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A B S T R A C T

A formulation of cosmology based exclusively on observations requires a formalism
based on lightcones accounting for causality. The past lightcone of a point in spacetime is
the unique and natural geometric structure closely linked to cosmological observations.
In this thesis, the themes of a lightcone formulation of cosmology and the search for
a definition of gravitational energy meet in the question of defining an energy for the
observable Universe and exploring its applications in a cosmological context.

This work studies the properties of Hawking’s quasi-local energy on the lightcone
of a cosmological observer. By slicing the past lightcone into a one-parameter family
of spacelike two-surfaces, the evolution of the Hawking energy down the lightcone is
studied. In the weak gravitational lensing regime, positivity and monotonicity results
for the Hawking energy can be established. In contrast in the strong lensing regime,
where lightcone self-intersections and caustics are present, the Hawking energy and its
variation along the null generators of the lightcone remain well-defined in the presence
of swallow-tail type singularities, however, monotonicity now depends on the detailed
balance of in- and outgoing contributions.

In a second part, explicit cosmological applications of the Hawking energy associated
with a lightcone, both in an inhomogenous as well as a Friedmann-Lemaître-Robertson-
Walker (FLRW) setting, are studied. In the inhomogeneous context, it is shown that
amongst all two-dimensional non-trapped spheres of equal area and average matter
density, a matter distribution without null shear maximizes the Hawking energy for
sufficiently high densities. Moreover, the Hawking energy can be used to construct
a Robertson–Walker reference slice for every lightcone slice based on its area and
energy. In the FLRW context, the Hawking energy is computed explicitly for spatially
flat models and its monotonicity is studied. In general FLRW spacetimes, bounds on the
cosmic fluid’s density and equation-of-state parameter can be derived by exploiting
monotonicity of the energy.
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Z U S A M M E N FA S S U N G

Eine strikt auf Beobachtungen basierende Formulierung der Kosmologie basiert auf
Lichtkegeln, die die kausale Struktur der Raumzeit respektieren. Der Rückwärtslichtke-
gel eines gegebenen Raumzeitpunktes ist die eindeutige und natürliche geometrische
Struktur, die direkt mit kosmologischen Beobachtungen verbunden ist. In dieser Ar-
beit wird das Konzept einer Lichtkegelformulierung der Kosmologie mit der Suche
nach einer Energiedefinition für das Gravitationsfeld in der Frage nach der Energie
des beobachtbaren Universums und seiner Anwendungen im kosmologischen Kontext
zusammengeführt.

Diese Arbeit untersucht die Eigenschaften der Hawking’schen quasilokalen Energie
auf dem Rückwärtslichtkegel eines kosmologischen Beobachters. Durch die Zerteilung
des Lichtkegels in eine einparametrige Familie von Lichtkegelschnitten kann die Ent-
wicklung der Hawkingenergie entlang des Lichtkegels untersucht werden. Im Regime
schwacher Gravitation können Positivitäts- und Monotonieergebnisse etabliert werden.
Hingegen führen starke Gravitationslinseneffekte dazu, dass sich der Lichtkegel selbst
schneidet und Kaustiken präsent sind. In diesem Fall bleiben die Hawkingenergie
und ihre Variation entlang der Nullgeneratoren des Lichtkegels in der Gegenwart von
Schwalbenschwanz-Singularitäten zwar wohldefiniert, allerdings hängt das Monotonie-
verhalten von den Details der ein- und ausgehenden Beiträge ab.

In einem zweiten Teil werden explizite kosmologische Anwendungen der Hawkin-
genergie, sowohl in einem inhomogenen, als auch einem FLRW Kontext präsentiert. Im
inhomogenen Kontext wird gezeigt, dass für alle zweidimensionalen, nicht gefangenen
Sphären mit gegebener Oberfläche und Durchschnittsdichte eine Materieverteilung
ohne Nullscherung bei hinreichend hohen Dichten die Hawkingenergie maximiert. Des
Weiteren kann die Hawkingenergie genutzt werden, um für jeden Lichtkegelschnitt ein
Robertson-Walker Referenzschnitt gleicher Energie und Oberfläche zu konstruieren. Im
FLRW Kontext wird die Energie konkret für räumlich flache FLRW Raumzeiten berechnet
und anhand der Monotonie Schranken für die Dichte und die Zustandsgleichung des
kosmischen Fluids abgeleitet.
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I N T R O D U C T I O N





1
I N T R O D U C T I O N

Cosmology aims to describe the Universe and its evolution as a whole, with gravitation
being the dominant force on cosmological scales. So far, Einstein’s theory of general
relativity is the best theory of gravity, passing all observational tests with flying
colours. A particularly challenging peculiarity of cosmology, in contrast to all other
subdisciplines of physics, is that observations cannot be repeated or reproduced,
essentially due to the lack of an external observer outside the laboratory. Instead, the
cosmological observer himself is part of the laboratory set-up and in particular has
no control over the experimental parameters. It is worth pointing out that depsite the
tremendous success of general relativity, it has been tested mainly on solar system
scales. In order to investigate if its extrapolation to cosmological scales is justified, or
instead needs to be modified on the largest scales, it is of great importance to gain a
precise and robust understanding of cosmological observations.

Due to the increasing precision of measurements of cosmological observables,
it becomes necessary to treat and interpret cosmological data within a relativistic
framework accounting for the finite propagation speed of light. This requires a for-
mulation on the past lightcone of the cosmic observer recording the data, constituing
the first underlying theme of this thesis. But also from a conceptual point of view, a
lightcone formulation becomes mandatory, if a cosmological model exclusively based
on observations and the Einstein field equations without any further assumptions,
such as the Copernican principle, is to be found. Therefore, a good understanding of
the past lightcone as the unique geometric structure directly linked to cosmological
observations and representing the local causal structure is essential. In contrast to
3+1-formulations requiring a particular choice of a spacelike hypersurface to start
with, the lightcone can be uniquely constructed for any given point in spacetime
without any further specifications. The presence of hierarchical structures in the
Universe in the form of stars, star clusters, galaxies, galaxy clusters, superclusters
and filaments on the largest scales affects the propagation of light and thereby cosmo-
logical observations. Depending on the strength of these effects, light rays emitted
from a source are deflected, ultimately leading to intersections with neighbouring
light rays. The presence or absence of such intersections gives rise to two different
regimes, commonly referred to as weak lensing and strong lensing regimes, where
multiple imaging is possible in the latter. Therefore, a lightcone can be deformed or
intersect itself resulting in caustic points which play an important role in gravitational
lensing observations. Despite the observed hierarchical pattern of inhomogeneities,
the Universe is remarkably well described by a homogeneous model on the largest
scales. A major question in inhomogeneous cosmology is how to fit a homogeneous
cosmological model to an inhomogeneous Universe. One idea is to define an aver-
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4 introduction

aging procedure smoothing out small scale inhomogeneities in order to arrive at
homogeneity on large scales.

A second topic underlying this thesis is the question of gravitational energy within
general relativity. According to the weak equivalence principle, any local energy-
momentum distribution of the gravitational field can be made zero at a given point,
which can be avoided by adopting a non-local description. There are well-established
global definitions for the total energy of an asymptotically flat spacetime such as the
ADM or Bondi-Sachs energy. The realm of non-local but finitely-sized definitions is
covered by a variety of quasi-local proposals with the Hawking energy being one
candidate. Despite the lack of agreement on a general definition, it might well be that
a good working definition of gravitational energy in a restricted setting can be found.
For example, in the cosmological context mentioned above, it is of some interest to
find a notion of energy for the observable Universe, not only for an observer located
in an asymptotically flat region, but for an observer located in the bulk, let alone in
the case in which the considered spacetime is not asymptotically flat.

This work aims at finding such a definition for the observable Universe, quantifying
the combined energy of matter and gravitational waves, by studying the properties of
the Hawking energy associated with the past lightcone of a cosmological observer.
Because Hawking’s definition measures energy in terms of the amount of light
bending on a spacelike surface, it appears to be an ideal candidate to quantify the
energy of the observable Universe when related to the light bending of the lightcone
generators. Once a satisfying energy definition on the past lightcone is found, it
might serve as a tool for constructing a reference lightcone, offering the option to
address the fitting problem of inhomogeneous cosmology and related questions in a
geometric way.

The logical outline of this thesis is as follows. After a brief introduction of the
difficulties of defining gravitational energy, the most common global energy defini-
tions are reviewed, before the Hawking energy and its properties are discussed in
detail in chapter 2. In chapter 3 the cosmological standard model, a perturbed FLRW

spacetime commonly referred to as ΛCDM, is summarized. Starting from its geomet-
rical foundations and a subsequent intermezzo sketching the history of the Universe
within the standard model of cosmology, the underlying symmetry assumptions
together with a discussion to what extent they are founded on observations follow. As
a representative for some (potential) tensions between ΛCDM and observations, the
so-called Hubble tension is explained. The effects of inhomogeneities and the major
questions of inhomogeneous cosmology, namely the fitting, the averaging, and the
backreaction questions, of which the fitting problem is of particular interest for this
thesis, are introduced at the end of this chapter. Chapter 4 is essential, as it introduces
the geometrical set-up and the concepts needed to state the results later on. It collects
and combines results on lightcones in a cosmological context which are otherwise
scattered throughout the literature. Starting with a discussion of the properties of gen-
eral null geodesic congruences, the findings are specialised to lightcones as the central
geometric object in this work. Next, the effects of gravitational lensing, both weak
and strong, are presented with great care, especially the lightcone self-intersections in
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the strong lensing regime. The notions of conjugate points as well as of cut points
are introduced in order to have a mathematically rigorous definition for what it
means when locally or globally different lightcone generators intersect. Eventually,
the classification of stable caustics in lightcone sections is reviewed. After completing
this overview of the lightcone geometry in a general and inhomogeneous spacetime,
the attention is turned to what extent cosmological observations on the lightcone
determine spacetime geometry. This question is answered by the Ideal Observational
Cosmology program by Ellis and others. The necessary observables to determine the
geometry on the past lightcone, and under which conditions the observable Universe
can be reconstructed, are explained. Chapter 5 investigates the Hawking energy as an
energy measure for the observable Universe by studying properties and evolution
of the Hawking energy on the past lightcone of a cosmological observer, with a
special focus on positivity and monotonicity, both in the weak and strong lensing
regime. In the strong lensing regime, the study is restricted to particular configur-
ations corresponding to isolated strong lensing events. Explicit applications of the
Hawking energy on lightcones both in a homogeneous as well as inhomogeneous
context are provided in chapter 6. It can be used to compare lightcone sections in the
inhomogeneous context, whereas for FLRW spacetimes, it yields bounds on the cosmic
fluid parameters. After a discussion of the results in chapter 7, the findings of this
work are summarised in chapter 8, together with an outlook concluding this thesis.

Parts of this work have already been published in the following two papers:

D. Stock (2020). The Hawking Energy on the Past Lightcone in Cosmology. In:
Classical and Quantum Gravity 37.21, 215005

D. Stock (2021). Applications of the Hawking energy on lightcones in cosmology. In:
Classical and Quantum Gravity 38.7, 075019

http://dx.doi.org/10.1088/1361-6382/aba182
http://dx.doi.org/10.1088/1361-6382/abe882
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1.1 general conventions

The signature convention of the spacetime metric gab is taken to be (−+++) and
throughout the thesis units are adopted in which c = G = 1. The EFEs can then be
written as

Rab −
1
2

Rgab = 8πTab , (1.1)

where Rab denotes the Ricci tensor, R the Ricci scalar, and Tab the energy-momentum
tensor.

Recall that Tab obeys the weak energy condition (WEC) if

Tabtatb ≥ 0 (1.2)

for all timelike ta, that is to say, the energy density measured by any observer is non-
negative. By continuity, (1.2) also holds for null vectors. Despite this being sufficient
for most discussions in this thesis, we nevertheless demand the (stronger) dominant
energy condition (DEC) to hold for consistency, unless stated otherwise, since it is
needed in a few contexts. The DEC requires that −Tb

a ta is a future directed causal
vector for any future directed timelike vector ta. Furthermore, the DEC implies the
WEC, see for instance [3].

Additionally, and unless stated otherwise, we assume that we are operating in
globally hyperbolic domains, i.e. within domains of dependence of a (partial) Cauchy
surface in which the spacetime is uniquely determined by the EFEs, see for instance
[3] for details.



2
E N E R G Y O F T H E G R AV I TAT I O N A L F I E L D

The energy of matter fields is encoded in the energy-momentum tensor Tab, which in
general relativity is related to the matter action Sm via

Tab =
2√
g

δSm

δgab . (2.1)

Due to the properties of the EFEs, this tensor must be symmetric and divergence-free.
The energy-momentum tensor is a local1 quantity which can be written down at a
single point. In contrast, the definition of an energy for the gravitational field turns out
to be more sophisticated. Due to the weak equivalence principle2, any gravitational
field can be transformed away locally by applying a diffeomorphism to end up in a
freely-falling reference frame. Therefore, the energy-momentum distribution of the
gravitational field corresponding to (2.1) is locally vanishing. Giving up generality
and restricting to special cases by introducing a background metric, the definition via
a tensorial quantity is indeed possible, see [4] for examples.

One possible way out is to sacrifice the tensorial character and instead use pseudo-
tensors, see [4] and references therein for more details. After all, not every physically
and geometrically meaningful quantity is a tensor, one example is the Christoffel
symbol. A prominent representative for a pseudo-tensorial construction was proposed
by Landau and Lifshitz [5] and reads

tab
LL := − 1

8π
Gab − 1

16πg
∂c∂d

[
−g(gabgcd − gacgbd)

]
, (2.2)

with metric determinant g. This is the unique symmetric metric-based pseudo-tensor
quadratic in first derivatives of the metric, and thus vanishing in a local inertial frame
[6]. Note that due to the non-tensorial transformation behaviour of pseudo-tensors,
any notion of energy based on pseudo-tensors is frame-dependent. In contrast to a
tensor, vanishing in all frames at a given point if it is zero in one frame, a pseudo-
tensor may take different values in different frames at the same point, and in particular
may be zero in one but non-zero in a different frame. In this sense, it is meaningless
to try to localise gravitational energy based on pseudo-tensors since it is impossible
to determine if gravitational energy is present or absent at a point. This property is
often referred to as non-localisability3 of gravitational energy.

1 Here, local refers to being pointwise in spacetime. A quantity is said to be local if it can be written down
in terms of quantities at a single point in spacetime.

2 Weak Equivalence Principle: Locally, the motion of a test body in a gravitational field is indistinguishable
from an accelerated motion in Minkowski space.

3 Note that localisability is different to the notion of locality mentioned above, essentially meaning that a
quantity can be written down pointwise.

7



8 energy of the gravitational field

Following up on the non-localisability of gravitational energy, another strategy
is to give up locality altogether by constructing a non-local measure of energy,
for instance by integrating over a spacetime domain. Conceptually, this seems a
reasonable assumption, since any realistic measurement is necessarily performed
over a finite time and space interval. Two regimes may be distinguished: a quasi-local
regime in which an energy is assigned to a extended but finitely-sized domain, and
a global regime in which energy is assigned to a whole spacetime. Ultimately, both
regimes should be connected, such that a global, respectively asymptotic, definition
is recovered as limit of an appropriate quasi-local expression. Before discussing a few
quasi-local definitions, we briefly comment on some important global definitions for
which powerful results were established and refer the reader to Szabados’ review
article [4] for a more exhaustive account on global and quasi-local energy definitions.

2.1 global energy definitions

Energy notions were established especially within the class of asymptotically flat
spacetimes4. This condition may be thought of as guaranteeing that all matter is
concentrated in the bulk of the spacetime rather than extending indefinitely in all
directions, which certainly is a plausible assumption, if one aims at finding a finitely
valued, global energy definition. For an asymptotically flat spacetime, conformal
infinity decomposes into five disjoint components: future and past timelike infinity
i±, future and past null infinity I ±, and spatial infinity i0; asymptotic energies for
the whole spacetime were defined in the latter two cases.

2.1.1 ADM energy

In the case of spatial infinity i0, the ADM energy [7, 8] is traditionally defined within
the Hamiltonian formulation of General Relativity, see e.g. [9, 10] for an introduction.
Given a 3+1-decomposition, choose initial data (Σ, hab, Kab), that is, a spacelike Cauchy
surface Σ equipped with a 3-metric hab and the extrinsic curvature tensor Kab of Σ
in M. In order to have a well-posed Hamiltonian problem in an asymptotically flat
spacetime, which in particular means that the variation of the Hamiltonian should not
contain boundary integrals at i0 (see e.g. [3, 11] for a detailed discussion), a surface
integral at i0 needs to be added to the Hamiltonian. This surface integral is termed
ADM-energy. The concept of asymptotic flatness for initial data alone, without a
priori knowledge of the whole spacetime, gives rise to the notion of asymptotically
flat ends. Formally, Σ is called an asymptotically flat end [12], if (i) Σ is diffeomorphic
to R3 minus a closed ball centered on the origin, and (ii) if the coordinates

{
xi} on Σ,

defined as the pullback of the standard R3 coordinates, then hij = δij +O(1/r) and

4 An asymptotically flat spacetime “looks” like Minkowski space “at infinity”. Since the precise definition
is not relevant for what follows here, we refer the reader to [3] for a rigorous mathematical definition
for when a spacetime is called asymptotically flat at null and spatial infinity.
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Kij = O(1/r2), with r :=
√

xixi. Then, the ADM energy of an asymptotically flat end
Σ is given by

EADM :=
1

16π
lim
r→∞

∫
Sr

(
∂jhij − ∂ihjj

)
ni dA , (2.3)

where ni is the outward unit normal of the spacelike two-sphere Sr of radius r and
summation over identical indices is implied. If a spacelike hypersurface has multiple
asymptotically flat ends5, then an ADM energy can be assigned to each of them.
Schoen and Yau proved positivity of the ADM energy for initial data sets with
asymptotically flat ends [13–15], confirmed by Witten using a different method [16].
Later extensions for initial data regular only outside an apparent horizon, Einstein-
Maxwell theory, and asymptotically AdS spacetimes were given in [17].

Closely related to the question of positivity is the Penrose inequality [18], conjectur-
ing that the ADM energy satisfies the following inequality:

EADM ≥
√

A∗
16π

, (2.4)

where A∗ is the area of the outermost marginally outer-trapped surface6. For a more
recent review on this still unproven conjecture see [19]. Nevertheless, the Riemannian
version of the Penrose conjecture, i.e. for a time-symmetric slice Σ (Kab = 0), was
proven by Huisken and Ilmanen [20], and later independently by Bray [21].

2.1.2 Bondi-Sachs energy

A measure for the total energy at (future) null infinity I + for an asymptotically flat
spacetime is given by the Bondi-Sachs energy [22–24]. In a first step, Bondi coordinates
(u, r, xA) adapted to the asymptotic analysis at I + are defined. u is a retarded time
coordinate, and hypersurfaces of constant u are null. The generators of these null
hypersurfaces are labelled by two angular coordinates xA (A=2,3), which are constant
along each generator. r is an area distance coordinate along the null generators. The
metric in these coordinates reads:

ds2 = −V
r

e2βdu2 − 2e2βdudr + r2hAB(dxA −UAdu)(dxB −UBdu) , (2.5)

with free functions V, β, hAB, UA whose evolution is determined and constrained by
the EFEs. Since we are interested in an asymptotically flat spacetime, (2.5) should
approach the Minkowski metric for r → ∞, hence the free functions must obey the
following limits:

lim
r→∞

β = 0 = lim
r→∞

UA , lim
r→∞

V
r
= 1 , lim

r→∞
hAB = dΩAB , (2.6)

5 For example, any complete Cauchy surface in the Kruskal extension of the Schwarzschild spacetime has
two asymptotically flat ends, and EADM = m for each of them, where m is the mass parameter of the
Schwarzschild solution.

6 A spacelike surface S is called marginally outer-trapped, if its outgoing null congruence has vanishing
expansion parameter θ+ = 0 everywhere on S.
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with dΩ the round metric on the unit two-sphere. In fact, the asymptotic behaviour
of V for constant u and xA in the limit r → ∞ turns out to be V = r− 2M(u, xA) +

O(1/r). Then, the Bondi-Sachs energy for a slice u = u0 is given in terms of the
coefficient M by

EBS(u0) :=
1

4π

∫
M(u0, θ, φ) sin θ dθ dφ . (2.7)

It was shown [23] that the change of the Bondi-Sachs energy with time is non-positive,

∂

∂u
EBS(u) < 0 , (2.8)

and therefore the Bondi-Sachs energy of an isolated gravitational object decreases
to the future at a rate given by the so-called Bondi news function. Positivity of the
Bondi-Sachs energy was subsequently shown by [25–27], and [28] established that a
gravitationally isolated system can never radiate away more energy than given by its
ADM-energy.

2.1.3 Komar energy

In stationary spacetimes, the existence of a timelike Killing vector field ta gives rise to
the Komar energy or mass [29]. Recalling the set-up in the ADM-discussion in section
2.1.1, the Komar energy of an asymptotically flat end in a stationary spacetime is
defined by

EKomar = −
1

8π
lim
r→∞

∫
Sr

?dt , (2.9)

with ? denoting the Hodge dual and dt the exterior derivative of the one-form ta

associated with the timelike Killing vector ta. Taking Schwarzschild as an example,
the Komar energy equals the mass parameter m of the Schwarzschild spacetime.

2.1.4 Relations between ADM, Bondi-Sachs, and Komar energy

One would expect a relation between ADM and Bondi-Sachs energy, which can indeed
be established under some additional assumptions. Consider an asymptotically flat
spacetime with Bondi-Sachs energy EBS(u0) at some retarded time u0 and ADM-
energy EADM at i0. In [30] it was shown that if the integrated energy flux, given by the
Bondi news function, in the past of u0 up to i0 is finite, then the Bondi-Sachs energy
at u0 is precisely the ADM energy minus the energy flux integrated over the past of
u0, interpreted as the energy loss due to outgoing gravitational waves.

Furthermore, in stationary spacetimes, the Komar energy equals the ADM energy
of an asymptotically flat end Σ, if Σ is orthogonal to the timelike Killing vector field
at i0 [31].
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2.2 quasi-local energy definitions

Quasi-local proposals assign an energy to a non-local but finitely-sized domain. In
this section, we discuss the Hawking energy as the main concept of this thesis in
detail, before briefly commenting on other quasi-local proposals. Again, the reader is
referred to [4] for an in-depth overview of other quasi-local definitions.

2.2.1 The Hawking energy

In [32], Hawking studied gravitational radiation as perturbations in an expanding
FLRW spacetime and proposed a quantity as a measure for the total energy of the
source and radiation. Formally, a spacelike two-surface of spherical topology S ' S2

defines two distinct orthogonal null congruences, both of which are either future
or past directed, represented by two null vector fields la and na. These congruences
are often referred to as outgoing and ingoing, their expansion scalars are denoted
by θ+ = ∇ala and θ− = ∇ana respectively, where ∇a is the covariant derivative
associated with the spacetime metric g. Then, the Hawking energy E(S) associated
with the spacelike surface S of spherical topology reads:

E(S) :=

√
A(S)

(4π)3/2

(
2π +

1
4

∫
S

θ+θ− dS
)

, (2.10)

where A(S) =
∫

S dS denotes the area of the surface S given in terms of the pullback
dS of the canonical spacetime volume form onto S. As one can see directly from its
definition (2.10), the energy in Hawking’s proposal is measured phenomenologically
in terms of the light bending on S, manifested in the expansion scalars θ±. If S is
the outer boundary of a spacelike hypersurface Σ, then E(S) can be understood as
the energy on Σ enclosed by S. The most important properties of this definition are
summarized below, see also [4, 33].

(i) Positivity of E for small spheres was established in [34]. Given a point p in
spacetime equipped with a unit timelike vector ta, the authors studied the
energy of a one-parameter family of two-spheres Sλ as follows. Choose the
affine parameter λ along the null-geodesic generators la of the future lightcone
of p, uniquely determined by demanding lata = 1, as radial coordinate on the
lightcone. The spacelike, constant λ sections of the lightcone sufficiently close
to p have spherical topology and thus give rise to a one-parameter family of
two-spheres Sλ, labelled by the affine parameter. Expanding (2.10) in the limit
λ→ 0, both in the vacuum and the non-vacuum case, yields

E(Sλ) ∼ λ3 Tabtatb in non-vacuum (2.11)

E(Sλ) ∼ λ5 Babcdtatbtctd ≥ 0 in vacuum (2.12)
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where Babcd denotes the Bel-Robinson tensor 7. If the DEC holds, then E(S) ≥ 0
also in the non-vacuum case.

