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Abstract

We consider the solution of ill-posed inverse problems using regularization
with tolerances. In particular, we are interested in the reconstruction of solu-
tions that lie within or close to an area outlined by a tolerance measure. To
approximate the true solution of the problem in a stable way, we propose a
Tikhonov functional with a tolerance function in the regularization term. The
tolerances allow us to neglect errors in the penalty term up to a certain thresh-
old. Our theoretical analysis proves that the proposed method complies with
all the requirements of variational regularization methods. In addition, we es-
tablish convergence rates for the convergence of minimizers to the true solution.

Moreover, we are interested in obtaining sparse solutions. For this purpose,
we extend the proposed approach with the idea of elastic net regularization
by introducing an additional penalty term that promotes the sparsity of the
solution. We establish theoretical results for this elastic net approach and give a
convergence rate analysis for the minimizers. To confirm our analytical findings,
we illustrate the effect of tolerances in the computed regularized solutions on
some numerical examples.

Zusammenfassung

Wir beschäftigen uns mit der Lösung von schlecht gestellten inversen Proble-
men unter Verwendung von Regularisierung mit Toleranzen. Dabei interessieren
wir uns insbesondere für die Rekonstruktion von Lösungen, die innerhalb oder
in der Nähe eines durch ein Toleranzmaß umrissenen Bereichs liegen. Um die
wahre Lösung des Problems auf stabile Weise zu approximieren, schlagen wir
ein Tikhonov-Funktional mit einer Toleranzfunktion im Regularisierungsterm
vor. Die Toleranzen erlauben es, Fehler im Strafterm bis zu einem bestimmten
Schwellenwert zu vernachlässigen. Unsere theoretische Analyse beweist, dass
die vorgeschlagene Methode alle erforderlichen Voraussetzungen für variationale
Regularisierungsmethoden erfüllt. Insbesondere werden auch Konvergenzraten
für die Konvergenz der Minimierer zur wahren Lösung bestimmt.

Außerdem interessiert es uns, sparse Lösungen zu erhalten. Dazu erweitern
wir den vorgeschlagenen Ansatz um die Idee der elastischen Netzregularisierung,
indem wir einen zusätzlichen Strafterm einführen, der die Sparsität der Lö-
sung befördert. Wir präsentieren theoretische Ergebnisse für diesen Ansatz des
elastischen Netzes und geben eine Konvergenzratenanalyse für die Minimierer.
Um die analytischen Ergebnisse zu bestätigen, illustrieren wir den Effekt von
Toleranzen in den regularisierten Lösungen an einigen numerischen Beispielen.
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Chapter

1
Introduction

Solving ill-posed inverse problems is a very important task in science and industry
as there exist many real-life applications in which such problems are encountered.
An inverse problem is concerned with determining the cause for an observed (or
desired) effect. Examples can be found in digital image and signal processing (e.g.,
image denoising), in medical applications (such as X-ray computerized tomography
and nondestructive testing), in geophysics (e.g., seismic exploration), in geosciences
(e.g., data assimilation methods for numerical weather prediction), in engineering
and financial mathematics (e.g., parameter identification for PDEs), and in many
more areas that are not mentioned here.

Solving an ill-posed inverse problem can be challenging depending on the form of
ill-posedness, which usually is the lack of stability in the solution under measurement
errors. Methods that tackle the ill-posedness of an inverse problem and lead to a
good approximate solution, are the so-called regularization methods. These have been
developed with the idea of incorporating available a priori information about the true
solution of the problem, thereby offering a stabilization in the numerical treatment
of the problem. In this dissertation, we will focus on Tikhonov regularization, a
method that has been widely referenced in the literature, and on the so-called elastic
net regularization, which is a combination of `1-regularization and Tikhonov, that
offers the stable reconstruction of sparse solutions.

1.1 Motivation

Many engineering applications demand the identification of input parameters that
will be used subsequently, for example, as settings in a machine or an experiment.

1



1. Introduction

Such applications exist in the manufacturing industry, e.g., in the design and produc-
tion of a piece of equipment or material. The design processes in these applications
are often complex and may require a desired precision level or specific durability of
the outcome materials. Our work is motivated by existing considerations in applica-
tions such as production processes for micro-components (micro machining) but also
from the development of new structural materials.

In [GPR+18], the objective of the assumed micro machining problem is the iden-
tification of process parameters for a given output. Such a task requires model
inversion that leads to an ill-posed inverse problem when the underlying model is
nonlinear or not invertible. In their work, the authors propose altered Tikhonov
functionals of the form

T δα,ε(u) = ‖F (u)− vδ‖pp,ε + α‖u‖qq, (1.1)

so that the discrepancy term incorporates a tolerance measure ε. The tolerance
measure in this case is the ε-insensitive function | · |ε = max{| · | − ε, 0} and acts
for neglecting deviations of a certain threshold while, at the same time, makes the
problem of finding the desired parameters more stable.

A similar problem is treated in [OBPM18, OB20] for an application of neural
networks for the solution of inverse problems that arise during the production of new
structural materials. The objective of this work is the identification of a set of pa-
rameters such that the obtained material fulfills certain properties. These properties
can, for example, consist of the chemical composition, density and hardness of the
material, and are given in the form of a performance profile. In particular, in [OB20],
the performance profile is defined by

B(ỹ, ε) := {z ∈ Rm : ỹi − εi ≤ zi ≤ ỹi + εi for all 1 ≤ i ≤ m}
for given ỹ ∈ Rm and ε ∈ Rm+ ∪ {0}. For the identification of the unknown

parameters x ∈ Rn, the minimization of a Tikhonov functional

1

2
‖φ(x)− ŷ‖2ε + αR(x), α > 0

is considered, with an ill-posed nonlinear forward operator φ : Rn → Rm that is
obtained via the training of a neural network. A guess of the performance profile is
used as noisy data ŷ and the discrepancy between φ(x) and ŷ is measured using the
ε-insensitive function. The regularization term R(x) incorporates prior information
about the true parameters which is related to their boundary conditions. The results
in [OB20] show that the reconstructed parameters fit better the performance profile
and the recovery process has a higher accuracy than the ε-free Tikhonov regulariza-
tion. For more information on the setting of the problem and examples, we refer the
reader to [OB20].

2



1.1. Motivation

p
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Figure 1.1: Existing theory for Tikhonov-type functionals as in (1.1) and the use of
the ε-insensitive distance in the discrepancy term.

While the above approaches are more recent, the consideration of tolerances in the
data-fitting term was introduced in the framework of statistical learning theory, in
the so-called support vector regression (SVR) for classification tasks [Vap95, Kre11].
Figure 1.1 summarizes the existing analytical results for Tikhonov-type functionals
as in (1.1). Each functional is characterized by (p, q, ε), where the axes p and q in the
figure account for the norms of the discrepancy and the regularization term, respec-
tively. The axis ε accounts for the tolerance assumption in the discrepancy term. For
example, (2, 2, 0) corresponds to the quadratic Tikhonov functional, whereas (2, 2, 1)
corresponds to a case of SVR. The shaded bottom face of the diagram represents
the theory and analytical results of Tikhonov functionals with power-type norms
between 1 and 2 which is well-studied, see for example [GHS08, SGG+09].

Inspired by the existing work on the use of tolerances in the data fitting term,
we wish to incorporate the ε-insensitive function in the regularization term of a
Tikhonov functional. To the best of our knowledge, such an approach with tolerances
in the regularization has not been considered somewhere else, and is compatible
with applications in which the solution is encouraged to lie in a certain area. In
addition, the tolerances used in combination with available a priori information of
the true solution of the problem, can be perceived as additional confidence over the
imposed information in a region dictated by the tolerances. This can be useful if,
for example, such a priori information has been obtained in a previous experiment
or when some known bounds on the true solution are available. A similar idea can
be found in parameter identification problems, for example, when considering the
identification of PDE coefficients which have to satisfy inequality constraints, see for
example [HKR18]. However, in contrast to such inequality constraints, the tolerances

3



1. Introduction

x

u∗
u

ε-area

x

Figure 1.2: Illustration of the tolerance area defined around a reference solution u∗.

in the regularization do not oblige the solution to be within the bounds but rather
encourage it to lie within the prescribed tolerance area.

1.2 Our work

Based on the previous motivation, for the solution of a problem F (u) = v, we propose
a Tikhonov functional

J p,qα,δ,ε(u) = ‖F (u)− vδ‖pp + α‖u− u∗‖qq,ε (1.2)

with the ε-insensitive distance

|z|ε =

{
|z| − ε, |z| > ε

0, |z| ≤ ε
for z ∈ R and ε > 0,

in the regularization term of J p,qα,δ,ε, and we study the analytical properties of its
minimizers. In (1.2) u∗ is a reference solution, which can be used for imposing known
information about the true solution. Figure 1.2 serves as an illustration of what we
wish to achieve by using the tolerances in the regularization term ‖u − u∗‖q,ε. By
minimizing the functional J p,qα,δ,ε, we seek for a regularized solution that is a good
approximation to the true solution of the problem and is such that the difference
between u and u∗ outside the tolerance area (gray-shaded area in Figure 1.2) is
small. Because of the ε-insensitive distance, the difference between u and u∗ inside
the tolerance area is always set to zero. Because this approach is new, we establish
the existence, stability and weak convergence of minimizers of the functional in (1.2)
and prove theoretical convergence rates in the Bregman distance.

In addition, the recovery of sparse solutions is a topic of great interest and sought
in many applications of inverse problems, such as in electrical impedance tomogra-
phy [GKL+12] and in imaging techniques for mass spectrometry [BTAM13]. In the

4



1.2. Our work

course of our work, the desire for sparse solutions leads us to further consider the
elastic net functional

J δα,β,ε(u) = ‖Ku− vδ‖2V + α‖u‖2`2,ε + β‖u‖`1 , (1.3)

which is modified by tolerances and allows the combination of both concepts, namely,
tolerances and sparsity. The addition of the `1-penalty term is a natural next step
because such a penalty term better promotes sparsity in the solution, [GHS08]. We
investigate the regularization theory results for the modified by tolerances elastic net
functional and prove convergence rates in the `2-norm.

Structure of the dissertation. Our work is structured as follows: in Chapter 2,
we present the necessary tools and mathematical background and give an overview
of the different approaches that motivate our work. Besides, it serves as the basis
for understanding the core of the dissertation, namely, Chapters 3 and 4, in which
we present our approach and theoretical findings. More specifically, Chapter 3 deals
with the introduction of Tikhonov regularization with tolerances in the penalty term,
for which we establish results in terms of the regularization theory. The main results
of Chapter 3 have been included in [PKS20]. Chapter 4 deals with the theoretical
analysis of the proposed elastic net functional with tolerances for obtaining sparse
solutions. Chapter 5 is dedicated to a simple numerical consideration, for illustrating
the effect of tolerances in the reconstructed solutions and is considered for confirming
our theoretical results. In the same chapter, we also discuss ideas for the optimal
parameter selection of regularization parameters when tolerances are considered.
Chapter 6 concludes this dissertation with an outlook on our findings and possible
future directions.
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Chapter

2
Preliminaries

This chapter covers basic results from the existing theory in the field of nonlin-
ear ill-posed inverse problems and Tikhonov regularization. Moreover, we discuss
the existing theory that motivates the ideas presented in Chapters 3 and 4 of this
dissertation. In Section 2.1 we introduce the basic notation and tools from func-
tional analysis, calculus of variations and convex analysis. In Section 2.2 we proceed
with the theory of inverse problems and introduce the idea of regularization meth-
ods with a particular focus on Tikhonov regularization. In Section 2.3 we discuss
sparsity-promoting Tikhonov regularization, while in Section 2.4 we discuss numeri-
cal methods that are used for the minimization of such functionals. Then, Section 2.5
follows with an overview of the elastic net regularization. The chapter is concluded
with Section 2.6 which offers a discussion on the use of tolerances in support vector
regression and in Tikhonov regularization for solving inverse problems.

2.1 Notation and function properties

This section includes basic definitions and tools from functional analysis and convex
analysis, which can be, for example, found in [Cla13] and [SGG+09]. We begin with
the definition of the epigraph of a function and the definition of a proper function.
Then, we continue with weak lower semi-continuity of a functional, an important
property that will be used in the following chapters.

Definition 2.1. Let f : X → R ∪ {∞}.

1. The effective domain of f is defined as the set

dom(f) = {x ∈ X : f(x) <∞}.

7



2. Preliminaries

2. The epigraph of f is defined as the set of points above the graph of f , that is,

epi(f) = {(x, ρ) ∈ X × R : f(x) ≤ ρ}.

3. The function f is called proper if its domain is non-empty, that is, dom(f) 6= ∅.

Definition 2.2 (l.s.c. and w.l.s.c.). A functional f : X → R is said to be lower
semi-continuous (abbreviated l.s.c.) at x0 if, for any sequence {xk}k∈N in X with
xk → x0, there holds

f(x0) ≤ lim inf
xk→x0

f(xk).

Similarly, f : X → R is called weakly lower semi-continuous (abbreviated w.l.s.c.)
at x0 if, for any sequence {xk}k∈N in X with xk ⇀ x0, there holds

f(x0) ≤ lim inf
xk⇀x0

f(xk).

Now, we continue with the definition of the norm in Lq-spaces which will be
considered later in our setting. We remind the reader of Fatou’s lemma, which is
useful in our proofs.

Notation 2.3. Let Ω ⊂ Rn be bounded and q ∈ [1, 2]. The space Lq(Ω) consists of
all q-integrable functions f : Ω→ R. For f ∈ Lq(Ω) we define the Lq-norm by

‖f‖Lq(Ω) =

(∫
Ω
|f(x)|q dx

)1/q

.

Lq spaces are an important class of Banach spaces, and L2 is a Hilbert space with
norm induced by the inner product

〈f, g〉L2(Ω) =

∫
Ω
f(x)g(x)dx <∞,

for real functions f, g ∈ L2(Ω).

Lemma 2.4 (Fatou’s lemma). Let {fn} be a sequence of nonnegative measurable
functions fn : Ω → R and let f(x) := lim inf

n→∞
fn(x) for every x ∈ Ω. Then, there

holds ∫
Ω
f(x) dx ≤ lim inf

n→∞

∫
Ω
fn(x) dx. (2.1)

The following definition is the Radon-Riesz property (also known as Kadets-Klee
property) for normed spaces, which, given weak convergence and continuity of the
norm, ensures convergence in the norm.

8



2.1. Notation and function properties

Definition 2.5 (Radon-Riesz property). Let (X, ‖·‖) be a normed space. The space
X has the Radon-Riesz property when the following is fulfilled: for any sequence
{xk}k∈N ∈ X and element x̃ ∈ X such that xk ⇀ x̃ and limk→∞ ‖xk‖ = ‖x̃‖ holds
true, then xk → x̃, that is, ‖xk − x̃‖ → 0.

The Radon-Riesz property is fulfilled in any real Hilbert space, whereas for Ba-
nach spaces this is not always the case. In particular, the Radon-Riesz property is
satisfied in uniformly convex Banach spaces. In addition, every uniformly convex
Banach space X is reflexive, i.e., the bi-dual X∗∗ := (X∗)∗ is identified with X, and
therefore, reflexive Banach spaces often are considered in the analysis of nonlinear
problems.

2.1.1 Differentiability and subdifferential calculus

The differentiability of a functional is an important concept in variational regular-
ization methods. Naturally, Fréchet or Gâteaux differentiability of an operator is
considered, therefore both types of differentiability are stated in the definition be-
low.

Definition 2.6 (Differentiability, [SGG+09]). Let F : X → Y be an operator be-
tween normed spaces X and Y , and x, h ∈ X be given.

1. The operator F has a one-sided directional derivative F ′(x;h) ∈ Y at x ∈ X
in the direction h ∈ X, if

F ′(x;h) := lim
t→0+

F (x+ th)− F (x)

t
(2.2)

exists.

2. Assume x ∈ X and that F ′(x;h) exists for all h ∈ X. The operator F is
Gâteaux differentiable if there exists a bounded linear operator F ′(x) ∈ L(X,Y )
such that the directional derivative fulfills

F ′(x;h) = F ′(x)h, for every h ∈ X.

Then, F ′ is called the Gâteaux derivative of F at x.

3. If additionally, there exists F ′(x) ∈ L(X,Y ) such that

lim
‖h‖→0

‖F (x+ h)− F (x)− F ′(x)h‖Y
‖h‖X

= 0,

then F is called Fréchet differentiable at x and F ′ is its Fréchet derivative.
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2. Preliminaries

When a function does not have a classical derivative, the notion of subdifferen-
tiability becomes important. The following results are included in most books for
convex analysis and variational calculus such as [ET99].

Definition 2.7. Let X be a normed space. A function f : X → R is convex if for
every two points x, y ∈ X and λ ∈ [0, 1] there holds

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).

The function f is strictly convex if the above is a strict inequality.

The following proposition is important for proving that a convex function is
weakly lower semi-continuous using the closedness of its epigraph.

Proposition 2.8. Let X be a normed space. A continuous and convex function
f : Ω ⊂ X → R is lower semi-continuous if and only if its epigraph is closed.
Moreover, every lower semi-continuous and convex function is weakly lower semi-
continuous.

Definition 2.9 (Subgradient and subdifferential of a convex function). Let f : R→
R be a convex function. The element z ∈ R is a subgradient of f at x if

f(y) ≥ f(x) + z(y − x)

for all y ∈ R. For a Banach/Hilbert space X with dual X∗ and f : X → R a convex
functional, an element z ∈ X∗ is called a subgradient of f at x ∈ dom(f) if

f(y) ≥ f(x) + 〈z, y − x〉X∗×X

for all y ∈ X. In addition, the set of all subgradients of f at x defined by

∂f(x) := {z ∈ X∗ : f(y) ≥ f(x) + 〈z, y − x〉X∗×X , for all y ∈ X},

is called the subdifferential of f at x.

Remark 2.10. The inner product in the definition of the subgradient depends on
the choice of the space X. If X is a Hilbert space, then, from Riesz representation
theorem, 〈 · , · 〉X is the classical inner product in Hilbert spaces. If X is a Banach
space, then 〈 · , · 〉X∗×X is the dual pairing with X∗ the dual space of X.

Example. The subdifferential of |x| : R → R at a point x ∈ R is given by the
set-valued sign function

∂ |x| = Sign(x) :=


{1}, x > 0

[−1, 1], x = 0

{−1}, x < 0

.

10
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|x|

x0

Sign(x)

x

1

−1

Figure 2.1: The absolute value function (left) and its subdifferential (right).

Figure 2.1 shows the graphs of the absolute value function and its subdifferential,
the set-valued sign function. The graphical interpretation of the subdifferential at a
point x is simply the set of all possible tangent slopes passing through x. To avoid
any confusion, the standard (single-valued) sign function for an element x will be
denoted by sign(x), whereas the set-valued function will be denoted by Sign(x).

From optimization theory we know that the minimum of a differentiable function
is taken at points where the derivative of that function is zero (first order optimality
condition) or at boundary points. When the classical derivative of a function does
not exist, the notion of subgradients comes into play, as a subgradient always exists.
The optimality condition for a minimizer of a convex function is given in the following
proposition.

Proposition 2.11. Let f : X → R be convex. Then, x∗ ∈ X is a minimizer of f if
and only if

0 ∈ ∂f(x∗).

The following rules can be used to calculate the optimality conditions for our
problem.

Lemma 2.12 (Rules for calculation of a subdifferential). Let f, g : X → R ∪ {∞}
be convex functions. For λ > 0, there holds

∂(λf)(x) = λ∂f(x), x ∈ X.

If there exists a point in dom(f) ∩ dom(g) where f is continuous, then

∂(f + g)(x) = ∂f(x) + ∂g(x), for all x ∈ X.

Lemma 2.13 (Subdifferential rule for compositions, [Zei85]). Let f : Y → R∪ {∞}
be a convex functional and A : X → Y a bounded linear operator. If f is continuous
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2. Preliminaries

at a point in the range of A, then for all x ∈ X there holds

∂(f ◦A)(x) = A∗(∂f(Ax)).

2.1.2 Bregman Distance

In Banach spaces we often use the Bregman distance for measuring distances due to
the geometrical properties of Banach spaces. The Bregman distance simply measures
the gap between a functional and its linearization. It was first introduced by Bregman
in [Bre67] and is a particularly useful distance measure for regularization methods
in Banach space settings. Details on the properties of the Bregman distance can be
found in [SGG+09] and [SKHK12]. In this work, we follow the general definition of
the Bregman distance which exists in both references.

Definition 2.14 (Bregman distance). Let R : X → R∪{∞} be a convex and proper
functional with subdifferential ∂R and let x, x̃ ∈ X. In addition, let ξ ∈ ∂R(x) ⊂ X∗.
Then, the Bregman distance of R at x and ξ is defined as

Dξ(x̃, x) := R(x̃)−R(x)− 〈ξ, x̃− x〉X∗×X . (2.3)

The linearization of the convex functional R in this case is given by the slope
of the tangent line passing from x. For this reason, it is understood that the Breg-
man distance is only defined at points where the subdifferential ∂R is not empty.
Therefore, we define the Bregman domain as the set

DB(R) := {x ∈ dom(R) : ∂R 6= ∅}. (2.4)

Based on the definitions of the subdifferential and the Bregman distance, it follows
that the Bregman distance is nonnegative with Dξ(x, x) = 0 and therefore it makes
sense to use it as a distance measure. Figure 2.2 provides a visual interpretation of
the Bregman distance Dξ(x̃, x) for a functional R.

