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Abstract

Ultrasmall semiconductor lasers have emerged as strong candidates for the implementation of
quantum information processing devices. Manufacturing such nanophotonic light sources heav-
ily relies on the use of cavity quantum electrodynamic e�ects to enhance spontaneous emission
and enable the lasing threshold to be crossed with gain contributions from only a few solid-state
emitters. In the cavity quantum electrodynamic regime, the emission dynamics of nanolasers
is governed by photonic and electronic correlation and �uctuations e�ects. This thesis accom-
panies some of the advancements in ultrasmall lasers by using microscopic quantum-optical
models to enable a better understanding of the underlying physical e�ects.

The �rst main topic of this thesis draws on time-resolved photon-correlation spectroscopy
to investigate the build up of second-order coherence, associated with lasing, on a di�erent
timescale than the emission itself in a quantum-dot photonic-crystal nanolaser emitting in the
telecom band. By combining measurements perfomed by Dr. Galan Moody at the National In-
stitute of Standards and Technology, Colorado, USA, with a microscopic semiconductor laser
theory, the non-Markovian behavior of the emission dynamics is attributed to carrier-photon
correlations that are not amenable by using laser rate-equation formalism. The obtained in-
sights have direct implications with respect to the modulation response, repetition rate, noise
characteristics, and coherence properties of nanolasers for device applications.

The second main topic concerns a theoretical modeling of single-emitter lasing e�ects in a
quantum dot (QD)-microlaser under controlled variation of background gain provided by o�-
resonant discrete gain centers. In the framework of a judicious two-color excitation scheme,
recently put forward by the group of Prof. Stephan Reitzenstein in Berlin, the background gain
contribution of o�-resonant QDs can be continuously tuned by precisely balancing the rela-
tive excitation power of two lasers emitting at di�erent wavelengths. In this thesis, a multi-
component gain medium semiconductor laser theory has been developed, which in conjunction
with the measurements allows for identifying distinct single-QD signatures in the lasing char-
acteristics, and for distinguishing between gain contributions of a single resonant emitter and a
countable number of o�-resonant background emitters to the optical output of the microlaser.
The upshot of the joint theoretical and experimental investigation is that in experimentally ac-
cessible systems, and in the investigated micropillar in particular, the single-QD gain needs to
be supported by the background gain contribution of o�-resonant QDs to reach the transition

i



i
i

“thesis” — 2020/11/30 — 18:21 — page ii — #8 i
i

i
i

i
i

to lasing. Theoretical calculations based on the developed model reveal that while a single QD
cannot drive the investigated micropillar into lasing, its relative contribution to the emission
can be as high as 70 % and it dominates the statistics of emitted photons in the intermediate
excitation regime below threshold.

The last part of the dissertation deals with the analytical and numerical investigation of collec-
tive lasing in disordered coupled-cavity arrays. These systems are an interesting physical archi-
tectures, wherein the optical coupling between their building blocks allows for exploring some
exotic states of photons including the Mott insulator and the fractional quantum Hall e�ect. The
analysis focuses on the Jaynes-Cummings-Hubbard Hamiltonian, where each cavity contains a
single two-level quantum dot interacting with the con�ned local mode and contiguous cavities
are mutually coupled by photon hopping. By introducing a diagonal average approximation, it
can be show that results for translation invariant coupled cavities, i.e. homogeneous coupled
cavities, can be extended for weak photonic disordered array of cavities.
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1 Motivation and Outline

It is an intriguing fact that the spontaneous emission (SE) is not a rigid property of an atom, but
is orchestrated by the interaction of the atom with the ambient light �eld. Since the e�ect has
been demonstrated by the pioneering work of E. M. Purcell in 1946 [1], the study of light-matter
interaction in cavities and that of exerting control over the SE has blossomed into a vivid �eld
of research commonly termed cavity quantum electrodynamic (cQEQ). Besides providing a solid
framework for testing some paradoxical concepts of the quantum mechanics [2], cQED concept
harbors a huge amount of potential for quantum information science [3–6].

Self-assembled Stranski–Krastanov semiconductor quantum dots (QDs) are engineered quan-
tum systems allowing for a 3D carrier con�nement giving rise to a strong localization of electron-
hole pairs, the level spacing of which can be tuned by the size, the geometry and the composition
of the QDs. Implementation of cQED using semiconductor QDs has paved the way for the fab-
rication of ultrasmall nanolasers constituting the building block of applications in on-chip inte-
gration of nanophotonics and nanoelectronics [7–10]. The small mode volume provided by the
optical cavities, such as micropillars [11, 12], microdisks [13, 14] and photonic crystals [15, 16]
being designed for a three-dimensional (3D) con�nement of light and thereby a discretization of
the mode spectrum, allows for a single-mode lasing with a few emitters [17–19] or even a single
emitter [20–22]. In contrast to conventional lasers, nanolasers operate in the cQED regime and
take advantage of the Purcell e�ect [1] to channel a large fraction of the spontaneously emitted
photons into the lasing mode, visible in the output intensity as a vanishing of the threshold
jump [17–19]. In this regime, the emission dynamics of nanolasers is governed by photonic
and electronic excitation correlation, and �uctuations e�ects. A sophisticated theoretical basis
for understanding such correlations and e�ects is of salient relevance for the lasing transition,
especially in the ultimate limit of single QD nanolaser. The purpose of this thesis is to use a mi-
croscopic semiconductor quantum dot laser theory to investigate non-Markovian delay in the
formation of coherence in quantum-dot nanolasers operating in the cavity-QED regime, and the
in�uence of background emitters on lasing in quantum dot micropillars.

The �rst main topic of this thesis draws on time-resolved photon-correlation spectroscopy
to investigate the build up of second-order coherence, associated with lasing, on a di�erent
timescale than the emission itself in a quantum-dot photonic-crystal nanolaser emitting in the
telecom band. By combining measurements, perfomed by Dr. Galan Moody at the National

3
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1 Motivation and Outline

Institute of Standards and Technology, Colorado, USA, with a microscopic semiconductor laser
theory, the non-Markovian behavior of the emission dynamics is attributed to carrier-photon
correlations that are not amenable by using laser rate-equation formalism.

The second main topic concerns a theoretical modeling of single-emitter lasing e�ects in a
quantum dot (QD)-microlaser under controlled variation of background gain provided by o�-
resonant discrete gain centers. In the framework of a judicious two-color excitation scheme,
recently put forward by the group of Prof. Stephan Reitzenstein in Berlin, the background gain
contribution of o�-resonant QDs can be continuously tuned by precisely balancing the rela-
tive excitation power of two lasers emitting at di�erent wavelengths. In this thesis, a multi-
component gain medium semiconductor laser theory has been developed, which in conjunction
with the measurements allows for identifying distinct single-QD signatures in the lasing char-
acteristics, and for distinguishing between gain contributions of a single resonant emitter and a
countable number of o�-resonant background emitters to the optical output of the microlaser.

Quantum networks based on coupled high-quality cavities constitute an interesting physical
architecture, wherein the optical coupling between its building blocks allows for investigating
the realm of strongly correlated states of light [23–25]. In contrast to their counterparts Joseph-
son junctions and optical lattices, they allow for the control and the addressability of single-sites
and therefore open the door to many applications in quantum information science [26, 27]. The
last part of the dissertation deals with the analytical and numerical investigation of collective las-
ing in disordered coupled-cavity arrays. The analysis focuses on the Jaynes-Cummings-Hubbard
Hamiltonian, where each cavity contains a single two-level quantum dot interacting with the
con�ned local mode and contiguous cavities are mutually coupled by photon hopping. By intro-
ducing a diagonal average approximation, it can be shown that results for translation invariant
coupled cavities, i.e. homogeneous coupled cavities, can be extended for weak photonic disorder
in an array of cavities.

Outline of the thesis

The present thesis is divided into nine chapters. Chapter 2 serves as an introduction to the
physics of the cavity quantum electrodynamic. Here the di�erent physical e�ects arising in
limits of weak and strong coupling regime will be succinctly addressed. This includes the Purcell
e�ect, being the modi�cation of the spontaneous emission pattern of an emitter in a single mode
cavity and the vacuum rabi-splitting which is the modi�cation of the cavity spectrum.

Chapter 3 is devoted to the theoretical framework underlying the study of open quantum
systems. Firstly the time evolution in closed quantum systems is discussed. The remaining part
of the chapter focuses on the derivation of the set of equations underlying the analysis of the
dynamical behavior of quantum systems interacting with their surrounding.

The ensuing Chap. 4 deals with the light-matter interaction in semiconductor quantum dots.

4
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The �rst part sets up the model Hamiltonian of the system under consideration. Because solving
the Quantum Markovian Master Equation is intractable when it comes to dealing with many-
body systems, the second part discusses the expectation value approach and its intimately re-
lated hierarchy problem. Here, concept such the cluster expansion will be alluded. To exemplify
the mean value scheme, the last part presents the derivation of the semiconductor luminescence
equations which constitute the starting point of the semiconductor quantum-dots laser model.

Chap. 5 draws on the semiconductor luminescence equations outlined in Chap. 4 to derive
the theory for semiconductor quantum-dots nanolasers. Upon considering high-order carrier-
photon correlations, access to the second-order photon correlation function being a powerful
tool for the characterization of the threshold properties in nanolasers, is amenable.

Chapter 6 dwells on the theoretical modeling of the non-Markovian e�ect in the lasing dy-
namics of high-Q nanolasers. Here it can be theoretically and experimentally shown that in cav-
ity quantum electrodynamic dynamics regime, carrier-photon correlations delays the response
of the photon-autocorrelation to the onset of the stimulated emission. An adiabatic elimination
of these correlations in the semiconductor quantum dots laser model restores the mainstream
picture of lasing in which the coherent emission is intimately connected to the presence of stim-
ulated emission.
Chap. 7 is devoted to the theoretical and experimental understanding, and controlling of the

o�-resonant emitters contribution to the gain medium in single quantum-dot microlasers. In
the framework of a judicious two-color excitation scheme, put forward by the group of Prof.
Stephan Reitzenstein in Berlin, which consists in selectively exciting resonantly the spectrally
narrow p-shell of a target QD, while the gain of the o�-resonantly coupled QDs is controlled
simultaneously by above-band excitation, the gain contribution of background emitters can be
tuned.

The theoretical and numerical analysis of lasing in an array of disordered coupled cavities are
presented in Chap. 8. By resorting to the diagonal average approximation, it can be shown that
for some parameters regime, the translation invariant result can be extended for weak disorder.

Chapter 9 ends the thesis with a summary of the points that have been addressed.
In theAppendix, the reader will �nd useful supplementary information. Appendix A presents

the de�nition of the Banach or Liouville space and the proof of the Lindblad representation. Ap-
pendix B deals with the derivation of the equations of motion for the relevant correlation func-
tions in coupled-cavity array.

5
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2 Introduction–Cavity �antum
Electrodynamic

The �eld of cavity quantum electrodynamic (cQED) deals with the interaction between a dipole
and the states of an electromagnetic �eld stored in a single-mode resonant cavity. The dipole
may be a genuine atom, or may be based on engineered systems including, inter alia1 quantum
dots, nitrogen vacancy centers in diamond, superconducting systems. Figure 2.1 displays the
core ingredients of the concept of cQED. Depending on the quality factor Q of the cavity and
the dipole moment of the two-level system two communication regimes may be distinguished:
the weak coupling and strong coupling regime [28, 29].

In the weak coupling regime, a modi�cation of the spontaneous emission pattern of the dipole
arises, a phenomenon commonly referred to as the Purcell e�ect [1] being instrumental in man-
ufacturing nanolasers [7, 21, 22, 30]. On the other hand, the strong coupling regime leads to the
reversibility of the spontaneous transition of the dipole. Here a periodic exchange of photons
between the dipole and the cavity mode is observed [12, 31]. This entanglement of the emitter
and the ambient cavity �eld constitutes the foundation of a variety of interesting phenomena
which are essential for applications in quantum information processing.

The purpose of this chapter is to introduce the physics of cQED. After discussing the e�ect
of the cavity on the emitter spontaneous emission dynamics in section 2.1, we proceed further
to review the strong coupling regime in section 2.2.

2.1 Weak Coupling Regime

2.1.1 Free-space Spontaneous Emission

Let us consider a two-level emitter (TLE) as depicted in Fig. 2.1 with |g〉 being its ground state
and |e〉 the excited state separated by an energy interval ωeg . Then, the spontaneous emission is
an irreversible process, wherein the TLE is demoted from its excited state to its ground state by
radiating a photon. This process comes about as a result of the ineluctable coupling of the TLE
to the surrounding electromagnetic �eld in its vacuum state. To describe the coupling between

1Latin for Among others

7
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2 Introduction–Cavity Quantum Electrodynamic

Figure 2.1 | A pictorial description of the cavity QED. The cavity system is described by three parameters
including the light-matter coupling g0, the photon leaking rate from the cavity κ and the non-resonant decay
rate Γ of the emitter from its excited state |e〉 to the ground state |g〉.

the emitter and a �eld mode, the so-called Rabi frequency is usually used. It is given by [32]

Ωeg =
degEvac

h̄
(2.1)

and encodes the frequency at which the emitter and the �eld would exchange energy if there
�eld contained only a single mode. In Eq. (2.1), deg represents the matrix element of the electric
dipole of the emitter between the two levels, while Evac is the vacuum electric-�eld amplitude
in a mode of frequency ω. It is expressible as [32]

Evac =
(

h̄ω
2ε0V

)1/2
, (2.2)

where ε0 is the permittivity of free space andV is the volume of the cavity which is assumed to be
large enough so that it has a negligible e�ect on the properties of the emitter. It is instructive to
mention that in free space the radiation �eld is described in terms of an in�nite set of harmonic
oscillators, one for each mode of the radiation.

According to the Fermi’s golden rule, the transition rate for spontaneous emission reads as

Γ0 = 2π
3 Ω2

egg(ω) = ω3

3πh̄c3

∣∣deg∣∣2
ε0

. (2.3)

Here g(ω) = ω2V /(π2c3) represents local the density of state (LDOS) of the light �eld at the
position of the emitter.

2.1.2 Spontaneous Emission Engineering

The dependence of the spontaneous emission on the LDOS of the radiation �eld suggests that
a modi�cation of the mode structure of the vacuum �eld may leads to the alteration of the

8
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Weak Coupling Regime 2.1

emission pattern of the the two-level emitter. Indeed, by loading the TLE into a single-mode2

cavity whose size is comparable to the wavelength of the light �eld, the spontaneous emission
rate can be enhanced [1] inhibited [33] depending on the magnitude of the spectral detuning
between the cavity the emitter.

The e�ect of the single-mode cavity on the spontaneous emission dynamics of the emitter
can be parametrized in terms of the so-called Purcell factor, FP . It is given by

FP = Γc
Γ0

, (2.4)

where Γc and Γ0 denote the spontaneous emission rate of the emitter in the cavity and in the
free-space, respectively. In 1D single-mode cavity, where the density of modes around the fun-
damental cavity mode ωc can be approximated by a normalized Lorentzian function [28],

g(ω) = 2
π

∆ω2
c

4 (ω – ωc)2 + ∆ω2
c

(2.5)

with ∆ωc being the cavity bandwidth which is traditionally associated with the quality factor
of the cavity as Q = ωc/∆ωc , the Purcell factor reads as

FP = 3Q(λc/n)3

4π2V0
ξ2 ∆ω2

c

4
(
ωeg – ωc

)2 + ∆ω2
c

, with ξ =
|d · E(re)|

|d| . (2.6)

Here λc denotes the wavelength of the cavity, n its refractive index, and V0 its e�ective volume.
At resonance and when the electric dipole of the emitter is oriented along the cavity �eld, the
Purcell factor reduces to [29]

FP = 3Q(λc/n)3

4π2V0
, (2.7)

which depends only on the parameters of the cavity and suggests that high quality factor Q
cavities with small modal volumes is required for large Purcell factors.

Alternatively, the e�ect of the cavity on the emitter emission dynamics can be described in
terms of the spontaneous emission factor β which encodes the fraction of the number of photons
loaded into the cavity mode to the total radiated photons. It is given by

β = Γl
Γnl + Γl

= FP
1 + FP

, (2.8)

where Γnl and Γl denote the rate of photons into the leaking, and the lasing mode, respectively.
Their derivation will be addressed in Chap. 5.

2Here single-mode means that there is only one resonant cavity mode being in the vicinity of the transition
frequency of the emitter. The other modes are assumed to be far from resonance.
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2 Introduction–Cavity Quantum Electrodynamic

Figure 2.2 | Gallery of the most prominent type of optical resonators. Scanning electron microscopy images
of quantum dot optical cavitie. The left panel displays the micropillar cavity, the middle and the right panel show
the photonic crystal and microdisc cavity, respectively. Figure taken from Ref. [37].

Experimental implementation of the Purcell e�ect was carried out by Drexhage in the late
1960s in a �uorescence experiment using a rare earth ion placed in front of a mirror [34]. Over
the years, due to the technological advancements in the solid-state physics, microcavities, such
as the micropillar, photonic crystal cavities, which can be seen in Fig. 2.2, have emerged as plat-
forms for engineering the LDOS. With them, single-mode light sources with β reaching 1 have
been designed [17, 18, 35, 36]. In this thesis, some e�ects that arise due their small modal vol-
umes of the order of the fraction of cubic wavelength will be investigated.

2.2 Strong Coupling Regime

When the coupling between the emitter and the empty cavity mode overpowers the dissipation
channels, thus the spontaneous decay rate and the cavity loss, the cavity �eld and the dipole
become entangled. An interesting feature of the strong coupling regime is coherent exchange of
quanta between both subsystems, something that is commonly referred to as the vacuum Rabi
oscillation. In the strong coupling (SC) regime , the interaction between the resonant cavity
mode and the dipole is conveniently describe in terms of the so-called dressed states, ψ±n =

1√
2 (|g, n〉 + |e, n + 1〉), which are the eigenstates of the Jaynes-Cummings model which encodes

the interaction of two-level emitter with a single quantized mode of the radiation �eld [38],

H = h̄ωegσ̂†σ̂ + h̄ωb

(
b̂†b̂ + 1

2

)
+ ig

(
σ̂b̂† – σ̂†b̂

)
. (2.9)

Here σ̂†(σ̂) is the emitter excitation (de-excitation) operator, g the light-matter coupling con-
stant, and ωeg and ωb are the resonance frequency for the emitter and the cavity mode, respec-
tively. The dressed states are split by an energy 2g

√
n + 1, which depends on th number of

photons in the cavity mode n. The case of n = 0 is termed the vacuum Rabi splitting (VRS). By

10
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treating the cavity loss and the emitter decay rate in the limit of weak damping, the energies of
the two eigenmodes at resonance are expressible as [38–40]

E1,2 = E0 – iλ±
√

g2 – λ2, with λ = (Γ0 + κ)
4 (2.10)

Here E0 is the transition energy of the free dipole and the cavity mode in unity of h̄, and Γ0 and κ
are their decay rates respectively. From the above expression follows the VRS for the composite
system,

∆E = 2
√
g2 – λ2 (2.11)

yielding the condition for the strong coupling 4g > |Γ + κ| . The SC regime plays a key role in
the practical implementation of quantum information processing [41–44]. In the last part of this
thesis, collective lasing in network of coupled cavities in SC regime will be analyzed.

11
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3 �antum Markovian Master Equation

Since bona �de1 world quantum systems are ineluctably coupled to their surroundings, any
attempt to genuinely record their dynamics must stay clear of the Hamiltonian dynamics if there
is no way to isolate the system from its environment. To account for this inherent openness,
the theory of open quantum systems (TOQS) has been devised for a truly description of such
a system without taking explicitly the environment into account [45]. The main idea of this
theory is to conceive a global quantum system as a bipartite system and try to describe the time
evolution of one of them by extending its Hamiltonian in order to account for the e�ect of the
other system [45, 46] . TOQS has suggested many evolution equations depending on the nature
of the environment. One, which is widely and extensively used in quantum information theory
and quantum optics, see e.g Ref. [47] and references therein, in photochemistry, and in quantum
measurement process [48, 49], is the so-called quantum dynamical semigroup (QDS) [46, 50]. In
contrast to other approaches suggested by TOQS, such as the Red�eld method[45], the QDS
has the ability to maintain the von Neumann conditions of hermiticity, trace-preservation and
positivity of any density operator. It has been pioneered by Lindblad, Gorini, Kossakowski and
Sudarshan and is based on the assumption of Markovian dynamics. The Markovianess means
that the time window between the build-up and the subsequent dispersion of the correlation
function of the surrounding is so small that on a coarse-grained time scale the time evolution
of the system state is unequivocally describable by the present state [51].

The present chapter aims at giving a survey of a basis knowledge required to deal with open
quantum systems. Speci�cally, the focus will be on the derivation of the most general form of
the quantum Markovian master equation (QMME) of the Lindblad-type. The QMME will be
used in the subsequent chapters for deriving the equations of motion for the expectation value.
More details on the all the subjects alluded to in this chapter can be found in [46–48, 52] and
references therein.

3.1 Closed �antum System

Before embarking on the derivation of the quantum Markovian master equation, it is worth
taking a look at the dynamics in closed quantum systems in terms of the pure states and the

1Latin for real

15
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3 Quantum Markovian Master Equation

density operator, as this constitutes its starting point.
From the mathematical point of view, the time evolution of any closed quantum mechanical

system is described by the time-dependent Schrödinger equation (TDSE), which reads

īh ∂
∂t

|ψ〉 = Ĥ (t)|ψ〉. (3.1)

Here |ψ〉 ∈ H represents the state vector of the closed system at any time t, where H is the
associated Hilbert space. Ĥ (t) is the Hamiltonian of the system, being self adjoint, i.e. Ĥ†(t) =
Ĥ (t). Hereafter, Planck’s constant will be set equal to 1. Since the TDSE is a linear di�erential
equation, its formal solution may be expressed in terms of the unitary time-evolution operator
Û whose operation transforms a state |ψ0〉 at some initial time t0 = s to the state |ψ〉 at time t:

|ψ〉 = Û (t, s)|ψ0〉. (3.2)

From the Schrödinger equation, an operator equation for the time evolution operator may be
obtained [52, 53]i ∂

∂t
Û (t, s) = Ĥ (t)Û (t, s)

Û (s, s) = 1̂.
(3.3)

By combining Eq. (3.2) and (3.3), the following crucial relation can be obtained

Û †(s, t)Û (t, s) = Û (t, s)Û †(s, t) = 1̂, (3.4)

which means Û (t, s) is a norm-preserving map, in other words, the information encoded in the
initial state is conserved in every solution to the Schrödinger equation at later times [54].

If the dynamical evolution is generated by a time independent Hamiltonian, which is the case
encountered in closed, isolated quantum systems, the unitary map is easily obtained as

Û (t, s) = e–iĤ (t–s). (3.5)

The situation is somehow subtle when the system under study is driven by an optical pulse, for
instance. In this case the propagation operator can be formally written as

Û (t, s) = T̂t exp
(

–i
∫ t

s
Ĥ (τ ) dτ

)
. (3.6)

Here, T̂t is the time ordering operator whose de�nition reads [54] :

Definition 3.1.1. The time ordering operator T̂t of a product of two operators Â(t1)Â(t2) is de�ned
by

T̂t[Â(t1)Â(t2)] = Θ(t1 – t2)Â(t1)Â(t2) + Θ(t2 – t1)Â(t1)Â(t2), (3.7)
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Closed Quantum System 3.1

where Θ(x) is the Heaviside step function:

Θ(x) =

1 for x ≥ 0

0 otherwise.
(3.8)

For a product of k operators Â(t1) · · · Â(tk) we can write:

T̂t[Â(t1) · · · Â(tk)] =
∑
π

Θ[tπ(1) – tπ(2)] · · ·Θ[tπ(k–1) – tπ(k)]Â[tπ(1)] · · · Â[tπ(k)], (3.9)

whereby π denotes a permutation of k indexes and the sum extends over all k! di�erent permuta-
tions.

Hitherto, we have been monitoring the behavior of closed quantum systems in terms of state
vectors. Alternatively, information about the state of a quantum system can be encoded in a
density operator ρ̂, which is a statistical operator. This approach is more general, as it allows
for the description of mixture. Mixture is the term used to refer to a quantum system described
by an ensemble of pure states {|ψn〉}, each one with a probability {pn} [55]. This set of states are
not required to be orthogonal to each other. Formally speaking, the density operator, at some
time t, is given as a convex combination of these pure states,

ρ̂(t) =
∑
k

pk |ψk(t)〉〈ψk(t)|. (3.10)

Starting from the solution of the TDSE in terms of the unitary operator, the time evolution of
the density operator at any time may be written as

ρ̂(t) =
∑
k

pkÛ (t, s)|ψk(s)〉〈ψk(s)|Û †(s, t),

= Û (t, s)ρ̂0Û †(s, t),
(3.11)

when assuming that the initial state of the system is described by the density operator

ρ̂0 =
∑
k

pk |ψk(s)〉〈ψk(s)|. (3.12)

The time derivative of Eq. (3.10) yields the equation governing the time evolution of the density
operator:

∂

∂t
ρ̂ = –i[Ĥ , ρ̂], (3.13)

which is sometimes referred to as the von Neumann or Liouville-von Neumann equation. Equa-
tion. (3.13) may be succinctly written by introducing the Liouville operator L

∂

∂t
ρ̂ = L̂ρ̂, (3.14)
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3 Quantum Markovian Master Equation

Figure 3.1 | Sketch of open quantum systems. The
state of the subsystem S is described by the density
operator ρ̂s acting on the associated Hilbert spaceHS .
Access to information pertaining to the environment
E can be done via ρ̂E in the Hilbert space HE . The
Hilbert space of the composite system S + E is given
by the tensor product spaceHS ⊗HE .

where L̂ = –i[Ĥ , •], and [Ĥ , •]Â = [Ĥ , Â].
Before closing this section, let us collect the properties of a density matrix operator: It must

be self-adjoint (Hermitian), i.e ρ̂† = ρ̂. Moreover, it must be positive de�nite, i.e 〈ψ|ρ̂|ψ〉 ≥
0 for all state vectors |ψ〉 and its trace must be equal to 1, i.e Tr(ρ̂) = 1. For a given observable A,
its expectation value is given by

〈A〉 = Tr(Aρ̂). (3.15)

3.2 Dynamics in Open �antum Systems

The previous section was concerned with the time evolution of quantum systems, disregarding
any explicit interaction of the system under study with its surrounding. And we have seen that
such quantum systems evolve unitarily. Still, this is just an approximation which does not echo
the real world. It is intuitively clear that in open quantum systems the unitary time evolution
will break down. In this section, the focus will be on the set of equations necessary for a genuine
monitoring of the dynamics of such open quantum systems.