(ii) In particular, the small sphere limit (i) implies that the Hawking energy of any

point in spacetime vanishes, hence E(S) λ→0−→ 0 for S degenerating to a point.
This agrees with the observation that the energy-momentum distribution of the
gravitational field can locally be set to zero, as it was discussed at the beginning
of this chapter.

(iii) For large spheres near null infinity I+ in an asymptotically flat spacetime, the
Bondi-Sachs energy is recovered. This was already mentioned by Hawking
in the original paper [32] and later by Eardley [33], see also [36]. An explicit
calculation can be found for example in [37], where an asymptotically null
hypersurface is studied in Bondi coordinates (see 2.1.2). (2.10) is then expanded
about I + asymptotically in inverse powers 1/r of the area distance coordinate
along the generators of the null hypersurface, yielding E = EBS +O(1/r).

(iv) For large spheres near spatial infinity i0 the ADM energy is recovered [33, 38].
Following an argument by Hayward [39], the original definition of the Hawking
energy (2.10) for a sphere of area radius r can be rewritten in terms of shear
and the Riemann tensor by using the twice contracted Gauss equation

hachbdRabcd = 2R + θ+θ− − 2σ+
abσab
− , (2.13)

see section 5.4 for more details. For an asymptotically flat end Σ, we can take
the limit r → ∞ to study the behaviour near i0 with the Weyl-part the only
remaining part of the Riemann tensor, yielding

E(Sr) =
1

8π

√
A(r)
16π

∫
Sr

(
hachbdCabcd + 2σ+

abσab
−
)

dSr . (2.14)

Expanding the relevant terms near i0 in powers of 1/r shows that the shear
term in (2.14) is subleading when taking the limit r → ∞. The leading order
Weyl-term is just another way of writing the ADM energy

lim
r→∞

E(Sr) = lim
r→∞

1
8π

√
A(r)
16π

∫
Sr

(
hachbdCabcd

)
dSr ≡ EADM(Σ) , (2.15)

see [39] and references therein for more details.

7 The Bel-Robinson tensor is defined as Babcd := CamcnC m n
b d + ?Camcn ? C m n

b d , where ?Cabcd denotes the
dual Weyl tensor. Thus, it may be considered as the analog of the electromagnetic energy-momentum
tensor for the gravitational field. By analogy, one often introduces the electric and magnetic part of
the Weyl tensor, defined by Eab := Cambntmtn and Bab := ?Cambntmtn. Then, the term appearing in
(2.12) can be written as Babcdtatbtctd = EabEab + BabBab, in clear resemblance to the energy density in
electromagnetism. For more details about the Bel-Robinson tensor see for example [35].
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(v) In a spherically symmetric spacetime, the Hawking energy coincides with the
Misner Sharp energy [40, 41] for spheres of symmetry corresponding to the
SO(3)-orbits. We can express the metric in an adapted double-null foliation:

ds2 = −2 dl dn + r2dΩ , (2.16)

where dΩ is the metric on the round unit sphere, r the area distance coordinate
constant on orbits of spherical symmetry, and la & na the two distinct null
directions orthogonal to the spheres. In these coordinates, the Misner Sharp
energy EMS reads [42, 43]

EMS =
r
2

(
1− g−1(dr, dr)

)
. (2.17)

The Hawking energy (2.10) for spheres of symmetry agrees with this expression
after exploiting θ+θ− = 4r−2 ∂lr ∂nr = −2r−2g−1(dr, dr).

(vi) If S is a marginally trapped surface, that is either θ+ or θ− vanish on S, then

E(S) =

√
A(S)
16π

, (2.18)

which holds in particular for sections of non-expanding horizons or Killing
horizons. For example, in the case of a Kerr-Newman black hole, the irreducible
mass is recovered.

(vii) One would expect that for any sphere in Minkowski space the Hawking energy
vanishes. This is certainly true for metric spheres, which is easily verified by
plugging θ+ = 2/r and θ− = −1/r into (2.10), however, the statement is
not true for any topological sphere. Considering (2.14) in Minkowski space
(Cabcd = 0) leaves us with

E(S) =
1

4π

√
A

16π

∫
S

σ+
abσab
− dS , (2.19)

where the integrand has no definite sign and may turn negative, depending on
the embedding of S. Phrased another way via (5.16), the energy turns negative,
if S is shaped in such a way that the mean curvature of S embedded in the
spacelike hypersurface Σ is (sufficiently) larger than the mean curvature of Σ
within M. This apparent weakness of the Hawking energy motivated Hayward
[39] to add two extra terms8 to (2.10) which guarantee that the energy of any
sphere in Minkowski space is zero. However, it turns out that this modified
energy definition does not approach the Bondi-Sachs energy at I + [4], and it
was also shown that it turns negative for small spheres in vacuum [45].

8 This modification of the Hawking energy is referred to as Hayward energy and reads [39]

E(S) =
1

8π

√
A(r)
16π

∫
S

(
2R + θ+θ− − 2σ+

abσab
− − 2ωaωa

)
dS where ωa =

1
2

1
lana hab [l, n]b (2.20)

denotes the anholonomicity, see also [44].
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A general positivity and monotonicity property of quasilocal energies would be
desirable, at least in certain contexts. Although the Newtonian binding energy of a
gravitational bound system is negative, gravitational waves carry positive energy, see
section 2.1.4.

With regards to the Hawking energy, a general positivity result can be established
for a particular class of ’round’ spheres. A sphere S within a spacelike hypersurface
Σ is called ’round’, if of all surfaces enclosing the same volume, S minimizes the
area. Given a ’round’ sphere within a maximal9 spacelike hypersurface Σ in a space-
time satisfying the DEC, Christodoulou and Yau showed that the Hawking energy
of any round sphere in a maximal spacelike slice is non-negative [46]. Regarding
monotonicity, Eardley was able to show that for particular family of spheres, the
Hawking energy is indeed monotonically increasing [33]. As this result is exploited
later in section 5.2 in order to establish monotonicity results on a lightcone in the
weak gravitational lensing regime, we will postpone a detailed discussion until then.

Furthermore, the Hawking energy played a central role in proving the Riemann-
Penrose inequality. In its proof, Huisken and Ilmanen [20] used Geroch’s observa-
tion [47] that the Hawking energy behaves monotonically under the inverse mean
curvature flow. More generally, the authors in [48] examined under which curvature
flows the Hawking energy is monotonic. Monotonicity for photon surfaces in Schwarz-
schild spacetimes was studied in [49], and its properties during the Oppenheimer-
Snyder collapse of a dust cloud in [50]. The definition of the Hawking energy can
be extended to higher genus surfaces and multiple disconnected components. A
discussion on this with a particular emphasis on lightcones, can be found in section
5.7 below.

2.2.2 Other approaches

By briefly commenting on two selected alternative quasi-local energy definitions,
this paragraph is intended to demonstrate that so far all other quasi-local energy
proposals have their limitations.

Amongst them is a mass proposal due to Bartnik [51]. Motivated by the ADM
energy (section 2.1.1), he proposed the following mass definition for a compact,
connected three-manifold Σ with boundary S, equipped with a Riemannian metric
hab as time-symmetric initial data (Σ, hab, Kab = 0). Consider the set N(Σ) of all
asymptotically flat extensions Σ̂ of Σ across its boundary S with finite ADM energy,
positive Ricci scalar, subject to the DEC, and containing no (apparent) horizon. Then,
the Bartnik mass of Σ is defined by

MBartnik := inf
{

EADM(Σ̂) | Σ̂ ∈ N(Σ)
}

, (2.21)

see [4, 51] for more details. This definition is non-negative due to the positivity of the
ADM energy and has a strict monotonicity property: for Σ1 ⊂ Σ2 ⇒ N(Σ2) ⊂ N(Σ1)

9 A hypersurface is said to be maximal, if the trace of its extrinsic curvature Kab is vanishing: K =
tr(Kab) = 0.
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and therefore MBartnik(Σ1) < MBartnik(Σ2). However, explicit computations of the
Bartnik mass for a given Σ are almost impossible due to the use of the infimum in
the definition (2.21), unless considered in special cases, see again [4] for a detailed
discussion.

Motivated by a Hamilton-Jacobi analysis of the combined gravitational and matter
action, Brown and York proposed another quasilocal energy definition [52], commonly
referred to as Brown-York energy. Starting from an ADM-decomposition of a space-
time domain M into a one-parameter family of spacelike hypersurfaces Σt labelled by
the time coordinate t and satisfying M ' Σt × {t}t2

t1
, they set up a Hamilton-Jacobi

problem for the combined matter-gravity system between initial time t1 and final time
t2. The timelike normal of the spacelike hypersurfaces is denoted by ua, the boundary
of Σt by St, and its associated two-metric by σab. The union of all Bt’s constitues
the three-dimensional timelike boundary 3B of M with metric γab. Moreover, 3B is
assumed to be foliated by the Σ’s orthogonally. Within this framework, they define a
surface energy-momentum tensor τij on 3B including both gravitational and matter
contributions, whose timelike component is the proper energy surface density ε on B:

ε := τijuiuj = − 1√
σ

δS0

δN
with τij :=

2√−γ

δS0

δγij
, (2.22)

where N denotes the lapse function of the chosen ADM-decomposition and S0 the
action functional evaluated on a solution of the EOM. The Brown-York energy EBY of
Σ is defined as the integral of the energy surface density over its boundary B:

EBY(Σ) :=
∫

B
ε
√

σ d2x = −
∫

B

δS0

δN
√

σ dx2 . (2.23)

Here, we mention only briefly that there is still some gauge freedom in the above
definition left and that the Brown-York energy has no positivity property, even is the
DEC is imposed on matter. For a detailed and exhaustive discussion of these points
and other properties of the Brown-York energy, the reader is again referred to [4].





3
T H E C O S M O L O G I C A L S TA N D A R D M O D E L

This chapter aims to give a brief introduction and summary of the current model-
ing and description of the Universe. The standard model of cosmology, explaining
most current observations to a high precision, is summarized as a perturbed FLRW

spacetime. As it is presented in this section, the Universe can be described by a back-
ground FLRW model on the largest scales with perturbations about this background
accounting for the formed structures. Of course, the intention of this chapter cannot
be to give a detailed and complete account on this topic, which typically fills several
textbooks, but rather to provide a short and concise review and summary of the most
important points tailored to the later presented work. For more details, we refer the
reader to some of the many excellent cosmology textbooks, for example [53–56].

After reviewing the geometrical assumptions of the background FLRW model in
section 3.1, we sketch the cosmic history of the standard model together with the
most important cosmological observations in section 3.2. Despite its success, several
conceptual problems and current tensions in the data remain, which are commented
on in section 3.3. Inhomogeneities and their description are summarized in 3.4, which
also includes the presentation of the three major conceptual aspects in inhomogeneous
cosmology: averaging, backreaction, and fitting.

3.1 geometrical set-up

3.1.1 Symmetry assumptions & FLRW metric

On the largest scales, observations in the Universe seem to be well-described by an
FLRW spacetime1 M. The defining property of this solution to the EFEs is its spatial
isotropy and homogeneity. This means that at a given time, the Universe looks the
same in any direction about any point. Formally, this translates into the existence of a
6-dimensional group of isometries, generated by three rotations and three translations,
acting on spacelike hypersurfaces Σ of constant time t with metric hab. Since a 3-
dimensional space can have at most 6 isometries2, the spacelike hypersurfaces in an
FLRW spacetime are spaces of maximal symmetry, which implies that they must be

1 In 1922 Friedmann wrote down the solution (3.3) for the positive spatial curvature case [57] and later in
1924 for negative curvature [58]. The positive curvature solution was then studied in detail by Lemaître
in [59] (English translation [60]) before Robertson and Walker arrived at the FLRW line element in its
most general form in [61] and [62].

2 More general, for a space of dimension d, its maximal number of isometries r can be expressed in terms
of its dimension: r = d(d+1)

2 .
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constant curvature spaces, since the associated Riemannian curvature tensor must be
independent of direction and position and can be written in terms of a constant K:

R3
abcd = K (hachbd − hadhbc) . (3.1)

According to the sign of their Ricci scalar curvature R3 = 6K, 3-spaces of constant
curvature can be classified into three groups: flat space with vanishing curvature
(K = 0), spherical geometry with positive (K > 0), and hyperbolic geometry with
negative (K < 0) curvature. The metric in all three cases can be written in the following
convenient form, see for instance [63, 64]:

ds2
Σ = dr2 + f 2(r)

(
dθ2 + sin2 θ dφ2) with f (r) =


sin(
√

Kr)√
K

for K > 0

r for K = 0
sinh(

√
−Kr)√
−K

for K < 0 ,

(3.2)

where θ ∈ [0, π] and φ ∈ [0, 2π) are the standard angular coordinates on the round
unit sphere. In the positive curvature case (K > 0) , the radial coordinate r runs from 0
to 2π and hence (3.2) parametrizes a round 3-sphere. In the latter two cases, r ranges
from 0 to ∞ and is therefore diffeomorphic to R3. Thus, the spacelike hypersurfaces
may have either spherical, flat or hyperbolic geometry.

Since the FLRW solution is spatially homogeneous and isotropic at any time, there
exists a foliation of M into constant time spacelike hypersurfaces Σt of constant
curvature: M ' R× Σt. Considering the three cases mentioned above, M has either
topology R× S3 and describes the evolution of a closed, spherical universe in the pos-
itive curvature case, or topology R4, describing the evolution of an flat or hyperbolic
spatially infinite universe in the cases of zero or negative curvature. In any case, the
only allowed dynamical (i.e. time-dependent) geometrical quantity is the (spatially
constant) curvature of the spacelike hypersurfaces. Given the above foliation, the
FLRW solution can then be written in terms of the RW metric3

ds2 = −dt2 + a2(t)ds2
Σ = −dt2 + a2(t)

[
dr2 + f 2(r) dΩ2] , (3.3)

where the scale factor a(t) encodes the time-dependence of the curvature and ds2
Σ

denotes the line element on a constant t spacelike hypersurface given by (3.2).

3.1.2 Matter description

It turns out that the FLRW solution (3.3) is generated by a homogeneous and isotropic
ideal fluid with energy-momentum tensor

Tab = (ρ + P)uaub + Pgab , (3.4)

3 Regarding the terminology, the line element (3.3) is called RW metric. A solution to the EFEs of this form
is called FLRW solution, where the FLRW metric is additionally subject to (3.6)-(3.8).
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described by its density ρ and pressure P and 4-velocity ua, which are functions of
time only. In general, the cosmic fluid can be classified according to its equation of
state

P = w ρ , (3.5)

where w denotes the equation-of-state parameter. If the energy-momentum tensor
satisfies the DEC, then |w| ≤ 1.

• A pressureless fluid (w = 0) is referred to as dust. All non-relativistic matter, for
example baryons and Dark Matter, obey this equation of state. As discussed in
section 3.2 in more detail, the matter in the late time Universe can be described
by a dust dominated fluid.

• A fluid with w = 1/3 is called radiation. All relativistic, (almost) massless
matter, for example photons and neutrinos, is governed by this equation of state.
In particular, this is a good approximation for the early Universe.

• A cosmological constant Λ obeys w = −1 and gives rise to an accelerated
expansion, as it is measured for the late Universe.

One often introduces the dimensionless density parameters Ω(t) := ρ(t)/ρcr(t) in
terms of the critial density ρcr := 3H2(t)

8π . The currently best fit FLRW model is spa-
tially flat, contains dust, a positive cosmological constant, and a negligible radiation
contribution. Its parameter values are summarized in section 3.2.

Since cosmology is concerned with the largest structures in the Universe rather
than studying the details of stars, galaxies or other individual objects, matter is often
described as an effective cosmic fluid. As long as there is a unique 4-velocity, a mixture
of fluids in an FLRW spacetime can be considered by adding the individual densities
and pressures to arrive at the effective density and pressure. In general, the fluid
approximation requires a scale hierarchy: the size of the individual fluid particles is
negligibly small compared to the mean free path of the particles, which itself must be
negligible compared to the studied length scale. This approximation is sufficiently
good in many contexts, however, there are limitations, for instance with regards to
the shell-crossing problem4.

4 A converging, collisionless Dark Matter fluid would eventually penetrate itself resulting in a multi-
valued velocity field and singular density. This behaviour is in tension with the fluid picture where the
small mean free path of the fluid would generate a shock front, guaranteeing that the velocity remains
single-valued, see for instance [65].
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3.1.3 Dynamical equations

The dynamics of a cosmological model is governed by the EFEs. In the special case of
a spatially homogeneous and isotropic spacetime, they simplify considerably due to
the high degree of symmetry and are given by the following three equations:

H2 =
8π

3
ρ +

Λ
3
− K

a2 , (3.6)

ä
a
= −4π

3
(ρ + 3P) +

Λ
3

, (3.7)

ρ̇ = −3H (ρ + P) , (3.8)

where all variables are functions of time t only, a denotes the scale factor from
(3.3), Λ a cosmological constant, and K encodes the curvature of constant time
hypersurfaces with K < 0 for negative, K > 0 for positive curvature, and K = 0
in the flat case. H := ȧ

a is the Hubble function measuring the expansion rate and
(ρ, P) the density and pressure of the effective cosmic fluid. The first equation (3.6),
often called Friedmann equation, describes how the cosmic expansion rate is driven
by matter density, the cosmological constant and curvature. The second equation
(3.7) determines the acceleration of the expansion and is related to the Raychaudhuri
equation (4.18). (3.8) corresponds to the energy conservation equation, which can
be derived from the other two equations and thus is a consistency relation. One
particular relevant solution, referred to as ΛCDM, is discussed in the next section,
for a general overview of solutions of (3.6)-(3.8) see [64]. A generic feature of such
solutions is the presence of different types of horizons because an observer might not
be able to be causally connected to the whole universe, even after an infinite time. For
more details we refer to [66].

3.2 brief history of the universe & summary of observations

This section summarizes the most important epochs in the cosmic history of our Uni-
verse from the point of view of the cosmological standard model, i.e. of a (perturbed)
FLRW spacetime, referred to as ΛCDM model5, together with the major cosmic probes
and observations. We emphasize that cosmological observations per se are model
independent, but their interpretation typically relies on a particular spacetime model.
We review the history in chronological order.

3.2.1 Big Bang

Within the FLRW framework, the Universe started from the Big Bang, a spacetime sin-
gularity. Spacetime singularities are robust predictions of several singularity theorems
in general relativity, amongst them the Hawking-Penrose singularity theorem [67].

5 ΛCDM stands for a perturbed FLRW spacetime with a positive cosmological constant Λ and cold Dark
Matter (CDM).
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This theorem establishes the presence of spacetime singularities under very generic
assumptions. In a version adapted to lightcones, it states the following. Given a space-
time M satisfying (i) the DEC, (ii) the generic condition6, and (iii) containing no closed
timelike curves. If there is a point p in M such that along every past null geodesic
from p the expansion parameter θ becomes negative, then the spacetime is timelike
and null geodesically incomplete7 and thus singular. We also refer to [68] for a nice
discussion about singularities in general relativity. An FLRW spacetime with matter
considered in section 3.1.2 satisfies conditions (i)-(iii). Upon using the Raychaudhuri
equation (4.18), it is clear that the expansion of the null geodesic generator will
eventually turn negative, provided the DEC holds. Therefore, the Hawking-Penrose
singularity theorem establishes the presence of a past singularity in most8 FLRW

spacetimes, commonly referred to as Big Bang. Based on the parameters in table 3.1,
the Big Bang happened 13.8 Billion years ago and at that point the matter density
was unbounded. Rather than taking the presence of this initial singularity as physical
feature of the real Universe, it is commonly understood to indicate a breakdown of
general relativity. Therefore, many proposals try to avoid the singularity by using
a modified or different theory of gravity at high energies, or by replacing the FLRW

solution at very early times within general relativity. In the latter case, the singularity
theorems must necessarily be violated. Examples for modifications are given by vari-
ous quantum gravity proposals [69–71], the Hartle-Hawking no boundary proposal
[72], Penrose’s conformal cyclic cosmology [73] or non-singular bouncing cosmologies
[74], see also [53] for an overview.

3.2.2 Inflation

In an extension to the FLRW description, the Universe is thought to have undergone an
inflationary phase, that is, a short period of rapid, approximate exponential expansion
after the Big Bang. Such an inflationary period resolves two major problems of
the conventional FLRW model: the horizon problem and the flatness problem. The
cosmic microwave background as the currently earliest observational data turns out
to be isotropic to a very high degree. This implies that the observable Universe
must have been in causal contact at recombination (see below) when the CMB was
released, in order to achieve a uniform temperature. The maximal distance an observer
can be in causal contact with is given by the particle horizon [66, 75], defined as the
distance to the furthest matter worldline intersecting the past lightcone of the observer,

6 A spacetime satisfies the generic condition if every non-spacelike geodesic with tangent vector Ka has at
least one point at which K[aRb]cd[eK f ]K

cKd 6= 0. This is the case if the geodesic passes either through
a region filled with matter not exclusively described by radiation, or through a vacuum region with
non-vanishing Weyl tensor whose principal null directions are not aligned with Ka, cf. [63].

7 A spacetime is said to be timelike/null geodesically complete, if every timelike/null geodesic can be
extended to arbitrary large affine parameter. Timelike or null geodesic incompleteness is taken as an
indicator for the presence of a singularity, since a freely-falling observer/light does not exist before/after
a finite affine parameter intervall.

8 For the few exceptions see e.g. [64].
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measured on the hypersurface of emission time9. Evaluating the particle horizon at
recombination time when the CMB formed shows that this scale is much smaller than
the distance corresponding to two antipodal points on the celestial sphere at that time.
Therefore, there was not enough time elapsed in order to bring the whole observable
Universe into causal contact at recombination time. This problem is termed horizon
problem. The flatness problem is concerned with the close to spatially flat geometry
of today’s Universe. The curvature density parameter ΩK is proportional to the square
of the comoving Hubble radius10 , cf. (3.6):

|ΩK| =
|K|

(a H)2 . (3.10)

Noting that the comoving Hubble radius is monotonically increasing in a radiation or
matter dominated phase (w ≥ 0), which is the case for the very early Universe, ΩK

also increases. Thus, any nonzero curvature will be amplified over time, hence, the
curvature in the very early Universe must have been fine-tuned in order to achieve the
observed flatness today. During an inflationary phase of accelerated expansion ä > 0,
the comoving Hubble radius must necessarily decrease. This behaviour immediately
solves the flatness problem, as for decreasing comoving Hubble radius (3.10) is driven
to zero. Furthermore, ä > 0 if w < −1/3 and therefore the particle horizon (3.9)
is decreasing during inflation. Vice versa, this implies that the horizon increases
when going back in time χ := ln a. In fact, the Big Bang (a = 0) is pushed back to
χ = −∞ which leaves enough time for the particle horizon to grow sufficiently large
to causally connect all CMB patches, provided that inflation lasts long enough. Within
the inflationary scenario, the CMB inhomogeneities, serving as seeds for structure
formation (see below), are to be interpreted as random fluctuations of quantum
fields in the very early Universe inflated to macroscopic scales. Inflation is typically
considered to be driven by an extra field, the inflaton field, which decays into standard
model particles at the end of inflation in a process called reheating, see [54] for a
discussion. For more details on these two problems and inflation in general, we refer
to the excellent lecture notes by Baumann [75]. CMB measurements of the PLANCK
collaboration have already sufficient accuracy to put first bounds on possible inflation
models [77].