Remark 2.15. Considering the squared norm on a Hilbert space X, the functional
R(x) = ‖x− x∗‖2X is differentiable. Therefore, its subdifferential is a singleton and
equals the derivative of R(x), i.e., ξ = 2(x − x∗) = ∂R(x). In this case, the usual
norm can be obtained from the Bregman distance, Dξ(x̃, x) = ‖x̃ − x∗‖2X − ‖x −
x∗‖2X − 2〈x − x∗, x̃ − x〉 = ‖x̃− x‖2X , which is particularly useful for transferring
estimates from the Bregman distance to estimates in the usual norm.
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x̃

R
(x̃
)
−
R
(x
)

Dξ(x̃, x)

〈ξ, x̃− x〉
X∗×X

R

x̃− x
x

Figure 2.2: Geometrical interpretation of the Bregman distance of a convex func-
tional R, reproduced from [SGG+09].

2.2 Inverse problems and Tikhonov regularization

In this section we discuss the basic theory of inverse problems using the books [Kir96,
EHN96] as main references. In our work, we follow Hadamard’s definition for the
well-posedness of an inverse problem, which is given through the following statements
(see [Had32, EHN96]):

For all admissible data, a solution exists. (2.5a)
For all admissible data, the solution is unique. (2.5b)
The solution depends continuously on the data. (2.5c)

If any of these properties is violated, the inverse problem is called ill-posed. In
the next chapters, when referring to an inverse problem, we will always assume an
ill-posed inverse problem.

Despite the fact that all three properties must be satisfied in order for an inverse
problem to be well-posed, not all of them are difficult to deal with when not fulfilled.
The existence of a solution is important but when it cannot be guaranteed, we can
overcome this obstacle by considering a least-squares solution. An ill-posed problem
which violates (2.5b) has multiple solutions that cause the same data. A common
approach in linear problems is to choose the solution with minimal norm. The case
of approximating the true solution of an inverse problem violating (2.5c) is the most
difficult form of ill-posedness. What often happens is, that numerical methods used
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for solving an inverse problem become unstable as a small perturbation in the data
leads to completely different or unreasonable solutions. This form of ill-posedness is
related to the inverse of the forward operator, which either doesn’t exist or, even if
it exists, is unbounded.

A common strategy for solving ill-posed inverse problems is by using regulariza-
tion methods. The idea of these methods is to incorporate additional information
about the ground truth (e.g., a priori knowledge about the structure of the solution),
which will allow for a stable recovery of an approximation of the true solution. When
including additional information we, basically, decide how much we sacrifice accu-
racy over stability. The key-point of regularization methods is finding the optimal
compromise between these two. In this thesis we consider Tikhonov regularization, a
method first introduced by Tikhonov in his pioneering work [Tik63, TA77, TLY98] for
the solution of integral equations. Since then, the classical Tikhonov regularization
has become very popular in linear inverse problems because it uses the least-squares
fidelity term. Thus, its minimizer can be written in a closed form, making its nu-
merical implementation easy.

Let us now proceed with the mathematical definition of an inverse problem. We
consider an operator equation of the form

F (u†) = v, (2.6)

with F : dom(F ) ⊂ U → V a linear or nonlinear operator between Hilbert or
(reflexive) Banach spaces U and V , and true solution u† ∈ U . Very often, instead of
the true right hand side v ∈ V , only measured data

vδ := v + η(δ) ∈ V

corrupted by additive noise η(δ) are available. For noise level δ > 0, we assume that
the noisy data vδ are such that

‖v − vδ‖V ≤ δ. (2.7)

Given the operator F and noisy data vδ, the aim is to find a good approximation
of the true solution u† ∈ U satisfying (2.6). We assume the inverse problem to be
ill-posed and we consider Tikhonov regularization in order to approximate its true
solution in a stable way. In its generalized form, Tikhonov regularization consists of
minimizing a functional defined as

T δα (u) := ‖F (u)− vδ‖pV + αRq(u), α > 0, (2.8)

with the operator F as defined above, u ∈ U and vδ ∈ V satisfying (2.7) for δ > 0.
The first term in (2.8) is called discrepancy or fidelity term and measures the distance
between the (noisy) data and the data that would be obtained by the estimate.
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The second term is the so-called regularization functional or penalty term added for
stabilizing the solution. The discrepancy is often measured in the p-power norm of
the space V , while the regularization functional differs depending on the a priori
information we take into account (e.g., sparse structure or other structural features
such as edge preservation). Here, we consider a regularization term using the q-power
norm of the parameter space U , i.e., we define the penalty term

Rq(u) := ‖u− u∗‖qU , (2.9)

with u∗ an a priori guess or reference solution. Note that for p = q = 2 we obtain
the classical (quadratic) Tikhonov regularization.

As seen in (2.8), the penalty term is weighted by the positive constant α which
is no other than the regularization parameter and whose value decides the amount of
regularization. It is easy to understand that a large value of α gives reconstructions
that are far from the true solution, whereas a small value will not give reasonable
reconstructions due to the ill-posedness of the problem. Both are unwanted effects
and therefore, the task of finding an optimal value for the regularization parameter,
known as parameter choice strategy or rule, is considered to be very important. In the
literature, there exist various parameter choice rules, some of which will be discussed
in Subsection 2.2.2 of this chapter.

In order for the minimization of (2.8) to make sense, we consider that it happens
only on the set D := dom(F )∩ dom(Rq) which is further assumed to be non-empty.
Moreover, we denote the minimizer of (2.8) by

uδα := arg min{T δα (u) : u ∈ dom(F ) ∩ dom(Rq)}. (2.10)

2.2.1 Theoretical analysis

Inverse problems in the form of operator equations are divided in linear and nonlin-
ear problems depending on whether a linear or nonlinear forward operator is used,
respectively. The theoretical analysis of regularization methods is different for linear
and nonlinear problems. This is mainly due to the fact that a singular value decom-
position of the forward operator is, in general, not available for nonlinear operators.
The analysis of nonlinear ill-posed inverse problems is instead based on variational
regularization methods, see [SGG+09]. In the following, we focus on the regulariza-
tion of nonlinear ill-posed problems but all results apply to linear inverse problems,
as well. When discussing variational regularization, typically we are interested in the
following analytical results:

1. Existence of minimizers of T δα for fixed regularization parameter α > 0 and
any given noisy data vδ.

2. Stability, that is, proving that for fixed α > 0 the regularized solution uδα
depends continuously on the data vδ.
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3. Convergence which grants that for α → 0 and δ → 0 the regularized solution
uδα converges to a solution of F (u†) = v.

4. Convergence rates which provide estimates for the difference between the min-
imizer uδα and the true solution u†.

In the classical theory, the spaces U and V are either assumed to be Hilbert spaces
or reflexive Banach spaces. Common assumptions on the nonlinear operator F are
continuity and weak (sequential) closedness with respect to the underlying topolo-
gies of U and V . The latter is important for proving the existence of minimizers
of (2.8), while continuity is not essential for this result. Concerning the convergence
of minimizers, the goal is to prove the convergence to a minimum norm solution u†

of (2.6) when the noise in the data vanishes. It is therefore understood that the
regularization parameter α > 0 should depend on the noise level δ. In addition,
when working on weak topologies, convergence is proved in the weak sense. If the
underlying spaces fulfill the Radon-Riesz property, one can transfer the convergence
result in the norm.

The convergence rates, i.e., an estimate for ‖uδα − u†‖U is of most interest and nor-
mally, for obtaining such an estimate, additional assumptions are needed. Namely,
these are: an assumption of Gâteaux or Fréchet differentiability of F , a restric-
tion of its nonlinearity, as well as a source-wise representation (also called source or
range condition) of the solution to be recovered. The source condition, basically,
is a smoothness assumption of the solution with respect to the operator F , whose
range is not closed. In [SKHK12, Section 3.2.2], the authors begin with the simplest
source condition for linear ill-posed problems in Hilbert spaces, and generalize the
concept to nonlinear problems and Banach space settings. In [SGG+09, Table 3.1] a
summary of the relations between different source conditions, for general penalty R
and the classical R(u) as in (2.9), in combination with different assumptions on F
is presented.

Returning to the convergence rates, in [JM12] the authors give the step-by-step
process for obtaining classical convergence rates in Hilbert space settings and discuss
the required modifications for Banach spaces. A common adaptation in Banach
spaces is the use of the Bregman distance (see Definition 2.1.2) as the measure in
which the convergence rates is calculated. The duality pairing in the definition of the
Bregman distance is normally estimated via some variational inequalities, for details
refer to [SKHK12].

Tikhonov regularization schemes have been studied by many authors and there-
fore, a long list of references exists. In the past years, mostly Hilbert spaces were
considered, mainly due to the nice structure of inner product spaces. Classical re-
sults for Tikhonov regularization of linear and nonlinear inverse problems in Hilbert
space settings can be found in [EHN96] and [SGG+09]. Except these two references,
a large collection of articles regarding Tikhonov-type regularization already exists,
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with the most relevant to this thesis being [EKN89, KNS08] and [Lor08]. However,
in many applications it is more realistic to consider abstract Banach spaces. Exam-
ples of such applications are parameter identification problems in partial differential
equations and inverse scattering problems. In [SKHK12] the authors present the
standard theory of Tikhonov-type regularization in Banach spaces using different
types of penalties. This book is the best general reference for a complete overview
of the existing theory in Banach space settings but there also exist many other pub-
lications, for example [HKPS07, BKM+08, SHK12] as well as a chapter dedicated to
variational methods in Banach spaces in [SGG+09]. Commonly used Banach spaces
are the Lp function spaces which often arise in practice (eg. inverse scattering appli-
cations in Lp spaces [LKK13]), as well as the `p sequence spaces which promote the
reconstruction of sparse solutions (cf. [GHS08]).

2.2.2 Parameter choice rules

The choice of the regularization parameter is a crucial task for obtaining the best
regularized solution and for this reason, there exist various parameter choice rules
designed for the optimal selection of α. These are divided into the a priori, a pos-
teriori and heuristic strategies. In the a priori rules the regularization parameter
depends on the noise level δ and not on the actual noisy data vδ, i.e., α := α(δ). In
a posteriori strategies, the choice of α depends both on the noise level and the noisy
data, that is, α := α(δ, vδ), while the heuristic methods, also called error-free strate-
gies, do not require an estimate of the noise level δ. In the following we introduce
the idea of the L-curve criterion (heuristic rule) and Morozov’s discrepancy principle
(a posteriori rule), that will be used later in this thesis.

The L-curve method. The L-curve criterion is a parametric plot of the discrep-
ancy norm ‖F (uδα)− vδ‖V against the norm of the regularized solution ‖uδα − u∗‖U
created using different values of α. The L-curve shows the trade-off between the fit
to the given data and the size of the regularized solution. It looks like an L-shaped
curve, in which the optimal value of α is located near the point of maximum cur-
vature. The use of logarithmic axes leads to a sharper L-curve, which makes the
selection of the optimal value easier. The vertical part of the L-curve corresponds to
the unregularized solutions (small values of α) while the horizontal part corresponds
to the over-smoothed solutions obtained for large values of α. In [Han00], the L-curve
method is presented for the optimal selection of α in the standard Tikhonov func-
tional with a compact linear operator. For such a setting, the solution and residual
norms used in the L-curve are written in terms of the singular value decomposition
of the operator. In this case, the performance and main properties of the L-curve
are associated with the decay rate of the singular values of the operator. Despite the
simple implementation that is a big advantage of the L-curve, the reconstruction of
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very smooth exact solutions u† as well as the asymptotic behavior (as the problem
size increases) are known limitations of the method.

Morozov’s discrepancy principle. An a posteriori parameter choice rule that
is commonly used in Tikhonov regularization is the discrepancy principle, which
was introduced by Morozov in [Mor66]. Given an estimate of the noise level δ >
0, the idea of the discrepancy principle is to accept reconstructions which create
measurements with a similar error as the one in the noisy data. This translates into
choosing the maximum parameter α > 0 such that

G(uδα) := ‖F (uδα)− vδ‖V ≤ τδ, for τ ≥ 1, (2.11)

where uδα := arg min T δα (u) defined in (2.8). In [IJZ11], the authors deal with Moro-
zov’s discrepancy principle for Tikhonov regularization of nonlinear problems with
general convex penalties and show convergence rates results with respect to the
Bregman distance. Choosing α based on the discrepancy principle leads to optimal
convergence rates, which makes the discrepancy principle a popular choice rule for
Tikhonov regularization, for more details refer to [Bon08, HKPS07].

2.3 Tikhonov regularization with sparsity constraints

The concept of sparsity has become very popular in many applications during recent
years. Such an assumption requires the solution of the underlying inverse problem
to be a linear combination of just a few elements of a given orthonormal basis. The
basis is chosen depending on the structure of the solution that is to be reconstructed
and, therefore, highly associated with the application in hand. For example, in image
processing the Fourier basis or the orthogonal wavelet basis have been widely used
for image deblurring. For examples and further reading on such applications, see,
for example, [BB20] and [Mal99].

Assuming the equation Ku = v with a linear operator K : U → V between
Hilbert spaces U and V , the function u ∈ U is called sparse with respect to a
given basis {φi}i∈Γ of U if there exists only a finite number of non-zero expansion
coefficients 〈u, φi〉. Regarding Tikhonov regularization with sparsity constraints,
in their pioneering work [DDDM04] the authors showed that replacing the classical
quadratic penalty term by a (weighted) `q-penalty, with 1 ≤ q ≤ 2, on the coefficients
of basis expansion yields a regularization method. They considered a functional of
the form

Ψα,q(u) :=
1

2
‖Ku− vδ‖2V + α

∑
i∈Γ

|〈u, φi〉|q , (2.12)

with strictly positive regularization parameter α. The authors focused on 1 ≤ q ≤ 2,
for which the functional is convex, weakly lower semi-continuous and coercive, thus
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the existence of minimizers is guaranteed, and they proved that sparsity is more
pronounced for q = 1.

As noted in [JLS09] the case q = 1, with an abuse of notation where u denotes the
sequence of expansion coefficients {ui := 〈u, φi〉} andK the operator ui 7→ K

∑
i uiφi

mapping elements from `2 to V , the functional (2.12) is reformulated as

Ψα(u) :=
1

2
‖Ku− vδ‖2V + α‖u‖`1 (2.13)

and the minimization of Ψα is considered over all u ∈ `2. Sparsity is most promoted
using the `1-penalty because it decreases the penalization of large coefficients while
small coefficients receive a higher penalization. As a result, the solution has only a
few large components with respect to the chosen basis, i.e., it is sparse. It is worth
mentioning that the best choice for sparsity would be an `0-penalty as it leads to
the minimum number of non-zero coefficients. In this case, however, the functional
is not convex anymore and therefore, `1-regularization is preferred as it is the closest
convex norm.

In [JLS09], U was considered to be a general Hilbert space and V a reflexive
Banach space. In other articles there exist results for abstract Banach spaces, see for
instance [SHK12]. In addition, most often linear operator equations are considered
but the analytical results also extend to nonlinear problems. For further reading,
refer to the monograph [SKHK12]. In [GHS08], the authors considered a general-
ized Tikhonov functional for nonlinear operator equations using p-exponents for the
discrepancy (p ≥ 1) and sub-quadratic `q-penalty term with 1 ≤ q ≤ 2. Under the
premises that the true solution has a sparse representation in a given orthonormal
basis for the space U and that the operator satisfies the so-called finite basis injectiv-
ity (FBI) property [BL08b], they show that for q = 1 and the choice of regularization
parameter α ∼ δp−1 the convergence rate is significantly improved from the usual
rate O(δ1/q) to O(δ).

2.4 Minimization of Tikhonov functionals

Many efficient numerical algorithms have been developed for the minimization of
Tikhonov functionals. In this section we discuss some of the iterative methods that
are commonly used and we provide references to the literature for further reading.
In the following we consider the minimization of a Tikhonov functional with sparsity
constraints Ψα as given in (2.13) with linear operator K : `2 → V . Most iterative
schemes are derived using the first order optimality condition for the minimizer of
Ψα involving the first derivative of the functional. When the classical derivative is
not defined, tools from subdifferential calculus (some were summarized in the first
section of this chapter) are essential for the definition of the subdifferential ∂Ψα(u)
which makes the numerical minimization of the functional possible. In our case, the
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first order optimality condition for Ψα reads as

0 ∈ ∂Ψα(u) =⇒ −K∗(Ku− vδ) ∈ α Sign(u), (2.14)

with Sign(u) the set-valued sign function. In the above calculation, the subdiffer-
ential of the penalty term is calculated as ∂‖u‖`1 := Sign(u) ∩ `2 via the Riesz
representation theorem. In addition, due to the fact that the adjoint operator K∗

already maps into `2, the intersection with `2 can be omitted. For further details
refer to [Sch10].

With the optimality condition defined, our goal is the derivation of a fixed-point
equation for the minimizer. In order to do so, we multiply the optimality condition
by λ 6= 0 to obtain

− λ K∗(Ku− vδ) ∈ αλSign(u) (2.15)

and then we add u to both sides, which yields

u− λ K∗(Ku− vδ) ∈ u+ αλSign(u). (2.16)

Equivalently, this can be written as

u− λ K∗(Ku− vδ) ∈ (id +αλSign) (u), (2.17)

with the identity operator id(u) = u. This expression is transformed into a fixed-
point equation for the minimizer by inverting the operator on the right hand side

u := Sαλ(u− λ K∗(Ku− vδ)) (2.18)

with the so-called soft-thresholding operator

Sαλ := (id +αλSign)−1, (2.19)

that was first introduced in [DDDM04]. Sα,λ is a nonlinear operator given by

[Sαλ(t)]i =


ti + αλ, ti < −αλ
0, |ti| ≤ αλ

ti − αλ, ti > αλ

(2.20)

and, as seen in its graphical representation in Figure 2.3, it maps small values to
zero. Equation (2.18) can then be converted into an iterative scheme with an initial
guess u0 and aim at creating a sequence of iterates {uk}k>0 given through the update
step

uk+1 = uk + sk ∂Ψα(uk), (2.21)

where uk is the iterate of the previous step, sk a suitable step size and ∂Ψα(uk) the
search direction. This iteration is based on the idea of gradient descent but it is
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−αλ

αλ

Figure 2.3: The 1D soft-thresholding operator Sαλ := (id +αλSign)−1.

a generalization in the sense that most likely only the subdifferential of the func-
tional can be computed. Note also that the above iteration differs from the classical
Landweber [Lan51, Han91] as the nonlinear shrinkage operator is applied in each
iteration. Such algorithmic schemes have been extensively used for the numerical
treatment of inverse problems.

In [DDDM04] the so-called iterative shrinkage-thresholding algorithm (ISTA) was
proposed for the minimization of Tikhonov functionals with sparsity constraints in
the form of (2.12) with a linear operator. In this article, the authors proved that
the sequence of iterates {uk}k>0 converges in norm to a minimizer of (2.12). De-
spite the efficiency of the algorithm, its convergence is rather slow (linear but with
a constant close to 1). For this reason, an accelerated version called the fast iter-
ative shrinkage-thresholding algorithm (FISTA) was proposed in [BT09], which has
significantly better global convergence rate than ISTA. In the past years FISTA has
been a widely-used optimization algorithm and further modifications where proposed
for enhancing its practical performance, e.g., see [LLS18, CNXY19]. Lastly, another
variation is the iterated hard-thresholding algorithm which has a slower convergence
rate than ISTA but in practice is often faster, for further reading see [BL08a]. Re-
garding nonlinear operator equations, extensions of ISTA have been considered, for
instance, in [RT06, BLM09].

Apart from the proximal-based algorithms, other methods exist, such as the
semi-smooth Newton (SSN) [Ulb02], which follows an active-set strategy. A semi-
smooth Newton method was used for the minimization of Tikhonov functionals with
sparsity constraints in [GL08]. The theoretical analysis of this algorithm uses the
notion of slant (Newton) differentiability and there, too, the thresholding operator
was used. The main difference to the previous methods is that uk+1 depends on
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the previous iterate uk only on the active-set. More information on this method is
given in the next section as a regularized version of the SSN (RSSN) has been used
for the minimization of the elastic net functional, which is a stable extension of the
sparsity-promoting Tikhonov functional [JLS09, Sch10].

In the numerical examples that will be presented in Chapter 5, we use an itera-
tive subgradient algorithm that has been proposed in [GMPK20] for the numerical
minimization of convex but not necessarily smooth functionals. The characteristic
of this method is the adaptive decreasing step size, which is chosen during the loop
without any smoothness restriction on the functional. The theoretical analysis and
a pseudo code of the algorithm are provided in [GMPK20].

2.5 Elastic net regularization

The elastic net is a regularization method originally used in the framework of statis-
tics in [ZH05]. The goal of this approach is the same as in `1-regularization, i.e.,
retrieving sparse solutions. However, the motivation for its development comes
from the observation that in `1-regularization (lasso in statistics) the functional
in (2.13), fails to identify groups of highly correlated features and instead, it selects
only one variable per group. The authors of [ZH05] proposed the addition of an `2-
regularization term in the classical sparsity regularization functional for recovering
the entire group (group selection). Their work proved that the elastic net outper-
forms the lasso while still recovering sparse solutions. Moreover, they showed that
the elastic net is a stabilized version of the lasso, which motivates its use even more
as the `1-regularization shows has numerical instabilities.