3.2.1 Concept of Open �antum Systems

By de�nition, an open quantum system, which will be denotedS throughout the present work, is
a system interchanging information (e.g. energy and/or matter) with its environment E [52, 54].
Figure 3.1 displays a pictorial representation of the concept of open quantum system (OQS). This
�ow of information between S and E complicates somehow the quanti�cation of the dynam-
ics in OQS, which is no longer describable in terms of Hamiltonian dynamics. Nevertheless,
the bipartite system consisting of S and E may still undergo an unitary evolution [47]. This
assumption is the starting point of the theory of open quantum systems.

The Hilbert space in which the unitary dynamics of the composite system S + E plays out is
given by the tensor product space

H = HS ⊗HE , (3.16)
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Dynamics in Open Quantum Systems 3.2

whereby HS and HE denote the Hilbert space of the subsystems S and E , respectively. The
Hamiltonian governing the reversible evolution of the bipartite system is given by

Ĥ = Ĥs ⊗ 1̂e + 1̂s ⊗ Ĥe + Ĥse. (3.17)

In this equation, Ĥse encodes the information about the interaction between the open quantum
system S and the environment E . Ĥs and Ĥe are the respective Hamiltonians of S and E . 1̂s and
1̂e denote the identity operators in HS and HE . It should be noted that the boundary between
S and E has to be aptly chosen so that the Hamiltonian of the system in question is assured to
be well de�ned. The choice must also make allowances for the stability of the environment and
not yield a singular interaction between the two subsystems [45].

3.2.2 Partial Trace

In this section, we elaborate on a device which is of fundamental importance for the theory of
open quantum systems.

As mentioned above, when describing the state of the closed composite system within the
framework of the density matrix, the time evolution is given by the unitary transformation

ρ̂(t) = Û (t, s)ρ̂(s)Û †(s, t), (3.18)

with ρ̂ = ρ̂se being the joint density matrix of the bipartite system and Û (t, s) = e–iĤ (t–s). We
recall that the generator of the dynamics, H , is the full Hamiltonian of the composite system,
see Eq. (3.17).

However, since the focus is on observables pertaining to S , there is no need to keep working
with the joint density operator. Instead, it is convenient to seek a map which, when acting
linearly on the joint density matrix, should yield a density operator which accounts for the
statistical properties of the subsystem S . Such a map exists and is known as the partial trace
over the Hilbert space of the surrounding [52].

More formally, let ρ̂ be a joint density matrix of a bipartite system S + E . The linear map

TrE : T (HS ⊗HE )→ T (HS ), (3.19)

which yields an unique operator ρ̂s = TrE (ρ̂se) on S ful�lling

Tr
[
ρ̂Âs ⊗ 1̂s

]
= TrS

[
Âsρ̂s

]
, (3.20)

is called a partial trace. Here Tr is the trace in the joint space HS ⊗ HE and TrS denotes the
trace in the subsystem S alone. T (H) is the so-called Banach space or the Liouville space of the
self-adjoint trace-class operator for some Hilbert spaceH [48].
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3 Quantum Markovian Master Equation

To be more speci�c, the mapping procedure is given by

ρ̂s =
∑
m
〈m|ρ̂|m〉, (3.21)

where {|m〉} being an orthonormal basis inHE . The obtained density matrix is called the reduced
density, or the marginal of ρ̂,

ρ̂s(t) = TrE
[
Û (t, s)ρ̂(s)Û †(s, t)

]
. (3.22)

It is instructive to mention that the operation of the partial trace is to reduce the dimensionality
of a given operator to a lower dimension and constitutes the only possible way forward to
retrieve the state of the subsystem S from the joint density operator [52]

3.2.3 Dynamical Map

In the previous subsection, we have seen that by drawing on the partial trace over the Hilbert
space of the surrounding, a reduced density operator of the subsystem in question can be ob-
tained, which describes completely its statistical properties. It is worthwhile mentioning that
the obtained reduced density operator does not make use of any assumptions and therefore
represents a realistic and general way of tackling the dynamical behaviour of an open quantum
system. In practice, however, a direct application of this tranquil picture may be intractable [45],
as it entails to solve the Schrödinger equation for the composite system. On the other hand, as
only observables belonging to the subsystem of interest matter, it is desirable and reasonable to
avoid this approach, Eq. (3.22), and seek another mathematical relation which still accounts for
the openness of the subsystem without taking the degrees of the surrounding E explicitly into
account.

This section discusses the derivation of such a theoretical relation which may be interpreted
as a generalization of the unitary dynamics, Eq. (3.14), and is known as Kraus operator sum
representation [46, 48].

Kraus Operator Sum Representation

The prerequisite for the derivation of the Kraus representation of the reduced density operator
is a zero correlation between the subsystem S and its surrounding E at the outset of the time
evolution [52]. It should be noted that such a limiting procedure will not cause a loss of gen-
erality of the Kraus representation. Based on this assumption, the initial joint density operator
may be written as [52]

ρ̂(0) = ρ̂s(0)⊗ ρ̂e(0), (3.23)
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Dynamics in Open Quantum Systems 3.2

where ρ̂s(0) is the initial state of the subsystem under study and ρ̂e(0) denotes some reference
state of the surrounding. The respective spectral decomposition reads

ρ̂s(0) =
∑
m

am|ϕm〉〈ϕm|,

ρ̂e(0) =
∑
β

bβ |φβ〉〈φβ |,
(3.24)

with {|ϕm〉} and {|φβ〉} being an orthonormal basis in HS and HE respectively. am and bβ are
non-negative real numbers ful�lling∑

m
am = 1,

∑
β

bβ = 1. (3.25)

By inserting Eq. (3.24) into the equation for the reduced density, Eq. (3.22), one obtains

ρ̂s(t) = TrE (Û (t)ρ̂Û †(t)),

=
∑
α

〈φα|Û [ρ̂s(0)⊗ ρ̂e(0)]Û †|φα〉,

=
∑
αβm

ambβ〈φα|Û [|ϕm〉〈ϕm|⊗ |φβ〉〈φβ |]Û †|φα〉,

=
∑
αβm

ambβ(〈φα|Û |ϕm〉 ⊗ |φβ〉)(〈ϕm|⊗ 〈φβ |Û †|φα〉,

=
∑
αβm

ambβÛαβ |ϕm〉〈ϕm|Û †αβ ,

=
∑
αβ

bβÛαβ ρ̂s(0)Û †αβ ,

(3.26)

where Ûαβ = 〈φα|Û |φβ〉 is an operator acting on the Hilbert space of the active system S . Since
the coe�cients bβ are non-negative, the operator Ûαβ may be rescaled as

M̂αβ =
√

bβÛαβ . (3.27)

Plugging this into the last line of Eq. (3.24), one obtains the following representation

ρ̂s(t) =
∑
αβ

M̂αβ(t)ρ̂sM̂†αβ(t), (3.28)

where M̂αβ are operation elements ful�lling the condition∑
αβ

M̂†αβM̂αβ = 1̂, (3.29)
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3 Quantum Markovian Master Equation

as the time evolution operator Û (t) for the composite system is unitary. By introducing a multi-
index σ → (α, β), the Kraus operator sum representation emerges

ρ̂(t) =
∑
σ

M̂σ(t)ρ̂0M̂
†
σ(t), (3.30)

where we omit the subscript s and replace ρ̂(0) by ρ̂0. Interestingly, the reversible dynamics
represents a special case of the Kraus decomposition. This becomes transparent when there is
only one term in the sum, Eq. (3.30), [52]. Moreover, it can be easily shown that such a decom-
position preserves the selfadjointness, trace and the positivity property of the density operator
[55]. Therefore, it can be considered as the most general evolution maintaining all the proper-
ties of a density operator. Despite the fact that both reversible and irreversible processes may be
explored by using this mathematical representation, Eq. (3.30), it cannot allow for disentangling
the unitary part from the non-unitary one. Hence, the Kraus decomposition is rather tough to
be interpreted [55].

Superoperator

The Kraus decomposition can be interpreted as a quantum operation transforming the initial
density matrix to the evolved one [52]

ρ̂(t) = V (t, s)ρ̂(s). (3.31)

By �xing the �nal time t as well as the initial density of the surrounding, the quantum operator
V de�nes a map from the Banach space T (HS ) of the reduced density operator into itself,

V : T (HS )→ T (HS ). (3.32)

As the map is an operator acting on an operator to change it over the time, it is referred to as a
dynamical map or superoperator [52].

This understanding of the Kraus sum representation suggest that a more general quantum
operator V (t, s) for recording the time development of the density may be de�ned. However, to
be in agreement with the fundamental laws of quantum mechanics and its statistical description,
it is clear that some requirements must be imposed on the de�nition of V (t, s) [46]. Indeed, to
yield a physically meaningful density matrix, the map V (t, s) must ful�ll the following condi-
tions:linear, trace-preserving, and positive and completely positive.

It might be interesting to put �esh on such requirements. The linearity means that

V {a1ρ̂1 + a2ρ̂2 + . . . + amρ̂m} =
∑
m

amV (ρ̂m),
∑
m

am = 1. (3.33)
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Dynamics in Open Quantum Systems 3.2

From this mathematical relation, it is clear that the linearity condition is tantamount to allowing
a statistical interpretation of the image V (ρ̂) of ρ̂ =

∑
m amρ̂m. The trace preserving property is

given by

Tr[V (ρ̂)] = Tr(ρ̂), (3.34)

is also related to the probabilistic interpretation and ensures that the following condition
∑

m am =
1, must hold true for the evolved density. Concerning the positivity condition, it means that if ρ̂
is positive, i.e 〈ψ|ρ̂|ψ〉 ≥ 0 for all state |ψ〉, the action of the map V must yield a positive density
matrix. However this condition breaks down when we consider composite system. More pre-
cisely, if the system under question is part of a bipartite system, then the state of the composite
system may evolve via

V1 ⊗ 12 : T (H1 ⊗H2)→ T (H1 ⊗H2). (3.35)

Here H1 and H2 denote the Hilbert space of the system under study and its extension respec-
tively. In order for the evolved state being positive, V1 must be completely positive [46].

3.2.4 Markovian Master Equation

The aim of this subsection is to provide a survey of an important class of time evolution equa-
tions for recording the dynamics in open quantum systems. As will be seen, such set of equa-
tions, which are termed quantum dynamical semigroup (QDS), see Refs. [46, 50, 52], may be
derived from the Kraus operator sum, Eq. (3.30), by assuming an important concept: Marko-
vianness of the dynamical map emerging from the Kraus decomposition. The former means
that the environmental correlation function must be δ–correlated [52] synonymously the sur-
rounding behaves memoryless.

Markovianness

In order to derive from the Kraus operator sum representation a di�erential equation describing
the dynamics of the reduced system, we must assume the Markovian property of the system
[46, 50, 52]. More formally, for any pair of times t, s ≥ 0, the following relation must hold true

ρ̂(t) = V (t, s)ρ̂(s), (3.36)

which means that knowing the state of the system in question at time s, the determination of
a posterior state at the time t can be achieved via the above procedure. Such endomorphisms
or superoperators, V (t, s), are called quantum dynamical semigroup if they are trace preserving,
completely positive and satis�es the following composition law [56]

V (t, s)V (s, v) = V (t, v), v < s < t. (3.37)
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3 Quantum Markovian Master Equation

In general, due to the openness of the reduced system Eq. (3.36) is not expected to yield a
positive density matrix. Indeed, by interacting with its surrounding, the latter can function as
a memory which retains information for a while, so that a sound computation of ρ̂(t) must not
only consider ρ̂(s) but also takes into account ρ̂ at earlier times stemming from a possible �ow
back of information from environment to system.

However, by introducing a coarse-grained time scale on which the surrounding has no way
to contaminate the time evolution of the system, the Markovianness turns out to be a good
approximation [50, 52]. Consequently, the two-parameter convex endomorphisms V (t, s) only
depends on time di�erences V (t, s) = V (t – s) and is completely positive. Correspondingly, Eq.
(3.37) becomes [46, 48, 50, 52]

V (t)V (s) = V (t + s), for t, s ≥ 0. (3.38)

It might be interesting to mention that the concept of semigroup is the same as group with the
exception that the semigroup elements do not necessarily feature an inverse.

For the QDS V (t), a Markovian generator Lt can be de�ned as [46, 48, 50]

Lt = d
ds
Vt,s

∣∣∣∣
s=t

. (3.39)

By combining this de�nition with Eq. (3.36), a generalization of the Liouville-von Neumann
equation governing the dynamics of the reduced density emerges

∂

∂t
ρ̂ = Lt ρ̂. (3.40)

The question of which structure the above generator does feature will be discussed below.

Lindblad Representation

Having discussed the condition under which a di�erential equation for the reduced density op-
erator can be obtained from the Kraus map, we now turn our attention to the structure of the
generator of QDS which is given by the Lindblad form [46, 50, 56]. It was �rst derived inde-
pendently by Lindblad [46] by Gorini, Kossakowski and Sudarshan [50] by assuming a bounded
generator.

Theorem 3.2.1. A linear operator L: T (H) → T (H) is the generator of a completely positive
dynamical semigroup of T (H) if it can be expressed in the form

L : ρ̂→ Lρ̂ = –i[Ĥ , ρ̂] +
∑
αβ

cαβ

(
F̂αρ̂F̂

†
β – 1

2 F̂αF̂
†
β ρ̂ – 1

2 ρ̂F̂αF̂
†
β

)
, (3.41)

where Ĥ† = Ĥ , Tr(Ĥ ) = 0, Tr(F̂α) = 0, Tr(F̂αF̂β) = δαβ , (α, β = 0, 1, 2, ..,N 2 – 1), and cαβ is a
positive semide�nite matrix.

24



i
i

“thesis” — 2020/11/30 — 18:21 — page 25 — #37 i
i

i
i

i
i

Dynamics in Open Quantum Systems 3.2

This is the �rst standard form of the generator of the quantum dynamical semigroup. The
proof of this theorem can be found in the appendix. In this form, the generator may be somehow
inconvenient to manipulate. However as the coe�cients matrix cαβ is hermitian, the Lindblad
representation, Eq. (3.41), may be cast into a diagonal form. To achieve this, cαβ has to be
diagonalized by having recourse to a suitable unitary transformation U , ful�lling the following
relation∑

αβ

Uα′αcαβU
†
ββ′ = γα′δα′β′ , (3.42)

where γα′ ≥ 0 denote the positive eigenvalues of the matrix cαβ .
This unitary operation suggests to introduce a new set of operators according to,

F̂α =
∑
α′

Uα′αÂα′ . (3.43)

Plugging this in the Eq. (3.41), we obtain the quantum markovian master equation in the Lind-
blad form

∂

∂t
ρ̂ = –i[Ĥ , ρ̂] +

∑
α

γα

(
Âαρ̂Â

†
α – 1

2Â
†
αÂαρ̂ – ρ̂1

2Â
†
αÂα

)
, (3.44)

which describes the time evolution of the density operator. In the above equation, Eq. (3.44), the
commutator term generates the unitary part of the dynamics. However, it should be noted that
Ĥ has to be thought of as an e�ective Hamiltonian, as it cannot be identi�ed with the free Hamil-
tonian of the reduced system [55].The remaining part accounts for the non-unitary dynamics.
The so-called quantum jump or the Lindblad operators Âα(Â†α) are system operators encoding
the nature and the strength of each dissipation channel with a rate γα. It is instructive to men-
tion that the validity of the Lindblad equation is based on the Born-Markov approximation with
the system-surroundings interaction in rotating-wave approximation, which in quantum optics
is an excellent approximation, for the system frequencies are much larger than the decay rates
[52].

Gauge Transformation

An interesting aspect of the generator of the QDS is its invariance in terms of unitary trans-
formation of the Lindblad operators Aα and inhomogeneous transformations. In other words,
the Lindblad operators and the system Hamiltonian are not uniquely determined by a given
generator L [52]. More speci�cally, any other similarity transformation

√
γαÂα →

√
γ′αÂ

′
α =

∑
β

Uαβ
√
γβÂβ , (3.45)
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3 Quantum Markovian Master Equation

with Uαβ being an unitary matrix, will yield a di�erent non-diagonal version of the Lindblad
equation, Eq. (3.41) which still encodes the same information. Concerning the inhomogeneous
transformations, by performing the following substitution, the Lindblad equation remains the
same

Âα →Â′α = Âα + ηα1̂,

Ĥ →Ĥ ′ = Ĥ + 1
2i
∑
α

(
η∗αÂα – ηαÂ†α

)
+ λ1̂, (3.46)

whereby the ηα are complex numbers and λ a real number. The inhomogeneous transformation
invariance turns out to be an important property, as it allows to use traceless Lindblad operators
[52].

We close this chapter by pointing out that a microscopic derivation of the generator of the
quantum dynamical semigroup L may also be achieved by resorting to the Born approximation.
Moreover, it is worthwhile mentioning that thermal equilibrium is not necessarily obtainable in
the QDS framework. However, if needed, it can be incorporated [57].
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4 Light-Ma�er Interaction in
Semiconductor �antum Dots

The purpose of this chapter is to elaborate on the light matter interaction in semiconductor
quantum dots. After a brief outline of the physics of the single particle states being the basis of
many-body physics, we discuss the system Hamiltonian. More speci�cally, we focus on the car-
rier Hamiltonian in the two-band approximation and treat the light �eld quantum mechanically.
In the framework of the dipole and rotating wave approximation, we then discuss the coupling
of the carriers to the continuum of empty modes of the open radiation �eld. Given the size of the
system under consideration in this thesis, we describe the equation of motion (EoM) approach.
It is based on the expectation value, which is often convenient for the numerical simulations of
the dynamics of many particles systems. The equation of motion formalism is intimately related
to an hierarchy problem, which can be tackled by the cluster expansion tool. Finally, to illus-
trate the EoM scheme, we derive the semiconductor luminescence equations which constitute
the starting point of the semiconductor quantum dots laser theory in Chapter 5.

4.1 Model System

4.1.1 Single-Particle States

It is reasonable to begin this chapter by reviewing the concept of the single-particle states and
some of their properties in semiconductor nanostructures, as they are the foundation of many-
body physics.

Self-assembled semiconductor quantum dots are routinely grown in the Stranski-Krastanov
growth mode. In this layer-by-layer process leading to the formation of self-assembly of islands
of atoms because of lattice-constant mismatch and surface energy minimization, a thin �lm of a
few nanometer thickness termed wetting layer (WL) is formed between the quantum dots (QDs)
and the substrate. The energy level diagram of the obtained structure, as depicted in Fig. 4.1,
consists of localized states of the quantum dot lying energetically below a quasi-continuum of
delocalized states belonging to the WL.

From the mathematical point of view, the single-particle wave functions pertaining to the
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4 Light-Matter Interaction in Semiconductor Quantum Dots

Figure 4.1 | Cartoon of the coupled quantum dot
and wetting layer system. For the electrons in the
conduction band and the holes in the valence band two
con�ned shells are considered respectively. They are
referred to as the s-shell and p-shell due to the in-plane
symmetry of the quantum dot. Both shell lie energet-
ically below a quasi-continuum of delocalized states
belonging to the wetting layer.

p
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Wetting layer

Wetting layer
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coupled QD-WL system are obtained from the Schrödinger equation which reads{
– h̄2

2m∇
2 + u(r)

}
ϕα = εαϕα, (4.1)

whereϕα denotes the single-particle wave function, and u(r) encodes the e�ective single-particle
potential. When it comes to solving the single-particle Schrödinger equation, several judicious
methods may be used. On one hand, semi-empirical models may be used. These include the
e�ective-mass approach [58, 59] and the k · p-model [60]. Despite their success in emulating
the band structures of semiconductor quantum dots [61, 62], these continuum approaches fail
to include any information pertaining to the atomistic structure and symmetry of the quantum
dots. To account for the full atomistic structure of the QDs and the symmetry of the crystal,
appropriate methods, such as tight-binding models [63, 64], and pseudo-potential can be used.

Figure 4.2 displays the band structures, obtained from tight-banding approach, of three Zinc-
blende material systems, GaAs, AlAs, and InAs. The existence of a direct band gap at Γ, which
allows a recombination of carriers between the conduction and the valence bands by radiating or
absorbing photons makes these structures a viable source for device application. In the vicinity
of the Γ point, three bands may distinguished, see Fig. 4.3: the degenerate heavy- and light-hole
band , and the split-o� band resulting from the spin-orbit interaction.

An idiosyncrasy of self-assembled Stranski–Krastanov semiconductor QDs is their lens-shaped
geometry allowing for a description in the framework of the e�ective-mass approximation,
wherein a free carrier dispersion with e�ective masses for electrons and holes 1 is assumed.

1The concept of electron and hole has been introduced to describe an elementary excitation in semiconductor
nanostructures. The electron corresponds to an excitation of charge carrier in conduction, while the vacancy
leaves in the valence band is referred to as the hole. The hole is a quasi-particle of opposite charge and opposite
spin with respect to the excited electron. A single electron-hole pair with Coulomb interaction is commonly
termed exciton.
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Eg

L ΓU,KΓ X

GaAs

En
er

gy
 (e

V
)

−15

−10

−5

0

5

10

15

Eg

U,KL ΓΓ X

AlAs

Wave vector k

Eg

L ΓU,KXΓ

InAs 

Figure 4.2 | Series of band structures. Band structures for GaAs, InAs, and AlAs. They are obtained from the
tight-binding calculations. The data are kindly provided by C. Carmesin. At the so-termed high-symmetry point
Γ, in all three band structures, a direct band gap of energy di�erence Eg appears, where AlAs shows the highest
energy gap and InAs the lowest energy gap (0.4 eV). In band structure of AlAs an indirect band gap between the
Γ-point at the valence band and a minimum near the X-point at the conduction band of about 3.0 eV exists. The
direct band gap of GaAs amounts to 1.5 eV

By resorting to the envelope wave function approach, the single-particle state wave func-
tion may be split into a product of two functions depending on growth direction and in-plane
coordinates, z and ρ, respectively:

ϕλα(r) = ξλα(z)φλα(ρ)f λk=0(r). (4.2)

Here f λk=0(r) is the Bloch function encoding the information about the lattice structure. This dis-
entanglement of the wave function allows for reducing the problem to that of an one-dimensional
potential well in the growth direction. For lens-shaped quantum dots, the in-plane part φλα(ρ)
are well approximated by the eigenfunctions of the two-dimensional harmonic oscillator [65–
68]. Given the in-plane symmetry, the �rst two con�ned shells for both electrons and holes are
denoted by s and p, see Fig. 4.3.

Disregarding the e�ect of the localized states on the continuum, the in-plane part of the wet-
ting layer are well approximated by resorting to plane waves with wave vector k. Nevertheless
because di�erent avenues have been used for the wave functions in the quantum dot and the wet-
ting layer, the wetting layer states are not orthonormal on the quantum dot states. To restore the
orthogonality, the orthogonalized plane wave approach can be used [69]. These single-particle
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4 Light-Matter Interaction in Semiconductor Quantum Dots

k

E

Eg

DSO

d

c

b

a

Figure 4.3 | Sketch of the band structure near Γ. Band struc-
ture of GaAs with direct band gap Eg in the vicinity of the Γ-
point, including the lowest conduction band (a) and three va-
lence bands (VBs): the heavy hole (b), light hole (c) and split-o�
hole (d). The latter is energetically lowered by the amount of
spin-orbit coupling ∆SO .

wave functions enter the de�nition of the Coulomb matrix elements, and the light-matter cou-
pling strength, which will be discussed in the next section.

4.1.2 Model Hamiltonian

This section takes on the speci�cation of the light matter Hamiltonian on which the semiconduc-
tor laser model is based. The Hamiltonian may be split in three parts, namely that of the charge
carriers, the free quantized electromagnetic �eld, and the light matter interaction Hamiltonian.

