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Abstract

We investigate the question on how to use a non-renewable resources efficiently in the presence
of a minimum subsistence level of consumption. In our model, households are characterized by
Stone-Geary preferences and output is Cobb-Douglas using physical and human capital as well
as resources as input factors. This setup gives rise to a six dimensional dynamic system with three
control and three state variables. Despite this complexity, it is shown that a closed form solution exists
in terms of the Gaussian hypergeometric function. The closed form solution allows us to calibrate the
model to the situation of 108 countries using data from the World Bank on countries’ endowments
with physical capital and natural resources. We are able to quantify the implications of observed
capital stocks for the growth perspective of each country. In particular, we analyze whether a level
of subsistence consumption equivalent to the World Bank’s poverty lines can be accomplished. Our
calibration results also shed some light on what has been termed the “resource curse”.
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1 Introduction

We consider the continuous time Dasgupta-Heal-Solow-Stiglitz (Dasgupta and Heal 1974, Solow
1974 and Stiglitz 1974, DHSS from here on) model extended to include human capital accumulation
besides the accumulation of reproducible physical capital. We do so by taking account of an addi-
tional human capital sector following the well known Uzawa-Lucas endogenous growth model (Uzawa
1965 and Lucas 1988) together with a non-renewable resource that is essential for production of final
output. Physical and human capital are subject to depreciation whereas population of the economy
grows at a constant exponential rate. The model is therefore an extension of a frequently used set-up
in resource economics where man-made capital and resource extraction are essential input factors
as in e.g. Mitra et al. (2013) and many others.

We solve the problem of a benevolent social planer that aims at maximizing a utilitarian criterion
reflecting CRRA preferences in consumption in excess of some subsistence level. As such, we in-
troduce Stone-Geary (Stone (1954) and Geary (1950)) type of preferences into a resource allocation
problem as in (Antony and Klarl 2019 a,b).

The model considered in this contribution is not completely new. It has been analyzed without
subsistence consumption together with further extensions by Schou (2000) which is based on the
contribution of Robson (1980). Their analysis, however, is restricted to an investigation of the steady
state growth behavior only. The novelty of our contribution is to offer a full characterization of the entire
unique saddle-path which the economy follows on its way towards its steady state. We offer a closed
form solution to a six dimensional problem with three control and three state variables. This closed
form can be found by making use of the integral representation of the Gaussian hypergeometric
function.

We contribute further to the existing literature in the following ways. First, we provide a technical
contribution regarding the use of special functions in analyzing economic dynamics. Second, we fully
analyze the global dynamics of an augmented DHSS model allowing for endogenous growth of the
Uzawa-Lucas type taking account of subsistence needs of households. Third, as we can derive the
global dynamics of the economy in optimum, we are able to identify the initial conditions required for
a solution of our problem to exist. Typically, complex dynamic problems are solved by linearizing the
dynamics of the economy around steady state which prevents one to identify the necessary initial
conditions for a solution to the problem to exist. These conditions are boiling down to the question
whether initial endowments with physical and human capital together with initial resource stocks are
sufficient to allow at least for realizing permanently the subsistence level consumption. As we can
pin-down these conditions, we can calibrate our model to the current situation of particular countries.
We do so by using data mainly from the Worldbank (2018) which allows us to assess the growth
perspective of 108 economies confronted with subsistence consumption defined by the World Bank’s
the poverty lines.

Our findings are as follows. Only 98 out of 108 countries are equipped with sufficient initial



3/E8

#1904 Bremen Papers on Economics & Innovation HEHE
Non-Renewable Resources in a Ramsey Economy with Subsistence

: . . . institute for
Consumption, Human and Physical Capital Accumulation: economic research
A Full Characterization and policy

endowments with resources, physical and/or human capital. Low income countries do suffer in par-
ticular from insufficient endowments. We find further, that 91 out of these 98 economies qualify for
positive long-run growth while 7 converge to a zero growth scenario where households can just afford
minimum subsistence consumption. We quantify the deficits in the different stocks of capital for those
countries with initial endowments too low. Furthermore, we find a typical pattern in our calibration
results that are comparable to what is known as the “resource curse” and identify the underlying
mechanism that is relevant in our model set-up.

The plan of the paper is as follows. The next section reviews literature relevant to our contribution.
Section 3 lays out the economic problem that we aim to solve and Section 4 presents the solution and
elaborates on the solution’s existence properties. We provide a calibration of our model and discus
the results in Section 5. Finally, Section 6 concludes.

2 Review of Literature

Subsistence consumption, which enables individuals to meet their minimum basic needs of life, has
repeatedly discussed in an economic growth context. Two papers closely related to this one are
Steger (2000) and Strulik (2010). Both solve a utility maximization problem with Stone-Geary pref-
erences but with a standard AK-type production technology. Their models are nested in ours if one
is setting the output elasticity of the resource equal to zero and taking no account of human capital
accumulation. The general lesson we can learn from these studies is that the requirement of sub-
sistence consumption represents an important mechanism of 8 divergence. However, these settings
leave out the fact that many developing low income countries are resource rich (Barbier 2005), which
facing substantial development needs (see Araujo et al. 2016 and grow less rapidly Gaitan and Roe
2012).

Another strand of literature analyzing the DHSS framework sofar didn’t discuss the implication
of minimum consumption. The Cobb Douglas constant returns to scale production structure with re-
producible man-made capital and resource input has been employed by Benchekroun and Withagen
(2011), Asheim and Buchholz (2004) and others. Mitra et al. (2013) employ a general constant re-
turns to scale technology with reproducible man-made capital and resource inpulﬂ With the notable
extension of Antony and Klarl (2019, a,b), this strand of the literature however has completely left out
the possibility of a minimum subsistence level of consumption. Antony and Klarl (2019a) introduce
a minimum subsistence level of consumption in an utilitarian approach into the DHSS model without
capital depreciation and technical change while Antony and Klarl (2019b) allow for both.

Our approach is related to the nexus between resources on the one and growth as well as
development on the other hand. First, as inter alia argued by Collier et al. (2010) and van der Ploeg
and Venables (2011), because of human as well as physical capital scarcity, many resource rich

developing countries should use resource rent windfalls to speed up development by accumulating

1See Antony and Klarl (2019, a,b) for a more detailed review of this literature.
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capital. They argue that capital scarcity implies higher return on domestic capital. Hence, it might
be beneficial to invest in human and physical capital than investing abroad. Empirical findings in
Venables (2016) seem to suggest that this is not happening, however. We add to this literature
by asking the questions whether initial endowments with physical and human capital together with
initial resource stocks are sufficient to allow at least for realizing permanently the subsistence level
consumption. If not, we provide model predictions of the corresponding shortfalls.

Second, there is by now a considerable literature on what has been termed the “resource curse”.
The hypotheses dates back at least to Auty (1993) and Sachs and Warner (1995) and postulates that
we observe in general a negative relationship between resource dependence of countries and their
economic growth. Different arguments have been put forward which might be able to explain this
observation. One of them is related to the actual deficit in domestic investments in physical or human
capital. For a more detailed review of the literature and also opposing critical opinions see e.g. van
der Ploeg (2011) and Smith (2015). We also add to this literature as our model predicts some type
of resource curse via the transmission channel of physical and human capital accumulation.

From the technical point of view we add to the literature using special functions in solving dynamic
problems. This involves the Gaussian hypergeometric function which has been found to be useful by
other economists as well. Lucas type of models have been analyzed by Boucekkine and Ruiz-Tamarit
(2008), Boucekkine et al. (2008), Ruiz-Tamarit (2008) and Hiraguchi (2009). Guerrini (2010) uses
the Gaussian hypergeometric function to solve the problem of an AK Ramsey economy with logistic
population growth. Hiraguchi (2014) solves a Ramsey problem with leisure as one argument of the
utility function. Regarding problems related to environmental economics, Perez-Barahona (2011)
solve an AK Ramsey problem involving natural resources.

3 Subsistence Consumption in the DHSS Model

In this section, we lay out the intertemporal utilitarian problem that we aim to solve. Preliminary
calculations are presented that are helpful in finding a solution to the problem together with necessary

conditions for its existence.

