maathuis et al. (2009) developed
the IDA algorithm (Intervention Calculus When the DAG is Absent) for identifying and estimating all possible causal effects compatible with the MPDAG in a
computationally efficient manner. Adjustment in amenable MPDAGs and the IDA
algorithm are the topic of Section 4.1.
In Section 4.2, I introduce the forbidden projection for singleton X and Y in an amenable MPDAG. This special latent projection simplifies a given amenable MPDAG,
while retaining all information relevant for identification by adjustment. I then use
the forbidden projection to define the O-set and to prove that it is a valid adjustment set. Section 4.3 contains the central optimality result. All proofs presented in
Sections 4.2 and 4.3 are my own work.
While working on this, I became aware of the (at that time unpublished) work of
Henckel et al. (2019), who gave an alternative proof for the optimality of the O-set
in a setting more general than the one in Section 4.3. In particular, they showed
that the result holds also for sets X and Y, and under weaker parametric assumptions requiring a linear system but not Gaussianity. Their results are summarised
in Section 4.4, together with more recent results concerning non-parametric estimation.
The publication for this chapter, Witte, Henckel, Maathuis and Didelez (2020), is included in Section 4.5. It contains three aspects of efficient adjustment using the
O-set: First the forbidden projection in a slightly more general version than in Section 4.2, second a new version of the IDA algorithm that uses the O-set, and third
a proof that the O-set is the target set of backward outcome regression selection.
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Figure 10: Amenable causal MPDAG G1 and represented DAGs. { A}, { B} and
{ A, B} are valid adjustment sets relative to ( X, Y ) in G1 .

4.1 Adjustment criteria for MPDAGs

A valid adjustment set in a causal MPDAG is defined analogously to a valid adjustment set in a causal DAG (see Definition 10):

Definition 30 (Valid adjustment set in a causal MPDAG; Perković et al., 2017)
Let X, Y and Z be disjoint node sets in a causal MPDAG G , where Z is possibly empty.
Then Z is a valid adjustment set relative to (X, Y) in G if Z is a valid adjustment set
(according to Definition 9) relative to (X, Y) in every density compatible with G .

It follows that a set Z is a valid adjustment set relative to (X, Y) in an MPDAG

G if and only if it is a valid adjustment set relative to (X, Y) in every possibly
causal DAG in [G]. For illustration, consider first the MPDAG G1 in Figure 10. It
represents two DAGs, also shown in the figure, one with A → B and one with
A ← B. If X and Y are the treatment and outcome, respectively, then there exists
exactly one non-causal path in either DAG, with non-colliders A and B. Hence,
there are three valid adjustment sets each relative to ( X, Y ) in G1 and in the two
DAGs: { A}, { B} and { A, B}. In contrast, consider the MPDAG G2 and the two
DAGs it represents in Figure 11. One of the DAGs contains the causal path X →
A → Y, whereas the other one contains the non-causal path X ← A → Y. Hence,
in one DAG the empty set is a valid adjustment set relative to ( X, Y ) and { A} is not
valid, while in the other one { A} is valid and the empty set is not. In consequence,
there exists no valid adjustment set relative to ( X, Y ) in G2 .

4.1.1 Amenable MPDAGs
Perković et al. (2017) formulated a sound and complete adjustment criterion for
causal MPDAGs (Definition 31, Proposition 32). Using the criterion, valid adjustment sets can be read off a causal MPDAG without first considering the repres81
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Figure 11: Non-amenable causal MPDAG G2 and represented DAGs. No valid
adjustment set relative to ( X, Y ) in G2 exists .
ented DAGs. In a causal MPDAG G containing disjoint node sets X and Y, the

possibly causal nodes posscn(X, Y, G) are all nodes on possibly causal paths from X
to Y in G , excluding the nodes in X. The forbidden set with respect to X and Y in G
is defined as forb(X, Y, G) = possde(posscn(X, Y, G), G).

Definition 31 (Adjustment criterion for MPDAGs; Perković et al., 2017)
Let X, Y and Z be disjoint node sets in a causal MPDAG G , where Z is possibly empty.
Then Z satisfies the adjustment criterion for MPDAGs relative to (X, Y) in G if
(i) all proper possibly causal paths from X to Y contain an edge out of X,
(ii) Z ∩ forb(X, Y, G) = ∅,
(iii) all proper non-causal definite-status paths from X to Y in G are blocked given Z.
Proposition 32 (Theorem 4.6 in Perković et al., 2017)
Let X, Y and Z be disjoint node sets in a causal MPDAG G , where Z is possibly empty.

Then Z satisfies the adjustment criterion for MPDAGs relative to (X, Y) in G if and only
if Z is a valid adjustment set relative to (X, Y) in G .

Condition (i) in Definition 31 is also called amenability relative to (X, Y). It has
been shown that an MPDAG G is amenable relative to (X, Y) if and only if the
causal effect of X on Y is non-parametrically identified in G , though not necessarily
identified by adjustment (Perković, 2020). For singleton X and Y such that Y ̸∈

pa( X, G), it holds that G is amenable relative to ( X, Y ) if and only if there exists
a valid adjustment set relative to ( X, Y ) in G . Further, the set pa( X, G) is a valid

adjustment set in this case (Perković, 2020). This is analogous to DAGs.

Consider again the causal MPDAGs in Figures 10 and 11. The MPDAG G1 is
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amenable relative to ( X, Y ), as the only possibly causal path from X to Y is the
directed path X → Y. The MPDAG G2 is non-amenable relative to ( X, Y ), as the

possibly causal path X − A → Y contains an undirected edge between X and A.

4.1.2 Non-amenable MPDAGsIDA
In a non-amenable MPDAG, where no valid adjustment set exists, it may be of
interest to identify and estimate the set of all possible causal effects consistent
with the MPDAG. For this aim, Maathuis et al. (2009) devised the IDA algorithm.
Conceptually, the idea is to enumerate all DAGs represented by the MPDAG, and
determine the set of parents of the treatment in each of them; the set of all possible
causal effects is then estimated by adjusting for all possible parent sets in turn.
Naively implemented, such an algorithm does not scale well, as the enumeration
of DAGs is computationally intensive when there are many undirected edges in
the MPDAG. However, Maathuis et al. (2009) showed that the set of possible parent
sets can be determined locally without enumerating all DAGs, thus making IDA
feasible also for large MPDAGs with many undirected edges.
Maathuis et al. (2009) described IDA for a singleton treatment in a causal CPDAG.
Generalisations to a set of treatments and causal MPDAGs were proposed by
Nandy et al. (2017) and Perković et al. (2017), respectively. Malinsky and Spirtes
(2017) developed a version of IDA that can be used in the presence of latent variables. All of them assumed that the variables represented in the graph follow a
multivariate normal distribution, and proposed treatment effect estimators based
on linear regression (see also Section 4.3.1 below). However, the part of IDA that
determines the adjustment sets does not require parametric assumptions, and can
in principle be combined with any estimation method as long as marginal effects
are estimated (Witte and Didelez, 2018).

4.2 The forbidden projection and the O-set
In this section, I introduce the forbidden projection, which is a latent projection
over the forbidden nodes, save the treatment and outcome nodes. The intuition
behind the forbidden projection is that the causal structure among the forbidden
nodes is not relevant for choosing an adjustment set, as valid adjustment sets do
not contain forbidden nodes, see the adjustment criterion for MPDAGs in Definition 31. The forbidden projection removes the forbidden nodes from the graph,
while retaining the causal structure among the remaining nodes.
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The focus of the next few sections is on amenable MPDAGs containing a singleton
treatment X and a singleton outcome Y of interest. In Paper 2, Witte et al. (2020),
in Section 4.5, we define and investigate the forbidden projection for the more
general case that X is a set. Proofs that are given in the publication for the more
general case are not repeated here.

Definition 33 (Forbidden projection; Definition 17 in Witte et al., 2020)
Let G be an MPDAG with node set V, and let X and Y be two nodes in V such that

G is amenable relative to ( X, Y ). Define F = forb( X, Y, G) \ { X, Y }. The forbidden
projection G XY of G is a graph with node set V \ F and edges as follows: For distinct
nodes Wi , Wj ∈ V \ F,
(i) G XY contains a directed edge Wi → Wj if and only if G contains a directed path
Wi → · · · → Wj on which all non-endpoint nodes are in F,

(ii) G XY contains a bi-directed edge Wi ↔ Wj if and only if G contains a path, with

at least one non-endpoint node, of the form Wi ← · · · → Wj on which all nonendpoints are non-colliders and in F,

(iii) G XY contains an undirected edge Wi − Wj if and only if G contains Wi − Wj .
See Figure 12 for illustration. The following properties make the forbidden projection a useful simplification of a given causal MPDAG:

Proposition 34 (Proposition 22 in Witte et al., 2020)
Let G be an MPDAG with node set V and let X and Y be two nodes in V such

that G is amenable relative to ( X, Y ). Denote the set of DAGs represented by G as

{D1 , D2 , . . . , D M }. Then the forbidden projection G XY is the causal MPDAG representXY }.
ing the DAGs in {D1XY , D2XY , . . . , D M
Proposition 34 implies that for singletons X and Y, the forbidden projection does
not contain bi-directed edges and has the same causal interpretation as the original

graph. In the special case that G is a DAG, Proposition 34 implies that G XY is also

a DAG. In the forbidden projection, all causal paths from X to Y are collapsed into
a single arrow, as shown next.
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Figure 12: Example causal MPDAGs and their forbidden projections with respect
to ( X, Y ). The forbidden nodes with respect to ( X, Y ) are shown as
circles, treatment and outcome are additionally highlighted in grey.
Proposition 35
Let G be a causal MPDAG with node set V and let X and Y be two nodes in V such that

G is amenable relative to ( X, Y ), and Y ∈ possde( X, G). Then (i) X → Y is in G XY and
(ii) X → Y is the only possibly causal path from X to Y in G XY .
Proof. Statement (i) follows immediately from Lemma 18 in Witte et al., 2020, together with Definition 33 of the forbidden projection.
To see that statement (ii) holds, assume for contradiction that there was an additional possibly causal path p from X to Y in G XY . The path p cannot be equal

to X − Y, as by Definition 33 of the forbidden projection, every undirected edge

in G XY also occurs in G , but G is amenable relative to ( X, Y ). Hence, p must
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contain at least one non-endpoint node. Denote one such node as A. Then
A ∈ possde( X, G XY ) and A ∈ possan(Y, G XY ). By Definition 33 of the forbid-

den projection, A ∈ possde( X, G) and A ∈ possan(Y, G). However, this implies
that A ∈ forb( X, Y, G) and thus A is not in G XY , which is a contradiction.
Proposition 36 (Proposition 25 in Witte et al., 2020)
Let G be an MPDAG with node set V and let X and Y be two nodes in V such that G is

amenable relative to ( X, Y ). Then a set Z is a valid adjustment set relative to ( X, Y ) in G

if and only if it is a valid adjustment set relative to ( X, Y ) in G XY .

Proposition 36 formalises how G XY retains all information relevant for choosing
an adjustment set. The forbidden projection is not useful if other identification
strategies (e.g. front-door adjustment, see Pearl, 2009) are of interest.
I now use the forbidden projection in order to define the O-set and to prove that it
is a valid adjustment set.

Definition 37 (O-set)
Let X and Y be two nodes in a causal MPDAG G such that G is amenable relative to ( X, Y ).

The O-set with respect to X, Y in G is defined as O( X, Y, G) = pa(Y, G XY ) \ { X }.
Proposition 38

Let X and Y be two nodes in a causal MPDAG G such that G is amenable relative to

( X, Y ). If Y ∈ possde( X, G), then O( X, Y, G) is a valid adjustment set relative to ( X, Y )
in G .

Proof. I show that O( X, Y, G) satisfies the adjustment criterion for MPDAGs (Definition 31) relative to ( X, Y ) in G XY . By Proposition 32, this implies that O( X, Y, G)

is a valid adjustment set relative to ( X, Y ) in G XY , and by Proposition 36, it is also
a valid adjustment set relative to ( X, Y ) in G .

Condition (i) of Definition 31 requires that all possibly causal paths from X to Y in

G XY contain a directed edge out of X, and condition (ii) requires that O( X, Y, G) ∩
forb( X, Y, G XY ) = ∅. By Proposition 35, the only possibly causal path from X to
Y in G XY is X → Y, and forb( X, Y, G) = { X, Y }. By Definition 37 of O( X, Y, G),
O( X, Y, G) ∩ { X, Y } = ∅. Hence conditions (i) and (ii) are satisfied. Condition
(iii) requires that all definite-status non-causal paths from X to Y are blocked
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given O( X, Y, G) in G XY . Since it is assumed that Y ∈ possde( X, G), all nodes
in possde(Y, G) are forbidden nodes, hence Y does not have children or siblings

in G XY . It follows that all non-causal paths from X to Y in G XY contain a non-

collider in pa(Y, G XY ) and are thus blocked given O( X, Y, G). Hence, condition

(iii) is satisfied as well.

Note that if Y ̸∈ possde( X, G), then it can be read off the graph that X has no

causal effect on Y. The assumption that Y ∈ possde( X, G) does therefore not limit

the usefulness of the O-set for identifying causal effects.

4.3 Optimal adjustment under Gaussianity
The O-set contains all ‘direct predictors’ of the outcome that are not in the forbidden set. Intuitively, adjusting for the O-set e.g. in OLS regression reduces the
residual variance of the outcome and therefore yields an efficient estimator of the
treatment effect. In this section, I formally prove the optimality of the O-set for
causal inference using OLS regression.
The graphical setting considered here is the same as in the previous section: I
assume that the interest lies in the causal effect of a singleton treatment X on a
singleton outcome Y in an amenable MPDAG. I further assume that the variables
in the graph jointly follow a multivariate normal distribution and that the target of
inference is the average causal effect of X on Y, τ = E(Y | do ( x + 1)) − E(Y | do ( x )),

which is constant in x under the multivariate normal assumption (see Section 3.1).

The estimated coefficient β̂ yx.z of X in a linear regression of Y on X and a valid
adjustment set Z is a consistent, asymptotically normal estimator of τ. In other
(n)

words, the sequence of estimators ( β̂ yx.z )n∈N , where n denotes the sample size
used for the estimation, converges in distribution to a normal distribution with
mean β yx.z and asymptotic variance a.var ( β̂ yx.z ).
Different choices of valid adjustment sets lead to different asymptotic variances,
and I will show that the asymptotic variance obtained by adjusting for the Oset is at least as small of the asymptotic variance obtained by adjusting for an
alternative valid adjustment set. I start by stating relevant properties of the normal
distribution.
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4.3.1 Properties of the multivariate normal distribution
A vector V = (V1 , . . . , VK ) T of random variables with mean vector µ = (µ1 . . . , µK )
and positive-definite covariance matrix Σ follows a multivariate normal or Gaussian distribution if its joint density is


1

1
f ( v1 , . . . , v K ) = p
exp − (v − µ) T Σ−1 (v − µ)
K
2
(2π ) det(Σ)



(Anderson, 1984, p. 17).

Consider a partition of the vector V = (V1 , . . . , VK ) T into subvectors S = (V1 , . . . , Vl ) T
and T = (Vl +1 , . . . , VK ) T , for 1 ≤ l < K. I denote the partitioned mean vector by
µ = (µST , µTT ) T and the partitioned covariance matrix by




 ΣSS ΣST 
Σ=
.
ΣTS ΣTT
If l = 1, then S has only one element, i.e. S = V1 . In this case, ΣSS = Var(V1 ), and
ΣST and ΣTS are vectors.
The family of multivariate normal distributions is closed under marginalisation
and conditioning, as formalised in the following two lemmas. Proofs can be found
in textbooks on multivariate analysis, e.g. Mardia et al. (1979).

Lemma 39
Let S and T be random vectors such that (ST , TT ) T follows a multivariate normal distribution with mean vector µ and covariance matrix Σ. Then S is multivariate normal with
mean vector µS and covariance matrix ΣSS .

Lemma 40
Let S and T be random vectors such that (ST , TT ) T follows a multivariate normal distribution with mean vector µ and covariance matrix Σ. Then the conditional distribution
−1
of S given T = t is multivariate normal with mean vector µS + ΣST ΣTT
(t − µT ) and

−1
covariance matrix ΣS|T = ΣSS − ΣST ΣTT
ΣTS .

−1
The matrix ΣST ΣTT
is the matrix of regression coefficients of T on S. I denote
−1
the (i, j)-th element of ΣST ΣTT
as β t j si .s−i , where S−i = S \ {Si }. Thus, β t j si .s−i

is the partial regression coefficient of Si in a linear regression of Tj on S. Note
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that the conditional covariance matrix ΣS|T does not depend on the value t but
is a constant. This is a specific property of normal distributions and allows for

meaningful comparisons of different conditional variances given random vectors
using ‘<’ and ‘>’ in the proofs below.
Consider now a causal DAG D = (V, E) with node set V such that the set of
variables V follows a multivariate normal distribution compatible with D . If D is
subjected to the forbidden projection, then by Lemma 39, the distribution of the

variables represented in the projection is also multivariate normal. In other words,
the joint distribution collapses together with the graph.

4.3.2 Optimality in DAGs
I now establish the optimality of the O-set in a causal DAG (Proposition 43). The
result is based on the following well-known formula for the asymptotic variance
of the OLS estimator β̂ XY.Z :
a.var ( β̂ XY.Z ) =

Var(Y | X, Z)
Var( X | Z)

(see e.g. Goldberger, 1991, p. 272). Further, I will be using that the inverse of a
positive definite matrix is itself positive definite (see e.g. Anderson, 1984, p. 584).

Lemma 41
Let (V, U, W) be a random vector following a multivariate normal distribution. Then
Var(V | W, U) ≤ Var(V | W).
Proof. By Lemma 40, the conditional distribution of (V, U) given W is multivariate
normal. Consider the following partition of the covariance matrix ΣVU|W of (V, U)
given W:





Var(V | W) ΣVU|W 
ΣVU|W = 

ΣUV |W
ΣUU|W
By Lemma 39, the conditional distribution of U given W is multivariate normal
−1
with positive definite covariance matrix ΣUU|W . Hence, ΣUU
is positive definite
|W

as well.

Consider now additionally conditioning on U. By Lemma 40, the resulting conditional distribution of V given (U, W) is normal with variance Var(V | U, W) =
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−1
−1
Var(V | W) − ΣVU|W ΣUU
Σ
. As ΣUU
is positive definite and ΣVU|W and
|W UV |W
|W
T
ΣUV |W are non-zero vectors such that ΣVU|W = ΣUV
|W , it follows that Var(V |

W, U) ≤ Var(V | W).
Lemma 42

Let (V, U, W) be a random vector following a multivariate normal distribution such that
V⊥
⊥ U | W. Then Var(V | W, U) = Var(V | W).
Proof. This follows immediately from the definition of conditional independence.

Proposition 43
Let D = (V, E) be a causal DAG such that V follows a multivariate normal distribution
compatible with D . Let X and Y be two nodes in D , let Z be a valid adjustment set relative
to ( X, Y ) in D , and let O = O( X, Y, D). Then a.var ( β̂ XY.O ) ≤ a.var ( β̂ XY.Z ).
Proof. The asymptotic variances can be written as
a.var ( β̂ XY.O ) =

Var(Y | X, O)
Var( X | O)

a.var ( β̂ XY.Z ) =

Var(Y | X, Z)
.
Var( X | Z)

and

(1)

(2)

Consider first the numerators. I will show that Var(Y | X, O) = Var(Y | X, O, Z) ≤

Var(Y | X, Z).

(1) Define Z′ = Z \ O. As Z is a valid adjustment set relative to ( X, Y ) in D ,

X ̸∈ Z; hence X ̸∈ Z′ . By Definition 37 of the O-set, all nodes in O are in D XY , and

O ∪ { X } = pa(Y, D XY ). By Definition 33 of the forbidden projection, ch(Y, D XY ) =

∅. Thus, Y ⊥D XY V \ ({ X } ∪ O) | { X } ∪ O. By the ‘decomposition’ property of

DAG-induced independence models (see Definition 1), Y ⊥D XY Z′ | { X } ∪ O,

which by compatibility implies Y ⊥
⊥ Z′ | ( X, O). By Lemmas 39 and 42, Var(Y |
X, O, Z) = Var(Y | X, O).

(2) By Lemmas 39 and 41, Var(Y | X, O, Z) ≤ Var(Y | X, Z).
(3)

(4)

Consider now the denominators. I will show that Var( X | Z) = Var( X | O, Z) ≤
Var( X | O).
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(3) Define O′ = O \ Z. By Definition 37 of the O-set, all nodes in O′ are in D XY ,
and O′ ⊆ pa(Y, D XY ). I show that any paths between X and O′ in D XY are

blocked given Z. If there are no paths between X and O′ in D XY , this follows

trivially. Suppose, therefore, that at least one such path exists, and denote it as

p. There are now two cases. (i) p contains Y. Then Y must be a collider on p, as
ch(Y, D XY ) = ∅ by Definition 33 of the forbidden projection. Since Z is a valid

adjustment set relative to ( X, Y ) in D , Y ̸∈ Z. Hence, p is blocked given Z in

D XY . (ii) p does not contain Y. Then p does not contain an edge out of X, as by
Definition 33 of the forbidden projection, ch( X, D XY ) ⊆ {Y }. Hence, p is of the
form X ← · · · O, with O ∈ O′ . As O ∈ pa(Y, D XY ), there exists a path p′ in D XY
constructed by adding the edge O → Y to p. This path p′ is a non-causal path from
X to Y in D XY , and is thus blocked given Z in D XY , see Proposition 36. It follow
that p is blocked given Z in D XY . Thus, all paths between X and O′ in D XY are
blocked given Z in D XY , which by compatibility implies X ⊥
⊥ O′ | Z. By Lemmas
39 and 42, Var( X | O, Z) = Var( X | Z).
(4) By Lemmas 39 and 41, Var( X | O, Z) ≤ Var( X | O).
Together, we have that Var(Y | X, O) ≤ Var(Y | X, Z) and Var( X | Z) ≤ Var( X |
O), thus a.var ( β̂ XY.O ) ≤ a.var ( β̂ XY.Z ).

A small note is in order here. Many textbooks on regression show that the asymptotic variance of OLS estimators always increases when more predictors are added,
and decreases when predictors are removed, regardless of the correlation structure
between the variables in the model. A concise proof is given in Rao (1971). At
first glance, these results appear to contradict the results in this thesis. However,
Rao and others assume that all predictor variables in the model are fixed by design,
while I assume them to be random variables. This difference between fixed and
random predictors is often neglected in textbooks, as the OLS estimator is consistent for the true coefficients in both cases. However, as seen here, the implications
for its asymptotic variance are very different.

4.3.3 Generalisation to amenable MPDAGs
In order to show that the optimality result in Proposition 43 can be generalised to
amenable MPDAGs, I use that the O-set relative to ( X, Y ) in an amenable MPDAG
is equal to the O-set relative to ( X, Y ) in each represented DAG (Lemma 44). I
show that the set of alternative valid adjustment sets also coincides in the MPDAG
and each represented DAG (Lemma 47). From these two results, the optimality
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result for amenable MPDAGs immediately follows (Proposition 48).

Lemma 44 (Lemma E.7 in Henckel et al., 2019)
Let X and Y be two nodes in a causal MPDAG G such that G is amenable relative to

( X, Y ), and let D be a DAG in [G]. Then O( X, Y, G) = O( X, Y, D).

Lemma 45 (Lemma E.8 in Henckel et al., 2019)
Let X and Y be two nodes in a causal MPDAG G such that G is amenable relative to

( X, Y ), and let D be a DAG in [G]. Then forb( X, Y, G) = forb( X, Y, D).

Lemma 46 (Lemma 10 in Perković et al., 2018)
Let { X }, {Y } and Z be disjoint node sets in a causal MPDAG G such that G is amenable

relative to ( X, Y ). If Z ∩ forb( X, Y, G) = ∅, then the following statements are equivalent:
(i) all non-causal definite-status paths from X to Y are blocked given Z in G ,
(ii) all non-causal paths from X to Y are blocked given Z in a DAG D ∈ [G].
Proof. Perković et al. (2018) gave a proof for the case that G is a CPDAG. As
the proof does not use any properties specific to MPDAGs but not CPDAGs, the
lemma also holds for MPDAGs.

Lemma 47
Let X and Y be two nodes in a causal MPDAG G such that G is amenable relative to

( X, Y ), and let D be a DAG in [G]. Then the set of valid adjustment sets relative to ( X, Y )
in G is equal to the set of valid adjustment sets relative to ( X, Y ) in D .

Proof. By definition, any valid adjustment set relative to ( X, Y ) in G is a valid ad-

justment set relative to ( X, Y ) in all DAGs in G , including D . What needs to be
shown is that any valid adjustment set relative to ( X, Y ) in D is also a valid adjustment set relative to ( X, Y ) in G . Consider thus a set Z that is a valid adjustment
set relative to ( X, Y ) in D . By Proposition 14, Z satisfies the adjustment criterion

for DAGs (Definition 13), i.e. the following holds: (1) Z ∩ forb( X, Y, D) = ∅, (2)
all non-causal paths from X to Y in G are blocked given Z. By (1) and Lemma 45,
forb( X, Y, D) = forb( X, Y, G), hence Z satisfies condition (ii) of the adjustment

criterion for MPDAGs (Definition 31) with respect to ( X, Y ) and G . By (2) and
Lemma 46, Z also satisfies condition (iii) of Definition 31 with respect to ( X, Y )
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and G . Condition (i) of Definition 31, amenability of G relative to ( X, Y ), is satis-

fied by assumption. Hence, by Proposition 32, Z is a valid adjustment set relative
to ( X, Y ) in G .

Intuitively, Lemma 47 shows that the undirected edges in amenable MPDAGs can
be ignored for the purpose of selecting a valid adjustment set.

Proposition 48
Let G = (V, E) be a causal MPDAG such that V follows a multivariate normal distribution compatible with D . Let X and Y be two nodes in G such that G is amenable relative

to ( X, Y ), let Z be a valid adjustment set relative to ( X, Y ) in G , and let O = O( X, Y, G).

Then a.var ( β̂ XY.O ) ≤ a.var ( β̂ XY.Z ).

Proof. Pick a DAG in [G] and denote it as D . By Lemma 47, the set of valid adjustment sets relative to ( X, Y ) in G is equal to the set of valid adjustment sets
relative to ( X, Y ) in D . By Lemma 44, O( X, Y, G) = O( X, Y, D). It now follows immediately from the result for DAGs in Proposition 43 that a.var ( β̂ XY.O ) ≤
a.var ( β̂ XY.Z ).

4.4 Generalisations and further results
The O-set was also described and investigated in Henckel et al. (2019). They
defined the O-set for sets X and Y in terms of the original graph (instead of the
forbidden projection): O(X, Y, G) = pa(cn(X, Y, G), G) \ forb(X, Y, G). As shown in

Paper 2 (Section 4.5), this definition is equivalent, for singleton X and Y, to my
definition of the O-set in Definition 37. Henckel et al. (2019) presented an optim-

ality result similar to my Proposition 48, but for sets X and Y and under more
general distributional assumptions. In particular, Henckel et al. (2019) assumed
that for each variable Vi represented in graph, Vi = ∑Vj ∈pa(Vi ) αij Vj + ε Vi , where
αij is a constant and ε Vi is an error term with mean zero and finite variance. Importantly, the error term is not required to be normally distributed. This model is
called the causal linear model in Henckel et al. (2019).
Under the same assumptions, Henckel et al. (2019) also devised a pruning procedure
that reduces a given valid adjustment set Z to a smaller valid adjustment set Z′
such that a.var ( β̂ XY.Z′ ) ≤ a.var ( β̂ XY.Z ). If O( X, Y, G) ⊆ Z, then under faithfulness
Z′ = O( X, Y, G), but a.var ( β̂ XY.Z′ ) ≤ a.var ( β̂ XY.Z ) holds also if O( X, Y, G) ̸⊆ Z.
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The publication of Henckel et al. (2019) and our Paper 2 (Section 4.5) fostered
a number of follow-up papers. Rotnitzky and Smucler (2020) showed that surprisingly, the optimality of the O-set also holds in a non-parametric setting
when the average causal effect is estimated using a regular asymptotically linear estimator. Estimators in this class include non-parametric outcome regression
(Hahn, 1998), non-parametric propensity score weighting (Hirano et al., 2003)
and double machine learning (Chernozhukov et al., 2018; Smucler et al., 2019).
In addition to adjustment, Rotnitzky and Smucler (2020) considered alternative
non-parametric identification strategies, e.g. the front-door strategy (Pearl, 2009).
Guo and Perković (2020) investigated estimators based on recursive least squares
assuming a causal linear model.
Smucler et al. (2021) and Runge (2021) considered efficient adjustment in the case
that the underlying causal DAG includes latent variables. Smucler et al. (2021)
gave sufficient conditions under which an optimal adjustment set exists for regular asymptotically linear estimators. Essentially, they assumed that some valid
adjustment sets exists, and that the set of observed variables is a subset of the
ancestors of the treatment and the outcome, excluding M-structures. The optimal
adjustment set can then be determined from a projection graph that can be viewed
as an undirected version of the forbidden projection. Runge (2021) presented a
necessary and sufficient criterion for the existence of an optimal adjustment set
for a class of estimators satisfying certain information-theoretic properties. This
includes the OLS estimator and is conjectured to also include the regular asymptotically linear estimators.
An interesting question for future research is whether the optimality of the Oset holds for parametric estimators other than the OLS estimator. The simulation
results in Witte and Didelez (2018) (Section 3.5) and in other publications, e.g.
Brookhart et al. (2006), Austin et al. (2007) and Chatton et al. (2020), suggest that
adjustment for the O-set might be optimal also for standardised logistic regression
and propensity score methods. Hurink (2020) provided further empirical evidence
and a partial proof for the optimality of the O-set in a standardised logistic regression setting. Diop et al. (2021) consider mediation analysis; from their theoretical
results it follows that an optimal adjustment set does not exist for the estimation
of the natural direct and indirect effect based on linear regressions.
I conjecture that a generally useful strategy for proving the optimality of the O-set
in different settings could be as follows, for treatment X, outcome Y, O-set O and
valid adjustment set Z: First, compare Z and Z ∪ O — both are valid adjustment

sets relative to ( X, Y ), and O′ = O \ Z satisfies what is sometimes called the ex94
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clusion restriction (Hahn, 2004) on the treatment model, i.e. X ⊥
⊥ O′ | Z (see the
arguments in Proposition 43). It needs to be shown that adding O′ to Z does not

increase the asymptotic variance of the considered estimator. Then, compare Z ∪ O
and O — again, both are valid adjustment sets relative to ( X, Y ), and Z′ = Z \ O
satisfies the exclusion restriction on the outcome model, i.e. Y ⊥
⊥ Z′ | O (see the

arguments in Proposition 43). Here is needs to be shown that removing Z′ from
Z ∪ O does not increase the asymptotic variance of the estimator. The exclusion
restriction has been proven useful for investigations into estimation efficiency in
Hahn (2004) and Lunceford and Davidian (2004).

4.5 Paper 2:

Witte, Henckel, Maathuis and Didelez

(2020)

Witte et al. (2020) builds on results as stated in Henckel et al. (2019) and Rotnitzky
and Smucler (2020). It makes three contributions to the literature: First, we present
the forbidden projection and the associated intuitive definition of the O-set given
above. Second, we propose to adjust for the O-set instead of the parents of the
treatment in the IDA algorithm, and we show that this can be done semi-locally.
This extends the applicability of the O-set to non-amenable MPDAGs. Third, we
point out that backward regression selection (see Procedure 5A) can be viewed as
an implementation of the pruning procedure proposed in Henckel et al. (2019),
thereby drawing the link between the graphically defined O-set and data-driven
confounder selection.
The notation in Witte et al. (2020) deviates from the notation used in this frame
text as follows: The forbidden-projection definition of the O-set is denoted with
O∗ in the paper, and the definition by Henckel et al. (2019) with O. We call the
interventional distribution post-intervention distribution and use maxPDAG instead
of MPDAG as an abbreviation for ‘maximally oriented partially directed acyclic
graph’.

Own contributions
The forbidden projection, optimal IDA and the link between O-set and regression
selection were my own ideas. I co-designed the simulation study and took the lead
in programming. I wrote the first draft of the manuscript, including all proofs, and
led the revision process.
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Abstract
We consider estimation of a total causal effect from observational data via covariate adjustment. Ideally, adjustment sets are selected based on a given causal graph, reflecting knowledge of the underlying causal structure. Valid adjustment sets are, however, not unique.
Recent research has introduced a graphical criterion for an ‘optimal’ valid adjustment set
(O-set). For a given graph, adjustment by the O-set yields the smallest asymptotic variance compared to other adjustment sets in certain parametric and non-parametric models.
In this paper, we provide three new results on the O-set. First, we give a novel, more intuitive graphical characterisation: We show that the O-set is the parent set of the outcome
node(s) in a suitable latent projection graph, which we call the forbidden projection. An
important property is that the forbidden projection preserves all information relevant to
total causal effect estimation via covariate adjustment, making it a useful methodological
tool in its own right. Second, we extend the existing IDA algorithm to use the O-set, and
argue that the algorithm remains semi-local. This is implemented in the R-package pcalg.
Third, we present assumptions under which the O-set can be viewed as the target set of
popular non-graphical variable selection algorithms such as stepwise backward selection.
Keywords: causal discovery, causal inference, confounder selection, confounding, efficiency, graphical models, IDA algorithm, model selection, sufficient adjustment set

1. Introduction
In typical analyses of observational data, we wish to estimate the total causal effect of a
(possibly multivariate) treatment or exposure X on a (possibly multivariate) outcome Y.
Ideally, we can fully specify the underlying causal directed acyclic graph (DAG). We can
then use a graphical adjustment criterion, e.g. Pearl’s back-door criterion (Pearl, 2009) or
the generalised adjustment criterion (Perković et al., 2015, 2018; Shpitser et al., 2010), to
check whether a set of covariates is valid for adjustment. However, there may be more
than one valid adjustment set. Although all resulting estimators are then consistent, their
variances may differ considerably.
c 2020 Janine Witte, Leonard Henckel, Marloes H. Maathuis and Vanessa Didelez.
License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v21/20-175.html.