The Carriers Hamiltonian

The matter Hamiltonian encoding the microscopic properties in semiconductor QDs may be
divided in two parts. The free part, that describes a system of non-interacting carriers, contains
information about the single-particle spectrum ε

(c,v)
α . It is given by [70, 71]

H0 =
∑
α

(
εcαĉ
†
αĉα + εvαv̂

†
αv̂α

)
. (4.3)

Here cα (c†α) and vα (v†α) are the fermionic �eld operators, which are responsible for the anni-
hilation (creation) of an electron in the single-particle state |α〉 of the conduction and valence
band, respectively. The quantities εc and εv are the corresponding single-particle energies which
must be obtained by resorting to one of the above aforementioned tools (e.g. Tight-binding ap-
proach or e�ective mass approximation). It is instructive to mention the straightforwardness in
generalizing the free Hamiltonian in Eq. (4.3) to a multiband system [72].
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Model System 4.1

The Coulomb interaction between the charge carriers is given by [70, 71]

HC = 1
2
∑
σσ′

∑
αα′

(
V cc
ασ,σ′α′ ĉ

†
αĉ
†
σ ĉσ′ ĉα′ + V vv

ασ,σ′α′ v̂
†
αv̂
†
σ v̂σ′ v̂α′ + 2V cv

ασ,σ′α′ ĉ
†
αv̂
†
σ v̂σ′ ĉα′

)
, (4.4)

where the Coulomb matrix elements, depending on the single-particle wave function
〈x|α, i〉 = ϕiα(x), are given by

V ii′
ασ,σ′α′ =

∫
d3x

∫
d3x′ϕi∗α (x)ϕi

′∗
σ (x′)v(x – x′)ϕi

′
σ′(x
′)ϕiα′(x) (4.5)

with v(x) = e2

4πε0εr
1
x

being the Coulomb potential and i ∈ {c, v} denoting the band index. In
the Coulomb potential, ε0 and εr stand for the vacuum and background dielectric constant,
respectively. In Eq. (4.4), the �rst two terms account for the repulsive interaction between
electrons within the same band (conduction or valence) while the last term controls the attractive
interaction between electrons and holes in di�erent bands.

The Light Field Hamiltonian

A prerequisite for an apposite description of light-matter interaction phenomena at the quantum
level is the quantization of the electromagnetic �eld (EMF). From the perspective of quantum
theory, information retrieval from the light �eld may be achieved in terms of photons for di�er-
ent modes of the EMF. As a consequence thereof, any interaction with the matter, for instance
an absorption of photons, must result in the annihilation of photons from the �eld.

The traditional approach to quantize the EMF, being de�ned by the electric E(x, t) and the
magnetic B(x, t) �eld, is to start from Maxwell’s equations in free space [53, 73] which are given
by

∇ · E(x, t) = 0, (4.6a)
∇ · B(x, t) = 0, (4.6b)

∇× E(x, t) = – ∂
∂t

B(x, t), (4.6c)

∇× B(x, t) = 1
c2
∂

∂t
E(x, t). (4.6d)

Here c denotes the speed of the light. The interesting aspect of Maxwell’s equations for the EMF
is that the �elds may be written in terms of a scalar φ(x, t) and a vector potential A(x, t):

E(x, t) = –∇φ(x, t) – 1
c
∂

∂t
A(x, t),

B(x, t) = ∇× A(x, t).
(4.7)
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4 Light-Matter Interaction in Semiconductor Quantum Dots

Nevertheless, it should be noted that A and φ are not uniquely de�ned. More speci�cally, a
gauge transformation

A = A + ∇χ, φ′ = φ – ∂

∂t
χ, (4.8)

with χ = χ(x, t) being any scalar function of the position x and time t, leaves Eqs. (4.7) invariant.
Suppose we choose

∇ · A(x, t) = 0, (4.9)

the so-called Coulomb or transverse gauge [53, 73], and φ(x, t) = 0, Eq. (4.7) reduces to

E(x, t) = –1
c
∂

∂t
A(x, t),

B(x, t) = ∇× A(x, t),
(4.10)

meaning the �elds are solely described by the vector potential A(x, t). Upon inserting Eq. (4.10)
into Eq. (4.6c), the wave equation for the vector potential is obtained(

∇2 – 1
c2
∂2

∂t2

)
A(x, t) = 0. (4.11)

In order to solve the above wave equation, the vector potential is separated into positive and
negative frequencies terms,

A(x, t) = A(+)(x, t) + A(–)(x, t), (4.12)

where A(+)(x, t) involves only Fourier components with positive frequency, i.e only terms which
vary as e–iωt for ω > 0, and A(–)(x, t) entails amplitudes which vary as eiωt . The positive and
the negative frequency parts of the vector potential are then expanded in terms of the discrete
set of orthogonal mode functions uk(x) spanning the entire electromagnetic Hilbert space:

A+(x, t) =
∑
k

Ek
ωk
ξkuk(x)e–iωkt , and A–(x, t) =

∑
k

Ek
ωk
ξ∗ku
∗
k(x)eiωkt , (4.13)

where, Ek =
√
ωk/2ε0V are the amplitude of the vacuum �eld in volume V , and the c-numbers

ξk and ξ∗k are the expansion coe�cients. The set of mode function uk(x) pertaining to frequency
ωk ful�lls the wave equation(

∇2 – ω2
k/c2

)
uk(x) = 0, (4.14)

where the frequency ωk is connected to the wave vector k via ωk = c|k|. By virtue of the
transversality condition on the vector potential, Eq. (4.9), the mode functions should also obey
the transversality condition, and form an orthonormal set:

∇ · uk(x) = 0, and
∫
V
u∗k(x) · uk′(x)d3x = δkk′ . (4.15)
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Model System 4.1

Here, the spatial integration extends over the volume V , in which the �eld is to be considered.
In case of cubic region of side l = V 1/3 with periodic boundary conditions, the spatial mode
functions are the plane waves [53, 73]

uk(x) ≡ uk,λ(x) =
√

1
V
ελ(k)eik·x . (4.16)

Here ελ(k) is referred to as the polarization vector which ful�lls ελ(k) · k = 0. By upgrading ξα
and ξ∗α to the annihilation b̂k and the creation operators b̂†k , respectively, the quantized version
of the vector potential of a free �eld may be obtained [53, 73],

Â(x, t) =
∑
k

Ek
ωk

{
b̂kuk(x)e–iωkt + b̂†ku

∗
k(x)eiωkt

}
. (4.17)

The creation b̂†k and the annihilation b̂k obey the commutation relation

[b̂k , b̂†k′] = δkk′ . (4.18)

The Hamiltonian for the electromagnetic �eld is given by

HEMF =
∫ (

ε0E2

2 + B2

2µ0

)
d3x. (4.19)

Upon inserting the �elds E and B into the above equation and by resorting to the conditions,
Eqs (4.14) and (4.15), this Hamiltonian can be reduced to

HEMF =
∑
k

h̄ωk

(
b̂†kb̂k + 1

2

)
. (4.20)

The Light ma�er Interaction Hamiltonian

The coupling between light and matter are usually described by making use of the dipole ap-
proximation [53, 73–75]. More precisely, it is assumed that the spatial extent of the interaction
region is small compared to the wave length of the quantized �eld. In this spirit, the light-matter
interaction Hamiltonian reads as

Ĥint = i
∑
ασ

∑
k

(
–gkασb̂k ĉ

†
αv̂σ + gk∗ασb̂

†
kv̂
†
αĉσ
)

. (4.21)

In writing down this Hamiltonian, we invoked the rotating wave approximation [53, 72–75] to
erase the non-resonant part, as these terms entail phase factors leading to a rapidly oscillating
dynamics. The �rst term in the above equation encodes the elementary process, whereby a
photon is removed from the light �eld, and an electron is raised from the valence band to the
conduction band. The second term accounts for the reverse process.
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4 Light-Matter Interaction in Semiconductor Quantum Dots

In Equation (4.21), the strength of the coupling between the quantized light �eld and the
carrier transition between the single-particle states |α〉 and |σ〉 is given by

gkασ = Ek
∫

d3x ϕc∗α (x) ex̂ uk(x)ϕvσ(x). (4.22)

The avenue used for the computation of the coupling matrix elements, Eq (4.22), is the envelope-
function approximation [72] that has been already discussed in Sect. 4.1.1 . The gist of this ap-
proximation consists in resolving the wave-functions ϕcα(x) and ϕvσ(x) into a rapidly oscillating
Bloch-factor fk≈0(x), and an envelope function that marginally changes over the unit cell, cf Sect.
4.1.1. Furthermore, by assuming an equal envelope for the conduction- and the valence-band
electrons [72], Eq. (4.22) reduces to

gk,ασ = Ek dcv uk(x0)δασ , (4.23)

where x0 represents the position of the matter, the semiconductor QD, and dcv denote the in-
terband matrix elements, which is the same for identical quantum dots. The expression of the
light matter coupling strength in the envelope-function approximation implies that optical tran-
sitions take place only the s–shells or p-shells of electrons and holes may be observed.

By collecting all the contributions outlined above, the total Hamiltonian of the system under
study is given by

H = H0 + HC + HEMF + Hint . (4.24)

Having set up the total Hamiltonian of the semiconductor QDs system, we now turn to the
theoretical framework underlying the dynamics in these systems.

4.2 Dynamics in Semiconductor �antum Dots Systems

The previous section was concerned with the Hamiltonian of a semiconductor QDs system. The
aim of this section is to give a survey of the dynamical equations underlying the semiconductor
laser model and the intimately related issue of in�nite hierarchy.

4.2.1 Equation of Motion Approach

Expectation Value

For many-particle systems, solving the quantum Markovian master equation of Lindblad-type
for the density matrix, cf. Sect. 3.2.4, both analytically and numerically turns out to be an
elusive endeavor because of the exponential growth of the corresponding Hilbert spaces. One
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Dynamics in Semiconductor Quantum Dots Systems 4.2

way forward is to select the relevant expectation values (EV) of the system under consideration

〈Ĝ〉 = Tr[Ĝρ̂], (4.25)

and directly derive their equations of motion (EoM). By virtue of the dynamics of the density
matrix operator (cf. Sect. 3.2.4, Eq. (3.44)), the time derivative of the EV yields the generalized
Ehrenfest EoMs which reads as [76]

d
dt
〈Ĝ〉 = –i〈[Ĥ , Ĝ]〉 +

∑
α

γα

{
〈Â†αĜÂα〉 – 1

2〈Â
†
αÂαĜ〉 – 1

2〈ĜÂ
†
αÂα〉

}
. (4.26)

Because of its ability to systematically incorporate many-body correlations into the dynamics
of the system under study, the EoM approach has been extensively and successfully used in
exploring ultra-cold Bose gases [77], exciton dynamics in quantum wells [70], cavity quantum
electrodynamics [78], photoluminescence [79] and microcavity quantum dot lasers [80, 81]. An
peculiarity of the EoM approach is its intimately related in�nite hierarchy of di�erential equa-
tions, which can be rationalized by the interaction part of the Hamiltonian of the system under
consideration. A prominent avenue which can be contemplated in truncating the unfolding hi-
erarchy of EoM to obtain a closed set of equations of motion for the dynamical observables of
interest, is the cluster expansion scheme. [82]

Cluster Expansion Scheme

Pioneered by J. Fricke, see Ref. [82], the cluster expansion scheme is a salient method allowing
for a systematic dealing with the hierarchy problem in many-body physics. It has been suc-
cessfully used in semiconductor physics, especially in describing the luminescence dynamics of
quantum wells [79] and of quantum dots [71, 83]. The main idea of the cluster expansion method
is to map every expectation value, say 〈â1â2 . . . âk〉 onto its correlation function δ〈â1â2 . . . âk〉.
As result, equation of motion for the correlation function are obtained.

In order to systematically implement the cluster expansion, expectation values are classi�ed
as singlet, doublets, quadruplets, quintuplets and so on, depending on the number of particles
they involve.

Definition 4.2.1. The correlation function δ〈âI〉 of an expectation value 〈â1â2 . . . âk〉 is de�ned
by

〈âI〉 = δ〈âI〉 + δ〈âJF 〉 =
∑
P∈PI

∏
J∈P

δ〈âJ 〉. (4.27)

Here I = {1, 2, . . . , k} de�nes a set of indices and P is the corresponding partition being tantamount
to a set family of disjoint nonempty subsets J of I with

I = ∪J∈PJ . (4.28)
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4 Light-Matter Interaction in Semiconductor Quantum Dots

The quantity δ〈âJF 〉 encodes all possible factorizations of the expectation value 〈a
I〉 into correlations

involving a smaller number of operators than the cardinality of the set I .

To exemplify this, we collect the factorization of EV of a singlet, a doublet, and a triplet
expectation value

〈â1〉 =δ〈â1〉,
〈â1â2〉 =δ〈â1â2〉 + δ〈â1〉δ〈â2〉,
〈â1â2â3〉 =δ〈â1â2â3〉 + δ〈â1â2〉δ〈â3〉 + δ〈â1â3〉δ〈â2〉

+ δ〈â2â3〉δ〈â1〉 + δ〈â1〉δ〈â2〉δ〈â3〉.

(4.29)

It should be mentioned that the above de�nition for the correlation function holds only for
bosonic systems. Notwithstanding, for fermionic operators a similar de�nition for the correla-
tion function may be obtained by taking into account their antisymmetric property. Of a central
importance in this thesis are EVs involving bosonic and fermionic particles which are referred to
as mixed EV. An example of this kind of mean value is the so-called photon-assisted polarization,
〈b̂†v̂†ĉ〉, the equation of motion of which will be discussed in the next section. When classifying
those EVs, one muss take into account that the excitation of one electron is immutably linked
with the destruction of a valence band carrier and the creation of a conduction band carrier.

4.2.2 Semiconductor Luminescence Equations

Having dwelt on the expectation values and the powerful cluster expansion device to map them
onto their corresponding correlation functions, we now turn our attention to the derivation
of the semiconductor luminescence equations (SLEs) entailing the expectation values consis-
tently up to the doublet level. On the ground of these SLEs being used to describe the spectrum
and time-resolved photoluminescence of semiconductor nanostructures [71], we will set up the
stripped down semiconductor quantum dots nanolasers theory, cf. Chap. 5.

We note that here the derivation of the SLEs assumes that the luminescence comes about
in the incoherent regime, meaning that a coherent polarization is not expected to play a role,
〈v̂†αĉα〉 = 0, and 〈b̂k〉 = 0. This is the case in scenarios, where carriers are incoherently or
coherently generated in barrier, wetting layer or higher localized states with rapid dephasing
and carrier relaxation resulting into a quasi-equilibrium distribution of the carriers at the lattice
temperature. Nevertheless, in scenarios like resonance �uorescence [79, 84], all equations of
motion must included these additional terms.

Furthermore, the derivation of these equations is based on the restriction of s- and p-shells
for the localized states of the quantum dots, having zero and ±1 angular momentum, respec-
tively. Thereby, by virtue of the rotational symmetry of the system and the intimately related
conservation of the angular momentum, all expectation value involving two carrier operators
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Dynamics in Semiconductor Quantum Dots Systems 4.2

are restricted to populations 〈â†αâα′〉 = f aαδαα′ , providing that initially all expectation values but
for the population in the s- and p-shells are set to zero [71].

Carrier and Photon Numbers Dynamics

From the mathematical prescription outlined in Eq. (4.26), the time evolution of the photon
number pertaining to one mode k of the light �eld reads as

h̄
d
dt
〈b̂†kb̂k〉 = 2Re

∑
α

|gk |2〈b̂†kv̂αĉα〉. (4.30)

In this equation, the term in the right-hand side, 〈b̂†kv̂
†
αĉα〉, the so-called photon-assisted polar-

ization amplitude has been scaled as 〈b̂†kv̂αĉα〉 → g∗k〈b̂
†
kv̂αĉα〉. Its dynamics is given by

īh d
dt
〈b̂†kv̂

†
αĉα〉 = Ωkα〈b̂

†
kv̂
†
αĉα〉 –

(
f cα – f vα

)∑
σ

Vασασ〈b̂†kv̂
†
αĉα〉

+ i|gk |2f eαf hα + i
∑
σ

|gk |2Cx
σαασ .

(4.31)

In the above equationΩkα reads asΩkα = ε̃cα – ε̃vα – h̄ωk – iγ where ε̃cα and ε̃vα are the Coulomb-
renormalized energies, which are given by

ε̃c,vα = εc,vα –
∑
σ

Vασασf c,vσ , (4.32)

and ωk is the resonance frequency of the optical mode k. In lieu of making use of the dissipator
term appearing in Eq. (4.26), a phenomenological dephasing rate γ has been used to control the
broadening of the spectral lines.

In semiconductor systems dephasing is the result of Coulomb scattering and scattering with
acoustic or optical phonons. A microscopic description of this process may be achieved by aug-
menting the system Hamiltonian with an Hamiltonian encoding the carrier-phonon interaction
[70, 85]. However, in this thesis a phenomenological dephasing rate is used to account for this
process.

The second term in right-hand side of Eq. (4.31) is reminiscent of the quantum well case,
where it is responsible for the excitonic photoluminescence below the band gap [79]. Here,
however, it accounts for the corresponding excitonic resonances for the quantum dot states due
to the interband Coulomb exchange interaction.

The quantum mechanical description of the light naturally gives rise to the source term of
spontaneous emission 〈ĉ†σ v̂σ v̂†αĉα〉, the factorization f eαf

h
α of which appears in the last line with

the electron-hole correlation function Cx
σαασ = δ〈ĉ†σ v̂†αĉαv̂σ〉. Interestingly, unlike the atomic

model, wherein the spontaneous emission source involved only electrons population, the for-
malism of the semiconductor QD entails two-particle expectation values consisting of electron,
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4 Light-Matter Interaction in Semiconductor Quantum Dots

and hole operators. It should be noted that the term encoding the stimulated emission or ab-
sorption process has been erased as we are considering a quantized open �eld.

The time evolution of the carrier population in the conduction band, f cα = 〈ĉ†αĉα〉, reads as

h̄
d
dt
f cα = –2 Re

∑
k

|gk |2〈b̂†kv̂
†
αĉα〉 + 2 Im

∑
σσ′α′

Vασσ′α
(
Cc
ασσ′α′ – Cx

σασ′α′
)

, (4.33)

and that of the carrier population in the valence band, f vα = 〈v̂†αv̂α〉, is given by

h̄
d
dt
f vα = 2 Re

∑
k

|gk |2〈b̂†kv̂
†
αĉα〉 – 2 Im

∑
σσ′α′

Vασσ′α
(
Cv
ασσ′α′ – Cx

σασ′α′
)

. (4.34)

In Eqs (4.33)-(4.34), two additional intraband correlation functions Cc
ασσ′α′ = δ〈ĉ†αĉ†σ ĉσ′ ĉα′〉 and

Cv
ασσ′α′ = δ〈v̂†αv̂†σ v̂σ′ v̂α′〉 arise.

Dynamics of Carrier Correlations

According to the cluster expansion scheme, the interband or electron-hole correlation is given
by

Cxασσ′α′ = 〈ĉ†αv̂†σ ĉσ′ v̂α′〉 + f cαf
v
σ δασ′δσα′ . (4.35)

It encodes a process wherein synchronous transitions of a conduction-band-carrier from a state
σ′ to state α, and of valence-band-carrier from a state α′ to a state σ occur. The term ∝ f cα(1–f vα )
describes an uncorrelated electron-hole plasma for a given state α and is commonly referred to
as the Hartree-Fock factorization in case of zero electron-hole correlation.

It might be instructive to mention that in deriving Eq. (4.31) we tacitly assume that the semi-
conductor nanostructure under consideration is devoid of any interemitter radiative coupling.
However, if the quantum dots radiatively couple to each another, an e�ect being referred to as
super�uorescence or superradiance [86–90], the source term of the spontaneous emission may
be generalized to account for coupling of carrier transitions in di�erent dots. This means cor-
relation functions δ〈ĉ†αv̂†σ ĉσ′ v̂α′〉 = δ〈ĉ†α,x1 v̂

†
σ,x2 ĉσ′,x2 v̂α′,x1〉(1 – δx1,x2) involving two di�erent

quantum dots at di�erent spatial position have to be included in Equation (4.31). It should be
noted that for those correlation functions the contributions from the Coulomb interaction can-
cels, meaning that only the light matter interaction controls them.
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The time evolution of the interband correlations reads as

īh d
dt
Cx
ασσ′α′ =

(
ε̃σ′ – ε̃cα + ε̃α′ – ε̃vσ

)
Cx
ασσ′α′

+ Vσ′α′σα
{(

1 – f cσ′
) (

1 – f vσ
)
f cαf

v
α′ –

(
1 – f cα

) (
1 – f vα′

)
f cσ′f

v
σ

}
– iδαα′δσσ′

{(
f vα – f cα

)∑
k

g∗k〈b̂
†
kv̂
†
σ ĉσ〉 +

(
f vσ – f cσ

)∑
k

gk〈b̂k ĉ
†
αv̂α〉

}
+
(
1 – f vα′ – f cσ′

)∑
νν′

Vσ′α′νν′C
x
ασν′ν –

(
1 – f cα – f vσ

)∑
νν′

Vνν′σαC
x
ν′νσ′α′

+
(
f vσ – f vα′

)∑
νν′

Vνα′σν′C
x+c
ανσ′ν′ +

(
f cα – f cσ′

)∑
νν′

Vσ′νν′αC
x
νσν′α′

+
(
f cα + f vα′

)∑
νν′

Vνα′ν′αC
x
νσσ′ν′ –

(
f cσ′ + f vσ′

)∑
νν′

Vσ′νσν′C
x
ανν′α′

+
(
f cσ′ – f cα

)∑
νν′

Vσ′ναν′αC
x
νσν′α′ +

(
f vα′ – f vσ

)∑
νν′

Vνα′ν′σC
x
ανσ′ν′ ,

(4.36)

where the following abbreviation has been introduced: Cx+c/v
ασσ′α′ = Cx

ασσ′α′ + Cc/v
ασσ′α′ . A restric-

tion of the dynamics of the interband correlations Cx , Eq. (4.36) to the �rst lines is referred to as
singlet approximation. The singlet approximation was used by Jahnke et al to investigate pho-
toluminescence in quantum wells [79, 91], and by Schwab et al to describe photoluminescence
in quantum dots [92]. The third line is the contribution arising from the light-matter Hamilto-
nian. The terms in the fourth account for the screening according to the Lindhard theory for
the Coulomb interaction in the dynamics of the photon-assisted polarization. The scattering
between all possible states gives rise to the Coulomb renormalization encoded by the last six
terms.
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In similar fashion the dynamics of the intra-band correlation Cc
ασσ′α′ = δ〈ĉ†αĉ†σ ĉσ′ ĉα′〉may be

obtained as

īh d
dt
Cc
ασσα′ = –

(
ε̃α – ε̃cα′ – ε̃σ + ε̃cσ′

)
Cc
ασσ′α′

–
(
V ∗ασσ′α′ – Vασα′σ′

) [(
1 – f cα

) (
1 – f cσ

)
f cσ′f

c
α′ –

(
1 – f cα′

) (
1 – f cσ′

)
f cσ f

v
α

]
+
(
f cσ′ – f cσ

)∑
νν′

Vσ′νν′σC
c+x
ανν′σ –

(
f cα – f cα′

)∑
νν′

Vα′νν′αC
c+x
σνσ′ν′

–
(
f cσ′ – f cα

)∑
νν′

Vσ′νν′αC
c+x
σνν′α +

(
f cσ – f cα′

)∑
νν′

Vα′νν′σC
c+x
ανσ′ν′

+
(
1 – f cα′ – f vσ′

)∑
νν′

Vσ′α′ν′νC
c
ασνν′ –

(
1 – f cα – f cσ

)∑
νν′

Vνν′σαC
c
νν′σ′α′

+
(
f cα – f cα′

)∑
νν′

Vα′ναν′C
c
νσσ′ν′ –

(
f cσ′ – f cα

)∑
νν′

Vνσ′ν′αC
c
νσν′α′

+
(
f cσ′ – f cσ

)∑
νν′

Vνσ′ν′σC
c
ανν′α′ –

(
f cσ′ – f cα′

)∑
νν′

Vα′νσν′C
c
ανσ′ν′ .

(4.37)

By availing ourselves of the symmetry property of the Hamiltonian Eq.(4.24), the equation of
motion for Cv

ασσα′ = δ〈v̂†αv̂†σ v̂σ′ v̂α′〉 can be derived. Interpreting the terms in the time evolution
for the intraband correlation function can be achieved by following the same reasoning as in the
case of the electron-hole correlation. Nevertheless, it should be noted that the contribution from
the light-matter Hamiltonian vanish for Cv

ασσα′ and Cc
ασσα′ . Note that an increase (decrease)

of population in the conduction band amounts to the decrease (increase) of the total photon
number,

d
dt

{∑
α

f cα +
∑
k

〈b̂†kb̂k〉

}
= 0, (4.38)

meaning that the Coulomb correlations only redistribute carriers without changing the total

population i d
dt

∣∣∣∣
HC

{∑
α f

c,v
α
}

= 0. It should also be noted that the dynamics of the carrier-

carrier correlation functions remain undamped as no dephasing has been included in the deriva-
tion.

The set of coupled equations, Eqs. (4.30), (4.33), (4.34), (4.31), (4.36), and (4.37) constitute a solid
apparatus for investigating the photoluminescence (PL) of semiconductor quantum dots, as they
make allowances for interaction-induced e�ects, including a modi�cation of the spontaneous
emission source, and energy renormalizations. In the next section, we discuss the e�ect of
carrier correlations in semiconductor quantum dots.
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4.2.3 E�ect of Carrier Correlations in �antum Dots

Before closing this chapter, let us brie�y address the role of carrier correlations in semiconductor
quantum dots. In deriving the equation of motion for the so-termed photon assisted polarization,
see Eq. (4.31), the light matter Hamiltonian gives rise to the source term of spontaneous emission∑
α gk〈ĉαv̂αv̂σ ĉσ〉. The corresponding cluster expansion is given by∑

σ

gk〈ĉ
†
σ v̂σ v̂

†
αĉα〉 = gkf

c
α

(
1 – f vα

)
+ gk

∑
σ

δ〈ĉ†σ v̂σ v̂†αĉα〉. (4.39)

In the framework of the Hartree-Fock approximation which consists in neglecting the second
term in the above relationship, the equation of motion for the photon assisted polarization can
be solved in the adiabatic regime to obtain

〈b̂†kv̂
†
αĉα〉stat = –i gkf cα (1 – f vα )

εcα – εvα – h̄ωk – iγ . (4.40)

It should be noted that the above stationary solution being based on slowly varying populations
neglects the Coulomb interaction. On Inserting this in equation of motion for the conduction
band population, Eq. (4.33), one obtains{

d
dt

+ (1 – f vα )
τ cα

}
f cα = 0, with 1

τ cα
= – 2

h̄
Re
∑
k

i|gk |2
εcα – εvα – h̄ωk – iγ (4.41)

Here 1/τ cα is the Wigner-Weißkopf rate of spontaneous emission for conduction-band carriers
in the limit γ → 0 [53]. This relationship is interesting, as it reveals that in semiconductor
quantum dots system, the decay of the population f cα is non-exponential, unless the valence band
population f vα remains unchanged, for example through background doping. By virtue of Eq.
(4.38), the dependence of the rate of decay, Eq. (4.41) on the carrier density, which is higher for
larger population carries over to the PL. As consequence, any attempt to model the PL dynamics
must steer clear of a simple decay rate, as semiconductor QD systems do not intrinsically show
an exponential decay behavior known from two-level atom.