3.2.3 Early Universe & radiation domination

The early Universe is a radiation dominated epoch with a hot plasma of elementary
particles in thermodynamic equilibrium. The continuous expansion of the Universe

9 In an FLRW spacetime, the particle horizon after time t0 is given by

Dph =
∫ t0

0

dt
a(t)

=
∫ a0

0

1
a H(a)

d lna ∼ a
1
2 (1+3w) , (3.9)

with w the equation-of-state parameter of the cosmic fluid.
10 The Hubble radius is defined as rH := 1

H (recall that c = 1) and describes the distance D at which
comoving systems are receding from the observer at the speed of light according to Hubble’s law
vrec = H D [76].
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leads to cooling as the energy density and temperature drop. Eventually, a particle
may not be able to maintain its equilibrium reaction causing it to freeze out. This
process leads to the electroweak decoupling, followed by the formation of protons
and neutrons and the neutrino decoupling. When the Universe is still hot enough, the
first light nuclei, predominantly H, D, He and Li, form [78]. The abundance of these
light elements is linked to the cooling time and thus to the expansion rate. Therefore,
information on the abundance constrains the expansion in the early Universe. For
a detailed account, we refer to [54]. Furthermore, in overdensities the gravitational
attraction competes with the photon pressure and creates soundwaves in the baryon-
photon plasma, referred to as baryon acoustic oscillations (BAOs). The maximal
distance these soundwaves can travel before photons and baryons decouple is given
by the sound horizon and provides a characteristic length scale at that time. This
scale is imprinted in the cosmic microwave background, see below, as well as in the
galaxy distribution today [53, 79, 80].

3.2.4 Recombination & CMB

Around 400,000 years after the Big Bang the Universe cooled down sufficiently in
order for protons and electrons to combine and form neutral hydrogen:

e− + p+ −→ H + γ . (3.11)

At that point, the Universe becomes transparent and photons can travel freely. This
recombination radiation is the earliest and one of the most important cosmological
probe currently available. Because it cooled down to the microwave regime since
then, it is referred to as cosmic microwave background. Its remarkable isotropy gives
the earliest evidence for isotropy about our worldline. After subtracting the motions
of the Earth, solar system and local group with respect to the CMB restframe, the
remaining CMB temperature fluctuations are of the order of 10−5 [81] and distributed
very isotropically over the sky, as it can be seen in Fig.3.1. As mentioned above, these
Gaussian fluctuations can be interpreted as quantum fluctuations in the very early
Universe before inflation starts. The CMB power spectrum shown in Fig.3.2 encodes
the anisotropies seen in Fig.3.1, which can be explained within a perturbed FLRW

setting and provide a lot of information about the matter content of the Universe.
For detailed accounts on the CMB see [82, 83] and [77, 81, 84, 85] for the most recent
measurements by the Planck collaboration.

3.2.5 Dark Matter & structure formation

Already shortly before recombination, the background FLRW spacetime is dominated
by matter (w = 0). It turns out, however, that the baryonic matter in the form
of stars and gas is by far not sufficient to account for the matter needed in the
FLRW background spacetime to explain cosmological observations. This is evident
from qualitatively different types of observations: galaxy rotation curves [86], galaxy
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Figure 3.1: CMB temperature fluctuations recorded by the PLANCK mission [81].

Figure 3.2: The CMB temperature angular powerspectrum as measured by PLANCK [81].
Datapoints in red and the best fit model in blue.

cluster physics [87–90], gravitational lensing [91], and the CMB [85]. Therefore the
existence of a new type of matter predominantly interacting gravitationally, referred
to as Dark Matter, is commonly postulated. In fact, Dark Matter might have a non-
vanishing interaction with standard model particles, however, this interaction must
be sufficiently weak in order to not contradict the observational bounds. Currently, a
considerable experimental effort is put into finding signals of possible Dark Matter
decay channels into standard model particles. For an overview over the vast variety
of Dark Matter particle candidates and experiments to measure them, we refer the
reader to [92]. Apart from particle Dark Matter candidates, the discrepancy between
visible and gravitational matter might be due to a modified theory of gravity on
scales larger than the solar system [93]. Another idea to explain the nature of Dark
Matter within general relativity assumes it not to be composed of actual particles but
of black holes of primordial origin [94].
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Figure 3.3: Galaxy distribution as function of redshift in the SDSS survey [95].

The inhomogeneities seen in the CMB in the early Universe act as seeds for later
structure formation. Due to gravity, overdense regions will attract more and more
matter until they eventually collapse and form the hierarchy of structures we observe
today: stars, galaxies, galaxy clusters, super clusters, filaments, and the cosmic web
on the largest scales. These structures can be observed, for instance by the SDSS
galaxy survey [95], measuring the position and redshift of galaxies. As it can be
seen from Fig.3.3, the observed distribution of galaxies is isotropic on the largest
scales. Structure formation studied within Newtonian [96] or general relativistic [97]
simulations also display an isotropic distribution of matter.

Directly after recombination, the Universe was neutral until the first stars formed,
emitting sufficiently energetic radiation to reionize the neutral hydrogen. Nuclear
fusion in stars produces all heavier elements until Fe, because the production of
elements beyond Fe is not energetically favourable. All elements beyond Fe are
produced in supernovae, very energetic explosions of sufficiently massive stars at the
end of their lifetime, see e.g. [98] for a summary.

3.2.6 Accelerated late-time phase

In the current epoch, the Universe is undergoing a phase of accelerated expansion.
A strong observational signature can be found studying type Ia supernovae (SNIa).
Their intrinsic luminosity and spectrum is thought to follow a universal form, which
allows to use them as standard candles and to convert their measured absolute
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luminosity into the luminosity distance, which is sensitive to the energy content in an
FLRW spacetime. Doing so shows that the Universe is indeed acceleratedly expanding
[99, 100], however, recently the universality of the SNIa spectrum has been questioned,
for example in [101].

In order for the Universe to undergo an accelerated expansion, it must be dominated
by a fluid with w < −1/3, commonly referred to as Dark Energy. This could be
achieved by the presence of a positive cosmological constant (w = −1) in the late
Universe, or quintessence with a time-varying equation of state w(t) < −1/3 [102–
104]. Another way of explaining an accelerated expansion without additional matter
fields is to modify the theory of gravity on large scales. However, there is an ambiguity,
since at least the simpler modified gravity models, for instance scalar-tensor theories,
can be shown to correspond to a Dark Energy-like matter component by switching
from the Jordan to the Einstein frame [105]. Yet another possible way to explain the
accelerated expansion is discussed in more detail in section 3.4.2. Inhomogeneities
on small or medium scales might backreact on large scale physics to account for the
effect of accelerated expansion.

3.2.7 ΛCDM as cosmological standard model

Summarizing the findings above, the current standard or concordance model in
cosmology is referred to as ΛCDM-model, that is, a spatially flat background FLRW

spacetime with a positive cosmological constant Λ responsible for the late-time
accelerated expansion, a dust component dominated by cold Dark Matter (CDM), and
a negligible radiation contribution. Perturbations on top of this background account
for the observed structures, inhomogeneities and anisotropies. The most important
parameters of the ΛCDM-model are summarized in table 3.1.

Parameter Value Description

H0

[
km

s MPc

]
67.66± 0.42 Hubble rate today

ΩΛ 0.6889± 0.0056 Dark Energy density today

Ωm 0.3111± 0.0056 Matter density today

Ωb 0.004897± 0.00031 Baryon density today

Age [Gyrs] 13.787± 0.020 Age of the Universe

Table 3.1: Selection of the most important parameters of the ΛCDM-model based on CMB

measurements, CMB lensing and BAOs, measured by Planck [85], for the complete
list see the same reference.
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3.3 on the assumptions and tensions of Λcdm

Despite the success of the ΛCDM model to explain most observations, there exist
conceptual problems as well as tensions with some observations, for which this
section will serve with two examples. Firstly, the geometric assumptions of isotropy
and homogeneity for an FLRW spacetime underlying ΛCDM are critically reviewed.
Secondly, with more and increasingly precise observational data available over the
last years, a few tensions or challenges for the ΛCDM model arose. We discuss the
Hubble tension as representative, and refer for instance to [106] for a more general
discussion of ΛCDM tensions.

3.3.1 On spatial isotropy and homogeneity

All current cosmological observations confirm that the Universe is spatially isotropic
about our position [107]. For instance, as mentioned in the previous section, the CMB

establishes isotropy in the early Universe to a very high degree, whereas large scale
structure surveys like SDSS confirm it at late times. Based only on isotropy, the late
time Universe is described by a spherically symmetric Lemaître-Tolman-Bondi (LTB)
spacetime [64]. These spacetimes are isotropic about the center point, but otherwise
inhomogeneous.

In contrast, spatial homogeneity is an assumption on spacelike hypersurfaces
on which all points are mutually causally disconnected. Strictly speaking, we can
observationally access only data on the past lightcone of the observer, which will be
discussed at length in section 4.6. Mathematically, given observational data on the past
lightcone allows to determine spacetime only on and inside the past lightcone of the
observation event [108], whereas specifying data on a spacelike hypersurface Σ allows
to predict the future and past of Σ within the much larger domain of dependence of
Σ 11. In that sence, being able to predict future and past comes at the price of assuming
data at points inaccessible through observations. In order to create these data, one
typically adopts the Copernican Principle, stating that our position in the Universe is
not privileged. This hypothesis, essentially based on philosophical grounds, allows to
duplicate and transfer the isotropic data from one point on a spacelike hypersurface
to all points on that hypersurface, in other words: spatial isotropy about one point
together with the Copernican Principle implies spatial homogeneity, see e.g. [109]
for formal versions of that statement. Given the nature of this assumption, it is
clear that there cannot be a direct observational proof for the Copernican Principle
or homogeneity, since this would require information from causally inaccessible
points. Cosmological probes can therefore only test compatibility of observations with
homogeneity, for example based on the curvature density parameter [110], the redshift
time drift [111], BAOs [109], or the Sunyaev-Zeldovich effect [112, 113]. Furthermore,

11 Mathematically, the latter can be understood as initial value formulation with data given on a spacelike
hypersurface, propagating the solution either to the future or past via the EFEs. Instead, the lightcone
formulation corresponds to a characteristic value problem with final data given on a null hypersurface,
the past lightcone, and the solution is propagated into the lightcone interior via the EFEs.
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a fully relativistic treatment exclusively based on observations requires a formulation
on the lightcone discussed in section 4.6, rather than on spacelike hypersurfaces as it
is manifested in the form of the FLRW metric given in (3.3).

In any case, one can hope for spatial homogeneity only above a certain length
scale, because the Universe is manifestly inhomogeneous on small scales. Based on
current observations, this homogeneity scale is within the range of about 120-230

Mpc [114–116]. However, this does not exclude the existence of structures above
that scale. In ΛCDM, structures are treated as statistical fluctuations on top of
the FLRW background spacetime, which turn out be close to isotropic, respectively
homogeneous, after applying an averaging process, cf. section 3.4.1. Therefore, larger
structures are allowed as long as they are statistically compatible.

3.3.2 Hubble tension

Over the last years, a discrepancy between early and late time measurements of the
Hubble constant H0 emerged. In the early Universe, H0 can be determined either
from CMB measurements [85], or alternatively from a combined analysis of Big Bang
nucleosynthesis, BAO data, clustering, and gravitational lensing [117]. Both strategies
are independent and yield H0 ' 67.4 km

s Mpc . If H0 is in contrast inferred from data in
the late Universe, for instance based on distance ladders using SNIa- or Cepheid-data
[118], or based on using strong lensing time delays of multiple images [119], the
Hubble constant turns out to have a larger numerical value above ' 73 km

s Mpc . These
findings, together with some additional late time measurements, are summarized in
Fig 3.4, we also refer to the review article [120] on the current status of the Hubble
tension and references therein for more details.

3.4 inhomogeneities

The observed structures in the Universe are manifestations of inhomogeneities, which
can be described in different ways. Within the standard ΛCDM framework, inhomo-
geneities are treated as perturbations on top of the homogeneous FLRW background.
The question of how this background model is determined, is referred to as the
Fitting Problem of inhomogeneous cosmology and will be discussed in more detail
in section 3.4.3. The fluctuations in the early Universe as seen in the CMB eventually
undergo gravitational collapse and structures emerge first on small scales but with
time larger and larger structures appear. Hence, inhomogeneities appear on an in-
creasingly larger scale and with growing amplitude. The onset of structure formation
can be treated within linear perturbation theory either in a Newtonian setting [54,
121], or in the relativistic regime by considering gauge invariant metric perturbations
[122]. Eventually, non-linear effects start to dominate, and the linear approximation
fails. Formalisms addressing the non-linear regime are for example the covariant and
gauge-invariant approach [53, 123], in which a covariant analysis in a 3+1-splitting
with respect to the observer’s 4-velocity is adopted, or kinetic field theory [124], in



3.4 inhomogeneities 29

Figure 3.4: Measurements of today’s Hubble constant H0 based on different methods in the
early and late time Universe. Currently, there persists an order 5σ discrepancy
between early and late time measurements. For more details see [120], from which
this figure was taken.

which structure formation is studied as a statistical field theory for an ensemble
of classical point particles. For a general overview of perturbative approaches, the
review articles [121, 123] are recommended.

Apart from perturbative approaches, there are also exact inhomogeneous and/or
anisotropic models [125, 126], which may be considered as an alternative to FLRW

spacetimes to describe the observed Universe, at least in a certain regime. A simple
example for a spatially anisotropic but homogeneous model is a member of the
Bianchi I family of solutions [53, 64] with three different time-dependent scale factors,
one for each spatial direction. Conversely, the Lemaître-Tolman-Bondi (LTB) solution
[60, 127, 128] describes an isotropic but inhomogeneous dust-filled universe for an
observer located at the origin. As mentioned in section 3.3.1, observations strongly
indicate that the Universe is isotropic about our position, which makes the LTB
spacetime a natural candidate in observational cosmology. An additional motivation
to study LTB spacetimes was that the radial inhomogeneities might mimic the effect
of Dark Energy, if the observer is placed in the center of a void. However, it turns out
that void LTB models without Dark Energy cannot fit observations [129]. Another
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class of exact inhomogeneous spacetimes are the so-called Swiss-cheese models [125,
126]. Starting from an FLRW dust spacetime, spherically symmetric regions are cut out
and replaced by a Schwarzschild interior. The replacement can be made such that the
total mass of the removed dust region matches the Schwarzschild mass parameter.
These models are particularly interesting for studying the effect of inhomogeneities
on observations, see e.g. [130].

Before studying the effect of inhomogeneities on light propagation in detail in
the next chapter, we will first discuss the three major aspects of inhomogeneous
cosmology: the averaging, the backreaction, and the fitting problems.

3.4.1 Averaging

Given the inhomogeneous nature of the Universe on small scales, a central challenge
is to determine the large-scale geometry of the Universe by averaging out small scale
fluctuations. Similar to statistical physics, one tries to find a coarse-graining procedure
to integrate out the small scale effects to arrive at an effective, macroscopic model
on larger scales. Before discussing specific averaging formalisms, we stress a crucial
and general observation: any averaging procedure does not commute with evolution
according to the EFEs due to the non-linear character of the EFEs. This can be seen
for example by following the argument presented in [131]. Given an initial scale on
which the metric gab obeys the EFEs

Gab + Λgab = 8πTab , (3.12)

for instance on a scale associated with the solar system, where the validity of the
EFEs is confirmed. Suppose that there is an averaging procedure 〈·〉 which generates
the metric ḡab and energy-momentum tensor T̄ab on a larger scale by averaging over
small scale fluctuations. Then, the metric and the Einstein tensor will differ from the
original ones: ḡab = 〈gab〉 = gab + δgab and Ḡab = 〈Gab〉 = Gab + δGab. Inserting these
relations into (3.12) yields

Ḡab + Λḡab = 8πTab + δGab + Λδgab︸ ︷︷ ︸
6=8πT̄ab

, (3.13)

where extra terms on the right hand side cause it to be different from 8πT̄ab in
general. These extra terms encode the backreaction effects of small scales onto larger
scales discussed in the next section. This non-commutativity of averaging and evol-
ution according to the EFEs is visualized in Fig. 3.5, where t is a symbolic evolution
parameter.

Two principle questions regarding the explicit realisation of an averaging procedure
arise: what quantity to take the average of, and over which domain the average should
be taken. For example, one might try to average the EFEs themselves, which requires
a notion of averaging a tensor, and in particular a notion of how to compare tensors
at different spacetime points. As it was proposed by Zalaletdinov [132, 133], this can
be achieved in a covariant way by using bilocal transport operators. Given a tensor
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〈 〉

〈 〉

EFEs EFEs

g(t0) 〈g〉(t0)

g(t1) 〈g(t1)〉 6= 〈g〉(t1)

Figure 3.5: Non-commutativity of averaging 〈·〉 and evolution via the EFEs, denoted by an
evolution parameter t. In general, the average of the evolved metric is different
from the evolved average metric.

Tab and a spacetime domain D ⊂ M over which the average of Tab is computed, and
a point x ∈ D to which the average value is assigned. The bilocal transport operator
Ab

a(x, x′) will map tensor values at x′ ∈ D to x, with lim
x′→x

Ab
a(x, x′) = δb

a . Then, the

average of Tab over D can be defined as

〈Tab〉D (x) :=
1

volM(D)

∫
D

Ac
a(x, x′)Ad

b(x, x′)Tcd(x′) dD , (3.14)

where volM(D) is the volume of D in M. When these operators are applied to a
tensor T, the result transforms as a tensor at x and as a scalar for all x′ ∈ D, thus, the
average of T in D can be computed covariantly. However, there is no unique choice
for the bilocal transport operator and therefore results may depend on the particular
choice made [131, 134]. These issues can be avoided by considering scalars instead
of tensors, as it is done in most approaches discussed in the following. For example,
averaging scalar curvature invariants was proposed in [135], motivated by the fact
that some spacetimes can be uniquely characterized in terms of their scalar curvature
invariants. Other approaches average the kinematic scalars describing the evolution
of timelike or null geodesic congruences [136–138], or directly observables [139].

Secondly, the averaging domain, for which there are in principle multiple legitimate
options, needs to be specified. For instance, taking into account that any realistic
observation is made over a finite time and space interval, one could averages over
4-dimensional spacetime volumes. Alternatively, considering spacelike hypersurfaces
is the natural set-up to give meaning to a spatial averaging scale. A major aver-
aging scheme on spacelike hypersurfaces was proposed by Buchert [136, 137, 140].
Given a spacetime filled with an irrotational, perfect fluid, a 3+1 decomposition into
fluid-orthogonal spacelike hypersurfaces can be adopted. On these hypersurfaces Σ,
averages of scalar quantities over a Riemannian domain D ⊂ Σ can be considered:

〈Ψ〉D :=
1

volΣ(D)

∫
D

Ψ dD , (3.15)
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with scalar function Ψ. Due to the non-commutativity of averaging and evolution, cf.
Fig. 3.5, the commutator

[∂t, 〈·〉D]Ψ = 〈Ψθ〉D − 〈Ψ〉D 〈θ〉D (3.16)

is in general non-vanishing. After introducing the scale factor aD(t) := 3
√

volΣ(D(t))
volΣ(D(ti))

defined in terms of the volumes at initial time ti and time t, the averaged Raychaudhuri
equation for dust reads

3
äD

aD
= −4π 〈ρ〉D + Λ + QD , (3.17)

with the so-called kinematical backreaction term

QD =
2
3

(
〈θ2〉D − 〈θ〉2D

)
− 2 〈σabσab〉D (3.18)

quantifying deviation of the expansion from its average value through the variance
term, and additionally encoding a shear contribution. This term encodes the effect
of local inhomogeneities onto the averaged dynamics by sourcing shear and/or a
variation in the expansion rate. The kinematical backreaction terms contributes to
(3.17) in the same way as a cosmological constant, hence, the backreaction of small-
scale inhomogeneities on large scales can in principle also source the accelerated
phase of expansion, cf. section 3.2. A more detailed account on the backreaction
problem will follow in section 3.4.2. Another, more geometric, approach uses the Ricci
flow to smooth out data on spacelike hypersurfaces [141–143].

In contrast to formulations on spacelike hypersurfaces, which require a foliation
choice to be made, the past lightcone provides a unique null hypersurface directly
linked to cosmological observations. An averaging procedure on lightcones was
introduced in [144, 145]. This thesis will also adopt a lightcone formulation, see
section 4.6.

3.4.2 Backreaction

As it was seen above within Buchert’s approach and the general argument leading
to (3.13), small scale inhomogeneities affect the dynamics on large scales. This raises
the possibility that the accelerated expansion the Universe is currently undergoing
might be explained more naturally by backreaction effects instead of Dark Energy,
whose nature remains unclear, or a fine-tuned cosmological constant12. Although
the existence of backreaction effects is undoubted, their magnitude remains debated
[148–150]. In the Newtonian approximation of a perturbed FLRW model, backreaction
effects seem to be negligible and in particular cannot explain the accelerated expansion

12 In fact Lovelock’s theorem [146, 147] ensures that based on a local action principle, the only second
order equations of motion for the spacetime metric tensor in four dimensions are the EFEs including a
cosmological constant. Thus, the presence of Λ is generic, however, it remains to be seen if a constant
alone will be capable of describing more precise future observations.
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[148, 151–153]. Others, however, argue that a general relativistic treatment due to
the non-linear nature of the EFEs is necessary and might indeed account for the
accelerated phase [154–157]. Backreaction effects are completely absent in Newtonian
N-body simulations with periodic boundary conditions, because they correspond
to a boundary term [140]. Recent relativistic simulations show that the magnitude
of backreaction crucially depends on the foliation choice and there exist foliation
choices in which backreaction effects are small [158]. These foliation issues can be
avoided by studying backreaction in a lightcone set-up based on observations, as
it was advocated above. With increasing accuracy of measurements in an era of
precision cosmology, backreaction also becomes important on intermediate scales, for
example in the context of BAOs [152]. Recently, [159] also investigated the possibility
that backreaction effects might mimic Dark Matter. For a more detailed treatment of
backreaction, which is not at the centre of this thesis, we refer to the review articles
[131, 154, 155, 157, 160].

3.4.3 Fitting

The fitting problem [53, 131, 161, 162] deals with the question: what is the best
smooth background spacetime to fit an inhomogeneous universe? The answer to
that question is crucial in order to determine the magnitude of fluctuations about
the background and thereby of the backreaction effects discussed in the previous
section. At the heart of any fitting procedure is the specification of a norm describing
how to compare two spacetimes by specifying a fitting domain and quantities to be
compared. In fact, since a fitting procedure typically involves some kind of averaging,
finding such a norm is closely linked to defining an averaging procedure, cf. section
3.4.1. The standard ΛCDM desciption provides a concrete example for such a fitting
procedure. Observables, such as redshift-distance relations, the CMB etc., are fitted
to an FLRW background template determining its parameters, cf. section 3.2, with
inhomogeneities treated as statistical fluctuations about the background. In section
6.3 below, a geometric way of fitting based on surface area and energy of lightcone
slices is discussed.
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L I G H T C O N E S I N C O S M O L O G Y

This essential chapter summarizes the knowledge about lightcones in a cosmological
context and discusses their geometric properties, effects of matter inhomogeneities,
and observations. The introduced concepts are particularly relevant for the results
presented later. After a brief review of the properties of null geodesic congruences
in section 4.1, the results are specialized to lightcones in section 4.2. The general
effect of matter inhomogeneities on light propagation is discussed in section 4.3,
before lightcone self-intersections in the strong gravitational lensing regime are
addressed in mathematical detail in section 4.4, introducing the notion of caustics,
conjugate points and cut points. The presentation culminates in the classification
of stable caustics in lightcone slices in section 4.5. In a second part, section 4.6,
the connections of lightcones to cosmological observations are presented. After
introducing coordinates adapted to a lightcone set-up, the different possible (ideal)
observables on the lightcone are reviewed, before the Ideal Observational Cosmology
program of Ellis and collaborators [108] reconstructing spacetime on and in the
interior of the observer’s past lightcone based on these observations is explained.

4.1 null geodesic congruences

Recall that a null geodesic congruence of an open region N ∈ M is a family of null
geodesics1 such that any point in N is pierced through by exactly one geodesic with
tangent vector la. These conditions translate into the equations

lala = 0 (la null) & ∇l la = 0 (geodesic) . (4.1)

Note that if la is a null vector, αla is also a null vector for α ∈ R, hence generators of
null geodesics exhibit a pointwise rescaling freedom. This freedom can be fixed by
choosing an affine parametrisation ∇l la = 0, as it is done in (4.1), and by specifing
an initial normalisation, for example by requiring uala = const. for a given timelike
vector ua, for instance the 4-velocity of a cosmic fluid, see also section 6. Given the
null generator la, a tetrad (l, n, e1, e2) can be constructed by adding two spacelike
vectors ea

A (A=1,2) orthogonal to la and another null vector na obeying

eA · eB = δAB , l · n = −1 , l · eA = 0 = n · eA , l · l = 0 = n · n . (4.2)

Tensors can be projected onto the two-dimensional spacelike space S orthogonal to
the propagation direction spanned by e1 and e2, often referred to as screen space [163],
by using the projection operator onto S:

Πb
a := hb

a = δb
a + lanb + nalb . (4.3)

1 Here, we suppress the labels parametrising the family such that, notationwise, every null geodesic
generator is referred to as la.

