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Abstract

Manufacturing and logistics systems consist of many complexly interacting elements.
Starting from social science, the field of complex networks has developed concepts
and methods to analyze and predict networks, such as friendship networks or protein
interactions. However, although these examples have equivalents in the form of company
networks and interactions within manufacturing processes, more sophisticated methods
have not yet been transferred to manufacturing and logistics. We propose to apply
methods from clustering and graph embedding on representations of machine interactions
to analyze the structural stability of manufacturing systems and to predict structural
changes of such systems.
Clustering methods group elements into clusters with similar interactions and they
were only applied to identify machine cells of manufacturing networks. However, recent
developments in the form of the stochastic block model (SBM) and its variants were not
evaluated in such systems while retrieving promising results in other fields. Similarly,
newer approaches to machine learning, which have made progress in graphe embedding
and transformed applications such as translation, have been overlooked.
Using artificial networks, we select the SBM variants and inference method with the
best performances in retrieving the seeded structure with respect to the adjusted mutual
information. As an alternative to clustering, we propose to use graph embeddings, which
map machines with their discrete material flows to vectors. We develop a new graph
embedding, which embeds directed graphs to statistical manifolds and approximates
graph distances in a non-linear way. Our low-dimensional graph embedding outperforms
several baselines in preserving asymmetric and infinite graph distances.
With six manufacturing systems, we evaluate the performance of SBMs in assessing
the structural stability of material flow networks and achieve remarkable results. In
addition, we propose to combine the knowledge of multiple time points to predict
structural changes. Aggregating multiple SBMs retrieves the best forecasts with respect
to the average area under the receiver operating characteristic. Our graph embedding
outperforms all baselines for specific configurations, such as predictions based on one
historical observation. Overall, we successfully transferred the SBM approach from
complex networks to manufacturing systems and contributed to both research fields with
our statistical manifold embedding of directed graphs.
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Zusammenfassung

Produktions- und Logistiksysteme bestehen aus einer Vielzahl komplex interagierender
Elemente. Ausgehend von den Sozialwissenschaften hat das Forschungsgebiet der Kom-
plexen Netzwerke Konzepte und Methode zur Analyse und Vorhersage von Netzwerken
entwickelt. Dennoch wurden auf Netzwerke im Kontext von Produktionsprozessen bisher
keine der anspruchsvolleren Komplexen Netzwerksmethoden angewendet. Daher schlagen
wir vor Clustering-Algorithmen und Grapheneinbettung auf Modelle von Maschinen-
interaktionen anzuwenden, um die strukturelle Stabilität von Produktionssystemen zu
analysieren und strukturelle Veränderungen der Systeme vorherzusagen.
Clustering-Algorithmen gruppieren Elemente in Gruppen mit ähnlichen Interaktionen
und wurden bisher für Produktionsnetzwerke zur Identifizierung von Fertigungsinseln
verwendet. Jüngste Entwicklungen in Form des Stochastistischen Blockmodells (SBM)
und seiner Varianten wurden noch nicht in solchen Systemen evaluiert. Ebenso wurden
neuere Ansätze des Maschinellen Lernens, die Fortschritte in Grapheneinbettungen
erzielten und Anwendungen wie Übersetzungen transformierten, bisher nicht getestet.
Mit Zufallsnetzwerken mit bekannter Struktur wählen wir die SBM-Varianten und In-
ferenzmethode aus, die nach der Adjusted Mutual Information die besten Ergebnisse
im Identifizieren dieser Strukturen erzielten. Daneben schlagen wir vor Grapheneinbet-
tungen zu verwenden, die Maschinen mit ihren diskreten Materialflüssen auf Vektoren
abbilden. Wir entwickeln eine neue Grapheneinbettung, die gerichtete Graphen in
statistische Mannigfaltigkeiten einbettet. Unsere Grapheneinbettung übertrifft mehrere
Vergleichsmethoden bei der Erhaltung der asymmetrischen und unendlichen Distanzen.
Mit sechs Produktionssystemen evaluieren wir die Leistung von SBMs bei der Beurteilung
der strukturellen Stabilität von Materialflussnetzwerken und erzielen dabei bemerkenswerte
Ergebnisse. Zudem schlagen wir vor, das Wissen von mehreren Zeitpunkten zu kom-
binieren, um strukturelle Veränderungen vorherzusagen. Die Aggregation mehrere
SBMs liefert die besten Vorhersagen in Bezug auf das Integral der Receiver-Operating-
Characteristic. Unsere Grapheneinbettung übertrifft alle Vergleichsmethoden in einigen
Szenarien, wie beispielsweise der Vorhersage auf der Grundlage einer Beobachtung.
Insgesamt haben wir den SBM-Ansatz erfolgreich von Komplexen Netzwerken auf Pro-
duktionssysteme übertragen und zu beiden Forschungsgebieten mit unserer statistischen
Grapheneinebettung beigetragen.
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1 Introduction

We propose to apply the concept of link prediction based on clustering and graph
embedding on network representations of manufacturing systems. However, these methods
are rather used to evaluate social networks, which have different properties compared to
technical networks. Therefore, we study the properties of existing methods. We propose
a new graph embedding more suitable for technical networks and evaluate the prediction
performance with real-world manufacturing systems. This finally allows us to assess if
our approach is capable to reduce planning uncertainties, related risks, and costs.
We motivate the application of complex networks’ methods on manufacturing and logistic
systems, formulate our research questions, and describe the structure to answer these
questions.

1.1 Motivation

Manufacturing and logistic systems consist of an increasing number of elements, such as
machines, parts, or products (Perona and Miragliotta, 2004). These elements interact
in complex ways in dynamic and uncertain environments. Similar interactions and
fluctuations are very common to the field of complex networks, which emerged from
the analysis of social networks and has evolved to a sophisticated tool in analyzing
phenomena from friendship networks over the internet network to protein interactions.
However, so far mainly the more straightforward descriptive methods of the complex
networks have been transferred to manufacturing and logistics. Therefore, we propose the
application of more sophisticated methods and concepts, namely the clustering method
stochastic block model (SBM) and the concepts of graph embedding and temporal link
prediction.
To understand the promising aspects of our approach, we highlight the similarities
between existing applications and the challenges in current technical systems as well as
the differences, which require modifications. Hence, we look for examples were clustering,
graph embedding, and link prediction are successfully applied and create additional
value for the stakeholders. Still, the most prominent examples of complex networks are
social networks, and we select an example from professional networking sites, such as
LinkedIn®, Xing, or Researchgate®. These platforms usually retrieve from the given
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1 Introduction

interactions proposals for teams or projects, which is a grouping of people (Dai et al., 2018;
Kadriu, 2013). In other words, they apply clustering to group the content and pre-select
shown information such as advertises without the need for external data input. This
concept can be directly transferred to the interactions of companies within supply-chain
networks. We are interested in a more detailed view of manufacturing systems and cluster
machines based on their material exchange. The clustering of machines is useful as an
unsupervised method for machine cell identification or could be integrated into the layout
planning (Chandrasekharan and Rajagopalan, 1986). However, such machine clusters can
be significantly different from those in social networks because similar machines do not
necessarily have many interactions with each other. So-called disassortative clusters with
fewer interactions within the cluster than between clusters are usually not in the focus of
many methods or comparisons (Newman, 2003a). The stochastic block models (SBMs)
are designed for arbitrary cluster structures (Young et al., 2018), and so performance
comparison of competing formulations in retrieving disassortative structures is missing.
As an alternative to clustering, we propose to apply graph embedding to the material flow
network representation of manufacturing systems. Graph embeddings were historically
developed to visualize graphs and have been developed to a powerful tool with the
rise of machine learning methods (Fruchterman and Reingold, 1991; Hamilton et al.,
2017b). The transformation of relational information in the form of network models
into vector representations enables the application of further artificial neural networks.
Graph embeddings combined with neural networks achieve noteworthy results in linguistic
processing, such as translation or question answering (Devlin et al., 2018; Mikolov et al.,
2013). Although many graph embeddings exist, which are usually based on matrix
factorization or a random walk process, the preserved properties are often not known or
are not suited for manufacturing and logistic systems. For example, a random walker,
which randomly selects neighboring elements, is a suitable model for internet models
and is unrealistic in a production environment. Hence, we propose to focus on pairwise
distances, because close machines or companies have a more substantial influence on
each other than more distant ones.
We evaluate the SBMs and graph embeddings intending to use these methods for the link
prediction task. In social networks, users encounter the result of link predictions in the
form of contact or content recommendations. The general task of link prediction is to
forecast missing relations or in the temporal setting to forecast changes of the structure
in the form of new or vanishing ties. We propose to apply this concept of temporal link
prediction to material flow networks. Improved forecast at this structural level reduces
planning uncertainties, related risks, and costs.
Uncertainties and complexity induce an additional risk for manufacturing and logistic
systems, which in the end, results in preventable costs (Peters et al., 2008). Govindan
et al. (2017) reviewed different strategies for managing supply chains to cope with
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1.1 Motivation

uncertainty. Within a manufacturing system, the risk is to not recognize required change,
such as additional stocks, new machines, or new transport routes, until it is too late.
The prediction of such structural changes helps to reduce the variance of these systems
and consequently has positive effects on logistical characteristics (Nyhuis and Wiendahl,
2009; Wiendahl et al., 2007).
The need for new approaches is not only a result of emerging technologies but also a
result of market trends. Figure 1.1 summarizes some factors, which influence the dynamic
and complexity of manufacturing and logistic systems. On the one hand, we have a push
from new methods, such as those discussed above. On the other hand, we observe a pull
from developing markets, and hence we briefly discuss the major trends.

Shorter time to market
Shorter product life cycles

Sharing economy
Mass customization

Industry 4.0 
Sustainability

?
Dynamics

Complexity

Uncertainty
Machine learning

Complex networks

?

Figure 1.1: Different factors affect the dynamics and complexity of manufacturing and
logistic systems. The result is increased uncertainty and a higher related risk.

The system’s dynamics are increased by the demand for shorter time-to-time-market,
which is often combined with an overall shortening of product life cycles. These develop-
ments are already ongoing for many years (Bayus, 1994; Holweg and Greenwood, 2001;
Magnier et al., 2010). A newer trend is mass customization, which is the ability to provide
individualized products, such as color selection (Da Silveira et al., 2001; Fogliatto et al.,
2012; Zhong et al., 2013). Mass customization increases the complexity of manufacturing
systems due to the increased variety of products. Another factor is the sharing economy,
which is based on resource sharing and tries to profit from unused resources (Frenken
and Schor, 2019; Hamari et al., 2016). For example, cloud manufacturing is the adaption
of cloud computing for manufacturing, and production capacities can be booked indepen-
dently and flexibly for individual machines (Fisher et al., 2018; Škulj et al., 2017; X. Xu,
2012). The sharing economy will lead to even more complex and dynamic production
systems (Freitag et al., 2015; Nishino et al., 2017).
We included the most diverse current trend in Figure 1.1 under its buzzword Industry
4.0. This trend is about connecting all elements, which, together with decentralized
intelligence, should lead to self-organization, automation, and optimization (Bauernhansl
et al., 2014; Lasi et al., 2014; Lee et al., 2015). Since the exact implementation of
these targeted properties is still under development, the effects on the dynamics and
complexity of such connected and intelligent systems are not yet fully assessed. We
include sustainability as the last and external factor, which is essential for future factories
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1 Introduction

and influenced by previous factors (Herrmann et al., 2014; Martin, 2016; Stock and Seliger,
2016). Related concepts, such as urban manufacturing or additive manufacturing, further
strengthen the decentralization and flexibilization of production processes, resources, and
logistics (S. Ford and Despeisse, 2016; Piecyk et al., 2015).
Overall, we identified clustering, graph embedding, and link prediction as promising
complex networks’ approaches for the application in manufacturing and logistic systems.
The need for new methods, which reduce the uncertainty of complex and dynamic systems,
is a result of current trends, which we briefly recapitulated.

1.2 Research questions and main contributions

With this brief overview of our methods and current trends, we state the scope of our
work and concretize our research aims. This work focuses on the analysis and prediction
of material flow networks using the concepts of SBM and graph embedding. Our research
was directed by the following goal:

Our general goal is to predict changes in material flow networks and thus reduce
the risk of uncertainties in planning and control of fast-changing manufacturing
and logistic systems.

The risks are essentially wrong decisions concerning the control of material flow, the
design of material flow networks, and the resulting costs due to increased consumption
of resources, e.g. through redundancies. We aim to improve the predictability of material
flows and hence reduce risk and costs. Figure 1.2 visualizes the structure of our research
questions and goals. From our general goal, we derived two research questions regarding
material flow networks. As the first step, we quantify the dynamic of material flows on
the structural level for regarded systems and temporal aggregations.

Research question 1: Which temporal aggregation is necessary to retrieve stable
structural descriptions of material flow networks with stochastic block models?

With this descriptive data analysis, we quantify the system dynamics and based on this
information, we deal with the predictability of material flow networks.

Research question 2: Can we predict state changes (creation/disappearance of
links) in material flow networks by using stochastic block models or our graph
embedding with higher accuracy than existing heuristic and machine learning
baselines?

4



1.2 Research questions and main contributions

Variants and inference
methods of SBM

Stochastic graph
embedding

Technical research 
question 1: 

Understanding SBMs and a
selection of suitable methods

Technical research
question 2: 

Machine learning based
approach to capture the
global graph structure 

Research question 1: 
Description of material flow

networks' dynamic with
SBMs

Research question 2: 
Prediction of material flow

networks

Machine learning
baselines Heuristic baselines

Goal: 
Reducing risk and

uncertainties in the planning
and control of material flows

Methods

Aims

Figure 1.2: Overview of research questions and general goal. We have split our research
question into two questions about the general capabilities of the complex
networks’ methods, which we call technical research questions, and two
research questions about our specific application of these methods to material
flow networks. This figure only contains a summary of these questions and
we refer to the boxes for the long version. The arrows indicate dependencies
between the research questions and the first usage of methods.

To answer these two research questions about material flow networks, we require some
knowledge about the used methods. To retrieve the structural descriptions of the material
flow, we perform clustering of the material flow networks with SBMs. For SBM, many
different variants as well as a smaller but still substantial number of inference methods
exist. To understand their characteristics, we first study their performance in a controlled
setting of artificial networks with known structures.

Technical research question 1: How do different stochastic block model variants
and inference methods perform in state-of-the-art clustering benchmarks?

With the results from this question, we make an informed choice of SBM variants for our
experiments on the material flow networks. Our last question is about the capabilities of
machine learning, especially learning embeddings of directed graphs, to represent similar
structural information.

Technical research question 2: Is it possible to capture the global structure
of directed graphs with machine learning while keeping the representation size as
small as possible?
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1 Introduction

While answering our research questions, we have made the following main contributions:
1. We propose a new graph embedding for directed graphs, which captures asymmetric

structural information, and is in its scalable variant applicable to large networks.
Our method is based on an understanding of the geometrical properties and
outperforms state-of-the-art graph embedding baselines in preserving asymmetric
and infinite graph distances1. (Funke et al., 2020)

2. We study the performance of several SBM variants and inference methods on two
benchmarks of artificial networks. Thus we know the properties of the selected
combinations, such as a tendency for assortative structures. (Funke and Becker,
2019b)

3. Using the selected variants, we analyze the structural stability of some real-world
material flow networks with different temporal aggregations and manufacturing
characteristics. For many of the dynamic manufacturing systems, we retrieve stable
representations even for the weekly material flow networks. (Funke and Becker,
2018b, 2020)

4. Extensive experiments demonstrate the performance of SBMs and our graph
embedding on the temporal link prediction task. Especially our proposal to
combine multiple SBMs of several time points outperforms all tested heuristic and
machine learning baselines, which include matrix factorization and deep learning
methods. (Funke and Becker, 2019a, 2020)

1.3 Outline

To answer our research questions, we use the structure illustrated in Figure 1.3. In
Section 2, we start by introducing complex networks and explain the used general
concepts, especially graph embeddings, clustering, and link prediction. Then in Section 3,
we classify our approach into research about manufacturing and logistic systems and
review existing applications of complex network methods in these fields. We describe
our material flow network model and alternatives, such as different choices of input data.
Section 4 is about the various SBM variants and inference methods. Here, we answer our
first technical research question by comparing their performance and make a reasoned
selection of SBMs. In Section 5, we present our graph embedding and hence deal with our
second technical research question. Afterward, we apply both methods on our material
flow networks in Section 6 to answer our research question about material flow networks.
Finally, we conclude in Section 7 and 8 with a discussion of limitations and possible
applications as well as a summary of our findings and an outlook.

1Implementations of our graph embedding as well as the described SBM variants and inference methods
are available at https://github.com/funket/.
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Material
flow
data

Factory

Produces

Transformation

Material flow
networks

Input

3

2

6

Clustering Graph embedding

SBM
Variants

Inference

4

?

 
 
 

 
 
  
  

 
 

  
 

 
 

vs.

Stochastical
graph

embedding
Fomulation

Geometry

5

vs.

?

Application

Structural stability assessment 

Temporal link prediction
t-2 t-1

t t+1

?

?

t

Analysis and prediction

Predict

Figure 1.3: Illustration of the thesis’ structure. The circles with the number indicate
the sections, and the question marks represent the points where we answer
our research questions. The introduction and the conclusion are excluded in
this visualization. Within Section 2, we introduce complex networks. This is
visualized as a green frame, and includes the general approach of clustering
as well as graph embedding. The blue frame represents the application of
methods to manufacturing and logistics. The information flow is visualized
from the factory via the data storage to our material flow representations.
Section 4 deals with the different SBM variants and inference methods, which
are illustrated by clustered networks. The node’s color and shape represents
the cluster belonging. We formulate our embedding in Section 5 and highlight
the advantage of our embedding space illustrated by the difference between
Euclidean and hyperbolic tree visualization. In Section 6, we analyze the
structural stability with the SBMs, which we illustrated as the evolution of
the clusters of elements with the same color and shape. Furthermore, we
assess the prediction performances of SBMs, our graph embedding as well as
heuristic and graph embedding baselines for manufacturing systems.
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2 Complex Networks

Our research applies methods from complex networks to material flow networks, and
we even propose a new method for graph embedding. However, to implement such
an approach, we need to understand the general concept of complex networks and the
current state of research. Therefore, we present a general overview of complex networks
and review existing research in the relevant topics.
First, we introduce different kinds of graphs as the underlying model of all complex
networks with examples from manufacturing and logistics. Moreover, we show some
general results of complex networks and then give an overview of graph clustering. One
way to retrieve clusters is graph embedding, which we present afterward, and discuss
different approaches. We conclude with a discussion of the link prediction task and
methods, which is the formal basis of our second research question. Figure 2.1 illustrates
the structure of this section.

2.4 Link prediction2.1 Overview 2.3 Graph embeddings2.2 Clustering

1 2.5
vs.

Figure 2.1: Visualization of the sections about complex networks. For details, we refer
to the respective sections, especially Figures 2.2, 2.3, 2.5, and 2.6.

2.1 Theoretical framework of complex networks

Complex networks are used to model power grids, friendships, collaborations, financial
transactions, protein interactions, public transports, and many more (Adamic and Glance,
2005; Barucca and Lillo, 2016; Boguná et al., 2010; Cannistraci et al., 2013; Sienkiewicz
and Hołyst, 2005; Watts and Strogatz, 1998). Although these models represent very
different real systems, common methods and concepts have been developed. This overview
is only a brief introduction to the topic of complex networks. We refer to Albert and
Barabási (2002), Barabási (2002), Boccaletti et al. (2006), Latora et al. (2017), and
Newman (2003b) for more details.
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2 Complex Networks

Complex networks consist of graphs and describe real-world systems. In the simplest
case, a complex network is an undirected graph G = (V,E) and models the links E

between a set of nodes V . We call the elements of the set E links, edges, or relations,
and the elements of V nodes, vertices, or the represented elements, such as machines.
We denote their cardinalities with M respectively N .
The relationships modeled in a complex network are often not binary but more compli-
cated. For example, a supplier relation between two companies usually has a directed
material flow of a specific volume over a specific time interval. This example matches
with the three primary attributes of complex networks. A complex network, or more
specifically the underlying graph, can be (un-)directed, (un-)weighted, static, or temporal.
We usually omit the less detailed variants and call a undirected, weighted, and static
complex network simply weighted complex network. The specific attributes depend on
the purpose of the modeling and the available information. Figure 2.2 visualize examples
of different complex networks.

Undirected, unweighted, static Directed Directed, weighted, continuous

Sliced

(1,t1)

(3,t2) (2.5,t6)

(2,t7)
(1,t8)

(3,t4)

(4,t5)

(1,t8)

t=2

Weighted
1 2.5

t=1

Figure 2.2: Visualization of different graph types. For the edges, we have the choice
of including information about the direction, the weight or the time of the
relation.

We illustrate the different levels of details exemplary with a company network. The
undirected, unweighted, and static representation of a company network models the
general interaction between the companies. Adding the information about the direction,
we represent their dependencies or the direction of the material flow. Even more detailed
is a weighted graph which can model the amount of material flow with the additional
edge weights w : E → R. Besides these edge weights, we can include node features in the
model and call the result an attributed graph.
Static complex networks implicitly or explicitly assume some observation period. If
more details about the development of the represented system are available, a temporal
complex network can be used. For modeling temporal information, we can either aggregate
multiple time intervals into a sequence of static complex networks or make the node and
edge sets time-dependent. For our example of a company network, we could create yearly
states of their interactions and compare their measures. One advantage of the slicing
into a network sequence is that the methods for static networks can be directly applied
to each network.
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2.1 Theoretical framework of complex networks

To analyze these different networks, a range of characteristics were developed. In complex
networks, random network models are used to assess the significance of these characteris-
tics and to evaluate possible underlying mechanisms. The well-known random network
models are the Erdős-Rényi (Erdös and Rényi, 1959; Gilbert, 1959), Barabási–Albert (Al-
bert and Barabási, 2002), and Watts-Strogatz model (Watts and Strogatz, 1998).
To generate a Erdős-Rényi network with N nodes, we fix the probability pER and generate
each link with probability pER (Erdös and Rényi, 1959; Gilbert, 1959). The resulting
network has an expected density of pER, which is the ratio M/N2 of observed edges over
the number of possible edges (Gilbert, 1959). Besides this probabilistic formulation of
the Erdős-Rényi model, an alternative combinatorial Erdős-Rényi model exists, where
the density is fixed and all possible graphs G with the given number of M are equally
likely (Erdös and Rényi, 1959).
Nonetheless, the degree distribution of Erdős-Rényi networks does not match those
typically observed in real-world networks. For a node u ∈ V , the node degree ku is
the number of neighbors of node u, and the resulting distribution is short-hand called
degree distribution. Many real-world networks have a positively skewed node degree
distribution, i.e. the majority of nodes have low degree and only a small number of nodes
have high degree. A prominent class of networks are the so-called scale-free networks,
which have a power-law degree distribution. The exact definition of scale-free networks
and consequently their frequency is still being disputed by various scientists (Barabási and
Bonabeau, 2003; Broido and Clauset, 2019; Clauset et al., 2009; Holme, 2019; Voitalov
et al., 2019; Watts and Strogatz, 1998).
One way of generating these scale-free networks is the Barabási–Albert model, which is
based on preferential attachment (Albert and Barabási, 2002). We start from an initially
connected graph with N0 nodes and add nodes iteratively. Each node is connected to
each existing node u with the probability

pu =
ku
2M

,(2.1.1)

which gives high degree nodes a higher connection probability. This preference for these
so-called hubs is known as preferential attachment.
A property of scale-free networks is the relatively low average shortest path length.
A shortest path from u to v is a path w0, . . . wk with (wi, wi−1) ∈ E for i = 1, . . . , k,
w0 = u, wk = v such that k is minimal. Another class of networks with this property are
small-world networks, which have an exceptionally low average shortest path length. The
small-world property inspired the Watts-Strogatz model, which is based on randomizing
a regular graph (Watts and Strogatz, 1998). The Watts-Strogatz model starts from a
regular lattice and modifies this graph in a probabilistic way. Each edge is randomly
rewired with an inputted probability. These rewired edges reduce the average shortest
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path length, and the regular lattice results in a high clustering coefficient, which is given
by

Cclustering =
number of closed triplets
number of all triplets

.(2.1.2)

A triplet are three nodes u, v, w ∈ V with (u, v), (v, w), (w, u) ∈ E (Wasserman and Faust,
1994; Watts and Strogatz, 1998) and the clustering coefficient measures to which extent
the nodes cluster together. For example, in friendship networks, the clustering coefficient
measures to which degree friends are befriended. Hence, the clustering coefficient of
social networks is often relatively high.
Network motifs generalize the analysis of triplets with the clustering coefficient and are
the study of sub-graphs’ frequencies. Simple examples of network motifs are selfloops, i.e.
(v, v) ∈ E, in directed graphs reciprocal connections, i.e. u, v ∈ V with (u, v), (v, u) ∈ E,
or all the possible sub-graphs of three nodes. If a network motif is observed statistically
significantly more often than expected, researchers try to determine the function of this
network motif or mechanism forming them (Holland and Leinhardt, 1974; Milo et al.,
2002; Shen-Orr et al., 2002).
The significance is assessed with random networks, and Milo et al. (2002) proposed
a rewiring procedure to preserve more properties of the observed network than above
random networks would do. Starting from the original network, in each step two edges
(u, v), (w, z) ∈ E are selected and their endpoints exchanged, i.e. the modified edge set is
E ′ = {(u, z), (w, v)} ∪ (E\{(u, v), (w, z)}). With an increased number of iterations, the
network becomes more random, but properties like the degree distributions are preserved.
The study of network motifs is not entirely uncontroversial since statistical analyses alone
do not show any correlation with the function of the motifs (Ingram et al., 2006; Voigt
et al., 2005).
As many real networks have up to several million nodes, a typical research question is the
identification of critical or central nodes. The most straightforward centrality measure is
the node degree, which enables the identification of hubs. A more sophisticated measure
of centrality is the betweenness centrality, which is the number of shortest paths passing
a node (Freeman, 1977). This centrality is used to identify bottlenecks in networks.
For example, the airport of Anchorage has among the highest betweenness centrality in
the global flight network, because it connects the airports of Alaska to the rest of the
network (Guimerà et al., 2005). Another well-known centrality measure is PageRank,
which was created to identify relevant web pages and measures the probability of a
random walk stopping at the node (Page, 2001).
Random walks are a randomly generated sequence of connected nodes and form the
basis of various methods. The basic algorithm for the generation of a random walk
starts from a randomly selected starting node, and in each step, selects each neighbor
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with an uniform probability as the next node. Many variants of random walks with
mechanisms like different neighbor probability distributions (Grover and Leskovec, 2016),
modifications for directed graphs (Khosla et al., 2018) or jumps exist (Page, 2001).
Another frequently considered random process is the random removal of nodes or edges.
During the removal, the development of characteristics, such as the average shortest
path, is measured and the development indicates the robustness against random failures.
In contrast, the robustness against attack is the removal of nodes by highest centrality,
e.g. degree (Albert et al., 2000). Often networks are resilient up to a certain threshold
and break apart afterward. For example, Barabási–Albert networks are robust against
random node removal but quickly become disconnected under targeted attacks. More
homogeneous networks, such as Erdős-Rényi networks, show very similar behavior under
targeted and random removal. One heuristic estimation of network robustness is the
rich-club coefficient, which measures the connectivity between highly connected nodes (S.
Zhou and Mondragón, 2004).
Many more concepts and metrics have been developed for the analysis of complex
networks. Additional characteristics are for example assortativity (Newman, 2003a),
nestedness (Saavedra et al., 2011), efficiency (Latora and Marchiori, 2001) or closeness
centrality (Bavelas, 1950). With this brief introduction to complex networks, we have
described the basic concepts and methods. Next, we introduce in more detail the topics
of graph clustering, embedding, and link prediction, which we use to answer our research
questions.