Another avenue which may be used in evaluating the spontaneous emission source term is
the one-electron two-level approximation. The gist of this approximation consists in assuming
that the relevant physics is determined by one con�ned shell for electrons and one for the holes.
Thereby, the excited (unexcited) state for the two-level system amounts to the electron being
the conduction (valence) band state. In the absence of Coulomb interaction, the two spin polar-
izations are uncorrelated meaning that the excitation processes entail only a single electron. As
a result, the source for the spontaneous emission reduces to

〈ĉ†v̂v̂†ĉ〉 = f c , (4.42)
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as a successive application of more than one annihilation or creation operator always amounts
to zero. Carries indices are discarded, as only one con�ned electron and hole are considered.
With Eq. (4.42), the population dynamics{

d
dt

+ 1
τ

}
f c = 0, (4.43)

decays exponentially, which is now reminiscent of a two-level atom. Here, 1/τ is the Wigner-
Weißkopf rate for the considered two-level transition.

The exponential decay behavior obtained in the framework of the two-level approximation
suggests that the excitation of a quantum dot conduction-band carrier is immutably connected to
the absence of valance-band carrier. This is tantamount to a fully correlated electron-hole pair
in the electron-hole picture. However, when dealing with semiconductor QD, wherein many
carriers are present, an explicit calculation of their correlations being subject to scattering and
dephasing processes must be considered.

4.3 Summary

In this chapter, we have set up the apparatus for adequately handling the light matter interac-
tion in semiconductor quantum dots systems. Starting from the system Hamiltonian, we then
discussed the equation of motion approach and its inherently related hierarchy problem. Hav-
ing discussed the cluster expansion tool to prune the in�nite hierarchy of equations of motion,
we derived the SLEs constituting a consistent framework for investigating photoluminescence
of semiconductor quantum dots into free space. By inspecting the SLEs, a non-exponential and
excitation-density dependent decay was shown to arise from the semiconductor nature of quan-
tum dots. In the next chapter, upon introducing a cavity system that will modify the photonic
local density state seeing by the semiconductor quantum dots, a semiconductor laser theory will
be introduced.
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Owing to their discrete interband optical spectrum with almost homogeneously broadened tran-
sitions and shell �lling e�ects, semiconductor quantum dots (QDs) have emerged as strong can-
didates for implementing novel photonic sources for quantum information processing. When
they are used as gain medium for optical microresonators, such as micropillars [11, 12], mi-
crodisks [13, 14] and photonic crystals [15, 16] being designed for a three-dimensional (3D) con-
�nement of light and thereby a discretization of the mode spectrum, single-mode light source
with a spontaneous emission factor β approaching unity can realized [17, 18, 35, 36].

This chapter aims at introducing a semiconductor laser theory, which forms a solid framework
for investigating the light output and the intensity correlation function of microcavity lasers
with quantum dots as the active material. In contrast to the approaches based on atomic two- or
multi-level systems, resulting either in a set of rate equations [93, 94], or a master equation for
the reduced density matrix [95–97], to model semiconductor QD-based laser devices, the laser
theory in this chapter makes allowances for inherent semiconductor e�ects, such as a modi�ed
source term of spontaneous emission and Coulomb e�ects[71]. It complements the general
semiconductor laser model based on a microscopic Hamiltonian, which has been formulated
to investigate lasing without inversion [98], the in�uence of carrier dynamics and many-body
e�ects [99, 100], and noise spectra [101], by providing the apparatus for accessing the photon
statistics, which is of crucial importance for devices characterization.

Having its basis on the semiconductor luminescence equations (SLEs) that have been derived
in the previous chapter, Sect. 5.1 reviews the SLEs by making allowances for the e�ects of
embedding QDs inside a microcavity. We then outline the prerequisites at the bottom of the
semiconductor quantum dots formalism in section 5.2.1. On their basis, we will derive the equa-
tions of motion allowing for monitoring the dynamics of the mean photon in the lasing mode
of the cavity, see Sect. 5.2. In section 5.3, we proceed further to show how the semiconductor
laser theory can be upgraded with the dynamics of photon-photon correlation, which allows for
a quantum-optical characterization of the operating regimes of state-of-the-art nanolasers.
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5.1 Semiconductor Laser Equations

A derivation of semiconductor QD laser theory from the semiconductor luminescence equations
requires some modi�cations of the equations of motion, as an introduction of a cavity gives rise
to some e�ects, such the stimulated emission or absorption, that have been disregarded in case
of open �eld. On introducing a cavity, the dynamic of photon number is given by

h̄
d
dt
〈b̂†kb̂k〉 = –2κ〈b̂†kb̂k〉 + 2Re

∑
α

|gk |2〈b̂†kv̂
†
αĉα〉, (5.1)

where 2κk controls the loss of photons from the cavity mode k. The loss rate is connected to
the quality factor Qk of the mode k via Qk = h̄ωk/(2κk).

The dynamics of the carrier populations f eα = 〈ĉ†αĉα〉, f hα = 1 – 〈v̂†αv̂α〉 in respect to the light
matter interaction Hint reads as

h̄
d
dt
f e,hα = –2Re

∑
k

|gk |2〈b̂†kv̂
†
αĉα〉. (5.2)

The ability of the cavity mode to store photons for a time, τkcav = Qk/ωk , in the proximity of
the quantum dots gives rise to stimulated emission or absorption processes. These processes,
commonly referred to as cavity feedback are controlled by the expectation values 〈b̂†kb̂k ĉ

†
αĉα〉 –

〈b̂†kb̂kv̂
†
αv̂α〉, that modi�es the dynamics of the photon-assisted polarization as{
h̄
d
dt

+ κk + γ + i∆αk
}
〈b̂†kv̂

†
αĉα〉 =f eαf hα –

(
1 – f eα – f hα

)
〈b̂†kb̂k〉 +

∑
σ

Cx
σαασ

+ i
(

1 – f eα – f hα
)∑

σ

Vασασ〈b̂†kv̂
†
σ ĉσ〉

+ δ〈b̂†kb̂k ĉ
†
αĉα〉 – δ〈b̂†kb̂kv̂

†
αv̂α〉.

(5.3)

As in the semiconductor luminescence equations, the time evolution of the photon-assisted po-
larization is determined by the detuning of the quantum dot transition from the optical modes
∆αk = ε̃eα + ε̃hα – h̄ωk . The renormalized energies ε̃e,hα arise from Hartree-Fock contributions
of the Coulomb interaction with the Coulomb matrix element Vασασ , which as well give rise
to interband exchange contribution that couples the photon-assisted polarizations of di�erent
states σ. The �rst and third terms are the Hartree-Fock factorization of four carrier operators
〈ĉ†αv̂αv̂†σ ĉσ〉 that describes the source term of the spontaneous emission.

The second term in the right hand side of Eq. (5.3) that is proportional to the photon number
〈b̂†kb̂k〉 in the mode k is the singlet-doublet factorization of the expectation value 〈b̂†kb̂k ĉ

†
αĉα〉 –

〈b̂†kb̂kv̂
†
αv̂α〉, which accounts for the stimulated emission or absorption and therefore provides

feedback due the photon population in the cavity. The correlations emerging from this fac-
torization are triplet-level correlation between carriers and photons, which appear in the last
line.
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The dynamics is damped by the photon dissipation rate κk , and carrier-carrier as well as
carrier-phonon interaction-induced dephasing, that is modeled by a phenomenological damping
constant γ.

5.2 Mean Photon Number in Semiconductor �antum
Dots Laser Theory

5.2.1 Prerequisites

The intent of this section is to outline the assumptions on the ground of which the semiconductor
laser theory is developed. It should be noted that these assumptions should not be deemed
as limitations of the model. On the other hand, corroborated by corresponding experimental
conditions, they are used for the sake of convenient formulation and can be lifted at the cost of
a more involved analytical and numerical formulation [102].

The laser model considers high-Q microcavities with one long-lived mode being in resonance
with the quantum dots s-shell emission, see Fig. 5.1. In micropillar and photonic crystal cavities
this long-lived possibly degenerate mode is usually the so-termed fundamental mode energet-
ically lowest in the spectrum [18]. In microdisks the higher-excited whispering gallery modes
are the long-lived modes. The resonant cavity mode is assumed to be energetically well sepa-
rated from higher cavity modes. These higher cavity modes, as well as a continuum of leaky
modes are treated as the non-lasing modes, which function as a dissipation channel for the cou-
pled QD-cavity system. In order to make the laser model numerically less demanding and at the
same time reproduce the experimental data, the following assumptions are made:

• δ-broadened sample quantum dots: On the ground of the results obtained in Ref. [92], it is
assumed that the fundamental mode of the cavity is predominantly feed by the resonant
quantum dots. The calculations in Ref. [92] revealed that the calculated photolumines-
cence of an ensemble of quantum dots with inhomogeneous broadening and that of iden-
tical QDs coincide, when the light-matter coupling strength of the latter is chosen as the
maximum value in the inhomogeneously broadened quantum dot ensemble. Therefore,
only those emitters in resonance with the lasing mode are considered.

• s-shell lasing: Only the s-shell transitions take part in optical processes involving the lasing
mode (stimulated and spontaneous emission as well as photon reabsorption). As result
thereof, higher shells and the wetting layer contribute only to the carrier dynamics.

• Marginal p-shell carries and photons correlations: In the light of the aforementioned pre-
requisite, it goes without saying that the correlations between p-shell carriers and photons
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Figure 5.1 | Cartoon of the semiconductor QD
laser model. A graphical representation of the
semiconductor QD laser model. Carriers are gen-
erated in the p-shells. They then relaxed into the
s-shells. The laser transition is de�ned by a recom-
bination between s-shells electrons and holes.
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in the lasing mode, resulting from the light-matter interaction, are marginal.

• Relaxation time approximation: Given the ultrafast carrier-scattering processes involved
in carrier-carrier [69] and carrier-phonon interaction [85] in quantum dots, it is assumed
that the carrier system is close to equilibrium. Consequently, scattering processes can
be accounted for by resorting to the relaxation-time approximation [69]. Furthermore,
it is assumed that for the coupled QD-cavity considered the temperature is low that up-
scattering into energetically higher levels is negligible.

• Marginal non-lasing modes feedback. Stimulated emission and reabsorption of photons
involving non-lasing are neglected, because photons spontaneously emitted into these
non-lasing modes rapidly leave the cavity.

• p-shell carriers generation via wetting layer: From experimental point of view, carrier gen-
eration in the QD can be achieved by resonant optical pumping or by injecting carrier
into the delocalized wetting layer or bulk states. Via scattering processes, the carrier then
relaxes towards the s-shell. In the framework of the laser model, the p-shell is used to
model the excitation process, wherein carriers are generated in it at a given rate P , see
Fig. 5.1.
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Mean Photon Number in Semiconductor Quantum Dots Laser Theory 5.2

Having outlined the conditions underlying the semiconductor laser model, we now turn to
the derivation of the relevant equations of motions suitable to capture a wide range of e�ect
in semiconductor nanolasers. The starting point will be the semiconductor luminescence equa-
tions (SLE). Nevertheless, in deriving the laser equations the focus will be on the lasing regime
where the stimulated emission dominates. In this regime, the in�uence of the carrier correla-
tions Cx

ασσα being linked with the Hartree-Fock source term of the spontaneous emission f eαf
h
α

is weak and can therefore be neglected. Moreover, the Hartree-like Coulomb e�ects between
the quantum-dot carriers leading to intra- and interband interaction e�ects will be summarized
in an e�ective transition energy and oscillator strength for the coupling to the laser mode.

5.2.2 Laser Equations

The formulation of a laser theory usually distinguishes between the rate of spontaneous emis-
sion into lasing 1

τl
and non-lasing modes 1

τnl
, the sum of which yields the total spontaneous

emission rate

1
τsp

= 1
τl

+ 1
τnl

. (5.4)

This distinction suggests to solve separately the time evolution of the photon-assisted polariza-
tion for the lasing mode, which for the s-shell transition reads as{

h̄
d
dt

+ κ + γ
}
〈b̂†v̂†s ĉs〉 = f es f

h
s – (1 – f es – f hs )〈b̂†b̂〉 + δ〈b̂†b̂ĉ†s ĉs〉 – δ〈b̂†b̂v̂†s v̂s〉, (5.5)

where the index k = kl denoting the lasing mode has been omitted. Note that the detuning
cancels out, as only resonant quantum dots are assumed to feed the lasing mode. In the frame-
work of the semiconductor laser theory, the dynamics of the photon-assisted polarization for
the non-lasing modes,{

h̄
d
dt

+ κk + γ + i
(
ε̃es + ε̃vs – h̄ωk

)}
〈b̂†kv̂

†
s ĉs〉

∣∣∣
k 6=kl

= f es f
h
s , (5.6)

is adiabatically eliminated to introduce a time constant for the spontaneous emission into non-
lasing modes according to the Weißkopf-Wigner theory [53]

1
τnl

= 2
h̄

∑
k 6=kl

|gk |2

κk + γ + i
(
ε̃es + ε̃hs – h̄ωk

) . (5.7)

Note that, owing to the marginal photon population and the short lifetime of the non-lasing
modes, the feedback term and carrier-photon correlation have been discarded in Eq. (5.6). The
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5 Semiconductor Quantum Dots Nanolasers Theory

time constant, Eq. (5.7) is related to the spontaneous emission coupling factor β, which has been
introduced in Chap. 2, via

1
τnl

= 1 – β
τsp

, (5.8)

where 1/τsp is the total spontaneous emission rate.
By virtue of Eqs. (5.5), (5.6), and (5.8), the dynamics for the population dynamics in the s-shell

takes the form

d
dt
f e,hs = –2|g|2

h̄
Re〈b†v†s cs〉 +Rnl +Re,h

p→s. (5.9)

Here Re,h
p→s controls the transition rate of carriers from the p- to the s-shell. It is given in the

relaxation time approximation by

Re,h
p→s =

(
1 – f e,hs

)
f e,hp /τ e,hr , (5.10)

where the blocking factor 1 – f e,hs ensures that the populations cannot exceed unity. Note
that only downwards directed scattering is included in Re,h

p→s which is well-suited for low-
temperature situations. The �rst term on the right hand side of Eq. (5.9) encodes the carrier
dynamics resulting from the interaction with the laser mode. The loss of carriers due to the
recombination into non-lasing modes is given byRnl which

Rnl = –
∑
k 6=kl

|gk |2〈b̂†kv̂
†
s ĉs〉 = – f

e
s f

h
s

τnl
. (5.11)

5.2.3 Carrier Generation Model

In the semiconductor quantum dot laser theory, the carrier dynamics for the p-shell, being used
for the carrier generation, is given by

d
dt
f e,hp = P

(
1 – f ep – f hp

)
–
f ep f

h
p

τ
p
sp

–Re,h
p→s. (5.12)

In this Equation, the �rst term in the right hand side encodes the carrier generation scheme in
the p-shell of each QD, wherein

(
1 – f ep – f hp

)
is the Pauli-blocking factor. It should be noted

that P is to be interpreted as a pump rate per emitter, as the carrier generation comes about in
the p-shell of each QD. The modeling of the spontaneous recombination of p-shell carriers into
non-lasing modes is given by the second term. The last term is the aforementioned scattering
termRe,h

p→s for transferring carriers only from the p- to the s-shell.
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5.3 Photon Statistics in Semiconductor �antum Dots
Laser Theory

The most appealing aspect of the semiconductor quantum dot laser theory is its ability to grant
access to the statistical properties of a quantum light �eld source in terms of the second-order
correlation function. In the present section, we �rst review the classi�cation of light with respect
to photon statistics and proceed further to elaborate on their veri�cation in terms of the second-
order correlation function in the framework of the semiconductor quantum dot laser formalism.

5.3.1 Classification of Light

The most stable type of light that one can imagine is a perfectly coherent light beam which
has constant angular frequency, phase and amplitude [28]. A paradigmatic example of such a
light �eld is light emitted by an ideal single-mode laser operating well above threshold. From
a mathematical point of view, coherent light is conveniently describable in terms of coherent
states or Glauber states [103], which are an in�nite superposition of number or Fock states |n〉,
and which are eigenstates of the annihilation operator b̂ of the quantum light �eld:

|α〉 = e– |α|2
2
∑
n

αn√
n!

|n〉, and b̂|α〉 = α|α〉. (5.13)

For a coherent light beam, the probability distribution of the photon number can be expressed
in terms of the mean photon number 〈n〉, and is given by the Poisson distribution [28]

Pcoh(n) = 〈n〉
n

n! e–〈n〉, (5.14)

for which it holds (∆n)2 = 〈n〉, where (∆n)2 = 〈n2〉 + 〈n〉 is the photon number variance of the
distribution.

Super-Poissonian or thermal light is the term used to refer to light, the distribution of which
is broader than for Poissonian

[
(∆n)2 > 〈n〉

]
. Its probability distribution is given by the Bose-

Einstein distribution [28]

Pth(n) = 1
〈n〉 + 1

(
〈n〉
〈n〉 + 1

)2
, (5.15)

having its largest value for n = 0 and decreases exponentially for increasing n.
A pure quantum state, the so-called number or Fock state |n〉 being the eigenstate of the

photon number operator,

b̂†b̂|n〉 = n|n〉. (5.16)

49



i
i

“thesis” — 2020/11/30 — 18:21 — page 50 — #62 i
i

i
i

i
i

5 Semiconductor Quantum Dots Nanolasers Theory

Cavity system

Beam Splitter Detector 1

Detector 2

Correlator

Figure 5.2 | Illustration of the Hanbury-
Brown-Twiss (HBT) set up. A stream of
photon is send through a 50/50 beam splitter
which divided it equally between the two
output ports. Photons in each output port of
the BS are captured by photoelectrons, e. g
avalanche photodiodes. The photocurrents of
each detector are then multiplied and are in-
tegrated to yield the second-order correlation
function.

is a genuine nonclassical light state. Its distribution is narrower than that of the coherent light
�eld. A quantitative mapping out of the statistical properties of light sources is commonly
achieved in terms of the second-order correlation function that will discussed in the next section.

5.3.2 Second-Order Photon Correlation Function

In the laboratory, the second-order photon correlation function allowing to characterize and
verify the di�erent states of light, is commonly measured by a Hanbury Brown-Twiss (HBT)
setup as illustrated in Fig. 5.2. In this experimental arrangement, a stream of photons impinges
on 50/50 beam splitter (BS). Photons in each output port of the BS are captured by detectors. On
equipping one of the output channels with a variable delay τ , correlation of the light at di�erent
times can be monitored.

In his seminal paper [103], Glauber pointed out that the joint probability P2(t, t + τ )∆t∆τ to
detect a photon both in the time interval ∆t at t and in the time interval ∆τ at t+τ is expressible
in terms of normally ordered expectation values of the �eld amplitude,

G(2)(t, τ ) = 〈b̂†(t)b̂†(t + τ )b̂(t + τ )b̂(t)〉. (5.17)

For practical use, it is convenient to normalize the joint probability to the single time probabil-
ities for photon detection P1(t)∆t and P1(t + τ )∆τ :

g(2)(t, τ ) = 〈b̂†(t)b̂†(t + τ )b̂(t + τ )b̂(t)〉
〈b̂†(t)b̂(t)〉〈b̂†(t + τ )b̂(t + τ )〉

. (5.18)

The zero-delay second-order photon correlation function g(2)(0) can be expressed in terms of
the probability p(n) = 〈n|ρ̂|n〉 of a given state to be found with a given occupancy number n:

g(2)(0) =

∞∑
n=0

n(n – 1)p(n)[∞∑
n=0

np(n)
]2 , (5.19)
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Figure 5.3 | Speci�cation of a light source in
terms of second-order correlation function. A
pictorial comparison of bunched light (a), coherent
light (b), and antibunched light (c). For bunched
and antibunched light, the second-order correla-
tion function takes the value of g(2)(0) = 2, and
g(2)(0) ≤ 1 respectively. A random time between
the photon emission is observed in the case of co-
herent light source with g(2)(0) = 1. Adapted from
[104].

where ρ̂ is the density matrix. Therefore, it captures the statistics of the state
For coherent light sources, one obtains

g(2)(τ = 0) = 〈α|b̂†b̂†b̂b̂|α〉
〈α|b̂†b̂|α〉2

= 1. (5.20)

In case of pure photon number states |n〉, the second-order correlation functions reads as

g(2)(τ = 0) = 〈n|b̂†b̂†b̂b̂|n〉
〈n|b̂†b̂|n〉2

= 1 – 1
n

. (5.21)

Here, for n = 1 we get g(2)(0) = 0 for a genuine single-photon source. A nonclassical result is
obtained for n > 1, g(2)(0) < 1.

For thermal light, a tendency of the photons to arrive at the two detectors simultaneously is
observed, as the zero-delay second-order correlation function reads as

g(2)(0) = 1 + 〈(b̂
†b̂)2〉 – 〈b̂†b̂〉
〈b̂†b̂〉2

= 2. (5.22)

This phenomenon is commonly referred to as photon bunching, as opposed to photon antibunch-
ing, g(2)(0) ≤ 1. Note that for thermal and number-state �eld, the second order correlation
function g(2)(τ ) tends to unity as the delay τ approaches the in�nity [53]. Figure 5.3 gives a
pictorial representation of the detection events of the three aforementioned cases. Note how
in the case of antibunched light, Fig. 5.3 c), the emission events are well-spaced. Between two
contiguous counting events, there is a time gap approximately equal to the radiative lifetime of
transition of the emitter.

Extension of the Laser Equations

In order for the second-order correlation function to be incorporate into the semiconductor laser
model, the set of laser equations has to be consistently extended up to the quadruplet level. By

51



i
i

“thesis” — 2020/11/30 — 18:21 — page 52 — #64 i
i

i
i

i
i

5 Semiconductor Quantum Dots Nanolasers Theory

deriving the equations, we assume that only photons stemming from the lasing mode contribute
to the build up of correlations.

From the system Hamiltonian (4.24), the time derivative of the four-particle expectation value
〈b̂†b̂†b̂b̂〉 is given by

h̄
d
dt
〈b̂†b̂†b̂b̂〉 = –4κ〈b̂†b̂†b̂b̂〉 + 4|g|2Re

∑
α

〈b̂†b̂†b̂v̂†αĉα〉. (5.23)

In this equation, the index α runs over all resonant laser transitions from various quantum dots
and the quantity 〈b̂†b̂†b̂v̂†αĉα〉 on its right hand side, which has been scaled as 〈b̂†b̂†b̂v̂†αĉα〉 →
g〈b̂†b̂†b̂v̂†αĉα〉, encode the correlation between the photon-assisted polarization and the pho-
ton number. According to the cluster expansion scheme, the correlation functions of the two
expectation values, appearing in the above equation, read

δ〈b̂†b̂†b̂b̂〉 = 〈b̂†b̂†b̂b̂〉 – 2〈b̂†b̂〉,

δ〈b̂†b̂†b̂v̂†αĉα〉 = 〈b̂†b̂†b̂v̂†αĉα〉 – 2〈b̂v̂†αĉα〉〈b̂†b̂〉.
(5.24)

Note that the factor of two arises from the two realizations for the factorization.
On inserting Equation (5.24) into Equation (5.25) and using the time derivative of mean photon

value, one obtains(
d
dt

+ 4κ
)
δ〈b̂†b̂†b̂b̂〉 = 4|g|2Re

∑
α

δ〈b̂†b̂†b̂v̂†αĉα〉. (5.25)

The dynamics of the correlation function δ〈b̂†b̂†b̂v̂†αĉα〉 is given by(
h̄
d
dt

+ 3κ + γ
)
δ〈b̂†b̂†b̂v̂†αĉα〉 = –2|g|2〈b̂†v̂†αĉα〉2 +

(
f eα + f hα – 1

)
δ〈b̂†b̂†b̂b̂〉

+ 2f hα δ〈b̂†b̂ĉ
†
αĉα〉 – 2f eαδ〈b̂†b̂v̂

†
αv̂α〉

+
{
δ〈b̂†b̂ĉ†αĉα〉 – δ〈b̂†b̂v̂†αv̂α〉

}
〈b̂†b̂〉

– 2δ〈b̂†b̂ĉ†σ v̂†αĉαv̂σ〉 +
∑
σ

δ〈b̂†b̂†v̂†σ v̂†αĉαĉσ〉.

