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Preface
This study was conducted as part of an interdisciplinary research project on
sustainable use of the coastal region in north-western Germany ("Doktorandenkolleg Lebensraum Nordseeküste") funded by the University of Bremen.
This work is submitted as a dissertation and has been supervised by Prof. Dr.
Horst D. Schulz. The thesis consists of five separate manuscripts which have
either been published, 01' submitted for publication in international journals
or on the internet. Their thematic context as weIl as abrief introduction into
the subject of groundwater flow in coastal aquifers is given in an introductory
chapter.
The first part of the thesis consists of the user's guide to a new computer
program for simulating density-dependent groundwater flow which was developed in the context of this study. Both the software "SWIMMOC" and the
user's guide is available on the internet. The second part describes a study
that was conducted in co-operation with Jens Seeberg-Elverfeldt, who participated in the field work and provided the laboratory results in the context of
his diploma thesis. The third manuscript presents an application of the new
density-dependent flow model. The fourth and the fifth part of the thesis are
the user's guide to a new computer program for visualizing groundwater flow
to a weIl and a short description of the application to a weIl in Portugal. The
software was developed during a stay as guest scientist at the Laboratorio Nacional de Engenharia Civil (LNEC) in Lisbon, Portugal. I'vly own contribution
consists of the development of the software and authorship of the user's guide
and the publication "Delineation of wellhead-protection zones: a simplified
approach", which was published in an international newsletter on coastal research. Dr. Joao Paulo Lobo Ferreira inspired and supervised the work. The
software "WeIlFlow" and the user's guide will be available on the internet.
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Chapter 1
Introduction
The coastal regions are the most densely populated areas in the world. Cohen et al. (1997) estimate that in 1994, more than one third of the world's
population lived within 100 km of a coastline. At the same time, the coastal
regions provide about one third of the world's ecosystem services and natural
capital (Costanza et al. , 1997). In order preserve this valuable and unique
biosphere for future generations, it is important to understand the effects of
elimate change and human interference in order to ensure the sustainable use
of coastal resources. The growth of human settlements is accompanied by an
increasing demand for water supply and excessive drainage for land reelamation purposes. Expected elimate changes will additionally influence the coastal
groundwater system. As a consequence, the coastal groundwater resources are
increasingly threatened by over-exploitation, pollution and saltwater intrusion.
The phenomenon of seawater intrusion in coastal aquifers was first observed
by Badon Ghijben and Drabbe (1889) during the exploration of groundwater
resources elose to Amsterdam, The Netherlands. Several years later, Herzberg
(1901) described saline groundwater on German islands in the North Sea.
Badon-Ghijben and Herzberg independently developed an equation that expresses the depth of the freshwater/ saltwater interface below sea level as a
function of the elevation of the groundwater table above sea level:

(1.1)

where
is the depth of the freshwater/saltwater interface below sea level,

Pi

is the density of freshwater,

Ps

is the density of saltwater, and
is the elevation of the groundwater tableabove sea level.
1
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Due to the density difference between freshwater and saltwater, the freshwater
experiences a buoyancy force and fioats on top of the saltwater. Consequently,
saltwater intrusion is a natural process that results from the equilibration
of pressures in the ocean and in the adjacent coastal aquifer. However, the
assumption of a steady-state of equilibrium implies that equation (1.1) can
greatly underestimate or overestimate the thickness of freshwater in case of
non-hydrostatic conditions (Izuka and Gingerich, 1998). Furthermore, the
presence of a brackish transition zone between saltwater and freshwater which
results from dispersive and diffusive mixing is neglected.
In order to correctly describe the pattern of groundwater fiow and the salt
distribution in coastal aquifers, numerical modeling is required. In the context
of this study, the two-dimensional density-dependent groundwater fiow model
SWIMMOC was developed. SVIIMMOC can be used to analyze groundwater
fiow at variable densities in vertical cross-sections and to cOlupute the salt
transport in aquifers. The program is especially suited to simulate groundwater fiow in coastal aquifers. The first part of this thesis consists of the
user's guide to SWIMMOC and introduces the concepts of modeling densitydependent groundwater fiow. The hydrogeological and numerical background
of the software are explained in detail and examples are presented.
How accurately a numerical model represents a situation observed in the field
always depends on the quality of the input parameters. In the course of the
study, it soon turned out that the exchange of water between the aquifers
and drainage networks in marsh areas is an important process that infiuences
saltwater intrusion. Therefore, a new method was developed for accurately
measuring the hydraulic conductivity of the drainage channel streambeds insitu, which is described in the second paTt of this thesis. The new measuring
technique was applied successfully on a section of a drainage channel dose to
the city of Cuxhaven in north-western Germany.
The measured values were directly included into simulations of the freshwater/saltwater interface in a coastal aquifer in north-western Germany, which
are presented in the third part of this thesis. Saltwater intrusion into a representative aquifer is modeled and the effects of climate changes and land
reclamation are investigated.
A different aspect of groundwater protection is considered in the fourth and
fifth part of this thesis. The European Water Framework directive demands
the delineation of wellhead protection area to protect wells that are used for
public drinking water supply. For most of the required protection areas, the
boundaries are defined by the time it takes for groundwater to reach the weIl.
Consequently, the groundwater velocity field and the streamlines in the vicinity
of the well must be calculated. The computer program WellFlow was developed to visualize the path of particles fiowing to a well and to calculate the
corresponding times of travel. Since WellFlow is based on an axisymmetric
approach, the program is especially useful for wells in coastal regions, which
are commonly characterized by very small regional hydraulic gradients. The
2

fourth manuscript consists of the user's guide to vVeIlFlow, which explains the
background of &.xisymmetric flOlv modeling and presents a number of simple
examples. The fifth part is abrief description of the new computer program
and includes the results of an application of WeIlFlow to a weIl in Ramalhal,
Portugal.

3
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4

Part I
A Saltwater Intrusion Model
Based on the Method of
Characteristics - U ser's Guide
to SWIMMOC

5

License
The computer program S\iVIMIVIOC is free software. It can be redistributed
and/or modified under the terms of the GNU General Public License as published by the Free Software Foundation; either version 2 of the license, 01' (at
your option) any later version. This program is distributed in the hope that
it will be useful, however, it comes WITHOUT ANY WARRANTY. The software does not even hold the implied warranty of MERCHANTABILITY 01'
FITNESS FOR A PARTICULAR PURPOSE. See the GNU General Public
License for more details.
An eleetronic copy of the GNU General Public License should be inc1uded
with the copy of the program. In case it is missing, write to the Free Software
Foundation, Inc., 59 Temple Place - Suite 330, Boston, MA 02111-1307, USA.

Software A vailability
The RealBasic source code of the computer program SWIMMOC as weH as
precompiled executables can be downloaded from http://wVirw.geochemie.unibremen.de.

7
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Chapter 2
Introduction
A variety of Immerical models for the simulation of density-dependent groundwater flow have been developed during the past two decades. In general, three
different approaches can be distinguished: finite-elements models (e.g. SUTRA
by Voss, 1987), finite-differences models (e.g. SEA\VAT by Guo and Langevin,
2002), and models based on the method of characteristics (e.g. MOCDENSE
by Sanford and Konikow, 1985). Oude Essink (1996) evaluated and discussed
these three different approaches with respect to their ability to simulate the
groundwater flow in coastal aquifers in the Netherlands and concluded that
models based on the method of characteristics are superior to finite-elements
or finite-differences codes in terms of accuracy, stability, and computational
effort, because they allow the use of relatively coarse grids without numerical
dispersion. He adapted the method of characteristics program MOC (Konikow
and Bredehoejt, 1978) to simulate density-dependent groundwater flow, and
successfully applied the new model, describing saltwater intrusion in coastal
aquifers (Oude Essink, 1996).

Oude Essink (1996) changed and extended the original code of MOC. As a
result, the adapted MOC profits from robust and widely accepted techniques
implemented in the original MOC. However, it is also restricted to limitations
inherent in the original code; e.g. neither constant concentration boundaries
nor constant head boundaries can be used directly in simulations. Also, since
the original MOC was intended for two-dimensional groundwater flow in a
horizontal plane, the adapted MOC model requires further changes in the
code in order to use leakage boundary conditions. Compared to the original
model, the possibilities to perform mass balance calculations are limited in the
adapted MOC code.
The well-documented adaption of the original MOC code (Oude Essink, 1996)
gave rise to the idea of developing a new model from scratch, using the robust
and proven method, while facilitating at the same time the use of boundary
conditions that are typical for coastal aquifers. Implementing visualization
features into the new code provides options to gain a profound insight into

9
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the Immerical methods and to avoid that the model is used merely as a 'black
box'.
SWIMMOC is a numerical model for the simulation of two-dimensional densitydependent groundwater flow. The purpose of the model is to compute the pattern of groundwater flow and the distribution of salt in a vertical cross-section
through an aquifer. SWIMMOC can be applied to analyze the dynamics of
saltwater intrusion in coastal aquifers with respect to climate change and anthropogenic influences. The model is capable of simulating groundwater flow at
a steady-state equilibrium as weH as transient flow problems. This document
describes the theoretical background of the computer program and presents an
example of a simulation run.
Chapter 3 introduces the reader to the theory of groundwater flow at variable
densities foHowing the concept of equivalent freshwater heads. Different numerical methods to solve the governing equation for two-dimensional densitydependent groundwater flow (chapter 4) as weH as the relevant processes of
solute transport in groundwater are described (chapter 5). In chapter 6, the numerical solution of the transport equation using the method of characteristics
is explained in detail; it is coupled to the Immerical solutions of the groundwater flow equation in chapter 7. The definition of initial values and boundary
conditions is described in chapter 8. Chapter 9 introduces possible strategies
to evaluate and influence the precision and accuracy of numerical simulations
with SWIMMOC. The theoretical part of this documentation rounds up with
a brief review of the used assumptions (chapter 11).
The practical introduction to the computer program SWIMMOC begins with
abrief description of the menus and dialogs (chapter 12). The classic Henry
problem of saltwater intrusion is employed in chapter 13, demonstrating how
to set up a new simulation in SWIMMOC. The solution of a modified version
of the Henry problem is illustrates the features and practical power of the new
simulation tool SWIMMOC.

10

Chapter 3
Density-dependent groundwater
flow
The theory of two-dimensional density-dependent groundwater flow fonns the
background of the llUmerical model SvVIlVIl\!10C. It is assumed that groundwater flovv is two-dimensional in a vertical plane. The horizontal x-axis of
the plane is positive to the right. The vertical z-axis is parallel to gravity,
but pointing in the opposite direction, therefore z is positive upward. It is
assumed that the vertical cross-section has unit thickness. For this reason, the
thic1mess is not included into the equations as a third variable.
In hydrogeology, next to the International System of Units (SI), the footpound-second (FPS) system of units is still widely used. Moreover, the units of
quantities are often adjusted to the scale of the problem, e.g. specific discharge
as weIl as hydraulic conductivity are frequently expressed in meters per day.
In order to account for this common practice, the quantities are characterized
by their dimensions rather than through SI units: [L] is length, [M] is mass,
and [T] is time.

3.1

Pressure head and piezometric head

It is assumed that water is an incompressible fluid. Inside any hydrostatic body
of water that is exposed to a gravitational field, the water pressure increases
with depth. Consequently, the hydrostatic pressure of groundwater can be
expressed as a function of the depth below the water table:

p(z) = pg (zwt - z)

(3.1)

where
11
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p

is the pressure at the point of observation [ML-lT- 2 ],

P

is the density of the water [NIL -3],

9

is the aeeeleration due to gravity [LT- 2 ],

Zwt

is the elevation of the water table [L]' and

Z

is the elevation head at the point of observation [L].

The distanee between the point of observation to the water table is equal to
the height of a eolumn of water needed to generate the pressure p and ean be
expressed as:
Zwt -

Z

p(Z)

= --

pg

(3.2)

The quotient on the right hand side of equation (3.2) is referred to as pressure
head. The sum of the pressure head and the elevation head is ealled piezometrie
head:

h(z) = p(z)
pg

+z

(3.3)

where

h(z)

is the piezometrie head at the observation depth z [L].

Figure 3.1 illustrates that inside a body of water at rest, thus at hydrostatie
eonditions, the water pressure inereases with depth while the piezometrie head
rernains eonstant. Groundwater flow between two points in the same aquifer
oeeurs only if there is a differenee in piezometrie head.

3.2

Darcy's law

Two-dimensional groundwater flow in a vertical eross-section through an anisotropie, heterogeneous aquifer ean be deseribed using Darey's law (e.g. Freeze
and Cherry, 1979; Bear, 1979):

qx

-K 8h
x8x

(3.4)

qz

-K 8h
z 8z

(3.5)

where
are the speeifie diseharges [LT- 1], and
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Z

wt

p(Z)
pg
Z -

-

-

pressure head

"

- - -

piezometric head
-p(z)=pg(zwr- z)

J~

elevation head

p(Z)
h(z) =- - + Z
pg

= ZWI

Figure 3.1: At hydrostatic conditions, the pressure increases with depth. The piezometric
head is constant throughout the aquifer, because it is the sum of the pressure head and the
elevation head.

are the hydraulic conductivities [LT- 1 ] in horizontal and vertical
direction, respectively.
Darcy's law indicates that the specific discharge is proportional to the gradient
in the piezometric head. The proportionality constant J{ is called the hydraulic
conductivity. J{ depends on both the permeability of the porous medium and
the viscosity of the fluid. Commonly, the value of the hydraulic conductivity
refers to freshwater at a temperature of ten degrees Celsius, which is considered
the standard state of groundwater. At different temperatures and densities
of the fluid, the hydraulic conductivity may vary significantly. The specific
discharge is the flow of groundwater per unit area of the aquifer perpendicular
to the direction of flow. This area consists of both sediment and porespace.
The velocity of groundwater flow is calculated by dividing the specific flow by
the effective porosity:

(3.6)
(3.7)

where
are the horizontal and vertical components of groundwater velocity
[LT- 1 ], and
is the effective porosity [-].
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3.3

Density differences

Given the presence of density differences within a water body, either the hydraulic conductivities must be calculated as functions of the density 01' the
piezometric heads must be transformed such that they refer to the same density. The pressure at the bottom of a water column of the density P is calculated
according to equation (3.1). After inserting the density of freshwater Pi into
equation (3.3) and substitution of the right hand side of equation (3.1) far
the pressure, the piezometric head can be expressed with respect to freshwater
density:

hi(z)

=

(zwt - z) -P
Pi

+z

(3.8)

where
is the equivalent freshwater head at the depth z [L]' and

Pi

is the density of freshwater [ML -3].

Since the equivalent freshwater head is not areal quantity that can be measured in nature, it is sometimes also called 'fictive' freshwater head. The difference between the real piezometric head and the equivalent freshwater head
is illustrated in figure 3.2. Within a groundwater body at rest the real piezometric head is constant throughout the aquifer. The freshwater head increases
with depth because the density of the groundwater is greater than the density
of freshwater. The conversion of observed piezometric heads into equivalent
freshwater heads creates a fictive vertical gradient in the profile:
(3.9)
In order to prevent the introduction of a fictive groundwater fiow when applying Darcy's law to equivalent freshwater heads, a buoyancy term must be
added to equation (3.5), to compensate for fictive gradients :
qz =

-K (8h8z + B)
z

i

with

B

=

L-1
Pi

(3.10)

The fictive vertical gradient given by equation (3.9) is negative if the density
of the groundwater is greater than the density of freshwater. Consequently,
in the hydrostatic case, the buoyancy term must be positive to balance the
fictive gradient. If the density of groundwater varies within the aquifer, the
buoyancy term becomes a function of the location within the vertical plane of
the aquifer and the time:

B(x, z, t) = p(x, z, t) - 1

Pi
14

(3.11)

3.3. DENSITY DIFFERENCES
where
t

is the time [T].

Equation (3.11) simply indicates that water of a greater density will obey the
law of gravity and move downward. Thus a positive correlation exits between
groundwater density and downward flow created by the density term.

J~ Z

v

V

v
'i7

v

...

I!o:.h

P

I!o:.z

Pt

t 1--=

...

p(~)

Pt g
p( ZI)

--------

Ptg
h
t

(~)= p(~) +~
Pt g

=~(Zwt -~)+ ~

p( ZI)

ht(ZI) = --+ ZI
Pt g
= ~(Zwt -ZI)

Pt

Pt

-------- -------------

Figure 3.2: The grotmdwater in this illustration has the density P, which is greater than the
density offresh groundwater Pi' Assuming hydrostatic conditions, the observed piezometric
heads (solid triangles) at the depths ZI and Z2 are equal (h obs = Zwt). Expressing the
piezometric head with respect to freshwater density (open triangles) introduces a fictive
hydraulic gradient to the profile.

Assuming hydrostatic conditions, equation (3.8) can be used to calculate the
equivalent freshwater head using the pressure and the depth of observation. In
the presence of vertical hydraulic gradients, the pressure head can be different
from the distance to the water table. Thus, the pressure must be expressed in
terms of the observed piezometric head:

p(z) = pg (h - z)

(3.12)

Combining equations (3.12) and (3.3) yields the formulas for the conversion
between equivalent freshwater heads and observed piezometric heads in water
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bodies that are not hydrostatic:
(3.13)

h

3.4

(3.14)

Leakage and drainage

In areas where the groundwater table is dose to the surface, the exchange
of water between surface water bodies, e.g. lakes and rivers, and the aquifer
may play an important role for groundwater flow. Commonly, surface water
and groundwater bodies are separated by a semi-pervious layer, such as e.g.
a riverbed or a lakebed. Even though usually the hydraulic conductivity of
such layers is low, groundwater may pass through it in both directions. In
case the water level of the surface water body is higher than the piezometric
head of the groundwater in the aquifer below, then surface water will leak
through the riverbed or lakebed sediments and enter the aquifer. Drainage
from the aquifer into a river, lake, or creek occurs if the piezometric head of
the groundwater is lügher than the water level of the surface water body. In
this document, leakage flux into an aquifer has a positive sign, while drainage
is simply considered as negative leakage (figure 3.3).
If the water exchange between a surface water body and the aquifer is controlled mainly by the hydraulic conductivity and the thickness of the semipervious layer, then the leakage flux across the semi-pervious layer can be
written as:

(3.15)

where

q'L

is the specific leakage flux across the semi-pervious layer [LT- 1],

Hf

is the freshwater head at the bottom of the surface water [L]'

KL

is the (vertical) hydraulic conductivity of the semi-pervious layer
[LT- 1], and

mL

is the thickness of the semi-pervious layer [L].

Some authors refer to the quotient of the conductivity and the thickness of the
semi-pervious layer as leakage factor. On a regional scale, the absolute leakage
flow depends on the leakage factor, and on the size of the sm'face water body.
Therefore, it is convenient to define the specific conductance as an entity that
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includes the leakage factor and the surface area of the aquifer that is exposed
to leakage:
(3.16)

where
Cs

is the specific conductance [T-l], and

aL

is the fraction of the aquifer surface that is exposed to leakage [-].

Hence, the specific steady leakage fiux through an area that is only partly
covered by a surface water body is:
(3.17)

where
qL

is the leakage fiux through the surface of the aquifer [LT- 1 ].

According to equation (3.8), the freshwater head at the bottom of the surface
water body can be calculated from the density of the surface water:
(3.18)

where

Hs

is the surface water level [L]' and

Zbottom

is the elevation of the bottom of the surface water [L].

Inserting equation (3.18) into equation (3.17) delivers:
qL =

[(Hs -

Zbottom) ; ;

+ Zbottom -

hf ] Cs

(3.19)

The leakage fiux into the aquifer becomes independent of the hydraulic gradient
between the surface water and the aquifer in case the freshwater head in the
aquifer falls below the base of the semi-pervious layer. Then the leakage fiux
is controlled by the distance between the equivalent freshwater head at the
bottom ofthe surface water and the base ofthe semi-pervious layer (Kinzelbach
and Rausch, 1995). As a result, equation 3.19 can be simplified to:
qL =

[(Hs -

Zbottom);;

+ mL]

Cs

(3.20)
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a) Drainage

......... Zbottoln

b) Leakage

- - - - - - - - - Hf

Figure 3.3: The freshwater head in the aquiver at the elevation of the base of the semipervious layer is indicated by h f . In order to calculate the hydraulic gradient across the
semi-pervious layer, the observed water level (Hs) of the surface water body must first be
expressed with respect to freshwater density (Hf)' In the illustrated example, the density of
the surface water is significantly greater than the density of freshwater. Arrows indicate the
direction ofleakage flow.In case Hf is lower than h f , groundwater is flowing from the aquifer
into the surface water body (a). Leakage from the surface water body into the aquifer occurs
in case Hf is higher than h f (b).

3.5

The groundwater flow equation

Assuming that groundwater flow is two-dimensional in a vertical plane, the
groundwater flow equation for a vertical cross-section can be derived from the
flow budget for an infinitesimal control volume. For reasons of continuity, a
change in the net flux into or out of the contral volume must lead to a change
in the amount of water stored inside the control volume, unless the change
is balanced by sources or sinks. Besides the exchange of groundwater and
surface water, recharge from precipitation and injection or abstraction of water
through weHs are possible sources or sinks. Since a change in groundwater
storage is reflected by a falling or rising piezometric head, the rate at which
the storage changes is expressed in terms of piezometric head:

Qx

- ( -88x + -8Qz)
+
8z

where
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3.5. THE GROUNDV\TATER FLOW EQUATION
TiVL

is the volumetrie lealmge fiux per unit volume of the aquifer [T- 1 ],

vV

is the volumetrie fiux from sourees 01' to sinks per unit volume of
the aquifer [T- 1 ] (positive far infiow and negative for outfiow), and

Ss

is the specific storage [L -1 ].

The specific storage is the volume of water that ean be stored additionally
inside a unit volume of the aquifer if the piezometrie head is raised by one
unit. In the confined ease, it refiects the compressibility of the aquifer.
Inserting equations (3.4) and (3.10) into equation (3.21) yields the groundwater
fiow equation:
(3.22)
The use of derivatives in the groundwater fiow equation implies the assumption
that the physical properties of the aquifer vary eontinually and smoothly from
point to point. The aquifer is treated as a continuum, even though eommonly
sediment and water-filled pores inhere small seale variability and there may
occur abrupt changes in the hydraulic properties on a larger seale.
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Chapter 4
N umerical solution of the flow
equation
The groundwater fiow equation (3.22) is a second order differential equation.
Analytical solutions can be found for very simple cases, such as the evaluation
of pumping tests. These solutions are usually limited to rather strict assumptions like infinitely large aquifers and complete homogeneity and isotropy. For
more complex hydrogeological settings, the solution to the groundwater fiow
equation can only be approximated by means of numerical methods. These
methods are based on the discretization of space and time.

4.1

Method of finite differences

In order to find an approximation for the spatial derivatives in the groundwater fiow equation, the aquifer is divided into small rectangular cells (figure
4.1). These representative elementary volumes (REVs) are large enough to
be considered homogeneous in terms of porosity and hydraulic conductivity,
as weIl as small enough to assume that the aquifer properties are constant
throughout the cello The derivatives in the groundwater fiow equation can
now be expressed as quotients of finite differences:

3h
3x
3h
3z
3h
3t

-

-+

-+

-+

6h
6x
6h
6z
6h
6t
-

h2

-

hl

X2 -

Xl

h2

-

hl

Z2 -

Zl

h2
t2

hl
tl

-

(4.1)
(4.2)
(4.3)

Using a block-centered equidistant grid, each REV is represented by a single
point at the center of the cell, the node. In the following, nodes and cells will
be referred to by means of row and column indices (figure 4.1), starting from
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(0,0) at the top left corner of the grid. The finite differences formulation of
the two-dimensional groundwater fiow equation can be derived by calculating
the groundwater fiux in and out of a REV for the time interval [t, t + 6t].
Continuity demands that the net fiux into 01' out of each cell is balanced
by a change in groundwater storage within the cell, unless sources 01' sinks
compensate for deviations. In the context of the following budget equation,
however, the volumetrie fiuxes are positive into the REV and negative out of
the REV. Consequently, the change in storage is positive if during the time
interval [t, t + 6t]more groundwater has entered than left the cello

Ss (h}+b.t(i,j) - h}(i,j)) 6x6z
[Qlejt(i,j)

=

+ Qright(i,j) + Qtop(i,j) + Qbottom(i,j)

+ (T/VL(i,j) + H!(i,j)) 6X6Z]6t

(4.4)

where

Qlejt, Qright, Qtop, Qbottom are the volumetrie fiuxes across the respective faces
of the cell (i,j) [L 2 T- 1], and

6x,6z

are the width and the height of the REV [L], respectively.
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Figure 4.1: The method of finite differences introduces a grid that divides the model
domain into small rectangular cells by means of a grid. The cells are referred to by row and
column indices. The dashed lines indicate that unit thicklless is assumed for the vertical
cross-section.
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As mentioned in the introduction of ehapter 3 on page 11, it is assumed that
the vertieal profile has unit thiekness rather than including thiekness as third
variable. Consequently, eells have unit thiekness and the volumetrie fiux has
the dimension is L 2 T- 1 , If hj represents the effective freshwater head during
the time interval [t, t + 6t], and the speeifie discharges are uniform throughout
the faees of the REV, the groundwater fiow into the eell ean be ealeulated by
applying equations 3.4 and 3.10. In the horizontal direction, the volumetrie
fiuxes through the left and right face of the eell are:
-K" (' '_ 05) h'1 (''l,)')
x 'l,).

Qright (i,

j)

Kx(i,j

-

h'1 ("'l,)
6x

-

1)

A

~

u~

1) h' (' ,)
+ 0.5) h'1 ("'l,) + 6X1 'l,) 6z

(4.5)
(4.6)

where
K x (i, j

± 0.5)

is the mean hydraulie eonductivity at the left and right border
of the eell, respectively [LT- 1 ].

The mean hydraulie eonductivity at the left and right border of the eell is
defined as the harmonie mean of the eonductivities of the eell itself and its
neighbor:

(4.7)
In the vertieal direction, the volumetrie fiuxes into the eell from the top and
the bottom are:

Qtop(i, j)
Qbottom (i, j)

'-05 ') h'1('' l - 1,)')
K(
z 'l
. ,)
A

I' (' ')
-7.,1'l,)

-6:

uZ

-KAi + 0.5,j)

h' (' ')
1 'l,)

A

uX

h' ( . + 1 ')
'l

,)

6x

(4.8)
(4.9)

where

Kz(i ± 0.5, j) is the mean hydraulie eonduetivity at the lower and upper border of the eell, respectively [LT- 1 ].
The mean vertieal eonduetivities ean be obtained in the same way as the mean
horizontal eonduetivities:
(4.10)
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The buoyaney terms in equations (4.8) and (4.9) are ealeulated from the arithmetie mean of the groundwater densities in two adjaeent eells (Oude Essink,
1996):

B(i ± 0.5,j) = p(i,j)

+ p(i ± 1,j)

_ 1

(4.11)

2PI

Aeeording to equation (3.19), the volumetrie fiux due to leakage is ealculated
using the hydraulic gradient aeross the semi-pervious layer:
(4.12)
with
(4.13)

where
hj(i,j)

is the equivalent freshwater head at the base of the semi-pervious
layer (Zbottom - 7nL) [LJ.

Note that the freshwater head at the base of the semi-pervious layer may
be different from the freshwater head at the node. Therefore, the 'fietive'
hydraulic gradient given by equation (3.9) is used to express the freshwater
head at the base of the semi-pervious layer in terms of the freshwater head at
the node:
l
h *I (")
z, J = h I (z,' J') -

(

Zbottom -

n~L -

(1

j))

(4.14)

( 1 - ------;;;P(i,j))] C s

(4.15)

'
Z (z,
J'))

p( i,
- ------;;;-

where

Z( i, j)

is the elevation of the node [L].

Inserting equation (4.14) into equation (4.13) yields:
qL

=

[(Hs -

Zbottom)Ps

PI

+ (Zbottom

- 7nL -

+ Zbottom ' J'))
Z (z,

hj(i,j)

For eonvenienee, equation (4.15) may also be written as:
(4.16)
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with
L

(Hs -

+

(

Zbottom)

Zbottom -

Ps

PI

+ Zbottom

n~L -

(. ')) (1

Z 1"

J

p( i,

j))

- ------;;;-

(4.17)

If the freshwater head in the boundary eell falls below the base of the streambed,
the leakage filDe is eontrolled by the thiekness of the streambed rather than
by the hydraulie gradient between the surfaee water and the groundwater. In
this ease, equation (4.13) is simplified to:

(4.18)

Substituting the right hand sides of equations (4.5), (4.6), (4.8), (4.9), and
(4.12) for the eorresponding terms in equation (4.4), and dividing both sides
by the volume of the eell and the length of the time interval yields the finite
differenees approximation of the groundwater flow equation for transient twodimensional density-dependent flow in an anisotropie, inhomogeneous vertieal
eross-section through an aquifer:
= _ Kx(i,j-O.5) (11 (' ') _ h l ( ' . - 1))
S S h~+6.t(i,j)-hj(i,j)
6.t
6.x2
~ I 1" J
I 1" J
+Kx(~x~O.5) (hj(i,j + 1) - hj(i,j))
+Kz(~z~·5,j) ((hj(i -l,j) - hj(i,j) + B(i - 0.5,j)6:.z)
_Kz(~z~·5,j) ((hj(i,j) - hj(i,j + 1) + B(i + 0.5,j)6:.z)

+

(4.19)

(L - hj(i,j)) ~~ + lV(i,j)

As mentioned above, it is assumed that hj (i, j) represents the effective freshwater head at the node (i,j) during the time interval [t, t+6:.t]. Commonly, the
effeetive head hj is approximated by a weighted mean of the freshwater heads
at the beginning and at the end of the time interval to aeeount for ehanges
during the time interval 6:.t:
(4.20)

where
is the weighting faetor (0 <

Ct

< 1) [-].

Applying equation (4.19) to eaeh eell of a grid eonsisting of Ne eolumns and
N R rows leads to a linear system of N = Ne x N R equations that ean be solved
numerieally by means of an iteration algorithm (figure 4.2). Given the initial
freshwater heads at the time t = 0, the iteration proeess starts from a guessed
distribution of freshwater heads hj(t 1 ) at the end of the first time interval.
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guess first
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compute linear
system of equations
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replace previous
approximation
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Figure 4.2: Starting from the known distribution of heads hf(t) at the beginning of the
time step, the first approximation of the solution is found by guessing. As indicated by the
dashed arrow, this first guess is usually based on the lmown values. In the course of every
iteration step, the effective heads are interpolated from the lmown values at the beginning
and the approximated values at the end of the time step. If the process converges, the
approximations should successively approach the solution of the linear system of equations.
The maximum change during a single iteration step is used as a criterion to evaluate the
accuracy of the solution. The iteration loop stops if the maximum change is smaller than a
tolerance limit defined by the user.
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Based on this first guess, the effective freshwater heads hj(t l ) are calculated
according to equation (4.20). Using these values, the linear system of equations
(4.19) can be solved for the freshwater heads at the end of the time interval.
Then this first approximation hj'+l (tl) is used to replace the initially guessed
distribution of heads hrp(t l ). The second iteration step starts by updating the
effective freshwater heads and generates the second approximation hj'+2(t l ).
In case the iteration process converges, the solution should improve with each
iteration step until the desired accuracy is reached and the final approximation
hf(t l ) is obtained.

4.2

Explicit solution

Different techniques can be applied to solve the linear system of equations
through modification of the weighting factor 0: in equation (4.20). Setting the
weighting factor 0: equal to zero leaves the freshwater head at the node (i, j)
at the end of the time interval as the only unknown variable in each equation:

h}+6.t(i,j)

=

~: [ -

K x (Zx-;Ü.5)

+Kx(Zx~Ü.5) (h}(i,j

(h}(i,j) - h}(i,j -1))

+ 1) -

+Kz(~z~·5,j) ((h}(i -l,j) - h}(i,j)

h}(i,j))

+ B(i - 0.5,j)6z)
_Kz(~~.5,j) ((h}(i,j) - h}(i,j + 1) + B(i + 0.5,j)6z)
+ (L - h}(i,j)) ~~ + H/(i,j)] + h}(i,j)

(4.21)

This 'explicit' solution of the finite differences flow equation solves each equation of the system directly and separately. However, since the explicit solution
is constrained to very strict stability criteria, the application of this simple
method is limited. Large time steps or dense grids may generate oscillations in
the iteration process that finally lead to unrealistically high calculation results.