In [DMDVR09], the elastic net functional was investigated within the framework
of statistical learning theory, more specifically, in supervised learning. In this work,
nonparametric regression with random design was considered, with the assumption
that the regression function has a sparse representation on the presumed dictio-
nary (set of features). The authors proved that when the amount of available data
increases, the elastic net estimator is consistent for prediction but also for feature se-
lection. In addition to the statistical properties, an iterative thresholding algorithm
for computing the solution of the elastic net functional was also derived in the same
paper. For more details on the actual setting and results, refer to [DMDVR09]. De-
spite the fact that the present thesis does not fall into the area of statistical learning,
we refer to this approach to acknowledge that the elastic net regularization originally
was used in this field.

Returning to the viewpoint of regularization theory in inverse problems, we have
already discussed in the previous section that the minimizer of the functional defined
in (2.13) is sparse. Here, we consider a linear and continuous operator K : U →
V between Hilbert spaces. The idea of the elastic net is to add an `2-penalty in
Ψ for stabilization. This was done in [JLS09], where the authors investigated the
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theoretical properties of the elastic net functional

Φα,β(u) :=
1

2
‖Ku− vδ‖2 + α‖u‖`1 +

β

2
‖u‖2`2 , (2.22)

and proved the stability and consistency of its minimizer uδα,β := arg min Φα,β(u).
Moreover, they proved convergence rates for both a priori and a posteriori param-
eter choice rules under appropriate source conditions. Particularly for proving con-
vergence rates, a linear coupling between α and β, namely, α = ηβ for η > 0
was assumed. However, it was shown that asymptotically linear coupling can be
a sufficient assumption, too. The choice β ∼ O(δ) leads to the convergence rate
‖uδα,β − u†‖`2 = O(

√
δ). If in addition, the operator K satisfies the FBI property

introduced in [BL08b], the rate of convergence improves to O(δ). The authors con-
cluded that the elastic net simultaneously preserves the convergence rate of both the
classical Tikhonov and that of `1-regularization.

In [JLS09], the authors write the optimality condition −K∗(Ku − vδ) − βu ∈
α Sign(u) of Φα,β in the equivalent form

F(x) = βu− Sa(−K∗(Ku− vδ)) = 0 (2.23)

with the soft-thresholding operator Sα from (2.20). The operator Sa is Newton dif-
ferentiable and (2.23) is solved using a semi-smooth Newton method [CNQ00]. In
connection to the previous section where we discussed numerical methods for the
minimization of Tikhonov functionals, two adapted iterative algorithms for the min-
imization of (2.22) were developed in [JLS09]. These are the regularized semi-smooth
Newton (RSSN) and the regularized feature sign search (RFSS). Both algorithms
follow the idea of active set methods as they use an active set Au := {i ∈ N :∣∣K∗(Ku− vδ)∣∣

i
> α} for specifying a Newton derivative of F . A new active set is

computed at each iteration, which means that regularization happens only on the
active set each time. For further details on these algorithms, refer to [JLS09].

2.6 Tolerances: from SVR to inverse problems

In this section we discuss the idea of support vector regression (SVR) and its use for
the solution of inverse problems. As will be seen in the following few pages, Vapnik’s
ε-insensitive distance used as a loss function in SVR and Tikhonov-type functionals,
strongly motivates the main chapters of this thesis. Here we give an outline for the
use of the ε-insensitive distance in SVR, but, in our analysis, we refer to it as the
tolerance function.

2.6.1 The idea of SVR

Support vector regression originates from the support vector machines (SVM) intro-
duced in the framework of statistical machine learning [Vap95]. In this context, it has
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been used for classification tasks, pattern recognition and optical character recog-
nition, for further reading see [CV95, SBV95, Bur98, SS02]. The goal in machine
learning is to predict an unknown function from a set of discrete noisy measurements
(training data). The predicted function should be a good fit for the training data
but should also be able to generalize on data that has not been seen yet [HTF09].
Compared to the classical (least-squares) regression, where the goal is to minimize
the error of fitting the data, SVR offers more flexibility as it includes an error margin
ε. This margin allows us to specify what error is acceptable in the model and then
the task is to find an appropriate line or hyperplane that fits the data. The param-
eter ε is crucial to avoid over fitting to the noisy data, and for this reason, SVR is
also often called ε-support vector regression (ε-SVR) [Vap95].

In [SS04], the authors present a tutorial for SVR using the following simple
example: given training data {(x1, y1), . . . , (x`, y`) ⊂ X × R} with space of input
patterns X = Rd, determine a function f(x) that has a deviation no bigger than
ε from the actual points yi for all training data and is as flat as possible. This is
described as finding a linear function f of the form

f(x) = 〈w, x〉+ b, (2.24)

where x ∈ X and b ∈ R. The requirement for f to be as flat as possible can
be translated into minimizing w which leads to the following convex minimization
problem

minimize
1

2
‖w‖2 (2.25)

subject to

{
yi − 〈w, xi〉 − b ≤ ε
〈w, xi〉+ b− yi ≤ ε

(2.26)

in which ε depicts the precision of the approximation. To ensure that the prob-
lem has a feasible solution, slack variables ξi, ξ∗i are introduced and the problem is
reformulated as

minimize
1

2
‖w‖2 + C

∑̀
i=1

(ξi + ξ∗i ) (2.27)

subject to


yi − 〈w, xi〉 − b ≤ ε+ ξi

〈w, xi〉+ b− yi ≤ ε+ ξ∗i
ξi, ξ

∗
i ≥ 0

(2.28)

with C > 0 controlling the desired flatness of f and deviations larger than ε. As
stated in [SS04], this problem involves the ε-insensitive loss function (introduced by
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Figure 2.4: Graphic interpretation of the ε margin loss in linear SVR, reproduced
from [SS04].

Vapnik in [Vap95]) given by

|ξ|ε :=

{
|ξ| − ε, |ξ| > ε

0 |ξ| ≤ ε
(2.29)

and Figure 2.4 illustrates the use of the ε-insensitive distance as a loss function and,
as seen on the right part of the figure, errors inside the ε margin are ignored. In this
section we do not continue with the details of this example as it is fully studied in
the main reference. The basic idea is to write the dual formulation of the problem
and solve it as a convex optimization problem. The important observation is that
by writing the dual formulation (2.27), the so-called support vector expansion for w
can be derived, meaning that it can be entirely described as a linear combination of
the training patterns xi. In addition, the support vector expansion is sparse with
respect to xi and the non-vanishing coefficients are the so-called Support Vectors.

As a conclusion to the main principles of SVR it is important to mention that
the extension to nonlinear SVR is also possible. With regard to the above example
such an extension could be to assume that w is indirectly given through a kernel
function. Lastly, the use of the ε-insensitive loss is not the only possibility for SVR.
In [Vap95], Vapnik suggests that the squared ε-insensitive function | · |2ε can be used.
Further options can also be found in [SS04].

2.6.2 Solution of linear integral equations with SVR

The idea of support vector regression can also be applied in the framework of ill-
posed inverse problems. Here, we focus on the work of Krebs in [Kre11], where he
used SVR for the solution of linear integral equations. He considered a problem of
the form Ku = v with compact linear integral operator K : H1 → H2 defined as
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Ku(x) =

∫
Ω
k(x, t) u(t) dt (2.30)

over a bounded domain Ω ⊂ Rd and Hilbert spacesH1,H2. The choice of the integral
kernel k : Ω×Ω→ R can lead to an operator K with infinite-dimensional range and
make the inverse problem ill-posed.

For the right hand side of the problem Ku = v, a semi-discrete setting was
assumed in which the data v are given only on a discrete set of pairwise distinct data
points X = {x1, . . . , xn} ⊂ Ω. The data vector is assumed to be noisy with entries
vδj ≈ v(xj) satisfying

∣∣∣v(xj)− vδj
∣∣∣ ≤ δ, for j = 1, . . . , n.

For regularizing the problem, Krebs considered a Tikhonov functional whose
discrepancy term is measured using the ε-insensitive distance with a minimization
problem given by

min
u∈H1

{
n∑
i=1

∣∣∣Ku(xi)− vδi
∣∣∣
ε

+ α‖u‖2H1

}
, (2.31)

for an operator K as in (2.30). Throughout [Kre11], H1 is assumed to be a reproduc-
ing kernel Hilbert space (RKHS) of continuous functions u : Ω→ R with dual space
H∗1. Roughly speaking, RKHS have the property that if two functions u1, u2 ∈ H1

are close in norm then they are also close in a pointwise sense. That is, if ‖u1 − u2‖H1

is small then |u1(x)− u2(x)| is small too, for all x ∈ Ω. The formal definition of a
RKHS can be found in [Kre11, Definition 2.1].

For understanding why such a space setting is of interest, it is worth mentioning
that RKHS are an important class of spaces in statistical learning theory because
of the so-called representer theorem [SHSW00]. This states that the minimizer of
a regularized empirical risk functional defined over an RKHS can be represented
as a finite linear combination of kernel products evaluated on the input points in
the training data. In other words, the minimization problem can be simplified from
an infinite-dimensional to a finite-dimensional one and can be solved as a quadratic
optimization problem. Following this idea with the additional assumptions that K is
injective and that v ∈ rg(K) := {Ku | u ∈ H1}, Krebs considered the semi-discrete
operator

KX : H1 → Rn, (KXu)i := Ku(xi), 1 ≤ i ≤ n, (2.32)

on the set of pairwise distinct data points X, for which the semi-discrete version of
the integral equation (with exact data) is KXu = vX .

In this semi-discrete setting, the solution of the problem (2.31) is attained in a
finite dimensional space and can be computed through the solution of a linear system.
All theoretical results on error bounds and parameter selection as well as numerical
examples, are found in [Kre10] and [Kre11], and will not be further analyzed here.
The main conclusion is that the cut-off parameter ε ensures stability in a stronger
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way than the regularization parameter α. In addition, the error estimates presented
by Krebs do not require a priori smoothness information of the solution and, for
ε ≥ δ, the error behavior is the same both for exact and noisy data.

2.6.3 Tolerances in Tikhonov’s discrepancy term

Except the semi-discrete setting for linear integral operators in RKHS used in Krebs’
work, an extension to a continuous, nonlinear setting is possible. In [GPKM18]
and [GMPK20] the authors consider an altered Tikhonov functional for the solution
of nonlinear ill-posed inverse problems. The ε-insensitive distance is used in the same
manner as by Krebs in [Kre11], i.e., for neglecting small deviations in the data fitting
term of the functional. A nonlinear operator F : U → V is considered with U being
a Hilbert space and V = Lp(Ω) for p ∈ [1, 2] and Ω ⊂ Rn a closed and bounded set,
and the proposed Tikhonov functional is defined as

T δα,ε(u) := ‖F (u)− vδ‖pp,ε + αR(u),

for general nonnegative convex regularization term R(u). The authors extend the
definition of the ε-insensitive distance by introducing the Lp,ε-insensitive measure for
measuring the data fitting error and present a set of useful properties and inequalities
that this measure fulfills. Some of the proved inequalities are especially useful in our
work and we will further refer to [GMPK20] in the next chapters when needed.
The authors prove analytical results on the behavior of minimizers of T δα,ε following
the regularization theory of nonlinear inverse problems and also test their theory
on numerical examples for deblurring and denoising of signals and compare their
results to those of other existing methods. For further details we refer the reader
to [GMPK20].

With the above, we have covered the existing theory that is relevant for our work
and we are ready to continue with the main topic of our work, namely, the theoretical
analysis of Tikhonov functionals with tolerances in the regularization term.
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Chapter

3
Tikhonov regularization with
tolerances

In this chapter, we consider an altered Tikhonov functional for the solution of an
inverse problem. Motivated by the methods discussed in Section 2.6, we investigate
the use of the ε-insensitive distance in the regularization term for tolerating small
deviations in the solution within the area prescribed by the chosen tolerance value
ε. In Section 3.1, we begin by defining the specific tolerance measure and examining
its properties that are needed for the subsequent analysis. Then, in Section 3.2 we
define the regularization term for our altered Tikhonov functional which is defined
in Section 3.3 and focus on the theoretical analysis of minimizers for such a func-
tional. In Section 3.4 we present results on the well-posedness, that is, the existence,
stability and convergence of minimizers. In the last section of this chapter, we prove
convergence rates for the Tikhonov functional with tolerances in the penalty term. In
our theoretical analysis we distinguish between two cases for the assumed tolerances:
a positive constant and positive vanishing tolerances in the limit.

3.1 Tolerance function

The ε-insensitive distance was first introduced by Cortes and Vapnik [CV95]. As
discussed in Section 2.6, this measure has been used as a loss function in support
vector regression [CV95] as well as for the solution of linear inverse problems in
reproducing kernel Hilbert spaces [Kre11]. Here, we use the ε-insensitive distance
in the regularization term of the proposed Tikhonov functional. We begin with the
classical definition on the real numbers and then we extend it to Lq-function spaces
for 1 ≤ q ≤ 2, that we will use to analyze the inverse problem.
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Figure 3.1: The tolerance function |x|ε in comparison to the absolute value |x| (left)
and their corresponding subdifferentials (right) for x ∈ R and ε > 0.

Notation. The ε-insensitive distance as introduced in [CV95] is denoted by | · |ε.
For notational simplicity, we will denote it by dε( · ) and refer to it as the tolerance
function. Its formula was already introduced in (2.29) but for the sake of complete-
ness of this chapter we include it in the following definition.

Definition 3.1 (ε-insensitive distance). Let x ∈ R and ε ∈ R+
0 . The ε-insensitive

distance is defined as
dε(x) := |x|ε = max{|x| − ε, 0}. (3.1)

Figure 3.1 shows the dε as given in (3.1) in comparison to the absolute value
function (left), and their subdifferentials (right). As can be seen, the subdifferential
of the ε-insensitive distance differs from that of the sign function only in that the zero
value is achieved for all x in the interval [−ε, ε]. Apart from this classical definition,
we can consider ε to be a sequence or a function defined in a corresponding sequence
or function space. As in [GMPK20] we define the ε-modulus function in Rn, as
well as in Lq over Rn for q ∈ [1, 2]. Then, we further extend to the Lq,ε-insensitive
measure which is the one to use throughout this thesis.

Definition 3.2 (ε-modulus function, [GMPK20]). For 0 < ε ∈ Rn the ε-insensitive
modulus dε,n : Rn → Rn is defined component-wise as

dε,n(x)i := dεi(xi), for i = 1, . . . , n. (3.2)

Let Ω ⊂ Rn be a bounded set and u ∈ Lq(Ω)n. For ε : Ω→ Rn with 0 < ε ∈ Lq(Ω)n

the ε-insensitive modulus function dε,Ω : Lq(Rn) → Lq(Rn) is given by

dε,Ω(u)( · ) := dε,n(u( · )). (3.3)
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The previous definition is well defined, since for u, ε ∈ Lq(Ω)n, there holds dε(u) ∈
Lq(Ω)n and dε(u1), dε(u2) differ at most on a set of measure zero if u1, u2 belong
to the same equivalence class u ∈ Lq(Rn). Moreover, we should note that (3.1) is
evaluated component-wise and we can further use this definition (again component-
wise) inside the Lq-induced norm. This enables the construction of a measure in
Lq(Ω), which is given in the following definition.

Definition 3.3 (Lq,ε-insensitive measure [GMPK20]). Let Ω ⊂ Rn be a bounded
and closed set and 0 < ε ∈ Lq(Ω). The Lq,ε-insensitive measure on Lq(Ω) is defined
by

‖u‖Lq,ε
:= ‖u

∣∣
Lq(Ω)

‖
ε

= ‖u‖q,ε =

(∫
Ω
dε(u(x))q dx

) 1
q

<∞. (3.4)

For notational simplicity, the Lq,ε-insensitive measure will often be denoted by
‖ · ‖q,ε instead of ‖ · ‖Lq,ε . In addition, the set Ω is always assumed to be bounded.
In [GMPK20] the authors emphasize that dε does not satisfy the triangle inequality
and therefore, it is not a distance function based on the classical definition of a
distance. However, among other properties they prove the following inequalities
that are useful in our analysis, too.

Proposition 3.4 (Proposition 1, [GMPK20]). The Lq,ε-insensitive measure, for ε ∈
Lq(Ω), satisfies

‖u‖q,ε ≤ ‖u‖q, (3.5a)

‖u‖q ≤ ‖u‖q,ε + ‖ε‖q, (3.5b)

‖u‖qq ≤ ‖u‖qq,ε + c‖ε‖qq, with c = q max
{

1, ‖u‖q−1
q,ε , ‖ε‖q−1

q

}
(3.5c)

for all u ∈ Lq(Ω) and q ∈ [1, 2].

In addition, the Lq,ε-insensitive measure is continuous, convex for q ≥ 1, and
strictly convex for q > 1. From (3.5a) it follows easily that dε(u) ∈ Lq(Ω). Regarding
the Definition 3.3 for Lq-spaces, in some of the proofs that follow, it is convenient to
split the set Ω into two subsets, containing the elements of the nonzero or zero part
of the insensitive function, when applied to an element u ∈ Lq(Ω).

Notation. Let u ∈ Lq(Ω) and ε ∈ R+
0 . We divide Ω into two disjoint sets

Ωε := {x ∈ Ω : |u(x)| > ε},
Ω0 := {x ∈ Ω : |u(x)| ≤ ε} (3.6)

such that Ω = Ωε ∪ Ω0 and Ωε ∩ Ω0 = ∅. Note that the definition of these sets is
not unique but rather depends on the chosen representative u out of the space of
equivalence classes Lq(Ω).
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Using the sets Ωε and Ω0, we observe that

‖u‖qq,ε =

∫
Ω
|u(x)|qε dx =

∫
Ωε

|u(x)|qε dx+

∫
Ω0

|u(x)|qε dx, (3.7)

from which we have that
∫

Ω0
|u(x)|qε dx = 0. In the results that follow we assume

a constant tolerance ε > 0 if not stated otherwise. However, all proofs can be
reproduced with ε being either a sequence or a function, as long as it is considered
to be positive and bounded.

3.2 Regularization term with tolerances

Having gathered all necessary properties of the tolerance function, we continue with
the definition of the regularization term Rq,ε that will be used in our Tikhonov
functional and we prove two important properties for it.

Proposition 3.5. We consider u ∈ Lq(Ω) for bounded Ω ⊂ Rn and 1 ≤ q ≤ 2, ε > 0
fixed. The regularization functional

Rq,ε(u) := ‖u‖qq,ε =

∫
Ω

(max {|u(x)| − ε, 0})q dx (3.8)

fulfills the following two properties:

a. Rq,ε is weakly lower semi-continuous.

b. Rq,ε is coercive.

Proof. We prove the first claim using Proposition 2.8, that is, we show that the
epigraph of Rq,ε

epi(Rq,ε) = {(u, λ) ∈ Lq(Ω)× R : Rq,ε(u) ≤ λ for some λ ∈ R}

is closed. Let {(uk, λk)}k∈N ⊂ epi(Rq,ε) such that {(uk, λk)}k∈N → (ū, λ̄), that is,
uk → ū and λk → λ̄. Due to the choice of uk and λk we have that

λ̄ = lim
k→∞

λk = lim inf
k→∞

λk ≥ lim inf
k→∞

Rq,ε(uk). (3.9)

Taking a closer look at the right hand side of (3.9) and by using the sets Ωε,Ω0 as
defined in (3.6), we obtain

lim inf
k→∞

Rq,ε(uk) = lim inf
k→∞

∫
Ω

(max{|uk(x)| − ε, 0})q dx

= lim inf
k→∞

[∫
Ωε

(|uk(x)| − ε)q dx+

∫
Ω0

0 dx

]
. (3.10)
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Employing Fatou’s lemma, we swap the limit inferior, which is super-additive,
and the integrals, which yields

lim inf
k→∞

Rq,ε(uk) ≥
∫

Ωε

lim inf
k→∞

(|uk(x)| − ε)q dx+

∫
Ω0

0 dx

=

∫
Ωε

(|ū(x)| − ε)qdx+

∫
Ω0

0 dx

=

∫
Ω
|ū(x)|qεdx = Rq,ε(ū). (3.11)

The expression (3.11) is obtained by using the fact that uk → ū and by gathering
again the individual integrals into one integral over the entire set Ω. Combining (3.9)
and (3.11), we conclude that Rq,ε(ū) ≤ λ, which means that (ū, λ̄) ∈ epi(Rq,ε). Since
the initial sequence {(uk, λk)}k∈N was arbitrarily chosen, it follows that the epigraph
of Rq,ε is closed. This is equivalent to saying that Rq,ε is lower semi-continuous.
Together with the fact that Rq,ε is convex, we conclude that Rq,ε is weakly lower
semi-continuous.

The coercivity of Rq,ε follows directly from the boundedness of Ω and the in-
equality (3.5b) by observing that lim‖u‖→∞Rq,ε(u)→∞. �

3.3 Tikhonov functional with tolerances in the penalty

With the basic properties of the regularization term proven, we now proceed with
the main part of this thesis. We want to solve a problem of the form

F (u†) = v, (3.12)

with nonlinear operator F : dom(F ) ⊂ U → V , true solution u† ∈ U and (exact)
data v ∈ V . For the rest of this chapter we assume U := Lq(Ω) over a bounded set
Ω with 1 ≤ q ≤ 2 and V a reflexive Banach space. Moreover, we make the following
assumption on the operator F .