35
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Then, the deformation orthogonal to la in S of an infinitesimal geodesic congruence
is encoded in the expansion tensor Θab, defined in TS by

Θab := Πc
aΠd

b∇cld . (4.4)

It is convenient to decompose Θab into a symmetric trace-free part σab, a trace part θ

and an antisymmetric part ωab:

Θab =
1
2

θ hab + σab + ωab with (4.5)

θ := tr (Θab) = Θa
a (4.6)

σab := Θab −
1
2

θ hab (4.7)

ωab := Θ[ab] , (4.8)

where

hab = gab + lanb + nalb (4.9)

is the induced metric on the screen space S. The individual parts have the following
physical interpretations. Projecting an infinitesimal geodesic congruence on the screen
space, the expansion scalar θ describes a shape-preserving variation in the cross
sectional area, where a positive sign indicates an increase, and a negative sign a
decrease in cross sectional area along the generators. The null shear tensor σab encodes
an area-preserving shape deformation of the cross section. The two eigenvalues
of this symmetric trace-free two-dimensional tensor can be viewed as magnitude
and direction of an ellipsoidal deformation of the cross section, see e.g. [163] for
more details. The antisymmetric vorticity ωab describes the twist of the infinitesimal
congruence. The evolution equations of these quantities along the null congruence
are sometimes referred to as optical equations in the literature [3] and read

θ̇ = −1
2

θ2 − Rll − σabσab + ωabωab , (4.10)

σ̇ab = −θσab + Calbl , (4.11)

ω̇ab = −θωab , (4.12)

where Rab and Cabcd are the Ricci and Weyl tensor, and the derivative with respect
to the affine parameter λ is denoted by a dot: ∇l f =≡ ḟ . These equations are
central for this work and will be used frequently in what follows. From the first one,
often referred to as null Raychaudhuri equation, one can read off that expansion or
focusing is sourced by shear, twist, and the Ricci tensor, which, upon using the EFEs,
is related to the energy-momentum tensor: Rll = 8πTll . Shear itself is sourced by the
Weyl tensor. Thus, it follows from (4.11) that an initially shear-free congruence in a
conformally flat spacetime (Cabcd=0) remains shear-free. Since light is described by
null geodesics, the above equations are very important for understanding the effect
of spacetime geometry on light propagation. Besides their important role in the study
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of spacetime singularities, see also section 3.2.1, these equations are equally relevant
for cosmological observations, as it is discussed in the next sections. A general result
concerns the focusing property of matter: given a vorticity-free null congruence
describing a small light bundle, the right hand side of (4.10) is non-positive if the EFEs

with matter obeying the DEC hold. Thus, even for an initially expanding congruence,
matter causes the expansion rate to decrease, which might eventually lead to a
refocusing of the light beam.

4.2 lightcones

The past lightcone C−(p) of a point p ∈ M is the set of points in the past of p, which
can be reached along a past null geodesic issued at p. Physically, an observer at p can
receive light signals emitted from sources located at any q ∈ C−(p). This holds not
only for light propagation but also for gravitational waves or any other signal whose
propagation through spacetime is described by null geodesics. Therefore, the past
lightcone of a point p is the natural geometric object associated with observations2 at
p, see section 4.6 for more details.

Formally, the past lightcone of a point in spacetime is constructed via the exponen-
tial map. Recall that the exponential map

expp :

Tp M→ M

X 7→ expp(X) = q
(4.13)

takes any X ∈ Tp M and maps it to a point q ∈ M a unit affine parameter distance
away from p along the geodesic with tangent vector X. Given p ∈ M, let Np denote the
set of all past null vectors at p: Np := {X ∈ Tp M | XaXa = 0 & X past-directed}. The
set of null directions forms a sphere in Tp M, often referred to as the celestial sphere
(cf. section 4.5), and is parametrized by the two angles (θ, φ), which correspond to
directions in the observer’s night sky. Then, the past lightcone of p can be defined as

C−(p) := expp(Np) , (4.14)

that is, the image of the exponential map at p along all past null geodesics. Suffi-
ciently close to p, the exponential map is always injective and within this injectivity
radius3 the lightcone topology is R+ × S2, such that lightcone slices of constant affine
parameter have spherical topology. However, due to the focusing property of matter,
cf. (4.10)-(4.12), geodesics may eventually intersect and the exponential map fails to
be injective, as it is discussed in detail in section 4.3.

2 Of course, there are also astronomical observations based on heavy particles following timelike geodesics,
for instance cosmic rays [164]. However, since the most significant observations concerning the study of
the Universe on large scales are based on electromagnetic signals, we focus on observations on the past
lightcone in this work.

3 Here, the injectivity radius can be defined as the maximal affine parameter up to which the exponential
map in injective in all directions (θ, φ).
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The lightcone is a null hypersurface and as such its generators, the past null
vectors at p, are vorticity-free ωab = 0. This can be seen by following an argument
of [12]. Adopting the observational coordinates tailored to the lightcone formulation
discussed in section 4.6, it can be shown that the past lightcone of p can be described
by a function τ constant on C−(p), whose gradient dτ is normal to C−(p), null, and
proportional to the null generator la. The corresponding 1-forms are then related via
a function g: l = g dτ. As a consequence, we find

l ∧ dl = g dτ ∧ (dg ∧ dτ) = 0 (4.15)

on C−(p)4. Hence

l[aωbc] = l[aΘbc] = l[a∇blc] =
1
6
(l ∧ dl)abc = 0 on C−(p) . (4.16)

Contracting (4.16) with na yields

0 = nal[aωbc] =
1
3

na (laωbc + lbωca + lcωab) = −
1
3

ωbc (4.17)

and hence ωab = 0 on C−(p).
Therefore, the evolution equations (4.10)-(4.12) simplify for a vorticity-free congru-

ence and read

θ̇ = −1
2

θ2 − σabσab − Rll , (4.18)

σ̇ab = −θσab + Calbl . (4.19)

An important limit of (4.18) and (4.19) to consider is the behaviour of expansion scalar
and shear near the vertex point p, i.e. close to the point from which the null geodesic
congruence emanates. Studying the behaviour in an expansion in the affine parameter
λ about p, one finds [165]

θ(λ) =
2
λ
− 2

3
Rllλ +O(λ2) , (4.20)

σ(λ) =
1
3

Ψ0λ +O(λ2) , (4.21)

where σ is the Newman-Penrose spin coefficient associated with the shear tensor: if the
symmetric and trace-free shear tensor, orthogonal to both la and na, is parametrized

by σab =

(
σ1 σ2

σ2 −σ1

)
with σ1, σ2 ∈ R, then σ = σ1 + iσ2 ∈ C. The complex scalar

Ψ0 = Clmlm encodes Weyl curvature, where la and ma are Newman-Penrose null
tetrad vectors5. In Minkowski spacetime, θ = 2

λ and σ = 0, hence, a lightcone in an

4 The converse statement follows by the Frobenius theorem.
5 The Newman-Penrose tetrad consists of four null vectors, two of which, la and na, are real, and two

complex ones, ma and m̄a. They obey the following normalisation conditions lana = −1 and mam̄a = 1
with all others vanishing. Then, the metric can expressed as

gab = −lanb − nalb + mam̄b + m̄amb . (4.22)

We refer to [166, 167] for more details.
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arbitrarily inhomogeneous spactime behaves like a Minkowski lightcone sufficiently
close to its vertex p. As already mentioned above, this implies that lightcones in
conformally flat spacetimes are shear-free.

4.3 effect of inhomogeneities

As it was discussed in section 3, the Universe is full of inhomogeneities on different
scales, hence, a detailed discussion of inhomogeneities in the context of null geodesic
congruences in general, and in particular of lightcones, is at the core of understanding
cosmological observations in an inhomogeneous spacetime. This section deals with
the effect of inhomogeneities on the lightcone geometry and is intended to provide
a mathematically precise overview of inhomogeneities in the context of lightcones
and gravitational lensing. Additionally, we recommend the excellent review article by
Perlick [163] as complementary material with more details and examples.

In equations (4.18) and (4.19), inhomogeneities manifest themselves in a locally
varying energy-momentum distribution and a non-vanishing Weyl tensor. This leads
to a locally varying expansion scalar and shear tensor, that is, the expansion and
the shear-deformation of an infinitesimal null congruence varies with direction (θ, φ)
on the celestial sphere as well as with affine distance down the lightcone, hence, a
lightcone in an inhomogeneous spacetime is locally deformed. Depending on the
extent of deformation, two regimes can be distinguished. If the deformation is such
that the lightcone topology is preserved, i.e. constant affine parameter slices have
spherical topology, the image the observer records may be distorted as compared
to the true shape of the emitting source. This regime is commonly referred to as
weak lensing regime, in which images of sources are deformed. As a consequence,
the two-dimensional metric on constant affine parameter slices describes a deformed
two-sphere instead of a round sphere. In contrast, if the deformations are sufficiently
strong, the lightcone intersects itself. This regime is referred to as strong lensing
regime and gives rise to multiple-imaging of the same source, as we shall see below.

4.4 lightcone self-intersections

For the results presented later, it is important to introduce a mathematical precise
definition of what is meant with a lightcone self-intersection. Let I−(p) denote the
chronological past of p, that is, the set of points in spacetime which can be reached
along a past timelike curve issued at p. Its boundary İ−(p) can be shown to be a closed,
embedded, achronal6, three-dimensional, Lipschitz-continuous (C1−) submanifold,
see Hawking & Ellis proposition 6.3.1 [63] for a proof. In other words, İ−(p) is a
reasonably well-behaved hypersurface. Furthermore, it can be characterized by the
following result.

6 An achronal set is a set for which no two points can be connected by a timelike curve [63].
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Theorem 1. Let S be a closed subset of spacetime. Every point p ∈ İ−(S) with p /∈ S lies on
a null geodesic entirely contained in İ−(S), which either has a future endpoint7 on S or is
future inextendible8.

A proof of this theorem can be found in [3], theorem 8.1.6. In fact, since we are
concerned with the past lightcone of p, all points on C−(p) lie on a null geodesic with
future endpoint p by construction. However, a crucial observation is that the converse
statement is not true: not every null geodesic with future endpoint p exclusively
lies in İ−(p). In particular, the past null geodesic generators of C−(p) are initially
part of the chronological boundary İ−(p), but may eventually leave the boundary
and plunge into the interior I−(p), as we shall see below. The last point along a null
generator γ still on İ−(p) is called a cut point of γ.

There are two different possibilities for self-intersections: local self-intersections,
where infinitesimally neighbouring null geodesics intersect, or ‘global’ self-intersections,
where the intersecting null geodesics are not infinitesimal neighbours. Local self-
intersections of a geodesic congruence are captured by the notion of a conjugate point,
whereas global intersections are described by cut points.

4.4.1 Conjugate points

Recall that a point q is said to be conjugate to p along an infinitesimal geodesic
congruence, if there exists a Jacobi-field9 vanishing both at p and q but not vanishing
identically. At a conjugate point, the expansion scalar θ becomes infinite, hence, an
infinitesimal geodesic congruence refocuses and infinitesimal neighbours intersect.
A good indication for the presence of a conjugate point is a negative expansion
parameter, more formally:

Theorem 2. Let γ(λ) be a null geodesic with affine parameter λ. If the expansion scalar θ

at some point γ(λ1) is negative, θ(λ1) = θ1 < 0, then a point conjugate to γ(λ1) will be
reached within affine parameter − 2

θ1
, provided γ extends that far.

The elementary proof makes use of (4.18) and can be found for example in [3, 63].
Regarding the intersection of infinitesimally neighbouring geodesics in conjugate
points, the following results can be established.

Theorem 3. Given a globally hyperbolic spaetime, let S be a compact, orientable, two-
dimensional spacelike submanifold. Then every p ∈ İ−(S) lies on a past null geodesic issued
at, and orthogonal to S, and S has no conjugate point between S and p.

7 p ∈ M is called a future endpoint of a future-directed causal curve γ(λ), if for every neighbourhood O
of p ∃ λ0 such that ∀λ > λ0 : γ(λ) ∈ O.

8 A curve is future inextendible if it does not have a future endpoint, see e.g. [3] for more details.
9 Recall that a Jacobi-field ya is a solution to the geodesic deviation equation

∇l(∇ly
a) = Ra

bcdlbycld (4.23)

for a geodesic with tangent vector la.
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For a proof see theorem 9.3.11 in [3]. In the present context of lightcones, S may
be thought of as lightcone slice. This result establishes that in a globally hyperbolic
spacetime, there are no conjugate points between S and any point on its past chrono-
logical boundary İ−(S). The following two results state the consequences, if a null
geodesic exhibits a conjugate point.

Theorem 4. Given a null geodesic issued at p = γ(0) and q = γ(λ0) with λ0 > 0. If there
is no conjugate point [p, q], then no infinitesimally close timelike curve connecting p and q
exists.

Theorem 5. If there exists a conjugate point to p in (p, q), then there exists an infinitesimally
close timelike geodesic connecting p and q.

Both statements are proven in [63], cf. propositions 4.5.11 and 4.5.12, and state that
all points on a null geodesic beyond a conjugate point can also be reached along an
infinitesimally close timelike curve, whereas this is impossible for any point on γ

before the conjugate point.

4.4.2 Cut points

The discussion of intersections of non-infinitesimally close lightcone generators
requires the notion of cut points. As mentioned above, a cut point is the last point
along a null geodesic issued at p which still lies in İ−(p). It can formally be defined
by making use of the Lorentzian distance function, as it is done for instance in [168],
which we will follow here. Let γ be a past-oriented, non-spacelike, piecewise smooth
curve in spacetime consisting of n smooth pieces. Then its Lorentzian arc length L(γ)
is defined as

L(γ) :=
n

∑
i=0

∫
ai

√
−g(γ′, γ′) dλ , (4.24)

where the integration is over n smooth pieces ai. Denote the set of all piecewise
smooth, non-spacelike, past-oriented curves from p to q by Ω(p, q). In contrast to
the Riemannian case, one cannot define the Lorentzian distance between p and q
as infimum over Ω(p, q), because any timelike curve connecting p and q can be
approximated by a piecewise smooth null curve of arc length zero. Instead, the
supremum is used. Let J−(p) denote the set of points in spacetime which can be
reached from p along a past-directed causal curve. Then, the Lorentzian distance d
between two points p and q in spacetime is then defined as

d(p, q) :=


0 if q /∈ J−(p)

sup
γ
{ L(γ) | γ ∈ Ω(p, q)} if q ∈ J−(p) .

(4.25)

Note that d(p, q) > 0 ⇔ q ∈ I−(p), whereas d(p, q) = 0 if q ∈ J−(p) \ I−(p). Given
a past-directed null geodesic γ(λ) : [0, a)→ M issued at p = γ(0). Define

λ0 := sup{λ ∈ [0, a) : d(p, γ(λ)) = 0} . (4.26)
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If 0 < λ0 < a, then γ(λ0) is called a cut point of p along γ. By definition, any point
along γ before the cut point γ(λ0) can exclusively be reached from p along the
null geodesic γ, whereas all points on γ beyond the cut point can also be reached
along a timelike curve from p, because d(p, γ(λ > λ0)) > 0. Two additional results
concerning cut points can be established, see e.g. [168].

Theorem 6. Given a null geodesic issued at p. Then, the cut point of γ comes on or before
the first point conjugate to p.

Theorem 7. In a globally hyperbolic spacetime, let γ be a null geodesic issued at p and q the
cut point of γ. Then, either q is the first conjugate point of p along γ, or at least two null
geodesics issued at p intersect in q.

The union of all cut points along all past null generators of C−(p) is then referred to
as past cut locus of the lightcone and will be denoted here by L−(p). By Rademacher’s
theorem [169], L−(p) has measure zero in İ−(p). Summarizing, conjugate points are
contained in the cut locus if they are located on the boundary İ−(p), but they might
also appear in I−(p). Observationally, the presence of cut points indicates strong
gravitational lensing effects and multiple imaging. Given a cut point not being a
conjugate point, there are at least two distinct null geodesics from the cut point to
the observer at the lightcone vertex. Thus, the observer detects two or more images
coming from different directions on the celestial sphere.

An example, in which all the above findings are visualized, is given by the isolated
strong gravitational lens in Fig.4.1. Two past null geodesic generators of the lightcone
C−(p) issued at p intersect at a point of the cut locus, before turning into the interior
I−(p) of the lightcone, where they eventually encounter conjugate points (cusp ridge).
Points in the interior can also be reached along timelike curves from p. q is a conjugate
point at which infinitesimally neighbouring generators intersect and the expansion
parameter θ = −∞. q is contained in the boundary İ−(p) and thus part of the cut
locus. The Lorentzian distance from p to any point in the outer part of the lightcone
C−(p) ∩ İ−(p) is zero and positive for any point in the interior I−(p). The set-up of
Fig.4.1 will be important later in the results section.

4.5 classification of caustics

In principle, an arbitrarily sophisticated matter distribution gives rise to arbitrarily
complicated lightcone self-intersections. However, it turns out that under certain cir-
cumstances, outlined in this section, a classification of local lightcone self-intersections,
i.e. of caustics, is indeed possible. More generally, the classification holds for wave-
fronts10, a more general class of null hypersurfaces including lightcones. Formally,
a wave-front is defined as the null hypersurface generated by one of the two famil-
ies of null geodesic congruences issued from a smooth two-dimensional spacelike
surface S in spacetime. Note that as mentioned earlier, there are two distinct null
directions orthogonal to a spacelike surface, labelled as ingoing and outgoing. Each

10 Strictly speaking for instantaneous wave-fronts, see below.
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p

C−(p)

q

L−(p)

Figure 4.1: Lightcone C−(p) of point p going through a gravitational lensing event causing
C−(p) to intersect itself at the cut locus L−(p) (blue), which is part of the boundary
İ−(p). Two different null generators (red) intersect at the cut locus, after which
they turn into the interior I−(p) (dashed). q turns out to be a conjugate point of
swallow-tail type, where infinitesimally close generators intersect. Two cusp ridges
originating from q remain in I−(p). Figure taken from [1].
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of them gives rise to a wave-front. An instantaneous wave-front is defined to be the
intersection of a wave-front with a spacelike hypersurface. As it is outlined in the
remainder of this paragraph, Low was able to show that (local) self-intersections of
instantaneous wave-fronts can be classified according to Arnold’s classification of
singularities of Legendrian maps, see [170] as well as [171]. Since a wave-front can
be foliated by a one-parameter family of instantaneous wave-fronts, one should be
able to reconstruct the caustic of a wave-front from the caustics of the corresponding
instantaneous wave-fronts, yet, a formal classification of caustics of wave-fronts is still
missing to date, see also the discussion in [163]. In the remainder of this paragraph,
we will closely follow [170].

We first need to define the space of null geodesics N of a spacetime M. Let M
denote a (globally hyperbolic) spacetime, T∗M the associated cotangent bundle, and
T̃∗M the reduced cotangent bundle, that is, the cotangent bundle minus the zero
section, which removes the zero 1-form from all cotangent spaces over M. One
can then proceed to define the direction bundle U∗M by projectivizing T̃∗M. This
procedure assigns to every p ∈ M a projective space P(T̃∗p M), which is the quotient
of T̃∗M with respect to the following equivalence relation ∼ . Given x, y ∈ T̃∗M,

x ∼ y :⇔ ∃ λ ∈ R \ {0} : x = λ · y . (4.27)

In other words, the direction bundle U∗M is constructed by identifying proportional
1-forms in the reduced cotangent bundle. The null direction bundle N(M) is the
restriction of U∗M to null 1-forms. Then, the space of null geodesics N of M is
defined as the set of distinct null geodesics in M, that is to say, the quotient space
of integral curves generated by N(M), where identical integral curves are identified.
Therefore, N is 5-dimensional and was shown in [172] to be a manifold, provided that
M is strongly causal11. Alternatively considering a (partial) Cauchy surface Σ ⊂ M,
which is three dimensional, the set of null directions Np(M) at any p ∈ Σ, i.e. the
fiber of N(M) over p, is two-dimensional. In fact, the subspace NΣ of N of all null
geodesics intersecting Σ is diffeomorphic to the cotangent unit sphere bundle T∗S(Σ)
of Σ: NΣ ' T∗S(Σ) [171]. Note that T∗S(Σ) comes with a projection map denoted by
Π : T∗S(Σ) → Σ ⊂ M.

For any given p ∈ M, the image X of Np(M) in N is called the celestial sphere of
p and is a smooth embedded two-sphere. The associated null geodesic congruence in
M forming the lightcone of p is denoted by C(p).

11 Given a point p in spacetime. The strong causality condition holds at p, if every neighbourhood of p
contains a neighbourhood which no non-causal curve intersects more than once. A globally hyperbolic
spacetime is also strongly causal, see [63] for more details.
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Low then shows that the canonical 1-form12 κ on T∗M gives rise to a contact 1-
form13 on N and that a two-surface in N is a Legendrian submanifold14 of N if and
only if the corresponding null geodesic congruence forms a null hypersurface. This
implies in particular that the celestial sphere X associated with the lightcone at p is a
Legendrian submanifold. Then Π(X) is a Legendrian map15 from a two-dimensional
into a three-dimensional space, whose image is the intersection of the lightcone C(p)
with the Cauchy surface Σ.

In a significant advance, Arnol’d was able to classify singularities of Legendrian
maps which are stable against perturbations in the class of Legendrian submanifolds
[174]. Later, Low [170] exploited Arnol’d’s findings to arrive at a classification of
stable singularities of instantaneous wave-fronts, where stability now refers to small
perturbations of the Cauchy surface, i.e. within the class of instantaneous wave-fronts,
see also [175]. It turns out that there are only two types of stable singularities for a
Legendrian map from a two-dimensional into a three-dimensional space, referred to as
cusp (A2) and swallow-tail (A3) singularity. A singularity is called cusp, respectively
swallow-tail singularity, if it is locally diffeomorphic to [176]

fC(u, v) := (u2, u3, v) or (4.31)

fS(u, v) := (3u4 + u2v, 4u3 + 2uv, v) , (4.32)

see also Fig.4.2 and Fig.4.3. Furthermore, the authors of [177] show that the stable
singularities a la Arnol’d can be realized in wave-fronts in Minkowski spacetime.
The findings of the present paragraph, concerning which types of generic, i.e. stable,
singularities can appear in instantaneous wave-fronts, are of major interest for the
later study of the Hawking energy of lightcone slices. A concrete example for the
effect of such singularities on observations was given in [178], where the authors
studied the impact of caustics on cosmological distances.

12 In brief, the canonical 1-form κ on T∗M can be defined as follows, for a more detailed discussion we
refer to [9]. Denote the natural projection from the cotangent bundle into spacetime by Π : T∗M→ M.
For any Y ∈ T∗M and local coordinates {xa} of M, (local) canonical coordinates (qa, pa) of T∗M, where
a runs from 1 to dim(M), are then defined as

qa(Y) := xa(Π(Y)) and pa via Y =: pa(Y)dxa . (4.28)

The canonical 1-form κ can then locally be defined using the canonical coordinates

κ := pa dqa . (4.29)

13 The contact 1-form α on the so-called contact bundle T∗M×R with coordinates (qa, pa, u) is defined as
[173]

α := du− κ = du− padqa . (4.30)

In the case at hand, the contact bundle is the 5-dimensional space of null geodesics N .
14 Ñ is called a Legendrian submanifold of a (2n+ 1)-dimensional contact bundle M̃, if it is a n-dimensional

immersed submanifold of M̃ on which the contact 1-form α vanishes.
15 A Legendrian map L : Ñ → M×R is a map from the n-dimensional Legendrian submanifold into the

extended base manifold/ spacetime of dimension n + 1.
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Figure 4.2: Cusp singularity (4.31) embedded in R3. The fold line is often referred to as cusp
ridge.