4.3

Irnplicit solutions

Using a weighting factor greater than zero in equation (4.20) to approximate
the effective head during the flow step leaves more than one unknown variable in each equation. Since the resulting system of equations cannot be
solved equation-by-equation, the solution is found by means of 'implicit' methods. The system of equations resulting from a weighting factor of 0: = 0.5 is
commonly referred to as Crank-Nicholson scheme, while methods involving a
weighting factor of 0: = 1 are called 'fully implicit'. Other weighting factors
are also possible but less commonly used. Implicit methods require high calculation effort. However, implicit methods are generally more stable than the
explicit solution, allowing larger time steps as weIl as the implementation of
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mare accurate grids. The fully implicit solution of the finite differences flow
equation (4.19) is obtained by setting hj = hj+t::.t and can be written as follows:

l

hHt::.t(i J') (_/{x(i,j-0.5) _ /{x(i,j+0.5) _ /{z(i-0.5,j) _ /{z(i+0.5,j) _!2ß..
f'
t::.x 2
t::.x 2
t::.z 2
t::.z 2
t::.z
+hHt::.t(i
J'
1)
~/{.X(i,j-0'5)
+
hHt::.t(i.
J'
+
1)
i/{X(i,j.
.
+
0.5)l
2
2
f'
t::.x
f'
t::.x
Ht::.t(.
_
1
')
/{z(i-0.5,j)
+
1
Ht::.t(.
+
1
')
/{z(i+0.5,j)
+1~f
'l
,J
t::.z2
~f
'l
,J
t::.z2
= _]{z(i~~.5,j) B(i - 0.5,j) + /{z(i1~·5,j) B(i + 0.5,j)

_

fi2)
t::.t

-~~L - TV(i,j) - %:th}(i,j)

(4.22)
To transform the implicit flow equation into a more convenient form, the row
and column indices are replaced by a single index. If Ne is the number of
columns and N R is the number of rows, then each cell of the model grid can
be addressed using a single index k as defined by equation (4.23).
(4.23)

k = iNe +j

The numbering of the grid cells using a single index is illustrated in table 4.1.
Note that i, j, and kare all starting from zero.

Table 4.1: Applying the single index numbering scheme as given by equation (4.23), the
first cell in the upper left corner has the index k = 0 while the last cell in the lower right
corner of the grid has the greatest index.

1
N e +l

0
Ne
2Ne
3Ne
NR -l

2

3

...
...
...
...

Ne -l

...

N- I

Using the single index k instead of the row and column indices, the two vectors
hj+t::.t(k) and b(k) are defined, containing the freshwater heads and the right
hand side of equation (4.22), respectively. The coefficients of hj+t::.t(k) are
written as elements of the matrix a(k, l).
N-l

~ a(k, l)hj+t::.t(l) = b(k)

(4.24)

1=0

The matrix a(k, l) consists of N rows and N columns. However, no more than
five elements per row can be non-zero. As an example, the following equation
shows the coefficient matrix far N = 9. Each non-zero element of the matrix
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is marked by abullet:

a(k, I)

4.3.1

• • 0 • 0 0 0 0 0
• • • 0 • 0 0 0 0
0 • • 0 0 • 0 0 0
• 0 0 • • 0 • 0 0
0 • 0 • • • 0 • 0
0 0 • 0 • • 0 0 •
0 0 0 • 0 0 • • 0
0 0 0 0 • 0 • • •
0 0 0 0 0 • 0 • •

=

(4.25)

Convergence condition for iteration methods

Iteration methods for solving linear systems of equations are said to converge
for an initial hj if the corresponding iterative sequence hj+l, hj+2, ... converges towards a solution of the given system of equations. All iterative methods described here will converge if the coefficient matrix is diagonally dominant
(e.g. Kreyszig, 1999)):
N-l

la(k, k)l;:::

L

la(k,I)1

(4.26)

1=0,1#

If for every row, the absolute value of the element on the main diagonal is
greater than the sum of the absolute values of all other elements in the row,
then the method will converge. Using equation (4.23) to convert from double
to single indices, it can be seen that each cell of the grid is represented by
an element of the main diagonal, while the neighboring cells occupy the other
non-zero elements of the row. Equation (4.22) shows that the corresponding
coefficient consists of the sum of all other coefficients plus the leakage and the
storage terms. Therefore, the coefficient matrix is always diagonally dominant.
Furthermore, the coefficient matrix in equation (4.25) shows that all non-zero
elements are contained in a diagonal band from the upper left to the lower right
corner of the matrix, while the two remaining corners of the matrix are filled
with zeros. This banded structure along with the fact that the coefficient matrix is diagonally dominant greatly facilitates the solution of the corresponding
linear system of equations.

4.3.2

Jacobi method

One way to solve the linear system of equations (4.24) is to simultaneously
adjust the values of the freshwater head in each cell to the neighboring cells.

29

CHAPTER 4. NUMERICAL SOLUTION OF THE FLO\V EQUATION
Inserting any guessed distribution of freshwater heads hrp into equation (4.24)
yields:
N-1

L

1=0

a(k, l)hT(l) ~ b(k)

(4.27)

This first guess merely serves as a rough, and possibly pOOl' approximation
to the solution of the system. Following the Jacobi method (Kreyszig, 1999),
the approximation can be improved by replacing each value of hrp with a new
value of hT+l that complies with the equation:
N-1

a(k, k)hT+l(k) +

L

a(k, l)hj(l)

=

(k)

(4.28)

1=0,/#
01', after rewriting:

hT+ 1(k) =

1.

a(k, k)

(b(k) -

1=1. a(k, l)hj(l))

1=0,/#

(4.29)

The matrix in equation (4.25) shows that a(k, k) =1= 0 is usually given for all
fiow problems. The approximation hj+l can be further improved, obtaining
the second approximation hj+2 in the same way, and so forth, until the desired
accuracy is reached. Note that the Jacobi method as shown in equation (4.29)
only uses the old approximation hrp to calculate the improved approximation
hj+l. All values are improved simultaneously by stepping from hrp to hj+1.

4.3.3

Gauss-Seidel method

In contrast to the Jacobi method, the Gauss-Seidel method (Kreyszig, 1999)
improves the approximation successively rather than simultaneously, using the
fact that for each l < k, the new value hj+1(l) has already been calculated:

hj+l(k) =

:~

a(k,k)

(b(k) -

~ a(k, l)hj+1(l) __ ~1 a(k, l)hf(l))
1=0

l=k+1

(4.30)

Since the old value from hj+1(l) is used only if l > k, the Gauss-Seidel method
incorporates all new values in the iteration process as soon as they have been
calculated. Consequently, the Gauss-Seidel method usually converges faster
than the Jacobi method.

4.3.4

Iterative Alternating Direction Implicit method
(IADI)

A more sophisticated method to solve the system of equations is given by the
Iterative Alternating Direction Implicit (IADI) method. It is derived from the
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non-iterative Alternating Direction Implicit method developed by Peaceman
and Rachford (1955) for solving the heat flow equation. Finder and Bredehoeft (1968) applied the Alternating Direction Implicit method to groundwatel' flow problems. Bennett (1976) and Kinzelbach (1986) describe iterative
versions of the Alternating Direction Implicit method that are based on the
work of Frickett and Lonnquist (1971). Trescott and Larson (1976) furt her
modified the Iterative Alternating Direction Implicit method by introducing
over-relaxation parameters that improve the convergence. The calculation of
these parameters is beyond the scope of this work, however. The method used
here is similar to the method described by Kinzelbach (1986).
While both the Gauss-Seidel and the Jacobi method change the value of the
freshwater head in a single cell of the grid at a time, the IADI method solves
the flow equation for all cells in a row 01' column simultaneously. In the course
of one iteration step, the freshwater heads are calculated first row-by-row and
then again column-by-column. This way, each freshwater head is calculated
twice during a single iteration step (figure 4.3). In the original version of the
Alternating Direction Implicit method, the rows are calculated implicitly in
row-direction and explicitly in column-direction, while the colunm equations
are implicit in column-direction and explicit in row-direction. The time step
is split in two halves: The first half of the time step is calculated using the
row equations and the second half is calculated using the column equations.
This way, the direction of implicit calculation alternates from one half-time
step to the next, hence the name of the method. According to Peaceman
and Rachford (1955), the error from the explicit part of the scheme is evened
out in the course of two half-time steps. For this reason, unlike the explicit
solution described in section 4.2, the Alternating Direction Implicit method is
unconditionally stable and can be used for any length of time step.
In contrast to the original method, the IADI method described here solves
the flow equation in an iterative way, alternating the direction of implicit
calculation from iteration step to iteration step. Always using the most recent
values, the approximation is improved successively, similar to the Gauss-Seidel
method. All values of hjH are incorporated as soon as they are calculated.
The old value hj is used only as long as a more recent value hj+l is not yet
available. In practice, this can easily be achieved by storing all values in the
same matrix. The calculation ofrows is described by equation (4.31). Keeping
i fixed, the freshwater heads in the row above and below are assumed constant.
ht+!:::.t(i
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(4.31)
The calculation of columns is analogous. Keeping i fixed, equation (4.32) is
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First part of the iteration step:

First row

~

Second part of the iteration step:

Last row

~

First column

Last column

Figure 4.3: The Iterative Alternating Direction Implicit (IADI) method solves the flow
equation for all cells in a row 01' column simultaneously. In the first half of the iteration step,
the system of equations is solved row-by-row, the second half processes the grid column-by
column. This way, each value is improved twice during a single iteration step.

solved for all freshwater heads in one column, while the freshwater heads in
the columns to the right and to the left are treated as constants.

(4.32)
Both equation (4.31) and equation (4.32) can be simplified by writing the right
hand side and the coefficients of the unknown variables on the left hand side as
vectors. Because the calculation of rows and columns is completely analogous,
in the following only the calculation of the rows will be explained in detail.
Writing the right hand side as band the coefficients as aa, al, and a2, the
simplified version of equation (4.31) is:
(4.33)
with
Kx(i,j - 0.5)

(4.34)

,0.x2

Kx(i,j - 0.5)
,0. x 2
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Kz(i + 0.5,j)
Cs
Ss
--'-----'- - - -

6.z 2
Kx(i,j + 0.5)
6.x 2

b(j)

6.z

(4.35 )

6.i

(4.36)

-lt('-l ') (K A i-0.5,j)) _lt(. 1') (K A i+0.5,j))
~f 2 , J
6.z 2
~f 2 + ,J
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SSh tf ('2, J')
2, J - 6.i

(437)
..

-!

From the boundaries of the grid at j = 0 and j = Ne - 1 follows that ao (0) = 0
and a2(Nc - 1) = O. Accordingly, there are two unknown variables in the first
and the last equation of the system given by (4.33), while three variables are
unknown in each of the remaining equations. In every equation, the unknown
variables are directly related to each other, because they correspond to adjacent
grid cells. For that reason, the resulting coefficient matrix a(k, l) has a tridiagonal structure:

al (0) a2(0)
0
0
ao(l) al(l) a2(1)
0
0
ao(2) al(2) a2(2)
0
0

0
0

0
0

0
0

0
0
0

0
0
0

0
0
0

ao(Ne - 2) al (Ne - 2) a2(Ne - 2)
ao(Ne - 1) al (Ne - 1)
0

Since the lADI systems of equations given by (4.31) and (4.32) only cover one
row or one column each, they are significantly smaller than the systems of
equations (4.29) and (4.30) used in the Jacobi and Gauss-Seidel method, respectively. Furthermore, all lADI systems are strictly of tri-diagonal structure
and can be solved using direct methods, such as the Thomas Algorithm. The
IADI method usually converges faster than the Gauss-Seidel method.
Note that in the algorithm described by Kinzelbach (1986), the sequence ofrow
and column calculations also alternates from one iteration step to the next.
Starting the calculations for one iteration step with the first row and the first
column, then the next step will start with the last row and the last column.
This has been found unnecessary in practice. Therefore the algorithm implemented in the llUmerical model described here does not change the sequence
of calculations.

4.3.5

Thomas algorithm

The Gauss elimination method is widely used for solving tri-diagonal systems
of equations. The Thomas algorithm, sometimes also referred to as TDMA
(= Tri-diagonal Matrix Algorithm) is a special form of the Gauss elimination
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method (Thomo,s, 1949). In contrast to the Jacobi 01' Gauss-Seidel method,
the Thomas algorithm is not an iterative method. The exact solution to a
system of equations is calculated directly, without any approximations. In
combination with the iterative ADI method, the Thomas algorithm can be
applied to conveniently solve the row and column equations. Setting j = 0
and j = 1 in equation (4.33) yields the equations for the first two cells in row

z:
0,1 (0)hj+1 (i, 0) + 0,2 (O)hjH (i, 1)
o,o(1)hj+1(i,0) + Q,l(l)hrpH(i, 1) + o,2(1)hrp+1(i,2)

b(O)
b(l)

(4.38)
(4.39)

From equation (4.38) follows that the freshwater head of the first cell can be
expressed in terms of the freshwater head in the second cell:
(4.40)
Consequently, the term can be eliminated from equation (4.39) by inserting
equation (4.40):

(4.41)
As a result, the freshwater head in the second cell can be written in terms
of the freshwater head in the third cell, making it possible to eliminate the
term hj+1(i, 1) in the equation for the third cell, and so on. In general, the
freshwater head in one cell can be expressed as a function of the freshwater
head in the following cell:

d(j - 1)hrp+1(i,j) + e(j - 1)
d(j)hrp+1(i,j + 1) + e(j)

(4.42)
(4.43)

Substituting the right hand side of equation (4.42) for the corresponding term
in equation (4.33) and solving for hrp+1(i,j) yields:
1
h 7n
f + ('Z,J')

--

(4.44)
Comparing equation (4.43) and equation (4.44) shows:

d(j)

(j)d(j - 1) + 0,1 (j)
b(j) - o,o(j)d(j - 1)
0,0 (j)d(j - 1) + 0,1 (j)

(4.45)

0,0

e(j)
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From equation (4.38) can be concluded:

d(O)

e(O)

02(0)
01 (0)
b(O)
01 (0)

---

(4.47)
(4.48)

From 02(Ne - 1) = 0 follows that d(Ne - 1) = O. Now, d(j) and e(j) for
all j = (0,1,2, ... , Ne - 1) can be calculated. The equation for the freshwater
head in the last cell of the row can be solved directly:

hj+l(i, Ne - 1)

=

e(Ne - 1)

(4.49)

Then, the solutions to all other equations are obtained according to equation
(4.43) by starting with j = Ne - 2 and going backwards to j = O.
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Chapter 5
Salute transport
Solute transport in groundwater can generally be divided into three different
processes. The most obvious solute transport process is advection, the transport of particles along with the groundwater flow at the same speed and into
the same direction. Both the speed and the direction of advective transport
are expressed as mean values for a representative elementm'y volume. However, the real velocity of groundwater varies considerably. As a result, some
particles are transported faster than the average groundwater flow while others are progressing more slowly. Depending on the scale of reference, some
particles may be transported in different directions. The sum of these factors
related to the distribution of the real groundwater velocity around the mean
velocity value as calculated through the groundwater flow equation is referred
to as dispersion. The third solute transport process is the diffusive mixing of
particles on a molecular scale caused by the Brownian motion. While dispersion directly relates to advection, diffusion is an independent solute transport
process.

5.1

Advection

Advection is the transport of particles at the same speed and into the same
direction as the average groundwater flow. Consequently, the advective flux is
a function of the groundwater velocity. For a vertical cross-section through an
aquifer, the components in the two principal directions are:
Jadv,x
Jadv,z

vxnec = qx c
vznec = qzc

(5.1)
(5.2)

where
jadv,x, jadv,z

are the advective fluxes per unit area in horizontal and vertical
direction [ML-2T- 1 J, respectively, and
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is the concentration of the solute in the groundwater [ML -3].

c

In case the groundwater fiow is the result of density differences within the
aquifer, the resulting advective transport mayaIso be called convection.

5.2

Dispersion

To describe groundwater fiow and advective transport, the cross-section through
the aquifer is divided into representative elementm'y volumes (REVs). Consequently, for each REV the properties of the aquifer, such as conductivity 01'
porosity, as well as the velocity of groundwater fiüw are calculated as average
values. On a smalleI' scale, however, the REVs consist of sediment and pore
space, with transport occuring in the continuous pore space only. As illustrated
in figure 5.1a, friction causes the groundwater velocity to vary from the edge
to the center of every single pore, sünilar to the velocity profile in a tube. As a
result, the particles in the center of a pore are transported fastest. I'vloreover,
advective transport through a REV cannot follow a straight line, but is bound
to the structure of the pore space (figure 5.1b), resulting in further scattering
of the solute pm'ticles in the aquifer. On a larger scale, additional spreading
may occur due to changes in the hydraulic properties of the aquifer. However,
such large scale properties are often not lmown well enough to be incorporated
in the calculation of groundwater fiow. Dispersion, 01' more precisely 'hydrodynamic dispersion', is the sum of transport processes that accompany advection
due to the heterogeneity of the porous medium.

a)

-r.
- . ~
~',

~,

.....'

.-P'
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I

-.;'
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~

~

;

b)

I~···
~._~e
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Figure 5.1: a) On a small scale, the groundwater velocity varies due to friction at the
grains. As a result, solute particles at the center of a pore are moved faster than at the
edges, causing dispersion. b) Both the direction and the speed of growldwater fiow are
affected by the structme of the pore space, causing dispersive spreading of solute particles
in all directions.

Dispersion depends on the speed and direction of groundwater fiow. The fact
that even in isotropie porous media, dispersive transport in the direction of fiow
is always greater than perpendicular to the direction of groundwater fiow is

38

5.2. DISPERSION
accounted for by distinguishing longitudinal and transversal dispersion. The
longitudinal and transversal dispersion are characterized by separate coefficients:
jdisp = jL

+ jT

(5.3)

with
JL

oe
-neD L - -

(5.4)

JT

oe
-n D T - -

(5.5)

OSL

e

OST

where
is the total dispersive fiux per unit area [ML-2T- 1 ],

Jdisp

are the longitudinal and transversal dispersive fiuxes [ML-2T- 1 ],
are the corresponding coefficients of dispersion [L 2T- 1 ], and
OC

OC

OSL' oST

are the concentration gradients in the direetion of fiow and perpendicular to the direetion of fiow [ML -4], respeetively.

Seheidegger (1961) shows that the dispersivity of an isotropie aquifer may be
defined in terms of two constants. The longitudinal and transverse dispersion coefficients can be approximated from the dispersivity and the speed of
groundwater fiow:

(5.6)
(5.7)

where
are the longitudinal and transversal dispersivities of the aquifer,
respeetively [L], and

lvi

is the magnitude of groundwater velocity [LT- 1 ]
the groundwater fiow).

(01'

the speed of

In case the direction of the groundwater fiow is not parallel to one of the main
axes defined for the fiow calculation, it is convenient to introduce additional
dispersion coefficients that charaeterize horizontal and vertical dispersive fiux.
Since both horizontal and vertical concentration gradients affect the dispersive
fiux in each direetion, four dispersive fiuxes can be distinguished:
1. horizontal dispersive fiux due to a horizontal concentration gradient,
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2. horizontal dispersive Rux due to a vertical concentration gradient,
3. vertical dispersive Rux due to a vertical concentration gradient, and
4. vertical dispersive Rux due to a horizontal concentration gradient.

According to S cheidegger (1961), the appropriate coefficients can be derived
from the longitudinal and transverse dispersion coefficients, and the horizontal
and vertical components of groundwater velocity using the following suite of
equations from (5.8) to (5.14):

.

Jxx =

-ne

D

oe
ox

(5.8)

xx-

with

(5.9)

where
Jxx

is the dispersive Rux in horizontal direction due to a horizontal
concentration gradient [ML -2T- 1 ], and

D xx

is the corresponding dispersion coefficient [L 2 T- 1].

and

(5.10)
with

(5.11)

where
Jzz

is the dispersive Rux in vertical direction due to a vertical concentration gradient [ML -2T- 1J, and

D zz

is the corresponding dispersion coefficient [L 2T- 1] .

Dispersive Ruxes perpendicular to the concentration gradients are calculated
as:
Jxz

(5.12)

Jzx

(5.13)

with
D xz
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= D zx =

(D L -

VXVZ

D T ) --2

lvi

=

(

O!L -

O!T

)VXV Z

-1-1
v

(5.14)
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where
Jxz

is the dispersive flux in horizontal direction due to a vertical concentration gradient [ML- 2T- 1 ],

J zx

is the dispersive flux in vertical direction due to a horizontal concentration gradient [ML-2T- 1 ], and

D xz , D zx

are the corresponding dispersion coefficients [L 2T- 1 ].

Note that D xz and D zx may have negative values if the two components of
velocity have opposite signs. D xx and D zz are always positive.

5.3

Diffusion

\iVhile dispersion is very closely connected to advection, diffusion is a completely independent process. It results from the Brownian motion of the solute
particles and ultimately leads to the removal of concentration gradients even
if the groundwater is at rest. The diffusive flux in water is a function of the
concentration gradient and is described by Fick's law (Appelo and Postma,
1996):
.
D
8e
(5.15)
Jdiff = -

M,water

8n

where
Jdifj

is the diffusive flux per unit area perpendicular to the direction of
n [ML- 2 T- 1 ],

Dj\I,water

is the diffusion coefficient in water [L 2T- 1], and

~~

is the concentration gradient in the direction of n [ML -4].

The diffusion coefficient is a temperature-dependent property of the solute
and the fluid medium. In saturated porous media, the diffusion coefficients
are smaller than in a water body, because the diffusive flux has to follow the
structure of the pore space:
DM

= rDMwater
,

(5.16)

where
DM

is the diffusion coefficient in the porous medium [L 2T- 1 ], and

r

is the tortuosity of the parous medium [-].
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The tortuosity factor is the ratio of the straight transport distance and the real
length of the transport path within the porous medium(Appelo and Postma,
1996). The values of 7 for groundwater aquifers typically range between 0.5
and 0.8.

In porous media the sediments hamper diffusion. In order to calculate the
diffusive ftux through a porous medium, equation (5.15) must be multiplied
by the effective porosity. Hence, the horizontal and vertical components of
diffusion in a vertical cross-section through an aquifer are:
Jdiff,x

Jdiff,z

OC
-neD M OX
OC
-neD M OZ

(5.17)
(5.18)

where
are the horizontal and the vertical diffusive ftuxes per unit vertical and horizontal area, respectively [ML -2T- 1 ].

jdiff,x, jdijj,z

5.4

Solute mass flux at sources and sinks

At sources 01' sinks of groundwater ftow, the solute mass ftux into or out of the
model domain is calculated from the rate of ftow and the concentration the
water. The calculation is similar to that of advective solute mass ftux. While
an arbitrary value is assumed for the concentration of the injected water, that
of abstracted water is equal to the concentration of the groundwater in the
aquifer.
JL

(5.19)

Jvv

(5.20)

where
JL

is the solute mass ftux per unit volume of the aquifer due to leakage
[ML- 3 T- 1 ],

CL

is the concentration of the leakage ftow [ML-3],

Jw

is the solute mass fiux per unit volume of the aquifer due to other
sources 01' sinks [ML-3T- 1 J, and

Cw

is the concentration of the injected
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abstracted water [ML-3].
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5.5

Transport equation

The two-dimensional transport equation for vertical cross-sections of heterogeneous aquifers can be derived through the combination of the three transport
processes described above and the solute mass flux due to external sources of
sinks into a balance equation for an infinitesimal control volume:

o (
OX ne(D xx

oc
Oc)
+ DM) ox
+ neD xz OZ

o (
oc
Oc)
+ OZ
ne(D zz + DM) oz + neD zx OX
-

o(qxc)
ox -

o(q~c)

o~

+ TIVLCL + T/V CHi

(5.21)

The left hand side of equation (5.21) represents the rate of change in solute
mass stored in the infinitesimal control volume. On the right hand side, the
first two terms represent the dispersive and diffusive transport, and the second
two terms stand for the advection. Analogously to the equation of groundwater
flow (3.22), the last two terms denote solute mass flux due to external sources
01' sinks. Equation (5.21) is rewritten by expanding the derivatives of the left
hand side and the advection terms:

From the groundwater flow equation (3.22) can be seen:

_ (OqX
OX

+ Oqz)
OZ

=

Ss oh j
ot

_

HlL

-

TV

(5.23)

Substituting the right hand side of equation (5.23) for the corresponding terms
in equation (5.22) yields:

OC

ne -

ot

=

(5.24)
Since groundwater is assumed to be incompressible, all changes in groundwatel' storage are reflected by changes in the effective porosity of the aquifer.
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Therefore, continuity demands that the time derivatives of storage and effective porosity are equal:
(5.25)
Substituting the right hand side of equation (5.25) for the storage term in
equation (5.24) and dividing both sides by the effective porosity yields:

oe

8t

~e [~ (ne(D
+ :z

xx

+ DM) :~ + neDxz :~)

+ DM) :~ + neDzx :~) ]
oe
TVL(eL - e) + TV(ew - e)
+ ---'-----'--------'-----'-

(ne(D zz

oe
-vx ox

-

Vz

oz

ne

(5.26)

From equation (5.25) follows that the effective porosity is not constant in
time, unless groundwater flow is in a steady-state equilibrium. The change in
effective porosity is a function of the change in hydraulic head (Goode, 1992):
ne(t) = ne(t O)

+

l

t

tO

ohf

Ss~dt = ne(t O)

vt

+ Ss (hf(t)

- hf(to))

(5.27)

or
6.n e = Ss6.h f
(5.28)
Equation (5.27) or (5.28) can be used to adjust the effective porosity according to the changes in groundwater storage in the course of the simulation.
Goode and Konikow (1991) evaluate this approach by comparing the results
from llUmerical simulations with and without correction of effective porosity.
Ignoring changes in the effective porosity during transient groundwater flow
leads to incorrect calculation of the dilution volume, the dispersive fluxes and
the velocities of groundwater flow and may result in large errors in the mass
balance.
The advection terms in the transport equation (5.26) consist of first order
derivatives, while both the dispersion and diffusion terms are second order
differential quotients. The advection terms are hyperbolic, whereas the dispersion and diffusion terms are parabolic. Thus, the transport equation is
of mixed type (e.g. Pinder and Shapiro, 1979). In case advective transport
is dominating over dispersion and diffusion, the equation is more hyperbolic.
On the other hand, if diffusion and dispersion are the important transport
mechanisms, the parabolic character of the equation is emphasized. A simple way of finding the key process in a transport problem is to determine the
Peclet-number (Kinzelbaeh and Rausch, 1995):
(5.29)

where
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Pe

is the Peclet-number [-], and
is a characteristic length of the transport problem [1].

For Peclet-numbers smaller than one, dispersion and diffusion are dominant
(Kinzelbach and Rausch, 1995). Larger Peclet-numbers show that advection is
the more important transport process.
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Chapter 6
Method of characteristics
Parabolic differential equations like the groundwater flow equation (3.22) 01'
the dispersion and diffusion terms of the transport equation (5.26) can conveniently be solved numerically using the method of finite differences. Applying this method to hyperbolic equations such as the advection-dominated
transport equation, however, may lead to severe inaccuracies in the modeled
concentrations. This phenomenon is called 'numerical dispersion' and is illustrated in figure 6.1. During the time step, a sharp concentration front leaving
the first cell of a one-dimensional column is transported to somewhere within
the second cello The method of finite differences demands that the solute particles entering the cell are immediately spread over the entire cello As a result,
the concentration front does not remain sharp, hut it is widened over the entire second cell. The finite differences technique does not properly represent
advective transport.
The method of characteristics was originally developed for the solution of hyperbolic differential equations. Garder et al. (1964) first adapted it to problems
of flow through porous media. Further developments have been presented e.g.
by Pinder and Cooper (1970), Reddell and Sunada (1970), Bredehoejt and
Pinder (1973), Konikow and Bredehoejt (1978), Sanford and Konikow (1985),
Konikow et al. (1996), and Kipp et al. (1998). Even though compared to
other modeling techniques the method of characteristics may seem underrepresented in the scientific literature (Holzbecher, 1998), various applications of
the method to hypothetical test cases as weIl as to field problems have been
documented during the past decades (e.g. Goode and Konikow, 1991; Calvache
and Pulido-Bosch, 1997; Konikow et al., 1997; Oude Essink, 2000, 200la; Vandenbohede and Lebbe, 2002).
Basic to the method of characteristics is the conversion of the transport equation from the Eulerian form to the Lagrangian form. The Eulerian form describes concentration changes at fixed points within a stationary coordinate
system due to passing fluid of varying concentration. In contrast, the Lagrangian form of the transport equation describes the concentration changes
as observed from points that are moving with the fluid. The latter is also called
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a)

b)

I

0

~-2------'

1

Accurate position of the concentration front at time level t+!1t

I
c)

I

Initial concentration distribution at time level t

0

1:2'j

I

1

2

Finite differences approximation of the concentration distribution
at time level t+ t1t

Figure 6.1: The illustration shows a hypothetical one-dimensional aquifer. A concentration
front leaving the first cell at the time t (a) has reached a position somewhere within the
second cell at the end ofthe time interval t (b). In the method of finite differences, however,
each cell is represented by a single value. For nwnerical reasons, the solute mass is spread
over the entire area of the cell, destroying the sharp concentration front (c). (Rausch et al.,
2002, modified)

the 'material derivative'. For two-dimensional flow in a vertical cross-section,
it may be defined as:
dc
dx
dz
(6.1)
dt =
+
dt + 0 z dt

oc oc
ot ox

oc

where
de
dt

oe
ot

is the rate of change in concentration as observed from a point
flowing with the fluid [ML -3T- 1 ], and
is the rate of change in concentration as observed from a fixed point

[ML -3T- 1].

The material derivatives of position are defined by the normal components of
groundwater velocity:
dx
dt
dz
dt

-
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Vx

(6.2)

Vz

(6.3)

6.1. PARTICLE TRACKING
The time derivative of concentration as observed from a fixed point is given by
the transport equation (5.26). Substituting the right hand sides of equations
(5.26), (6.2), and (6.3) for the corresponding terms in equation (6.1) yields:
dc
dt

~e [:x (ne(D

xx

+ DM) Z~ + neDxz Z~)

:z (ne(D zz

+ DM) Z~ + neD zx Z~)

H/dcL - c)

+ VV(CH' -

C)

+------'----------'---------'------'-

ne

]
(6.4)

The solution to the system of equations comprising equations (6.2), (6.3), and
(6.4) may be written as:
(6.5)

z

x(t)
z(t)

C

c(t)

(6.7)

x

(6.6)

These functions are called the characteristic curves of the transport equation.
Given solutions to equations (6.2), (6.3), and (6.4), the transport equation
may be solved by following the characteristic curves. This is accomplished
numerically by tracing a set of moving reference points within the stationm'y
coordinates of the finite differences grid (Konikow and Bredehoejt, 1978).
The main advantage of the method of characteristics is that it avoids llUmerical dispersion by separately solving the hyperbolic and the pm'abolic part of
the transport equation. In a first step, the advective transport is calculated
by means of particle tracking, resulting in an new concentration distribution
which reflects the concentration changes due to advection. In the second step,
an explicit scheme is applied to determine the concentration changes due to
dispersion, diffusion, and external sources or sinks. The concentration distribution at the new time level is then obtained by adding the concentration
change that was calculated in the second step to the concentration determined
in the first step. Because the calculation of concentration changes at the position of every single particle would require an enormous computational effort,
the concentration changes at the nodes are used as an approximation.
At the end of each time step, the concentrations associated with the particles
are updated by applying the same concentration change to the particle that was
calculated for the associated node. This way, numerical dispersion is avoided,
and concentration fronts remain sharp when passing through a cello

6.1

Particle tracking

Based on the solution of the finite differences groundwater flow equation, the
first step of the method of chm'acteristics consists of tracing particles along
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the streamlines. In contrast to other particle tracking methods such as the
Random-Walk method, the traced particles are not solute particles, but should
be considered as observation points moving along with the groundwater. Thus,
a cluster of particles cannot be interpreted as a high concentration and neither
does the absence of particles reflect a low concentration. Instead, the method
used here is based on maintaining an even distribution of observation points
(=particles) throughout the simulation.
For each particle, arecord is kept that contains the exact position of the
particle as weIl as a concentration value associated with it. At the beginning
of the simulation, tracer particles are placed into each cell of the model grid. It
is possible to start from random distributions, however, in the context of this
work, each cell initially contains the same number of particles and the particles
are spread evenly throughout the area of the cell. Figure 6.2 illustrates that
it is convenient to allow only square numbers of particles in each ceIl, in order
to make sure that the initial spacing of the particles is even.

o

o

0

0

o

o

o

o

o

o

o

o

o

n=3

n=2
0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

Zi

=(i-O.5)&
n

with i = 1,2,..., n

n=4
Figure 6.2: In order to ensure an even distribution of tracer points, il1.itially only square
numbers of particles are placed into the cells. The initial coordinates of the particles are
given by Xi and Zi, relative to the lower left corner of the cello

InitiaIly, the concentration of the cell is assigned to each particle in the ceIl:

(6.8)

where
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refers to particle number k, which is initially placed into cell (i, j),
is the initial concentration value associated with particle Pk [NIL -3],
and
co(i,j)

is the initial concentration at the node (i, j) [NIL -3].