3.1 The Optimization Problem

The economy is populated by a mass 1 of infinitively living representative households with the follow-
ing Stone-Geary intertemporal utility function

C c

U = / la-g -1 Lee P'dt, (1)
0 I-n

where ¢, is consumption per capita at time ¢, ¢ is the minimum subsistence level of consumption,

n >0 and p > 0 is the rate of time preference. L, = Lye™ is household size at time ¢ which is
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growing at rate n. We will refer to ¢; — ¢ as excess consumption in the sense that is taking place in
excess of a subsistence level c.

We consider a social planer to maximize households’ lifetime utility given the relevant budget
constraints. These constraints are given by the accumulation of reproducible physical capital, the
accumulation of human capital, and by the use of a non-renewable resource that is necessary for
production.

We assume that production is given by the aggregate Cobb-Douglas production technology
Y, = AK® (Hyu, L, )P RY, @)

where K; denotes the stock of physical capital and H; is the level of human capital. Each house-
hold member supplies inelastically one unit of raw labor of which the fraction u; is employed in final
goods production. Total effective labor input into final goods production is therefore Hyu,L,. R; is the
use and extraction of the resource. We assume constant returns to scale, i.e. &+ +7y =1, and
0 < a,B,y < 1. A denotes a constant level of total factor productivity. shows the potential of
long-run growth in case human and physical capital accumulation occurs fast enough to compensate
for the scarcity problem reflected by the presence of the non-renewable resource.

Physical capital is produced from foregone final output with unit productivity and depreciates at a
rate 8; > 0. The net increase in the stock of reproducible capital is therefore

oK;
ot
Human capital is accumulated by foregone labor supply in production of final output

:Kz:Yz—Ct—&Kt- 3)

H[ :B(I_MI)HI_&HH (4)

where B > 0 is a constant productivity parameter, 6, > 0 is the constant rate of depreciation of
human capital and (1 —u, ) is the fraction of labor supply not used in final goods production but spent
on learning and accumulating human capital.

Production requires the use of R; units of a non-renewable resource at time ¢. The stock S; of the

resource develops according to

St =—R (5)

The present value Hamiltonian for the representative household therefore reads as
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EEPAY S/ B |
C C
7 = %e_ptlzt A1 Y — oLy — 81 K] (6)

-7
+l2,t [B(l - Mt)Ht - 52Ht]

+2~3,t [_Rt] )

where A;;, i = 1,2,3 are the co-state variables associated with the constraints of the dynamic
problem. The first order conditions for a maximum read as

0.7
ac: = (Cl —_ Q)ineiptL[ — )leLt — O, (7)
2, : 2y,

— aK: — )Ll,l‘ = —A,IJTI(Z +A’1,l‘517 (8)

FG Y,

9% 22X a.H —0, ©)
aut ’ (9“1 ’
2, ; Y,

_ aH: — )vZ,t = —A]Jal_ltt _AQJB(I_MI)"FAZ,I&Z? (10)
94 oY; _
8R; - )LI’ITR,_)LBJ —O, (11)
0. ;

“os, = M=l "

The corresponding transversality conditions read as

llm A’I,IKI - 0, (1 3)
t—roo

llm AQJH[ — 0, (1 4)
t—ro0

t—ro0 :

3.2 Preliminary Calculations

Given the first order conditions, we now take the first steps in solving the model. The primary aim of
this section is to solve for the time paths of the stock variables K;, H; and S; as well as consumption
¢; and the co-states A;;, i = 1,2,3. This is necessary for pinning down the implications of the
transversality conditions (T3) through (5) for the initial values of the co-states. Additionally, some
results are derived that will prove to be useful in the remainder of our analysis.

We start in reverse order and note that directly impliest 13,, = 1370 where the latter is simply
the initial value for the resource’ shadow value.

Proceding with 127,, we find conditions @ and to imply
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2'l,tBAKzOC(Hl‘utLt)ﬁileyHtLt = Ay.BH,
Alﬂ'}/AKta(HtutL[)ﬁR;y*l — 137[.

From (8) and (T0) we know that

ﬁ«l,t = _)LI,I(XAK;X_I(HtutLt)ﬁRg/“‘Al,tala

AZJ = 72’1,IBAK[(X (HtutLt)ﬁ_lR;yutLt - AQJB(I - ut) + ).«271‘62.

Using (6) in (T9) gives

124 = —lz,zBMz - A27tB(1 - Mt) + l27z82 = _1271 (B - 52),

which directly implies

Aos = Ay e~ B2,

(20)

where /1270 is the initial value of the co-state variable lzJ attime r = 0. Itis this astonishing simple

time path for the evolution of human capital’s shadow price that allows for a closed form solution of
the above problem. takes such a simple form because human capital creation is linear in its own

stock given u, and is not directly depending on K;, S; or R;.

Solving for the path of A, is a bit more complex. Dividing both sides of by by each

other gives

R _vh
BH[M[ B 2137() ’

Rearranging and using yields
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Afl IBAK (HtutLt R = )’ZJBHIMN

ﬁA K[ * _ A2,[

BH[M[ BH[M[ Al,l

ﬁA< K, ) (Mm) Ay <L,>—ﬁ
BH,u; B A3 A \ B

- () i) ()
BHtMt B AltBA 3130 B
bt My Aao L\«
i (5) () G) =

At this point it is helpful to introduce additional variables that simplify the notation and are useful
to solve the model. Define

at (2
o - (3)

5}

=

]

o = -
II/ M
02— ¢
_ , 23
¢ * (23)
x = e ¥,
B(B—8&+n)+(1—a)d

V= o

We will elaborate on the economic intuition underlying ¢ a little bit further down below. At the
moment we note that while 7 runs from 0 to o, x; develops from 1 to 0. This property of the variable x;
will make it convenient to solve the model using the Gaussian hypergeometric function. With results
. and (22) at hand, we are now able to trace the behavior of the co-state A, , over time as

ll :“ is governed by a Bernoulli equation (see Appendix A at the end of the paper for details)

B 6]1‘ ﬂ % xt %
- () ()™

And thus, as a first intermediate result, we are able to trace per capita consumption over time by

using in
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Py,
¢ = cte A
L _(p 4 7(1701;)n X 7(1703)11
_ A e (n+n)t<‘l’1> ( ‘ ) . (25)
' (/) 1—Cx

paths the way to find a closed form for the development of the physical and human capital
stock. The physical capital stock K; behaves according to

. Hu L \P (R \"
Kl :YZ—C[L[—51K[ :KtA ] 7[ _CtLt_Sth.
K; K;

Making use of the relative factor intensities in (21), (22), the development of A, in and
L, = Lye™ gives

B Y B
K — a(Bfw\" (R BHu\T(LOT sk,
Kt BH[M[ K[ B
—B—y Y B
K; R, L,
— | K —01K; — ;L
(BH,M,> (BH,ut> (B) 1= ok —aly,
Y B o—1 y B
Aoy 1 YA\ ¢ (L ¢ Y A2s L
(Al,t BA> (B )v3,t B ﬁ 13’0 B t 188 — CrLy,

|
S

Q=

B Y B
A’ T a A’ T o L o —a
_ (Zf) (370) (’) T K- 8K —aly,
B Y B ’
B Y B
A Ta A To Lo\ @, e pB-5n)
= Aé< 2’0> ( 3’0> <0> Ae — 'K, — 8, K, — c;Loe™. (26)
B Y B ’

Inspecting the representation of 4, in (24) reveals that

B Y B
1 )Lz‘() Ta Q30 @ Lo\ ¥, L= BB-8ytn),
Ao [ —= : — | Ale @
B Y B ’
Ao\ E Ao\ ¥ (Lo @ 8 B s i(1-ws
() () () ey T,
B Y B ’

= (ot —1)] ¥ =[oux + @2(1-x)] "

Sl

We can now continue at with solving for the time path of K;

K = {(<p1x,+(p2(1_x[))—1_51 K; —cLoe™.