Figure 4.3: Swallow-tail singularity (4.32) embedded in R3. Two cusp ridges merge into the
swallow-tail point.
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4.6 ideal observational cosmology

A standard procedure in cosmology is to a priori specify a spacetime model and
in a second step interpret observations within this particular model. Selecting a
particular spacetime model requires a priori input, for instance concerning sym-
metries. Therefore, the converse process is of great interest, that is, to determine,
respectively constrain, a spacetime model exclusively based on observations. That
is to say, answering the question: given ideal cosmological observations, i.e. leaving
aside any measurement inaccuracy, how many independent cosmological observables
exist and to what extend do they determine the Universe? Ignoring caustics, this
question was answered within the Ideal Observational Cosmology program by Ellis
and collaborators [108], see also [53], which we will closely follow in this section.
We review what types of cosmological data can be collected on the past lightcone
in general and how the EFEs uniquely determine the geometry and matter content
of the observable Universe for given data on the past lightcone within the Ideal
Observational Cosmology program.

As mentioned earlier, we focus here on optical signals propagating along null
geodesics through spacetime. A cosmological observer located at a point p in space-
time is able to detect light signals from points in his past, i.e. points which are located
on his past lightcone C−(p). Therefore, the causal structure of spacetime dictates the
set of points from which information can in principle be deduced by observations at
p. Strictly speaking, any realistic observation takes place over a finite time interval,
hence, we should consider a 1-parameter family of lightcones centered about the
worldline of the observer and labelled for instance by the eigentime. Because the
measurement timescale is typically negligible compared to the timescales over which
cosmological parameters vary, the act of observation in this work is modelled by a
single lightcone C−(p) for an observer located at p and observing instantaneously.
Note, that this approximation is not longer valid if one is concerned with real time
cosmology [179] measuring the temporal changes of cosmological observables such
as redshift.

Moreover, the existence of a maximal distance down the lightcone up to which the
data are available and C−(p) is caustic-free is assumed. A mentioned above, this is
always the case, even for a general spacetime, in a sufficiently close neighbourhood
of p.

Being more precise, the goal of the Ideal Observational Cosmology program is to
infer the spacetime metric and energy-momentum tensor within a maximal spacetime
domain, based on observations on C−(p). In order to pose the problem mathematically,
it is advantageous to introduce coordinates adapted to the lightcone set-up, see also
the slightly different geodesic lightcone coordinates used in [144, 180].
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4.6.1 Observational coordinates

Given the observer’s worldline γ(τ) described by a timelike geodesic with proper
time τ and unit timelike tangent vector ua, uaua = −1. Following [108], we can
introduce adapted lightcone coordinates xa = (τ, y, θ, φ) as follows. Let hypersurfaces
of constant τ be the past lightcones centered at γ(τ), i.e. the proper time τ of the
observer’s worldline serves as lightcone label. For fixed τ, recall that the celestial
sphere of all past null vectors la at γ(τ) can be parametrized by two spherical
coordinates (θ, φ) representing the direction in which the observation is made. We
can extend these coordinates to C−(γ(τ)) by keeping them constant along each null
generator, see Fig.4.4. The last coordinate y measures the distance down the lightcone
generators, for which there are in principle multiple options, for example redshift
or area distance. Here, we will identify y = λ with the unique affine parameter λ

down each generator, normalized by using the observer’s 4-velocity uala|γ(τ) = 1 and
demanding λ = 0 at γ(τ). These coordinates may not cover the complete spacetime
but only a neighbourhood of the observer’s worldline, moreover, they become multi-
valued after caustics.

ua

τ

la

(θ, φ)

(τ0, y0, θ0, φ0)

p = γ(τ0)

γC−(p)

Figure 4.4: Coordinates (τ, y, θ, φ) adapted to the past lightcone C−(p) of p. τ is the proper
time measured along the observer’s worldline γ(τ) with tangent vector ua. The
two angles (θ, φ) parametrize the celestial sphere, and y measures the distance
down the lightcone generators with tangent vector la.
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4.6.2 Cosmological observables on the lightcone

In the following, we will review the findings of [108] that the maximal set of cosmolo-
gical observables on the past lightcone of the observer alone, namely

(i) redshift and proper motions of individual sources,

(ii) image size, shape and intensity of individual sources,

(iii) number counts of individual sources,

(iv) (direction dependent) intensity of background radiation,

(v) identification of multiple images of the same source,

is not sufficient to determine the spacetime geometry, that is, the components of the
metric and energy-momentum tensor on C−(p). In contrast, if additionally the EFEs

as evolution equations are assumed, the above data uniquely determine the geometry
on the past lightcone. As it is explained in the next paragraph, the maximal spacetime
domain determined by data on C−(p) together with the EFEs is the interior of the
past lightcone. If one intends to solve the EFEs outside the past lightcone, additional,
causally inaccessible data is needed. Before summarizing how the initial data on
C−(p) can via the EFEs be propagated inwards to generate the solution in the lightcone
interior, we review how the above mentioned observables allow a determination of
the metric and energy-momentum tensor components on C−(p).

Given the above introduced lightcone coordinates, our goal is to deduce the com-
ponents of the metric tensor

gab =


g00 −1 g02 g03

−1 0 0 0

g02 0 g22 g23

g03 0 g23 g33

 , (4.33)

as well as the components of the energy-momentum tensor, which is assumed to be
of ideal fluid form

Tab = (ρ + P)uaub + Pgab (4.34)

with energy density ρ, pressure P and fluid 4-velocity ua with uaua = −1. Sub-
sequently, we show how the observations (i)-(v) are related to the components of gab
and Tab.

(i) In general, the redshift of a light signal emitted by a source and detected by the
observer is defined as

1 + z :=
λo

λe
=

dτo

dτe
=

laua|e
laua|o

. (4.35)
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In the present set-up, τo ≡ τ and uala|o = 1 because of the normalisation
choice for la at p, where the observer is located. Then, the redshift (4.35) can be
expressed in terms of the fluid 4-velocity ua = dxa

dτe
:

1 + z =
dτ

dτe
=

dx0

dτe
= u0 . (4.36)

In principle, the proper motions of the source, i.e. the change of position dxA

dτ

(A= 2,3) on the observer’s celestial sphere, can also be observed over a finite time
interval. The proper motion of the source can be used to infer the corresponding
fluid 4-velocity components via

uA =
dxA

dτe
=

dxA

dτ

dτ

dτe
=

dxA

dτ
(1 + z) . (4.37)

The remaining component u1 is determined by the normalisation condition
uaua = −1.

(ii) The two-dimensional line element at the source is given by

ds2 = gABdxAdxB . (4.38)

Knowledge of the intrinsic size and shape of the source, for instance a galaxy,
allows to estimate ds2, whereas the observed shape and angular size determines
dxA. Thus, having intrinsic knowledge about the source, observations determine
the metric components gAB(z, xA) as function of the position on the celestial
sphere and for example redshift z, since the affine parameter λ is not directly ob-
servable. As described below, the relation between redshift and affine parameter
is governed by the null Raychaudhuri equation (4.18). We may also introduce a
distance from observer to source, the area distance D defined as

D2 sin θ :=
√

det gAB , (4.39)

where θ is the polar angle of the celestial sphere. Of course, one may also
measure the intensity and spectrum of the received radiation, but this is not
relevant for the spacetime reconstruction procedure described here.

(iii) Given a solid angle dΩ centered about a particular direction (θ, φ) on the
celestial sphere, the observer can count the number of sources, e.g. galaxies,
within the infinitesimal volume dV, spanned by dΩ and an affine parameter
increment down the lightcone:

dV = D2dΩ(1 + z)dλ , (4.40)

because dλ corresponds to a change dl = (1 + z)dλ in the rest frame of the
source, see [53] for more details. Given the number density n(λ, xA) and a
known selection function f , taking into account that not all objects present
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in dV may be counted due to detection issues, the number dN of objects in
volume dV is dN = f n dV. Alternatively, because the affine parameter is not
observable, the observer may count in a redshift interval dz instead,

dN = f nD2(1 + z)
dλ

dz
dΩ dz , (4.41)

hence, number counts in redshift bins yield information about n dλ
dz . The number

density n is assumed to be proportional to baryonic matter density, in fact, it
is assumed that the knowledge of n determines the baryonic matter density
ρb. This can be achieved if a good estimate on the ratio of luminous to non-
luminous baryonic matter density exists, which allows the estimation of matter
concentrated for example in non-luminous gas clouds from number counts of
luminous objects such as galaxies.

(iv) There is also diffuse background radiation of sources which cannot be resolved
or the cosmic microwave background. The intensity and spectrum of this radi-
ation can be measured. The energetically dominant CMB component is to a very
high degree isotropic and its spectrum an almost perfect blackbody spectrum,
see section 3.2.4. Nonetheless, diffuse background radiation is neglected in
the analysis of [108], being a good approximation as long as the dynamics
is dominated by dust, for example an observer in the present phase of the
Universe.

(v) In general, strong gravitational lensing causes multiple images of the same
source, cf. section 4.4. Although observationally challenging, it is in principle
possible to identify multiple images of the same object, for instance by consid-
ering characteristic features of spectra. As far as the reconstruction procedure
of [108] is concerned, multiple imaging is excluded because the reconstruction
algorithm relies on a caustic-free lightcone.

If we assume that these observations can be performed for sources in all directions
and for all redshifts up to a limiting redshift z∗, until which data can be collected and
no caustics occur, then the metric components and the energy-momentum tensor can
be uniquely reconstructed on C−(p). Formally, the results of [108] can be phrased in
the form of the following theorem [53]:

Theorem 8. Given a globally hyperbolic spacetime, if

(a) the data (ua, gAB, ρb
dλ
dz ) are known on C−(p) for 0 ≤ z ≤ z∗ via ideal cosmological

observations,

(b) the Baryon-Dark-Matter ratio is known and both matter components share the same
4-velocity,

(c) the value of the cosmological constant Λ is known independently from non-cosmological
physics,
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then the EFEs on C−(p) uniquely determine the spacetime on C−(p), that is, metric and
energy-momentum tensor.

Moreover, the set (a) is also shown to be the minimal data set to achieve this.
Neglecting any radiation contribution to the energy-momentum tensor, assumption
(b) ensures that despite directly observing only luminous baryonic matter (number
counts), the total matter density including Dark Matter can be deduced with prior
knowledge about the Baryon-Dark-Matter ratio. The presence of a cosmological
constant is admitted, whose value must be known from non-cosmological physics,
but also the absence of Λ or Dark Energy, when the accelerated expansion might
instead be explained as backreaction effect from inhomogeneities (see section 3.4.2)
is covered. Despite all assumptions, this result is remarkable because all possible
observations taken together might still have turned out to be insufficient in order to
determine the spacetime geometry.

Briefly sketching the reconstruction procedure on C−(p), rewriting the null Ray-
chaudhuri equation (4.18) in terms of area distance and redshift yields a differential
equation for dz

dλ . After solving, the functional dependence of redshift and affine
parameter is known. Then, the authors express the EFEs in Newman-Penrose variables,
see e.g. [166, 167] for an exhaustive treatment, and split the EFEs into equations
on C−(p) and another set containing transversal derivatives off C−(p). The set of
equations describing the evolution of the Newman-Penrose variables along C−(p) can
be solved successively, taking into account the vertex limit→ p, to yield the metric
and energy-momentum tensor components on C−(p).

4.6.3 Reconstructing the observable Universe

Generally16, the maximal spacetime domain determined by data on C−(p) is given
by the interior of C−(p). Any point q /∈ J−(p) is causally connected to points in
J−(q) and thus depends on data from points not in J−(p). In other words, based on
observations, the observer at p can at most reconstruct the observable Universe at p
and especially cannot predict the future since this would require data from acausal
points, i.e. points that cannot be reached from p along a causal curve. For example, p
being part of a (partial) Cauchy surface Σ allows to predict the spacetime in its future
domain of dependence D+(Σ), see e.g. [63] for more details. How the reconstruction
for the lightcone interior is performed, is described below.

Although the authors of [108] sketch how to use the EFEs transversal to C−(p) in
order to reconstruct the spacetime in the lightcone interior, a mathematically more
rigorous formulation can be found in [181], to which we refer the reader for more
details of the following statements. The problem at hand constitues a characteristic
intial/final value problem, with initial/final data given on a characteristic surface in
spacetime, namely the past lightcone. The goal is to propagate the data off C−(p) into
the interior. In a first step, the EFEs are phrased in the wave-map gauge, ensuring that
the resulting set of hyperbolic differential equations allows for a causal propagation

16 Except in the case of a small Universe, where J−(p) already contains a Cauchy surface.
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of the initial data, see also [182]. Given two spacetimes (M, gab) and (M, ĝab), g is
said to be in ĝ-wave-map gauge, if the identity map id : M → M is a harmonic17

diffeomorphism. This is equivalent to requiring that the wave-gauge vector

Ha := gbc (Γa
bc − Γ̂a

bc
)

(4.42)

vanishes: Ha = 0. With the help of the wave-map gauge, the Ricci tensor, viewed as
differential operator acting on gab, can be decomposed into a hyperbolic operator
R(H)

ab acting on gab and a differential operator acting on Ha 18. The hyperbolic operator

R(H)
ab gives rise to the EFEs in wave-map gauge

R(H)
ab = 8π

(
Tab −

1
2

Tgab

)
, (4.44)

in which the original Ricci tensor is replaced by the so-called reduced Ricci tensor
R(H)

ab . There exists a theorem, theorem 3.2 in [181], guaranteeing the existence and
uniqueness of solutions of the wave-map reduced EFEs (4.44) inside the lightcone19,
provided that the initial data, the metric gab on C−(p), is sufficiently regular. Since
we are interested in solution of the full EFEs, it is clear from (4.44) that a solution of
the wave-map reduced EFEs is a solution to the full EFEs if R(H)

ab = Rab, which is in
particular the case if Ha = 0, cf. (4.43). This observation is formalized in theorem
3.3 in [181], stating that a solution of the wave-map reduced EFEs (4.44) inside C−(p)
with initial data on C−(p) is a solution to the full EFEs if the wave-gauge vector Ha

vanishes on C−(p) and the energy-momentum tensor is covariantly conserved. The
main result of [181] is the construction of initial data with vanishing Ha on C−(p),
which turns out to be equivalent to a set of constraint equations to be satisfied, see
theorem 5.2 in [181].

Summarizing, given idealized observations, it is in principle possible to reconstruct
the spacetime geometry, i.e. metric and energy-momentum tensor on C−(p), and
to also solve the EFEs in the lightcone interior. Although the Ideal Observational
Cosmology program [108] requires a few working assumptions, and a more realistic
treatment would have to deal with imperfect observations and limited data available,
it is an important step towards a lightcone formulation of cosmology purely based
on observations and its objectives serve as motivation for the studies pursued and
presented in this work.

17 A harmonic map f : (M, g) → (M, ĝ) is a map obeying �̂ f a = 0 , where �̂ is the d’Alembertian or
wave operator with respect to ĝab.

18 For completeness, the split of the Ricci tensor reads

Rab = R(H)
ab +

1
2
(

gac∇̂b Hc + gbc∇̂a Hc) . (4.43)

The exact expression of R(H)
ab , which is not relevant for the following discussion, can be found in [181].

19 In fact, the authors consider a truncated lightcone in order to have a well-posed problem.
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In the first part of this chapter, section 5, we propose the Hawking energy to be a
suitable candidate for measuring the energy of the observable Universe and study
its properties in a realistic cosmological set-up. This work is mainly based on [1], of
which large parts are reproduced in verbatim here. The cosmological set-up together
with the slicing construction of the lightcone is explained in section 5.1. The weak
lensing regime in absence of self-intersections is studied in section 5.2. The effect of
self-intersections on the lightcone geometry is briefly reviewed in section 5.3. Section
5.4 establishes the well-definedness of the Hawking energy and its derivative in
the presence of swallow-tail type singularities. The rescaling freedom of the null
generators of the lightcone is discussed in section 5.5, before moving to a discussion
on monotonicity and possible extensions in sections 5.6 & 5.7.

In the second part, section 6, we present a few concrete cosmological applications
especially in the context of inhomogeneous cosmology, which should be understood
as starting points for a more detailed research program concerning the conceptual
issues of inhomogeneous cosmology as reviewed in section 3.4. In direct continuation
of the previous section, in which the general properties of the Hawking energy on
lightcones were studied, the second part provides direct applications of these concepts,
comparing domains based on energy, area and matter density in section 6.2. In section
6.3, energy and area are used to assign a Robertson-Walker (RW) reference slice to
every constant affine parameter slice. RW reference refers to a homogeneous slice
which is described by a constant curvature metric, cf. (3.2). As discussed in more
detail in section 6.3, the time evolution of such an RW slice is in general different
from the FLRW time evolution. After providing a few pedagogical examples of the
Hawking energy in flat FLRW spacetimes in section 6.4, monotonicity of the Hawking
energy down the lightcone is exploited in section 6.5 in order to arrive at bounds for
the density and equation-of-state parameter of the cosmic fluid. Most parts of section
6 are taken in verbatim from [2].





5
T H E E N E R G Y O F T H E O B S E RVA B L E U N I V E R S E

As mentioned, this section is mainly based on [1], from which large parts are repro-
duced here. The aim of the present section is to find a meaningful notion of energy
for the observable Universe, that is, the part of spacetime causally connected to and
in the past of the observation event. As discussed in section 4, the natural geometric
object directly related to the causal boundary, but also to cosmological observations,
is the past lightcone of an observer. We stress that the lightcone is a geometric ob-
ject associated to the spacetime at a given point without any further specifications.
Therefore, a natural question is whether a well-defined notion of energy on the past
lightcone exists. Positivity of energy for null-geodesically complete, globally smooth
lightcones was shown in [183]. Specifically for the Hawking energy, positivity and
monotonicity results were established in [33, 46], see also section 2.2.1. However,
due to strong gravitational fields, potentially sourced by local inhomogeneities, the
lightcone might develop singularities and caustics as described in section 4.4. The
objective of this section is to study the properties of the Hawking energy in such a
cosmological set-up, even admitting certain types of singularities, specifically cusp
and swallow-tail singularities are considered, which generically appear in lightcones.
Of particular interest are positivity and montonicity of the Hawking energy on the
lightcone.

5.1 cosmological set-up

Recall from section 4.6.1 that the observer is assumed to be a point p in spacetime
M and a future-pointing normalised timelike vector ua ∈ Tp M with uaua = −1. As
mentioned earlier, this is a good approximation as long as the duration of observation
is negligible compared to the dynamical timescale of the Universe. In particular, we
are interested in monotonicity properties of E along a family of two dimensional
slices (St) down the lightcone. Before turning to more formal and rigorous statements
in sections 5.2 & 6.5, we first provide an intuitive argument in favour of monotonicity.

The past lightcone in Fig. 4.1 can be sliced into two dimensional spacelike surfaces,
for instance by a one-parameter family of (partial) Cauchy surfaces Σt. The part of
such a lightcone slice contained in the past causal boundary İ−(p) is denoted by
St: St := C−(p) ∩ İ−(p) ∩ Σt. Since İ−(p) is the past causal boundary of I−(p), any
matter respecting the DEC can only leave I−(p) to the future, in particular, nothing
can enter I−(p) from outside. Therefore, taking two different slices St and St′ with
t < t′ as depicted in Fig. 5.1, matter may only leave I−(p) between t and t′. Turning
the argument around, the surfaces St should enclose more and more matter towards
the past. Each St is typically a closed, spacelike surface and thus has an associated
Hawking energy E(St). By the above argument, the Hawking energy should then

59



60 the energy of the observable universe

p

St′

St

İ−(p)

Figure 5.1: Causal matter can only leave I−(p) to the future, but nothing can enter from the
outside. Thus, the Hawking energy should monotonically increase from St′ to St.
Figure taken from [1].

be monotonically increasing along the family (St) down the lightcone. Though, this
naive argument only holds for θ+ > 0 everywhere on C−(p) as we shall see later.

It is crucial to note that this argument only holds for surfaces which are part of the
causal boundary. As mentioned above, the lightcone generators leave the boundary
after self-intersections and the interior parts of C−(p), that is the part contained in
the chronological past, can be penetrated by timelike curves. Therefore, we have to
exclude the interior parts of C−(p) and restrict our monotonicity discussion to the
part of the lightcone contained in the causal boundary C−(p) ∩ İ−(p). Also from a
geometric point of view, C−(p) ∩ İ−(p) is a much better-behaved hypersurface than
C−(p) since it is a Lipschitz manifold, whereas C−(p) might in general fail to be a
manifold due to complicated self-intersections in the interior of İ−(p).

In the subsequent sections, we do not use Cauchy surfaces, but rather adopt the
following construction in order to generate the 1-parameter family of lightcone slices.
We start with an initial lightcone cut S sufficiently close to p, guaranteeing that S
is a topological sphere and that the Hawking energy is positive due to the small
sphere limit [34]. The part of the lightcone in the past of S is generated by the past-
pointing null geodesics associated with the null generators la. The lightcone can
then be sliced into a 1-parameter family of lightcone slices Sλ labelled by a distance
function λ, with λ ≥ 0 and Sλ=0 = S. However, since la is a null vector field, we have
a pointwise rescaling freedom la → αla, with α > 0 a function on S. After fixing the
rescaling freedom in a suitable manner, as is done in the subsequent sections, we
walk down a unit distance along the generators and arrive at a new spacelike cut,
where the rescaling procedure is repeated etc. The function α extends to a function on
C−(p) ∩ İ−(p) and encodes the particular choice of the lightcone foliation (Sλ). One
option is, for example, the unique affine parameter normalized by laua|p = 1 which
is used later in section 6. Other possible choices include area distance or redshift,
however, in general they might not be monotonic functions down the lightcone.
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Changing from one foliation with corresponding parameter λ to another one with λ̃

relates the change of E for each foliation via

∂E
∂λ̃

=
∂E
∂λ

∂λ

∂λ̃
. (5.1)

Thus, if E is monotonically increasing along the λ-foliation, it increases along the new
foliation if ∂λ

∂λ̃
> 0, that is, if λ is an increasing function of λ̃.