2.2 Graph clustering

An essential field in complex networks deals with community detection and is called
clustering. Graph clustering methods try to group nodes such that nodes within each
cluster show similar interactions or are closely related to each other. However, the
inference of such structures is complicated, and multiple competing definitions of clusters
exist. Therefore, we present major approaches and describe the developments of graph
clustering. For extensive overviews of network clustering methods, we refer to Fortunato
(2010), Fortunato and Hric (2016), Rossetti and Cazabet (2018), and Schaeffer (2007).
Historically, many social networks had known communities such as gender, interests, or
class. Hence, we use communities, blocks, and clusters as synonyms for the resulting
node sets. A well-known example is Zachary’s karate club, which consists of students
of a karate club, who split during conflict into followers of the instructor and the
administrator (Zachary, 1977). Figure 2.3 illustrates Zachary’s karate club and the two
clusters. In this case, the graph clustering task is to identify these clusters only from the
observed interactions before the split happened. Zachary (1977) used the Ford–Fulkerson
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algorithm (L. Ford and Fulkerson, 1956), which identified all but one student correctly.
The minimum-cut methods, such as the Ford–Fulkerson algorithm, are among the oldest
methods applied for the graph clustering task, and they minimize the number of edges
between a predefined number of clusters. The drawback of this approach are the selection
of the number of clusters beforehand and the identification of clusters in any networks,
including random networks.

Figure 2.3: Visualization of Zachary’s karate club with the students ( , ■) of the two
clusters of the instructor (♦) and the administrator (⋆). Zachary (1977) was
able to reconstruct the two clusters except of the highlighted node, which
opted for the instructor and was probably influenced by a nearby karate test.

Another method for graph clustering is hierarchical clustering with the well-known
representative of Girvan and Newman (2002). The Girvan-Newman algorithm identifies
communities in a top-down approach by deleting the edges between them. In each step,
the edge with the highest betweenness centrality is removed. The algorithm stops if
an a priori selected number of disconnected clusters is reached, or if all nodes form
singletons. In the latter the resulting dendrogram can be analyzed to select a suitable
number of clusters. The high time complexity of O(M2N) is the disadvantage of this
approach (Newman, 2004).
A further class of community detection methods is based on modularity maximization.
Modularity is defined by

Q =
1

2M

∑︂
u,v∈V

in same cluster

(︃
Auv −

kukv
2M

)︃
,(2.2.1)

where A = (Auv)u,v∈V is the adjacency matrix, i.e. 1 if (u, v) ∈ E and 0 otherwise, and
ku is, as before, the degree of node u (Clauset et al., 2004). Modularity measures the
difference between the randomly expected number of edges between clusters, which is ap-
proximately

∑︁
kukv
2M

, and the actual number of edges. Since higher modularity corresponds
to stronger cluster structures, a variety of algorithms maximize modularity (Blondel
et al., 2008; Clauset et al., 2004; Guo et al., 2019; Newman, 2006).
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The weakness of modularity maximization is the resolution limit, which is the minimal
size of a detectable cluster in relation to the total network size. In large networks the
maximization of modularity results in the merging of smaller clusters (Fortunato and
Barthelemy, 2007). If fewer clusters than present in the network were retrieved, this is
called underfitting, otherwise for more clusters, it is called overfitting (Ghasemian et al.,
2019). Generalizing the modularity by introducing an additional parameter to control
the number of expected connections, allows the identification of smaller clusters (Arenas
et al., 2008).
Maximizing the generalized modularity is, under additional assumptions, equivalent to
maximizing the likelihood of degree-corrected SBM (Newman, 2016). In addition, Young
et al. (2018) proved that more clustering approaches are special cases of SBMs. The
SBM was first developed by Holland et al. (1983), Wasserman and Anderson (1987), and
White et al. (1976). We state details of different SBM variants in Section 4 as preparation
of our comparison. We refer to the introduction of Abbe (2018) and Peixoto (2019) for
more background details and theoretical results.
SBM variants are used to analyze complex networks of various fields, such as financial
networks (Barucca and Lillo, 2016, 2018), biological networks (Cabreros et al., 2016;
Larremore et al., 2013; Pavlovic et al., 2014; Y. R. Wang et al., 2015) and social
networks (Baggio and Del Chiappa, 2014; Firestone et al., 2011; Robinson et al., 2015).
Other authors studied the selection of the number of clusters or compared the performance
of different variants (Dabbs and Junker, 2016; Kawamoto and Kabashima, 2018; Peixoto,
2017; X. Yan et al., 2014). Similar to the studies of the resolution limit of modularity
maximization, different researchers have proven theoretical results of SBM variants (Abbe
et al., 2016; Abbe and Sandon, 2016; Banks et al., 2016; Decelle et al., 2011b; Mossel
et al., 2015). These publications concentrate on specific properties, such as the resolution
limit or thresholds about the detectability of communities.
As a significant result of graph clustering, Peel et al. (2017) proved an approximate no
free lunch theorem for clustering, which states the theoretical limits of all clustering
approaches, and is similar to the no free lunch theorem of optimization (Wolpert and
Macready, 1997). To put it simply, all clustering methods perform equally if averaged
over all possible community detection problems. Still, methods can outperform others on
subsets of all tasks. A natural subset is the detection of assortative structures, which are
node sets with more connections within the clusters than outside them. Disassortative
structures such as strict hierarchies, which have many more connections between clusters
than within them, are another kind of network structures.
The proof of the approximate no free lunch theorem has increased the critic of clustering
methods’ evaluation with real-world networks and available metadata, such as the above
example of Zachary’s karate club. Already, Hric et al. (2014) stated that the partition
of the metadata often does not correlate with the structures observed in the networks.
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Ghasemian et al. (2019) evaluated clustering methods with the link prediction task on a
large corpus of real-world networks. Other comparisons of various clustering methods
are available from Danon et al. (2005), Lancichinetti and Fortunato (2009b), Z. Yang
et al. (2016), and P. Zhang et al. (2012), which used different combinations of real and
artificial networks as test sets. Furthermore, the evaluation with real-world networks is
biased because the majority of real-world networks describe some form of social network.
Together with the clustering algorithms, evaluation methods have also evolved. The first
evaluation measure counted the number of correctly classified nodes (Danon et al., 2005;
Girvan and Newman, 2002; Zachary, 1977). Then, information-theoretic measures based
on mutual information (MI) were applied. Mutual information is a measure for random
variables and quantifies their statistical relationship. In the case of two node partitions
b1 = {b11, . . . b1K1}, b2 = {b21, . . . b2K2} with disjunctive clusters bji and ∪jb

i
j = V the mutual

information is given by

MI(b1 = {b11, . . . b1K}, b2 = {b11, . . . b1J}) =
K1∑︂
i

K2∑︂
j

|b1i ∩ b2j |
N

log
N |b1i ∩ b2j |
|b1i ||b2j |

.(2.2.2)

To normalize this measure, the MI is divided by the mean or the sum of the entropies

H(b = {b1, . . . bK}) = −
K∑︂
i

|bi|
N

log
|bi|
N

,(2.2.3)

which results in the normalized mutual information (Danon et al., 2005; Z. Yang et al.,
2016). Nevertheless, the normalized mutual information has the undesired effect of
increasing with the number of clusters. Therefore, Vinh et al. (2010) proposed the
adjusted mutual information (AMI)

AMI(b1, b2) =
MI(b1, b2)− E(MI(b1, b2))

max{H(b1),H(b2)} − E(MI(b1, b2))
,(2.2.4)

which accounts for expected mutual information of two similar random partitions, which
we denote with E(MI(b1, b2)), or the so-called adjustment for chance. AMI is bounded
by one from above and can result in negative values if the MI is less than the expected
value. Gates and Ahn (2017) discussed the effect of different random null models used to
calculate E(MI(b1, b2)) in AMI, such as random models with a fixed number of clusters
instead of the standard, which assumes randomly selecting any partition.
In summary, we have given a brief overview of the graph clustering task and different
approaches to solve this task. In addition, we have presented ways to evaluate the
performance of these methods and measures used in this context.

16



2.3 Graph embeddings

2.3 Graph embeddings

Complex networks represent relational information, and their analyses require special-
ized algorithms. However, these methods often have high time and space complexity.
Therefore, graph embeddings transform the information of the underlying graphs into low
dimensional metric spaces, where more concepts, such as most machine learning methods,
are applicable. Here, we state a brief overview and describe three approaches based on
deep learning and matrix factorization, which we use as baselines in our experiments.
We refer to Hamilton et al. (2017b) for an extensive introduction and to Cai et al. (2018),
Goyal and Ferrara (2018) for reviews.
A graph embedding is a mapping to vectors such that some information, such as similarities
or distances, are preserved or approximated. Depending on the represented element,
graph embeddings are either node, edge, structural, or whole-graph embeddings (Cai
et al., 2018). We focus on node embeddings, and thus the task is to find a map φ : V → X

into a low dimensional space X. A well-known special class of node embeddings is the
class of graph drawing algorithms with X = R2 (Tamassia, 2013), such as the spring
layout (Fruchterman and Reingold, 1991; Kamada and Kawai, 1989). Graph drawing
algorithms were the first types of graph embeddings together with the theoretical works
from mathematics (Bourgain, 1985; Frankl and Maehara, 1988; W. B. Johnson et al.,
1986; Linial et al., 1995). Nowadays, applications for graph embeddings include node
classifications, clustering, link prediction, or graph reconstruction. For example in
Figure 2.4, we embedded Zachary’s karate club graph into R2 and applied the k-means
algorithm (Forgy, 1965; Lloyd, 1982) to retrieve a clustering of the nodes into two clusters.

a)

1.4 1.2 1.0 0.8
2

1

0

b)

Figure 2.4: Illustration of the Zachary’s karate club graph with its two clusters ( , ■)
and an processed graph embedding. We applied DeepWalk on the graph to
retrieve a two-dimensional node embedding, i.e. each node of a) corresponds
to a point in b) of the same shape. To retrieve a clustering, we applied the
k-means algorithms, which resulted in the two centers (×) and divides the
points at the dotted line.
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Deep learning is a novel embedding approach. An example is the DeepWalk method,
which extends the language processing method Word2Vec to graphs (Mikolov et al., 2013;
Perozzi et al., 2014). Word2Vec uses a two-layer neural network to learn the context of
words. DeepWalk transfers this concept to graphs by using the node sequence of random
walks as a replacement of sentences. Figure 2.5 illustrates the DeepWalk algorithm.

n1

n2

v

u

Generate
random walks

Train
Word2Vec

p(n1)

p(n2) p(u)

Figure 2.5: Schematic representation of the steps executed in the DeepWalk and the
Node2Vec algorithm. First, random walks generate node sequences. Then
the Word2Vec method analyzes these node sequences utilizing a neural
network to calculate the final node embeddings. After transitioning from u

to v, DeepWalk uses a uniform distribution, i.e. samples the next neighbor
with p(u) = p(n1) = p(n2) = 1/3. In the same case, Node2Vec revisits u

proportional to p(u) = 1/p, stays close to u with the fixed ratio of p(n2) = 1,
and moves further proportional to p(n1) = 1/q.

Another approach with the same basis of Word2Vec is Node2Vec, which deploys a different
random walk sampling (Grover and Leskovec, 2016). Instead of Deepwalk’s uniform
random walk sampling, Node2Vec has two hyperparameters p, q, which approximate
between breadth-first and depth-first strategies. The effect of p and q are described for
an example in Figure 2.5.
Matrix factorizations form another class of node embeddings. For example, High-Order
Proximity preserved Embedding (HOPE) uses a generalized singular value decomposition
to create the nodes’ embedding vectors, which works efficiently on large sparse graphs (Ou
et al., 2016). Furthermore, HOPE retrieves one embedding for the source node and
another for the target node and hence is designed for directed graphs.
Most graph embeddings are only designed for undirected networks, but recently, new
methods were proposed for directed graphs. Similar to HOPE, these approaches often
use two separate embeddings for source and targets (Khosla et al., 2018; X. Liu et al.,
2019; C. Zhou et al., 2017). Still, many methods fail to predict the direction of relations
correctly (Khosla et al., 2019) because representing the asymmetric similarities is more
difficult than the symmetric similarities in the undirected case. Instead of using two
embeddings, we propose to represent nodes as probability distributions and encode the
direction with an asymmetric similarity measure (Funke et al., 2020).
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The usage of probability distributions was already proposed in different contexts, such
as word embeddings (Muzellec and Cuturi, 2018; Rudolph et al., 2016; Vilnis and
McCallum, 2015) or attributed graphs (Bojchevski and Günnemann, 2018; He et al.,
2015). Therefore, the methods Graph2Gauss (Bojchevski and Günnemann, 2018) and
elliptical embedding (Muzellec and Cuturi, 2018) will serve as baselines in our general
evaluation of our graph embedding. We explain their approaches together with the
differences to our approach in Section 5.4.
To illustrate the many possibilities of graph embeddings, we conclude with a brief
overview. Similar to our overview in Funke et al. (2020), we categorize further graph
embeddings methods by their underlying objective function, preserved property, training
method, and embedding space:
i The type of objective function is either optimizing local neighborhood (Bojchevski
and Günnemann, 2018; Hinton and Roweis, 2002; Roweis, 2000) or some global graph
structure (Tenenbaum et al., 2000)

ii If explicitly known, the preserved property is either graph distance (Frankl and
Maehara, 1988; Potamias et al., 2009; Rattigan et al., 2006), from a random walk
process (Saerens et al., 2004; C. Zhou et al., 2017), or stochastic similarity mea-
sures (Hinton and Roweis, 2002; Maaten and Hinton, 2008)

iii The mapping is learned by a low rank approximation (Belkin and Niyogi, 2003; Jian-
chao Yang et al., 2008), deep learning (Bojchevski and Günnemann, 2018; Hamilton
et al., 2017a; Khosla et al., 2018; Kipf and Welling, 2016; X. Liu et al., 2019), or other
dimensionality reduction techniques (Hamilton et al., 2017b; Hinton and Roweis,
2002; Maaten and Hinton, 2008)

iv The curvature of the embedding space is zero (Frankl and Maehara, 1988; Linial
et al., 1995), positive (R. C. Wilson et al., 2014), negative (Chamberlain et al., 2017;
Krioukov et al., 2010; Muscoloni et al., 2017), or mixed (Gu et al., 2019)

2.4 Link prediction

Our last research question is about the prediction of future states of the material flows.
In our network model, this task translates into the forecast of new and vanishing links.
The related concept from complex networks is called link prediction. We state the
static and temporal link prediction task and formulate the applied evaluation measures.
Furthermore, we describe different heuristic and machine learning approaches to link
prediction, which we use as baselines in our experiments.
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2.4.1 Task formulation and evaluation measure

Link prediction is the task to predict changes in the edge set E given partial observations.
In the static case, the given information is a partial observation E ′ ⊂ E of the same
network, and the task is to identify the missing edges E\E ′. One example of static link
prediction are biological networks, where some interactions are known, and the testing of
pairs is expensive (Martı́nez et al., 2017; Qi et al., 2006). Here, link prediction helps to
rank unverified interactions to increase the chance of positive findings.
In temporal link prediction, the given information is one or more observations of the
complex networks, and the task is to predict the evolution of the network. Hence, in the
temporal setting, the methods need to predict new and vanishing edges of the network
but have the advantage of complete observations for a fixed timestamp. Figure 2.6
visualizes the differences between static and temporal link prediction.

Static Temporal
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Figure 2.6: Static and temporal link prediction illustrated. For static link prediction, the
methods only need to score unobserved edges, whereas in the temporal case,
all edges are ranked. A high score represents a higher observation likelihood.
The gray lines visualize already observed edges and the dotted lines illustrate
possible edges.

To define static link prediction, let G = (V,E) be a graph and E ′ ⊊ E a subset of
observed edges. A static link prediction method is a function FG′ : (V × V )\E ′ → R,
which assigns each unobserved edge a score and can exploit the information given by the
partially observed graph G′ = (V,E ′). Similar to others, we align the scores such that a
high value should correspond to a higher probability of observation (Ghasemian et al.,
2019; Liao et al., 2015; Lü and T. Zhou, 2011; Martı́nez et al., 2017).
The definition of temporal link prediction is very similar. Let V be a node set and
G1 = (V,E1), . . . , Gt = (V,Et) be graphs. A temporal link prediction method is a
function FG1,...,Gt−1 : V ×V → R, which ranks all possible edges based on the information
in the previous observations G1, . . . , Gt−1. As before, a high value corresponds to a high
probability of observation. All static link prediction methods are directly applicable to
the temporal link prediction task based on one observation.
The standard evaluation measure of link prediction is the area under the receiver operating
characteristic curve (AUROC), which was exclusively used as an evaluation measure
in Ghasemian et al. (2019), Liao et al. (2015), and Martı́nez et al. (2017) and together
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with precision in Lü and T. Zhou (2011). Precision is given by

Precision =
TP

TP+ FP
,(2.4.1)

where TP stands for true positives, i.e. all correctly predicted links, and FP stands for
false positve, i.e. all wrongly predicted links. To calculate precision, we either need to fix
the number of predicted links, which are those edges with the highest similarity score, or
need to select a threshold and predict all edges with scores above this threshold. Since we
prefer an unparametric measure, we select AUROC as evaluation measure. The receiver
operating characteristic curve is the plot of the true positve rate (TPR) on the false
positve rate (FPR), which are given with the number of possible positive cases P and
the total number of negative cases N by

TPR =
TP
P

and FPR =
FP
N

.(2.4.2)

The integral of the resulting curve is the AUROC. Figure 2.7 illustrates the receiver
operating curve of some link prediction methods and states their corresponding AUROCs.
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Figure 2.7: Illustration of the receiver operating curve for various heuristics introduced
in Section 2.4.2. The AUROC is the integral of the visualized curve. The
dotted line is the performance of an uninformative predictor, which achieves
an AUROC of 0.50 by assigning all edges the same value.

In the case of link prediction, AUROC has a probabilistic interpretation as well. Since
the AUROC is an integral, we can interpret it as an expected value. The AUROC is the
likelihood of assigning an existing edge a higher or equal score than a non-observed edge.
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This relationship allows the estimation of AUROC based on samples. Liao et al. (2015)
and Lü and T. Zhou (2011) used sampling to approximate the AUROC for large networks,
where sorting and evaluating the scores of all N2 node pairs is too time-consuming.
With AUROC as an evaluation measure, we have thoroughly described the task of static
and temporal link prediction and can now state different approaches to solve this task.

2.4.2 Heuristic baselines

To illustrate the concept of link prediction, we now describe some heuristic link prediction
methods, which are also our baselines in our experiments. Our following selection of the
most common link prediction heuristics is based on the selection of Liao et al. (2015). For
a further review, especially evaluating the performance on socia networks, see Martı́nez
et al. (2017) and P. Wang et al. (2015). The following heuristics require only local
information from the graph, which is retrieved from the neighborhood and results in low
computational complexity.
Newman (2001) studied citation networks and observed relations between previous
joint publications and future collaborations. Citation networks are build from a corpus
of publication. Each node represents an author and two researchers are connected if
they have collaborated on at least one publication in the regarded corpus. Newman’s
observation resulted in the common neighbors (CN) heuristic

FCN
G (u, v) = |N(u) ∩N(v)|,(2.4.3)

where N(u) denotes the neighbors of u ∈ V . Alternatively, we denote with the adjacency
matrix A of G the score as FCN

G ≡ A2, which means that FCN
G (u, v) is the respective (u, v)

entry of the matrix A2 of the right hand side. This heuristic is based on the assumption
of assortative behavior, where we use as features the observed interactions. For each
pair u, v ∈ V , we have FCN

G (u, v) ∈ [0, . . . ,min(ku, kv)], which has two consequences. CN
tends to assign higher scores to nodes with a higher degree, and it has a small range of
scores since it only assigns natural numbers instead of floats.
To compensate for the tendency in favor of high degree nodes, researchers proposed
different normalization terms (T. Zhou et al., 2009). We include the normalization based
on the Jaccard coefficient (JC) of the neighbors

F JC
G (u, v) =

|N(u) ∩N(v)|
|N(u) ∪N(v)|

.(2.4.4)

In general, the Jaccard coefficient measures the similarity between two sets (Jaccard,
1902) and was applied for link prediction by T. Zhou et al. (2009).
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2.4 Link prediction

Lü and T. Zhou (2011) proposed another method to overcome the limited image of CN.
The local path index (LPI) includes paths of length three and with εLPI > 0 is given by

F LPI
G ≡ A2 + εLPIA

3.(2.4.5)

In all our experiments, we fix εLPI = 10−3. Hence, LPI uses the number of paths of
length three as tie-breaker when CN scores match.
Furthermore, we use a method inspired by a resource allocation process which assigns a
single resource unit to each node and then let each node distribute this resource equally
between all neighbors (T. Zhou et al., 2009). The resulting resource allocation (RA)
heuristic is

FRA
G (u, v) =

∑︂
w∈N(u)∩N(v)

1

kw
.(2.4.6)

Since we have temporal evolving systems, we proposed to use another simple heuristic
as a baseline. The like before (LB) heuristic assumes no changes in the network and is
given by

F LB
G (u, v) =

{︄
1, if (u, v) ∈ E,

0, else.
(2.4.7)

In comparison to the following machine learning baselines, these heuristic have very
simple formulations, but their performance can be surprisingly good (Martı́nez et al.,
2017).

2.4.3 Machine learning baselines

We include three graph embeddings as machine learning based link prediction baselines.
We use DeepWalk, Node2Vec, and HOPE, which we have already introduced in Section 2.3.
To calculate the link prediction scores of these methods, we first retrieve the node
embedding for each method. Then we calculate the similarity based on the embedding
vectors. With the additional pre-processing step, these methods have a substantial higher
computational complexity than the heuristic baselines.
DeepWalk, Node2Vec, and HOPE embed into the K-dimensional Euclidean space RK ,
which has the standard scalar product ⟨·, ·, ⟩ and the norm |x| =

√︁
⟨x, x, ⟩. For DeepWalk

and Node2Vec, we use the cosine similarity, which is the cosine of the angle between the
embedding vectors. The cosine similarity for two embedding vectors xu and xv is given
by

⟨xu, xv⟩
|xu||xv|

.(2.4.8)
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2 Complex Networks

Since HOPE is based on matrix factorization of Katz similarity (Katz, 1953), we use as
score the approximated value given by

FHOPE
G (u, v) = ⟨su, tv⟩ ,(2.4.9)

where su is the source embedding of u and tv is the target embedding of v.
We have in total eight link prediction baselines, which are based on a variety of implicit or
explicit assumptions. Figure 2.8 illustrates the scores of different link prediction baselines
by the example of Zachary’s karate club.

Link predictor Instructor Administrator

CN 1.00 2.00

JC 0.06 0.12

LPI 1.03 2.06

RA 0.01 0.01

DW 0.49 0.95

Node2Vec 0.51 0.99

HOPE −0.15 −0.94

Figure 2.8: Example scores for the link prediction baselines. For Zachary’s karate club,
we evaluate for the wrongly assigned node of Zachary (1977) the predicted
similarity scores to the instructor and the administrator. We removed the
two highlighted edges, i.e. the edge from the node to the instructor and
the edge from the node to the administrator, from the network. Afterward,
we calculated their scores. All methods except RA and HOPE, align that
node with the instructor, which agrees with the observed clusters. In the
interpretation and evaluation of the assigned values only the order matters,
since the methods use different range of values. For example, JC assigns
values in [0, 1] and CN retrieves values in {0, 1, . . . }.

To sum up, we have introduced the general field of complex networks with the major
concepts and characteristics. Then, we have given an overview of graph embeddings,
which we use on the one hand as baselines in our experiments and, on the other hand, is
the related work for our approach. Finally, we have stated the link prediction task with
additional heuristic baselines.
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3 Modeling material flows as complex
networks

Material flows describe the transport of goods and as transports happens within a single
plant or on a global scale, it can be regarded at many levels of detail. However, our
model is based on the detailed perspective of inter-machine material flows and integrates
into existing research about manufacturing and logistic systems, which already applied
methods from complex networks. Therefore, we introduce the relevant concepts to classify
our approach and then describe our model in detail.
As Figure 3.1 illustrates, we start with introducing concepts related to material flow
networks, such as introducing the characteristics of those manufacturing systems used
in our experiments. Then we identify the lack of applications based on more complex
networks concepts such as clustering or link prediction. Finally, we state our model with
the transformation from our choice of input data to the representation as a complex
network and discuss the resulting implications.

3.4 Transformation3.1 Material flows 3.2 Manufacturing 3.3 Logistics
         

    
      

   

 

   

Figure 3.1: Visualization of the section’s structure. For details, we refer to the respective
sections, especially Figures 3.3, 3.5, 3.6 and 3.7.

3.1 Material flows as part of manufacturing and logistic
systems

We transfer concepts from complex networks to the field of manufacturing and logistic
systems and model these systems on the abstract level of a graph. However, we intend
to describe and understand the aspects of the represented system. Therefore, we arrange
our research in the general engineering context and introduce the distinctive features of
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3 Modeling material flows as complex networks

our real-world examples. Since the research field of manufacturing and logistics is much
more mature than the field of complex networks, we only briefly state those topics which
is required either for our modeling or for the related work.
Our model represents a manufacturing system and the evolution of transported goods
within the system. A production system is a system that creates added value by producing
goods, such as plants, workshops, or assembly lines (Dyckhoff, 2003). Black and Kohser
(2017) define a manufacturing system as a complex arrangement of physical elements.
Figure 3.2 illustrates this definition of a manufacturing system and highlights the system’s
boundaries by giving some inputs and outputs of a manufacturing system which is affected
by unexpected disturbances. This general definition covers a wide variety of systems.
We focus on those kinds of systems with a certain level of dynamic. For example, in
assembly-line productions, a forecast should concentrate on the total downtime instead
of used material flow paths and is hence not suited for our studies (Bautista and Pereira,
2007).

Manufacturing system

Complex arrangement of elements,
which include among others

machines for processing
tooling
materials handling equipment,
e.g. transportation and storage
operators, workers

Materials

Energy

Demand

Information

Products

Information

Waste

System inputs Unplanned
disturbances

Ex
te

rn
al

 c
us

to
m

er

Feedback

Figure 3.2: Illustration of a manufacturing system definition. Adopted from Black and
Kohser (2017).

We can distinguish manufacturing systems by their manufacturing types, such as job-
shop, cellular-shop, or flow-shop. Figure 3.3 visualizes these examples and their machine
layouts, which have significant effects on the material flows. Tempelmeier and Günther
(2005) differentiate on the highest level between function or goods. A manufacturing
system with the focus on the function of machines is a job-shop production, where similar
machines are positioned close to each other. Other production systems are arranged
around the produced goods. A series production is without any restriction in time and
has a uniform material flow. If the production is restricted in time, we have, for example,
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3.1 Material flows as part of manufacturing and logistic systems

a flow-shop production, where the goods are directly passed between each production
stage. Another possibility is cellular manufacturing, where the machines are grouped into
cells to accomplish specific tasks. All these different production types result in several
levels of dynamics for the present material flows.

Raw material

D F

E G

B C

E D

A C

B F

C

A

E

B

B

A

F

B

Raw material

C C

C C

C C

Raw material

Finished component

A

F

D

a) Job-shop b) Cellular-shop c) Flow-shop

B B

B B

A A

A A

A A

Finished component Finished component

Figure 3.3: Examples of manufacturing system types, modified from Chryssolouris (2006).
The arrows represent an exemplary material flow from the raw material to
the finished component. The visualized blocks represent the placement of the
machines. The letters A, B, to F stand for different machine types.

Another way to differentiate manufacturing systems is discrete manufacturing and
process manufacturing. Discrete manufacturing is the production of separable units,
such as cars or toys. These items are assembled using different machines. Furthermore,
such discrete manufacturing systems employ sophisticated planning and scheduling
methods to improve operations and increase profit (Dietrich, 1991). In contrast, process
manufacturing systems have batch or continuous operations and are based on formulas and
manufacturing recipes. Typical goods are drinks, chemicals, or semiconductors (Fisher
et al., 2018). The fundamental differences between discrete and process manufacturing
systems affect, among others, the flexibility of their material flows. We have real-data
from five discrete manufacturing systems and one process manufacturing system. Hence,
we can evaluate our approach in both settings.
In the formulation of our research questions, we already mentioned that we intend to
model, analyze, and predict material flows. To be precise, we focus on the complexity and
dynamics in manufacturing logistics, which is a part of the internal logistics. Figure 3.4
illustrates the differentiation of different corporate logistics. The manufacturing logistics
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3 Modeling material flows as complex networks

describes the logistics of the core value-adding process and has links to the upstream
procurement and the downstream distribution logistics (Vahrenkamp and Kotzab, 2012).
The task of manufacturing logistics is planning and control of the material flow during
the production process. The incoming and outgoing goods are the systems’ boundary of
manufacturing logistics (Pawellek, 2007). Thus, we cover with the term material flow
any moved raw material, component, and finished product.