10 /B8 #1904 Bremen Papers on Economics & Innovation

Non-Renewable Resources in a Ramsey Economy with Subsistence HEHE

, , . . institute for
Consumption, Human and Physical Capital Accumulation: economic research

A Full Characterization and policy

This differential equation can be solved in a quite straightforward manner. To do so, we reformu-

late this differential equation by making use of into a standard text book form used for finding the

solution
K+ (K = g), (27)
with
fit) = =@ +e:0-x)" -8,
alt) = —(c—oLi—cL = A, e (T g — eIy, (28)

where —f(t) is the net return on physical capital at time 7. We denote the initial stock of capital
att = 0 by Ky. The solution to the differential equation is given by

t t t
K, = Koe—fofl (2)dz _|_/ g1 (Z)e_'fl h (S)dsdz. (29)
0

Building the integral fztfl (s)ds and using x, = e~ ¥* gives

t
—/fl(s)ds = —68(t—z) +/ Pre Vg (1—e )] ' ds

Z

e 1 01+ (e¥"—1)

= -4t Z)+1—aln[(p1+(p2 V1)

—1

SN PRSP B L 1 (30)
I-a (P1+(P2(xz 1)

Using (28), (30), (7) and (24) in (29) gives the stock of capital K; as (see Appendix B)

T T-a X T I«
K = K ot ﬂ t 31
-we(Q) (s o
st P “ran 1 x O\ e L UL (By ot —8i+ 3 —n) -1 o
—e @ M,o" 1—Cx ‘If/ Xz ! (1 —8x;)Tondxz
- t Xy
1
_&t Xy -a [ /1 v (g —n=8)-1 0
—e T c— | x 1—Cx;) Todx
(1_@) ) (1= {x) " Hadx,
with

Inspecting the derivations in , it can easily be verified that % is equal to the initial capital

productivity % at time t = 0. As will become clear further down below, é is equal to the capital
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productivity in steady-state as t — oo, i.e. lim; . % = % = é. { therefore measures the relative

distance of the limiting from the initial capital productivity. If it were by chance that { = 0, we would
encounter an economy that starts in steady-state right away. Unsurprisingly, the expressions in (31)
would simplify a great deal if this case prevails. As the first order conditions (7)), (9) and imply
Aip >0,i=1,2,3, we necessarily find § < 1.

Appendix B at the end of the paper demonstrates that the integrals in - as long as they
converge - can be evaluated using the Gaussian hypergeometric function »Fj (a, b;c;z) which has in
general the integral representation

2Fi(a,b;c;z) = I‘(b)rI‘((cc)—b)/ol N1 =) — ) . (32)

This integral representation is valid for R(c) > R(b) > 0 where R(-) denotes the real part of
the argument and T'(-) the Gamma function (Abramowitz and Stegun, 1964, 15.3.1). In general,
2Fi(a,b;c;z) defined as a Gauss series (Abramowitz and Stegun, 1964, 15.1.1) converges if |z| < 1.
It also converges if additionally R(c —b—a) > 0 for |z| <l andif =1 <R(c—b—a) <O0for |z| < 1
but z # 1. Comparing the integral on the right hand side of with the integrals in (31) reveals
that the present case can be seen as a special case with c —b —1 = 0 or equivalent c = b+ 1.
And hence, R(c) > R(b) holds. We will see shortly that R(b) > 0 poses no problem for the model’s
parametrization.

If we apply the representation to our problem, § will play the role of z. We already saw above
that § < 1 holds. If A ¢ is sufficiently small and/or A, ¢ or A3 o are sufficiently large, it might turn out
that { < —1. In this case, one has to take care about how to compute the integrals in or other
integrals of the same type that appear further down below. This is because the integral representation
(32) is an analytic continuation of the Gaussian hypergeometric function defined by a Gauss series
(Abramowitz and Stegun 1972, 15.3.1). Only for the restrictions on z and R(c — b — a) laid out above,
both are identical. In general, for z < —1 and R(c) > R(b) > 0, the integral exists but the Gauss
series that defines the hypergeometric function is not converging and, hence, it is not identical to the
integrals that we aim to compute. In such cases, it is necessary to use analytic continuation formulas
for 2 Fy(a,b;c;z) (see Abramowitz and Stegun 1972, 15.3.3 through 15.3.9)E]

We can therefore make use of

2Fi(a,b;b+1;z) = ;((:)Jlf(ll))/()ltb1(1—t)Cb1(1—zt)“dt
_ I+l ~a
= F(b)l“(l)/otb -y
1

2For a general discussion about this situation see Section 3.1 in Boucekkine and Ruiz-Tamarit (2008).
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where we applied the gamma function’s continuation I'(b+ 1) = bT'(b) and the fact that I'(1) = 1
(Abramowitz and Stegun, 1964, 6.1.15). Note that we need to keep in mind that z < —1 needs special
attention. Inspecting shows that we can apply this special case of the Gaussian hypergeometric
function to both integrals. Through a suitable change in the variable of integration, the integrals
ranging from x; to 1 can be split up into two separate integrals each running from 0 to 1 and each
representable by the hypergeometric function. K; is then given by

K, = Kpe O <‘Pl)_‘°‘ (1 —er> e
() Xt

(33)

: by
with
a=1"¢
T n(l-a)
p_1(p m-a l-ne 1\ _ a 1(1-a)p—n)+Mm-1)[BB-&)—ym]
bl_w(nJr(l—a)an o n>_1+1—an B(B—&+n)+(l—a)d
d2—1%>1,
7 1 6 n a B(B—&)—yn
hy=— LT

—a v v T aBB-6tn+0-0a)d

A few words on the admissible space for the model’s parameters might be in order at this point.
For the integrals in to converge and to be represented by the Gaussian hypergeometric function,
we need both, b; and b, to be strictly positive. As we will see further down below, dealing with finite
resources will impose even tighter restrictions. In particular, 131,132 > 1 will need to be satisfied. This
boils down in the two conditions

(I-a)(p—n)+(n-1)[B(B—8)—y] > 0, (34)
BB—6&)—m > 0. (35)

If at least one of the above conditions were not satisfied, we would witness an economy charac-
terized by parameters that don't allow for a proper solution to the problem. This could be either an
intertemporal utility that is unbounded or a production structure requiring infinite resources. As it is
reasonable to assume B — &, > 0, the above conditions imply in general that ¥ and n don’t need to
be too large and 11 doesn’t need to be too small.

Given the development of the physical capital stock in (33), it is now straightforward to infer the
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Non-Renewable Resources in a Ramsey Economy with Subsistence

time path of the human capital stock H; and resource use R;. We refer to Appendix C and D for the

details and report only the results here in the main text.

Ao T A 1
= et ( 3 ) IO{K L= 36
t ’ B 01 Ol//( ) (36)
_n-a_
-1 Tam 11
Ao <2> v2E, LoaFi(ar,byiby +1;8) (1 —x7")
n—o
-1 -an 1 1 B _ - o }
th @) Vi 1yl @B = 1B 10 = R @5 — 1 1)
1(b1 —

a1 ] L.
—c (‘Pl) ——L02F1(52,b2;b2+1;g)(1_x;l)

o\ 1 1 e _ - o )
o) Ph, o 1@ = bt Le) =X F (G0~ Liby - 1: :
C( > V(b —1) 0[2 1(@2,ba 2+ 1;8) =X 2 F (G2, by )+ sz)}

Effective human capital L, H;u; employed in final goods production is given by

Ao Loy o
x

o 8" 87)

LtHth = e[(B %) +n]t< 123 >
01 by = 7T .
X {Ko— <(p2> [2F1(al,b1,b1+1 $)—x 2F1(al,b1,b1+1,Cxt)}

P 11 [ P 3 -
— Lo bR (@2, Bos By +1:8) — X220 Fy (G, B By + 1 x} .
<(p2> lI/bzozl(zzz ¢) —x;*2F1(a2,ba;by +1;Cx;)
It is, of course, also possible to compute the propensity to spend labor into final production u; as
% with L, Hyu, given by 1i L; = Lye™ and H; given by .
Resource use R; is given by (see Appendix D)

Mo (A0 ' _
R = f(;") x ' {Ko (38)
5 [ ® Toen 11 e . 3 e
—Aio Ps EZTLO [2F1(al,b1;b1+1;g)—xt 2F1(al,b1;b1+1;cxz)}
i

1
Rl
—c <(pl> al;i o |2F (2, b2;02 +1;8) — X, 2 Fi(dp,by;by + 1, Cxt)}}

—

The only stock variable left is the stock of the resource S; = Sy — fé R,ds to which we turn now.
To do so, we need to integrate over R; given by (38) which leads to
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! Mo (Aao) !
/ Rds = ‘0(30) x (39)
Jo 01 Y
1 _
x {—ng [1—x7"]
AT (‘pl)“ogn L L oFi (@, buiby +1 O-x1
o — = Lo2r1(a1,01501 5 — X
N v2 b !
n-a

1 = = bi—1 ~ 7 7
Lo Fi@ By — 1By + 1:6) — X R (ay, By — 1By + 1: Cx
bl(blfl)Lo{z 1(ar, b 1 $)—x'" 2Fi(ar,b 1 Ct)}

==

— (0]} (I—a)n
o (@)

1

T 1 Lo -
+c <2> Vii]zLozFl(dz,bz;szrl;g) [1—x"]

</ -

1

¢ ) o] 1 I = S z

+cl| — —=—=L [QF](az,bz—l;bz—Fl;C)—x 2F1(a2,b2—1;b2+1;Cx)} .
(902 V2 by(by—1) ' '

This completes our preliminary calculations and we can proceed by solving for the initial conditions,

i.e. the initial values for the three co-state variables in the next section.