(5.26)

It should be note that the free evolution energy terms ε̃es + ε̃hs – h̄ω cancels out as only quantum
dots being in resonance with fundamental cavity mode are taking int account. Furthermore,
in accordance with the assumptions outlined in Sect. 5.1, we discarded the contribution of the
Coulomb interaction

īh d
dt
δ〈b̂†b̂†b̂v̂†αĉα〉

∣∣∣
C

= –2
∑
σ

{(
1 – f eα – f hα

)
Vασασδ〈b̂†b̂†b̂v̂†σ ĉσ〉

–2
(
f eα + f hα

)
Vασασδ〈b̂†b̂†b̂v̂†αĉα〉

} (5.27)
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to Equation (5.26). The right hand side of Eq. (5.27) is reminiscent of the Hartree-Fock Coulomb
terms in the Equation of motion for the photon-assisted polarization and therefore can be inter-
preted as renormalization of the single-particles energies and as interband exchange interaction,
leading to additional renormalizations of the transitions energies as well as a redistribution of
oscillator strength between di�erent quantum dot transitions.

The dynamics of the triplet carrier-photon correlation δ〈b̂†b̂ĉ†αĉα〉, appearing in the right
hand side of Eq. (5.26) and in the EoM of the photo-assisted polarization is given by{

h̄
d
dt

+ 2κ
}
δ〈b̂†b̂ĉ†αĉα〉 = –2|g|2Re

{
δ〈b̂†b̂†b̂v̂†αĉα〉 +

(
〈b̂†b̂〉 + f hα

)
〈b̂†v̂†αĉα〉

}
– 2|g|2Re

∑
σ

δ〈b̂†v̂†σ ĉ†αĉσ ĉα〉
(5.28)

and that of δ〈b̂†b̂v̂†αv̂α〉 reads as{
h̄
d
dt

+ 2κ
}
δ〈b̂†b̂v̂†αv̂α〉 = 2|g|2Re

{
δ〈b̂†b̂†b̂v̂†αĉα〉 +

(
〈b̂†b̂〉 + f eα

)
〈b̂†v̂†αĉα〉

}
+ 2|g|2Re

∑
σ

δ〈b̂ĉ†σ v̂†αv̂σ v̂α〉.
(5.29)

The correlation functions δ〈b̂ĉ†σ v̂†αv̂σ v̂α〉, δ〈b̂†v̂†σ ĉ†αĉσ ĉα〉, and δ〈b̂†b̂†v̂†σ v̂†αĉαĉσ〉 describe a paradig-
matic e�ect in cavity quantum electrodynamic, commonly known as superradiance. The phe-
nomenon of superradiant coupling has been extensively investigated both theoretically [86–88]
and experimentally [89, 104]. Nevertheless, in this thesis, we neglect these correlation func-
tions in all calculations, as no indications of superradiance are seen in the experiments we in-
tend to model with our theory. Moreover, for the sake of consistency, the correlation function
δ〈b̂†b̂ĉ†σ v̂†αĉαv̂σ〉will be discarded in all calculations, as it is a variation of the carrier correlation
function δ〈ĉ†αv̂†σ v̂σ ĉα〉, which has been omitted.

5.4 Summary

In this chapter, starting from the semiconductor luminescence equations, we have set up the
formalism for dealing with semiconductor QDs micro- or nanolasers. Upon considering cor-
relations functions up to the quadruplet level, the semiconductor laser model grants access to
the second-order function which is of crucial importance when the threshold region can not be
inferred from the input/output characteristics. The developed semiconductor QDs laser theory
will be used in the subsequent chapters to investigate Non-Markovian delay in the formation of
coherence in quantum-dot nanolasers operating in the cavity-QED regime, cf. Chap. 6, and the
in�uence of background emitters on lasing in quantum dot micropillars, see Chap. 7.
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6 Non-Markovianity of Lasing Dynamics

The ability in manufacturing semiconductor optical microcavities with dimensions down to the
di�raction limit of the laser light provides a unique experimental paradigm for investigating cav-
ity quantum electrodynamics e�ects. One of such nanocavities are the photonic-crystal cavities
(PhC) that combine a small mode volume with a long photon storage time. Since their incep-
tion, PhC based nanolasers have witnessed a huge amount of interest because of their ultra-low
lasing threshold [17, 20] , energy-e�ciency, and fast signal modulation [7]. The impetus to this
steadily growing interest is device applications such as optical communication, and quantum in-
formation processing. However, the small mode volume restraints the amount of gain material
that can be brought into spatial overlap with the lasing mode. The reduction in the gain material
is compensated by the Purcell e�ect [1, 7] that enhances the spontaneous emission and pushes
the concept of lasing into a cavity-QED regime governed by photonic and electronic correlation,
and �uctuations e�ects [20, 102, 104–107]

Mapping out the impact of correlations on lasing is mostly achieved in time-resolved experi-
ment. In a recent time-resolved emission dynamics of InAsP/InP QDs PhC nanolaser, wherein a
complete two-time map of the second-order photon correlation function is amenable, Dr. Galan
Moody at the National Institute of Standards and Technology, Colorado, USA and our group 1

observed that coherent emission is not fully reached at the maximum intensity of the emitted
pulse. Instead, it is delayed by up to 250 ps so that the emission entails a large thermal component
above the lasing threshold, a result that is at odds with the previously reported experiment in
Ref. [108] and questions the traditional lasing picture in which coherent emission is intimately
linked with the presence of stimulated emission.

The aim of this chapter is to provide a sound explanation and understanding for this oddity
observed in the lasing dynamics of the investigated device. To this end, a sophisticated the-
oretical basis is the semiconductor QDs laser theory, that has been introduced in Chapter 5.
Nevertheless, being a single time model, it only allows for calculating single-time dynamical
quantities. To bypass this obstacle, the theory has been upgraded with the quantum regression
theorem [74, 109], which grants access to multitime expectation value dynamics, and therefore
allows for calculating the two-time second-order photon correlation function.

1Dr. Galan Moody performed the experiment, I did the theoretical calculations
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6 Non-Markovianity of Lasing Dynamics

6.1 Nanolaser Characteristics

In this section, the characterization and the properties of the sample used in the two-photon cor-
relation spectroscopy (TPCS) are presented. Moreover, the experimental realization and results
including the input-output characteristics and the two-time second-order photon correlation
dynamics are reviewed.

6.1.1 Sample Properties

Metal organic vapor phase epitaxy (MOVPE) is the technology used to grow the nanolaser gain
medium consisting of a single layer of InAsP quantum dots nucleated at the center of a 320 nm
thick InP bu�er layer deposited on an exactly (001)-oriented InP substrate [110, 111]. It is instruc-
tive to mention that MOVPE, in contrast to the other growth techniques, such as molecular beam
epitaxy, suppresses the spontaneous formation of strongly elongated nanostructures (quantum
wires or quantum dashes) [112, 113]. The obtained QD density is on the order of 1010 cm–2.
A hexagonal PhC structure with a lattice constant of am = 410 nm and an air-hole radius of
r = 0.293 am has been fabricated by resorting to electron-beam lithography, a plasma-etching
process to form the PhC, and wet etching to suspend the InP membrane. By leaving out three
holes, the so-called L3-type defect cavity, a high-Q nanocavity with an e�ective mode volume
of 1.3(λ/n)3 containing a few tens of QDs, is obtained. To further enhance the cavity quality
factor Q, the position of the two holes forming the end mirrors of the cavity have been shifted
outward by 0.18am. Photoluminescence measurements, see Fig. 6.1 a) yield a cavity linewidth of
γc = 0.03 nm, corresponding to a quality factor of Q = 50000, which de�nes the resolution limit
of the spectrometer. The QD spontaneous-emission lifetime measured in an unpatterned region
of the device under investigation amounts to τQ = 1.4 ns between 5 K and 100 K [114]. Within
the PhC nanocavity, the interplay of the low cavity mode volume and high-Q factor leads to a
signi�cant Purcell enhancement of around �ve at 300 K.

6.1.2 Hypothesis of Temperature Tuning of the Emi�er Number

An appealing aspect of the device under study is the ability to control its emission and photon
correlation statistics by using the temperature as the turnstile to select the number of QDs that
couple to the cavity mode. In Figure 6.1 a), from 5K to 300K, a shift of the center of the QD spon-
taneous emission from 1540 to 1580nm can be observed. This is accompanied by a broadening
of the line width from∼ 20nm to∼ 100 nm. At low temperature, the large inhomogeneous line
width of the QDs spectra is mainly caused by height dispersion of the dots [111]. The center of
the inhomogeneous ensemble is strongly detuned from the cavity and only a few resonant emit-
ters feed into the cavity mode. At room temperature, a strong overlap of the emitter ensemble
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Figure 6.1 | Emission intensity of the cavity and the QDs for three di�erent temperatures. a) Tempera-
ture dependence of the InAsP/InP QD spontaneous emission and cavity mode emission. The measured cavity
linewidth at all temperature are limited by the spectrometer resolution, placing a lower bound on the cavity qual-
ity factor Q > 50000. b) Nanolaser output intensity versus input optical power for non-resonant pulsed excitation
at three di�erent temperatures 5K, 100K, and 300K.

with the lasing mode is observed.

6.1.3 Experimental Results

Input-Output Characteristics

To measure the input-output characteristics, the device is held in vacuum in a closed-cycle cryo-
stat with a variable temperature from 4 K to 300 K. A Ti:sapphire laser emitting 1 ps pulses
centered at 805nm at an 82MHz repetition rate has been used for the optical excitation. A 0.5
numerical-aperture objective is used to focus and collect infrared light from the device. To get
rid of spurious light, the emitted light is spectrally �ltered with 2nm bandwidth centered at the
cavity resonance, and then dispatched into a single mode optical �ber. Figure 6.1 b) displays the
input-output device characteristics for di�erent temperatures, with the horizontal axis corre-
sponding to the excitation pulse area and the vertical axis to the integrated emission intensity.
Interestingly, there is a correlation between the shape of the input-output intensity and temper-
ature. At room temperature, 300K, the typical S-shaped curve is indicative of a clear transition
from primarily spontaneous emission (LED operation) to lasing, separated by a threshold region
covering nearly one order of magnitude in excitation power. Such smeared-out threshold be-
havior is characteristic of cavity-enhanced high β-factor devices, wherein a large fraction of the
spontaneous emission is funneled into the lasing mode [18]. Nevertheless, the integrated output
intensity saturates at highest excitation powers suggesting that the nanolaser is fed by a lim-
ited number of saturable emitters. By lowering the temperature, the attainable gain is reduced
by QDs being tuned out of resonance with the laser mode. At 100K, a saturation of the emis-
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Figure 6.2 | Cartoon of the Hanbury Brown and Twiss setup. Illustration of the Hanbury Brown and Twiss
setup with �ber-coupled superconducting nanowire single photon detectors (SNSPDS) for recording the dynam-
ics of the second-order photon correlation function g(2)(t1, t2).

sion intensity already occurs at the point of the threshold and the data of 5K is thresholdless.
Here, gain saturates completely before a su�cient number of intra-cavity photons are present
to initiate lasing.

Photon Correlation Dynamics

A modi�ed Hanbury Brown Twiss (HBT) interferometer has been used to record the full two-
time photon correlation function. This approach is reminiscent of a previous study examining
single-photon purity from a single QD [115]. In this experimental setup, see Fig. 6.2, the light
emitted by the device is spectrally �ltered, split using a �ber-based 50/50 beam splitter (BS), and
then measured with WSi superconducting nanowire single-photon detectors (SNSPDs) with a
timing jitter of ≈ 75 ps full-width at half-maximum. Photon arrival times t1 and t2 at the two
SNSPDs are recorded relative to the Ti:sapphire excitation pulse. The time-tagged data are post-
processed to construct dual start-stop correlation histograms that provide a complete mapping
in t1 and t2 of the second-order photon correlation function,

g(2)
HBT (t1, t2) = 〈b̂†(t1)b̂†(t2)b̂(t2)b̂(t1)〉

〈b̂†(t1)b̂(t1)〉〈b̂†(t2)b̂(t2)〉
, t2 ≥ t1. (6.1)

Its numerator encodes the joint probability of detecting two photons at times t1 and t2, while
the denominator describes the probability of detecting two uncorrelated photons at t1 and t2. It
is instructive to mention that because the excitation source is pulsed, the temporal dynamics of
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Figure 6.3 | Gallery of the two-time second-order photon correlation function. The measured two-time
second-order photon correlation function at three di�erent temperatures:T = 5 K, 40 K, and 100 K.

the g(2)(t1, t2) do not reduce to a simple single-time dependence on τ = t2 – t1, as they would
be for stationary excitation source [116]. The experimental data for di�erent temperatures are
displayed in Fig. 6.3. As an example, at 100K: If one photon is detected at t1 = 0.1 ns, then the
likelihood of a second photon being detected at t2 = 0.1 ns (0.5 ns) is higher (lower) than it would
be for a coherent state with the same temporal intensity pro�le. More interesting are the data
for the equal-time second-order photon correlation function g(2)(t1, τ = 0), which corresponds
to slices along the diagonal of the two-time map g(2)(t1, t2) for τ = 0, and allows for monitoring
the build up and the break down of the second-order coherence during the entire excitation
pulse. It takes the value of 2 in the spontaneous emission regime and reaches 1 in the regime of
coherent emission. The data are graphed together with the emission intensity for two di�erent
temperatures in Fig. 6.4. A closer examination of the data reveals a signi�cant temporal delay δt
between the maximum of the emission peak and the formation of coherent emission expressed
by the minimum in the autocorrelation function g(2)(t1, 0). The delay δt increases from∼ 150 ps
to ∼ 300 ps with temperature, leading to the high-intensity portion of the pulse being largely
thermal despite the system operating in the regime of stimulated emission. These dynamics are
in marked contrast to a previous study of a QD micropillar laser with Q ≈ 5000 in which the
onset of coherent emission coincides with the onset of stimulated emission at the pulse intensity
maximum [108].

From these observations, the question which immediately arises is: What is the origin of the
observed delay? It is the objective of this chapter to provide unequivocal answers to this question.
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Figure 6.4 | Time-resolved zero-delay second-order photon autocorrelation function. In the LED regime
at 5K g(2)(t1, t1) > 1 as expected for incoherent thermal radiation. These dynamics are in marked contrast to 100
K for which the equal-time correlation function reaches unity during the emission.

6.2 Theoretical Model

In Chap. 3, we have derived the quantum Markovian master equation for the reduced density
operator of any quantum system coupling to its surrounding. In the subsequent chapters, we
make use of that formalism to derive the semiconductor laser equations, through which the
dynamics of single-time quantities, such as the intracavity photon, and the second-order cor-
relation function, can be obtained. The purpose of this section is to elaborate on a formalism
combining the semiconductor laser theory, see Chap. 5 with the concept of quantum regression
theorem (QRT) [74, 109] to calculate the two-time second-order photon correlation function. To
that end, after discussing the multime averages, we then outline the formalism of the QRT. We
proceed further to discuss how the semiconductor QDs laser theory can be upgraded with the
QRT.

6.2.1 Multitime Averages

To formulate the multitime mean value, let us consider, for the sake of simplicity, two operators
F̂ and Ĝ of a given open quantum system. Then, the two-time correlation function is expressible
as [74]

〈F̂ (t + τ )Ĝ(t)〉 = TrsTre
{
F̂ (t + τ )Ĝ(t)ρ̂s ⊗ ρ̂e

}
, τ > 0 (6.2)
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where ρ̂s and ρ̂e denote the density operator of the open quantum system and its surround-
ing, respectively. In the Heisenberg picture, the time dependence of the system operators are
generated by the combined Hamiltonian H , see Eq. (3.17):

F̂ (t + τ ) = Û †(t + τ )F̂ Û (t + τ ),
Ĝ(t) = Û †(t)ĜÛ †(t)

(6.3)

with Û (t) = e–iĤ t . By inserting the above relationships into Eq. (6.2) and availing ourselves of
the cyclic property of the trace operation, Eq. (6.2) can be rewritten as

〈F̂ (t + τ )Ĝ(t)〉 = Trs
{
F̂ TreẐ (τ , t)

}
(6.4)

where the operator Ẑ (τ , t) has been introduced,

Ẑ (τ , t) = Û †(τ )Ĝρ̂tot(t)Û (τ ), with ρ̂tot(t) = Û (t)ρ̂s ⊗ ρ̂eÛ †(t). (6.5)

It is straightforward to see that the equation of motion for Ẑ (τ , t) in terms of τ reads as
∂

∂τ
Ẑ (τ , t) = –i[Ĥ , Ẑ (τ , t)], (6.6)

which is reminiscent of the von Neumann equation of motion for the density operator. This
suggests that the equation of motion for Tre[Ẑ (τ , t)] will be the same master equation for the
reduced density operator that has been derived in Chap. 3, when assuming the Markovianity
of the dynamics, Eq. (6.6) and the factorization of the total density operator at any time t as
ρ̂tot(t) = ρ̂s(t) ⊗ ρ̂e. In other words, the dynamics of the auxiliary operator Tre[Ẑ (τ , t)] can be
described in terms of the evolution map V (t, s) introduced in Chapter 3,

Tre[Ẑ (τ , t)] = V (t + τ , t)Tre[Ẑ (0, t)] = V (t + τ , t)Ĝρ̂s(t). (6.7)

By inserting this expression into Equation (6.4), the two-time correlation function can therefore
be written as an expectation value of F̂ in respect of a modi�ed initial reduced density operator
p̂(t) = Ĝρ̂s(t):

〈F̂ (t + τ )Ĝ(t)〉 = Trs
{
F̂V (t + τ , t)p̂(t)

}
. (6.8)

It is instructive to note this formalism can straightforwardly be extend to obtain general time
ordered correlation function of the form [74]

〈F̂0(s0)F̂1(s1) . . . F̂m(sm)Ĝn(tn)Ĝn–1(tn–1) . . . Ĝ0(t0)〉 (6.9)

which can be contemplated in quantum measurements. Here the terms are ordered as

tn ≥ tn–1 ≥ . . . t0, sm ≥ sm–1 ≥ . . . s0. (6.10)

We close this section by pointing out that the modi�ed density operator p̂(t) is not required
to be a faithful density operator i.e. hermitian, and positive de�nite.
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6.2.2 �antum Regression Theorem

As already mentioned in Sect. 4.2.1, the expectation value approach requires to compute the
dynamics of the reduced density operator, and is limited to small size systems. For practical
applications involving many-particle systems, the derivation of the equations of motion for the
relevant set of observables is the convenient avenue. The time derivative in respect to τ of the
two point correlation function 〈F̂ (t + τ )Ĝ(t)〉 is referred to as the quantum regression theorem
and was �rstly derived by M. Lax [109].

More formally, let us consider a set of operators F̂α for which the single-time expectation
value equation, Eq. (4.26), cf. Sect. 4.2.1, can be written as [74]

d
dt
〈F̂α(t)〉 =

∑
σ

fασ(t)〈F̂σ(t)〉, (6.11)

where fασ(t) are some numerical coe�cients. It should be noted that Eq. (4.26) is in general
not a closed equation as already seen in the previous chapters. In the previous section, it has
been demonstrated that two point correlation functions 〈F̂α(t + τ )F̂σ(t)〉 can be interpreted as
single-time expectation values with respect to a modi�ed initial density operator p̂σ(t) = F̂σρ̂(t).
Because the assumptions leading to this interpretation are the same the hypothesis underlying
the derivation of Eq. (6.11) it is legitimate to say that 〈F̂α(t+τ )F̂σ(t)〉 is solution of the expectation
value equation, Eq. (6.11) with the modi�ed system density operator p̂(t):

d
dτ
〈F̂α(t + τ )F̂σ(t)〉 =

∑
λ

fαλ(t + τ )〈F̂λ(t + τ )F̂σ(t)〉, τ > 0. (6.12)

This is the celebrated quantum regression theorem, the initial condition of which is given by
〈F̂α(t + τ )F̂σ(t)〉τ=0 = 〈F̂α(t)F̂σ(t)〉which follows from the single time dynamics, Eq. (6.11). It can
be straightforwardly generalized as [74]

d
dτ
〈F̂α(t)F̂α(t + τ )F̂σ(t)〉 =

∑
λ

fαλ(t + τ )〈F̂α(t)F̂λ(t + τ )F̂σ(t)〉, τ > 0. (6.13)

6.2.3 Two-time Photon Correlation Dynamics

Let us now proceed further by applying the quantum regression theorem to compute the two-
time photon correlation function under pulsed excitation in the framework of the semiconductor
laser model. It is instructive to mention that for continuous wave excitation, the delay-time
dependent g(2) (τ = t2 – t1) has been calculated in [116] by adapting the quantum regression
theorem to the non-linear coupled laser equations. In this thesis at hand, however, the technique
is applied to a pulsed excitation scheme, which requires the calculation of the full two-time
quantity.
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Figure 6.5 | Schematic representation of
the calculation of the two-time pho-
ton correlation function A cartoon of
the computation of the two-time photon
correlation function g(2)(t1, t2). The blue
dashed circles correspond to the values of
the equal-time second-order photon corre-
lation function g(2)(t1, t1). The gray rectan-
gle represents the calculation of g(2)(t1, τ =
t2 – t1), while the red rectangle results from
the symmetry consideration.

The main goal in having recourse to the quantum regression theorem consists in mapping the
two-time calculation of g(2) (t1, t2) onto a series of single-time calculations that are performed
successively. To that end, at each time t1 a modi�ed density operator has to be introduced as

p̂(t1) = b̂(t1)ρ̂b̂†(t1)
〈b̂†(t1)b̂(t1)〉

. (6.14)

It is straightforward to see that Tr{p̂(t1)} = 1. Even though this modi�ed density operator is not
a genuine density operator as it is not Hermitian, p̂(t1) 6= p̂†(t1), it will be used to determine
the initial conditions of all expectation values in the semiconductor laser model for the time
evolution with respect to the second time argument t2. Expectation values with respect to p̂(t1)
are written as 〈〈· · · 〉〉.

Interestingly, the above mathematical prescription leading to the modi�ed density operator
changes the order of expectation values that are calculated with respect to p̂(t1) due to the mul-
tiplication with two photon operators in the numerator. For example, the mean value of four
photon operators 〈b̂†(t1)b̂†(t2)b̂(t2)b̂(t1)〉, and the carrier-photon correlator 〈b̂†(t1)b̂(t)ĉ†(t1)ĉ(t1)〉
become respectively the mean photon number and the carrier population with the modi�ed
density operator:

〈〈b̂†(t2)b̂(t2)〉〉 = 〈b̂
†(t1)b̂†(t2)b̂(t2)b̂(t1)〉
〈b̂†(t1)b̂(t1)〉

, (6.15a)

〈〈ĉ†(t2)ĉ(t2)〉〉 = 〈b̂
†(t1)b̂(t)ĉ†(t1)ĉ(t1)〉
〈b̂†(t1)b̂(t1)〉

. (6.15b)

Within the cluster expansion scheme, both the t1-time and t2-time evolutions must be performed
at the same level of approximation. While the t1-time evolution includes expectation values up to
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6 Non-Markovianity of Lasing Dynamics

the quadruplet level, the t2-time evolution must be restricted to the doublet level. Consequently,
the second-order correlation function may be rewritten as

g(2)
HBT(t1, t2) = 〈〈b̂

†(t2)b̂(t2)〉〉
〈b̂†(t2)b̂(t2)〉D

, (6.16)

leading to the following initial condition for the t2-dynamics

〈〈b̂†(t2)b̂(t2)〉〉
∣∣∣
t2=t1

= g(2)(t1, t1)〈b̂†(t1)b̂(t1)〉D

= 〈b̂
†(t1)b̂†(t1)b̂(t1)b̂(t1)〉.〈b̂†(t1)b̂(t1)〉D

〈b̂†(t1)b̂(t1)〉2Q
.

(6.17)

The subscripts D and Q stand for the doublet and quadruplet respectively.
To perform the numerical simulation of the two time photon correlation function we proceed

as follows. At time t = 0, we take the observables vector

u =
(
〈b̂†b̂〉, 〈b̂†v̂†ĉ〉, f es , f hs , 〈b̂†b̂†b̂b̂〉, 〈b̂†b̂†b̂v̂†ĉ〉, 〈b̂†b̂ĉ†ĉ〉, 〈b̂†b̂v̂†v̂〉

)
≡ 0 (6.18)

and propagate it with the stripped-down semiconductor laser equation. At time t = t1 the time
evolution is interrupted by a removal of a photon from the system. The value of u(t1) is saved
and subsequently used to de�ned the initial condition

ũ(t1, τ = 0) =
(
〈〈b̂†b̂〉〉, 〈〈b̂†v̂†ĉ〉〉, 〈〈ĉ†ĉ〉〉, 〈〈v̂†v̂〉〉

)
6= 0 (6.19)

according to Eqs. (6.15a)-(6.15b), for the τ -dynamics at doublet level. Figure 6.5 displays the
procedure. The point in the blue dashed circle correspond to the values of u(t1), whereas the
points in the gray rectangle represent the values of ũ(t1, τ ). The points in the red rectangle are
obtained by using the symmetry properties of the two time photon correlation function.

6.3 Numerical Simulations

6.3.1 Parameters Acquisition

In order to make qualitative and quantitative comparisons between experimental and theory,
some parameters involved in the semiconductor laser model have to be calibrated. The com-
monly used strategy for determining these parameters is to match the measured input-output
to the theoretical one.

To accommodate the hypothesis of the temperature tuning of the optical gain in the stripped-
down semiconductor laser model, the involved emitting dipole number is changed from 240(300 K)
to 10(5 K). The β-factor is used to quantify the jump in the emission intensity at the threshold.
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Figure 6.6 | Theoretical reproduction of the experimental input-output curves. Input-output curves for
three di�erent temperatures: T = 5K, 100K, and 300K. The dashed black lines are the numerical calculations
based on the stripped-down semiconductor QD laser model, see Chap. 5.

