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We investigate the question on how to use a non-renewable resources efficiently in the presence

of a minimum subsistence level of consumption. In our model, households are characterized by

Stone-Geary preferences and output is Cobb-Douglas using physical and human capital as well

as resources as input factors. This setup gives rise to a six dimensional dynamic system with three

control and three state variables. Despite this complexity, it is shown that a closed form solution exists

in terms of the Gaussian hypergeometric function. The closed form solution allows us to calibrate the

model to the situation of 108 countries using data from the World Bank on countries’ endowments

with physical capital and natural resources. We are able to quantify the implications of observed

capital stocks for the growth perspective of each country. In particular, we analyze whether a level

of subsistence consumption equivalent to the World Bank’s poverty lines can be accomplished. Our

calibration results also shed some light on what has been termed the “resource curse”.
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1 Introduction

We consider the continuous time Dasgupta-Heal-Solow-Stiglitz (Dasgupta and Heal 1974, Solow

1974 and Stiglitz 1974, DHSS from here on) model extended to include human capital accumulation

besides the accumulation of reproducible physical capital. We do so by taking account of an addi-

tional human capital sector following the well known Uzawa-Lucas endogenous growth model (Uzawa

1965 and Lucas 1988) together with a non-renewable resource that is essential for production of final

output. Physical and human capital are subject to depreciation whereas population of the economy

grows at a constant exponential rate. The model is therefore an extension of a frequently used set-up

in resource economics where man-made capital and resource extraction are essential input factors

as in e.g. Mitra et al. (2013) and many others.

We solve the problem of a benevolent social planer that aims at maximizing a utilitarian criterion

reflecting CRRA preferences in consumption in excess of some subsistence level. As such, we in-

troduce Stone-Geary (Stone (1954) and Geary (1950)) type of preferences into a resource allocation

problem as in (Antony and Klarl 2019 a,b).

The model considered in this contribution is not completely new. It has been analyzed without

subsistence consumption together with further extensions by Schou (2000) which is based on the

contribution of Robson (1980). Their analysis, however, is restricted to an investigation of the steady

state growth behavior only. The novelty of our contribution is to offer a full characterization of the entire

unique saddle-path which the economy follows on its way towards its steady state. We offer a closed

form solution to a six dimensional problem with three control and three state variables. This closed

form can be found by making use of the integral representation of the Gaussian hypergeometric

function.

We contribute further to the existing literature in the following ways. First, we provide a technical

contribution regarding the use of special functions in analyzing economic dynamics. Second, we fully

analyze the global dynamics of an augmented DHSS model allowing for endogenous growth of the

Uzawa-Lucas type taking account of subsistence needs of households. Third, as we can derive the

global dynamics of the economy in optimum, we are able to identify the initial conditions required for

a solution of our problem to exist. Typically, complex dynamic problems are solved by linearizing the

dynamics of the economy around steady state which prevents one to identify the necessary initial

conditions for a solution to the problem to exist. These conditions are boiling down to the question

whether initial endowments with physical and human capital together with initial resource stocks are

sufficient to allow at least for realizing permanently the subsistence level consumption. As we can

pin-down these conditions, we can calibrate our model to the current situation of particular countries.

We do so by using data mainly from the Worldbank (2018) which allows us to assess the growth

perspective of 108 economies confronted with subsistence consumption defined by the World Bank’s

the poverty lines.

Our findings are as follows. Only 98 out of 108 countries are equipped with sufficient initial
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endowments with resources, physical and/or human capital. Low income countries do suffer in par-

ticular from insufficient endowments. We find further, that 91 out of these 98 economies qualify for

positive long-run growth while 7 converge to a zero growth scenario where households can just afford

minimum subsistence consumption. We quantify the deficits in the different stocks of capital for those

countries with initial endowments too low. Furthermore, we find a typical pattern in our calibration

results that are comparable to what is known as the “resource curse” and identify the underlying

mechanism that is relevant in our model set-up.

The plan of the paper is as follows. The next section reviews literature relevant to our contribution.

Section 3 lays out the economic problem that we aim to solve and Section 4 presents the solution and

elaborates on the solution’s existence properties. We provide a calibration of our model and discus

the results in Section 5. Finally, Section 6 concludes.

2 Review of Literature

Subsistence consumption, which enables individuals to meet their minimum basic needs of life, has

repeatedly discussed in an economic growth context. Two papers closely related to this one are

Steger (2000) and Strulik (2010). Both solve a utility maximization problem with Stone-Geary pref-

erences but with a standard AK-type production technology. Their models are nested in ours if one

is setting the output elasticity of the resource equal to zero and taking no account of human capital

accumulation. The general lesson we can learn from these studies is that the requirement of sub-

sistence consumption represents an important mechanism of β divergence. However, these settings

leave out the fact that many developing low income countries are resource rich (Barbier 2005), which

facing substantial development needs (see Araujo et al. 2016 and grow less rapidly Gaitan and Roe

2012).

Another strand of literature analyzing the DHSS framework sofar didn’t discuss the implication

of minimum consumption. The Cobb Douglas constant returns to scale production structure with re-

producible man-made capital and resource input has been employed by Benchekroun and Withagen

(2011), Asheim and Buchholz (2004) and others. Mitra et al. (2013) employ a general constant re-

turns to scale technology with reproducible man-made capital and resource input1. With the notable

extension of Antony and Klarl (2019, a,b), this strand of the literature however has completely left out

the possibility of a minimum subsistence level of consumption. Antony and Klarl (2019a) introduce

a minimum subsistence level of consumption in an utilitarian approach into the DHSS model without

capital depreciation and technical change while Antony and Klarl (2019b) allow for both.

Our approach is related to the nexus between resources on the one and growth as well as

development on the other hand. First, as inter alia argued by Collier et al. (2010) and van der Ploeg

and Venables (2011), because of human as well as physical capital scarcity, many resource rich

developing countries should use resource rent windfalls to speed up development by accumulating

1See Antony and Klarl (2019, a,b) for a more detailed review of this literature.
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capital. They argue that capital scarcity implies higher return on domestic capital. Hence, it might

be beneficial to invest in human and physical capital than investing abroad. Empirical findings in

Venables (2016) seem to suggest that this is not happening, however. We add to this literature

by asking the questions whether initial endowments with physical and human capital together with

initial resource stocks are sufficient to allow at least for realizing permanently the subsistence level

consumption. If not, we provide model predictions of the corresponding shortfalls.

Second, there is by now a considerable literature on what has been termed the “resource curse”.

The hypotheses dates back at least to Auty (1993) and Sachs and Warner (1995) and postulates that

we observe in general a negative relationship between resource dependence of countries and their

economic growth. Different arguments have been put forward which might be able to explain this

observation. One of them is related to the actual deficit in domestic investments in physical or human

capital. For a more detailed review of the literature and also opposing critical opinions see e.g. van

der Ploeg (2011) and Smith (2015). We also add to this literature as our model predicts some type

of resource curse via the transmission channel of physical and human capital accumulation.

From the technical point of view we add to the literature using special functions in solving dynamic

problems. This involves the Gaussian hypergeometric function which has been found to be useful by

other economists as well. Lucas type of models have been analyzed by Boucekkine and Ruiz-Tamarit

(2008), Boucekkine et al. (2008), Ruiz-Tamarit (2008) and Hiraguchi (2009). Guerrini (2010) uses

the Gaussian hypergeometric function to solve the problem of an AK Ramsey economy with logistic

population growth. Hiraguchi (2014) solves a Ramsey problem with leisure as one argument of the

utility function. Regarding problems related to environmental economics, Perez-Barahona (2011)

solve an AK Ramsey problem involving natural resources.

3 Subsistence Consumption in the DHSS Model

In this section, we lay out the intertemporal utilitarian problem that we aim to solve. Preliminary

calculations are presented that are helpful in finding a solution to the problem together with necessary

conditions for its existence.

3.1 The Optimization Problem

The economy is populated by a mass 1 of infinitively living representative households with the follow-

ing Stone-Geary intertemporal utility function

Ut =
∫

∞

0

(ct − c)1−η −1
1−η

Lte−ρtdt, (1)

where ct is consumption per capita at time t, c is the minimum subsistence level of consumption,

η > 0 and ρ > 0 is the rate of time preference. Lt = L0ent is household size at time t which is
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growing at rate n. We will refer to ct − c as excess consumption in the sense that is taking place in

excess of a subsistence level c.

We consider a social planer to maximize households’ lifetime utility given the relevant budget

constraints. These constraints are given by the accumulation of reproducible physical capital, the

accumulation of human capital, and by the use of a non-renewable resource that is necessary for

production.

We assume that production is given by the aggregate Cobb-Douglas production technology

Yt = AKα
t (HtutLt)

β Rγ

t , (2)

where Kt denotes the stock of physical capital and Ht is the level of human capital. Each house-

hold member supplies inelastically one unit of raw labor of which the fraction ut is employed in final

goods production. Total effective labor input into final goods production is therefore HtutLt . Rt is the

use and extraction of the resource. We assume constant returns to scale, i.e. α +β + γ = 1, and

0 < α,β ,γ < 1. A denotes a constant level of total factor productivity. (2) shows the potential of

long-run growth in case human and physical capital accumulation occurs fast enough to compensate

for the scarcity problem reflected by the presence of the non-renewable resource.

Physical capital is produced from foregone final output with unit productivity and depreciates at a

rate δ1 > 0. The net increase in the stock of reproducible capital is therefore

∂Kt

∂ t
= K̇t = Yt −Ct −δ1Kt . (3)

Human capital is accumulated by foregone labor supply in production of final output

Ḣt = B(1−ut)Ht −δ2Ht , (4)

where B > 0 is a constant productivity parameter, δ2 ≥ 0 is the constant rate of depreciation of

human capital and (1−ut) is the fraction of labor supply not used in final goods production but spent

on learning and accumulating human capital.