4 Solving the Model

To pin down a particular solution to our dynamic system that comprises the economy, we have to pin
down the initial values for the three co-state variables of the model. Given these initial values, we can
then proceed by tracing the full dynamics of the model’s variables.

4.1 Initial Co-States

Assuming given initial values for the three state variables, i.e. the stock of human and physical
capital together with the stock of the resource, the three transversality conditions through
are serving as the mathematical basis. Appendix D (derivation of equations [84} [87] and [89) at the
end of the paper shows that these conditions imply
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(40)

n-a_ e - 1 ..
Ky — Ly )LI_O% ((P1> o ok (@, by by + 1:6) Jrc<(P1) T 2k (d@2,b23b2 +1;C)
TP b by

7L20>1 Mo Lo |, <(P1>“n°‘o;” 1 -7 7
Hy = pica it i B IS A — L F ,bi —1;b1 +1; 41
’ < B R BN (b —1)° b i) s

1
T-a 1 - -
+e (q’l) 3 F (@2, by~ i+ 1:0) ¢
b

107) b, —1)
n-a
Ao 130)_] Lo |, -4 <(P1)<‘°‘>’7 1 s s
So = —|— — AT = —F by —1;b1+1; 42
Yo ( v ) v \e)  mE o bhrhe )
01 ra 1 - .
— —F br—1;by+1; .
+C<(p2> b2(b2_1)2 1 (@2, by 2+ C)}

The interpretation of this system of equations is straightforward. The left hand side gives the initial
endowment of the economy at time ¢ = 0 in terms of capital stocks and resources. The right hand
side gives the demand for initial endowments of the economy given that it follows an optimal behavior
in the sense of the above utilitarian criterion. This optimality based demand is reflected by the initial
co-states A1 9,20 and A3 9. We note that A, ¢ is contained - besides the model’s parameters - in ¢;.

Using the definition of ¢; from above (23) and dividing (41) by @2) gives

H A
Hy _Bho (43)
So ¥ Ay
It follows from the definitions of @, @» and § in (23) together with (43) that
Y B
Ao 1 (Ho\ T (L) T a
205 el it = “@(]1 () Ta. 44
o (2)" (%) "era-g (40
Using this again in the definition of ¢, gives
Y B
w2 (5) () e
—— T = A Ta|— — Fa (] — o, 45
(Pl 1270 SO B (pZ ( C) ( )

The results (3), (44) and (45) used in the system of transversality conditions (47) through (42)
give
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Ky

Hy

So

L - —a F(ay,b1;by+1;
O|:)‘10 (I—C)ﬁwz 1(d1, 161+ 9)
viv b

==

b4 B

1 (Ho\"™* (Lo ™ ;Lo Ly

A la (So) (B) @, " (1-0) ““Wx
1 a1 o

AT (1= )@ — o Fy(dy.by — 1:By + 1

{ 1o (1=2) BB = 1) 1(a1, b 1+ 1;4)
1 1 - -
+e(1-§)re ~(~1)2F1((72,b2—1;b2+1;é')},
S (by —

2
B
_a (Ho\ e Lo\ T L _1 L
A T-«a (S(?) <B> (pZI (I—C) l—a?gx

_1 n-a 1 = z
A, 0 1_C (-an ——— |} dl,b1—1;b1+1;c
{ 1,0 ( ) bl(bl_l) ( )
_.I_

c(1 —C)%‘” 1;2(1;21_1)21:1((72,52— 1,0 + I;C)}

+c(1 _C)ﬁ 2F1(52,l~72;l~72+1;§)

A (46)

(47)

(48)

Note that the system of reformulated transversality conditions (46) through (48) is now a system

in just two variables, i.e. { and A, o, that condenses the initial conditions 4;0,i = 1,2,3. We note

further that (48) together with (43) implies (7)), and hence, that is sufficient to concentrate either on

and or and in solving for § in place of 4,9,i = 1,2,3.

To arrive at a system of equations that summarizes initial conditions in only one variable, i.e. £,

we need to define some additional quantities. We split up each state variable, i.e. each capital stock,

into a component used to cover subsistence consumption and a second component available for

excess consumption. A solution can only exist if available stocks are able to cover both components.
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K = @Afoﬁ(l_c)(ﬁl:ﬁ2F1(671,b1;b1+1;C)
ll/ bl

)

by
L Fi (g A 1:
K, — KO——OQ(I—C)ﬁz 1(0271?2:1?2-1- ;6)
v by
= K- (1 gy 2fi@nbrb T 1) (49)
v bs
Ho\ ™ [Ly\ e _ 1 Ly, ! “a o Fy (a1, by — 1:by + 150)
Hf = A—ﬁ <0> () T —ﬁio)t*ﬁ 1— ooy 2 1(11,~1~— ;01 ;
0 SO B (p2 ( C) % 1,0 ( C) bl(bl_l)
Ho\ T [Lo\ T& _ 1 [y, 1 Fi(a1,bi — ;b1 +1;0)
_ 0\ g lo, 3 2£1(ar,01 — 1501 ;
— AT -0 - I—ail n 1— (T—a)n S ,
() " (5) "o gnd u-grin AT
H Hy—A"Ta <HO>]LZ(LO)1EX S T(1—g) T 1 C)%zFl(dz’Bz_l;Eﬁl;C)
g —_ —o B _— — - —C — - = =
Ho 0 So B & y2e ba(br— 1)
HoO\ T (Lo\ ™% 1 Ly +F (@2,bsr— 15y +1:0)
1 0\ (Lo ¢~z Lo 2r1(az2,00— 1,60+ 15
— Hy—ATa (22 =0 ] 72 , 50
mat () (5) et 0
n . (Hy ' Ly - f%Lo;L*% £y 2F1(@1,b1 — ;b + 150)
S, = A Ta | — — ¢ — 1— (T—em — : )
0 ( 0) <B> e o (1=6) bi(by—1)
. (Hy % Lo ' ~i Lo o2F(G2,br— 1;b,+ 150)
S, = So—A Ta | — — 7~ = ’ ’ . 51
=0 ’ <SO> (B> Pyt by(by—1) o1

These six quantities have a straightforward economic interpretation. K", HJ and Sg are the
parts of the initial capital stocks that are required to allow for future consumption in excess of c.
K,.Hy and S are the parts of the initial capital stocks left for excess consumption after covering the
needs for subsistence consumption.

Taking ratios gives

Y B ~ o~
K’ 0 (Hy\ T« [Lop\Te* L . - oF(a,bisbr +1;
70+ = ATa () ( 0, "y —1)(1-§)Ta ~( = = ¢) ,(52)
H0 So B 2F1(a1,b1*1;b1+1;€)
1 P A .
KO B Ko — LVOQO — C)ﬁ 2F1(da, 1%2 2 +1:8) 53)
H, B -1 (H = Lo\~ s ~Ta Ly 2Fi (@b 1ib +1;C)‘
HO—A T—a (ST())) (F) [ (pz I Wgz 1 252252_12)
n
In equilibrium, and have to equal each other, i.e. % = % We note that this defines one
- H

non-linear equation in { given initial values for Ky, Hy and Sy. Once a solution {* for this equation is
found, it will pin down the soltion A", through e.g. . This pins down 1], via . A3, can then
be computed via e.g. (43).
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Appendix F at the end of the paper proves that if a solution {* exists it is unique. The Appendix
further elaborates on the necessary conditions for such a solution to exist. Here, we focus on the
economic intuition behind these conditions. Basically, the conditions demand the initial capital stocks
Ky, Hy and Sy to be large enough to guarantee at least the subsistence level of consumption ¢ for all
times. Mathematically, we need

K0>0, §0>0and§0>0, (54)

where K, H, and S, are given by (49), and (51). If one of the initial stocks fails to satisfy
its condition, the problem has no solution at all. It is worth noting at this point that Hy and Sg, i.e. the
initial stocks of human and natural capital can be substituted against each other as long as both are
larger than zero. Multiplying by I;—g gives 50?—3 = H,,. This implies that if a solution exists, both,
Hy > 0and §, > 0 will be satisfied automatically (if no solution exists, both won'’t be satisfied). It is
therefore sufficient to focus e.g. on K, > 0 and H, > 0 to pin down the implications for a solution to
exist.