5.2 weak lensing regime

This section addresses monotonicity in scenarios excluding caustics, a discussion
including these can be found in the next sections. The following results can be
understood as an application of Eardley’s findings [33] to lightcones. Each lightcone
slice on the boundary, Sλ ⊂ C−(p)∩ İ−(p), comes with an associated Hawking energy
E(Sλ). In the following, it is assumed that each slice Sλ is topologically a sphere, a
brief discussion of different topologies can be found in section 5.7. The change of the
Hawking energy (2.10) assigned to Sλ along the outgoing null direction la is given by
∂λE(Sλ) ≡ Ė(Sλ):

Ė(Sλ) =
E(Sλ)

2A(Sλ)

∫
Sλ

θ+ dSλ+

+

√
A(Sλ)

(4π)3/2

∫
Sλ

[
θ̇+θ− + θ+ θ̇− + θ2

+θ−
]

dSλ , (5.2)

where we used A(S) =
∫

S dS and ˙(dS) = θ+dS. At the same time, the vector field la

will be taken to be identical to the null generators of the past lightcone C−(p). Recall
from (4.18) that the null Raychaudhuri equation for the evolution of θ+ for a lightcone
generating congruence reads

θ̇+ = −1
2

θ2
+ − σabσab − Rablalb . (5.3)

The evolution equation of θ− along la can be derived from [184]:

θ̇− = DaΩa + ΩaΩa − 1
2

2R +
1
2

habRab − θ+θ− . (5.4)

It describes the change of the expansion of the ingoing null congruence na along the
outgoing one. Ωa = ∇lna denotes the change of the ingoing null vector along the
outgoing one. hab denotes the two dimensional Riemannian metric on Sλ defined by
the pullback of the spacetime metric gab onto Sλ. They are related via

hab = gab + lanb + nalb , (5.5)

see also (4.9). Da is the covariant derivative on Sλ compatible with its induced metric
hab and related to the spacetime covariant derivative ∇ via the projection operator
(4.3) onto TSλ, Π b

a = δ b
a + lanb + nalb. For instance, DaXb = Π c

a Π b
d∇cXd for any
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Xa ∈ TSλ. The two dimensional Ricci scalar of Sλ is denoted by 2R. Using the EFE,
we find

habRab = R + 2Rablanb = 16πTablanb ≥ 0 , (5.6)

if the DEC is satisfied. Inserting (5.3), (5.4), and (5.6) into (5.2) yields:

Ė(Sλ) =
E(Sλ)

2A(Sλ)

∫
Sλ

θ+ dSλ

+

√
A(Sλ)

(4π)3/2

∫
Sλ

{
− θ−

(
1
2

θ2
+ + σabσab + Rablalb

)
+ θ+

(
DaΩa + ΩaΩa − 1

2
2R + 8πTablanb

)}
dSλ . (5.7)

Eardley [33] established a monotonicity results for a particular family of surfaces (Sr).
Starting off with a surface S with θ+ > 0 & θ− ≤ 0 almost everywhere, one can define
a constant r on S by A(S) =: 4πr2. Although na is normalised such that nala = −1,
there is still a pointwise rescaling freedom of la left: la → αla with α > 0. It is used to
rescale la such that θ+ = 2

r . Since ∂λr = 1, r is also a parameter along the congruence.
In fact, r corresponds to an area distance function

r =

√
A

4π
, (5.8)

which is related to the luminosity distance via Etherington’s reciprocity theorem [185].
Starting with the initial surface S being a lightcone section arbitrarily close to the tip
p, the remaining lightcone is foliated by level surfaces Sr of constant r. Along this
special family of surfaces Sr, (5.7) can be further simplified by inserting the explicit
expressions for A and θ+:

Ė(Sr) =
1

4π

∫
Sr

{
− r

4
θ−
(

σabσab + Rablalb
)

+
1
2

(
ΩaΩa +

1
2

R + Rablanb
)}

dSr , (5.9)

where the Gauss-Bonnet theorem for a sphere
∫

S
2R dS = 8π was used as well as∫

S DaΩa dS = 0, because S is a closed surface. Extending the assumption θ+ > 0
and θ− ≤ 0 to all Sr, and further assuming the DEC, we find the right hand side of
(5.9) to be non-negative, because σabσab ≥ 0 and ΩaΩa ≥ 0, which can be verified
by direct calculation. Using the EFEs, the curvature terms are shown to be non-
negative because of the DEC. Thus, the Hawking energy increases monotonically
along the particular foliation (Sr) of C−(p) given the above assumptions. In fact,
monotonicity can be established for a whole class of foliations, namely those with
∂λ̃λ > 0, cf. (5.1). Eardley’s precise expression in Newman-Penrose variables [33] is
recovered after making use of the identities µ = θ−

2 , 1
2 σabσab = |σ|2, φ00 = 1

2 Rablalb,
ΩaΩa = 2ππ̄ = 2|α + β̄|2 and 1

4 R + 1
2 Rablanb = 3Λ + φ11. Additionally, if the initial
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sphere S is sufficiently close to the lightcone tip p, the Hawking energy is positive due
to the small sphere limit of [34]. Summarising, we found that the Hawking energy on
the past lightcone C−(p) of an observer p is positive and monotonically increasing to
the past, provided that θ+ > 0 & θ− ≤ 0 almost everywhere, and matter obeys the
DEC.

The central assumption is the strict positivity of the expansion θ+ of the outgoing
null congruence la generating the lightcone. Firstly, this excludes spacetimes with
certain global properties, such as the existence of past apparent horizons, beyond
which θ+ turns negative [66]. This is the case in many cosmological settings, in
particular FLRW dust universes with a positive cosmological constant, the Einstein
static universe or other recollapsing models. In any case, the monotonicity results
remain true even in such spacetimes in a suitably close neighbourhood of the observer
p. Secondly, this also excludes local regions of C−(p) with negative expansion, as
is the case in the presence of caustics due to local inhomogeneities causing strong
gravitational lensing. A discussion on the inclusion of caustics can be found in the
next chapter, the results so far only hold in the case of an empty cut locus of C−(p),
L−(p) = ∅. In particular, this includes the weak lensing regime.

5.3 strong lensing regime

In more realistic cosmological set-ups, the past lightcone will typically display self-
intersections. Considering that gravitational lenses, such as galaxy clusters, galaxies,
or individual stars, exist on different scales, caustics are expected to from hierarchical
patterns on the past lightcone. Ellis et al. [178] estimated the total number of caustics
on our past lightcone due to inhomogeneities to be of the order 1022. The presence
of caustics was neglected in the original observational cosmology programme of
reconstructing the spacetime metric and energy momentum tensor from observables
[108]. However, their presence affects cosmological distances in such a way that
observed area distances to objects are increased [178].

In particular, we are interested the simple lensing configuration displayed in Fig.4.1,
consisting of a single swallow-tail singular point and two cusp ridges present in
C−(p) ∩ Σt. The presence of self-intersections renders C−(p) Lipschitz continuous
on the measure zero set of self-intersections, in other words, the light cone remains
smooth almost everywhere. The following analysis also extends to more general
lensing configurations, in particular, the results may be applied to multi-lens con-
figurations in which the single lens in Fig. 4.1 occurs multiple times; see also the
discussion in section 5.6. More formally, the analysis given below includes the sub-
class of configurations in which the singular points as well as the cut loci in S are
isolated and have measure zero. Physically, these configurations may be thought of as
multiple local overdensities leading to isolated gravitational lenses of the type shown
in Fig.4.1.

Since singular points are conjugate points along the null generators with respect
to p, the expansion of the lightcone generators θ+ = −∞ at a singular point. Hence,
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θ+ is a smooth function almost everywhere on S, apart from the singular points.
Large regions of S will display a positive θ+, and by continuity, any singular point is
surrounded by a neighbourhood with negative θ+.

Also, at least for the lens configuration in Fig. 4.1 and multi-lens set-ups thereof,
only swallow-tail singular points can be found in the exterior part C−(p) ∩ İ−(p),
whereas cusp singular points exclusively appear at self-intersections in the interior
I−(p). Hence, for the configurations considered here, it suffices to take only swallow-
tail singular points on S into account. Moreover, these observations seem to suggest
that of all stable singular points according to Arnol’d, only swallow-tail ones appear
in exterior part C−(p) ∩ İ−(p) ∩ Σt, however, it would be desirable to make a more
rigorous statement on this matter.

5.4 hawking energy in the presence of singularities

Given the above set-up of a light cone including caustics, it is a natural question
whether or not the Hawking energy for a surface containing these types of singularities
is well-defined. In particular, since at singular points θ+ = −∞, one might wonder
whether the integral

∫
S θ+θ− dS in (2.10) is well-defined, that is finite. In the following,

we show that this is indeed the case for swallow-tail singularities only, whereas the
integral is divergent if S contains cusp points. Therefore, a finite Hawking energy
can only be assigned to the exterior part of the lightcone, since the presence of cusp
singularities in the interior causes the energy to diverge when integrated over the
whole lightcone slice.

The past-pointing null vectors la and na orthogonal to the spacelike codimension-2
surface S can be decomposed into a timelike (future-pointing) unit normal ta as well
as an orthogonal spacelike unit normal va via1

la =
1√
2
(−ta + va) & na =

1√
2
(−ta − va) . (5.10)

Following [4], the tangent bundle TM of the spacetime M can be decomposed into
the sum of the tangent bundle TS of S and the normal bundle NS of S by using the
corresponding projectors

Πa
b := δa

b + tatb − vavb = δa
b + lanb + nalb and

Oa
b := δa

b −Πa
b (5.11)

respectively. For example, the spacetime metric g can be decomposed into the intrinsic
metric h on S and an orthogonal part, cf. (5.5):

gab = hab − tatb + rarb = hab − lanb − nalb . (5.12)

Corresponding to each normal, there is an associated extrinsic curvature τab and Hab:

τab = Πc
aΠd

b∇ctd & Hab = Πc
aΠd

b∇cvd . (5.13)

1 In this expression the rescaling freedom of la is fixed in order to ease the notation. It is stressed that the
following results apply also for different rescaling choices. For the general expression, we refer to (6.3).



5.4 hawking energy in the presence of singularities 65

q

S

θ+θ− < 0

θ+θ− > 0

θ+θ− < 0

Figure 5.2: A singular point q on S is surrounded by a trapped, ring-like region (grey), where
the product of the null expansions θ+θ− is positive. Figure taken from [1].

τab is the extrinsic curvature (or second fundamental form) of the spacelike hyper-
surface Σ with timelike normal ta embedded in spacetime. Σ creates the lightcone
slices: S = C−(p) ∩ İ−(p) ∩ Σ. Hab is the extrinsic curvature of the spacelike 2-surface
S with spacelike normal va within the spacelike hypersurface Σ. Taking the trace
results in the mean curvatures τ and H of S in each direction. Using the definitions
θ+ = ∇ala and θ− = ∇ana, together with (5.10) & (5.13), yields the following relation
between the null expansions and mean curvatures:

θ± =
1√
2
(−τ ± H) . (5.14)

Because θ+ = −∞ at singular points, (5.14) implies that one of the mean curvatures
has to diverge. Since τ is the mean curvature of the smooth spacelike hypersurface Σ,
it is finite, and hence, H → −∞ at singular points. The product of expansions can be
written as the norm of the main curvature vector Qa of S:

Qa : = −θ−la − θ+na = τta − Hva thus

−QaQa = 2θ+θ− = τ2 − H2 . (5.15)

In the generic case where θ+ > 0 and θ− < 0, Qa is spacelike, it is null if one of the
expansions is zero, for example on horizons, and becomes timelike if the expansions
have the same sign, for instance for trapped surfaces. These results imply that every
singular point on S is surrounded by a "trapped ring", where θ+θ− > 0 (see Fig. 5.2).

Using (5.15), the integral expression appearing in (2.10) becomes

E(S) =
√

A(S)
(4π)3/2

(
2π +

1
8

∫
S

(
τ2 − H2) dS

)
. (5.16)
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The fact that H diverges at singular points was also more formally established
in [176] (c.f. corollary 3.5), where the authors proved that the mean curvature of a
hypersurface in a Riemannian manifold diverges at swallow-tail or cusp singular
points. Although H is divergent, one might still hope that

∫
S H2 dS in (5.16) is finite.

In the following, we show that this is the case only for swallow-tail singularities,
whereas the integral diverges for cusp singularities. Therefore, the Hawking energy
is well-defined, i.e. finite-valued, for Lipschitz surfaces only containing swallow-tail
singularities.

It suffices to study the integral in a neighbourhood Q ⊂ S of a singular point,
because the mean curvature is always finite-valued at non-singular points of S.
Below, we arrive at explicit expressions for the mean curvature near a cusp and
swallow-tail singular point, if S is embedded in Euclidean space, and find that∫

Q H2 dS diverges for a cusp, but is finite for a swallow-tail point. This result can be
immediately extended to the Riemannian case by replacing the Euclidean metric g
in the calculation below with its Riemannian counterpart, altering the result only by
finite factors.

The following calculation and notation follows [176]. Given a smooth map f : M→
N from an oriented 2-manifold M into an oriented Riemannian 3-manifold N with
metric g. f is called an instantaneous wavefront if there exists a unit vector field
νa ∈ N along f such that g( f∗X, ν) = 0 ∀X ∈ TM. νa is called the normal vector of
the instantaneous wavefront f . An instantaneous wavefront is the intersection of a
wavefront with a spacelike hypersurface [163], see also the discussion in section 4.5.
q ∈ M is called a singular point of the front f , if f is not an immersion at q. Recall
that a singular point is a cusp point or swallow-tail point respectively, if it is locally
diffeomorphic to

fC(u, v) := (u2, u3, v) or

fS(u, v) := (3u4 + u2v, 4u3 + 2uv, v) (5.17)

at (u, v) = (0, 0). The mean curvature H of the front f with normal vector νa is

H :=
EN − 2FM + GL

4λ2 , (5.18)

with fu = ∂u f , fv = ∂v f , E = g( fu, fu), F = g( fu, fv), G = g( fv, fv), |λ| =
√

EG− F2,
L = −g( fu, νu), M = −g( fv, νu) = −g( fu, νv), N = −g( fv, νv). Computing the mean
curvature for cusp and swallow-tail singularities near the singular point (0, 0) yields:

HC = − 3
2u(9u2 + 4)3/2 and (5.19)

HS =
u4 + 4u2 + 1

8(6u2 + v)(u4 + u2 + 1)3/2 . (5.20)
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Inserting these into the integral expression in (5.16) using dS = |λ|du dv and setting
the integration range
QC = {v ∈ [b1, b2], u ∈ [−a, a]} yields∫

QC

H2
C dS =

9
4

v|b2
b1

∫ a

−a

du

|u| (9u2 + 4)5/2

u→0≈ 9
128

v|b2
b1

∫ a

−a

du
|u| =

9
128

(b2 − b1) · 2 [ln(|u|)]a0 = +∞ (5.21)

for the cusp case. In the case of the swallow-tail, we must be careful to only integrate
over the outer part of the surface, i.e. the part contained in C−(p) ∩ İ−(p), see Fig.
5.3. This is done by restricting the integration range to v ≥ −2u2 in the above
parametrisation,
QS =

{
v ∈ [−2u2, a], u ∈ [−b, b]

}
, yielding

∫
QS

H2
S dS =

∫ b

−b
du
∫ a

−2u2
dv

(
u4 + 4u2 + 1

)2

32 (u4 + u2 + 1)5/2 (6u2 + v)

=
∫ b

−b
du

(
u4 + 4u2 + 1

)2

32 (u4 + u2 + 1)5/2 ln
(

3
2
+

a
4u2

)
u→0≈ 1

32

∫ b

−b
ln
( a

4u2

)
du

=
1

16

[
2u + u ln

( a
4u2

)]b

0
< ∞ . (5.22)

Summarising, we showed that the integrals in (5.16) are finite, thus the Hawking
energy for a topological sphere S containing swallow-tail singularities is well-defined.

Next, we address the derivative of E along the null generators (5.7), which can be
further simplified by making use of the contracted Gauss equation, cf. [184]:

2R = hachbdRabcd − θ+θ− + 2σ+
abσab
− . (5.23)

Applying the Ricci decomposition of the Riemann tensor (see also [186]) and using
the metric decomposition (5.12) together with the EFE yields:

hachbdRabcd = hachbdCabcd + 16πTablanb +
8π

3
T with

hachbdCabcd = 2Clnnl , (5.24)

after using the symmetries of the Weyl tensor. The Weyl tensor term vanishes if la

belongs to a null geodesic congruence. This can be seen by taking the shear evolution
equation along the null congruence, contracting it with nanb and noting that σ+

abna = 0:

Cnlnl = −nanb∇lσ
+
ab − θ+σ+

abnanb = 0 . (5.25)

Summarising, we find

2R = 16πTln +
8π

3
T − θ+θ− + 2σ+

abσab
− . (5.26)
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Figure 5.3: Front containing a swallow-tail singularity. The outer part ⊂ İ−(p) is coloured in
red and satisfies v ≥ −2u2. It is a zoom-in of Fig. 4.1 near the swallow-tail point q.
Figure taken from [1].

Next, the term ΩaΩa appearing in (5.7) can be expressed in terms of the energy
momentum tensor.
Recalling that Ωa = ∇lna as well as taking into account that Ωala = 0 = Ωana, we are
left with

∇l (nα∇lnα) = ∇l

(
1
2
∇l(nαnα)

)
= 0 ⇔

ΩaΩa = −na∇lΩa . (5.27)

Using the evolution equation for Ωa along the null
generators (cf. [184]),

∇lΩν = −Θ α
ν Ωα − θ+Ων + 8πTµνlµ +

1
2

Dνθ+ − Dασ α
+ ν , (5.28)

and contracting it with na, we end up with

ΩaΩa = −8πTln . (5.29)

Thus, inserting (5.26) and (5.29) into (5.7), we find

Ė =
E(S)

2A(S)

∫
S

θ+ dS +

√
A(S)

(4π)3/2×∫
S

{
−
(

θ−σ+
abσab

+ + θ+σ+
abσab
−
)
− 8π

(
θ−Tll + θ+

[
Tln +

1
6

T
])

+ θ+DαΩα

}
dS .

(5.30)

This expression describes how the Hawking energy changes along constant parameter
slices of spherical topology of the past lightcone C−(p). The shear and matter effects
separate into two different contributions.
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Before discussing the terms and addressing monotonicity, we first comment on
whether or not the first derivative Ė, in addition to the energy itself, is well-defined.
One can check with (5.20) that

∫
S HS dS as well as

∫
S H2

S dS are finite, however,∫
S H3

S dS diverges. Since the first as well as the terms involving the energy momentum
tensor are proportional to H, they are finite. Because S is a manifold without boundary,∫

S θ+DαΩα = −
∫

S ΩαDαθ+, and Dαθ+ is proportional to ∂uH and ∂vH. Again, one
can check explicitly with the help of (5.20) that these derivatives are finite. Turning
to the shear terms, we note that the shear tensors σ±ab are also diverging at singular
points, in particular in the same way as θ± for non-degenerate singular points such
as cusp or swallow-tail [165]. Therefore, θ−σ+

abσab
+ and θ+σ+

abσab
− are of order H3, hence

their integrals over S diverge. However, close to a singular point, both terms have
opposite signs and cancel each other. This can be seen by rewriting the expression
with the help of Qc

ab := hd
ahe

b∇dhc
e and noting that Θab = −lcQc

ab, Ξab = −ncQc
ab:

θ−σ+
abσab

+ + θ+σ+
abσab
− = σab

+ QcQc
ab . (5.31)

Next, expressing Qa and QC
ab in terms of the timelike and spacelike unit normals ta

and va yields:

σab
+ QcQc

ab =
1√
2

ττab

(
τab + Hab

)
+

1
2

τ2θ+

− 1√
2

HHabτab +
1√
2

HHabHab − 1
2

θ+H2 . (5.32)

All terms apart from the last two are at most of the order H2 and thus integrable. The
last two terms are diverging as H3 near a singular point, but being of opposite sign,
they precisely cancel each other. Hence, the integral of the shear terms is also finite.

Summarising, we found that the Hawking energy as well as its first derivative along
the null generators of the past lightcone are well-defined even for surfaces including
swallow-tail type singularities. Knowing that (5.30) is a well-defined quantity, we now
address the rescaling freedom of la before studying the monotonicity of (5.30).

5.5 choice of rescaling

As mentioned earlier, once a scaling function α is chosen, the Hawking energy will
monotonically increase and be positive along the family of constant parameter surfaces
(Sλ) associated with this rescaling, if and only if (5.30) is positive. Hayward [187]
pointed out that the sign of

∫
S θ± dS is not an invariant under rescaling la. In particular,

if θ± changes its sign on S,
∫

S θ± dS can take any sign and value by constructing
an appropriate rescaling function α on S. In fact, since all terms appearing in (5.30)
are not invariant under rescaling, one can use the rescaling freedom to simplify its
right-hand-side. As in the weak lensing case, the term

∫
S θ+DaΩa can be eliminated

even if θ+ is not strictly positive anymore. Under rescaling la → αla, α > 0, Ωa

transforms as

Ωa → Ω + Da ln α ⇒ DaΩa → DaΩa + DaDa ln α , (5.33)
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leading to the following Poisson equation for α on S, if the rescaling is used to
eliminate DaΩa:

DaDa ln α = −DaΩa . (5.34)

We have two cases to consider depending on whether S is smooth or Lipschitz.

5.5.1 Poisson equation on smooth Riemannian manifold

For smooth S, we have the following existence theorem for the Poisson equation [188]:

Theorem 9. On a closed Riemannian manifold M, if ρ is a smooth function satisfying∫
M ρ = 0: ∃ smooth solution to ∆Φ = ρ, unique up to the addition of a constant.

Since S is a closed manifold,
∫

S DaΩa = 0 and therefore we can find an α such that
DaΩa = 0 after rescaling.

5.5.2 Poisson equation on a Lipschitz manifold

If S is only Lipschitz continuous, we would still like to eliminate
∫

S θ+DaΩa. Because
the Poisson equation (5.34) contains second derivatives, it is ill-defined on a Lipschitz
manifold. However, one can adapt a weak (i.e. distributional) formulation in the
following way. Recall that a Riemannian Lipschitz manifold (M, q) is a manifold
M equipped with a positive-definite metric q, for which all transition maps are
locally Lipschitz functions. By Rademacher’s theorem, a locally Lipschitz function
f : Rn → Rm is differentiable almost everywhere (w.r.t to the n-dim. Lebesque
measure). We denote the linear space of all Lipschitz continuous functions φ : M→ R

for which the norm

||φ||2 :=
∫

M
(φ2 + |∇φ|2)dµ < ∞ (5.35)

is finite by Lip1,2(M). This norm is well-defined because Rademacher’s theorem
ensures the existence of the gradient almost everywhere. We then define the Sobolev
space W1,2(M) as the Cauchy completion of Lip1,2(M) with respect to the above norm
|| . || . If M is a compact, connected, oriented, Lipschitz manifold without boundary,
the weak version of the Poisson equation reads

−
∫

M
〈∇φ,∇ f 〉 dµ =

∫
M

g φ dµ , (5.36)

∀ φ ∈ W1,2(M), given that f ∈ W1,2(M) and g ∈ L2(M) (see theorem 1.3 in [189]).
Thus, provided that θ+ ∈W1,2(M) and DaΩa ∈ L2(M), we can find a function α such
that ∫

S
θ+ (DaΩa + DaDa ln α)dS = 0 . (5.37)

Hence, one way to use the rescaling freedom is to eliminate the term
∫

S θ+DaΩa dS
in (5.30), provided that θ+ ∈ W1,2(S). DaΩa is in L2(M) because of

∫
S DaΩa dS = 0.

If θ+ /∈ W1,2(S), we can use the rescaling of la to achieve
∫

S θ+ dS > 0, but then
assumptions on DaΩa have to be made.
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5.6 monotonicity

The crucial difference to the weak lensing case is that there now exists a region of
negative θ+ on S connected to the singular point. This implies that locally, the area
decreases along la although the total area of S can still increase if Ȧ(S) =

∫
S θ+ dS > 0.

It is precisely this region in which energy can now be injected into the interior of
İ−(p) from the exterior along causal curves. Hence, the naive monotonicity argument
related to Fig. 5.1 holds only for regions with positive θ+ and fails in regions of
negative θ+. In general, two different effects concerning monotonicity have to be
taken into account:

(i) A variation in the area A leads to a change in the energy, because the amount of
matter enclosed by S changes. This effect is manifested in the first term in (5.30),
describing nothing other than the change of A along the null generators la.

(ii) Energy may leave I−(p) only in regions with θ+ > 0, and enter I−(p) only
where θ+ < 0. This is accounted for by the second integral in (5.30), stating two
contributions: shear and matter. The first corresponds to energy transported
by the pure gravitational field in the form of gravitational waves, and is even
present in vacuum. The latter contribution is due to matter encoded in the
energy momentum tensor satisfying the DEC. A potential cosmological constant
can be accommodated in the energy momentum tensor.

Assume in the following that A is increasing along the family of surfaces, i.e.∫
S θ+ dS > 0. In the case of a vacuum spacetime, the matter terms vanish and

one only has to deal with the net flux of in- and outgoing shear contributions. Further-
more, by the Goldberg-Sachs theorem [190], the geodesic congruence la in a vacuum
spacetime M is shear free, i.e. σ+

ab = 0, if and only if M is algebraically special, that is
la is a repeated principle null direction, see also [191] and references therein for gen-
eralisations. Demanding vanishing shear within the class of non-vacuum spacetimes
imposes a strong constraint, see [191, 192].

So far, the studied configuration contained only one strong gravitational lens, see
Fig. 4.1. Nevertheless, the obtained results can easily be generalised to configurations
with multiple isolated strong lensing events taking place, that is, the swallow-tail
singular points on S have to be isolated. The more lensing events happen, the larger
the fraction of S with negative θ+. Having more and more lensing events present will
ultimately turn

∫
S θ+ dS negative and therefore the whole lightcone will refocus. This

indicates that enough energy is concentrated in the interior to cause the shrinking of
S.

5.7 extensions

Until now, the discussion was restricted to a family of topological 2-spheres. In the
following, we briefly review how a change of topology affects the results. One could
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imagine that more complicated lensing configurations may cause C−(p) ∩ İ−(p)
to still consist of one connected component, but to be topologically different from
R× S2. The Hawking energy can be generalised to arbitrary closed orientable surfaces
S̃, characterised by their genus g, by using the Gauss Bonnet theorem

∫
S̃

2R dS̃ =

8π(1− g), see for instance [39]. Then, (2.10) reads instead

E(S̃) :=

√
A(S̃)

32π3/2

(
8π(1− g(S̃)) +

∫
S̃

θ+θ− dS̃
)

. (5.38)

However, if g(S̃) ≥ 1, and the surface is non-trapped on average in the sense of [187],
i.e.
∫

S̃ θ+θ− dS̃ < 0, the Hawking energy is negative.
In principle, it is also possible that C−(p) ∩ İ−(p) splits into n disconnected com-

ponents of genus gi :

C−(p) ∩ İ−(p) = R× Sg1 × · · · × Sgn . (5.39)

This can happen for instance in situations topologically similar to a Schwarzschild
black hole (see e.g. [163]). Hayward [39] observed that the Hawking energy for n
disconnected surfaces is superadditive. If we denote S1 ∪ · · · ∪ Sn = S∪, then

E∪ =

√
A∪
A1

E1 + · · ·+
√

A∪
An

En > E1 + · · ·+ En . (5.40)

This property is in contrast to the expected subadditivity of gravitational systems.