Distribution
logistics

Manufacturing
logistics

Procurement
logistics

Recycling
logistics

Redistribution
logistics

Distribution
logistics

Disposal logistics

External logistics External logisticsInternal logistics

Corporate logistics

Waste
marketM

ar
ke

t

M
ar

ke
t

Recycling

Manufacturing

Figure 3.4: Overview of different logistics in the style of Wiendahl (2009) and Pfohl
(2010). Each step of the visualized product life cycle is related to a specialized
logistics. First, the raw materials are procured on the raw material market and
transported to the manufacturing system. Then the product is manufactured
from the raw material as illustrated in Figure 3.3 and distributed to the
consumers. After the product life time, the used products are collected and
recycled. The extracted raw material is then again offered on the market.

Other researchers selected different modeling perspectives from the view on supply
chains to specific systems such as public transport or power grids. A supply chain is
a set of companies involved in upstream and downstream flows of materials, services,
finances, or information (Mentzer et al., 2001). This definition of a supply chain has
some similarities to the logistics definition. Schönsleben (2016) defines logistics as the
organization, planning, and realization of the flow and storage of goods, data, and control
along the product life cycle. On all these levels of details, complex networks methods
are applied to study different aspects of these systems. We discuss the related work of
applying complex networks concepts in manufacturing systems, such as supply chains
and logistics, in the following sections.
Independent from the modeling perspective, manufacturing and logistic systems are
often visualized as graphs, see for example Lanza et al. (2019) and Mentzer et al. (2001).
However, most of the applied models are not based on complex networks and are either
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3.1 Material flows as part of manufacturing and logistic systems

event-based models, such as discrete event simulations, or flow-based models, such as
system dynamics (Scholz-Reiter et al., 2005; Scholz-Reiter et al., 2008). Such models
with a focus on material flow simulations are typically used to evaluate production
performance, material flow control mechanisms, or factory layouts (Mourtzis et al., 2014).
A similar quantitative result from the review in Jahangirian et al. (2010) stated that
more than 90 % of simulation studies are about real or hypothetical problem-solving,
and that the remaining publications deal with the improvement of simulation methods.
Despite the availability of many simulation models (Dias et al., 2011; Mourtzis et al.,
2014; Scholz-Reiter et al., 2008), these models usually lack to represent the complex
interactions between machines or companies. Often used assumptions are that material
flow patterns are either regular lattices or fully connected networks (Holthaus, 1996;
Scholz-Reiter et al., 2006). Alternatively, simulations focus on a handful of selected
machines, such as the evaluation of control algorithms for bottleneck machines (Scholz-
Reiter et al., 2008). Consequently, all quantitative research using complex networks
in manufacturing we are aware of relies on some form of real-world data. Commonly,
simulations are not applied at all. As an additional drawback, the data used in these
studies are often not published (Becker et al., 2013b; Vrabič et al., 2013), and open data
is rarely available (Willems, 2008). Therefore, we rely on the few real-world data sets
from companies, which we describe in Section 3.4 together with the details of our model.
The importance of global material flow structures and their development for our approach
is a direct consequence of our way of forecasting. The approach of complex networks
should not be confused with time-series projections. Small systems with low dynamics
can often be easily predicted using either expert knowledge or information about the
system dependencies. For the simplest case of a single machine, the behavior can often
even be modeled deterministically. For example, Nyhuis and Wiendahl (2009) proposed
the usage of logistic operating curves to model and to predict a single machine. Their
model focuses on characteristics such as throughput time or work in process. However,
most large production systems exhibit a high degree of dynamics and complexity, and
thus their prediction is difficult both for experts and models.
Table 3.1 summarizes the advantages of studies based on real-world data and material flow
simulations. The major drawback of simulations is the required predefined assumption of
those state changes we intend to predict. This disadvantage, together with the current
simple structure, currently excludes simulations for our application.
The complexity of real-world manufacturing systems is a result of many different factors.
In the introduction, we already discussed new and ongoing trends such as sharing
economy or an increased integration and connectivity of computational resources into all
manufacturing steps. Besides those developments, the system size and the number of
possible interactions increase the complexity of a system (W. ElMaraghy et al., 2012).
The structural complexity of the systems as well as product complexity influences the
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3 Modeling material flows as complex networks

Table 3.1: Comparison of evaluations’ advantages with real-world data and material flow
simulations

Real-world data Material flow simulations

description of real manufacturing
system, i.e. real structures,
developments, interactions,
system sizes

model with controllable
(fixed/changing) parameters,
such as time, job arrivals,
machine downtimes,
or number of machines

material flows (H. ElMaraghy et al., 2014; S. Hu et al., 2008; Schuh, 2014). H. ElMaraghy
et al. (2014) quantify the structural complexity among others based on material flow
structure, i.e. the number of branches, the number of parallel connections, and the
number of loops. The product complexity creates additional complexity on top of this
structural complexity (S. Hu et al., 2008; Schuh, 2014). The more complex and dynamic
the system is, the more difficult it is to predict.
In total, we described the scope of our model by defining manufacturing systems and some
essential characteristics to differentiate them. We outlined our general model perspective
in terms of logistics, which focus on the internal logistics of manufacturing systems. Then
we discussed our choice in favor of real-world data and against material flow simulations,
which we connected with a differentiation of the desired forecast to time series prediction
of a single machine. We concluded with a general overview of manufacturing systems’
complexity, which affects our predictions.

3.2 Complex networks in manufacturing

In Funke and Becker (2020), we have reviewed the literature about complex networks
in manufacturing systems and structured them according to their studied system level.
We were able to group the literature to the study of global production networks, supply
chain networks, and material flow networks. Similarly, Y. Li et al. (2017) reviewed 150
articles about complex networks in manufacturing systems and grouped them according
to views within and between enterprise. Here we take another perspective and present
the sources based on the methods and concepts of the complex networks that are used.
We roughly order the methods by complexity. Figure 3.5 summarizes our findings.
As a first step to apply complex networks in manufacturing systems, researchers described
complex network models of manufacturing systems and gave interpretations of common
network characteristics for such systems. Cui et al. (2010) gave a general introduction to
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Figure 3.5: Overview of the number of publications about manufacturing systems by
concept or method used (Funke and Becker, 2020). We count each of the
presented publications only once in the most complex category.

complex networks and described some network models and their applications. In their
general review of global production networks, Lanza et al. (2019) mentioned the possible
use of complex networks for such systems. Hearnshaw and M. M. Wilson (2013) took the
perspective as the designer of a supply chain network and proposed favorable network
properties of supply chains, such as overlapping community structures. Motivated by
the general trend of industry 4.0 and the availability of more data, Omar et al. (2018)
gave possible interpretations of network characteristics such as betweenness centrality
or PageRank. Windt and Hütt (2010) proposed to use graph coloring algorithms for
job scheduling and discussed the resulting implications for production networks. Using
the model of complex networks as a collective basis, Becker et al. (2011b) compared
manufacturing systems, traffic models, and metabolic systems.
Having these qualitative connection established, researchers focused on applying basic
network characteristics. With basic network characteristics, we mean simple quantitative
methods such as number of nodes, number of edges, degree distribution, shortest paths,
or centrality measures. Becker et al. (2013a) used their previously established qualitative
connection to metabolic systems and quantified the differences between these biological
and the technological systems by analyzing properties such as betweenness centrality
and degree distribution. Using the proportion of edges not included in cycles as a
measurement for hierarchies, Luo et al. (2012) compared the Japanese automotive and
electronics sector and observed a stronger hierarchy in the automotive sector. To analyze
the development of the Japanese automotive sector from 1993 to 2012, Kito and New
(2015) visualized, among other characteristics, network characteristics such as node
degree. Leng and P. Jiang (2019) used basic network characteristics of several graph
representations of a discrete manufacturing system as input for a dynamic scheduling
heuristic.
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3 Modeling material flows as complex networks

An excellent example of the transfer of concepts of other disciplines using complex
networks, is given in the social network analysis, which was applied by different authors
to examples from manufacturing (Kim et al., 2011; Molano et al., 2015; Omar et al.,
2018). Kim et al. (2011) explained the implications of network characteristics for material
flow networks and supply chain networks. Afterward, they evaluated this interpretation
with three real-world examples. Molano et al. (2015) applied the social network analysis
on examples of rural manufacturing networks, which were interlinked with friendship
networks of their entrepreneurs.
Another focus is the measurement of complexity. Using the Shanon entropy of the degree
distribution as a measure, Cheng and Chu (2012) evaluated the structural complexity of
supply chains. H. ElMaraghy et al. (2014) used a combination of basic complex network
characteristics to assess the complexity of manufacturing layouts. Furthermore, a relation
between the performance of manufacturing systems and their topological structure was
studied. Becker et al. (2011a) evaluated the effect of the average node degree, i.e. the
average number of interconnected machines, on the performance of adaptive control
algorithms. Extending this work, Becker et al. (2012) studied the influence of the average
degree on the normalized average work in process.
The identification of critical machines or anomalies is a further focus of existing research.
Vrabič et al. (2013) proposed an anomaly detection method within manufacturing systems
based on basic characteristics such as neighborhood and centrality metrics. Blunck et al.
(2014) used PageRank, node degree, and betweenness centrality as heuristics to identify
bottlenecks. As another approach for the identification of critical machines, Meyer
et al. (2016) transferred the concept of elementary flux modes from systems biology to
manufacturing systems. Focusing on the product structure in the form of bill of materials,
Cinelli et al. (2017) used betweenness centrality and node degree to identify critical
components.
Another kind of measure focuses on quantifying how nested the structure of a system is.
Saavedra et al. (2011) introduced one formulation of nestedness and evaluated it on the
example of the garment industry. They found that those companies which attribute most
to nestedness are most likely to vanish from the market. Kito and Ueda (2014) studied
the nestedness of Japanese automotive supply chains and their development over time.
Using a different formulation of nestedness, Meyer et al. (2014) analyzed the structure of
operation-machine networks.
A network model is suitable for simulating the effects of a machine or connection failure
with little computational effort. Therefore, the robustness of systems was often considered.
Meepetchdee and Shah (2007) included, among other properties, the robustness in their
optimization of supply chains. With a simulation of a manufacturing system, L. Liu
et al. (2011) studied the robustness with respect to the average shortest path length and
the average clustering coefficient. In a similar way for dynamic manufacturing systems,
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Becker et al. (2013b) measured the effect of machine failures, i.e. node deletions. With a
focus on the relationship of system size, robustness, and production rate, Putnik et al.
(2015) simulated production networks in uncertain environments. Monostori (2016, 2018)
discussed different measurements of robustness for supply chains. Using 26 real-world
supply chain examples, Perera et al. (2018) compared different basic characteristics and
robustness as well as their implications for the supply chains.
Due to the lack of a publicly available large corpus of company data, researchers used
random network models to verify the significance of their findings. S.-Y. Liu et al. (2013)
used random networks to study the effect of the clustering coefficient on order-lead time
and delivery efficiency. Comparing architectures generated by the Erdős-Rényi model,
the Watts-Strogatz model, and the Barabási–Albert model, Škulj et al. (2017) studied
different architectures for cloud manufacturing. As an alternative to random network
models, approaches for generating new data were proposed. Wagner and Becker (2017,
2018) used random walks to generate new traces from one company data set. Kozjek
et al. (2018) combined web crawlers and post-processing for automatic identification of
business and social networks from publicly available information on the internet.
The complex network representation of manufacturing systems was checked for network
motifs. Lomi and Pattison (2006) studied the motif distribution in networks of Italian
automotive manufactures. Besides basic network characteristics, F. Zhang et al. (2013)
used motifs to evaluate the work-in-process of material flows. Comparing different
manufacturing systems, Beber and Becker (2014) evaluated motifs and their influence on
the dynamic behavior of the systems.
The last concept applied to manufacturing systems is clustering. Even before the recent
advances within complex networks, Chandrasekharan and Rajagopalan (1986) used the
clustering of networks. They modified k-means clustering for the automatic detection of
machine cells and product families for cellular manufacturing. Vrabič et al. (2012) used
a modern clustering algorithm to identify overlapping clusters. They proposed to use
the resulting clustering of machines as a basis for autonomous structures. Kito et al.
(2015) applied the Girvan-Newman algorithm (Girvan and Newman, 2002) and studied
the relationship between produced products and supplier strategies. Using a modularity
based clustering method, Wagner and Becker (2016) compared the clustering structures
of material flow networks on different time scales.
In summary, with this overview, we have seen that production systems were considered
with a variety of methods and concepts of complex networks. Especially the basic network
characteristics were regarded and evaluated in many contexts, which can be seen from the
overview in Figure 3.5. Nevertheless, we recognize a delay between the developments in
complex networks and the application of those methods for production systems. Hence,
newer techniques such as graph embedding or tasks like link prediction were not evaluated
for these technical networks.
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3 Modeling material flows as complex networks

3.3 Complex networks in logistics

We have already presented an overview of the research of manufacturing systems using
complex networks. A variety of methods and concepts are used on models of supply chains
or material flows. However, Schönsleben (2016) defined logistics as the organization,
planning, and realization of the flow and storage of goods, data, and control along the
product life cycle. Thus we need a broader view on material flows and introduce further
examples of complex networks in logistics.
Figure 3.6 illustrates the most common transport modes in a supply chain. The flow of
objects within such systems are often visualized as graphs. Another stereotypical example
is a transit map of public transport systems. Sienkiewicz and Hołyst (2005) analyzed the
public transport of different cities using clustering, betweenness, and assortativity. Since
the necessary information is easily accessible, it was used as one of the first examples to
transfer the concept of small-world networks to other areas. Latora and Marchiori (2002)
analyzed the subway network of Boston with regards to the small-world property, and
Sen et al. (2003) applied this concept to the railway network of India. On the example
of the Swiss and the European railway network, Kurant and Thiran (2006) investigated
how well topological characteristics describe real traffic flow intensities. Chowell et al.
(2003) used simulations to study the relation between network topology of all available
transport modes and commuter behavior in the city of Portland.

Plane

TruckShip

Train

Figure 3.6: Representation of different transport modes in a supply chain. Each of the
associated infrastructures can be represented as a complex network.

A natural extension of this research is the study of air transportation networks. Guimerà
et al. (2005) studied the global air transportation networks and detected anomalies
such as high betweenness centrality of Anchorage caused by its bottleneck position as
access to Alaska. The topology of this network has further effects, for example, on the
spreading of epidemics (Colizza et al., 2006). Using historic data from 1977 to 1997,
Smith and Timberlake (2001) showed that changes in the air transportation network
reflect the economic development of the cities. For an extensive review of the topic of air
transportation networks, we refer to Rocha (2017).
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Another mode of transport that is particularly crucial in the many global production
systems are vessels because 90 % of world trade is carried by sea (Kaluza et al., 2010).
The worldwide maritime network has a hierarchical structure and has a high rich-club
coefficient, which indicates a strong clustering among the well-connected ports (Y. Hu
and D. Zhu, 2009). X. Xu et al. (2007) analyzed the network of passenger liners in China
and found topological properties between those of airport and railway networks. Kaluza
et al. (2010) analyzed the global cargo ship network and detected different patterns for
container ships, oil tankers, and bulk dry carriers. The changes in the maritime network
of container shipping were studied by Ducruet and Notteboom (2012), and similarly to
the air transportation network, the developments are driven mainly by economic and
geographic effects.
The limitation of physical infrastructure between the (air-)ports is in most cases negligible
for planes and ships. Possible transportation routes are only limited by the carrier’s
range. In contrast, as another often used example, power grid networks, have physical
limitations. The US power grid was one of the examples studied by Watts and Strogatz
(1998) in their introduction of small-world networks. As an essential infrastructure, the
robustness and propagation of disturbances are the most critical factors in the analysis
of power networks. Albert et al. (2004) analyzed the structural vulnerability of the
North American power grid, and Solé et al. (2008) focused on intentional attacks on the
European power grid. Since power grids were used in many studies, we refer to Pagani
and Aiello (2013) for a review of more than 30 articles about modeling and analyzing
power grids as complex networks.
The power grid network is not the only example of a logistic system of goods limited
to specific infrastructures. Other examples studied with methods from complex net-
works are water distribution (Yazdani et al., 2011; Yazdani and Jeffrey, 2011) or gas
pipelines (Gastner and Newman, 2006). Another infrastructure used by almost everyone
on a daily basis is the network created from urban streets. On the level of topological
characteristics, cities are similar (Cardillo et al., 2006; Lämmer et al., 2006) even though
they were created differently (Levinson and Yerra, 2006).
As the last infrastructure example, we include the internet (Pastor-Satorras and Vespig-
nani, 2007; Ravasz and Barabási, 2003). Different aspects, such as router connections,
hyperlinks between websites, or email exchanges, are studied as complex networks (Adamic
and Glance, 2005; Diesner et al., 2005; Ebel et al., 2002).
In all these examples, we can assign the networks spatial coordinates to the nodes. Thus,
these networks are examples of spatial networks, which possess specific properties. For
example, in a street network, the maximal degree is limited, because an intersection is
only between a few streets. Barthélemy (2011) gives an extensive introduction to spatial
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networks, their characteristics as well as further examples from other fields than logistics.
We conclude with Table 3.2, an overview of the elements of the networks in the described
examples.

Table 3.2: Overview of examples for logistic systems as complex networks. Models of
logistics are more diverse than the complex networks of manufacturing systems.

Network Node Link

public transport stop bus/subway line
railway network station railway
air transportation network airport plane connection
maritime network port shipping route
power grid generator, substation, consumer transmission line
fluid network reservoir, tank, demand point, pipeline

pipe intersection
urban network intersection, dead end street
internet router cable

3.4 Input data and transformation

We have given an overview of complex network methods used in manufacturing systems
and have shown the variety of applications in logistics. However, the modeling depends
on the desired application and its usage. Therefore, we describe our model of material
flow networks based on input data from manufacturing systems.
Our choice of input data is the completion confirmation data. These records contain
information about the start- and end-time of order processing for each machine. Figure 3.7
shows some schematic examples of such data. Production control and planning methods
can use the completion confirmation data as feedback from the manufacturing system and
information about the current state of the production. Thus, this kind of data is often
already recorded by enterprise resource planning systems or manufacturing executions
systems.
We create a network model from this data. Hence we need to select a suitable class of
complex networks and decide about the two main modeling elements, the links, and the
nodes. Since we model the material flow of manufacturing systems, the links represent
material flows, and the nodes stand for the machines. The material is transported
from one machine to another machine. Consequently, the complex network should be
directed to include this additional information. Another essential information would
be the number of goods moved between the machines. Nevertheless, the completion
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Material flow networks

Figure 3.7: Schematic representation of material flow data and the transformation process.
For each time slice, we generate from the recorded production steps a material
flow network representation of the manufacturing system.

confirmation data does not contain detailed information about the quantities. Thus, we
choose a directed unweighted network for each time slice. For alternative graph models,
we refer to our introduction of complex networks in Section 2.1.
Having the type of complex network selected, we can describe our transformation of the
completion confirmation data. A bipartite graph of the orders and their used machines
with the time data as edge attributes would represent all available information of the
underlying data. However, we focus on the material flow between the machines. Therefore,
we project the order information such that consecutive machines are connected by an edge.
This projection focus on the machines and discards the order information. Algorithm 1
describes the transformation of our data into material flow networks. For an efficient
implementation of our transformation, we refer to the publicly available code of Funke
and Becker (2018a).
Other authors proposed similar transformations in their research about material flow
networks (Becker et al., 2011b; Vrabič et al., 2013). Our transformation adds a link
between machines for each pair of consecutive processing steps. This procedure can
describe sequential material flows. However, hierarchical product plans and their parallel
material flows may not be represented correctly. Therefore, we give an overview of
alternative input data used for creating material flow networks.
The combination of the company product portfolio and the product route sheets creates
a static representation (Becker et al., 2013a). This view has been used to group the
product in families and the machines in cells (Chandrasekharan and Rajagopalan, 1986;
King and Nakornchai, 1982). The major disadvantage of this approach is the static view
of the manufacturing system. Alternatively, we can measure the material flow directly
using some tracking technology. Logging the spatial positions of the components during
the processing allows the creation of a material flow network (Charpentier and Véjar,
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3 Modeling material flows as complex networks

2014; Véjar and Charpentier, 2012). One possibility for such tracking technology consists
of RFID sensors combined with inflow and outflow gates at each machine (Leng and
P. Jiang, 2019; F. Zhang et al., 2013; Zhong et al., 2015). However, this procedure
requires an intervention in the production processes. Hence, the extended accuracy is
bought with additional costs and limited applicability.
As a first overview of the input data in our experiments, Table 3.3 lists some basic
information about the companies. Our examples are from three different types. We have
four examples of job-shop manufacturing systems and one example each of the processing
industry and customizing. Their system sizes vary from 50 to 220 machines, and for all
but F, the records cover at least one year. The number of production steps, as shown in
Figure 3.7, is in all cases but F sufficiently large for our model, since each machine is
on average used at least nine times per week. For company F, we have with an average
of around four production steps per machine and week only less frequent information.
In contrast, for company E we have an average of around 120. For each company, our
input data is a partial download from the recorded information of their manufacturing
execution systems and consists mainly of automatically generated entries.

Table 3.3: Overview of the company data sets A to F. For each company, we include the
manufacturing type, the number of machinesN , the number of distinct directed
material flows M , the number of productions steps and the time period, which
is covered by the records. The characteristics N and M correspond to the
number of nodes respectively edges of the material flow network created from
the whole available time period.

Data set Manufacturing type N M Production steps Time period

A job-shop 220 3 242 109 012 1 year
B job-shop 50 1 043 31 779 1 year
C job-shop 104 3 127 121 278 1 year
D process 85 517 60 000 1 year
E customizing 84 994 800 685 1.5 years
F job-shop 55 337 2 506 3 months

In summary, we have described our choice of input data and the positive and negative
consequences of this selection. Our methods are independent from our modeling per-
spective and could be applied to other temporal models of manufacturing or logistic
systems as well. With this general background from manufacturing and logistics and our
literature overviews, we are ready to discuss our new approaches.
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3.4 Input data and transformation

Algorithm 1 Transformation of input data into material flow networks
input: completion confirmation data L, time slicing ∆t

output: material flow networks, i.e. list of directed graph G = GT1 , . . . GTend

1: sort completion confirmation data C by time and group by order
2: create empty list of graphs G
3: repeat
4: set T to the minimal observed time in C in an yet unprocessed production step
5: create new empty graph GT = (VT , ET ) with VT , ET = ∅
6: for all orders o = (p1, . . . , pn) ∈ C do
7: for all production steps pi = (Mi, ti) ∈ o on machine Mi at time ti with i > 1

and T ≤ ti ≤ T +∆t do
8: mark pi as processed
9: add edge (Mi−1,Mi) to GT , i.e. set ET = ET ∪ {(Mi−1,Mi)} and

VT = VT ∪ {Mi−1,Mi}
10: end for
11: end for
12: append GT to G
13: until all production steps of all orders o ∈ C are marked as processed
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4 Stochastic block model

SBMs originate from the study of friendship networks and extend the fixed block models
with a probabilistic component (Holland et al., 1983; Wasserman and Anderson, 1987).
Based on these early works, a variety of variants was proposed. However, each variant
claims to lift a restriction of the other approaches. For instance, the degree-corrected
extension of Karrer and Newman (2011) was developed for networks with broader
degree distributions, which are common in real-world networks. Therefore, we verify the
capabilities of these models on artificial networks and, in doing so, reduce the number of
variants for our later experiments in a systematic way.
This section is based on Funke and Becker (2019b) and follows the structure of this
publication given in Figure 4.1. We state a variety of SBM variants and the inference
methods used to infer them. Afterward, we describe two benchmarks of artificial networks,
which consist of networks with varying structural strength. A comparison of the variants
and inference methods on these benchmarks is the basis of a pre-selection for the
experiments on the material flow networks.

4.4 Link prediction4.1 Intuition 4.2 Variants 4.3 Inference 4.5 Comparison
 
 
 

 
 
  
  

 
 

  
 

 
  LFRGN

Figure 4.1: Structure of the stochastic block model section. For details, we refer to the
respective sections, especially Figures 4.2, 4.3, 4.5, 4.6, 4.7 and 4.12.

4.1 Intuition and standard formulations

The SBM has been created to describe social connections based on community belongings.
We transfer this approach to clusters of machines and the resulting clustering could
already be used to identify clusters for cellular manufacturing. The SBM is a statistical
model and hence comes along with a substantial theoretical foundation. However, we
only intend to understand the intentions behind the different variants. Therefore, we
start with the intuition and to distinguish this model from the extensions and variants,
we call it the standard SBM.
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4 Stochastic block model

4.1.1 Generative model

We use the SBM to infer cluster structures from an observed graph, but we start by
introducing its generative model. A generative model is an algorithm describing the
generation of network instances. For example, we already have introduced the Erdős-Rényi
model with its generative model of tossing a weighted coin for each link. Nonetheless,
not all models are generative, e.g. the alternative Erdős-Rényi model, where all graphs
with a given number of edges are equally likely, does not directly allow to sample from
the described set of networks. Another such case is the block model which only describes
the absence of links between the specified clusters and yields no further mechanism for
determining the present links (White et al., 1976). Figure 4.2 visualizes the relationship
between model and network.

Generative model

Inference
Edge probabilities

Node partition/
blocks

Generated/observed
network

Figure 4.2: Illustration of a standard SBM and a corresponding network. The process from
the node partition and the edge probabilities to the network is called generative
model. With inference methods, we are able to reverse this generation by
approximating the most likely model from the observed network. Nodes
with the same color belong to the same block and a dark edge probability
represents a high likelihood.

Together with the block model, White et al. (1976) introduced the concept of structural
equivalence, which means that nodes within the blocks are indistinguishable. The SBM
extends this approach of structural equivalence and is a combination of the block model
and a stochastic model, such as the Erdős-Rényi model. Instead of providing one global
link probability for all edges, the likelihood of an edge beeing present depends on the
block assignments of the related nodes. An edge between the node u of block r and the
node v of block s is created with probability ωrs. To be exact, we draw from a Bernoulli
distribution

P (u → v) = P (r → s) = ωrs.(4.1.1)

and create the edge u → v if the outcome is one.
Thus, the parameters of the standard SBM are the block assignments b and the edge
probabilities between the blocks ω = (ωrs)r,s. Since each node belongs to exactly one
block, we can formulate the block assignments as a partitions of the node set, i.e.
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4.1 Intuition and standard formulations

b = {b1, . . . , bK} with V =
⋃︁

r br and br ∩ bs = ∅ for r ̸= s. The edge probability matrix
shows the relation to the block model. Algorithm 2 states the generative model of the
standard SBM.

Algorithm 2 Generative model of the standard SBM for the directed case
input: node partition b = {b1, . . . , bK}, edge probabilities ω = (ωrs)

K
r,s=1

output: an instance G = (V,E) of the standard SBM
1: create empty graph G = (V,E) with V =

⋃︁
r br and E = ∅

2: for all (br, bs) ∈ b× b do
3: for all (u, v) ∈ br × bs do
4: Draw uniformly random number from [0, 1)

5: if random number < ωrs then
6: add edge (u, v) to G, i.e. E = E ∪ {(u, v)}
7: end if
8: end for
9: end for

We can see the relation to the Erdős-Rényi model by setting b = {b1 = V } and
ω = (ω11 = p), which allows us to skip the outer two for loops. Similar to the Erdős-
Rényi model, Algorithm 2 can - in theory - generate any graph with the given node set as
long ωrs ̸∈ {0, 1} for all r, s = 1, . . . K holds. The likelihood of generating a specific graph
depends on the model parameters (b,ω). For the Erdős-Rényi model, the maximum
likelihood estimation of the model parameter p is given by the density of the graph.
In contrast, the task of finding the most likely model parameters for the SBM is often
infeasible.