There are several possibilities to calculate the paths of the tracer points. The
most COlllmon methods are based on either linear 01' bilinear interpolation
of the velocity at the position of the pal,ticle. Bilinear particle tracking is
used in the original two-dimensional versions of MOC (Konikow and Bredehoeft, 1978) and MOCDENSE (Sanford and Konikow, 1985), as well as in the
version of MOC that was adapted for variable density flow by Oude Essink
(1996). The three-dimensional MOC3D (Konikow et al., 1996) offers the possibility to choose between linear and bilinear interpolation of horizontal velocity
components, while the vertical component is always calculated through linear
interpolation. Goode (1990) reviews linear and bilinear velocity interpolation
and introduces another interpolation method based on piezometric head gradients. Schafer-Perini and Wilson (1991) point out that bilinear interpolation
as applied by Konikow and Bredehoeft (1978) is inconsistent with the flow
equation and propose a scheme based on the linear interpolation of specific
flow. A very similar algorithm is used in MODPATH (Pollock, 1994).
Linear interpolation is consistent with the flow equation and therefore massconserving. It preserves discontinuities in velocity caused by abrupt changes in
hydraulic conductivity, but it may yield unrealistic velocities in homogeneous
aquifers. In these cases, bilinear interpolation gives velocities that are more
realistic, but it does not preserve discontinuities in velocity in case of abrupt
changes in hydraulic conductivity. Bilinear interpolation is inconsistent with
the flow equation and may cause errors in the mass balance. The model that
is described here allows the user to choose between lineal' and bilinear interpolation of velocity. Therefore, both the lineal' and the bilinear particle tracking
scheme are described briefly. A more in-depth discussion of the methods can
be found in the publications mentioned above.

6.1.1

Linear interpolation

Assuming that the normal components of groundwater flow are constant along
the respective faces of the cell, the flow at an arbitrary point within the cell
can be described by two linear functions of the position. For simplification,
the coordinates of the point are relative to the lower left corner of the cell and
the cell indices (i, j) are omitted.
qZejt

+ xmx

qbottom

+ zm z

(6.9)
(6.10)
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with
qright -

q/ejt

(6.11)

L::.x
qtop -

qbottom

(6.12)

L::.z

where
are the specific discharges across the respective faces
of the cell [LT- I ].

q/ejt, qdght, qtop, qbottom

In order to maintain consistency with the groundwater flow equation, the speeific discharges are calculated using the harmonic mean of the hydraulic conductivities of the two adjacent cells. Upward flow and flow to the left are
positive. The slope m x or m z is zero if the corresponding normal component of groundwater flow is constant throughout the cello Assuming that the
porosity is constant within each cell, equations (6.9) and (6.10) can be used in
order to express the groundwater flow as time derivative of fluid displacement
(Schafer-Perini and Wilson, 1991):
dx

q/ejt

-

Vx

(6.13)

ne

dt
dz
dt

-

Vz

+ xm x

qbottom

+ zm z

(6.14)

ne

Given that neither ofthe velocity components is equal to zero, equations (6.13)
and (6.14) can be rewritten to obtain:

ne

dt

-----dx
q/ejt + xm x

(6.15)

dt

ne
------dz

(6.16)

qbottom

+ Z17~z

In this approach, each component of the velocity depends only on one coordinate, the interpolated value of the horizontal velocity does not change with
the vertical position, and the vertical velocity is independent of the horizontal
position within the cello Thus, equations (6.15) and (6.16) may be integrated
analytically, allowing the relationship of travel distance and time to be determined (Goode, 1990; Pollock, 1994, e.g.[). The time L::.t = t l - to a particle
needs to travel from Xo to Xl is:
e

1n

-n

L::.t

~(XI -

17~x

q/ejt
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Iq/ejt
q/ejt

L::.t

+ Xlm x Ilor
c
mx
+ xomx

xo) for m x = 0

-t
r

0

(6.17)
(6.18)
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Analogously, the time of travel from Zo to
e
-n 1n Iqbottom

6t

e
--(Zl -

n

is:

+ z.11n z I f01' m z
qbottom + zon~z

6t

rn z

Zl

zo) for m z

=

r-I- 0

(6.19)
(6.20)

0

qbottom

If V x (xo) and V z(zo) are the components of the initial velocity of a particle
that is located at the coordinates (xo, zo) in the cell, the path of the particle
through the cell can be calculated by transforming equations (6.17) through
(6.20). The horizontal position of the particle as a function of time is given
by:

x(t)

for m x

x(t)

=I- 0

(6.21)
(6.22)

In the vertical direction, the path is described by:

z(t)

- 1 [ vz(zo) exp (tm~)
--~ n~z

z(t)

ne

Zo + tvz(zo) for m z = 0

qbottom

]

(6.23)
(6.24)

The linear particle tracking algorithm implemented in the numerical model
starts by calculating the initial velocity of the particle in the cello The signs
of the velocity components determine through which two faces of the cell the
particle will possibly leave the cell, e.g. if the horizontal component is positive,
the partic1e is forced to exit through the right face of the cello The times of
travel to the exit face in horizontal and in vertical direction can be calculated
by applying equations (6.17) through (6.20), as appropriate. The time until
the partic1e reaches the exit face in the horizontal direction is:

6t Exit ,x

(6.25)

6t Exit ,x

(6.26)

where

6t Exit ,x

is the time until the partic1e reaches the horizontal position of the
exit face [T], and

XExit

is the horizontal position of the exit face [L]' either XExit = 0 for
the left face 01' x Exit = ßx for the right face of the cell.
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The time until the particle reaches the exit face
calculated similarly:

111

the vertical direction is

(6.27)

6.t Exit ,z

(6.28)

where

6.t Exit ,z

is the time until the particle reaches the vertical position of the
exit face [T], and

ZExit

is the vertical position of the exit face [LJ, either ZExit = 0 for the
lower face 01' ZExit = 6.z for the upper face of the cello

ZExit ...-j"'--~~---

I

1Za
I

0-+-----

o
Figure 6.3: At the beginning of the tracking step, the particle is at the position marked by
the circle. The linear tracking algoritlun first calculates the initial velocity of the particle by
linear interpolation from the specific discharges tlu'ough the faces of the cell (black arrows).
Next, the algoritlun compares the times of travel to the potential exit faces determined by
the initial velocity. In the illustrated case, the particle reaches the upper face of the cell
first. The x-coordinate on the exit face is given by x(f::dExit,z)' (Pollack, 1994, modified)

Special care must be taken if groundwater flows into the cell from two opposite
directions. In this case, the particle cannot leave the cell in either of these two
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directions. Consequently, the exit time in the respeetive direetion cannot be
calculated. If groundwater is fiowing into the cell from all foul' sides, the cell is
a strong sink, from which no particle can escape. As described later, particles
that enter into sinks are removed from the model domain.
The value 6.t Exit indicates the time after which a particle leaves the cell of
observation. If 6.t Exit ,x is smalleI' than 6.t Exit ,z, the particle willleave the cell
through the left 01' right face of the cello If 6.t Exit ,z is smaller than 6.tExit,x,
the particle willleave through the upper or lower face of the cell (figure 6.3).
Thus, the smallest value determines the time after which the particle leaves
the cell:

(6.29)
where
is the time until the particle leaves the cell [T].
If the exit time 6.t Exit is smalleI' than the given transport time step, the particle will leave the current cell before the end of the transport time step. In
this case, the particle is moved to the coordinates (X(b.t Exit ), Z(6.tExit)) on the
exit face and the exit time is subtraeted from the transport time step. Since
the interpolation funetions are not valid outside the area of the current cell,
the procedure must be repeated using the values of the new cell, into which
the particle is entering. Depending on the length of the transport time step it
is possible that this procedure must be repeated several times within a single
transport step. The length of the transport time step has no effect on the
accuracy of the solution, because the interpolation funetion was integrated analytically. Nevertheless, any changes in groundwater fiow during the transport
time step are neglected. Therefore, it is advisable to choose small transport
time steps if the groundwater fiow is not at steady state.

6.1.2

Bilinear interpolation

In case bilinear interpolation is applied, each component of the velocity at
the position of the particle is expressed as a function of both the horizontal
and the vertical position of the particle (figure 6.4). These funetions cannot
be integrated analytically. Therefore, every particle is moved proportionally
to its initial velocity and the length of the transport time step, applying an
explicit finite differences scheme:

Xt+6.t(Pk)
Zt+6.t(Pk)

Xt(Pk) + 6.tv x (Pk)
Zt(Pk) + 6.tVz(Pk)

(6.30)
(6.31)

where
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XHL::.t(Pk), ZHL::.t(Pk) are the coordinates of the particle at the end of the transport time step [L],
Xt(]Jk), Zt(Pk) are the coordinates of the particle at the beginning of the transport time step [L], and
Vx(Pk), Vz(Pk) is the velocity of the particle at the beginning of the time step
[LT- 1].

Equations (6.30) and (6.31) will move the particle closely along the streamline,
as long as the transport time step is sufficiently small. In contrast to the linear
particle tracking scheme, the length of the transport time step directly affects
the accuracy of the calculated path, even if groundwater flow is at steady state.

6.1.3

Concentration after advection

After all of the particles have been moved to their new positions by either linear
bilinear tracking, the simulation of advection during the current transport
step is complete and subsequently the concentration distribution after advection is determined. Therefore the mean value of the concentrations associated
with the particles in a cell is calculated by:
01'

(6.32)

where
Hadv
C
(i,

j) is the average concentration of the particles in cell (i, j) after particle tracking [ML -3],

n

is the number of particles in the cell, and

C(Pk)

is the concentration value associated with the particle Pk [ML -3].

This average particle concentration only reflects the concentration change
caused by advective transport within the model domain. The change in concentration due to diffusion, dispersion, sources, and sinks is calculated in a
separate step.
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Figure 6.4: Vlejt, Vright, Vtop, Vbottorn are the velocity components normal to the respective
faces of the cell. They are indicated by black arrows. The white arrows represent interpolated
velocity components. The bilinear interpolation scheme involves three steps. In the first step,
a velocity value is interpolated from the internodal velocities that are closest to the position
of the tracer point. Another value is obtained in the same way from the second-closest
internodal velocities in the next step. In the last step, the velocity at the position of the
tracer point is interpolated using the velocity values found in the first two steps. (Kinzelbach,
1986, modified)
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6.1.4

Redistributions

At the beginning of the simulation, each cell of the model grid contains the
same number of tracer particles. However, it is possible tImt some cells in areas
of divergent fiow become void of particles in the comse of the simulation process. Advective transport into and out of such void cells can not be calculated.
Consequently, this phenomenon results in inaccmacies of the solution. This
problem can be reduced by increasing the initial number of particles per cell,
though it cannot be abolished completely. In order to constrain the numerical
error, the number of void cells allowed should be limited to a small percentage of the grid (Konikow and Bredehoejt, 1978). If this limit is exceeded, the
particle distribution can be reinitialized using the most cmrent concentration
values, albeit this results in some numerical dispersion,

6.2

Dispersion, diffusion, sources and sinks

The effects of diffusion, dispersion, and external somces and sinks on the concentration distribution are determined in the second step of the method of
characteristics. The transport equation (5.26) indicates that advection, diffusion, dispersion, and the concentration changes due to external sources 01'
sinks are interrelated and occur at the same time. Consequently, all terms of
the transport equation should be solved simultaneously. However, using the
method of characteristics, this is not possible, since the advective transport is
determined by means of particle tracking, while the other terms of the transport equation are calculated separately. In order to account for changes in
concentration due to advection, the mean value of the concentration at the
beginning of the time step and the concentration after advective transport is
used to calculate the required concentration gradients (Konikow et al., 1996):
t

c ( i, j) + ct+ (i, j)
c1(''l , J') = -------'------'-2
adv

(6.33)

where

d (i, j)

is the mean value of the concentration at the beginning of the
transport time step and the average concentration of the particles
in the cell after particle tracking [ML -3], and
is the concentration at the node (i, j) at the beginning of the transport time step [ML -3].

A finite differences approximation of the diffusive and dispersive transport
processes can be derived by calculating the concentration change in a representative elementary volume (REV) dming the time step [t, t + ßt]:
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6t (JZeft(i,j) + Jright(i,j) + J~op(i,j)
ne
6x6~
+TVdi,j)(cdi,j) - c/(i,j))

6c(i,j)

+TV (i, j) (Cw' ( i, j)

-

Cl ( i ,

+ Jbottom(i,j)

j) ))

(6.34)

where

6c(i,j)

is the concentration change at the node due to dispersive and diffusive transport and from sources 01' sinks [ML -3], and

J Zeft , Jright , Jtop , Jbottorn are the solute mass fluxes across the respective faces
of the cell (i, j) [ML-lT- 1] (positive for inflow and negative for
outflow).

Analogous to the derivation of the finite differences flow equation in section 4.1 on page 21, solute mass fluxes into the REV are positive, while fluxes
leaving the REV are negative. The solute mass fluxes caused by dispersion
and diffusion are calculated as described in sections 5.2 and 5.3 (p. 38ff).
The solute mass flux across the left face of the cell is:

JZeft(i,j)

=

"
n e(Z,)

-

0.5

)[

..

- (Dxx(z,) - 0.5

)

-D (' . _ 0 5)6Cz (i,j - 0.5)]
xz Z , ) .

6z

+ DM )6cx (i,j-0.5)
6x
i\ '"
Wo""

(6.35)

where

n e ( i, j - 0.5) is the mean effective porosity [-] at the left face of the cell,
D xx ( i, j - 0.5) is the coefficient for the dispersive flux due to a horizontal
gradient [L 2 T- 1 ],

DxA i, j - 0.5) is the coefficient far the dispersive flux due to a vertical gradient
[L 2 T- 1 ],
!:lc x (i,j-O.5)
!:lx

is the horizontal concentration gradient [ML -4], and

!:lc z (i,j-O.5)
!:lz

is the vertical concentration gradient at the left face of the cell
[ML- 4 ].
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The solute mass flux across the right face of the cell is:

()

JTight i,j

=

" + 0.0h)[( D xx ("~,J + 0.5 )+ DM ) Lcx (i,j+O,5)
(~,J
Lx

ne

+DxAi,j + 0.5) LCz (i'1.z+ 0.5)] Lz

(6.36)

where

ne(i,j

+ 0.5)

is the mean effeetive porosity at the right face of the cell [-],

Dxx(i,j

+ 0.5)

D xz (i, j

+ 0.5)

is the coefficient for the dispersive flux due to a horizontal
gradient [L2 T- 1 ],
is the coefficient for the dispersive flux due to a vertical gradient
[L T- 1 ],
2

t:.c x (i,j+O.5)
t:.x

is the horizontal concentration gradient [ML -4],

t:.c z (i,j+O.5)
t:.z

is the vertical concentration gradient at the right face of the cell
[ML- 4 ].

The solute mass flux across the upper face of the cell is:

where

ne(i - 0.5,j) is the mean effeetive porosity at the upper face of the cell [-],
D zz ( i - 0.5, j) is the coefficient for the dispersive flux due to a vertical gradient
[L 2 T- 1 ],

Dzx(i - 0.5,j) is the coefficient for the dispersive flux due to a horizontal gradient [L 2 T- 1 ],
t:.c z (i-O.5,j)
t:.z

is the vertical concentration gradient [ML -4], and

t:.c x (i-O.5,j)
t:.x

is the horizontal concentration gradient at the upper face of the
cell [ML -4].
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The solute ma.ss flux across the lower face of the cell is

)
Jbottom (
i,j

=

.

ne(~

~. [
+ 0.0,))
-

.

(DzA~

+ 0.5,)). + DlI.J) 6cz(i+O.5,j)
6z

5
-Dzx(i + 0.5,j) 6C x (i;xO. ,j)] 6x

(6.38)

where

ne(i + 0.5,j) is the mean effective porosity at the lower face of the cell [-],
Dzz (i + 0.5, j) is the coefficient for the dispersive flux due to a vertical gradient
[L 2 T- 1 ],

Dzx(i + 0.5, j) is the coefficient for the dispersive flux due to a horizontal gradient [L 2 T- 1 ],
.c,c z (HO.5)
.c,z
.c,c.~

is the vertical concentration gradient [ML -4], and

(HO.5,j)

.c,x

6.2.1

is the horizontal concentration gradient at the lower face of the cell
[ML- 4 ].

Mean effective porosity

In analogy with the mean hydraulic conductivities, the horizontal and vertical
mean effective porosities are defined as harmonie means of the value of the cell
and its neighbor. In the horizontal direction the mean effective porosity of two
adjacent cells is:

n (i . ± 0.5)
e

=

,)

2ne(i,j)n e(i,j ± 1)
n e(i,j)+n e(i,j±l)

(6.39)

and in the vertical direction, the mean effective porosity is:

n (i . ± 0.5)
e

6.2.2

,)

=

2ne(i,j)n e(i ± 1,j)
n e(i,j)+n e(i±l,j)

(6.40)

Velocity components at cell faces

Both components of the groundwater velocity at all foul' borders of the cell
are needed to calculate the dispersion coefficients according to equations (5.9),
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(5.11), and (5.14). The calculation of the velocity component normal to the
respective cell face is straightforward:

qleft
ne(i, j - 0.5)
qright
ne(i,j + 0.5)
qtop
n e(i - 0.5, j)
qbottom
n e(i + 0.5, j)

vx(i,j - 0.5)
vx(i,j

+ 0.5)

vz(i - 0.5, j)
Vz

(i + 0.5, j)

(6.41)
(6.42)
(6.43)
(6.44)

where

vx(i,j - 0.5) is the horizontal velocity at the left face of the cell [LT- 1],
vx(i,j

+ 0.5)

is the horizontal velocity at the right face of the cell [LT- 1],

vz(i - 0.5,j) is the vertical velocity at the upper face of the cell [LT- 1], and
vz(i + 0.5,j) is the vertical velocity at the lower face of the cell [LT- 1 ].
The velocity components parallel to the faces of the cell can be interpolated
as follows:

vAi,j - 0.5)

vz(i - 0.5,j - 1) + vz(i + 0.5,j - 1)

+ vz(i -

2

0.5,j)

+ vz(i + 0.5,j)
2

vz(i,j

+ 0.5)

vAi - 0.5,j

+ 1) + vz(i + 0.5,j + 1)
2

+ vz(i - 0.5,j) + vAi + 0.5,j)
2

vx(i - 0.5, j)

vx(i - 1,j - 0.5)
vx(i,j - 0.5)

1,j + 0.5)

+ vz(i,j + 0.5)
2

vx(i + 1,j - 0.5)

+ vx(i,j -

(6.47)

+ vx(i + 1,j + 0.5)
2

0.5)

+ vz(i,j + 0.5)
2
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+ vx(i -

(6.46)

2

+
vx(i + 0.5,j)

(6.45)

(6.48)
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where

vA i, j - 0.5)
vA i, j + 0.5)

is the vertical velocity at the left face of the cell [LT- 1 ],
is the vertical velocity at the right face of the cell [LT- 1],

vx(i - 0.5, j) is the horizontal velocity at the upper face ofthe cell [LT- 1], and
vx(i + 0.5,j) is the horizontal velocity at the lower face of the cell [LT- 1 ].

6.2.3

Concentration gradients at cell faces

\iVhile only four hydraulic gradients need to be calculated for the finite differences fiow equation, the dispersion terms in equations (6.35) through (6.38)
make use of eight different concentration gradients. In the context of this work,
they are defined according to equations (6.49) through (6.56) (e.g. Kinzelbach,
1986; Rausch et al., 2002). Figure 6.5 illustrates which cells are involved in
the calculation of the gradients.
The concentration gradients at the left face of the cell are:

6cx (i,j - 0.5)

c'(i,j) - c'(i,j -1)

6x

6x

6c z (i,j - 0.5)
6z

c'(i - 1,j - 1) - c'(i + 1,j - 1)
46z
c'(i - 1,j) - c'(i + 1,j)
+
46z

(6.49)

(6.50)

The concentration gradients at the right face of the cell are:

6c x (i,j + 0.5)

6x

6c z (i,j + 0.5)
6z

c'(i,j

+ 1) -

c'(i,j)

6x

c'(i - 1,j + 1) - c'(i + 1,j + 1)
46z
c'(i - 1,j) - c'(i + 1,j)
+
46z

(6.51)

(6.52)

The concentration gradients at the upper face of the cell are:

6cA i - 0.5, j)
6z
6c x (i - 0.5, j)

6x

c'(i - 1,j) - c'(i,j)
6z
c'(i - 1,j + 1) - c'(i - 1,j - 1)
46z
c'(i,j + 1) - c'(i,j - 1)
+
46x

(6.53)

(6.54)
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The concentration gradients at the lower face of the cell are:
~cz(i

+ 0.5,j)

c/(i,j) - d(i

~z

~cx(i +

+ 1,j)

~z

d(i

0.5,j)

+ 1,j + 1) -

~x

+ 1) -

d(i,j

(6.55)

c/(i + 1,j - 1)

4~z

d(i,j - 1)

(6.56)

4~x

+

Concentration changes at the nodes

6.2.4

The concentration change due to diffusion, dispersion, sources, and sinks at the
node (i, j) during the time interval [t, t + ~t] can be calculated by substituting
the right hand sides of equations (6.35) through (6.38) for the corresponding
terms in equation (6.34):

~c

=

[n e (i,j-O.5)
t::..x

- n e (i,j+O.5)
t::..x
- n e (i-O.5,j)
L::.z
+

n e (HO.5,j)
L::.z

((D xx,
(i J' - 0 •5)

+ D lvI ) t::..c

~(Dxx ('1" J
. +.
0 5)

x

(i,j-O.5) t::..x

D x(i z
J' -0 5) t::..c z (i,j-O.5))
,'
t::..z

+ D M ) t::..c (i,j+O.5)
+ D xz ('1" J. + 0 .5) t::..CZ(i,j+O'5)~
t::..x
t::..z
(D zz ('1, - 0 .5, J') + D M ) t::..c (i-O.5,j)
+ D zx ('1, - 0.5, J') t::..c (i-O.5,j)
t::..z
L::.x
(D zz ('1, + 0 .;),
r:: ') + D ) L::.c (HO.5,j) + D
('
+
05
J')
t::..c (i+O.5,j)
J
J.1
t::..z
zx 1,
.,
t::..x

+~VL(CL

x

-

d)

z

x

z

x

+ TV(cw -

c)] n L::.(t
')
e ~,J

(6.57)
The concentration change calculated for the node cannot be applied directly
to the particles in all cases in the same way, because this could result in
assigning negative concentration values to the particles. If the concentration
change is positive, the increase can simply be added to the concentration values
associated with the particles in the cell:
(6.58)

where
CHt::..t(Pk)

is the new concentration value associated with the particle
the new time level t + ~t [ML -3], and

ct(Pk)

is the old concentration value from the previous time level t [ML -3].

Pk

at

On the other hand, if the concentration change is negative, the concentration
values of the particles in the cell are decreased using the same factor as the
relative decrease of the concentration at the node:
cHt::..t(p.) = ct(p ) C
k
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Ht::..t(·
1"

')

J

ct(·.)
1"J

(6.59)
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Figure 6.5: Eight different concentration gradients are used for the calculation of the
dispersive flux between a cell and the four adjacent cells. The black arrows indicate the
location and the positive direction of the required gradients, whereas the white arrows
represent the concentration gradients used for interpolation. (Kinzelbach, 1986, l1l0dified)
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where
ct+6.t (i,

j) is the new concentration [ML -3], and
is the old concentration at the node (i, j) [JVIL -3].

This technique is mass conserving for the cell, avoiding the calculation of
negative concentration values which could result from routine subtraction of
the nodal concentration changes.

6.3

Determination of the transport time step

The solution of the groundwater flow equation by means of an implicit numerical method as described above is unconditionally stable for any length of time
step, although short time steps improve the accuracy of the result. Since the
explicit solution of the dispersive transport is associated with several stability criteria that restrict the length of the time step, the transport simulation
often requires shorter time steps than the flow simulation. In case shorter
transport time steps are needed, the flow time step can be subdivided into
several transport time steps:
6.t p = 6.tT

+ 6.tT + 6.tT + ...

(6.60)

where
6.t F

is the length of the flow time step [T], and

6.tT

is the length of the transport time step [T].

The time step used in the transport part of the model must satisfy all of the
three criteria described below.

6.3.1

Travel distance criterion

The accuracy of bilinear particle tracking directly depends on the length of the
employed time step. Since both the linear and the bilinear particle tracking
scheme neglect that the velocity field may change in the course of the time step,
the length of the time step must be chosen very carefully to avoid inaccuracies
resulting from transient groundwater flow. A simple way to limit the length
of the time step is to define a maximum relative distance across a grid cell,
which a particle is allowed to move during a single time step:

/V x (Pk)/6.t < ß6.x
IvApk) l6.t < ß6.z
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where
ß

is the fraction of the cell width and height, which a particle is
allowed to travel during a single transport time step (0 < ß < 1)

[-J.
Consequently, the limit for the transport time step is derived from the minimum and maximum values of the velocity components between the nodes over
the entire model grid:

6.t < min (
grid

ß6.x
lUaxgrid

Ivxl

, __ß_6._~---,7----:)
nlaxgrid

(6.63)

Ivzl

In particular, it should be avoided that a particle crosses an entire cell during
a single time step (ß > 1). This criterion is in fact quite similar to the Courant
criterion for the stability of explicit solutions of the flow equation.

6.3.2

Neumann-criterion

The Neumann-criterion defines a second limit for the transport time step.
It states that a concentration gradient must not be reversed by dispersive
01' diffusive transport alone. The Neuman criterion is explained through the
following example (Bear, 1979):
Consider one cell of the grid and its foul' direct neighbors. Let the concentration in the cell be Cl , while the concentration in all of the four other cells is
C2, with C2 > Cl . Consequently, the concentration gradients into the cell from
all sides are equal. Neglecting advection, the total dispersive and diffusive flux
into the cell is given by
(6.64)

where
Jtotal

is the sum of the solute mass fluxes into the cell [ML-IT-IJ.

The flux caused by dispersion and diffusion during the time interval must be
equal to the change in solute mass storage within the cell:

01', after rewriting:
(

D xx

+ DM + D zz + DM) 6.t =

6.x 2

6.z 2

6.c
2(C2 -

(6.66)
Cl)
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where
6.c

is the concentration change in the cell [ML -3] during the time step

6.t.
At the end of the time step 6.t, the concentration in the cell cannot be greater
than the initial concentration in the surrounding cells. The concentration
change in the cell during the time interval must be equal to 01' less than the
concentration difference. It follmvs the Neumann-criterion:

(6.67)

6.3.3

Source criterion

External sources 01' sinks define another limit for the length of the time step in
the explicit scheme. In a grid cell, the concentration change 6.c due to mixing
of groundwater with the concentration c and recharged water with the concentration Cw cannot exceed the difference between those two concentrations:
6.c
Cw -c

---::; 1

(6.68)

From equation (6.57) can be seen that the change in solute mass storage due
to recharge from an external source 01' sink is:
(6.69)
01', after rewriting:
6.c

---=
Cw -

c

W
-6.t
ne

(6.70)

Comparing equations (6.68) and (6.70) shows that the limit for the transport
time step is:

6.t ::; min
grid
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(ne)
lV

(6.71)

Chapter 7
Coupling flow and transport
Most solute transport models consist of two parts. In the first, the groundwater fiow equation is solved, providing information about the velocity field. In
the second part this velocity field is used to solve the transport equation. Commonly, smaller time steps are used for the transport simulation compared to the
fiow simulation, because the latter is less error-prone. If density differences due
to variable solute concentrations are neglected, the coupling between the fiow
and transport part of the model is unidirectional. Thus the simulated velocity
field determines the transport simulation. No feedback effects on groundwater
fiow occur.
In contrast, the variable density fiow model described here involves bi-directional
coupling of fiow and transport. The concentration changes computed by the
transport model directly translate into density changes, which in turn affect
the fiow of groundwater. Consequently, the density distribution has to be recalculated from the new concentration distribution at the beginning of each
fiow step.

7.1

Conversion from concentration to density

In the context of this work, it is assumed that the density of groundwater
depends solelyon the solute concentration, and that the relation between density and concentration is linear. The conversion from solute concentration to
density is given by:
. ')
P (z, J = Pi

+ C ('z, J.)Prei -

Pi

(7.1)

crei

where
Prei

is the reference density [ML -3], and

Crei

is the reference concentration [ML -3].
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7.2

Simulation process

The simulation process presented here is divided into a fiow part and a transport part (figure 7.1). Starting with an initial distribution of freshwater heads
and densities, the implicit solution of the fiow equation yields the new distribution of freshwater heads at the end of each time step. These new head
values along with the densities at the beginning of the time step are used to
calculate the velocity field, which then fonns the interface to the second part
of the simulation process.
The transport equation is solved following to separate tracks. First the advection terms are calculated and subsequently the terms related to dispersion,
diffusion, sources, and sinks are solved. Advective transport is calculated by
moving the tracer particles according to the velocity field which was previously
calculated in the fiow part. The particle tracking procedure generates a new
concentration distribution, refiecting the changes due to advection. Then, an
intermediate concentration distribution is calculated considering the concentrations at the beginning of the time step and those after advection.
The calculation of the dispersion coefficients occurs following the second track,
also using the velocities calculated in the fiow part. Applying an explicit algorithm, the concentration changes due to dispersion, diffusion, sources, and
sinks are derived using the intermediate concentration values together with the
dispersion coefficients. These concentration changes are applied to the concentration values after advection to obtain the new concentration distribution at
the end of the time step. Finally, the new concentration values are converted
into the new density distribution, which will be refiected in the fiow part of
the next simulation step.
Consequently, the density distribution is the second interface between fiow and
transport. While the velocity field links the transport part to the fiow part,
the density distribution connects the fiow part to the transport part of the
simulation, resulting in bi-directional coupling between fiow and transport in
density-dependent fiow models.
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Figure 7.1: In the first part of the simulation process, the velocity field is calculated
from the distributions of freshwater heads and densities at the beginning of the time step.
The velocity field forms the interface to the transport part of the simulation process: The
calculation of both the advection and dispersion terms of the transport equation are based
on the velocities. The transport simulation generates the new concentration values, tImt
are converted into the new densities at the end of the time step. Because the nev,' density
distribution directly affects the flow part of the next simulation step, the coupling between
flow and transport is bi-directional.
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Chapter 8
Initial values and boundary
conditions
The solution of the flow equation and the transport equation requires the definition of initial values and boundary conditions concerning both flow and
transport. The initial values cOlnprise the hydraulic heads and the solute concentrations at the beginning of the simulation. Just like the hydraulic properties of the aquifer (e.g. specific storage, porosity, 01' hydraulic conductivity),
the initial values and boundary conditions are defined separately for each cello
In the computer model described here, five different types of boundary conditions can be used. They will be described briefly and only as far as modeling
practice is concerned. A more detailed discussion of both boundary conditions
and initial values is given by Franke ei al. (1987).

8.1

Initial values

In practice, the initial values for a groundwater transport problem can be
obtained from field data as well as from previous simulations. However, the
user should be aware that any simulation results may be sensitive to variations
01' errors in the initial values (Konikow and Bredehoejt, 1978). A model not
only responds to the imposed boundary conditions but also to the initial values
(Trescott and Larson, 1976).
Groundwater flow and transport at a steady-state equilibrium is characterized
by constant hydraulic heads and constant concentrations. The sum of all
volumetrie fluxes and solute mass fluxes into the model domain is balanced
by corresponding outflows. The volume of groundwater as well as the mass
of solute stored in the aquifer remains constant in time. One way to obtain a
steady-state solution for a transport problem is the continuous simulation using
constant boundary conditions, until the hydraulic heads and the concentrations
become stable. The flow equation can be forced in to a steady-state solution
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by setting the specific storage equal to zero in all cells of the model grid. The
simulation run has to go on until the concentrations reached a constant value
and the solute mass stored in the aquifer does not change any more. At the
beginning of every fiow step, the model will simply calculate a new steady
state of fiow, accounting for the updated concentrations.
An unambiguous solution of a steady-state transport problem requires at least
one constant concentration boundary and one constant head 01' leakage boundary. The steady-state simulation result is independent of the initial values.
Transient problems are defined clearly by the initial values. Therefore, transient simulations do not require boundary conditions to obtain unambiguous
results.

8.2

Definition of boundary conditions

Boundary conditions can be used to describe the real boundaries of the aquifer
as weIl as artificial boundaries for the model. Mathematically, three different
types of boundary conditions can be distinguished: Boundary conditions of the
first kind are called Dirichlet conditions. They involve the definition of either a
constant hydraulic head or constant concentration. Boundary conditions of the
second kind, referred to as Neumann conditions, are fixed fiuxes into 01' out of
the model domain. The third kind are the Cauchy boundary conditions. Prescribing a head- 01' concentration-dependent gradient, the Cauchy conditions
represent a mixture of the first kind and second kind. In the computer model
described in this work, the user has a choice of five different combinations of
these basic boundary conditions.

8.2.1

No-flow boundaries

Perhaps the simplest kind of boundary condition is the definition of a no-fiow
cello It can be used to define the natural boundaries of the aquifer as weIl as
to introduce barriers for the groundwater fiow into simulations. Note that the
outer boundaries of the model grid are treated as if the grid was surrounded
by no-fiow cells, such tImt no groundwater can fiow into 01' escape from the
model domain unless through user-defined boundary cells.
Such no-fiow boundary cells are completely excluded from the solution of the
fiow and transport equations, i.e. no groundwater 01' particle can enter 01' leave
the cello Consequently, the streamlines resulting from the fiow simulation do
not cross any no-fiow cells but lead around and along the boundary cells. If the
explicit bilinear particle tracking scheme is used, a refiection technique must
be applied to prevent particles from entering no-fiow boundary cells.
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8.2.2

Constant observed head boundary

In constant observed head boundary cells, the observed hydraulie head remahlS constant throughout the simulation. Depending on the hydraulie head
in the neighboring cells, such constant observed head boundary cells represent sources 01' sinks to the groundwater fiow. The character of the cell may
even change from one time step to the next. The prescribed value of observed
head is maintained by adding 01' removing water of the same concentration
as the groundwater in the boundary cello Therefore, constant observed head
boundaries may change the solute mass storage, but they have no effect on the
concentration in the cell.