5.8 conclusions

The Hawking energy provides a reasonable definition of energy in the setting of
cosmology. The past lightcone of a point p in spacetime is closely linked to cosmo-
logical observations and therefore provides the ideal geometric structure to study
the properties of the Hawking energy in a physical set-up. The part of it within
the causal boundary, C−(p) ∩ İ−(p), provides the mathematical arena in which the
Hawking energy is studied. It is a Lipschitz continuous manifold, potentially con-
taining points where θ+ is singular, and is assumed to have spherical topology:
C−(p) ∩ İ−(p) ' R× S2. This seems to be a natural case, but it would be interesting
to get a better understanding whether, and under what circumstances other topologies
may arise.

Assuming that the Universe is described by a globally hyperbolic spacetime in
which all matter obeys the DEC, strong gravitational fields may cause the lightcone to
intersect itself locally at singular points, or globally. Since these singular points are
conjugate to p, the presence of singularities indicates the existence of regions on S
where the expansion θ+ of the null generators is negative. The only two stable types
of singularities appearing in lightcone slices are cusp and swallow-tail singularities
[170, 171]. As a main result, we find that the Hawking energy of surfaces containing
cusp singular points is divergent, but finite for swallow-tail singularities.
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For a lightcone, the presence or absence of self-intersections gives rise to two natural
regimes. The weak lensing regime, in which self-intersections are absent, exhibits a
positive expansion parameter θ+ > 0 everywhere on smooth surfaces S. The Hawking
energy is positive and monotonically increases along the null generators of the past
lightcone, following directly from Eardley’s results [33] and the small sphere limit
[34]. Studying a lightcone going through multiple isolated strong gravitational lenses,
for instance caused by isolated local matter overdensities, we find that the Hawking
energy associated with the exterior part of a lightcone slice, exclusively containing
swallow-tail singular points, is finite. The energy of the total lightcone slice, however,
is infinite due to the presence of cusp singularities in the interior part. Monotonicity
(5.30) depends upon two effects. Firstly, the area of S changes along the null generators.
Secondly, and in contrast to the weak lensing case, matter may enter the interior of
İ−(p) ∩ C−(p) through regions where θ+ < 0. Hence in general, the Hawking energy
is not monotonic along the past lightcone anymore and monotonicity depends on the
balance of in- and outgoing energy flux.

More generally, since the lightcone construction differs from other instantaneous
wavefronts only by the small sphere limit, the results concerning well-definedness
and monotonicity of the Hawking energy extend to all instantaneous wavefronts. In
particular, wavefronts containing swallow-tail singular points have a finite associated
Hawking energy, whereas the energy of wavefronts containing cusp singularities
diverges.

With the above results at hand, it might be interesting to study the energy of
general wavefronts, such as light signals or gravitational waves, propagating through
an (inhomogeneous) universe. In the particular context of inhomogeneous cosmology,
it might be a useful tool to compare an inhomogeneous universe with an FLRW refer-
ence universe and thereby address the so-called fitting problem in inhomogeneous
cosmology [53] by comparing domains of equal mass or energy, as it was advocated
in [178].





6
A P P L I C AT I O N S I N C O S M O L O G Y

After establishing that the Hawking energy is a reasonably well-behaved quantity on
C−(p), we now turn to explicit cosmological application in the current section, which
is almost identical to [2]. In the following, applications both in an inhomogeneous as
well as in an homogeneous FLRW setting are provided.

Inhomogeneities in the Universe manifest themselves on many different scales, for
instance stars, galaxies, and galaxy clusters. Yet on the largest scales, most cosmo-
logical observations are well-described by a homogeneous FLRW spacetime, see the
discussion in section 3. Therefore, one would like to assign a smooth and homogen-
eous reference spacetime to an inhomogeneous Universe. Amongst other approaches,
cf. section 3.4, the current work advocates the lightcone set-up because of its direct
connection to observations. While studying the effect of inhomogeneities in the matter
distribution, one should compare domains of equal size and total matter or energy,
as it was advocated in [178]. Otherwise, a variation in the total energy may also
lead to different dynamics. In the present context of lightcones, a natural domain is
provided by constant affine parameter slices of the lightcone, each of which comes
with an associated area and Hawking energy [4, 32]. We start by briefly introducing
the geometrical setting.

6.1 geometrical set-up

The Universe is assumed to be filled with an effective, ideal fluid with normalized,
geodesic 4-velocity ua, i.e. uaua = −1 and ∇uua = 0, with energy-momentum tensor

Tab = (ρ + P)uaub + Pgab (6.1)

obeying the EFEs, and equation of state (EOS)

P = wρ (6.2)

with EOS parameter w. This effective fluid may consist of a mixture of different
components, such as dust (w = 0), radiation (w = 1/3), or a cosmological constant
(w = −1). Additionally, the DEC, |w| ≤ 1, is assumed to hold.

Given a fluid-comoving observer, an event p ∈ M equipped with the unit timelike
vector (4-velocity) ua, we study the past lightcone C−(p) issued at p, i.e. the set of
points in spacetime that can be reached along a past-pointing null geodesic emanating
from p. We assume the lightcone to be caustic-free which implies that its topology
is R+ × S2. Recall that this is always true in a sufficiently small neighbourhood
of p corresponding to the injectivity domain of the exponential map generating
C−(p), cf. section 4.2. Physically, we operate in the weak lensing regime, where
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inhomogeneities may cause a deformation of the lightcone, but are sufficiently small
to avoid multiple-imaging through lightcone self-intersections. The lightcone is then
sliced into two-dimensional spacelike surfaces Sλ ' S2 of constant affine parameter λ

as described in section 5.1. As mentioned earlier, any such slice Sλ has two distinct
null geodesic congruences, both of which are orthogonal to Sλ. Their generators
are denoted by la and na respectively and la is identified with the generators of
C−(p). Furthermore, we decompose la and na into ua and a spacelike unit-vector va

orthogonal to ua and S, i.e. vava = 1 and vaua = 0, and fix the normalisation of na by
demanding nala = −1:

la = (u · l) (−ua + va) & na =
1

2(u · l) (−ua − va) , (6.3)

where u · l = uala is a function of the affine parameter and encodes the rescaling
freedom of la. In the following, we fix the remaining freedom in the affine parameter
λ by demanding uala|p = 1, which uniquely determines the slicing of C−(p). Then,
the general redshift formula relating emitter and observer,

1 + z =
(uala)|em

(uala)|obs
, (6.4)

with the observer located at p, yields

(u · l)(λ) = 1 + z(λ) . (6.5)

Redshift and affine parameter are related via the following evolution equation, cf.
[193] [53]:

∂λz ≡ ż = (1 + z)2
[

σ̃abvavb +
1
3

θ̃

]
, (6.6)

where θ̃ & σ̃ab denote the expansion scalar and shear tensor of the cosmic fluid. It
is stressed, that these quantities can in principle be determined via observations,
see e.g. the discussion in [53]. In an FLRW spacetime, σ̃ab = 0 and 1

3 θ̃ = H, where

H(z) =
√

8π
3 ρ(z)− K(1 + z)2 is the Hubble function, with K > 0, K = 0, or K < 0

the spatial curvature parameter with dimension length−2. Using this decomposition
of la and na for the following components of the energy momentum tensor yields:

Tln =
ρ

2
(1− w) , Tll = (u · l)2ρ (1 + w) , T = ρ(3w− 1) . (6.7)

Of course, the affine parameter slicing adopted here is just one of many admissible
ways to foliate the lightcone. It provides a monotonic distance function along the
null generators, in contrast to other distance measures, such as the area distance.
Additionally, it simplifies the calculations in section 6.3, but it is stressed that the
results can be extended for other foliations.
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6.2 comparing lightcone domains

In order to give a meaning to the phrase of comparing two spacetimes, one typically
compares certain invariant quantities within a fixed spacelike domain. In general,
there are many ways to define such a domain, however, if the domain is required to
be directly related to cosmological observations, the natural choice is to take lightcone
slices, because the lightcone is the unique geometric structure directly linked to
cosmological observations, since all cosmologically relevant signals travel along the
cone to the observer. Any of these spherical spacelike lightcone slices S comes with
an associated area

A(S) :=
∫

S
dS , (6.8)

defined as the integral of the pullback of the spacetime volume-form onto S. Ad-
ditionally, we may wish to assign an energy to S. In the present context, a good
measure for the energy associated with a lightcone slice is the Hawking energy [1, 4,
32], because it relates the energy enclosed by a sphere to the amount of light bending
on it, once a foliation choice is made. Therefore, using the Hawking energy provides
a way to quantify the deformation of the lightcone in terms of the energy/matter
content enclosed by it. Formally, for a given spacelike 2-sphere S, the Hawking energy
is defined as

E(S) =
√

A(S)
(4π)3/2

(
2π +

1
4

∫
S

θ+θ− dS
)

(6.9)

=

√
A(S)

(4π)3/2

∫
S

(
4πTln +

2
3

πT +
1
2

σab
+ σ−ab

)
dS (6.10)

(6.7)
=

√
A(S)

(4π)3/2

∫
S

(
4π

3
ρ +

1
2

σab
+ σ−ab

)
dS , (6.11)

with expansion scalars θ± and shear tensors σ±ab of the two null congruences ortho-
gonal to S, represented by la and na. One arrives at (6.11) from (6.9) by using the
Gauss-Bonnet theorem for a 2-sphere,

∫
S

2R dS = 8π, together with the contracted
Gauss equation (5.23),

2R = 16πTln +
8π

3
T − θ+θ− + 2σ+

abσab
− , (6.12)

where 2R denotes the Ricci scalar of S. When comparing with other energy notions
in General Relativity, see for instance [4], the Hawking energy is straightforward to
compute and directly linked to light propagation via the expansion scalars. As can
be seen from (6.10), it not only takes into account matter contribution given by the
energy-momentum tensor components, but also has a purely gravitational contribu-
tion via the Weyl tensor, entering through the shear terms via (6.13). In particular,
(6.11) shows that the energy is independent of the fluid’s pressure.
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In general, an inhomogeneous domain1 differs from a homogeneous one by the
presence of the shear term σ+

abσab
− in (6.11). The presence of inhomogeneities sources a

non-vanishing Weyl tensor which generates shear of a null congruence via the shear
evolution equation [3]

σ̇ab = −θσab − Cacbdlcld . (6.13)

FLRW spacetimes and other conformally flat spacetimes, in which the Weyl tensor
vanishes identically, are of Petrov-type O, and hence, an initially shear-free null
congruence remains shear-free: σab = 0. This holds especially for the null generators
of a lightcone, which are shear-free sufficiently close to the vertex point p, which was
already mentioned in section 4.2.

In fact, general bounds on the shear contribution can be derived in the following
way. Integrating the contracted Gauss equation (6.12) over S and dividing by A(S),
yields

〈σ+
abσab
− 〉S =

4π

A
+

1
2
〈θ+θ−〉S −

8π

3
〈ρ〉S , (6.14)

where 〈 f 〉S = A−1
∫

S f dS denotes the average of f over S. By assumption, θ+θ− ≤ 0
in the weak lensing regime, and thus, the second and third term is negative. Upon
exploiting the positivity of E in the weak lensing regime [1] in the definition (6.9), we
arrive at a bound of the shear-term in terms of the average density:

−8π

3
〈ρ〉S ≤ 〈σ+

abσab
− 〉S ≤

4π

A
− 8π

3
〈ρ〉S . (6.15)

In vacuum (ρ = 0), the bound reads 0 ≤ 〈σ+
abσab
− 〉S ≤ 4π

A , implying that the shear-term
is non-negative, however, as soon as

∫
S ρ 6= 0, the shear contribution may be negative.

In particular, for densities above the threshold density

ρ∗ :=
3
2

1
A

, (6.16)

the shear-term 〈σ+
abσab
− 〉S turns negative. At the threshold density 〈σ+

abσab
− 〉S = 1

2 〈θ+θ−〉S,
hence, for densities larger than ρ∗, the average expansion term dominates over the
average shear term.

As a consequence, when comparing an inhomogeneous and a homogeneous domain
of equal size A and average density 〈ρ〉S, the difference in their Hawking energies
is proportional to the shear-term 〈σ+

abσab
− 〉S. As the average density is increased

beyond the threshold density ρ∗, the energy of the inhomogeneous domain eventually
becomes smaller than the energy of the respective homogeneous domain. In other
words, a homogeneous distribution of matter maximizes the Hawking energy as long
as ρ ≥ ρ∗. It is stressed that this effect is only due to a different distribution of the
matter, since the overall density is fixed.

1 In the following, a domain refers to the interior of S in a particular foliation. A domain is said
to be homogeneous (respectively inhomogeneous), if the matter distribution inside S on a given
spacelike hypersurface is homogeneous (respectively inhomogeneous). Even without specifying a
spacetime foliation, one may still call S a homogeneous domain by referring to homogeneity on S, which
corresponds to isotropy for the observer.
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6.3 constructing rw reference slices

In order to interpret given data on an inhomogeneous lightcone in terms of an FLRW

model, as it is often done within the standard framework of interpreting cosmological
observables by treating deviations from an FLRW background as statistical fluctuations,
we may wish to phrase the (inhomogeneous) data in terms of an RW metric template.
Motivated by the direct link between the lightcone deformation and the Hawking
energy, this can be achieved by assigning an RW reference slice S̄λ to a lightcone slice
Sλ in an inhomogeneous spacetime by fixing the area and energy. Leaving the energy
constant guarantees that occuring effects are only due to a redistribution of matter
rather than a variation of the total energy. Moreover, if this procedure is applied to the
whole lightcone, we arrive at a 1-parameter family of RW reference domains (S̄λ)λ≥0,
labelled by the affine parameter. How area, energy and matter content are related is
studied in the subsequent two paragraphs, before discussing the explicit construction
of the homogeneous RW bias.

6.3.1 Link between area and matter content

The area A(λ) of the lightcone slice Sλ is linked to the Ricci tensor via (4.18)

θ̇+ = −1
2

θ2
+ − Rll − σ+

abσab
+ , (6.17)

where the dot denotes the derivative with respect to the affine parameter of the null
generators la, normalized as discussed above, cf. (6.5). After using Ȧ(λ) =

∫
Sλ

θ+ dSλ,
the EFEs, and (6.7), we find

Ä(λ) =
∫

Sλ

[
1
2

θ2
+ − 8π(1 + z)2ρ(1 + w)− σ+

abσab
+

]
dSλ . (6.18)

In the FLRW case, the shear vanishes as mentioned above and slices of constant λ

are also surfaces of constant z, and fluid-orthogonal. Hence, θ+ is constant on each
Sλ and related to the area by Ȧ =

∫
Sλ

θ+ dSλ = θ+A . Alternatively, it can also be
expressed in terms of the area distance D, defined by A(S) =: 4πD2:

θ+ =
Ȧ
A

= 2
Ḋ
D

. (6.19)

Using the chain rule ḟ (z(λ)) = f ′ ż and (6.6), the redshift dependence of θ+ in an
FLRW spacetime may be expressed as

θ+(z) = 2
D′

D
ż FLRW

= 2
D′

D
(1 + z)2H(z) . (6.20)

Therefore, the area evolution equation (6.18) in an FLRW spacetime with foliation as
given above reads

Ä FLRW
= A

[
1
2

Ȧ2

A2 − 8πρ(1 + w)(1 + z)2
]

. (6.21)
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Equivalently, the area distance must satisfy

D̈ = −4πρ(1 + w)(1 + z)2D . (6.22)

The differential equation (6.21) links the area to the matter content in an exact way,
in contrast to the expansions of the area about Minkowski space, for instance about
the lightcone vertex or within the causal diamond construction as discussed in [194,
195]. However, these expansions are recovered from (6.21) by solving it in a series
expansion in the respective regime. For a cosmological constant alone (w = −1), it
reduces to a second order autonomous ordinary differential equation, which can be
solved explicitly by taking the correct small sphere limit into account to yield the
expected result A(λ) = 4πλ2.

6.3.2 Link between Hawking energy, area and matter

Recalling (6.11), the Hawking energy is not only sensitive to the amount of matter, but
also to its distribution via the shear contribution. As discussed before, inhomogeneities
account for the shear term via the Weyl tensor. Two further points are emphasized
here. Firstly, by varying the domain size A and matter content in the integral in a
suitable manner, we may easily reproduce the same energy. For instance, starting
with a given domain, we can always find an arbitrarily large domain of the same
energy by simply scaling down the matter part, given by the integral expression
in (6.11) accordingly. Secondly, even if the area is additionally fixed, a degeneracy
between shear and matter contribution in the integral of (6.11) remains. For example,
when comparing an inhomogeneous domain with a shear-free one of the same size
and energy, the absent shear contribution has to be compensated by an increase
of
∫

Sλ

4π
3 ρ dSλ. In the FLRW case, the shear term vanishes, and after using (6.7) we

can perform the integral in (6.11), since the integrand only depends on the affine
parameter, yielding the simple expression

E(λ) FLRW
=

4
3

πD3ρ . (6.23)

6.3.3 RW reference slices

After having discussed how area, Hawking energy and matter are connected, we
proceed with the explicit construction of reference slices. As mentioned above, we can
assign a 1-parameter family of RW reference slices to the (inhomogeneous) lightcone
by keeping area and energy constant. Notation-wise, we denote the RW quantities
with an overbar, and choose the lightcone slicing (6.5) in what follows, but it is
stressed that the resulting relations hold for other choices as well. Each RW domain
may be thought of as a product of an (unspecified) averaging procedure while keeping
domain size A(λ) and energy E(λ) fixed.

Note that a cosmological constant Λ has w = −1, and therefore does not affect
the area evolution, but still contributes to the energy. Thus, when studying lightcone
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areas exclusively, one cannot make a statement regarding the presence or absence of a
cosmological constant, rather, the evolution of the area is sensitive to all matter except
a cosmological constant. According to (6.18), any matter with w 6= −1 neccessarily
causes the lightcone areas to be smaller than in a spacetime with only a cosmological
constant present. This result was formally proven in [196].

The condition of equal energy E(Sλ) = E(S̄λ) yields

ρ̄(λ) = 〈ρ〉Sλ
+

3
8π
〈σ+

abσab
− 〉Sλ

. (6.24)

Thus, the matter density in the RW reference slice is given by the average density
plus a correction due to shear sourced by inhomogeneities. As discussed above, the
shear term 〈σ+

abσab
− 〉Sλ

has no definite sign in general, thus, it may lead either to an
increase or decrease in the matter density. Demanding that the area A(Sλ) = A(S̄λ)

and its first and second derivative, Ȧ and Ä, must be equal yields

Ȧ(λ) =
∫

Sλ

θ+ dSλ
RW
= θ̄+ · A(λ) , (6.25)

Ä(λ) =
∫

Sλ

[
1
2

θ2
+ − 8πTll − σ+

abσab
+

]
dSλ

RW
=

1
2

Ȧ2

A
− 8πA T̄ll . (6.26)

Combining both yields

ρ̄ (1 + w̄) (1+ z̄)2 = 〈ρ(1 + w)(1 + z)2〉Sλ
+

1
8π
〈σ+

abσab
+ 〉Sλ

+
1

16π

(
〈θ+〉2Sλ

− 〈θ2
+〉Sλ

)
.

(6.27)

Again, the RW reference value ρ̄ (1 + w̄) (1 + z̄)2 is given by the average over the
inhomogeneous lightcone slice plus corrections of definite sign. The shear contribution
is non-negative, whereas fluctuations in the expansion parameter away from its
average contribute negatively because the term involving the expansion scalar is
proportional to minus its variance. Recall that z̄ in an FLRW spacetime is a function of
ρ̄ once the spatial curvature is specified, cf. (6.6). Therefore, equations (6.24) and (6.27)
together uniquely determine the cosmic fluid in each RW reference slice in terms of
the respective quantities in a general and inhomogeneous universe.

Note however, that an RW reference is only assigned slice-wise and not for the
whole lightcone. In other words, the pair (ρ̄, w̄) does not describe an FLRW fluid
evolving with redshift or an affine parameter. The reason is that due to the covariant
conservation of the energy-momentum tensor, FLRW spacetimes are subject to an
additional conservation law, which can be written as [53]

∂tρ + 3Hρ(1 + w) = 0 , (6.28)

with cosmic time t and Hubble function H. Using a = (1 + z)−1 and allowing the
EOS parameter w(z) to vary with redshift, this equation can be integrated:

ρ(z) = ρ0 exp
[

3
∫ z

0

1 + w(z′)
1 + z′

dz′
]

. (6.29)
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Generically, the functional dependence of ρ(z) and w(z) in an inhomogeneous space-
time is different from (6.29). Therefore, the above procedure does not address the
fitting problem on lightcones as described in the introduction, that is, which FLRW

parameters provide the best fit to data on the whole lightcone. It rather constructs
a homogeneous RW fluid for every lightcone slice individually, based on its area
and energy. This slice-wise fit to an RW template metric may be interpreted as a
homogeneous RW bias of the data.

Yet, for given area A(z) or energy E(z) alone, it is possible to construct an FLRW

fluid for the whole lightcone as follows. Equation (6.6) can be used to express the
derivative with respect to λ in terms of z: ∂λ = (1 + z)2H(z)∂z. Applying this relation
to the left hand side of (6.22) reads

D̈ = (1 + z)2H
[
(1 + z)2HD′

]′
. (6.30)

Additionally, (6.29) can be exploited to express w(z) in terms of the density and its
derivative, 1 + w(z) = 1

3 (1 + z) ρ′

ρ . Inserting both relations into (6.22) yields

(1 + z)2H
[
(1 + z)2HD′

]′
= −4π

3
(1 + z)3ρ′D . (6.31)

Given D(z) and its derivatives, and recalling H(z) =
√

8π
3 ρ(z)− K(1 + z)2, (6.31)

constitues a first order differential equation for ρ(z), once the spatial curvature is
specified. w(z) is then determined by (6.29). One could proceed to study deviations
in the Hawking energy of an inhomogeneous lightcone from its FLRW counterpart of
the same size.

Contrarily, if the energy is fixed instead of the area, the density can be expressed
in terms of energy and distance via (6.23): ρ = 3

4π
E

D3 . Inserting into (6.31) results in
a second order differential equation for D(z). Solving for D(z) makes it possible to
compare the distance function in an inhomogeneous universe with its FLRW reference
of equal energy. These studies are left for future work.

6.4 the energy of lightcones in spatially flat flrw spacetimes

For the remainder of this work, we consider exact FLRW spacetimes. Before deriving
lower bounds on the density and EOS parameter in the next section, we would like
to offer a few pedagogical examples for how to explicitly compute the Hawking
energy in some concrete and physically relevant spacetimes. The spacetimes under
consideration here are spatially flat FLRW spacetimes (K = 0) obeying the DEC (|w| ≤
1). In spherically symmetric spacetimes, the Hawking energy coincides with the
Misner-Sharp energy, see for instance [4]. Recall the expressions for energy (6.23),
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density (6.29), and that the area distance in FLRW spacetimes is identical to the angular
diameter distance

D(z) =
1

1 + z
f
(∫ z

0

dz′

H(z′)

)
with f (r) =


sin(
√

Kr)√
K

for K > 0

r for K = 0
sinh(

√
−Kr)√
−K

for K < 0 ,

(6.32)

with H2(z) = 8π
3 ρ(z)− K(1 + z)2. In the following, we study the Hawking energy

(i) for spacetimes in which w =const., (ii) for a fluid with redshift-dependent EOS-
parameter w(z) ≥ 0, and (iii) in a dust universe with a positive cosmological constant.