4.1.2 Standard stochastic block model

Knowing how to generate networks helps to interpret the result of a SBM and to
understand the basic concept and its extension. However, the formulation using Bernoulli
distributions is challenging to trace and was only used in the early works (Holland et al.,
1983; Snijders and Nowicki, 1997). Therefore, we describe the modern approach using
Poisson distributions and state the main formulations of Karrer and Newman (2011)
and Peixoto (2012).
In short, from a given graph, we intend to find the b parameter of the SBM that most
likely generated the graph. The following theories define the applied likelihoods or, more
general, the selected objective functions. The optimization task of finding or at least
approximating the minimum of the resulting objective function is done by the inference
methods, which we describe in Section 4.3. In this description, all objective functions
must be minimized, which allows a uniform description of the inference algorithms.

43



4 Stochastic block model

For the formulation of the likelihood, we fix some further notations. Let G = (V,E) be
an undirected graph with N = |V | nodes and M = |E| edges. The partition of the node
set b = {b1, . . . , bK} assigns each node u to exactly one of the K blocks. We usually
index the blocks with r, s ∈ {1, . . . , K} and u, v ∈ V refer to nodes. With nr = |br|
we denote the number of elements in the block br ∈ b. The number of possible edges
between the blocks r and s is

nrs =

{︄
nrns, if r ̸= s,
nr(nr+1)

2
, if r = s.

(4.1.2)

With the adjacency matrix A of the graph G, the number of edges between block r and
s is given by

ers =
1

1 + δrs

∑︂
u∈br,v∈bs

Auv.(4.1.3)

The Kronecker delta δrs is 1 for r = s and 0 otherwise. For simplicity, we will state only
the formulations for undirected graphs.
For completeness, we include the likelihood of the Bernouilli based model. Following Sni-
jders and Nowicki (1997), we retrieve for the likelihood of observing a graph G with the
model parameters b and ω

P (G|b,ω) =
∏︂
r≤s

ωers
rs (1− ωrs)

nrs−ers .(4.1.4)

The product splits into two parts. The first part is the likelihood of observing the given
edges between the blocks, and the second part is the likelihood of non-existing edges.
Most researchers exchange the Bernoulli distribution in the generative model against a
Poisson distribution, which may results in multiple edges. Lines 4 to 7 of Algorithm 2
are replaced with ‘Draw a random number of the Poisson distribution with mean ωrs and
add these number of edges between u and v to G‘. The probability for multiple edges is,
in practice, is low and we if wanted, the multiple edges can be neglected and replaced
with a single edge.
Karrer and Newman (2011) proposed an approach based on the Poisson distribution and
deduced the unnormalized log likelihood of the block assignment b

L =
1

2

∑︂
rs

ers log

(︃
ers
nrns

)︃
.(4.1.5)

The model parameter of the edge probabilities ω is dropped and replaced by the maximum
likelihood estimation, which reduces the optimization task to the search of an optimal
block assignment. As a slight difference to the original formulation of Karrer and Newman
(2011, Eq. (6)), we include the factor 1/2 from their derivation, because this affects the
model selection described in Section 4.2.2.
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In analogy to the probabilistic and combinatorial formulation of the Erdős-Rényi model,
the SBM has such a formulation as well. This perspective is driven by Peixoto. He
calls his standard SBM the microcanonical version of the SBM. In the probabilistic
Erdős-Rényi model, each edge is viewed as an independent stochastic event and is similar
to the above described standard SBM. Alternatively, in the combinatorial Erdős-Rényi
model, all graphs with a fixed number of edges are sampled with the same probability.
Peixoto follows the combinatorial perspective and sums the probability of assigning the
given fixed number of edges to the blocks. His formulation of the standard SBM is

S =
1

2

∑︂
rs

nrnsH

(︃
ers
nrns

)︃
,(4.1.6)

with the binary entropy function H(x) = −x log(x)− (1− x) log(1− x) (Peixoto, 2012,
Eq. (5)). Based on the series expansion of H, Peixoto recommends for sparse graphs the
following approximation

Ssparse ≃ M − 1

2

∑︂
rs

ers log

(︃
ers
nrns

)︃
.(4.1.7)

Both formulations in Equation (4.1.5) and (4.1.7) have the same optima (with minima
and maxima exchanged). For simplicity, we exchange the signs of Equation (4.1.6) and
(4.1.7). We call the resulting function and likelihoods, such as Equation (4.1.4) or (4.1.5),
simply objective function and denote them with F .
In total, we have introduced the generative model, which will be the basis for further
extension. It already hints at how to apply SBMs for link prediction. With two
formulations of the standard SBM at hand, we can study the modifications of the
sophisticated variants.

4.2 Variants of stochastic block models

The standard SBM has some known limitations, such as a restriction on the degree
heterogeneity inside each block or the selection of the most suitable number of clusters
K for a specific graph (Karrer and Newman, 2011). In order to remove these restrictions,
a variety of variants has been proposed. First, we describe the most prominent extension
of Karrer and Newman (2011), the degree-corrected SBM. Then we clarify the challenge
of selecting the number of blocks and different approaches for its solution. We conclude
with an overview of further SBM variants for a broad view on the possibilities of SBMs.
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4 Stochastic block model

4.2.1 Degree-corrected stochastic block model

The standard SBM builds on the concept of structural equivalence. Two nodes within
the same block are stochastically indistinguishable. Hence the degrees of nodes in each
cluster tend to be similar. However, the degree distribution of most real-world networks
is broad, and consequently, the degree distributions within their cluster structures can
be broad as well. Therefore, the degree-corrected SBM weakens the concept of structural
equivalence to allow broader degree distributions within the clusters. Figure 4.3 visualizes
the differences of both variants on a stereotypical example.

Standard SBM Degree-corrected SBM

Figure 4.3: Visualization of the same network with two stereotypical clusters ( , ■)
of standard and degree-corrected SBM. The standard variant clusters all
nodes with similar degree into the same block, i.e. this networks is clustered
in one block of all nodes with degree 2 and all nodes with degree 7. The
degree-corrected variant allows nodes of the same block to have different
attraction levels and thus covers broader degree distributions within each
block than the standard SBM.

The basic idea is to allow nodes within a block to have different levels of attraction
for the creation of edges. Karrer and Newman (2011) weakened the formulation of
structural equivalence. In their model, two nodes within the same block and with the
same degree are stochastically indistinguishable. To achieve this property, they replaced
the probability of creating an edge in the standard SBM

P (u → v) = P (r → s) = 1− exp(−ωrs)(4.2.1)

with

P (u → v) = 1− exp(−θuθvωrs),(4.2.2)

where u ∈ br, v ∈ bs are nodes, and θu, θv are new parameters for controlling the degree
of the nodes u, v ∈ V . From this, Karrer and Newman deduced the unnormalized log
likelihood

LDC =
∑︂
rs

ers log

(︃
ers
eres

)︃
,(4.2.3)

where er =
∑︁

u∈br deg(u) is the total number of ends of edges that emerge from nodes in
block r.
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The microcanonical formulation of the degree-corrected SBM is approximately

SDC ≃ −M −
∑︂
k

Nk log(k!)−
1

2

∑︂
rs

ers log

(︃
ers
eres

)︃
,(4.2.4)

where Nk is the number of nodes with degree k (Peixoto, 2012, Eq. (40)). Peixoto’s
approximation is up to additive and multiplicative constants identical to Equation (4.2.3),
but these constants affect the selection of the number of blocks, since they can change
the optima of the extended objective functions.

4.2.2 Problem of model selection

A drawback of all SBM variants presented so far is the need to determine the number
of clusters beforehand. In many use cases, this information is unknown and needs to
be inferred together with the structure. However, one optimum of the likelihood is an
uninformative partition of the N nodes into N blocks. Therefore, we can either modify
the objective functions by introducing penalty functions or select SBM variants, which
include this selection step in their likelihoods. Figure 4.4 illustrates the difficulties of
model selection.

a) b) c) d)

Figure 4.4: Model selection is the task of finding the optimal trade-off between additional
free parameters and increased model expressiveness. a) to d) show four
possible, equally reasonable clusterings of the same graph.

For the approach of the penalty functions, we can apply the criteria for model selection
from information theory. In principle, these methods apply the concept of Occam’s razor
and balance model quality and the number of model parameters (Forster, 2000). These
approaches modify the likelihoods to take the number of blocks into account, and the
optimum of the modified function is the best fit according to the respective criterion.
X. Yan (2016) proposed to use the Bayesian information criterion (BIC). They retrieved
for the standard SBM

BIC = −2 logF +
K(K + 1)

2
log(N3).(4.2.5)
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Due to the additional parameters for the node degrees, the BIC of the degree-corrected
SBM is

BICDC = −2 logF +
K(K + 1)

2
log(N3) + 2 log(N)(4.2.6)

according to X. Yan (2016, Eq. (24)). The Akaike information criterion (AIC) is a
well-known alternative (Akaike, 1974). The general formula is

AIC = − 2 log(F ) + 2(number of independently adjustable parameters).(4.2.7)

Orienting on Pavlovic et al. (2014), we retrieve for the standard SBM

AICstandard SBM = −2 log(maxF ) + 2 (K(K + 1)/2 +K) ,(4.2.8)

where the first part is for the edge probability matrix and the second part represents the
node partition. For the degree-corrected variants, we add N for the degree distributions
of each block. The application of AIC for SBMs is theoretically problematic due to
ambiguity and missing preconditions, especially for sparse graphs (Dabbs and Junker,
2016; X. Yan et al., 2014). However, Pavlovic et al. (2014) used the AIC among other
criteria with the SBM, and here we will evaluate its applicability with experiments.
The last selected criterion for our comparison is the minimum description length (MDL)
of Peixoto (2013, 2014b). Peixoto deduced for the standard SBM

MDLPeixoto = log

(︃(︃
K

N

)︃)︃
+ logN !−

∑︂
r

log nr! + log

(︄(︃K(K+1)
2

M

)︃)︄
(4.2.9)

and for the degree-corrected SBM

MDLDC, Peixoto = MDLPeixoto −
∑︂
r

nr

∑︂
i

pri log p
r
i ,(4.2.10)

which are added to the original likelihood. We denote with (pri ) the degree distribution
of block r and use (

(︁
n
k

)︁
) =

(︁
n+k−1

k

)︁
for the multiset coefficient.

Beside these model selection criteria, researchers proposed to use a variety of methods
for model selection: integrated complete likelihood (Daudin et al., 2008), node degree
gaps (Channarond et al., 2012), cross validation (K. Chen and Lei, 2018; Dabbs and
Junker, 2016), ensemble methods (P. Zhang and Moore, 2014), variational Bayesian and
spectral based approaches (Fishkind et al., 2013; Hofman and Wiggins, 2008) to mention
a some possibilities.
Alternatively to the described criteria, the model selection is directly added in the
formulation of the SBM. As an advantage, the assumption about the hyperpriors of the
block distribution is explicitly included in the model. For example, Newman and Reinert
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(2016) deduced for the probability P (K,b|G) of K and b given G

P (K,b|G) =
P (K)P (b|K)P (G|b)

P (G)
.(4.2.11)

For the standard SBM they proposed the following hyperpriors

P (K) =
1

N
(4.2.12)

P (b|K) =
(K − 1)!

(N +K − 1)!

∏︂
r

nr!(4.2.13)

and deduced for likelihood

Pstandard SBM(G|b) =
∏︂
r

err!(︁
M
N2n2

r + 1
)︁err+1

∏︂
r<s

ers!(︁
2M
N2 nrns + 1

)︁ers+1 .(4.2.14)

The last term for the degree-corrected SBM is

PDC SBM(G|b) = Pstandard SBM
∏︂

r,nr ̸=0

ner
r (nr − 1)!

(nr + er − 1)!
.(4.2.15)

To compare partitions, the missing term P (G) is not necessary, which allows us to
optimize for the model parameters K and b.
Similarly, Peixoto decomposed the complete likelihood into manageable terms (Peixoto,
2017). He used Bayesian inference and deduced for the standard SBM

Pstandard SBM, Peixoto(G, e,b) = P (G|e,b)P (e|b)P (b)(4.2.16)

with the following priors for the partition

P (b) =

∏︁
r nr!

N !

(︃
N − 1

K − 1

)︃−1
1

N
,(4.2.17)

the edge count matrix e given the partition

P (e|b) =
(︃(︃

K(K + 1)/2

M

)︃)︃−1

,(4.2.18)

and the likelihood of the graph given the other two parameters

P (G|e,b) =
∏︁

r<s ers!
∏︁

r err!!∏︁
r n

er
r

1∏︁
u<v Auv!

∏︁
u Auu!!

.(4.2.19)

We denote for even numbers with (2n)!! = 2nn! the double factorial. Equation (4.2.17)
encodes the assumption of heterogeneous cluster sizes using a maximum entropy dis-
tribution. For more details about the assumptions, we refer to Peixoto (2017). The
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degree-corrected variant of this formulation needs to take the degree sequence k into
account. This additional parameter results in

P (G,k, e,b) = P (G|k, e,b)P (k|e,b)P (e|b)P (b)(4.2.20)

with the likelihood of the graph given by

P (G|k, e,b) =
∏︁

u ku!
∏︁

r<s ers!
∏︁

r err!!∏︁
u<v Auv!

∏︁
u Auu!!

∏︁
r er!

,(4.2.21)

where ku is the degree of node u. For the prior of the degree distribution, Peixoto states
the following two choices

Puniform(k|e,b) =
∏︂
r

(︃(︃
nr

er

)︃)︃−1

,(4.2.22)

Puniform hyperprior(k|e,b) =
∏︂
r

∏︁
k N

r
k !

nr!
q(er, nr)

−1,(4.2.23)

where N r
k denotes the number of nodes with degree k in block r and q(m,n) is the

number of restricted partitions of the integer m into at most n parts.
We have now introduced two variants, each for standard and degree-corrected SBM.
Two further alternatives based on the integrated complete likelihood were discussed in
Funke and Becker (2019b) and were omitted here for the sake of clarity and due to their
poor performance. Other alternatives, which we have not included in our comparison,
are based on the Chinese restaurant process (Kemp et al., 2006) or the Indian buffet
process (Mehta et al., 2019; Miller et al., 2009) because these approaches are not directly
separable into an likelihood or objective function and an inference method. This list of
further methods concludes our overview of approaches for the model selection task. By
introducing the objective function and possible post-processing to determine the number
of clusters, we have described the models completely.

4.2.3 Overview of further extensions

Before we introduce algorithms to infer approximate solutions of the SBM variants, we
describe two further important extensions and give an overview of other extensions. For
larger systems, a single representation of our system is maybe not sufficient but also
different level of details are needed. For example, we find different properties in the street
network of Germany for federal states, regions, or cities. Similar, we are interested in
different level of details of global supply chains or large factories. To offer such a feature,
we introduce a hierarchical variant of the SBM. Since we intend to model the dynamics
of manufacturing and logistic systems, we include models, which directly include this
temporal aspect. Dynamic SBM variants are not suited for our static comparison, but
they are an ideal enhancement for our later experiments on material flow networks.
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Hierarchical stochastic block model

Inspired by other hierarchical clustering methods (Blondel et al., 2008; Clauset et al.,
2008; Girvan and Newman, 2002), Peixoto proposed a hierarchical SBM, which is based
on his flat model of the previous section. The ansatz of his hierarchical SBM is that the
blocks of a SBM can itself be represented as a graph with multiple edges between the
blocks, which then again can be clustered using a stochastic block model.
In detail, we only need to modify the probabilities of the now hierarchical partition P (b)

and the edge count matrices P (e|b). Let L be the hierarchy depth. We denote with an
upper index l ≤ Lthe specific level, e.g. el = (elrs) is the (weighted) adjacency matrix at
level l. We enforce that the highest level is a singleton, i.e. KL = 1, and set K0 = N .
Peixoto (2014b, 2017) retrieved

P (b) =
L∏︂
l=1

∏︁
r n

l
r!

K l−1!

(︃
K l−1 − 1
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)︃−1
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K l−1
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and
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These likelihoods replace the flat formulations of P (b) and the edge counts P (e|b) in
Equation (4.2.16) and (4.2.22). Besides the possibility of different level of details, this
hierarchical model can infer smaller blocks than the models described above, which are
limited to O(

√
N) clusters (Peixoto, 2017). However, this property has not yet been

demonstrated for other hierarchical SBMs, such as the hierarchical SBMs of Blundell
and Teh (2013) and Lyzinski et al. (2016).

Dynamic stochastic block model

Some systems, such as manufacturing systems, evolve over time and thus change their
network representation. However, the structures usually alter more slowly if at all.
Therefore, variants of SBM were developed, which can exploit the additional information
contained in the multiple snapshots of the systems. We call these variants dynamic SBMs.
Several observations increase the number of possible degrees of freedom. For example,
the cluster structures or the edge probabilities can be fixed or allowed to change from
observation to observation (Ghasemian et al., 2016; Matias and Miele, 2017; K. Xu, 2015;
K. S. Xu and Hero, 2013; T. Yang et al., 2011).
De Bacco et al. (2017) fixed in their dynamic SBM variant MUTLTITENSOR the
node partition and allowed the edge probabilities to vary for each network. We assume
tmax observed complex networks G1, . . . Gtmax with adjacency matrices A1, . . . , Atmax and
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4 Stochastic block model

denote with A = (A1, . . . , Atmax) = (Aluv) the tensor created by stacking the adjacency
matrices. For the SBM, two matrices T 1, T 2 ∈ RN×K

≥0 indicate the strength of block
membership as sender and receiver. In this case, the edge probabilities are encoded by a
tensor T 3 ∈ RK×K×tmax

≥0 . With this extended notation, the log-likelihood of a observations’
set given the model parameters can be calculated with

L(G|T 1, T 2, T 3) =
∑︂
u,v,l

[︄
Aluv

(︄
log
∑︂
rs

t1urt
2
vs(t

3)lrs

)︄
−
∑︂
rs

t1urt
2
vs(t

3)lrs

]︄
,(4.2.26)

where t1ur, t2vs, and (t3)lrs are the elements of T 1, T 2 and T 3 (De Bacco et al., 2017, Eq. (3)).
According to De Bacco et al. (2017), the class of non-negative tensor factorization (NNTF)
belongs to the framework of SBMs and are special cases with constrained connection
matrix and mixed memberships. NNTF approximates a three-dimensional tensor with
three low rank tensors T 1, T 2 ∈ RN×K

≥0 , T 3 ∈ Rtmax×K
≥0 such that

Aijk ≈
K∑︂
r=1

t1irt
2
jrt

3
kr(4.2.27)

(Gauvin et al., 2014). The relation between NNTF and MUTLTITENSOR becomes clear
if we assume that the edge probabilities are restricted to a diagonal matrix. Then T 1 and
T 2 are again the membership matrices, and T 3 gives the internal connectivity strength.
Since these models are not designed for the static case, which we consider for the following
pre-selection of SBM variants, we only include them in the experiment of predicting the
material flow networks.

Further extension

To conclude this overview, we briefly summarize further SBM extensions. In the formula-
tion of dynamic SBMs, we have already implicitly used the concept of mixed membership
SBMs. The basic formulation assigns each node to a single block. Extensions of this binary
assignment are multiple binary assignments, called overlapping SBMs (Peixoto, 2015), or
multiple positive real value assignments, called mixed membership SBMs (Airoldi et al.,
2008; De Bacco et al., 2017; Mehta et al., 2019). Other directions of extensions utilize
additional information available in complex networks. Weighted SBM variants take edge
weigths into account for their clustering (Aicher et al., 2014; Leger, 2016; Mariadassou
et al., 2010; Peixoto, 2018). In addition, researchers studied the relationship between
node features and inferred node partitions (Hric et al., 2016; Newman and Clauset, 2016;
Peel, 2011, 2012; Y. Zhu et al., 2013a). Many of these models were created for undirected
graphs to ease notation. If models for directed graphs are required, these models can be
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4.3 Inference methods for stochastic block models

easily extended to the directed case as in the work of Y. Zhu et al. (2013b). Still, some
variants directly cover directed graphs (Holland et al., 1983; Peel, 2012; Peixoto, 2012,
2018).
Table 4.1 summarizes all the presented SBM variants used in our experiments and
attributes abbreviations to them. With this overview of the SBM variants, we have shown
the variety of SBMs. The SBM has been extended to cover broad degree distributions,
including the selection of the number of clusters, hierarchies, and dynamic networks. To
determine a justified selection of variants, we evaluate them on artificial networks with
known cluster structures.

Table 4.1: Overview of SBM variants

SBM Variant Author Equation Abbreviation

Standard SBM Karrer and Newman (4.1.5) SKN
Degree-corrected

SBM
Karrer and Newman (4.2.3) DCKN

Peixoto (4.2.4) DCP

SBM including
number of groups

Newman and Reinert (4.2.14) SNR
(4.2.15) DCNR

Peixoto
(4.2.16) SPC
(4.2.22) DCPU
(4.2.23) DCPUH

Hierarchical SBM Peixoto
(4.2.16)* HSPC
(4.2.22)* HDCPU
(4.2.23)* HDCPUH

Dynamic SBM De Bacco et al. (4.2.26) MULTITENSOR
Gauvin et al. (4.2.27) NNTF

*The difference between the flat variants (SPC, DCPU, DCPUH) and the hierarchical
variants (HSPC, HDCPU, HDCPUH) are the Equations (4.2.24-4.2.25).

4.3 Inference methods for stochastic block models

All the presented SBM variants have an objective function which depends on node parti-
tion. The inference task is to search a global optimum of the objective function. However,
the optimization of the objective function is a non-trivial task, and the determination
of a global optimum often is infeasible. Therefore, we present in detail a selection of
inference methods which retrieve an approximation of the optimum or at least a local
optimum.
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4 Stochastic block model

In our analysis, we have restricted ourselves to models and inference methods which
are interchangeable, i.e. each inference method can be applied to optimize each of the
described models. Young et al. (2018) called them canonical algorithms, where the SBM
variant gives an ordering of the node partitions, and the inference methods search for
the greatest element. Counterexamples are spectral SBM variants, which are based on
the eigendecomposition of a suitable matrix representation of the graph (Krzakala et al.,
2013). We start with the adaptation of the general-purpose Markov chain Monte Carlo
method. Then we describe an agglomerative algorithm and different choices of local
heuristics. Finally, we conclude with an overview of further alternatives.

4.3.1 Markov chain Monte Carlo methods

Markov chain Monte Carlo (MCMC) methods are a class of approaches from statistics,
which use Markov chains to sample from complex probability distributions. We can view
the objective functions F of the SBM variants as a form of likelihood over the node
partitions and can use MCMC to sample from the node partitions. Since higher objective
scores correspond to a higher likelihood, partitions with a relatively high objective score
should be sampled more frequently than partitions with low likelihoods. This procedure
has been used with minor variations by different authors (Newman and Reinert, 2016;
Nowicki and Snijders, 2001; Peixoto, 2014a).
The purest form of the MCMC method is the Metropolis algorithm (MA), which is stated
in Algorithm 3. Given any objective function F , and the number of steps nsteps, the
Metropolis algorithm iteratively checks and accepts in a probabilistic way small changes
of the current state (Metropolis et al., 1953). Figure 4.5 illustrates the basic process of
the MA algorithm.
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Figure 4.5: Visualization of SBM inference with the MA algorithm. The illustration shows
the development of the node partition and the network over five iterations.
If a proposal is rejected the partition stays the same, else the partition is
updated.
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4.3 Inference methods for stochastic block models

In our case, the small modification is a block assignment change of a single node, which
is randomly selected, and F is the specific objective function from one of the above
variants. If F yields a higher value for the new state, the change is always accepted. If
the difference ∆F between the old state and the new state is negative, the Metropolis
algorithm accept the change with probability exp

(︁
βMCMC∆F

)︁
, where βMCMC is called

inverse temperature and is a control parameter. This mechanism allows the Metropolis
algorithm to leave local optima. Variants of the Metropolis algorithm modify the inverse
temperature in each step, such as the more greedy optimization with simulated annealing.

Algorithm 3 Metropolis algorithm
input: number of steps nsteps, objective function F , graph G = (V,E)

1: start with a random partition of all nodes
2: for i = 0 to nsteps do
3: get a random move (u : r → s) of node u from block r to block s

4: calculate the improvement of the target function ∆F (u : r → s)

5: accept the move (u : r → s) with probability pA = min
(︁
1, exp

(︁
βMCMC∆F

)︁)︁
6: end for

The random node proposals often result in many rejected node moves. Peixoto (2014a)
proposed an alternative node proposal function, which takes the block assignments of the
neighbors into account. The new node proposal function replaces the uniform probability
of block assignments with

p(r → s|t) = ets + ε

et + εK
,(4.3.1)

which is the probability of proposing a move from a node in block r to block s conditioned
on a random neighboring block t. The parameter ε > 0 ensures the theoretical property of
detailed balance, i.e. that all moves can be reversed. To ensure another essential property,
the ergodicity, which is the possibility of all states, we modify the acceptance probability.
Following the general concept from Hastings (1970), Peixoto (2014a) proposed the
following acceptance probability of moving a node u from block r to s

pA = min

(︃
1, exp(−βMCMC∆F )

∑︁
t p̄

u
t p̄(s → r|t)∑︁

t p
u
t p(r → s|t)

)︃
,(4.3.2)

where put is the fraction of neighbors of u belonging to block t. The denominator is
calculated with the model state before the move. The numerator (p̄ut p̄(s → r|t)) is the
same expression, but needs to be calculated with the possible new model state. Using
some implementation detail of Peixoto, we can efficiently calculate the probability in
Equation (4.3.2). Since this algorithm follows the concept of Metropolis-Hastings, we
call it the Metropolis-Hastings algorithm (MHA).
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We also experimented with two variants of simulated annealing where βMCMC is decreased
in each iteration. Cauchy annealing decreases linearly the inverse temperature and
Boltzmann annealing uses the logarithm to decrease the inverse temperature (Ingber,
1993; Szu and Hartley, 1987). Since both approaches did not provide better performance
than keeping βMCMC constant, we fix βMCMC = 1. With the Metropolis algorithm and
the Metropolis-Hasting algorithm, we have described two variants of MCMC for the
inference. A free parameter is the choice of the number of steps nsteps, which is also the
weak point of this approach, because local optima hinder the detection of the equilibrium.
The selection of this parameter will be discussed in the experiments.

4.3.2 Agglomerative algorithm

Similar to the Girvan-Newman method, which builds on hierarchical clustering, we can
use an agglomerative algorithm to infer SBMs. In other words, we create the final
partition ”bottom-up” and start from each node being assigned to its own block. The
calculation of the overall best merger for SBM is computational too expensive, since
calculating the effect of a possible merger is more complex than in the case of hierarchical
clustering. To resolve this problem, Peixoto proposed an agglomerative heuristic (Peixoto,
2014a), which is stated in Algorithm 4.

Algorithm 4 Peixoto’s agglomorative heuristic (PAH) from Peixoto (2014a)
input: desired number of blocks Kaim, even number of MCMC steps 2 ·nsteps, ratio of mergers

σmergers and number of checked mergers nchecks, objective function F , graph G = (V,E)

1: assign each node its own block and set Kactual = N

2: while Kactual > Kaim do
3: for block r = 1 to Kactual do
4: for i = 1 to nchecks do
5: select a random neighboring block t

6: select a new random block s with probability p(r → s|t) of Equation (4.3.1)
7: calculate the objective function’s change ∆F ({r, s}) of merging block r & s

8: end for
9: end for

10: perform the best Kactual
σmergers

block merges with the highest ∆F ({r, s}) values
11: apply the Metropolis-Hastings algorithm nsteps steps with βMCMC = 1

12: apply the Metropolis-Hastings algorithm nsteps steps with βMCMC = ∞ to only perform
those node moves which improve the partition

13: update Kactual = N

14: end while
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4.3 Inference methods for stochastic block models

In each iteration, we check for each block only a fixed number of mergers nchecks. After-
ward, we perform a ratio σmergers of the retrieved adjustments, which allows controlling
the method’s greediness. Between the iterations, we execute some steps nsteps of the
Metropolis-Hastings algorithms to correct bad block assignments. Peixoto proposed
to split the Metropolis-Hastings executions into a standard phase and a phase of only
accepting improving node movements. We fix the parameters to those values given
in Peixoto (2014a): σmergers = 2, nchecks = 10 and nsteps = 100. In contrast to the MCMC
algorithm, the parameters of this algorithm are independent of the network, and the
execution time does not depend on K. The drawback is that it requires an efficient
calculation of possible mergers, which is a generalization of the efficient delta calculations
required for the MCMC methods.