Appendix F at the end of the paper shows that any {* needs to satisfy { < {* < ¢ ¢ is alower
bound for {* that exactly satisfis K, = 0, i.e.

L @ 2Fy (G2, o3y + 1;
K = e <1 -¢ > ( = 9,
Any § < g would characterize a situation where the initial physical stock of capital is insufficiently
low to allow for subsistence consumption.

¢ is an upper bound for * that is implicitly defined by

N2 _ B e B
{=¢a Hy—A"Ta <HO> - <LO) h (P;ﬁﬁczFl (a2,1~92—~ Libat 1367 .
= So B v by(by—1)

Any § > f for 5 < 1 would characterize a situation in which initial human capital is not capable
of allowing for subsistence consumption. If 5 = 1, we encounter a situation in which initial human
capital is that large that it never can cause a scarcity problem to the economy.

Taken together, only for § > { we find the initial physical capital stock K sufficiently large to
cover subsistence consumption. And only for § < 5 the initial stocks of human and natural capital
are sufficient to do so It can easily be verified that ¢ — 0 implies g — —oo and 5 — 1. In case of
zero subsistence consumption a solution always exists. Once {* satisfying { < {* < { is found, the

*

initial co-states 7Ll-70, i=1,2,3 can be uniquely computed as explained above.

3The borderline case g =0*= f implies that the economy is in equilibrium right from the beginning at ¢ = 0.
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4.2 Dynamics

As we know that the transversality conditions pin down the solution (if it exists) uniquely, we can now
proceed by using the transversality conditions to trace the model’s variables over time starting at
t=0.

We already gave the consumption path in (25) which can now be rewritten by using the definition

of wandx, =e ¥ as

—(e4d __a e
¢ = Q—l—()tl*o)f%e ("+">I(I—C*) (T=a)n Kk , (55)
k 1 _ C*xt
_1 __a a [/3(3*52)*7'1]*(1*41)(0*"%
et () T T (1= ) e

As t — o and x; — 0 we find in the limit

c for [B(B—8)—yn]—(1-a)(p—n) <0,
: ct(Afp) " (1=¢7) em for [B(B—&)—yn]—(1—-a)(p—n)=0,
PG = et (Afg) (11— C7) T x (%9
B ho [B@-8y)-1]-(1-a)(pn) for [B(B—8)—yn]—(1—a)(p—n)>0.
limHooe (I=ajn = o0 X

Differentiating with respect to time gives the growth rate of consumption in excess of ¢ as
¢ 1 a y 5 (57)
c—c n\l—oal-{_ p=oj.

In the limit as t — o and x; — 0, the growth rate of excess consumption approaches

im— = L% 5
tlggc,—g N n<—(xw p 61)

It is obvious that the growth rate of excess consumption can be negative or positive, depending
on the model’s parameters and the economy’s position during adjustment. Negative growth rates
are likely to whenever {* is small and in particular if it is negative. This is straightforward as e.g. a
negative {* implies the economy initially to have a lower capital productivity compared with steady
state. This leads the economy to use parts of its initial physical capital stock for excess consump-
tion. As the capital stock declines this excess consumption has to be gradually reduced and, hence,
excess consumption declines in such a situation. In general, positive growth rates in excess con-
sumption are to be expected whenever the economy has a high capital productivity and the incentive
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for accumulating physical capital is high.

Whether excess consumption growth is positive in the limit depends on whether %qf— p—
01 > 0. Using the definition of y, it turns out that this is the case if [B(B—62) —yn] — (1 —
o)(p —n) > 0. The condition for the model's parameters implies after some manipulations
that [B(B—6,) —yn]|— (1 —o)(p —n) < n[B(B— &) — yn| where the right hand side needs to be
positive due to the second condition for the parameters (35). Therefore, we find that a positive, zero
or negative growth rate for excess consumption is possible in the limit.

(57) is nothing else than a Keynes-Ramsey rule for the case of non-zero subsistence consumption

as % 1—V§/*x, is equal to the gross rate of return to investments into physical capital as will be shown
further down below.

Turn to the dynamic behavior of the input factors to final goods production. We focus on per
capita values to eliminate the effects of pure population growth.

Using the preliminary result for the physical capital stock, the corresponding transversality
condition , L; = " Ly and the definition x, = e~ ¥ results in k; = % a

S

(1-a)(p—n)-[B(B-8y) ] . (Afo)

kk = e (T=ajn (I—C*x,) = Fi(ay,by;by +1; Cx;)

Il/ - by
lI/ b,

58)

The behavior of the physical capital stock is in general non-monotonic.
In the limit, # — o0 and x; — 0, lim,_,.. k; can behave in different ways depending on the models
parametersE]

Vi for [B(B—&)—yn]—(1—a)(p—n) <0,
-1 a 1
c Al ¥y T-am
| e for [B(B—8)— ] — (1—a)(p—n) =0,
limk, = 2 i L (59)
t—roo < (2,1*0) 77(1_{*2 lianx
Y Y e, O [BB=&) =y —(1=a)(p—n) >0,
lim; .. e (- )n = oo

\

Human capital employed in final goods production is H;u;. Using (37), the initial condition (45),
L =e"Ly, ¢ = 1*7“ and x; = e~ ¥, we find

1
H L A
qutzelya(B_Bﬁ”)tA_lla<S(?> <B°> ( " ) (1-¢%) Tak.  (60)

“4For the details see the derivation of equation in Appendix E.
SNote that » Fi (@,b; b+ 1;0) = 1.
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It is usefull to note that H, is the economy wide level of human capital from which each member
of the household benefits. As effective human capital in production depends linearly on k;, it shares
the non-monotonic behavior of the capital-labor ratio in general. Its behavior in the limit as t — oo is
to some extend different. As it's reasonable to assume that B — & +n > 0, we find H;u; to tend to
infinity in any case provided the condition for the model’s parameters is met. To see that note
that lim,_,..k; > O in all cases considered above. As eT- a (B—8tn) dominates 1 — {*x; for large ¢,
H,u, tends to infinity as t — oo.

Turning to the per capita resource use r; = %, using , and the initial condition gives

B
I-a LO
(3)

It is obvious that per capita resource use can behave non-monotonic as well. In the long

-« e 1
<> (1=C"x) ek, (61)

r= e*%(Bﬂsern)tA*ﬁ <HO> B
v

So

run as t — oo, % declines and approaches zero if condition 1» is met. This is true because

(1-a)(p—n)-[B(B-0y) -] (1-e)(p-n)+(n-D[B(B-8) ], (1-a) U’B 8y) =]
e‘%(B_‘SZ‘”’) Xe (1 ayn —e (T=a)n " where e~ (1 am !

is the function in time governing the behavior of lim; .., IL(—; From this last expression it is clear that
also R, -+ 0ast — oo,
Given the results and , we can now turn to per capita production y; = % next
't

L(I_C*Xt)ilkr (62)

o= Akl (H,ut)ﬁ ty:l—oc

The limiting behavior of per capita production can easily be derived by making use of the dynam-
ics of the per capita stock of physical capital given in (59)

(o for [B(B— &) —yn] — (1—a)(p—n) <0,
_1 a 1
e BT gy TRt
| Tont % SRR dor [B(B— &)~ ]~ (1-a)(p—n) =0,
llmyt = _1 a1 (63)
=300 c _‘_(11*.0) T(-gr) Tam %
o [BB=8) =)= (1= ) (p—m)>0.
im0 e e '~ o

Again, we observe three cases where only one is characterized by long-run positive growth.
From 1} we can infer also that physical capital productivity is given by 3 = (1=t
and the gross rate of return to physical capital is i; = aﬁ = 2 w(l - C*xt)*l. In the limit, yi —
= = @ and iy — = al[/ o 38 t — oo, It also becomes clear now that — is equal to the capltal
_ h v “1_ 1o _ 1
productivity at time 0. Evaluatlng 2)att =0 (xo = 1) gives 2 = —(1— C*) = @@1 = o

1-a
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Using the previous results, we find | human capital as[ﬂ

Y B 1
H, T—a L, T T« 1—« T Ta
H = B&pa <SO> (0> <> Lo X
0 B v

AN oeme 1 g aFi(a,bi — ;b1 +1;8x)
(i) - gy Al B i
v 1(br—1)
+C1xéz—lel(dz,bz—l;bz—i-l;C*xt)}
71/’2 ! by(by—1)

H; tend always to infinity as t — 0. This is because of the second term in curly brackets in (64).