Production requires the use of Rt units of a non-renewable resource at time t. The stock St of the

resource develops according to

Ṡt =−Rt (5)

The present value Hamiltonian for the representative household therefore reads as
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Ht =
(ct − c)1−η −1

1−η
e−ρtLt +λ1,t [Yt − ctLt −δ1Kt ] (6)

+λ2,t [B(1−ut)Ht −δ2Ht ]

+λ3,t [−Rt ],

where λi,t , i = 1,2,3 are the co-state variables associated with the constraints of the dynamic

problem. The first order conditions for a maximum read as

∂Ht

∂ct
= (ct − c)−ηe−ρtLt −λ1,tLt = 0, (7)

−∂Ht

∂Kt
= λ̇1,t =−λ1,t

∂Yt

∂Kt
+λ1,tδ1, (8)

∂Ht

∂ut
= λ1,t

∂Yt

∂ut
−λ2,tBHt = 0, (9)

−∂Ht

∂Ht
= λ̇2,t =−λ1,t

∂Yt

∂Ht
−λ2,tB(1−ut)+λ2,tδ2, (10)

∂Ht

∂Rt
= λ1,t

∂Yt

∂Rt
−λ3,t = 0, (11)

−∂Ht

∂St
= λ̇3,t = 0. (12)

The corresponding transversality conditions read as

lim
t→∞

λ1,tKt = 0, (13)

lim
t→∞

λ2,tHt = 0, (14)

lim
t→∞

λ3,tSt = 0. (15)

3.2 Preliminary Calculations

Given the first order conditions, we now take the first steps in solving the model. The primary aim of

this section is to solve for the time paths of the stock variables Kt , Ht and St as well as consumption

ct and the co-states λi,t , i = 1,2,3. This is necessary for pinning down the implications of the

transversality conditions (13) through (15) for the initial values of the co-states. Additionally, some

results are derived that will prove to be useful in the remainder of our analysis.

We start in reverse order and note that (12) directly impliest λ3,t = λ3,0 where the latter is simply

the initial value for the resource’ shadow value.

Proceding with λ2,t , we find conditions (9) and (11 to imply
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λ1,tβAKα
t (HtutLt)

β−1Rγ

t HtLt = λ2,tBHt , (16)

λ1,tγAKα
t (HtutLt)

β Rγ−1
t = λ3,t . (17)

From (8) and (10) we know that

λ̇1,t = −λ1,tαAKα−1
t (HtutLt)

β Rγ

t +λ1,tδ1, (18)

λ̇2,t = −λ1,tβAKα
t (HtutLt)

β−1Rγ

t utLt −λ2,tB(1−ut)+λ2,tδ2. (19)

Using (16) in (19) gives

λ̇2,t =−λ2,tBut −λ2,tB(1−ut)+λ2,tδ2 =−λ2,t(B−δ2),

which directly implies

λ2,t = λ2,0e−(B−δ2)t , (20)

where λ2,0 is the initial value of the co-state variable λ2,t at time t = 0. It is this astonishing simple

time path for the evolution of human capital’s shadow price that allows for a closed form solution of

the above problem. (20) takes such a simple form because human capital creation is linear in its own

stock given ut and is not directly depending on Kt , St or Rt .

Solving for the path of λ1,t is a bit more complex. Dividing both sides of (16) by (17) by each

other gives

Rt

BHtut
=

γ

β

λ2,t

λ3,0
. (21)

Rearranging (16) and using (21) yields
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λ1,tβAKα
t (HtutLt)

β Rγ

t = λ2,tBHtut ,

βA
(

Kt

BHtut

)α( Rt

BHtut

)γ(Lt

B

)β

=
λ2,t

λ1,t

βA
(

Kt

BHtut

)α(
γ

β

λ2,t

λ3,0

)γ

=
λ2,t

λ1,t

(
Lt

B

)−β

Kt

BHtut
=

(
λ2,t

λ1,t

1
βA

) 1
α
(

γ

β

λ2,t

λ3,0

)− γ

α
(

Lt

B

)− β

α

= A−
1
α λ
− 1

α

1,t

(
λ2,t

β

) 1−γ

α
(

λ3,0

γ

) γ

α
(

Lt

B

)− β

α

(22)

At this point it is helpful to introduce additional variables that simplify the notation and are useful

to solve the model. Define

ϕ1 = A−
1
α λ

α−1
α

1,0

(
λ2,0

β

) β

α
(

λ3,0

γ

) γ

α
(

L0

B

)− β

α

,

ϕ2 =
1−α

ψ
,

ζ =
ϕ2−ϕ1

ϕ2
, (23)

xt = e−ψt ,

ψ =
β (B−δ2 +n)+(1−α)δ1

α
.

We will elaborate on the economic intuition underlying ζ a little bit further down below. At the

moment we note that while t runs from 0 to ∞, xt develops from 1 to 0. This property of the variable xt

will make it convenient to solve the model using the Gaussian hypergeometric function. With results

(18), (21) and (22) at hand, we are now able to trace the behavior of the co-state λ1,t over time as

λ
1− 1

α

1,t is governed by a Bernoulli equation (see Appendix A at the end of the paper for details)

λ1,t = λ1,0eδ1t
(

ϕ1

ϕ2

) α

1−α
(

xt

1−ζ xt

) α

1−α

. (24)

And thus, as a first intermediate result, we are able to trace per capita consumption over time by

using (24) in (7)
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ct = c+ e−
ρ

η
t
λ
− 1

η

1,t

= c+λ
− 1

η

1,0 e−
(

ρ

η
+

δ1
η

)
t
(

ϕ1

ϕ2

)− α

(1−α)η
(

xt

1−ζ xt

)− α

(1−α)η

. (25)

(25) paths the way to find a closed form for the development of the physical and human capital

stock. The physical capital stock Kt behaves according to

K̇t = Yt − ctLt −δ1Kt = KtA
(

HtutLt

Kt

)β (Rt

Kt

)γ

− ctLt −δ1Kt .

Making use of the relative factor intensities in (21), (22), the development of λ2,t in (20) and

Lt = L0ent gives

K̇t = A
(

BHtut

Kt

)β ( Rt

BHtut

BHtut

Kt

)γ(Lt

B

)β

Kt − ctLt −δ1Kt ,

= A
(

Kt

BHtut

)−β−γ( Rt

BHtut

)γ(Lt

B

)β

Kt −δ1Kt − ctLt ,

= A

(λ2,t

λ1,t

1
βA

) 1
α
(

γ

β

λ2,t

λ3,t

)− γ

α
(

Lt

B

)− β

α

α−1(
γ

β

λ2,t

λ3,0

)γ(Lt

B

)β

Kt −δ1Kt − ctLt ,

= A
1
α

(
λ2,t

β

)− β

α
(

λ3,0

γ

)− γ

α
(

Lt

B

) β

α

λ
1−α

α

1,t Kt −δ1Kt − ctLt ,

= A
1
α

(
λ2,0

β

)− β

α
(

λ3,0

γ

)− γ

α
(

L0

B

) β

α

λ
1−α

α

1,t e
β (B−δ2+n)

α
tKt −δ1Kt − ctL0ent . (26)

Inspecting the representation of λ1,t in (24) reveals that

A
1
α

(
λ2,0

β

)− β

α
(

λ3,0

γ

)− γ

α
(

L0

B

) β

α

λ
1−α

α

1,t e
β (B−δ2+n)

α
t

= A
1
α

(
λ2,0

β

)− β

α
(

λ3,0

γ

)− γ

α
(

L0

B

) β

α (
λ1,te−δ1t

) 1−α

α

e
β (B−δ2+n)+(1−α)δ1

α
t ,

=
[
ϕ1 +ϕ2(eψt −1)

]−1 eψt = [ϕ1xt +ϕ2(1− xt)]
−1 .

We can now continue at (26) with solving for the time path of Kt

K̇t =
[
(ϕ1xt +ϕ2(1− xt))

−1−δ1

]
Kt − ctL0ent .
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This differential equation can be solved in a quite straightforward manner. To do so, we reformu-

late this differential equation by making use of (25) into a standard text book form used for finding the

solution

K̇t + f1(t)Kt = g1(t), (27)

with

f1(t) = −
[
(ϕ1xt +ϕ2(1− xt))

−1−δ1

]
,

g1(t) = −(ct − c)Lt − cLt =−λ
− 1

η

1,t e−(
ρ

η
−n)tL0− centL0, (28)

where − f (t) is the net return on physical capital at time t. We denote the initial stock of capital

at t = 0 by K0. The solution to the differential equation (27) is given by

Kt = K0e−
∫ t

0 f1(z)dz +
∫ t

0
g1(z)e−

∫ t
z f1(s)dsdz. (29)

Building the integral
∫ t

z f1(s)ds and using xz = e−ψz gives

−
∫ t

z
f1(s)ds = −δ (t− z)+

∫ t

z

[
ϕ1e−ψs +ϕ2

(
1− e−ψs)]−1 ds

= −δ (t− z)+
1

1−α
ln
[

ϕ1 +ϕ2 (eψt −1)
ϕ1 +ϕ2 (eψz−1)

]
= −δ1(t− z)+

1
1−α

ln

[
ϕ1 +ϕ2

(
x−1

t −1
)

ϕ1 +ϕ2
(
x−1

z −1
)] . (30)

Using (28), (30), (7) and (24) in (29) gives the stock of capital Kt as (see Appendix B)

Kt = K0e−δ1t
(

ϕ1

ϕ2

)− 1
1−α
(

xt

1−ζ xt

)− 1
1−α

(31)

−e−δ1t
(

ϕ1

ϕ2

)− α

(1−α)η

λ
− 1

η

1,0

(
xt

1−ζ xt

)− 1
1−α L0

ψ

∫ 1

xt

x
1
ψ

(
ρ

η
+ψ

η−α

(1−α)η−δ1+
δ1
η
−n
)
−1

z (1−ζ xz)
α−η

(1−α)η dxz

−e−δ1t
(

xt

1−ζ xt

)− 1
1−α

c
L0

ψ

∫ 1

xt

x
1
ψ
( ψ

1−α
−n−δ1)−1

z (1−ζ xz)
− 1

1−α dxz

with

ζ =
ϕ2−ϕ1

ϕ2
=

1
ϕ1
− 1

ϕ2
1

ϕ1

.