96

4.5 Paper 2: Witte, Henckel, Maathuis and Didelez (2020)

Witte, Henckel, Maathuis and Didelez

There are several approaches to choose an adjustment set among all valid adjustment
sets. For example, one can pick a minimal adjustment set (de Luna et al., 2011; Textor
and Liśkiewicz, 2011). An alternative strategy is to aim at decreasing the causal effect
estimator’s variance by including variables associated with the outcome (e.g. Brookhart
et al., 2006; Lunceford and Davidian, 2004; Shortreed and Ertefaie, 2017). Witte and
Didelez (2019) referred to this strategy as the ‘outcome-oriented’ approach. It is especially
popular when little graphical knowledge is available. A major advancement for the outcomeoriented approach was the graphical characterisation of the ‘optimal’ adjustment set (O-set)
by Henckel et al. (2019) (HPM19). They showed that under a linear model, adjusting for the
O-set yields the smallest asymptotic variance for the causal effect estimator compared to all
other valid adjustment sets, under assumptions detailed below. Strengthening this result,
Rotnitzky and Smucler (2020) (RS20) recently showed that the minimal variance property
of the O-set is retained for a class of non-parametric estimators. All these results apply to
DAGs, as well as so-called amenable completed partially directed acyclic graphs (CPDAGs;
see e.g. Andersson et al., 1997) and amenable maximally oriented partially directed acyclic
graphs (maxPDAGs; see Perković et al., 2017). These are larger classes of graphs allowing
for undirected edges where the direction cannot be decided. Amenability implies that
despite the undirected edges, an adjustment set can be identified from the CPDAG (or
maxPDAG) so that this set is valid for adjustment in all DAGs in the equivalence class.
If a CPDAG (or maxPDAG) is not amenable, no common adjustment set for all DAGs in
the equivalence class exists (Perković et al., 2018), and hence different DAGs may imply
different true causal effects of X on Y. However, it is then still possible to estimate a
multiset of possible causal effects (meaning that all effects in the multiset are compatible
with the non-amenable graph) using the IDA algorithm by Maathuis et al. (2009, 2010).
In this paper, we provide three new results on efficient causal effect estimation. First,
after briefly reviewing the results of HPM19 and RS20 (Section 2), we provide an alternative,
intuitive characterisation of the O-set. This is based on the new concept of a forbidden
projection, which has many interesting properties regarding adjustment for confounding
(Section 3). Second, we extend the application of the O-set to non-amenable CPDAGs
and maxPDAGs, by incorporating optimal adjustment into the IDA algorithm (Section 4).
Third, we discuss how and under what assumptions the O-set can be viewed as the target
set of data-driven variable selection methods such as backward model selection (Section 5).

2. Optimal Adjustment for Known Causal Structure
We begin by clarifying our setting and defining the O-set, before proposing an alternative definition in Section 3. We defer most of the terminology and formal definitions to
Appendix A; here we only state some key concepts.
(Possibly) causal nodes and forbidden nodes. Let G be a causal DAG, CPDAG
or maxPDAG. A path (V1 , . . . , Vm ) in G is called causal from V1 to Vm if Vi → Vi+1 for
all i ∈ {1, . . . , m − 1}. It is called possibly causal if there are no i, j ∈ {1, . . . , m}, i < j,
such that Vi ← Vj . Otherwise it is called non-causal from V1 to Vm . A path from X to
Y is proper if only its first node is in X. If there is a causal path from V1 to Vm in G,
then Vm is called a descendant of V1 in G. Analogously, if there is a possibly causal path
from V1 to Vm in G, then Vm is called a possible descendant of V1 in G. The set of all
2
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descendants of V1 in G is denoted by de(V1 , G), and the set of all possible descendants by
possde(V1 , G). The causal nodes with respect to (X, Y) in G, denoted by cn(X, Y, G), are
the nodes on proper causal paths from X to Y, excluding X itself. The possibly causal nodes
posscn(X, Y, G) are defined analogously. The forbidden set with respect to (X, Y) and G
is defined as forb(X, Y, G) = possde(posscn(X, Y, G), G) ∪ X. In a DAG, this simplifies to
forb(X, Y, G) = de(cn(X, Y, G), G) ∪ X. The nodes in the forbidden set are called forbidden
nodes. It can be shown that valid adjustment sets never contain forbidden nodes (Perković
et al., 2018).
Valid adjustment sets. We consider a set of treatments X and a set of outcomes Y.
A (possibly empty) set Z is a valid adjustment set relative to (X, Y) if the interventional
distribution f (y | do(x)) of Y, given we set X to x by intervention, factorises as follows:
(
f (y | x)
if Z = ∅,
f (y | do(x)) = R
z f (y | x, z)f (z)dz otherwise.
Valid adjustment sets can be read off from a given causal DAG, CPDAG or maxPDAG
G using the generalised adjustment criterion (Perković et al., 2017, 2018; Shpitser et al.,
2010), which generalises Pearl’s back-door criterion (Pearl, 2009): Z is a valid adjustment
set relative to (X, Y) in G if and only if the following three conditions hold: (a) every
proper possibly causal path from (X to Y) starts with a directed edge out of X, (b)
Z ∩ forb(X, Y, G) = ∅, (c) all proper non-causal definite-status paths from X to Y are
blocked by Z. Property (a) is called amenability. See Appendix A for the definition of a
definite-status path. In a DAG, all paths are of definite status.
We consider two model classes and corresponding strategies for estimating causal effects
when a valid adjustment set is available: (i) the causal linear model with possibly nonGaussian error terms, where causal effects are estimated using linear regression (HPM19),
and (ii) the more general non-parametric causal model, where estimation proceeds nonparametrically (RS20). In both settings, we assume an underlying causal DAG, and that
we observe all variables displayed as nodes in the DAG, i.e. there are no latent variables.
Causal linear models (HPM19). A causal linear model is a causal DAG where every
edge represents a linear causal effect. In a causal linear model, the (joint) causal effect of
X = {X1 , . . . , Xkx } on Y = {Y1 , . . . , Yky } is defined as the matrix τ yx with elements
∂
E(Yj | do(x1 , . . . , xkx ))
∂xi
= E(Yj | do(x1 , . . . , xi + 1, . . . , xkx )) − E(Yj | do(x1 , . . . , xkx )),

(τ yx )j,i =

where element (τ yx )j,i corresponds to the controlled direct effect (Robins and Greenland,
1992; Pearl, 2001) of Xi on Yj relative to X. In other words, (τ yx )j,i is the difference in
E(Yj ) when X is set to (x1 , · · · , xi + 1, . . . , xkx ) by intervention, compared to when X is set
to (x1 , . . . , xkx ) by intervention. We can compute the effect of more general interventions
as functions of the elements of τ yx ; for example, the sum of the first row corresponds to the
effect on Y1 of increasing all elements of (x1 , . . . , xkx ) by one. Given a valid adjustment set Z
for the effect of X on Y, τ yx can be rewritten as a matrix of regression coefficients as follows:
Denote by β yx.z the (ky × kx )-matrix whose (j, i)-th element is the regression coefficient
βyj xi .x−i z of Xi in a linear regression of Yj on Xi and Z ∪ X−i , where X−i = X \ {Xi }. Then
3
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τ yx = β yx.z . The ordinary least squares (OLS) estimator β̂ yx.z is a consistent estimator of
β yx.z . We denote the asymptotic variance of β̂yj xi .x−i z by a.var(β̂yj xi .x−i z ).
Non-parametric estimation of causal effects (RS20). In the more general setting
of a causal DAG without linearity or other assumptions on the functional form, we define
the causal effect of X on Y as follows. Let X be the set of values that X can take. For a
pair of vectors x, x0 ∈ X , the causal effect of intervening to set X to x vs. x0 is the vector
∆yxx0 with elements
(∆yxx0 )j = E(Yj | do(x)) − E(Yj | do(x0 )).
Note that in the non-parametric case, it is not possible to compactly represent the causal
effect of X on Y in a (ky × kx )-matrix. RS20 considered the class of regular asymptotically linear estimators for the non-parametric estimation of ∆yxx0 . This class includes
inverse probability weighting by a non-parametrically estimated propensity score (Hirano
et al., 2003), non-parametric outcome regression (Hahn, 1998), and double machine learning
ˆ yxx0 .z to denote an estimator
(Chernozhukov et al., 2018; Smucler et al., 2019). We use ∆
from this class that estimates ∆yxx0 adjusting for a valid adjustment set Z. Under a causal
ˆ yxx0 .z is a consistent esDAG model and certain smoothness and complexity restrictions, ∆
0
timator of ∆yxx0 . For given y, x and x , the asymptotic distribution of estimators from this
class depends only on Z, therefore we do not further distinguish between the estimators.
ˆ yxx0 .z )j = ∆
ˆ y xx0 .z by a.var(∆
ˆ y xx0 .z ). See RS20
We denote the asymptotic variance of (∆
j
j
and the references therein for more details on regular asymptotically linear estimators.
Definition 1 (O-set; HPM19 Definition 3.8) Let X and Y be disjoint node sets in a
DAG, CPDAG or maxPDAG G. Then O(X, Y, G) is defined as:
O(X, Y, G) = pa(cn(X, Y, G), G) \ forb(X, Y, G).
An example is given in Figure 1. It shows the causal relations between 12 symptoms
of prodromal schizophrenia as measured by the Schizotypic Syndrome Questionnaire (van
Kampen, 2006). The DAG was constructed using a combination of expert knowledge and
data-driven structure learning (van Kampen, 2014). For illustration, we here take this given
DAG as ground truth. Suppose we are interested in the causal effect of Alienation (ALN)
on Delusional Thinking (DET). The bold edges indicate the causal paths with causal nodes
{PER, SUS, FTW, DET} (circles). The parents of the causal nodes are {ALN, PER, SUS,
FTW, AIS, CDR}, the forbidden set is {ALN, PER, SUS, FTW, DET, HOS, EGC} and
the O-set is {ALN, PER, SUS, FTW, AIS, CDR} \ {ALN, PER, SUS, FTW, DET, HOS,
EGC}={AIS, CDR} (shown in boxes). Other valid adjustment sets are, for example, {AFF,
SAN}, {AIS, CDR, AFF} and {AFF, APA, AIS, CDR, SAN}. This can be checked using
the generalised adjustment criterion stated above.
Note that in many applications it might be possible to augment a causal graph e.g.
with further parents of Y that are marginally independent of all other non-descendants of
Y . This induces a different O-set illustrating that this set depends on what variables are
included in the graph. Note also that the O-set is defined even if no valid adjustment set
exists, but this case will rarely be of interest.
4
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CDR

AFF

SAN

AIS
PER

APA

ALN

DET

SUS

FTW

HOS

EGC

Figure 1: DAG from van Kampen (2014) illustrating the assumed causal relations between 12 prodromal symptoms of schizophrenia: AFF=Affective Flattening,
AIS=Active Isolation, ALN=Alienation, APA=Apathy, CDR=Cognitive Derailment, DET=Delusional Thinking, EGC=Egocentrism, FTW=Living in a Fantasy World, HOS=Hostility, PER=Perceptual Aberrations, SAN=Social Anxiety,
SUS=Suspiciousness. We are interested in the causal effect of ALN on DET, both
shown in grey circles. Bold arrows show the causal paths from ALN to DET. The
forbidden nodes are shown as circles, nodes in the O-set are shown as boxes.

Proposition 2 (HPM19 Theorem 3.10 (1)) Let X and Y be disjoint subsets of the
node set V of a causal DAG, CPDAG or maxPDAG G. The set O(X, Y, G) is a valid
adjustment set relative to (X, Y) in G if (i) Y ⊆ possde(X, G) and (ii) a valid adjustment
set relative to (X, Y) in G exists.
Condition (i) can be checked using a simple query on G. If Y 6⊆ possde(X, G), we know
that the causal effect of X on Y \ possde(X, G) is zero. Hence, without loss of generality, we
can consider the set of outcome variables Y ∩ possde(X, G) instead of Y. Condition (ii) is
satisfied if O(X, Y, G) or any other subset of V \ {X, Y} fulfils the generalised adjustment
criterion stated above. For the DAG in Figure 1, it can easily be seen that DET ∈ de(ALN),
hence condition (i) is satisfied. Under condition (i), condition (ii) is always satisfied for
univariate treatment and outcome in a DAG, because the parents of treatment then form
a valid adjustment set (see Pearl, 2009, p. 72f.).
5
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The following proposition, which builds on earlier work by Kuroki and Miyakawa (2003)
and Kuroki and Cai (2004), establishes the optimality of the O-set in terms of the asymptotic
variance in the linear and in the non-parametric setting.
Proposition 3 Let X and Y be disjoint subsets of the node set V of a causal DAG, CPDAG
or maxPDAG G, such that Y ⊆ possde(X, G). Let Z be a valid adjustment set relative to
(X, Y) in G and let O = O(X, Y, G).
(a) (HPM19 Theorem 3.10 (2)) If the variables V follow a linear causal model compatible
with G, then, for every Xi ∈ X and Yj ∈ Y, a.var(β̂yj xi .x−i o ) ≤ a.var(β̂yj xi .x−i z ).
(b) (RS20 Theorem 2) For every Yj ∈ Y and pair of vectors x, x0 ∈ X ,
ˆ y xx0 .o ) ≤ a.var(∆
ˆ y xx0 .z ).
a.var(∆
j

j

In other words, for a given causal linear model, the O-set yields the smallest asymptotic
variance for the OLS estimator among all valid adjustment sets. If linearity cannot be
assumed, the O-set yields the smallest variance for regular asymptotically linear estimators.
Thus, assume that Figure 1 represents a causal linear model. Proposition 3 then implies
that if we estimate the effect of ALN on DET by linearly regressing DET on ALN and
the O-set {AIS, CDR}, then the estimator will have a smaller asymptotic variance than if
we regress DET on ALN and a different valid adjustment set, say the parent set of ALN,
which equals {AFF, SAN}. Moreover, when we relax linearity, non-parametric adjustment
for the O-set {AIS, CDR} is more efficient than non-parametric adjustment for any other
valid adjustment set, provided the estimator is in the class of regular asymptotically linear
estimators.

3. The O-Set via Forbidden Projection
In this section we provide an alternative, intuitive construction of the O-set. For the sake
of clarity, we restrict ourselves to DAGs; generalisations to amenable maxPDAGs are given
in Appendix C.
To motivate our alternative construction, we posit that a useful adjustment set should be
i) valid, ii) easy to compute, and iii) efficient. Consider singleton treatment X and outcome
Y , where the latter is not an ancestor of X. The parents of X are easy to determine and
guaranteed to be valid (see Pearl, 2009, p. 72f.). However, it is well-known that adjusting
for variables strongly associated with treatment tends to reduce the efficiency of OLS and
other estimators of the treatment effect. Hence, adjusting for the parents of treatment is
typically inefficient compared to other valid adjustment sets. In contrast, it is also wellknown that regression adjustment for variables strongly associated with the outcome tends
to improve the efficiency of OLS and other estimators. Hence, the parents of the outcome
would appear a natural, easy to determine and more efficient alternative for adjustment.
However, the parents of Y are not guaranteed to be a valid adjustment set; they may contain
forbidden nodes, specifically mediators between treatment and outcome. For example, in
Figure 1, FTW is a parent of the outcome DET, but a descendant of the treatment ALN
and hence cannot be used for adjustment. Simply omitting such nodes from the parents of
Y does not generally lead to a valid adjustment set either. For example, CDR alone does
6
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not form a valid adjustment set in Figure 1, since there are open confounding paths, e.g.
ALN ← SAN → AIS → SU S → F T W → DET .
Nonetheless, the intuition of using the parents of Y is correct if applied to a modified
graph. As we show below, marginalising out, i.e. projecting over, the forbidden nodes results
in a graph where the parent set of Y indeed coincides with the O-set, and is thus guaranteed
to yield an estimator with minimal asymptotic variance in the settings we consider, see
Proposition 3. This characterization of the O-set thus combines validity, graphical simplicity
and efficiency. We will now explain this formally.
Consider again the case of a DAG D containing sets X and Y. We first need the concept
of latent projection, used to marginalise or collapse over latent, i.e. unobserved nodes, while
preserving the remaining causal relations and (in)dependencies between the observed nodes.
Definition 4 (Latent projection; Verma and Pearl, 1990; Shpitser et al., 2014) i
Let D be a DAG with node set W ∪ L and W ∩ L = ∅. The latent projection D(W) over
L on W is a graph with node set W and edges as follows: For distinct nodes Wi , Wj ∈ W,
1. D(W) contains a directed edge Wi → Wj if and only if D contains a directed path
Wi → · · · → Wj on which all non-endpoint nodes are in L,
2. D(W) contains a bi-directed edge Wi ↔ Wj if and only if D contains a path, with at
least one non-endpoint node, of the form Wi ← · · · → Wj on which all non-endpoint
nodes are non-colliders and in L.
In the latent projection D(W), two nodes may be connected by a directed and a bidirected edge at the same time. (In)dependence relations can be read off from a latent
projection using the m-separation criterion (Richardson, 2003). For disjoint A, B, C ⊂ W,
A and B are d -separated given C in D if and only if A and B are m-separated given C in
D(W) (Richardson et al., 2017).
For our definition of the O-set, we project over the forbidden nodes, save X and Y,
which motivates the following definition:
Definition 5 (Forbidden projection) Let D be a DAG with node set V and let X and
Y be disjoint subsets of V. We call the graph DXY = D((V \ forb(X, Y, D)) ∪ X ∪ Y) the
forbidden projection of D with respect to (X, Y).
Figures 2 and 3 show some examples, where the forbidden nodes are shown as circles.
In panels A and B of Figure 2, the forbidden sets only contain nodes in X ∪ Y, hence
nothing is projected over. Panels E and F show DAGs where the forbidden projection has
bi-directed edges, which will become relevant in Proposition 6.
While we primarily introduce the forbidden projection to provide an alternative characterisation of the O-set, it is a useful tool in its own right. In particular, as we show next, the
forbidden projection of a causal DAG preserves all information relevant to the estimation
of a causal effect via adjustment. All proofs are given in Appendix B and generalised to
maxPDAGs in Appendix C.
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Figure 2: Example DAGs with their forbidden projections. The forbidden nodes are shown
as circles, nodes in the O-set are shown as boxes. The bold arrows show the causal
paths from X to Y. In panels A and B, the original DAGs and their forbidden
projections are identical. In panel E, the empty set is a valid adjustment set and
also the O-set. In panel F, the bi-directed edge between X2 and Y indicates that
the effect of X = {X1 , X2 } on Y is not identified via adjustment.
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CDR

AFF

SAN

APA

AIS

ALN

DET

Figure 3: Forbidden projection of the DAG in Figure 1 with respect to X = {ALN} and
Y = {DET}. The forbidden nodes are shown as circles, nodes in the O-set
(parents of DET) are shown as boxes. The bold arrow shows the causal path
from ALN to DET.

First, the forbidden projection can be used to check whether a valid adjustment set
exists relative to given sets of nodes X and Y:
Proposition 6 Let X and Y be disjoint node sets in a causal DAG D such that Y ⊆
de(X, D). Then a valid adjustment set relative to (X,Y) in D exists if and only if there is
no bi-directed edge between any X ∈ X and Y ∈ Y in DXY .
In Figure 2, valid adjustment sets with respect to X and Y exist in all panels except
for panel F. The effect of X = {X1 , X2 } on Y in panel F is, however, identified e.g. by the
more general G-formula (Robins, 1986; Dawid and Didelez, 2010), the algorithm in Tian and
Pearl (2003), or the methods in Nandy et al. (2017). See Guo and Perković (2020) and RS20
for results on efficient adjustment in the linear and non-parametric case, respectively. The
bi-directed edge between Y1 and Y2 in panel E has no relevance in defining or determining
a valid adjustment set.
For singleton Y such that a valid adjustment set with respect to (X, Y ) exists, the
forbidden projection is particularly easy to interpret, as it is itself a causal DAG.
Proposition 7 Let X and {Y } be disjoint node sets in a causal DAG D such that Y ∈
de(X, D). Then DXY is a causal DAG if and only if there exists a valid adjustment set
relative to (X, Y ) in D.
Further, an adjustment set that is valid in the original graph is also valid in the forbidden
projection and vice versa:
Proposition 8 Let X, Y and Z be disjoint node sets in a causal DAG D. Then Z is a
valid adjustment set relative to (X, Y) in D if and only if Z is also a valid adjustment set
relative to (X, Y) in DXY .
Using the forbidden projection, we now define the O∗ -set and prove that it is equal to
the O-set.
9
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Definition 9 (O∗ -set) Let X and Y be disjoint node sets in a DAG D.
O∗ (X, Y, D) as:
O∗ (X, Y, D) = pa(Y, DXY ) \ (X ∪ Y).

We define

In words, the O∗ -set is the set of parents of Y in the forbidden projection DXY , excluding
treatment nodes and outcome nodes. The next proposition states our key result.
Proposition 10 Let X and Y be disjoint subsets of the node set V of a DAG D such that
Y ⊆ de(X, D). Then O(X, Y, D) = O∗ (X, Y, D).
It now follows trivially that the statements about the O-set in Proposition 3 are true
for the O∗ -set as well.
Again, Y ⊆ de(X, D) in Proposition 10 is not a severe restriction, because if Y 6⊆
de(X, D), we can instead consider the effect on Y ∩ de(X, D), as we know that the effect
on Y \ de(X, D) is zero.
Figure 3 shows the forbidden projection with respect to ALN and DET of the DAG
in Figure 1. The O-set {AIS, CDR} (in boxes) is the parent set of DET. All other valid
adjustment sets are less efficient, for example the afore-mentioned sets {AFF, SAN}, {AIS,
CDR, AFF} and {AFF, APA, AIS, CDR, SAN}. Due to Proposition 8, the validity of all
of these sets can be confirmed by using the generalised adjustment criterion stated above
on either the original DAG (Figure 1) or its forbidden projection (Figure 3). See Figure 2
for further examples.
To summarise, the forbidden projection can be used as follows: First, check in the
original graph if Y ⊆ de(X, D). Next, construct the forbidden projection G XY and check
for bi-directed edges. If there is a bi-directed edge between a node in X and a node in Y,
then the causal effect of interest is not identified via adjustment (Proposition 6). Else, G XY
contains all information necessary to determine a valid adjustment set (Proposition 8), and
in particular the O-set, which is then the set of parents of Y (Definition 9, Proposition 10).
If Y contains only one node, then G XY is a causal DAG itself and hence straightforward to
interpret (Proposition 7).

4. Optimal Adjustment in the IDA Algorithm
In Sections 2 and 3, we considered optimal adjustment in DAGs, and in Appendix C we
generalised the results to amenable maxPDAGs, which include amenable CPDAGs. As a
reminder, a maxPDAG is said to be amenable relative to (X, Y) if every proper possibly
causal path from X to Y starts with a directed edge out of X. In this section, we consider
non-amenable CPDAGs and maxPDAGs.
CPDAGs and maxPDAGs are of interest because they are the output of popular causal
search algorithms, i.e. algorithms that attempt to learn a graph from data. Under the
linear model with Gaussian error terms, which we focus on in this section, it is generally
not possible to learn a unique DAG. Even under the additional assumptions of causal
sufficiency and faithfulness (see e.g. Spirtes et al., 2000), one can at best learn a Markov
equivalence class of DAGs, uniquely represented by a CPDAG (see e.g. Andersson et al.,
1997). Given additional knowledge of some causal relationships between variables, access
to interventional data, or other model restrictions, one can obtain a refinement of this class,
10
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uniquely represented by a maxPDAG (Meek, 1995; Perković et al., 2017). For a CPDAG or
maxPDAG G, we use [G] to denote the set of DAGs that it represents. The interpretation
of edges in a CPDAG or maxPDAG G is as follows: A directed edge A → B means that
this edge is present in all DAGs in [G]. An undirected edge A − B means that A and B are
adjacent in every DAG in [G] and there is at least one DAG in [G] with A → B and at least
one with A ← B.

We suppose in this section that we are interested in a univariate exposure X and a
univariate outcome Y . For a given CPDAG or maxPDAG G, the true causal effect of X
on Y may differ across the DAGs in [G]. In particular, Perković (2020) (Proposition 4.2)
showed that assuming Y 6∈ pa(X, G), the true causal effect of X on Y differs across DAGs
in [G] if and only if G is non-amenable relative to (X, Y ), i.e. there is a possibly causal path
from X to Y that starts with an undirected edge. Hence, when G is non-amenable relative
to (X, Y ), we can at best determine a multiset of possible causal effects (τyx (D))D∈[G] ,
one for each DAG in [G]. (A multiset (τyx (D))D∈[G] may contain the same entry multiple
times, e.g. if [G] contains five DAGs, of which three imply an effect of 0 and two imply
an effect of 1.2, then (τyx (D))D∈[G] = {0, 0, 0, 1.2, 1.2}.) While obviously less informative
than a single number, this multiset of possible causal effects may still yield useful statistics.
The minimum absolute value, for example, is a lower bound for the size of the causal
effect. However, enumerating all DAGs in [G] is computationally very expensive even for
moderately sized G when there are many undirected edges.

Maathuis et al. (2009) proposed to reduce the complexity of this problem as follows.
Consider two DAGs D, D0 ∈ [G] such that pa(X, D) = pa(X, D0 ) = P and Y 6∈ P. As the
parents of X form a valid adjustment set (Pearl, 2009, p. 72f.), τyx (D) = τyx (D0 ) = τyx (P),
where τyx (P) denotes the coefficient of X in the linear regression of Y on X and P, i.e. βyx.p .
Let P = {pa(X, D) | D ∈ [G]} denote the set of all possible parent sets of X compatible with
G. Then (τyx (P))P∈P contains the same distinct values as (τyx (D))D∈[G] , while |P| ≤ |[G]|.
Maathuis et al. (2009) showed that it is possible to determine P locally from the CPDAG
G without enumerating all DAGs in G. They hence proposed a simple local procedure for
calculating (τ̂yx (P))P∈P , which is called ‘local IDA’ (local Intervention Calculus when the
DAG is Absent). Perković et al. (2017) proposed a semi-local generalisation to maxPDAGs
(‘semi-local IDA’).
The semi-local IDA algorithm for a maxPDAG is given in Algorithm 1. Let sib(X, G)
denote the set of nodes sharing an undirected edge with X in G. Semi-local IDA loops
over all subsets S ⊆ sib(X, G). It first constructs a graph G 0 such that pa(X, G 0 ) = P =
pa(X, G) ∪ S. Here the complexity reduction becomes apparent: only the edges adjacent to
X need to be oriented. To verify whether the added orientations are compatible with the
original graph G, the algorithm attempts to extend the graph to a maxPDAG by applying
Meek’s orientation rules (ConstructMaxPDAG algorithm; Meek, 1995; Perković et al., 2017;
see Figure 8 in Appendix A). This step is semi-local as edges not adjacent to X need
to be oriented. If successful, β̂yx.p is added as a possible causal effect estimate, where
P = pa(X, G 0 ) = S ∪ pa(X, G).

Nandy et al. (2017) further generalised semi-local IDA to sets X and Y. However, this
procedure does not use regression adjustment for possible causal effect estimation and is
therefore not directly related to our results.
11
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Algorithm 1 Local or semi-local IDA (Maathuis et al., 2009; Perković et al., 2017).
When the input is a CPDAG, line 7 can be simplified and the algorithm becomes fully local.
Require: CPDAG or maxPDAG G with node set V = {V1 , . . . , Vp , X, Y }, i.i.d. observations for V1 , · · · , Vp , X, Y
b
Ensure: multiset of estimates Θ
b
1: Θ ← ∅
2: sib(X, G) ← {V ∈ V : X − V in G}
3: for all S ⊆ sib(X, G) do
4:
LocalBg ← ∅
5:
for all S ∈ S, add {S → X} to LocalBg
6:
for all S ∈ sib(X, G) \ S, add {S ← X} to LocalBg
7:
G 0 ← ConstructMaxPDAG(G, LocalBg)
8:
if G 0 6= “FAIL” then
9:
if Y ∈
/ pa(X, G 0 ) then
b
10:
regress Y on X ∪ pa(X, G 0 ) and add the estimated coefficient of X to Θ
11:
else
b
12:
add 0 to Θ
13:
end if
14:
end if
15: end for
b
16: return Θ
Algorithm 2 Optimal IDA.
Require: CPDAG or maxPDAG G with node set V = {V1 , . . . , Vp , X, Y }, i.i.d. observations for V1 , · · · , Vp , X, Y
b
Ensure: multiset of estimates Θ
b ←∅
1: Θ
2: sib(X, G) ← {V ∈ V : X − V in G}
3: for all S ⊆ sib(X, G) do
4:
LocalBg ← ∅
5:
for all S ∈ S, add {S → X} to LocalBg
6:
for all S ∈ sib(X, G) \ S, add {S ← X} to LocalBg
7:
G 0 ← ConstructMaxPDAG(G, LocalBg)
8:
if G 0 6= “FAIL” then
9:
if Y ∈ possde(X, G 0 ) then
b
10:
regress Y on X ∪ O(X, Y, G 0 ) and add the estimated coefficient of X to Θ
11:
else
b
12:
add 0 to Θ
13:
end if
14:
end if
15: end for
b
16: return Θ
12
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4.1 Optimal IDA
HPM19 established that the parents of X, as used for adjustment by semi-local IDA, form
one of the least efficient valid adjustment sets. It therefore seems a good idea to replace
pa(X, D) by the O-set within the IDA algorithm to improve estimation precision. The
key question is, however, whether the possible O-sets can still be determined semi-locally.
More formally, our aim is to estimate the multiset (τyx (O))O∈O , O = {O(X, Y, D) | D ∈ [G]},
where with a slight abuse of notation we define τyx (O) = 0 if Y 6∈ possde(X, D). As before,
for two DAGs D and D0 with the same valid O-set O(X, Y, D) = O(X, Y, D0 ) = O, we have
τyx (D) = τyx (D0 ) = τyx (O).
At first glance, it appears impossible to determine O locally or semi-locally, as by Definitions 1 and 9 the causal nodes, their parents and the forbidden nodes, or the forbidden
projection, are required to find the O-set. However, it turns out that O can be determined
semi-locally almost in the same manner as P. This is because once the directions of all edges
involving X are given, i.e. for given P, application of Meek’s rules reveals all descendants of
X and, in consequence, all causal nodes, their parents and the forbidden nodes (cf. Lemma
18 in Appendix C). Hence, via Meek’s rules there exists a correspondence between possible
parent sets and possible O-sets. We therefore propose Algorithm 2, which we call optimal
IDA. It is implemented in the R package pcalg (Kalisch et al., 2012, 2019).
Algorithm 2 does not specify whether O(X, Y, G 0 ) is determined from G 0 or from the
forbidden projection. We expect this choice to be of limited relevance to the algorithm’s
runtime. In our implementation, we determine O(X, Y, G 0 ) directly from G 0 . Note also
that different possible parent sets can correspond to the same O-set. Hence, optimal IDA
could be modified to collect all sets in O first, remove duplicates, and only then estimate
regression coefficients.
In the following, we first state formally what can be said about the efficiency of the
estimates output by optimal IDA, showing that it is worthwhile to replace the parents of X
by the O-set. Subsequently we compare the computational burden of the two algorithms.
Proposition 11 Let X and Y be nodes in a causal CPDAG or maxPDAG G = (V, E),
bP
such that V follows a causal linear model compatible with G with Gaussian errors. Let Θ
O
b
and Θ be the multisets returned by semi-local IDA and optimal IDA, respectively, applied
to X, Y and G, with the subsets of sib(X, G) considered in the same order for both. Then,
b P | = |Θ
b O |,
for i ∈ {1 . . . , k}, with k = |Θ
b O ] and
b P ] = E[Θ
1. E[Θ
i
i