6.4.1 Fluids with w= const.

For constant w, (6.29) can be integrated to yield ρ(z) = ρ0(1 + z)3(1+w). Inserting ρ

and D into (6.23), the energy reads

E(z) =
1
2

√
3

8πρ0

(
2

1 + 3w

)3

(1 + z)3w
[
1− (1 + z)−

1
2 (1+3w)

]3
. (6.33)

Now, the Big Bang limit z→ ∞ for different w=const. is considered.

(a) w > 0: For positive w, lim
z→∞

E(z) = ∞ monotonically. This case includes radiation

w = 1
3 . Despite the fact that beyond its turnaround redshift the angular diameter

distance is decreasing, the density increases fast enough for the energy to diverge
as z→ ∞.

(b) w = 0: For dust, lim
z→∞

E(z) =
√

6
πρ0

monotonically, which is finite.

(c) 0 > w > −1: In this case lim
z→∞

E(z) = 0, and E(z) displays a maximum, due to
the positivity of the energy for small spheres [34].

(d) w = −1: For a cosmological constant Λ alone, lim
z→∞

E(z) =
√

3
4Λ , which is finite.

Summarizing, for w ≥ 0 and w = −1 the Hawking energy is monotonic up to the Big
Bang, and positive for all cases of w. Generally speaking, there are two competing
effects: the decreasing angular diameter distance beyond its turnaround, and the
increasing matter density. Depending on which effect dominates in the limit z→ ∞,
the energy is either infinite, finite but non-zero, or vanishing.
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6.4.2 Fluids with w(z) ≥ 0

For a general fluid with a varying equation of state w(z) ≥ 0, (6.29) implies ρ′ =
3ρ 1+w(z)

1+z ≥ 0 because of the DEC. Furthermore, H2(z) = 8π
3 ρ(z), hence H(z) > 0.

Then, calculating the derivative of E reads

E(z) =
4π

3
ρ(z)

1
(1 + z)3

(∫ z

0

dz′

H(z′)

)3

⇒ (6.34)

E′(z) =
4πρ(z)
(1 + z)3

(∫ z

0

dz′

H(z′)

)2{w(z)
1 + z

(∫ z

0

dz′

H(z′)

)
+

1
H(z)

}
, (6.35)

which implies E′(z) ≥ 0 since all appearing terms are non-negative. For example,
this includes monotonicity for a mixture of dust and radiation. Depending on the
asymptotic behaviour of w(z) as z→ ∞, E is finite or unbounded.

6.4.3 Dust with positive cosmological constant Λ

An FLRW spacetime filled with dust w = 0 and a positive cosmological constant Λ
is a good approximation to the current cosmic era of accelerated expansion. As it
is shown below, lim

z→∞
E(z) = const. monotonically. Since densities and pressures of

multiple fluid components are additive, we find for the combined EOS-parameter

w(z) = − 1
1 + Ωm0

ΩΛ0
(1 + z)3

, (6.36)

which starts at a negative value given in terms of the ratio of the energy densities of
matter and the cosmological constant today, and lim

z→∞
w(z) = 0. For monotonicity, the

curly bracket in (6.35) must be non-negative. Exploiting monotonicity of the Hubble
function H(z) and (6.36), we can derive the following lower bound:

w(z)
1 + z

∫ z

0

dz′

H(z′)
+

1
H(z)

≥ −1

(1 + z)
[
1 + Ωm0

ΩΛ0
(1 + z)3

] z
H0

+
1

H(z)
(6.37)

=
1

H0

 1√
ΩΛ0

1√
Ωm0
ΩΛ0

(1 + z)3 + 1
− z

(1 + z)
[

Ωm0
ΩΛ0

(1 + z)3 + 1
]
 .

(6.38)

It can be verified numerically, that (6.38) is indeed positive for all z, provided that Ωm0

and ΩΛ0 take realistic values, for example Ωm0 = 1
4 and ΩΛ0 = 3

4 , or for the respective
values measured by the Planck mission [85]. Therefore, E(z) behaves monotonically
for all redshifts.

6.5 bounds on flrw fluids

Since in this section the monotonicity of the Hawking energy for caustic-free light-
cones [1] is exploited to arrive at lower bounds for the density ρ(z) and EOS parameter
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w(z), the previous section offers examples under which conditions to expect monoton-
icity. In fact, assuming the DEC translates into |w| ≤ 1, and positivity of the Hawking
energy implies ρ(z) ≥ 0. According to (6.23), the energy in an FLRW spacetime
monotonically increases with redshift as long as

E′(z) =
4
3

π
(
ρ′D3 + 3ρD2D′

)
≥ 0 ⇔ ρ′

ρ
≥ −3

D′

D
. (6.39)

This inequality relates the logarithmic derivative of the fluid’s density to the respective
value of the angular diameter distance. For the corresponding expression in a general
inhomogeneous spacetime, see equation (14) in [1]. The functional dependence of
density and EOS-parameter is given by (6.29). The DEC implies ρ′(z) ≥ 0, hence
the bound (6.39) is trivially met as long as D′(z) ≥ 0. Since the angular diameter
distance D(z) typically has a maximum due to the focussing property of matter (6.22),
eventually D′(z) < 0. In other words, the bound becomes non-trivial beyond the
turnaround of D(z) at z∗. In this regime, we can derive the following two bounds on
ρ(z) and w(z). Monotonicity of E(z) implies E(z1) ≤ E(z2) for z1 ≤ z2 and thus

ρ(z2) ≥ ρ(z1)

(
D(z1)

D(z2)

)3

, (6.40)

which again is trivially satisfied if the distance is an increasing function of redshift.
Equating (6.9) and (6.23) at the turnaround z∗ of D, i.e. θ+ = 0, yields a direct
relation between the density ρ∗ = ρ(z∗) and angular diameter distance D∗ = D(z∗)
at turnaround:

ρ∗ =
3

8π

1
D2∗

. (6.41)

Inserting this into (6.40) yields a lower bound on ρ(z) for z > z∗:

ρ(z) >
3

8π

D∗
D3(z)

. (6.42)

Furthermore, using (6.29) to express ρ′

ρ in terms of w yields the following lower bound
on w via (6.39):

2
(DEC)
≥ 1 + w(z) ≥ −(1 + z)

D′

D

(DEC)
≥ 0 . (6.43)

It is stressed that both bounds are given in terms of observables, namely, the redshift
and the area distance together with its first derivative.

6.6 conclusions

The current work provides a follow-up on the general results in [1] about the Hawking
energy of lightcones in cosmological spacetimes by providing three explicit applic-
ations. Firstly, the Hawking energy of a non-trapped, i.e. θ+θ− ≤ 0, but otherwise
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arbitrary domain was studied while keeping its area and the average density con-
stant. For densities above the threshold density ρ∗ = 3/2A−1, a shear-free domain
maximizes the Hawking energy. Secondly, a general method was proposed to assign
an RW reference to each slice of an inhomogeneous lightcone. Keeping both the
energy of the slice and its area together with the first and second derivative fixed,
determines the fluid in the respective RW slice uniquely. The condition that area and
energy of respective constant affine parameter slices in both spacetimes should be
equal corresponds to the physical requirement of comparing domains of equal size
and energy. As a consequence, any variation is only due to a different distribution
of matter rather than a variation of total energy. The presence of inhomogeneities
is reflected in the appearance of shear terms in (6.24) and (6.27). It is stressed again
that, due to the conservation law (6.28), the 1-parameter family of densities and EOS
parameters (ρ(z), w(z)) generated by the slice-wise fitting procedure does not describe
the evolution of an FLRW fluid with redshift in general, but rather reinterprets the
given inhomogeneous geometry with an RW bias. We also briefly commented on how
in principle energy or area could be used to construct an FLRW lightcone and thereby
address the fitting problem. Thirdly, the Hawking energy was shown to be monotonic
up to the Big Bang in a number of spatially flat FLRW spacetimes. Depending on
the detailed behaviour of angular diameter distance and density, the energy may
be infinite, finite, or zero in the Big Bang limit. Furthermore, the monotonicity of
the Hawking energy along the lightcone can be exploited to derive bounds (6.42) &
(6.43) on ρ(z) and w(z) in FLRW spacetimes. These bounds are particularly relevant
for redshifts beyond the turnaround of the angular diameter distance. It would be
interesting to apply these bounds directly to observational data sets.

The discussion here was based on the foliation provided by the unique affine
parameter induced by the observer’s 4-velocity. One advantage is the monotonic
behaviour of this parameter along the lightcone generators. However, the results can
be transferred to any other slicing function, as long as they are single-valued functions
of the affine parameter. Furthermore, we operated in the weak lensing regime because
the presence of caustics typically introduces points conjugate to the vertex along the
null generators at which θ+ → −∞. As a consequence, the Hawking energy fails to
be monotonic in general [1]. Since multiple imaging does occur in the Universe, it
would be desirable to admit at least certain classes of caustics in the above discussion.
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D I S C U S S I O N

In addition to the remarks in sections 5.8 and 6.6, this section contains supplementary
comments on and discussions of the main results.

7.1 assumptions on the general geometrical set-up

Based on the assumption that the timescale of observational data collection is negli-
gible compared to timescales associated with fluctuations of cosmological parameters,
the observation event is modeled as a single idealized lightcone instead of a family of
lightcones. The timescale of observations is typically of the order of years, whereas
variations in cosmological observables, such as time-variations of redshifts or po-
sitions of sources, were previously mainly limited by the measurement precision.
Recent technological advances brought the observation of time variations within
reach [179]. In that case, one would have to indeed consider a family of lightcones on
which data are collected. The single lightcone approximation can then be understood
as assigning the temporal average of the respective observables to a single reference
lightcone.

Particularly in the context of the applications considered in sections 6.3 and 6.5,
the observer needs to be comoving with the cosmic fluid, otherwise, the properties
of the cosmic fluid cannot be directly inferred. This means that the motion of the
observer with respect to the fluid frame has to be subtracted. Practically, this includes
the motion of the Earth around the Sun, the Sun’s motion around the galactic center,
etc. In a (perturbed) FLRW setting, the CMB appears isotropic for a fluid-comoving
observer, yielding a practical criterion for a fluid-comoving observer.

7.2 hawking energy as a measure of energy of the observable uni-
verse

In order to find a suitable definition for the energy of the observable Universe,
the Hawking energy of lightcone slices and its evolution down the lightcone was
studied. Since the deformation of a lightcone by the surrounding matter distribution
is encoded in the expansion and shear of its null generators, the Hawking energy
appears to be a natural candidate for quantifying the energy associated with lightcone
slices, because it measures the amount of light bending on a surface. In comparison
with other quasi-local energies, the Hawking energy requires only very little input:
the product of the in- and outgoing expansions of the corresponding null geodesic
congruences needs to be integrated over the surface considered. The expansion scalars
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have an obvious direct geometrical meaning and their product is invariant under
rescaling of the null vectors.

The Hawking energy of a lightcone slice is only assigned the exterior part of
the lightcone contained in the causal boundary C−(p) ∩ İ−(p), because this part of
C−(p) is well-behaved, see the discussion in section 4.4, whereas the interior part
is in general very complicated, containing many caustics which may even lead to a
fractal structure of successively intersecting parts. In contrast, spacelike sections of
the outer part are always closed 2-surfaces, differentiable almost everywhere, that is,
everywhere except at the vertex point and the cut locus.

One of the problems of the Hawking energy was that it is not vanishing for all
two-spheres in the Minkowski spacetime. When applied to a lightcone, however,
this problem does not occur: since the Weyl tensor vanishes in Minkowski space,
lightcone generators are shear-free cf. (4.19) and (4.21), hence, according to (6.11) the
Hawking energy of lightcone slices in Minkowski space is indeed zero. A second
downside was the unexpected superadditivity property when multiple disconnected
domains are considered, cf. section 5.7. At least in the set-up and in the cases
studied in this work, restricting the analysis only to simple geometries in which
the lightcone remains a single connected component, this problematic behaviour is
avoided. However, this needs further investigation in configurations in which the
lightcone splits up into several disconnected components, as it is the case for example
in a Schwarzschild spacetime, where the part of the lightcone on the boundary splits
up into two spherical disconnected components, see e.g. [163]. Therefore, at least in
the considered configurations, the Hawking energy is a good measure for the energy
of the observable Universe.

7.3 lightcone slicings

The rescaling freedom of the null geodesic generators of the lightcone leaves the
freedom to choose a particular lightcone foliation out of all spacelike foliations. In prin-
ciple, there are multiple different options. One option is an affine parameter slicing,
whose advantage is that the affine parameter is a strictly monotonically increasing
function down the lightcone. The availability of the extra structure provided by the
observer’s 4-velocity induces a unique affine parameter by demanding laua|p = 1.
Although mathematically convenient, the affine parameter is not directly measur-
able based on observations. In contrast, the redshift or the area distance are directly
observable as discussed in section 4.6.2. Their functional dependence on the affine
parameter is given by (6.6) and (6.19), respectively. Their drawback is that they are
monotonic distance measures only up to a certain limit at which they display an
extremum. The area distance as a function of redshift is a very common cosmological
observable and the degeneracy between redshift and affine parameter can be resolved
within the Ideal Observational Cosmology approach, see section 4.6.
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7.4 on the weak and strong lensing regime results

Of particular interest are positivity and monotonicity of the Hawking energy along
the lightcone. In the weak lensing regime, allowing for lightcone deformations but no
self-intersections, both positivity and monotonicity could be established for a class of
foliations related to a constant area distance slicing by exploiting Eardley’s findings
[33]. This agrees well with the intuitive expectation, because only an outgoing causal
energy transport is possible, recall Fig. 5.1. This is an analogous situation to the
Bondi-Sachs energy measuring the energy (loss) at I +, which can be interpreted
as the energy loss detected on the past lightcone of an observer located at i+ in
the asymptotically flat region. The only difference being that due to the asymptotic
flatness, no matter transport is present but only gravitational radiation. At the vertex,
the lightcone generators display a Minkowskian behaviour, recall section 4.2, after
which they enter a regime in which they are slightly deformed while the lightcone
topology remains R+ × S2, before the lightcone may display self-intersections. In this
sense, the weak lensing regime can be understood as the extended vertex limit before
self-intersections occur in the strong lensing regime further down the lightcone.

Due to strong lensing events in the real Universe, it is also necessary to consider
how the presence of caustics affects the Hawking energy on lightcones. The present
work studied the generic strong gravitational lens configuration depicted in Fig. 4.1
and can be extended to multiples thereof, i.e. multiple isolated strong gravitational
lenses, for instance sourced by local and isolated inhomogeneities. Therefore, only
cusp and swallow-tail singularities were admitted, being the only singularities stable
against perturbations of the initial wave-front. In this sense, these caustic types are
generic and thus must be common on the observer’s lightcone. Moreover, the studied
configurations strongly suggest that the only stable singularity type occurring in the
lightcone exterior is the swallow-tail. Although the Hawking energy of a 2-sphere
containing swallow-tail points turns out to be finite, energy transport in both in- and
outgoing direction is now possible in locally contracting regions where θ+ < 0. Hence,
monotonicity is not given in general anymore but depends on the delicate balance
(5.30) of in- and outgoing contributions.

7.5 generalisations of the lightcone topology

In principle, a suitably shaped gravitational lens might change the topology of
lightcone slices to differ from S2. In general, any closed two-surface classified by
its genus number is allowed. The above results concerning the well-definedness of
the Hawking energy extends also to higher genus surfaces, however, taking (5.38)
into account, a non-vanishing genus makes it more difficult to maintain positivity.
As already mentioned above, the lightcone exterior can also split up into two or
more disconnected components, as is the case for example in the Schwarzschild
spacetime, see [163] for a discussion including a visualisation of the setting, where
one component wraps around the event horizon whereas the second component
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keeps expanding. But in the Schwarzschild case, the arising caustics are neither cusps
nor swallow-tails, and hence unstable.

7.6 inhomogeneous cosmological applications

As explained in section 6.2, the Hawking energy can be used to compare homogeneous
and inhomogeneous lightcone domains of equal size and average density. Strictly
speaking, only statements concerning the isotropy of quantities, i.e. their variation
over the lightcone slice Sλ, are possible. But since inhomogeneities in the matter
distribution in a neighbourhood of C−(p) generically, unless in the exceptional case
of symmetric alignment with the lightcone, lead to anisotropies on lightcone slices,
the presence of anisotropies on quantities on lightcone slices typically indicates an
inhomogeneous matter distribution. The central result is that for densities larger than
the threshold density (6.16), an isotropic domain maximizes the Hawking energy.
The threshold density is the density for which the averaged shear term is half of the
averaged expansion term. Generally speaking, it would be interesting to numerically
estimate the magnitude and sign of 〈σ+

abσab
− 〉Sλ

in specific scenarios.
The second application in the inhomogeneous context aimed in the direction of the

fitting problem in inhomogeneous cosmology, see section 3.4.3. In a step towards a
proposal to deal with the fitting problem on the lightcone, a procedure to construct
an RW reference slice based on energy and area was introduced. This work advocates
the usage of the (Hawking) energy when fitting a reference lightcone to a general
lightcone in an inhomogeneous spacetime. Phenomenologically speaking, because
the presence of energy curves spacetime, it is reasonable to demand that the energy
content of a spacetime domain should be fixed when constructing a reference domain.
Otherwise, effects due to the distribution of matter/energy are overlayed by the effect
of a variation in the total amount of energy, which is of no interest here. Applying
the described slice-wise procedure to construct an RW reference corresponds to an
observer looking at the (inhomogeneous) data with an RW bias. It was briefly pointed
out that the fitting problem on the lightcone can indeed be addressed by founding
the fitting procedure exclusively either on the area or the energy. Further work is
needed here: for example, given the area, the difference in the energies of the original
(general) lightcone and the respective FLRW reference can be investigated with the
help of numerical studies. A practical implementation of this procedure is challenging
because the Hawking energy is not a direct observable.

7.7 homogeneous applications in the flrw context

As an example under which conditions to expect monotonicity in concrete cosmolo-
gical spacetimes, the Hawking energy in spatially flat FLRW spacetimes was computed
in section 6.4. In a pure dust or radiation spacetime, for a fluid with w(z) ≥ 0, and
a dust Universe with positive cosmological constant, the Hawking energy remains
monotonic up to the Big Bang. In the limit z → ∞ it might even be finite, depend-
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ing on the asymptotic behaviour of D(z) and ρ(z). These findings might be a good
starting point to study the energy in a perturbed FLRW set-up, allowing the above
mentioned fitting procedure to be addressed potentially even analytically within
perturbation theory.

Furthermore, the Hawking energy in an FLRW spacetime takes a simple form,
only depending on area distance and density at a given slice, for example in a
constant redshift slicing. Monotonicity can then be exploited to derive bounds, (6.42)
and (6.43), on the density and equation-of-state parameter of the (effective) cosmic
fluid in terms of directly observable quantities: redshift and distance. Amongst all
applications of the Hawking energy in a cosmological context presented in this
work, this is the one with the closest links to observations. It is of great interest
to explore the derived bounds with models and real data sets. The fact that these
bounds are relevant only beyond the maximum of the area distance D(z) makes it
challenging to connect to observations, nevertheless, it is worth exploring the bounds
in future work connecting with already existing and future data sets. The currently
most common standard candle for measuring distances are SNIa, but other probes
might become available soon. Using the bounds, it might be possible to constrain the
equation-of-state parameter of the Dark Energy component.
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S U M M A RY & O U T L O O K

Both on theoretical grounds as well as due to the advance of precision measurements
in cosmology, a relativistic formulation of cosmological problems on the past lightcone
of an observer becomes necessary. The effect of matter on light propagation causes
deformations of the lightcone for which two regimes can be distinguished: in the
weak lensing regime the lightcone is slightly deformed and its R × S2 topology
preserved, whereas in the strong lensing regime self-intersections generate singular
points and, in principle, an arbitrarily complicated lightcone structure. It turns out
that the only generic singularities in lightcone sections are cusp and swallow-tail
singularities. In order to define an energy for the observable Universe, the Hawking
energy is assigned to lightcone slices. The Hawking energy is a quasi-local energy
defined in terms of the light bending on a closed surface, here assigned to a spherical
lightcone slice. As a proposed measure for the energy of the observable Universe, i.e.
the observer’s past lightcone, its properties and evolution along the lightcone were
studied. In fact, only the exterior part of the lightcone, that is, the part contained
in the causal boundary, is considered, since one can hope for monotonicity only on
the boundary, as an intuitive argument based on causal matter propagation showed.
The main results were that there exists a class of slicings of the lightcone, related
to constant area distance slicings, for which the Hawking energy is positive and
montonic in the weak lensing regime. In the strong lensing regime, an ensemble
of isolated strong gravitational lenses is considered, for which the Hawking energy
turns out to be finite but in general not monotonic anymore. Energy transport
from outside into the causal past of the observer can take place in regions where
the lightcone generators are locally refocussing, hence, monotonicity depends on
the delicate balance of incoming and outgoing contributions in form of matter or
gravitational waves. After establishing that the Hawking energy is well-behaved on
the past lightcone in cosmologically realistic situations, its properties as a tool to
address problems of (inhomogeneous) cosmology on lightcones were explored. It
can be used to compare lightcone slices of a general, inhomogeneous lightcone with
a reference slice. Keeping both average density and area fixed, it was shown that
amongst all two-dimensional non-trapped spacelike spheres, the Hawking energy is
maximized by a shear-free domain for sufficiently large densities. In a step towards
addressing the fitting problem of inhomogeneous cosmology on the lightcone in the
weak lensing regime in a geometric way, RW reference slices were constructed based
on energy and area of the lightcone slice. This corresponds to an observer interpreting
the data with an RW bias. In contrast to the slice-wise procedure, which does not
combine to an FLRW lightcone, a method to indeed construct an FLRW lightcone based
on either energy or area was sketched. Thus, in principle one can indeed address
the fitting problem on the lightcone geometrically with the help of the Hawking
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energy, however, this needs further investigation. In the FLRW context, the Hawking
energy was computed explicitly for spatially flat FLRW spacetimes and was shown to
be monotonic up to the Big Bang for a dust- or radiation-dominated Universe, for a
Universe filled with a fluid obeying w(z) ≥ 0, or a Universe filled with dust and a
positive cosmological constant. In the FLRW setting, monotonicity can be exploited
to arrive at bounds for the density and equation-of-state parameter of the effective
cosmic fluid beyond the turnaround of the area distance D(z).

The ideas and results presented in this thesis could be extended into multiple direc-
tions in future work. Concerning the strong lensing regime, more general situations
could be considered when the lightcone topology changes to higher genus surfaces
or multiple disconnected components. For example, the geometric implications of
a genus conservation equation could be explored. Moreover, it would be desirable
to study the simple case of an isolated strong lens numerically in order to study
when and under which circumstances the energy fails to be monotonic. Concern-
ing applications in inhomogeneous cosmology, it is certainly worth pursuing and
working out the lightcone fitting procedure based on energy in order to compare the
observed area to its reference value, or vice versa to fix area and compare energy
differences. Generally speaking, it would be of interest to understand the shear term
〈σ+

abσab
− 〉Sλ

better, in particular the circumstances under which its sign changes. This
can also be done by studying it in simplified set-ups, for example in a perturbed FLRW

setting. With regards to the FLRW applications, it would be of great interest to apply
the derived bounds on the density and equation-of-state parameter of the effective
cosmic fluid to data, for instance to test whether they could translate into bounds
on Dark Energy. Going beyond lightcones, many results can be extended to general
wave-fronts, which gives the possibility to study the energy of wave-fronts associated
with gravitational waves.
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The following figures have been reproduced with permission, all others were created
by the author of this thesis:

• Figure in the introduction: taken from Camille Flammarion’s L’atmossphère:
Mètèorologie populaire (Paris 1888), p.163.
https://de.wikipedia.org/wiki/Camille_Flammarion#/media/Datei:Flammarion.

jpg

• Figure 3.1: taken from ESA and the Planck Collaboration multimedia online
gallery:
http://www.esa.int/ESA_Multimedia/Images/2013/03/Planck_CMB .

• Figure 3.2: taken from [81], upper panel of figure 9; data from ESA and the
Planck Collaboration.

• Figure 3.3: taken from the SDSS webpage:
https://dev.sdss.org/wp-content/uploads/2014/06/orangepie.jpg .

• Figure 3.4: taken from [120], figure 1.

• Figure 4.1: taken from [1], figure 1.

• Figure 5.1: taken from [1], figure 2.

• Figure 5.2: taken from [1], figure 3.

• Figure 5.3: taken from [1], figure 4.
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