It is easy to verify that eB—3)x02~1 = oG (B-8vtn

) Hence, human capital necessary to cover
subsistence consumption grows asymptotically at a positive rate. The first term in curly brackets
represents human capital necessary to cover excess consumption. This part of human capital might
tend to zero or infinity depending on the model’s parameters. The responsible term e(B*@)’xﬁ;‘_l =
o~ an (1= P —BB=&)—pl=pm(B-8+1} yon46 1o infinity as long as (1—a)(p—n)—[B(B—
02) — yn] < yn(B— 6, +n). If this condition is not met, this part of individual human capital tends to
zero. However, total individual human capital will always grow without bounds.

While H,; tends to infinity as t — oo, it is not surprising that S; will be depleted asymptotically

as this just reflects the transversality for the resource stock. S; can be found by using (39), the

transversality condition together with and

t
Sl = SO—/ des
0

1
0 (Ho\Te [Lo\Te [1—a\ T 1
= So—ATa (2 =0 e — L
e (5) T (5) (50 e

bi—1
1 o« X ~ ~
Afo) m (1= Tan L F(a;,by — ;b1 +1;*x 64
(Afp) m(1-87) bl(bl—l)z 1(dr, b 1 $x) (64)
xﬁ;z_l ~ -
dee b S F(dy, by — by + 1:C%%) |
sz(bz_l)z 1 (@2, by 2 ¢ x)

As the transversality conditions for the model parameters demand 51,52 > 1, we find the terms
inside brackets to shrink down to zero over time. Hence, lim;_....S; = 0.

Taken together, the expressions derived in this section are fully characterizing the solution of the
problem posed in the beginning of the paper. As such, these equations are fully characterizing the
unique saddle-path which is followed by the economy.

8For the details see the derivation of equation in Appendix E.
"Note that limy, .0 2Fi (a,b— 1;6+ 1;$*x) = b(b— 1) .
8For the details see the derivation of equation in Appendix E.
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Summarizing this section, we find that the economy might tend towards three possible states in
the long run. In case [B(B—6,) —yn] — (1 — a)(p —n) > 0, the economy grows in the long-run.
Consumption and production per capita grow without bound and tend to infinity. If [ (B — &,) — yn] —
(I —a)(p —n) <0, the economy is characterized by subsistence consumption and production per
capita; there is no long-run growth. By change and if it happens to be that [3(B— &) — yn] — (1 —
o)(p —n) =0, the economy is tending to a long-run zero growth scenarion in per capita consumption
and production above the subsistence level. Which case is relevant in a particular case is depending
on the parameters of the model. Below, we will calibrate the model to the situations of particular
countries and find some countries with zero and some with positive long-run growth. To highlight our
conclusions on growth, we focus on the economy’s steady-state growth in the next section.

4.3 Steady-State Growth

Up to now, we developed the representations of the model’s variables in levels. This section turns to
the steady state of our economy focusing on the growth rates of the model’s variables as time tends
to infinity. Obviously, the preceding section is helpful as only have to inspect the asymptotic behavior
of the variables’ levels as t — oo.

We already elaborated on the growth rate of per capita consumption in and the gross rate of
return on physical capital. Rearranging the results by using the definition of y gives

t o Ct_gi a o~
e = I (e a)
_ 0 for [B(B=&)—yn|—(1-a)(p—n)< (65)
B3 pi (1200 for [B(B—8)—yn] —(1—a)(p—n) >0

In case the model's parameters satisfy [(B — &) — yn] — (1 — a)(p —n) > 0, we observe per
capita to grow asymptotically in steady state at a constant positive rate. Consequently, % — 1 as
t — oo, If, however, [B(B — &) — yn] — (1 — a)(p —n) < 0 prevails, per capita consumption shrinks
towards zero growth over time. Comparing with the growth rate of per capita excess consumption
reveals differences. The latter grows asymptotically at a constant rate which might by smaller, equal
or greater than zero.

Looking at the parameter constellation responsible for the asymptotic growth rate of consumption
reveals that this is exactly the same condition qualifying for positive or zero long-run growth in the per
capita physical capital stock (see equation|59).

The rate of return on physical capital is given by
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l = _ = —
Pl t— dK, 1—-«
B— +(1-a)é
_ BB-bin (-0 -

which is positive in any case if B— 6, > 0.
Next, we turn to the asymptotic growth rate of the capital stocks. The dynamic behavior of k; is
given in (89). It is straightforward that the corresponding growth rate is given by

ﬂlfri};)(Tl’fa)(P*n) for [B(B—&)—yn]—(1—a)(p—n)>0. (67)

b { 0 for [B(B—8)—yn]—(1—a)(p—n) <0,
- [B(B—3,) (

Inspecting the behavior of H;u; and r; given by and and taking account of the production
function ¥, = AK? (LtH,u,)ﬁRty shows that the asymptotic growth rate of per capita production is
identical to the one for physical capital, limtﬁm% = im0 % This is the case because growth in
human capital and resource use in production exactly cancel in the limit. While H;u, grows in the
long-run, r; shrinks. In the limit, we find

. (Ht.ut) . By ke
ﬁtll)rg He — 1-a ——(B—&+n)+p hmk (68)
A ky
}/tlgg i a(B 0 +n) —|—}/hm i (69)

The source for this asymptotically positive rate of return can be found in the limiting behavior of
the human capital stock which grows without bound.

5 Calibration

This section utilizes the above findings to analyze the full adjustment path of the model economy
calibrated to the situation of different country groups. Given that we can pin down the initial condi-
tions for the solution of the problem, we can calibrate the model using recent World Bank data on
endowments with different types of capital.

5.1 Preliminaries

Before starting our calibration of the above model, some words on the units of measurement are in
order. As usual in theoretical models, all the quantities in our model are denominated in real units.
The data we are using in the below standing sections will be denominated in US $ of 2014. This
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requires us to transform all the model’s quantities into a common unit that we calibrate to match this
currency. Due to this, the implicit relative prices in the model become relevant.

From the maximization it is obvious that optimal relative prices are given by the ratios of the
Lagrange multipliers. The price of one unit of human capital H; in terms of physical capital at time
t is given by % and the corresponding resource’ relative price by % as A3, is constant over time.
We note further that in our model consumption ¢; and output y; carry the same units as the physical
capital stock k;.

Our calibration further down below will match a country’s actually realized output and stock of
reproducible capital per capita in the base year r = 0, i.e. J and ko, with the model’'s predicted
output at r = 0. From here on, we denote the currency denominated counterpart of model’s real
valued quantity X; by X;,. We chose the year 2014 as the base year and will trace the models
quantities thereafter. 2014 is chosen as the most recent data are available for 2014. The other
quantities of interest that we trace over time will be consumption ¢, resource use 7 = %r, and its
corresponding stock §; = %s, as well as the stock of human capital H = %H,.