b P ) ≥ a.var(Θ
b O ).
2. a.var(Θ
i
i

The proof is given in Appendix D. Note that if we do not assume Gaussianity in Proposition 11, then a.var(β̂yx.o ) ≤ a.var(β̂yx.z ) can only be guaranteed if (i) Z is a valid adjustment
set in the true DAG, and (ii) O is the O-set of the true DAG. This is because in a causal
linear model with non-Gaussian errors, a variable is only required to be linear in its parents,
and is not necessarily linear given another node set (cf. Nandy et al., 2017). However, if
we are willing to assume that all errors in the underlying causal model are non-Gaussian,
alternative causal search approaches exist which output a DAG instead of an equivalence
class, e.g. algorithms such as LiNGAM (Shimizu et al., 2006).
13
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Remark 12 (1) In terms of the computational burden, semi-local and optimal IDA are
very similar for maxPDAGs. The key difference is that optimal IDA adjusts for the O-set
instead of the parent set of X (line 10), where the O-set is straightforward to determine
from G 0 . However, optimal IDA crucially relies on the construction of the maxPDAG in line
7 to determine the O-set, while in semi-local IDA this step can be replaced by a simple local
query when the input is known to be a CPDAG. Hence, for the special case of a CPDAG,
semi-local IDA can be made fully local by simplifying line 7, whereas optimal IDA cannot.
(2) A further minor difference between semi-local and optimal IDA is the if-statement
in line 9. Semi-local IDA only checks whether Y ∈
/ pa(X, G 0 ), whereas optimal IDA checks
0
the stronger condition Y ∈ possde(X, G ). Both conditions ensure that the considered adjustment sets pa(X, G 0 ) and O(X, Y, G 0 ), respectively, are valid adjustment sets. Moreover,
if Y 6∈ possde(X, G 0 ), then τyx (D) = 0 for any D ∈ [G 0 ]. The 0 estimate of optimal IDA
in this case is therefore the most efficient estimate. Alternatively, we could also insist on
Y ∈ possde(X, G 0 ) in semi-local IDA and return 0 otherwise. As discussed in the appendix
of Maathuis et al. (2009), this is only recommended if the input graph is thought to be
reliable, but can lead to the amplification of errors if the input graph is not accurate.
Remark 13 Proposition 11 concerns the asymptotic variance when the true CPDAG or
a true maxPDAG is given. When the graph is estimated on the same data as used for
IDA, the naive standard errors from the adjusted linear regressions are invalid. Although
considerable progress has been made in the area of post-selection inference (e.g. Berk et al.,
2013; Belloni et al., 2014; Rinaldo et al., 2019), no method has been proposed specifically
for estimating standard errors of causal effect estimates after causal search.
It is straightforward to extend optimal IDA to situations where X and Y are sets.
However, as noted earlier, in this case joint causal effect estimation via regression adjustment
is not always possible. Optimal IDA will then not return an estimate. The estimation
procedures used by joint IDA (Nandy et al., 2017) provide an alternative.
4.2 Illustration
We now illustrate optimal IDA (Algorithm 2) using a toy example. Consider the CPDAG G
shown in Figure 4(a) and suppose we are interested in the causal effect of X on Y . Clearly,
G is not amenable relative to (X, Y ) and thus it is sensible to apply optimal IDA.
The set sib(X, G) contains 3 nodes, hence there are 8 potential orientations of the
undirected edges with endpoint X. From these 8, 3 imply new v-structures and are thus not
compatible with G. The other 5 can be extended to the maxPDAGs shown in Figure 4(bf), where the bold arrows indicate orientations derived by Meek’s rules (see Figure 8 in
Appendix A). For example, in 4(b) it follows from V1 → X → V3 that V1 → V3 by Meek’s
Rule 2. By Rule 1, it then follows that V3 → V5 . The compatibility check and the application
of Meek’s rules are carried out in line 7 of optimal IDA.
Next, optimal IDA checks for each maxPDAG G 0 , whether Y ∈ possde(X, G 0 ). Here,
this is the case for all maxPDAGs except 4(c). For the other four graphs, O = O(X, Y, G 0 )
is determined and used to compute β̂yx.o . We indicate O(X, Y, G 0 ) by boxes in the Figures
4(b) and 4(d)-(f). For (c), an effect estimate of zero is returned.
14
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Figure 4: A CPDAG G (a) and the five maxPDAGs (b-f) corresponding to the five valid
orientations of the neighbourhood of X. The bold edges have been obtained by
applying Meek’s rules. For each maxPDAG G 0 , the boxes  indicate O(X, Y, G 0 ),
while the diamonds ♦ indicate pa(X, G). In (c), optimal IDA returns 0, as there
is no possibly causal path from X to Y .
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Figure 5: IDA density plot in the style of Maathuis et al. (2009). Shown are density curves
for the estimated possible causal effects returned by local IDA (solid) and optimal IDA (dotted). The true possible causal effects are 0, 1.5 and 2.5 (vertical
lines; height indicates relative frequency: 0 and 2.5 each occur in two of the five
maxPDAGs in Figure 4).
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For comparison, the diamonds in Figures 4(b-f) show the adjustment sets in local IDA
(Algorithm 1), i.e. pa(X, G 0 ). In (b) and (e), pa(X, G 0 ) = O(X, Y, G 0 ). In (c), optimal IDA
returns zero (Algorithm 2, line 12), while local IDA returns β̂yx.p with P = {V1 , V3 }, which
converges to βyx.p = 0. The main advantage of optimal IDA becomes apparent in cases (d)
and (f): In (d), O(X, Y, G 0 ) = ∅, whereas pa(X, G 0 ) = {V4 } which is guaranteed to reduce
efficiency. In (f), pa(X, G 0 ) = {V3 } and O(X, Y, G 0 ) = {V3 , V5 }, where the latter improves
efficiency.
For further illustration, we carried out a small simulation study in which we generated
data according to a causal linear model compatible with Figure 4(b). 1 000 datasets with
40 observations each were generated and given as input to local IDA and optimal IDA,
together with the CPDAG in Figure 4(a). The true possible causal effects are 0, 1.5 and
2.5, visualised as vertical lines in Figure 5. The plot shows smoothed density curves for
the estimates returned by local IDA (solid) and optimal IDA (dotted). The density plot
for optimal IDA is clearly narrower around the values 0 and 2.5. The difference between
the algorithms is even more pronounced for graphs with more nodes and longer paths (not
shown). The R-code (R Core Team, 2019) for reproducing Figure 5 is available in the Online
Supplement.
4.3 Simulation
In order to compare the performance of optimal versus local IDA in finite sample settings,
we carried out a more extensive simulation study. The design was chosen to reflect a
typical situation where IDA is used, i.e. interest lies in the causal effect of X on Y in a
(known or estimated) CPDAG G that is non-amenable relative to (X, Y ). Non-amenability
implies that the multiset (τxy (D))D∈[G] of possible causal effects of X on Y compatible with
G contains more than one distinct value (for almost all parameters values of the causal
linear model) (Perković, 2020, Proposition 4.2). A useful summary of (τxy (D))D∈[G] is the
minimum absolute value, min(abs((τxy (D))D∈[G] )), because when this value is non-zero, we
know that X has some effect on Y . The aim of our simulation study was to compare
how well min(abs((τxy (D))D∈[G] )) is estimated by optimal versus local IDA, in terms of the
Monte-Carlo mean squared error (MSE).
We investigated 24 scenarios by considering all combinations of the following parameters:
number of nodes p ∈ {10, 20, 50, 100}, expected number of neighbours per node d ∈ {2, 3, 4},
and sample size n ∈ {100, 1 000}. In each scenario, the following was repeated 1 000 times
(R code for reproducing the simulation study is available in the Online Supplement):
A DAG D, with CPDAG G, with p nodes and d expected neighbours per node was
randomly chosen such that G was non-amenable relative to two randomly chosen nodes
(X, Y ) and such that min(abs((τxy (D))D∈[G] )) was non-zero. (Note that the DAG with its
unique ‘true’ causal effect was simulated for convenience only. Conceptually, we drew directly from the space of CPDAGs, which is why we consider the whole multiset of possible
effects to be ‘the truth’.) The following was then repeated 100 times: A dataset with n
observations was generated from a linear causal model on D where the non-zero coefficients
were randomly chosen from a uniform distribution on [−1, −0.1] ∪ [0.1, 1]. Greedy equivalence search (Chickering, 2002) was applied to the data, yielding an estimated CPDAG
G ∗ . Optimal and local IDA were both applied to the true CPDAG G and the estimated
16

111

4 The optimal adjustment set

On Efficient Adjustment in Causal Graphs

CPDAG G ∗ . The four output multisets of estimates were summarised by their minimum
absolute values. These were compared on the basis of their Monte-Carlo MSE, i.e. the
squared difference between the estimated minimum absolute value and the true minimum
absolute value, averaged over the 100 repetitions. Specifically, we calculated the MSEs for
the estimated minima using optimal IDA versus local IDA by computing the relative MSE
(RMSE), MSE(optimal IDA)/MSE(local IDA). This was done separately for G and for G ∗ ,
and denoted r and r∗ , respectively. An RMSE of less than one indicates that optimal IDA
is more precise than local IDA in estimating the minimum of the multiset of causal effects.
In light of Remark 13, we did not consider estimated standard errors.
In addition to the above 24 scenarios, we investigated the relative performance of optimal
IDA in a scenario where the graph is sparse (d = 1) and the sample size is moderate
(n = 100). We considered eight setting where the number of nodes was between p = 10 and
p = 1 000. Such high-dimensional scenarios occur, for instance, with gene expression data.
As greedy equivalence search is slow for large graphs, we reduced the number of replications
from 1 000 to 100 and the number of datasets per graph from 100 to 10.

B
RMSE optimal IDA / local IDA

RMSE optimal IDA / local IDA
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Figure 6: Violin plots of the relative mean squared errors (RMSEs) r and r∗ for the true
and estimated CPDAGs, respectively. Scenario A: p = 100 nodes, d = 4 expected
neighbours per node, sample size n = 1 000. Scenario B: p = 10, d = 4 and
n = 100. The dots mark the geometric means, the plus signs the medians.
Figure 6 shows violin plots of the RMSEs r and r∗ over the 1 000 repetitions, together
with the geometric mean and the median. Two scenarios are shown: The one where optimal
IDA showed the best overall performance (scenario A, p = 100, d = 4, n = 1 000), and the
worst one (scenario B, p = 10, d = 4, n = 100) of all the simulation settings considered.
The geometric means and medians for all scenarios are summarised in Tables 1 and 2; the
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n = 100
d=2
p = 10
p = 20
p = 50
p = 100

0.70
0.64
0.60
0.57

(0.76)
(0.69)
(0.64)
(0.61)

d=3
0.72
0.63
0.54
0.50

(0.79)
(0.68)
(0.57)
(0.52)

n = 1 000
d=4
0.76
0.61
0.51
0.44

(0.86)
(0.66)
(0.55)
(0.46)

d=2
0.69
0.63
0.55
0.54

(0.78)
(0.68)
(0.58)
(0.58)

d=3
0.71
0.60
0.50
0.44

(0.78)
(0.65)
(0.54)
(0.46)

d=4
0.75
0.59
0.46
0.40

(0.86)
(0.65)
(0.49)
(0.42)

Table 1: Geometric means (in parentheses: medians) of the relative mean squared errors
(RMSEs) r over 1 000 repetitions for scenarios with different numbers of nodes (p),
expected number of neighbours per node (d), and sample sizes (n). Optimal and
local IDA were applied to the true CPDAG G.

n = 100
d=2
p = 10
p = 20
p = 50
p = 100

1.06
0.99
0.94
0.97

(1.01)
(1.00)
(0.98)
(1.00)

d=3
1.06
0.99
0.89
0.94

(1.04)
(1.00)
(0.93)
(0.97)

n = 1 000
d=4
1.06
0.96
0.89
0.90

(1.06)
(1.00)
(0.93)
(0.94)

d=2
0.95
0.88
0.81
0.81

(0.99)
(0.96)
(0.90)
(0.91)

d=3
0.97
0.89
0.79
0.73

(1.00)
(0.97)
(0.85)
(0.80)

d=4
1.01
0.94
0.78
0.72

(1.00)
(0.99)
(0.86)
(0.77)

Table 2: Geometric means (in parentheses: medians) of the relative mean squared errors
(RMSEs) r∗ over 1 000 repetitions for scenarios with different numbers of nodes
(p), expected number of neighbours per node (d), and sample sizes (n). Optimal
and local IDA were applied to the estimated CPDAG G ∗ .
complete set of violin plots is shown in Appendix E. Optimal IDA clearly outperformed
local IDA, in terms of the geometric mean and median of the RMSE, in all scenarios when
applied to the true CPDAG. When the CPDAG was estimated using greedy equivalence
search, optimal IDA was still superior in the majority of scenarios, but r∗ was notably larger
than r in all scenarios, i.e. the relative performance of optimal IDA was worse with an
estimated CPDAG than with a known CPDAG. As an estimated graph inevitably contains
some errors regarding the presence and direction of edges, this result may indicate that
estimation adjusting for the O-set suffers more from such errors than adjusting for the set
of parents of X.
Small n and small p do not entail much advantage of using optimal IDA: In graphs with
only a few nodes, the O-set and the set of parents of X are often similar or even coincide,
so that the gain in efficiency when using the O-set is less pronounced. A smaller sample
size leads to more errors in the estimated graph, which affects estimation of the O-set more
than estimation of the set of parents of X, as we conjectured above. However, optimal IDA
seems to have a slight advantage for larger d when p is also larger.
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p=10

p=20

p=50

p=100

p=250

p=500

p=750

p=1 000
true CPDAG

2
0
8

estimated CPDAG

RMSE optimal IDA / local IDA

4

6
4
2
0

Figure 7: Violin plots of the relative mean squared errors (RMSEs) r and r∗ for the true
and estimated CPDAGs, respectively. All graphs have d = 1 expected neighbour
per node and graphs were estimated from n = 100 observations; the number of
nodes p varies. The dots mark the geometric means, the plus signs the medians.

true CPDAG
estimated CPDAG
true CPDAG
estimated CPDAG

p = 10

p = 20

p = 50

p = 100

0.71 (0.77)
1.04 (1.06)

0.69 (0.76)
1.04 (1.01)

0.66 (0.69)
0.99 (1.02)

0.66 (0.71)
0.93 (1.00)

p = 250

p = 500

p = 750

n = 1 000

0.60 (0.68)
0.73 (1.02)

0.67 (0.69)
1.16 (1.09)

0.67 (0.77)
0.94 (1.04)

0.69 (0.75)
0.79 (1.00)

Table 3: Geometric means (in parentheses: medians) of the relative mean squared errors
(RMSEs) r and r∗ for the true and estimated CPDAGs, respectively, over 100
repetitions for scenarios with different numbers of nodes (p), d = 1 expected
neighbours per node, and sample size n = 100.
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The additional results for the sparse graphs are shown in Figure 7 and Table 3. Optimal
IDA outperformed local IDA regardless of the number of nodes p when the CPDAG was
known. When the CPDAG was not known, the median RMSE was about 1 for all p.
The geometric mean varied around 1 with no obvious pattern, which may be due to the
small number of replications. The results suggest that in the high-dimensional setting, the
primary difficulty is learning the graph, limiting the advantage of optimal IDA over local
IDA.
In summary, based on the simulation results, we recommend using optimal IDA when
there is high confidence in the estimated graph. The advantage over local IDA will be most
pronounced when the number of nodes is at least 20, or better 50 or more.

5. The O-Set and Non-Graphical Variable Selection
We now assume that neither the causal DAG D nor a CPDAG or maxPDAG is known
to us, therefore we wish to select a valid adjustment set in a non-graphical manner. We
restrict our discussion to the case where we have a univariate treatment X and outcome Y
of interest.
In multiple regression analyses, it is common to apply variable selection procedures,
e.g. backward selection, to find a set of relevant predictors for an outcome Y . In highdimensional settings, regularisation methods that combine selection and estimation, such
as the Lasso or the Elastic Net, are commonly used (Tibshirani, 1996; Zou and Hastie,
2005). While variable selection for prediction is in general a different task than finding an
efficient or optimal adjustment set for causal effect estimation, we will discuss next under
what assumptions and modifications these tasks coincide. For a general overview of the
relation between variable and confounder selection see Witte and Didelez (2019). A basic
assumption for the validity of a selected adjustment set is that the set Z from which we
select the variables must itself be a valid adjustment set, as defined in Section 2. A number
of selection procedures can then be used to determine different types of valid adjustment
sets as subsets of Z, e.g. a minimal valid adjustment set (Witte and Didelez, 2019; de Luna
et al., 2011).
Consider first Algorithm 3, which shows the template for backward regression selection
(see e.g. Kleinbaum and Kupper, 1978; Montgomery et al., 2012) with the above basic
assumption added at the outset. Under the linear model assumptions with Gaussian errors,
Y ⊥
⊥ Zi | (Z0−i , X) can be tested by comparing the models with regressors Z0−i ∪ {X} versus
0
Z ∪ {X}, using a t-test with null hypothesis βyzi .xz0−i = 0. ‘Pval’ in line 6 is a function
that outputs the p-value of a test for the null hypothesis specified in the argument. The
maximum p-value is compared in line 9 to a threshold α. For a given α, Algorithm 3
implements the classical ‘p-value method’ (see e.g. Greenland and Pearce, 2015). Denote
by Fχ21 (.) the distribution function of the χ2 distribution with one degree of freedom. For a
given sample size n, Algorithm 3 with α = 1 − Fχ21 (2) or α = 1 − Fχ21 (log(n)) is equivalent
to backward selection using the AIC or BIC, respectively (e.g. Murtaugh, 2014; Derryberry
et al., 2018; although the motivation for using them stems from frameworks other than
independence testing, see Akaike, 1974 and Schwarz, 1978). Algorithm 3 can easily be
adapted to work with a measure of conditional independence other than the p-value of the
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t-test. For example, two non-parametric implementations of Algorithm 3 were proposed by
Li et al. (2005).
If the true independence relations are known, Algorithm 3 can be condensed to its oracle version, Algorithm 4. Comparing p-values is then redundant, and every Zi needs to
be visited only once, as it follows from general properties of conditional independence that
the ordering Z1 , Z2 , . . . , Zp does not matter, provided the joint probability of all variables
is strictly positive. Essentially, Algorithm 4 eliminates variables until only the ‘direct predictors’ of Y are left, i.e. those variables with non-zero coefficients in the oracle regression
of Y on X and Z.
Algorithm 4 is the non-graphical version of the pruning algorithm introduced in HPM19
which uses d-separation relationships to prune a valid adjustment set to a subset such
that the resultant effect estimator has a smaller asymptotic variance. Assume now that
an underlying graph exists. The following Proposition 14 formalises how the O-set can
be viewed as the target set of backward variable selection algorithms and follows from
Proposition 3.6 of HPM19 and Theorem 1 in RS20.
Algorithm 3 Backward regression selection.
Require: i.i.d. observations for variables X, Y and Z, such that Z is a valid adjustment
set relative to (X, Y )
1: Z0 ← Z
2: Pmax ← 1
3: while Pmax > α do
4:
Plist ← empty list of length |Z0 |
5:
for all i in 1 to |Z0 | do
6:
Plist[i] ← Pval(Y ⊥
⊥ Zi | (X, Z0−i ))
7:
end for
8:
Pmax ← max(Plist)
9:
if Pmax > α then
10:
Z0 ← Z0−argmax(Plist)
11:
end if
12: end while
13: return Z0

Algorithm 4 Oracle backward regression selection.
Require: independence relations between variables X, Y and Z, such that Z is a valid
adjustment set relative to (X, Y )
1: Z0 ← Z
2: for all i in 1 to |Z0 | do
3:
if Y ⊥
⊥ Zi | (X, Z0−i ) then
0
4:
Z ← Z0−i
5:
end if
6: end for
7: return Z0
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Proposition 14 Let X and Y be nodes in a causal DAG, CPDAG or maxPDAG G with
node set V and let V follow a causal model with a joint density faithful to G. Let Z be a
valid adjustment set relative to (X, Y ) in G and let Z0 be the output of Algorithm 4 when
applied to Z.
(a) Z0 is a valid adjustment set and does not depend on the order in which the variables
in Z are considered in Algorithm 4.
(b) If O(X, Y, G) ⊆ Z, then Z0 = O(X, Y, G).
(c) If V follows a causal linear model, then a.var(β̂yx.z0 ) ≤ a.var(β̂yx.z ).
ˆ yxx0 .z0 ) ≤ a.var(∆
ˆ yxx0 .z ).
(d) For every pair of values x, x0 ∈ X , a.var(∆
As mentioned earlier, Lasso estimation can also be regarded as variable selection, even
though its original motivation and common usage mostly concerns prediction. Under specific
assumptions, the Lasso asymptotically selects all and only all the ‘direct predictors’ of Y
with probability 1 (Zhao and Yu, 2006; Lounici, 2008). Thus, although Lasso uses a different
principle than backward selection, it follows from Proposition 14 that when the starting set
Z is a valid adjustment set and a superset of the O-set, the O-set can also be viewed as the
target set of the Lasso.
We emphasise again that the O-set cannot be determined in a purely data-driven way.
Neither the assumption that Z is valid nor O(X, Y, G) ⊆ Z can be verified empirically.
Hence, prior causal knowledge is essential before any variable selection algorithm can be
applied (Witte and Didelez, 2019). In contrast to (semi-)local or optimal IDA, however,
selection of an adjustment set based on Algorithm 4 allows some latent structures, as long
as the assumption that Z is a valid adjustment set continues to hold. This may be of
advantage when only a subset of the variables have been measured.
The guarantees of Proposition 14 for Algorithm 4 do not translate to the finite sample version Algorithm 3. Regression selection in finite samples is known to have several
weaknesses (see e.g. Harrell, 2010). Some issues are that the output may only be a local optimum, and that valid post-selection inference is difficult (Leeb and Pötscher, 2008).
There is, however, a growing literature on post-selection inference both in the context of
OLS-based approaches (e.g. Berk et al., 2013; Rinaldo et al., 2019) and of Lasso-based
approaches (e.g. Lockhart et al., 2014; Lee et al., 2016). For causal effect estimation in a
non-graphical context, post-selection inference has been considered by Belloni et al. (2014),
Dukes and Vansteelandt (2020a), Dukes and Vansteelandt (2020b), Chernozhukov et al.
(2018) and others.

6. Conclusions
In this paper, we provided insight into the construction and properties of the O-set introduced by HPM19. We showed that the O-set equals the set of parents of Y in the latent
projection over the forbidden nodes (Proposition 10). This lends formal support to the
intuition that adjusting for all direct causes of Y minimises the residual variance and hence
improves precision when estimating the causal effect of X on Y.
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The forbidden projection is a useful tool in its own right when the aim is to estimate
a causal effect via adjustment. It displays all variables of interest, while the forbidden
variables, which must not be adjusted for, are marginalised out. The forbidden projection
thus reduces the complexity of the causal graph while preserving all information relevant
for choosing an adjustment set (see Propositions 8 and 7).
We further proposed a new modification of the IDA algorithm, called optimal IDA, which
outputs multisets of estimates of possible causal effects by adjusting for the possible O-sets.
We showed that this increases estimation precision also in cases where the causal structure
is a-priori unknown and needs to be estimated. Moreover, this extends the applicability
of optimal adjustment to non-amenable CPDAGs/maxPDAGs. Optimal IDA has been
implemented in the R package pcalg. While causal search methods in general have some
well-known shortcomings, IDA has proved to be a valuable tool for instance for screening
purposes in large datasets (Le et al., 2013; Engelmann et al., 2015; Luo et al., 2018). The
‘optimal’ version can further improve its performance.
Finally, we detailed the prerequisites and assumptions under which non-graphical algorithms for backward variable selection can be viewed as aiming at selecting the O-set.
Essentially, we need to assume that the set of variables to select from consists of all nodes
in the forbidden projection, or a suitable subset thereof. The algorithm then determines
the parents / direct causes of Y based on detected conditional independencies. If the input
contains forbidden nodes, however, or lacks certain confounders, the algorithm might select
an invalid adjustment set. To avoid the latter, sufficient prior knowledge on the set of
variables corresponding to forbidden nodes is therefore a key prerequisite when automated
variable selection is to be used for causal inference. While this prerequisite may not require
full knowledge of the underlying causal DAG, it is important to recognise that such prior
knowledge cannot be established in a purely data-driven way (Witte and Didelez, 2019).
Much research on variable selection in causal graphs has focussed on finding small or
minimal adjustment sets (de Luna et al., 2011; Textor and Liśkiewicz, 2011; Knüppel and
Stang, 2010). Small adjustment sets are useful during study planning, for instance when
data collection is expensive and costs are to be minimised. Moreover, they entail desirable
statistical properties e.g. for matching estimators, because suitable matches are more easily
found when matching on a few variables only. In general, the O-set is not minimal, but
instead entails optimality of causal effect estimation by regression adjustment in linear
causal models and non-parametric settings. Simulation results further indicate that the
optimality of the O-set extends to other parametric settings and estimation methods, e.g.
estimation of the marginal odds ratio via standardised logistic regression (Witte and Didelez,
2019). Combining the benefits of small and optimal adjustment sets, RS20 show that the
optimal minimal set, i.e. the set among all minimal adjustment sets yielding the most precise
estimation in the class of regular asymptotically linear estimators, must be a subset of the
O-set, underlining its relevance and importance.
We note that adjustment is only one of several possible ways of identifying causal effects.
While adjusting for the O-set is asymptotically more efficient than adjusting for any other
valid adjustment set, it is possible that an even smaller asymptotic variance can be obtained
by using an alternative identification strategy, e.g. the front-door strategy (Pearl, 2009).
This is further investigated in RS20 and in Guo and Perković (2020).
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Finally, we would like to discuss some avenues for future research. First, given the
results by RS20, a natural question is whether a non-parametric version of optimal IDA is
feasible. Those aspects of IDA that relate to finding different possible valid adjustment sets
are obviously not limited to the causal linear model, and estimators such as in RS20 could
also be employed for any given X, Y and adjustment set. The simplifications for graph
search algorithms and IDA under linearity, however, are considerable. For instance, greedy
equivalence search with a Gaussian score has been shown to be consistent (Chickering,
2002), and has the advantage of always returning a CPDAG. Non-parametric graph search
algorithms exist, but often come with large computational burdens and/or a low power
to detect edges (Shah and Peters, 2020; Ramsey, 2014). Further, under a causal linear
model, the causal effect of X on Y is a single value, see Section 2; and the marginal
and conditional causal effects for different valid adjustment sets are all identical. For the
non-parametric case, instead, the causal effect of X on Y is an unspecified function, and
issues of non-collapsibility might also come into play. Solving these conceptual hurdles for
non-parametric optimal IDA remains an open question.
Second, we assumed throughout this paper that all variables are observed. HPM19
have shown that in the presence of hidden variables, an asymptotically optimal set may not
exist. Smucler et al. (2020), however, gave a sufficient condition under which an optimal
adjustment set exists when the underlying DAG includes hidden variables, and showed that
an optimal minimal adjustment set always exists. A necessary and sufficient condition for
the existence of an optimal adjustment set, however, has not yet been formulated.
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Appendix A. Terminology
The following terminology is used throughout this paper. It is consistent with, and extends
HPM19 where needed.
Graphs. A graph G = (V, E) consists of a node set V and a set of edges E. We consider
three types of edges: directed (→), bi-directed (↔) and undirected (−). There can be more
than one edge between a given pair of nodes. We only consider loop-free graphs, i.e. an
edge between a node and itself is not allowed. A loop-free graph where there is at most one
edge between a given pair of nodes is called a simple graph. Two nodes joined by at least
one edge are called endpoints of the edge and adjacent. A directed edge A → B is said to
be out of A and into B. A graph G 0 = (V0 , E0 ) is the induced subgraph of G = (V, E) with
respect to V0 if V0 ⊆ V and E0 includes all edges in E that are between nodes in V0 .
Paths. A path is a sequence of nodes and edges (V0 , e1 , V1 , . . . , eK , VK ), K ≥ 1, such
that every node occurs only once and for k = 1, . . . , K, ek has endpoints Vk−1 and Vk .
In a simple graph, the path (V0 , e1 , V1 , . . . , eK , VK ) can unambiguously be identified by
the sequence of nodes (V0 , V1 , . . . , VK ) alone. V0 and VK are called endpoints of the path
(V0 , e1 , V1 , . . . , eK , VK ) and the path is said to be between V0 and VK or from V0 to VK ,
irrespective of the direction of the edges. For sets of nodes A and B, a path is said to be
between A and B or from A to B if its first node is in A and the last node is in B. A
path from A to B is proper if only its first node V0 is in A. Let p = (V0 , e1 , V1 , . . . , eK , VK )
and k = 1, . . . , K. Then an edge Vk ← Vk+1 on p is said to point towards V0 , . . . , Vk , while
an edge Vk → Vk+1 on p is said to point towards Vk+1 , . . . , VK . A path is directed from V0
to VK if all edges in the sequence are directed and point towards VK . A path p is possibly
directed from V0 to VK if all edges on p are either directed or undirected and there are
no i, j, 1 ≤ i < j ≤ K, such that Vi ← Vj (cf. Perković et al. (2017); this definition of
a possibly directed path is non-standard as Vi and Vj are not necessarily adjacent nodes
on the path, which is required for maxPDAGs later). We define the concatenation of two
paths p = (V0 , e1 , V1 , . . . , eK , VK ) and q = (VK , eK+1 , VK+1 , . . . , eK+L , VK+L ) as p ⊕ q =
(V0 , e1 , V1 , . . . , eK+L , VK+L ), where we require that the nodes V0 , . . . , VK+L are distinct.
Ancestry. If there is a directed path from A to B, or if A = B, then A is an ancestor
of B and B is a descendant of A. If there is a possibly directed path from A to B, or if
A = B, then A is a possible ancestor of B and B is a possible descendant of A. If there is an
edge A → B, then A is a parent of B and B is a child of A. If there is an edge A − B, A and
B are siblings. Note that in our terminology, a node is a (possible) ancestor and (possible)
descendant of itself, but not a parent/child/sibling of itself. For a node V in a simple graph
G, we denote the set of all ancestors, possible ancestors, descendants, possible descendants,
parents, children and siblings of V in G as an(V, G), possan(V, G), de(V, G), possde(V, G),
pa(V,
S G), ch(V, G), sib(V, G), respectively. For a set of nodes W, the set an(W, G) is defined
as W ∈W an(W, G), with analogous definitions for possan(W, G), de(W, G), possde(W, G),
pa(W, G), ch(W, G) and sib(W, G).
Colliders, definite-status paths and v-structures. A non-endpoint node V is a
collider on a path p if both edges adjoining V on p have arrowheads at V , i.e. → V ←,
↔ V ←, → V ↔, ↔ V ↔. A non-endpoint node V is a non-collider on a path p if at
least one of the edges adjoining V on p is out of V , i.e. → V →, −V →, ↔ V →, ← V →,
← V ↔, ← V −, ← V ←, or if both edges adjoining V on p are undirected edges and the
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two nodes adjacent to V on p are not adjacent to each other. A definite-status path is a
path on which every non-endpoint is either a collider or a non-collider. In a DAG or an
ADMG, all paths are of definite status. Three nodes A, B and C form a v-structure in a
graph G if A → B ← C is the induced subgraph G 0 on {A, B, C}.
ADMGs, DAGs and PDAGs. A directed path from A to B, together with an
edge A ← B forms a directed cycle. A graph with only directed and bi-directed edges
and without directed cycles is called an acyclic directed mixed graph (ADMG). A simple
graph with only directed edges and without directed cycles is called a directed acyclic graph
(DAG). A simple graph with only directed and undirected edges containing no directed
cycles is called a partially directed acyclic graph (PDAG).

Blocking and separation. (Richardson, 2003; Maathuis and Colombo, 2015; Pearl,
2009) A definite-status path p in an ADMG or PDAG G is blocked by a node set C if (i) p
contains a non-collider in C or (ii) p contains a collider that is not in an(C, G). Otherwise
the path p is open given C. Node sets A and B are said to be m-separated given a set C if
every path between an A ∈ A and a B ∈ B is blocked by C. We then write A ⊥G B | C.
In DAGs, m-separation is called d-separation.
Markov equivalence and CPDAGs. (Andersson et al., 1997) The (Markov) equivalence class of a DAG D is the set of DAGs that imply the same d-separation relationships as
D. These are all DAGs with the same adjacencies and v-structures Verma and Pearl (1990).
Markov equivalence classes can be represented as completed partially directed acyclic graphs
(CPDAGs), which are simple graphs with directed or undirected edges, without directed
cycles and with certain restrictions regarding the patterns of edges that can occur. The
equivalence class represented by a CPDAG G is denoted by [G]. A directed edge A → B in
G means that this edge is present in all DAGs in the equivalence class [G]. An undirected
edge A − B in G means that A and B are adjacent in every DAG in [G] and there is at least
one DAG in [G] with A → B and at least one with A ← B.
Meek’s rules and maxPDAGs. (Perković et al., 2017) Certain subsets of equivalence
classes of DAGs can be represented by maximally oriented PDAGs (maxPDAGs), which
are PDAGs with edge orientations that are closed under the orientation rules in Figure 8
(Meek’s rules, Meek (1995)). The set of DAGs represented by a maxPDAG G is denoted
by [G]. The edges in maxPDAGs have the same interpretation as in CPDAGs. DAGs and
CPDAGs are special cases of maxPDAGs.
Rule 1
⇒

Rule 2

Rule 3

⇒

Rule 4
⇒

⇒

Figure 8: Meek’s orientation rules. Let G be a simple graph with only directed and undirected edges and without directed cycles. If the graph on the left is an induced
subgraph of G, then orient the undirected edges in G according to the graph on
the right (Meek, 1995). The rules prevent directed cycles and new v-structures.
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Partial topological ordering. Let D be a DAG with node set V and let V1 , . . . , Vp
be a partition of V. Then V1 < · · · < Vp is a partial topological ordering of V if for every
i > j, there are no directed edges from Vi to Vj .
Independence and faithfulness. For sets of random variables X, Y and Z, if X and
Y are conditionally independent given Z, we write X ⊥
⊥ Y | Z. A joint density f (v) over
a set of random variables V is Markov with respect to a DAG D with node set V if for
disjoint X, Y, Z ⊆ V, X ⊥D Y | Z ⇒ X ⊥
⊥ Y | Z; the density f (v) is faithful to D if also
X⊥
⊥ Y | Z ⇒ X ⊥D Y | Z.
Causal DAGs, CPDAGs, maxPDAGs and ADMGs. Intuitively, a causal DAG is
a DAG where an edge A → B means that A is a direct cause of B (relative to the variables
included). This can be formalised using the intervention operator, denoted by do(·) in Pearl
(2009). For random variables V and X ⊆ V, the post-intervention density f (v | do(x0 ))
is the joint density of V in a (hypothetical) experiment that fixes X to x0 for everyone
in the population by an external intervention. A joint density f (v) is compatible with a
causal DAG D = (V, E) if for all X ⊆ V, the post-intervention density f (v | do(x0 )) can
be written as
Y
f (v | do(x0 )) = 1(x = x0 )
f (v | pa(V, D)),
V ∈V\X

where 1(x = x0 ) is the indicator function that is 1 if x = x0 and 0 otherwise. This is known
as the truncated factorisation formula (Spirtes et al., 2000; Pearl, 2009). A CPDAG or
maxPDAG G is called a causal CPDAG or causal maxPDAG if [G] contains a causal DAG.
A causal ADMG is an ADMG that has been obtained by subjecting a causal DAG to a
latent projection, see Definition 4.
(Possibly) causal nodes and forbidden nodes. See Section 2.
Valid adjustment sets and amenability. Let X, Y and Z be disjoint sets of random
variables, where Z is possibly empty. Then Z is a valid adjustment set relative to (X, Y) if
we have
(
f (y | x)
if Z = ∅,
f (y | do(x)) = R
(1)
z f (y | x, z)f (z)dz otherwise.