Inspecting the derivations in (26), it can easily be verified that 1
ϕ1

is equal to the initial capital

productivity Y0
K0

at time t = 0. As will become clear further down below, 1
ϕ2

is equal to the capital
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productivity in steady-state as t→ ∞, i.e. limt→∞
Yt
Kt

= ψ

1−α
= 1

ϕ2
. ζ therefore measures the relative

distance of the limiting from the initial capital productivity. If it were by chance that ζ = 0, we would

encounter an economy that starts in steady-state right away. Unsurprisingly, the expressions in (31)

would simplify a great deal if this case prevails. As the first order conditions (7), (9) and (11) imply

λi,0 > 0, i = 1,2,3, we necessarily find ζ < 1.

Appendix B at the end of the paper demonstrates that the integrals in (31) - as long as they

converge - can be evaluated using the Gaussian hypergeometric function 2F1(a,b;c;z) which has in

general the integral representation

2F1(a,b;c;z) =
Γ (c)

Γ (b)Γ (c−b)

∫ 1

0
tb−1(1− t)c−b−1(1− zt)−adt. (32)

This integral representation is valid for R(c) > R(b) > 0 where R(·) denotes the real part of

the argument and Γ (·) the Gamma function (Abramowitz and Stegun, 1964, 15.3.1). In general,

2F1(a,b;c;z) defined as a Gauss series (Abramowitz and Stegun, 1964, 15.1.1) converges if |z|< 1.

It also converges if additionally R(c−b−a)> 0 for |z| ≤ 1 and if −1 < R(c−b−a)≤ 0 for |z| ≤ 1

but z 6= 1. Comparing the integral on the right hand side of (32) with the integrals in (31) reveals

that the present case can be seen as a special case with c− b− 1 = 0 or equivalent c = b+ 1.

And hence, R(c)> R(b) holds. We will see shortly that R(b)> 0 poses no problem for the model’s

parametrization.

If we apply the representation (32) to our problem, ζ will play the role of z. We already saw above

that ζ < 1 holds. If λ1,0 is sufficiently small and/or λ2,0 or λ3,0 are sufficiently large, it might turn out

that ζ ≤ −1. In this case, one has to take care about how to compute the integrals in (31) or other

integrals of the same type that appear further down below. This is because the integral representation

(32) is an analytic continuation of the Gaussian hypergeometric function defined by a Gauss series

(Abramowitz and Stegun 1972, 15.3.1). Only for the restrictions on z and R(c−b−a) laid out above,

both are identical. In general, for z≤−1 and R(c)> R(b)> 0 , the integral (32) exists but the Gauss

series that defines the hypergeometric function is not converging and, hence, it is not identical to the

integrals that we aim to compute. In such cases, it is necessary to use analytic continuation formulas

for 2F1(a,b;c;z) (see Abramowitz and Stegun 1972, 15.3.3 through 15.3.9).2

We can therefore make use of

2F1(a,b;b+1;z) =
Γ (b+1)
Γ (b)Γ (1)

∫ 1

0
tb−1(1− t)c−b−1(1− zt)−adt

=
Γ (b+1)
Γ (b)Γ (1)

∫ 1

0
tb−1(1− zt)−adt

= b
∫ 1

0
tb−1(1− zt)−adt,

2For a general discussion about this situation see Section 3.1 in Boucekkine and Ruiz-Tamarit (2008).
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where we applied the gamma function’s continuation Γ (b+1) = bΓ (b) and the fact that Γ (1) = 1

(Abramowitz and Stegun, 1964, 6.1.15). Note that we need to keep in mind that z≤−1 needs special

attention. Inspecting (31) shows that we can apply this special case of the Gaussian hypergeometric

function to both integrals. Through a suitable change in the variable of integration, the integrals

ranging from xt to 1 can be split up into two separate integrals each running from 0 to 1 and each

representable by the hypergeometric function. Kt is then given by

Kt = K0e−δ1t
(

ϕ1

ϕ2

)− 1
1−α
(

1−ζ xt

xt

) 1
1−α

(33)

−e−δ1t
λ
− 1

η

1,0

(
ϕ1

ϕ2

)− α

1−α

1
η
(

1−ζ xt

xt

) 1
1−α 1

ψ

1
b̃1

L0

[
2F1(ã1, b̃1; b̃1 +1;ζ )− xb̃1

t 2F1(ã1, b̃1; b̃1 +1;ζ xt)
]

−ce−δ1t
(

1−ζ xt

xt

) 1
1−α 1

ψ

1
b̃2

L0

[
2F1(ã2, b̃2; b̃2 +1;ζ )− xb̃2

t 2F1(ã2, b̃2; b̃2 +1;ζ xt)
]
,

with

ã1 =
η−α

η(1−α)
,

b̃1 =
1
ψ

(
ρ

η
+

η−α

(1−α)η
ψ +

1−η

η
δ1−n

)
= 1+

α

1−α

1
η

(1−α)(ρ−n)+(η−1) [β (B−δ2)− γn]
β (B−δ2 +n)+(1−α)δ1

ã2 =
1

1−α
> 1,

b̃2 =
1

1−α
− δ1

ψ
− n

ψ
= 1+

α

1−α

β (B−δ2)− γn
β (B−δ2 +n)+(1−α)δ1

.

A few words on the admissible space for the model’s parameters might be in order at this point.

For the integrals in (31) to converge and to be represented by the Gaussian hypergeometric function,

we need both, b̃1 and b̃2 to be strictly positive. As we will see further down below, dealing with finite

resources will impose even tighter restrictions. In particular, b̃1, b̃2 > 1 will need to be satisfied. This

boils down in the two conditions

(1−α)(ρ−n)+(η−1) [β (B−δ2)− γn] > 0, (34)

β (B−δ2)− γn > 0. (35)

If at least one of the above conditions were not satisfied, we would witness an economy charac-

terized by parameters that don’t allow for a proper solution to the problem. This could be either an

intertemporal utility that is unbounded or a production structure requiring infinite resources. As it is

reasonable to assume B− δ2 > 0, the above conditions imply in general that γ and n don’t need to

be too large and η doesn’t need to be too small.

Given the development of the physical capital stock in (33), it is now straightforward to infer the
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time path of the human capital stock Ht and resource use Rt . We refer to Appendix C and D for the

details and report only the results here in the main text.

Ht = e(B−δ2)tH0− e(B−δ2)t
(

λ2,0

β

)−1
λ1,0

ϕ1

{
K0

1
ψ
(1− x−1

t ) (36)

−λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1

L02F1(ã1, b̃1; b̃1 +1;ζ )(1− x−1
t )

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

L0

[
2F1(ã1, b̃1−1; b̃1 +1;ζ )− xb̃1−1

t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)
]

−c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1
b̃2

L02F1(ã2, b̃2; b̃2 +1;ζ )(1− x−1
t )

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
L0

[
2F1(ã2, b̃2−1; b̃2 +1;ζ )− xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)
]}

,

Effective human capital LtHtut employed in final goods production is given by

LtHtut = e[(B−δ2)+n]t
(

λ2,0

β

)−1
λ1,0

ϕ1

L0

B
x−1

t × (37)

×

{
K0−λ

− 1
η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ

1
b̃1

L0

[
2F1(ã1, b̃1; b̃1 +1;ζ )− xb̃1

t 2F1(ã1, b̃1; b̃1 +1;ζ xt)
]

−c
(

ϕ1

ϕ2

) 1
1−α 1

ψ

1
b̃2

L0

[
2F1(ã2, b̃2; b̃2 +1;ζ )− xb̃2

t 2F1(ã2, b̃2; b̃2 +1;ζ xt)
]}

.

It is, of course, also possible to compute the propensity to spend labor into final production ut as
Lt Ht ut
Lt Ht

with LtHtut given by (37), Lt = L0ent and Ht given by (36).

Resource use Rt is given by (see Appendix D)

Rt =
λ1,0

ϕ1

(
λ3,0

γ

)−1

x−1
t {K0 (38)

−λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ

1
b̃1

L0

[
2F1(ã1, b̃1; b̃1 +1;ζ )− xb̃1

t 2F1(ã1, b̃1; b̃1 +1;ζ xt)
]

−c
(

ϕ1

ϕ2

) 1
1−α 1

ψ

1
b̃2

L0

[
2F1(ã2, b̃2; b̃2 +1;ζ )− xb̃2

t 2F1(ã2, b̃2; b̃2 +1;ζ xt)
]}

.

The only stock variable left is the stock of the resource St = S0−
∫ t

0 Rsds to which we turn now.

To do so, we need to integrate over Rt given by (38) which leads to
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∫ t

0
Rsds =

λ1,0

ϕ1

(
λ3,0

γ

)−1

× (39)

×
{
−K0

1
ψ

[
1− x−1

t
]

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1

L02F1(ã1, b̃1; b̃1 +1;ζ )
[
1− x−1

t
]

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

L0

[
2F1(ã1, b̃1−1; b̃1 +1;ζ )− xb̃1−1

t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)
]

+c
(

ϕ1

ϕ2

) 1
1−α ζ

ψ2
1
b̃2

L02F1(ã2, b̃2; b̃2 +1;ζ )
[
1− x−1

t
]

+ c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
L0

[
2F1(ã2, b̃2−1; b̃2 +1;ζ )− xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)
]}

.