Some additional calculations are required as we proceed here in a different way compared with
the model’s solution in Section[4] This is necessary as we don'’t calibrate on initial stocks alone but on
the available stocks together with matching countries’ actual output in the base year 2014. The latter
turns the solution of the model somehow upside down as we start by calibrating {* first by noting that
(see the discussion below equation [63)

e Yk
l1—ajo
Given {*, we have to solve for 7L1*o next. This is done by solving the transversality condition
which gives

Ay = (1//1?0 o1 gy 2@ baiba “C*)>ns ((1 _prydn 2P @bkt l;m>n .
’ by by
Note that this introduces the chosen currency units into the shadow price ;. With {* and A},
we are already able to trace consumption, the stock of reproducible capital and output over time by
using (55), and (62).
The remaining interesting quantities are 7, §; and H,. By using the development of r; , lLt

, the optimal ratio I;—g and the definition of ¢; we find

7 :AGJ]" :7,)/
! AL[Z I—OC

Using the development of S, , M’t , the optimal ratio I;—g and the definition of ¢; we
find

y(1—Cx )k
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Finally, using the development of H; (64), lzt )Ll, , the optimal ratio s and the
definition of ¢; delivers

o

- A TTa
H = 2tH, = e“s” B 1//( Al ) Lo %

A o
|:)t’10 % 1_ ) W%Xﬁ” ]2Fl(a],b1 ~1;b1+1;4xl)
v bi(by—1)
e 12F1(d2,02 — 1;b2+1;C*x,)]
> by(by—1)

We note that we don’t have to use an initial value for human capital in the transformed equations
on the variables’ optimal paths. This is not a deficit of the approach taken but simply a reflection of
the optimal ratio of glven in (43) that implies an initial stock of human capital given an initial stock
of resources. This can be see by rewriting 1.; as iz ?)FSI(? = Ig—g = %

Finally, we have to care about the existence of a solution to our problem. For this, we reformulate
conditions in nominal terms. Using the transversality conditions for K;, H; and S; given by (40),

and (42) together with the definition of 1 — {* gives

_ kK, Ko ¢ Fi(az,by;by +1;¢*
o= 0=t Lo pye2fi@bihtBE) (71
Ly L() Yy by
5. 8§ ¢ o« 2F\(d2,by — 1,0y +1;*
SO _ 20 _ l_ii(l_g*)WZ 1(a27~2~ 02+ ’C)>07 (72)
Lo Lo -« Yy bz(bz— l)
z dy B
= 7
ho LO ’}/So>0 (3)

ﬁo is a per capita value that is not to be interpreted as per capita human capital as human capital
is benefitting all household members as a positive externality. Rather, it shoud be interpreted as a
minimum investment per capita in human capital that should have been done (net of depreciation) in

the pastuptor = 0.
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5.2 Data on Initial Endowments

In the course of calibration, reasonable numbers for the initial stocks of natural resources and repro-
ducible capital have to be found. The World Bank (2018) provides estimates for stocks of produced,
natural and human capital up to 2014 in US $ at current prices. This is part of a quite comprehensive
cross country data base on what the World Bank terms “The Wealth of Nations”. We chose 2014 as
the starting year for our calibration in order to make use of the most recent data available.

Although it is clear that such a data base provides estimates only, the data are the best available
and can be of use for the present purpose Table[1]gives a summary of the data for 2014 in per capita
terms for income based groupings of countriesﬂ

World Bank data

no. prod. nat. capital nat. capital  net for. GNI
countries capital (incl. land)  (excl. land) assets
Low-income 24 1,967 6,421 1,236 -322 789
Lower-middle income 37 6,531 6,949 2,187 -650 2,035
Upper-middle income 36 28,527 18,960 8,339 -432 8,563
High-income (non-OECD) 15 59,069 80,104 74,243 14,005
High-income (OECD) 29 195,929 19,525 12,877  -5,464
High-income 44 166,438 32,579 26,100 -1269 43,351
World 141 44,760 5,841 8,810 -676 10,987

Table 1: Capital stocks and GNI per capita in 2014 US$

Note: World Bank (2018, Appendix B) estimates for stocks of different types of capital and net foreign assets per capita in 2014 US $.
High-income values are averaged values (weighted by population) for OECD and non-OECD high-income countries reported in World
Bank (2018, p. 233). Produced capital: machinery, equipment, structures, urban land; natural capital (incl. land): energy resources (oil,
natural gas, hard coal, lignite), mineral resources (bauxite, copper, gold, iron, lead, nickel, phosphate, silver, tin, zinc), timber resources,
nontimber forest resources, crop land, pasture land, protected areas. natural capital (excl. land): natural capital (incl. land) less of crop
land, pasture land, protected areas. Human capital estimated from expected presented value of labor income. Population in min. people.
GNI for 2014 in US $ taken from the World Bank data base https://data.worldbank.org/indicator/NY.GNP.PCAP.CD

Table [1] also contains data on the country groups’ net foreign assets. For calibration of initial
stocks of physical capital, we will add these to the stock of produced capital in order to arrive at the
capital which is actually owned by the economies. Consequently, we are investigating the domestic
economy which is motivated as our model above focuses on the closed economy.

Regarding natural capital, we will draw on the data on natural capital excluding land in our cal-
ibration. The reason for doing so will become clear further down below where we elaborate on the
models parameters. In case of resources, natural capital excluding land corresponds quite well with
other data used in calibration of the resources output elasticity.

The numbers in Table [1]| are reflecting country groups’ averages. However, our calibration can
be done for any single country where we have no missing values in the data base. World Bank
(2018) also provides us with estimates of the stock of human capital. However, we are not using
them in our calibration. The reasons for this are twofold. First, the World Bank data on human
capital don’t match with the model’s stock of human capital. The World Bank estimates the stocks

°Income groups according to the World Bank’s thresholds on countries GNI. Details are available from the World Bank's
permanent URL http://go.worldbank.org/L547EEP5CO.


https://data.worldbank.org/indicator/NY.GNP.PCAP.CD
http://go.worldbank.org/L547EEP5C0
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by computing an expected present value of labor income. Labor income in 2014 is thereby largely
determined by the labor share in GDP taken from the Penn World Tables (PWT, Feenstra et al.
2015). The expected present value is computed assuming the economy is in a steady-state where
growth is constantly exceeding the discount rate by 1.5% p.a. The expectation is reflecting countries
demographic characteristics regarding life expectancy. This concept is not reflecting our intention
of calibrating the model for economies potentially starting in the base year off the steady-state and
adjusting to a balanced growth path over time. Second, we don’t need to pick a value for initial human
capital as the nominal value of human capital is implicitly calibrated as explained in the preceding
section[[]

In addition to the data taken from World Bank (2018), we are using World Bank data on the
countries GNI for calibrating initial output. We chose for GNI instead of GDP following the argument
in Asheim and Buchholz (2004) who favor national income over domestic production in relation to
the DHSS model. Thus, we capture output produced using the production factors owned by the
economy. This squares well with correcting produced capital using the net foreign asset position of
the economies.

Besides the above World Bank data, we are drawing on the PWT 9.1@ as we need additional
information on countries’ labor share in GDP and the depreciation rate of physical capital. Further-
more, we are using additional World Bank data on mortality to calibrate human capital depreciation.
We postpone discussion of these data to the section where we elaborate on the model’s parameters.

5.3 Calibration Values Country Groups

Regarding households’ preferences, p, N, Lo, n and ¢ need to be specified. The rate of time pref-
erence is a parameter that is frequently calibrated. We feel that an extensive discussion on this
parameter’s value is not necessary. We will chose p = 0.03 which seems to be a common choice
also used in e.g. Benchekroun and Withagen (2011).

There exist some contributions to the literature that calibrate the type of Stone-Geary utility func-
tion that is used in the present context. Achury et al. (2012) calibrate an intertemporal utility function
identical to the present one in for the US and use n = ﬁ which is roughly equal to 4.3. They
refer to their choice of 11 as a standard choice in the portfolio literature. Ogaki et al. (1996) provide
estimates for % ranging from 0.569 up to 0.646 corresponding to 1) decreasing from about 1.68 down
to 1.55. Alavarez-Pelaez and Diaz (2005) are calibrating 1 in a range from 1.5 up to 2.5 in their
application of Stone-Geary preferences. Ravn et al. (2006, 2008) analyze the influence of subsis-

tence points such as subsistence consumption on the dynamics of macroeconomic development in

"ONote that we are unable to identify real human capital this way. For this we would require data on human capital
measured in terms of real output of the economy. Such data are unavailable to the best of our knowledge. We can only
trace human capital valued at its optimal price where real human capital and its price substitute with unitary elasticity (see

condition .