8.2.3

Constant concentration boundary

At constant concentration boundaries, the solute concentration in the cell remains unchanged during the entire simulation. The boundary cells can act as
both sink and source of solute mass, depending on the concentration values
in the surrounding cells. A constant concentration boundary condition can be
combined with a constant head boundary to describe large water bodies, for
example the sea, whose hydraulic head and concentration values are assumed
to be unaffected by transport and fiow in the model domain. All tracer points
that enter a constant concentration boundary cell are assigned the constant
concentration value of the cell immediately. The concentration change in the
boundary cell that would result from the exchange of solute mass between
the boundary cell and the adjacent cells is compensated by an external solute
mass fiux. In contrast to other boundary conditions, this solute mass fiux is
not associated with a volumetrie fiux of water.

8.2.4

Constant flux boundary

Constant fiux boundaries are used to represent groundwater recharge from
precipitation, in- 01' outfiow across an edge of the model grid, and abstraction
or injection through wells. Fluxes into the aquifer are positive, whereas fiuxes
out of the aquifer are ch31'acterized by a negative sign. While the concentration
of abstracted water equals the concentration of the groundwater in the cell,
the concentration of infiow must be specified. Constant fiux boundaries affect
the groundwater fiow, the concentration, and the solute mass storage. They
cannot be combined with any other boundary condition in the same cello
According to the source criterion described in the previous section, the concentration change resulting from mixing groundwater of one concentration with
rech31'ged water of another concentration cannot exceed the difference between
those two concentrations. In order to avoid that some tracer points violate this
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rule, a11 particles in a constant flux boundary ce11 are assigned the nodal concentration at the end of a time step, rather than applying the concentration
change at the node.

8.2.5

Leakage boundary

The exchange between the aquifer and surface water bodies is described in the
model by means of leakage boundaries. The parameters involved are the water
level, the size of the contact area between the surface water and the aquifer,
the hydraulic conductivity and the thickness of the streambed 01' lakebed. It is
assumed that the observed hydraulic head and the concentration in the stream
01' lake remain constant. Consequently, leakage boundaries can be sources 01'
sinks for both groundwater flow and transport, and they alter the concentration
and the solute mass storage.

8.3

Particle tracking at boundaries

The solution of the advective part of the transport equation is associated with
certain difficulties (Konikow and Bredehoeft, 1978; Konikow et al., 1996). Linear particle tracking enSUl'es that the particles can only move along the streamlines. In contrast, the explicit calculation of particle paths which is used in the
bilinear tracking causes deviations from the streamlines. As a result, reflection
techniques have to be implemented to prevent the particles from moving into
no-flow boundary cells 01' out of the model domain at impervious borders.
Cells that act as sources 01' sinks for groundwater flow often cause singularities
in the velocity field. \iVhile particles will continually move out of source cells,
few if any will enter the cello On the other hand, many tracer points will move
into ce11s that act as sinks, but hardly any willleave the cell. Therefore, it is
necessary to remove particles at sinks and to replace them at sources in order
to maintain a fairly even distribution of tracer points and to ensure a steady,
uniform stream of particles from source ce11s.
Both particle tracking schemes treat a source 01' sink as if it was uniformly
distributed throughout a boundary cell. If a source 01' sink boundary condition
is used to represent groundwater flow across a specific face of a cell, then the
accuracy of the particle paths can be improved by assigning the volumetrie
flux to that face (Pollock, 1994). However, such is possible only for boundary
cells located on the border of the model domain 01' next to an internal noflow boundary, else stagnation may occur in the velocity field. The flux from
the direction of the impervious boundary would norma11y be equal to zero.
Therefore, it can simply be replaced by the specified volumetrie flux into 01'
out of the boundary cello At leakage boundaries, the volumetrie flux is assigned
to the upper face of the cell, if possible.
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8.3.1

Reflection at no-flow boundaries

Impervious boundaries of the model domain may cause problems for bilinear
particle tracking. The streamlines do not cross these boundaries. However,
due to the explicit calculation of the new particle position, it is possible that
the interpolated velocity of a particle near an impervious boundary is such that
it would be moved out of the model domain in the course of the time step.
Konikow and Bredehoeft (1978) solve this problem by reflecting the particle at
the border of the no-flow boundary.

Figure 8.1: The circle marks the position of the particle at the beginning of the time step.
Due to the explicit calculation of the particle path, the extrapolated position, indicated by
the square, may be located within a no-flow boundary cello In this case, the particle is
relocated to the position denoted by the triangle through reflection of the position along the
no-flow boundary line (Konikow and Bredehoeft, 1978, modified)

The reflection at a vertical border is described by:

xHt::.t(Pk)

= XB - (X'(Pk) - XB) = 2XB - X'(pk)

(8.1)

where

XH .6.t(Pk)

is the corrected X-co ordinate of the particle Pk [L]'

x' (Pk)

is the erroneously calculated X-co ordinate outside the model domain [L], and

Xb

is the x-coordinate of the impervious boundary [L].

Analogously, the reflection at a horizontal border is calculated from:

zH.6.t(Pk)

= ZB - (ZI(Pk) - ZB) = 2zB - X'(pk)

(8.2)
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where
XH
Xl

.6.t(Pk)

(Pk)

Xb

is the corrected x-coordinate of the particle Pk [LJ,
is the erroneously calculated x-co ordinate outside the model domain [L], and
is the x-coordinate of the impervious boundary [L].

Figure 8.1 illustrates that the correction of the path according to equations
(8.1) and (8.2) will tend to relocate the particle closer to the true streamline.

8.3.2

Replacing and removing particles at sources and
sinks

Following Konikow and Bredehoeft (1978), SWIMMOC applies two different
techniques to replace particles that move out of SOUl'ce cells. In case the cell
is located on the edge of the model grid 01' next to a no-flow boundary cell,
the new particle is placed at the same relative position as the particle that has
left the source cell (figure 8.2). If the source cell does not border on a no-flow
boundary, the new particle is placed at the original position of the particle
that left the source (figure 8.3). Note that a new particle is created only for
particles that originated from the source cells. Other particles, which moved
into the cell, are not replaced when they leave it again.
To avoid the accumulation of particles at sinks, all particles moving into sink
cells are removed after the new concentration for the node has been calculated.
In case the relative magnitude of the volumetric flux out of a sink cell is not
strong enough to maintain a radially convergent flow, it is possible that a
particle escapes from the boundary cell (figure 8.4). Then, the particle that
left the sink cell is replaced in the same way as a particle that moved out of a
source cell.
The numerical creation of new particles at sources and the removal of particles
at sinks is analogous to the generation and removal of fluid and solute mass.
The combination of both will tend to maintain a constant number of particles
in the model (Konikow and Bredehoeft, 1978).
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Figure 8.2: For souree eells loeated adjaeent to a no-fiow boundary, a steady, uniformly
spaeed stream of particles ean be maintained by ereating a new partide in the SOUTee eell
at the same relative position of the partide that moved out of the souree eell. The arrows
indicate the translation of the particles (white eÜ'des) during the transport step k to k + 1.
Particles no. 2 and 5 leave the souree eell (a). The two new particles no. 7 and 8 are ereated
at the positions marked by blaek squares to replaee them (b). (Konikow and Bredehoeft,
1978, modified)
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Figure 8.3: For all somce cells not bordering a no-flow boundary, a uniform stream of
particles from the somce is maintained by generating a new particle at the original position
of the particle that left the somce. Trus technique can be applied for both, strong sources
with radially sYlmnetric flow fields and weak sources with strong regional flow. The arrows
indicate the translation of the particles (wrute circles) dming the transport step k to k + 1.
In the case of the strong somce, fom particles leave the cell (a) and are replaced by the
new particles no. 17 through 20, indicated by the black squares (b). After the tracking step
in the weak somces cell, only two particles left the cell (c). They are replaced by particles
no. 17 and 18 at the positions of the black squares (d). (Konikow and Bredehoeft, 1978,
modified)
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Figure 8.4: a) For conditions with a negligible regional fiow field, a sin.k generates a radially
symmetrie fiow field. The gr01.ll1dwater is fiowing to strong sin.k cells from all sides, ma.king
it impossible for particles to escape. Consequently, particles moving into sin.k cells have to
be removed at the end of the transport step. b) If the abstraction of growldwater is small
compared to the regional fimv field, it may still be possible that particles leave the sin.k cell
with growldwater fiow. Generating a new particle in the sin.k cell at the original position of
the partic1e that escaped from the sink accowlts for such partic1e loss from the cello
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Chapter 9
Accuracy of the simulation
The numerical accuracy and the precision of the solution should always be
verified for each simulation run, even if (01' especially if) the results meet
the expectations of the user. In general, the error in the water balance is
controlled by the accuracy of the solution of the fiow equation, while the error
in the solute mass balance depends on how precisely the transport equation
was solved. Due to the bi-directional coupling of fiow and transport in variabledensity fiow models, an inaccurate solution of the transport equation mayaiso
affect the precision of the simulated fiow field. The calculation of the water
balance for the simulation is explained in section 9.1, while the error estimation
for the solute mass balance is described in section 9.2.
The IADI provides an unconditionally stable solution of the groundwater fiow
equation and the method of characteristics is a robust way of solving the transport equation. Numerical instabilities may still occur during the simulation
process, resulting from the bi-directional coupling of both methods. These
numerical instabilities are discussed in section 9.3.

9.1

Water balance

Continuity demands that the cumulative sum of all volumetric fiuxes into and
out of the model domain is balanced by a change in the volume of groundwater
that is stored in the aquifer. When simulating transient problems, the volumetric change in storage is calculated from the changes in effective porosity
in response to transient storage within the cells (see section 5.5 on page 43).
Therefore, the volume of groundwater stored in the model domain is a function
of time:
(9.1)
V(t) =
n~(i, j)6x6z

LL
j

where
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V(t)

is the volume of groundwater stored in the model domain at the
the time t [L 3 ], and
is the effeetive porosity in the eell (i, j) at the time t [-].

Consequently, the volumetrie change in storage from the beginning of the simulation at the time t o until the end of the simulation at the time t is given
by:
L\ V = V(t) - V(t o)
(9.2)

where
L\ V

is the change in the volume of stored groundwater [L 3 ].

To determine the eumulative sums of in- and outfiow, at eaeh time step the
volumetrie fiuxes at boundaries must be reeorded. At eonstant fiux boundaries
the volumetrie fiux is specified by the user. At eonstant observed head boundary eells and at leakage boundaries the volumetrie fiux must be ealculated at
the end of the fiow time step.
The specifie leakage fiow qL at leakage boundaries is ealculated using the hydraulie gradient aeross the boundary at the end of the fiow time step as deseribed by equations (4.16) and (4.18). Then, the volumetrie fiux into the eell
resulting from the leakage boundary eondition in eell (i, j) is given by:

(9.3)
For eonstant observed head boundaries, the volumetrie fiux aeross the boundary ean be derived from the loeal fiow budget:

W(i,j)L\xL\z

= -

(Qlejt(i,j) + Qright(i,j) + Qtop(i,j) + Qbottom(i,j))

(9.4)

If the net volumetrie fiux into the model domain during a single time step is
positive, it is added to the eumulative infiow. Aeeordingly, if the net volumetrie
fiux is negative, it is added to the eumulative outfiow:

Vin =

LLL(ll1L(i,j)+W(i,j)))L\xL\zL\t(k)
j

for (ll1d i, j)
~ut

84

+ Tl1(i,j))) L\xL\zL\t(k)

k

for (WL(i,j)

where

+ Tl1( i, j))) > 0

L L L (ll1L(i,j)
j

(9.5)

k

+ Tl1(i,j))) < 0

(9.6)

9.1. \iVATER BALANCE

V;n

is the cumulative volumetric fiux into the model domain [L 3 ],

~ut

is the cumulative volumetrie fiux out of the model domain [L 3 ],
and

k

is the time level.

Note that when simulating a system at a steady-state equilibrium using a
homogeneous specific storage of zero, the net volumetric fiux llfn + l~ut should
be equal to zero.
The difference between the cumulative net volumetrie fiux and the change in
the volume of groundwater stored in the model domain is the volume residual:

(9.7)

where

VR

is the volume residual [L 3 ].

To calculate the error in the water balance, the volume residual is either related
to the cumulative in- or outfiow, 01' to the volume of groundwater stored in
the aquifer, whichever is dominant:

E W1

100 VR

E W2

100 VR
Vout
VR
100 V(t)

E W3

lIfn

(9.8)
(9.9)
(9.10)

where

E W1 , EV\/2, E VV3 are the percent errors in the water balance of the simulation.

The error in the water balance directly depends on the accuracy of the solution of the groundwater fiow equation. Consequently, it can be controlled by
choosing an appropriate tolerance limit.
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9.2

Salute mass balance

The law of mass conservation denmnds that the cumulative sum of all solute
mass fiuxes into and out of the model domain, i.e. the net solute mass fiux,
is equal to the total change in solute mass storage. This law can be used to
test the accuracy of the model. The change in mass storage for the entire
model domain is ca1culated from the current and the initial concentration distribution. Changes in effective porosity of the aquifer in response to transient
groundwater storage are accounted for by using the adjusted effective porosity.
The total solute mass stored in the model domain is written as a function of
time:
(9.11)
l\!l(t) =
c(i,j)n~(i,j)6x6z

LL
j

where

A1(t)

is the solute mass stored in the model domain at the time t [M].

Thus, the change in solute mass storage between the start of the simulation at
the time t o and the simulation end at the time t is:

6A1

=

(9.12)

A1(t) - A1(t o)

where
6M

is the change in the solute mass storage [M].

In order to determine the cumulative sums of solute mass fiuxes into and out
of the model domain, for each time step the fiuxes at boundary cells have
to be recorded. First, the volumetric fiux across constant head and leakage
boundaries must be ca1culated as described in the previous section. Then,
the solute mass that is added to 01' removed from the cell as a result of the
boundary condition is given by:

(9.13)

where

A1w (i,j)
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is the the solute mass added to (positive)
tive) the boundary cell [M].

01'

removed from (nega-

9.2. SOLUTE lVIASS BALANCE
As mentioned in section 5.4 on page 42, the outflow concentration is always
equal to the concentration of the groundwater in the boundary cello By definition, the same applies to the concentration of inflow at constant observed
head boundaries.
At constant concentration boundaries, the changes in concentration that would
result from advective, dispersive, and diffusive transport between the boundary cell and the adjacent cells are balanced by a solute mass flux across the
boundary that is not associated with a volumetrie flux of water. The concentration change in the boundary cell due to advection is calculated after particle
tracking:
(9.14)
where

LCadv(i,j) is the concentration change at the node (i,j) as a consequence of
advection [NIL -3].
The advective change in concentration corresponds to a change in solute mass
of:
(9.15)
where

l\![adv( i, j) is the solute mass transported into or out of the cell (i, j) during
the time step Lt due to advection [M].
The concentration gradients necessary to calculate the solute mass fluxes due
to diffusion and dispersion between constant concentration boundary cells and
the adjacent cells are determined using the constant concentration value rather
than the mean value of the concentration at the beginning of the time step
and the concentration after particle tracking. The change in solute mass due
to dispersion and diffusion is given by:
(9.16)

where
}v1/::;c (i, j)

is the solute mass transported into or out of the cell (i, j) during
the time step Lt as a result of dispersion and diffusion [M].

The sum of the changes in concentration at constant concentration boundary
cells due to advective, dispersive, and diffusive flux are balanced by adding or
subtl'acting the equivalent amount of solute mass:

(9.17)
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where
]vfCB(i,j)

is the solute mass added to (positive) 01' removed from (negative)
the boundary cell (i, j) in order to balance advective, dispersive
and diffusive transport [M].

The cumulative net infiow and outfiow of solute mass are calculated from
the sums of the solute mass fiuxes at all boundary cells for every time step.
If (Afvv(i,j, k) + JvfCB(i,j, k)) for the time level k is greater than zero, it is
added to the infiow term:
1'I1[in =

LLL
j

(l'Il[w(i,j, k)

+ 1'II[cB(i,j, k))

(9.18)

k

where
1'I1[in

is the cumulative sum of solute mass infiow [M].

On the other hand, if (l'Il[w(i,j, k)
from the outfiow term:
j\l[out =

+ 1'II[cB(i,j, k))

is negative, it is subtracted

L L L - (l'Il[w(i, j, k) + j\l[cB(i, j, k))
j

(9.19)

k

where
1'I1[out

is the cumulative sum of solute mass outfiow [M].

Note that even though fiuxes out of the model domain are characterized by a
negative sign, the cumulative sum of the solute mass fiuxes out of the model
domain is defined as a positive value. The difference between the net fiux and
the change in storage is the solute mass residual:

(9.20)

where

MR

is the solute mass residual [M],

Large residuals often indicate inaccuracies 01' even errors in the numerical
solution. However, small residuals do not necessarily mean that the result of
the simulation is accurate. The percent error in the solute mass balance of
the model is calculated by relating the solute mass residual to an appropriate
measure of the solute mass fiux or solute mass stored in the model domain.
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As proposed by Konikow et al. (1996), three different equations are used to
calculate the error in the mass balance. For simulations with cumulative mass
inflmv larger than the outflow, the residual is related to the solute ma.'3S brought
into the model:
(9.21)

where

E 11J1

is the percent error in the mass balance of the simulation.

If the solute mass flux out of the model domain is dominant, the mass balance
error should be calculated fram the ratio of solute mass residual and solute
mass outflow:
l'vfR
(9.22)
E M2 = 100~
out

where

E M2

is the percent error in the mass balance of the simulation.

Both E M1 and E M2 are meaningless for simulations in which the solute mass
fluxes into and out of the model domain are very small compared to the solute
ma.'3S stored in the aquifer. In these cases, the error in the solute mass balance
is calculated a.'3 the ratio of the solute mass residual and the total solute mass
stored in the model domain:
(9.23)

where

E M3

is the percent error in the mass balance of the simulation.

Since the solute transport equation is more difficult to solve than the groundwater flow equation, the error in the solute mass balance is often larger than the
error in the water balance. Besides, it should be kept in mind that the method
of characteristics is based on solving the transport equation at discrete points
(the positions of the particles). In contrast, the mass balance error is calculated
from nodal concentrations, which represent the average concentration value of
the particles in the cell. Therefore, the mass balance error will typically exhibit an oscillatory behavior over time (Konikow et al., 1996). However, as this
type of error is not cumulative, the oscillations should remain within a limited
range and eventually balance out in the course of the simulation. K onikow
et al. (1996) presume that the error in the mass balance does not represent a
bias and is not a serious problem unless it exceeds about ten percent.
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9.3

N umerical instabilities

As described in section 7.2, the coupling of the flow and transport simulation
in density-dependent groundwater flow models is bi-directional. The flow simulation provides the velocity field required to calculate the paths of the tracer
particles. The movement of the particles changes the concentration distribution. Changes in the concentrations are equivalent to changes in the densities.
Thus they will alter the buoyancy flows and consequently lead to changed flow
patterns the next time the flow equation is solved.

If there are great differences in concentration between adj acent cells of the
grid, particles that move from one cell into the other will cause a significant
change in the density gradient. The resulting changes in the buoyancy flow
may even reverse the direction of flow between the two cells. In such cases the
particles will move back into the cell which they just left, reverting the density
change. Obviously, this effect can lead to oscillations in grid areas with high
concentration gradients, e.g. at narrow transition zones between saltwater
and freshwater. The subsequent description of how the model parameters may
affect these numerical instabilities is based on the discussion in Oude Essink
(1996).
• The initial number of particles per grid cell greatly influences the numerical stability of the simulation. The more particles are in a cell, the less
abrupt are concentration changes caused by particles moving from one
cell into the next, provided that the particles are evenly spaced.
• The tolerance limit for the iterative solution of the flow equation directly
controls the accuracy of the generated flow field. A small tolerance limit
will lead to more accmately calculated paths of the particles, which may
help to counteract numerical instability.
• To meet the stability criteria for the explicit solution of the dispersion
and diffusion terms, the flow time step is divided into a large number of
transport time steps (section 6.3). The changes in concentration occurring in the comse of one flow time step may be too large to match the
solution of the flow equation. In these cases, smalleI' flow time steps may
prevent numerical instabilities.
• The initial concentration distribution should be as smooth as possible to
prevent instabilities due to high gradients at the start of the simulation.
• The accmacy of the solution of the groundwater flow equation increases
with decreasing sizes of grid cells. Consequently, increasing the total
number of grid cells also improves the precision of particle tracking. On
the other hand, reducing the cell size does not necessarily prevent numerical instabilities. Due to the stability criteria, simultaneously the number
of transport time steps dming one flow time step has to increase.
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• If the coefficients of dispersion and diffusion are small, the transition zone
bet,veen saltwater and freshwater is likely to be narrow. As a result, there
may be steep concentration gradients between adjacent cells, which may
result in numerical instabilities.

• For narrow transition zones between saltwater and freshwater, the velocity of groundvvater fiow in adjacent cells may point into opposite directions. If the transport step is rather long, the linear particle tracking algorithm may cause the tracer particles to move away from the transition
zone. As a result, the transition zone could deplete of tracer particles.
In such cases, the bilinear particle tracking algorithm may yield more
realistic results, because it is based on a continuous velocity field.
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Chapter 10
Observation points
To compare the simulation results and field data, the solute concentration of
groundwater at specified locations within the model grid should be known. In
case the measured locations do not happen to coincide with the position of a
node or one of the tracer particles, the required concentration values can be
obtained by means of interpolation. Because the method of characteristics is
applied to solve the transport equation, the most accurate values of solute concentration are available at the position of the tracer particles. Consequently,
the most accurate method of interpolation is based on these values. Shepard's
method of inverse distance interpolation (Shepard, 1968) delivers a weighted
mean of the concentration values associated with all tracer particles in the
vicinity of the point of interest. The hydrogeological setting of the observation
point can be refiected by selecting an appropriate search radius that defines
the maximum distance between the observation point and a particle included
into the interpolation.
As mentioned in section 6.1.4 on page 58, it is possible that some areas of the
model domain deplete of paTticles. Consequently, the concentration value in
these areas cannot be calculated from values associated with particles. Then,
the concentration value at the observation point is calculated by means of
bilinear interpolation between the four closest nodal values.

10.1

.

Shepard's method of inverse distance lnterpolation

Shepard's method of inverse distance interpolation (Shepard, 1968) is applied
to calculate a weighted mean of concentration values at given positions in the
circumference of an observation point:
n-l
Cobs =

L WkC(Pk)

(10.1)

k=ü
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where

cobs

is the interpolated concentration value at the location of the observation point [ML -3],

n

is the number of particles that contribute to the interpolated value,
and

Wk

is the weighting factor for the concentration value associated with
tracer particle Pk [-].

The weighting factor Wk in equation 10.1 depends on the distance between the
particle and the observation point:

Wk

dk P
= ",n-l d-: P
62=0

(10.2)

2

where

dk

is the distance between the particle and the observation point [L]'
and

P

is an arbitrary positive number.

The interpolation algorithm implemented in the described numerical model
uses the commonly applied value of P = 2.

10.2

Bilinear interpolation of concentration values

The concentration value at a point of interest can be interpolated from the
known values at the four closest nodes. Given that the observation point
is located somewhere in-between the nodes (i,j), (i,j + 1), (i - l,j), and
(i - 1, j + 1), the interpolated concentration value is:

cobs =

(1 - wx )(1 - wz)c(i,j)

+ wx (1- wz)c(i,j + 1)

+(1 - wx)wzc(i - l,j) + wxwzc(i - l,j + 1)

(10.3)

where

Cobs
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is the interpolated concentration value at the observation point
[ML- 3 ], and

10.2. BILINEAR INTERPOLATION OF CONCENTRATION VALUES
are the horizontal and the vertical weighting factors [-J.
The horizontal weighting factor
Wx

Wx

=

is calculated as:
Xobs -

x( i, j)

ßx

(10.4)

where
Xobs

is the x-coordinate of the observation point [LJ, and

x( i, j)

is the x-coordinate of the node (i, j) [LJ.

Analogously, the vertical weighting factor
Zobs -

Wz

is:

z( i, j)

w z = --ß-c--'-----'-

(10.5)

Z

where
Zobs

is the z-coordinate of the observation point [LJ, and

z( i, j)

is the z-coordinate of the node (i, j) [LJ.

Bilinear interpolation of the observed concentration value is based on nodal
concentrations, which represent the average values of the concentration values
associated with the tracer particles in the corresponding cello Consequently,
the method is less accurate than the inverse distance interpolation method
described in the previous section.
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Chapter 11
Review of assumptions
The approach to the simulation of density-dependent groundwater flow described here is based on a number of simplifications. Even though the numerical model can be applied to a variety of problems, some cases may be
incompatible with the implications of this code. Therefore, the user should be
aware of the assumptions and limitations that are inherent in the model. The
most important assumptions are:
• Groundwater flow is two-dimensional in a vertical plane. The vertical
axis of the model grid is parallel to gravity.
• Darcy's law is valid: Groundwater is considered an incompressible fluid.
Transient storage is accounted for by adjusting the effective porosity.
Flow is always laminar. Turbulence does not occur.
• The aquifer is confined. Unsaturated flow can be neglected.
• The hydraulic conductivity of the aquifer is constant in time. For anisotropie
aquifers, it is assumed tImt the principal axes of the hydraulic conductivity tensor are parallel to the axes of the model grid.
• The dispersivity of the aquifer is homogeneous and constant in time.
• The density of groundwater is a linear function of the solute concentration. Other factors that may affect the density of groundwater, such as
temperature, are neglected.
• The solute concentration is not changed by reactions, decay,

01'

sorption.
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Chapter 12
Introduction to SWIMMOC
The computer program SWIMI'vl0C is a numerical modeling environment
for the simulation of two-dimensional density-dependent groundwater fiow.
SWIMMOC is based on the method of characteristics. It is a stand alone
mouse- and menu-driven application that offers an intuitive graphical user interface. SWIMMOC was designed especially to study the dynamics of the
saltwater/freshwater interface in coastal aquifers. It facilitates the definition
of boundary conditions that are characteristic for saltwater intrusion problems. Nevertheless, SWIJ\!IJ\!IOC can be used to modelother types of densitydependent fiow problems, as long as they match the assumptions mentioned in
chapter 11. Still, some specific simulation questions may require modifications
in the SOUl'ce code.
SWIJ\!IMOC was written in REALBasic 5.2.4 on Mac OS X. REALBasic is
an object-oriented programming language available for both Apple Macintosh
and Microsoft Windows operating systems. Executable applications can be
compiled for Mac OS Classic, Mac OS X, Microsoft Windows, as weIl as for
various Linux distributions.

12.1

Overview of the general program features

Upon start-up, SWIMMOC presents the main window and a menu bar. The
white rectangular area that occupies the center of the main window is reserved
to show the model grid after its definition by the user. The six text fields at
the top of the window indicate the status of the model during the simulation
process. The four text fields in the lower left corner of the window provide information about the position of the mouse pointer when moving across the model
grid. In the lower right corner of the window the type of currently displayed
information is displayed. The nine main menus are: File, Edit, Model, Units,
Boundaries, Parameters, View, Simulation, and Evaluation. When defining a
new fiow problem, it is recommended to follow the menu order from left to the
right.
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The simulation of density-dependent flow problems in S\iVIJVIMOC follows an
intuitive and descriptive approach. In the following the items of the main
menus and the associated dialogs vvill be described briefly. A single cell of
the model grid may be selected by simply clicking on the cell. A group of
cells can be selected by keeping the mouse button pressed while dragging a
frame around the desired section of the grid. All values are entered without
specifying the unit. Though next to every entry field, there is a term in square
brackets, which presents the expected dimension: L is length, M is mass, and
T is time. Thus SWIMJ'vIOC allows the user to choose any units, as long as
the parameter values are entered consistently.

12.2

The File-menu

The File-menu is used to load and save model data. The menu item Open ...
displays an Open-dialog and loads a model definition file. This routine simply
reads all information that is available, including model options, sea level definition, unit definitions and boundary definitions. Note that all of the current
model data will be replaced.
The complete model definition including model options, sea level definition,
unit definitions and boundary definitions can be stored via the menu items
Save As... and Save. The option Save is only available if the model has not
been saved 01' if the model has been changed after the last time it was saved. A
save dialog is displayed only if a model definition has not been saved before. If
the current model has been loaded from 01' saved to a file, Save will replace the
existing file. On the other hand, Save As... can be used at any time (except
when the simulation is running) to choose a new file name. Note that neither
of the two will save the current status of the simulation, i.e. the model results,
but the model definition only.
SWIMMOC model definition files are written in plain text format and can be
viewed and edited using any text-editor. General model parameters are written
in the form "parameter: value" and must be in separate lines to be recognized
when SWIMMOC is reading the file. Gridded data is written as tab-delimited
text that can easily be imported into spreadsheets. The model grid must be
defined at the beginning of the file. The sequence of other information is
arbitrary.
The Export submenu offers the possibility to export the simulation results to
other programs. Concentration ... , Density... , Freshwater Head... , and Observed
Head... each write the gridded data as space-delimited text files in the format
used by the program Surfer by Golden Software. Partic1es... writes a tabdelimited list of the coordinates of each particle and the concentration value
associated with it. Observation Points... saves a tab-delimited list of the times
and concentrations that were recorded at specified observation points. The last
two items Unit Definitions... and Boundary Definitions... in the submenu can
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be used to save the unit 01' boundary definitions, respectively. This information
may later be imported into other flow problems.
The submenu Import consists ofthe menu items Unit Definitions... and Boundary Definitions... which can be used to read previously exported unit definitions or boundary definitions as weIl as to import the relevant sections from
model definition files.

12.3

The Edit-menu

The menu items Cut, Copy, Paste, and Clear are provided by the operating
system. Select All selects all cells of the grid that are currently visible. In case
the user zoomed into a section of the model grid, only the cells of this section
are selected. Select None clears the current selection, regardless of the current
zoom level. The item Select Same is only available if one single cell is selected.
It adds all cells with the same value of the currently displayed parameter to
the selection.

12.4

The Model-menu

The menu item Grid... opens a dialog for the definition of the geometry of
the model grid. The dialog is self-explaining. Note that defining a new grid
removes all of the data associated with the previous grid from the memory.
Clicking the Cancel-button leaves the current grid untouched.
The menu item Sea Level... opens a dialog allowing the user to define a constant 01' time-varying sea level that can be referred to by boundary conditions.
However, the representation of temporal changes in the sea level during the
simulation is restricted to the resolution of the flow time step.
The menu item Options... opens a dialog for defining a number of basic simulation options may be defined, which affect the simulation process. It is divided
into five different tab panels:
• The Flow panel is used to define the tolerance limit for the iterative solution of the flow equation and allows to choose either the Iterative Alternating Direction Implicit method (default) 01' the Gauss-Seidel method.
• The Transport panel is used for controlling the transport part of the
simulation. The travel distance criterion (see section 6.3.1 on page 66) is
defined in terms of the minimum number of flow steps that are required
for a particle to cross a cell. The maximum percentage of void cells defines how many cells of the model grid are allowed to become void of
particles during the simulation before the particles are redistributed. It
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is recommended to keep this value small (default=2) in order to limit numerical dispersion through redistributions. As illustrated by figure 6.2 on
page 50, only square numbers of particles can initially be placed into each
cello The default number of initial particles per cell is nine. Either linear
(default) 01' bilinear particle tracking can be selected to simulate advective transport. The different procedures are described in section 6.1 on
page 49. The dispersivity of the aquifer and the coefficient of molecular
diffusion is defined in the Dispersion panel.
• The Density panel comprises the parameters required to convert from solute concentration to ground'water density (see section 7.1 on page 69).
The settings of the panel Observation Points control the interpolation of
concentration at user-specified observation points. Shepard's method of
inverse distance interpolation is based on accurate concentration values
at discrete locations given by the particles. The seal'ch radius defines the
maximum distance between the point of observation and a particle that
contributes to the interpolated value. If there are no particles within
the seal'ch radius, the algorithm uses linear interpolation between nodal
values instead. This method refiects the results of the simulation less
accurately, because the nodal concentration values are the average values of the concentration values associated with the particles in the cell.
Depending on the dimension of the cell and the number of particles, the
results of the two different interpolation methods may differ significantly.

12.5

The Units-menu

The Units-menu lists all hydrogeological units that haven been defined by the
user. If one 01' more cells of the grid are selected, choosing the name of the unit
assigns all unit properties to the selected cells and also stores a reference to the
unit in each of these cello If no cells are selected, choosing the name of the unit
displays a dialog that allows to change the unit properties. Note that changing
the properties of a unit also changes the properties of all cells associated with
the unit. In order to detach a cell from a unit, select the cell and choose No
Unit. The menu item New Unit... opens a dialog for the definition of a new
hydrogeological unit.