Assumption 3.6 (On operator and minimization domain). In the following we
assume that:

(i) the operator F : dom(F ) ⊂ U → V is weakly sequentially closed. This means
that for every sequence {uk}k∈N ⊂ dom(F ) converging weakly to an element
u ∈ U such that {F (uk)}k∈N converges weakly to some v ∈ V , it holds that
u ∈ dom(F ) and F (u) = v.

(ii) the set D := dom(F ) ∩ dom(Rq,ε) is non-empty. This implies that Rq,ε is
proper.
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As discussed in Section 2.2, an ill-posed inverse problem can be solved using
Tikhonov regularization. We aim at approximating the true solution of the problem
by minimizing the functional

J p,qα,δ,ε(u) := ‖F (u)− vδ‖pV + αRq,ε(u), α > 0 (3.13)

with Rq,ε as in (3.8) for ε > 0 and noisy data vδ ∈ V such that ‖v − vδ‖V ≤ δ. In
the following, we consider the minimization of the functional J p,qα,δ,ε only on D, which
means that J p,qα,δ,ε(u) <∞ for u ∈ D and J p,qα,δ,ε(u) = +∞ for u /∈ D.

As a remark we should mention here that in J p,qα,δ,ε as given in (3.13) one can
assume a reference solution u∗ ∈ U in the regularization term, i.e., Rq,ε(u) =
‖u− u∗‖qq,ε. However, for the sake of simplicity, we consider u∗ to be zero since
it does not change our theoretical analysis. Moreover, in later results we use the
notion of an R-minimizing solution of F (u) = v. Depending on the regularization
functional which is used in the proofs that follow, we refer to an R-minimizing solu-
tion and denote it using the corresponding regularization functional.

Definition 3.7 (R-minimizing solution). An element u† ∈ D is called R-minimizing
solution, if R(u†) = min {R(u) : F (u) = v, u ∈ D} <∞.

Following a similar approach as in [GHS08], the next lemma is crucial for ob-
taining results on the well-posedness of the minimizers of the Tikhonov functional
defined in (3.13).

Lemma 3.8. Let {uk}k∈N ⊂ dom(F ). Assume that ε > 0 is fixed, {vk}k∈N ⊂ V is a
bounded sequence and that there exist α > 0 and M > 0 such that J p,qα,vk,ε(uk) < M ,
for all k ∈ N. Then, there exist ũ ∈ dom(F ) and a subsequence {ukj}j∈N such that
ukj ⇀ ũ and F (ukj ) ⇀ F (ũ).

Proof. This proof is analogous to the proof of Lemma 4 found in [GHS08]. The
coercivity of the regularization functional Rq,ε together with the estimate

J p,qα,vk,ε
(uk) = ‖F (uk)− vk‖pV + αRq,ε(uk) ≥ αRq,ε(uk). (3.14)

implies that
αRq,ε(uk) ≤ J p,qα,vk,ε

(uk) < M,

i.e., {uk}k∈N is bounded in Lq(Ω). Similarly, since {vk}k∈N is bounded in V it follows
that the sequence {F (uk)}k∈N is bounded in V , too. Hence, there exist a subsequence
{ukj}j∈N and ũ ∈ U , v ∈ V such that

ukj ⇀ ũ and F (ukj ) ⇀ v.

Due to the fact that F is weakly sequentially closed, it follows that ũ ∈ dom(F ) and
F (ũ) = v. �
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3.4 Well-posedness

In regularization theory usually we first study three essential results which are di-
rectly related to Hadamard’s well-posedness. When considering the minimization of
a functional, we begin by showing the existence of minimizers. Next, follows the
stability of minimizers with respect to data perturbation. Moreover, we examine the
convergence of the minimizer to the true solution of the problem when the noise level
(in the data) tends to zero. In this section we prove these three important results for
two different cases: for ε > 0 fixed and for ε = {εk}k∈N considered to be a bounded
sequence. In the following, we closely follow the concept in [GHS08, KNS08] as we
investigate the behavior of the minimizers of J p,qα,δ,ε.

Theorem 3.9 (Existence of minimizers). Assume that ε > 0 is fixed. For α > 0
and for every vδ ∈ V the functional J p,qα,δ,ε has a minimizer uδα,ε in D = dom(F ) ∩
dom(Rq,ε).

Proof. Let {uk}k∈N ⊂ dom(F ) satisfy

lim
k→∞

J p,qα,δ,ε(uk) = inf
{
J p,qα,δ,ε(u) : u ∈ D

}
.

From Lemma 3.8, there exists a subsequence of uk denoted by {ukj}j∈N, which is
weakly convergent to some ũ ∈ dom(F ) and is such that F (ukj ) ⇀ F (ũ). Since Rq,ε
and the norm ‖ · ‖pV are both weakly lower semi-continuous, and together with the
fact that F is weakly sequentially closed, it follows that

J p,qα,δ,ε(ũ) = ‖F (ũ)− vδ‖p + αRq,ε(ũ)

≤ lim inf
j→∞

‖F (ukj )− vδ‖
p

+ α lim inf
j→∞

Rq,ε(ukj ).

In the last term of the right hand side, we can transfer the regularization parameter
α into the limit inferior. Moreover, by the super-additivity of the limit inferior, we
conclude

J p,qα,δ,ε(ũ) ≤ lim inf
j→∞

{
‖F (ukj )− vδ‖

p
+ αRq,ε(ukj )

}
.

Rewriting, we have

J p,qα,δ,ε(ũ) ≤ lim inf
j→∞

J p,qα,δ,ε(ukj ) ≤ lim sup
j→∞

J p,qα,δ,ε(ukj ). (3.15)

Now, we only need to observe that

lim sup
j→∞

J p,qα,δ,ε(ukj ) ≤ J
p,q
α,δ,ε(u), (3.16)

for any u ∈ dom(F ). Combining equations (3.15) and (3.16) yields that uδα,ε := ũ is
a minimizer of the functional J p,qα,δ,ε in D. �
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3. Tikhonov regularization with tolerances

Now that the existence of minimizers is settled, we discuss the uniqueness. In gen-
eral, Tikhonov-type functionals associated with nonlinear operators are not (strictly)
convex, and therefore, the uniqueness of its minimizers does not necessarily hold. In
addition, (3.13) cannot be strictly convex also because of the regularization term,
in which the norm has been relaxed by accepting more than one possible solutions
within the prescribed tolerance area. Therefore, the uniqueness of minimizer of (3.13)
is not guaranteed due to the lack of strict convexity.

Notation 3.10. For the sake of clarity, whenever vδ is considered to be a sequence,
the notation of the functional J p,qα,δ,ε will be adjusted to include the respective se-
quence in its shorthand notation. For the sequence vk, we will write J p,qα,vk,ε for
denoting the functional J p,qα,vk,ε(u) := ‖F (u)− vk‖pV + αRq,ε(u).

Theorem 3.11 (Stability for fixed ε > 0). Let α > 0 and ε > 0 fixed. Assume that
{vk}k∈N ⊂ V converges to some vδ ∈ V and let uk ⊂ D such that

uk ∈ arg min
{
J p,qα,vk,ε

(u) : u ∈ D
}
.

Then, there exists a subsequence {ukj}j∈N which converges weakly to a minimizer
uδα,ε of the functional J p,qα,δ,ε. Moreover, we have that Rq,ε(ukj )→ Rq,ε(uδα,ε).

Proof. Since uk is a sequence of minimizers of J p,qα,vk,ε, it holds that

J p,qα,vk,ε
(uk) ≤ J p,qα,vk,ε

(u), ∀ u ∈ D.
From Lemma 3.8, there exists a subsequence {ukj}j∈N that is weakly convergent
to some ũ ∈ dom(F ) such that F (ukj ) ⇀ F (ũ). Moreover, from the weak lower
semi-continuity of ‖ · ‖pV and Rq,ε there holds

‖F (ũ)− vδ‖pV ≤ lim inf
j→∞

‖F (ukj )− vkj‖pV , (3.17)

Rq,ε(ũ) ≤ lim inf
j→∞

Rq,ε(ukj ). (3.18)

Combining the above, we obtain

J p,qα,δ,ε(ũ) = ‖F (ũ)− vδ‖pV + αRq,ε(ũ)

≤ lim inf
j→∞

‖F (ukj )− vkj‖pV + lim inf
j→∞

αRq,ε(ukj ),

and using the super-additivity of the limit inferior and that vk → vδ, we have

J p,qα,δ,ε(ũ) ≤ lim inf
j→∞

{
‖F (ukj )− vkj‖pV + αRq,ε(ukj )

}
= lim inf

j→∞
J p,qα,vkj ,ε

(ukj )

≤ lim sup
j→∞

J p,qα,vkj ,ε
(ukj )

≤ lim
k→∞

J p,qα,vk,ε
(u) = J p,qα,δ,ε(u), u ∈ D, (3.19)
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3.4. Well-posedness

which implies that uδα,ε := ũ is a minimizer of J p,qα,δ,ε.
Since (3.19) holds for u ∈ D, we can take u := ũ on the right hand side, which

gives

‖F (ũ)− vδ‖pV + αRq,ε(ũ) = lim
j→∞

J p,qα,vkj ,ε
(ukj )

= lim
j→∞

{
‖F (ukj )− vkj‖pV + αRq,ε(ukj )

}
. (3.20)

Assume that Rq,ε(ukj ) does not converge to Rq,ε(ũ). Because Rq,ε is w.l.s.c. it
follows that

Rq,ε(ũ) < lim sup
j→∞

Rq,ε(ukj ) =: c.

Now, we consider ukj to be a subsequence such that Rq,ε(ukj )→ c. From (3.20) we
have

lim
j→∞

‖F (ukj )− vkj‖pV = ‖F (ũ)− vδ‖pV + α(Rq,ε(ũ)− c)

< ‖F (ũ)− vδ‖pV , (3.21)

which, however, contradicts the w.l.s.c. of ‖ · ‖pV in (3.17). Therefore, we obtain
Rq,ε(ukj )→ Rq,ε(uδα,ε). �

Remark 3.12. In [GHS08, Proposition 6], the authors additionally to Rq(ukj ) →
Rq(uδα) prove thatRq(ukj−uδα)→ 0 for their functionalRq. In our case, such a result
cannot be inferred as weak convergence is not preserved under the nonlinearity of
dε. That is, assuming a subsequence ukj of the sequence uk ⇀ uδα,ε, we can conclude
Rq,ε(ukj ) → Rq,ε(uδα,ε) as done in the previous result. However, we cannot prove
that Rq,ε(ukj −uδα,ε)→ 0. In order to obtain this norm convergence, one can further
assume dε(uk) ⇀ dε(u

δ
α,ε) and arrive to such a result. In our work, we choose not to

make this additional assumption as it is quite restrictive.

Theorem 3.13 (Weak convergence for fixed ε > 0). Let ε > 0 be fixed. Assume that
F (u) = v attains a solution in dom(Rq,ε) and that α : (0,∞)→ (0,∞) satisfies

α(δ)→ 0 and
δp

α(δ)
→ 0, as δ → 0.

Let δk → 0 and let vk ∈ V satisfy ‖v − vk‖ ≤ δk. Moreover, let αk := α(δk) and

uk ∈ arg min
{
J p,qαk,vk,ε

(u) : u ∈ D
}
.

Then, there exist an Rq,ε-minimizing solution u† of F (u) = v and a subsequence
{ukj}j∈N such that ukj ⇀ u† with Rq,ε(ukj )→ Rq,ε(u†).
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3. Tikhonov regularization with tolerances

Proof. Let ũ ∈ dom(Rq,ε) be any solution of F (ũ) = v. From the definition of uk it
follows that

J p,qαk,vk,ε
(uk) = ‖F (uk)− vk‖pV + αkRq,ε(uk)

≤ ‖F (ũ)− vk‖pV + αkRq,ε(ũ)

Now, using the fact that F (ũ) = v for some v ∈ V , we can substitute v in the last
expression and then, we get the following estimate

J p,qαk,vk,ε
(uk) ≤ ‖v − vk‖pV + αkRq,ε(ũ) ≤ δpk + αkRq,ε(ũ).

It can be easily seen that ‖F (uk)− vk‖pV ≤ J
p,q
αk,vk,ε(uk) ≤ δpk + αkRq,ε(ũ). Together

with the assumptions on αk and δk we conclude that ‖F (uk)− vk‖V → 0 as k →∞.
Similarly, for the penalty term we have Rq,ε(uk) ≤ δpk

αk
+Rq,ε(ũ), from which we

deduce
lim sup
k→∞

Rq,ε(uk) ≤ Rq,ε(ũ), (3.22)

using the definition of limit superior. We consider αmax := max{αk : k ∈ N}.
From (3.22) it follows that there exists M > 0 such that

lim sup
k→∞

{
‖F (uk)− vk‖pV + αmaxRq,ε(uk)

}
≤M <∞, ∀k ∈ N.

Therefore, Lemma 3.8 guarantees the existence of a subsequence {ukj}j∈N and an
element u† ∈ dom(F ) such that ukj ⇀ u† and F (ukj ) ⇀ F (u†). Since

‖F (ukj )− v‖ = ‖F (ukj )− vkj + vkj − v‖
≤ ‖F (ukj )− vkj‖+ ‖vkj − v‖ → 0,

it follows that ‖F (u†)−v‖ = 0, i.e., F (u†) = v. From the weak lower semi-continuity
of Rq,ε and the fact that (3.22) holds for any ũ ∈ dom(Rq,ε) solving F (ũ) = v, we
conclude that

Rq,ε(u†) ≤ lim inf
j→∞

Rq,ε(ukj ) ≤ lim sup
j→∞

Rq,ε(ukj ) ≤ Rq,ε(ũ).

This confirms that u† is an Rq,ε-minimizing solution (recall Definition 3.7) of
F (u) = v and moreover, that Rq,ε(ukj )→ Rq,ε(u†). �

3.4.1 Stability and convergence for vanishing tolerances

Now, we treat the special case of a nonnegative bounded tolerance sequence εk → 0.
We begin with the remark below, which states that in the limit point ε = 0 we
actually obtain the classical Tikhonov minimizers as in [GHS08].
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3.4. Well-posedness

Remark 3.14. In the case ε = 0 the tolerance function yields d0(u) = max{|u| , 0} =
|u| and therefore,

Rq,0(u) =

∫
Ω
|max{u(x), 0}|q dx =

∫
Ω
|u(x)|q dx = Rq(u).

This means that for ε = 0 we obtain the regularization functional without tolerances.
The minimizer of J p,qα,δ (u) := J p,qα,δ,0(u) will be denoted by uδα := uδα,0.

Theorem 3.15 (Stability for εk → 0). Assume α > 0. Let {vk}k∈N converge to
vδ ∈ V , {εk}k∈N be a bounded sequence converging to 0, and let

uk ∈ arg min
{
J p,qα,vk,εk

(u) : u ∈ D
}
.

Then, there exist {(εkj , ukj )}j∈N and a minimizer uδα of the functional J p,qα,δ such that
Rq,εkj (ukj )→ Rq(uδα).

Proof. Since uk is a minimizing sequence of J p,qα,vk,εk there holds

J p,qα,vk,εk
(uk) ≤ J p,qα,vk,εk

(u), ∀ u ∈ D.

From Lemma 3.8, there exists a subsequence of uk, denoted by {ukj}j∈N, which
converges to an element ũ ∈ dom(F ) and is such that F (ukj ) ⇀ F (ũ). From the
weak lower semi-continuity of ‖ · ‖pV and Rq,εk and the fact that εk → 0 and vk → vδ,
we have that

J p,qα,δ,0(ũ) ≤ lim inf
j→∞

‖F (ukj )− vkj‖pV + α lim inf
j→∞

Rq,εkj (ukj )

≤ lim inf
j→∞

{
‖F (ukj )− vkj‖pV + αRq,εkj (ukj )

}
≤ lim sup

j→∞

{
‖F (ukj )− vkj‖pV + αRq,εkj (ukj )

}
≤ lim

k→∞
J p,qα,vk,εk

(u) = J p,qα,δ (u), u ∈ D. (3.23)

Therefore, uδα := ũ is a minimizer of J p,qα,δ . Since (3.23) holds for u ∈ D, we can
as well take u := ũ in the limit on the right hand side, which gives

‖F (ũ)− vδ‖pV + αRq(ũ) = lim
j→∞

{
‖F (ukj )− vkj‖pV + αRq,εkj (ukj )

}
. (3.24)

Now, let us assume that Rq,εkj (ukj ) does not converge to Rq(ũ). Since Rq,εkj is weak
lower semi-continuous, it follows that

Rq(ũ) < lim sup
j→∞

Rq,εkj (ukj ) =: c.
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3. Tikhonov regularization with tolerances

We further consider ukj to be a subsequence such that Rq,εkj (ukj )→ c. From (3.24)
we have

lim
j→∞

‖F (ukj )− vkj‖pV = ‖F (ũ)− vδ‖pV + α(Rq(ũ)− c)

< ‖F (ũ)− vδ‖pV . (3.25)

The last expression, however, contradicts the weak lower semi-continuity of ‖ · ‖pV ,
therefore we obtain Rq,εkj (ukj )→ Rq(uδα). �

In the following theorem we prove the convergence of minimizers to an Rq-
minimizing solution of the problem when assuming a bounded sequence of tolerances
εk → 0.

Theorem 3.16 (Weak convergence for εk → 0). Let {εk}k∈N be a bounded sequence,
convergent to 0. We assume that F (u) = v attains a solution in dom(Rq,εk) and that
α : (0,∞)→ (0,∞) satisfies

α(δ)→ 0 and
δp

α(δ)
→ 0, as δ → 0.

Let δk → 0 and vk ∈ V satisfy ‖v − vk‖ ≤ δk. Moreover, let αk = α(δk) and

uk ∈ arg min
{
J p,qαk,vk,εk

(u) : u ∈ D
}
.

Then, there exist an Rq-minimizing solution u† of F (u) = v and a subsequence of
uk denoted by {ukj}j∈N such that Rq,εkj (ukj )→ Rq(u†).

Proof. Let ũ ∈ dom(Rq,εk) be any solution of F (ũ) = v. The minimizing property
of uk implies

J p,qαk,vk,εk
(uk) ≤ δpk + αkRq,εk(ũ)

Then, it follows that ‖F (uk)− vk‖pV ≤ δpk + αkRq,εk(ũ) and ‖F (uk)− vk‖pV → 0 for
k →∞. Furthermore, for the penalty term we obtain

αkRq,εk(uk) ≤ δpk + αkRq,εk(ũ),

or more clearly, that Rq,εk(uk) ≤ δpk
αk

+Rq,εk(ũ). The limit superior for k →∞ yields

lim sup
k→∞

Rq,εk(uk) ≤ lim sup
k→∞

{
δpk
αk

+Rq,εk(ũ)

}
= Rq,0(ũ), (3.26)

which is true for any solution ũ of F (ũ) = v. Now, we assume α1 := max{αk : k ∈ N}.
Hence, there exists a constant M > 0 such that

lim sup
k→∞

{
‖F (uk)− vk‖pV + α1Rq,εk(uk)

}
≤M <∞ ∀k ∈ N.

40



3.5. Convergence rates

Then, from Lemma 3.8, there exists a subsequence {ukj}j∈N weakly convergent to
some u† ∈ dom(F ) such that F (ukj ) ⇀ F (u†). Since

‖F (ukj )− v‖p = ‖F (ukj )− vkj + vkj − v‖p

≤ 2p−1
(
‖F (ukj )− vkj‖p + ‖vkj − v‖p

)
→ 0, (3.27)

we finally obtain that ‖F (u†) − v‖ → 0 as k → ∞, that is, F (u†) = v. From the
weak lower semi-continuity of Rq,εk , the fact that εk → 0, and (3.26), we derive that

Rq,0(u†) ≤ lim inf
j→∞

Rq,εkj (ukj ) ≤ lim sup
j→∞

Rq,εkj (ukj ) ≤ Rq,0(ũ)

for all ũ such that F (ũ) = v. Using Remark 3.14, we conclude that Rq(u†) ≤ Rq(ũ).
Hence, u† is an Rq-minimizing solution of F (u) = v. Because of the w.l.s.c. of Rq,εkj
and ‖ · ‖V , we have Rq,εkj (ukj )→ Rq(u†). �

3.5 Convergence rates

In this section we present convergence rates results for the minimizers of the func-
tional J p,qα,δ,ε defined in (3.13). We aim at computing an estimate for the distance
between the regularized solution uδα,ε and the true solution u†. This estimate is made
using the Bregman distance, which is a measure often adopted by many authors in
Banach space settings and it basically measures the gap between a functional and
its linearization. The most standard convergence rates results in Bregman distances
can be found in [HKPS07, BRH07, GHS08, JM12], as well as in [SKHK12] where an
overview of important properties of the Bregman distance and its use in the conver-
gence rates analysis is presented. Regarding the estimate of the distance between
F (uδα,ε) and vδ we use the usual norm of V .