This completes our preliminary calculations and we can proceed by solving for the initial conditions,

i.e. the initial values for the three co-state variables in the next section.

4 Solving the Model

To pin down a particular solution to our dynamic system that comprises the economy, we have to pin

down the initial values for the three co-state variables of the model. Given these initial values, we can

then proceed by tracing the full dynamics of the model’s variables.

4.1 Initial Co-States

Assuming given initial values for the three state variables, i.e. the stock of human and physical

capital together with the stock of the resource, the three transversality conditions (13) through (15)

are serving as the mathematical basis. Appendix D (derivation of equations 84, 87 and 89) at the

end of the paper shows that these conditions imply
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K0 =
L0

ψ

[
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 2F1(ã1, b̃1; b̃1 +1;ζ )

b̃1
+ c
(

ϕ1

ϕ2

) 1
1−α 2F1(ã2, b̃2; b̃2 +1;ζ )

b̃2

]
(40)

H0 =

(
λ2,0

β

)−1
λ1,0

ϕ1

L0

ψ2

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
b̃1(b̃1−1)

2F1(ã1, b̃1−1; b̃1 +1;ζ ) (41)

+c
(

ϕ1

ϕ2

) 1
1−α 1

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ )

}
,

S0 =
λ1,0

ϕ1

(
λ3,0

γ

)−1 L0

ψ2

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
b̃1(b̃1−1)

2F1(ã1, b̃1−1; b̃1 +1;ζ ) (42)

+ c
(

ϕ1

ϕ2

) 1
1−α 1

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ )

}
.

The interpretation of this system of equations is straightforward. The left hand side gives the initial

endowment of the economy at time t = 0 in terms of capital stocks and resources. The right hand

side gives the demand for initial endowments of the economy given that it follows an optimal behavior

in the sense of the above utilitarian criterion. This optimality based demand is reflected by the initial

co-states λ1,0,λ2,0 and λ3,0. We note that λ1,0 is contained - besides the model’s parameters - in ϕ1.

Using the definition of ϕ1 from above (23) and dividing (41) by (42) gives

H0

S0
=

β

γ

λ3,0

λ2,0
. (43)

It follows from the definitions of ϕ1, ϕ2 and ζ in (23) together with (43) that

λ1,0

λ2,0
β = A−

1
1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− α

1−α

2 (1−ζ )−
α

1−α . (44)

Using this again in the definition of ϕ1 gives

λ1,0

ϕ1

β

λ2,0
= A−

1
1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2 (1−ζ )−
1

1−α . (45)

The results (43), (44) and (45) used in the system of transversality conditions (41) through (42)

give
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K0 =
L0

ψ

[
λ
− 1

η

1,0 (1−ζ )
η−α

(1−α)η
2F1(ã1, b̃1; b̃1 +1;ζ )

b̃1
+ c(1−ζ )

1
1−α

2F1(ã2, b̃2; b̃2 +1;ζ )

b̃2

]
(46)

H0 = A−
1

1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2 (1−ζ )−
1

1−α

L0

ψ2 ×{
λ
− 1

η

1,0 (1−ζ )
η−α

(1−α)η
1

b̃1(b̃1−1)
2F1(ã1, b̃1−1; b̃1 +1;ζ )

+c(1−ζ )
1

1−α
1

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ )

}
, (47)

S0 = A−
1

1−α

(
H0

S0

)− β

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2 (1−ζ )−
1

1−α

L0

ψ2 ×{
λ
− 1

η

1,0 (1−ζ )
η−α

(1−α)η
1

b̃1(b̃1−1)
2F1(ã1, b̃1−1; b̃1 +1;ζ )

+ c(1−ζ )
1

1−α
1

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ )

}
. (48)

Note that the system of reformulated transversality conditions (46) through (48) is now a system

in just two variables, i.e. ζ and λ1,0, that condenses the initial conditions λi,0, i = 1,2,3. We note

further that (48) together with (43) implies (47), and hence, that is sufficient to concentrate either on

(46) and (47) or (46) and (48) in solving for ζ in place of λi,0, i = 1,2,3.

To arrive at a system of equations that summarizes initial conditions in only one variable, i.e. ζ ,

we need to define some additional quantities. We split up each state variable, i.e. each capital stock,

into a component used to cover subsistence consumption and a second component available for

excess consumption. A solution can only exist if available stocks are able to cover both components.
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K+
0 =

L0

ψ
λ
− 1

η

1,0 (1−ζ )
η−α

(1−α)η
2F1(ã1, b̃1; b̃1 +1;ζ )

b̃1
,

K0 = K0−
L0

ψ
c(1−ζ )

1
1−α

2F1(ã2, b̃2; b̃2 +1;ζ )

b̃2

= K0−
L0

ψ
c(1−ζ )ã2 2F1(ã2, b̃2; b̃2 +1;ζ )

b̃2
, (49)

H+
0 = A−

1
1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2 (1−ζ )−
1

1−α

L0

ψ2 λ
− 1

η

1,0 (1−ζ )
η−α

(1−α)η
2F1(ã1, b̃1−1; b̃1 +1;ζ )

b̃1(b̃1−1)

= A−
1

1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2
L0

ψ2 λ
− 1

η

1,0 (1−ζ )
−α

(1−α)η
2F1(ã1, b̃1−1; b̃1 +1;ζ )

b̃1(b̃1−1)
,

H0 = H0−A−
1

1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2 (1−ζ )−
1

1−α

L0

ψ2 c(1−ζ )
1

1−α
2F1(ã2, b̃2−1; b̃2 +1;ζ )

b̃2(b̃2−1)

= H0−A−
1

1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2
L0

ψ2 c 2F1(ã2, b̃2−1; b̃2 +1;ζ )

b̃2(b̃2−1)
, (50)

S+0 = A−
1

1−α

(
H0

S0

)− β

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2
L0

ψ2 λ
− 1

η

1,0 (1−ζ )
−α

(1−α)η
2F1(ã1, b̃1−1; b̃1 +1;ζ )

b̃1(b̃1−1)
,

S0 = S0−A−
1

1−α

(
H0

S0

)− β

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2
L0

ψ2 c 2F1(ã2, b̃2−1; b̃2 +1;ζ )

b̃2(b̃2−1)
. (51)

These six quantities have a straightforward economic interpretation. K+
0 , H+

0 and S+0 are the

parts of the initial capital stocks that are required to allow for future consumption in excess of c.

K0,H0 and S0 are the parts of the initial capital stocks left for excess consumption after covering the

needs for subsistence consumption.

Taking ratios gives

K+
0

H+
0

= A
1

1−α

(
H0

S0

)− γ

1−α
(

L0

B

) β

1−α

ϕ

1
1−α

2 ψ(b̃1−1)(1−ζ )
1

1−α
2F1(ã1, b̃1; b̃1 +1;ζ )

2F1(ã1, b̃1−1; b̃1 +1;ζ )
,(52)

K0

H0
=

K0− L0
ψ

c(1−ζ )
1

1−α 2F1(ã2,b̃2;b̃2+1;ζ )
b̃2

H0−A−
1

1−α

(
H0
S0

) γ

1−α (L0
B

)− β

1−α
ϕ
− 1

1−α

2
L0
ψ2 c 2F1(ã2,b̃2−1;b̃2+1;ζ )

b̃2(b̃2−1)

. (53)

In equilibrium, (52) and (53) have to equal each other, i.e.
K+

0
H+

0
= K0

H0
. We note that this defines one

non-linear equation in ζ given initial values for K0, H0 and S0. Once a solution ζ ∗ for this equation is

found, it will pin down the soltion λ ∗1,0 through e.g. (46). This pins down λ ∗2,0 via (44). λ ∗3,0 can then

be computed via e.g. (43).
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Appendix F at the end of the paper proves that if a solution ζ ∗ exists it is unique. The Appendix

further elaborates on the necessary conditions for such a solution to exist. Here, we focus on the

economic intuition behind these conditions. Basically, the conditions demand the initial capital stocks

K0, H0 and S0 to be large enough to guarantee at least the subsistence level of consumption c for all

times. Mathematically, we need

K0 > 0, H0 > 0 and S0 > 0, (54)

where K0, H0 and S0 are given by (49), (50) and (51). If one of the initial stocks fails to satisfy

its condition, the problem has no solution at all. It is worth noting at this point that H0 and S0, i.e. the

initial stocks of human and natural capital can be substituted against each other as long as both are

larger than zero. Multiplying (51) by H0
S0

gives S0
H0
S0

= H0. This implies that if a solution exists, both,

H0 > 0 and S0 > 0 will be satisfied automatically (if no solution exists, both won’t be satisfied). It is

therefore sufficient to focus e.g. on K0 > 0 and H0 > 0 to pin down the implications for a solution to

exist.

Appendix F at the end of the paper shows that any ζ ∗ needs to satisfy ζ < ζ ∗ < ζ̄ . ζ is a lower

bound for ζ ∗ that exactly satisfis K0 = 0, i.e.

K0 =
L0

ψ
c
(

1−ζ

)ã2 2F1(ã2, b̃2; b̃2 +1;ζ )

b̃2
.

Any ζ < ζ would characterize a situation where the initial physical stock of capital is insufficiently

low to allow for subsistence consumption.