4.3.3 Local heuristics

The last type of inference methods we include in our comparison are three variations of
a local heuristic. The Kernighan-Lin algorithm (KLA) solves the minimum-cut graph
partitioning task by iteratively performing the best possible node moves (Kernighan
and S. Lin, 1970). Karrer and Newman (2011) and Y. Zhu et al. (2013a) modified this
algorithm for the case of SBM.
Algorithm 5 describes the first variant, which is the closest to the original Kernighan-Lin
algorithm. In each step, the best possible node move is selected and performed. The
only restriction is that in each inner loop, each node is only moved once. Afterward,
the best-visited state is retrieved, and if an improvement was possible, the process is
executed again. Each iteration has a time complexity of O(N2K). The algorithm usually
requires less than 20 iterations to stop.
The bottleneck of this algorithm is the recalculations of all possible moves, which require
the most time. Due to this bottleneck, the algorithm does not scale for larger graphs,
and hence, we propose two faster variants (Funke and Becker, 2019b). Our first approach
is inspired by expectation-maximization (EM) algorithms. For each iteration, we only
calculate once all possible node moves and then perform for each node the best possible
move. We abbreviate this method with KLA-EM. In our second approach, we iterate
over all nodes. For each node, we calculate and perform the best possible move if this
improves the objective function. Since this method is a greedy variant of the original
formulation, we call it greedy Kernighan-Lin algorithm (KLA-G). All the presented
local heuristics are deterministic and should be executed from various random starting
positions.
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Algorithm 5 Kernighan-Lin SBM algorithm based on Kernighan and S. Lin (1970)
input: objective function F , graph G = (V,E)

1: start with a random partition of all nodes
2: repeat
3: set V ′ = V

4: for i = 1, . . . , N do
5: calculate ∆F (u : r → s) for u ∈ V ′ with u ∈ br and s ∈ {1, . . . , K}\{r}
6: retrieve the move u : r → s with the maximal ∆F (u : r → s)

7: set gi = ∆F (u : r → s) and move node u from block r to block s

8: set V ′ = V ′\{u}
9: end for

10: find k which maximizes gk =
∑︁k

i=1 gi
11: if gk > 0 then
12: go back to the corresponding state
13: end if
14: until gk ≤ 0

4.3.4 Overview of further algorithms

Besides our selection of algorithms for the canonical form of SBMs, authors proposed
many different algorithms to infer SBMs. The advantage of our selection is that we can
analyze the impact of algorithms and SBM variants independently. Nonetheless, we give
an overview of further alternatives, at least.
Using efficient solvers of the eigenvalue problem, authors propose to use the eigende-
composition of different matrices for clustering. Among others, authors verified the
performance of the (normalized) Laplacian, modularity matrix, random walk matrix, or
nonbacktracking matrix (Krzakala et al., 2013; Nadakuditi and Newman, 2012). For
example, a clustering into two blocks is determined by the sign of the node’s entry in the
eigenvector of the second largest eigenvalue of the Laplacian (Krzakala et al., 2013).
Another approach that is connected to these so-called spectral algorithms is belief
propagation (or message passing). These algorithms are used in great variety and
often are the basis for theoretical results about properties of SBM such as detectability
thresholds (Abbe, 2018; Abbe and Sandon, 2016; Decelle et al., 2011a,b; Ghasemian
et al., 2016; P. Zhang et al., 2012). These algorithms exchange in each iteration the
estimations between each node and their neighbors.
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A further possibility is the EM algorithm. EM algorithms alternate between updating
parameters and retrieving local optima (Dempster et al., 1977). Most authors use EM
algorithms for mixed membership SBM variants (De Bacco et al., 2017; Decelle et al.,
2011b; Snijders and Nowicki, 1997).
Semidefinite programming is another different perspective on the inference task of SBMs.
However, these formulations are currently limited to the standard SBM and sometimes
even restricted to two clusters (Abbe et al., 2016; Amini and Levina, 2018; B. Yan et al.,
2017).
We conclude this section of inference algorithms with an overview of the selected al-
gorithms. Table 4.2 shows the inference methods, their complexity, and the assigned
abbreviations. For the two instances of MCMC methods, we need to select the number
of steps nsteps. Since many authors do not state their applied parameters, we take as
orientation the numbers of Newman and Reinert (2016). They used between 10 000 and
100 000 steps, which we abbreviate with 10k and 100k.

Table 4.2: SBM inference methods, complexity, and assigned abbreviations

Inference method Complexity Abbreviation

Metropolis algorithm O(nsteps) MA
Metropolis-Hastings algorithm O(nsteps) MHA
Peixotos agglomerative heuristic O(N log2N) PAH
Kernighan-Lin algorithm O(N2K) per iteration KLA
greedy Kernighan-Lin O(NK) per iteration KLA-G
Expectation-maximization
inspired Kernighan-Lin O(NK) per iteration KLA-EM

4.4 Link prediction with stochastic block models

We have stated different formulations of SBM variants and various methods to approxi-
mate optimal partitions. However, these partitions are only descriptions of the observed
graph structure. Therefore, we introduce possibilities to use SBM variants as a link
prediction method and propose a method to combine the predictions of multiple time
points
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4.4.1 Link prediction with the generative model

Guimerà and Sales-Pardo (2009) proposed to use the SBM for the link prediction task,
and this approach has been adopted by others (Guimerà et al., 2012; Hric et al., 2016;
Liao et al., 2015; Vallès-Català et al., 2017).
One way of generating link prediction scores from a SBM is its generative model.
Equations (4.2.1) and (4.2.2) state the likelihood of observing an edge given a fixed node
partition b. We simplify these equations in an order-preserving way and use

F SBM
G,b (u, v) =

er,s
nrns

(4.4.1)

for all standard SBM variants and

F SBM
G,b (u, v) =

kukver,s
nrns

(4.4.2)

for all degree-corrected SBM variants with u ∈ br and v ∈ bs. Figure 4.6 illustrates the
resulting similarity for a small example network and selected nodes. Our approach is
very similar to the proposed scoring of Guimerà and Sales-Pardo (2009), but from our
experiments in Funke and Becker (2020), we know that our approach slightly improves
the AUROC. Hence, we report only the results of our approach and refer to Funke and
Becker (2020) for results of Guimerà and Sales-Pardo’s approach.

Complex network Standard SBM prediction Degree-corrected SBM prediction

Figure 4.6: Visualization of link prediction with standard and degree-corrected SBM.
The first graphic depicts the network. For the standard SBM, all nodes of
the same block have the same link probabilities, whereas a connection to
a node of the same block is more likely than one to the other block. The
prediction with the degree-corrected SBM is similar for all nodes except the
two high degree nodes. For the high degree nodes, the attraction causes a
higher likelihood than to the lower degree nodes. The connection probabilities
are schematically represented on a gray scale and with the line width.

Usually, the likelihoods have multiple local optima, which capture different structural
properties of the network. We exploit this fact, which complicates the inference, for
enhancing the link prediction. To combine the knowledge from multiple SBM partitions,
we proposed to use an approach inspired by ensemble learning (Funke and Becker, 2019a,
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2020). Ensemble learning aggregates the information from multiple methods and hence
retrieves a higher quality result than a single method (Opitz and Maclin, 1999). We
average the scores from multiple inferred partitions b1, b2, . . . with

FEnsemble SBM
G,b1,b2,...

= mean
(︂
F SBM
G,b1

, F SBM
G,b2

, . . .
)︂
.(4.4.3)

In our experiments, we vary the number of aggregated scores and call this number the
number of ensembles. Increasing the number of ensembles increases computational cost.
Hence, we need to trade-off inference time and prediction performance.

4.4.2 Predictions using multiple observations

As already mentioned, all the above-described link prediction methods can be directly
evaluated in the temporal setting with only one observation. However, we intend to
extract the knowledge from multiple graphs for our prediction. Therefore, we need to
combine the calculated scores of multiple networks. For example, we intend to calculate
weekly forecasts based on the four preceding weeks.
Dunlavy et al. (2011) used for this task the additive Holt-Winters method (Chatfield
and Yar, 1988). Roughly speaking, the additive Holt-Winters method is exponential
smoothing of the predicted similarities with additional correction for seasonal effects.
From our fundamental analysis in Funke and Becker (2018a), we know that our data
sets do not have strong seasonal effects. Hence, we decided to apply as a simpler model
based on exponential smoothing. For λsmoothing ∈ (0, 1) we combine the scores of different
observations with

F...,Gt−2,Gt−1 =
∑︂
l>1

λl
smoothingFGt−l

,(4.4.4)

which is similar to Equation (4.4.3) of the ensemble aggregation.
As an alternative, Z. Huang and D. K. Lin (2009) used different autoregressive integrated
moving average models which contain exponential smoothing as a special case. The
drawback of this approach is that some form of model selection between competing
variants is needed.
Now, we can use the inferred structure of SBMs for link prediction, which we will evaluate
to answer our second research question. However, as a first step, we compare in our first
technical research question different SBM variants and inference methods to get to know
their properties and make a pre-selection.
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4.5 Comparison of variants and inference methods

Having introduced our selection of SBM variants and inference methods, we compare
their performance on artificial networks. The SBM variants should retrieve the known
internal structure, and the inference task is to solve the underlying optimization problem
with minimal computational time and maximal accuracy. As test sets, we have selected
the Girvan-Newman (GN) test and the Lancichinetti–Fortunato–Radicchi (LFR) bench-
mark (Girvan and Newman, 2002; Lancichinetti and Fortunato, 2009b). The first is an
old test with small networks and a fixed number of four equally sized clusters, but allows
evaluating assortative and disassortative structures. The later is a more challenging
and modern variant of an assortative clustering benchmark with more realistic degree
distributions and cluster sizes. Using the results of both experiments, we state our
selection of SBM variants and the selected inference method.

4.5.1 Girvan-Newman test

Many researchers evaluate the performance of their complex network methods on real-
world examples and select some metadata as ground-truth. However, the underlying
mechanism of forming ties in most real-world networks is still unknown, and the depen-
dency of metadata clusters and topological clusters is often not explicit. In addition,
the approximate no free lunch theorem of clustering highlights the need for an explicitly
defined network subset for a well-defined comparison task (Peel et al., 2017). Therefore,
we concentrate on artificial networks, where we explicitly select the properties of the test
networks. Girvan and Newman (2002) proposed an evaluation set of random networks
with known structures of varying strength. Other authors followed their concept and
applied them for their methods (Danon et al., 2005; Fortunato and Hric, 2016).
The GN test is a planted partition model, which is a restricted variant of a standard
SBM. The model parameters are the probabilities Pin and Pout of intra- and inter-block
edges, and the number of clusters. In the SBM formulations these probabilities represent
ωii = Pin and ωij = Pout for i ̸= j. The test has a fixed number of four clusters with 32
nodes each. Girvan and Newman varied the probabilities in the range Pout < Pin such
that the average degree is always 16. This choice results in one free parameter to vary
between assortative and random networks. We extended the parameter values to the
range with Pout ≥ Pin such that we include disassortative networks as well. Hence, we
evaluate more diverse structures than assortative ones, which are more predominant in
social networks and technical networks are known for disassortative tendencies from a
global perspective (Newman, 2003a). Instead of the fractional probabilities, we report
the results depending on the average number of outgoing edges kout, which we thus vary
from 0 to 16.
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To avoid fluctuations caused by random starting positions or random networks, we
generate for each choice of kout 10 instances and execute each combination of SBM
variant and inference method 10 times on each of these networks. The resulting number
of 100 executions for each probability and for each clustering algorithm is in alignment
with the original GN test (Girvan and Newman, 2002). As the evaluation measure, we
use AMI, introduced in section 2.2. Retrieving the seeded structure yields an AMI of 1,
and an AMI of around 0 means the similarity of the clusters is similar to the similarity
observed by random clustering.
We split our comparison into three analyses: First, we analyze the quality of SBM
variants and inference methods in the task of inference while knowing the correct number
of blocks. We execute the algorithms from random partitions with four clusters and
compare the overall quality. Second, we execute the algorithms from the known structure
to further analyze the stability of the approaches. Finally, we compare a realistic scenario
where the algorithms need to determine the number of clusters as well. With this process,
we can differentiate the effects of SBM variants and model selection. Table 4.3 states the
general parameters of our experiments. With each analysis, we reduce the number of
inference methods, and in the last step, we include the hierarchical variants which are
not designed for a fixed starting partition and a fixed number of blocks.

Table 4.3: Settings of the three analysis using the GN test

1st Analysis 2nd Analysis 3rd Analysis
(overview) (stability) (realistic)

Goal
overview of

SBM variants &
inference methods

Analyze stability
of known structure

performance of
model selection

Starting
partition

random partition
with four clusters known structure random partitions

with 1 to 10 blocks

Inference
methods

MA 5k,
MHA 1k, 10k, 50k,

PAH, KLA,
KLA-G, KLA-EM

MHA 50k, KLA,
KLA-G, KLA-EM MHA 50k

SBM
variants

SKN, DCKN,
SNR, DCNR,
SPC, DCPU,

DCPUH

SKN, DCKN,
SNR, DCNR,
SPC, DCPU,

DCPUH

SKN, DCKN, DCP
with AIC, BIC and MDL,

and
SNR, DCNR,
SPC, DCPU,

DCPUH
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In some cases, additional information about the number of clusters is available a priori.
For example, we can assume to observe a split into the two clusters of conservatives and
liberals in the analysis of the networks of political blogs during a USA election (Adamic
and Glance, 2005). This scenario of the known number of clusters is the starting point
of our analysis. Figure 4.7 shows the performance of the SBM variants. To concentrate
on the effects of the SBM variants, we only included for each network and SBM variant
the node partition with the highest objective function value retrieved with any inference
method. All SBM variants retrieve very similar results for most kout parameters. For
kout ≤ 6, all variants infer the seeded structure in most of the cases. Afterward, for
6 < kout ≤ 10, the quality of the retrieved results diminish and reach values around
zero for the networks with very weak or purely random structure (kout = 12). Starting
from kout = 15 all SBM variants but SNR and DCNR start to detect the disassortative
structures.
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Figure 4.7: Comparison of SBM variants on the GN test starting from random partitions
with four clusters (Funke and Becker, 2019b, Modification of Fig 4 CC-BY 4.0).
Each marker is the average AMI value of 10 networks and the corresponding
partition with the highest objective function value.

From Figure 4.7 we know the best partitions of all SBM variants perform very similar.
Hence we decided to compare the inference algorithms by averaging over all SBM
variants. Figure 4.8 shows the averaged performance of the inference methods for
different values of kout. We included only the results for MA with 5k steps, but already
the MHA with 1k steps achieves by far better partitions. Hence, based on the results,
we can always favor the Metropolis-Hastings algorithm over the Metropolis algorithm.
The additional computational effort for calculating non-random node proposals in the
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4.5 Comparison of variants and inference methods

Metropolis-Hastings algorithm pays off. Increasing the number of steps nsteps of the
MCMC methods generally increases their performances, but the gain from 10k steps to
50k is here already marginal for all kout < 15.
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Figure 4.8: Overview of the inference algorithms performance averaged over the SBM
variants of Figure 4.7 (Funke and Becker, 2019b, Modification of Fig 5 CC-BY
4.0). The results are the mean of 10 executions of each SBM variant for each
of the 10 network instances per kout.

The region of disassortative networks, i.e. 15 ≤ kout ≤ 16, highlights some potential bias
of the inference methods towards assortative structures. Only the MHA with 50k steps
and the full Kernighan-Lin algorithm can consistently infer these disassortative structures.
Outside this region, KLA always achieves the best partitions. The greedy variant KLA-G
performs similar for the easier cases but falls short with increased difficulty. Our last
Kernighan-Lin variant, the KLA-EM, is beside the very short MCMC methods the worst
inference method. Peixoto’s agglomorative heuristic (PAH) is among the best methods
for simpler networks, but its performance is the first to decrease.
In the second step of our analysis, we take a closer look at the stability and the interplay
of SBM variants and inference methods. To do this, we repeated the previous experiment
and replaced the random starting position with the known structure. Figure 4.9 shows
the breakdown of effects by SBM variant, inference method and starting point. In
all cases, the results from the seeded structure outperform the results from random
starting partition. The Metropolis-Hastings algorithm only stays at a local optimum if
the objective function in the local neighborhood is sufficiently lower. Consequently for
kout ≤ 5, the seeded partitions are stable local optima for all methods. Afterward, the
results of MHA 50k reveal that for SPC, DCPU, and DCPUH, the stability of initial
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4 Stochastic block model

Figure 4.9: Breakdown of results illustrated by SBM variants and inference meth-
ods (Funke and Becker, 2019b, Modification of Fig 6 CC-BY 4.0). Each
diagram shows the average results from random partition (▲) with four
clusters, the average results stated from the seeded structure (▼) and the
relative change in the objective function (•). The horizontal axes is the mixing
parameter kout = 0, 0.5, . . . , 16. The axis of the AMI values (▼, ▲) is on the
right. The left axis belongs to the difference of the objective values (•), where
a positive value means an increase from the seeded partition to the inferred
partition and most objective functions are (unnormalized) log-likelihoods.
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Figure 4.10: Computational cost measures with the number of performed delta calcula-
tions ∆F for each of the studied inference algorithms during all performed
runs considered in Figure 4.7 (Funke and Becker, 2019b, Modification of Fig
7 CC-BY 4.0). The green triangle represents the mean and the orange line
marks the median of the values. We exclude the MCMC methods, because
they use exactly the amount of delta calculations as given number of steps.

optima decreases up to the point kout = 10 where arbitrarily distant, new optima with
higher losses are found. These variants show a similar behavior for transition around
kout = 15 from the random structures to the detection of disassortative structures. In
contrast, the transition of the other SBM variants SKN, DCKN, SNR, and DCNR
around kout = 6 happens via new higher local optima, which perform worse than the
initial configuration. They are increasingly different from the seeded structure with the
weakening of the assortative structure, i.e. increasing kout.
For SKN and DCKN these new optima disappear for kout > 12 in the same way as they
emerged. For kout = 16 the seeded partitions are again a stable local optima. This
phenomenon is not observable for the DCNR and SNR variants, where we see from
the results of KLA that for kout > 6, different, worse local optima emerge consistently.
Nevertheless, for kout = 16, we see from the results of MHA 50k that the seeded structure
is a very stable local optimum. From the results of the other methods, we see that all
SBM variants permit locally optimal partitions with a higher objective value than the
seeded partitions for 6 ≤ kout < 16.
We gained insights about the behavior of SBM variants and inference methods. Mainly,
how suitable they are for disassortative structures and up to which point they capture
the assortative ones. For our last analysis with the GN test, we fix the inference
method in order to concentrate on the effects of model selection. Beside the performance
from Figure 4.8, we take the information about the runtime shown in Figure 4.10 into
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Figure 4.11: Analysis of model selection using the GN test (Funke and Becker, 2019b,
Modification of Fig 8 CC-BY 4.0). For each execution, we include only the
partition with the highest value after model selection. We include for SKN,
DCKN, and DCP only the best model selection variant.

account. As an implementation and system independent measure, we used the number
of calculated deltas ∆F to measure the runtime of different inference methods. All
MCMC methods take the number of steps as input parameter, which results in the same
amount of delta calculations. KLA exhibits the longest execution time with an average of
125k delta calculations. Our two KLA variants KLA-G and KLA-EM have a significantly
shorter runtime, which is comparable to the runtime of PAH. However, these algorithms
have some additional overhead due to their stop criteria or block mergers. Keeping in
mind that the performance of KLA depends on the number of node blocks, we select as
compromise MHA 50k for our third analysis, because it is the only method without bias
to assortative networks and acceptable runtime.
Having selected the inference method, we perform our third analysis of the model selection,
that is we let the methods select the number of blocks. In each execution, we tested the
range from 1 to 10 for the number of blocks and selected the partition with minimal
objective function value or penalty function value according to the studied model selection.
As before, we use 10 network instances for each value of kout and execute each SBM
variant 10 times for each network. The averaged results are shown in Figure 4.11. The
results of the model selection vary more but are overall slightly worse than the results
obtained before. The application of model selection reveals a higher sensitivity for SPC,
DCPU, and DCPUH. These methods reject the structure and return the degenerated
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4.5 Comparison of variants and inference methods

partition of a single block for lower kout than the other methods. SKN, DCKN, DCP,
SNR, and DCNR do not show this property. For more details about this and an analysis
of the selected cluster sizes, we refer to our publication (Funke and Becker, 2019b).
Due to the GN test, we already obtained some knowledge about the SBM variants and
inference methods. Only the full Kernighan-Lin algorithm and Metropolis-Hastings with
at least 50k steps can infer disassortative structures. With our choice to include the
assortative region, we revealed a bias for assortative structures in the SNR and DCNR
variants. For a finer differentiation of the SBM variants, we require networks with more
nodes and more sophisticated structures than present in the GN test.

4.5.2 Lancichinetti–Fortunato–Radicchi benchmark

The networks of the GN test have a uniform degree distribution and a fixed number
of clusters and nodes. However, real networks often possess more diverse clusters and
have broader degree distributions, such as power-law degree distributions occurring
in scale-free networks. Therefore, Lancichinetti, Fortunato, and Radicchi developed a
benchmark of more sophisticated artificial networks. The resulting test set of networks
is known as the LFR benchmark and has been used in different studies (Fortunato and
Hric, 2016; Lancichinetti and Fortunato, 2009a,b; Lancichinetti et al., 2008; Z. Yang
et al., 2016).
To obtain broader degree distributions and heterogeneous cluster sizes, the LFR bench-
mark models both as power-law and permits the selection of their means as well as maximal
and minimal values. Similar to the kout parameter in the previous construction, the
mixing parameter k̃out ∈ [0, 1] directly controls the proportion of edges connecting nodes
of different clusters. The resulting generative model is similar to the degree-corrected
SBM with suitable parameter choices, but are not identical because the constructed
edges are not conditionally independent.
We use the parameters of Lancichinetti and Fortunato (2009b) and the code supplied
with Lancichinetti et al. (2008). For each mixture parameter k̃out = 0, 0.1 to 0.6, we
generated 10 networks with 1 000 nodes, average degree of 20, maximal degree of 50, −2

as exponent of degree distribution, −1 as exponent of cluster size distribution, minimal
cluster size of 20, and maximal cluster size of 100. The number of clusters in the sampled
network instances used in our experiments ranges from 14 to 23.
Our analysis using the LFR benchmark is similar to the analysis with the GN test.
Hence, we first study the general performance of SBM variants and inference methods
using partitions with the known number of clusters. Then we study the stability
of the seeded structures under different SBM variants and inference methods before
we finally study the model selection scenario without knowledge of the cluster sizes.
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4 Stochastic block model

As a significant difference, we are not able to run the computationally expensive inference
with the Kernighan-Lin algorithm in reasonable time. Additionally, we extended the
range of tested number of steps for the Metropolis-Hastings algorithms to compensate
for the larger networks. Table 4.4 summarizes the applied configurations.

Table 4.4: Settings of the three analyses using the LFR benchmark

1st Analysis 2nd Analysis 3rd Analysis
(overview) (stability) (realistic)

Starting
partition

random partition with
known number of clusters known structure random partitions

with 1 to 30 blocks

Inference
methods

MHA 10k, 50k, 100k, 250k
PAH, KLA-G, KLA-EM

MHA 250k,
KLA-G,
KLA-EM

MHA 250k

SBM
variants

SKN, DCKN,
SNR, DCNR,
SPC, DCPU,

DCPUH

SKN, DCKN,
SNR, DCNR,
SPC, DCPU,

DCPUH

SKN, DCKN, DCP with
AIC, BIC and MDL,

and
SNR, DCNR,
SPC, DCPU,

DCPUH

We begin with the analysis starting from random partitions with the same number of
clusters as the generated network instance. Figure 4.12 shows the results of the SBM
variants from the partitions with the highest objective function values, which again
neglects the impact of the different inference methods. The LFR benchmark shows
more significant differences in the performance of the SBM variants than the GN test.
For k̃out ≤ 0.4, only the SNR variant retrieves in almost all cases the seeded structure,
before its performance declines together with the other standard SBM variants SKN and
SPC. A possible explanation is that the observed bias of SNR to assortative structures
supports the inference of the structure in the easier cases. The degree-corrected variants’
performances decline later, and DCPU, DCPUH, and DCKN achieve results above 0.9

AMI for k̃out ≤ 0.6.
In the second part of our first analysis, we take a look at the inference methods. Figure 4.13
outlines the performances of them. All methods, except for PAH and MHA 10k, obtain
similar results. We observe a nonlinear dependency on the number of steps and Metropolis-
Hastings performance. MHA 250k retrieves, on average, the best partitions. Our two
variants of the Kernighan-Lin algorithms show a similar performance. PAH delivers
the worst results. Its bottom-up heuristic is unable to retrieve the networks’ structures.
The poor performance of PAH is related to the very low number of calculated deltas.
As visualized in Figure 4.14, PAH only performs around 11k delta calculations, which
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Figure 4.12: Performance of SBM variants when starting from partitions with the known
number of clusters (Funke and Becker, 2019b, Modification of Fig 11 CC-
BY 4.0). For each value of k̃out, network instance and SBM variant, we
determined the partition with the highest objective function value retrieved
by any of the inference methods. Each point’s height represents the average
AMI of these partitions.

is probably too little for a network with 1 000 nodes. We would need to tune the
hyperparameters of PAH such as the number of checked blocks for the mergers or the
number of Metropolis-Hastings steps between two aggregations. Since our selection
of hyperparameters values are those used in Peixoto (2014a) for networks with 1 000
nodes, have refrained from further experimentation with the hyperparameters of PAH.
Both Kernighan-Lin variants KLA-G and KLA-EM require the same magnitude of delta
calculations as MHA 250k.
In our second analysis, we study the stability of the known structure. In Figure 4.15 we
report the average AMI from the seeded partition and, for comparison, the average value
inferred from a random starting partition with the same number of clusters. Overall, the
seeded structure is stable for any SBM variant. They only start to become instable for
k̃out ≥ 0.5. Especially for k̃out = 0.6, we observe new local optima with higher objective
values, which are according to the resulting AMI values very similar to the planted
partition. Nonetheless, all inference algorithms are unable to retrieve the local optimum
of the seeded partition for most of the SBM variants. Only in the cases of the SBM
variants DCKN, DCPU, and DCPUH, the inference algorithms are capable of retrieving
good partitions in most cases. In other cases, the inference algorithms are attracted to
different local optima.
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Figure 4.13: Results of inference methods on the LFR benchmark (Funke and Becker,
2019b, Modification of Fig 12 CC-BY 4.0). The illustration includes the
results of the Metropolis-Hastings algorithm with different number of steps.
Each value is the average AMI over all SBM variants and respective network
instances.
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Figure 4.14: Visualization of the execution time of the inference algorithms on the
LFR benchmark (Funke and Becker, 2019b, Modification of Fig 13 CC-BY
4.0). We measure the runtime with the number of calculated deltas during
inference of our first analysis. The green triangle represents the mean and
the orange line marks the median of the values. We only include MHA
250k as orientation and exclude all other MCMC methods, because they use
exactly the amount of delta calculations as their given number of steps.
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Figure 4.15: Analysis of the stability of the SBM variants and a comparison against
random initialization (Funke and Becker, 2019b, Modification of Fig 14
CC-BY 4.0). The illustration displays the same structure as seen in the
previous experiment for the GN test (Figure 4.9). We visualize the average
AMI (right axes) of the executions starting at the known structure and
random partitions with the same number of blocks with (▼) respectively
(▲). For the executions from the seeded structure, we visualize the changes
in the objective function (left axes) with (•).
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As a compromise between the runtime shown in Figure 4.14 and the performances in
Figure 4.13 and 4.15, we have chosen MHA 250k as the inference method for our last
analysis. In each execution, we run MHA 250k from random starting positions with 1 to
30 blocks, and afterward perform the model selection of the SBM variant. We repeat this
10 times for each of the in total 60 network instances. Figure 4.16 illustrates the resulting
average AMI values. Overall, we see from Figure 4.12 and Figure 4.16 a decrease in
quality. We see now the expected split into the better performing degree-corrected and
standard SBM variants. The differences between the variants increase with weakened
assortative structure, whereas DCPU and DCPUH show the most stable results.
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Figure 4.16: Analysis of the model selection performance for the LFR benchmark (Funke
and Becker, 2019b, Modification of Fig 17 CC-BY 4.0). Each marker
represents the average AMI of the results, after applying model selection for
each of the runs. For SKN, DCKN and DCP we only report the results of
the best model selection variant.