" Available at https://www.rug.nl/ggdc/productivity/pwt/!


https://www.rug.nl/ggdc/productivity/pwt/
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general. Despite this, their specification for intertemporal utility is in accordance with the present
situation. During calibration of their models they use a value of 2 for 1. Regarding the choices for 7,
we follow Ravn et al. (2006, 2008) with a value of 2. This is an intermediate value that is in between
what has been used in Alavarez-Pelaez and Diaz (2005) and Achury et al. (2012).

We are calibrating our model on a per capita basis and, hence, normalize Ly to 1. The population
growth rate n is taken from the World Bank. Its value across different groups of countries during 2014
together with the crude mortality rate across all age groups is given in Table [Z below. The mortality

rate will be used later on for calibrating human capital depreciation &, (see equation .

no. pop. crude resource rents’ | no. labor income’s | no. capital
countries  growth  mortality  share in GDP countries  share in GDP countries  depreciation
Low-income 34 2.6 0.9 12.57 15 51.30 24 4.99
Lower-middle income 47 1.5 0.8 5.57 26 52.87 34 4.58
Upper-middle income 56 0.8 0.7 5.83 37 47.94 35 5.00
High-income 79 0.6 0.8 2.00 55 52.79 44 4.40
World 216 1.2 0.8 3.38 133 51.29 137 4.70

Table 2: Demographics, GDP shares and Capital Depreciation 2014 in %

Note: Population growth and mortality in % p.a. from the World Bank's data base: https://data.worldbank.org/indicator/
SP.POP.GROW and https://data.worldbank.org/indicator/sp.dyn.cdrt.in. Averages of resource rents in % of
GDP calculated using data from https://data.worldbank.org/indicator/NY.GDP.TOTL.RT.ZS, Labor income share
and depreciation rates on physical capital averages computed using the Penn World Tables 9.1 (variable labsh and delta, https:
//www.rug.nl/ggdc/productivity/pwt/); country classification in accordance with the World Bank’s classification scheme
available athttps://datahelpdesk.worldbank.org/knowledgebase/articles/906519,

For the level of subsistence consumption ¢, we consider the poverty lines used be the World
bank[z] As of today, the threshold for extreme absolute poverty is set at 1.90 US $ at 2011 prices and
at PPP a day available to an individual for covering basic needs (Ferreira et al. 2016). By now, this is
considered to apply to low-income countries. The World Bank recently has introduced two additional
poverty lines applying to lower- and upper- middle-income countries at 3.20 US $ and 5.50 US §$ per
day at 2011 prices and PPP. For the calculation behind these numbers see Joliffe and Prydz (2016)
who furthermore provide an absolute poverty level for high-income countries at 21.70 US $ per day
at 2011 prices and PPP. We convert this numbers into yearly values at prices of 2014 in US $ using
the PPP exchange rate. This gives a poverty line of 1,833 (3,631; 3,793; 8,675) US $ using the PPP

exchange rate for low (lower-middle, upper-middle, high) income countriesE]

2yalues for subsistence consumption have also been proposed in Koulovatianos et al. (2007) and Atkeson and Ogaki
(1996) which have been used also in Achury et al. (2012) and Ogaki et al. (1996). These numbers, however, reflect very
specific countries which doesn’t seem to be in accordance with our analysis. Additionally, investigating poverty lines in this
context is interesting as they influences economic policy initiatives especially in low-income countries (see e.g. the United
Nation’s Sustainable Development Goal on poverty, https://www.un.org/sustainabledevelopment/).

3Price changes are taken account by using the implicit GDP deflator obtained by dividing the time series for GDP
at PPP valued at constant and current prices for low-income countries available at https://data.worldbank.
org/indicator/NY.GDP.PCAP.PP.KD and https://data.worldbank.org/indicator/NY.GDP.PCAP.
PP . CD. This results in a growth in prices of 5.34% between 2011 and 2014. PPP exchange rates are implemented by using
the implicit exchange rate between GNI per capita in 2014 in int. % (https://data.worldbank.org/indicator/
NY.GNP.PCAP.PP.CD) and current US $ (https://data.worldbank.org/indicator/NY.GNP.PCAP.CD).


https://data.worldbank.org/indicator/SP.POP.GROW
https://data.worldbank.org/indicator/SP.POP.GROW
https://data.worldbank.org/indicator/sp.dyn.cdrt.in
https://data.worldbank.org/indicator/NY.GDP.TOTL.RT.ZS
https://www.rug.nl/ggdc/productivity/pwt/
https://www.rug.nl/ggdc/productivity/pwt/
https://datahelpdesk.worldbank.org/knowledgebase/articles/906519
https://www.un.org/sustainabledevelopment/
https://data.worldbank.org/indicator/NY.GDP.PCAP.PP.KD
https://data.worldbank.org/indicator/NY.GDP.PCAP.PP.KD
https://data.worldbank.org/indicator/NY.GDP.PCAP.PP.CD
https://data.worldbank.org/indicator/NY.GDP.PCAP.PP.CD
https://data.worldbank.org/indicator/NY.GNP.PCAP.PP.CD
https://data.worldbank.org/indicator/NY.GNP.PCAP.PP.CD
https://data.worldbank.org/indicator/NY.GNP.PCAP.CD
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We turn now to the parameters governing production. The output elasticity ¥ of resource use
R; is, given the Cobb-Douglas production technology (2), set equal to the share of natural resource
rents in GDP. Data on this share is available from the World BankE‘] Table |2|provides a summary of
the data for different groups of countries classified according to the country’s level of income. It is
clearly visible that the resource dependence increases as income decreases. Resources seem to be
most important for the low-income countries.

We use the labor income share in GDP for calibrating the output elasticity of effective human
capital in production 3. Numbers for the labor income share in GDP in 2014 were taken from the Penn
World Tables 9.1 and are provided in Table[2] For the labor share we cannot observe a clear pattern
and observe values on average around 0.5 with only moderate variation Given the assumption
of constant returns to scale in production,  and 7, the capital’s share @ = 1 — § — v follows as a
remainder.

Produced capital published in World Bank (2018) and discussed above originates largely from
the Penn World Tables. It is estimated employing the perpetual inventory method using country and
capital good specific rates of depreciation. The country specific rates vary between 3 and 8% per
annum. Table 2| gives the average depreciation rates for the country groups under consideration.

Further, we need to find appropriate values for the parameters governing the creation of human
capital. Our specification (4) is similar to the specification originally proposed and calibrated by Lucas
(1988). In his specification, depreciation of human capital was excluded, i.e. 6, was set equal to zero.
Lucas (1988) calibrated B at a value of 0.05 which also has been used e.g. in Funke and Strulik
(2000). Chen and Funke (2013) used a somewhat higher value of 0.095 for a calibration concerning
the Chinese economy. We decided to use 0.05 as a conservative value that is not too optimistic about
human capital formation. Regarding &, we choose for the crude mortality rate across all age groups
as the unconditional probability for individual human capital ceasing to exist.

Table [3] summarizes our calibration scenario for the different country groups.

5.4 Calibration Results Country Groups

Proceeding as explained above and using the calibration values of the last section, we find that for
all country groups the parameter restrictions and are fulfilled. This means that the problem
is properly defined and a solution can potentially exist. The second question is then whether such a
solution actually exists, i.e. whether initial endowments with physical, natural and human capital are
sufficiently large enough (conditions and[73). If not, we would like to find out by how much

This results in an adjustment factor of 2.51 (2.95; 1.79; 1.04) for low (lower-middle, upper-middle, high) income countries.
4Data are available from the World Bank Data Base at https://data.worldbank.org/indicator/NY.GDP.TOTL.RT.ZS. For
the details on how the numbers are derived see World Bank (2011). Natural resources rents are the sum of oil, natural
gas, coal (hard and soft), mineral, and forest rents.
5The labor shares reported in Tableare low compared with e.g. the traditional % that is frequently used. See e.g. the
discussion in Karabarbounis and Neiman (2014) on the recently decreasing development of the labor income share.
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Yo ko So [ n p n
Low-income 1,980 3,953.1 2,970.2 304 2 0.03 0.026
Lower-middle income 6,001 17,482.5 6,501.3 414 2 0.03 0.015
Upper-middle income 15,358 50,474.3 14,981.5 1,177 2 0.03 0.008
High-income 45,327 173,039.0 27,344.0 7,964 2 0.03 0.006
Lo 1 B o) a B Y
Low-income 21.892 0.0499 0.05 0.009 0.3613 0.5130 0.1257
Lower-middle income