We first state the subdifferential of the regularization term Rq,ε since it appears
in the definition of the Bregman distance. Recalling Definition 2.9 the subdifferential
of Rq,ε : Lq(Ω)→ R at an element u ∈ Lq(Ω) is given by

∂Rq,ε(u) =
{
z ∈ Lq(Ω)∗ : for all w ∈ Lq(Ω),

Rq,ε(w) ≥ Rq,ε(u) + 〈z, w − u〉
Lq(Ω)∗×Lq(Ω)

}
,

where Lq(Ω)∗ denotes the dual space of Lq(Ω) and 〈·, ·〉Lq(Ω)∗×Lq(Ω) the dual pairing
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3. Tikhonov regularization with tolerances

between Lq(Ω)∗ and Lq(Ω). For q = 1 the subdifferential is

∂R1,ε(u) = ∂‖dε(u)‖1 = ∂dε(u) =



{−1}, u(x) < −ε
[−1, 0], u(x) = −ε
{0}, |u(x)| < ε

[0, 1], u(x) = ε

{1}, u(x) > ε

(3.28)

and for q = 2 we have

∂R2,ε(u) = ∂‖dε(u)‖22 = 2dε(u)∂dε(u) =


2[u(x) + ε], u(x) < −ε
0, |u(x)| ≤ ε
2[u(x)− ε], u(x) > ε

. (3.29)

Note that in the above, the tolerance function is always applied component-wise. The
detailed computation of these subdifferentials for q = 1, 2 is found in Appendix A.
The previous formulas are confirmed in the generalized form of the subdifferential
for 1 ≤ q ≤ 2

∂Rq,ε(u) = ∂‖dε(u)‖q = q‖dε(u)‖q−1∂dε(u), (3.30)

where ∂dε(u) is determined by (3.28).
Now that we have clarified the formula of the subdifferential of Rq,ε, we use the

Definition 2.14 for writing the Bregman distance concerning the regularization Rq,ε.
Considering an element ξ ∈ ∂Rq,ε(u) ⊂ Lq(Ω)∗, the Bregman distance of Rq,ε at
u ∈ Lq(Ω) is given by

Dε
ξ(ũ, u) = Rq,ε(ũ)−Rq,ε(u)− 〈ξ, ũ− u〉Lq(Ω)∗×Lq(Ω), ũ ∈ Lq(Ω). (3.31)

Notation 3.17. (i) For the sake of simplicity, in the proofs that follow we denote
the duality pairing using the usual inner product notation 〈 ·, · 〉.

(ii) When using the notation α ∼ δs for α : (0,∞) → (0,∞) and s > 0, we mean
that there exist constants C ≥ c > 0 and δ0 > 0 such that cδs ≤ α(δ) ≤ Cδs

for 0 < δ < δ0.

The classical process for proving convergence rates requires additional assump-
tions on the smoothness of F , a restriction of its nonlinearity, as well as a source
condition which allows the estimation of the duality pairing in the Bregman distance.
These are included in the following assumption.

Assumption 3.18 (Smoothness of F and source condition). Assume that the fol-
lowing hold:
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(i) The operator F : dom(F ) ⊂ Lq(Ω)→ V is Gâteaux differentiable at u† and F ′

denotes its Gâteaux derivative.

(ii) There exists a constant γ > 0, such that

‖F (u)− F (u†)− F ′(u†)(u− u†)‖ ≤ γDε
ξ(u, u

†)

for all u ∈ dom(F ) ∩ Bρ(u†), with a sufficiently large ρ.

(iii) There exists w ∈ V , such that ξ = F ′(u†)
∗
w with γ‖w‖ < 1.

Theorem 3.19 (Convergence rates). Let Assumptions 3.6 and 3.18 hold. Moreover,
let ε > 0, 1 ≤ p, q ≤ 2 and consider the Bregman distance for Rq,ε as given by (3.31).
Assume noisy data vδ ∈ V such that ‖v − vδ‖V ≤ δ and that there exists an Rq,ε-
minimizing solution u† of (3.12) in the Bregman domain DεB. With positive constants
β1 = γ‖w‖ < 1 and β2 = ‖w‖ and for the minimizer uδα,ε of J p,qα,δ,ε, we have the
following estimates:

If p = 1 and αβ2 < 1,

‖F (uδα,ε)− vδ‖V ≤
(1 + αβ2)δ

1− αβ2
and Dε

ξ(u
δ
α,ε, u

†) ≤ δ + αβ2δ

α(1− β1)
.

If p > 1,

‖F (uδα,ε)− vδ‖
p

V
≤ p∗δp + p∗αβ2δ + (αβ2)p∗ and

Dε
ξ(u

δ
α,ε, u

†) ≤ δp + αβ2δ + (αβ2)p∗/p∗
α(1− β1)

,

with p∗ being the conjugate of p such that 1/p+ 1/p∗ = 1.

Moreover, we have:

For p = 1 and the choice α ∼ δs with fixed 0 < s < 1

‖F (uδα,ε)− vδ‖V = O(δ) and Dε
ξ(u

δ
α,ε, u

†) = O(δ1−s).

For p > 1 and the choice α ∼ δp−1

‖F (uδα,ε)− vδ‖V = O(δ) and Dε
ξ(u

δ
α,ε, u

†) = O(δ).

Proof. We start by comparing the functional values J p,qα,δ,ε(u
δ
α,ε) and J p,qα,δ,ε(u

†). Using
the minimizing property of uδα,ε, we obtain

‖F (uδα,ε)− vδ‖
p

+ αRq,ε(uδα,ε) ≤ ‖F (u†)− vδ‖p + αRq,ε(u†)
≤ δp + αRq,ε(u†). (3.32)
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3. Tikhonov regularization with tolerances

By reordering and gathering some of the terms together, we introduce the Bregman
distance Dε

ξ(u
δ
α,ε, u

†) into the last inequality. This yields

‖F (uδα,ε)− vδ‖
p

+ αDε
ξ(u

δ
α,ε, u

†) ≤ δp − α〈ξ, uδα,ε − u†〉. (3.33)

We employ the source condition (iii) of Assumption 3.18 for rewriting the duality
mapping on the right hand side as

‖F (uδα,ε)− vδ‖
p

+ αDε
ξ(u

δ
α,ε, u

†) ≤ δp − α〈w,F ′(u†)(uδα,ε − u†)〉. (3.34)

We now consider the last term separately. We have

−〈w,F ′(u†)(uδα,ε − u†)〉 = 〈w,−F ′(u†)(uδα,ε − u†)〉
≤ ‖w‖ ‖F ′(u†)(uδα,ε − u†)‖.

By adding and subtracting F (u†) − F (uδα,ε) inside the term ‖F ′(uδα,ε)(uδα,ε − u†)‖,
and using the triangle inequality, we obtain

−〈w,F ′(u†)(uδα,ε − u†)〉 ≤ ‖w‖ ‖F (uδα,ε)− F (u†)− F ′(u†)(uδα,ε − u†)‖
+ ‖w‖ ‖F (u†)− F (uδα,ε)‖.

Now, we use the smoothness assumption for F as given in (ii) of Assumption 3.18
and write

−〈w,F ′(u†)(uδα,ε − u†)〉 ≤ γ‖w‖ Dε
ξ(u

δ
α,ε, u

†) + ‖w‖ ‖F (u†)− F (uδα,ε)‖

and by defining constants β1, β2 > 0 such that β1 := γ‖w‖ < 1 and β2 := ‖w‖, we
finally obtain

−〈w,F ′(u†)(uδα,ε − u†)〉 ≤ β1D
ε
ξ(u

δ
α,ε, u

†) + β2‖F (u†)− F (uδα,ε)‖. (3.35)

In addition, we can estimate the term ‖F (u†) − F (uδα,ε)‖. After adding and sub-
tracting vδ ∈ V , we use the triangle inequality and conclude that

‖F (u†)− F (uδα,ε)‖ ≤ δ + ‖F (uδα,ε)− vδ‖. (3.36)

Substituting the estimates (3.35), (3.36) into (3.34), we have

‖F (uδα,ε)− vδ‖
p

+ αDε
ξ(u

δ
α,ε, u

†) ≤ δp + αβ1D
ε
ξ(u

δ
α,ε, u

†) + αβ2δ

+ αβ2‖F (uδα,ε)− vδ‖. (3.37)

For p = 1, rearranging (3.37) yields

(1− αβ2)‖F (uδα,ε)− vδ‖+ α(1− β1)Dε
ξ(u

δ
α,ε, u

†) ≤ δ + αβ2δ.
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3.5. Convergence rates

For sufficiently small α > 0 such that αβ2 < 1, the first term is nonnegative. More-
over, the second term is also nonnegative by the assumption β1 < 1. Therefore, we
derive the following estimates

‖F (uδα,ε)− vδ‖ ≤
(1 + αβ2)δ

1− αβ2
, (3.38)

Dε
ξ(u

δ
α,ε, u

†) ≤ δ + αβ2δ

α(1− β1)
. (3.39)

Choosing α ∼ δs with fixed 0 < s < 1, we obtain

‖F (uδα,ε)− vδ‖ = O(δ) and Dε
ξ(u

δ
α,ε, u

†) = O(δ1−s).

For p > 1, we have

‖F (uδα,ε)− vδ‖
p − αβ2‖F (uδα,ε)− vδ‖+ αDε

ξ(u
δ
α,ε, u

†)

≤ δp + αβ1D
ε
ξ(u

δ
α,ε, u

†) + αβ2δ.

Considering a = ‖F (uδα,ε)− vδ‖ and b = αβ2, we apply Young’s inequality

ab ≤ ap

p
+
bp∗

p∗
, with a, b ≥ 0, and

1

p
+

1

p∗
= 1

and we have(
1− 1

p

)
‖F (uδα,ε)− vδ‖

p
+ α(1− β1)Dε

ξ(u
δ
α,ε, u

†) ≤ δp + αβ2δ +
(αβ2)p∗

p∗
.

Both terms in the left hand side are nonnegative and we can conclude the following
estimates by neglecting the other nonnegative term, respectively. Therefore,

‖F (uδα,ε)− vδ‖
p ≤ p∗δp + p∗αβ2δ + (αβ2)p∗ , (3.40)

Dε
ξ(u

δ
α,ε, u

†) ≤ δp + αβ2δ + (αβ2)p∗/p∗
α(1− β1)

. (3.41)

The choice α ∼ δp−1 yields

‖F (uδα,ε)− vδ‖ = O(δ) and Dε
ξ(u

δ
α,ε, u

†) = O(δ).

�

Remark 3.20 (Bregman and norm estimates with ε and q = 2). In the case of the
classical penalty term R2(u) = ‖u‖22, i.e., without tolerances, it can be shown that
the estimate can be transferred from the Bregman distance to the usual Hilbert space
norm. This is due to R2 being differentiable with ξ = ∂R2(u†) = 2u†, which yields
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3. Tikhonov regularization with tolerances

Dξ(u
δ
α, u

†) = ‖uδα − u†‖
2
2. Regarding the L2,ε-insensitive measure, which involves the

nonlinear tolerance function in the computations, we don’t have a similar equivalence
between ‖uδα,ε − u†‖

2

2,ε
andDε

ξ(u
δ
α,ε, u

†). It is possible to derive the following estimate

‖uδα,ε − u†‖
2

2,ε
≤ ‖uδα,ε − u†‖

2

2
= Dξ(u

δ
α,ε, u

†)

through the inequality (3.5a) but a relation between Dε
ξ(u

δ
α,ε, u

†) and ‖uδα,ε − u†‖
2

2,ε

is not obvious.
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Chapter

4
Elastic net approach for
tolerances and sparsity

In this chapter we aim at recovering sparse solutions while maintaining the idea of
the tolerances in the regularization that was proposed in the previous chapter. The
natural approach for achieving this is by adopting the idea of elastic net regulariza-
tion (introduced in Section 2.5) in which, more than one penalties are incorporated
in the minimization functional with each one of them serving a different purpose.
Inspired by this approach we consider a modified, with tolerances, elastic net func-
tional consisting of the data fitting term, an `2-penalty term with tolerances and an
`1-penalty term for enforcing sparsity.

We consider a problem in the form Ku = v with a continuous linear operator
K : U → V between Hilbert spaces U and V . We further consider an orthonormal
basis {φi ∈ U : i ∈ N} for U and we follow an established approach for sparsity
results as in [DDDM04] and [GHS08]. Therefore, we examine sparsity in terms of the
number of nonzero coefficients in the series expansion of the minimizer. Compared
to the previous chapter, here we choose to work with a linear operator to facilitate
the presentation. The nonlinear case can be handled in a similar way with some
additional assumptions for the nonlinear operator, which are remarked in the end of
this chapter.

With an abuse of the notation for u we denote the sequence of expansion coeffi-
cients {ui = 〈u, φi〉} and consider the minimization of the elastic net functional with
tolerances J δα,β,ε : `2 → R ∪ {∞} defined as

J δα,β,ε(u) :=
1

2
‖Ku− vδ‖2V +

α

2
‖u‖2`2,ε + β‖u‖`1 , (4.1)

in `2. Then, K denotes the operator ui 7→ K
∑

i uiφi mapping from `2 → V . We
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4. Elastic net approach for tolerances and sparsity

denote the individual penalty terms by

R2,ε(u) =
1

2
‖u‖2`2,ε and Rsp(u) = ‖u‖`1 (4.2)

and because dom(Rsp) = `1, for elements u ∈ `2 \ `1 we assume that ‖u‖`1 :=∞, so
that Rsp is well defined. We consider noisy data vδ ∈ V such that ‖v − vδ‖V ≤ δ,
regularization parameters α, β > 0 and a sequence of nonnegative tolerances ε :=
{εn}n∈N ∈ `2.

The minimization of J δα,β,ε takes place only on

D̂ = dom(J δα,β,ε) = dom(K) ∩ dom(R2,ε) ∩ dom(Rsp) = `1,

where J δα,β,ε is proper. In addition, it is convex, coercive and weak lower semi-
continuous as the sum of convex, coercive and weak lower semi-continuous function-
als. For any element u ∈ `2 there holds

‖u‖2`2,ε = ‖dε(u)‖2`2 =
∑
i∈N
|dε(ui)|2 ≤

∑
i∈N
|ui|2 <∞.

With the functional J δα,β,ε defined, we are ready to proceed with our theoretical
analysis. In Section 4.1 we present results on the well-posedness of the minimizers of
the elastic net functional with tolerances given in (4.1), while Section 4.2 is dedicated
to the convergence rates analysis of the minimizers of its minimizers.

4.1 Well-posedness of minimizers

We begin with the existence of minimizers of J δα,β,ε which follows in the theorem
below.

Theorem 4.1 (Existence of minimizers). Let α, β > 0 and ε := {εn}n∈N ∈ `2 be a
nonnegative sequence. Then, for every vδ ∈ V the functional J δα,β,ε has a minimizer
uδα,β,ε in `

2.

Proof. Since J δα,β,ε is bounded from below by zero, its infimum is finite and therefore,
there exists a sequence {uk}k∈N ∈ D̂ that minimizes J δα,β,ε, i.e,

lim
k→∞

J δα,β,ε(uk) = inf{J δα,β,ε(u) : u ∈ D̂}.

Hence the sequence of functional values {J δα,β,ε(uk)} is uniformly bounded. Since
J δα,β,ε is coercive, there exists a subsequence of uk, also denoted by uk, with weak
limit ũ ∈ `2. Moreover, the continuity of K implies weak continuity [Woj96, Part
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4.1. Well-posedness of minimizers

II.A. 8, p. 29], which means that Kuk ⇀ Kũ. The weak lower semi-continuity of
J δα,β,ε leads to

J δα,β,ε(ũ) ≤ lim inf
n→∞

J δα,β,ε(uk) ≤ J δα,β,ε(u) ∀u ∈ D̂,

which implies that uδα,β,ε := ũ is a minimizer of J δα,β,ε in D̂. �

Remark 4.2 (On the uniqueness of minimizer). In [JLS09] the authors discuss how
the choice of α and β effects the uniqueness of minimizer. The classical elastic net
functional has a unique minimizer as soon as the regularization parameter of the
`2-penalty is positive, due to the strict convexity of the functional. However, as the
authors in this work proved, even for vanishing α, whole sequence convergence can
be achieved under the assumption that the sequence {(αk, βk)}k satisfies

lim
k→∞

αk = 0 and lim
k→∞

βk − β
αk

= γ (4.3)

for some β > 0 and γ ≥ 0. In that case, the minimizer of J δα,β converges to the
minimum

(
1
2‖ · ‖2`2 + γ‖ · ‖`1

)
element of the set of minimizers of the functional

J δ0,β and, therefore, is unique.
With regard to our, modified by tolerances, elastic net functional, the uniqueness of
minimizer is not guaranteed since the functional is not strictly convex. The lack of
uniqueness mainly originates from the assumption of positive tolerances. Therefore,
for positive tolerances only subsequential convergence can be expected. In the spe-
cial event of vanishing tolerances, we obtain the results of the classical elastic net
regularization. Moreover, by considering β > 0 and both α and ε convergent to zero,
we fall in the previously described case (with similar as in (4.3) assumptions that
involve ε, too), if ε vanishes faster than α. However, such a special case is not further
considered because our main interest is the assumption of tolerances in the solution.

Next follows the stability of minimizers of J δα,β,ε when the data vδ ∈ V is slightly
perturbed, i.e., we confirm that the minimizers depend continuously on the noisy
data. For such perturbation in the data, the ill-posedness of the initial problem
(without regularization) traditionally would lead to an inconsistent solution. In the
stability theorem we consider two cases, namely, for positive and vanishing tolerances.

Notation. To simplify our proofs, we consider β = αη, for η ≥ 0 and we control
both regularization parameters by η. For this reason, we consider the functional R̂η,ε
defined by

R̂η,ε(u) :=
1

2
‖u‖2`2,ε + η‖u‖`1 . (4.4)

Moreover, for simplicity, we will denote the functional R̂η,0 by R̂η when ε = 0.
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4. Elastic net approach for tolerances and sparsity

Theorem 4.3 (Stability of minimizers w.r.t. vδ). Assume α, β > 0 and let {εk}k∈N
be a sequence of nonnegative tolerances that converges to some ε̃ ≥ 0. Moreover,
consider {vk}k∈N ⊂ V to be a convergent sequence with limit vδ ∈ V and uk such
that

uk ∈ arg min{J vkα,β,εk(u) : u ∈ D̂}.
Then, there exists a subsequence of {uk}, denoted again by {uk}, which converges
to a minimizer uδα,β,ε̃ of the functional J δα,β,ε̃. With β = αη and η ≥ 0, we further
obtain R̂η,ε̃(uk)→ R̂η,ε̃(uδα,β,ε̃).

Proof. From the minimizing property of uk, there holds

lim inf
k→∞

J vkα,β,εk(uk) ≤ J vkα,β,εk(u)

for all u ∈ D̂ and there exists a subsequence of uk (again denoted by uk) that
converges weakly to some ũ ∈ `2. The weak lower semi-continuity of all terms yields

J δα,β,ε̃(ũ) ≤ lim inf
k→∞

1

2
‖Kuk − vk‖2V + lim inf

k→∞

α

2
‖uk‖2`2,εk + lim inf

k→∞
β‖uk‖`1

≤ lim inf
k→∞

(
1

2
‖Kuk − vk‖2V +

α

2
‖uk‖2`2,εk + β‖uk‖`1

)
= lim inf

k→∞
J vkα,β,εk(uk).

On the other hand, for any u ∈ D̂, we have that

J δα,β,ε̃(u) = lim
k→∞

J vkα,β,εk(u) ≥ lim sup
k→∞

J vkα,β,εk(uk).

Therefore, for any u ∈ D̂ we conclude J δα,β,ε̃(ũ) ≤ J δα,β,ε̃(u), which means that
ũ := uδα,β,ε̃ is a minimizer of J δα,β,ε̃.

Introducing β = αη, with η ≥ 0 into the regularization term of J δα,β,ε̃, the weak
lower semi-continuity of the functional implies that R̂η,ε̃(uk) → R̂η,ε̃(uδα,β,ε̃). When
ε̃ = 0, we have R̂η,ε̃(uk)→ R̂η(uδα,β). �

Our last result in this section regards the convergence of minimizers and uses the
notion of an R̂η,ε-minimizing solution, recall Definition 3.7 of the previous chapter.

Theorem 4.4 (Weak convergence for δk → 0). Let ε := {εn}n∈N ∈ `2 be a nonneg-
ative sequence and let v ∈ V such that an R̂η,ε-minimizing solution of Ku = v in
`2 exists. Moreover, assume regularization parameters α, β : (0,∞) → (0,∞) that
satisfy

α(δ), β(δ),
δ2

α(δ)
,

δ2

β(δ)
→ 0, as δ → 0, (4.5)
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4.1. Well-posedness of minimizers

and that there exists η ≥ 0 such that

lim
δ→0

β(δ)

α(δ)
= η. (4.6)

Let {δk}k∈N ⊆ R+ be given with δk → 0 and vk ∈ V satisfy ‖v − vk‖ ≤ δk. In
addition, consider αk := α(δk), βk := β(δk) and

uk ∈ arg min{J vkαk,βk,ε
(u) : u ∈ `2}.

Then, there exist a subsequence of uk (denoted again by uk) such that uk converges
weakly to an R̂η,ε-minimizing solution u† and R̂η,ε(uk)→ R̂η,ε(u†).
Proof. Let u† be an R̂η,ε-minimizing solution of Ku = v. The definition of uk implies

1

2
‖Kuk − vk‖2 +

αk
2
‖uk‖2`2,ε + βk‖uk‖`1

≤ 1

2
‖Ku† − vk‖

2
+
αk
2
‖u†‖2`2,ε + βk‖u†‖`1

≤ δk
2

2
+
αk
2
‖u†‖2`2,ε + βk‖u†‖`1 . (4.7)

Hence, the assumptions on αk, βk as δk → 0 yield that the sequences {‖Kuk − vk‖}
and {‖uk‖`2,ε}k are uniformly bounded. Therefore, there exist a subsequence of {uk},
denoted again by {uk}, and some element ũ ∈ `2 such that uk ⇀ ũ. By the weak
lower semi-continuity and triangle inequality, we have

‖Kũ− v‖2 ≤ 2 lim inf
k→∞

(
‖Kuk − vk‖2 + ‖vk − v‖2

)
.