Relative to a causal DAG, CPDAG, maxPDAG or ADMG G = (V, E), a valid adjustment
set is defined as follows: Let X, Y and Z be disjoint subsets of V, where Z is possibly
empty. Then Z is a valid adjustment set relative to (X, Y) in G if equation (1) holds for
every joint density f (v) compatible with G (Perković et al., 2018). Further, G is said to be
amenable for adjustment relative to (X, Y) if every proper possibly causal path from X to
Y starts with a directed edge out of X (Perković et al., 2018).
Generalised adjustment criterion. (Perković et al., 2017, 2018; Shpitser et al., 2010)
Let X, Y and Z be disjoint node sets in a causal DAG, CPDAG, maxPDAG or ADMG G.
Then Z is a valid adjustment set relative to (X, Y) in G if and only if the following three
conditions hold:
(a) G is amenable relative to (X, Y),
(b) Z ∩ forb(X, Y, G) = ∅,
(c) all proper non-causal definite-status paths from X to Y are blocked by Z.
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Causal linear model. Let D be a causal DAG with node set V = (V1 , · · · , Vp ). Then
V is said to follow a causal linear model compatible with D if the distribution of each
Vi ∈ V can be described by an equation of the form
Vi =

X

αij Vj + vi

Vj ∈pa(Vi ,D)

with αij ∈ R and vi a random variable with mean 0 and finite variance such that v1 , . . . , vp
are jointly independent. For a causal CPDAG or maxPDAG G, V is said to follow a causal
linear model compatible with G if V follows a causal linear model compatible with a DAG
in [G].
Partial variance notation. Consider a random variable S and a random vector T.
We denote the covariance matrix of T by Σtt and the row vector of covariances between S
and T by Σst . The partial variance of S given T is defined as σss.t = Var(S) − Σst Σ−1
Σ−1 .
√tt st
Asymptotic variance. Consider a sequence of estimators (β̂n )n∈N such that n(β̂n −
β) converges in distribution to N (0, v). We call v the asymptotic variance of β̂ and write
a.var(β̂) = v.

Appendix B. Proofs for Section 3
In this appendix, we prove our claims about the forbidden projection made in Section 3.
Proposition 6 Let X and Y be disjoint node sets in a causal DAG D such that Y ⊆
de(X, D). Then a valid adjustment set relative to (X,Y) in D exists if and only if there is
no bi-directed edge between any X ∈ X and Y ∈ Y in DXY .
Proof We show that a valid adjustment set relative to (X,Y) in D cannot exist if and only
if there is a bi-directed edge between a X ∈ X and a Y ∈ Y in the forbidden projection
DXY .
Assume first that there is a bi-directed edge in DXY between some X ∈ X and a Y ∈ Y.
Then according to Definition 4 of the latent projection there is a path in D between X and
Y on which all nodes are non-colliders and contained in the forbidden set. This constitutes a
non-causal path that cannot be blocked by any sets of nodes that are not forbidden. Hence
no valid adjustment set relative to (X,Y) and D exists.
Assume now that there is no valid adjustment set relative to (X,Y) in D. Then Lemma
15 implies X ∩ de(cn(X, Y, D), D) 6= ∅. Let X ∗ ∈ X ∩ de(cn(X, Y, D), D). Then there must
exist a node C ∗ ∈ cn(X, Y, D) and a node Y ∗ ∈ Y such that there is a path of the form
X ∗ ← · · · ← C ∗ → · · · → Y ∗ where all non-endpoints are non-colliders on the path and in
the forbidden set. It follows from Definition 4 of the latent projection that DXY contains
a bi-directed edge X ∗ ↔ Y ∗ .

Lemma 15 (Corollary 27 in Perković et al., 2018) Let X and Y be disjoint node sets
in a causal DAG D such that Y ⊆ de(X, D). Then a valid adjustment set relative to (X,Y)
in D exists if and only if X ∩ de(cn(X, Y, D), D) = ∅.
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Proposition 7 Let X and {Y } be disjoint node sets in a causal DAG D such that Y ∈
de(X, D). Then DXY is a causal DAG if and only if there exists a valid adjustment set
relative to (X, Y ) in D.
Proof First assume that DXY is a causal DAG. Then by Proposition 6, a valid adjustment
set relative to (X, Y ) in D exists.
Now assume that a valid adjustment set relative to (X, Y ) in D exists. We show that (1)
DXY is a DAG syntactically, i.e. a directed graph without cycles, (2) semantically, applying
the d -separation criterion to sets of nodes in DXY yields the same separations as applying
the d -separation criterion to the same node sets in D, and (3) DXY is a causal DAG for
(V \ forb(X, Y, D)) ∪ X ∪ {Y }.
(1) As we assume that a valid adjustment set relative to (X, Y ) in D exists, it follows
from Proposition 6 together with Lemma 16 that DXY does not contain bi-directed edges.
Acyclicity of latent projections is guaranteed by property 1 of Definition 4 of the latent
projection: every directed edge in D(W) corresponds to a directed path in D, hence if DXY
had a directed cycle then so would D. It follows that DXY is acyclic.
(2) The m-separations in a latent projection D(W) correspond to the d-separations
between nodes in W in the original DAG D (Richardson et al., 2017). In our case,
D(W) = DXY is itself a DAG syntactically, and for DAGs m-separation and d-separation
are equivalent.
(3) Since D is a causal DAG for the random variables V, the truncated factorisation
derived from D holds for all interventions do(T = t0 ) with T ⊆ V:
f (v | do(t0 )) = 1(t = t0 )

Y

V ∈V\T

f (v | pa(V, D)).

(2)

We need to show that the truncated factorisation implied by DXY holds for the joint
marginal distribution of (V \forb(X, Y, D))∪X∪{Y }. We distinguish two cases. In the first
case, Y 6∈ de(X, D). This case is trivial, as the forbidden set is then empty and D = DXY .
For the second case, Y ∈ de(X, D) we define the following sets: A = (V \ forb(X, Y, D))∪X
is the node set of DXY without Y , C = cn(X, Y, D) \ (X ∪ {Y }) is the set of forbidden
nodes that are ancestors of Y , excluding X and Y , and M = forb(X, Y, D) \ (X ∪ {Y } ∪ C)
is the forbidden set excluding X, Y and C, so that C ∪ M = forb(X, Y, D) \ (X ∪ {Y }) is
the set over which we marginalise when subjecting D to the forbidden projection. Then the
following partial topological ordering holds: A < C < Y < M. (Note that Y cannot have
descendants in X, as otherwise no valid adjustment set would exist by Lemma 15.)
We can now rewrite equation (2) as
f (v | do(t0 )) = 1(t = t0 )

Y

A∈A\T

f (a | pa(A, D))

Y

C∈C\T

f (c | pa(C, D))

f (y | pa(Y, D))1(Y 6∈T)

Y

M ∈M\T

f (m | pa(M, D)).

Consider now interventions only in nodes T ⊆ (V \ forb(X, Y, D)) ∪ X ∪ {Y }, then
C \ T = C and M \ T = M. Upon marginalising the above intervention distribution over
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M the last term in the product vanishes but the remaining terms do not change:
Y
Y
f (c | pa(C, D))
f (a | pa(A, D))
f (a, y, c | do(t0 )) = 1(t = t0 )
C∈C

A∈A\T

f (y | pa(Y, D))1(Y 6∈T) .

Further marginalising over C, the partial topological order guarantees that the variables in
A do not have parents in C. This yields
Z Y
Y
0
0
f (a | pa(A, D))
f (c | pa(C, D))
f (a, y | do(t )) = 1(t = t )
c C∈C

A∈A\T

f (y | pa(Y, D))1(Y 6∈T) dc.

A variable is conditionally independent of its non-descendants given its parents. All variables in A∪C are non-descendants of Y , hence Y ⊥
⊥ A∪C | pa(Y, D) and f (y | pa(Y, D)) =
f (y | pa(Y, D) ∪ a ∪ c) = f (y | a ∪ c). The second equality holds because the parents of Y ,
if there are any, form a subset of A ∪ C. Similarly, all variables in A are non-descendants
of all variables in C, hence f (c | pa(C,
Q D)) = f (c | pa(C, D) ∪ a). Further, all parents of
variables in C are in A ∪ C, hence C∈C f (c | pa(C, D) ∪ a) = f (c | a). We obtain
Z
Y
0
0
f (a, y | do(t )) = 1(t = t )
f (a | pa(A, D)) f (c | a)f (y | a ∪ c)1(Y 6∈T) dc
c

A∈A\T

= 1(t = t0 )

Y

A∈A\T

= 1(t = t0 )

Y

A∈A\T

f (a | pa(A, D))

Z

c

f (c, y | a)1(Y 6∈T) f (c | a)1(Y ∈T) dc

f (a | pa(A, D))f (y | a)1(Y 6∈T) .

Two things remain to be shown. First, for every A ∈ A, pa(A, D) = pa(A, DXY ) because
A does not have parents in the node set over which we marginalised in the projection.
Second, f (y | a) = f (y | pa(Y, DXY )), which follows from the fact that all conditional
independencies between variables in DXY can be read off DXY using the d -separation
criterion, as we showed in part (2) of this proof. Hence, we have
Y
f (a, y | do(t0 )) = 1(t = t0 )
f (a | pa(A, DXY ))f (y | pa(Y, DXY ))1(Y 6∈T)
A∈A\T

= 1(t = t0 )

Y

V ∈(A∪{Y })\T

f (v | pa(V, DXY )),

which is exactly the truncated factorisation formula implied by DXY . Hence, DXY is a
causal DAG for the random variables A ∪ {Y } = (V \ forb(X, Y, D)) ∪ X ∪ {Y }.
Lemma 16 Let D be a DAG with node set V and let X ⊂ V and Y ∈ V \ X such that a
valid adjustment set relative to (X, Y ) in D exists. Then any edge that is in DXY but not
in D is a directed edge into Y .
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Proof We only consider the case where Y ∈ de(X, D), as otherwise D = DXY and our
statement follows trivially. Define F = forb(X, Y, D) \ (X ∪ {Y }).
By Definition 5, an edge present in DXY but not in D only occurs if D contains a node
Wj ∈ V \ F that has an ancestor in F. We show that the only node in V \ F that can have
an ancestor in F is Y .
Consider first a W ∈ V \ forb(X, Y, D). W does not have ancestors in F, as otherwise
W would be a forbidden node itself. Consider next a node X ∈ X. X does not have ancestors in F either, as every node in F is a descendant of cn(X, Y, D), but we assume that
a valid adjustment set exists relative to (X, Y ) in D, implying X ∩ de(cn(X, Y, D), D) = ∅
by Lemma 15. Hence, Y is the only node in V \ F that can have an ancestor in F.
Proposition 8 Let X, Y and Z be disjoint node sets in a causal DAG D. Then Z is a
valid adjustment set relative to (X, Y) in D if and only if Z is also a valid adjustment set
relative to (X, Y) in DXY .
Proof Throughout, let F = forb(X, Y, D) \ (X ∪ Y).
We first suppose that Z is a valid adjustment set in D and show that this implies that
it is also a valid adjustment set in DXY . Hence, Z ∩ forb(X, Y, D) = ∅ and Z ∩ Y = ∅, so
that every node in Z is also a node of DXY . Further, forb(X, Y, DXY ) ⊆ X ∪ Y and hence
Z ∩ forb(X, Y, DXY ) = ∅. Amenability trivially holds in both D and DXY by assumption.
It remains to show that every proper non-causal path from X to Y in DXY is blocked
by Z, which we do by contradiction. So suppose that Z is a valid adjustment set relative
to (X, Y) in D and that there exists a proper non-causal path p = (V0 , e1 , V1 , . . . , eK , VK )
from X to Y in DXY that is open given Z. We denote YF = Y ∩ forb(X, Y, DXY ) =
forb(X, Y, DXY ) \ X and note that de(Y F , DXY ) ⊆ YF .
Let VL ∈ Y be the first node on p that is in Y and consider the path segment p0 =
(V0 , e1 , V1 , . . . , eL , VL ). Suppose that L < K and that VL ∈ YF . If p0 is causal, then p must
either be causal or contain a collider in YF , contradicting our assumption that it is open
given Z. If VL ∈ Y \ YF then p0 cannot be causal. Hence, we can suppose that L = K or
replace p with p0 without loss of generality.
Consider now the case that VK ∈ Y \ YF . This implies that all nodes on p except V0 are
not in forb(X, Y, DXY ). Since de(forb(X, Y, G) \ X, D) ⊆ forb(X, Y, D) and by definition
of latent projections, this implies that p is also a path in D. As for any node V in DXY ,
de(V, D) ⊆ de(V, DXY ) ∪ F, and Z ∩ F = ∅, it follows that p is also open given Z in D.
Consider now the case that VK ∈ YF . The path p cannot be a one-edge path, as the
two possible such paths would require the existence of paths in D implying that no valid
adjustment sets relative to (X, Y) exist in D. By the fact that de(Y F , D) ⊆ YF , the last
edge of p must be of the form p00 = VK−1 → VK . By the same argument and the definition
of the forbidden projection, the segment p0 = (V0 , e1 , V1 , . . . , VK−1 ) is also a path in D,
which by definition of p and p00 must be non-causal. The path p00 corresponds to a causal
path q 00 in D, such that all nodes except for VK−1 on q 00 are forbidden.
The path q = p0 ⊕ q 00 is a proper non-causal path from X to Y in D; we now show that it
is open given Z. Since de(V, D) ⊆ de(V, DXY ) ∪ F, for any node V ∈
/ F in D, it follows from
the fact that p0 is open given Z in DXY that it is also open given Z in D. Since F ∩ Z = ∅,
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q 00 is also open given Z. The node VK−1 is a non-collider on p and hence by the assumption
that p is open given Z it follows that VK ∈
/ Z. Since VK−1 is also a non-collider on q it
follows that q is open given Z in D.
We now turn to the second part of the proof showing that if a set Z containing no nodes
in F is not a valid adjustment relative to (X, Y) in D then it is also not a valid adjustment
set relative to (X, Y) in DXY .
Suppose that Z ∩ forb(X, Y, D) 6= ∅. Since Z ∩ F = ∅ it follows that Z ∩ (X ∪ Y) 6= ∅;
but this clearly implies that Z cannot be a valid adjustment set in DXY .
Suppose now that Z ∩ (forb(X, Y, D) ∪ Y) = ∅ and that Z is not a valid adjustment
set relative to (X, Y) in D. This implies the existence of a proper non-causal path p =
(V0 , e1 , V1 , . . . , eK , VK ) from X to Y in D that is open given Z.
Consider first the case that p contains no nodes in forb(X, Y, D). Then p also exists in
DXY and by the fact that de(V, DXY ) = de(V, D) \ F it follows that p is also open given
Z in DXY . Suppose now that p contains at least one node in forb(X, Y, D). Since p is
open given Z, it cannot contain a collider in forb(X, Y, D). If we suppose that all nodes
on p are in forb(X, Y, D), then its existence implies that no valid adjustment exists in D,
while the corresponding edge in the forbidden projection would imply the same for DXY .
Hence, we can suppose that p contains at least one node not in forb(X, Y, D) and let VL be
the last such node. Let p0 = (V0 , e1 , V1 , . . . , eL , VL ) and p00 = (VL , eL+1 , V1 , . . . , eK , VK ). By
construction, VL+1 ∈ forb(X, Y, D) and since forb(X, Y, D) \ X ⊆ forb(X, Y, D), it follows
that p00 is causal. Thus the forbidden projection will map p00 to the path q 00 = VL → VK .
This also implies that p0 is non-causal.
Suppose first that V0 ∈ X∩de(forb(X, Y, D)\X, D). Then no valid adjustment set exists
in D. Further, there must be a bi-directed edge from X to Y in DXY and hence that no valid
adjustment set exists in DXY either. We can hence suppose that V0 ∈
/ forb(X, Y, D) \ X.
0
This implies that all nodes on p except V0 are not in forb(X, Y, D). Since this implies that
no node on p0 is in de(F, D) it follows that p0 is also a path in DXY . The path q = p0 ⊕ q 00
is a proper non-causal path from X to Y in DXY . By the usual argument p0 is also open
given Z in DXY and trivially, this is also true for q 00 . Further, VL ∈
/ Z is a non-collider on
q 00 and hence, q is open given Z in DXY .
Proposition 10 Let X and Y be disjoint subsets of the node set V of a DAG D such that
Y ⊆ de(X, D). Then O(X, Y, D) = O∗ (X, Y, D).
Proof We first show that O(X, Y, D) ⊆ O∗ (X, Y, D). Let Z ∈ O(X, Y, D). By Definition
1, O(X, Y, D) ∩ forb(X, Y, D) = ∅ and hence Z is a node in DXY . Furthermore, since
O(X, Y, D) ⊆ pa(cn(X, Y, D), D), and cn(X, Y, D) ⊆ forb(X, Y, D), there is a node Y ∈ Y
such that D contains a directed path Z → · · · → Y on which all non-endpoint nodes are
in forb(X, Y, D). Due to property 1 of Definition 4, this corresponds to an edge Z → Y in
DXY , hence Z ∈ O∗ (X, Y, D).
Next, we show that O∗ (X, Y, D) ⊆ O(X, Y, D). Let Z ∗ ∈ O∗ (X, Y, D). By Definition 5, this implies that Z ∗ ∈ V \ (forb(X, Y, D) ∪ X ∪ Y). Moreover, by Definition
9, there is an edge Z ∗ → Y ∗ in DXY with Y ∗ ∈ Y. In D, this corresponds to a directed path Z ∗ → · · · → Y ∗ on which all non-endpoint nodes are in forb(X, Y, D), and
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Z ∗ 6∈ forb(X, Y, D). Denote the path by p. There are two cases: In the first case, p has no
non-endpoint nodes, i.e. D contains the edge Z ∗ → Y ∗ . Since we assume Y ⊆ de(X, D),
Y ∗ must be in cn(X, Y, D), hence Z ∗ ∈ O(X, Y, D). In the second case, p has at least one
non-endpoint node. This means that Z ∗ ∈ pa(W, D), where W ∈ forb(X, Y, D) \ (X ∪ Y)
and W ∈ an(Y ∗ , D). Since in a DAG, all forbidden nodes are descendants of X, we also
have W ∈ de(X, D), and hence W ∈ cn(X, Y, D). It follows that Z ∗ ∈ O(X, Y, D).

Appendix C. Generalisation of the Forbidden Projection and the O∗ -Set
to Amenable MaxPDAGs
In this appendix, we generalise the forbidden projection (Definition 5) and the O∗ -set
(Definition 9) to amenable maxPDAGs and show that Propositions similar to 6, 8, 7 and
10 still hold for the more general definitions.
The latent projection in general (Definition 4) cannot be generalised to (amenable)
maxPDAGs as marginalising does not generally result in an ADMG. As an example, consider
the maxPDAG W1 − L → W2 with latent node L. It is not clear how the projection should
be constructed in this case: W1 → W2 would give the wrong impression that W1 is an
ancestor of W2 (instead of a possible ancestor), while W1 − W2 would imply that W2 is a
possible ancestor of W1 . As we will show in the following propositions, however, the latent
projection can be meaningfully generalised to amenable maxPDAGs when projecting over
the special case of a forbidden set.
Definition 17 (Forbidden projection for amenable maxPDAGs) Let G be a maxPDAG with node set V, and let X ⊂ V and Y ∈ V \ X such that G is amenable relative
to (X, Y ). Define F = forb(X, Y, G) \ (X ∪ {Y }). The forbidden projection G XY of G is a
graph with node set V \ F and edges as follows: For distinct nodes Wi , Wj ∈ V \ F,
1. G XY contains a directed edge Wi → Wj if and only if G contains a directed path
Wi → · · · → Wj on which all non-endpoint nodes are in F,
2. G XY contains a bi-directed edge Wi ↔ Wj if and only if G contains a path, with at
least one non-endpoint node, of the form Wi ← · · · → Wj on which all non-endpoints
are non-colliders and in F,
3. G XY contains an undirected edge Wi − Wj if and only if G contains Wi − Wj .
Note that we restrict the definition to singleton Y . This is because with a set Y, we
run into similar construction/interpretation problems as described above. Consider, for
example, an amenable maxPDAG with node set {X, F, Y1 , Y2 } and edges X → Y1 − F → Y2
as well as X → F . None of Y1 → Y2 , Y1 ↔ Y2 or Y1 − Y2 are correct representations of the
marginal distribution.
Before generalising the O∗ -set, we now describe the properties of the forbidden projection for maxPDAGs. A key property is that if a valid adjustment set exists, the forbidden
projection of a maxPDAG is itself a maxPDAG (Proposition 22). This is analogous to
Proposition 7 for DAGs. Proposition 19, in analogy to Proposition 6, states that if X has
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a causal effect on Y , then the forbidden projection can be used to check whether a valid
adjustment set exists. In Proposition 25, we show that a set Z is a valid adjustment set
in the forbidden projection if and only if it is a valid adjustment set in the original graph,
which is analogous to Proposition 8.
We begin with a lemma that will allow us to use possde(X, G) and de(X, G) interchangeably when G is an amenable maxPDAG.
Lemma 18 Let p = (V1 , V2 , . . . , VK ) be a possibly directed path in a maxPDAG G such that
no node on p shares an undirected edge with V1 . Then a subsequence of p forms a directed
path from V1 to VK in G.
Proof We show this by induction. By assumption, (V1 , V2 ) is a subsequence of p and forms a
directed path from V1 to V2 . Now assume that a subsequence of p forms a directed path from
V1 to Vk−1 , for 2 < k ≤ K. Denote this subsequence by (V1 = W1 , W2 , . . . , WQ = Vk−1 ).
Clearly, if Vk−1 → Vk then (V1 = W1 , W2 , . . . , WQ = Vk−1 , Vk ) is a subsequence of p and
forms a directed path from V1 to Vk in G, which is what we wanted to show. If, on the other
hand, if Vk−1 − Vk then there are four cases, three of which lead to a contradiction:
(1) The induced subgraph of G on {WQ−1 , WQ = Wk−1 , Vk } is Graph 1 in Figure 9.
Then G is not closed under Meek’s Rule 1 (see Figure 8), which is a contradiction.
(2) The induced subgraph of G on {WQ−1 , WQ = Wk−1 , Vk } is Graph 2 in Figure 9.
Then G is not closed under Meek’s Rule 2, which is a contradiction.
(3) The induced subgraph of G on {WQ−1 , WQ = Wk−1 , Vk } is Graph 3 in Figure 9.
This implies the induced subgraph of G on {WQ−2 , WQ−1 , Vk } would also be graph 3
(with the same reasons as above excluding graphs 1 and 2). Repeating the argument
for WQ−3 , WQ−4 , . . . implies an undirected edge between W1 = V1 and Vk , which is a contradiction.
(4) The induced subgraph of G on {WQ−1 , WQ = Wk−1 , Vk } is Graph 4 in Figure 9.
Then (V1 = W1 , W2 , . . . , WQ−1 , Vk ) is a subsequence of p and forms a directed path from
V1 to Vk , which is what we wanted to show.

Graph 1
WQ−1

Graph 2
Vk−1

Vk

WQ−1

Graph 3
WQ−1

Vk−1

Vk

Graph 4
Vk−1

Vk

WQ−1

Vk−1

Vk

Figure 9: Graphs for the proof of Lemma 18.
Proposition 19 Let G be a causal maxPDAG with node set V, and let X ⊂ V and Y ∈
V \ X such that Y ∈ possde(X, G) and G is amenable relative to (X, Y ). Then a valid
adjustment set relative to (X, Y ) in G exists if and only if there is no bi-directed edge
between any nodes in the forbidden projection G XY .
34

129

4 The optimal adjustment set

On Efficient Adjustment in Causal Graphs

Proof By Lemma 18, Y ∈ possde(X, G) implies Y ∈ de(X, G). The proof is now analogous
to the proof of Proposition 6, with Lemma 15 replaced by Lemma 20.

Lemma 20 Let G be a causal maxPDAG with node set V, and let X ⊂ V and Y ∈ V \ X
such that Y ∈ de(X, G) and G is amenable relative to (X, Y ). Then a valid adjustment set
relative to (X, Y ) in G exists if and only if X ∩ de(cn(X, Y, G), G) = ∅.
Proof We show that no valid adjustment set relative to (X, Y ) in G exists if and only if
X ∩ de(cn(X, Y, G), G) 6= ∅. The proof is similar to the proof of Corollary 27 in Perković
et al. (2018).
Assume first that no valid adjustment set relative to (X, Y ) in G exists, then by Lemma
21, there is a proper non-causal definite-status path from some X ∈ X to Y that is open
given adjust(X, Y, G) = possan(X ∪ {Y }, G) \ (X ∪ forb(X, Y, G)). Denote one such path
by p. Assume for contradiction that p contains a collider and denote the collider by C. As
p is open given adjust(X, Y, G), a descendant of C is in adjust(X, Y, G). This implies that
an(C, G) ∩ forb(X, Y, G) = ∅, as otherwise all descendants of C would be in forb(X, Y, G)
and could not be in adjust(X, Y, G). As Y ∈ forb(X, Y, G), it follows that at least one of
the nodes adjacent to C on p must be a non-endpoint non-collider on p. Denote one such
node by B. As B ∈ pa(C, G), B 6∈ forb(X, Y, G) and B ∈ adjust(X, Y, G). But then p is not
open given adjust(X, Y, G), which is a contradiction. Hence, p does not contain a collider.
As p is non-causal, p cannot be directed towards Y , and as we assume that Y ∈ de(X, G),
p cannot be directed towards X. Hence, p is a path of the form X ← · · · ← A → · · · → Y ,
where every non-endpoint is a non-collider not in adjust(X, Y, G). It follows that A is in
forb(X, Y, G) and thus is a descendant of X, which implies that X ∈ de(cn(X, Y, G), G) and
hence X ∩ de(cn(X, Y, G), G) 6= ∅.
Assume now that X ∩ de(cn(X, Y, G), G) 6= ∅. Pick a node from X ∩ de(cn(X, Y, G), G)
and denote it by X ∗ . Then there must exist a node C∗ ∈ cn(X, Y, G) such that there is a
path of the form X ∗ ← · · · ← C ∗ → · · · → where that all non-endpoint non-colliders on
the path are in the forbidden set. This path cannot be blocked by any set of non-forbidden
nodes.

Lemma 21 (Theorem 5.6 in Perković et al., 2017) Let X and Y be disjoint node sets
in a causal maxPDAG G such that G is amenable relative to (X, Y), and let adjust(X, Y, G) =
possan(X ∪ Y, G) \ (X ∪ Y ∪ forb(X, Y, G)). Then a valid adjustment set relative to (X, Y)
in D exists if and only if all proper non-causal definite-status paths from X to Y are blocked
by adjust(X, Y, G) in G.
Proposition 22 Let G be a causal maxPDAG with node set V, and let X ⊂ V and
Y ∈ V \ X such that G is amenable relative to (X, Y ) and there exists a valid adjustment set
relative to (X, Y ) in G. Denote the set of DAGs represented by G by [G] = {D1 , D2 , . . . , DM }.
Then the forbidden projection G XY is the causal maxPDAG representing the DAGs in
XY }.
{D1XY , D2XY , . . . , DM
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Proof We only consider the case that Y ∈ possde(X, G), as otherwise the proposition
follows trivially from the fact that G XY = G. By Lemma 18, Y ∈ possde(X, G) implies
XY
Y ∈ de(X, G). We know from Propositions 6 and 19 that none of G XY , D1XY , D2XY , . . . , DM
contain any bi-directed edges. Consider edges present in the latent projections but not in
the original graphs: For the maxPDAG G, denote the set of edges in G XY but not in G
by e(G), and define analogous sets e(D1 ), e(D2 ), . . . , e(DM ) for the DAGs D1 , D2 , . . . , DM .
None of e(G), e(D1 ), e(D2 ), . . . , e(DM ) contain any undirected edges. Further, any directed
edges in any of e(G), e(D1 ), e(D2 ), . . . , e(DM ) are into Y . This is because for every G 0 ∈
{G, D1 , D2 , . . . , DM }, an edge in e(G 0 ) corresponds to a directed path with at least one
forbidden non-endpoint node in G 0 . If an edge in e(G 0 ) was into a node V ∈ V \ (X ∪ {Y }),
then V would itself be forbidden, which is a contradiction. If an edge in e(G 0 ) was into
a node X ∈ X, then X would be in de(cn(X, Y, G 0 ), G 0 ), which by Lemma 20 contradicts
our assumption that a valid adjustment set exists relative to (X, Y ) in G 0 . Hence, all
edges in all of e(G), e(D1 ), e(D2 ), . . . , e(DM ) are into Y . In fact, by Lemma 23 below,
XY can
e(G) = e(D1 ) = e(D2 ) = · · · = e(DM ) = e. The graphs G XY , D1XY , D2XY , . . . , DM
thus be constructed by copying the induced subgraphs of G, D1 , D2 , . . . , DM with respect to
(V \ forb(X, Y, G)) ∪ (X, Y ) and adding the edges in e. Hence, G XY represents the DAGs
XY } in the sense that every directed edge in G XY is also present in all
in {D1XY , D2XY , . . . , DM
XY }, and for every undirected edge V − V in G XY , there is at
DAGs in {D1XY , D2XY , . . . , DM
i
j
XY
XY
XY } with V → V and at least one with V ← V .
least one DAG in {D1 , D2 , . . . , DM
i
j
i
j
In order show that G XY has all the characteristics of a maxPDAG, we show that G XY is
closed under Meek’s rules. Referring to Figure 8, we argue that the graphs on the left-hand
sides of Rules 1 – 4 cannot be induced subgraphs of G XY . Assume for contradiction that
the left-hand graph of Rule 1, → −, was an induced subgraph of G XY . As this graph is not
an induced subgraph of G by assumption, and all of e(G), e(D1 ), e(D2 ), . . . , e(DM ) consist
of only directed edges into Y , we can conclude that the directed edge in → − is into Y , i.e.
→ Y −. Hence, Y shares an undirected edge with some node V in G, but this means that
V is a forbidden node in some D ∈ [G], which is not allowed according to Lemma 24. By
similar arguments, none of the graphs on the left-hand sides of Rules 1 – 4 in Figure 8 is
an induced subgraph of G XY .
Lemma 23 Let G be a causal maxPDAG with node set V, and let X ⊂ V and Y ∈ V \ X
such that G is amenable relative to (X, Y ) and there exists a valid adjustment set relative
to (X, Y ) in G. Define F = forb(X, Y, G) \ (X ∪ {Y }) and pick a node V1 ∈ V \ F. Then
the following two statements are equivalent:
(i) A DAG D ∈ [G] contains a directed path p = (V1 , V2 , . . . , VK = Y ) such that all
non-endpoint nodes on p are in F.
(ii) The maxPDAG G contains a directed path q = (V1 = W1 , W2 , . . . , WQ = Y ) such that
all non-endpoint nodes on q are in F.
Proof Statement (ii) implies that the directed path p is present in all DAGs in [G] by the
defining properties of a maxPDAG. Hence, we only show that (i) implies (ii). Again by
the properties of maxPDAGs, the sequence of nodes (V1 , V2 , . . . , VK = Y ) forms a possibly
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directed path from V1 to Y in G. We first show that no node in {V2 , . . . , VK = Y } shares
an undirected edge with V1 . Suppose, for contradiction, that node Vk , 2 ≤ k ≤ K shares
an undirected edge with V1 and distinguish two cases: (1) V1 ∈ X, (2) V1 ∈ V \ X. The
first case contradicts our assumption that G is amenable relative to (X, Y ). The second
case implies that V1 , as a possible descendant of Vk , is in F, but we chose V1 such that
V1 ∈ V \ F. Hence, no node in {V2 , . . . , VK = Y } shares an undirected edge with V1 . We
can thus apply Lemma 18 and conclude that a subsequence of (V1 , V2 , . . . , VK = Y ) forms
a directed path from V1 to Y in G, which implies that statement (ii) holds.
Lemma 24 (Lemma E.8 in HPM19) Let X and Y be disjoint node sets in a maxPDAG G, such that G is amenable relative to (X, Y), and let D be a DAG in [G]. Then
forb(X, Y, G) = forb(X, Y, D).
Proposition 25 Let G be a causal maxPDAG with node set V and let X ⊂ V and Y ∈
V \ X such that G is amenable relative to (X, Y ). Then a set Z is a valid adjustment set
relative to (X, Y ) in G if and only if it is a valid adjustment set relative to (X, Y ) in the
forbidden projection G XY .
Proof Let D ∈ [G] and DXY its forbidden projection. By Proposition 8, a set Z is a valid
adjustment set relative to (X, Y ) in D if and only if it is a valid adjustment set relative to
(X, Y ) in DXY . By Proposition 22, the set [G XY ] contains exactly the forbidden projections
of all DAGs in [G]. Hence if Z is a valid adjustment set in all D ∈ [G], then it is a valid
adjustment set in all DXY ∈ [G XY ] and vice versa.
To summarise, the forbidden projection for amenable causal maxPDAGs has very similar
properties as the forbidden projection for causal DAGs, as long as we consider a singleton
outcome node Y : Bi-directed edges in the projection indicate the lack of a valid adjustment
set; if a valid set exists, the forbidden projection is a maxPDAG itself, preserving all the
information relevant to causal effect identification via adjustment; in particular, all valid
sets can be read off the forbidden projection as well as the original graph.
Finally, we now generalise Definition 9 of the O∗ -set and its optimality property in
Proposition 10 to amenable maxPDAGs with singleton Y .
Definition 26 Let G be a causal maxPDAG with node set V, let X ⊂ V and Y ∈ V \ X
such that G is amenable relative to (X, Y ), and let G XY be the corresponding forbidden
projection. We define O∗ (X, Y, G) as:
O∗ (X, Y, G) = pa(Y, G XY ) \ X.
Proposition 27 Let G be a causal maxPDAG with node set V, let X ⊂ V and Y ∈ V \ X
such that Y ∈ possde(X, D) and G is amenable relative to (X, Y ), let Z be a valid adjustment
set relative to (X, Y ) in G and let O∗ = O∗ (X, Y, G). Then O∗ is a valid adjustment set
relative to (X, Y ) in G and if the variables V follow a linear causal model compatible with
G, then, for every Xi ∈ X, a.var(β̂yxi .x−i o∗ ) ≤ a.var(β̂yxi .x−i z ).
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Proof We prove this by showing that O(X, Y, G) and O∗ (X, Y, G) are equal and invoking
Propositions 2 and 3. By Lemma 18, Y ∈ possde(X, G) implies Y ∈ de(X, G). Then the
equivalence follow directly from Lemma 28 in combination with Proposition 10: For every
DAG D ∈ [G], O(X, Y, G) = O(X, Y, D) = O∗ (X, Y, D) = O∗ (X, Y, G).
Lemma 28 (Lemma E.7 in HPM19) Let X and Y be disjoint node sets in a maxPDAG
G such that G is amenable relative to (X, Y) in G, let Y ⊆ possde(X, G), and let D be a
DAG in [G]. Then O(X, Y, D) = O(X, Y, G).