ζ̄ is an upper bound for ζ ∗ that is implicitly defined by

ζ̄ =ζ ∗≤1

∣∣∣∣∣∣H0−A−
1

1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2
L0

ψ2 c 2F1(ã2, b̃2−1; b̃2 +1;ζ ∗)

b̃2(b̃2−1)

∣∣∣∣∣∣ .
Any ζ > ζ̄ for ζ̄ < 1 would characterize a situation in which initial human capital is not capable

of allowing for subsistence consumption. If ζ̄ = 1, we encounter a situation in which initial human

capital is that large that it never can cause a scarcity problem to the economy.

Taken together, only for ζ > ζ we find the initial physical capital stock K0 sufficiently large to

cover subsistence consumption. And only for ζ < ζ̄ , the initial stocks of human and natural capital

are sufficient to do so.3 It can easily be verified that c→ 0 implies ζ →−∞ and ζ̄ → 1. In case of

zero subsistence consumption a solution always exists. Once ζ ∗ satisfying ζ < ζ ∗ < ζ̄ is found, the

initial co-states λ ∗i,0, i = 1,2,3 can be uniquely computed as explained above.

3The borderline case ζ = ζ ∗ = ζ̄ implies that the economy is in equilibrium right from the beginning at t = 0.
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4.2 Dynamics

As we know that the transversality conditions pin down the solution (if it exists) uniquely, we can now

proceed by using the transversality conditions to trace the model’s variables over time starting at

t = 0.

We already gave the consumption path in (25) which can now be rewritten by using the definition

of ψ and xt = e−ψt as

ct = c+(λ ∗1,0)
− 1

η e−
(

ρ

η
+

δ1
η

)
t
(1−ζ

∗)
− α

(1−α)η

(
xt

1−ζ ∗xt

)− α

(1−α)η

, (55)

= c+(λ ∗1,0)
− 1

η (1−ζ
∗)
− α

(1−α)η (1−ζ
∗xt)

α

(1−α)η e
[β (B−δ2)−γn]−(1−α)(ρ−n)

(1−α)η t

As t→ ∞ and xt → 0 we find in the limit

lim
t→∞

ct =


c for [β (B−δ2)− γn]− (1−α)(ρ−n)< 0,

c+(λ ∗1,0)
− 1

η (1−ζ ∗)
− α

(1−α)η for [β (B−δ2)− γn]− (1−α)(ρ−n) = 0,

c+(λ ∗1,0)
− 1

η (1−ζ ∗)
− α

(1−α)η ×
for [β (B−δ2)− γn]− (1−α)(ρ−n)> 0.

limt→∞ e
[β (B−δ2)−γn]−(1−α)(ρ−n)

(1−α)η t
= ∞ .

(56)

Differentiating (55) with respect to time gives the growth rate of consumption in excess of c as

ċt

ct − c
=

1
η

(
α

1−α

ψ

1−ζ ∗xt
−ρ−δ1

)
. (57)

In the limit as t→ ∞ and xt → 0, the growth rate of excess consumption approaches

lim
t→∞

ċt

ct − c
=

1
η

(
α

1−α
ψ−ρ−δ1

)
=

[β (B−δ2)− γn]− (1−α)(ρ−n)
(1−α)η

.

It is obvious that the growth rate of excess consumption can be negative or positive, depending

on the model’s parameters and the economy’s position during adjustment. Negative growth rates

are likely to whenever ζ ∗ is small and in particular if it is negative. This is straightforward as e.g. a

negative ζ ∗ implies the economy initially to have a lower capital productivity compared with steady

state. This leads the economy to use parts of its initial physical capital stock for excess consump-

tion. As the capital stock declines this excess consumption has to be gradually reduced and, hence,

excess consumption declines in such a situation. In general, positive growth rates in excess con-

sumption are to be expected whenever the economy has a high capital productivity and the incentive
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for accumulating physical capital is high.

Whether excess consumption growth is positive in the limit depends on whether α

1−α
ψ − ρ −

δ1 > 0. Using the definition of ψ , it turns out that this is the case if [β (B−δ2)− γn]− (1−
α)(ρ − n) > 0. The condition for the model’s parameters (34) implies after some manipulations

that [β (B−δ2)− γn]− (1−α)(ρ−n)< η [β (B−δ2)− γn] where the right hand side needs to be

positive due to the second condition for the parameters (35). Therefore, we find that a positive, zero

or negative growth rate for excess consumption is possible in the limit.

(57) is nothing else than a Keynes-Ramsey rule for the case of non-zero subsistence consumption

as α

1−α

ψ

1−ζ ∗xt
is equal to the gross rate of return to investments into physical capital as will be shown

further down below.

Turn to the dynamic behavior of the input factors to final goods production. We focus on per

capita values to eliminate the effects of pure population growth.

Using the preliminary result (33) for the physical capital stock, the corresponding transversality

condition (46), Lt = entL0 and the definition xt = e−ψt results in kt =
Kt
Lt

as4

kt = e−
(1−α)(ρ−n)−[β (B−δ2)−γn]

(1−α)η t
(1−ζ

∗xt)
1

1−α

(λ ∗1,0)
− 1

η

ψ
(1−ζ

∗)−
α

1−α

1
η

2F1(ã1, b̃1; b̃1 +1;ζ ∗xt)

b̃1
(58)

+(1−ζ
∗xt)

1
1−α

c
ψ

2F1(ã2, b̃2; b̃2 +1;ζ ∗xt)

b̃2
.

The behavior of the physical capital stock is in general non-monotonic.

In the limit, t→ ∞ and xt → 0, limt→∞ kt can behave in different ways depending on the models

parameters5

lim
t→∞

kt =



c
ψ b̃2

for [β (B−δ2)− γn]− (1−α)(ρ−n)< 0,

c
ψ b̃2

+
(λ ∗1,0)

− 1
η

ψ

(1−ζ ∗)
− α

1−α
1
η

b̃1
for [β (B−δ2)− γn]− (1−α)(ρ−n) = 0,

c
ψ b̃2

+
(λ ∗1,0)

− 1
η

ψ

(1−ζ ∗)
− α

1−α
1
η

b̃1
×

for [β (B−δ2)− γn]− (1−α)(ρ−n)> 0.
limt→∞ e

[β (B−δ2)−γn]−(1−α)(ρ−n)
(1−α)η t

= ∞

(59)

Human capital employed in final goods production is Htut . Using (37), the initial condition (45),

Lt = entL0, ϕ2 =
1−α

ψ
and xt = e−ψt , we find

Htut = e
γ

1−α
(B−δ2+n)tA−

1
1−α

(
H0

S0

) γ

1−α
(

L0

B

) γ

1−α
(

1−α

ψ

)− 1
1−α

(1−ζ
∗xt)

− 1
1−α kt . (60)

4For the details see the derivation of equation (85) in Appendix E.
5Note that 2F1(ã, b̃; b̃+1;0) = 1.
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It is usefull to note that Ht is the economy wide level of human capital from which each member

of the household benefits. As effective human capital in production depends linearly on kt , it shares

the non-monotonic behavior of the capital-labor ratio in general. Its behavior in the limit as t → ∞ is

to some extend different. As it’s reasonable to assume that B− δ2 + n > 0, we find Htut to tend to

infinity in any case provided the condition for the model’s parameters (34) is met. To see that note

that limt→∞ kt > 0 in all cases considered above. As e
γ

1−α
(B−δ2+n)t dominates 1− ζ ∗xt for large t,

Htut tends to infinity as t→ ∞.

Turning to the per capita resource use rt =
Rt
Lt

, using (38), (60) and the initial condition (43) gives

rt = e−
β

1−α
(B−δ2+n)tA−

1
1−α

(
H0

S0

)− β

1−α
(

L0

B

)− β

1−α
(

1−α

ψ

)− 1
1−α

(1−ζ
∗xt)

− 1
1−α kt (61)

It is obvious that per capita resource use can behave non-monotonic as well. In the long

run as t → ∞, Rt
Lt

declines and approaches zero if condition (34) is met. This is true because

e−
β

1−α
(B−δ2+n)t × e−

(1−α)(ρ−n)−[β (B−δ2)−γn]
(1−α)η t

= e−
(1−α)(ρ−n)+(η−1)[β (B−δ2)−γn]

(1−α)η t−nt where e−
(1−α)(ρ−n)−[β (B−δ2)−γn]

(1−α)η t

is the function in time governing the behavior of limt→∞
Kt
Lt

. From this last expression it is clear that

also Rt → 0 as t→ ∞.

Given the results (60) and (61), we can now turn to per capita production yt =
Yt
Lt

next

yt = Akα
t (Htut)

β rγ

t =
ψ

1−α
(1−ζ

∗xt)
−1kt . (62)

The limiting behavior of per capita production can easily be derived by making use of the dynam-

ics of the per capita stock of physical capital given in (59)

lim
t→∞

yt =



c
(1−α)b̃2

for [β (B−δ2)− γn]− (1−α)(ρ−n)< 0,

c
(1−α)b̃2

+
(λ ∗1,0)

− 1
η

1−α

(1−ζ ∗)
− α

1−α
1
η

b̃1
for [β (B−δ2)− γn]− (1−α)(ρ−n) = 0,

c
(1−α)b̃2

+
(λ ∗1,0)

− 1
η

1−α

(1−ζ ∗)
− α

1−α
1
η

b̃1
×

for [β (B−δ2)− γn]− (1−α)(ρ−n)> 0.
limt→∞ e

[β (B−δ2)−γn]−(1−α)(ρ−n)
(1−α)η t

= ∞

(63)

Again, we observe three cases where only one is characterized by long-run positive growth.