The term ‖Kuk − vk‖2 can be bounded from above using (4.7) and together with
the assumptions on αk, βk and ‖v − vk‖ ≤ δk, we conclude

‖Kũ− v‖2V ≤ 2 lim inf
k→∞

(
δ2
k + αk‖u†‖

2

`2,ε + 2βk‖u†‖`1 + δ2
k

)
= 0,

which means that Kũ = v. In a similar way, we have
1

2
‖ũ‖2`2,ε + η‖ũ‖`1 ≤ lim inf

k→∞

(
1

2
‖uk‖2`2,ε +

βk
αk
‖uk‖`1

)
≤ lim inf

k→∞

(
δ2
k

2αk
+

1

2
‖u†‖2`2,ε +

βk
αk
‖u†‖`1

)
=

1

2
‖u†‖2`2,ε + η‖u†‖`1 ,

i.e., R̂η,ε(ũ) ≤ R̂η,ε(u†), from which we deduce that the subsequence uk converges
weakly to an R̂η,ε-minimizing solution of Ku = v. Moreover, the weak lower semi-
continuity of R̂η,ε implies R̂η,ε(uk)→ R̂η,ε(u†). �

Remark 4.5. If the above theorem is modified by assuming a sequence of nonneg-
ative tolerances εk such that εk → 0 as δk → 0, we obtain R̂η,εk(uk)→ R̂η(u†).
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4. Elastic net approach for tolerances and sparsity

4.2 Convergence rates

In this section we present the convergence rates results for the elastic net functional
with tolerances in the `2-penalty. In the previous theorems we already considered
limδ→0

β(δ)
α(δ) = η for ensuring the convergence of minimizers uδα,β,ε when δ → 0.

We follow the same principle here too, for proving the convergence rates for the
minimizers uδα,β,ε with the assumption that there exists η > 0 such that β = αη. In
this way, we control both α and β by their fixed ratio given by η > 0. The following
proposition contains the general source condition that we consider for obtaining
convergence rates.

Assumption 4.6 (General source condition). Let η > 0 be such that u† fulfills the
source condition

there exists w ∈ V : K∗w ∈ ∂R̂η,ε(u†) (4.8)

with R̂η,ε(u) as defined in (4.4) for β = αη and its subdifferential

∂R̂η,ε(u) = dε(u)∂dε(u) + η Sign(u).

The convergence rate of the discrepancy term will be computed in the norm
of the Hilbert space V . In contrast to the previous chapter, here we compute the
convergence rate of the distance between uδα,β,ε and u

† in the `2-norm. This is possible
using the inequalities (3.5a) and (3.5c) from Proposition 3.4, which, for q = 2, can
be transferred from the 2-norm to the `2-norm as the Hilbert space L2 is isometric
to `2. These inequalities are important for obtaining error estimates given the fact
that the ε-insensitive measure itself violates the triangle inequality, which is used in
the proof of the convergence rates.

Theorem 4.7. Let u† be the true solution of Ku = v and ‖v − vδ‖ ≤ δ. Moreover,
consider that Assumption 4.6 holds and that ε = (εn)n∈N in `2 is a sequence of
nonnegative tolerances with ‖ε‖`2 = O(

√
δ). Then, the minimizer uδα,β,ε of J δα,β,ε,

with β = αη, fulfills

‖Kuδα,β,ε − vδ‖ ≤ δ − α‖w‖+
√
α
√
c‖ε‖`2

and
‖uδα,β,ε − u†‖`2 ≤

δ√
α
−√α‖w‖+

√
c‖ε‖`2 .

Moreover, with a parameter choice α ∼ O(δ) we obtain

‖Kuδα,β,ε − vδ‖ = O(δ) and ‖uδα,β,ε − u†‖`2 = O(δ1/2).
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Proof. The minimizing property of uδα,β,ε gives

1

2
‖Kuδα,β,ε − vδ‖2 +

α

2
‖uδα,β,ε‖2`2,ε + β‖uδα,β,ε‖`1

≤ 1

2
‖Ku† − vδ‖2 +

α

2
‖u†‖2`2,ε + β‖u†‖`1

and by gathering common terms, we have

1

2
‖Kuδα,β,ε − vδ‖2 +

α

2

(
‖uδα,β,ε‖2`2,ε − ‖u†‖2`2,ε

)
+ β

(
‖uδα,β,ε‖`1 − ‖u†‖`1

)
≤ 1

2
‖Ku† − vδ‖2.

Using (3.5a) and (3.5c), we replace the terms of the first parenthesis by their estimates
in the `2-norm and we have

1

2
‖Kuδα,β,ε − vδ‖2 +

α

2

(
‖uδα,β,ε‖2`2 − ‖u†‖2`2

)
− αc

2
‖ε‖2`2 + β

(
‖uδα,β,ε‖`1 − ‖u†‖`1

)
≤ 1

2
‖Ku† − vδ‖2,

with c = 2 max{1, ‖uδα,β,ε‖`2,ε, ‖ε‖`2}. Then, we use the identity ‖u
δ
α,β,ε‖2`2−‖u†‖2`2 =

‖uδα,β,ε − u†‖2`2 + 2〈u†, uδα,β,ε − u†〉 and we also add and subtract β〈ξ, uδα,β,ε − u†〉 in
the left side, to obtain

1

2
‖Kuδα,β,ε − vδ‖2 +

α

2

(
‖uδα,β,ε − u†‖2`2 + 2〈u†, uδα,β,ε − u†〉

)
− αc

2
‖ε‖2`2

+ β
[
‖uδα,β,ε‖`1 − ‖u†‖`1 − 〈ξ, uδα,β,ε − u†〉

]
+ β〈ξ, uδα,β,ε − u†〉

≤ 1

2
‖Ku† − vδ‖2,

for any ξ ∈ ∂Rsp(u†) = Sign(u†). The expression in the square brackets is nothing
more than the definition of a subgradient of Rsp at u†, therefore, a nonnegative term
that can be neglected for the rest of our computations. Subsequently, with β = αη,
we gather the inner products and we have

1

2
‖Kuδα,β,ε − vδ‖2 +

α

2
‖uδα,β,ε − u†‖2`2 + α〈u† + ηξ, uδα,β,ε − u†〉 −

αc

2
‖ε‖2`2

≤ 1

2
‖Ku† − vδ‖2.
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4. Elastic net approach for tolerances and sparsity

Since u† + ηξ ∈ ∂R̂η,ε, the inner product in the last expression can be estimated via
the source condition (4.8) to be

〈u† + ηξ, uδα,β,ε − u†〉 = 〈K∗w, uδα,β,ε − u†〉 = 〈w,K(uδα,β,ε − u†)〉
= 〈w,Kuδα,β,ε − vδ + vδ −Ku†〉
≤ ‖w‖

(
‖Kuδα,β,ε − vδ‖+ ‖Ku† − vδ‖

)
.

Combining the above into the previous estimate and rearranging the terms, we have
1

2
‖Kuδα,β,ε − vδ‖2 + α‖w‖‖Kuδα,β,ε − vδ‖+

α

2
‖uδα,β,ε − u†‖2`2

≤ 1

2
‖Ku† − vδ‖2 − α‖w‖‖Ku† − vδ‖+

αc

2
‖ε‖2`2 .

By adding α2‖w‖2
2 on both sides, completing the squares, and estimating the term

‖Ku† − vδ‖ ≤ δ, we get

1

2

(
‖Kuδα,β,ε − vδ‖+ α‖w‖

)2
+
α

2
‖uδα,β,ε − u†‖

2

`2

≤ 1

2
(δ − α‖w‖)2 +

αc

2
‖ε‖2`2 (4.9)

Each term on the left hand side of the inequality is nonnegative, therefore for esti-
mating one of them we can forget the other one each time. For the first term we
have (

‖Kuδα,β,ε − vδ‖+ α‖w‖
)2
≤ (δ − α‖w‖)2 + αc‖ε‖2`2

which is equivalent to

‖Kuδα,β,ε − vδ‖+ α‖w‖ ≤
[
(δ − α‖w‖)2 + αc‖ε‖2`2

]1/2

≤ δ − α‖w‖+
√
α
√
c‖ε‖`2 ,

with the last inequality obtained by the subadditivity of the square root function.
The final error estimate is

‖Kuδα,β,ε − vδ‖ ≤ δ − 2α‖w‖+
√
α
√
c‖ε‖`2 .

With similar steps we estimate the other term in (4.9) and obtain

‖uδα,β,ε − u†‖`2 ≤
δ√
α
−√α‖w‖+

√
c‖ε‖`2 .

A choice α ∼ O(δ) together with the assumption ‖ε‖`2 = O(δ1/2) yields

‖Kuδα,β,ε − vδ‖ = O(δ) and ‖uδα,β,ε − u†‖`2 = O(δ1/2).

�

54



4.2. Convergence rates

Here, it is worth mentioning that the inequalities (3.5a)–(3.5c) are essential for
establishing the above estimate for ‖uδα,β,ε− u†‖`2 . Without them, it is still possible
to obtain convergence rates using the Bregman distance, which is, however, a more
general result. The use of the Bregman distance for measuring the difference between
the minimizer uδα,β,ε and the true solution u† and assuming a parameter choice α ∼
O(δ) leads to a convergence rate Dη,ε

ξ (uδα,β,ε, u
†) = O(δ).

Within this chapter, we assumed a bounded linear operator K. However, the
use of a nonlinear operator is possible too, and requires some modifications or extra
assumptions, which are summarized in the following remark.

Remark 4.8. (Modifications for nonlinear operators) With the assumption of a
nonlinear operator F : dom(F ) ⊂ U → V the results for the elastic net functional
with tolerances can be proved with a few more assumptions on the operator, like it
was done in Chapter 3. These are:

1. The weak sequential closedness of F (recall (i) in Assumption 3.6). This allows
the use of Lemma 3.8, in the proofs of existence and stability of minimizers,
for extracting a subsequence that converges weakly to a minimizer of the func-
tional.

For the convergence rates we need an assumption like Assumption 3.18, which con-
sists of:

2. A smoothness assumption on the operator F (Gâteaux or Fréchet differentia-
bility)

3. A restriction of the nonlinearity of F in a neighborhood of u†. This assumption
can be like (ii) in Assumption 3.18 but it can also be differently formulated,
depending on whether the convergence rate is to be computed in the norm or
using the Bregman distance.

Lastly, in the case of a nonlinear operator F , the source condition (4.8) should also be
reformulated such that includes the adjoint of the derivative of F , like, for example,
(iii) in Assumption 3.18.

In the recent work [LW20], an elastic net approach is considered for sparsity
regularization of nonlinear ill-posed inverse problems. The authors investigate the
well-posedness of minimizers using the principles of regularization theory as we did
in our analysis, too. For the detailed analysis and steps in a nonlinear regime, we
refer the reader to [LW20].

Our results for convergence rates conclude the theoretical analysis of this chapter.
In summary, we have proved the existence, stability, and weak convergence of the
minimizers of the elastic net with tolerances. In addition, we have proved convergence
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4. Elastic net approach for tolerances and sparsity

rates for the minimizers of the elastic net functional with tolerances when the noise
goes to 0.
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Chapter

5
Numerical consideration

Having established our theoretical results, now we wish to examine our approach on
a simple numerical example. The aim of this chapter is to illustrate the effect of tol-
erances in the reconstructed solutions. We also want show that good approximations
of the true solution of the problem can be produced with appropriate selection of
the regularization parameters. Moreover, we are interested in examining if a relation
between the noise level δ and the tolerances ε emerges that leads to improved recon-
structions. Therefore, this chapter serves for understanding what can be achieved in
practice when considering the functionals proposed in Chapters 3 and 4 and for this
reason, a simple example is considered.

We begin this chapter by giving some information on the algorithm that was
used for the numerical minimization of the functionals and then we present the
example of noisy data differentiation, which is considered. The numerical results
are then divided into two sections: Section 5.1 is dedicated to the minimization
of the Tikhonov functional with tolerances that was introduced in Chapter 3, and
Section 5.2 concerns the minimization of the elastic net functional with tolerances
that was introduced in Chapter 4 and the possibility of obtaining sparse solutions.

Subgradient algorithm. For the numerical minimization of a functional f we use
a subgradient algorithm introduced in [GMPK20]. The suggested algorithm is an
iterative subgradient method with adaptive step size. With an initial guess x0 ∈ Rn,
the functional f : Rn → R is minimized iteratively via the update step

xk+1 = xk − sk · gk, with gk ∈ ∂f(xk), (5.1)

with diminishing step size sk > 0 that is computed in every iteration step. In
their work, the authors prove the stability and convergence of the algorithm and
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5. Numerical consideration

demonstrate its effectiveness by comparing their numerical results, on denoising and
deblurring of 1D and 2D signals, to those obtained by existing methods.

Numerical differentiation of noisy data. In many applications (such as image
reconstruction) one is interested in computing the derivative of a smooth function for
which only discrete measurements are available. In practice the measured data will
almost never be exact, but rather contain errors that can be modeled in the form of
additive noise. The problem of differentiating noisy data is ill-posed [EHN96], mean-
ing that small changes in the data (due to the noise) may produce large deviations in
the computed derivative. Therefore, regularization is required for obtaining a stable
approximation of the derivative.

The problem of numerical differentiation can be formulated as the operator equa-
tion

Ku(x) =

∫ x

0
u(s) ds = v(x), u : [0, 1] → R (5.2)

with bounded, linear operator

K : L2([0, 1])→ L2([0, 1]), u 7→ Ku.

Given noisy data
vδ = v + η̂(δ),

with additive Gaussian noise η̂(δ) such that ‖v − vδ‖ ≤ δ, we wish to compute an
approximation u to the first derivative of v.

In our numerical implementation we discretize the interval [0, 1] on the grid xi =
(i − 1

2)h, i = 1, . . . , N with h = 1
N and N = 600 discretization points. Hence, u

can be approximated in the interval [(i − 1)h, ih] by a piecewise constant function
û with values ûi = û(xi), and Ku by a vector v = [v1, . . . , vN ] with elements vi =
(Kû)(xi) =

∫ xi
0 û(s)ds. Moreover, the discretized operator is an N ×N matrix with

the following structure

K = h


1
2 0 · · · 0

1 1
2

. . .
...

...
. . . . . . 0

1 · · · 1 1
2

 .

In the following, we solve the discretized problem of approximating u† by con-
sidering the minimization of the proposed functionals. In contrast to the previous
chapters, here, we consider a reference solution u∗ as a priori information on the
true solution u† and we will define it in the following when needed.
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5.1. Minimization of the Tikhonov functional with tolerances in the regularization
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Figure 5.1: The ground truth u† and the reference solution u∗ inside the tolerance
area Tubeε(u

∗) in (a). The true data v and noisy data vδ created in (b).

5.1 Minimization of the Tikhonov functional with
tolerances in the regularization

We consider as reference solution the function u∗(x) = sin(2πx) for x ∈ [0, 1] and as
true solution u† a smooth perturbation of u∗ that lies within the tolerance area

Tubeε(u
∗) := {(x, y) ∈ Ω× R | y ∈ [u∗(x)− ε, u∗(x) + ε]} for ε > 0, (5.3)

defined around u∗. The noisy data are then created by vδ = Ku† + η̂(δ), for a noise
level δ > 0. For approximating u†, we minimize the functional

J p,qα,δ,ε(u) = ‖Ku− vδ‖2 + α‖u− u∗‖qq,ε, ε ≥ 0. (5.4)

In the following we consider p = 2 and present results from the minimization of
the functional with q = 1 and q = 2 in the penalty term. Moreover, we compare
our results to the regularized solution uδα,ε, obtained from the minimization of (5.4),
to the solution uδα := arg minJ δα,0 of the generalized Tikhonov functional (without
tolerances and p, q same as for the minimizer uδα,ε). To get a glimpse of the effect of
tolerances, we consider two cases for the reference solution u∗ and the ground truth
u†.

First, we consider that the true solution u† lies entirely inside the Tubeε(u
∗), i.e.,

the reference solution u∗(x) = sin(2πx) is close to the ground truth and therefore
a good source of a priori information. Figure 5.1a shows the ground truth u†, the
reference solution u∗ and the tolerance area around u∗ for ε = 0.3 and Figure 5.1b
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Figure 5.2: Reconstructions uδα,ε, uδα compared to the ground truth u†. In both cases
δ = 10−2 and ε = 0.3.

the true and noisy data with δ = 10−2 for this setting. In Figure 5.2, we have
the reconstructions uδα,ε and uδα. In Figure 5.2a we have q = 1 and the chosen
regularization parameter is α = 10−3 while in Figure 5.2b we have q = 2 and
α = 10−2. In both cases uδα,ε has been computed with ε = 0.3 and compared to
the solution uδα we see that it is a better approximation of u†. The use of tolerances
seems to be beneficial in this case but one needs to also investigate different settings
and values of ε.

Now we turn to the second case, in which we consider that parts of the true so-
lution lie outside the tolerance area Tubeε(u

∗). Figure 5.3 shows the approximations
created with q = 2, δ = 10−2 and α = 10−2 and different tolerances for examining
the behavior of uδα,ε based on ε. Note that here the true solution is different than the
one considered before but we still use the same reference solution u∗(x) = sin(2πx).
In Figures 5.3a–5.3d we see that for smaller ε the reconstruction uδα,ε is similar to
uδα, while once the tolerance gets larger, uδα,ε is improved. This is explained by the
fact that the errors below the threshold ε are neglected. As a result uδα,ε is brought
closer to the ground truth u†. What can also be observed in these figures is that
the parts of u† that are outside of the tolerance area are not well approximated,
an effect that is more pronounced for smaller values of ε. This is an effect from
the choice of the regularization parameter α, which in this case is not considered
to be too small for the reason of incorporating the tolerances. This means that the
regularization becomes stronger, which is something that, in general, would be a
problem for the minimization of the discrepancy term. However, the presence of
tolerances actually prohibits the regularization functional to take over, and enables
the recovery of good approximations. Similar findings are observed in the case q = 1
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Figure 5.3: Reconstructions uδα,ε computed with q = 2, δ = 10−2 and α = 10−2 and
different tolerance values ε. The reconstruction uδα,ε is compared to uδα and u†.

and thus are omitted here. These first results show the behavior of the solution with
respect to the tolerance value and also, prove that good approximations of u† can
be produced when tolerances are incorporated in the regularization. The choice of
α and ε should be further addressed because a very small α will not promote the
tolerance assumption, whereas using a larger α can be more advisable. In addition,
in Figure 5.3, we also observe that a larger ε leads to a better approximation but one
has to be careful with its choice as it can make the regularized solution less smooth
in points on the boundary of the tolerance area. This effect is more pronounced
in Figure 5.3d. It is therefore clear that selecting appropriate values for ε and α is
an important task. Except for the tuning of α and ε, we are also interested in the
behavior of the approximation error when tolerances are taken into account.
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Figure 5.4: Example of ui for i = 1, 2, 3 with u∗(x) = sin(2πx) and ε = 0.3.

5.1.1 Error behavior

We continue now by examining the behavior of the approximation error for different
tolerances. We assume the same reference solution u∗ and we use various values of
ε ∈ [0, 1.2]. For each value of ε we define the corresponding tolerance area Tubeε(u

∗)
as in (5.3) and we perform M = 50 simulations over which we calculate the mean
approximation error ‖uδα,ε − u†‖q,ε.

We denote the true solution by u†i , where i = 1, . . . ,M is the index of the i-th
run. Each u†i is generated as a random and smooth perturbation of u∗ inside the
tolerance area Tubeε(u

∗). This is done by a convolution of a normally distributed
random vector with the zero-mean Gaussian distribution with standard deviation
σ = 8·10−2 (for smoothing). This random vector is further weighted by the tolerance
value ε and then added to u∗ as shown in (5.5). Therefore, the ground truth and the
noisy data are computed by

u†i = u∗ + εsi ∈ Tubeε(u
∗), (5.5)

vδi = Ku†i + η̂(δ), (5.6)

for a smooth random si with i = 1, . . .M , and additive noise η̂(δ) for noise level
δ. The noise level δ = 7 · 10−2 and the regularization parameter α = 10−3 are
kept unchanged throughout all simulations since we examine the resulting error for
different tolerances ε ∈ [0, 1.2]. Figure 5.4 is an illustration of the u†i created for
i = 1, 2, 3.

Figure 5.5 shows the error between the true solution u† and the reconstructions
uδα and uδα,ε computed in the ε-insensitive measure for different values of ε. Both
cases for q = 1 and q = 2, reveal that the error obtained in our approach (red solid
line) is smaller (or equal) than the error calculated for the generalized Tikhonov
minimizers (black dashed line).
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Figure 5.5: The mean approximation error over 50 runs using the ε-insensitive mea-
sure. In both cases, we consider α = 10−3, noise level δ = 7 · 10−2 and tolerance
values ε ∈ [0, 1.2].