Using the more complex LFR benchmark, we perceive more details about the SBM
variants and the inference methods. Especially in the case without any additional
knowledge, the degree-corrected SBM variants outperform the standard SBM variants
on these more realistic networks than the networks from the GN test. In addition, the
PAH inference method requires tuning of its hyperparameters to be applicable in larger
scenarios. In order to decide on SBM variants and an inference method, we take both
results of the LFR benchmark and the GN test into account.
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4.5.3 Selection of variants and inference method

With the results of the previous sections at hand, we now can suggest a subset of well
performing SBM variants together with a single inference methods. First, we select
the inference method. From the results of the GN test, we know that the Kernighan-
Lin algorithm achieves the best results. Since the computational complexity of this
algorithm depends on the number of blocks and the required delta calculations are about
a magnitude higher than for the other algorithms, we decide against this algorithm.
Instead, we select the Metropolis-Hastings algorithm with 100k steps for our material
flow networks. Hence, we have a fixed runtime, and the additional variance in the inferred
partition is useful for the link prediction task. Our selection of the number of steps nsteps

is between the 50k for 128 nodes in the GN test and the 250k steps for 1 000 nodes in the
LFR benchmark because our material flow networks have up to 220 nodes (see Table 3.3).
For the other alternatives, we see the following drawbacks:

1. The additional effort of tuning the hyperparameters of PAH,
2. the complexity of KLA and introduced variants depends on the number of blocks.

To select some SBM variants, we propose to use an aggregated quantification of their
performance. We define the area under the area under the adjusted mutual information
curve (AUMIC), which is inspired by the AUROC (Funke and Becker, 2019b). As suitable
parameter spaces, we select 0 ≤ kout ≤ 8 for the GN test and 0 ≤ k̃out ≤ 0.5 for the LFR
benchmark, which is in terms of structural strength roughly the same. To be comparable,
we normalize the AUMICs to [0, 1]. Similar to the model selection analysis in both
tests, we fix the MHA 50k and the MHA 250k for GN test and the LFR benchmark,
respectively. Table 4.5 shows the AUMIC values for our analysis using the known number
of clusters and model selection.
We select the four SBM variants SPC, DCPU, SNR, and DCNR for the following reasons:
Besides the model selection case of the GN test, DCPU and DCPUH achieve consistently
excellent results. Still, both variants retrieve very similar results, hence we only included
DCPU and as standard counterpart SPC. In the GN test, we have observed bias of SNR
and DCNR to assortative structures, which is maybe advantageous for the detection of
stable structures in material flow networks. Since we are interested in the possible effect
of this bias, we include both variants in our comparison. To keep the number of SBM
variants manageable, we leave the older variants SKN, DCKN, and DCP and their model
selections for further experiments.
In a nutshell, we selected an inference method and reduced the numbers of SBM variants
to four variants in a systematic way. These methods are capable to retrieve good
approximations of the planted structures for a broad range of structures. This property
is desirable because the structures of our material flow networks are unknown. Hence,
we are ready to verify the performance of the SBMs on our real-world networks.
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Table 4.5: Summary of results from the GN test and LFR benchmark. The normalized
AUMICs are calculated for 0 ≤ kout ≤ 8 respectively 0 ≤ k̃out ≤ 0.5. The
partitions are inferred with MHA 50k respectively MHA 250k. For a complete
overview, we include the results from Funke and Becker (2019b), which includes
the two SBM variants from Côme and Latouche (2015) (ICLexJ, ICLexU) and
the three hierarchical SBM variants (HSPC, HDCPU, HDCPUH) from Peixoto
(2014b, 2017). The hierarchical SBMs are not designed for a fixed number of
blocks, and hence we only include the value for model selection based on their
lowest detail level. The highest value of each column is highlighted in bold.

Variant Known number of blocks Technique With Model Selection

GN LFR GN LFR

SKN 0.91 0.75
MDL 0.89 0.79
AIC 0.56 0.79
BIC 0.84 0.81

DCKN 0.91 0.86
MDL 0.75 0.86
AIC 0.56 0.85
BIC 0.87 0.89

DCP 0.91 0.86
MDL 0.88 0.89
AIC 0.58 0.85
BIC 0.91 0.89

SNR 0.81 0.74 0.84 0.85
DCNR 0.80 0.78 0.84 0.88
SPC 0.86 0.77 0.81 0.82
DCPU 0.87 0.89 0.82 0.90
DCPUH 0.87 0.89 0.81 0.90

ICLexJ 0.82 0.70 0.81 0.81
ICLexU 0.83 0.70 0.81 0.82
HSPC – – 0.57 0.74
HDCPU – – 0.59 0.76
HDCPUH – – 0.56 0.74
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embedding

The presented SBM based clustering approach uses local neighborhoods to capture
the global state of the system and assumes structural equivalence which is statistical
independent from single nodes. However, the role of every single element is crucial for its
interaction in the system. Therefore, we proposed the statistical manifold embedding of
directed graphs (STADIGE) to capture the global structure of a graph by approximating
the graph distances with a node embedding into statistical manifolds (Funke et al., 2020).
First, we establish the need for a new class of graph embeddings by highlighting the
drawbacks of metric embeddings of directed graphs. Before introducing the theoretical
formulation, we explain the intuition of our approach, starting with minimal examples.
Afterward, we state the full objective function of our embedding and an approximation
for larger graphs. Since we embed the nodes into a statistical manifold, we explain the
implications of the geometry on our learning procedure and the resulting representation.
Finally, we compare the performance of our new embedding on real-world examples.
Figure 5.1 illustrated a summary of this structure.

5.4 Performance analysis5.1 Intuition 5.2 Formulation 5.3 Geometry

Figure 5.1: Visualization of the low-dimensional statistical graph embedding section. For
details, we refer to the respective sections, especially Figures 5.2, 5.3 and 5.4.

5.1 Motivation and intuition

We aim to learn all pairwise graph distances of a directed graph. In the undirected
case, the length of the shortest paths on a graph is metric, and we can use Bourgain’s
theorem (Bourgain, 1985) to retrieve an O(log(N))-dimensional Euclidean embedding.
However, on directed graphs, the graph distances are usually not symmetric, which means
we cannot directly apply the same theories of low dimensional metric embedding (Bourgain,
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1985; Frankl and Maehara, 1988; W. B. Johnson et al., 1986; Linial et al., 1995). In Funke
et al. (2020), we have shown that the main difficulty is not the asymmetry, but the
frequent presence of infinite graph distances. Hence, we proposed to use statistical
manifolds as embedding space, which means we represent each node u of the graph as a
continuous probability density distribution pu. Then we use the asymmetric and nonlinear
Kullback-Leibler divergence as approximate representation of the graph distances in our
embedding space.
Before we describe the details of representing a graph as a set of probability distributions
and state our objective function, we give the intuition behind our approach. Figure 5.2
shows three examples of graphs and their embeddings illustrated as ellipses. The first
graph is an elementary directed graph with two nodes and one edge, but it already shows
the main feature we want to preserve: finite and infinite distance.

Graphs

(schematic)
Graph

embeddings

Tr
ai
ni
ng

Figure 5.2: Visualization of three examples of graphs and their corresponding graph
embeddings. The first two are simple graphs with idealistic representations.
The last graph is a toy example of five strongly connected components and the
learned graph representation. Our embedding maps each node to a probability
distribution, which are in this illustration 2-variate Gaussian distributions.
The ellipses illustrate the boundary of one standard deviation around the
means. Roughly speaking, our relation captures infinite distances in one
direction and finite ones in the other direction, if one ellipse is contained in
the other but not otherwise.

For the moment, let the relation in our embedding space be a kind of ”subset” relationship,
which means if the ellipse of node u is contained in the ellipse of node v, their distance
u → v is finite, otherwise infinite. This relationship enables us to embed an arbitrary
number of infinite distances while keeping the embedding dimension low. For example,
in the second graph of Figure 5.2 we have added more nodes and created a star, which
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results in more inner circles. This property is a significant difference to Euclidean metric
embedding, where unreachable node pairs require orthogonal vectors and thus cause
high embedding dimensions. The last graph in Figure 5.2 shows an example of a learned
embedding, which can be interpreted similarly.
To achieve the desired relations, we use the Kullback-Leibler divergence (KL divergence),
which is defined for two continuous probability densities pu and pv as

KL(pu, pv) =

∫︂
pu(x) log

pu(x)

pv(x)
dx,(5.1.1)

where we require that pv(x) = 0 implies pu(x) = 0. This function is asymmetric and
non-linear. If pu(x) ≫ pv(x) holds on a open subset, the resulting KL divergence is very
large. Hence, we have the desired properties if the probability densities are sufficiently
small outside their ellipses. The ellipsis in Figure 5.2 represents the area of one standard
deviation around the means of the distributions, which means that the probability density
outside this region is small.

5.2 Formulation of statistical manifold embedding

Having established the intuition of our approach, we formulate our low-dimensional
graph embedding into k-variate exponential power distributions, which are also called
generalized Gaussian distributions (Nadarajah, 2005). With the hyperparameter λ > 0,
the probability density function of an element in this class with mean µ ∈ Rk and
covariance matrix Σ ∈ Rk×k is for x ∈ Rk

pλ(x) = p(x|Σ,µ, λ)(5.2.1)

=
λΓ(k
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where Γ is the gamma function, xT stands for the transposed vector of x, and Σ−1 is
the inverse matrix of Σ. For some choices of λ, we get well-known distributions, e.g. for
λ = 2 the multivariate Gaussian distributions or for λ = 1 the multivariate Laplacian
distributions.
The KL divergence requires continuous probability densities, which the above probability
distributions only are if they are non-degenerated. Hence, we enforce positive definite
covariance matrices and limit ourselves further for easier handling of this constraint and
faster calculations to diagonal covariance matrices. For each node u we need to learn
2k parameters: k for the mean µu = (µ1

u, . . . , µ
k
u) and another k parameters for the

variance Σu = diag(σ1
u, . . . , σ

k
u) with σi

u ∈ R>0. We denote with pλu = p(x |Σu,µu, λ) the
probability density function of node u with mean µu and covariance Σu.
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5 Low-dimensional statistical graph embedding

In the special case of multivariate Gaussian distributions, i.e. λ = 2, the KL divergence
has a closed-form and is given by

KLuv = KL(pλu, p
λ
v)(5.2.2)

=
1

2

(︃
tr(Σ−1

v Σu) + (µv − µu)
TΣ−1

v (µv − µu)− k + log
detΣv

detΣu

)︃
,

where tr(A) and det(A) denote the trace and the determinant of a matrix A, respectively.
For the other cases, we apply Monte Carlo integration with importance sampling which
can efficiently approximate the integral used for computing the KL divergence. Using
the ansatz of Monte Carlo integration, we rewrite Equation (5.1.1)

KLuv =

∫︂
pλu(x) log

pλu(x)

qλv (x)
dx = Ex∼pλu(x)

[︃
log

pλu(x)

qλv (x)

]︃
,(5.2.3)

where Ex∼pλu(x)
is the expected value with respect to the probability distribution pλu(x).

Sampling pλu(x) is difficult for most λ, but we can easily sample from a multivariate
Gaussian distribution with λ∗ = 2. Hence, we exchange the sampled distribution by∫︂

pλu(x) log
pλu(x)

qλv (x)
dx =

∫︂
pλ∗(x)

pλu(x)

pλ∗(x)
log

pλu(x)

qλv (x)
dx(5.2.4)

= Ex∼pλ∗ (x)

[︃
pλ(x)

pλ∗(x)
log

pλ(x)

qλ(x)

]︃
.

The resulting approximation of the KL divergence with m samples x1, . . . , xm drawn
from the distribution pλ∗ is

Ex∼pλ∗ (x)

[︃
pλ(x)

pλ∗(x)
log

pλ(x)

qλ(x)

]︃
≈ 1

m

m∑︂
i=1

[︃
pλ(xi)

pλ∗(xi)
log

pλ(xi)

qλ(xi)

]︃
.(5.2.5)

We now have introduced all the necessary parts for defining the objective function. For
each node u we learn the mean µu and variance Σu, which is then mapped to the
probability density function pλu. The distance between two embedded nodes is measured
with KL divergence, which we can efficiently calculate with the above procedures. Our
objective function quantifies the difference between embedded distance KLuv and the
graph distances duv, and is given by

L({(µu,Σu)}u) =
∑︂
u̸=v

||(1 + τ KLuv)
−1 − d−β

uv ||22,(5.2.6)

where τ > 0 is a free trainable parameter and β > 0 is a hyperparameter. To be
precise, we optimize the difference between the inverse of the graph distance and the
inverse KL divergence, which allows us to include infinite graph distances. Choosing the
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5.2 Formulation of statistical manifold embedding

hyperparameter β > 1 increases the differentiation between large finite distances and
infinite distances. We constructed the term (1 + τ KLuv)

−1 such that it takes values in
the same interval as d−β

uv . The trainable τ works as a global stretching constant.
Algorithm 6 states all the required parameters and the steps of our learning algorithm.
We initialize our graph embedding with random values for {µu,Σu}u∈V , such that all
pairwise KL divergence are low at the start. Then, we iteratively optimize our objective
function using stochastic gradient descent optimizers. In the following experiments,
we use Adam as optimizer (Kingma and Ba, 2014), which retrieved in comparison to
AdaGrad (Duchi et al., 2011) and ADADELTA (Zeiler, 2012) the best results. During
optimization, we enforce σi

u > ϵmin = 10−5 > 0 to ensure positive definite covariance
matrices and numerical stability.

Algorithm 6 Learning algorithm of graph embedding – STADIGE
input: graph G = (V,E), hyperparameters λ, β, k and number of iterations niteration

output: parametrization of probability density functions {µu,Σu}u∈V and τ

1: pre-processing: Retrieve duv for all nodes u, v ∈ V by solving the all pairs shortest
path problem

2: initialization: For each node u ∈ V initialize µu,Σu by uniformly sampling the means
µu from [0, 10]k and the variances Σu from [4, 7]k

3: optimizing: Iteratively apply the Adam optimizer to retrieve updates for µu,Σu, τ

to minimize the objective function L until convergence, i.e. ∆L < ϵ, or reaching
niteration iterations

The objective function in Equation (5.2.6) has |V |(|V | − 1) terms and is only applicable
to graphs with up to 104 nodes, because of the resulting time and space complexity. To
allow our method to scale to larger graphs, we suggest an approximation, where the
number of terms scales linearly in the number of nodes and the pre-processing avoids
the costly solving of the all-pairs-shortest path problem. We decompose our objective
function into the terms with finite and infinite distances

L({(µu,Σu)}u) =
∑︂

u̸=v,duv<∞

||(1 + τ KLuv)
−1 − d−β

uv ||22⏞ ⏟⏟ ⏞
neighborhood term

+
∑︂

u̸=v,duv=∞

||(1 + τ KLuv)
−1||22⏞ ⏟⏟ ⏞

singularity term

.(5.2.7)

To reduce the number of terms in these sums, we sample for each node from both terms
a fixed number B of samples. Hence, we have for each node some information about
their neighborhood and unreachable nodes.
We can efficiently generate B neighborhood samples by performing a breadth-first-search
into incoming and outgoing directions. With the sampling from the successors and
predecessors, we ensure a sufficient number of samples for nodes with low in- or out-
degree. We prefer breadth-first-search over other possibilities, such as depth-first-search,
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5 Low-dimensional statistical graph embedding

because we ensure that small distances are sampled first, which keep these nodes close in
our embedding. For a sufficiently large B, we retrieve all pairs from the neighborhood
term.
In contrast to sampling the neighborhood, the sampling of infinite distances is more
complicated. Since a distance is precisely then infinite if we do not have a finite path, we
cannot calculate all infinite distances without first retrieving an upper bound on all finite
distances. In other words, we would require to solve the all-pairs-shortest path problem
to retrieve all infinite distances, which is precisely the task we intend to avoid.
Thus, we proposed a process to sample from a subset of infinite distances efficiently. We
build the process from two observations: First, we assume to have a directed acyclic
graphs and calculate its topological sorting. In a topological sorting all nodes are sorted
such that each edge (u, v) implies u < v, i.e. node u has a lower rank than node v.
Consequently, from u < v follows dv,u = ∞, which would let us sample infinite distances.
The reverse implication does not hold, which means we only sample from the majority of
infinite distances with a single topological sorting (Kahn, 1962).
Still, topological sortings only exist for directed acyclic graphs. Second, the graph of
strongly connected components is always a directed acyclic graph, since any cycle passing
through two strongly connected components already connects both of them in either
direction. The algorithm for strongly connected components from Tarjan (1972) returns a
(reversed) topological sorting of the strongly connected components. Hence, we perform
Tarjan’s strongly connected components algorithm. Then, for each node, we sample from
all nodes being lower with respect to the retrieved sorting, i.e. are unreachable.
In total, we can efficiently generate subsets Uclose and U∞ of pairs in the neighborhood
respectively the singularity term. Our approximated objective function is

L̃ =
∑︂

(u,v)∈Uclose

||(1 + τ KLuv)
−1 − d−β

uv ||22 +
∑︂

(u,v)∈U∞

||(1 + τ KLuv)
−1||22.(5.2.8)

Algorithm 7 Scalable learning algorithm of graph embedding – STADIGE (B)
input: graph G, hyperparameters λ, β, k, B and number of iterations niteration

1: pre-processing: Perform Tarjans algorithm to retrieve the strongly connected compo-
nents and their topological sorting. Sample for each node u ∈ V up to B nodes v
with infinite distance duv from all nodes w with w > v.

2: pre-processing: Perform for each node u a breadth-first-search for ingoing and
outgoing edges to sample up to B nodes v with duv < ∞ or dvu < ∞.

3: initialization: For each node u ∈ V initialize µu,Σu by uniformly sampling the means
µu from [0, 10]k and the variances Σu from [4, 7]k.

4: optimizing: Iteratively apply the Adam optimizer to retrieve updates for µu,Σu, τ to
minimize the objective function L̃ until convergence or reaching niteration iterations.
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5.2 Formulation of statistical manifold embedding

Algorithm 7 states all details of our approximative graph embedding. We conclude the
formulation of our two approaches with Lemma 5.2.1 about their complexity.

Lemma 5.2.1 (Complexity of our graph embedding) Let G = (V,E) be a graph
with N nodes and M edges. Then the following holds:

1. Our embedding has 2kN+1 degrees of freedom and the following hyperparameters: λ

selecting the class of distributions, β to increase learning efficiency, and k to control
the embedding size. The scalable STADIGE has an additional hyperparameter: the
number B of infinite and neighborhood samples for each node.

2. The pre-processing step of STADIGE needs O(N2 logN + NM) if G is sparse,
and O(N3) if G is dense. Evaluating the objective function Equation (5.2.6) has
complexity O(N2).

3. For the scalable STADIGE, the pre-processing step has for B ≪ N the complexity
O(BN +M). Evaluating the objective function L̃ has complexity O(BN).

Proof: The degrees of freedom of 2k|V | + 1 are obtained by counting the trainable
parameter τ in both objective functions and the 2k parameters required to represent
each node. A node is represented with (µ1

u, . . . , µ
k
u, σ

1
u, . . . σ

k
u), which we map to the

k-variate probability density pλu with mean µu = (µ1
u, . . . , µ

k
u) and variance matrix

Σu = diag(σ1
u, . . . σ

k
u).

For the pre-processing of STADIGE, we require to solve the all-pairs-shortest-path
problem. This task is solved for sparse graphs by Johnson’s algorithm in O(N2 logN +

NM) (D. B. Johnson, 1977) and for dense graphs by Floyd-Warshall algorithm in
O(N3) (Floyd, 1962; Warshall, 1962). From the resulting N2 distance pairs, our objective
function L uses N(N − 1) ∈ O(N2) terms.
The pre-processing step of the scalable STADIGE requires to execute Tarjan’s algorithm.
This algorithm retrieves the strongly connected components and their topological sorting.
This algorithm has complexity O(N +M). Based on the topological sorting, infinitely
distant nodes can now be read from an array, which results in O(B) for B samples. For
the neighborhood terms, we perform two breadth-first searches and halt after retrieving
B new samples. With B ≪ N this results in a total complexity of O((B+1)N+M). The
resulting number of terms in our objective function L̃ is up to BN for the neighborhood
and the singularity term. �
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5 Low-dimensional statistical graph embedding

5.3 Geometry of statistical manifolds

During the learning phase with the gradient-based Adam optimizer, we would use by
default the Euclidean gradient. However, we map the nodes into the statistical manifold
of exponential power distributions, and consequently, our objective function operates
within the geometry of this Riemannian manifold. Therefore, we state the geometrical
properties of the surrounding space and discuss the implications of our algorithms.
Figure 5.3 illustrates the effects of geometries with the example of the flat Euclidean
space and the negatively curved hyperbolic space. The later is related to the geometry
of our embedding space. To put it simply, spaces with negative curvature have more
space than flat or positively curved spaces. Hence, Figure 5.3 gives an intuition of the
importance of the geometrical properties of embedding spaces and the advantages of
curved spaces.

Poincaré disk Euclidean space

Figure 5.3: Visualization of a regular tree in the hyperbolic and Euclidean space. The
Poincaré disk on the left side is a model of the hyperbolic space in the unit
disk. Within the hyperbolic geometry all angles are exactly 60°. In contrast,
in Euclidean space we must reduce the angle for each additional level to
create a drawing without overlapping edges.

We use in our graph embedding the parametrization

u ↦→ (σ1
u, . . . σ

k
u, µ

1
u, . . . , µ

k
u) ↦→ Xu ∼ pλu(x|Σu = diag(σ1

u, . . . , σ
k
u),µu = (µ1

u, . . . , µ
k
u))

(5.3.1)

for u ∈ V and enforce σ1
u, . . . σ

k
u > 0. This parametrization defines a submanifold S of

the statistical manifold given by the class of exponential power distributions. We equip
this manifold with the Fisher information metric to retrieve a Riemannian manifold,
which has additional properties such as a distance between two points (Amari, 1985).
Theorem 5.3.1 states the fundamental properties for our context.
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5.3 Geometry of statistical manifolds

Theorem 5.3.1 Let λ be an even number and S the statistical manifold given by the
above parametrization. Then the following holds:

1. For k = 1 the curvature of S is identical to −1/λ. Hence, in the univariate case,
the manifold is isometric to the hyperbolic.

2. In the local coordinate system the Riemannian metric at point pλ(x|Σ,µ) with
Σ = diag(σ1, . . . , σk) and µ = (µ1, . . . , µk) is

(gij)ij = diag

(︃
c1

(σ1)2
, . . . ,

c1
(σk)2

,
c2

(σ1)2
, . . . ,

c2
(σk)2

)︃
with the constants

c1 =
Γ(1− 1

λ
)λ(λ− 1)

Γ( 1
λ
)

, and c2 = λ.

3. The Riemannian distance between pλu(x|Σu,µu) and pλv(x|Σv,µv) is

dF (p
λ
u(x|Σu,µu), p

λ
v(x|Σv,µv)) =

⌜⃓⃓⃓
⎷⃓λ

k∑︂
i=1

arcosh2

⎛⎜⎝1 +

(︂
µi
u−µi

v

c3

)︂2
+ (σi

u − σi
v)

2

2σi
uσ

i
v

⎞⎟⎠
with c3 =

√︄
Γ
(︁
1
λ

)︁
(λ− 1) Γ

(︁
1− 1

λ

)︁ .

For the details of the rather technical proof we refer to Funke et al. (2020) and to Amari
(1985), Skovgaard (1984), and Yuan (2019) for more details about statistical manifolds.
The first property of our embedding space S is that it has constant negative curvature
for k = 1, which is known to be related to models of scale-free networks (Cvetkovski
and Crovella, 2009; Krioukov et al., 2010; Narayan and Saniee, 2011) and allows us to
illustrate embedded points in the hyperbolic space (Funke et al., 2020). Since for k > 1

the embedding space S is the product manifold of the univariate case, its curvature
is not flat. Hence, the geometry of our space is different from the flat Euclidean case.
Consequently, we need to adjust the Euclidean gradient to the curvature of S using the
Riemannian metric (Amari, 1998). Instead of ∇, we use the modified gradient ∇̃ = g−1∇,
where g−1 is the inverse of the Riemannian metric g = (gij)ij . To be precise, the gradient
at a point with parameters (σ1, . . . σk, µ1, . . . , µk) is given by

∇̃ ∂

∂σi
L =

(σi)2

c1
∇ ∂

∂σi
L, ∇̃ ∂

∂µi
L =

(σi)2

c2
∇ ∂

∂µi
L.(5.3.2)

The resulting gradient ∇̃L gives us the direction of steepest descent, which we then use
in the Adam optimizer to minimize our objective function. The advantage of using ∇̃
instead of ∇ is not only theoretical nature but has also been evaluated in experiments,
which showed shorter convergence time and performance improvements (Funke et al.,
2020).
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5 Low-dimensional statistical graph embedding

The last stated property is the Riemannian distance dF between two points in our
embedding space with respect to its geometry. Embedding-based applications, such as
clustering or classification, require points in a metric space to use standard algorithms,
such as k-means. In addition, we can show that the so-called Fisher distance dF is
related to the KL divergence and that we can even locally approximate dF with the KL
divergence. The Hessian of KL divergence is the Fisher information metric gij, which
is up to scaling the unique Riemannian metric on statistical manifolds (Caticha, 2015;
Cencov, 2000).
Knowing the geometry of our embedding space, we can use the correct gradient ∇̃
during training and can exploit the metric structure for possible post-processing of our
embedding.

5.4 Analysis of general embedding performance

We have introduced our embedding and the theory required for its optimization. Before
we apply this new method on our material flow networks, we study its performance on a
selection of real-world networks with different properties. We evaluate the influence of
several choices of hyperparameters and compare our method against various baselines.

5.4.1 Test cases and embedding baselines

For our analysis, we first need a selection of test cases and baselines. Our selection
focuses on directed networks and methods for directed networks, but we also include a
single method and network each for the undirected case. We selected four real-world
examples from the Koblenz Network Collection (Kunegis, 2013), which have different
properties. Table 5.1 shows some basic properties of these networks, such as the number
of nodes or the proportion of infinite distances.

Table 5.1: Properties of the selected example networks

Name N M |{duv : duv = ∞}|/N2 Reciprocity

political blogs 1 224 19 025 0.34 24.3 %
Hamsterster 2 426 16 631 0.32 100.0 %
Cora 23 166 91 500 0.83 5.1 %
arXiv hep-th 27 770 352 807 0.71 0.3 %

Our smallest example is a compilation of hyperlinks between political blogs during the
2004 US election (Adamic and Glance, 2005). The two larger examples Cora and arXiv
hep-th are citation networks from computer science and a subfield of physics (Leskovec
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et al., 2007; Šubelj and Bajec, 2013). We selected Cora because one of the baselines used
this network in their evaluation as well. ArXiv hep-th has a higher density but lower
reciprocity than Cora and is our largest example. The last example is Hamsterster, which
is a social network and consists of friendships and family relationships. Hamsterster is
an undirected network, which we include to evaluate our performance for the undirected
case too.
We consider four different baseline approaches. The first two are HOPE and DeepWalk,
which are based on singular value decomposition respectively the skip-gram model. They
were already introduced in Section 2.3. The remaining two methods, Graph2Gauss and
elliptical embedding, are described in the following.
Graph2Gauss proposed by Bojchevski and Günnemann (2018) is similar to our method
based on the KL divergence of distributions. However, their approach only covers the
special case of Gaussian probability distributions and is based on training a neural
network to output their parameters µ,Σ based on node features. Another difference can
be observed from their objective function, which is a ranking loss and aims to preserve
the local neighborhood of each node, but not the global structure beyond duv > 2. In the
absence of node features, Bojchevski and Günnemann proposed to use one-hot vectors
for the nodes, which we use in the following experiments.
In addition, we included as a baseline the elliptical embedding of Muzellec and Cuturi
(2018). Their embedding represents each node as an elliptical probability distribution,
which is another generalization of the multivariate normal distributions, and among
others lifts the requirement of diagonal covariance matrices to positive semi-definite
matrices. They measure the distance between their distributions with the (Euclidean)
Wasserstein metric (Muzellec and Cuturi, 2018). Concluding, we have selected four
networks with different characteristics and four baselines to evaluate our method.