At �rst glance, it might be tempting to use di�erent values for the parameter β at di�erent tem-
peratures, in other words, making the β-factor temperature dependent. Still, the reduction of
jump observed when lowering the temperature from 300 K to 100 K is due to the onset of the
saturation before the threshold is fully developed [117]. Being determined by the ratio of the
spontaneous emission channels, the β factor is not expected to change much with the tempera-
ture. For the simulation, a β factor of 0.04 corresponding to

√
β–1 ≈ 5 photons in the cavity at

the lasing threshold, has been used. A large β factor for nanolasers is in contrast to macroscopic
(β . 10–4) and mesoscale (10–4 . β . 10–2) lasers with signi�cantly more gain material and
cavity photons at threshold [118]. Consequently, in nanolasers the emission and photon statis-
tics are particularly sensitive to large relative �uctuations in the photon number, which scale as
≈ β1/4 and can be as large as 40% for our device [95]. In QD nanolasers with high β factors sim-
ilar to that presented here, large �uctuations in the photon number are responsible for strong
intensity and timing �uctuations that are correlated, leading to a departure from coherent and
Poissonian statistics in the emission dynamics.

The experiment is well described by a quality factor of Q = 140000. The light-matter strength
is assumed to be the same for all temperatures and amounts to g = 5.5µeV. As it can be seen
in Fig. 6.6, an overall excellent agreement is achieved by using a dephasing rate of γ = 0.5 meV
(only at 300 K, γ = 0.7meV). The spontaneous emission time is obtained by using the expression,
cf Chap. 5

τsp = (κ + γ) β
2|g|2

(6.20)

and amounts to τsp = 305 ps at 300 K, implying a Purcell factor of around �ve.
Before closing this section, we note that the Gaussian excitation pulse used in experiment is
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Figure 6.7 | Theoretical calculation of the two-time second-order correlation function. Numerical calcu-
lations of the two-time second-order photon correlation function under pulsed excitation for three di�erent
temperatures: T = 5K, 100K and 300K.

modeled by a time-dependent carrier-generation P(t) being expressible as

P(t) = Parea√
2πσ

exp
[

–(t – t0)2

2σ2

]
. (6.21)

Here, Parea is the area of the excitation pulse and σ is a parameter being related to the full width
at half maximum via FWHM = 2

√
2 ln 10σ.

6.3.2 Photon Correlation Dynamics

Having calibrated the semiconductor laser model and equipped ourselves with the quantum re-
gression theorem, we are now ready to simulate the full two-time photon correlation dynamics,
Eq. (6.1), by availing ourselves of the procedure elaborated in section 6.2.3. To this end, for
the device operating at 5 K and 100 K, we pick three values of the excitation area. In case of
100 K, these values correspond to below, at, and above the threshold. In Figure 6.7, the results
of g(2)(t1, t2) for the highest excitation area are graphed. Slices along the diagonal for τ = 0 are
displayed together with the emission intensity for the LED, and lasing operational regimes of
the device under consideration. Interestingly, the theory reproduces qualitatively the feature
observed in the experiment. At 5 K , g(2) (t1, t1) > 1 throughout the entire pulse and does not
change signi�cantly with excitation power, as is expected for a thermal light source. In con-
trast, at 100 K su�cient gain leads to the development of a threshold region in the input-output
curve, cf. Fig. 6.8. This is well re�ected by the autocorrelation calculation. Below threshold,
g(2) (t1, t1) > 1 at all times, whereas a value of one is reached during the emission pulse at higher
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Figure 6.8 | Theoretical calculation of the equal-time second-order correlation function Numerical calcu-
lations of the equal-time second-order photon correlation function under pulsed excitation for three di�erent
temperatures: T = 5K, 100K and 300K.

excitation area con�rming that the carrier density is high enough to drive coherent emission. It
is noteworthy that under pulsed excitation, the emission pulse of a nanolaser undergoes various
stages: After carriers have been created by the excitation pulse, the con�ned QD states that feed
the laser transition are �lled by carrier scattering on a timescale of the carrier relaxation time
τr ≈ 500 fs. Already during the relaxation process, spontaneous thermal emission begins as
soon as carriers populate the lasing levels (rising edge of the emission pulse).

6.3.3 Adiabatic Elimination

Given the accuracy yielded by the coupled equations of motion of the microscopic laser model in
simulating the observed delay in the build-up of the coherence, the theory can be instrumental
in gaining more insights into the process at the bottom of the delayed coherence.

From the semiconductor QD laser theory, it is apparent that the photon production does not
adiabatically follow its source, namely the spontaneous and stimulated emission, but is deter-
mined by the so-called the phtoton-assisted polarization having its own time evolution equation
which reads

d
dt
〈b̂†v̂†s ĉs〉 = – (κ + γ) 〈b̂†v̂†s ĉs〉 +

(
1 – f es – f hs

)
〈b̂†b̂〉 + δ〈b̂†b̂ĉ†s v̂s〉 – δ〈b̂†b̂ĉ†s v̂s〉. (6.22)

A similar relationship exists between the higher-order photon-correlation function δ〈b̂†b̂†b̂b̂〉
used to compute the equal-time second-order correlation function g(2)(t1, t1) and the higher-
order photon-assisted polarization δ〈b̂†b̂†b̂v̂†s ĉs〉 that describes interband recombination and the
emission of a photon in the presence of an additional photon. The dynamics of this process is
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Figure 6.9 | Comparison of the Markovian and
non-Markovian equal-time second-order corre-
lation function. Comparison of the correlation dy-
namics from the full set of coupled laser equations
(solid blue curve) and dynamics in which the corre-
lations between carriers and photons are adiabatically
eliminated (dashed blue curve). The disappearance of
the delay δt in the formation of coherence in the lat-
ter case identi�es the non-Markovian polarization dy-
namics as the origin of the observed e�ect.
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expressible as(
d
dt

+ 3κ + γ
)
δ〈b̂†b̂†b̂v̂†s ĉs〉 = 2|g|2〈b̂†v̂†s ĉs〉2 –

(
1 – f es – f hs

)
δ〈b̂†b̂†b̂b̂〉

+ 2f hs δ〈b̂†b̂ĉ
†
s ĉs〉 – 2f es δ〈b̂†b̂v̂

†
s v̂s〉

+ 〈b̂†b̂〉
(
δ〈b̂†b̂ĉ†s ĉs〉 – δ〈b̂†b̂v̂†s v̂s〉

)
.

(6.23)

In order for the origin of delayed coherence formation to be comprehended, we identify the
dominant contributions to the dynamics of both polarizations, (6.22) and (6.23), at the cross-
ing of the threshold, given by the terms ∝ 〈b†b〉. While the dynamics of the photon in the
cavity mode is driven by the polarization via the carrier inversion term

(
1 – f es – f hs

)
, the evo-

lution of the higher-order polarization is driven by correlations between carriers and photons(
δ〈b†bc†s cs〉 – δ〈b†bv†s vs〉

)
.

To pin down the responsible factor for the delay, we eliminate the dynamics of the carrier-
photon correlations by solving (5.28) and (5.29), cf. Sect. 5.3.2, adiabatically:(

δ〈b̂†b̂ĉ†s ĉs〉
δ〈b̂†b̂v̂†s v̂s〉

)
= |g|2

κ
Re
[
δ〈b̂†b̂†b̂v̂†s ĉs〉

(
–1
1

)
+ 〈b̂†v̂†s ĉs〉

(
〈b̂†b̂〉 + f es
〈b̂†b̂〉 + f hs

)]
. (6.24)

In Fig. 6.9 the dynamics of the remaining equations of motion (blue dashed curve) are compared
to the full dynamics (blue solid curve). Evidently, when the correlation dynamics are eliminated
in a Markovian sense, the delay disappears and the maximum of the emission peak coincides
with the minimum of the autocorrelation function (blue dashed curve). Therefore, this con�rms
our initial assertion that the traditional lasing picture in which coherent emission is directly
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Figure 6.10 | Dependence of the delay on the cavity quality factor. Delay δt between emission intensity
maximum and the minimum in the zero-delay second-order photon autocorrelation function as a function of
the cavity-Q factor. A dephasing rate of γ= 0.5 meV (0.7 meV) is used for N = 20 and 75 (240 and 500). Note that
a few-emitter gain material requires a su�ciently high cavity- Q factor to reach lasing. Below that, g(2) remains
thermal and an o�set δt can no longer be de�ned.

related to the presence of stimulated emission is too general. Instead, the photon number and its
�uctuations respond to microscopic polarizations, and these develop on di�erent timescales due
to the presence of carrier-photon correlations, causing the observed e�ect. Finally, we identify
the delay in coherence formation as a property of high-Q nanolasers that is generally absent
in conventional laser devices. In Fig. 6.10 the delay δt is plotted against the cavity-Q factor for
four di�erent sets of parameters that are representative of typical laser systems, and in particular
the number N of involved emitting dipoles. As a general trend, a delay begins to form for Q-
factors above 10,000 and can, in principle, become as large as 0.5 ns in cavities with extreme
Q factors, such as microsphere or whispering-gallery mode resonators [119]. Lower-Q cavities
require a larger amount of gain material to cross the threshold, which is why the curves for 20,
75 and 240 emitters set in at a minimum Q-value. Below this value, stimulated emission is not
reached, and the system operates as an LED. In the bad-cavity regime, lasing can be reached
with su�cient gain material and the absence of a delay. Then, a Markovian description of the
laser dynamics, in which coherence forms as an instantaneous response of the photonic �eld to
stimulated emission, is justi�ed.

6.4 Summary

In this chapter, a QD-PhC nanolaser has been theoretically and experimentally investigated. By
resorting to the temperature as a turnstile for the amount of gain material that couples to the
cavity mode, it can be shown that the device under study operates in two regimes: LED, and
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6 Non-Markovianity of Lasing Dynamics

laser emission regime. The delay between the time-resolved intensity emission and the build up
the coherence, observed in experiment is qualitatively well reproduced by the semiconductor
QD laser theory in conjunction with the quantum regression theorem. This non-instantaneous
response of the photon-autocorrelation function to the onset of stimulated emission leads to the
fact that the emitted pulse of the device under consideration is largely thermal and becomes
coherent with a delay of 250 ps after the emission-pulse maximum. On the basis of the semicon-
ductor laser theory, a systematic analysis ascribes this e�ect to the non-Markovian dynamics
of the carrier-photon correlation amounting to the response of the gain material to the sponta-
neous and stimulated emission.
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7 Gain Contribution of Background
Emi�ers in Single �antum Dot
Nanolasers

Measuring and controlling the gain contribution of background emitters in micro- and nanolaser
is of crucial importance for the understanding of the lasing transition, especially in single quan-
tum dot (SQD) nanolaser. Experimental implementation of SQD nanolaser, wherein a single
quantum dot solely modulate the optical gain is a demanding task. This is mainly due to the
presently available technology in manufacturing quantum dot (QD) cavity systems, wherein a
non-negligible gain contribution by non-resonant transitions is hard to avoid to overcome the
laser threshold [20, 120, 121]. In current microlasers, the gain medium is based on self-assembled
QDs, which nucleate randomly on the active area of the microlaser [20–22]. As a consequence,
most of these QDs may feed the lasing mode in an uncontrolled way, and only a small fraction
of them have suitable spectral positions so they can be tuned through the cavity mode by re-
sorting to the temperature as a turnstile. In the long run, scenarios with only a SQD in spectral
resonance and spatially matched with the cavity mode are possible. For such device to lase, it
requires a high quality factor cavities and a strong light-matter rate that has to overcome the
cavity loss rate at least by a factor of two, leading towards the coherent strong coupling regime
[12, 121]. Consequently, even spectrally far o�-resonant QDs may couple to lasing mode by the
combination of di�erent mechanisms including, inter alia Auger-like scattering processes [122–
124], interaction of QD excitation with acoustic phonons [125], and Coulomb interaction with
multi-exciton states [126], whereby o�-resonant QDs can illuminate the cavity mode within a
wide energy range of tens of milli-electron volts.

Towards grasping and controlling the impact of o�-resonant emitters on the lasing behav-
ior which will be imperative for the optimization of future micro- and nanolasers, a versatile
two-color excitation protocol has been recently put forward by the group of Prof. Stephan Re-
itzenstein in Berlin. The very essence of the two-color excitation scheme is to disentangle the
contribution of the o�-resonant emitters from that of the resonant emitter by selectively excit-
ing resonantly the spectrally narrow p-shell of a target QD, while the gain of the o�-resonantly
coupled QDs is controlled simultaneously by above-band excitation. Thereby, the gain contribu-
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7 Gain Contribution of Background Emitters in Single Quantum Dot Nanolasers

tion of the background emitters to the device output can be tailored by tuning the ratio between
the two di�erent excitation powers.

The present chapter aims at elaborating on the prerequisite formalism for the theoretical
description of the experimental results in the framework of the two-color excitation concept.
After presenting the microscopic laser model in section 7.1, the experimental data are compared
to the numerical calculations in section 7.2. A short conclusion summarizes the �ndings.

7.1 Theoretical Model

The semiconductor QD laser model introduced in Chapter 5 assumes that the selected high-Q
cavity mode is predominantly feed by those QDs in resonance and neglects the contribution
of slightly detuned QDs. This assumption is underpinned by calculations, see Ref. [71] which
showed that the photoluminescence of an inhomogeneously broadened QD ensemble coincides
with that of an ensemble of identical QDs in resonance, with the light-matter coupling strength
being chosen as the maximum value in the inhomogeneously broadened QD ensemble.

The intent of this present section is to show how to e�ectively account for o�-resonant emit-
ters in the framework of this stripped-down semiconductor laser model without having to con-
sider explicitly an inhomogeneously broadened sample of QDs as done in Ref. [102].

7.1.1 Microscopic Laser Equations

To e�ectively account for o�-resonant QDs, which via a combination of di�erent mechanisms
including Auger-like scattering processes [122–124], interaction of QD excitation with acoustic
phonons [125], and Coulomb interaction with multi-exciton states [126] may couple to the cavity
mode, we divide the gain medium into groups of QDs.

Let us consider M groups of QDs that couple to the selected cavity mode, thus resonantly or
via the aforementioned channels. Each group contains Nξ emitters. Then the dynamics of the
intra-cavity photon is given by

h̄
d
dt
〈b̂†b̂〉 = –2κ〈b̂†b̂〉 +

M∑
ξ=1

Nξ |gξ |2〈b̂†v̂
†
s ĉs〉ξ . (7.1)

Here κ denotes the cavity loss rate, gξ encodes the e�ective light-matter coupling of each group,
and the operators c† (c), v† (v) create (annihilate) a charge carrier in the resonant transition of
each emitter, which is assumed to be the s-shell. The dynamics of carrier populations in the
lasing transition is given by

h̄
d
dt
f e,hs,ξ = –2|gξ |2〈b̂†v̂

†
s ĉs〉ξ +Rnl(βξ) +Re,h

p→s,ξ(P). (7.2)
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Theoretical Model 7.1

As in Chapter 5, the rateRe,h
p→s,ξ encodes the generation of excited carriers in the resonant laser

levels of the subsystem ξ via scattering that follows excitation from M pump sources with a
respective pump powers P = (P1, . . . , PM ). The dependence of the rate Re,h

p→s,ξ on P suggests
that the dynamics of the charge carries in one group may be modi�ed by the excitation of the
other groups. The spontaneous recombination of carriers into non-lasing modes is given by the
rateRnl that depends on the β-factor of each subsystem of the gain medium. The time evolution
of Eqs. (7.1)-(7.2) is determined by a balance of these interaction processes with the environment
and the light-matter interaction of each group via photon-assisted polarizations

h̄
d
dt
〈b̂†v̂†s ĉs〉ξ = –

(
κ + γξ

)
〈b̂†v̂†s ĉs〉ξ + f es,ξf

h
s,ξ –

(
f es,ξ + f hs,ξ – 1

)
〈b†b〉 (7.3)

with the dephasing rate γξ associated with the QD transitions resonant with the laser mode. This
equation contains the spontaneous-emission contribution f es,ξf

h
s,ξ and the stimulated emission

or absorption terms proportional to the intra-cavity mean photon number that also appears in
rate–equation theories. It is instructive to mention that all subsystems of the gain medium are
coupled via the common light �eld of the cavity in our multipartite gain medium laser model.
As a consequence thereof, one subsystem of the gain medium may in fact be indirectly excited
by others by reabsorbing the cavity photons emitted by them and vice-versa.

By augmenting the dynamics of Eqs. (7.1)-(7.3) with that of additional carrier-photon corre-
lation functions δ〈b̂†b̂†b̂v̂†s ĉs〉ξ , δ〈b̂†b̂ĉ

†
s ĉs〉ξ and δ〈b̂†b̂v̂†s v̂s〉ξ for each subsystem, access to the

second-order correlation function g(2)(0) = 2 + δ〈b̂†b̂†b̂b̂〉/〈b̂†b̂〉2 is amenable in the framework
of our multipartite gain medium laser model. Similar to the mean photon number, we modify
the dynamics of the photon-photon correlation as

h̄
d
dt
δ〈b̂†b̂†b̂b̂〉 = –4κδ〈b̂†b̂†b̂b̂〉 +

M∑
ξ=1

Nξ |gξ |2δ〈b̂†b̂†b̂v̂
†
s ĉs〉ξ . (7.4)

7.1.2 E�ective Spontaneous Emission Factor

In chapter 2, the spontaneous emission factor β has been introduced to parametrize the fraction
of the total spontaneous emission that is funneled into the lasing mode, i.e.,

β = Γl
Γnl + Γl

. (7.5)

Here Γl and Γnl are the rate of spontaneous emission into the lasing and nonlasing modes,
respectively. Because the spontaneous emission rate can be added up, an e�ective β-factor for
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7 Gain Contribution of Background Emitters in Single Quantum Dot Nanolasers

the multipartite gain medium may be introduced as

βe� =

M∑
ξ=1

Γl,ξ

M∑
ξ=1

(
Γl,ξ + Γnl,ξ

) ,

=
Γl,1

M∑
ξ=1

(
Γl,ξ + Γnl,ξ

) + . . . +
Γl,M

M∑
ξ=1

(
Γl,ξ + Γnl,ξ

) ,

(7.6)

where Γl,ξ and Γnl,ξ are the rate of spontaneous emission of ξ-th group into the lasing and
nonlasing modes, respectively. In the steady state, the spontaneous emission rate from each
subsystem into the lasing mode is given by

Γl,ξ = 2Nξ |gξ |2〈b̂†v̂
†
s ĉs〉ξ , (7.7)

which depends on the photon-assisted polarization 〈b̂†v̂†s ĉs〉ξ , the value of which can be obtained
by solving the corresponding equation of motion in the steady state

–(κ + γξ)〈b̂†v̂
†
s ĉs〉ξ + f es,ξf

h
s,ξ = 0. (7.8)

It should be noted that we have omitted the stimulated emission channel, as only photons stem-
ming from spontaneous emission enter the de�nition and the calculation of the β-factor. The
loss into the nonlasing modes can be read from the populations dynamics in the s-shell (cf. Chap.
5) and is given by

Γ
ξ
nl = Nξ(1 – βξ)

f eξ f
h
ξ

τ
ξ
sp

. (7.9)

By combining the above equations and using the de�nition of the light-matter coupling in terms
of the spontaneous emission time, cf. Chap. 5

g2
ξ =

h̄βξ(κ + Γξ)

2τ ξsp
, (7.10)

one obtains the expression for the e�ective β-factor

βe� = β1

(
1 + N2

λ2N1

〈b̂†v̂†s ĉs〉2
〈b̂†v̂†s ĉs〉1

)–1

+β2

(
1 + N1

λ1N2

〈b̂†v̂†s ĉs〉2
〈b̂†v̂†s ĉs〉1

)–1

, with λ = β2
β1

|g1|2

|g2|2
(7.11)

for M = 2. Here βξ is the spontaneous emission factor of each group. The value of this e�ective
β-factor implicitly depends on the excitation rates of each subsystem of the gain medium and
can, thereby, be tuned as will be discussed later. Note that more intricate many-body e�ects can
already lead to deviations from a constant β-factor of each subsystem, see Refs. [127, 128].
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Figure 7.1 | Comparison of the two excitation schemes used in the two-color excitation protocol. a) In
the p-shell excitation scheme, the target QD is selected via excited electronic state by using infrared source. b) In
the above-band excitation, carriers are non-resonantly generated in the continuum of barrier states by the green
laser. This is followed by a non-radiative relaxation into the QD s-shell via excited states.

7.2 Simulation and Experimental Results

The present section is devoted to the theoretical and experimental results that are obtained in
collaboration with the group of Prof. Stephan Reitzenstein in Berlin. In the framework of this
collaboration, the e�ect of background emitters on the lasing behavior of SQD microlasers has
been analyzed by applying an advanced two-color excitation concept where the background
gain contribution of o�-resonant QDs can be continuously tuned by precisely balancing the
relative excitation power of two lasers emitting at di�erent wavelengths. High-quality low-
mode volume GaAs-based QD-micropillar structure containing a single layer of self-assembled
InGaAs QDs as gain medium has been used for the study. For more details regarding the growth
and the experimental set up, see Ref. [129].

7.2.1 Model Calibration

The parameters of the background emitters (BG) and the resonant single quantum dot (QD) in-
volved in the multipartite laser model are determined by comparing the theoretical and exper-
imental results using green and infrared excitation separately. More speci�cally, the calculated
input-output characteristics have been matched to the measured one.
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7 Gain Contribution of Background Emitters in Single Quantum Dot Nanolasers
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Figure 7.2 | Theoretical and experimental input-output characteristics. The gray circle corresponds to the
input-output characteristics for only exciting above-band, and the red diamond for only exciting the p-shell of
the target quantum dot (IR), cf. 7.1. The dot-dashed black line are the numerical calculations. For the SQD, a light-
matter constant of gQD = 50µeV has been used. A β-factor of βQD = 0.9 and a dephasing rate of γQD = 1.36µeV
was su�cient to reproduce the experimental data. For the o�-resonant QDs, the following parameters set have
been used: [NBG, gBG, γBG,βBG] = [160, 20µeV, 80µeV, 0.25]. The horizontal gray dashed line marks the lasing
transition.

A graphical representation of the two-color excitation scheme is shown in Fig. 7.1. Non-
resonant carrier excitation is modeled by charge carrier creation into the higher QD p-states,
either via direct excitation in a case of the infrared excitation at rate PIR, or via in-scattering
of carriers that are excited into the energetically higher-lying states of the barrier material by
green laser excitation at rate PG:

d
dt
f e,hp,BG = (PG + ∆PIR)

(
1 – f ep,BG – f hp,BG

)
–Re,h

p→s,BG (PG, PIR) , (7.12a)
d
dt
f e,hp,QD = PIR

(
1 – f ep,QD – f hp,QD

)
–Re,h

p→s,QD (PG) . (7.12b)

The dependence of the rate Re,h
p→s,BG in Eq. (7.12a) on PIR and PG is motivated by the fact that

a small fraction of the infrared laser used to select the resonant quantum dot is captured by the
background emitters.

By matching the height of the jump between experimental and numerical results a β-factor
of the resonant QD βQD = 0.9, and of the background emitters βBG = 0.25 have been extracted,
see Fig. 7.2. For the lasing mode, a quality factor of Q = 15000 as determined in the experiment
has been used in the calculations. Regarding the light-matter coupling constant, an estimate
of gQD = 50µeV for the resonant QD is known from experiment. This value has been used as
upper bound for the coupling constant of the BG emitters, for which we use gQD = 20µeV. For
the damping of the inter-band transition in the respective subsystems, the following values have
been used: γQD = 1.36µeV, γBG = 80µeV. Noteworthy, small variations of the dephasing rates
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Figure 7.3 | Input-output map in the two-color excitation scheme. The left panel shows the experimental
dependence of the emission intensity on the excitation conditions in the two-color excitation scheme. The right
panel displays the theoretical calculation. The parameters set for the resonant quantum dot and the background
emitters are the same as in Fig. 7.2. The blue dashed line in both panels represents the lasing threshold according
to the usual de�nition 〈b̂†b̂〉 = 1 for microlasers.

result in qualitatively the same behavior.
A number of NBG = 160 of BG emitters that are distributed over a spectral range of tens of

milli-electron volts have been used. In principle, depending on the individual detuning situation,
cavity-feeding rates di�er for all emitters, especially due to the di�erences in the e�ciency of the
underlying coupling mechanism. Since the exact spectral position are not known, and in order
to avoid microscopic computations of phonon- or Auger-assisted feeding rates [123, 124, 130]
their contributions have to be thought of as an ensemble average. This means that gBG and βBG
are e�ective values that apply equally for all background emitters in the model.

7.2.2 Two-Color Excitation Map

Having determined the parameters involved in our laser model by matching the input-output
curves of the two limiting cases of either exciting dominantly the single target QD or all QDs
in the micropillar, we now turn our attention to the study of the transition between them by
gradually unbalancing between the two di�erent pumping rates.