5.1.2 Choosing the regularization parameter α

The potential of obtaining better results when using tolerances takes us to the step
of examining how we can increase the quality of our reconstructions. An important
task in regularization is the choice of the regularization parameter α > 0. In a certain
application an indication for the appropriate size of tolerances may exists, meaning
that ε cannot be arbitrarily large. In the following, we examine the parameter
selection for α using the L-curve and the discrepancy principle and we test them
for different values of tolerance. In Section 2.2.2 we introduced the idea for both
parameter choice strategies.

In Figure 5.6 the L-curve for q = 1 (left) and q = 2 (right) using five different
values of ε and for α ∈ [10−12, 1] is shown. In order to compare the L-curves in a
similar scale, we assume u∗(x) = sin(2πx) and the true solution is taken as a smooth
perturbation inside the tolerance area for the fixed value ε† = 0.5 and is used in all
simulations for all different values of ε. In this figure one can observe the different
scaling (the L-curve is shifted down for larger ε) due to the value of the corresponding
tolerance. Moreover, when ε and α both become large, the regularization term (y-axis
of the L-curve) goes faster to zero. In both cases the L-curve is not as sharp as the
one we normally obtain in the classical Tikhonov regularization. The nature of the
tolerance function dε indicates that choosing optimally α and ε is not straightforward
through the L-curve.

A different method, which is based on the noise level in the data, is the so-
called Morozov’s discrepancy principle [Bon08, Mor66]. Given an estimate of the
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Figure 5.6: L-curve for different values of tolerance ε. On the left we have the
results for q = 1, and on the right for q = 2. In both cases p = 2, δ = 0.015, and
α ∈ [10−12, 1].

noise level, through the discrepancy principle, we accept reconstructions which create
measurements with a similar error as the one in the noisy data. This translates into
choosing the maximum α > 0 such that

G(uδα) := ‖Kuδα − vδ‖ ≤ τδ, for uδα := arg minJ p,qα,δ (u), (5.7)

with τ ≥ 1 and an estimate of the noise level δ > 0. Note that here we implement
the discrepancy principle for identifying the optimal regularization parameter αopt
when minimizing the generalized Tikhonov functional J p,qα,δ (no tolerance assump-
tion). This optimal regularization parameter is subsequently used the regularization
parameter in our functional J p,qα,δ,ε. That is, we compare the optimal reconstruction
of the generalized Tikhonov to the minimizer obtained by our approach with tol-
erances in the regularization. In the following figures we show these results for the
discrepancy principle in (5.7) with τ = 2, and examine the cases q = 1 (in Figure 5.7)
and q = 2 (in Figure 5.9) for the penalty norm.

In Figure 5.7 and Figure 5.9 we have the resulting approximations. In each of
these figures our solution (in red) fits better the true solution (in black) than the
one computed by the minimization of J p,qα,δ (in green). Moreover, in Figure 5.8 and
Figure 5.10, respectively, we compare the absolute error of these reconstructions
with respect to the true solution u†. Both cases show that tolerances can indeed
advance the quality of the approximation but one has to further examine under
which scenarios this happens.

The discrepancy principle often tends to select small α as the optimal one, which
will not promote as much the use of tolerances. However, when the noise in the data
is larger, the use of the discrepancy principle as the parameter choice rule makes the
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Figure 5.7: Morozov’s discrepancy principle with δ = 10−1, τ = 2, ε = 0.4 and q = 1.
G(uδα) for various α and the optimal value αopt = 10−3 (left). The reconstructions
uδαopt,ε, u

δ
αopt computed with αopt and compared with u† and u∗ (right).
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Figure 5.8: The absolute error of uδαopt,ε and uδαopt that are shown in Figure 5.7.

regularization stronger. Especially in the case ε ≥ δ ≥ α, we obtain better results,
as can be seen in both figures. In contrast to the classical regularization, here the
tolerances do not allow the reconstruction to rely only on the reference solution.

The previous results were produced using the optimal regularization parameter
for the generalized Tikhonov functional J p,qα,δ . However, we can also use the discrep-
ancy principle for finding the optimal regularization parameter for our functional
J p,qα,δ,ε directly, i.e., implementing the discrepancy principle

G(uδα,ε) := ‖Kuδα,ε − vδ‖ ≤ τδ, with uδα,ε := arg minJ p,qα,δ,ε(u).

This is shown in Figure 5.11 where the discrepancy principle was used for finding the
optimal regularization parameter αopt = 0.69 for τ = 4, ε = 0.5 and q = 2. On the
right part of the figure we observe that the tolerances enhance indeed the quality of
the reconstruction. In Figure 5.12 we compare the absolute error of the generalized
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Figure 5.9: Morozov’s discrepancy principle with δ = 10−1, τ = 2, ε = 0.4 and
q = 2. The discrepancy values for different α and for αopt = 0.0063 (left). The
reconstructed solutions uδαopt

and uδαopt,ε
with αopt compared with u† and u∗ (right).
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Figure 5.10: The absolute error of uδαopt,ε and uδαopt that are shown in Figure 5.9.

Tikhonov minimizer and our solution with respect to the ground truth and confirm
that our approximation is closer to u†.

In the left part of Figure 5.11, we also observe that the values of the discrepancy
principle G(uδα,ε) are not monotonically increasing, which means that the existence
of an optimal α satisfying the discrepancy principle might not be guaranteed [AR09].
This phenomenon also indicates that τ should be larger (in Figure 5.11 we have used
τ = 4) in order for the discrepancy principle to be satisfied. These are only some first
results on how to choose the regularization parameter when incorporating tolerances.
Concerning the parameter choice rules, other strategies could be considered, for
example, relaxation of the discrepancy principle as proposed in [AR09, Ram02], a
generalization of the L-curve [BKM02] or other heuristic rules as proposed in [JL10].
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Figure 5.11: Morozov’s discrepancy principle with δ = 10−1, τ = 4, ε = 0.5 and
q = 2. The discrepancy values for different α and the optimal parameter αopt = 0.69
(left). The reconstructed uδαopt and u

δ
αopt,ε for αopt compared with u† and u∗ (right).
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Figure 5.12: The absolute error of uδαopt,ε and uδαopt that are shown in Figure 5.11.

5.2 Sparse solutions via the elastic net approach with
tolerances

In this section we consider the same problem with the operator equation as in (5.2)
and we address the sparsity of the reconstructed solutions. To this end, we consider
the minimization of the elastic net functional J δα,β,ε(u) which was proposed in Chap-
ter 4 and includes an `2-penalty with the tolerance measure and an `1-penalty term
for sparsity. Our goal here is to verify that the addition of the `1-penalty allows us
to reconstruct sparser solutions compared to those obtained from the minimization
of J 2,2

α,δ,ε(u).
We consider the discretized version of the numerical differentiation problem (5.2)

with N = 1000 discretization points and as true solution u† ∈ RN of the problem
Ku† = v, with discretized operator K : RN → RN in (5.2), we assume the one
shown in Figure 5.13. With this true solution, we examine sparsity with respect to
the support of the function, i.e., the nodal basis {ei}i−1,...,N , which in this case is
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Figure 5.13: The ground truth u† and the reference solution u∗ (left). The true data
v and the noisy data vδ corrupted by 2% additive Gaussian noise (right).

sparse since there are only a few non-zero elements in u†. In addition, we consider
as reference solution the zero function u∗(x) = 0 for x ∈ [0, 1]. The noisy data vδ are
created from the true data v = Ku† with the addition of Gaussian noise with noise
level δ = 2 · 10−2. The true and the noisy data are shown in Figure 5.13.

As explained in our theoretical analysis but also in our previous numerical re-
sults, the choice of the regularization parameters is important for the quality of the
reconstruction. Parameter choice rules, such as Morozov’s discrepancy principle or a
generalized L-curve [BKM02], can be used for the optimal selection of the regulariza-
tion parameters α and β in the elastic net functional. A simple way of implementing
the discrepancy principle is to consider β = αη with η > 0 and find the optimal
η. This follows the idea that was used in our theoretical analysis in Chapter 4 for
dealing with a single regularization parameter. Alternatively, one could fix β and
focus on optimizing α (for example using the discrepancy principle), which is the
parameter that influences the use of tolerances.

With a specific application in mind, the use of a parameter choice rule is highly
recommended for appropriately selecting α and β. However, here we consider a
simple example in which we are primarily interested in demonstrating the effect of
tolerances in the solution while obtaining sparsity. For this reason we do not want to
focus on further examining parameter choice strategies. Instead, we consider that α
should not be too small in order for tolerances to be taken into account. In addition,
it makes sense that β is not larger than α.

With that being clarified, in the following we consider α = 5·10−4 and β = 4·10−5

and we further assume the tolerance value ε = 0.2. For this setting, we consider
the minimization of the elastic net functional J δα,β,ε and compare the regularized
solution to that of our Tikhonov functional J 2,2

α,δ,ε. In addition, we have computed
the solutions of the standard `1-regularization and the classical elastic net approach.
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Figure 5.14: Reconstructed solutions (left) and reconstructed data (right) for regu-
larization parameters α = 5 · 10−4 and β = 4 · 10−5.
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Figure 5.15: Comparison of the regularized solutions uδα,ε and uδα,β,ε to the true
solution u†.

The regularized solution of the `1-regularization is denoted by uδβ := arg minJ δβ (u)

and that of the classical elastic-net by uδα,β := arg minJ δα,β(u). All approximations
have been produced using the same noisy data vδ, tolerance value ε and regularization
parameters α and β. For the numerical minimization of the functionals we have used
the subgradient algorithm from [GMPK20] that was introduced in the beginning of
the chapter. All reconstructions have been obtained after 3500 iterations of the
algorithm.

In Figure 5.14 we show all the reconstructed solutions (on the left) and the corre-
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Figure 5.16: Comparison of the reconstructions uδα,β and uδα,β,ε obtained from mini-
mization of the classical elastic net and the elastic net with tolerances, respectively.
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Figure 5.17: Comparison of the reconstructions uδβ and uδα,β,ε obtained from mini-
mization of the `1-regularization functional and the elastic net with tolerances, re-
spectively.

sponding reconstructed data (on the right). For the reader’s convenience, we present
separate figures as well: Figure 5.15 shows the reconstructed solutions uδα,ε and uδα,β,ε
resulting from the minimization of our proposed functionals, namely the Tikhonov
functional J 2,2

α,δ,ε and the elastic net functional J δα,β,ε, respectively. In the plot we
see that uδα,β,ε is indeed more sparse compared to uδα,ε since the latter approximates
poorly the sparse support of u†. With this result, our goal for promoting sparsity in
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Figure 5.18: Minimization history of the functionals over 3500 iterations of the sub-
gradient algorithm.
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Figure 5.19: Relative error ‖uk − u†‖ · ‖u†‖−1 of the iterate uk over the course of
3500 iterations for the minimization of the respective functionals.

the solution via the elastic net approach is confirmed.
Furthermore, comparing our solution uδα,β,ε to uδα,β in Figure 5.16, we find that

our elastic net approach with tolerances has a more pronounced effect of sparsity than
the classical elastic net solution. Together with our comment from the comparison
of uδα,ε and uδα,β,ε, this further indicates that while tolerances alone do not lead to
sparsity, when they are combined in the elastic net approach they can further improve
the sparsity effect in the reconstruction.

On the other hand, in Figure 5.17 we compare the solution uδα,β,ε to uδβ of the
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`1-regularization and see that our approach does not offer as much localization as
uδβ does around the nonzero part of the true solution. In addition, uδβ approximates
the true solution better than uδα,β,ε for the same number of iterations of the subgra-
dient algorithm. This indicates that the solution of the `1-regularization converges
faster than uδα,β,ε. This effect can also be observed in Figure 5.18 and Figure 5.19,
where the minimization history of the functionals and the `2-norm relative error
‖uk − u†‖2/‖u†‖2 of the iterates uk are shown over 3500 iterations of the algorithm.

Additional results with tolerance value ε = 0.5. After discussing the results
obtained with tolerance ε = 0.2, we also include the comparison plots between uδα,β,ε
and uδα,ε, uδα,β , u

δ
β using the same parameter setting but a larger tolerance value

ε = 0.5. Our aim is to further explore the effect of tolerances on the computed
reconstructions. Overall, the behavior of uδα,β,ε remains the same in comparison to
uδα,β and uδα,ε. However, what can further be observed is that a higher tolerance value
corrects the localization issue (see Figure 5.22) that was pointed out in the previous
comparison between uδβ and our solution uδα,β,ε. This leads to a reconstruction that
is closer to the solution of the `1-regularization and the approximation of the nonzero
part of u† is improved since uδα,β,ε now appears to follow better the structure of the
true solution.
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Figure 5.20: Comparison of the regularized solutions uδα,ε and uδα,β,ε with ε = 0.5 to
the true solution u†.
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Figure 5.21: Comparison of the regularized solutions uδα,β and uδα,β,ε with ε = 0.5 to
the true solution u†.
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Figure 5.22: Comparison of the regularized solutions uδβ and uδα,β,ε with ε = 0.5 to
the true solution u†.

5.2.1 Verification of the convergence rate

We conclude our numerical testing for the elastic net with tolerances with the ver-
ification of the convergence rate for the minimizer uδα,β,ε := arg minJ δα,β,ε(u) that
we proved in Theorem 4.7. This can be done by visualizing the approximation error
‖uδα,β,ε − u†‖`2 in a loglog plot with respect to different noise levels δ.

We consider δ = 10i for i ∈ {−5, . . . , 0} and noisy data vδ such that ‖v − vδ‖ ≤
δ. In addition, we assume α = δ and ε =

√
δ to fulfill the assumptions of the
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Theorem 4.7 and compute uδα,β,ε for β = αη with η ∈ {1
4 ,

1
2 , 1}. Figure 5.23 shows

the approximation error for the different noise levels δ and we observe that indeed
the rate is very close to the square-root-like estimate that we have proved in our
analysis. For example, in the case β = α/2 we have ‖uδα,β,ε − u†‖`2 ≈ c̃

√
δ with

c̃ ≈ 4.3.
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Figure 5.23: Reconstruction error with respect to different noise levels δ for regular-
ization parameter α = δ and tolerance ε =

√
δ.

A last comment concerning the above convergence rates is that here we have used
the assumption ε =

√
δ, which is required in the convergence rates Theorem 4.7.

This assumption on the tolerance has been made for applying the inequality (3.5c)
that enables us to derive the error estimate for the distance between uδα,β,ε and u†

in the `2-norm. If we wish to consider a larger tolerance value (as we did in the
previous examples) the theoretical error estimate can still be obtained using the
Bregman distance instead, which leads to general error estimates. For the purpose
of illustrating our theoretical results, we have chosen to show the particular choice
ε =
√
δ for which the required inequality is then fulfilled.

Our numerical considerations in this chapter concerned the minimization of the
functionals J p,qα,δ,ε and J δα,β,ε that were proposed in Chapters 3 and 4, respectively.
The aim of this chapter was to demonstrate the influence of tolerances in the regu-
larized solutions and to discuss the quality of reconstructions compared to standard
regularization methods such as the classical elastic net and the sparsity-constrained
Tikhonov regularization. In addition, we compared the solutions obtained from each
of our two functionals and proved that the adaptation to the elastic net approach is
a viable approach for the acquisition of sparse reconstructions.
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Chapter

6
Conclusion

In this work, we investigated the regularization of ill-posed inverse problems using
tolerances. We proposed a Tikhonov-type functional with the ε-insensitive distance
as the tolerance measure in the regularization term and analyzed the well-posedness
of its minimizers. When considering the ε-insensitive measure we saw that, without
further assumptions, only weak convergence can be expected. Moreover, we proved
the rate of convergence for minimizers of the functional using the Bregman distance
and concluded that the choice α ∼ δp−1 leads to the rate O(δ).

Furthermore, intending to promote sparsity in the regularized solution, we ex-
tended our approach with tolerances to the idea of elastic net regularization. After
establishing the stability and weak convergence of minimizers, we proceeded with
the convergence rates analysis. With a general source condition and the a priori
parameter choice α ∼ δ, we were able to conclude that the minimizers converge to
the true solution with rate O(δ1/2).

After our theoretical investigation, we demonstrated the effect of tolerances in
the reconstructed solutions for both the Tikhonov- and the elastic net functionals
on a few numerical examples. Our analytical and numerical examinations show that
the assumption of tolerances in the regularization can be advantageous and leads to
good reconstructions. Particularly in the presence of higher noise in the available
data, the inclusion of tolerances can be useful because it provides more stability.
Furthermore, it leads to a stronger regularization effect but without the unwanted
effect of data underfitting. Concerning the numerical results of the elastic net with
tolerances, we have successfully illustrated that sparsity is indeed promoted in the
reconstructed solution and, therefore, such an approach can be useful in applications
that require the reconstruction of sparse structures.

Further extension of our work is possible in different directions. For instance, one
could investigate the connection between the noise level δ and the tolerance value
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6. Conclusion

ε in more detail. As we saw in the numerical examples, when tolerances are larger
than the noise level we obtain better reconstructions, which is a first indication of
the relationship between δ and ε.

It is also important to invest in the optimal tuning of the regularization param-
eters and the tolerance ε. In our numerical testing, we considered ε as if it was
given a priori, and used the discrepancy principle for selecting α. We also discussed
why the L-curve might not be the best strategy for finding optimal parameters when
the ε-insensitive loss function is used. Another idea is to choose ε simultaneously
with the regularization parameters, which would imply that ε is viewed as such, too.
This consideration would require further numerical testing and possibly the use of
different parameter choice rules. Such experiments, however, should be done with an
actual application in mind so that the tolerances have a physical meaning (instead
of being arbitrarily chosen).

Lastly, it is even possible to use a different tolerance measure instead of the ε-
insensitive measure. In that case, the new choice should belong to the same class
of functions as the ε-insensitive distance, namely, to be a convex loss function that
has some kind of an ε-insensitive area. Examples of such functions can be found
in [SS04]. The interpretation of the tolerance area and the resulting solutions will
naturally vary based on the choice of tolerance function but the theory will remain
valid.

The initial inspiration of our work originates from the use of the ε-insensitive
distance in the fidelity term of minimization functionals in the framework of support
vector regression and inverse problems. Transferring the ε-insensitive measure from
the fidelity to the regularization term of a Tikhonov functional, proves to be an
interesting approach that allows us to reconstruct solutions with a specific a priori
information about the region to which they belong to. Our theoretical analysis
proves that the proposed method leads to minimizers that satisfy all important results
required by the theory of variational regularization methods. Together with the above
discussion on possible extensions, we are confident that our work on regularization
with tolerances can be useful in applications that request such solutions.
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Appendix

A
Calculation of subdifferentials

In this appendix we include the detailed computation of the subdifferential formulas
that were used in the previous chapters. Each formula is derived by the application
of the sum, scalar multiplication and chain rules for subdifferential computation,
which are found in Lemma 2.12. For ensuring that each claim is correct, we check
that the suggested subdifferential of the convex functional f at a point u0 satisfies
the inequality

f(u) ≥ f(u0) + z(u− u0) (A.1)

for all u ∈ R and z ∈ ∂f(u0), recalling Definition 2.9.

Proposition A.1. The subdifferential of |u|ε = dε(u) = max{|u| − ε, 0} at a point
u0 ∈ R and for ε > 0 is given by

∂dε(u0) =



−1 u0 < −ε
[−1, 0] u0 = −ε
0 |u0| < ε

[0, 1] u0 = ε

1 u0 > ε

. (A.2)

Proof. Each element of the subdifferential in (A.2) must satisfy the inequality (A.1)
with f(u) = dε(u), i.e., we check that

dε(u) ≥ dε(u0) + z(u− u0). (A.3)

To confirm the validity of this inequality, we consider all possible cases for z ∈ ∂dε(u0)
as stated in (A.2) and for dε(u) we look at the cases occurring in its definition, which
are |u| > ε and |u| ≤ ε.
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1. For u0 < −ε we have z = −1 and dε(u0) = |u0|− ε. The inequality (A.3) reads

dε(u) ≥ −u0 − ε− u+ u0.

a. If u < −ε then −u− ε ≥ −u0 − ε− u+ u0, which is always true.

b. If |u| ≤ ε then 0 ≥ −u0 − ε − u + u0 implies u + ε ≥ 0, which is true
since −ε ≤ u ≤ ε.

c. If u > ε then u− ε ≥ −u0 − ε− u+ u0 implies u ≥ 0, which is true.

2. For u0 = −ε we have z ∈ [−1, 0] and dε(u0) = 0. The inequality (A.3) becomes

dε(u) ≥ z(u+ ε).

a. If u < −ε then −u− ε ≥ z(u+ ε) and we check the endpoints for z:

z = −1 : −u− ε ≥ −u− ε, which holds true.
z = 0 : −u− ε ≥ 0, which is true since u < −ε.

b. If |u| ≤ ε the inequality becomes 0 ≥ z(u+ε) and we check the endpoints
for z:

z = −1 : 0 ≥ −u− ε, which is true for |u| ≤ ε.
z = 0 : 0 ≥ 0, which is always true.

c. If u > ε then u−ε ≥ z(u+ε) and we validate that it holds for z ∈ [−1, 0]
by checking for the endpoints of the interval:

z = −1 : u− ε ≥ −u− ε implying that u ≥ 0,

z = 0 : u− ε ≥ 0,

both of which are true since u > ε.