Appendix D. Proof for Section 4
Proposition 11 Let X and Y be nodes in a causal CPDAG or maxPDAG G = (V, E),
bP
such that V follows a causal linear model compatible with G with Gaussian errors. Let Θ
O
b be the multisets returned by semi-local IDA and optimal IDA respectively, applied
and Θ
to X, Y and G, with the subsets of sib(X, G) considered in the same order for both. Then,
b P | = |Θ
b O |,
for i ∈ {1 . . . , k}, with k = |Θ
b P ] = E[Θ
b O ] and
1. E[Θ
i

i

b P ) ≥ a.var(Θ
b O ).
2. a.var(Θ
i
i

Proof Consider any set Si ⊆ sib(X, G). Perković et al. (2017) showed that there exists
a DAG D ∈ [G], such that Pi = pa(X, D) = Si ∪ pa(X, G), if and only if directing the
edges in the neighbourhood of X according to Pi and applying Meek’s orientation rules
results in a valid maxPDAG Gi0 . If this is not the case for Si , both algorithms discard Si at
their respective line 8. We can hence suppose that there exists a DAG D ∈ [G], such that
Pi = pa(X, D) = Si ∪ pa(X, G).
b O = β̂yx.o , where Oi = O(X, Y, G 0 ).
Suppose that Y ∈ possde(X, Gi0 ). In this case Θ
i
i
i
As Gi0 is amenable by construction, it follows from Lemma 28 in Appendix C that Oi =
b P = β̂yx.p .
O(X, Y, D). Further, Y ∈ possde(X, Gi0 ) implies that Y ∈
/ pa(X, Gi0 ) and thus Θ
i
i
By Proposition 2, Oi is a valid adjustment set relative to (X, Y ) in D, and clearly the same
holds for Pi . Since we suppose multivariate Gaussianity, this implies that both β̂yx.oi and
β̂yx.pi are consistent estimators of τyx (D), and E[β̂yx.oi ] = E[β̂yx.pi ] = τyx (D).
Further, by Lemmas E.4 and E.5 of the Supplement of HPM19, Pi \ Oi is conditionally
independent of Y given {X} ∪ Pi , and Oi \ Pi is conditionally independent of X given
Pi , respectively. These two independencies allow us to invoke Lemma C.2 of HPM19 and
conclude that σyy.xoi ≤ σyy.xpi as well as σxx.oi ≥ σxx.pi . As we assume a multivariate
Gaussian distribution, it follows that
σyy.xoi
σyy.xpi
a.var(β̂yx.oi ) =
≤
= a.var(β̂yx.pi ).
σxx.oi
σxx.pi
Suppose now that Y ∈
/ possde(X, Gi0 ). Then Y ∈
/ de(X, D), hence τyx (D) = 0. As
0
O
O
b
b
b Pi = 0
Y ∈
/ possde(X, Gi ), Θi = 0 and as a result a.var(Θi ) = 0. If Y ∈ pa(X, Gi0 ), then Θ
P
0
0
P
b
b
and as a result a.var(Θi ) = 0. If Y ∈
/ possde(X, Gi ) ∪ pa(X, Gi ), then Θi = β̂yx.pi and by
b P ) > 0 in this case.
nature of parent sets E[β̂yx.pi ] = 0. Clearly, a.var(Θ
i
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Appendix E. Violin Plots
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Figure 10: Violin plots of the relative mean squared error (RMSE) r over 1000 repetitions
for scenarios with different numbers of nodes (p), expected number of neighbours
per node (d), and sample sizes (n). Optimal and semi-local IDA were applied
to the true CPDAG G. The dots mark the geometric means, the plus signs the
medians.
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Figure 11: Violin plots of the relative mean squared error (RMSE) r∗ over 1000 repetitions
for scenarios with different numbers of nodes (p), expected number of neighbours
per node (d), and sample sizes (n). Optimal and semi-local IDA were applied to
the estimated CPDAG G ∗ . The dots mark the geometric means, the plus signs
the medians.
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data
This chapter is about causal discovery from cohort data, where repeated measurements have been taken in the same individuals. Using cohort data for causal
discovery comes with certain advantages, but also involves challenges (Andrews,
Foraita, Didelez and Witte, 2021). On the one hand, the number of subjects and
the number of variables included is usually high. The former ensures that conditional independencies can be discovered with a higher power, while the latter
makes the causal sufficiency assumption more plausible. Further, as cohort data
are collected in waves, they have a natural time structure, which can be exploited
during edge orientation. On the other hand, the variables are often measured on
mixed scales (continuous, unordered categorical, ordered categorical, count, etc.).
This is in contrast to e.g. gene expression data, where all variables are continuous.
In addition, cohort data typically contain missing values, as participants may skip
appointments, choose not to answer parts of a questionnaire or drop out of the
study, i.e. contribute data up to a certain time point and then leave.
This chapter is organised as follows. In Section 5.1, I propose the tPC-algorithm, a
modified version of LMPC-stable that accounts for the partial time-ordering of cohort data. I prove that tPC is sound and complete and index-stable, and point out
why repeated measurements are both a curse and a blessing for constraint-based
algorithms. In Section 5.2, I provide an overview about methods for handling incomplete data in the context of causal discovery, including test-wise deletion and
multiple imputation. These two methods are further investigated in this chapter’s
paper, Witte, Foraita and Didelez (2021), contained in Section 5.3. In this preprint,
we present theoretical results on the recoverability of causal structures under testwise deletion, new insights into multiple imputation for conditional independence
testing, an extensive empirical comparison and an application to real data. The
chapter concludes with a general discussion of challenges in causal discovery in
Section 5.4.
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5.1 Incorporating temporal information
As cohort data are collected in waves, they have a natural time structure. Typically,
variables measured at baseline can be assumed to ‘happen before’ variables measured at the first follow-up examination, which in turn ‘happen before’ variables
measured at the second follow-up, etc. More formally, the set of measured variables V can be partitioned into subsets V1 , . . . , VP such that a smaller superscript
indicates an earlier time point or tier, and it is assumed that variables in a given tier
cannot causally influence variables in earlier tiers. If an underlying causal DAG is
assumed, this corresponds to a partial topological (node) ordering, defined as follows:

Definition 49 (Partial topological (node) ordering)
A partial topological (node) ordering of a DAG D with node set V is an ordered
partition V1 < · · · < VP of V such that for p ∈ {1, . . . , P}, V p ⊆ nde(

SP

i = p +1 V

i , D).

In other words, edges are not directed from a later tier to an earlier tier. There
are situations in which a partial topological ordering can be assumed even though
the data have not been collected in waves. For examples, variables describing
the environment in which the study data were collected (e.g. weather, weekday,
examiner, lab) can usually be assumed to be in an earlier tier than the remaining
variables. The same holds for variables measuring constant attributes of the study
subjects (e.g. data of birth / age, biological sex, country of origin). Mooij et al.
(2020) called such variables ‘context variables’.
If background knowledge in the form of a partial topological ordering is available, it should be exploited to make the causal discovery analysis more reliable
(Li and Beek, 2018; de Campos et al., 2019; Wang and Michailidis, 2019). Two
general strategies are conceivable: One is to run the causal discovery algorithm
as usual, and to use the background knowledge to rate the plausibility of the estimated CPDAG. The other is to modify the causal discovery algorithm to only
return estimated graphs that are in agreement with the background knowledge.
In this thesis, I focus on the second strategy. In particular, I investigate how to best
incorporate a known partial topological ordering into the LMPC-stable algorithm
(see Section 2.6.1).
Consider first the following procedure:
1. Run LMPC-stable as usual.
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2. In the estimated CPDAG, find all undirected edges Vi − Vj such that Vi is
in an earlier tier than Vj according to the specified topological ordering, and

orient them as Vi → Vj .
3. Apply Meek’s rules.
This procedure is sound and complete in the sense that if the input is oracle conditional independence information and a correct partial topological ordering, then
the output is the maximally informative MPDAG given this input, which follows
immediately from the soundness and completeness of LMPC-stable (Colombo and
Maathuis, 2014) and Meek’s rules (Meek, 1995a). However, when the procedure is
applied to finite data, it can happen that some of the directed edges in the graph
estimated in step 1 contradict the specified partial topological ordering, such that
edge orientations need to be overwritten in step 2, which is inefficient. Further,
the number of conditional independence tests performed is larger than necessary,
as will be shown in Section 5.1.1.
Hence, I propose the tPC-algorithm, which incorporates the specified partial topological ordering as early in the algorithm as possible, and reduces the number
of conditional independence tests and thus the number of opportunities for type I
and type II errors to occur. The tPC-algorithm is based on LMPC-stable, with the
following modifications:
1. Conditional independence testing is generally restricted such that when testing Vi ⊥
⊥ Vj | S for an ordered pair (Vi , Vj ), the variables in S must not be
in a later tier than Vi . This modification has been suggested by Spirtes et al.

(2000), p. 93, and similar ideas have been put forward e.g. in de Campos and
Castellano (2007), Asvatourian et al. (2020) and Petersen et al. (2021), but I
am not aware of a proof in the literature showing that these modifications
are valid for either PC or LMPC-stable.
2. In the v-structure-detection phase (see Section 2.6.1), only those triples Vi −

Vj − Vk are considered as candidate v-structures where Vj is in the same tier

as Vi or in the same tier as Vk .

3. Between the v-structure-orientation phase and the application of Meek’s
rules, undirected edges between nodes in different tiers are oriented according to the specified partial topological ordering.
Pseudocode for tPC is included in Algorithm 4 in Appendix A.3. The ‘t’ in ‘tPC’
may stand for ‘temporal’, ‘time-ordered’, ‘tiers’ or ‘(partial) topological ordering’.
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In the following sections, I prove that tPC is sound and complete and index-stable.
I implemented tPC in the R-package tpc, which is available on GitHub (www.

github.com/bips-hb/tpc). The functionalities of the package are illustrated in
Andrews, Foraita, Didelez and Witte, 2021. Other software packages allowing the
user to specify a partial topological ordering are the Java application TETRAD
(Scheines et al., 1998), the R package bnlearn (Scutari, 2010) and the R package
causalDisco (Petersen et al., 2021). However, modification 1 is not implemented
in bnlearn and only partly implemented in causalDisco, and in TETRAD it only
affects the skeleton phase, but not the v-structure phase.
The tPC-algorithm is applied to data from the IDEFICS/I.Family cohort study
(Ahrens et al., 2017) in Foraita, Witte et al. (2021).

5.1.1 tPC is sound and complete
I now show that tPC is sound and complete in the sense that it returns the maximally informative MPDAG given oracle independence information and a known,
true partial topological ordering. In the proof, I use t(V ) = i to denote that node
V is in the i-th tier, i.e. V ∈ Vi .
The proof uses that a distribution is Markov to a DAG D if and only if the local
Markov property holds, which is defined as follows (Lauritzen, 1996, p. 51):

Proposition 50 (Local Markov property)
A distribution P over a set of random variables V has the local Markov property relative
to a DAG D with node set V if for all V ∈ V,
V⊥
⊥ nde(V, D) \ pa(V, D) | pa(V, D).
Proposition 51
Let D be a causal DAG with node set V such that the distribution of V is faithful to D ,

and let V1 , . . . , VP be a partition of V such that V1 < · · · < VP is a partial topological

ordering of D . Then oracle tPC (Algorithm 4 in Appendix A.3) using V1 < · · · < VP as

input returns the maximally informative MPDAG representing D .

Proof. I first prove that the estimated skeleton C ′ is the true skeleton of D by show-

ing that two nodes Vi and Vj are non-adjacent in C ′ if and only if they are nonadjacent in D :
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(i) Suppose first that Vi and Vj are non-adjacent in C ′ . This implies that Vi ⊥
⊥ Vj | S

for some S ⊆ V \ {Vi , Vj }, as otherwise the edge between Vi and Vj would not

have been deleted by tPC. By faithfulness, Vi ⊥
⊥ Vj ⊥D S, hence Vi and Vj are
non-adjacent in D .

(ii) Suppose now that Vi and Vj are non-adjacent in D , and assume without loss of

generality that Vi ∈ nde(Vj , D). By the local Markov property, Vi ⊥
⊥ Vj | pa(Vi , D).
Since tPC does not erroneously delete edges, see (i), pa(Vi , D) ⊆ sib(Vi , C ∗ ) for

every intermediate graph estimate C ∗ in the skeleton phase. Further, for every
node P ∈ pa(Vi , D), t( P) ≤ t(Vi ). This implies that the conditional independence
Vi ⊥
⊥ Vj | pa(Vi , D) is tested by tPC, which means that the edge between Vi and Vj

is deleted. Hence, Vi and Vj are non-adjacent in C ′ .

Consider now phase II (detection of v-structures). Colombo and Maathuis (2014)
showed that phase II of LMPC-stable is sound and complete in the sense that it
detects all and only the true v-structures. Phase II of tPC differs from phase II of
LMPC-stable in two aspects:
(i) Fewer node triples are considered; in particular, a triple (Vi , Vj , Vk ) is not considered if (1) t(Vj ) > max(t(Vi ), t(Vk )) or (2) t(Vj ) < t(Vi ) or t(Vj ) < t(Vk ), see line
22 of Algorithm 3 and Algorithm 4. However, in case (1), if the triple (Vi , Vj , Vk )
forms a v-structure, then this will be oriented in phase III of tPC, and in case (2),

(Vi , Vj , Vk ) cannot form a v-structure, as at least one of the edges would then be directed against the partial topological ordering. Hence, no v-structures are missed
by tPC by ignoring these types of triples.
(ii) Fewer conditional independence tests are performed; in particular, given the
ordered pair (Vi , Vj ), the test for Vi ⊥
⊥ Vj | S is skipped if for any S ∈ S, t(S) >

t(Vi ), see line 24 of Algorithm 3 and lines 23, 24 and 26 of Algorithm 4. However,

this does not prevent tPC from testing Vi ⊥
⊥ Vk | pa(Vi , D) and Vi ⊥
⊥ Vk | pa(Vk , D),

one of which holds due to the local Markov property. Since no conflicts occur in

oracle tPC, one detected conditional independence is enough to correctly identify
whether the triple (Vi , Vj , Vk ) forms a v-structure.
In phase III of tPC, all and only those edge orientations are added that represent
the partial topological ordering. The resulting graph C ′′′ is thus a partially directed
graph in which all v-structures have been oriented, and additional edges have been
oriented according to the partial temporal ordering.
Finally, Meek’s rules are applied in phase IV. Meek (1995a) showed that the rules
are sound and complete in the sense that given a partially oriented graph with
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the same skeleton and v-structures as D and some additional edge orientations,
the output is the maximally informative maxPDAG representing D . As argued in
Colombo and Maathuis (2014), the order in which Meek’s rules are applied does

not matter, as with oracle input there will be no conflicts. Hence, oracle tPC in its
entirety is sound and complete.

5.1.2 tPC is stable
Next, I show that the tPC-algorithm is index-stable in the sense of Colombo and
Maathuis (2014).

Proposition 52
The tPC-algorithm (Algorithm 4 in Appendix A.3) is index-stable.
Proof. Consider first phase I of tPC, the skeleton phase. Colombo and Maathuis
(2014) showed that the skeleton phase of LMPC-stable is index-stable. The only
difference between the two skeleton phases is that in tPC, certain conditioning
sets are skipped in line 12 of Algorithm 4, regardless of the sequence in which
the variables appear in the dataset. Hence, the skeleton phase of tPC is orderindependent as well.
Consider now phase II of tPC, the v-structure identification phase. Colombo and
Maathuis (2014) show that the v-structure phase of LMPC-stable is index-stable.
The only difference between the two v-structure phases is that tPC in Algorithm 4
ignores certain triples and again skips certain conditional independence tests. As
this does not depend on the sequence of the variables in the dataset, the v-structure
phase of tPC is order-independent.
Next, consider phase III of tPC, the between-block edge phase. Obviously, this
does not depend on the sequence of the variables either.
Finally, consider phase IV of tPC, application of Meek’s rules. This is identical to
the application of Meek’s rules in LMPC, and was shown to be index-stable by
Colombo and Maathuis (2014). Thus, tPC in its entirety is index-stable.

5.1.3 Repeated measurements and tPC
In typical cohort studies, variables are repeatedly measured in order to obtain information about their development over time. On the one hand, the background
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Figure 13: Structure equation model for the repeated measurements simulation experiment.
knowledge provided by the natural time ordering can be exploited by causal discovery algorithms, as discussed above. On the other hand, repeated measures can
also make their performance worse, as illustrated next.
Consider the structural equation model in Figure 13, where the error terms are
taken to be normally distributed with mean zero and variances such that the marginal variances of A1 , A2 , B1 and B2 are all equal to 1. Here, A1 and B1 stand
for two variables measured at time 1, and A2 and B2 denote the same variables
measured at time 2. The autocorrelation between A1 and A2 as well as between B1
and B2 is determined by the edge coefficient γ. The edge coefficient of the edge
between A1 and B2 is 0.3.
I simulated two times 10 000 datasets with 1 000 observations each from this structural equation model, setting γ to 0.3 or 0.9, respectively. The data were then
analysed using (i) LMPC-stable and (ii) tPC with the specified partial topological
ordering { A1 , B1 } < { A2 , B2 }. Both algorithms used Fisher’s z-test with α = 0.05.

Table 1 contains the proportions of simulation runs in which an edge between A1
and B2 was present in the estimated MPDAG, irrespective of its orientation.

Table 1 shows that PC and tPC retained the edge between A1 and B2 in more than
80 % of simulation runs when γ was set to 0.3. In contrast, when γ was set to
0.9, the edge was erroneously removed in the majority of simulation runs. This is
because the conditional correlation between A1 and B2 given A2 or given B1 (or
both) is smaller when the conditioning variable is strongly correlated with either
A1 or B2 . Hence, the tests for A1 ⊥
⊥ B2 | A2 and A1 ⊥
⊥ B2 | B1 have less power

when γ is large. The problem can be slightly alleviated when using tPC instead of
PC, as the test for A1 ⊥
⊥ B2 | A2 is then skipped.
The problem of strong correlations masking weaker correlations in the context of
causal discovery has been described in Steck and Tresp (1999). They propose to
modify the PC-algorithm such that it obeys the ‘necessary path condition’, which
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Table 1: Results from the repeated measures simulation experiment. Shown are
the proportions of simulation runs in which an edge between A1 and B2
was present in the estimated MPDAG, irrespective of its orientation.
γ = 0.3

γ = 0.9

LMPC-stable

0.81

0.26

tPC

0.83

0.31

essentially states that two nodes that are found to be marginally dependent must
be connected by at least one open path in the final graph estimate. It would be
interesting to know whether this modification can improve the performance of
causal discovery in the presence of strong autocorrelation. An example where it
cannot be expected to be helpful is the graph in Figure 13 but with an additional
edge between A1 and B1 (or between A2 and B2 ), as the necessary path condition
is then fulfilled even if the edge between A1 and B2 is removed.

5.2 Missing data in causal discovery
Missing values can be dealt with rather naturally in a maximum likelihood framework (Friedman, 1997; Didelez and Pigeot, 1998), and there is thus a large literature on missing data handling in score-based causal discovery (see Scutari, 2020,
for an overview). In the context of constraint-based causal discovery, the problem
of incomplete data was often ignored in the past or simple ad-hoc method were
used. For example, Alekseyenko et al. (2011) removed incomplete data columns
from the analysis, and Quintana (2020) removed incomplete rows. Since deleting
observations is not efficient and can lead to selection bias, a number of alternative
methods have been proposed. Franzin et al. (2017) suggested to impute missing
values using a k-means algorithm. While this may yield more accurate results than
e.g. imputing the column mean, it bears the risk of overconfident test decisions (i.e.
increased type I error rates), as the uncertainty due to the missing values is not
taken into account when values are singly imputed. A more advanced technique is
multiple imputation, where multiple imputed datasets are created and used to assess
the variability in the imputations (White et al., 2011; van Buuren, 2018). This was
first combined with causal discovery in Foraita et al. (2020) for normally distributed data. Sokolova et al. (2017) suggested to first estimate the covariance matrix
using an expectation maximisation procedure, before performing causal discovery based on the estimated covariances. Their method assumes that the variables
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follow a non-paranormal distribution, which excludes e.g. discrete variables with
more than two categories. A general strategy applicable to any type of data is
test-wise deletion (Tu et al., 2019, 2020), where incomplete rows are deleted on a
test-by-test basis. This is more efficient than the analysis-wide deletion of data
rows. Tu et al. (2019) stated sufficient conditions under which the PC-algorithm
applying test-wise deletion discovers the correct CPDAG. Gain and Shpitser (2018)
studied the recoverability of graphical structures when the missingness mechanism is known.

5.3 Paper 3:

Witte, Foraita and Didelez (2021)

In Paper 3, we further investigate test-wise deletion and multiple imputation for
causal discovery. Building on Tu et al. (2019), we derive sufficient and necessary
conditions for the recoverability of CPDAGs under test-wise deletion. We further
extend the multiple imputation approach of Foraita et al. (2020) to categorical and
mixed variables and compare different strategies for dealing with missing values
using simulated and real data. Due to the additional complications arising when
the data contain repeated measurements (see Section 5.1.3), the paper focusses on
missing data in cross-sections and leaves drop-out to future research.
The notation and terminology in Witte et al. (2021) mostly agree with those used
in this frame text, except that graphical siblings are called neighbours.

Own contributions
The theoretical analyses contained in the manuscript are my own work. I extended
the R package micd, designed and implemented the simulation experiments and
performed the real data analysis. I wrote the first draft of the manuscript and led
the revision process.
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ABSTRACT
Causal discovery algorithms estimate causal graphs from observational data. This can
provide a valuable complement to analyses focussing on the causal relation between individual treatment-outcome pairs. Constraint-based causal discovery algorithms rely on
conditional independence testing when building the graph. Until recently, these algorithms have been unable to handle missing values. In this paper, we investigate two
alternative solutions: Test-wise deletion and multiple imputation. We establish necessary and sufficient conditions for the recoverability of causal structures under test-wise
deletion, and argue that multiple imputation is more challenging in the context of causal
discovery than for estimation. We conduct an extensive comparison by simulating from
benchmark causal graphs: As one might expect, we find that test-wise deletion and multiple imputation both clearly outperform list-wise deletion and single imputation. Crucially,
our results further suggest that multiple imputation is especially useful in settings with
a small number of either Gaussian or discrete variables, but when the dataset contains
a mix of both neither method is uniformly best. The methods we compare include random forest imputation and a hybrid procedure combining test-wise deletion and multiple
imputation. An application to data from the IDEFICS cohort study on diet- and lifestylerelated diseases in European children serves as an illustrating example.

Keywords: causal search, causal inference, MICE, missing values, PC-algorithm, structure learning
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1

Introduction

Causal graphs have become very popular in epidemiology and other disciplines as a
means to represent the causal structure among random variables (Greenland et al., 1999;
Tennant et al., 2021; Morgan and Winship, 2014; Cunningham, 2021). A causal graph
drawn based on background knowledge helps communicating causal assumptions, and
can guide variable selection when estimating a causal effect (Didelez, 2018). In contrast,
the aim of causal discovery is to infer a plausible graph or set of graphs from data when
the causal structure is not known a priori. The estimated graphs can be used to support or challenge existing theories, to generate new hypotheses, or to estimate possible
causal effects consistent with the data (Maathuis et al., 2009). Since its introduction in
the 1980s, causal discovery has been applied in a variety of fields including epidemiology
(Moffa et al., 2017), medical imaging (Ray et al., 2015), genome-wide association studies (Alekseyenko et al., 2011), education research (Rau and Scheines, 2012), stock market
research (Bessler and Yang, 2003), linguistics (Roberts and Winters, 2013) and climate
research (Ebert-Uphoff and Deng, 2012).
Popular causal discovery methods are constraint-based algorithms, which search for conditional independencies between the variables and reconstruct the causal structure so as
to satisfy the constraints imposed by these independencies. A main advantage of the
constraint-based approach is its flexibility. As the algorithms mainly rely on conditional
independence testing, they can be applied to any type of data (continuous, categorical,
ordinal, mixed etc.), as long as suitable tests are available. Moreover, constraint-based algorithms can in principle be applied even in the presence of latent variables (Spirtes et al.,
2000; Zhang, 2008).
Most software implementations of constraint-based causal discovery require fully observed
data as an input. Simple ways of dealing with incomplete data lead to unsatisfactory results: Under list-wise deletion, also called complete-case analysis, all incomplete records
are deleted, which can severely reduce the sample size and induce selection bias. Single
imputation usually leads to underestimation of standard errors. Recently, two promising
new strategies have been suggested for constraint-based causal discovery with missing
values: (i) test-wise deletion (Strobl et al., 2018; Tu et al., 2019, 2020), where each conditional independence test is performed using the subset of records containing complete
data for all variables involved in that particular test, and (ii) multiple imputation for
Gaussian data (Foraita et al., 2020).
In this paper, we formally investigate, generalise and compare test-wise deletion and
multiple imputation in the context of causal discovery. Building on Tu et al. (2019), we
establish necessary and sufficient conditions for the recoverability of causal graphs under
test-wise deletion. Further, we extend the multiple imputation approach by Foraita et al.
(2020) to discrete and mixed variables, characterise situations in which multiple imputation is expected to outperform test-wise deletion, and discuss why selecting the imputation
model is challenging in causal discovery. The performance of list-wise deletion, test-wise
deletion, single imputation and multiple imputation is compared on simulated and real
data. Our findings are not only useful for causal discovery; they also provide insights
into the general problem of conditional independence testing with missing values, e.g.
necessary and sufficient conditions for identification of (in)dependencies.

2
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1.1

Motivating example: the IDEFICS study

Our work was motivated by IDEFICS (Identification and prevention of dietary and
lifestyle-induced health effects in children and infants study), a prospective cohort study
including 16 229 children from eight European countries. The children were first examined
in 2007/2008, and a follow-up examination took place two years later. The cohort was
later extended by the I.Family study (Ahrens et al., 2017).
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Designed to identify factors relating to childhood obesity and other non-communicable
health conditions, the IDEFICS study included measurements on diet, lifestyle, living environment, socio-economic background and mental and physical health. Even
though these factors are known to interact in a complex manner (Lee et al., 2017;
Vandenbroeck et al., 2017), analyses of the IDEFICS data often focus on individual exposures and/or individual outcomes (e.g. Börnhorst et al., 2016; Hebestreit et al., 2016;
Pohlabeln et al., 2017). A causal discovery analysis would therefore be a valuable addition
to the analyses conducted so far.

Observations

0

200

400

600

Missing
(10.9%)

Present
(89.1%)

Figure 1: Missingness pattern in selected IDEFICS variables. The numbers in parentheses
indicate the missingness percentage per variable.
Like most observational datasets, the IDEFICS data contain missing values. Figure 1
visualises the missingness pattern in a subsample of the IDEFICS data containing 657
children from Germany. The choice of variables roughly follows Foraita et al. (2021), who
performed causal discovery on a larger subsample of the IDEFICS and I.Family data
including more children and time points. See Table 1 for details on the variables used in
the present paper. The overall proportion of missing data points is 10.9 %. Only 78 data
rows (11.9 %) are completely observed, hence list-wise deletion would reduce the sample
size by almost 90 %. It is therefore clear that a more efficient method for dealing with the
missing values is needed.
3
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1.2

Outline

The paper is organised as follows: We start with a brief review of causal graphs and
constraint-based causal discovery in Section 2. In Section 3, we contrast Rubin’s classification of missingness with the newer concept of the missingness graph. Section 4 contains
the theoretical results on test-wise deletion and multiple imputation, and a comparison
of their performance on data simulated using simple graphical structures. A comprehensive simulation study for benchmark settings is described in Section 5. Section 6
contains an application to the IDEFICS data. We conclude with a discussion in Section 7. All new methods are implemented in the R package micd available on GitHub
(www.github.com/bips-hb/micd).

Table 1: Baseline variables of IDEFICS. The data were log-transformed as indicated in
order to reduce skewness of the marginal distributions.
income
isced
bage
migrant
sex
smoke
week
bweight
formula
hdiet
bf
age
school
bmi m
yhei
fmeal
media
mvpa
sed
sleep
bmi
homa
wb

Household income (three categories)
Parent’s education (three categories)
Mother’s age in years when the child was born (continuous)
Migration status of child (binary)
Sex of the child (binary)
Mother smoked during pregnancy (binary)
Completed weeks of pregnancy (continuous)
Birthweight in g (continuous)
Child received formula milk (binary)
Months until child was integrated into household diet (continuous, logtransformed)
Total duration of breastfeeding in months (continuous, log-transformed)
Age in years of the child upon inclusion in the study (continuous)
Child visits kindergarten or school (three categories)
Mother’s BMI (continuous)
Child’s youth healthy eating score (continuous)
Child eats breakfast at home 7 days a week (binary)
Child’s audiovisual media consumption in hours/day (continuous)
Child’s physical activity in hours/week (continuous, log-transformed)
Child’s sedentary behaviour in hours/week (continuous)
Child’s sleep duration in hours (continuous)
Child’s BMI z-score (continuous)
Child’s HOMA insulin resistance index (continuous)
Child’s well-being score (continuous)
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2

Background on causal discovery

In this section, we review causal discovery with complete data.