12.6

The Boundaries-menu

The Boundal'ies-menu is very similar to the Units-menu. Choosing the name
of a boundary condition while one 01' more cells al'e selected assigns the boundary condition to the cell 01' cells, respectively. If no cells are selected, a dialog
to change the boundary condition is displayed. Changes in the definition of a
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boundary eondition affect all eells on whieh the boundary eondition was imposed. Choosing No Boundary detaehes the boundary eondition from seleeted
eells. In addition, the status of selected eells ean be switehed from active to
inaetive and viee-versa. Inactive eells are treated as no-flow boundaries and
are displayed in grey color.
The menu item New Boundal)l... is useel for defining new bounelary eonditions.
It elisplays a dialog that is divided into fom elifferent tab panels:
• The Head & Concentration panel eomprises the parameters for eonstant
observeel heael anel eonstant concentration boundaries. Note tImt these
two types are the only boundary conditions that can be combined within
one cello The constant observeel head value can either be specified by the
user 01' it can be set equal to the sea level. At sea level bounelaries, the
time-elependent value of the user-defineel sea level function is used instead
of a fixed observed head. Similarly, either an arbitrary coneentration
value 01' the saltwater concentration specified in the options elialog can
be assigned to eonstant eoneentration boundaries.
• Constant flux boundary eonditions are defined through the Flux panel.
SWIMMOC offers the possibility to specify the eonstant volumetrie flux
either as absolute flux per eell 01' per unit horizontal 01' vertieal area.
This way, the same boundary eondition ean be applied to different griel
spacings. For volumetrie fluxes into the aquifer, the eoneentration of
the injeeteel water must be given either through an arbitrary value 01' by
setting the eoncentration equal to the eoneentration of saltwater. Abstraetion of groundwater from the aquifer is reflecteel by negative values
of volumetrie flux and eannot be assoeiated with a eoncentration value.
• The Leakage panel is used for define leakage boundaries (see section 3.4 on
page 16).
• The Position panel offers the possibility to assign volumetrie fluxes resulting from a boundary condition to a specifie face of the boundary eell.
Note that this is only possible if the bounelary eell is adjacent to a noflow boundary (see section 8.3 on page 76). Otherwise, the volumetrie
flux is treated as if it was uniformly distributed over the cello

12.7

The Parameters-menu

The items of the Parameters-menu ean be used to define the initial values
anel the properties of selected cells. Eaeh item displays a dialog that allows
to define either a eonstant value 01' a range within whieh random values for
the eorresponding parameter may be found. Note that changing the hydraulic

103

CHAPTER 12. INTRODUCTION TO SVlIIvIMOC
properties of a cell via the Parameters-menu removes a reference to a unit
stored in the cell, if present.
The menu item Copy Current to Initial replaces the initial values of observed
head and solute concentration with the cmTent values. This is convenient e.g.
to freeze a certain stage of the simulation, such as a steady-state equilibrium.
Note that this feature affects all cells regardless of the selection.

12.8

The View-menu

The View-menu controls the variable 01' parameter displayed in the center area
of the main window. The items of the first two sections can be chosen to view
the initial 01' current values of cell parameters. The third section of the menu
offers the possibility to view parameters that are calculated in the course of
the simulation process. The items Boundaq Flux and Boundary lvIass Flux
display for each cell the volumetric fiux and the solute mass fiux, respectively.
Horizontal Velocity and Vertical Velocity calculates the corresponding normal
component of groundwater velocity at the node using the volumetric fiuxes at
facing borders of the cell. The item Number oi Partic1es displays the number
of particles present in each cell, whereas the item Partic1es marks the achlaI
position of each particle in a cell by a black dot. During the simulation process,
however, this feature is disabled in order to to avoid interference with the
tracking algorithm. For other all other parameters, Update can be chosen to
show intermediate results dm'ing the simulation process.
All values are represented through the fill color of the cell. The color scale
ranges from dark blue for the smallest values to dark red for the largest values
and is automatically adjusted to the range of values.
The item Zoom In allows to zoom into selected cells and can be chosen repeatedly to increase the zoom level. Zoom Out always switches back to the display
of the entire grid.

12.9

The Simulation-menu

The menu item Time... displays a dialog box used to define both, the final
time of the simulation as weH as the length of the fiow time step. If the initial
concentration distribution contains steep gradients, it may be necessary to
apply shorter fiow time steps at the beginning of the simulation. Therefore,
a time step factor can be specified to automatically increase the length of the
time step.
The remaining items of the Simulation-menu give access to the different parts
of the simulation process. The availability of these items foHows three basic
rules:
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1. The transport simulation may start only after the flow simulation reached
the tolerance limit specified in the options dialog.
2. The next flow step can be commenced only if the transport simulation
is at the same time level as the flow simulation.
3. The transport simulation may not surpass the flow simulation.
All simulation procedures are programmed as background processes. The current state of the simulation can be displayed at any time, by either selecting
the parameter of interest 01' choosing Update from the View-menu. Choosing
Stop interrupts the simulation process as soon as possible. Transport steps
cannot be interrupted. The simulation process can be resumed from any time.

12.10

The Evaluation-menu

At any stage of the simulation process, the accuracy and the precision of the
flow and transport simulation may be verified by choosing 'Vater Balance...
and l\1ass Balance... , respectively. The dialogs displayed through these two
selections show the water balance and mass balance errors as described in
sections 9.1 and 9.2. In case the simulation process is running while the dialog
is open, the values can be updated by clicking the Update button.
The menu item Mass Accumulation shows a graph of the changes in solute
mass storage through time for the entire model domain. Analogously to the
water balance and mass balance dialogs, the graph can be updated during the
simulation process. Even though the sketch is quite rough and unlabeled, it
can be useful to determine whether the simulation has reached a steady-state
equilibrium 01' not. At equilibrium, the solute mass storage should remain
constant in time and the graph should approach a horizontalline. Note that
the mass accumulation data can be exported via the File-menu.
At any stage of the simulation, unless the simulation process is running, the
menu item New Observation Point... offers the possibility to specify a certain
point within the model domain for which the concentration value at every
transport time step will be recorded. In contrast to the concentration values
at the node, the concentration values at observation points are calculated using
a weighted interpolation procedure, as long as Shepard's method was selected
in the options dialog. All observation points are represented by menu items
upon definition. Choosing the name of an observation point displays a graph
of the concentration changes with time at the point of interest. The graph
can be updated during the simulation process. Observation points can only be
deleted while the simulation process is not running. The recorded data at all
observation points can be exported via the File-menu. Note that all previously
recorded data is erased every time the simulation is restarted, but not if the
simulation is resumed.
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Chapter 13
N umerical solution of the Henry
problem
The Henry problem for saltwater intrusion is traditionally applied to test
llUmerical models eapable of simulating density-dependent groundwater fiow.
Though e.g. Voss and Souza (1987) and Simpson and Clement (2004) state
that the Henry problem is not very suitable to verify the bi-direetional eoupling
of fiow and transport.
The Henry problem eoneerns saltwater intrusion into a vertieal eross-seetion
through an isotropie, homogeneous, and eonfined aquifer. In his original work,
Henry (1959) used parameter ratios to keep the problem dimensionless. For
praetieal reasons, the problem is usually solved numerieally für a eross-section
of two meters width and one meter height. A eonstant fiux of freshwater into
the model domain is applied to the left boundary at x = 0 m, while the right
boundary at x = 2 m is marked by a eonstant saltwater head of h obs = 1
m and by a eonstant saltwater eoneentration. Both the lower border of the
model domain at z = 0 m as weIl as the upper border at z = 1 mare no-fiow
boundaries. InitiaIly, the entire aquifer is filled with freshwater. Due to its
higher density, the saltwater intrudes into the model aquifer at the bottom of
the eross-section, foreing the freshwater fiowing in from the left upward, until
a steady-state equilibrium is reaehed. The relatively large eonstant diffusion
eoeffieient is refieeted by a wide transition zone from saltwater to freshwater.
Sinee Henry published his semi-analytical solution for the steady-state equilibrium of the saltwater intrusion problem, a variety of numerieal solutions have
been deseribed in seientifie literature. Pinder and Cooper (1970) applied the
method of eharacteristies to a transient version of the Henry problem, while
Lee and Cheng (1974) used the method of finite elements to obtain a steadystate solution. Their work was followed by aseries of finite elements solutions
for the transient Henry problem (e.g. Segol et al., 1975; Frind, 1982; Huyakorn
et al., 1987; Voss and Souza, 1987). Croucher and Q'Sullivan (1995) review
previous solutions of the Henry problem and present a new highly aeeurate so107
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hition based on finite differences. More recently, Simpson and Clement (2004)
discussed the significance of the Henry problem as a test case.
Due to amisinterpretation of the dimensionless parameters used by Henry
(1959), two different versions of the Henry problem have been discussed in
the scientific literature (Croucher and O'Sullivan, 1995). The two versions
of the problem differ in the sets of parameter ratios used, which is reflected
by different diffusion coefficients. Even though this difference may seem minor, it significantly affects the concentration distribution. Table 13.1 gives an
overview of the correct parameters that are required to simulate the standard
case. The geometry and the boundary conditions of the Henry problem are
illustrated in figure 13.1.
Table 13.1: These parameters are required for the nwnerical simulation of the standard
Henry problem (Simpson and element, 2004). Due to amisinterpretation of the dimensionless parameters used by Henry (1959), some authors have used parameters that correspond
to a diffusion coefficient of DM = 6.6 X 10- 6 m 2 S-l instead of the value given here.

Symbol
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Quantity
coefficient of molecular diffusion
hydraulic conductivity
recharge per unit thickness
specific storage
effective porosity
freshwater density
saltwater density

Value
1.886 x 10- 5
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6.6 x 10- 5
0.0
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Figure 13.1: The illustration shows the geometry and boundary conditions of the standard
henry problem. The values of the corresponding parameters can be seen from table 13.1.

Following the tradition, the c1assic Henry problem is used to illustrate the process of creating and running a density-dependent groundwater flow simulation
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in SvVIMMOC. In section 13.8, a modification of the standard Henry problem as proposed by Simpson and element (2004) is described. The modified
Henry problem is found to be a more suitable benchmark in density-dependent
groundwater fiow modeling.

13.1

Step 1: Creation of the model grid

The first step when creating a new model in S\VIMIVIOC is to define the
model grid. As illustrated in figure 13.1, the dimension of the cross-section is
2 m x 1m. For astart, we are going to divide this area into 10 rows and 20
columns to obtain a cell size of 6x = 0.01 m and 6z = 0.01 m. An additional
column is required for the correct representation of the boundary conditions.
SWIMMOC uses a block-centered finite differences grid. Therefore boundary
conditions are defined for the node at the center of a grid cell rather than for
the border. In order to place the infiow boundary at x = 0 m, the left border
of the model domain must be x = - ~x. Accordingly, if the seaward boundary
of the model domain is located at x = 2 m, the right border of the model grid
is at x = 2 m + ~x.
Table 13.2: These parameters are needed to set up the model grid for the Henry problem.

left
width
columns

0.05 m
2.1 m
21

top
height
rows

1m
1m
10

After choosing Grid... from the Model-menu, the values from table 13.2 are
transferred to the corresponding entry fields. The new grid is defined by dicking the OK button. Then, the display shows the new grid at the center of the
main window. When moving the mouse pointer across the grid, the coordinates
are displayed in the lower left corner of the window.

13.2

Step 2: Specification of the aquifer properties

Next, the hydraulic properties of the aquifer will be assigned to a new unit.
Choosing New Unit... from the Units-menu to displays the unit definition
dialog. Assigning the name "Henry aquifer" and transferring the values of
hydraulic conductivity, effective porosity, and specific storage from table 13.1
into the corresponding entry fields creates a new unit that comprises the properties of the aquifer in the Henry problem. After dicking the OK button, the
new unit will appeal' as a new menu item in the Units-menu.
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The new unit must be assigned to all cells of the model grid. After choosing
Select All from the Edit-menu, all cells are selected and the users goes back
to the Units-menu and chooses Hem)' aquifer to copy the properties of the
unit to the cells in the grid. The display changes automatically to the units
of the grid. To verify that all cells now possess the hydraulic properties of the
unit "Henry aquifer" , any one of these properties can be displayed by choosing
the corresponding menu item fram the View-menu. Moving the mouse across
the grid shows the cell value of the currently displayed parameter in the lower
right corner of the winduw.

13.3

Step 3: Definition of the boundary conditions

To define the seaward boundary of the model domain, the user chooses New
Boundary... from the Boundaries-menu and names the new boundary "Sea".
In the Head & ConcentTation panel, Constant Observed Head Boundary has to
be selected and the value 1 entered into the corresponding field. (Alternatively,
the user may select Sea Level and define a constant sea level of 1 m in the sea
level dialog available from the Model-menu.) Constant Concentration Boundary and Saltwater must be selected. Choosing Right in the Position panel
assigns the flux across the boundary to the right face of the cells. Clicking the
OK button confirms the definition of the new boundary condition.
To define the constant flux boundary on the left hand side of the model domain,
New Boundary... has to be chosen again, assigning the name "Recharge" to
the new boundary. Choosing Constant Flux Boundary from the Flux panel
allows to enter "6.6e-5" into the corresponding field and to select Per Vertical
Unit Area. Since the flux is positive, the concentration of the inflow must be
specified. The default value of 0 is correct. Selecting Left in the Position panel
assigns the flux to the left face of the cello The dialog box is closed by clicking
the OK button.
Now, the boundary conditions must be assigned to the appropriate cells by
selecting all cells of the leftmost column and choosing Recharge from the
Boundaries-menu. Again, the view switches automatically to display the
boundary conditions. Analogously, the boundary condition "Sea" is assigned
to the rightmost column of the grid.

13.4

Step 4: Specification of the initial values

The simulation of the Henry problem starts with an aquifer that is completely
filled with freshwater. By default, the initial concentration value is already set
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to 0. This ean be verified by ehoosing Initial Concentration from the Viewmenu. The initial observed head is also by default. Thus, again ehoosing
Select All from the Edit-Menu, all eells of the model grid are selected. Then,
a value of 1 is assigned to all eells after ehoosing Initial Observed Head from
the Parameters-Menu.

°

13.5

Step 5: Specification the simulation options

The last step before starting the simulation is to seleet the appropriate eontrol
parameters for the simulation proeess. The value of the toleranee limit for
the fiow simulation requires some thought and should be chosen earefully: In
the horizontal direction, the volumetrie fiux between two adjaeent eells solely
depends on the freshwater head gradient. Consequently, the toleranee value of
the ealculated freshwater heads eorresponds to an erroneous volumetrie fiux:
qtol

/ Tol
6x

= }' - x -

(13.1)

where
qtol

is the potential specifie discharge [LT- 1] due to the toleranee error
tImt is inherent to the values of the freshwater head, and

Tol

is the toleranee limit [L].

Rewriting equation (13.1) yields:

Tol = 6X}q~

(13.2)

'-x

Inserting the parameters given in tables 13.1 and 13.2 into equation (13.2)
shows that a toleranee fiux equal to the recharge fiux from the left boundary
eorresponds to a toleranee limit of Tol = 6.6 x 10- 6 m. Obviously, the volumetrie fiux that eould result from errors in the numerieal solution should be
mueh smaller than the recharge fiux. Therefore, it is reeommended to speeify a toleranee limit of at least 1 x 10- 8 m. Choosing Options... from the
1\10del-menu displays the options dialog. The toleranee limit is set in the Flow
panel.
In the Dispersion panel, the diffusion eoeffieient must be set to the appropriate
value from table 13.1. Freshwater density, saltwater density, saltwater eoneentration are speeified in the Density panel. For saltwater eoneentration, any
desired value may be entered. It is eonvenient to use either the value 1 01' 100,
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which allows the user to read the simulated concentration values as fraction
or percentage of saltwater. Note that since the seaward boundary simply is
defined as saltwater boundary, the model will use whichever value specified
for the constant concentration value at the boundary. For all of the remaining parameters in the options dialog, the default values should be suitable to
simulate the Henry problem.

13.6

Step 6: Running the simulation

The model is now ready to start the simulation. Choosing Time... in the
Simulation-menu, the user has to set the final time and the length of the flow
time step. Because the initial concentration gradients of the Henry problem
are steep, a correct solute mass balance is obtained by using a short time step
at the beginning of the simulation. Starting with a time step of 1 and setting
a factor of 1.1 yields acceptable results. For a start, set the final time to 1800,
even though it is not necessary that the final time is a multiple of the flow
time step.
The user may choose to either run the simulation automatically by selecting
Start 01' follow the simulation process from step to step by selecting Flow Step,
Transport Step, or Synchronize. Except for a single transport step, all of these
procedures can be interrupted and restarted deliberately. At any time during
the simulation process, intermediate results can be viewed by choosing the
parameter of interest from the view menu. Selecting Update allows to view
the most recent values of the currently selected parameter.
During the simulation process 01' after the simulation reached the specified
final time of 1800, choosing Mass Accumulation... from the Evaluation-menu
displays a graph of the solute mass accumulation in the model domain in the
course of the simulation time. The graph did not yet approach a horizontalline
asymptotically, which indicates that the saltwater intrusion is still in progress.
Consequently, the simulation must be continued to obtain a solution for the
steady-state equilibrium. The user may increase the final time and resume
the simulation process. By repeatedly checking the mass accumulation graph,
it can be observed that the solute mass storage approaches a horizontal line
asymptotically after a simulation time of approximately 10000 s.

13.7

Step 7: Evaluation of the simulation results

The e1'1'o1' in the water and mass balance can be displayed by choosing the
corresponding item from the Evaluation-menu. Both errors should be within
1'easonable limits.
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The graphical display of the simulation results in S\iVIIvIMOC is supposed to
provide an idea of what is happening during the simulation process. For more
sophisticated graphical presentations of the results, the user may export the
values of interest through the File-menu. All grid files written by SWIIvIJ'vIOC
are plain text files that are fully compatible with the program Surfer by Golden
Software. To import the grid files into other programs, the user has to know
that the files consist of a header and the gridded data. The header contains
information about the dimension of the grid and the minimum and maximum
values, which are required by the program Surfer. The gridded data is written
as space-delimited text. The first line contains the values of the last row, the
second line contains the values of the second-Iast row, and so on. The format
of export files that contain non-gridded data, such as the concentration of the
particles 01' the mass accumulation, is self-explaining.
Figure 13.2 shows the solute mass accumulation within the model domain
during the simulation. Due to the strong gradients at the beginning of the
simulation, the solute mass storage increases rapidly at the beginning. The
continuous smoothing of the concentration gradients in the course of the first
10000 s is accompanied by a decreasing accumulation rate. After a simulated
time of about 10000 s, the solute mass storage remains constant. At this point,
the steady-state equilibrium is reached, and the mass infiow is balanced by the
outfiow. This time interval compares weIl with a value published by Simpson
and element (2004). Their Immerical solution of the standard Henry problem
needed about 9600 s to reach the steady-state equilibrium. As they did not
provide information on the mass accumulation in their solution, the two results
cannot be compared in greater detail.
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Figure 13.2: The graph shows the changes in solute mass storage within the model domain
with time. The mass axis is ml.labeled because the concentration of saltwater is arbitrary.
The steady-state equilibrimll is reached after a simulated time of about 10000 s.
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Two different options for displaying the modeled concentration distribution
after a simulated time of 15000 s are illustrated in figure 13.3. The first possibility is to export the concentration values at the nodes to a grid file and
directly to plot lines of equal concentration (figure 13.3a). The second possibility (figure 13.3b)is to export the concentration values and the position of
the tracer particles. Depending on the number of particles per ceH, the interpolation of these concentration values may yield more accurate results. In the
illustrated example, the two plots compare weH. Figure 13.3c shows a scatter
plot of the position of the tracer particles. In general, the particles are distributed evenly through the model domain, suggesting that the replacement
of particles at source cells leads to the desired results. Only in those places in
the grid where the velocity is highly variable, e.g. the front of the saltwater
wedge, small gaps in the distribution of tracer points occur.
The observed piezometric heads and the equivalent freshwater heads for the
steady -state solution of the Henry problem are illustl'ated in figure 13.4. The
equivalent freshwater heads in the right half of the model grid clearly indicate
the saltwater intrusion at the bottom of the cross-section. In the left half of the
grid, the observed heads are equal to the equivalent freshwater heads, because
the salt concentration of the groundwater is negligible in this part of the model
aquifer.
In figure 13.5, the results of two simulations with different grid resolutions
are compared to the results of llUmerical solutions by Simpson and Clement
(2004). They used a finite elements grid consisting of 861 nodes. This corresponds to the resolution of the 20 x 41 grid used in SWIMMOC. In general,
both solutions obtained from SWIMMOC show a good correspondence with
the solution of Simpson and Clement (2004). The greatest deviations occur in
the top right corner of the model grid. SWIMMOC seems to exaggerate the
diffusive transport from the seaward boundary into the model domain. However, this may also be the result of a different implementation of the constant
concentration boundary condition in the model used by Simpson and Clement
(2004).

13.8

Numerical solution ofthe modified Henry
problem

Simpson and Clement (2004) show tImt the Henry problem is not the most
suitable test case for density-dependent fiow, because the numerical quality of
the bi-directional coupling between fiow and transport has only minor infiuence
on the accuracy of the simulation results. They propose a modified version of
the Henry problem to be used as a benchmark and provide a semi-analytical
solution that can be compared with the results of a numerical simulation.
The only difference from the standard Henry problem is that the freshwater
recharge fiux from the left boundary in the modified Henry problem is reduced
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Figure 13.3: The two contour plots show the lines of equal concentration for 25,50, and 75
percent saltwater concentration for the steady-state solution of the standard Henry problem.
The grid resolution is 10 x 21 and 9 particles were initially placed into each cello For the
upper plot, the contour lines were drawn directly into the grid that was exported from
SvVIMMOC. The second contour plot is based on a grid that was calculated by inverse
distance interpolation from the concentration values associated with the tracer partic1es.
The third plot shows the position of the tracer partic1es.
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a) Observed piezometric head
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b) Equivalent freshwater head

0.8
0.6
0.4
0.2
0

0.2

0.4

0.6

0.8

Figure 13.4: The first plot shows the lines of equal piezometric head tImt would be measured if the Remy problem existed in reality and could be investigated by means of observation weHs (a). Far the second plot, the observed piezometric heads were converted into
equivalent freshwater heads (b). The difference between the two plots results from saltwater
intrusion.

by 50 pereent. This will eause the saltwater to intrude furt her into the aquifer
and signifieantly inerease the importanee of eorreet eoupling between flow and
transport (Simpson and element, 2004).

In order to adapt the deseribed SWIMMOC simulation to the modified Henry
problem, the user simply ehooses Recharge from the Boundary menu with no
eells selected. This will display the definition of the "Reeharge" boundary
eondition. In the Flux panel, the value of the volumetrie flux rate has to
be ehanged from 6.6 x 10- 6 ms- 1 to 3.3 x 10- 6 ms- 1 . The modifieation is
eonfirmed by clieking the OK button. The new value will automatieally be
applied to all boundary eells of the type" Reeharge". Now, the user may either
eontinue a previous simulation with the ehanged boundary eondition 01' restart
the simulation.
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Figure 13.5: Two different simulation results obtained by using a 10 x 21 grid (a) and
a 20 x 41 grid (b) in SWIMMOC are eompared to a highly aeeurate numerieal solution
by Simpson and Clement (2004). The lines represent equal solute eoneentration in the
SvVIIvlMOC simulations. The points marked by the triangles, crosses, and eil-eIes indicate
the points of 75, 50, and 25 percent saltwater eoncentration as published by Simpson and
Clement (2004), respectively.

13.9

Comparison of the simulation results

The solute mass accumulation for the simulation of the modified Henry problem is illustrated in figure 13.6. Due to the reduced recharge flow from the
left boundary, the saltwater intrudes furt her into the aquifer compared to the
standard Henry problem. Consequently, it takes much longer, for the system
to reach a steady-state equilibrium. Simpson and Clement (2004) state that
their numerical solution required about 16500 s until no further concentration
changes were observed. Figure 13.6 shows that the accumulation rate beyond
this time is minor, however a balance of in- and outflow is reached much later.
Figure 13.7 shows a comparison of the simulation results obtained by using SWIMMOC and the semi-analytical solution provided by Simpson and
Clement (2004). Both the shape and the position of the concentration contours obtained from the SWIMMOC simulation are in excellent agreement
with the semi-analytical solution. According to Simpson and Clement (2004),
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the accurate simulation of the modified Henry problem indicates that the bidirectional coupling of fiow and transport is correct.
Solute mass
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Figure 13.6: Reducing the recharge flow rate to 3.3 x 10- 6 ms- 1 in the modified Henry
problem causes the seawater to intrude much fw·ther into the aquifer compared to the
intrusion length reached in the standard Henry problem. As a result, it takes more than
twice as long wltil the steady-state equilibriwn is reached.
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Figure 13.7: The modified Henry problem was simulated in SvVIMMOC using a grid of 20
rows and 41 colwllilS with 9 particles per cello The lines represent equal solute concentration
in the SvVIMMOC solution. The points marked by the triangles, crosses, and cil'des indicate
the points of 75, 50, and 25 percent saltwater concentration as published by Simpson and
element (2004), respectively. The solution produced by SWIMMOC compares well with
the semi-analytical solution.
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Chapter 14
Summary
The hydrogeological and numerical background of a new llUmerical model for
the simulation of density-dependent groundwater flow is presented. The computer program S\iVIMMoe is capable of simulating two-dimensional groundwater flow in vertical cross-sections. Density differences are accounted for by
applying the concept of equivalent freshwater head, assuming that the groundwater density is proportional to the solute concentration.
SWlrvIMoe uses a finite differences formulation of the groundwater flow equation. Either the Gauss-Seidel method 01' the iterative alternating direction
implicit (IADI) method can be used to calculate the distribution of equivalent
freshwater heads and the velocity field. Both techniques are unconditionally
stable.
The solution of the transport equation is based on the method of characteristics. The advection terms of the transport equation are solved by either linear
01' bilinear particle tracking. To ensure realistic particle paths at source and
sink cells, the volumetric fluxes resulting from boundary conditions can be assigned to specific faces of the boundary cells. The bilinear tracking algorithm
includes reflection techniques to correct the calculated paths close to no-flow
boundaries. To avoid a crowding of tracer particles at sinks, particles entering
into sinl:: cells are removed from the model grid. Particles which move out of
source cells are replaced in order to prevent that cells become depleted of tracer
particles. The combination of both tends to maintain an even distribution of
particles.
An explicit algorithm is applied to calculate the concentration changes due to
diffusion, dispersion, sources, and sinks. To account for concentration changes
resulting from advective transport, an intermediate concentration value is used
to calculate the necessary concentration gradients. Assigning the concentration
changes to discrete tracer particles reduces numerical dispersion to aminimum.
The concentration changes are translated to changes in groundwater density,
affecting the groundwater flow pattern.
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Numerical instabilities may occur as a consequence of the bi-directional coupling of the fiow and transport parts of the simulation. The effects of different
model parameters on the stability of the solution are discussed. Recommendations and strategies to avoid numerical instabilities are derived.

In SWI.MMOC, transient solute mass storage is accounted for by changes in
the effective porosity of the aquifer. Groundvvater fiow at a steady-state equilibrium can be simulated by continuous simulation using constant boundary
conditions or by setting the specific storage equal to zero, forcing the fiow
equation into a steady state solution. Graphs of the solute mass accumulation
help to determine whether the simulation reached an equilibrium or not.
SWIMMOC aIlows the convenient definition of aquifer properties in terms of
hydrogeological units. The creation of boundary conditions that are typical
for coastal aquifers is greatly facilitated. The user has a choice of constant
observed head, constant concentration, constant fiux, and leakage boundary
conditions. The program provides a number of visualization features to pro'lide graphical feedback on the numerical procedures and on the state of the
simulation. The accuracy of the simulation results can be evaluated by means
of water balance as weIl as mass balance calculations.
The new llUmerical model is applied to simulate the classic Henry problem for
saltwater intrusion as weIl as a modified version of the Henry problem. The
simulation results for the classic Henry problem obtained by using SWIMMOC
compare weIl with results generated by other numerical models. The accurate
solution of the modified Henry problem indicates that the bi-directional coupling of groundwater fiow and solute transport implemented in S\iVIMMOC is
correct.
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Streambed hydraulic
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Chapter 15
In-situ measurement of low
streambed hydraulic
conductivity
T. Fesekel' and J. Seeberg-Elverfeldt

Abstract
A method far measming the hydraulic eonductivity of semi-pervious streambeds
direetly in the stream is deseribed and field examples from a drainage ehannel in northern Germany are presented. The method is derived by inereasing
the sensitivity of a simple standpipe method. Error analysis shows that the
toleranee of the measured values ranges between five and seven percent. However, lateral variability of the hydraulic eonductivity exeeeds the error of the
measmed values. Consequently, several tests at different loeations within the
ehannel are required to obtain a representative value of hydraulic eonductivity.
Comparison of the in-situ results to estimates from grain size analysis reveals
deviations, whieh ean be related to the uniformity of the streambed sediments.

15.1

Introduction

The interaction of groundwater and smfaee water is an important issue for watel' resomee management in low-lying eoastal areas, where the regional groundwater table is lowered through drainage networks. The drainage ehannels eollect water from smfaee runoff as weH as groundwater, whieh f1.ows from the
aquifer through the streambed into the ehannels. Therefore, the sustainable
management of eoastal groundwater resomees requires an integrated approach
whieh eonsiders both groundwater abstraction through weHs and groundwater
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depletion caused by drainage networks. Excessive drainage may lead to overexploitation and promote saltwater intrusion, but it is difficult to quantify the
discharge of groundwater to the drainage network.
On a regional scale, the hydraulic relationship between surface water bodies
and aquifers is controlled by the distribution and magnitude of hydraulic conductivities, both within the channel and the alluvial plain, the hydraulic gradient between the surface water levels and the adjacent groundwater hydraulic
head, and the geometry and position of the stream channel within the alluvial
plain Woessner (2000). An overview of the relevant processes is provided by
Sophocleous (2002). The hydraulic properties of the aquifer may be assessed
by means of pumping tests (e.g. K ruseman and de Ridder, 1994). In case the
streambed sediments consist predominatly of sand 01' gravel, the hydraulic conductivity may be estimated from grain size analysis (e.g. Hazen, 1893; Beyer,
1964). Hvorslev (1951) describes various permeameter tests for measuring the
permeability of sampIes as weIl as in-situ tests using a single weIl 01' open bore
hole. Chen (2000) applies a simple but efficient standpipe method to measure
the streambed hydraulic conductivity in arbitrary directions directly in the
stream. For practical reasons, however, this method is limited to streambeds
with a relatively high penneability and cannot be applied to the semi-pervious
streambeds.
This paper describes a modified version of the standpipe method used by Chen
(2000), which can be applied to measure the hydraulic conductivity of semipervious streambeds in-situ. Field examples and the comparison to estimated
values from grain size analysis illustrate the usefulness of this method.

15.2

Materials and methods

15.2.1

Grain size analysis

SampIes of the upper 0.2 meters of the streambed sediments were taken using
a mini-box corer. The grain size distribution was determined by means of
wet sieving for diameters greater than 0.125 mm and through Stokes settling
for smalleI' diameters. In order to prevent coagulation, sodium pyrophosphate
(Na4P207 . lOH 20) was added to the sampIes at a concentration of 0.5 g per
liter of suspension.
The grain size distribution is used to estimate the hydraulic conductivity of the
streambed sediments, applying a formula provided by Beyer (1964). Compared
to the method described by Hazen (1893), this approach accounts for a larger
range of uniformity coefficients. It is assumed that the hydraulic conductivity
of the sediment is controlled by the effective grain size d lO (Hazen, 1893):

K = C dia
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where
J(

is the hydraulic conduetivity,

C

is a proportionality faetor, and

d lO

is the grain size diameter for which ten weight percent of the sampIe
are finer.

Hazen (1893) employs a temperature-dependent proportionality faetor, whereas
the faetor C used by Beyer (1964) depends on the temperature as well as on
the uniformity coefficient, which is defined by:
(15.2)

where
d 60

is the grain size diameter for which 60 weight percent of the sampIe
are finer.