From (62), we can infer also that physical capital productivity is given by yt
kt
= ψ

1−α
(1− ζ ∗xt)

−1

and the gross rate of return to physical capital is it = α
Yt
Kt

= α

1−α
ψ(1− ζ ∗xt)

−1. In the limit, yt
kt
→

ψ

1−α
= 1

ϕ2
and it → α

1−α
ψ = α

ϕ2
as t→ ∞. It also becomes clear now that 1

ϕ1
is equal to the capital

productivity at time 0. Evaluating (62) at t = 0 (x0 = 1) gives Y0
K0

= ψ

1−α
(1−ζ ∗)−1 = 1

ϕ2

ϕ1
ϕ2

= 1
ϕ1

.
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Using the previous results, we find l human capital as6

Ht = e(B−δ2)tA−
1

1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α
(

1−α

ψ

)− 1
1−α

L0×[
(λ ∗1,0)

− 1
η (1−ζ

∗)
− α

(1−α)η
1

ψ2 xb̃1−1
t

2F1(ã1, b̃1−1; b̃1 +1;ζ ∗xt)

b̃1(b̃1−1)

+c
1

ψ2 xb̃2−1
t

2F1(ã2, b̃2−1; b̃2 +1;ζ ∗xt)

b̃2(b̃2−1)

]
.

Ht tend always to infinity as t→ ∞. This is because of the second term in curly brackets in (64).

It is easy to verify that e(B−δ2)txb̃2−1
t = e

γ

1−α
(B−δ2+n)t .7 Hence, human capital necessary to cover

subsistence consumption grows asymptotically at a positive rate. The first term in curly brackets

represents human capital necessary to cover excess consumption. This part of human capital might

tend to zero or infinity depending on the model’s parameters. The responsible term e(B−δ2)txb̃1−1
t =

e−
1

(1−α)η {(1−α)(ρ−n)−[β (B−δ2)−γn]−γη(B−δ2+n)}t tends to infinity as long as (1−α)(ρ − n)− [β (B−
δ2)− γn]< γη(B−δ2 +n). If this condition is not met, this part of individual human capital tends to

zero. However, total individual human capital will always grow without bounds.

While Ht tends to infinity as t → ∞, it is not surprising that St will be depleted asymptotically

as this just reflects the transversality for the resource stock. St can be found by using (39), the

transversality condition (46) together with (44) and (45)8

St = S0−
∫ t

0
Rsds

= S0−A−
1

1−α

(
H0

S0

) −β

1−α
(

L0

B

) −β

1−α
(

1−α

ψ

)− 1
1−α 1

ψ2 L0×[
(λ ∗1,0)

− 1
η (1−ζ

∗)
− α

(1−α)η
xb̃1−1

t

b̃1(b̃1−1)
2F1(ã1, b̃1−1; b̃1 +1;ζ

∗xt) (64)

+c
xb̃2−1

t

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ

∗xt)

]
.

As the transversality conditions for the model parameters demand b̃1, b̃2 > 1, we find the terms

inside brackets to shrink down to zero over time. Hence, limt→∞ St = 0.

Taken together, the expressions derived in this section are fully characterizing the solution of the

problem posed in the beginning of the paper. As such, these equations are fully characterizing the

unique saddle-path which is followed by the economy.

6For the details see the derivation of equation (90) in Appendix E.
7Note that limxt→0 2F1(a,b−1;b+1;ζ ∗xt) = b(b−1) 1

6 .
8For the details see the derivation of equation (88) in Appendix E.
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Summarizing this section, we find that the economy might tend towards three possible states in

the long run. In case [β (B−δ2)− γn]− (1−α)(ρ − n) > 0, the economy grows in the long-run.

Consumption and production per capita grow without bound and tend to infinity. If [β (B−δ2)− γn]−
(1−α)(ρ−n) < 0, the economy is characterized by subsistence consumption and production per

capita; there is no long-run growth. By change and if it happens to be that [β (B−δ2)− γn]− (1−
α)(ρ−n) = 0, the economy is tending to a long-run zero growth scenarion in per capita consumption

and production above the subsistence level. Which case is relevant in a particular case is depending

on the parameters of the model. Below, we will calibrate the model to the situations of particular

countries and find some countries with zero and some with positive long-run growth. To highlight our

conclusions on growth, we focus on the economy’s steady-state growth in the next section.

4.3 Steady-State Growth

Up to now, we developed the representations of the model’s variables in levels. This section turns to

the steady state of our economy focusing on the growth rates of the model’s variables as time tends

to infinity. Obviously, the preceding section is helpful as only have to inspect the asymptotic behavior

of the variables’ levels as t→ ∞.

We already elaborated on the growth rate of per capita consumption in (57) and the gross rate of

return on physical capital. Rearranging the results by using the definition of ψ gives

lim
t→∞

ċt

ct
= lim

t→∞

ct − c
ct

1
η

(
α

1−α
ψ−ρ−δ1

)
,

=

{
0 for [β (B−δ2)− γn]− (1−α)(ρ−n)≤ 0

[β (B−δ2)−γn]−(1−α)(ρ−n)
(1−α)η for [β (B−δ2)− γn]− (1−α)(ρ−n)> 0

.(65)

In case the model’s parameters satisfy [β (B−δ2)− γn]− (1−α)(ρ−n)> 0, we observe per

capita to grow asymptotically in steady state at a constant positive rate. Consequently, ct−c
ct
→ 1 as

t→ ∞. If, however, [β (B−δ2)− γn]− (1−α)(ρ−n)≤ 0 prevails, per capita consumption shrinks

towards zero growth over time. Comparing with the growth rate of per capita excess consumption

reveals differences. The latter grows asymptotically at a constant rate which might by smaller, equal

or greater than zero.

Looking at the parameter constellation responsible for the asymptotic growth rate of consumption

reveals that this is exactly the same condition qualifying for positive or zero long-run growth in the per

capita physical capital stock (see equation 59).

The rate of return on physical capital is given by
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lim
t→∞

it = lim
t→∞

∂Yt

∂Kt
=

α

1−α
ψ

=
β (B−δ2 +n)+(1−α)δ1

1−α
, (66)

which is positive in any case if B−δ2 > 0.

Next, we turn to the asymptotic growth rate of the capital stocks. The dynamic behavior of kt is

given in (59). It is straightforward that the corresponding growth rate is given by

lim
t→∞

k̇t

kt
=

{
0 for [β (B−δ2)− γn]− (1−α)(ρ−n)≤ 0,

[β (B−δ2)−γn]−(1−α)(ρ−n)
(1−α)η for [β (B−δ2)− γn]− (1−α)(ρ−n)> 0.

(67)

Inspecting the behavior of Htut and rt given by (60) and (61) and taking account of the production

function Yt = AKα
t (LtHtut)

β Rγ

t shows that the asymptotic growth rate of per capita production is

identical to the one for physical capital, limt→∞
k̇t
kt
= limt→∞

ẏt
yt

. This is the case because growth in

human capital and resource use in production exactly cancel in the limit. While Htut grows in the

long-run, rt shrinks. In the limit, we find

β lim
t→∞

˙(Htut)

Htut
=

βγ

1−α
(B−δ2 +n)+β lim

t→∞

k̇t

kt
, (68)

γ lim
t→∞

ṙt

rt
= − βγ

1−α
(B−δ2 +n)+ γ lim

t→∞

k̇t

kt
. (69)

The source for this asymptotically positive rate of return can be found in the limiting behavior of

the human capital stock which grows without bound.

5 Calibration

This section utilizes the above findings to analyze the full adjustment path of the model economy

calibrated to the situation of different country groups. Given that we can pin down the initial condi-

tions for the solution of the problem, we can calibrate the model using recent World Bank data on

endowments with different types of capital.

5.1 Preliminaries

Before starting our calibration of the above model, some words on the units of measurement are in

order. As usual in theoretical models, all the quantities in our model are denominated in real units.

The data we are using in the below standing sections will be denominated in US $ of 2014. This
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requires us to transform all the model’s quantities into a common unit that we calibrate to match this

currency. Due to this, the implicit relative prices in the model become relevant.

From the maximization it is obvious that optimal relative prices are given by the ratios of the

Lagrange multipliers. The price of one unit of human capital Ht in terms of physical capital at time

t is given by λ2,t
λ1,t

and the corresponding resource’ relative price by λ3,0
λ1,t

as λ3,t is constant over time.

We note further that in our model consumption ct and output yt carry the same units as the physical

capital stock kt .

Our calibration further down below will match a country’s actually realized output and stock of

reproducible capital per capita in the base year t = 0, i.e. ỹ0 and k̃0, with the model’s predicted

output at t = 0. From here on, we denote the currency denominated counterpart of model’s real

valued quantity Xt by X̃t . We chose the year 2014 as the base year and will trace the models

quantities thereafter. 2014 is chosen as the most recent data are available for 2014. The other

quantities of interest that we trace over time will be consumption c̃t , resource use r̃t =
λ3,t
λ1,t

rt and its

corresponding stock s̃t =
λ3,t
λ1,t

st as well as the stock of human capital H̃t =
λ2,t
λ1,t

Ht .

Some additional calculations are required as we proceed here in a different way compared with

the model’s solution in Section 4. This is necessary as we don’t calibrate on initial stocks alone but on

the available stocks together with matching countries’ actual output in the base year 2014. The latter

turns the solution of the model somehow upside down as we start by calibrating ζ ∗ first by noting that

(see the discussion below equation 63)

1−ζ
∗ =

ψ

1−α

k̃0

ỹ0
.

Given ζ ∗, we have to solve for λ ∗1,0 next. This is done by solving the transversality condition (46)

which gives

λ
∗
1,0 =

(
ψK̃0− c̃(1−ζ

∗)
1

1−α
2F1(ã2, b̃2; b̃2 +1;ζ ∗)

b̃2

)−η

s
(
(1−ζ

∗)
η−α

(1−α)η
2F1(ã1, b̃1; b̃1 +1;ζ ∗)

b̃1

)η

.