2.1

(Causal) graphs

We start by defining the required graphical terminology.
Nodes, edges and cycles. A graph consists of a set of nodes V and a set of edges
E ⊆ V × V. Here, graphs have at most one edge between a given pair of nodes, and
edges are either directed (→) or undirected (−). An edge from a node to itself is not
allowed. Two nodes connected by an edge are adjacent. If Vi → Vj , then Vi is a parent of
Vj and Vj is a child of Vi . If Vi − Vj , then Vi and Vj are neighbours. A sequence of nodes
(V1 , . . . , VP ) with V1 = VP such that for 1 ≤ i < P , there is a directed edge Vi → Vi+1 ,
is called a directed cycle. A directed acyclic graph (DAG) is a graph with only directed
edges and without directed cycles. The skeleton of a DAG D has the same nodes and
adjacencies as D, but only undirected edges.
Paths. A sequence of distinct nodes (V1 , . . . , VP ) such that for 1 ≤ i < P , Vi and Vi+1
are adjacent, is called a path between V1 and VP . If in addition for 1 ≤ i < P , Vi → Vi+1 ,
then the path is directed from V1 to VP . A node Vi is a descendant of a node Vj if either
Vi = Vj or there is a directed path from Vj to Vi .
Colliders and d-separation. Consider a path p = (V1 , . . . , VP ) in a DAG D with node
set V. For 1 < i < P , the node Vi is a collider on p if Vi−1 → Vi ← Vi+1 ; otherwise, Vi is
a non-collider on p. The path p is open given a set of nodes Z ⊆ V if (i) no non-collider
on p is in Z and (ii) every collider on p has a descendant in Z. Otherwise, p is blocked
given Z. For disjoint sets of nodes X, Y, Z ⊂ V, X and Y are d-separated by Z in D if
every path between a node X ∈ X and a node Y ∈ Y is blocked given Z. This is denoted
as X ⊥D Y | Z.
Consider a set of random variables V = {V1 , . . . , VK }, which can be continuous or discrete
or a mix thereof. We assume that the causal structure among the variables in V can be
represented by a causal DAG D with node set V. In particular, we assume that the joint
density f (v) = f (v1 , . . . , vK ) of V is Markov
QK and faithful to D. The Markov assumption
requires that f (v) factorises as f (v) = k=1 f (vk | pa(Vk , D)), where pa(Vk , D) denotes
the set of parents of the node Vk in D. Under this assumption, every d-separation X ⊥D
Y | Z in the graph corresponds to a conditional independence X ⊥
⊥ Y | Z in the
distribution, where the latter is read as ‘X and Y are conditionally independent given Z’.
The faithfulness assumption requires the reverse to be true as well, i.e. every conditional
independence in the distribution corresponds to a d-separation in the graph.
In order to give the DAG D a causal interpretation, we additionally assume that if we
intervened in the physical system underlying the random variables and fixed the value of
a variable Vj in D to vj , then the resulting distribution
of the remaining variables would
Q
still factorise as f (v1 , . . . , vj−1 , vj+1, . . . , vK ) = k∈{1,...,K}\j f (vk | pa(Vk , D)). This is
plausible only if there are no latent variables, i.e. variables not in the graph, representing
common causes of two or more variables in the graph. Hence, we assume the absence of
such variables. This assumption in particular is known as causal sufficiency.
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2.2

Causal discovery

The core idea of constraint-based causal discovery is to search for conditional independencies in the data, and use them to reconstruct the graph. However, as several DAGs
can imply the same set of d-separations and hence conditional independencies, it is not
possible in general to infer a single DAG from observational data alone, even if all above
assumptions hold and the sample is infinitely large. The set of all DAGs implying a given
set of d-separations is called a (Markov) equivalence class and can uniquely be represented by a so-called completed partially directed acyclic graph (CPDAG) with directed
and undirected edges. An undirected edge in a CPDAG means that both orientations
occur within the equivalence class. Without further background knowledge or parametric
assumptions, constraint-based causal discovery can at best recover the true CPDAG.
In this paper, we consider the most popular constraint-based causal discovery algorithm,
which is the PC-algorithm1 (Spirtes et al., 2000). PC starts with a fully connected undirected graph and proceeds in three steps. First, a series of conditional independence tests
is performed for each pair of variables (X, Y ). If X and Y are found to be conditionally
independent for some conditioning set, the edge between them is deleted. In order to
keep the number of performed tests small, the conditioning sets are always chosen from
among the nodes adjacent to X or the nodes adjacent to Y in the current graph. The
resulting undirected graph is the estimated skeleton. Second, PC searches for triples of
variables (X, Y, Z) such that (i) the estimated skeleton contains a path X − Y − Z, (ii)
X and Z are not adjacent in the estimated skeleton, and (iii) X and Z are conditionally
independent given a set (or several sets, see Colombo and Maathuis, 2014) of variables
not containing Y . The path is then oriented as X → Y ← Z. Third, additional edges
are oriented according to logical rules (Meek, 1995). It can be shown that PC recovers
the true CPDAG if the above assumptions of faithfulness and causal sufficiency hold and
correct conditional (in)dependence information is provided (Spirtes et al., 2000). If background knowledge is available, e.g. in the form of a partial node ordering, the output of
PC can be a graph with more directed edges than the CPDAG (Meek, 1995).

2.3

Conditional independence testing

Conditional independence tests commonly used for the PC-algorithm are Fisher’s z-test
for continuous data and the G2 -test for categorical data. Briefly, Fisher’s z-test tests for a
zero conditional correlation, assuming that the variables in the test follow a multivariate
Gaussian distribution. The G2 -test is a non-parametric conditional independence test for
contingency tables. It can also be viewed as a likelihood-ratio test under a saturated
multinomial model. If a dataset contains both continuous and categorical data, common strategies are to either discretise the continuous variables, or to treat the categorical
variables as continuous. For the case that the variables in the test jointly follow a Conditional Gaussian (CG) distribution (Lauritzen and Wermuth, 1989), Andrews et al. (2018)
described a likelihood-ratio test, which we call the ‘CG-test’. More details on Fisher’s
z-test, the G2 -test and the CG-test are given in Appendix A.
The significance level α for the conditional independence tests performed within the
PC-algorithm has the role of a tuning parameter, where a smaller value leads to a
1

PC was named after its inventors, Peter Spirtes and Clark Glymour.
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sparser graph.

3

Missingness mechanisms and missingness graphs

Assume that a subset V∗ ⊆ V of the variables may contain missing values. For each
V ∈ V∗ , we define a response indicator RV that is 1 if V is observed, and 0 if V is
missing. The response indicators are themselves binary random variables. We denote as
R(V) = {RV : V ∈ V∗ } the set of all variable-wise response indicators. Further, for a
subset A ⊆ V, we define RA to be 1 if all variables in A are observed, and 0 otherwise.
In line with the literature, we assume that the missing values are not known, but exist.
We refer to the distribution of the variables had all values been measured as the full-data
distribution.
Next, we discuss two ways of describing the relation between the substantive variables
V and the response indicators R(V), i.e. the missingness mechanism. The traditional
classification according to Rubin (1976) (see Section 3.1) is relevant for multiple imputation, which requires the data to be missing at random. In more recent work (e.g.
Mohan and Pearl, 2021), assumptions about the missingness mechanism are encoded in a
causal graph over V ∪R(V) (see Section 3.2). Due to its graphical nature, this alternative
framework combines well with the concept of causal discovery. In particular, it can be
used to assess the identifiability of conditional (in)dependencies under test-wise deletion,
see Tu et al. (2019) and Section 4.1 below.

3.1

Rubin’s classification of missingness

Three classes of missingness mechanisms are often distinguished in the literature (Rubin,
1976): Values are said to be missing completely at random (MCAR) if f (r | v) = f (r),
i.e. missingness is independent of the substantive variables. Values are said to be missing
at random (MAR) if, for each individual i in the dataset, f (ri | vi ) = f (ri | viO ), where
ViO is the set of variables that is observed for individual i. MAR thus expresses that
for each individual, missingness may be associated with the observed variables, but is
conditionally independent of the unobserved variables. If values are not MCAR or MAR,
they are said to be missing not at random (MNAR). Whether values in a given dataset
are MAR cannot be determined empirically. Note that the conditioning set ViO in the
MAR equation may contain different variables for each individual, hence the equation
corresponds to conditional independence between ‘events’, not between random variables
(Seaman et al., 2013; Mealli and Rubin, 2015; Doretti et al., 2018). This can make the
MAR assumption difficult to justify in practice. As an example, consider two incompletely
observed variables BMI and well-being, where BMI is MAR given well-being. This implies that the missingness of BMI may depend on the value of well-being only in those
individuals for whom well-being is observed, while for the other individuals, missingness
of BMI and well-being must be independent.
Rubin’s categories of missingness mechanisms were derived in the context of likelihood
inference. For instance, under MAR, regression parameters and their standard errors can
consistently be estimated in the presence of missing data using multiple imputation as
discussed below.
7
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age (A)
physical
activity (P )

systolic blood
pressure (S)

RP

RS

R{P,S}
Figure 2: Example missingness DAG.

3.2

Missingness graphs

A recent line of work uses missingness graphs to encode assumptions about the missingness
mechanism (Daniel et al., 2012; Westreich, 2012; Mohan et al., 2013; Moreno-Betancur et al.,
2018; Mohan and Pearl, 2021). These graphs include both the substantive variables V
as well as the response indicators R(V) as nodes, where it is assumed that the response
indicators do not cause the substantive variables (i.e. there are no directed edges from
nodes in R(V) to nodes in V). A set-wise missingness indicator RA as defined above is
represented as a child of all nodes in {RA : A ∈ A}. The usual rules of d-separation can
then be used to determine whether aspects of the full-data distribution are identified from
the observed data. In this paper, we only consider missingness graphs that are DAGs and
call them missingness DAGs.
Consider the missingness DAG in Figure 2 as an example. It shows three substantive
variables, age (A), physical activity (P) and systolic blood pressure (S ), together with
their response indicators RP and RS . As age is assumed to be fully observed, its response
indicator is omitted. According to this graph, the missingness of physical activity depends
on age and systolic blood pressure. Using the rules of do-calculation as described in
Mohan et al. (2013), it can be established e.g. that the full-data joint density f (a, p, s)
of the substantive variables can be identified from the incompletely observed variables as
f (a, p, s) = f (p | a, s, RP = 1, RS = 1)f (s | a, RS = 1)f (a). Note that under a causal
interpretation, the graph depicts the assumption that the nodes in the graph (including
the response indicators) do not share common causes except where shown in the graph;
for example, we assume that age is the only common cause of physical activity and systolic
blood pressure.
Missingness graphs can only represent dependence relations between variables, not between events. Therefore, Rubin’s MAR assumption cannot be depicted in a missingness
graph. For example, it cannot be determined from the graph in Figure 2 whether physical
activity is MAR or MNAR, since its missingness could depend, in some individuals, on
systolic blood pressure values that are themselves missing. Mohan et al. (2013) proposed
an alternative, variable-based definition of MAR, which is, however, not immediately
relevant for the present paper.
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4

Test-wise deletion and multiple imputation for
constraint-based causal discovery

In this section, we investigate the assumptions under which conditional (in)dependencies
are identified under multiple imputation or test-wise deletion, and discuss how different
aspects affect the power of the conditional independence tests. As we will see, the answers
are not necessarily the same as for the estimation of regression coefficients, which has been
the primary focus of missing data methods.

4.1

Test-wise deletion

Consider X ∈ V, Y ∈ V \ {X} and Z ⊂ V \ {X, Y }. Test-wise deletion means that the
conditional independence X ⊥
⊥ Y | Z is tested in the subsample of the data where X,
Y and Z are fully observed (irrespective of missing values in other variables). Formally,
this implies testing X ⊥
⊥ Y | (Z, RXY Z = 1), where we defined RXY Z = R{X,Y }∪Z for
better readability. We say that a conditional independence in the full-data distribution is
identified under test-wise deletion if
X⊥
⊥Y |Z⇒X ⊥
⊥ Y | (Z, RXY Z = 1).
Vice versa, we say that a conditional dependence is identified under test-wise deletion if
X 6⊥
⊥ Y | Z ⇒ X 6⊥
⊥ Y | (Z, RXY Z = 1).
Assume that the distribution of V ∪ R(V) is faithful to a missingness DAG. Tu et al.
(2019) showed that in this setting, conditional dependencies (but not independencies) are
identified under test-wise deletion under an additional assumption they termed faithful
observability:
X⊥
⊥ Y | (Z, RXY Z = 1) ⇔ X ⊥
⊥ Y | (Z, RXY Z = 0).
In words, an independence in the distribution underlying the data used in the test must
also be present in the distribution underlying the (partially) unobserved data not used in
the test. We further show in Appendix B that under faithful observability, a conditional
independence X ⊥
⊥ Y | Z is identified under test-wise deletion if and only if RXY Z ⊥
⊥X|
XY Z
(Y, Z) or R
⊥
⊥ Y | (X, Z). Based on these results, we next formulate a necessary and
sufficient condition for the validity of the PC-algorithm using as input correct information
about the (in)dependencies in the distributions under test-wise deletion (‘oracle test-wisedeletion PC’). We use adj(V, D) to denote the set of nodes adjacent to node V in DAG
D.
Definition 1 (Admissible separator condition)
Let D be a missingness DAG with node set V ∪ R(V). We say that the admissible
separator condition holds if for all pairs (X, Y ) of non-adjacent nodes in V, there exists a
(possibly empty) set Z ⊂ V such that (i) X ⊥
⊥ Y | Z, (ii) Z ⊆ adj(X, D) or Z ⊆ adj(Y, D)
XY Z
XY Z
and (iii) R
⊥
⊥ X | (Y, Z) or R
⊥
⊥ Y | (X, Z).
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Proposition 2
Let D be a missingness DAG with node set V ∪ R(V), such that the distribution of
V ∪ R(V) is faithful to D, and assume that faithful observability holds. Then oracle testwise-deletion PC recovers the true CPDAG over V if and only if the admissible separator
condition holds.
A proof of Proposition 2 is given in Appendix B. If faithful observability holds but the
admissible separator condition does not hold, then the discovered CPDAG has additional
edges compared to the true CPDAG, and may contain erroneous edge orientations. The
admissible separator condition is not empirically verifiable and arguably difficult to assess
in practice, where the true graph is not known. Consider the four missingness DAGs in
Figure 3 for illustration. The missingness structure is the same in all graphs (i.e. Y is
missing depending on the values of X and Y itself), but whether the CPDAG is correctly
discovered by oracle test-wise-deletion PC under the assumptions of Proposition 2, depends on the presence or absence of the edge X − Y . Note that the correct CPDAG is
recovered for the DAGs 1) and 2) in Figure 3 even though C is MNAR (as the missingness
of Y depends on the values of Y itself). Consider also the missingness DAG in Figure 4.
Here the missingness depends on fully observed variables only, which implies that the
MAR assumption holds. The conditional independence X ⊥
⊥ Y | Z is not identified
under test-wise deletion, however, as neither RZ ⊥
⊥ X | (Y, Z) nor RZ ⊥
⊥ Y | (X, Z).
1)

2)

Z

X

Y
RY

3)

Z

X

Y

X

RY

4)

Z

Y
RY

Z

X

Y
RY

Figure 3: Four missingness DAGs with identical missingness structures. In all DAGs,
RY = RXY Z , as Y is the only variable containing missing values. DAGs 1 and 2: The
true DAGs are such that oracle test-wise-deletion PC recovers the true CPDAG. DAGs 3
and 4: The conditional independence X ⊥
⊥ Y | Z is not identified under test-wise deletion,
hence the CPDAG discovered by oracle test-wise-deletion PC using correct (in)dependence
information will contain an edge between X and Y .

X

Z

Y

RZ
Figure 4: Example missingness DAG in which missingness depends on fully observed
variables only, yet the conditional independence X ⊥
⊥ Y | Z is not identified under
test-wise deletion. Oracle test-wise-deletion PC returns a fully connected graph.
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Tu et al. (2019) (see also Tu et al., 2020) proposed two modifications of test-wise-deletion
PC that can recover the correct CPDAG even if the admissible separator condition does
not hold. Both aim at reconstructing relevant aspects of the full-data distribution. The
first variant simulates values of all variables involved in the test based on models fitted to
the observed data, the second variant re-weights the observed data. Both variants assume
that no variable is a direct cause of its own missingness indicator, i.e. edges of the type
Vi → Ri are not allowed, and that there are no edges between the missingness indicators.
4.1.1

Test-wise deletion vs. list-wise deletion

Proposition 2 holds for list-wise deletion if RXY Z is replaced by RV = R(V) in the
admissible separator condition. The condition then requires for a pair (X, Y ) that RV ⊥
⊥
V
X | (Y, Z) or R ⊥
⊥ Y | (X, Z), which is a stronger assumption than just requiring
RXY Z ⊥
⊥ X | (Y, Z) or RXY Z ⊥
⊥ Y | (X, Z). It follows that under the assumptions of
Proposition 2, if oracle list-wise deletion PC recovers the true CPDAG, then oracle testwise deletion does as well, but not the other way around. Consider now applying both
variants to a given finite dataset. Then list-wise deletion PC uses only the completely
observed data rows, while test-wise deletion also uses the incompletely observed rows
for some of the conditional independence tests it performs. The graph discovered by
test-wise-deletion PC is thus expected to be denser than the graph recovered by list-wise
deletion PC, due to the larger power of some tests.
4.1.2

Parametric assumptions

So far, we have only considered non-parametric identification of conditional dependencies
and independencies. In practice, parametric tests such as Fisher’s z-test, which assumes
that the variables follow a multivariate normal distribution, may be used. In that case, a
complication arises for both list-wise and test-wise deletion, as the parametric assumptions
need to hold conditionally on the response indicator being 1. As an example, suppose
we have three variables income, media (measuring media consumption) and sedentary
(measuring sedentary behaviour), and assume that the missingness mechanism is such
that people with a high media consumption are less likely to answer the media question,
implying media→ Rmedia , while the other two variables are completely observed. When
applying test-wise-deletion PC using Fisher’s z-test to the incomplete data, we make
the following assumptions: For testing income⊥
⊥sedentary, we assume that the full-data
distribution of (income, sedentary) is normal, while for testing income⊥
⊥media, we assume
media
that the conditional distribution of (income, media) given R
= 1 is normal. Under
the assumed missingness mechanism, these assumptions are incompatible: If the full-data
distribution of media is normal, then the observed distribution has a flattened right tail,
since we assume that higher values are more likely to be missing. Hence at least one
of these assumptions must be wrong, which potentially invalidates the type I error rate
under the null hypothesis or decreases the power under the alternative.

4.2

Multiple imputation

Multiple imputation is a popular method for handling missing data especially in the
context of regression analysis. It involves generating m predictions for each missing value
using one of two strategies: For joint model imputation, a joint distribution over all
11
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variables of interest is specified. Alternatively, separate models are specified for each
incompletely observed variable given all other variables. This is called fully conditional
specification or multiple imputation by chained equations (MICE ) and is more flexible
than joint model imputation when it comes to different measurement scales. In either
case, Bayesian regression models are fitted and predictions are drawn from the posterior
predictive distribution(s) of the missing data given the observed data. The resulting m
datasets are separately analysed using the same method that would have been used in the
absence of missing values. Finally, the m results are pooled according to Rubin’s rules
(Rubin, 1987) or other rules depending on the parameter of interest.
Standard implementations of multiple imputation rely on the MAR assumption, although
known MNAR mechanisms can be accommodated as well. In addition, it is required
that the modelling assumptions made in the imputation phase do not contradict the
assumptions made during the analysis. This is further discussed below.
Two approaches are conceivable for combining constraint-based causal discovery with
multiple imputation. One would be to estimate and pool m graphs. However, it is not
clear what a good pooling method would be. The other one is to pool at the test level,
as proposed by Foraita et al. (2020): First, m imputed datasets are generated using standard multiple imputation techniques. Then causal discovery is applied with the following
modification: For each test, the test statistic is calculated using each of the m datasets
in turn, and the m test statistics are pooled using appropriate rules. The test decision is
based on the pooled statistic before going to the next test. This way, a single estimated
graph is obtained.
Rubin’s rules are valid for pooling Wald-type test statistics such as the z-statistic of
Fisher’s z-test (Rubin, 1987). For likelihood ratio statistics such as those of the G2 test and the CG-test, appropriate rules have been proposed by Meng and Rubin (1992).
See Appendix A for details on both sets of rules. Thus, for these and similar tests no
new methodology is required for the pooling step. The rules guarantee that under the
null hypothesis of conditional independence, the rejection rate is below the nominal α
level. However, this assumes that an appropriate imputation model has been used. As
discussed next, choosing the imputation models is more problematic in the context of
causal discovery than in the regression context.
4.2.1

Choosing the imputation model

Rubin’s rules (Rubin, 1987), as well as the rules by Meng and Rubin (1992), were derived within the joint model framework and assuming that the imputation model and the
analysis model are compatible, meaning the models do not contradict each other (Meng,
1994; Bartlett et al., 2015). When using MICE, where imputation is based on a set of
separate imputation models, a common joint distribution underlying all these models can
exist only in special cases, e.g. when all imputation models are linear regression models or saturated logistic regression models (Hughes et al., 2014). In all other cases, the
theoretical guarantees of the pooling rules do not apply, even though MICE has been
found to be robust in many settings even in the absence of an underlying joint model (see
Hughes et al., 2014, and the references therein).
In the context of causal discovery, two complications arise. One is that each conditional
independence test assumes its own analysis model, and the different analysis models may
12
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contradict each other. This is not the case for causal discovery using Fisher’s z-test only:
here we can impute using either a multivariate normal joint model, or MICE with linear main effects regression in order to ensure compatibility (Hughes et al., 2014). We
do not recommend using predictive mean matching (Morris et al., 2014), as we found
this method to lead to an increased type I error rate in several scenarios (results not
shown). Similarly, for causal discovery using the G2 -test only, we can either use a multinomial joint model, or MICE with saturated (i.e. including all possible interactions) logistic regression (Hughes et al., 2014). In contrast, consider using the CG-test. The CGdistribution is not collapsible, i.e. if we assume a CG-distribution for all variables jointly,
this does not imply that a given subset of the variables also follows a CG-distribution
(Lauritzen and Wermuth, 1989; Lauritzen, 1990). The different analysis models thus contradict each other in general, and a compatible imputation model does not exist. Similarly,
the analysis models will often contradict each other if a mix of different tests is used.
The second complication is that the number of variables in causal discovery analyses
is often large, but imputation processes becomes instable when too many variables or
model terms are involved (van Buuren, 2018; Hardt et al., 2012). Consider MICE using
saturated logistic models: With 10 variables, the number of terms in each imputation
model is 210 = 1 024; with 100 variables, it equals 2100 > 1030 . Some amount of model
selection is necessary, but it is not clear what a good approach would be. For joint model
imputation based on the multivariate normal distribution, it has been suggested to apply
a ridge penalty (e.g. Schafer, 1997; Carpenter and Kenward, 2013), but this has not been
generalised to other variable types. For discrete variables in particular, one could consider
restricting the order of the interaction terms. Another idea is to use flexible imputation
models, e.g. based on random forests (Doove et al., 2014; Shah et al., 2014).
4.2.2

Hybrid procedure

As an alternative to the above strategies for selecting the imputation models, we propose
the following hybrid procedure. First, a preliminary graph skeleton is estimated using
test-wise deletion, with a nominal α larger than the one to be used in the actual analysis.
Tu et al. (2019) showed that under the assumptions of Proposition 2, the estimated graph
will be a supergraph of the true skeleton (see Lemma 5). In a second step, MICE is
performed such that the imputation model for variable V contains only V ’s neighbours
and the neighbours of the neighbours. The rationale is that ideally, the imputation model
for variable V would include all variables in the Markov blanket of the node V , which is
defined as the set of V ’s parents, children and ‘spouses’, i.e. nodes with which V shares a
common child. As the edges in the estimated preliminary skeleton are undirected, every
neighbour of V is a potential child and every neighbour of a neighbour a potential ‘spouse’.

4.3

Auxiliary information and noise – when multiple imputation
is expected to outperform test-wise deletion

Both test-wise deletion and testing under multiple imputation yield type I error rates
respecting the nominal significance level, under their respective assumptions. In addition,
testing under multiple imputation has the potential to detect (conditional) associations
with a higher power than test-wise deletion, as (i) no observations are deleted, and (ii)
multiple imputation exploits information in the observed values about the missing values.
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However, there are also situations in which multiple imputation is not expected to outperform test-wise deletion, e.g. when the incomplete variable is in the conditioning set of
the conditional independence test, as illustrated in Scenario B of the following simulation
experiment. Moreover, when the number of variables in the imputation model(s) is large,
the imputation process could be dominated by noise and become unstable, as illustrated
in Scenario D.
Illustration 3
Consider the following causal graph and covariance matrix, implying X 6⊥
⊥ Y | Z:
X

Y

N1
..
.

Z

A

N99



1 0.2 0.2 0.5 0 . . .
0.2 1 0.2 0.2 0 . . .

0.2 0.2 1 0.2 0 . . .


Σ = 0.5 0.2 0.2 1 0 . . .
0
0
0
0 1 ...

 ..
..
..
.. .. . .
 .
.
.
.
. .
0
0
0
0 0 0


0
0

0

0

0

.. 
.
1

We generated n = 50 or n = 500 observations of (X, Y, Z, A, N1, . . . , N99 ) ∼ N (0, Σ) and
then deleted and imputed values as follows. Scenario A: 10, 30, 50 or 70 % of the values
of Z were made MCAR. Imputation was based on a linear regression of Z on (X, Y ).
Scenarios B,C,D: 10, 30, 50 or 70 % of the values of X were made MCAR. Scenario B:
Imputation was based on a linear model of X on (Y, Z). Scenario C: Imputation was
based on a linear model of X on (Y, Z, A). Scenario D: Imputation was based on a linear
model of X on (Y, Z, A, N1, . . . , N99 ). The number of imputations was m = 100. In all
scenarios, X ⊥
⊥ Y | Z was tested (i) using Fisher’s z-test (α = 0.05) with test-wise
deletion and (ii) using Fisher’s z-test (α = 0.05) on the multiply imputed data. Figure 5
shows the rejection rate (power) over 10 000 replications.
Figure 5 shows that in Scenario A, multiple imputation successfully exploited information
in X and Y to partially recover the missing information about Z, resulting in a higher
power for detecting X 6⊥
⊥ Y | Z. In contrast, multiple imputation did not result in a higher
power in Scenario B, where missing values occurred in X. This is a phenomenon wellknown in the context of regression analysis: When the analysis model is a model for E(X |
Y, Z) and missingness occurs in X, then multiple imputation using the imputation model
E(X | Y, Z) only adds noise to the analysis, hence restricting the analysis to the complete
cases is preferred (Little and Rubin, 2002, page 237; Hughes et al., 2019). Testing X ⊥
⊥
Y | Z using Fisher’s z-test is conceptually equivalent to modelling E(X | Y, Z) and testing
for the coefficient of Y being zero. A different situation occurs when the imputation model
includes additional variables not in the analysis model, such as the variable A in the
simulation. In the context of regression analysis, such variables are called auxiliary to the
variables in the analysis model. In Scenario C, where the imputation model for X included
Y , Z and A, the multiple imputation procedure successfully exploited information in A,
hence the power was (slightly) higher. In Scenario D, however, where the imputation
model for X additionally included 99 noise variables, the noise outweighed the auxiliary
information, hence the power was even lower than under test-wise deletion.
The above has consequences for causal discovery, where each variable can have different
14
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Scenario A

Scenario B

Scenario C

Scenario D
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0.00
1.00
0.75
n=500

0.50
0.25
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Figure 5: Power of Fisher’s z-test combined with test-wise deletion versus multiple imputation. The null hypothesis is X ⊥
⊥ Y | Z. Scenario A: Values in Z are MCAR.
Scenario B: Values in X are MCAR. Scenario C: Values in X are MCAR, the imputation model includes an auxiliary variable. Scenario D: Values in X are MCAR, the
imputation model includes an auxiliary variable and 99 noise variables.
roles (variable of interest, conditioning variable, auxiliary variable, noise variable) relative
to the different tests that are performed. First, multiple imputation is expected to benefit
from graphs with strong associations between the variables, as the observed values then
contain more information about the missing ones. Second, multiple imputation is expected
to benefit from dense graphs. This is because during the PC-algorithm, the conditional
independence test X ⊥
⊥ Y | Z is only performed if X or Y still have more than |Z|
neighbours. Hence, fewer conditional tests will be performed if the graph is sparse, but as
argued above, multiple imputation is especially effective when missing values occur in the
conditioning variable(s). These two trends become visible in Illustration 4 below. Third,
as discussed in the previous section, variable selection on the imputation models is needed
when the number of variables or terms in the imputation models is large, as otherwise
the models are dominated by noise.
Illustration 4
Random DAGs with 8 nodes each were generated using the randomDAG function from
the R package pcalg (Kalisch et al., 2012). The edge density parameter (probability of
connecting a newly added node to a node already in the graph) was set to 0.1 (‘very
sparse’), 0.25 (‘sparse’), 0.4 (‘medium’), 0.55 (‘dense’) or 0.7 (‘very dense’). The graphs
were parameterised as linear structural models, where the edge weights w were chosen such
that the power of Fisher’s z-test (α = 0.05) for detecting the marginal dependence X 6⊥
⊥Y
15
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Figure 6: Relative performance of multiple imputation vs. test-wise deletion for discovering random graphs with 8 nodes and different edge densities and edge strengths. 10 %
of data points were MCAR. The colour intensity is proportional to the relative Hamming
distance (compared to using the full data); white means that the same relative Hamming
distance was obtained for multiple imputation and test-wise deletion.
w

in the model X → Y was 10 % (very weak), 30 % (weak), 50 % (medium), 70 % (strong) or
90 % (very strong). 500 observations were generated, and 10 % of the values were randomly
deleted. Graphs were estimated by the PC-algorithm using Fisher’s z-test (α = 0.05)
(i) with test-wise deletion, (ii) on multiply imputed data (based on linear regressions,
100 imputations) and (iii) on the full data (for comparison). Figure 6 shows the results
averaged over 1 000 repetitions per scenario. The colour intensity is proportional to the
difference in the relative Hamming distance, i.e. HMI /Hfull − Htwd /Hfull , where HMI , Htwd
and Hfull are the average Hamming distances (to the true graph) obtained using multiple
imputation, test-wise deletion and the full data, respectively. The plot shows that under
our simple data-generating model, multiple imputation yields better graph estimates in all
but the extreme cases, and the advantage over test-wise deletion tends to be greatest in
dense graphs with strong dependencies between variables.

5

Detailed comparison on synthetic data

The aim of the simulation study was to compare the performance of test-wise deletion and
multiple imputation with different imputation models, in order to help guide the choice
between the different methods in practice. R code for replication can be found on GitHub
(link will be provided after publication).
We considered 7 data-generating mechanisms (ECOLI, MAGIC, ASIA, SACHS, HEALTHCARE, MEHRA, ECOLI large), 3 sample sizes (n=100, 1 000, 5 000) and 3 missingness
mechanisms (‘MCAR’, ‘MAR’, ‘MNAR’), yielding a total of 63 simulation scenarios.
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Table 2: Data-generating mechanisms used in the simulation study. The footnotes indicate
the variables of the selected subgraphs.
#Variables
total Gaussian discrete
ECOLI 1
MAGIC 2
ASIA
SACHS
HEALTHCARE
MEHRA3
ECOLI large
1
2
3

12
7
8
11
7
8
46

12
7
–
–
4
4
46

#Edges

–
–
8
11
3
4
–

17
7
8
17
9
14
70

#Categories

2 each
3 each
2/3/3
31/6/20/9

b1191, cchB, eutG, fixC, ibpB, sucA, tnaA, yceP, yfaD, ygbD, ygcE, yjbO
MIL, G1217, G257, G2208, G1338, G524, G1945 of MAGIC-NIAB
Zone, Type, Year, Region, co, pm10, pm2.5, so2

5.1

Synthetic incomplete datasets

Data were generated from benchmark causal graphs and their data-generating mechanisms
according to the Bayesian Network Repository (www.bnlearn.com/bnrepository). Table 2 summarises their key features. The ECOLI graph is a subgraph of the ECOLI large
graph.
In the ECOLI, MAGIC, ASIA, SACHS, HEALTHCARE and MEHRA scenarios, missing
values were generated as follows. For ‘MCAR’, 18 % of the values in the dataset were
randomly chosen and deleted. Both multiple imputation and test-wise deletion are valid
under this missingness mechanism. For ‘MAR’, one or two groups of three or four variables each were chosen at random. Using the ampute function from the mice package
(van Buuren and Groothuis-Oudshoorn, 2011), missing values were generated such that
exactly one variable per group was missing in each data row, and the probability of missingness depended on the values of the other two or three variables in the group. Values
in one other randomly chosen variable were randomly deleted until an overall missingness
proportion of 18 % was reached. Under this ‘MAR’ mechanism, multiple imputation is
valid, while test-wise deletion is not, as the admissible separator condition is not necessarily fulfilled for all pairs of variables. For ‘MNAR’, we chose one fixed ‘key’ variable
and four to nine ‘subordinate’ variables per graph. In the data rows with the q % largest
values of the ‘key’ variable, the values of the ‘key’ variable and all ‘subordinate’ variables
were deleted, where q was chosen such that the overall missingness proportion was 18 %.
Under this ‘MNAR’ mechanism, the admissible separator condition is satisfied for all pairs
of variables, hence test-wise deletion is valid, while multiple imputation is not.
In the ECOLI large scenarios, missing values were generated in the same variables and
using the same mechanisms as in the ECOLI scenarios, leading to an overall missingness
proportion of 4.7 % (instead of 18 %) in each scenario.
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5.2

Missing data methods

The PC-stable algorithm as implemented in pcalg (Kalisch et al., 2012; Colombo and Maathuis,
2014) was applied, using the following methods for dealing with the missing values:
1) List-wise deletion, i.e. data rows with missing observations were deleted before applying PC-stable. 2) Test-wise deletion using gaussCItwd, disCItwd or mixCItwd
from the micd package. 3-4) Test-wise deletion with the (3) density or (4) permutation correction method by Tu et al. (2019) as implemented in the MVPC repository
(www.github.com/TURuibo/MVPC; only available for continuous or binary data). 5-9) Conditional independence testing under multiple imputation using gaussMItest, disMItest
or mixMItest from the micd package, where the imputations were generated using the
mice package (van Buuren and Groothuis-Oudshoorn, 2011) with different imputation
models, as follows: (5) each variable was imputed based on the variables in its Markov
blanket (i.e. its parents, children and nodes with which it shares a common child) using
linear or logistic regression imputation including all interaction terms (‘oracle’ multiple
imputation; this is not possible to do in practice as the graph is not known, but is included
here as a reference); (6) linear or logistic regression imputation including all interaction
terms; (7) main effects linear or logistic regression imputation; (8) random forest imputation using the rf option (Doove et al., 2014); (9) random forest imputation using the
rfcont or rfcat option from CALIBERrfimpute (Shah et al., 2014). 10) Missing values
were singly imputed with the column mean (continuous data) or mode (discrete data)
before applying PC-stable. For multiple imputation, we choose m = 10 imputations. Although this number is smaller than what is recommended in the literature (van Buuren,
2018; Carpenter and Kenward, 2013), we found in preliminary simulations (not shown)
that the test rejection rates do not change considerably when more imputations are added.
We still recommend using m = 100 or higher in real applications. For methods (5) and
(6), the highest order of interaction was set to 2 or 3 if required to reduce the runtime. For
random forest imputation, we set the number of trees to 100, as we found this to improve
the quality of the estimated graphs, compared to the default of 10 trees, in preliminary
simulations (not shown).
In the ECOLI large scenarios, we additionally included three versions (A, B, C) of the
hybrid procedure proposed in Section 4.2.2, where in step 1, the preliminary graph skeleton
was estimated using alpha=0.2. In versions B and C, the skeleton search was stopped
after all marginal independence tests had been performed, as the higher-order tests are
expected to be less reliable. Additionally, in version C, the neighbours of the neighbours
were ignored, in order to obtain even sparser imputation models.