As indicated by table 15.1, the proportionality faetor is defined for a large
range of uniformity coefficients. However, equation (15.1) delivers realistic
results only if the value of d lO ranges between 0.06 mm and 0.6 mm and if the
uniformity coefficient is smaller than 20 (Beyer, 1964).
Table 15.1: The proportionality factor C used to estimate the hydraulic conductivity from
the grain size distribution depends on the wliformity coefficient U. The values given below
are for a growldwater temperatme of ten degrees Celsius. (Beyer, 1964)

1-2
2-3
3-5
5-10
10-20
> 20

15.2.2

0.012-0.0105
0.0105-0.0095
0.0095-0.0085
0.0085-0.0075
0.0075-0.0065
0.0065

In-situ tests

ehen (2000) describes astandpipe method to measure streambed hydraulic
conduetivity in-situ, applying evaluation formulas provided by Hvorslev (1951).
The method uses a simple standpipe which is driven into the sediment. The
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rest of the pipe is filled with water, creating a hydraulie gradient between the
water levels in the pipe and in the channel. Then, the falling head in the pipe
is recorded as the water fiows out of the lower end of the pipe into the sediment. Assuming that the head loss in the pipe is exponential, the hydraulic
conduetivity of the streambed sediments enclosed in the pipe is determined
using two head readings at different times (Hvorslev, 1951; Chen, 2000). In
the examples provided by Chen (2000), the measured values of hydraulie conduetivity range between 2 x 10- 4 ms- 1 and 2 x 10- 3 ms- 1 . However, the time
required to measure a significant change in head depends directly on the hydraulic conductivity of the sediments. In case the streambed is less permeable,
the measuring time may become extremely long. Therefore, the application of
the method as described by Chen (2000) is limited to streambeds of relatively
high permeability.
As suggested by Hvorslev (1951), the method is modified such that the time required to measure a significant change in head is reduced. This is accomplished
by using a pipe that is large in diameter to increase the area of infiltration,
and a measuring tube that is small in diameter to increase the head change
resulting from outfiow. The quality of the results depends on both the accuracy of the head readings and the tolerance of the tube diameter. Therefore,
precision tubes made for peristaltic pumps were employed as measuring tubes.
The capillary rise in the tubes was measured before the tests and subtracted
from the readings. Since the measuring tubes are too narrow to be used to
quickly fill the device with water, a second tube with a larger diameter must
be connected to the pipe (figure 15.1).
Using a hammer, the steel pipe is driven into the sediment as deep as possible.
Then, the measuring tube is connected to the pipe and attached to a measuring
staff, which is installed next to the pipe. Subsequently, the rest of the pipe
and the measuring tube are filled by quickly pouring a bucket of water into
the filling tube. As soon as the water is fiowing out of the top end of the
measuring tube and all air has escaped, the stopcock at the inlet of the pipe is
closed to prevent that the measurement is affected by the water in the filling
tube. Finally, the head loss in the measuring tube is recorded.
In practice, it has been found that the device is extremely sensitive to pressure
changes in the vicinity of the pipe. Consequently, it must be avoided to walk
01' move in the channel during the measurement. Undisturbed readings may be
obtained by either installing the measuring staff directly outside the channel
01' by observing the falling head from a fixed stand, such as a board placed
across the channel.
According to Darcy's law (e.g. Freeze and Cherry, 1979), the volumetric fiux
through an area perpendicular to the direetion of fiow is proportional to the
hydraulic gradient. Assuming that the hydraulic head at the lower end of the
pipe is equal to the constant water level in the channel, the volumetrie fiux
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Figure 15.1: The hydraulic conductivity of the streambed sediments is measured in-situ
using a steel pipe of 1 m length and 0.105 m diameter. The lower end of the pipe is open and
the edge is sharpened. A steel plate bearing a connector for the measuring tube doses the
top of the pipe air-tight. The small-diameter (0.00279 m) mea:3uring tube is attached to a
measuring staff, which is used to determine the distance from the hydraulic head in the tube
to the water level in the channel. The pipe and the measuring tube may be filled quickly
with water thTOUgh a large-diameter (0.02 m) tube connected to an inlet with a stopcock
dose to the top of the pipe.
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through the pipe may be ealculated as:

Q(t) =

." (D)
2

-I\v 7T

2

h(t)
L

(15.3)

where

Q

is the volumetrie flux through the pipe,

t

is the time,

Kv

is the vertieal hydraulie eonduetivity of the sediment enclosed in
the pipe,

D

is the diameter of the pipe,

h

is the hydraulic head in the measuring tube relative to the water
level in the ehannel, and

L

is the penetration depth of the pipe.

The rate of change in the volume of water in the measuring tube as the water
is flowing out of the pipe is given by:
d V(t) =

dt

7T

(d)2 -h(t)
d
-

2

dt

(15.4)

where
V

is the volume of water in the measuring tube, and

d

is the diameter of the measuring tube.

Sinee the volumetrie flux through the pipe is equal to the rate of change in
the volume of water in the measuring tube, equations (15.3) and (15.4) may
be eombined to obtain:
d
--h(t)

dt

= -

(D)2
K
-h(t)
v

d

L

(15.5)

The time lag is defined as the time required for water to flow out of the measuring deviee until a desired degree of pressure equalization is attained (Hvorslev,
1951). The time lag required for the hydraulic head in the measuring tube
to fall from h o to h is determined by integrating equation (15.5) between the
times t o and t:
t _ t o = (~) 2 ~ In h o
(15.6)

D
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where
are the hydraulic heads in the measuring tube at the times t o and
t 1 , respectively.

The length of the time lag is proportional to the naturallogarithm of the ratio
of the corresponding hydraulic heads in the measuring tube. For simplification,
equation (15.6) may be rewritten as:

t

=

t o + m g(h)

(15.7)

with
17,0

g(h) = In 7:

(15.8)

where
m

is the proportionality factor.

The proportionality factor m depends on the geometry of the measuring device,
the penetration depth, and the vertical hydraulic conductivity of the sediment
enclosed in the pipe:
(15.9)

r

01', after rearranging:
1(v

~ (~ ~

(15.10)

Consequently, the vertical hydraulic conductivity may be calculated by determining the slope of a linear regression line for a sequence of measurements. Given that (17,0,17,1,17,2",' h n ) are the hydraulic head readings and
(t o, t 1 , t 2, . .. tn) are the corresponding times, the values of g(h) at the measured points are calculated as:
17,0

gi = In -

i

hi

=

(1,2, ... ,n)

(15.11)

The regression line that is fitted through the given points (gi, t i ) is written as:

f(g) = t o + mg

(15.12)

Applying the method of least squares (e.g. Kreyszig, 1999), the regression line
is determined such that the sum S2 of the squares of the vertical distances
from the known points to the straight line is minimum:

S2

=

L

(ti - f(gi))2

(15.13)

The slope of the regression line is given by (e.g. Kreyszig, 1999):

n 2:, giti - 2:, gi 2:, t i
n 2:, gi - (2:, gi)2

m = ---------,,--

(15.14)

129

CHAPTER 15. IN-SITU IvIEASUREMENT OF LO\iV STREAMBED
HYDRAULIC CONDUCTIVITY
where
is the number of measurements, excluding the initial values h o and
t o·

n

The overall quality of the fit is evaluated by calculating the coefficient of determination, which is defined as:

(15.15)
in which

(15.16)
and

_
1
t = -

n

I:>i
n

(15.17)

i=l

where

r2

is the coefficient of determination.

The coefficient of determination is an indicator that ranges in value between
zero and one. Values close to one suggest that a strang linear relationship exists
between gi and t i , whereas values close to zero indicate that t i is not proportiOllal to gi. Provided that the assumption of a linear relationship is valid, the
vertical hydraulic conductivity of the sediment enclosed in the pipe may be
calculated using equation (15.10). The law of error propagation in equation
(15.10) determines the error of the calculated value of K v (e.g. Schönwiese,

2000):

±Mv (&;~v t>d)' + (~~v M)' + (~~v t>L)' + (a::: t>m)'
=

(15.18)

where
!::::.Kv

is the error of K v ,

!::::.d

is the tolerance of the diameter d of the measuring tube,

!::::.D

is the tolerance of the diameter D of the pipe,

!::::.L

is the tolerance of the penetration depth L, and

!::::.m

is the error of the slope m of the regression line.
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The partial derivatives of K v in equation (15.18) are:

3Kv
3d
3Kv
3D
3Kv
3L
3Kv
3m

2dL
D2 m
2 d2 L
D3 m
d2
D2 m
d2 L
D2 m 2

(15.19)
(15.20)
(15.21 )
(15.22)

The tolerance values of the diameters of the measuring tube and the pipe
are 6.d = 0.05 mm and 6.D = 1 mm, respectively. An estimated value for the
accuracy of the measurement of the penetration depth in the field is 6.L = lern.
The standard error ofthe slope m is given by (Acton, 1966; Goniek and Smith,
1993):

6.m=

15.3

L (gi - 9)2 L (ti -

t/- [Z (gi n-2

9) (ti - t)]2

(15.23)

Results

Field tests were conducted at 20 locations in a drainage channel in the coastal
plain of northern Germany, elose to the city of Cuxhaven (figure 15.2). The
channel "Norderscheidung" is part of a large tidal drainage network, which is
connected to the North Sea by sluices. Since the slopes of the channels are
minor, surface water flow is controlled by adjusting the water levels in different
sections of the drainage network. Dewatering into the North Sea occurs during
low tide.
The elevation of the ground surface ranges between 1 and 1.5 meters above
mean sea level. The bottom of the channel is approximately 1.5 meters below
mean sea level. The water level in the channel varies roughly between 0.2 and
1.2 meters above the bottom, while the width of the channel ranges from 0.6
to 1.5 meters. All test locations are within a section of 500 meters length,
approximately 25 meters apart from each other.

15.3.1

Estimated hydraulic conductivity values based
on the grain size distribution

The composition of the streambed sediments varies considerably within this
section of the channel. As illustrated in figure 15.3, the grain size of the sediments is dominated by silt and fine sand. The gravel-size particles are mostly
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o

10 20 30 40 50 km

Norlh Sea
Cuxhaven

Figure 15.2: The test site (open circle) is located in north-western Germany, approximately
5 kilometers southeast of the city of Cuxhaven. The distance to the coastline is about 2.5
kilometers.

132

15.3. RESULTS
shells 01' pieces of she11s. The sediment color ranges from grayish brown to
ver}' dark gray and the organic content is generally high. At severallocations,
stepping onto the sediments resulted in the release of gas bubbles.
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Figure 15.3: The streambed sediments at the sampled locations consist predominantly of
silt and fine sand. For at least 70 weight percent of each sampie, the grain sizes were smaller
than 0.125 mm and had to be determined through Stokes settling.

The estimated hydraulic conductivity values obtained by applying equation
(15.1) are listed in table 15.2. However, for none of the sampies the effective
grain size d lO is large enough to expect realistic estimates based on the grain
size distribution. In four cases, the hydraulic conductivity could not be determined, because the effective grain size d lO was sma11er than the minimum grain
size accounted for in the hydrometer analysis. The estimated values range between 2 x 10-8 ms-1 and 1 x 10- 5 ms-1. The arithmetic mean is 3 x 10- 6
ms-1.

15.3.2

Results of the in-situ tests

Figure 15.4 shows the head changes in the measuring tube with time at four
selected locations. The determination coefficients of the regression lines range
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Table 15.2: Using the formula provided by Beyer (1964), the hydraulic conductivity of
the streambed sediments is estimated from the grain size distribution in the sampIes. The
effective grain size d lO of the sampIes from locations 11, 12, 16, and 18 is smaller than the
minimum grain size accOlll1ted for in the hydrometer analysis.

I Location I d lO
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

[mm]
0.03026
0.02153
0.02307
0.0019
0.00329
0.02409
0.02772
0.03459
0.00525
0.00416
-

0.00415
-

0.0134
-

0.00327
-

0.01908
0.00158

I d60

[mm]
0.09173
0.08453
0.09841
0.07324
0.07785
0.07661
0.10052
0.0848
0.0822
0.11121
0.07876
0.07044
0.08599
0.0645
0.07442
0.0743
0.07111
0.0768
0.07972
0.06479

I

U [-]
3.03
3.93
4.27
38.55
23.66
3.18
3.63
2.45
15.66
26.73

IC

[1

X

10- 6 m- 1 s- 1]
0.0096
0.0091
0.0090
0.0065
0.0065
0.0095
0.0093
0.0100
0.0068
0.0065

IK
9
4
5
2
7
6
7
1
2
1

[ms 1]
X 10 6
X 10 6
X 10- 6
X 10 8
X 10 8
X 10 -ö
X 10- 6
X 10 5
X 10 ·7
X 10 7

-

-

-

-

-

-

20.72

0.0065

1

-

21.75
-

4.18
41.01

10- 7

X
-

-

5.55

I

0.0084

2

-

-

0.0065

7

X

10- 8
-

-

0.0090
0.0065

10- 6

X

3
2

X
X

10- 6
10 8

between 1'2 = 0.94 and 1'2 = 0.99 (table 15.3), suggesting that it is reasonable
to assume that a linear relationship exists between the time and the natural logarithm of the corresponding ratio of hydraulic heads in the measuring
tube. However, the distribution ofthe given points around the regression lines
indicates that the measured hydraulic conduetivity decreases during the test
(figure 15.5). The values of vertical hydraulic conduetivity determined according to equation (15.10) range from 6.98 X 10- 7 ms-1 to 1.21 X 10- 6 ms-1 with
errors between five and seven percent (table 15.3). The arithmetic mean of
the measured values is 4.03 X 10- 7 ms-1.

15.3.3

Comparison of the results

Comparing the measured values and the values estimated from grain size analysis shows large deviations between the two approaches (figure 15.6). The
measured values are relatively dose to each other, while the estimated values
vary within a range of three orders of magnitude. Figure 15.7 illustrates that
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Head above channel water level [m]
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Figure 15.4: The hydraulic head in the measuring tube decreases as the water fiows out
of the lower end of the pipe. If the head is falling very quickly, the hydraulic conductivity
of the sediment is high (location 2). Low penneability is refiected by slow changes in head
(location 13). The series of measurements at locations 19 and 8 show the most and least
exponential character, respectively (see also figure 15.5).
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Table 15.3: The vertical hydraulic conductivity of the streambed sediments is calculated
using the slope Tri of the regression line. The coefficient of determination r 2 indicates the
quality of the fit. The errors of the calculated values are determined according to the law
of error propagation as given by equation (15.18).

I Location I r 2 I m [s] I Lm [s] I Xv [ms-I] I Percent Error I
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
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0.94
0.98
0.95
0.95
0.96
0.95
0.96
0.94
0.96
0.94
0.98
0.97
0.99
0.98
0.96
0.97
0.95
0.94
0.99
0.98

1430
450
1392
2135
1846
886
1071
810
1139
975
1948
1488
2965
1339
1782
2280
1487
1717
1639
1424

37
20
78
117
91
46
49
50
53
57
73
66
51
43
83
98
80
99
28
52

2.36
1.21
3.85
2.65
2.83
6.54
5.01
6.98
4.65
6.23
3.01
4.03
1.88
4.22
3.21
2.57
3.42
2.84
2.76
3.52

X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X

10- 7
10- 6
10- 7
10- 7
10- 7
10 7
10- 7
10 7
10- 7
10 7
10- 7
10 7
10- 1
10 7
10- 7
10 7
10- 7
10 7
10- 7
10 7

6
6
7
7
7
7
6
7
6
7
6
6
5
5
6
6
7
7
5
6
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the estimated values are higher than the measured values in case the uniformity coefficient U is relatively small. Underestimation is associated with large
values of U.

Time [5]

300

0

250

/= 0.9427

200
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Location
.A8
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0
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In (hol hi )

.A-

0

0
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0.15
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0.3

0.35

0.4

Figure 15.5: The graphs show the relationship between the time and the naturallogarithm
of the corresponding ratio of hydraulic heads in the measuring tube. Assuming that the
hydraulic head is falling exponential1y, the hydraulic conductivity of the streambed sediments
can be determined by fitting a straight line thTOUgh the given points. The coefficients
of determination reveal that the best fit is obtained at location 19, whereas the series of
measurements at location 8 shows the least exponential character. For both locations, the
distribution of the points around the regression line reveals that the measured hydraulic
conductivity decreases during the in-situ test.

15.4

Discussion

The evaluation of the in-situ test is simplified by assuming that the hydraulic
head at the lower end of the pipe is equal to the water level in the channel
and remains constant throughout the test. A more accurate evaluation formula
which includes the fiow out of the open end of the pipe is provided by Hvorslev
(1951):

(15.24)

where
is the horizontal hydraulic conductivity of the streambed sediments.

137

CHAPTER 15. IN-SITU MEASUREMENT OF LOvV STREAMBED
HYDRAULIC CONDUCTIVITY

Hydraulic conductivity [m/s]
o Grain size analysis
• Measured in-situ

1E-05

1E-06

1E-07

1
Location
Figure 15.6: The values of hydraulic conductivity measmed in-situ (black cohunns) are
compared to the values estimated from the grain size distribution (open COhUlUlS). The
deviations are generally large, with estimated values both higher (locations 1, 2, 3, 6, 7,
8, 15, and 19) and lower (locations 4, 5, 9, 10, 13, and 20) than measmed values. The
estimated values vary within tlu'ee orders of magnitude. The range of the measmed values
is much smaller.
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Figure 15.7: Plotting the difference !:::.Kv between the estimated and the measmed values
of hydraul.ic conductivity versus the lUuformity coefficient U reveals that lUlderestimation is
associated with large values of U. Small values of U result in overestimation of the hydraulic
conductivity.
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Equation (15.24) requires the ratio of the horizontal and vertical hydraulic
conductivities to be lmown. However, equation (15.24) may be approximated
using equation (15.10) in case the penetration depth L is several times larger
than the diameter of the pipe (Chen, 2000).
According to equation (15.10), the vertical conductivity of the sediments enclosed in the pipe is inversely proportional to the slope of the regression line.
The deviations of the given points from the straight line suggest that the measured hydraulic conductivity changes towards lower values in the course of the
measurement (figure 15.5). These deviations may be caused by areal decrease
in hydraulic conductivity, or they may be the consequence of transient storage within the enclosed sediments, which is neglected by both the method
described by HvoTslev (1951) and the method used here.
A decrease in hydraulic conductivity during the test may be explained by three
independent processes: 1) Fine particles which are brought into suspension
when the pipe is driven into the streambed sediments will ultimately settle at
the bottom of the pipe and decrease the hydraulic conductivity at the top of the
sediment column. 2) The streambed sediments contain a large amount of gas.
The presence of gas bubbles decreases the hydraulic conductivity, although
this effect is pressure-dependent (HvoTslev, 1951; Beckwith and BaiTd, 2001).
The high pressure on the enclosed sediment column at the beginning of the
simulation compresses the gas bubbles, resulting in an increased permeability.
Due to the falling hydraulic head in the measuring tube, the pressure in the
sediment column decreases during the test, allmving the gas bubbles to expand
again. As as result, the penlleability of the sediments decreases. 3) Both the
pressure on the sediment column and the fiow of water through the column
may result in the consolidation of the enclosed sediments during the test, "lNhich
reduces the hydraulic conductivity.
As indicated in table 15.3, the error of the hydraulic conductivity values measured in-situ is smalI, suggesting that the method delivers accurate results.
However, the variations in hydraulic conductivity between adjacent locations
exceed the error of a single measurement by far, which suggests that the measured values only represent the hydraulic conductivity at the point of measurement. Consequently, a number of measurements is required in order to
accurately characterize the penlleability of streambeds.
Scheytt and Hengelhaupt (2001) describe various falling-head and constant
head infiltration tests in glacial sands and compare hydraulic conductivity values measured in-situ to values estimated from grain size analysis according to
BeyeT (1964). In all cases, the measured values were smaller than the estimates. In contrast, Chen (2000) found that estimates from grain size analysis
using the method described by Hazen (1893) were lower than the values measured in-situ. Figure 15.7 indicates that the difference between the estimated
values and the measured values depends on the degree of uniformity, suggesting that the formula provided by BeyeT (1964) could be modified to obtain
more realistic estimates.
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15.5

Conclusions

The standpipe method can be modified for in-situ measurement of low streambed
hydraulic conductivity. It provides a fast, simple, and inexpensive way to characterize the penneability of the streambed sediments. Field tests indicate that
the error of the measured values is small compared to the lateral variability of
the hydraulic conductivity, suggesting that several tests at different locations
are required to obtain a value which is representative for a larger section of
the stream.
Compared to the values measured in-situ, estimates of hydraulic conductivity
from grain size analysis seem unrealistic. However, the differences between the
measured and the estimated values are systematic.
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intrusion in a coastal aquifer in
north-western Germany
T. Fesekel'

Abstract
Saltwater intrusion in coastal aquifers depends on the distribution of hydraulic
properties, on the climate, and on human interference such as land reclamation. In order to analyze the key processes which control saltwater intrusion,
a hypothetical steady-state salt distribution in a representative cross-section
perpendicular to the coastline is calculated using a two-dimensional densitydependent solute transport model. The effects of changes in groundwater
recharge, lowering of drainage levels, and a rising sea level on the shape and
position of the freshwater/saltwater interface are modeled in separate simulations. The results show that the exchange between groundwater and surface
water in the marsh areas is one of the key processes infiuencing saltwater intrusion. A rise of the sealevel causes rapid progression of saltwater intrusion,
whereas changes in groundwater recharge are compensated by the drainage
network. The time scale of changes resulting from altered boundary conditions is in the order of decades and centuries, suggesting that the present-day
salt distribution does not refiect a steady-state of equilibrium.

16.1

Introduction

A Coastal Aquifer Test-field (CAT-field) was established by the Leibnitz Institute for Applied Geosciences, Germany, in a representative region for the
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continental European North Sea coast. The CAT-Field is located in northern
Germany, bordered by the estuaries of the rivers EIbe and \iVeser (figure 16.1).
The aim was to investigate the dynamics of groundwater flow and geochemical
processes within a typical coastal aquifer in an integrated approach. The results of geophysical investigations including seismic, gravity, and airborne electromagnetic surveys are published by Gabriel et al. (2003). Panteleit (2004)
provides detailed analysis of the geochemical processes in the saltwater / freshwater transition zone. Fulda (2002) describes first numerical studies on the
position of the freshwater/saltwater interface in the study area and discusses
different possibilities of simulating drainage through constant head, constant
concentration 01' constant flux boundary conditions.
This paper focuses on the key processes which control the shape and position
of the freshwater/saltwater interface. The effects of changing boundary conditions on the salt distribution are analyzed by applying a l1Umerical model to
simulate groundwater flow in a simplified representative cross-section perpendicular to the coast.

In the following, all depths are given with respect to mean sea level (MSL).
Elevations above MSL are expressed as positive values, while a negative sign
marks a position below MSL. The coastline is taken as the origin of the horizontal axis, which is positive in seaward direetion. Consequently, the horizontal
position of an inland point is denoted by a negative value.

16.1.1

Geology

The post-Permian geology of north-western Germany is characterized by up
to 500 meters of sediments, which are underlain by the evaporitic deposits of
the Upper Permian (Zechstein). As illustrated in figure 16.2, updoming of
salt strongly affects the structure of the Tertiary and Quaternary sediments.
Some salt domes even penetrate the Tertiary deposits and reach near-surface
Quaternary sediments. The hydrogeology is determined by the deposits of the
Neogene and the Quaternary.
The Neogene sediments consist of relatively uniformly distributed sequences
of thick clay and sand layers (figure 16.2). The Quaternary sediments are
dominated by gravel and sand-rich onshore deposits of the Elster and Saale
glaciation. Rapid variations of the sedimentation conditions during the Pleistocene caused a more heterogeneous distribution. In the study area, two buried
Pleistocene glacial valleys have been identified, which cut deeply into the Tertiary sediments (Haertle, 1983; Gabriel et al., 2003). It is assumed that these
valleys were eroded by melt water during the Elster glaciation. However, the
geological processes which formed the valleys are not yet fully understood.
The main hypotheses are discussed e.g. by Piotrowski (1997) and Huuse and
Lykke-Andersen (2000). During the late Elster glaciation, the valleys were
refilled with gravel, sand, silt, and clay, with grain sizes generally decreasing

144

16.1. INTRODUCTION

o

10 20 30 40 50 ~m

~ 0

G
<:;)

--"'-'"

o

North Sea

Figure 16.1: The coastal aquifer test-field (CAT-fieId) is Iocated in north-western Germany,
between the estuaries of the rivers EIbe and Weser.

from the bottom to the top. The upper part of the channel filling commonly
consists of a thick layer of clay (Lauenburg Clay) with intercalated silts and
fine sands.
The glacigene onshore deposits outcrop at a distance of approximately five to
ten kilometers from the coast and form slight ridges (geest) in the otherwise
fiat coastal plain. Towards the coastline, the Pleistocene deposits are covered
by transgressive tidal fiat sediments that are Eemian and Holocene in age,
which interfinger with muds of brackish lagoonal type and with onshore peat
deposits. The Holocene sequence commonly starts with a basal peat horizon.
Different regressions and transgressions can be derived from intercalated layers
of peat (Gerdes et al., 2003; Streif, 2004). In the study area, the thickness of
the Eemian sediments is approximately 3-5 meters, while the thickness of the
Holocene sequence ranges between 15 and 20 meters (Sindowski, 1979).

16.1.2

Hydrogeology

On a regional scale, two main aquifers can be distinguished in the study area
(Haertle, 1983). The upper aquifer consists mainly of gravel and sand-rich sediments of the Pleistocene and includes fine and very fine-grained sands (Kaolin145
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Figure 16.2: The post-Permian geology in the coastal region of north-western Germany
consists of more than 400 meters of sedimentary deposits. The structure of the sediments
is affected by updoming of Permian salt structures (1) and buried valleys that were eroded
during the Pleistocene (2). Lauenburg Clay (3) commonly forms the top of the chalUlel
fillings. Outside the erosion channels, the Upper Miocene consists of fine sands, the socalled Kaolinsande (4). At a distance of approximately 5 to 10 kilometers from the coast,
outcrops of the Pleistocene sands and gravels form slight ridges (geest, 5).
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sande) that were deposited during the Pliocene and the Upper Miocene. The
Quaternary sediments are generally characterized by excellent permeabilities,
whereas the permeability of the Neogene deposits is medium to poor (Panteleit, 2004). The thickness of the upper aquifer ranges between less than
50 meters and more than 200 meters within the Pleistocene erosion channels.
Silt- and clay-rich sediments of the Middle and Upper Miocene (Upper Glimmerton) form the base of the upper aquifer. The lower aquifer is made up
of sand-rich sediments of the Lower and Middle Miocene (Lower and Upper
Braunkohlesande). Another thick clay layer (Lower Glimmerton) forms the
base of the lower aquifer.
The hydraulic resistance ofthe Upper Glimmerton separating the two aquifers
is very large. Estimated values of hydraulic conductivity are in the range of
1 x 10- 9 ms- 1 and 3 x 10- 9 ms- 1 (Haertle, 1983). According to Haertle (1983),
the piezometric heads at the base of the upper aquifer are between two and six
meters higher than at the top of the lower aquifer, causing downward leakage
through the clay layer. However, due to the thickness of the aquitard, the
very low hydraulic conductivity, and the minor pressure gradient, the leakage
flux does not exceed 10 mm per year. In the area of the deep Pleistocene
valleys, the separating clay layer between the two aquifers was eroded, such
that there is only a single aquifer. However, Haertle (1983) supposes that the
Lauenburg Clay, which is commonly found at approximately the same depth
as the Upper Glimmerton (figure 16.2), may act as areplacement and again
lead to a subdivision into two aquifers on a local scale.
The geest ridges are the most important groundwater recharge areas in the
coastal region of north-western Germany, because the penlleability of the sandrich glacigene sediments is generally good and the distance from ground surface
to the groundwater table is greater than in the Marsch areas. Due to extensive drainage for agricultural and land reclamation purposes, no recharge but
a negative groundwater balance is expected in the Marsch areas (Giesel and
Schmidt, 1978; Fulda, 2002). The exchange of groundwater and surface water
in the marsh areas is considered a key factor in the coastal groundwater system. Giesel and Schmidt (1978) showed that the pattern of groundwater flow
can be modeled simply by describing recharge in the geest area and drainage
in the marsh area as a function of the distance from ground surface to the
groundwater table. Using isotopic dating of water sampIes, Suckow (2001)
calculated downward velocities between 1.2 and 1.3 meters per year. Assuming reasonable values of porosity, this corresponds to groundwater recharge in
the range of 350 to 400 mm per year. Based on surface water budget calculations, Friedhoff (2001) estimates the net flux of groundwater into the drainage
network at 120 mm per year.
As a result of the density difference between saltwater and freshwater, seawater intrudes from the North Sea into both the lower and the upper aquifer
and forces the fresh groundwater upward. Electric conductivity measurements
at observation wells (Haertle, 1983; Panteleit, 2004) and airborne electromag147
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netic surveys (Repsold, 1990; Gabriel et al. , 2003) indicate that saltwater has
intruded far into the upper aquifer. Close to the coastline, the groundwater in
the upper aquifer is completely saline. At a distance of 4 kilometers from the
coastline, the freshwater/saltwater interface was found at depths of between
40 and 60 meters below ground surface (Panteleit, 2004), suggesting that the
slope of the interface is very gentle. Further inland towards the geest, the
slope increases significantly (Gabriel et al., 2003). In the vertical direction,
the transition zone between freshwater and saltwater is usually restl'icted to a
few meters (Panteleit, 2004). Chemical analysis of groundwater sampIes show
that other possible sources of salt beside the intrusion of seawater from the
North Sea, such as the mobilization of residual marine waters from deeper layers (Meinardi, 1991) 01' the dissolution of halite from the underlying Permian
salt, can be ruled out at least for the upper aquifer (Panteleit, 2004). In the
lower aquifer, the saltwater intrusion extends much further inland, such that
the groundwater in the lower aquifer is completely saline on a regional scale
(Haertli, 1983). East of the study area, however, Haertle (1983) observed that
the lower parts of both aquifers are saline and the upper parts are fresh.

16.2

Method

The position and shape of the freshwater/saltwater interface depends on the
hydraulic properties of the aquifer as weIl as on the boundary conditions, such
as the sea level, the rate of groundwater recharge, and the drainage levels.
In case the saltwater intrusion is not at a steady-state of equilibrium, the
distribution of salt in the aquifer at some initial stage and changes in the
boundary conditions with time additionally influence the observed situation
(cf. Oude Essink, 2001b). At present, the available data is insufficient to
create a model which accurately represents the pattern of groundwater flow
and the distribution of salt in the study area. Moreover, it would not be
possible to calibrate the model due to the lack of detailed observation data
from deeper layers. Therefore, a conceptual model of a representative crosssection perpendicular to the coast is derived by simplifying the hydrogeological
structure of the study area.

16.2.1

Conceptual model of a representative cross-section

As illustrated in figure 16.3, the conceptual model is limited to a cross-section
of ten kilometers length and reaches to a depth of 120 meters below MSL. Only
the upper aquifer is considered, assuming that lealmge to the lower aquifer is
negligible. Within the aquifer, two regions with different hydraulic properties are distinguished. The lower part from 120 to 60 meters below MSL
represents the Upper Miocene sediments, which are characterized by medium
permeability. The upper part of the aquifer (above -60 m MSL) consists of
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highly permeable Pleistocene deposits. The aquifer outcrops at a distance of 8
kilometers from the coast and forms a ridge two kilometers wide, representing
the geest. In the marsh area, the topography is completely flat at an elevation
of one meter above TvISL. 'i,iVith the exception of the geest ridge, the entire
aquifer is covered by a low-permeability layer 25 meters thick, which stands
for the Eemian and Holocene deposits. Groundwater recharge only occurs in
the geest area, whereas the water table in the marsh is controlled by drainage.
In the conceptual model, each region is assumed to be homogenous.
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Figure 16.3: The geology of the coastal region is greatly simplified in order to develop a
conceptual model of a representative cross-section through the upper aquifer perpendicular
to the coastline. In the marsh region, the aquifer is overlain by a low-permeability cover
layer, which stands for the Eemian and Holocene deposits. To account for the different
lithologies of the upper (Pleistocene) and lower (Pliocene and Upper Miocene) part of the
aquifer, it is assumed that the hydraulic conductivity is significantly lower below a depth
of 60 m MSL. Growldwater recharge is limited to the geest ridge on the inland bowldary
of the cross-section. Saltwater intrudes into the aquifer from the seaward boundmoy along
the impervious base and forces the fresh growldwater upward, where it is either drained of
discharged into the North Sea.

16.2.2

N umerical model

A numerical model of the representative cross-section through the upper aquifer
is created using the computer program SWIMMOC (Feseker, 2004). Based on
the method of charaeteristics groundwater transport model MOC (Konikow
and Bredehoejt, 1978), SWIMMOC takes advantage of the faet that relatively
coarse grids can be used without numerical dispersion significantly affeeting
the transition zone between freshwater and saltwater. The program applies
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the concept of equivalent freshwater head as described by Oude Essink (1996)
to account for density-dependent fiow. The density of groundwater is assumed
to be directly proportional to the salinity, while all other factors infiuencing
the density are neglected.
The representative cross-section is discretized using an equidistant finite differences grid consisting of 24 rmvs and 41 columns. The resulting grid cells are
250 meters wide and 5 meters heigh. As illustrated in figure 16.4, the model
domain is subdivided into three subdomains, representing the Pleistocene
and Pliocene/Upper Miocene parts of the aquifer and the Eemian/Holocene
cover layer. The hydraulic properties of these subdomains are listed in table 16.1. For all subdomains, an anisotropy ratio is assumed such that the
hydraulic conductivity in the horizontal direction is ten times larger than in
vertical direction. The horizontal and vertical hydraulic conductivities of the
Holocene/Eemian cover layer (subdomain C) were derived from streambed hydraulic conductivity measurements in the study area presented by FesekeT and
SeebeTg-ElveTjeldt (submitted). All remaining values are estimates based on
the composition of the sediments.
Table 16.1: The model domain is subdivided into three subdomains A, B, and C, which
describe the two different parts of the aquifer and the cover layer.