Note that this introduces the chosen currency units into the shadow price λ ∗1,0. With ζ ∗ and λ ∗1,0
we are already able to trace consumption, the stock of reproducible capital and output over time by

using (55), (58) and (62).

The remaining interesting quantities are r̃t , s̃t and H̃t . By using the development of rt (61), λ1,t

(24), the optimal ratio H0
S0

(43) and the definition of ϕ1 we find

r̃t =
λ3,t

λ1,t
rt =

γ

1−α
ψ(1−ζ

∗xt)k̃t .

Using the development of St (64), λ1,t (24), the optimal ratio H0
S0

(43) and the definition of ϕ1 we

find
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s̃t =
λ3,t

λ1,t

St

Lt
=

S̃0

L0
e−(δ1+n)t(1−ζ

∗)−
α

1−α

(
xt

1−ζ ∗xt

)− α

1−α

− γ

1−α

1
ψ

e−nt ×[
(λ ∗1,0)

− 1
η (1−ζ

∗)
− α

(1−α)η
xb̃1−1

t

b̃1(b̃1−1)
2F1(ã1, b̃1−1; b̃1 +1;ζ

∗xt) (70)

+c̃
xb̃2−1

t

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ

∗xt)

]
.

Finally, using the development of Ht (64), λ2,t (20), λ1,t (24), the optimal ratio H0
S0

(43) and the

definition of ϕ1 delivers

H̃t =
λ2,t

λ1,t
Ht = e−δ1t β

1−α
ψ

(
xt

1−ζ ∗xt

)− α

1−α

L0×[
(λ ∗1,0)

− 1
η (1−ζ

∗)
− α

(1−α)η
1

ψ2 xb̃1−1
t

2F1(ã1, b̃1−1; b̃1 +1;ζ ∗xt)

b̃1(b̃1−1)

+c̃
1

ψ2 xb̃2−1
t

2F1(ã2, b̃2−1; b̃2 +1;ζ ∗xt)

b̃2(b̃2−1)

]
.

We note that we don’t have to use an initial value for human capital in the transformed equations

on the variables’ optimal paths. This is not a deficit of the approach taken but simply a reflection of

the optimal ratio of H0
S0

given in (43) that implies an initial stock of human capital given an initial stock

of resources. This can be see by rewriting (43) as λ2,0H0
λ3,0S0

= H̃0
S̃0

= β

γ
.

Finally, we have to care about the existence of a solution to our problem. For this, we reformulate

conditions (54) in nominal terms. Using the transversality conditions for Kt , Ht and St given by (40),

(41) and (42) together with the definition of 1−ζ ∗ gives

k̃0 =
K̃0

L0
=

K̃0

L0
− c̃

ψ
(1−ζ

∗)
1

1−α
2F1(ã2, b̃2; b̃2 +1;ζ ∗)

b̃2
> 0, (71)

s̃0 =
S̃0

L0
=

S̃0

L0
− γ

1−α

c̃
ψ
(1−ζ

∗)
α

1−α
2F1(ã2, b̃2−1; b̃2 +1;ζ ∗)

b̃2(b̃2−1)
> 0, (72)

h̃0 =
H̃0

L0
=

β

γ
s̃0 > 0. (73)

h̃0 is a per capita value that is not to be interpreted as per capita human capital as human capital

is benefitting all household members as a positive externality. Rather, it shoud be interpreted as a

minimum investment per capita in human capital that should have been done (net of depreciation) in

the past up to t = 0.
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5.2 Data on Initial Endowments

In the course of calibration, reasonable numbers for the initial stocks of natural resources and repro-

ducible capital have to be found. The World Bank (2018) provides estimates for stocks of produced,

natural and human capital up to 2014 in US $ at current prices. This is part of a quite comprehensive

cross country data base on what the World Bank terms “The Wealth of Nations”. We chose 2014 as

the starting year for our calibration in order to make use of the most recent data available.

Although it is clear that such a data base provides estimates only, the data are the best available

and can be of use for the present purpose Table 1 gives a summary of the data for 2014 in per capita

terms for income based groupings of countries.9

World Bank data

no. prod. nat. capital nat. capital net for. GNI
countries capital (incl. land) (excl. land) assets

Low-income 24 1,967 6,421 1,236 -322 789
Lower-middle income 37 6,531 6,949 2,187 -650 2,035
Upper-middle income 36 28,527 18,960 8,339 -432 8,563
High-income (non-OECD) 15 59,069 80,104 74,243 14,005
High-income (OECD) 29 195,929 19,525 12,877 -5,464
High-income 44 166,438 32,579 26,100 -1269 43,351
World 141 44,760 5,841 8,810 -676 10,987

Table 1: Capital stocks and GNI per capita in 2014 US$
Note: World Bank (2018, Appendix B) estimates for stocks of different types of capital and net foreign assets per capita in 2014 US $.
High-income values are averaged values (weighted by population) for OECD and non-OECD high-income countries reported in World
Bank (2018, p. 233). Produced capital: machinery, equipment, structures, urban land; natural capital (incl. land): energy resources (oil,
natural gas, hard coal, lignite), mineral resources (bauxite, copper, gold, iron, lead, nickel, phosphate, silver, tin, zinc), timber resources,
nontimber forest resources, crop land, pasture land, protected areas. natural capital (excl. land): natural capital (incl. land) less of crop
land, pasture land, protected areas. Human capital estimated from expected presented value of labor income. Population in mln. people.
GNI for 2014 in US $ taken from the World Bank data base https://data.worldbank.org/indicator/NY.GNP.PCAP.CD

Table 1 also contains data on the country groups’ net foreign assets. For calibration of initial

stocks of physical capital, we will add these to the stock of produced capital in order to arrive at the

capital which is actually owned by the economies. Consequently, we are investigating the domestic

economy which is motivated as our model above focuses on the closed economy.

Regarding natural capital, we will draw on the data on natural capital excluding land in our cal-

ibration. The reason for doing so will become clear further down below where we elaborate on the

models parameters. In case of resources, natural capital excluding land corresponds quite well with

other data used in calibration of the resources output elasticity.

The numbers in Table 1 are reflecting country groups’ averages. However, our calibration can

be done for any single country where we have no missing values in the data base. World Bank

(2018) also provides us with estimates of the stock of human capital. However, we are not using

them in our calibration. The reasons for this are twofold. First, the World Bank data on human

capital don’t match with the model’s stock of human capital. The World Bank estimates the stocks

9Income groups according to the World Bank’s thresholds on countries GNI. Details are available from the World Bank’s
permanent URL http://go.worldbank.org/L547EEP5C0.

https://data.worldbank.org/indicator/NY.GNP.PCAP.CD
http://go.worldbank.org/L547EEP5C0
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by computing an expected present value of labor income. Labor income in 2014 is thereby largely

determined by the labor share in GDP taken from the Penn World Tables (PWT, Feenstra et al.

2015). The expected present value is computed assuming the economy is in a steady-state where

growth is constantly exceeding the discount rate by 1.5% p.a. The expectation is reflecting countries

demographic characteristics regarding life expectancy. This concept is not reflecting our intention

of calibrating the model for economies potentially starting in the base year off the steady-state and

adjusting to a balanced growth path over time. Second, we don’t need to pick a value for initial human

capital as the nominal value of human capital is implicitly calibrated as explained in the preceding

section.10

In addition to the data taken from World Bank (2018), we are using World Bank data on the

countries GNI for calibrating initial output. We chose for GNI instead of GDP following the argument

in Asheim and Buchholz (2004) who favor national income over domestic production in relation to

the DHSS model. Thus, we capture output produced using the production factors owned by the

economy. This squares well with correcting produced capital using the net foreign asset position of

the economies.

Besides the above World Bank data, we are drawing on the PWT 9.111 as we need additional

information on countries’ labor share in GDP and the depreciation rate of physical capital. Further-

more, we are using additional World Bank data on mortality to calibrate human capital depreciation.

We postpone discussion of these data to the section where we elaborate on the model’s parameters.

5.3 Calibration Values Country Groups

Regarding households’ preferences, ρ , η , L0, n and c need to be specified. The rate of time pref-

erence is a parameter that is frequently calibrated. We feel that an extensive discussion on this

parameter’s value is not necessary. We will chose ρ = 0.03 which seems to be a common choice

also used in e.g. Benchekroun and Withagen (2011).

There exist some contributions to the literature that calibrate the type of Stone-Geary utility func-

tion that is used in the present context. Achury et al. (2012) calibrate an intertemporal utility function

identical to the present one in (1) for the US and use η = 1
0.23 which is roughly equal to 4.3. They

refer to their choice of η as a standard choice in the portfolio literature. Ogaki et al. (1996) provide

estimates for 1
η

ranging from 0.569 up to 0.646 corresponding to η decreasing from about 1.68 down

to 1.55. Alavarez-Pelaez and Diaz (2005) are calibrating η in a range from 1.5 up to 2.5 in their

application of Stone-Geary preferences. Ravn et al. (2006, 2008) analyze the influence of subsis-

tence points such as subsistence consumption on the dynamics of macroeconomic development in

10Note that we are unable to identify real human capital this way. For this we would require data on human capital
measured in terms of real output of the economy. Such data are unavailable to the best of our knowledge. We can only
trace human capital valued at its optimal price where real human capital and its price substitute with unitary elasticity (see
condition 43).