3. For |u0| < ε we have z = 0 and dε(u0) = 0. The inequality (A.3) becomes

dε(u) ≥ 0

and is always true as dε(u) is a nonnegative function.

4. For u0 = ε we have z ∈ [0, 1] and dε(u0) = 0. The inequality (A.3) becomes

dε(u) ≥ z(u− ε).

a. If u < −ε then −u− ε ≥ z(u− ε) and we check the endpoints for z:

z = 0 : −u− ε ≥ 0,

z = 1 : −u− ε ≥ u− ε,
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both of which are true for u < −ε.
b. If |u| ≤ ε then 0 ≥ z(u− ε) and we check the endpoints for z:

z = 0 : 0 ≥ 0, which is always true.
z = 1 : 0 ≥ u− ε, which is true since |u| ≤ ε.

c. If u > ε then u− ε ≥ z(u− ε) and we check the endpoints for z:

z = 0 : u− ε ≥ 0,

z = 1 : u− ε ≥ u− ε,
both of which are true.

5. For u0 > ε we have z = 1 and dε(u0) = |u0| − ε. The inequality (A.3) becomes

dε(u) ≥ u0 − ε+ u− u0.

a. If u < −ε then −u− ε ≥ −ε+ u, which is true since u < −ε < 0.

b. If |u| ≤ ε then 0 ≥ −ε+ u which is true since |u| ≤ ε.
c. If u > ε then u− ε ≥ −ε+ u, which holds true.

We have checked all possible cases and therefore, our claim for the subdifferential
in (A.2) is correct. �

Proposition A.2. The subdifferential of |u|2ε = (dε(u))2 at a point u0 ∈ R is given
by

∂dε(u0)2 = 2dε(u0) ∂dε(u0) =


2(u0 + ε) u0 < −ε
0 |u0| ≤ ε

2(u0 − ε) u0 > ε

. (A.4)

Proof. For z ∈ ∂dε(u0)2 we confirm that the subgradient inequality

dε(u)2 ≥ dε(u0)2 + z(u− u0) (A.5)

is always fulfilled. We have the following cases:

1. For u0 < −ε we have z = 2(u0 +ε) and dε(u0) = −u0−ε. The inequality (A.5)
in that case is

dε(u)2 ≥ (−u0 − ε)2 + 2(u0 + ε)(u− u0)

a. If u < −ε then

(−u− ε)2 ≥ (−u0 − ε)2 + 2(u0 + ε)(u− u0)

u2 + ε2 + 2uε ≥ u2
0 + ε2 + 2u0ε+ 2(u0 + ε)(u− u0)

u2 + 2uε− u2
0 − 2u0ε ≥ 2u0u− 2u2

0 + 2εu− 2εu0

u2 + u2
0 − 2u0u ≥ 0

(u− u0)2 ≥ 0,
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which is always true.

b. If |u| ≤ ε then dε(u) = 0 and we have

0 ≥ (−u0 − ε)2 + 2(u0 + ε)(u− u0)

0 ≥ u2
0 + ε2 + 2u0ε+ 2(u0 + ε)(u− u0)

0 ≥ u2
0 + ε2 + 2u0ε+ 2u0u− 2u2

0 + 2uε− 2εu0

u2
0 − ε2 − 2u0u− 2uε ≥ 0

(u0 − ε)(u0 + ε)− 2u(u0 + ε) ≥ 0

(u0 − ε− 2u)(u0 + ε) ≥ 0.

Since u0 + ε < 0 the inequality is fulfilled if and only if u0 − ε− 2u ≤ 0. This
is easily confirmed by the following

u0 − 3ε ≤ u0 − ε− 2u ≤ u0 − ε < 0.

c. If u > ε

|u− ε|2 ≥ |−u0 − ε|2 + 2(u0 + ε)(u− u0)

u2 + ε2 − 2uε ≥ u2
0 + ε2 + 2u0ε+ 2(u0 + ε)(u− u0)

u2 − u2
0 − 2uε− 2u0ε ≥ 2u0u− 2u2

0 + 2εu− 2εu0

u2 + u2
0 − 2u0u− 4uε ≥ 0

(u− u0)2 ≥ 4uε.

The last inequality is always fulfilled since −ε ≤ u0 ≤ ε and u > ε.

2. For |u0| ≤ ε we have z = 0 and dε(u0) = 0. The inequality (A.5) becomes

dε(u)2 ≥ 0

and is always true as dε(u)2 is a nonnegative function.

3. For u0 > ε we have z = 2(u0 − ε), dε(u0) = u0 − ε and the inequality (A.5)
becomes

|dε(u)|2 ≥ |u0 − ε|2 + 2(u0 − ε)(u− u0).

a. If u < −ε then dε(u) = −u− ε and we have

(−u− ε)2 ≥ (u0 − ε)2 + 2(u0 − ε)(u− u0)

u2 + ε2 + 2uε ≥ u2
0 + ε2 − 2u0ε+ 2u0u− 2u2

0 − 2εu+ 2u0ε

u2 + u2
0 − 2u0u+ 4uε ≥ 0
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We examine if the last inequality holds true. Using u0 > ε we have

u2 + u2
0 − 2u0u+ 4uε > u2 + ε2 − 2εu+ 4uε

= u2 + ε2 + 2εu

= (u+ ε)2.

From u < −ε we have that u+ε < 0 and its square is always positive. Therefore,
the inequality u2 + u2

0 − 2u0u+ 4uε > (u+ ε)2 > 0 is indeed satisfied.

b. If |u| ≤ ε then dε(u) = 0 and we have

0 ≥ u2
0 + ε2 − 2u0ε+ 2u0u− 2u2

0 − 2εu+ 2εu0

0 ≥ −u2
0 + ε2 + 2(u0 − ε)u

u2
0 − ε2 − 2(u0 − ε)u ≥ 0

(u0 − ε)(u0 + ε)− 2(u0 − ε)u ≥ 0

u0 + ε− 2u ≥ 0.

The last inequality is true because u0 + ε > 2ε ≥ 2u.

c. If u > ε then dε(u) = u− ε and the inequality is

(u− ε)2 ≥ (u0 − ε)2 + 2(u0 − ε)(u− u0)

u2 + ε2 − 2uε ≥ u2
0 + ε2 − 2u0ε+ 2u0u− 2u2

0 − 2εu+ 2u0ε

u2 + u2
0 − 2u0u ≥ 0 ⇐⇒ (u− u0)2 ≥ 0

which is always true for all u, u0 > ε.

We have confirmed all cases and therefore, our claim in (A.4) is true. �

In the case of u : Rn → Rm, we have the following subdifferentials.

Proposition A.3 (Subdifferential of R1,ε(u)). The subdifferential of the functional
R1,ε(u) = ‖u‖1,ε is given by

∂R1,ε(u) =

m∑
i

∂ |dε(ui)|

with ∂ |dε(ui)| computed via (A.2).

Proof. The sum rule for the calculation of subdifferentials in Lemma 2.12 can be
generalized for computing the subdifferential of the sum of more than two functionals,
which gives

∂R1,ε(u) = ∂
m∑
i

|dε(ui)| =
m∑
i

∂ |dε(ui)|

with the subdifferential ∂dε(ui) defined by (A.2). �
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Proposition A.4 (Subdifferential of R2,ε(u)). The subdifferential of the functional
R2,ε(u) = ‖u‖22,ε is given by

∂R2,ε(u) =

m∑
i

∂ |dε(ui)|2

with ∂(dε(ui))
2 computed via (A.4).

Proof. The result follows from the generalized sum rule for subdifferential computa-
tion

∂R2,ε(u) = ∂‖u‖22,ε = ∂
m∑
i

|dε(ui)|2 =
m∑
i

∂ |dε(ui)|2

with the subdifferential ∂(dε(ui))
2 given by (A.4). �

82



Bibliography

[AR09] S. Anzengruber and R. Ramlau. Morozov’s discrepancy principle for
Tikhonov-type functionals with nonlinear operators. Inverse Problems,
26:025001, Dec 2009.

[BB20] M. Bertero and P. Boccacci. Introduction to inverse problems in imag-
ing. CRC press, 2020.

[BKM02] M. Belge, M. E. Kilmer, and E. L. Miller. Efficient determination of
multiple regularization parameters in a generalized L-curve framework.
Inverse Problems, 18(4):1161–1183, Jul 2002.

[BKM+08] T. Bonesky, K. Kazimierski, P. Maass, F. Schöpfer, and T. Schuster.
Minimization of Tikhonov functionals in Banach spaces. Abstract and
Applied Analysis, 2008, Jan 2008.

[BL08a] K. Bredies and D. A. Lorenz. Iterated hard shrinkage for minimiza-
tion problems with sparsity constraints. SIAM Journal on Scientific
Computing, 30(2):657–683, 2008.

[BL08b] K. Bredies and D. A. Lorenz. Linear convergence of iterative soft-
thresholding. Journal of Fourier Analysis and Applications, 14(5):813–
837, 2008.

[BLM09] K. Bredies, D. A. Lorenz, and P. Maass. A generalized conditional
gradient method and its connection to an iterative shrinkage method.
Computational Optimization and Applications, 42(2):173–193, 2009.

[Bon08] T. Bonesky. Morozov’s discrepancy principle and Tikhonov-type func-
tionals. Inverse Problems, 25(1):015015, Dec 2008.

83



Bibliography

[Bre67] L. M. Bregman. The relaxation method of finding the common point
of convex sets and its application to the solution of problems in convex
programming. USSR Computational Mathematics and Mathematical
Physics, 7(3):200–217, 1967.

[BRH07] M. Burger, E. Resmerita, and L. He. Error estimation for Bregman
iterations and inverse scale space methods in image restoration. Com-
puting, 81:109–135, Nov 2007.

[BT09] A. Beck and M. Teboulle. A fast iterative shrinkage-thresholding al-
gorithm for linear inverse problems. SIAM J. Img. Sci., 2(1):183–202,
Mar 2009.

[BTAM13] A. Bartels, D. Trede, F. Alexandrov, and P. Maass. Hybrid regulariza-
tion and sparse reconstruction of imaging mass spectrometry data. In
10th International Conference on Sampling Theory and Applications
(SampTA’13), 01.07.-05.07.2013, Bremen, Germany, pages 189–192,
2013.

[Bur98] C. J. C. Burges. A tutorial on support vector machines for pattern
recognition. Data Min. Knowl. Discov., 2(2):121–167, June 1998.

[Cla13] F. Clarke. Functional Analysis, Calculus of Variations and Optimal
Control, volume 264. Springer, London, Jan 2013.

[CNQ00] X. Chen, Z. Nashed, and L. Qi. Smoothing methods and semismooth
methods for nondifferentiable operator equations. SIAM Journal on
Numerical Analysis, 38(4):1200–1216, 2000.

[CNXY19] Z. Chen, J. Nagy, Y. Xi, and B. Yu. Structured FISTA for image
restoration, 2019.

[CV95] C. Cortes and V. N. Vapnik. Support vector networks. In Machine
Learning, pages 273–297, 1995.

[DDDM04] I. Daubechies, M. Defrise, and C. De Mol. An iterative threshold-
ing algorithm for linear inverse problems with a sparsity constraint.
Communications on Pure and Applied Mathematics, 57(11):1413–1457,
2004.

[DMDVR09] C. De Mol, E. De Vito, and L. Rosasco. Elastic-net regularization in
learning theory. Journal of Complexity, 25:201–230, Apr 2009.

[EHN96] H. W. Engl, M. Hanke, and A. Neubauer. Regularization of inverse
problems. Springer Netherlands, Jan 1996.

84



Bibliography

[EKN89] H. W. Engl, K. Kunisch, and A. Neubauer. Convergence rates for
Tikhonov regularisation of non-linear ill-posed problems. Inverse Prob-
lems, 5(4):523–540, Aug 1989.

[ET99] I. Ekeland and R. Témam. Convex Analysis and Variational Problems.
Society for Industrial and Applied Mathematics, 1999.

[GHS08] M. Grasmair, M. Haltmeier, and O. Scherzer. Sparse regularization
with lq penalty term. Inverse Problems, 24(5):055020, 2008.

[GKL+12] M. Gehre, T. Kluth, A. Lipponen, B. Jin, A. Seppänen, J. P. Kai-
pio, and P. Maass. Sparsity reconstruction in electrical impedance
tomography: an experimental evaluation. Journal of Computational
and Applied Mathematics, 236(8):2126–2136, 2012.

[GL08] R. Griesse and D. A. Lorenz. A semismooth Newton method for
Tikhonov functionals with sparsity constraints. Inverse Problems,
24:035007, Apr 2008.

[GMPK20] P. Gralla, P. Maass, and I. Piotrowska-Kurczewski. Tikhonov function-
als with ε-insensitive discrepancy measures. Unpublished, 2020.

[GPKM18] P. Gralla, I. Piotrowska-Kurczewski, and P. Maass. Tikhonov function-
als incorporating tolerances. PAMM, 17(1):703–704, 2018.

[GPR+18] P. Gralla, I. Piotrowska, D. Rippel, M. Lütjen, and P. Maass. Inverting
prediction models in micro production for process design. In 5th Inter-
national Conference On New Forming Technology, 18.09.-21.09.2018,
Bremen, Deutschland, volume 190, 2018.

[Had32] J. Hadamard. Lectures on the Cauchy Problem in Linear Partial Dif-
ferential Equations. Yale University Press, New Haven, 1932.

[Han91] M. Hanke. Accelerated Landweber iterations for the solution of ill-
posed equations. Numerische Mathematik, 60:341–373, 1991.

[Han00] P. C. Hansen. The L-curve and its use in the numerical treatment of
inverse problems. In in Computational Inverse Problems in Electrocar-
diology, ed. P. Johnston, Advances in Computational Bioengineering,
pages 119–142. WIT Press, 2000.

[HKPS07] B. Hofmann, B. Kaltenbacher, C. Pöschl, and O. Scherzer. A conver-
gence rates result for Tikhonov regularization in Banach spaces with
non-smooth operators. Inverse Problems, 23:987, Apr 2007.

[HKR18] P. Hungerländer, B. Kaltenbacher, and F. Rendl. Regularization of
inverse problems via box constrained minimization, 2018.

85



Bibliography

[HTF09] T. Hastie, R. Tibshirani, and J. Friedman. The elements of statistical
learning: data mining, inference and prediction. Springer, 2 edition,
2009.

[IJZ11] K. Ito, B. Jin, and J. Zou. A new choice rule for regularization param-
eters in Tikhonov regularization. Applicable Analysis, 90:1521–1544,
Oct 2011.

[JL10] B. Jin and D. A. Lorenz. Heuristic parameter-choice rules for convex
variational regularization based on error estimates. SIAM Journal on
Numerical Analysis, 48(3):1208–1229, Jan 2010.

[JLS09] B. Jin, D. A. Lorenz, and S. Schiffler. Elastic-net regularization: error
estimates and active set methods. Inverse Problems, 25(11):115022,
2009.

[JM12] B. Jin and P. Maass. Sparsity regularization for parameter identifica-
tion problems. Inverse Problems, 28(12):123001, 2012.

[Kir96] A. Kirsch. An Introduction to the Mathematical Theory of Inverse
Problems. Springer-Verlag, Berlin, Heidelberg, 1996.

[KNS08] B. Kaltenbacher, A. Neubauer, and O. Scherzer. Iterative regularization
methods for nonlinear ill-posed problems, volume 6. Walter de Gruyter,
2008.

[Kre10] J. Krebs. Lösungsmethoden und Fehlerabschätzungen für semi-diskrete
inverse Probleme. PhD thesis, Universität des Saarlandes, 2010.

[Kre11] J. Krebs. Support vector regression for the solution of linear integral
equations. Inverse Problems, 27(6):065007, 2011.

[Lan51] L. Landweber. An iteration formula for Fredholm integral equations of
the first kind. American Journal of Mathematics, 73(3):615–624, 1951.

[LKK13] A. Lechleiter, K. S. Kazimierski, and Karamehmedović, M. Tikhonov
regularization in Lp applied to inverse medium scattering. Inverse
Problems, 29(7):075003, Jun 2013.

[LLS18] J. Liang, T. Luo, and C.-B. Schönlieb. Improving “Fast Iterative
Shrinkage-Thresholding Algorithm”: Faster, Smarter and Greedier,
2018.

[Lor08] D. A. Lorenz. Convergence rates and source conditions for Tikhonov
regularization with sparsity constraints. Journal of Inverse and Ill-
posed Problems, 16(5), Jan 2008.

86



Bibliography

[LW20] D. Liang and H. Weimin. α`1−β`2 sparsity regularization for nonlinear
ill-posed problems, 2020.

[Mal99] S. Mallat. A wavelet tour of signal processing. Elsevier, 1999.

[Mor66] V. A. Morozov. On the solution of functional equations by the method
of regularization. Doklady Mathematics, 7(3):414 –417, 1966.

[OB20] D. Otero Baguer. Neural Networks for solving Inverse Problems : Ap-
plications in Materials Science and Medical Imaging. PhD thesis, Uni-
versity of Bremen, Bremen, 2020. 1 Online-Ressource (129 Seiten) :
Illustrationen.

[OBPM18] D. Otero Baguer, I. Piotrowska, and P. Maass. Inverse problems in
designing new structural materials. In 7th International Conference
on High Performance Scientific Computing, 19.03-23.03.2018, Hanoi,
Vietnam, 2018.

[PKS20] I. Piotrowska-Kurczewski and G. Sfakianaki. Tikhonov functionals
with a tolerance measure introduced in the regularization, 2020.

[Ram02] R. Ramlau. Morozov’s discrepancy principle for Tikhonov regulariza-
tion of nonlinear operators. Numerical Functional Analysis and Opti-
mization, 23(1–2):147–172, 2002.

[RT06] R. Ramlau and G. Teschke. A projection iteration for nonlinear op-
erator equations with sparsity constraints. Numerische Mathematik,
104:177 – 203, 2006.

[SBV95] B. Schölkopf, C. Burges, and V. N. Vapnik. Extracting support data for
a given task. In Proceedings, First International Conference on Knowl-
edge Discovery & Data Mining, Menlo Park, pages 252–257. AAAI
Press, 1995.

[Sch10] S. Schiffler. The elastic net: Stability for sparsity methods. PhD thesis,
Universität Bremen, 2010.

[SGG+09] O. Scherzer, M. Grasmair, H. Grossauer, M. Haltmeier, and F. Lenzen.
Variational Methods in Imaging, volume 167. Springer, New York, NY,
1 edition, Jan 2009.

[SHK12] T. Schuster, B. Hofmann, and B. Kaltenbacher. Tackling inverse prob-
lems in a Banach space environment: from theory to applications. In-
verse Problems, 28(10):100201, Oct 2012.

[SHSW00] B. Schölkopf, R. Herbrich, A. J. Smola, and R. Williamson. A gener-
alized representer theorem, 2000.

87



Bibliography

[SKHK12] T. Schuster, B. Kaltenbacher, B. Hofmann, and K. S. Kazimierski. Reg-
ularization Methods in Banach Spaces. Radon Series on Computational
and Applied Mathematics. De Gruyter, 2012.

[SS02] B. Schölkopf and A. J. Smola. Learning with kernels. MIT Press,
Cambridge, MA, 2002.

[SS04] A. J. Smola and B. Schölkopf. A tutorial on support vector regression.
Statistics and computing, 14(3):199–222, 2004.

[TA77] A. N. Tikhonov and V. I. A. Arsenin. Solutions of ill-posed problems.
Scripta series in mathematics. Winston, 1977.

[Tik63] A. N. Tikhonov. Solution of incorrectly formulated problems and the
regularization method. Soviet Math. Dokl., 4:1035–1038, 1963.

[TLY98] A. N. Tikhonov, A. S. Leonov, and A. G. Yagola. Nonlinear ill-posed
problems. Number Bd. 1 in Applied mathematics and mathematical
computation. Chapman & Hall, 1998.

[Ulb02] M. Ulbrich. Semismooth Newton methods for operator equations in
function spaces. SIAM J. on Optimization, 13(3):805–842, August
2002.

[Vap95] V. N. Vapnik. The Nature Of Statistical Learning Theory. Springer-
Verlag New York, 1995.

[Woj96] P. Wojtaszczyk. Banach Spaces for Analysts. Cambridge Studies in
Advanced Mathematics. Cambridge University Press, 1996.

[Zei85] E. Zeidler. Nonlinear Functional Analysis and its Applications: III:
Variational Methods and Optimization. Springer New York, 1985.

[ZH05] H. Zou and T. Hastie. Regularization and variable selection via the
elastic net. Journal of the Royal Statistical Society Series B (vol B 67,
pg 301, 2005), 67:768–768, Feb 2005.

88


	Contents
	List of Figures
	Introduction
	Motivation
	Our work

	Preliminaries
	Notation and function properties
	Inverse problems and Tikhonov regularization
	Tikhonov regularization with sparsity constraints
	Minimization of Tikhonov functionals
	Elastic net regularization
	Tolerances: from SVR to inverse problems

	Tikhonov regularization with tolerances
	Tolerance function
	Regularization term with tolerances
	Tikhonov functional with tolerances in the penalty
	Well-posedness
	Convergence rates

	Elastic net approach for tolerances and sparsity
	Well-posedness of minimizers
	Convergence rates

	Numerical consideration
	Minimization of the Tikhonov functional with tolerances in the regularization
	Sparse solutions via the elastic net approach with tolerances

	Conclusion
	Calculation of subdifferentials
	Bibliography