Input-Output Excitation Map

Figure 7.3 displays the contour plot of the input-output curve obtained from the experiment,
see the left panel, and the theoretical model, see right panel. The vertical axis represents the
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Figure 7.4 | Diagonal cross-sections through the 2D excitation map. Diagonal cross-sections through the 2D

excitation map for �ve di�erent green to infrared excitation power ratios r ∈ {0, 1, 7, 50,∞}. The ratio corre-
sponds to constant relative contribution of the o�-resonant emitters to the gain medium. The case r = 0 and
r =∞ correspond to the p-shell excitation of the SQD and the above-band excitation of the background emitters,
respectively. The gray dashed line indicates the lasing threshold ( 〈b̂†b̂〉 = 1). The horizontal axis corresponds to
the sum of both excitation power: P = PIR(1 + r).

p-shell excitation of the target single QD, whereas the horizontal axis encodes the strength of
the above-band excitation. An increase in the corresponding pump rate of the latter leads to
an increased excitation of the background emitters in the micropillar. The threshold power
(〈b̂†b̂〉 = 1), obtained from the numerical calculations by matching the calculated input-output
characteristics to the experimentally measured one, is shown in the left panel by the blue dashed
line. Noteworthy, the qualitative agreement between the experimental and the theory maps is
very high. Moreover, it is clear from the maps that the di�erence between input-output curves
for the limiting cases is not linked with di�erent scaling factors for the excitation power but
indeed with the di�culty in achieving lasing conditions with a single quantum dot gain.

Cross Section Cut

By performing a diagonal cross cut through the 2D excitation map, a visualization of the change
in the shape of the input-output characteristic is amenable. Figure 7.4 shows the diagonal cross-
section pertaining to the input-output curve a �xed ratios r ∈ {1, 7, 50} between both excita-
tion powers, i.e., constant contribution-percentage of the o�-resonant emitters. The upper- and
lower- most input-output curves correspond to the two limiting cases, see Fig. 7.2. The solid
lines are the complementary simulated curves. It should be noted that the curves in Fig. 7.4
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Simulation and Experimental Results 7.2

are plotted against the sum of both pump rates. From these curves, one observes that the jump
in the transition regime is correlated with the increase of the background emitters contribu-
tion. In other words, the higher the o�-resonant emitter-contribution, the more pronounced
the s-shape in the transition regime. Thereby, the threshold position shifts toward lower total
excitation powers.

E�ective Spontaneous Emission Factor

For the coupled system consisting of resonant and background emitters, the e�ective β-factor,
Eq. (7.11), reduces to

βe� = βQD

(
1 + NBG

λ

〈b̂†v̂†s ĉs〉BG

〈b̂†v̂†s ĉs〉QD

)–1

+ βBG

(
1 + λ

NBG

〈b̂†v̂†s ĉs〉QD

〈b̂†v̂†s ĉs〉BG

)–1

(7.13)

with λ = βBG
βQD

∣∣∣∣gQD
gBG

∣∣∣∣2. In the limit of vanishing contributions from the background subsystem,

the e�ective β-factor takes on the high βQD value of the resonant emitter, whereas as signi�-
cantly lower βe� = βBG is observed in the case of dominating background:

βe� =

βQD for NBG → 0

βBG for NBG →∞
(7.14)

Figure 7.5 (middle panel) depicts the numerical calculation of the e�ective β-factor. In region
of dominant contribution of the p-shell excitation, the e�ective β-factor reaches the maximal
value of βe� = 0.37 which is still two times smaller than the extracted value of βQD = 0.9 for
the target resonant QD. This points out that even weak above-band excitation with a pump
rate as low as 10–4 ps–1 leads to a signi�cant background emitter related occupation of the
cavity mode. As a result, a degradation of the e�ective β-factor is observed. On the other hand,
when using only above-band excitation of the system and in the strong excitation regime, a
value close to βBG = 0.25 is obtained for the e�ective β-factor. This is interesting in the sense
that, it corroborates the dominant role of the background emitters in this range. Nevertheless,
in the regime of intermediate infrared pumping rates, the single quantum gains a meaningful
contribution. As a result, its �ngerprint becomes apparent in the microlaser characteristics
meaning that in this low excitation regime a SQD gain microlaser can be disentangled from a
multi-QD laser.

Photon Statistics

In the framework of the multipartite gain medium laser model, more insights into the gain con-
tribution of background emitters in SQD microlaser may be obtained by analyzing the second-
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Figure 7.5 | Second-order photon correlation function, e�ective spontaneous emission factor, and single
QD contribution excitation map. The left panel displays the excitation map of the second-order correlation
function, Eq. (7.15), in the two-color excitation scheme, while the middle and the right panels show the e�ective
spontaneous emission factor, Eq. (7.13), and the single QD contribution, Eq. (7.16) respectively. The set of
parameters used for the simulations are the same as in Fig. 7.2.

order photon correlation function map

g(2)(PG, PIR) = 2 + δ〈b̂†b̂†b̂b̂〉
〈b̂†b̂〉2

, (7.15)

the numerical calculation of which is displayed in Fig. 7.5 (left panel). Interestingly, as in the
case of the e�ective spontaneous emission factor, similar regions and a non-monotonic behavior
with PIR can be observed. In the low excitation regime, the resonant SQD and the background
emitters behave as a QD ensemble, as the emission is thermal (g(2)(τ = 0) = 2). This at �rst
sight unexpected thermal character of the emitted light may be traced back to the fact that a
small fraction of the infrared pump rate also drives the background emitters. It is instructive
to note that the similar e�ect would be visible, even if there was no fraction of PIR exciting
the background subsystem, as both subsystems are coupled via the lasing mode, see Eq. (7.3).
Nevertheless, with increasing carrier population, i.e high PIR spontaneous emission becomes
faster, as it is proportional to populations (f ef h), and at inversion, stimulated emission sets in for
the SQD but not for the background emitters. As consequence thereof, the statistical properties
of the emitted light is dominated by the SQD contribution, evidenced by non-classical behavior
and anti-bunching. At high above-band excitation, coherent emission is reached at pump rates
of about 10–1 ps–1. Even though the SQD alone does not provide a su�cient gain to cross the
laser threshold, coherent emission can be approached when PIR is further increased as a small
fraction of the p-shell excitation also drives the BG emitters.
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Single QD Contribution

To put more �esh on the e�ective-β-factor and the second-order correlation function g(2)(0)
dependences on the excitation power, we introduce an asymmetry parameter CSQD,

CSQD = 2
∣∣∣∣IT – IBG
IT + IBG

∣∣∣∣ (7.16)

which measures the relative contribution of the single QD to the emission of the microlaser. In
this equation, IT represents the total emission (BG emitters and the SQD) and the IBG stands
for the background emission only, where the SQD is removed in the model. It is important
to note that this asymmetry parameter is not amenable in experiment, as the presence of the
SQD is noticeable even if it is not directly excited. The accessibility of this parameter in theory is
actually quite interesting, because it reveals in how far the single emitter enhances the emission.
In Figure 7.5 (right panel), it can be seen that in the blue region the emission enhancement
reaches up to 70%. There is a slight non-linear behavior discernable that appears to come from
the onset of stimulated emission of the single QD. It is re�ected by the contour lines being more
closely spaced between 10–3 ps and 10–2 ps in the vertical direction. All curves bending back
at higher IR excitation power re�ect that the single QD is actually a saturable absorber and
cannot be driven to emit any more photons. The blue to red region one could interpret as the
regime where the SQD contribution is enhanced by the background, whereas the red region is
completely dominated by the background.

In their sum, the isolated contribution of the SQD and the e�ective β-factor provide impor-
tant insight into the interplay of resonant and background contributions in a nanolaser that can
operate close to the ideal regime of single-emitter lasing. This insight could not be obtained
from the mean photon number alone, which is a more intricate quantity as it re�ects the prop-
erties of the photons in the cavity, rather than their origin. At the same time, the autocorrelation
function obtained from our microscopic model demonstrates that a single device can be oper-
ated in any regime of non-classical, coherent, or thermal emission by choosing the resonant
(IR) and background (green) excitation to realize any point in the two-color maps. Due to the
high relevance of the photon statistics to understand the nature of the micropillar emission, it
will be interesting to address the autocorrelation function under two-color excitation in future
experimental studies in order to con�rm the predictions of �gure 7.5 (left panel).

7.3 Summary

In this chapter, the relative gain contribution of the single resonant QD and background emit-
ters that are o�-resonant in the single QD nanolaser has been theoretically and experimentally
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investigated by the judicious two-color excitation scheme. The gist of this more advanced ex-
citation scheme consists in monitoring the contribution of the background emitters and the
resonant QD by selectively exciting the latter via its p-shell and by resorting to the above-band
excitation for the former. The remarkable feature of this excitation scheme is its ability to con-
trol the transition between a device having characteristics reminiscent to those of a macroscopic
laser with QD ensemble gain, and microlaser operating in the cavity quantum electrodynamic
regime. Such being the case, it makes allowances for shedding more light on the operation of
high-quality microlasers close to the limiting case of the thresholdless single-emitter laser.

In contrast to the mainstream understanding of the β-factor to be constant for a given mi-
crocavity system, our investigation shows that a dominant single QD gain contribution results
in a higher e�ective β-factor meaning the spontaneous emission factor depends on and may
be tuned by the speci�c excitation conditions determining the e�ective gain. The study of the
second-order photon correlation also endorses the role of the dominant single QD.
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8 Collective Lasing in Disordered
Coupled-Cavity Arrays

This chapter aims at investigating theoretically and numerically the collective lasing in disor-
dered Jaynes-Cummings-Hubbard coupled-cavity arrays (CCAs). CCAs are quantum simulators
for the physics of many-body systems. After reviewing the history of quantum simulators in
section 8.1, the theoretical model is outlined in section 8.2. Here, we discuss the quantization of
the light �eld in CCAs, and the Jaynes-Cummings-Hubbard model describing CCAs in which
each cavity contains a two-level emitter interacting with the local mode. We proceed further
by deriving the equations of motion (EoMs) for the correlation functions which are essential
for obtaining all local quantities of interest. By introducing a diagonal average approximation
(DAA), it will be shown that results for translation invariant coupled resonators, i.e homoge-
neous coupled cavities, can be extended for weak photonic disordered array of cavities. The
results of the numerical simulations are presented in Sect. 8.3. A short conclusion summarizes
the �ndings.

8.1 General Introduction

An idiosyncrasy of strongly-correlated many-particle systems being pervasive in solid-state ma-
terials is the shortness of the length- and timescales on which their dynamics play out. As
consequence thereof, accessing their microscopic properties with the state-of-art experimental
technology is a very convoluted task. The controllability of the state of individual constituents
is even harder. Over the years, and motivated by Feynman’s view [131] of using a computer hav-
ing quantum mechanical primitive to emulate highly complex systems, arti�cial platforms, the
so-termed quantum simulators, have been put forward to explore the rich physics of strongly-
correlated many-body systems. Arguably, the �rst proposed architecture is an array of Josephson
junctions [132, 133] with which the properties of interacting bosonic particles [134–136] have
been successfully emulated. Another arti�cially designed platforms are ultra-cold atoms trapped
in optical lattices [137]. They turned out to be outstanding quantum simulators of large variety
of condensed-matter phenomena, including inter alia the super�uid-to-Mott-insulator quantum
phase transition [138], and a Tonks-Girardeau gas [139]. In addition to emulating quantum
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8 Collective Lasing in Disordered Coupled-Cavity Arrays

Figure 8.1 | Cartoon of coupled-cavity arrays. A graphical representation of an array of coupled cavities. Over-
lap of the light �eld modes of contiguous cavities gives rise to photon hopping.

many-particles phenomena, ultra-cold atoms in optical lattices also proved to be instrumental
in the implementation of quantum information processing by entangling contiguous atoms via
controlled collisions [140].

Implementation of quantum simulators based on coupled high-quality cavity arrays in pho-
tonic crystal cavities [141–143], in superconducting transmission lines [144–148], or toroidal
microcavities [119, 149], constitute new appealing avenues for simulating strongly correlated
many-body models. Unlike architectures based on Josephson junctions and optical lattices,
CCAs allow for a high degree of control and addressability of single sites. The coupling be-
tween contiguous cavities naturally arises from the overlap between evanescent �eld modes,
see Fig. 8.1.

In the Jaynes-Cummings-Hubbard version of the architecture, each cavity interacts with a
two-level system (e.g. quantum dot, atom or Cooper pair box). The local light-matter interaction
in strong coupling regime gives rise to optical nonlinearities and an e�ective photon-photon
repulsion, resulting in Mott-insulator states of light, and a transition to super�uidity of photons
when the photon hopping process overpowers the photon blockade e�ect [24, 25, 142]. The
optical nonlinearities can also be realized when each cavity is �lled with four-level atoms of a
particular level structure, and an external laser is used to drive them in the same manner as in
the electromagnetically induced transparency [25].

In addition to functioning as quantum simulators for quantum many-body phenomena, coupled-
cavity arrays have witnessed huge amount of interest in implementing quantum information
processing devices: quantum gates [150], the generation of entangled states such cluster state
[26, 151–153], the generation of single photons in parallel [154], quantum states transfer [27],
just to cite a few.

In Reference [155], the emergence of collective photonic modes in homogeneous coupled-
cavity arrays has be demonstrated to give rise to lasing far out of resonance between emitter
and cavity. In this chapter, we investigate the e�ect of disorder in the local photonic frequencies
on this collective lasing behavior.
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8.2 Theoretical Model

8.2.1 Light Field Hamiltonian in Coupled-Cavity Arrays

To derive the light �eld Hamiltonian in CCAs, see Fig. 8.1, we follow references [25, 156, 157]
and describe the array of cavities by a real, periodic dielectric medium

ε(x) = ε(x + X ), (8.1)

where x is a given three dimensional vector, and X = X l for all tuples of integers l = (l1, l2, l3).
As proceeded in Chap. 4, we start the quantization of the electromagnetic �eld (EMF) in the

periodic coupled-cavity lattice from Maxwell’s equations, which in the presence of a dielectric
medium read as

∇ · B(x, t) = 0,
∇ · D(x, t) = 0,

∇× E(x, t) = – ∂
∂t

B(x, t),

∇× H (x, t) = ∂

∂t
D(x, t).

(8.2)

Here, the electric E(x, t) and the auxiliary �eld D(x, t) are linearly related to each other via

D(x, t) = ε0ε(x)E(x, t). (8.3)

The Coulomb gauge which describes the EMF in terms of the vector potential A(x, t) has to be
generalized to make allowance for the dielectric medium [158]:

∇ · [ε(x)A(x, t)] = 0, (8.4)

which ful�lls automatically the transversality condition on the auxiliary �eld D(x, t),

∇ ·
{
ε(x) ∂

∂t
A(x, t)

}
= 0. (8.5)

In dielectric medium the wave equation for the vector potential, Eq. (4.11) becomes

∇×∇× A(x, t) + ε(x)
c2

∂2

∂t2
A(x, t) = 0 (8.6)

It is illuminating to mention the similarity between coupled-cavity lattice and the scenario in
condensed-matter physics, wherein an itinerant electron feels an atomic potential sharing the
periodicity of the crystal lattice. Here the individual cavities are the optical counterpart of the
isolated atoms, and the spatial mode in the cavities corresponds to the atomic wave function.
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This analogy suggests to use tight-binding approach for the vector potential, which satis�es the
Bloch theorem [72],

A(x + X , t) = eikXA(x, t). (8.7)

In the framework of the tight-binding approach, the vector potential is then expanded in terms
of Wannier functions being used to describe the spatial part of one site cavity-mode:

A(x, t) =
∑
l

u(x – X l)ei(kX l–ωt), with X l = X l. (8.8)

The Wannier functions ful�ll the eigenvalue equation

ω2
c
c2 εX (x)uX –∇× (∇× uX ) = 0 (8.9)

and the normalization condition∫
dxu∗X (x)uX (x) = 1. (8.10)

Here ωc is the resonance frequency of the cavity and εX (x) accounts for the local dielectric
function. Note that by virtue of the periodicity ωc does not depend on X .

By inserting Eq. (8.8) in the wave equation for the vector potential, Eq. (8.6), one obtains

∑
l

{
ε(x)ω2

c2 u(x – X l) –∇×∇× uX (x – X l)
}
ei(kX l–ωt) = 0 (8.11)

By multiplying both sides of this equation with u∗X (x) and performing a spatial integration, the
dispersion relation for the coupled-cavity lattice arises

ω2 = ω2
c

1 +
∑

l 6=0 e
ikX lβl

1 + ∆α +
∑

l 6=0 eikX lαl
, (8.12)

where for l 6= 0 αl , βl and ∆α are de�ned as [156, 157]

αl =
∫

dxu∗X (x)uX (x – X l), (8.13a)

βl =
∫

dxεX (x – X l)u∗X (x)uX (x – X l), (8.13b)

∆α =
∫

dx [ε(x) – εX (x)] u∗X (x)uX (x), (8.13c)

To evaluate the sum terms in Eq. (8.12), the coupling between the cavities is assumed to be suf-
�ciently weak so that only the overlap between the Wannier functions pertaining to contiguous
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cavities contribute [25, 156, 157]. This amounts to keeping only terms α±1 and β±1, wherefrom
Eq. (8.12) may be reduced to

ω2 = ω2
c

1 + 2β1 cos(kX )
1 + γ + 2α1 cos(kX ) (8.14)

by resorting to symmetry considerations allowing to require that α1 = α–1 and β1 = β–1 [25,
156, 157]. We can simplify the above dispersion relation further by de�ning the coupling factor

λ =
∫

dx [ε(x) – εX (x)] u∗X (x)uX (x – X ), (8.15)

and by making use of the fact that ∆α and α1 are marginal quantities, i.e ∆α ≈ 0, α1 ≈ 0 [157]
to obtain

ω ≈ ωc [1 + λ cos(kX )] . (8.16)

For kX ≈ 0 which is tantamount to the large wave-length limit, one obtains

ω ≈ ωc + ωcλ. (8.17)

By interpreting the �rst term as the on-site contribution and the second term as the correc-
tion resulting from the contiguous hopping process [157], the quantization of the light �eld in
coupled-cavity array reads as

HEMF = ωc
∑
α

b̂†αb̂α + J
∑
〈α,β〉

(
b̂†αb̂β + b̂†β b̂α

)
, (8.18)

where
∑
〈α,β〉 stands for the sum of all pairs of cavities which are contiguous and J = λωc .

8.2.2 Jaynes-Cummings-Hubbard Model

In the previous section, we have derived the light �eld Hamiltonian for coupled-cavity lattice by
requiring that the building blocks have the same resonant frequency and the probability of the
hopping process is the same for all cavity interactions. Needless to say that this model Hamil-
tonian does not echo practical situation wherein the lattice may entail some disorder leading to
a �uctuation of the resonant frequency and the tunneling rate from cavity to cavity.

In this thesis, we are interested in disordered coupled-cavity systems with each cavity being
coupled to a two-level emitter. Such a system is commonly described by the so-called Jaynes-
Cummings-Hubbard model which is given by

H =
∑
αβ

tαβ b̂
†
αb̂β +

∑
α

εασ̂
†
ασ̂α +

∑
α

(
gαb̂
†
ασ̂α + g∗αb̂ασ̂

†
α

)
. (8.19)
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The operators σ̂†α and σ̂α are the fermionic excitation and deexcitation operator in each site,
respectively. The transition energy of the two-level system is given by εα. The operators b̂†α
and b̂α describe the local photonic operator in each cavity, whose frequency is tαβ = ωαδαβ .
The coupling between cavities is ensured by the photonic hopping term tαβ = Jαβ(1 – δαβ).
Note that t∗αβ = tβα. The last term is the pivotal Jaynes-Cummings Hamiltonian encapsulating
the light-matter interaction with a coupling constant gα.

8.2.3 Orthogonal Transformation

When dealing with coupled-cavity arrays, it is convenient to introduce collective modes (CMs)
for the photons [23] as they allow one to diagonalize the photonic part the system Hamiltonian.
These are de�ned by the following orthogonal transformation,

b̂k =
∑
α

Sαkb̂α, b̂†k =
∑
α

Skαb̂
†
α. (8.20)

Here k denotes the photonic eigenmode or the collective mode of the coupled-cavity system
and Skα = 〈k|α〉 are the basis transformation coe�cients whose complex conjugation reads
S∗kα = Sαk = 〈α|k〉. In the basis of the CMs, the above Hamiltonian, Eq. (8.19) is expressible as

H =
∑
k

Ωkb̂
†
kb̂k +

∑
α

εασ̂
†
ασ̂α +

∑
k,α

(
gkαb̂

†
kσ̂α + g∗kαbkσ̂

†
α

)
, (8.21)

where gkα = Sαkgα and Ωk =
∑
αβ SkαtαβSβk denotes the CMs frequencies of the coupled-

cavity system. Note that the above transformation considers one-dimensional lattice site. For
the case of one-dimensional homogeneous closed ring of coupled cavities, analytical expressions
exist for the transformation coe�cients and the modes frequencies. They are given bySkα = 1√

N
eikα,

Ωk = ωc + 2J cos(k)
(8.22)

where k = 2πl/N , l = 1, . . . ,N with N being the number of sites in the array. The CMs are
referred to as Bloch modes.

8.2.4 Notation

Before embarking on the derivation of the equations of motion for the calculation of the local
quantities, we �rst denote the relevant quantities which are involved. At the mean photon level,
only three coupled EoMs for three quantities are essential:

nαβ = 〈b̂†αb̂β〉,

ψαβ = –igβ〈b̂
†
ασ̂β〉,

fαβ = 〈σ̂†ασ̂β〉.

(8.23)
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These c-number are two-cavity correlation functions, and N × N matrices, where N denotes
the number of considered cavities. The nαβ encode the inter-cavity coherence. Its diagonal
elements nαβ ≡ nα are the local mean photon number. The ψαβ represent the inter-cavity
photon-assisted polarization and describe an correlated event where a creation of a photon in
the α-th cavity is connected to an interband transition in the β-th cavity. Its diagonal elements
ψαα ≡ ψα are the on-site photon-assisted polarization. The last quantities, fαβ , are the inter-
cavity emitter-emitter correlation whose diagonal elements fαβ = 〈σ̂†ασ̂α〉 ≡ fα give the number
of emitters in the excited states.

8.2.5 Equations of Motion for the Correlation Functions

We proceed further to derive the equations of motion for the above correlation functions by
resorting to the formalism outlined in Chap. 4,

d
dt
〈Ĝ〉 = –i〈[Ĥ , Ĝ]〉 +

∑
α

Pα

{
〈σ̂αĜσ̂†α〉 – 1

2〈σ̂ασ
†
αĜ〉 – 1

2〈Ĝσ̂ασ
†
α〉
}

+
∑
α

γα

{
〈σ̂†αĜσ̂α〉 – 1

2〈σ̂
†
ασαĜ〉 – 1

2〈Ĝσ̂
†
ασα〉

}
+
∑
α

κα

{
〈b̂†αĜb̂α〉 – 1

2〈b̂
†
αbαĜ〉 – 1

2〈Ĝb̂
†
αbα〉

}
,

(8.24)

where Pα, γα and κα are the site-dependent pump, two-level decay, and cavity loss rates respec-
tively. In the following, they will be assumed to be the same for all sites. A derivation of the
equations of motion where all model parameters depend on the site indices is provided in the
appendix.

We start the derivation of the EoMs with the mean value of the photonic quadratic product
nαβ , the time evolution of which is coupled to the inter-cavity photon-assisted polarization. Its
dynamics in turn is coupled to higher-ranking correlators. To prune the unfolding hierachy of
the equations of motion we avail ourselves with the cluster expansion technique. Thereby, we
separate carrier numbers from photon-assisted polarizations and photon quadratic products as
in the following

〈b̂†αb̂β σ̂
†
ν σ̂ν〉 ≈ 〈b̂†αb̂β〉〈σ̂

†
ν σ̂ν〉 = nαβfν ,

〈b̂†ασ̂β σ̂
†
ν σ̂ν〉 ≈ 〈b̂†ασ̂β〉〈σ̂

†
ν σ̂ν〉 = ψαβfν .

(8.25)

Local Basis Representation

The expectation value of the photonic quadratic evolves as

ṅαβ = i
∑
ν

(
t∗βνnνα – nβν t

∗
να

)
– κnαβ + ψαβ + ψ∗βα. (8.26)
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The dynamics of the c-number ψαβ in the right hand side of this above equation is given by

ψ̇αβ = i
∑
ν

∆∗ανψνβ – 1
2 (κ + λ)ψαβ + nαβ |g|2

(
2fβ – 1

)
+ |g|2fαβ . (8.27)

Here ∆αν = tαν – εδαν . The notation λ = γ + P has been introduced, and denotes the total
dephasing rate of the inter-cavity photon-assisted polarization. Note that the light-matter cou-
pling strength and the two-level transition energy are taken to be the same for all sites, gα = g,
and εα = ε. The correlation function appearing in the last term has its own dynamic which
reads

ḟαβ = –λfαβ + (2fα – 1)ψαβ + ψ∗βα
(
2fβ – 1

)
+
[
P – 2fα

(
ψα + ψ∗α

)]
δαβ . (8.28)

Eigenmode Basis Representation

The Equations (8.26)-(8.28) can be expressed in the photon eigenmode basis by fully or when
convenient partially transforming the involved matrix as

nkq =
∑
αβ

S∗kαnαβS
∗
βq,

ψkβ =
∑
α

S∗kαψαβ .
(8.29)

By applying this transformation to the coupled EoMs Eqs. (8.26)-(8.28), we end up with the
following equations of motion for the correlation functions

ṅkq =
[
i
(
Ωk – Ωq

)
– κ
]
nkq + Akq, (8.30a)

ψ̇kα = –1
2 (2i∆k + γ)ψkβ + |g|2nkβ

(
2fβ – 1

)
+ |g|2fkβ , (8.30b)

ḟαβ = –λfαβ + (2fα – 1)ψαβ + ψ∗βα
(
2fβ – 1

)
+ (P – 2fαAk) δαβ . (8.30c)

Here Akq = ψkq + ψ∗qk , and ∆k = ε – Ωk is the detuning of the k photonic mode.