Subdomain A
Age
Pleistocene
Lithology
dominated by sand and gravel
1 x 10 3 ms 1
Horizontal hydraulic conductivity
1 x 10- 4 ms- 1
Vertical hydraulic conductivity
Effective porosity
0.3
Subdomain B
Age
Upper Miocene + Pliocene
Lithology
fine and very fine-grained sand
with silt and clay layers
1 x 10 4 ms 1
Horizontal hydraulic conductivity
1 x 10- 5 ms- 1
Vertical hydraulic conduetivity
Effective porosity
0.2
Subdomain C
Age
Holocene + Eem
Lithology
peat, clay, silt, fine sand
3 x 10 6 ms 1
Horizontal hydraulic conduetivity
3 x 10- 7 ms- 1
Vertical hydraulic conductivity
Effective porosity
0.15

In order to account for the narrow transition zone between freshwater and
saltwater, which has been observed in the study area, the longitudinal and
transverse dispersivities are set to 0.2 m and 0.02 m, respeetively, while molec150
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Figure 16.4: The finite differences grid consists of 24 rows and 41 cohunns. The model
domain is subdivided into tlll'ee subdomains. The upper part of the aquifer (Pleistocene)
is represented by subdomain A, which is characterized by high permeability. Subdomain
B describes the lower part of the aquifer (Upper Miocene and Pliocene), in which the permeability is significantly lower. The low-permeability cover layer (Eem and Holocene) is
represented by subdomain C. All bOlUldaries of the model domain are no-fiow bOlUldaries,
unless a different boundary condition is defined (black cells). Growldwater recharge is simulated by means of a constant fiux bowldary condition, which is imposed to the outcrops of
the upper aquifer (geest). A head-dependent fiux bowldary condition stands for drainage
in the marsh region. The seaward bowldary of the model domain comprises a prescribed
observed head (sea level) and a constant concentration (saltwater) bowldary condition.

ular diffusion is neglected. Due to the time scale of the simulations, transient
storage is not considered. Since the discharge of freshwater from the rivers
EIbe and Weser into the North Sea dilutes the coastal seawater, a maximum
saltwater density of 1023 kg m- 3 rather than the standard seawater value of
1025 kg m- 3 is used. The density offreshwater is set to 1000 kg m- 3 . The concentration values corresponding to freshwater density and maximum saltwater
density are arbitraJ.-y. For convenience, a value of one is used in the context of
this work to represent maximum saltwater concentration.
Three different types of boundary conditions are applied to simulate groundwatel' recharge, drainage, and the seaward boundary of the model domain (figure
16.4). Groundwater rechaJ.·ge in the geest area is represented by a constant fiux
(Neumann-condition) of freshwater across the upper border of the boundary
cells. The boundary condition representing the North Sea is a combination of
a constant concentration and a prescribed head boundary condition (Dirichletconditions). While the concentration of the groundwater in the boundary cells
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is kept equal to the maximum saltwater concentration, the observed hydraulic
head may vary with time following a predefined function.
The exchange of water between the Holocene cover layer and a drainage network in the marsh aJ:ea is implemented as a head-dependent flux boundary
condition (Cauchy-condition). The drainage boundary condition is defined
by the thickness and vertical hydraulic conductivity of the drainage channel
streambed and its elevation relative to the boundary cello The volumetric flux
across the upper border of these boundary cells depends on the hydraulic gradient between the surface water and the groundwater. In case the water level
in the drainage channel is lower than the equivalent freshwater head at the
base of the streambed, exfiltration of groundwater from the aquifer into the
drainage channel occurS. On the other hand, a downward hydraulic gradient leads to the infiltration of freshwater from the drainage channel into the
aquifer.
The effects of changing boundary conditions on the position and shape of
the freshwater /saltwater interface can only be analyzed if the initial situation reflects a steady-state of equilibrium. Otherwise, it would be impossible
to distinguish between the influence of the altered boundary condition and
changes resulting from unsteady initial conditions. Therefore, a hypothetical
steady-state position of the freshwater/saltwater interface is calculated through
continuous simulation using constant boundary conditions (table 16.2), induding a 'natural' drainage level which is equal to ground surface. The resulting
steady-state situation is used as initial condition in the subsequent analysis of
the influence of the different boundary conditions on the salt distribution in
the aquifer.

16.3

Results

Using the constant boundary conditions listed in table 16.2, a balance of solute
mass flux into and out of the model domain is reached after a simulated time
of 3000 years. Figure 16.5 illustrates how the solute mass accumulates in the
model aquifer during the progression of the saltwater intrusion. The concentration distribution at equilibrium is shown in figure 16.6. A large fraction of
the recharged groundwater is drained in the marsh area dose to the geest ridge,
while infiltration from the drainage network into the Eemian/Holocene cover
layer occurs in those boundary cells which are doser than 2000 meters to the
coast (figure 16.7). The net drainage flux in the marsh area is approximately
3.17 x 10- 9 ms- 1 01' 100 mm per year, which is about 93 percent of the total
groundwater recharge.
152

16.3. RESULTS

Table 16.2: A steady state position of the freshwaterjsaltwater interface is modeled using
the boundary conditions listed below. The groundwater recharge fllL"{ is estimated based on
the present-day conditions. The hydraulic conductivity of the drainage channel streambeds
v"ere measured in-situ by Feseker and Seeberg-Elverfeldt (submitted).

Reeharge boundary eondition
eonstant fiux
freshwater
1.2 x 10- 8 ms- 1
(~ 380 mm per year)
Sea boundary condition
Type
constant concentration +
prescribed observed hydraulic head
Concentration
saltwater
Observed hydraulic head
OmMSL
Drainage boundary condition
Type
head-dependent fiux
Surface water level
+1 m MSL (= ground surface)
Surface water bottom
+1 m MSL
3 x 10 7 ms 1
Streambed hydraulic eonduetivity
Streambed thickness
1m
Type
Flux eoneentration
Volumetrie fiux

Salute mass

o

500

1000

1500

2000

2500

3000

Time [years]
Figure 16.5: The hypothetical steady-state position of the freshwaterjsaltwater interface
is modeled through continuous simulation with constant boundary conditions. After a simulated time of approximately 3000 years, the solute mass infiow is balanced by outflow, which
indicates that the interface reached a stable equiIibrium position. The solute mass axes is
unlabeled because the concentration of saltwater is arbitrary.
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Figure 16.6: The hypothetical steady-state distribution of salt is illustrated by lines of
equal concentration, with labels indicating the fraction of seawater. The position of the
freshwater/saltwater interface (0.5 seawater) is marked by the thick dashed line. Close to
the coast, the interface is fOlllld at a depth of approximately -30 m MSL, sloping gently
inland. The slope increases significantly at a distance of about 5000 m from the coastline
after the depth ofthe mediwn penneability subdomain (B) has been reached. The transition
zone is widest at the border between the subdomains A and B, suggesting that the widening
is associated with the corresponding change in hydraulic properties. Except for the sea
bowldary cells, the concentration of the gr01111dwater in the entire area of subdomain C is
lower than 0.1 seawater concentration.
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Figure 16.7: The rates of exfiltration from the Eemian/Rolocene cover layer into the
drainage network are highest elose to the geest. Infiltration from the drainage channels into
the cover layer occurs at boundary cells eloser than 2000 meters to the coast line.

16.3.1

Sensitivity analysis

In order to analyze the effects of groundwater recharge, drainage, and a rising
sea level on the shape and position of the freshwater/saltwater interface, the
corresponding boundary conditions are changed one at a time and the influence on the groundwater system is modeled in separate simulations. For all
scenarios, the hypothetical steady-state solution described above is used as
initial condition.

Groundwater recharge
The sensitivity of the freshwater/saltwater interface to changes in groundwatel' recharge is investigated in two simulations. For the first simulation, the
recharge flux in the geest area was reduced from 1.2 x 10-8 ms- 1 to 8 X 10- 9
ms- 1 , which corresponds to approximately 250 mm per year. The modeled
positions of the interface for this scenario after 100, 200, 300, 400, and 500
years of simulated time are shown in figure 16.8. The decrease in groundwater
recharge results in the progression of the saltwater intrusion at the base of the
aquifer, while changes in the position of the interface are negligible above a
depth of about -60 m MSL.
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Depth [m MSL]
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Figure 16.8: Groundwater recharge is reduced by one third. The tlun lines mark the
position of the freshwater/saltwater interface after 100, 200, 300, 400, and 500 years of
simulated time. The thick dashed line shows the initial position of the interface, which is at
equilibrium with the lligher recharge rate. The reduced recharge results in the progression of
the saltwater wedge at the base of the aquifer, wllile the interface remains almost unchanged
above a depth of -60 m MSL. Sigllificant salillization of near-surface groundwater does not
occur. The changes in the position of the interface become less rapid in the course of the
simulation as the system approaches a steady-state equilibrium.
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The second simulation uses an increased recharge rate of 1.6 x 10- 8 ms- 1 01'
approximately 500 mm per year. The simulation results for 100, 200, 300, 400,
and 500 years of simulated time are illustrated in figure 16.9. Increasing the
groundwater recharge causes a retreat of the saltwater wedge at the base of
the aquifer, while the shape and position of the freshwater/saltwater interface
remains unchanged above a depth of approximately -60 m MSL.
Depth [m MSL]
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Figure 16.9: Groundwater recharge is increased by one third. The position of the freshwater/saltwater interface after 100, 200, 300, 400, and 500 years of simulated time is illustrated
by the thin lines. The thick dashed line shows the initial position of the interface, which is
at equilibriwn with the lower recharge rate. The higher growldwater recharge flux leads to
a retreat of the saltwater wedge at the base of the aquifer, while no significant changes in
the position of the freshwater/saltwater interface can be observed above approximately -60
m MSL. The salinity of near-smface growldwater is negligible. As the system adjusts to the
altered bowldary condition, the changes become less rapid.

Comparing the rates of drainage für the two different scenarios with changed
recharge fiux to the drainage rates for the steady state situation (figure 16.10)
shows that changes in the recharge boundary condition are compensated by
drainage in the marsh area dose to the geest. An increase of recharge leads
to an increase of drainage, whereas a lower recharge fiux is refiected by lower
drainage. Infiltration of surface water from the drainage network into the
Eemian/Rolocene cover layer occurs in both scenarios. After 500 years of re157
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duced recharge, the net drainage fh.D{ is approximately 2 x 10-9 ms- 1 or 72 mm
per year, which corresponds to 89 percent of the recharged groundwater. The
net drainage flux resulting from 500 years of increased groundwater recharge
is about 4.3 x 10-9 ms- 1 or 144 mm per year, corresponding to 94 percent of
the recharged groundwater.
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Figure 16.10: Comparing the drainage rates for the hypothetical steady-state situation
(cü'cles), the scenario with reduced recharge (squares), and the scenario with increased
recharge (triangles) reveals that changes in the recharge boundary condition are compensated
by changes in the drainage rates in the marsh area near the geest ridge. Closer to the
coastline, the drainage filLX rates remain almost lmchanged, such that infiltration of water
from the drainage network into the Eemian/Holocene cover layer occw's in both scenarios.
(The drainage rates for the two scenarios with altered recharge bowldary condition refiect
the situation after 500 years of simulated time.)

Drainage

The effects of drainage on the salt distribution in the aquifer is analyzed
through a simulation with the drainage levellowered from +1 m MSL to +0.5
m MSL. The calculated positions of the freshwater/saltwater interface for 100,
200, 300, 400, and 500 years of simulated time are shown in figure 16.11. The
lower drainage level results in a general raise of the interface.
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Figure 16.11: The drainage level is lowered from +1 m MSL to +0.5 m MSL. The thin lines
show the position of the freshwater/saltwater interface after a simulated time of 100, 200,
300, 400, and 500 years. The thick dashed line represents the initial position of the interface
at equilibrium with the l1igher drainage level. Lowering the drainage level results in a rapid
raise of the interface. Closer than 2000 m from the coastline, the interface approaches the
base of the Een1ian/Holocene cover layer asymptotically, indicating that some salinization of
the near surface groundwater may occur. In the course of the simulation, the rate of change
becomes less as the system adjusts to the altered bOlmdary condition.
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Sea level rise

The IPCC projections of global sea level rise from 1990 to 2100 lie in the range
of O.llm to 0.77 m ( Cubasch et al. , 2001). In order to analyze the infiuence of a
rising sea level on the position of the freshwater/saltwater interface, a sea level
rise of 0.5 m per century is simulated, starting from the modeled steady-state
of equilibrium induding drainage. The model results for 50, 100, 150, 200, and
250 years of simulated time are illustrated in figure 16.12. The rising sea level
causes a rapid increase of the groundwater salinity in the Eemian/Holocene
cover layer dose to the shore line.
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Figure 16.12: The sea level is rising at a rate of 0.5 m per century. The thin lines mark
the position of the freshwater/saltwater interface after 50, 100, 150, 200, and 250 years of
simulated time. The thick dashed line shows the initial position of the interface, which is at
equilibrium with a sea level of m MSL. The sea level rise leads to a very rapid rise of the
interface dose to the shore and results in severe salinization of the near-surface groundwater.

°

Figure 16.13 shows a comparison of the drainage rates for the hypothetical
steady-state situation, the scenario with lowered drainage level, and the scenario with rising sea level. High drainage rates dose to the geest area indicate that large quantities of groundwater are exfiltrated into the drainage
network in all scenarios. On the other hand, infiltration of surface water into
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the Eemian/Rolocene cover layer dose to the coastline is reduced to a minimum in the scenario vvith lowered drainage level, and completely abolished in
the scenario with rising sea level. The lowered drainage level leads to a net
drainage fiux of 3.67 x 10- 9 ms- 1 01' 116 mm per year, which is 107 percent of
the groundwater recharge. The net drainage fiux in the marsh area resulting
from the rising sea level is 5 x 10- 9 ms- 1 01' 158 mm per year, corresponding
to 145 percent of the groundwater recharge.
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Figure 16.13: Comparing the drainage rates for the hypothetical steady-state situation
(cireles), the scenario with a sea level rise (squares), and the scenario with a lowered drainage
level (triangles ) shows that the changes in the b01wdary conditions mainly affect the drainage
rates elose to the coastline. vVhile the initial steady-state situation ineludes significant
infiltration of surface water into the Eemian/Holocene cover layer, the infiltration rates
become negligible if the drainage level is lowered. The rising sea level even leads to a
reversal of the direction of boundary fiux eloser than 2000 m to the coastline. (The drainage
rates for the scenarios with sea level rise and lowered drainage level refiect the situation
after 250 and 500 years of simulated time, respectively.)

16.4

Discussion

Observations of the salt distribution (Repsold, 1990; Gabriel et al., 2003; Panteleit, 2004) in the coastal aquifer show that the present extent of saltwater
intrusion is considerably larger than in the hypothetical steady-state situation.
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The sharpness of the freshwater/saltwater interface in the vertical direction
is wen reproduced by the llUmerical model. The horizontal widening of the
transition zone associated with the change in hydraulic properties between
the model subdomains A and B (figure 16.6) may be the result of unstable
density-dependent fiow due to heterogeneity as described by Simmons et al.
(2001).
The time scale of changes resulting from altered boundary conditions is in the
order of decades and centuries, which agrees with llUmerical simulations of the
dynamics of the freshwater/saltwater interface in coastal aquifers in Belgium
(Vandenbohede and Lebbe, 2002) and Greece (Lambrakis and KalleTgis, 2001).
Oude Essink (2001b) states that saltwater intrusion in coastal aquifers in The
Netherlands is not at a steady-state equilibrium, but constantly progressing.
The slow reaction of the interface in the numerical simulations presented here
suggests that the same conelusion applies to the coastal aquifers in northwestern Germany.
Simulating the evolution of a freshwater lens in the Belgian coastal plain,
Vandenbohede and Lebbe (2002) observed that the modeled salt distribution
was much more sensitive to changes in the drainage levels than to changes
in the hydraulic conductivities, whereas the hydraulic conductivities seemed
to control the time scale of the simulated processes. The sensitivity of the
simulation results to the hydraulic properties of the aquifer and the cover
layer was not analyzed in the study presented here. However, it seems feasible
that the nature of the processes described will be the same for slightly varied
hydraulic praperties.
The drainage rates that were calculated in the different simulations range
from 72 to 158 mm per year and compare wen with the value of 120 mm per
year, which was estimated by FTiedhofJ (2001). The graphs of the drainage
rates at different distances fram the coastline (figures 16.7, 16.10, and 16.13)
provide a more detailed insight into the effects of drainage on groundwater
fiow. Confirming the results presented by Giesel and Schmidt (1978) and
Fulda (2002), it may be conduded that the exchange of groundwater and
surface water in the marsh area is one of the key processes determining the
position of the freshwater/saltwater interface.

16.5

Conclusion

Considering the sluggish adjustment of the coastal groundwater system to
the imposed boundary changes, it is very likely that the present-day situation
does not refiect a steady-state equilibrium of saltwater intrusion, drainage, and
recharge. Consequently, saltwater intrusion may progress and salinization of
soils elose to the coastline may increase, even if groundwater recharge does not
decrease, the sea level does not rise, and the drainage levels are not lowered.
On the other hand, the same time scale must be expeeted for countermeasures
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to take effect. Therefore, further investigations of the dynamics of saltwater
intrusion based on more detailed data are important to ensure a sustainable
use of coastal groundwater resources.
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Part IV
Modeling Groundwater Flow to
a WeIl - User's Guide to
WellFlow
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License
The computer program vVellFlow is free software. It can be redistributed
and/or modified under the terms of the GNU General Public License as published by the Free Software Foundation; either version 2 of the license, 01' (at
your option) any later version. This program is distributed in the hope that
it will be useful, but ,iVITHOUT ANY ,iVARRANTY; without even the implied warranty of MERCHANTABILITY 01' FITNESS FOR A PARTICULAR
PURPOSE. See the GNU General Public License for more details.
An eleetronic copy of the GNU General Public License should be included
with the copy of the program. In case it is missing, write to the Free Software
Foundation, Inc., 59 Temple Place - Suite 330, Boston, 1\!IA 02111-1307, USA.

Software A vailability
The RealBasic source code of the computer program WellFlow as weIl as
precompiled executables can be downloaded from http://www.geochemie.unibremen.de.
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Chapter 17
Introduction

In September 1999, a new law on groundwater protection was ratified in Portugal. It demands the delineation of three wellhead protection areas for each well
used in public water supply. The first area is meant to protect the immediate
surroundings of the well and is defined by a fixed radius from the wellhead.
The second and third area is intended to provide enough time for intervention
in case of a pollution hazard. For this reason, they are defined by the time the
groundwater takes to travel from the outer limit of the area to the weIl.
During his stay as a trainee at GlAS in 2000, Bas Krijgsman studied the
relation between the hydrogeological properties of a simple unconfineel aquifer
anel the time of travel elistance. He elevelopeel a GIS-baseel methoelology für
the elelineation of wellheael protection areas in unconfineel aquifer settings anel
supplied a case stuely of wells in Goa, Inelia. However, many wells in Portugal
abstract water from very heterogeneous aquifers. It is elifficult to compare
these multi-layer systems to simple unconfined aquifers because of the vertical
exchange of water that occurs between the layers. Furthermore, at a given
location with fixeel hyelrogeological characteristics, the penetration depth of
the well anel the position of the screens may have a great effect on the flow of
groundwater. These parameters should be taken into account when juelging
the vulnerability wells.
The aim of this work is to study the influence of aquifer heterogeneity anel well
properties on grounelwater flow anel on the time it may take a pollutant to
reach the weIl. As a suitable tool to answer these questions was not available,
the computer program WellFlow has been elevelopeel. It is a user-frienelly,
menu- and mouse-elriven stand-alone moeleling tool for Windows and Mac OS.
Following an axisymmetric approach where a vertical cross section of a cylinder
is modeleel, this program simulates steady-state grounelwater flow to a well by
applying the methoel of finite elifferences.
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17.1

Wellhead protection areas

Wellllead protection areas are regions around a wellllead in which installations 01' activities eapable of polluting groundwater resourees are prohibited
01' restrieted. In September 1999, Portugal ratified a new law on groundwater
protection (Deereto-Lei no. 382/99 de 22 de Septembro). It demands the delineation of three different protection areas around eaeh weIl used for publie
water supply that is abstraeting more than 100 m 3 per day 01' serving more
than 500 habitants. If the abstraction rate is lower 01' the weIl is serving fewer
habitants, only the immediate protection area is required. Figure 17.1 shows
a eross-sectional view of the different protection radii explained below.

3500 days

Figure 17.1: The radius R 1 ofthe immediate protection area is defined by a fixed distance,
whereas the radii R 2 and R 3 of the intermediate and extended protection areas are defined
by times of travel (tot).

1. Immediate proteetion area
The first protection area is intended to protect the wellhead and its
immediate surroundings. Therefore, all activities are prohibited exeept
maintenanee and eonservation of the installations 01' exploration of the
aquifer. The radius of immediate protection is defined at a fixed distanee
from the wellhead. Depending on the type of aquifer, it varies between
20 and 60 meters in most eases.
2. Intermediate proteetion area
The intermediate protection area eliminates pollution hazards to groundwater that will arrive at the weIl in the near future. It assures that time
for intervention remains in ease of a eontamination and that pollutants
attenuate before they reach the weIl. The law suggests that the radius of
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the seeond protection area ShOllld eorrespond to a time of travel distanee
of 50 days. It eommonly varies between 40 and 280 meters, depending on
the hydrogeological setting of the weIl. Installations or activities eapable
of polluting groundwater resourees are prohibited.

3. Extended protection area
The extended protection area restricts or prohibits installations or aetivities that may eause a persistent pollution of the aquifer. The law
reeommends that the boundary of the extended protection area should
eorrespond to a time of travel distanee of 3500 days. Depending on the
setting of the weIl, the radius usually varies between 350 and 2400 meters.
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Chapter 18
Groundwater flow to a weil
18.1

WeHs in single layer systems

18.1.1

Unconfined aquifer settings

An unconfined aquifer is a layer of permeable rock or sediment in which the
pressure of the groundwater is balanced by atmospheric pressure. The water
table is lower than the top of the aquifer. A change in the amount of groundwater that is stored in an unconfined aquifer is refl.ected by a change in the
elevation of the water table. An increase in groundwater storage corresponds to
the filling of previously air-filled pore space or fissures with water. A decrease
in storage is associated with the emptying of pores or fissures. Figure 18.1
illustrates that abstracting water from an unconfined aquifer setting creates a
cone of depression in the water table.

unconfined aquifer

Figure 18.1: Pl.llnping water from a weil in an unconfined aquifer causes a drawdown of
the watertable.
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18.1.2

Confined aquifer settings

A confined aquifer is a layer of permeable rock 01' sediment that is overlain
by an impermeable layer 01' a layer of significantly lower permeability. The
aquifer is completely saturated with groundwater. Due to the confining layer,
the pressure of groundwater is greater than atmospheric pressure. Therefore,
the piezometric level is higher than the top of the aquifer. The compressibility
of the groundwater 01' the aquifer sediment permits changes in the amount
of groundwater stored in a confined aquifer. An increases of groundwater
storage is accompanied by an increase in groundwater pressure and results in
higher piezometric heads. A decrease in groundwater storage is refiected by
lower pressure and lower piezometric heads. Abstracting groundwater from a
confined aquifer creates a cone of depression in the piezometric heads (figure
18.2).

confining layer

confined aquifer

Figure 18.2: Pumping water from a weH in a confined aquifer creates a cone of depression
in the piezometric surface.

In the context of wellhead protection, it is important to note that perfectly
confined aquifers would be invulnerable to pollution from ground surface, because it is impossible for any pollutant to pass through the impervious layer
overlaying the aquifer. However, perfect confinement is rarely found in nature
and even low permeability may open a way to pollution.

18.1.3

Analytical solutions for single aquifer settings

According to Darcys law, the rate of groundwater fiow is proportional to the
area perpendicular to the direction of fiow, the hydraulic conductivity of the
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aquifer, and the hydraulie gradient (Freeze and Cherry, 1979):

Q = A x

J{

x dh

dn

(18.1)

where

Q

is the volumetrie flux in the direction of n,

A

is the area perpendieular to n,

J{

is the hydraulic eonductivity, and

h

is the hydraulic head.

The veloeity of groundwater flow is obtained by dividing the volumetrie flux
by the area perpendieular to flow and the effective porosity of the aquifer:

Q
Ane

dh
n e dn
J{

v=--=--

(18.2)

where

v

is the veloeity of groundwater flow, and
is the effective porosity of the aquifer.

Assuming no regional hydraulie gradient and a homogenous aquifer, groundwater flow to the weIl is radial. Consequently, the rate of flow is the same for
any eoneentrie sheIl around the weIl:

Q

=

21rrb x

J{

x dh

dr

(18.3)

where

r

is the radial distanee from the weIl, and

b

is the thiekness of the aquifer.

Approaehing the weIl, the hydraulic gradient is inereasing, beeause the area
for flow to pass through is deereasing. Therefore, abstraction of groundwater
through a weIl ereates a eone of depression. Equation (18.2) indieates that the
veloeity is inereasing towards the weIl proportionaIly to the hydraulic gradient.
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Figure 18.3: The rate of groundwater flow to a weH in a confined aquifer can be expressed
in terms of the piezometric heads at two observation weHs. For unconfined aquifers, an
approximation can be obtained by using saturated thickness instead of aquifer thickness.

By integrating equation (18.3), the radial volumetrie flux towards the weIl ean
be expressed in terms of piezometrie head at two observation weIls within the
eapture area of the weIl:

Q

(18.4)

where
are the piezometrie heads in the observation weIls, and
are the eorresponding radial distanees from the pumping weIl.
Equation (18.4) is known as the Thiem formula and is eommonly used for
determining the hydraulic eonduetivity of eonfined aquifers by means of steadystate pumping tests (Kruseman and de Ridder, 1994). Figure 18.3 illustrates
the geometry of the pumping test evaluation. For eonfined aquifer settings, the
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area perpendicular to flow is determined by radius and aquifer thickness. In
case of unconfined groundwater flow, the thickness of the aquifer in equation
(18.3 is replaced by the saturated thickness:

Q=

27fT

J1:'JLdh

d l'

(18.5)

Integration of equation (18.5) between Tl and 1'2 yields the Dupuit formula
for the evaluation of pumping tests in unconfined aquifers (KTuseman and
de RiddeT, 1994):
,h~ - hi
(18.6)
Q = 7f J\ ---=-----=In r2
rl

Both the Thiem and the Dupuit formula can be rewritten by substituting
the piezometric head with the observed drawdown at the observation weHs.
KTuseman and de RiddeT (1994) show that the two fornlUlas are equivalent if
a correeted drawdown value is used in the Dupuit formula.

18.2

WeHs in multi-Iayer systems

Aquifer systems that consist of three or more layers occur far more frequently
in nature than perfectly confined single-Iayer aquifers or simple unconfined
aquifers. '\iVhile the analytical solutions described above are based on the
assumption that groundwater flow occurs only horizontaHy towards the weH,
multi-Iayer aquifer systems cannot be described without accounting for vertical
groundwater flow. As a result, analytical solutions are much more complex
than the Thiem and Dupuit formulas for single layer aquifers and restricted to
simple three-Iayer settings.

18.2.1

Three-layer aquifer settings

In a three-Iayer aquifer system, a low permeability layer separates two penneable layers of rock or sediment. As illustrated in figures 18.4 and 18.5, leakage
through the semi-pervious layer may occur from the top to the bottom aquifer
as weH as vice versa. The lowering of the piezometric levels caused by abstraeting water from a weH may reverse the pre-pumping direetion of leakage
in a three-Iayer aquifer system (figure 18.5).

18.2.2

Analytical sülutiüns für three-layer aquifer settings

KTuseman and de RiddeT (1994) describe an analytical solution for calculating
the steady-state drawdown in a leaky aquifer that was developed by De Glee.
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confining layer

confined aquifer

unconfined piezometric level
confined piezometric level
Figure 18.4: Part of the water abstracted from a weH in a three-layer aquifer system with
downward leakage comes from the unscreened top layer. Leakage is greater dose to the weH,
because pumping increases the hydraulic gradient from the top to the bottom layer.

The approach involves a modified Bessel function and is solved graphicaHy
by means of a superposition method. Hantush and Jacob (1955) introduces
an approximation of De Glees equation, which simplifies calculations but still
requires a graphical solution. For a detailed description of the methods see
Kruseman and de Ridder (1994).

18.2.3

Settings with more than three layers

Multi-layer aquifer systems consist of any combination of high and low permeability layers. As a result of horizontal groundwater flow and verticalleakage
between the layers, the piezometric level can be different in each layer.
WeHs abstracting water from multi-aquifer systems are associated with complex patterns of groundwater flow. For systems with more than three layers,
there are no analytical solutions that describe the distribution of hydraulic
heads and flow velocities. Hence, modeling is required to understand on what
paths and how fast the groundwater reaches the screens of the weH.
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unconfined aquifer

confining layer

confined aquifer

unconfined piezometric level
....::L. confined piezometric level
....2-

Figure 18.5: The pre-pumping direetion of leakage may be reversed close to the weil as a
result of gr01.Uldwater abstraction. Consequently, part of the abstraeted water comes from
the unscreened top layer.
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Chapter 19
Modeling groundwater flow to a
weIl
There are many computer programs that can be used to simulate groundwatel' flow to a weIl. Two-dimensional flow models commonly use a horizontal
discretization of the aquifer. Consequently, lateral variations of the aquifer
properties or regional hydraulic gradients can be taken into account, while
the vertical sequence of high- and low-permeability layers within the aquifer
system and the position of the screens of the weIl must be neglected. Threedimensional models aIlow a more precise definition of the aquifer in space,
but the calculations involved are much more complex. Besides, in most cases
there is not enough data available to accurately describe the distribution of
hydrogeological properties of the aquifer in space.
The vertical heterogeneity of the aquifer system can be estimated from the
lithology log of the weIl. The position of the screens of a weIl is commonly
known. As these parameters are both readily available and important für
calculating groundwater flow to a weIl, it is desirable to use a model that does
an efficient simulation based on this data. For axisymmetric modeling, it is
assumed that groundwater flow to a weIl is radial. In that case, a cylindrical
section of the aquifer can be discretized into horizontal layers and concentric
sheIls around the weIl. Hence, vertical heterogeneity can be described while
lateral variations of aquifer properties are neglected.

19.1

Concept of modeling axisymmetric flow

As axisymmetric flow models are based on the assumption that ground water
flow to a weIl is radial, any regional hydraulic gradient must be neglected.
The only driving force of flow is abstraction from the weIl. Disregarding lateral variations of hydrogeological properties, the resulting cone of depression
is perfectly axisymmetric. Figure 19.1 illustrates that a vertical cross-section
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Figure 19.1: A vertical cross-section from the weH to the outside of a cylinder around the
wen sufficiently describes the shape of the cone of depression.

of a cylinder sufficiently describes the shape of the cone of depression. Consequently, the three-dimensional draw-down can be determined by modeling the
distribution of piezometric levels in two dimensions for the cross-section.

19.2

Grid design

FoIlowing the method of finite differences, the cross-sectional plane is divided
into columns and rows (figure 19.2). Due to the radial symmetry of the
model, the columns represent concentric sheIls around the weIl. High- and
low-permeability layers can be defined in the model by assigning different hydrogeological properties to each row.
Approaching the weIl, the head gradient from pumping increases, because the
cross-sectional area for flow to pass through is decreasing. Thus, finer discretization is required dose to the weIl to accurately represent this increasing
gradient. However, the difference in size for two neighboring ceIls should be
smaIl in order to avoid large llUmerical errors.

19.3

Finite differences flow equation

To obtain an approximation of the distribution of hydraulic heads, the value
of the hydraulic head is calculated for a single point at the center of each cell.
These nodes are referred to by means of row and column indices. Given that
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weil

~

/

,r

~~

/'

vertical
exchange

~

radial flow

Figure 19.2: Following the method of finite differences, the cross-sectional plane is devided
into columns and rows. Approaching the well, finer discretization of the mesh is required to
accmately describe the increasing hydraulic gradient. The difference in size should be small
for neighboring cells in order to avoid numerical errors.

flow is at a steady-state equilibrium, the in- and outflow must be balaneed for
eaeh eell (figure 19.3). Assuming that inflow is positive and outflow is negative,
the water balance for the eell (i, j) may be expressed as:

(19.1)

where

Qz(i,j)

is the net volumetrie flux in vertieal direction, and

Qr(i,j)

is the net volumetrie flux in vertieal direction into eell (i, j).

In the vertieal direction, the exchange of water between a eell and the upper
and lower adjaeent eell ean be ealeulated by applying Darey's law as given by
equation (18.1):

Qz(i,j)

AU)

(K

z

(i

~ 1, j) - h(~, j)
z(1, - 1) - z(1,)

_ 0.5) h( i

-K>(i + 0.5) h(i,j) - h(i + 1,j))
~
z(i)-z(i+1)

(19.2)
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Figure 19.3: By definition, groundwater flow into a cell is positive and outflow is negative.
Asswlung a steady-state equilibrium, the SWll of all flows is equal to zero and growldwater
storage in each cell remains constant. All equations describing flow are fWlctions of the hydraulic gradient. Consequently, the steady-state hydraulic head in each cell can be expressed
in terms of the hydraulic heads in the adjacent cells.

where
A(j)

is the horizontal area of the jth shell,

IC(i - 0.5) is the mean vertical hydraulic conductivity of the layers i and i-I,
Kz(i + 0.5) is the mean vertical hydraulic conductivity ofthe layers i and i+l,
and

z( i)

is the elevation of the center of the ith row of the grid, i.e. the
z-eoordinate of the nodes in that row.