5.3

Evaluation criteria

The performance was evaluated using the following metrics: number of edges in the estimated graph; proportion of discovered edges among the edges in the true CPDAG,
ignoring edge orientation (recall); proportion of correctly discovered edges among the discovered edges, ignoring edge orientation (precision); number of edge insertion or deletions
in order to transform the estimated graph into the true CPDAG, ignoring edge orientation (Hamming distance); and number of edge insertions, deletions or reversals in order
to transform the estimated graph into the true CPDAG (structural Hamming distance;
Tsamardinos et al., 2006).
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5.4

Results

The runtime was about three weeks on a 240-node high-performing computer cluster.
Figure 7 provides a first overview of the results. It compares the performance of test-wise
deletion without correction vs. multiple imputation based on linear models (Gaussian
variables), logistic models including interaction terms (discrete variables) or the CALIBER random forest method (mixed variables). The horizontal position of the points in
the figure is determined by the difference in the relative Hamming distance as defined in
Illustration 4.

MCAR

MAR

Variable scale

MNAR

Graph size

Sample size

Gaussian

7-12 nodes

100

discrete

46 nodes

1 000

mixed

test-wise
¬ deletion better

0

multiple imputation better

5 000

®

Figure 7: Overview over the simulation results. Shown on the x-axis is the difference in
the relative Hamming distance (compared to using the full data).
The following trends are apparent: For n = 100, there were virtually no differences in the
performance of test-wise deletion vs. multiple imputation, and the differences were most
pronounced for n = 5 000. For Gaussian variables, multiple imputation outperformed
test-wise deletion in almost all ‘MCAR’ and ‘MAR’ scenarios, but not in the ‘MNAR’
scenarios. For discrete variables, the same trend can be observed, but the advantage of
multiple imputation only occurred for n = 5 000. For mixed variables, test-wise deletion
outperformed multiple imputation in all simulation scenarios.
More detailed results are shown in Figures 8 and 9, and in the tables in the Online
Supplement. The main observations are as follows: First, the edge recall was generally
largest in the scenarios with Gaussian variables, smaller for discrete variables and very
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ECOLI (17 edges), n = 5 000

ECOLI (17 edges), n = 100
#E
3.7
9.1
10.5
10.3
9.6
10.6
11.9

% Recall

% Recall

% Precision
94
95
96
95
96
94
89

21
50
59
57
54
59
62

List-wise deletion
Test-wise deletion
MI oracle
MI
MI random forests
MI CALIBER
Mean imputation

% Precision

65

MAGIC (7 edges), n = 100

MAGIC (7 edges), n = 5 000

#E

% Recall

% Recall

% Precision
74
86
88
84
89
84
84

14
24
27
26
23
27
29

1.5
2
2.2
2.3
1.9
2.3
2.5

List-wise deletion
Test-wise deletion
MI oracle
MI
MI random forests
MI CALIBER
Mean imputation

ASIA (8 edges), n = 100
#E

% Recall

1.1
1.9
1.7
1.5
1.5
1.9
2.1
2.9

0.9
1.7
3.1
1.9
2.5
1.2
1.6
3

97
98
100
99
98
97
96
86

List-wise deletion
Test-wise deletion
MI oracle
MI
MI main effects
MI random forests
MI CALIBER
Mode imputation

10
18
11
15
7
10
17

MI random forests
Mean imputation

97
98
98
97
97
95
95

7.3
7.1
7.2
7.3
7.2
7.4
7.4

List-wise deletion
Test-wise deletion

MI random forests
Mean imputation

% Precision

57
63
64
69
64
75
76
85

#E
98
99
99
99
99

76
77
64

4.6
5.1
5.2
5.6
5.2
8
7.9
10.6

List-wise deletion
Test-wise deletion

MI random forests
Mode imputation

SACHS (17 edges), n = 5 000

% Precision
4

List-wise deletion
Test-wise deletion

#E

100
100
100
100
100
100
100

% Recall

% Precision
13
23
21
18
18
23
25
31

% Recall

% Precision

14.8
16
16.3
16.4
18.7
16.7
24.3

ASIA (8 edges), n = 5 000

SACHS (17 edges), n = 100
#E

#E

99
99
100
99
84
98

86
94
96
95
93
96
92

84
100
100
99
98
100
100
94

% Recall
List-wise deletion
Test-wise deletion
 
M




MI main effects
MI random forests
MI CALIBER
Mode imputation

% Precision
37
49

73
72
71
48
66
66

#E
100
100
100
100
100
100
100
96

6.4
8.3
12.3
12.2
12
8.2
11.2
11.7

List-wise deletion
Test-wise deletion

MI random forests
Mode imputation

Figure 8: Simulation results, part I (ECOLI, MAGIC, ASIA, SACHS ). Shown are the
average edge recall (% Recall), the average edge precision (% Precision) and the average
number of edges (#E) in 1 000 graphs estimated using the PC-algorithm combined with
different methods for handling missing values. The sample size was either n = 100 (left)
or n = 5 000 (right) and missing values were generated using the ‘MCAR’ mechanism
described in the text. MI=multiple imputation.

20

169

5 Causal discovery with cohort data

HEALTHCARE (9 edges), n = 100
#E

% Recall
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0.3

7
1
1
3
3
2
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37.9
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38.4
39.8
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38.4
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54
54
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8
7
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20
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-./012345 6789
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% Recall
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96
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92
94
95
95
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83
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Test-wise deletion
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MI random forests
MI CALIBER
Two-step A
Two-step B
Two-step C
Mean imputation

5.7 List-wise deletion
2.9 Test-wise deletion
1.8
1.4 MI random forests
3
1.7

n = 5 000

% Precision

#E
95
95
95
95

70
84
86
86
83
84
86
86
86
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#E
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62
69
81
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DEF GHIJKLN

3.6 List-wise deletion
4 Test-wise deletion
7.2
11.7
8.3 MI random forests
8
15.3

79
94
94
95
95
59

51.8
61.9
63.6
63.6
73
62.8
63.6
63.7
63.7
99.6

List-wise deletion
Test-wise deletion
MI random forests

Mean imputation

Figure 9: Simulation results, part II (HEALTHCARE, MEHRA, ECOLI large). Shown
are the average edge recall (% Recall), the average edge precision (% Precision) and
the average number of edges (#E) in 1 000 graphs estimated using the PC-algorithm
combined with different methods for handling missing values. The sample size was either
n = 100 (left) or n = 5 000 (right) and missing values were generated using the ‘MCAR’
mechanism described in the text. MI=multiple imputation.
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small for mixed variables. Further, while an average precision of more than 95 % was
attained by a subset of the missing data methods in all Gaussian and discrete scenarios,
this was not the case for the mixed scenarios. This is in line with earlier results using
data without missing values (Andrews et al., 2018) and indicates that causal discovery
using mixed data is a particularly challenging task.
As expected, list-wise deletion resulted in sparse graphs with large (structural) Hamming
distances, due to the low power. An exception occurred in the MEHRA ‘MCAR’ scenarios
with n = 100 and m = 5 000, where list-wise deletion resulted in denser graphs than
test-wise deletion. This seemingly paradoxical behaviour can be explained as follows.
The PC-algorithm starts with marginal tests and proceeds to conditional testing only if
the nodes still have enough neighbours to be included in the conditioning set. Under
list-wise deletion, only few edges remain after the marginal phase, hence the number of
conditional tests performed is small. Under test-wise deletion, more edges survive the
marginal phase, hence more conditional tests are performed, but this leads to the deletion
of most remaining edges due to the very low power of the CG-test conditioning on the
categorical MEHRA variables with 6–31 categories.
Single imputation by the column mean or mode led to graphs that were ‘too large’ (many
edges but low precision). In order to understand why this happened, consider the structure
X → Y → Z, implying X ⊥
⊥ Z | Y but X 6⊥
⊥ Z. If Y contains missing values and these
are replaced by the column mean or mode, it is very likely that after conditioning on the
imputed version of Y , there remains a residual association between X and Z. However,
the sample size is as large as if the data had been complete to begin with, and the fact
that values were imputed is not taken into account by the testing procedure. Hence, the
null hypothesis is rejected with a probability larger than the nominal test level, so that
the resulting graph is more likely to contain an edge between X and Z.
Test-wise deletion performed well overall. The results using the correction methods proposed by Tu et al. (2019) are not shown in Figures 8 and 9, as they were very similar
to those using test-wise deletion without correction. This is not surprising, as the missingness mechanisms chosen for the simulation did not require these corrections. Tu et al.
(2019) and Tu et al. (2020) showed that if they are required (which is usually not known
in real data analyses), using the corrections improves the performance; we conclude that
if they are not required, the performance is at least not substantially worsened.
Concerning multiple imputation, we observed that parametric imputation using interaction terms was computationally infeasible (producing errors) in many repetitions, especially for the datasets with mixed variables. See the Online Supplement for more information. We obtained inconclusive results for the usefulness of the two variants of random
forest imputation. In the scenarios with only Gaussian or only categorical variables, the
rf variant often produced graphs with a lower precision and worse Hamming distance
than parametric imputation, and the CALIBER variant often ranged between parametric
and rf imputation in terms of different evaluation metrics. In the scenarios with mixed
variables, the performance of the two random forest methods was usually similar and
also comparable to that of parametric imputation. The main difference between the two
random forest options lies in how they guarantee that the multiply imputed values are
sufficiently different from each other (in order to properly account for the uncertainty in
the missing values). Using the rf option, a specified number of trees is fitted and one tree
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is chosen at random. A prediction is made using this tree and the imputed value is randomly drawn from among the observed values that are in the same leaf as the prediction.
The CALIBERrfimpute functions fit the random forest model on a bootstrap sample of the
observed data. The imputed value is then either the best prediction plus a normal error
(continuous case) or the predicted value from just one of the trees (discrete case). Based
on our simulation results, we conclude that the CALIBER version is more appropriate for
conditional independence testing, and we conjecture that the difference between the two
versions is less pronounced when the goal is e.g. estimation of a regression coefficient.
The ECOLI large results in Figure 9 demonstrate the potential of the hybrid method.
For n = 100, test-wise deletion outperformed parametric multiple imputation (‘MI’ in the
figure) in terms of the average precision and Hamming distance (34.9 for test-wise deletion
vs. 35.8 for multiple imputation; see Online Supplement). Using the hybrid method A, the
recall was as good as when using oracle multiple imputation, and the average Hamming
distance was only 34.2. CALIBER random forest imputation also performed well and
yielded an average Hamming distance of 34.8. We expect the differences to be larger in
scenarios with even more variables.

6

Data application

To investigate the causal structure underlying the IDEFICS data, we used the tpc function from the tpc package (www.github.com/bips-hb/tpc), which is based on pcalg
(Kalisch et al., 2012), but offers additional options for integrating background knowledge
(see Andrews et al., 2021). We specified the following partial node ordering: (income,
isced, bage, migrant, sex ) < smoke < week < bweight < (formula, hdiet, bf ) < (age,
school ) < (bmi m, fmeal, yhei ) < (media, mvpa, sed, sleep, bmi, homa, wb). In addition,
we specified that sex and age are exogenous, i.e. do not have parent nodes. After obtaining rather sparse graphs in a test run, we set alpha=0.1. Missing data were dealt with
using the following methods (in parentheses: name of the conditional independence test
function used): list-wise deletion (mixCItest); test-wise deletion (mixCItwd); parametric
multiple imputation based on main effects linear or logistic regression (mixMItest); random forest multiple imputation using rf in mice (mixMItest); random forest multiple
imputation using rf cont or rf cat from the CALIBERrfimpute package (mixMItest);
single imputation by the column mean or mode (mixCItest). For multiple imputation,
we used 100 imputations and 100 trees where applicable. In order to get an impression
of the variability of the estimated graphs, the whole analysis was repeated 50 times on
bootstrap samples of the original data (Pigeot et al., 2015).
The graphs estimated in the main analysis are shown in Figure 10. All discovered graphs
were sparser than what might be expected based on expert knowledge (Vandenbroeck et al.,
2017). Possible reasons could be the small sample size, violations of the faithfulness assumption, or deviations from the CG assumption. Consequently, the absence of edges
should be interpreted with care.
Table 3 compares the total number of edges and the number of edges adjoining nodes of
‘critical’ variables with more than 20 % missing values, i.e. mvpa, sed, sleep and homa, in
the main analysis and the bootstrap analyses. The numbers reveal, first of all, that the
variability among the bootstrap samples was rather large, which again might be explained
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Figure 10: Estimated IDEFICS graphs. Bi-directed edges indicate that the direction could
not be determined due to conflicting information in the data. Bold edges are present in
all graphs estimated under test-wise deletion or multiple imputation.
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Table 3: Number of edges in the graphs estimated from the IDEFICS data (in parentheses:
minimum, average and maximum number of edges in the bootstrap analyses). The critical
edges are those adjoining nodes mvpa, sed, sleep or homa, for which large proportions of
values were missing.
Total number of edges
(min, average, max)

Number of critical edges
(min, average, max)

List-wise deletion (lwd)

10 (6, 15.9, 25)

2 (1, 4.4, 8)

Test-wise deletion (twd)

26 (20, 27.3, 34)

6 (2, 4.9, 8)

– main effects (MI)

26 (18, 25.3, 31)

7 (3, 4.9, 7)

– random forests (rfMI)

21 (22, 30.4, 37)

5 (4, 8.2, 13)

– CALIBER (cMI)

21 (20, 28.7, 37)

5 (4, 7.5, 11)

Single imputation (sing)

24 (25, 32.7, 41)

4 (4, 7.0, 13)

Multiple imputation

by the relatively small sample size. For random forest and single imputation, the number
of edges obtained in the main analysis was smaller than the minimum number of edges
obtained using the bootstrap samples. This is a known phenomenon and a correction
has been proposed for score-based causal discovery (Steck and Jaakkola, 2003), but we
are not aware of a correction method for the PC-algorithm. In line with the simulation
results, list-wise deletion led to the sparsest graphs, while the densest graphs in the
bootstrap analysis were discovered using single imputation. The multiple imputation
methods tended to discover more edges adjoining ‘critical’ nodes than test-wide deletion.
This might be because the sample size available for tests containing the ‘critical’ variables,
where many values are missing, is rather small under test-wise deletion.
In the Online Supplement, we include diagnostic plots for the multiple imputation procedures in the main analysis. Based on visual inspection of the convergence plots, the
algorithm converged in all three cases. The random forest (rf) method was most successful in generating imputed values with a distribution matching that of the observed
values. Figure 11 illustrates this for the wb (well-being) variable. The distributions of
the imputed values generated by the parametric and CALIBER methods are more symmetric. This may indicate that the (rf) method is better able to predict the missing
values. However, as discussed previously (Shah et al., 2014), and as also witnessed in the
simulation study, this does not necessarily mean that the graphs estimated using random
forest (rf) imputation are closer to the truth.
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Figure 11: Diagnostic plots for variable wb (well-being). Shown are the distribution of the
observed values (blue boxplot and curves) and the distribution of the values generated
by 10 randomly chosen imputations (red boxplots and curves), for the three different
imputation methods.

7

Conclusions

In this paper, we investigated test-wise deletion and multiple imputation for dealing with
missing values in constraint-based causal discovery. Test-wise deletion relies on faithful observability and the admissible separator condition, whereas multiple imputation
requires the missing values to be MAR. Both assumptions are implied by the stronger
MCAR but are otherwise difficult to justify in practice.
In our empirical comparisons, we confirmed that test-wise deletion and multiple imputation are clearly superior to list-wise deletion and single imputation. We also demonstrated that while multiple imputation outperforms test-wise deletion in settings with
small graphs and Gaussian variables, there is no overall best approach in realistically
complex settings with a larger number of variables especially when these are a mix of
continuous and discrete measurements. Random forest imputation or the hybrid method
we proposed might be useful especially in settings with 50 or more variables, but comprehensive comparisons are difficult due to the long runtime of all three methods involved
(causal discovery, multiple imputation and random forests).
An alternative missing value method for causal discovery not considered in this paper is in26
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verse probability weighting (Gain and Shpitser, 2018). Likelihood-based approaches such
as Expectation Maximisation can be used with score-based causal discovery (Friedman,
1997; Scutari, 2020) but are not straightforward to combine with constraint-based algorithms (see Sokolova et al., 2017, for a first idea assuming a joint nonparanormal distribution).
Future research should address model selection of the imputation models in MICE. This
is relevant also outside the area of causal discovery, but the literature on this topic is surprisingly scarce (Noghrehchi et al., 2021). Finally, reliably learning (causal) graphs from
data with mixed measurement scales remains a challenge especially with the additional
complication of missing values.
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A

Conditional independence testing

In this appendix, we provide details about the three conditional independence tests we
focussed on in this work. We first review how each test is implemented when complete
data are available, and then describe how they can be applied to multiple imputed data.

Fisher’s z-test
Consider a random vector (X, Y, Z1 . . . , Zs )T ∈ Rs+2 with covariance matrix Σ. The
partial correlation between X and Y given Z = (Z1 . . . , Zs ) is defined as
ρXY.Z = √

p12
√

p11 p22

,

where pij is the (i, j)-the element of the precision matrix P = Σ−1 . The corresponding
empirical partial correlation can be estimated from n observations of (X, Y, Z)T as
ρ̂XY.Z = p

ε̂TX ε̂Y
p
,
ε̂TX ε̂X ε̂TY ε̂Y

where ε̂X is the vector of residuals after regressing X on Z, and ε̂Y is the vector of
residuals after regressing Y on Z.
For Fisher’s z-test (Fisher, 1924), it is assumed that (X, Y, Z)T follows a multivariate
normal distribution. Then ρXY.Z = 0 if and only if X ⊥
⊥ Y | Z; this is the null hypothesis
of Fisher’s z-test. The test statistic is


1
1 + ρ̂XY.Z
z(ρ̂XY.Z ) = ln
.
(1)
2
1 − ρ̂XY.Z
Under the multivariate normal assumption, z(ρ̂XY.Z ) is asymptotically normal with variance 1/(n − s − 3), and mean zero under the null hypothesis.
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Fisher’s z-test under multiple imputation
Fisher’s z-test can be applied to multiply imputed data using Rubin’s rules, as follows
(Schafer, 1997, page 109; Foraita et al., 2020).
Consider M completed datasets obtained by multiple imputation, and let z (m) (ρ̂XY.Z )
be the z-statistic calculated according to Equation (1) from the m-th imputed dataset,
m = 1, . . . , M. The pooled test statistic is
M
1 X (m)
z̄(ρ̂XY.Z ) =
z (ρ̂XY.Z ).
M m=1

The variance of z̄(ρ̂XY.Z ) is estimated as
TXY.Z



1
BXY.Z ,
= W XY.Z + 1 +
M

(2)

which has two components: W XY.Z is the average within-imputation variance and is
calculated as
M
1 X
1
1
W XY.Z =
=
.
M m=1 n − s − 3
n−s−3

The extra variance due to the missing values is captured in the between-imputation variance
M
2
1 X  (m)
BXY.Z =
z (ρ̂XY.Z ) − z̄(ρ̂XY.Z ) .
M − 1 m=1

The term 1 + M1 in Equation (2) adjusts for the fact that only a finite number M of
imputations was drawn.
√
Under the null hypothesis ρXY.Z = 0, z̄(ρ̂XY.Z )/ TXY.Z approximately follows a Student’s
t-distribution with degrees of freedom given by

ν = (M − 1) 1 +

W XY.Z
(1 + M −1 )BXY.Z

2

.

The G2 -test
Consider a vector (X, Y, Z1 , . . . , Zs )T of categorical random variables, and define Z =
(Z1 , . . . , Zs ). The sets of values that X, Y and Z can take are denoted by X , Y and Z,
respectively. The vector (X, Y, Z)T thus defines a 3-way contingency table. Denote by
θxyz the probability of observing (x, y, z)T , for x ∈ X , y ∈ Y, z ∈ Z. This corresponds to
one cell in the contingency table. Further,
P denote the marginal probabilities with
P respect
to X and Y , respectively, as θ+yz = x∈X θxyz for y ∈ Y, z ∈ Z, and θx+z = y∈Y θxyz
for x ∈ X , z ∈ Z.

Without further assumptions, drawing n independent observations of (X, Y, Z)T can be
viewed as sampling from a multinomial distribution with parameters n and
θ = {θxyz : x ∈ X , y ∈ Y, z ∈ Z}.
28
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We refer to this as the saturated multinomial model. The number of elements of θ is equal
to |X | · |Y| · |Z|. As the elements must sum to 1, this corresponds to d = |X | · |Y| · |Z| − 1
degrees of freedom.
If X ⊥
⊥ Y | Z, which is the null hypothesis of the G2 -test, then fewer parameters are
required to describe the distribution of (X, Y, Z)T . In particular, under X ⊥
⊥ Y | Z we
have that for all x ∈ X , y ∈ Y and z ∈ Z, θxyz = θ+yz · θx+z . Thus, under the null
hypothesis the set of parameters can be reduced to
θ 0 = {θ+yz : y ∈ Y, z ∈ Z} ∪ {θx+z : x ∈ X , z ∈ Z},
P
P
P
P
which has |X | · |Z| + |Y| · |Z| elements. As y∈Y z∈Z θ+yz = x∈X z∈Z θx+z = 1, this
corresponds to d0 = (|X | − 1) · |Z| + (|Y| − 1) · |Z| degrees of freedom.

The G2 -test is a likelihood ratio test with test statistic
h  
 i
G2 = −2 l θ̂ 0 − l θ̂ ,

where l(·) denotes the log-likelihood and the parameter estimates in θ̂ 0 and θ̂ are obtained
from the sample by counting the number of observations in the corresponding cell or
margin and dividing by n. Asymptotically and under the null hypothesis, G2 follows a
χ2 -distribution with d − d0 = (|X | − 1) · (|Y| − 1) · |Z| degrees of freedom.

The CG-test
The CG-distribution is defined as follows: Consider a set of variables V partitioned into
continuous variables C and discrete variables B, where B can take values in B. Then
V is said to follow a CG-distribution if for every b ∈ B, the conditional distribution of
C given B = b is multivariate normal with mean vector µb and covariance matrix Σb
(Lauritzen and Wermuth, 1989; Lauritzen, 1990). Note that Σb is allowed to depend on
b, which is in contrast to the general location model sometimes considered in the context
of multiple imputation (Schafer, 1997, p. 335). We denote the set of parameters describing
the distribution of V as ψV = {pb , µb , Σb : b ∈ B}, where pb = P(B = b). The family of
CG-distributions is not closed under marginalisation, i.e. if V follows a CG-distribution,
then a subset V′ ⊂ V does not in general follow a CG-distribution (Lauritzen, 1990,
Section 6.1.1).
A likelihood ratio test for conditional independence between CG-distributed variables
was proposed by Andrews et al. (2018). We call this the CG-test. Consider a random
vector (X, Y, Z1 , . . . , Zs )T following a CG-distribution with parameter vector ψXY Z , where
Z = (Z1 , . . . , Zs ). For the CG-test, it is assumed that the marginal distributions of (X, Z),
(Y, Z) and Z are well approximated by CG-distributions with parameters ψXZ , ψY Z and
ψZ , respectively. As noted above, this does not in general follow from the assumption
that (X, Y, Z1 , . . . , Zs )T is CG.
Denote by ψ̂XY Z , ψ̂XZ , ψ̂Y Z and ψ̂Z the maximum likelihood estimates of ψXY Z ,
ψXZ , ψY Z and ψZ , respectively, obtained from data, with corresponding log likelihoods l(ψ̂XY Z ), l(ψ̂XZ ), l(ψ̂Y Z ) and l(ψ̂Z ). The CG-test compares the log likelihood
L = l(ψXY Z )/l(ψY Z ) for modelling X given Y and Z with the log likelihood L0 =
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l(ψXZ )/l(ψZ ) for modelling X given Y only, which corresponds to the null hypothesis
that X ⊥
⊥ Y | Z, or equivalently, f (x | y, z) = f (x | z).
The test statistic of the CG-test is
χ2 = −2(L0 − L).
Under the null hypothesis, χ2 approximately follows a χ2 -distribution. The degrees of
freedom vary depending on which variables are continuous and which are discrete; for
details see Andrews et al. (2018)2 .

G2 -test and CG-test under multiple imputation
Rules for combining likelihood ratio statistics have been suggested by Meng and Rubin
(1992). Consider M completed datasets obtained by multiple imputation. Let φ and
φ0 be sets of parameters characterising the full and reduced model of interest. For the
G2 -test, φ = θ and φ0 = θ 0 ; for the CG-test, φ = ψ and φ0 = ψ 0. As before, we use
the superscript (m) to indicate estimators obtained from the m-th completed dataset. We
denote by lm (·) the log likelihood function given the m-th completed dataset.
First, the average likelihood ratio statistic is calculated as
M
X
¯ = 1
−2[lm (φ̂0(m) ) − lm (φ̂(m) )],
LR
M m=1

and the average parameter estimates as
φ̄0 =
and
φ̄ =

M
1 X 0(m)
φ
M m=1
M
1 X (m)
φ .
M m=1

The log likelihoods are then re-evaluated given each of the M completed datasets, with
the parameters fixed to the average parameter estimates, and the corresponding likelihood
ratio statistics are averaged:
M
X
˜ = 1
LR
−2[lm (φ̄0 ) − lm (φ̄)].
M m=1

The pooled test statistic is
D3 =

˜
LR
k(1 + r3 )

¯ − LR)/[k(M
˜
with r3 = (M + 1)(LR
− 1)], where k equals the degrees of freedom that
would have been used had complete data been available. The test statistic D3 can be
2

Note that equation (11) of Andrews et al. (2018) should read dfp (θ̂p ) = d(d + 1)/2 + 1 + d, in order
to account for the estimated vector of means (Bryan Andrews, personal communication).
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approximated by an F -distribution with k and 4+[k(M −1)−4][1+(1−2k −1(M −1)−1 )/r3 ]2
degrees of freedom. The name ‘D3 ’ has no specific meaning; it is used in several popular
books to distinguish it from the so-called D1 statistic for multi-parameter Wald tests and
the so-called D2 statistic for general χ2 -tests (Schafer, 1997; Enders, 2010; van Buuren,
2018).