8.2.6 Diagonal Average Approximation

The diagonal average approximation 1 (DAA) has been introduced to express the above equa-
tions in the same basis. Its consists in approximating some diagonal quantities by their average.
Generally, for a given N ×N matrix A, its average is expressed as its trace divided by its dimen-
sion:

Ā = 1
N

∑
α

Aαα. (8.31)

1It has been proposed by Dr. Paul Gartner
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Because for homogeneous systems, it is legitimate to write Ā = Aα, the approximations fα ≈ f̄
and Ak ≈ Ā are deemed to be reasonable in case of a weak disorder. The parameter region for
which the approximation will break down can be worked out by comparing results based on
this approximation to that of the full solution of Eqs. (8.26)-(8.28).

In the framework of the DAA, one obtains from Eqs. (8.30a)-(8.30c) at the steady state a set
of equations involving only collective mode-basis quantities

nkq =
Akq[

κ – i
(
Ωk – Ωq

)] , (8.32a)

ψkq = 2|g|2
Γ + 2i∆k

[
fkq + nkq

(
2f̄ – 1

)]
, (8.32b)

λfkq =
(
2f̄ – 1

)
Akq +

(
P – 2f̄ Ā

)
δkq. (8.32c)

In this approximation, the fact that the source δkqP is diagonal in the mode indices suggests that
only the non-diagonal terms are zero. As a result, one obtains

κnk = Ak , (8.33a)
Ak = Fk

[
fk + 2

(
2f̄ – 1

)
nk
]

, (8.33b)
(P + γ) fk = P + 2f̄

(
Ak – Ā

)
– Ak , (8.33c)

where Fk = 4|g|2Γ /((Γ 2 + 4∆2
k) denotes the spontaneous emission of the two-level emitter into

the collective mode k. From Eq. (8.33a) it follows that Ak ≥ 0 for all k, as the photon populations
nk are positive quantities. By averaging Eq. (8.33c) one obtains

f̄ = f̄0 – Ā
P + γ or Ā = (f0 – f̄ )(P + γ), (8.34)

where f̄0 = P/ (P + γ). For Ā = 0, f̄ = f̄0, meaning that f̄0 is the average number of excited
emitters in the absence of the carrier-photon interaction.

By eliminating in Eqs. (8.33a) and (8.33c) Ak by using (8.33b) and Ā via Eq. (8.34), one obtains
two coupled algebraic equations for nk and fk

κnk =
(
2f̄ – 1

)
Fknk + Fkfk , (8.35a)

fk =
[
f̄0 – 2f̄

(
f̄0 – f̄

)]
+ κ

P + γ
(
2f̄ – 1

)
nk . (8.35b)

By inserting Eq. (8.35b) into Eq. (8.35a), one obtains for the population of the collective mode

κnk =
|g|2Γ

[
f̄0 – 2f̄

(
f̄0 – f̄

)]
∆2
k + 2Γ 2|g|2

κ (P + γ)
(
f̄1 – f̄

) , (8.36)

where the quantity f1 = 1
2 + κ (P + γ)

8|g|2
has been introduced. As the expression obtained for the

photonic population nk is reminiscent of the homogeneous case [155], where DAA is exact, we
conclude that the DAA equation extends for weak disorder the translation-invariant results.
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8 Collective Lasing in Disordered Coupled-Cavity Arrays
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Figure 8.2 | Collective lasing in homogeneous closed ring of cavities. Local mean photon number (red line)
and emitter population(blue line) as function of the emitter frequency ε. The vertical red dashed lines are the
collective modes. AtΩk = ε an increase in the local mean photon number is observed. The following parameters
have been used: N = 4 (left panel), N = 32 (right panel), J = 10g, Pσ = 5g, κ = 0.1g, and γ = 0.01g.

8.3 Numerical Simulations

In this section, the focus will be on the numerical analysis of the collective lasing in disordered
CCAs. To this end, we start by reproducing the results that have been obtained for the one-
dimensional homogeneous coupled-cavity arrays in Ref. [155]. After discussing the e�ect of
the disorder on the collective lasing, we then investigate the extent of the parameter region for
which the diagonal average approximation is applicable by checking against the full solution of
Eqs. (8.26)-(8.28).

8.3.1 Collective Lasing

Homogeneous Coupled-Cavity Arrays

The investigations in Ref. [155] considers a one-dimensional closed ring of CCAs and are carried
out in the strong coupling regime, meaning κ, γ � g. The parameters have been chosen so that
each isolated building block operates in the lasing regime, the so-termed one-emitter laser. In
this case, a half inversion of the emitter is observed, nσ = 〈σ̂†σ̂〉 ≈ nLσ = 0.5, and the cavity is
feed with a large number of photons nb ≈ nLb = Pσ/2κ [155]. For the investigated architecture,
the collective modes are the Bloch modes that have been already introduced in Sect. 8.2.3,

Ωk = Ω + 2Jcos(k), k = 2πl
N

, l = 1, . . . ,N , (8.37)

where N is the number of cavities in the array. The modes form a band with their frequencies
distributed across the interval [ωb – 2J ,ωb + 2J]. For the parameters set that have been used in
[155], we solve the coupled equations for nk and fk , Eqs. (8.35a)-(8.35b). In Fig. 8.2, we graph
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Numerical Simulations 8.3

the local mean photon number nb, and the emitter population for arrays with N = 4, 32. As
reported in [155], each collective mode is coupled to N emitters and enters its own lasing regime
at Ωk = ε. This gives rise to an increase of the photon number in the local cavity despite the
detuning between the emitter and the local cavity. The increase is accompanied by a decrease
of the emitter population to nLσ ≈ 1/2 from its saturation value 1. Note that because of the
symmetry property of the cosine-function, the Bloch modes are degenerated. At resonance, the
driven modes are equally feed by the emitters, nk=0,π = NnLb at the edges, and n±k = NnLb/2
for the other central modes. The height and the width of the peaks for the local mean photon
number nb are given by nLb and 2∆max =

√
Pσ(κσ – Pσ) [155], where κσ = 4g2/κ denotes the

Purcell enhanced decay of an emitter through its local cavity. A plateau in the local mean photon
number is observed, when the average distance between the Bloch modes, given by 4J/N (or
4J/(N – 1) for odd N ) is greater than the width of the peaks.

Disordered Coupled-Cavity Arrays

Let us now turn to the e�ect of the disordered photonic frequencies on the collective lasing. To
this end, the local cavity frequency is split as

ωα = ωb + δωα, (8.38)

where ωb is the same for all cavities and δωα encode the scattering in the photonic frequency,
which is assumed to be Gaussian-distributed

P(δωα) = 1√
2πσ

exp
(

–δω
2
α

2σ2

)
. (8.39)

Here σ is a parameter controlling the width of the �uctuations in the local mode energies.
For the set of parameters used in Fig. 8.2 (left panel), we solve the set of coupled equations

of motion for the correlation functions nαβ , ψαβ , and fαβ , Eqs. (8.26)-(8.28). The disorder δωα
are randomly generated from the Gaussian distribution. We numerically diagonalize the pho-
tonic matrix tαβ to obtain the energies of the collective modes (vertical red dashed lines). The
in�uence of the photonic disorder on the collective lasing is seen in Fig. 8.3 (left) where we
plot the steady-state mean photon number of each cavity against the detuning ωb – ε for two
di�erent widths of the �uctuations in the local mode energies: σ = 10g, and 50g. Note that for
each width, the simulation has been performed for one realization of the �uctuations.

For the particular realization of the �uctuations in case of σ = 10g, compared to the translation
invariant case, the modes at the edge of the band are redshifted, while the degeneracy of the
central modes are lifted. Interestingly, the collective lasing is not observed in all cavities when
the collective mode enters its own lasing regime, Ωk = ε. While collective lasing can obtained
at the edges of the photonic band, the third cavity does not lase when all emitters resonantly
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8 Collective Lasing in Disordered Coupled-Cavity Arrays
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Figure 8.3 | Collective lasing in a disordered closed ring of cavities. Local mean photon number as function
of the emitter frequency ε for N = 4 (left panel of each row), and the localization of the collective modes in each
cavity (right panel of each row). The other parameters are the same as in Fig. 8.2. The vertical dotted lines are
the position of the collective modes. The horizontal gray dashed line marks the threshold transition given by
〈b̂†b̂〉 = 1.

drive the fourth collective mode. In order to understand this behavior, we plot the localization of
each CM in each cavity, Fig. 8.3 (right panel). It is given by the square root of the transformation
coe�cients, |Skα|2, arising from the diagonalization of the photonic matrix tαβ , cf. Eq. (8.20). As
can be observed, the collective modeΩ4 shows the weakest localization in the third cavity, while
the collective mode Ω2 shows the highest localization. Consequently, the highest intensity is
recorded in the third cavity when the second collective mode is resonant with all emitter.

For disorder higher than the photon hopping rate ( σ = 50g > J = 10g), when each collective
mode enters its own lasing regime, the collective lasing is observed only in the �rst and second,
or in the third and fourth cavities.

Diagonal Average Approximation

Figure 8.4 compares the results of the local mean photon obtained from the full dynamics and
that based on the DAA. For photonic disorder smaller than the light-matter coupling strength,
a good agreement between the full dynamics and the DAA is obtained, and results of the trans-
lation invariant array can be extended to disordered ones. In the regime δωα > g, where the
degeneracy of the central collective modes are lifted, while the DAA reproduces qualitatively
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Figure 8.4 | Finess of the diagonal average approximation. Comparison of the local mean photon number
obtained from the full dynamics and that from the diagonal average approximation for di�erent values of the
disorder, σ = 0.01g, 1g, 2g, 5g.

the collective lasing at the band edges, it fails to capture the feature of the central modes.

8.4 Summary

In summary, the in�uence of disorder in the local mode energies on the collective lasing in
Jaynes-Cummings-Hubbard coupled-cavity arrays has been theoretically and numerically in-
vestigated. By introducing a diagonal average approximation, it can be show that results for
translation invariant coupled cavities, i.e. homogeneous coupled cavities, can be extended for
disordered array of cavities as long as the �uctuations in the local cavity frequency are smaller
than the light-matter coupling strength.

99



i
i

“thesis” — 2020/11/30 — 18:21 — page 100 — #112 i
i

i
i

i
i



i
i

“thesis” — 2020/11/30 — 18:21 — page 101 — #113 i
i

i
i

i
i

9 Summary and Outlook

This chapter is intended to conclude this work and gives some future directions. Three main
topics have been addressed in this thesis: (i) Non-Markovianity of lasing dynamics of InAsP/InP
QDs PhC nanolaser, (ii) gain contribution of background emitters in micropillar single quantum
dot nanolasers, and (iii) collective lasing in disordered coupled-cavity arrays.

For topics (i) and (ii) a semiconductor quantum dot laser theory, that makes allowances for
semiconductor e�ects including a modi�cation of the spontaneous emission source and �lling
e�ects, has been introduced. To that end, we �rst discussed the quantum Markovian master
equation of Lindblad-type allowing for a genuine investigation of open quantum systems dy-
namics. We then described the light-matter interaction in semiconductor quantum dot systems.
As a retrieval of the properties of the system under consideration in this thesis is intractable
by using the Lindblad’s equation of motion for the density operator, the equation of motion
scheme and its inherently related hierarchy problem for the relevant observables has been dis-
cussed. To handle the hierarchy, the cluster expansion technique is usually used. To exemplify
the equations of motion approach, the semiconductor luminescence equations constituting the
starting point of the semiconductor quantum dot laser theory, have been derived. Upon extend-
ing the laser equations to carrier-photon correlation functions, access to the second-order pho-
ton correlation function constituting a powerful tool for characterizing the operational regimes
of nanolasers was amenable.

In the framework of this laser theory, the build up of second-order coherence, associated
with lasing, on a di�erent timescale than the emission itself in a quantum-dot photonic-crystal
nanolaser emitting in the telecom band has been investigated. For the investigated sample, it was
possible to control the number of quantum dots overlapping with the lasing mode via the tem-
perature. By combining the semiconductor quantum dots laser theory with the quantum regres-
sion theorem, the full two-time photon correlation function g(2)(t1, t2) under pulsed-excitation
at di�erent temperatures were calculated. Good agreement of the simulated data with the mea-
sured ones could be demonstrated. Systematical and intensive numerical calculations showed
that the theoretically and experimentally observed delay of up to 250 ps in the build up of the
coherence is intrinsically induced. By adiabatically eliminating the carrier-photon dynamics in
the semiconductor quantum dots laser equations, that are accessible in the laser rate-equation
theories, the non-Markovian e�ects in the emission dynamics disappear. In further calculations,
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9 Summary and Outlook

the e�ects was shown to depend on the quality factor Q of the microcavity and the number of
emitters loaded into the former.

The second central topic was concerned with the theoretical modeling of single-emitter las-
ing e�ects in a quantum dot (QD)-microlaser under controlled variation of background gain
provided by o�- resonant discrete gain centers. Experimentally, the gain contribution of o�-
resonant QDs can be continuously tuned by using a recently proposed two-color excitation
scheme that allows for precisely balancing the relative excitation power of two lasers emit-
ting at di�erent wavelengths. To account for the o�-resonant emitters in the framework of the
stripped-down semiconductor QDs laser theory, di�erent light-matter coupling strength have
been attributed to the di�erent gain centers. Theoretical calculations based on the developed
model reveal that while a single QD cannot drive the investigated micropillar into lasing, its
relative contribution to the emission can be as high as 70% and it dominates the statistics of
emitted photons in the intermediate excitation regime below threshold.

The last issue considered was the analytical and numerical investigation of the collective las-
ing in disordered coupled-cavity arrays. The emergence of collective modes in this systems has
been shown to give rise to collective lasing in each building block when the emitters drive the
collective modes. Fluctuations in the local cavity frequencies were demonstrated to turned o�
the collective in some sites depending on the localization of the collective modes in them. By in-
troducing a diagonal average approximation, it was demonstrated that in the parameter regime
where the disorder is smaller than the light-matter coupling strength, results of the translation
invariant, i.e. homogeneous coupled-cavity arrays could be extended for the disordered arrays.

Prospectively, it might be interesting to measure the second-order photon correlation func-
tion in the two-color experiment to con�rm our theoretical calculation. Regarding the coupled-
cavity array, future works may investigate the collective lasing where the disorder is taken in
full generality, meaning that all model parameters are site-dependent. Given the ability of the
second-order photon correlation function to characterize the non-classical nature of the light
�eld, it might be arresting to look at it in the disordered coupled-cavity array by resorting to the
time evolving block decimation (TEBD) algorithm based on the powerful concept of the matrix
product state [159, 160] to tackle the dynamics of the density matrix operator.
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A Derivation of Lindblad Equation

This appendix gives a proof of the quantum Markovian master equation of the Lindblad-type,
which has been formulated in Chapter 3. To this end, it is convenient to introduce the concept
of Banach or Liouville space.

A.1 Concept of Liouville Space

Let us consider some Hilbert spaceH. The associated Liouville space B(H) is the space of Hilbert-
Schmidt operators, that is the space of operators F̂ inH for which Tr[F̂†F̂] is �nite. By equipping
the Liouville space with a scalar product given by

〈F̂ |Ĝ〉 = Tr[F̂†Ĝ], (A.1)

it inherits the structure of the Hilbert space. Therefore, an orthonormal basis {f̂α} in this space
ful�lling the orthogonality and the completeness relationships,

〈f̂α|f̂β〉 = δαβ , F̂ =
∑
α

f̂α〈f̂α|F̂〉 (A.2)

can be introduced. In nutshell, the formalism of the Liouville space allows one to treat Hilbert-
Schmidt operators as vectors. Theses vectors are easily obtained by reshaping these operators F̂
to a large vector |F̂〉 with index α ∈ {1, 2 . . .N 2} where N is the dimension of the Hilbert space.
An example of the Hilbert-Schmidt operators is the density operator ρ̂.

We are now ready to proof the Lindblad equation:

Theorem A.1.1. A linear operator L: B(HS ) → B(HS ) is the generator of a completely positive
dynamical semigroup of B(HS ) if it can be expressed in the form

L : ρ→ Lρ = –i[H , ρ] +
∑
αβ

cαβ

(
FαρF̂

†
β – 1

2FαF̂
†
βρ – 1

2ρFαF̂
†
β

)
, (A.3)

where H† = H, Tr(H ) = 0, Tr(Fα) = 0, Tr(FαF̂β) = δαβ , (α, β = 1, 2, ..,N 2 – 1), and cαβ is positive
semide�nite matrix.
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A Derivation of Lindblad Equation

Proof. To proof Eq. (A.3) we will follow Refs. [46, 50, 52]. Let us consider a complete basis of
orthonormal operators F̂α,α = 0, 1, ..,N 2 – 1. Such a basis set is purposely chosen so that

F̂0 = 1√
N
1. (A.4)

In this basis set, the Kraus operators appearing in the Kraus operator sum representation (KOSR)
ρ̂(t) =

∑
β M̂β(t, s)ρ̂(s)M̂†β(t, s), cf. Sect. 3.2.3 may be expanded as

M̂β =
N 2∑
α=0

F̂α〈F̂α|M̂β〉,

=
N 2∑
α=0

F̂αTr[F̂αM̂β],

= 1
N

Tr(Mβ)1 +
N 2–1∑
α=1

F̂αTr[F̂†αM̂β].

(A.5)

By inserting this in KOSR, we get

ρ̂(t) = gρ̂(s) + F ρ̂(s) + ρ̂(s)F +
∑
βλ

aβλF̂β ρ̂(s)F̂†λ, (A.6)

where the following short notations

g = 1
N 2 – 1

∑
α

|TrM̂α|2,

F = 1
N

∑
αβ

TrM̂†αTr[F̂†βM̂α]F̂β ,

aβλ =
∑
α

Tr[F̂†βM̂α]Tr[M̂†αF̂λ],

(A.7)

have been introduced. The time derivative of Eq. (A.6) with respect to t at t = s yields

ρ̇ = ġρ + Ḟρ + ρḞ +
∑
βλ

ȧβλF̂βρF̂
†
λ,

= –i[H , ρ] + Kρ + ρK +
∑
βλ

cβλF̂βρF̂
†
λ,

(A.8)

where the following Hermitian operators H and K , and the coe�cients cαβ have been de�ned
H = 1

2i

(
Ḟ† – Ḟ

)
,

K = 1
2

(
ġ1 + Ḟ† + Ḟ

)
,

cβλ = ȧβλ

(A.9)
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Concept of Liouville Space A.1

By drawing on the trace-preserving property of the generator, the Hermitian operator K can be
obtained:

Trρ̇ = Tr

2Kρ +
∑
βλ

cβλTr(F̂βρF̂
†
λ

 ,

= Tr

2K +
∑
βλ

cβλF̂λF̂
†
β

 ,

= 0,

(A.10)

This implies that

K = –1
2
∑
βλ

cβλF̂λF̂
†
β), (A.11)

from which follows immediately the generator of QDS after renaming the indices
β → α, λ→ β

Lρ = –i[H , ρ] +
∑
αβ

cαβ

(
FαρF̂

†
β – 1

2FαF̂
†
βρ – 1

2ρFαF̂
†
β

)
, (A.12)
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B Equations of Motion for the
Correlators in Coupled-Cavity Arrays

This chapter is intented to give a detailed derivation of the equations of the motion for the
correlators in coupled-cavity arrays. The equation of motion of a given correlation function 〈Ĝ〉
reads as

d
dt
〈Ĝ〉 = –i〈[Ĥ , Ĝ]〉 +DP[Ĝ] +Dκ[Ĝ] +Dκ[Ĝ], (B.1)

where

DP[Ĝ] =
∑
α

Pα

{
〈σ̂αĜσ̂†α〉 – 1

2〈σ̂ασ
†
αĜ〉 – 1

2〈Ĝσ̂ασ
†
α〉
}

,

Dγ[Ĝ] =
∑
α

γα

{
〈σ̂†αĜσ̂α〉 – 1

2〈σ̂
†
ασαĜ〉 – 1

2〈Ĝσ̂
†
ασα〉

}
,

Dκ[Ĝ] =
∑
α

κα

{
〈b̂†αĜb̂α〉 – 1

2〈b̂
†
αbαĜ〉 – 1

2〈Ĝb̂
†
αbα〉

}
,

Ĥ =
∑
αβ

tαβ b̂
†
αb̂β +

∑
α

εασ̂
†
ασ̂α +

∑
α

(
gαb̂
†
ασ̂α + g∗αb̂ασ̂

†
α

)
.

(B.2)

We start the derivation of the equations of motion (EoM) with the expectation value of the
photonic quadratic product which we denote nαβ = 〈b̂†αb̂β〉.

EoM for nαβ = 〈b̂†αb̂β〉

• Photonic Hamiltonian

[b̂†αb̂β , b̂†
α′ b̂β′] = b̂†α[b̂β , b̂†

α′]b̂β′ + b̂†
α′[b̂
†
α, b̂β′]b̂j

= b̂†αb̂β′δα′β – b̂†
α′ b̂βδαβ′ ,

(B.3)

–i
∑
α′β′

tα′β′〈[b̂
†
αb̂β , b̂†

α′ b̂β′]〉 = i
∑
α′

(
t∗αα′nα′β – nαα′t

∗
α′β

)
. (B.4)

Here t∗αβ is the complex conjugation of tαβ
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B Equations of Motion for the Correlators in Coupled-Cavity Arrays

• The light-matter coupling Hamiltonian

[b̂†αb̂β , b̂†
α′σ̂α′] = b̂†α[b̂β , b̂†

α′]σ̂α′

= b̂†ασ̂α′δβα′ .
(B.5)

–i
∑
α′
〈[b̂†αb̂β , gα′ b̂

†
α′σ̂α′ + g∗α′ b̂α′σ̂

†
α′]〉 = –igβ〈b̂

†
ασ̂β〉 + ig∗α〈b̂β σ̂

†
α〉 (B.6)

The only dissipation channel for the photonic product is the cavity loss:

Dκ[b̂†αb̂β] = –1
2
(
κα + κβ

)
〈b̂†αb̂β〉 (B.7)

By denoting ψαβ = –igβ〈b̂
†
ασ̂β〉 which encodes the inter-cavity photon-assisted polariza-

tion, the EoM for the photonic product reads

∂

∂t
nαβ = i

∑
α′

(
t∗αα′nα′β – nαα′t

∗
α′β

)
– 1

2
(
κα + κβ

)
〈b̂†αb̂β〉 + ψαβ + ψ∗βα (B.8)

EoM for ψαβ = –igβ〈b̂
†
ασ̂β〉

• Photonic Hamiltonian

[b̂†ασ̂β , b̂†
α′ b̂β′] = b̂†

α′[b̂
†
α, b̂β′]σ̂β

= –b̂†
α′σ̂βδαβ′

(B.9)

–i
∑
α′β′

tα′β′〈[b̂
†
ασ̂β , b̂†

α′ b̂β′]〉 = i
∑
α′

tα′α〈b̂
†
α′σ̂β〉 = –g–1

β

∑
α′

t∗αα′ψα′β (B.10)

• Light-matter Hamiltonian

[b̂†ασ̂β , b̂α′σ̂
†
α′] = b̂†αb̂α′[σ̂β , σ̂†

α′] + [b̂†α, b̂α′]σ̂
†
α′σ̂β

= b̂†αb̂α′(1 – 2σ̂†β σ̂β)δβα′ – δαα′σ̂
†
α′σ̂β

(B.11)

–i
∑
α′

g∗α′〈[b̂
†
ασ̂β , b̂α′σ̂

†
α′]〉 = ig†α〈σ̂†ασ̂β〉 + ig∗β〈b̂

†
αb̂β(2σ̂†β σ̂β – 1)〉 (B.12)
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• Pump term

[b̂†ασ̂β , σ̂†
α′] = b̂†ασ̂β σ̂

†
α′ – b̂†ασ̂

†
α′σ̂β ,

= b̂†α(1 – 2σ̂†β σ̂β)δβα′
(B.13)

DP[b̂†ασ̂β] = –1
2Pβ〈b̂

†
ασ̂β〉 (B.14)

• Dephasing term

Dγ[b̂†α, σ̂β] = –
γβ
2 〈b̂

†
ασ̂β〉 (B.15)

• Cavity loss part

Dκ[b̂†ασ̂β] = –κα2 〈b̂
†
ασ̂β〉 (B.16)

Denote

fij = 〈σ̂†ασ̂β〉, (B.17a)

ϕαβ = 〈b̂†αb̂β σ̂
†
β σ̂β〉, (B.17b)

λβ = γβ + Pβ (B.17c)

and we obtain

∂

∂t
ψαβ = i

∑
α′

t∗αα′ψα′β + g∗αgβfαβ + |gβ |2
(
2ϕαβ – nαβ

)
– 1

2
(
κα + λβ

)
ψαβ (B.18)

EoM for fαβ = 〈σ̂†ασ̂β〉 In a similar fashion, we obtain

∂

∂t
fαβ = –1

2
(
λα + λβ

)
fαβ + gα

gβ

(
2%αβ – ψαβ

)
+
g∗β
g∗α

(
2%∗βα – ψ∗βα

)
+ δij[Pi – 2(%ii + %̄ii)]

(B.19)

Here %αβ = –igβ〈b̂
†
ασ̂β σ̂

†
ασ̂α〉

To obtain a closed set of EoMs, the following factorizations have been performed

〈b̂†αb̂β σ̂
†
ν σ̂ν〉 ≈ 〈b̂†αb̂β〉〈σ̂

†
ν σ̂ν〉 = nαβfν ,

〈b̂†ασ̂β σ̂
†
ν σ̂ν〉 ≈ 〈b̂†ασ̂β〉〈σ̂

†
ν σ̂ν〉 = ψαβfν .

(B.20)
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