In order to aeeount for variable vertical hydraulic eonduetivity between different layers, the harmonie mean of the vertical eonductivities is used is equation

(19.2:

'
5)2KAi)KAi±l)
z z ± O.
- -......,.-,..:.....:---'--:-----'--:}((
KAi) + Kz(i ± 1)
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The horizontal area of a shell is determined by the radius and the width of the
shell:

A(j) = 21T [ (r(j) _

"'~») 2_ (r(j) +

"';il)2]

(19.4)

where
1'(j)

is the distance from the center of the jth shell to the well, and

w(j)

is the width of the shell (01' the column of the grid).

Horizontal fiow between a cell and the two adjacent cells is calculated according
to the Thiem formula as given by equation (18.4):
21fb(i)Kx (i)

(h(i,~ + 1) - h(~,j)
l'

(J

+ 1) -

l'

-1))

(J )

_h(i,j) - h(i,j
1'(j) - 1'(j - 1)

(19.5)

where

b( i)

is the height, and

K x (i)

is the horizontal hydraulic conductivity of the ith row of the grid.

For unconfined conditions, the row height b( i) is replaced with the mean saturated thickness of the two adjacent cells. Substituting the right hand sides
of equations (19.2) and (19.5) for the corresponding terms in equation (19.1)
yields the finite differences equation for steady-state axisymmetric groundwatel' fiow:
A(j)Kz(i - 0.5) (1 (' _ 1 ') _ h(' '))

_( .

4~-

1)

( ')

-z~

A(j)Kz(i + 0.5)

- 4~
-C)

C 1)
-z~+

21fb(i)Kx (i)

7,

~

,

J

~, J

..
.
.
(h(~,J) - h(z + I,J))
..

. .

+ 1'J+
(' 1) -1')
(') (h(~,J + 1) - h(~,J))
-

21fb(i)Kx (i) (h(' ')-1(' '-1))
(' 1)
~,J
7,Z,J
( ') -1'J1'J

o

(19.6)

It follows that the hydraulic head at the node (i, j) can be expressed as a
function of the heads at the four adjacent nodes. For convenience, equation
(19.6) can be simplified by substituting the coefficients of the hydraulic heads:
h(i ') = li1h(i,j - 1)
,J

+ Nh(i,j + 1) + Oh(i M+N+O+P

l,j)

+ Ph(i + l,j)

(19.7)
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with
A(j)JC(i - 0.5)
z(i - 1) - z(i)
A(j)JC(i + 0.5)
z(i) - z(i + 1)

l\!1

N

271'b(i)Kx (i)
T(j + 1) - T(j)
271'b(i)Kx ( i)
T (j) - T (j - 1)

o
P

Applying equation (19.7) to each cell of a grid that consists of N R rows and
Ne columns leads to a linear system of N = N R X Ne equations which can be
solved numerically by means of a simple iteration process:
1

A1+N+O+P
(Mhm(i,j - 1)

+ Nhm(i,j + 1)

+Ohm(i - 1,j)

+ Phm(i + 1,j))

(19.8)

where
m

is the iteration level.

During each iteration step, the value of the hydraulic head at the node (i, j)
is adjusted to the hydraulic heads at the adjaeent nodes from the previous
iteration level. By successively improving the value at eaeh node from h m to
hm+l, the iteration process approaehes the solution of the system of equations.
Onee the distribution of hydraulic heads is obtained at the desired aecuraey,
the veloeity field can be ealculated using the hydraulic gradients. The normal
components of velocity between the nodes can be concluded from equation
(18.2). The pattern of points of known hydraulie head and points of lmown
veloeity is shown in figure 19.4. In the radial direction, the veloeities at the
borders of the cell (i, j) are:

"" 05)- K - --,--,---,---,----v (~ J - . - - -x(i)h(i,j)-h(i,j-1)
r ,
ne(i) T(j) - 7'(j - 1)

(19.9)

"" 05)- K x(i)h(i,j+1)-h(i,j)
(~,J +. - - - (
n e ~") T (J"+ 1) - T (J")

(19.10)

and
Vr

where
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vr(i,j ± 0.5) is the radial component of groundwater velocity at the inward
and outward face of the ceIl, respectively. (A negative sign indicates
flmv towards the weIl.)
Accordingly, the vertical components of velocity are given by:

Kz(i - 0.5) h(i - 1,j) - h(i,j)
(')
n e ( Z')
Z Z- 1 -

(19.11)

'
') __ KAi + 0.5) h(i,j) - h(i + 1,j)
(z+0.5,J (')
('
)
n e (')
Z
Z Z - Z Z+ 1

(19.12)

(

'_ 0

Vz Z

and
Vz

r-: ') _ _
.0, J -

where

vz(i ± 0.5, j) is the vertical component of groundwater velocity at the upper
and lower face of the ceIl, respectively. (A negative sign indicates
downward flow.)

i-1

•

•

•

l

•

•

•

i+1

•

•

•

)-1

J

)+1

hydraulic head

•

horizontal velocity 0
vertical velocity

Figure 19.4: The solution of the axisymmetric fiow equation yields the values of hydraulic
head at the nodes. The hydraulic gradients determine the components of gr01mdwater
velocity normal to the faces of the cello The vertical component of velocity is known at the
upper and lower faces of the cells, whereas the radial component is obtained for the inward
and outward borders of the cells.
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19.4

Calculating times of travel

In case groundwater flow is at a steady-state equilibrium, the velocity field does
not change with time, because the hydraulic heads are constant. All particles
that move at the same velocity as the groundwater may only travel along fixed
streamlines, Provided that groundwater flmv is continuous, the position of a
particle at any given time determines both the path on whieh it moved to this
position and its path in the future. Consequently, streamlines as weIl as times
of travel can be obtained by following a particle along its path forward 01'
backward in time. This can be accomplished in an efficient and accurate way
by means of linear particle tracking (e.g. Schafer-Perini and Wilson (1991),
Pollack (1994)).
The normal components at the initial position of a particle are interpolated
separately using the closest known values of velocity (figure 19.4). For simplification, the coordinates of the particle are written relative to the lower inward
corner of the cell. Assuming that the particle is located in cell (i, j), the initial
velocity component in the radial direction is given by:

(19.13)
with
vr(i,j
1nr

=

+ 0.5) -

vr(i,j - 0.5)

( ')
WJ

(19.14)

where
is the initial radial velocity of the particle at the time t a, and

Ta

is the distance of the particle from the inward border of the cello

The interpolation of the initial vertical velocity of the particle is analogous:

(19.15)
with
vz(i - 0.5,j) - vAi

mz =

+ 0.5,j)

b(j)

(19.16)

where
is the initial radial velocity of the particle, and
Za
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is the distance of the particle from the lower border of the cello

19.4. CALCULATING TIMES OF TRAVEL
As the velocity is the time derivative of the position, the times of travel in the
radial and vertical directions can be obtained by integrating equations (19.14)
and (19.16), respectively. In the radial direction, the time of travel from 1'0 to
l' is:

~lnlvr(i,j-0.5)+mrTI

t-t o =6tr
6t r =

l' Vr

formr-l-O

vr(t O)

mr

1'0

() for m r = 0

(19.17)
(19.18)

to

The time of travel from zo to z in the vertical direction is calculated analogously:
- 1 1n
n~z

6t z =

I

Vz(i+0.5,j)+ mzz l
vz(to)

r
101'

m z -/..0
/

z - zo
() for m z = 0
Vz t o

(19.19)
(19.20)

Note that equations (19.17) through (19.20) are valid only within the cell (i,j)
and if the respective component of initial velocity is non-zero.
Equations (19.17) through (19.20) can be rearranged to express the position
of the particle as a function of time. To simplify the equations, it is assumed
that t o = O. The distance between the particle and the inward face of the cell
is:

T(t)
T(t)

exp (mrt) vr(t o ) - vr(i,j - 0.5) r
In r
1'0

+ Vr(t O) t for m r =

-/..

101' nlr /

0

(19.21)
(19.22)

0

In the vertical direction, the distance between the particle and the lower face
of the cell is

z(t)
z(t)

- vAi + 0.5,j)
mz
zo + vAt o) t for m z = 0

exp (mzt) vz(t o )

r

101' n~z

-/..

/

0

(19.23)
(19.24)

In order to calculate the path of a particle for a given time of travel, the linear
particle tracking algorithm starts by calculating the velocity at the initial position of the particle. The signs of the velocity components determine through
which two faces of the cell the particle may potentially leave the cell, e.g. if the
radial component is positive, the particle can only exit through the outward
face of the cello The times of travel to the potential exit faces in radial and
in vertical direction can be calculated by applying equations (19.17) through
(19.20), as appropriate. The time until the particle reaches the exit face in the
radial direction is:

6t Exit ,r

(19.25)

6tExitr,

(19.26)
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where
6.t Exit ,r

rExit

is the time until the particle reaches the radial position of the exit
face [T], and
is the horizontal position of the exit face [LJ, either rExit = 0 for
the inward face 01' rExit = w(j) for the right face of the cello

The time until the particle reaches the exit face in the vertical direction is
calculated analogously:
6.t Exit ,z

_I_ln Ivz(i
m z

Vz

(19.27)

vz(to)

ZExit 6.t Exit ,z

+ 005, j) + mzZExit I for m z i= 0

()
to

Zo

for m z = 0

(19.28)

where
6.t Exit ,z

ZExit

is the time until the particle reaches the vertical position of the
exit face [Tl, and
is the vertical position of the exit face [LJ, either ZExit = 0 for the
lower face 01' ZExit = b( i) for the upper face of the cello

Special care must be taken if the groundwater flows into the cell from two
opposite directions. Consequently, the exit time in the respective direction
cannot be calculated, because neither of the two faces are potential exit faces.
In case 6.t Exit ,x is smaller than 6.t Exit ,z, the particle will exit across the inward
01' outward border of the cello In case 6.t Exit,z is smaller than 6.t Exit,x, the
particle willleave through the upper 01' lower border of the cell (figure 19.5).
The smallest value is the time after which the particle leaves the cell:

(19.29)

where
is the time until the particle leaves the cell [T].

If the exit time 6.tExit is smaller than the given time of travel, the particle
is moved to the coordinates (r(6.t Exit ) , Z(6.t Exit )) on the exit face. Since the
interpolation functions are not valid outside the cell, the values of the cell
into which the particle is entering are used far the next tracking step. This
procedure is repeated until the given time of travel is reached.
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ZExit

I

1ZO
I

0-+-----

o
Figure 19.5: At the beginning of the tracking step, the particle is at the position marked
by the circle. The linear tracking algorithm first ca1culates the initial velocity of the particle
by linear interpolation from the velocity components normal to the faces of the cell (black
arrows). Next, it compares the times of travel to the potential exit faces determined by the
initial velocity. In the illustrated case, the particle reaches the upper face of the cell first.
The r-coordinate on the exit face is given by r(f:::..tExit,z)' (Pollack (1994), modified)
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Chapter 20
The computer program
WellFlow
The program \iVeIlFlow is a user-friendly, menu- and mouse-driven stand-alone
modeling tool. It was written in RealBasic for Mac OS and can be compiled for
both VVindows and Macintosh operating systems. vVeIlFlow simulates steadystate groundwater fiow to a weIl by applying the method of finite differences,
following an axisymmetric approach where a vertical cross-section of a cylinder
is modeled in two dimensions. The program has been developed to study the
infiuence of aquifer heterogeneity and the screening of a weIl on groundwater
streamlines and times of travel. It can be used for calculating time of travel
distances required for the delineation of wellllead protection areas in multiaquifer settings.

20.1

Input data

When setting up a new WeIlFlow simulation, the first step is to enter all
data that characterizes the hydrogeological setting of the weIl. Secondly, the
properties of the weIl itself such as radius and abstraction rate must be defined.
FinaIly, the dimensions of the model and the degree of spatial discretization
have to be specified before the fiow equation can be solved.

20.1.1

Hydrogeological units

Hydrogeological units at the location of the weIl can be defined in the layer
parameters dialog that is opened by choosing Layers... from the Parametersmenu. A list of all layers is displayed on the left hand side of the dialog.
Selecting one of the layers shows the properties of the layers on the right hand
side of the dialog. If more than one layer is selected, only the properties that
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both layers have in common are shown. Changing the values in the entry fields
affects aH selected layers.
A new layer at the bottom of the sequence is created by clicking the Add Layer
button when no layer is selected. If one 01' more layers are selected, clicking
the Insert Layer button will insert a new layer above the first selected layer.
Upon creating a new layer, a title must be assigned to the layer. This title can
be changed later by double-clicking on the layer in the list.
Clicking the Remove button will remove the selected layers from the list and
shift the lower layers upward.
When the values of thickness and top 01' bottom of layer are changed, WeHFlow
automaticaHy completes 01' recalculates these parameters as soon as possible.
Gaps within the defined sequence are prevented by adjusting the top and
bottom of other layers.
As WeHFlow assumes that groundwater fiow to the weH is at a steady-state
equilibrium, the effective porasity does not have any effect on the distribution
of hydraulic heads in the surroundings of the weH. However, the parameter
needs to be defined correctly for the calculation of streamlines and times of
travel.
For each hydrogeological unit, an individual pre-pumping hydraulic head must
be entered. This value is used as a constant head boundary condition in the
last column of the grid.
The screening of the layer can be toggled by checking the corresponding box.
Every new layer is unscreened by default, but at least one layer within the
modeled sequence must be screened in order for the model to run. The titles
of screened layers are underlined in the list of layers.
The layers can be rearranged by dragging and dropping in the list of layers.
When a layer has been dragged to a new position in the sequence, the top and
bottom of aHlayers are readjusted, preserving the top of the sequence and the
thicknesses of the layers.

20.1.2

WeIl properties

The abstraction rate and the radius of the weH casing are specified in the weH
parameters dialog that is accessed by choosing Well.. fram the Parametersmenu. Injection can be simulated by entering a negative abstraction rate.

20.1.3

Model properties

The radius and the discretization of the modeled cylinder can be defined in
the Model Parameters dialog that is opened by choosing Model... from the
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Parameters-menu. The total radius should be larger than the radius of the cone
of depression, because it is assumed that the head on the outside boundary
of the model is not affected by the weIl. The number of shells characterizes
the degree of spatial discretization of the model. The more shells there are,
the more accurately the distribution of hydraulic heads can be calculated.
However, a large number of shells may lead to long calculation times. The
coarsening factor determines the difference in width of adjacent cells in a row.
In order to ensure a relatively even spacing of the rows in the grid, \iVellFlow
automatically divides the layers into sublayers, if necessary. By default, the
maximum thiclmess of a sublayer is given by the minimum thickness of the
layers in the sequence. Optionally, the program can be forced to use smaller
row heights by specifying the maximum thickness of a sublayer 01' the minimum
of sublayers per layer.
As another option, recharge from precipitation surplus can be defined. The
program automatically calculates the appropriate volumetrie flux to the cells in
the topmost row of the grid based on the horizontal area of the corresponding
shell. It is also possible to simulate evapotranspiration by setting the recharge
parameter to a negative value.

20.1.4

Loading and saving input data sets

All input data may be saved by choosing Save 01' Save As... from the File-menu.
All files written by WellFlow are in plain text format and can be viewed 01'
modified using any text editor. Previously saved input data sets can be loaded
by choosing Open... from the File-menu.

20.2

Simulation

As long as the parameters that have been entered are inconsistent or incomplete, the center area of the main window remains blank and an error message
is displayed at the bottom. Once all necessary parameters have been entered,
the main window shows a simple sketch of the sequence, the position of the
screens and the model grid.
Now, the axisymmetric flow equation can be solved step by step 01' via an automated iteration process. The automatie solution is started by choosing Start
from the Solve-menu and entering the desired tolerance limit. The iteration
process can be interrupted and resumed at any time. The effects of one single
iteration step can be checked by choosing One step from the Solve-menu. The
current tolerance is displayed in the top right corner of the main window.

195

CHAPTER 20. THE COMPUTER PROGRAJVI \tVELLFLO\iV

20.3

Evaluation

When the flow equation has been sohred at the desired accuracy, the simulation
results can be evaluated by means of forward and backward particle tracking.
By default, clicking somewhere on the grid area will start forward particle
tracking from this position. The particle is followed until it reaches the weIl 01'
the boundary of the model domain and the time of travel is displayed at the
bottom of the main window. The direction of particle tracking can be changed
from forward to backward in the options dialog that is opened by choosing
Options... from the Evaluation-menu.

In order to show time-dependent capture zones of the weIl, choose Plot Contour... from the Evaluation-menu and enter the desired time of travel. The
limits of the corresponding zone are marked by a black line in the grid. Note
that by default, the backward particle tracking to find the time contour starts
at the center of the first shell. The start radius can be changed in the options
dialog. If the start radius is equal to the weIl radius, only those particles that
are place at a screen will be tracked. To change the accuracy of the tracking
the maximum distance between to points of the contour line can be reduced
01' increased in the options-dialog.
The water table in the topmost layer can be displayed by choosing 1,vater Table
form the View-menu. If the topmost layer is unconfined, the water table is
drawn as a black line across the grid. For confined conditions, the black line is
drawn above the grid and marks the piezometric levels in the topmost layer.
All simulation results can be exported to other programs for furt her evaluation
and comparison to field data. The items Export Heads... , Export 1,vater Table... , and Export Contour... write the corresponding data into tab-delimited
text files, which can easily be opened by other applications. The first lines of
each file contain information on the order of the data.
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Chapter 21
Examples
In the following, the applieation of WellFlow will be illustrated for a few exampIes. In the first example, \iVellFlow is used for simulating groundwater fiow
to a well in a single eonfined aquifer. This setting is simple enough to allow a
eomparison of the simulation results with an analytieal solution. In the seeond
example, the initial head of the eonfined aquifer from the first example is lowered in order to tmn it into an uneonfined aquifer. Onee again, the simulation
results may be eompared to an analytieal solution.

21.1

Example A: Single confined aquifer

In the first example, a weIl is abstraeting water from a homogenous, isotropie
and perfectly eonfined aquifer. The well fully penetrates the aquifer and is
sereened over the entire penetration depth. In WellFlow, a single layer is
defined to represent the aquifer (table 21.1). The radius of the well easing is
0.1 m and the abstraction rate is 101s- 1 . The total radius of the model is
100 m and the grid is subdivided into 20 shells, using a eoarsening factor of
1.2. The toleranee limit for the iterative solution of the fiow equation is set to
1 x 10- 4 m per step.
Table 21.1: Parameters for defining the aquifer in example A

Top
Thiekness
Horizontal hydraulie eonduetivity
Vertieal hydraulic eonductivity
Effective porosity
Initial head

Om
20m

1 X 10- 4 ms- 1
1 x 10 4 ms 1
0.3
10m
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An analytical solution for example A is obtained by applying the Thiem formula as given by equation (18.4). The radius of the weIl and the drawdown in
the weIl as calculated by the model is used as a referenee point. Figure 21.1
shows a comparison of the simulation results for example A with the analytieal
solution and the results of another simulation for the same setting, using only
10 shells. The results from both simulations are in exeellent agreement with
the analytieal solution. Example C shows how vVellFlow can be applied to
ealculate time of travel contour lines for a wen in a three-layer aquifer system.
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Figure 21.1: The simulation results for example A using different radial spacing of the
model grid are compared to an analytical solution obtained by means of the Thiem formula.
For both grids, the simulation results are in excellent agreement with the analytical solution.

21.2

Exarnple B: Single unconfined aquifer

The second example makes use of the same layer definition as in Example A,
except that the initial head is lowered from 10m to -1 m in order turn the layer
into an uneonfined aquifer. All other parameters are the same as in Example

A.
An analytieal solution for example B is obtained by applying the Dupuit formula as given by equation (18.6). Onee again, the simulated drawdown at the
weIl and the wen radius is used as a reference point. A eomparison of the results of the two numerical simulations using different numbers of shells and the
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analytical solution is shown in figure 21.2. Both the result of the simulation
based on ten shells and the result of the simulation based on 20 shells match
the analytical solution very weIl.
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Figure 21.2: The results from two numerical simulations based on different radial grid
spacings are compared to an analytical solution for example B, which was obtained by
applying the Dupuit formula. Both simulations excellently match the analytical solution.

21.3

Example C: Three-Iayer aquifer system

Examples A and B show that the program WellFlow yields the same results
as the analytical solutions for confined and unconfined single aquifer systems.
The following example demonstrates that WellFlow can easily be applied to
multi-aquifer systems as weIl.
In example C, the main aquifer has the same hydraulic properties as the aquifer
in Examples A and B, but it is overlain by an aquitard and an unconfined
aquifer at the top of the sequence. There are no screens in the upper aquifer.
Table 21.2 summarizes the hydrogeological setting.
The total radius of the model is 500 m and the grid is subdivided into 20
shells, using a coarsening faetor of 1.2. The radius of the weIl casing is 0.1 m,
and the abstraetion rate is 10 l8- 1 . By default, WellFlow uses the minimum
thickness of the layers in the sequence as a thickness limit for the sublayers.
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Table 21.2: Sequence of hydrogeologicallayers in example C

Unconfined aquifer

Aquitard

Confined aquifer

Top
Thickness
Horizontal hydraulic conductivity
Vertical hydraulic conductivity
Effective porosity
Initial head
Top
Thickness
Horizontal hydraulic conductivity
Vertical hydraulic conductivity
Effective porosity
Initial head
Top
Thickness
Horizontal hydraulic conductivity
Vertical hydraulic conductivity
Effective porosity
Initial head

1x
1x

1x
1x

1x
1x

Om
10m
10- 4 ms- 1
10 4 ms 1
0.3
Om
-10m
2m
10- 9 ms- 1
10 9 ms 1
0.3
Om
-12m
20m
10- 4 ms- 1
10 4 ms 1
0.3
10m

As a result, the sequence in example C would be subdivided into a total of 17
sublayers: five for the unconfined aquifer, one for the aquitard, and ten for the
confined aquifer. However, because the aquitard plays an important 1'Ole in
the system, it is advisable to apply a finer discretization. This is accomplished
by increasing the minimum number of sublayers per layer in the model dialog.
Forcing at least three sublayers per layer yields a total of 48 sublayers in the
grid. The iterative solution of the flow equation was stopped after a tolerance
of 1 x 10- 4 m per step had been reached.
Figure 21.3 shows the calculated tie of travel contours for 50 days and for 3500
days. The groundwater velocity within the aquitard is very low, because of the
low hydraulic conductivity. Since it takes a very long time until groundwater
from the unconfined top aquifer reaches the weIl, the aquitard protects the
groundwater in the lower confined aquifer.
The contour lines for both 50 days and 3500 days travel time are vertical within
the lower confined aquifer. This indicates that the the pattern of groundwater
flow is dominated by radial flow to the weIl while vertical leakage from the
unconfined aquifer plays a minor 1'Ole. Comparing the distances between the
weIl and the two contour lines shows that the radial velocity is increasing
towards the weIl.
In order to evaluate the protective function of the aquitard, the hydraulic
conductivity of the aquitard is increased from 1 x 10- 9 ms- 1 to 1 x 10- 6 ms- 1
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while all other parameters are left unchanged. The results of this simulation
are shown in figure 21.4.
The time of travel contour lines reveal that increasing the hydraulic conductivity of the aquitard significantly reduces the protective effect of the aquitard.
The shapes of the contour lines indicate that the flow pattern in both the upper unconfined anel the luwer unconfined aquifer is dominated by raelial fluw
beyonel the 50 elays contour line. Closer to the weIl, the groundwater in the
confineel aquifer mixes with grounelwater from the upper aquifer that is leaking
through the aquitarel.
Since the abstracteel water comes from both the upper and the lower aquifer,
the hydraulic graelients in the lower aquifer are smaller than in the first simulation. Consequently, the grounelwater velocity in the confineel aquifer is lower,
anel the elistance from both the 50 days anel the 3500 elays contour line to the
weIl is smaller.
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Figure 21.3: The time of travel contour lines for 50 days and 3500 days show that the
low-permeability layer between the upper unconfined aquifer and the lower cOllfilled aquifer
pratects the gr01wdwater in the confined aquifer fram possible sources of pollution at the
surface.
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Figure 21.4: Increasing the hydraulic conductivity of the aquitard significantly reduces the
protective effect. The shapes of the time of travel contour lines indicate that the groundwater
in the upper aquifer first approaches the weil radiaily and then leaks through the aquitard
elose to the weil.
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Chapter 22
Summary
The delineation of wellllead protection zones that relate to specific times of
travel to the weH requires the calculation of groundwater velocities in the
vicinity of the weH. Analytical solutions are available for simple hydrogeological settings that are characterized by up to three layers of different hydraulic
conductivity. More complex settings in multi-Iayer aquifer systems can be
described by means of numerical modeling.
Two-dimensional models that simulate groundwater flow in a horizontal plane
neglect the vertical heterogeneity of the aquifer. Three-dimensional modeling
involves high computational effort and requires more data then commonly
available for weHs. Axisymmetric groundwater models ignore regional hydraulic gradients while offering the possibility to accurately describe the vertical heterogeneity of multi-Iayer aquifer systems. Commonly, the data required
to set up an axisymmetric flow model for a weH is readily available.
The computer program WeHFlow was developed for the simulation of steadystate axisymmetric groundwater flow to weHs in multi-Iayer aquifer systems.
'iVeHFlow is based on the finite differences formulation of the axisymmetric
flow equation. Hydraulic heads are calculated by means of a simple iteration
process. Forward and backward linear particle tracking is applied to visualize
streamlines and time of travel contours.
Comparing the results of simulations using WeHFlow with analytical solutions
for single aquifers shows that the program accurately simulates confined as
weH as unconfined groundwater flow to a weIl. The application of WeHFlow to
a weH in a three-Iayer aquifer system yields realistic results.
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Chapter 23
Delineation of wellhead
protection zones - A simplified
approach

T. Fesekel' and J. P. Lobo Ferreira

23.1

Introduction

In September 1999, Portugal ratified a new law on groundwater protection. It
demands three wellhead protection areas für each well used for public water
supply that is abstracting more than 1000 cubic metres per day 01' serving
more than 500 habitants. If the abstraction rate is lower 01' if the well is
supplying fewer habitants, only the immediate protection zone is required.
Various activities and installations capable of polluting groundwater resom'ces
are prohibited within these protection zones in order to prevent contamination
of drinking water.
The immediate protection area eneloses the surroundings of the wellhead ineluding the installations used for abstracting water. Depending on the type of
aquifer, the outer boundary of this inner protection zone is defined at a fixed
radial distance from the wellhead and can be easily marked. On the other
hand, the intermediate and the extended protection areas are defined by the
time it takes for groundwater to reach the well from the outer boundary of
the protection zone. Consequently, the delineation of the two outer protection
areas becomes complex problem that often requires numerical modeling.
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23.2

Problem definition

There are many computer programs that can be used to simulate groundwater fiow to a weH. Two-dimensional fiow models commonly use horizontal
discretization of the aquifer. Consequently, lateral variations of the aquifer
properties are taken into account while the vertical sequence of high- and lowpermeability layers within the aquifer system and the position of the screens of
the weH are neglected. Three-dimensional models aHow a more precise description of the aquifer in space, but on the other hand, the ca1culations involved
are much more complex and time-consuming. Besides, in most cases there is
not enough data available to describe the distribution of hydrogeological properties at the same level of accuracy as the spatial discretization of the model
grid.
The vertical heterogeneity of the aquifer can be estimated from the lithological
logs of the weIl. The position of the screens of a weH is commonly known. As
these parameters are important for ca1culating groundwater fiow to a weH and
because they are available without any furt her investigations, it is therefore
desirable to develop a model that does an efficient simulation using lithological and weH screen data. In axisymmetric fiow modeling, it is assumed tImt
groundwater fimv to a weH is radial. In that case, a cylindrical section of the
aquifer can be discretized into horizontal layers and vertical sheHs around the
weH. Hence, vertical heterogeneity can be conveniently described whereas lateral variations in the hydrogeological properties are ignored. These restrictions
fit weH with the data that is available for most weHs and make axisymmetric
fiow modeling as an appropriate and suitable approach for simulating groundwater fiow to a weH.

23.3

Concepts of modeling axisymmetric flow

As axisymmetric fiow models are based on the assumption that ground water
fiow to a weH is radial, while regional hydraulic gradient is negligible. The
only driving force of fiow is abstraction from the weIl. Disregarding lateral
variations of hydrogeological properties, the resulting cone of depression is
perfectly axiaHy symmetric around the weH. Thus, a vertical cross-section from
the weH to the outer limit of the cone of depression sufficiently describes the
sloping hydraulic gradient around the weH. Therefore, the three-dimensional
draw-down can be determined by modeling the distribution of piezometric
levels in two dimensions.
Following the method of finite differences, the cross-sectional plane of the geological system is divided into ceHs by columns and rows. However, it is important to note that the ceHs do not represent rectangular sections of the aquifer
like in common two-dimensional grids. As the columns of the axisymmetric
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grid are concentric cylindrical shells around the well, each cell represents a ringshaped element. As one approaches close to the pumping well, the hydraulic
gradient increases and the cross sectional area of flow decreases. Accordingly,
finer discretization of the grid is required close to the well to accurately represent this increasing gradient.
As an approximation of the distribution of hydraulic heads, the head value is
calculated for the midpoint of each cello Given that the rate of abstraction is
constant, and flow is in steady-state condition: In- and outflow are balanced
for each cello The vertical exchange of groundwater between two cells can be
determined by applying Darcys Law. For calculating the horizontal flow of
groundwater, the axial symmetry of the model has been taken into account by
using the Dupuit-Thiem equation.

23.4

The computer program "WellFlow"

In order to study groundwater flow to a well and to facilitate the delineation
of wellhead protection aJ.'eas especially in multi-aquifer settings, the computer
program WellFlow was developed. It is a user-friendly, menu- and mousedriven stand-alone modeling tool for vVindows and Mac OS. Steady-state
groundwater flow to a well can be simulated by applying the method of finite
differences, following an axisymmetric approach where a vertical cross-section
of a cylinder is modeled in 2D.
The well is defined by abstraction rate and radius. Hydrogeological units
(lithological data) at the position of the well are entered as horizontal layers
that are homogenous and having a constant thickness throughout the model
area. A steady-state hydraulic head is assigned to each layer. The head value
serves as a fixed head boundary condition on the outer model limit, while the
flow between layers resulting from different steady-state heads is taken into
account during iteration. Recharge from precipitation surplus can be defined
for the top layer of the modeled sequence.
The program uses this basic input data to automatically generate a finite
differences grid. The distribution of hydraulic heads is solved numerically
using an iteration process. Once the desired accuracy is reached, groundwater
streamlines and time of travel distances can be calculated by means of forward
and backward particle tracking.

23.5

Application of WellFlow - A case study

The program CaJ.l be used to study the effects of different screening and vertical
heterogeneity in layered aquifer systems on groundwater flow to a well. Flow
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to partiaHy penetrating weHs can be simulated. In contrast to horizontal twodimensional models, WeHFlow model enables the user to calculate traveltime
for different depths of partiele starting points. Thus, the protective effect of
low-permeability layers above the aquifer can be examined when determining
the size of protection zones. Furthermore, it is possible to apply vVeHFlow
model even before a weH is sunk in order to determine the most suitable design
of the weH as far as protection zones are concerned.
As a first test, \iVeHFlow model has been applied to a weH in Ramalhal, Portugal. The weH is situated in the cretaceous Torres Vedras aquifer, approximately
50 kilometers north of Lisbon. It is 135 meters deep and consists of 13 screened
and 15 unscreened intervals. The litholog comprises 27 different layers, ranging from elays to sands and conglomerates. By combining the information on
the screening of the weH with the litholog, the aquifer system can be divided
into 8 unscreened and 6 screened layers. The hydrogeological properties of
these 14 layers have been estimated from the petrography described in the
litholog. The conductivity of the high-permeability layers ranges from 1e-5
to 1e-4 m/s, whereas the conductivity of the low-permeability layers varies
between 1e-9 and 1e-8 m/s. As the model yields approximately the same relation between abstraction rate and draw-down in the \",eH as documented in
the weH-performance test, the chosen values conductivity seems reasonable.
For partiele tracking, it is assumed that the effective porosities are 0.2 and
O.l,respectively. Figure 23.1 shows the layers used in the simulation and gives
an overview of the distances corresponding to a time of travel of 50 days for
different depths of partiele starting points.
It is obvious that the unscreened superficial aquifer and the uppermost aquitard
protect the groundwater resources from poHutants injected elose to ground surface. Above the first screen, f1.ow velocities are so low that it takes a very long
time until groundwater from the two upper layers reaches the weH. However, if
there was a way for poHutants to quickly enter the deeper layers of the aquifer
system, e.g. through an abandoned weH 01' bore hole, they would reach the
weH much faster.

23.6

Conclusion

Axisymmetric models are very suitable for modeling groundwater f1.ow to a
weH, because aH of the data that is already available for most weHs may be
ineluded in the simulation. In contrast to horizontal two-dimensional models,
both the vertical heterogeneity of multi-layered aquifers and the position of
the screens can be taken into account. EspeciaHy in the context of the delineation of weHhead protection areas, it seems important to inelude the vertical
dimension in travel time calculations.
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Figure 23.1: The isochronalline illustrates that the time it takes for a particle to reach
the wen strongly depends on the depth of the point where the particle enters the aquifer
system.
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