B

Identifiability of conditional (in)dependencies under test-wise deletion

The following lemma on the identifiability of conditional dependencies is a rephrased
version of Proposition 1 in Tu et al. (2019):
Lemma 5
Let D be a missingness DAG with node set V ∪ R(V), such that the distribution of
V ∪ R(V) is faithful to D, and assume that faithful observability holds. Let X, Y ∈ V
with X 6= Y , and let Z ⊆ V\{X, Y } such that X 6⊥
⊥ Y | Z. Then X 6⊥
⊥ Y | (Z, RXY Z = 1).
In other words, under faithfulness and faithful observability, conditional dependencies are
always identified under test-wise deletion. Tu et al. (2019) also show that conditional
independencies are not always identified under test-wise deletion. Our next proposition
provides a necessary and sufficient criterion for this type of identification. The proof
builds on Theorem 6 of Didelez et al. (2010) and is based on the following properties of
distributions faithful to DAGs (Pearl, 1988, Theorem 11):
Let A, B, C and D be disjoint subsets of a set of random variables V faithful to a DAG
with node set V.
Contraction: If A ⊥
⊥ B | C and A ⊥
⊥ D | (B, C), then A ⊥
⊥ (B, D) | C.
Weak union: If A ⊥
⊥ (B, D) | C, then A ⊥
⊥ B | (C, D).
Weak transitivity: If A ⊥
⊥ B | (C, D) and A ⊥
⊥ B | C, then either D ⊥
⊥ A | C or
D⊥
⊥ B | C. Here D is required to be a singleton.
Lemma 6
Let V be a set of random variables with a joint distribution satisfying the properties
of contraction, weak union and weak transitivity, and assume that faithful observability
holds. Let X, Y ∈ V with X 6= Y , and let Z ⊆ V \ {X, Y } such that X ⊥
⊥ Y | Z. Then
X⊥
⊥ Y | (Z, RXY Z = 1) if and only if RXY Z ⊥
⊥ X | (Y, Z) or RXY Z ⊥
⊥ Y | (X, Z).
Proof. By faithful observability, X ⊥
⊥ Y | (Z, RXY Z = 1) ⇔ X ⊥
⊥ Y | (Z, RXY Z ). We
XY Z
XY Z
show that (i) X ⊥
⊥ Y | (Z, R
) if and only if (ii) R
⊥
⊥ X | (Y, Z) or RXY Z ⊥
⊥Y |
(X, Z).
Suppose first that (i) holds. Then by weak transitivity, we have that either RXY Z ⊥
⊥X|Z
or RXY Z ⊥
⊥ Y | Z. If RXY Z ⊥
⊥ X | Z, then by contraction, (RXY Z , Y ) ⊥
⊥ X | Z, and
by weak union, RXY Z ⊥
⊥ X | (Y, Z). Analogously, if RXY Z ⊥
⊥ Y | Z, then RXY Z ⊥
⊥Y |
(X, Z). Hence, (ii) holds.
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Suppose now that RXY Z ⊥
⊥ X | (Y, Z) holds. Since X ⊥
⊥ Y | Z, by contraction, X ⊥
⊥
XY Z
XY Z
(Y, R
) | Z. By weak union, X ⊥
⊥ Y | (Z, R
). By symmetry, if we instead suppose
that RXY Z ⊥
⊥ Y | (X, Z), then Y ⊥
⊥ X | (Z, RXY Z ) ⇔ X ⊥
⊥ Y | (Z, RXY Z ), which
completes the proof.
We are now ready to prove Proposition 2 from Section 4.1. For simplicity, it is assumed in the proof that oracle test-wise-deletion PC is based on the original version
of oracle PC. However, the proposition also holds if the stable version proposed by
Colombo and Maathuis (2014), in which additional conditional independencies are considered, is used. See Colombo and Maathuis (2014) for pseudo-code for both variants.
Proposition 2
Let D be a missingness DAG with node set V ∪ R(V), such that the distribution of
V ∪ R(V) is faithful to D, and assume that faithful observability holds. Then oracle testwise-deletion PC recovers the true CPDAG over V if and only if the admissible separator
condition holds.
Proof. We first show that the skeleton part of oracle test-wise-deletion PC recovers the
true skeleton if and only if the admissible separator condition holds.
Suppose first that the skeleton is correctly recovered by oracle test-wise-deletion PC. This
implies that for all pairs (X, Y ) of non-adjacent nodes in V, there exists a (possibly empty)
set Z ⊆ adj(X, D) or Z ⊆ adj(Y, D) such that X ⊥
⊥ Y | (Z, RXY Z = 1), as otherwise the
edge between X and Y would not have been removed during the algorithm. By Lemma 5,
X ⊥
⊥ Y | Z. By Lemma 6, X ⊥
⊥ Y | (Z, RXY Z = 1) and X ⊥
⊥ Y | Z together imply
XY Z
XY Z
R
⊥
⊥ X | (Y, Z) or R
⊥
⊥ Y | (X, Z), hence the admissible separator condition is
satisfied.
Suppose now that the admissible separator condition is satisfied. Pick a pair (X, Y ) of
non-adjacent nodes in V and a set Z satisfying the admissible separator condition with
respect to (X, Y ), implying Z ⊆ adj(X, D) or Z ⊆ adj(Y, D) and RXY Z ⊥
⊥ X | (Y, Z)
XY Z
XY Z
or R
⊥
⊥ Y | (X, Z). Then by Lemma 6, X ⊥
⊥ Y | (Z, R
= 1). Lemma 5
implies that no edges are erroneously deleted by oracle test-wise-deletion PC, i.e. the
nodes adjacent to X in any intermediate graph obtained while the algorithm runs is a
superset of adj(X, D), and analogous for Y . Hence, X ⊥
⊥ Y | (Z, RXY Z = 1) is among
the conditional independencies tested during the course of the algorithm. It follows that
the skeleton is correctly recovered.
The adjacencies are not further modified after the skeleton phase is completed. Hence, the
necessary condition for the recovery of the true CPDAG is that the admissible separator
condition holds. This proofs the ‘only if’ direction of the statement in the proposition.
For the other direction, suppose that the admissible separator condition holds for the
remainder of the proof.
Consider the v-structure phase of oracle test-wise-deletion PC. This phase is based on
checking, for triples (X, Y, Z) such that X − Y − Z is in the estimated skeleton and X − Z
is not, whether Y is in the separating set W conditionally on which X and Z were found
to be independent in the skeleton phase. If Y 6∈ W, then X − Y − Z is oriented as
X → Y ← Z. We have already established above that under the admissible separator
32
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condition, X ⊥
⊥ Z | (W, RXZW ) ⇔ X ⊥
⊥ Z | W. Hence, as we assume faithfulness,
Y 6∈ W if and only if the true structure is X → Y ← Z. It follows that the v-structures
are correctly recovered by oracle test-wise-deletion PC under the admissible separator
condition.
Finally, the orientation of additional edges is based on logical rules and returns the correct
CPDAG as long as the skeleton and the v-structures have correctly been recovered.
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5.4 Outlook: Challenges in constraint-based causal
discovery
Over the last years, constraint-based causal discovery has become more versatile
and reliable, due to e.g. the development of the index-stable variants (Colombo and
Maathuis, 2014) and new methods for dealing with missing values (see Sections
5.2 and 5.3). However, several challenges remain.
A fundamental assumption of constraint-based causal discovery is faithfulness. It
is sometimes argued that this is a comparatively mild assumption, as the set of
unfaithful distributions compatible with a given DAG has Lebesgue measure zero;
this holds for Gaussian as well as multinomial distributions (Spirtes et al., 2000,
p. 68; Meek, 1995b). However, when PC is applied to finite data, then even almostviolations of the faithfulness assumption can have a detrimental effect on the algorithm’s performance. It has been shown that the proportion of near-unfaithful
distributions among all distributions compatible with a given DAG can be large
even for relatively small and sparse graphs (Uhler et al., 2013). As a consequence
of (near-)unfaithfulness, the PC-algorithm will tend to delete certain edges even
though they are present in the true underlying DAG. This is a fundamental problem of all constraint-based causal discovery algorithms and can only be mitigated
by using a large sample size and a conditional independence test with a high
power for detecting dependencies.
The choice of conditional independence test, however, poses a challenge of its own.
Ideally, the test would not make distributional assumptions and at the same time
have power against all possible alternatives, while respecting the nominal α level.
The G2 -test applied in Paper 3 (Section 5.3) fulfils all of these criteria, but it can
only be applied to discrete data. For continuous variables, constructing a test that
meets all three criteria is provably impossible (Shah and Peters, 2020). There thus
exists a trade-off between power and generality of assumptions. More traditional
tests for continuous variables, such as Fisher’s z-test (Fisher, 1924) or the rank correlation test by Liu et al. (2018) are computationally efficient and have high power
under their respective parametric or monotonicity assumptions. More recently
proposed tests make fewer assumptions and are often computationally demanding. Examples include tests based on reproducing kernel Hilbert spaces (Zhang
et al., 2011), independence testing between residuals after non-parametric regression (Shah and Peters, 2020) and tests using knockoffs (Watson and Wright, 2021).
Despite the large number of strategies that have been proposed, conditional independence testing between continuous variables is still considered an open problem
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(Li and Fan, 2020).
Of particular importance for causal discovery from cohort data is that the conditional independence test can handle data measured on mixed scales. In Paper 3
(Section 5.3), we applied the Conditional Gaussian test by Andrews et al. (2018).
The simulation results presented in Paper 3 demonstrated that despite the strong
parametric assumptions, the power of the test can be low when the number of
conditioning variables is large and/or the discrete variables have many categories. Another challenge is that the test reduces to a test of the partial correlation,
similar to Fisher’s z-test, when only continuous variables are involved, and to the
G2 -test when all variables are discrete. Since the partial correlation test has a much
higher power, on average, than the non-parametric G2 -test, the estimated graphs
tend to have more edges between pairs of continuous variables than between pairs
of discrete variables, which needs to be taken into account when interpreting the
result. As an alternative to the Conditional Gaussian test, Andrews et al. (2019)
proposed the Degenerate Gaussian test, where categorical variables are coded as
dummy variables and then treated as if they were continuous. In their simulation
study, the authors compared the Degenerate Gaussian method and the Conditional
Gaussian method in the context of score-based learning and found that the Degenerate Gaussian method performed better in terms of edge recall and precision. It
would be interesting to investigate whether this is also the case for conditional
independence testing. An alternative parametric approach is to fit (main effects)
linear or logistic regression models and then perform a t-test or likelihood ratio
test, respectively, to test for a conditional independence (Raghu et al., 2018). This
is problematic because the parametric assumptions of the different tests will in
general contradict each other, as is the case for the Conditional Gaussian test. A
non-parametric Bayesian test for mixed data was proposed by Boeken and Mooij
(2021), but is only applicable when the conditioning set consists of a single continuous variable.
As the PC-algorithm and its variants have different stages building on each other’s
results, erroneous decisions due to e.g. misspecification of the conditional independence test or low power can propagate through the algorithm. Quantifying
the uncertainty associated with the final graph estimate is challenging. In Paper
3 (Section 5.3), we bootstrapped the analysis in order to get an impression of the
overall stability of the result. It is also common to combine the graphs estimated
on the bootstrap samples into a summary graph (Pigeot et al., 2015), as done in
Foraita, Witte et al. (2021). However, as also reported in Paper 3, bootstrapping a
causal discovery analysis can have undesired effects such as bootstrap estimates
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containing considerably more edges than the original estimate (Steck and Jaakkola,
2003). Another line of literature is concerned with estimating and controlling the
false discovery rate of the PC-algorithm in order to quantify the uncertainty (Li
and Wang, 2009; Armen and Tsamardinos, 2011; Strobl et al., 2019).
Another open question, especially when the aim is to apply the IDA algorithm
(see Section 4.1.2) to the estimated graph, is how to obtain a valid CPDAG or MPDAG. Ad-hoc solutions include a trial-and error strategy where the edges marked
as ambiguous are oriented until the result is valid (implemented in pcalg, Kalisch
et al., 2012), randomly orienting edges while ignoring the detected v-structures
(implemented in pcalg) and restricting (optimal) IDA to potential causal nodes
and potential parents thereof (implemented in tpc, Witte, 2021). However, a theoretically founded solution would be preferable.
Summarising, causal discovery involves many challenges, all of which have been
tackled or are currently being tackled in the literature. At the moment, the methodological papers still outnumber the papers in which causal discovery is applied
to real data, and many of the existing applications primarily serve as a proof of
concept instead of generating genuinely new insights. The near future will show
whether the obstacles can be overcome, and how useful causal discovery proves to
be in real-world applications.
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6 Discussion and conclusion
In this thesis, I investigated aspects of confounder selection and causal discovery. It
became apparent that many data-driven confounder selection algorithms are based
on conditional independence testing and are thus closely related to methods for
constraint-based causal discovery. Stepwise regression selection of an outcome
model essentially aims at discovering the Markov blanket of the outcome. Assuming that the procedure starts with a valid adjustment set and that all conditional
independencies are correctly inferred, the selected set is valid and yields an efficient estimator, see Sections 3.4.5 and 4.5. In contrast, procedures for univariate
regression selection only test for marginal independencies, which can lead to undesired results, as seen in Section 3.4.4. Some selection algorithms explicitly use
causal discovery: An alternative implementation of the CovSel algorithm, which
is suited for high-dimensional selection problems, uses causal discovery for iteratively searching for the Markov blanket of the treatment and the outcome variable
(Häggström et al., 2015). Another example is the confounder selection algorithm
by Entner et al. (2013), which is a restricted version of FCI. Conversely, constraintbased causal discovery can also be stated as a variable selection problem, and be
solved using methods for regression selection (Wang and Michailidis, 2019).
It also became clear in Section 3.4 that confounder selection, just like causal discovery, relies on strong causal assumptions. In particular, almost all of the algorithms
considered assume ‘no unobserved confounding’ (see Section 3.1) relative to the
observed variables, meaning that the full set of observed covariates is a valid adjustment set. Further, the method by Entner et al. (2013) is the only one that is
able to detect violations of this assumption. The ‘no unobserved confounding’ assumption is related to the causal sufficiency assumption, which essentially states
that there is no unobserved confounding between any two variables in the analysis. Similar to many methods for confounder selection, constraint-based causal
discovery algorithms relying on causal sufficiency are not able to detect violations
thereof.
In light of the strong assumptions common confounder selection strategies rely
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on, it is, once again, obvious that background knowledge is a central prerequisite for any causal analysis. The question is, however, whether this knowledge is
best presented in form of a causal DAG, or if there are good and maybe simpler
alternatives. It has been argued that attempting to draw a causal DAG for a given
research question comes with more problems than benefits (Greenland, 2010), and
it seems indeed unrealistic that the causal structure underlying any system of
interest in epidemiology can be fully known (Pigeot and Foraita, 2011). However,
in my opinion, the benefits of using causal DAGs for confounder selection clearly
outweigh the challenges.
First, it must be emphasised that for choosing a valid adjustment set, not all details of the causal DAG need to be known. Consider the disjunctive cause criterion
(VanderWeele and Shpitser, 2011) from Section 3.4.3: This only requires knowledge
about which of the observed covariates are causes of the treatment or the outcome,
plus a justification of the absence of any unobserved common causes. Hence, the
exact causal relations among the observed covariates are not relevant. In contrast,
it is of central importance to consider unobserved factors, which is arguably best
done by sketching a causal graph showing both measured and unmeasured covariates.
Second, if there is uncertainty even about the basic causal structure, e.g. about
whether a group of covariates should be considered as mediators or confounding
factors, then identifying and acting upon this lack of knowledge is even more
important. In some cases, this will mean choosing a new research question or
study design. After all, causal assumptions that are not explicitly made are still
made, even if they go unnoticed. This is in contrast to predictive and descriptive
modelling, where a causal interpretation is optional.
Third, the conditional (in)dependencies implied by a causal DAG are empirically
testable. They can thus be used to assess how well a postulated causal DAG fits
the data (Ankan et al., 2021), or to repair a misspecified causal DAG (Oates et al.,
2017). Oddly enough, these approaches for checking the plausibility of a specified
causal DAG are often overlooked.
Forth, causal DAGs are useful not only for determining a valid adjustment set,
but also for representing and assessing consequences of selection bias (Hernán
et al., 2002), measurement error (Hernán and Cole, 2009) and missing data (see
Section 5.3), among other things, under a common, intuitive framework.
Summarising, causal DAGs are a powerful tool for identifying sources of structural
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bias in a given causal analysis. This does not imply, however, that drawing a useful
causal DAG for a research question at hand is always an easy task. A particularly
challenging aspect is causal feedback.
In principle, feedback can be represented in a DAG by adding a time axis. Consider the DAG in Figure 14, showing assumed causal relations between sleep quality and well-being on consecutive days. It seems reasonable to assume that wellbeing on any given day influences sleep quality in the following night, which in
turn influences well-being on the next day. Additionally, it could be assumed e.g.
that sleep quality in a given night also influences well-being two days later, which
would be represented in the DAG in Figure 14 by a directed edge from sleepi−1 to
well-beingi+1 .

In practice, however, data may not be available in such a high temporal resolution.
Suppose that a dataset contains measures of average sleep quality and average
well-being for week 1 and week 2. Then neither of the DAGs in Figure 15 is an
accurate representation of the causal structure, assuming that Figure 14 is accurate.
Similar issues can occur when the process is subsampled, i.e. measurements are
taken e.g. only once a week (Runge, 2018). Another related situation emerges
when interest lies in an event such as incident drug use, but the exact time point
of the event is not known. For example, if it is only known that a drug was taken
in the third quarter of the calendar year, then symptoms or diagnoses recorded in
the same quarter could be either due to diseases that caused the patient to start
taking the drug, or indicate side effects. When the aim is to estimate a causal effect,
such situations can sometimes be avoided e.g. by re-defining the treatment or the
outcome, or at least mitigated by performing sensitivity analyses. However, when
the aim is causal discovery, there is no obvious solution.
Aalen et al. (2012) and Aalen et al. (2016) discussed another issue, going beyond
aggregation and subsampling, which is causal effects that are transmitted continuously in time. As an example, consider BMI and calory intake. It is not clear
how to draw a graph similar to the one in Figure 14 for these two variables. Aalen
et al. (2012) and Aalen et al. (2016) argued that stochastic differential equations can
be a suitable way of describing such time-continuous causal relations. These are
tied to the concept of local independence, which describes independence relations
between stochastic processes instead of random variables. Local independencies
are represented in so-called local independence graphs (Didelez, 2008), which can
be given a causal interpretation (Røysland, 2012; Didelez, 2015), and can be learned
using specialised causal discovery algorithms (Meek, 2014; Mogensen et al., 2018).
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Figure 14: A DAG representing assumed causal relations between daily well-being
and sleep quality. Measured and unmeasured confounding is represented by C.

week 1

week 2

week 1

C

week 2
C

average
well-being1

average
well-being2

average
well-being1

average
well-being2

average
sleep1

average
sleep2

average
sleep1

average
sleep2

Figure 15: DAGs containing nodes for average well-being and sleep quality at two
time points. Measured and unmeasured confounding is represented by
C.
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Cyclic graphs are another type of graph that may be useful for representing causal
feedback. Mooij and Claassen (2020) showed that the output of the PC-algorithm
or the FCI algorithm can alternatively be interpreted as representing an equivalence class of cyclic graphs. Yet another way of accounting for causal feedback is
through causal chain graphs (Lauritzen and Richardson, 2002). These have directed and undirected edges, where an undirected edge represents an association
between two variables in a state of equilibrium.
Causal feedback, subsampling, aggregation and continuous-time causation are all
common issues in cohort data. Are DAGs the best option for representing causal
mechanism, or should the time aspect and the possibility of causal feedback be
taken into account by other types of graphs? I believe that this question deserves
more attention. Additionally, for causal discovery in particular, it is also important
to allow for unmeasured confounding, or lack of causal sufficiency, such as the FCI
algorithm does, which outputs a PAG. My conclusion is that graphs are immensely
useful for representing causal structures, but that more attention should be paid
to graphs other than DAGs.
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A Pseudocode
This appendix includes pseudocode for PC, LMPC-stable and tPC.

A.1 PC-algorithm
Algorithm 2 contains pseudocode for the PC-algorithm as described in Spirtes
et al. (2000), with Meek’s rules (Meek, 1995a) for edge orientation.
Algorithm 2 PC
INPUT: i.i.d. data on a set of variables V; a procedure for testing conditional
independencies
(I) skeleton phase
1: form the complete undirected graph C on node set V
2: C ′ = C
3: ℓ = −1
4: repeat
5:
ℓ = ℓ+1
6:
repeat
7:
select new ordered pair of nodes (Vi , Vj ) such that Vi and Vj are adjacent
8:
9:
10:
11:
12:
13:
14:
15:
16:

in C ′ and |sibC ′ (Vi ) \ {Vj }| ≥ ℓ
repeat
choose new S ⊆ sibC ′ (Vi ) \ {Vj } such that |S| = ℓ
if Vi ⊥
⊥ Vj | S then
delete edge Vi − Vj from C ′
record S as Sepset(Vi , Vj )
end if
until edge Vi − Vj is deleted or all S ⊆ sibC ′ (Vi ) \ {Vj } such that |S| = ℓ
have been chosen
until all ordered pairs of nodes (Vi , Vj ) such that Vi and Vj are adjacent in C ′
have been chosen
until all ordered pairs of nodes (Vi , Vj ) adjacent in C ′ satisfy |sibC ′ (Vi ) \ {Vj }| <
ℓ
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(II) detection of v-structures
17: C ′′ = C ′
18: repeat
19:
select new unordered triple of nodes (Vi , Vj , Vk ) such that

Vi − Vj − Vk , and Vi and Vk are non-adjacent

C ′′ contains a path

20:
if Vj ̸∈ Sepset(Vi , Vk ) then
21:
replace Vi − Vj − Vk by Vi → Vj ← Vk in C ′′
22:
end if
23: until all unordered triples of nodes (Vi , Vj , Vk ) such that

C ′′ contains a path
Vi − Vj − Vk , and Vi and Vk are non-adjacent have been selected

(III) application of Meek’s rules
24: C ′′′ = C ′′
25: apply the following four rules repeatedly to undirected edges in

C ′′′′ until no

further edges can be oriented:
Rule 1: Orient Vi − Vj into Vi → Vj if C ′′′′ contains an edge Vk → Vi such that
Vk and Vi are non-adjacent.
Rule 2: Orient Vi − Vj into Vi → Vj if C ′′′′ contains a path Vi → Vk → Vj .
Rule 3: Orient Vi − Vj into Vi → Vj if C ′′′′ contains two non-adjacent nodes Vk
and Vm that are siblings of Vi and parents of Vj .
OUTPUT: estimated CPDAG C ′′′

A.2 LMPC-stable
Algorithm 3 contains pseudocode for the LMPC-stable algorithm by Colombo and
Maathuis (2014). The ‘L’ stands for ‘lists’, see lines 20, 50, 59, 68 and 77 of the
algorithm. Here, information about edges to be deleted and arrow heads to be
added is first collected until all variables have been considered, and only then is
the graph transformed accordingly. The ‘M’ means ‘majority rule’. This refers to
how the v-structure orientation works if the different conditional independence
tests performed in line 25 give conflicting results: If more than half of the test
decisions indicate that a v-structure is present or not present, then the arrow heads
are oriented accordingly or remain undirected, respectively. In the event of a tie,
the edges remain undirected and the triple is added to the list of ambiguous triples.
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Algorithm 3 LMPC-stable
INPUT: i.i.d. data on a set of variables V; a procedure for testing conditional
independencies
(I) skeleton phase
1: form the complete undirected graph C on node set V
2: C ′ = C
3: ℓ = −1
4: repeat
5:
ℓ = ℓ+1
6:
for all nodes Vi in V do
7:
a(Vi ) = sibC ′ (Vi )
8:
end for
9:
repeat
10:
select new ordered pair of nodes (Vi , Vj ) such that Vi and Vj are adjacent
11:
12:
13:
14:
15:
16:
17:
18:

in C ′ and |a(Vi ) \ {Vj }| ≥ ℓ
repeat
choose new S ⊆ a(Vi ) \ {Vj } such that |S| = ℓ
if Vi ⊥
⊥ Vj | S then
delete edge Vi − Vj from C ′
end if
until edge Vi − Vj is deleted or all S ⊆ a(Vi ) \ {Vj } such that |S| = ℓ have
been chosen
until all ordered pairs of nodes (Vi , Vj ) such that Vi and Vj are adjacent in C ′
and |a(Vi ) \ {Vj }| ≥ ℓ have been chosen
until all ordered pairs of nodes (Vi , Vj ) adjacent in C ′ satisfy |a(Vi ) \ {Vj }| < ℓ

(II) detection of v-structures
19: C ′′ = C ′
20: create empty lists orient_list and ambiguous_list
21: repeat
22:
select new unordered triple of nodes (Vi , Vj , Vk ) such that
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:

C ′′ contains a path

Vi − Vj − Vk , and Vi and Vk are non-adjacent
counter = 0
for all sets S such that S is a subset of sibC ′′ (Vi ) or sibC ′′ (Vk ) or both do
if Vi ⊥
⊥ Vk | S then
if Vj ∈ S then
counter = counter − 1
else
counter = counter + 1
end if
end if
end for
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33:
if counter = 0 then
34:
add (Vi , Vj ) to ambiguous_list
35:
add (Vj , Vk ) to ambiguous_list
36:
else if counter > 0 then
37:
add (Vi , Vk ) to orient_list
38:
add (Vk , Vj ) to orient_list
39:
end if
40: until all unordered triples of nodes
41:
42:
43:
44:
45:
46:
47:

(Vi , Vj , Vk ) such that C ′′ contains a path
Vi − Vj − Vk and Vi and Vk are non-adjacent have been selected
for all pairs (Vm , Vn ) in orient_list do
if Vm − Vn is in C ′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′ then
replace by Vm ↔ Vn
end if
end for

(III) application of Meek’s rules
48: C ′′′ = C ′′
49: repeat
50:
create empty list rule1_list
51:
apply the following rule to as many undirected edges in

52:
53:
54:
55:
56:
57:
58:
59:
60:

61:
62:
63:
64:
65:
66:
67:
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C ′′′ not listed in

ambiguous_list as possible:
Rule 1: Add (Vi , Vj ) to rule1_list if C ′′′ contains an edge Vk → Vi such that Vk
and Vi are non-adjacent.
for all pairs (Vm , Vn ) in rule1_list do
if Vm − Vn is in C ′′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′′ then
replace by Vm ↔ Vn
end if
end for
create empty list rule2_list
apply the following rule to as many undirected edges in C ′′′ not listed in
ambiguous_list as possible:
Rule 2: Add (Vi , Vj ) to rule2_list if C ′′′ contains a path Vi → Vk → Vj .
for all pairs (Vm , Vn ) in rule2_list do
if Vm − Vn is in C ′′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′′ then
replace by Vm ↔ Vn
end if
end for
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68:
69:

70:
71:
72:
73:
74:
75:
76:
77:
78:

79:
80:
81:
82:
83:
84:
85:
86:

create empty list rule3_list
apply the following rule to as many undirected edges in C ′′′ not listed in
ambiguous_list as possible:
Rule 3: Add (Vi , Vj ) to rule3_list if C ′′′ contains two non-adjacent nodes Vk and
Vm that are siblings of Vi and parents of Vj .
for all pairs (Vm , Vn ) in rule3_list do
if Vm − Vn is in C ′′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′′ then
replace by Vm ↔ Vn
end if
end for
create empty list rule4_list
apply the following rule to as many undirected edges in C ′′′′ not listed in
ambiguous_list as possible:
Rule 4: Add Vi , Vj to rule4_list if C ′′′′ contains a path Vk → Vm → Vj such that
Vk and Vm are siblings of Vi , and Vj and Vk are non-adjacent.
for all pairs (Vm , Vn ) in rule4_list do
if Vm − Vn is in C ′′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′′ then
replace by Vm ↔ Vn
end if
end for
until no further edges can be oriented

OUTPUT: estimated CPDAG C ′′′

A.3 tPC
Algorithm 4 contains pseudocode for the tPC-algorithm described in Section 5.1
and implemented in the tpc package (Witte, 2021). The package also contains
functions for specifying context nodes that are forced to have edges into all other
(non-context) nodes in the graph or all other (non-context) nodes in their respective
tiers.
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Algorithm 4 tPC
INPUT: i.i.d. data on a set of variables V; a procedure for testing conditional
independencies; a partial topological ordering V1 < · · · < VT
(I) skeleton phase
1: form the complete undirected graph C on node set V
2: C ′ = C
3: ℓ = −1
4: repeat
5:
ℓ = ℓ+1
6:
for all nodes Vi in V do
7:
a(Vi ) = sibC ′ (Vi )
8:
end for
9:
repeat
10:
select new ordered pair of nodes (Vi , Vj ) such that Vi and Vj are adjacent
11:
12:
13:
14:
15:
16:
17:
18:

in C ′ and |a(Vi ) \ {Vj }| ≥ ℓ
repeat
choose new S ⊆ a(Vi ) \ {Vj } such that |S| = ℓ and for all S ∈ S, t(S) ≤
t(Vi )
if Vi ⊥
⊥ Vj | S then
delete edge Vi − Vj from C ′
end if
until edge Vi − Vj is deleted or all S ⊆ a(Vi ) \ {Vj } such that |S| = ℓ and
for all S ∈ S, t(S) ≤ t(Vi ) have been chosen
until all ordered pairs of nodes (Vi , Vj ) such that Vi and Vj are adjacent in C ′
and |a(Vi ) \ {Vj }| ≥ ℓ have been chosen
until all ordered pairs of nodes (Vi , Vj ) adjacent in C ′ satisfy |a(Vi ) \ {Vj }| < ℓ

(II) detection of v-structures
19: C ′′ = C ′
20: create empty lists orient_list and ambiguous_list
21: repeat
22:
select new unordered triple of nodes (Vi , Vj , Vk ) such that (i)

C ′′ ,

23:
24:
25:
26:
27:
28:
29:
30:
31:
32:

202

C ′′ contains
and (iii) t(Vj ) =

a path Vi − Vj − Vk , (ii) Vi and Vk are non-adjacent in
max(t(Vi ), t(Vk ))
sib∗C ′′ (Vi ) = {V | V ∈ sibC ′′ (Vi ) and t(V ) ≤ t(Vi )}
sib∗C ′′ (Vk ) = {V | V ∈ sibC ′′ (Vk ) and t(V ) ≤ t(Vi )}
counter = 0
for all sets S such that S is a subset of sib∗C ′′ (Vi ) or sib∗C ′′ (Vk ) or both do
if Vi ⊥
⊥ Vk | S then
if Vj ∈ S then
counter = counter − 1
else
counter = counter + 1
end if
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33:
end if
34:
end for
35:
if counter = 0 then
36:
add (Vi , Vj ) to ambiguous_list
37:
add (Vj , Vk ) to ambiguous_list
38:
else if counter > 0 then
39:
add (Vi , Vk ) to orient_list
40:
add (Vk , Vj ) to orient_list
41:
end if
42: until all unordered triples of nodes

43:
44:
45:
46:
47:
48:
49:

(Vi , Vj , Vk ) such that C ′′ contains a path
Vi − Vj − Vk , Vi and Vk are non-adjacent in C ′′ and t(Vj ) = max(t(Vi ), t(Vk ))
have been selected
for all pairs (Vm , Vn ) in orient_list do
if Vm − Vn is in C ′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′ then
replace by Vm ↔ Vn
end if
end for

(III) orientation of between-block edges
50: C ′′′ = C ′′
51: for all nodes Vi in V do
52:
for all nodes Vj with t(Vj )
53:
if Vi − Vj is in C ′′′ then
54:
replace by Vi → Vj
55:
end if
56:
end for
57: end for

> t(Vi ) do

(IV) application of Meek’s rules
58: C ′′′′ = C ′′′
59: repeat
60:
create empty list rule1_list
61:
apply the following rule to as many undirected edges in

62:
63:
64:
65:
66:
67:
68:

C ′′′′ not listed in

ambiguous_list as possible:
Rule 1: Add (Vi , Vj ) to rule1_list if C ′′′′ contains an edge Vk → Vi such that Vk
and Vi are non-adjacent.
for all pairs (Vm , Vn ) in rule1_list do
if Vm − Vn is in C ′′′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′′′ then
replace by Vm ↔ Vn
end if
end for
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69:
70:

71:
72:
73:
74:
75:
76:
77:
78:
79:

80:
81:
82:
83:
84:
85:
86:
87:
88:

89:
90:
91:
92:
93:
94:
95:
96:

create empty list rule2_list
apply the following rule to as many undirected edges in C ′′′′ not listed in
ambiguous_list as possible:
Rule 2: Add (Vi , Vj ) to rule2_list if C ′′′′ contains a path Vi → Vk → Vj .
for all pairs (Vm , Vn ) in rule2_list do
if Vm − Vn is in C ′′′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′′′ then
replace by Vm ↔ Vn
end if
end for
create empty list rule3_list
apply the following rule to as many undirected edges in C ′′′′ not listed in
ambiguous_list as possible:
Rule 3: Add (Vi , Vj ) to rule3_list if C ′′′′ contains two non-adjacent nodes Vk
and Vm that are siblings of Vi and parents of Vj .
for all pairs (Vm , Vn ) in rule3_list do
if Vm − Vn is in C ′′′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′′′ then
replace by Vm ↔ Vn
end if
end for
create empty list rule4_list
apply the following rule to as many undirected edges in C ′′′′ not listed in
ambiguous_list as possible:
Rule 4: Add (Vi , Vj ) to rule4_list if C ′′′′ contains a path Vk → Vm → Vj such
that Vk and Vm are siblings of Vi , and Vj and Vk are non-adjacent.
for all pairs (Vm , Vn ) in rule4_list do
if Vm − Vn is in C ′′′′ then
replace by Vm → Vn
else if Vm ← Vn is in C ′′′′ then
replace by Vm ↔ Vn
end if
end for
until no further edges can be oriented

OUTPUT: estimated maxPDAG C ′′′′
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List of Abbreviations
ACE‡

average treatment effect

ADMG

acyclic directed mixed graph, see Section 2.5

AIC

Akaike’s information criterion

BIC

Bayesian information criterion

CG*

Conditional Gaussian (distribution or test)

CIE‡

change-in-estimate

CIE-MSE‡

the change-in-estimate variant by Greenland et al. (2016)

CovSel

the covariate procedure by de Luna et al. (2011), see Section 3.4.6

CPDAG

completed partially directed acyclic graph, see Section 2.4

DAG

directed acyclic graph, see Section 2.1

EHS‡

the algorithm by Entner, Hoyer and Spirtes (2013)

FCI

fast causal inference (causal discovery algorithm), see Section 2.6

FCS‡

the focussed confounder selection method by Vansteelandt et al.
(2012)

GES

greedy equivalence search, see Section 2.6

HMP19#

Henckel et al. (2019)

IDA

Intervention Calculus When the DAG is Absent, see Section 4.1.2

LMPC-stable

lists-majority-rule PC-stable (causal discovery algorithm), see
Section 2.6

maxPDAG#

see MPDAG

MAR*

missing at random

MCAR*

missing completely at random

MCOR‡

marginal causal odds ratio

MICE*

multiple imputation by chained equations

MNAR*

missing not at random

MPDAG

maximally oriented partially directed acyclic graph, see Section 2.4

MSE

mean squared error

O-set

optimal adjustment set

OLS

ordinary least squares
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‡
#
*

PAG

partial ancestral graph, see Section 2.6.2

PC

Peter&Clark (causal discovery algorithm), see Section 2.6

PS‡

propensity score

RS20#

Rotnitzky and Smucler (2020)

SWIG

single world intervention graph, see Section 2.3.2

tPC

temporal / time-ordered / tiers / (partial) topological ordering
PC-algorithm (causal discovery algorithm), see Section 5.1

These abbreviations are used in Paper 1 (Section 3.5) only.
These abbreviations are used in Paper 2 (Section 4.5) only.
These abbreviations are used in Paper 3 (Section 5.3) only.
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⊥G

d-separation or m-separation in graph G , see Sections 2.1, 2.4
and 2.5

̸⊥G

absence of d-separation or m-separation in graph G

⊥
⊥

(conditional) independence in a probability distribution, see
Section 2.2

̸⊥
⊥

(conditional) dependence in a probability distribution

β y.xz

intercept in a regression of Y on X and Z

β yx.z

(vector of) coefficient(s) of X in a regression of Y on X and Z

µ̂0 (Z)

the estimated mean outcome under do ( X = 0), a function of
random variables Z

µ̂1 (Z)

the estimated mean outcome under do ( X = 1), a function of
random variables Z

τ

average causal effect, see Section 3.1

an(A)

the set of ancestors of node set A, see Section 2.1

a.var (·)

asymptotic variance, see Section 4.3

ch(A)

the set of children of node set A, see Section 2.1

cn(X, Y, G)

the causal nodes with respect to (X, Y) in G , see Section 3.2

D

a (causal) DAG

de(A)

the set of descendants of node set A, see Section 2.1

ê(Z)

the estimated propensity score, a function of random variables
Z

f (·)

probability density, see Section 2.2

do (·)

Pearl’s do-operator, see Section 2.3.1

forb(X, Y, G)

the forbidden set with respect to (X, Y) in G , see Sections 3.2
and 4.1.1

G

a (causal) graph

G XY

the forbidden projection of G with respect to (X, Y ), see Sections 4.2 and 4.5

nde(A)

the set of non-descendants of node set A, see Section 2.1

O(X, Y, G)

the optimal adjustment set (O-set) with respect to (X, Y) in G ,
see Sections 4.2 and 4.5
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pa(A)

the set of parents of node set A, see Section 2.1

possan(A)

the set of possible ancestors of node set A, see Section 2.1

possde(A)

the set of possible descendants of node set A, see Section 2.1

posscn(X, Y, G)

the possibly causal nodes with respect to (X, Y) in G , see Section 4.1.1

RV

the missingness indicator of variable V, see Paper 3 (Section 5.3)

RA

the missingness indicator for the set of variables A, see Paper 3
(Section 5.3)

R(V)

the set of missingness indicators of the variables in V, see Paper 3 (Section 5.3)

sib(A)

the set of siblings of node set A, see Section 2.1

S

usually a conditioning set

T

the treatment in Paper 1 (Section 3.5)

t (V )

the tier of node V

V

usually the set of nodes in a graph

W

usually the set of observed covariates

W∗

the selected adjustment set

X or X

usually the treatment; in Paper 1 (Section 3.5), X denotes the
covariates

X

the state space of X

Y or Y

usually the outcome

Z

usually a (valid) adjustment set
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