5.4.2 Evaluation metrics and hyperparemeter selection

We intend to evaluate the performance of our method and test its ability to represent
the global structure of the graph. However, the usual embedding tasks such as link
prediction or graph reconstruction focus only on the differentiation between d(u, v) = 1

and d(u, v) > 1. Therefore, we require a different evaluation of the whole spectrum of
graph distances. In a first step, we use the evaluation metrics to fix some hyperparameters
of our method for the subsequent experiment.
We measure the quality of the embeddings with three different measures. To be precise,
we investigate if the approximated distances from the embeddings correlate with the
known inverse graph distances. We either look for monotonic, linear, or non-linear
correlations. Spearman’s rank correlations coefficient rS quantifies the monotonic relation
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by measuring the correlations of the rankings. We measure the linear relationship with
the Pearson correlation coefficient ρ. These two measures return values between −1

and 1, where 1 indicates a perfectly linear correlation, 0 is no correlation, and values
lower than zero indicate negative correlation. Our last measure is a variant of mutual
information, which is based on information theory and measures non-linear dependency.
Since the vast number of distances makes the calculation of the standard formulation
infeasible, we use the variant of Gao et al. (2015), which approximates MI based on
samples and evaluating the neighborhood. The higher the similarity of the approximated
distances and graph distances, the higher is the resulting MI. We report the mean and
standard deviation of 40 approximations. For Spearman’s rank correlation coefficient rS
and Pearson correlation coefficient ρ, we omit reporting the p-values, because they are
below 10−8 in all cases–caused by the considerable amount of N2 samples.
We consider the measures in our selection of the hyperparameters k (embedding di-
mension), λ (class of distributions), and β (differentiation between large and infinite
distances), see Algorithm 6 and 7 for more details. To study the influence of each
parameter, we vary one parameter and keep the others fixed. If the parameter is not
varied, we select the values k = 2, λ = 2, and β = 1/2.
First, we evaluate the performance’s gains of larger representation sizes. From Section 2.3,
we know that many machine learning graph representations use for each node 64 to 124
parameters. Here, we aim for a substantial lower embedding dimension, which is close
to 2k according to Lemma 5.2.1. Table 5.2 shows the results using different k-variate
distributions. We already achieve for k = 2 a similar embedding quality compared to
the largest embedding with k = 50 parameters, which only outperforms with respect to
achieved MI value. The other measures ρ and rS increase for k = 5 and k = 10. However,
to test our embedding in the scenario of low-dimensions, we keep k = 2.

Table 5.2: Results of varying the embedding size. We embedded each node with a k-
variate exponential power distribution for k ∈ {2, 5, 10, 50} using STADIGE
and quantified the performance with the Pearson correlation coefficient ρ,
Spearman’s rank correlation coefficient rS, and mutual information.

Network k = 2 k = 5 k = 10 k = 50

political ρ 0.88 0.90 0.91 0.88

blogs rS 0.89 0.90 0.92 0.90

MI 0.85± 0.006 0.90± 0.007 0.97± 0.006 0.90± 0.006
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Next, we study the influence of the selected distribution class. From Theorem 5.3.1, we
know that λ influences the geometry of our embedding space. We evaluate the influence
of λ on our measures using the scalable STADIGE. Table 5.3 shows the results. Due to
the comparable performance and the advantage of having a closed-form expression for
the KL divergence in the case of multivariate normal distributions, we select λ = 2.

Table 5.3: Performance of different classes of exponential power distributions evaluated
with the scalable STADIGE with B = 100 samples.

Network λ = 2 λ = 4 λ = 8

political ρ 0.77 0.78 0.78

blogs rS 0.74 0.74 0.72

MI 0.57± 0.005 0.61± 0.005 0.61± 0.005

We intend to train our embedding to represent the inverse distances, and consequently,
β = 1 would be the obvious choice. However, as stated in Table 5.4 we can increase the
performance of the embedding by choosing β = 1/2. None of the other tested values for β
achieves a comparable quality. In addition, the choice of β = 1/2 speeds up convergence
of our algorithm.

Table 5.4: Results of different stretching constants β in our objective function.

Network β = 1/4 β = 1/2 β = 1 β = 2

political ρ 0.86 0.88 0.84 0.69

blogs rS 0.87 0.89 0.89 0.80

MI 0.79± .005 0.85± 0.006 0.80± 0.006 0.55± 0.006

With these experiments, we have justified the choice of our default values of k = 2, λ = 2,
and β = 1/2, which we will use for all of the subsequent experiments. Besides these
explicit parameters of our method, the optimizer has three more parameters: the learning
rate µlearning, the number of batches nbatches, and the number of iterations niteration. The
learning rate affects the step size in the gradient-based optimization. We select for the
small networks such as political blogs and Hamsterster µlearning = 0.1 and for the large
ones µlearning = 0.001. The lower learning rate for the larger networks is a result of
the required training in nbatches = 410 batches, respectively, nbatches = 3967 batches for
the training of Cora and arXiv hep-th. The splitting of the training data into batches
reduces the required space complexity and hence allows to utilize the computing power
of the GPU with its limited memory capacity. For all smaller networks, we can process
all training data in a single batch without running out of GPU memory. For the last
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parameter niteration we selected the following values: 2 000 for politicial blogs, 500 for
Hamsterster, 150 for Cora, and 150 for arXiv hep-th. For these niteration values, we
observed convergence of the objective function.
Overall, we selected the evaluation metrics and tested their sensitivity during the selection
of our hyperparameters. In addition, we have stated all used training parameters, which
allows reproducing the following experiments.

5.4.3 Results of graph distance embedding

Now we evaluate our embedding method on the selected examples of real-world networks
and compare its performance against the chosen baselines using the presented evaluation
measures. From Table 5.5 we can see that our methods outperform all other methods.
For a fair comparison, we fixed all embedding dimensions to 4 with the exception of
HOPE, where for each node 4 parameters are used for the source and target embedding
respectively. For DeepWalk, we used 20 random walks for each node with a length of
100. We left all the other hyperparameters to the default values of the supplied reference
implementation.
STADIGE achieves in all cases the highest value in all evaluation measures. Nevertheless,
its performance shows a negative trend with increased network size. Since this effect
is very dominant, we would require more examples to see relations to other network
characteristics, such as the reciprocity. Even for the undirected network, our full method
represents the global structures very well.
The undirected network highlights a significant difference between our scalable and the
full STADIGE. Using samples, the approximate variant achieves only low linear and rank
correlation to the graph distances. Only the mutual information values still show that
the approximation still captures some relation. Except for the undirected example, both
approximations perform well and outperform all baselines. As expected, a higher number
of samples improves the embedding quality. A rather qualitative analysis of the results
is possible with Figure 5.4. From the visualized means of the approximated values, we
see that our method is the only method which can separate the infinite distances from
the finite distances. Furthermore, STADIGE shows a clear ordering for the finite values,
which is confirmed by the Spearman’s rank correlation coefficient values.
We demonstrated that our approach works for large system sizes of 105 elements, which is
sufficient for most manufacturing and logistic systems. STADIGE focuses on the direction
and reachability of the embedded network, which is a natural for manufacturing systems
with its predominant processing from raw material to finished components. Moreover,
the represented distances is an important property within logistics. Consequently, we see
in STADIGE a promising approach for manufacturing and logistic systems.
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With the experiments, we have demonstrated the capabilities to represent the global
state of a network with our low-dimensional embedding into statistical manifolds. Our
method uses the non-symmetric and non-linear KL divergence to embed finite and infinite
distances efficiently. With the approximate variant, we can learn embeddings of large
graphs and still capture the major parts of the structure. The next step is to evaluate
the embedding performance on the link prediction of our material flow networks.

Table 5.5: Results of embedding the inverse graph distances with different methods. Used
measures are Pearson correlation coefficient ρ, Spearman’s rank correlation
coefficient rs, and MI. We denote with STADIGE (10) and STADIGE (100)
the scalable STADIGE with B = 10 respectively B = 100 samples. The
highest evaluation values are highlighted in bold.
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political ρ 0.45 0.25 −0.17 −0.17 0.73 0.77 0.88
blogs rS 0.45 0.24 −0.33 −0.14 0.71 0.72 0.89

avg. MI 0.65 0.12 0.09 0.04 0.47 0.59 0.85
std. MI 0.007 0.005 0.005 0.004 0.005 0.005 0.006

Hamsterster ρ 0.23 0.36 −0.26 −0.38 0.17 0.19 0.91
rS 0.37 0.37 −0.76 −0.39 0.12 0.12 0.89
avg. MI 0.43 0.10 0.45 0.11 0.63 0.64 0.89
std. MI 0.007 0.006 0.005 0.005 0.005 0.004 0.005

Cora ρ 0.17 0.07 −0.01 −0.04 0.53 0.66 0.77
rS 0.41 0.02 0.01 −0.02 0.56 0.62 0.65
avg. MI 0.13 0.01 0.01 0.01 0.23 0.35 0.43
std. MI 0.005 0.004 0.003 0.003 0.005 0.006 0.007

arXiv ρ 0.20 0.08 −0.05 0.00 0.53 0.62 0.68
hep-th rS 0.28 0.04 −0.06 0.00 0.59 0.68 0.72

avg. MI 0.15 0.01 0.01 0.01 0.25 0.37 0.36

std. MI 0.004 0.003 0.003 0.004 0.005 0.005 0.005
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5 Low-dimensional statistical graph embedding
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Figure 5.4: Visualization of the mean approximated values with respect to the inverse
true distance (d−1

uv )uv. Each diagram represents the approximations from
one graph embedding. For each network, each marker represents the mean
over all retrieved values for a specific inverse graph distance. The size of
the markers relates to the number of values with this graph distance. To
illustrate the means of all networks on the same scale, we normalized the
means between zero and the maximum of the absolute mean values. For our
methods in the last row, a clear trend between the mean of the approximated
values is visible.
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6 Analysis and prediction of material
flow networks

Now, we analyze and forecast material flow networks using the instruments of the
previous sections. From the preceding experiments, we know about the importance of
basic network properties, such as the network size or cluster connectivity. Hence, as
the first step of our analysis, we compare among others the network size, the clustering
coefficient, and the reciprocity of the different data sets. Afterward, we analyze the
dynamics of our production systems at different time scales. For this task, we use the
selected variants of the SBM to measure structural stability. With the knowledge about
the dynamics, we then evaluate the predictability of material flow networks using SBMs
or our graph embedding. When interpreting the results, we take into account all the
perspectives considered, from information about the type of manufacturing systems, their
basic network properties to their structural stability. This section is based on Funke and
Becker (2020). Figure 6.1 visualizes the section’s structure.

6.1 Basic characteristics 6.2 Structural stability 6.3 Temporal prediction

Figure 6.1: Illustration of the structure. For details, we refer to the respective sections,
especially Figures 6.2, 6.3 and 6.5.

6.1 Basic characteristics of the six real-world
manufacturing systems

Similar to our overview of the production characteristics, we study some basic network
characteristics of our material flow networks. However, an extensive study of the whole
range of network characteristics is neither goal-oriented nor meaningful. Therefore, we
concentrate on those network characteristic, which have been proven essential in the
previous sections.
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6 Analysis and prediction of material flow networks

We discuss here the six manufacturing systems A to F presented in Section 3.4, especially
in Table 3.3. We already know that our studied production systems have different general
characteristics, such as production type and total system size. For all systems, data is
available for multiple months, such that we can study the system on various time scales.
First, we investigate global tendencies by aggregating over four weeks, i.e. the monthly
perspective. Next we aggregate along intervals of two weeks, and finally analyze detail
information by aggregation each week. We decide to exclude the four weeks’ aggregation
of data set F because we would be left with only 4 networks, that is too few for deriving
reliable information.
For each of these three time scales, we generate all material flow networks by running
Algorithm 1. We state some basic network characteristics in Table 6.1 and visualize the
number of active machines and interactions of each generated material flow network in
Figure 6.2. All selected characteristic values in Table 6.1 rise with increasing time scale.
This observation can be explained, at least partly, with the following observation from
Figure 6.2. Increasing the time scale mainly influences the number of material flows and
the majority of machines were active in every week.
Based networks sizes illustrated in Figure 6.2, we can cluster the manufacturing systems
into the large company A, the middle-sized company C, and all the small companies B,
D, E, and F. In addition, we see for the data sets D and E some material flow networks
from time periods with less than 20 active machines. This observation explains the large
variation in the characteristic values for these data sets, i.e. the high standard deviations
reported in Table 3.3.
The average clustering coefficient allows us to distinguish random networks and real-world
networks on a very granular level. All the average clustering coefficients in Table 6.1
are well above those expected from Erdős–Rényi networks of the same size and density,
see Funke and Becker (2020). Hence, the simple model of Erdős and Rényi does not cover
real world applications such as our material flow networks. This observation indicates
that our data sets indeed carry structure that is not due to random noise.
Since the global connectivity influences the strength of community structures, we include
the average node degree of the different networks. Increasing it results in stronger cluster
structures. For this characteristic, we observe a broad range of around 4 for the weekly
networks of D and F up to 24 for the monthly networks of C. Notably, the relatively low
values in the case of D and F may complicate the inference of cluster structures. The
average node degree is limited and influenced by the system’s size because this determines
the number of possible interactions.
Since a network’s reciprocity measures the importance of having directed edges over
undirected ones. Since this influence the performance of our graph embedding, we include
this value as well. For all networks, we have a high degree of links in only one direction.
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6.1 Basic characteristics of the six real-world manufacturing systems

Table 6.1: Overview of selected network characteristics of our data sets for the time
scales: one week (1w), two weeks (2w), and four weeks (4w). For each each
network, we compute the clustering coefficient, the average node degree and
the reciprocity. Presented parameter values are aggregated along networks of
the same data set and time scale. We show the mean and standard deviation.

Data set Time scale # networks Clustering coefficient Average degree Reciprocity
A 1w 50 0.21± 0.03 7.74± 1.09 0.30± 0.06
A 2w 25 0.27± 0.03 10.64± 1.29 0.37± 0.06
A 4w 13 0.33± 0.03 13.83± 1.95 0.44± 0.05

B 1w 52 0.26± 0.04 8.31± 1.33 0.28± 0.04
B 2w 26 0.34± 0.04 12.05± 1.88 0.36± 0.04
B 4w 13 0.42± 0.03 17.01± 1.87 0.45± 0.04

C 1w 51 0.35± 0.04 12.33± 1.44 0.43± 0.03
C 2w 26 0.42± 0.04 17.35± 2.33 0.49± 0.03
C 4w 13 0.49± 0.03 24.17± 2.22 0.56± 0.03

D 1w 53 0.13± 0.08 4.27± 1.69 0.38± 0.10
D 2w 27 0.17± 0.09 4.99± 2.03 0.40± 0.13
D 4w 14 0.19± 0.10 5.74± 2.38 0.42± 0.16

E 1w 82 0.28± 0.10 6.55± 2.22 0.21± 0.06
E 2w 41 0.33± 0.10 7.98± 2.80 0.25± 0.07
E 4w 21 0.37± 0.12 9.57± 3.61 0.30± 0.09

F 1w 13 0.10± 0.03 3.75± 0.75 0.25± 0.09
F 2w 7 0.13± 0.05 4.92± 1.32 0.32± 0.08
F 4w 4 0.17± 0.08 6.15± 2.37 0.36± 0.07
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Figure 6.2: Number of nodes N and edges M of our material flow networks for the time
scales week (1w, •), two weeks (2w, ⋆), and four weeks (4w, ‚).
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6 Analysis and prediction of material flow networks

This fact coincides with the intuition of material flows flowing only in one direction, that
is the direction of the value chain. Hence, the scalable and full STADIGE are applicable
to all our material flow networks.
By looking at the basic network properties, we ensure that we do not investigate random
networks. We found varying connectivity between machines, and observed a high degree
of one-way connections.

6.2 Analysis of stability using stochastic block models

Before we predict future states of material flow networks, we evaluate the influence of
temporal aggregation levels on the structural stability. In our case, the structures are the
resulting node partitions inferred from a specific SBM variant. If the structure is strong
enough, we should be able to retrieve similar partitions from independent material flow
networks of the same manufacturing system. However, some similarities are probably
induced by node characteristics like similar node degrees. Therefore, we not only evaluate
the stability within the inferred node partitions but also compare the retrieved partitions
with structures from random networks with similar properties.
As first step, we describe our choice of random network model used as artificial noise in
this experiment. In Section 2.1, we have already discussed random network models, such
as the Erdős–Rényi or the Barabási–Albert model. Nevertheless, these types of random
networks can already be distinguished from real networks on basic properties such as
degree distribution. Consequently, we generate random networks according to a rewiring
procedure (Milo et al., 2002) which preserves more properties and has been developed
for the study of network motifs. The rewiring procedure starts from a given network
and repeatedly exchanges the endpoints of two randomly selected edges. We input our
original material flow networks as starting points and generate multiple randomized
instances for each instance. Table 6.2 states the settings for this rewiring procedure as
well as network and SBM parameters used in the experiment.

Table 6.2: Configurations used in structural stability experiment

Parameter Specifications

time slices 1 week, 2 weeks, 4 weeks
number of blocks 5, 10, 15, 20, 25

SBM variant SNR, DCNR, SPC, DCPU
inference method MHA 100k
number of randomized networks 5
number of rewiring steps 5 000
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6.2 Analysis of stability using stochastic block models

To compare two inferred partitions, we use the AMI as evaluation measure, see Section 4
for the description. Since different machines are active at different time intervals, we only
calculate the measure between those machines that were used at both times. An AMI
value of 1 corresponds to identical partitions, and a value of 0 is the expected value of
random partitions. Thus, a higher average AMI between different material flow networks
corresponds to greater structural stability.
For the evaluation with the random noise, we need to compare the achieved AMI
values between the original material flow networks and their randomized instances. The
differentiation between original and randomized instances is a binary classification task.
We use AUROC to measure our performance in this tasks, which is also our measure in
the link prediction task. In this case, this measure is the likelihood that the AMI of two
randomly selected original material flow networks is higher than the value of a randomly
chosen randomized instance. For more details, we refer to Section 2.4.1, where we have
described AUROC more in detail.
For this experiment, we generate generate material flow networks as in the previous
section. Then we apply MHA 100k together with the selected SBM variants from
Section 4.5.3 to infer the structures. The AMI values between the resulting partitions
of the same SBM variant indicate the general structural stability of the manufacturing
system and time scale. We call these AMI values ‘pure‘. To compare these values with
random noise, we generate for each material flow network 5 randomized instances and
retrieve the partitions for these networks as well. Then we pair random networks modified
by rewiring with unmodified networks of the same data set, time scale, and SBM variant.
We call these pairs ‘mixed pairs‘and the AMI value computed for such a pair ‘mixed AMI
value‘. When setting up the AUROCs, mixed AMI values are considered false values,
whereas pure AMI values are considered to be true.
We present the quantitative results in form of the calculated AUROCs and the pure AMIs
in Table 6.3. In addition, we give a qualitative illustration of the pure and mixed values
in Figure 6.3. From Table 6.3, we see that in all cases the standard SBMs, SPC and
SNR, achieve the highest pure AMI values. Though, their performance are no indicator
for our comparison against the random noise. An example is the AMI value of around
0.21 for the monthly networks from B and the weekly networks of D, which have entirely
different AUROCs of 0.61 and 0.93, respectively.
Both degree-corrected SBMs, DCPU and DCNR, variants show a more differentiated
behavior. If the mean AMI values between the material flow networks are at least around
0.20, then both SBM variants can distinguish the randomized networks from the real
material flow networks. In contrast, if the mean value is significantly below 0.20, then
the difference between the mixed and pure AMI values is significantly lower as well.
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6 Analysis and prediction of material flow networks

Table 6.3: Results of the structural stability experiment. The first group of values states
the average and standard deviation of the distribution of pure AMI values.
They indicate structural stability. The second group of values states the
AUROCs when comparing with the rewired networks. For each network
and SBM variant, we calculate the AMI values only between partitions with
the same number of blocks. The highest values in each line and group are
highlighted in bold.

Pure AMIs AUROC of AMI

Data Time scale SNR DCNR SPC DCPU SNR DCNR SPC DCPU

A
1w .25± .063 .18± .057 .24± .074 .20± .075 0.86 1.00 0.85 0.99
2w .32± .057 .27± .054 .32± .061 .29± .068 0.90 1.00 0.90 1.00
1m .38± .065 .31± .054 .40± .063 .36± .063 0.88 1.00 0.92 1.00

B
1w .10± .083 .03± .068 .09± .080 .04± .064 0.59 0.62 0.57 0.60
2w .14± .088 .07± .083 .13± .088 .08± .075 0.60 0.72 0.63 0.73
1m .21± .090 .13± .111 .20± .090 .11± .071 0.61 0.78 0.75 0.86

C
1w .30± .081 .23± .079 .28± .096 .19± .082 0.89 0.99 0.85 0.97
2w .35± .083 .28± .073 .35± .097 .25± .083 0.89 1.00 0.88 0.99
1m .42± .063 .34± .066 .42± .069 .32± .075 0.93 1.00 0.94 1.00

D
1w .21± .138 .17± .167 .11± .140 .10± .155 0.93 0.88 0.70 0.73
2w .25± .143 .23± .173 .15± .151 .14± .167 0.96 0.93 0.77 0.80
1m .32± .142 .33± .174 .21± .165 .21± .183 0.99 0.99 0.85 0.90

E
1w .14± .137 .07± .108 .12± .138 .09± .121 0.59 0.67 0.56 0.65
2w .17± .145 .09± .115 .15± .143 .12± .134 0.63 0.70 0.59 0.69
1m .20± .164 .12± .127 .18± .141 .13± .156 0.64 0.76 0.61 0.68

F
1w .04± .097 .01± .083 .05± .133 .03± .130 0.56 0.51 0.50 0.50
2w .09± .097 .03± .087 .05± .096 .02± .065 0.64 0.59 0.48 0.50

98



6.2 Analysis of stability using stochastic block models
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Figure 6.3: Violin plots showing distributions of mixed (in green) and pure (in red)
AMI values for the four weeks’ material flow networks. Vertically aligned
histograms display the distribution. Whiskers indicate AMI value ranges as
well as the mean. For company E, those instances with few active machines
cause the outliers.

In most cases, either the SNR or the DCNR variant of Newman and Reinert achieve
the highest AUROC value. Their tendency to assortative structures (see Section 4.5.1)
seems to be useful in the inference of stable community structures. In comparison with
the randomized networks of the production system B, the degree-corrected SBM DCPU
from Peixoto outperforms both SNR and DCNR. Noteworthy, DCPU achieves very high
performances for the data sets A and C, as well.
Our evaluation with random noise reveals three structurally stable systems A, C, and D,
as it can be seen from the AUROCs shown in Table 6.3. The other configurations show a
decrease in stability in the following order: B-4w, E-4w, B-2w, E-2w, E-1w, F-2w, B-1w,
and F-1w. Hence, the systems B and E have a similar level of dynamics and F seems to
be the most dynamic production system. If we relate the AUROCs and the pure AMIs
to the observed system sizes visualized in Figure 6.2, we see that larger systems seem to
be more stable than their smaller counterparts.
To investigate, if the constant number of rewiring iterations discriminates the smaller
networks, we calculated the Jaccard-coefficient between the original and randomized edge
set. Table 6.4 state the median value for each company and time scale. We do not observe
a relation between a larger proportion of preserved edges, i.e. a higher Jaccard-coefficients,
and retrieved AUROCs.
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6 Analysis and prediction of material flow networks

Table 6.4: Jaccard-coefficient between the original and randomized edge set. For each
data set and time scale, we report the median value.

A B C D E F

1w 0.08 0.14 0.15 0.05 0.18 0.12

2w 0.10 0.19 0.18 0.06 0.20 0.14

4w 0.12 0.25 0.23 0.06 0.23 0.16

The influence of the chosen time scale is strongly masked by the substantial differences
between the production systems. As expected, the stability of the structures grows with
increasing time scale. As a similar positive trend, the increased time period increases the
differentiation between real and randomized structures. Especially for the data set B,
we have hardly any difference for the weekly networks compared to the random networks.
However, the structures of its monthly networks show significant differences for the
degree-corrected variants.
In addition to these quantitative results, we get a qualitative impression of the results
from the AMI value distributions of the monthly networks in Figure 6.3. The degree
of structural stability depends on the regarded manufacturing system and the applied
SBM variant. The experiments with the SBM variants show differences, which are visible
between the mixed AMI values of the degree-corrected and standard variants. Since the
rewiring procedure preserves node degrees, the higher mixed values of both standard
SBM variants is an indicator for their tendency to group nodes according to their degree.
In summary, we can conclude from the results of this experiment that the considered
production system has a strong influence on our model. Overall, the manufacturing
systems split into stable and more dynamic ones. A higher temporal aggregation increases
the structural stability in a limited range, and some systems have even stable weekly
material flows. Some of our systems are too dynamic to become stable at a monthly
aggregation. In the next step, we check how structural stability affects the predictability
of the manufacturing systems.

6.3 Temporal link prediction results on material flow
networks

Finally, we have all the theory and practical insights prepared to evaluate the predictability
of state changes in material flow networks. The task is temporal link prediction, which
we have introduced in Section 2.4 together with descriptions of all baselines. To answer
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6.3 Temporal link prediction results on material flow networks

our second research question, we apply our knowledge about SBM variants and our
graph embedding and evaluate their performances against heuristic and machine learning
baselines.
The preparation for this experiment is similar to those for the experiments in the previous
section. For each company, we generate the weekly, two weekly, and monthly material flow
networks with Algorithm 1. Then, we use a sliding time window to generate predictions
for the next time period using the exponential smoothing aggregation described in
Section 4.4.2. For each predicted network, we retrieve the AUROCs and report the
average over all predictions with the same window length. We vary the difficulty of
the link prediction task by aggregating over different observation periods and supplying
different numbers of historical observations.

Table 6.5: Selected hyperparameter values for each link prediction method

Method Parameters

CN, JC, RA, LB none
LPI ε = 0.001

DeepWalk number of walks 10, walk length 40,
window size 5, representation size 64

Node2Vec p, q ∈ {0.25, 0.5, 1, 2, 4}
skip-gram parameters same as DeepWalk

HOPE βHOPE = .5, representation size 32
NNTF number of blocks 15

MULTITENSOR number of blocks 15
SBM inference with MHA 100k,

(SNR, DCNR, SPC, DCPU) number of blocks K = 5, 10, 15, 20, 25

ensembles of 1, 5 and 10
STADIGE β = 1/2, λ = 2, k = 2, learning rate 0.1

Table 6.5 states the settings used in this experiment. For example, we executed all SBM
variants with various numbers of blocks and used different numbers of ensembles to
determine link prediction scores (see Section 4.4). If multiple parameters were calculated,
we state for convenience only the best retrieved results. The only exception is the number
of ensembles for the SBM variants. Increasing the number of ensembles results in a larger
number of free parameters and thus is similar to increasing the representation size of the
graph representations.
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6 Analysis and prediction of material flow networks

Table 6.6: Temporal link prediction results for all baselines and our graph embedding
STADIGE. The results based on one and four historical observations are given.
The best average AUROCs of each row are highlighted in bold and the highest
values of all methods (including Table 6.7) are underlined.
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1w 1 0.82 0.78 0.85 0.81 0.76 0.57 0.79 0.82 0.82
4 0.87 0.82 0.87 0.85 0.87 0.51 0.84 0.87 0.85

2w 1 0.86 0.82 0.88 0.84 0.79 0.55 0.81 0.84 0.85
4 0.89 0.85 0.89 0.86 0.90 0.50 0.86 0.88 0.88

4w 1 0.89 0.84 0.89 0.85 0.83 0.54 0.82 0.85 0.87
4 0.90 0.86 0.90 0.87 0.92 0.51 0.87 0.89 0.90

B

1w 1 0.75 0.71 0.77 0.72 0.73 0.55 0.63 0.69 0.77
4 0.79 0.76 0.79 0.75 0.83 0.53 0.70 0.75 0.81

2w 1 0.78 0.74 0.79 0.73 0.76 0.53 0.66 0.66 0.80
4 0.80 0.78 0.80 0.76 0.85 0.51 0.72 0.73 0.84

4w 1 0.79 0.76 0.79 0.73 0.77 0.51 0.65 0.66 0.80
4 0.81 0.79 0.81 0.75 0.87 0.49 0.71 0.71 0.85

C

1w 1 0.84 0.81 0.85 0.80 0.75 0.53 0.77 0.78 0.82
4 0.87 0.85 0.87 0.82 0.84 0.49 0.82 0.83 0.84

2w 1 0.86 0.83 0.86 0.80 0.77 0.51 0.77 0.77 0.84
4 0.87 0.86 0.87 0.82 0.87 0.50 0.82 0.82 0.86

4w 1 0.86 0.84 0.86 0.81 0.78 0.50 0.78 0.77 0.85
4 0.88 0.87 0.88 0.82 0.89 0.49 0.82 0.82 0.88

D

1w 1 0.81 0.80 0.85 0.79 0.83 0.67 0.71 0.87 0.80
4 0.86 0.86 0.90 0.85 0.93 0.72 0.75 0.91 0.88

2w 1 0.83 0.82 0.87 0.82 0.85 0.68 0.76 0.89 0.83
4 0.89 0.88 0.91 0.87 0.95 0.73 0.80 0.93 0.91

4w 1 0.87 0.86 0.90 0.85 0.89 0.61 0.77 0.91 0.85
4 0.91 0.90 0.92 0.89 0.96 0.57 0.80 0.93 0.92

E

1w 1 0.76 0.70 0.78 0.74 0.81 0.61 0.67 0.72 0.80
4 0.78 0.73 0.79 0.76 0.88 0.59 0.72 0.77 0.83

2w 1 0.78 0.72 0.80 0.75 0.81 0.58 0.68 0.71 0.81
4 0.80 0.74 0.81 0.78 0.90 0.56 0.73 0.76 0.84

4w 1 0.79 0.73 0.80 0.75 0.82 0.56 0.69 0.71 0.83
4 0.81 0.74 0.81 0.77 0.91 0.53 0.74 0.76 0.85

F
1w 1 0.68 0.66 0.71 0.66 0.70 0.64 0.67 0.69 0.71

4 0.72 0.69 0.73 0.68 0.77 0.61 0.68 0.73 0.74

2w 1 0.70 0.66 0.73 0.67 0.71 0.56 0.66 0.69 0.72
4 0.71 0.66 0.72 0.66 0.80 0.55 0.68 0.70 0.74
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6.3 Temporal link prediction results on material flow networks

Table 6.7: Temporal link prediction results for all SBM based methods reported in the
same format as of Table 6.6. The single network methods SNR, DCNR,
SPC, and DCPU were executed multiple times. Results of these methods are
aggregated over either one, five, or ten inferred representations.
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2w 1 0.85 0.87 0.88 0.87 0.88 0.89 0.86 0.89 0.89 0.86 0.89 0.89 0.86 0.78
4 0.90 0.91 0.91 0.90 0.91 0.91 0.91 0.92 0.93 0.90 0.92 0.92 0.92 0.90

4w 1 0.88 0.89 0.90 0.88 0.90 0.90 0.89 0.91 0.92 0.87 0.90 0.91 0.89 0.81
4 0.91 0.92 0.92 0.91 0.92 0.92 0.93 0.94 0.94 0.91 0.93 0.93 0.93 0.91

B

1w 1 0.76 0.79 0.80 0.75 0.78 0.79 0.74 0.79 0.80 0.75 0.78 0.79 0.76 0.72
4 0.83 0.85 0.86 0.80 0.83 0.84 0.82 0.85 0.85 0.80 0.83 0.83 0.85 0.84

2w 1 0.78 0.81 0.82 0.74 0.79 0.80 0.77 0.81 0.82 0.74 0.79 0.81 0.79 0.77
4 0.84 0.86 0.87 0.80 0.83 0.84 0.84 0.86 0.87 0.81 0.84 0.84 0.87 0.86

4w 1 0.79 0.82 0.83 0.71 0.78 0.80 0.79 0.83 0.83 0.74 0.79 0.80 0.81 0.79
4 0.85 0.87 0.87 0.79 0.83 0.84 0.86 0.88 0.88 0.83 0.85 0.86 0.88 0.87

C

1w 1 0.83 0.85 0.86 0.83 0.84 0.85 0.84 0.86 0.87 0.83 0.86 0.86 0.83 0.77
4 0.87 0.89 0.89 0.86 0.87 0.87 0.88 0.90 0.90 0.87 0.88 0.89 0.89 0.88

2w 1 0.85 0.86 0.87 0.79 0.83 0.84 0.86 0.87 0.88 0.81 0.85 0.87 0.86 0.81
4 0.89 0.89 0.90 0.85 0.86 0.87 0.89 0.91 0.91 0.86 0.89 0.89 0.91 0.90

4w 1 0.86 0.88 0.88 0.75 0.80 0.82 0.87 0.89 0.89 0.78 0.85 0.86 0.88 0.84
4 0.89 0.90 0.90 0.82 0.86 0.87 0.91 0.92 0.92 0.86 0.90 0.90 0.92 0.91

D

1w 1 0.85 0.87 0.87 0.84 0.87 0.87 0.84 0.86 0.87 0.84 0.86 0.87 0.87 0.77
4 0.92 0.93 0.94 0.92 0.93 0.93 0.92 0.94 0.94 0.92 0.93 0.93 0.95 0.86

2w 1 0.87 0.89 0.90 0.87 0.89 0.90 0.86 0.89 0.90 0.86 0.89 0.89 0.89 0.79
4 0.94 0.95 0.95 0.93 0.95 0.95 0.94 0.95 0.96 0.93 0.95 0.95 0.96 0.88

4w 1 0.89 0.92 0.92 0.90 0.92 0.93 0.89 0.92 0.93 0.89 0.93 0.93 0.92 0.82
4 0.94 0.95 0.96 0.94 0.95 0.96 0.95 0.96 0.96 0.94 0.96 0.96 0.96 0.89

E

1w 1 0.80 0.82 0.83 0.80 0.83 0.84 0.81 0.83 0.84 0.80 0.84 0.84 0.83 0.77
4 0.86 0.87 0.87 0.85 0.87 0.87 0.87 0.88 0.88 0.86 0.88 0.88 0.90 0.87

2w 1 0.81 0.84 0.85 0.81 0.84 0.85 0.83 0.85 0.85 0.81 0.84 0.85 0.84 0.79
4 0.88 0.89 0.90 0.87 0.89 0.89 0.89 0.90 0.91 0.88 0.90 0.90 0.91 0.89

4w 1 0.83 0.86 0.86 0.82 0.85 0.86 0.84 0.86 0.87 0.82 0.85 0.86 0.85 0.80
4 0.90 0.91 0.91 0.87 0.89 0.89 0.91 0.91 0.92 0.89 0.91 0.91 0.92 0.89

F
1w 1 0.71 0.74 0.75 0.72 0.74 0.74 0.73 0.74 0.74 0.73 0.74 0.74 0.71 0.68

4 0.78 0.78 0.78 0.76 0.78 0.78 0.78 0.80 0.80 0.77 0.78 0.80 0.77 0.75

2w 1 0.73 0.76 0.76 0.73 0.75 0.76 0.74 0.76 0.76 0.73 0.75 0.76 0.72 0.70
4 0.78 0.79 0.79 0.80 0.80 0.80 0.80 0.81 0.81 0.81 0.82 0.82 0.81 0.78
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6 Analysis and prediction of material flow networks

To report the vast number of average AUROCs, we have split the results into two
tables. The first Table 6.6 shows the performance of all heuristics baselines, the machine
learning baselines, and our graph embedding. All methods based on the SBM are listed
in Table 6.7.
The results from the heuristic methods in Table 6.6 show the strength of our LB
heuristic, which achieves almost always the best values (neglecting SBMs) if four historical
observations were given. The better the performance of LB, the less often new paths
for material flow are used, where new path means a material flow not observed in the
given history of observations. The CN heuristic relies on assortative connections, which
seem only to be strong enough in data sets A and C. Tweaking CN with the path of
length 3 in the form of LPI has only a minor effect on the performance. In contrast,
the normalization with the Jaccard coefficient (JC) decreases the performance, which
indicates that the tendency towards high degree nodes is supportive in our predictions.
The last heuristic baseline RA archives reasonable good results, but is outperformed by
other heuristics in all scenarios.
Our selection of machine learning baselines performs very differently. HOPE, which
is based on matrix factorization, achieves many results only being slightly better than
an uninformative classifier. A vulnerability of HOPE could be the relatively large
representation size of 32 compared to the network sizes, which influences the generalization
capability of HOPE. The skip-gram based methods DeepWalk and Node2Vec retrieve, in
most cases, very similar results. The random walk parameters of Node2vec are fine-tuned
by a grid search and thus lead to higher average AUROCs. Especially for the data set D,
Node2Vec outperforms all other baselines for the link prediction task based on a single
observation.
The last column of values states the performance of our low dimensional embedding
into statistical manifold abbreviated again simply with STADIGE. Despite its small
representation size of 4 parameters for each node, our method outperforms in most cases
all other machine learning baselines. For the data sets B, E, and F, it retrieves the best
value or close to the best value in the prediction based on one observation. However, when
predicting based on several observations, our method is defeated by the LB heuristic,
probably because the differences between the approximated distances are too small.
Overall, we see for all methods a performance gain when increasing the number of given
observations and when increasing the aggregation time scale. Furthermore, in all cases,
one of the SBM variants achieves the highest average AUROC, and in only two of the 35
cases, one of the baselines retrieves an identical score. Hence, in all cases, the stochastic
description of the network structures with the SBM is better suited than embeddings for
predicting future states.
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6.3 Temporal link prediction results on material flow networks

The performance of all SBM variants increases with the number of used ensembles. As
expected, the positive effect of increased representation size is limited and already begins
to saturate when using 10 ensembles. Figure 6.4 shows in detail the relationship between
increasing the number of ensembles and achieved performance. The illustrated results
stem from the scenario of prediction the next week based on one week of company B.
We selected this setting from Table 6.7 because in this scenario, varying the number of
ensembles has the larges impact on archived AUROCs. The most substantial gains are
obtained when adding the first few ensembles and beyond five ensembles, the AUROCs
only change marginally. Consequently, many of the best values in Table 6.7 are retrieved
by 5 and 10 ensembles of the same variant.

1 2 3 4 5 6 7 8 9 10

Number of ensembles

0.74

0.76

0.78

0.80

A
U

R
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DCPU

Figure 6.4: Illustration of link prediction performance in relation to the number of used
ensembles. The results are for data set B of one week based on one observation.
A fixed number of 15 blocks is used when performing inference.

Altogether, the results of the SBM variants SNR, DCNR, SPC, and DCPU are of
equivalent quality. The standard SBM variant SPC from Peixoto outperforms in most
cases all other methods and is often closely followed by its degree-corrected variant
DCPU. The other two variants SNR and DCNR, which had the best performance in the
previous experiment, show slightly inferior performances.
The last two methods in our experiments are the only methods which directly infer a
common structure from multiple observations. As a result, NNTF and MULTITENSOR
show high performance gains when four observations instead of one are available. The
non-negative tensor factorization method NNTF focuses on capturing assortative clusters.
The excellent performance of this method indicates stable assortative cluster structures
or, in other words, machine arrangements with a high level of internal material flow.
MULTITENSOR retrieves results which are often inferior to a single ensemble of other
SBM variants.
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6 Analysis and prediction of material flow networks
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Figure 6.5: Visualization of highest achieved average AUROC over all evaluated methods
for the different configurations and data sets. For company F, we omit the
results of four weeks’ prediction, because this data set has too few data points.

Figure 6.5 visualizes the best method’s values of different time scales and observation
histories. The best performance depends in descending order on the system, the time
scale, and the number of available observations. The system determines the general
quality level of predictions, and, followed by the number of available observations, has
the strongest effect on the prediction quality. Surprisingly, if four historical observations
are given instead of one, results are less sensitive to the time scale parameter.
We achieve the overall best prediction for company D with average AUROCs of 0.96
for the prediction of a month or two weeks based on four historic observations each. In
other words, for this system, we can predict a material flow in the next time slice in the
next time slice with an accuracy of 96 % in a balanced setting. We hypothesize that
material flow networks of the processing industry such as networks D are easier to predict
than networks of other areas. Processing systems have different goals in the production
planing and control than discrete manufacturing, which probably has an influence on their
material flows. However, we lack the data sets to reinforce our hypothesis. For the data
sets A, C, and E, we retrieve for the best methods a performances of temporally-averaged
AUROCs around 0.9. Hence, we can give high-quality predictions for the state changes
of these manufacturing systems as well. Similar to the results from the previous stability
experiment, our forecast has the worst quality for companies B and F. These systems
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6.3 Temporal link prediction results on material flow networks

could have a too dynamic material flow or may be too small to be predicted with our
approach. As an additional factor for the performance for data set F, we have already
observed in Section 3.4 the lowest rate of production steps per machine and time period.
The overall prediction’s results roughly follow the general results of our stability analysis.
For the systems A, C, and D, which were identified as stable in the previous section, we
can retrieve high-quality predictions. Although the system E has been considered rather
dynamic in our previous analysis, we achieve high quality forecasts of state changes on
the material flow level. In Funke and Becker (2018a), we observed that the material flow
networks slowly grow over time, i.e. new machines become active, and some machines
become inactive. This observation affects our stability analysis, which is agnostic with
respect to time, and especially the stability analysis of company E, which has the longest
observation period. The dynamic systems B and F were challenging to predict using the
methods tested here.
To conclude, we have evaluated different methods to forecast material flow networks and
analyzed their structural stability using SBMs. For the interpretation of these results, we
have included general information about the manufacturing systems as well as a selection
of basic network characteristics. We have shown that methods based on SBMs are capable
of predicting state changes in structural stable manufacturing systems. Our analysis of
the structural stability is–together with general information about the manufacturing
system such as production type–a good indicator for the general predictability of a
system.
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7 Implications and possible
applications

In Section 1, we motivated our research as a combination of emerging technologies
in the form of machine learning and complex networks as well as current trends in
manufacturing and logistics, such as the sharing economy or Industry 4.0. However,
our previous experiments and their results are at such a detailed level that the general
consequences and possible applications are not obvious. Therefore, we discuss our general
approach and state possible applications of our developed method in the context of
manufacturing and logistics.

7.1 Discussion and limitations

Before we discuss possible applications, we want to discuss our approach from a method-
ological perspective and state identified limitations. Our main concerns are the data
basis used in all experiments, the evaluated SBM methods, and the number of baselines.
In addition, we already highlighted the implications of our transformation from the input
data to the material flow network model and discussed alternatives in Section 3.4.
Any data-based evaluation is limited by a selection of real-world data sets, some form
of artificially generated data, or a combination of both. We selected the SBM variants
for the material flow experiments based on evaluation on artificial networks with known
structures. With this approach, we took the no-free lunch theorem of Peel et al. (2017)
into account, which questions the reliability of real-world metadata as ground-truth for
clustering. For evaluating our low-dimensional graph embedding STADIGE, we decided to
use four real-world graphs with varying properties, such as size or reciprocity. Currently,
to our knowledge, no benchmark for supervised or unsupervised graph embedding exists,
and the state-of-the-art methods use a similar number of real-world networks (Grover
and Leskovec, 2016; Ou et al., 2016; Perozzi et al., 2014). As the last step, we evaluated
our approach on real-world data sets of six manufacturing systems. For each system,
we applied a sliding time window, and the retrieved performances are consistent over
the whole available period. Hence, we ensured that our results are significant for these
systems. The access to more data sets from different manufacturing systems would
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7 Implications and possible applications

enable us to ensure the generalizability of our findings. However, obtaining data from
real manufactures in large amounts is not possible due to safeguarding internal processes
and performances.
Another limitation is the number of evaluated SBMs. We limited ourselves to the
canonical algorithms, which split into SBM variant and inference method. Hence, we
studied the effect of both parts independently. We evaluated eleven different variants
and six inference methods. However, as discussed in Section 4.2.3 and Section 4.3.4
many further SBM variants and inference methods exists. Except for the noteworthy
implementation from Peixoto, many authors do not publish their code, which creates an
additional obstacle in applying their approaches. Nevertheless, our comparison of SBM
variants in Funke and Becker (2019b) is the most exhaustive comparison of SBM variants
and inference methods so far, and we supply our implementations in a public repository.
We are also aware that we restricted ourselves to only a specific subset of existing graph
embedding baselines and heuristic link prediction methods. For example, Martı́nez et al.
(2017) and P. Wang et al. (2015) described more than 30 link prediction heuristics, and
the field of graph embeddings is even more diverse, see Section 2.3. Overall, all our
choices are selections of reasonable amounts of state-of-the-art methods.

7.2 Practical applicability

Since the start of our research about material flow networks in manufacturing and logistic
systems, we received positive feedback about evaluating new approaches and perspectives.
However, most feedback was accompanied by the question about our reasons beyond
basic research and practical applications or implications. Therefore, we offer the answers
developed over the years and describe some possible application scenarios.
As we already outlined in our motivation, we intend to reduce the risks and uncertainties
within dynamic and complex systems. To contribute to the challenges of such systems, we
supply the management with three new tools: a clustering of machines based on previous
interactions, a quantification of the structural stability, and a structural prediction. The
clustering of machines is a result of our SBM based approach, which groups machines
into clusters with similar interactions. These machine clusters can be used as starting
points for finding machine cells for cellular manufacturing or can be used to evaluate the
performance of existing cells. Furthermore, our approach calculates the optimal number
of clusters based on the principle of Occam’s razor. Another possibility is to use the
inferred machine clusters as input for decentralized control algorithms, which provides the
opportunity to derive and change cluster assignments for dynamic and complex systems
in a systematic way, based on observed interactions.
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7.2 Practical applicability

Beyond the static clustering, we compare the inferred clusters at different time points to
measure the structural stability of the regarded system. We recommend calculating the
structural stability over a sliding time window, which depends on the specific production
or logistic system and the regarded time scale. As an orientation, we give the used time
window of one year for a monthly aggregation, which was used for most systems in our
experiments. The development of these characteristics supplies managers with aggregated
information about the dynamics in their system, which allows them to measure internal
or external events, such as new products or partners. If the companies agree to share their
structural stability assessment of our method, a benchmark of companies by production
type, size, and market could be created. In any case, their results can be compared
against those stated in the above experiments, and help the management to estimate
the structural dynamics in their system, which supports the estimation of the overall
structural uncertainty.
The material flow predictions allow to quickly assess different risks, which are related to
material flows: Since we rank every possible material flow, planners can quickly assess
the consequences of blocked paths or the failure of single machines from a structural
level. Our experiments highlighted that machines often have more diverse interactions
than only those observed in the preceding periods. This gap between previously observed
interactions and future interactions is filled by our approach, which supplies for each
machine a list of likely interactions. In addition, our prediction provides more information
to the planner, which can be used to estimate the required transportation resources, such
as forklift trucks, floor space, or personnel.
Another use case for our forecast method is the information exchange in cyber-physical
produduction systems (CPPSs), where physical objects, such as machines or components,
are intertwined with software and computational capabilities (Seitz and Nyhuis, 2015).
In CPPS, each material flow is combined with a mutual information exchange between
the participating machines and components. As the required input data for our model is
automatically collected in CPPSs, our method can be fully integrated and be used to
aggregate the vast number of collected information in a meaningful way. In the control
loop model of Seitz and Nyhuis (2015), we see our approach as part of the data processing
step, which refines the gathered data for the production control. Furthermore, our method
transforms the relational, structural information into a condensed vector representation
of the relations. The transformed information is suited as input for other prediction
models, such as the predictive maintenance planning of whole systems (Van Horenbeek
and Pintelon, 2013) or the selection of rules for automated guided vehicles (Hegera and
Vossa, 2019). The addition of these structural features helps to identify dependencies
between different machines.
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7 Implications and possible applications

The biggest strength and weakness of applying our general approach is the level of
detail of material flow networks: On the one hand, our method only requires aggregated
information about observed material flows, which is more accessible than, for example,
order book data. Consequently, scenarios of the sharing economy are good application
scenarios because a certain level of trust between participating companies exists, but
at the same time, information exchange is limited. Furthermore, the required meta-
information about existing material exchanges is, in general, more accessible. For example,
the material exchanges by trucks between different plants are even observable for any
external stakeholder.
On the other hand, we only predict the structural level, which means our solution is
not intended as a stand-alone solution. Hence, our approach does not replace any exact
production planning and control system, which derives more detailed predictions from
other input information. We see our method as an additional information system. The
information derived by our method fits into different areas, such as manufacturing control,
materials management, distribution planning, or controlling.
Our experiments have shown that the predictions are accurate for weekly and monthly
periods. We do not recommend to apply the current version to very short time scales
such as daily predictions since many material flow networks at such short time spans
become too sparse. Hence, our method is suitable for medium to high aggregation levels.
The calculated output fits into the activities of rough planning.
As a last point, we highlight that our method is independent of the used network model.
Consequently, our approach is directly applicable to any other network perspective used
in manufacturing and logistic systems, which we had described in Section 3.3 and 3.2.
For example, business relations of a supply chain are often publicly available on the
companies’ websites, and our prediction retrieves possible new partners. Although the
practical application was not in the focus of our research, we presented scenarios and
discussed the possible benefits of applying our approach.
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8 Conclusion

With all our results stated, we summarize our findings and discuss our research questions
which we have introduced in Section 1. Then we state the underlying assumptions and
limitations of our approach and conclude with an outlook of future research.

8.1 Summary

Our overall goal has been to reduce the risk induced by uncertainties within the planning
and control of dynamic and complex manufacturing systems. We have selected the
material flows as a suitable modeling perspective and refined our goal into four research
questions. Now, we briefly summarize our findings related to each question.

Technical research question 1: How do different stochastic block model variants
and inference methods perform in state-of-the-art clustering benchmarks?

In Section 4, we described several SBM variants and inference methods, which we
evaluated with two benchmarks, the GN test and the LFR benchmark. With these
experiments on artificial networks with known cluster structures, we observed significant
differences between the evaluated SBM variants and inference methods. The results of the
GN test differentiated the methods according to their inference of disassortative networks
and the behavior for networks with very weak community structure. Two SBMs showed
a clear tendency to assortative structure and did not infer any of the disassortative
networks. Three SBM variants had the capability to reject weak and random structures.
Hence, these methods allow to determine, if the observed structures are only random
artifacts. With the LFR benchmark, we were able to separate the approaches based on
the retrieved AMI values for larger and more complex networks than those of the GN
test. Only three SBM variants were able to consistently retrieve AMI values above 0.8 in
the realistic scenario without any given information, such as number of clusters. Overall,
the results were on a high performance level.
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Based on these results, we made a reasoned selection for our further experiments and
selected two standard and degree-corrected variants each. We selected two variants with
the overall best performances and another two variants, which tended to assortative
structures. For the inference method, we chose a trade-off between execution time and
performance. Thus, we selected the Metropolis-Hasting method.

Technical research question 2: Is it possible to capture the global structure
of directed graphs with machine learning while keeping the representation size as
small as possible?

We proposed a new graph embedding, which we described and tested in Section 5. Our
graph embedding of directed graphs captures asymmetric and infinite distances while
keeping the embedding dimension with four free parameters per node very low. We
mapped each node to continuous probability distributions and applied the asymmetric
and non-linear Kullback-Leibler divergence to represent the graph distances. Describing
the geometry of this embedding in terms of a statistical manifold allowed us to fasten the
training of embeddings. In total, we demonstrated the performance of our approach by
evaluating several baselines on different real-world networks, and our method outperforms
the machine learning baselines in this global structure representation task.

Research question 1: Which temporal aggregation is necessary to retrieve stable
structural descriptions of material flow networks with stochastic block models?

With the insights into SBMs and our graph embedding, we analyzed the stability of
several material flow networks aggregated over different periods. We observed that
the stability depends more on the specific system than the used temporal aggregation.
Surprisingly, the larger systems had stable structures even within their weekly material
flows. For the smaller manufacturing systems, a longer aggregation period increases the
observed stability, but not to the same level as the large systems. In addition, the stability
depends on the applied SBM variant. The degree-corrected SBM variants–especially those
with the tendency towards assortative structures–retrieved the best results. With one of
these degree-corrected SBMs used, we were able to derive stable structural descriptions
from a weekly aggregation of the larger systems and from a monthly aggregation of the
smaller systems.

Research question 2: Can we predict state changes (creation/disappearance of
links) in material flow networks by using stochastic block models or our graph
embedding with higher accuracy than existing heuristic and machine learning
baselines?
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Then, we used the structural information for prediction. We reliably forecasted most
link modifications for the majority of our considered manufacturing systems. For the
majority of systems, we decided on average in 90 % for the right material flow. Our graph
embedding was inferior to SBM based approaches. For many scenarios, our embedding
was superior to the machine learning baselines. However, for the processing manufacturing
system the baseline Node2vec performed better. Combining the information of multiple
structural descriptions and historical observations into our SBM approach outperformed
all heuristic and machine learning baselines. The prediction performance depended on the
system stability and the manufacturing type. For example, the most accurate predictions
have been retrieved for material flow networks from the processing industry.

Our general goal is to predict changes in material flow networks and thus reduce
the risk of uncertainties of planning and control in fast-changing manufacturing
and logistic systems.

In total, we have made significant progress in analyzing and predicting manufacturing
and logistic systems with the concepts and methods of complex networks. Our analysis
of the structural stability quantifies the dynamics of the material flow networks and thus
is a new approach to estimate the uncertainty of manufacturing and logistic systems.
With our success in predicting even these dynamic and complex systems, we can reduce
the uncertainty and the associated risks induced by structural changes.

8.2 Outlook

Our research has answered some questions and, at the same time, raised many new ones.
We already mentioned some future work in Section 7, where we discussed limitations and
possible applications. Here, we want to highlight some starting points for future research.
From the application perspective, the extension of our evaluation and development of
applications is an excellent opportunity for future efforts. One possibility is to use other
data sources discussed in Section 3.4, which can also lift our current assumption that
indirect measurements can describe the material flow. These direct measurements will
allow us to extend our current unweighted model with the moved quantities. As of yet,
we lack the detailed data to perform this extension.
Besides the evaluation with real business cases, material flow simulations can verify our
approach’s applicability and the results of our experiments. Material flow simulations will
allow us to change system characteristics such as average throughput or control machine
breakdowns to test our approach under different factors. The challenge in running such
simulations is to generate systems with enough complexity and dynamics, which, to our
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knowledge, currently do not exist. As proposed by Wagner and Becker (2017, 2018),
further work in the generation of such models based on real-world systems will spark new
insights. For example, our structural stability analysis can quantify the agreement with
the real-world system and estimate the suitability of such models. Such material flow
simulations would enable us to integrate our material flow forecast into existing planning
and control algorithms. This integration will turn our current predictive method into
a prescriptive approach, which automatically adjusts the system with the information
from our forecasts.
In any case, it may be worthwhile to put effort into further machine learning baselines,
since currently, many researchers create progress in this research field (L. Chen et al.,
2019; Deng et al., 2019; M. L. Li et al., 2019; Zeng et al., 2019). Mehta et al. (2019)
combined neural networks and SBM, which is a promising approach. If more information
about the machines of the regarded systems is accessible, graph neural networks, and
especially graph convolutional networks, retrieved good results in other fields (Kipf and
Welling, 2016; Wu et al., 2020). In general, further integrating the methods from machine
learning into our approach will allow us, on the one hand, to increase the temporal
resolution, i.e. up to daily forecasts, and on the other hand, will allow us to perform
predictions in a more distant future.
Finally, we proposed a new graph embedding STADIGE, which captures the global
structural information even with a low embedding dimension. However, the achieved
performance decreases in the downstream task. Therefore, future research needs to
optimize the objective function to the downstream task, such as temporal link prediction
in the above case, to improve the method’s performance in this specific task. For example,
a focus on the closest neighbors and the differentiation between short distances will
increase the link prediction performance. Moreover, we can modify our approach to other
asymmetric similarity scores, further reduce our training time with more sophisticated
sampling strategies or extend our approach for weighted directed graphs.
We support future research and enable the general reproducibility of our work by
supplying publicly available code under an open-source license. Our repository includes
implementations of our graph embedding and all the SBM variants discussed in this
work. We hope that additional researchers will join our effort in integrating new research
fields such as complex networks and take up this most fascinating and important topic
of predicting manufacturing systems. We strive for the time when proposed methods
become ripe and sufficiently acknowledged for applying them in real-world manufacturing
and logistics.
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