11Available at https://www.rug.nl/ggdc/productivity/pwt/.

https://www.rug.nl/ggdc/productivity/pwt/


#1904 Bremen Papers on Economics & Innovation

Non-Renewable Resources in a Ramsey Economy with Subsistence
Consumption, Human and Physical Capital Accumulation:
A Full Characterization

29 / 58

general. Despite this, their specification for intertemporal utility is in accordance with the present

situation. During calibration of their models they use a value of 2 for η . Regarding the choices for η ,

we follow Ravn et al. (2006, 2008) with a value of 2. This is an intermediate value that is in between

what has been used in Alavarez-Pelaez and Diaz (2005) and Achury et al. (2012).

We are calibrating our model on a per capita basis and, hence, normalize L0 to 1. The population

growth rate n is taken from the World Bank. Its value across different groups of countries during 2014

together with the crude mortality rate across all age groups is given in Table 2 below. The mortality

rate will be used later on for calibrating human capital depreciation δ2 (see equation 4).

no. pop. crude resource rents’ no. labor income’s no. capital
countries growth mortality share in GDP countries share in GDP countries depreciation

Low-income 34 2.6 0.9 12.57 15 51.30 24 4.99
Lower-middle income 47 1.5 0.8 5.57 26 52.87 34 4.58
Upper-middle income 56 0.8 0.7 5.83 37 47.94 35 5.00
High-income 79 0.6 0.8 2.00 55 52.79 44 4.40
World 216 1.2 0.8 3.38 133 51.29 137 4.70

Table 2: Demographics, GDP shares and Capital Depreciation 2014 in %
Note: Population growth and mortality in % p.a. from the World Bank’s data base: https://data.worldbank.org/indicator/
SP.POP.GROW and https://data.worldbank.org/indicator/sp.dyn.cdrt.in. Averages of resource rents in % of
GDP calculated using data from https://data.worldbank.org/indicator/NY.GDP.TOTL.RT.ZS. Labor income share
and depreciation rates on physical capital averages computed using the Penn World Tables 9.1 (variable labsh and delta, https:
//www.rug.nl/ggdc/productivity/pwt/); country classification in accordance with the World Bank’s classification scheme
available at https://datahelpdesk.worldbank.org/knowledgebase/articles/906519.

For the level of subsistence consumption c, we consider the poverty lines used be the World

bank.12 As of today, the threshold for extreme absolute poverty is set at 1.90 US $ at 2011 prices and

at PPP a day available to an individual for covering basic needs (Ferreira et al. 2016). By now, this is

considered to apply to low-income countries. The World Bank recently has introduced two additional

poverty lines applying to lower- and upper- middle-income countries at 3.20 US $ and 5.50 US $ per

day at 2011 prices and PPP. For the calculation behind these numbers see Joliffe and Prydz (2016)

who furthermore provide an absolute poverty level for high-income countries at 21.70 US $ per day

at 2011 prices and PPP. We convert this numbers into yearly values at prices of 2014 in US $ using

the PPP exchange rate. This gives a poverty line of 1,833 (3,631; 3,793; 8,675) US $ using the PPP

exchange rate for low (lower-middle, upper-middle, high) income countries.13

12Values for subsistence consumption have also been proposed in Koulovatianos et al. (2007) and Atkeson and Ogaki
(1996) which have been used also in Achury et al. (2012) and Ogaki et al. (1996). These numbers, however, reflect very
specific countries which doesn’t seem to be in accordance with our analysis. Additionally, investigating poverty lines in this
context is interesting as they influences economic policy initiatives especially in low-income countries (see e.g. the United
Nation’s Sustainable Development Goal on poverty, https://www.un.org/sustainabledevelopment/).

13Price changes are taken account by using the implicit GDP deflator obtained by dividing the time series for GDP
at PPP valued at constant and current prices for low-income countries available at https://data.worldbank.
org/indicator/NY.GDP.PCAP.PP.KD and https://data.worldbank.org/indicator/NY.GDP.PCAP.
PP.CD. This results in a growth in prices of 5.34% between 2011 and 2014. PPP exchange rates are implemented by using
the implicit exchange rate between GNI per capita in 2014 in int. % (https://data.worldbank.org/indicator/
NY.GNP.PCAP.PP.CD) and current US $ ( https://data.worldbank.org/indicator/NY.GNP.PCAP.CD).

https://data.worldbank.org/indicator/SP.POP.GROW
https://data.worldbank.org/indicator/SP.POP.GROW
https://data.worldbank.org/indicator/sp.dyn.cdrt.in
https://data.worldbank.org/indicator/NY.GDP.TOTL.RT.ZS
https://www.rug.nl/ggdc/productivity/pwt/
https://www.rug.nl/ggdc/productivity/pwt/
https://datahelpdesk.worldbank.org/knowledgebase/articles/906519
https://www.un.org/sustainabledevelopment/
https://data.worldbank.org/indicator/NY.GDP.PCAP.PP.KD
https://data.worldbank.org/indicator/NY.GDP.PCAP.PP.KD
https://data.worldbank.org/indicator/NY.GDP.PCAP.PP.CD
https://data.worldbank.org/indicator/NY.GDP.PCAP.PP.CD
https://data.worldbank.org/indicator/NY.GNP.PCAP.PP.CD
https://data.worldbank.org/indicator/NY.GNP.PCAP.PP.CD
https://data.worldbank.org/indicator/NY.GNP.PCAP.CD
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We turn now to the parameters governing production. The output elasticity γ of resource use

Rt is, given the Cobb-Douglas production technology (2), set equal to the share of natural resource

rents in GDP. Data on this share is available from the World Bank.14 Table 2 provides a summary of

the data for different groups of countries classified according to the country’s level of income. It is

clearly visible that the resource dependence increases as income decreases. Resources seem to be

most important for the low-income countries.

We use the labor income share in GDP for calibrating the output elasticity of effective human

capital in production β . Numbers for the labor income share in GDP in 2014 were taken from the Penn

World Tables 9.1 and are provided in Table 2. For the labor share we cannot observe a clear pattern

and observe values on average around 0.5 with only moderate variation.15 Given the assumption

of constant returns to scale in production, β and γ , the capital’s share α = 1−β − γ follows as a

remainder.

Produced capital published in World Bank (2018) and discussed above originates largely from

the Penn World Tables. It is estimated employing the perpetual inventory method using country and

capital good specific rates of depreciation. The country specific rates vary between 3 and 8% per

annum. Table 2 gives the average depreciation rates for the country groups under consideration.

Further, we need to find appropriate values for the parameters governing the creation of human

capital. Our specification (4) is similar to the specification originally proposed and calibrated by Lucas

(1988). In his specification, depreciation of human capital was excluded, i.e. δ2 was set equal to zero.

Lucas (1988) calibrated B at a value of 0.05 which also has been used e.g. in Funke and Strulik

(2000). Chen and Funke (2013) used a somewhat higher value of 0.095 for a calibration concerning

the Chinese economy. We decided to use 0.05 as a conservative value that is not too optimistic about

human capital formation. Regarding δ2, we choose for the crude mortality rate across all age groups

as the unconditional probability for individual human capital ceasing to exist.

Table 3 summarizes our calibration scenario for the different country groups.

5.4 Calibration Results Country Groups

Proceeding as explained above and using the calibration values of the last section, we find that for

all country groups the parameter restrictions (34) and (35) are fulfilled. This means that the problem

is properly defined and a solution can potentially exist. The second question is then whether such a

solution actually exists, i.e. whether initial endowments with physical, natural and human capital are

sufficiently large enough (conditions 71, 72 and 73). If not, we would like to find out by how much

This results in an adjustment factor of 2.51 (2.95; 1.79; 1.04) for low (lower-middle, upper-middle, high) income countries.
14Data are available from the World Bank Data Base at https://data.worldbank.org/indicator/NY.GDP.TOTL.RT.ZS. For

the details on how the numbers are derived see World Bank (2011). Natural resources rents are the sum of oil, natural
gas, coal (hard and soft), mineral, and forest rents.

15The labor shares reported in Table 2 are low compared with e.g. the traditional 2
3 that is frequently used. See e.g. the

discussion in Karabarbounis and Neiman (2014) on the recently decreasing development of the labor income share.
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ỹ0 k̃0 s̃0 c̃ η ρ n
Low-income 1,980 3,953.1 2,970.2 304 2 0.03 0.026
Lower-middle income 6,001 17,482.5 6,501.3 414 2 0.03 0.015
Upper-middle income 15,358 50,474.3 14,981.5 1,177 2 0.03 0.008
High-income 45,327 173,039.0 27,344.0 7,964 2 0.03 0.006

L0 δ1 B δ2 α β γ

Low-income 21.892 0.0499 0.05 0.009 0.3613 0.5130 0.1257
Lower-middle income 73.659 0.0458 0.05 0.008 0.4156 0.5287 0.0557
Upper-middle income 61.022 0.0500 0.05 0.007 0.4376 0.4794 0.0583
High-income 30.320 0.0440 0.05 0.008 0.4521 0.5279 0.0200

Table 3: Calibration values
Note: Calibration values as explained in the main text. All values corresponding to nominal variables are measured in US $ at prices of
2014 per capita. Population L0 as of 2014 in million people.

initial endowments fall short of their minimum requirements. Table 4 provides the results.

cond. (34) cond. (35) k̃0 s̃0 h̃0 c̃max

fulfilled fulfilled
low income yes yes 3,003 2,047 8,354 625
lower-middle income yes yes 15,704 6,092 57,827 3,848
upper-middle income yes yes 44,748 13,755 113,106 8,082
high income yes yes 129,982 24,851 655,930 32,006

Table 4: Calibration results country groups
Note: Results using calibration values from Table 3. All quantities in 2014 US $ per capita.

We see that a solution actually exists for all country groups. Initial endowments with physical

and natural capital are sufficiently large to guarantee for subsistence consumption for all times. Per

capita endowments, k̃0, s̃0 and h̃0, available for consumption in excess of its subsistence level are all

positive, i.e. endowments are sufficient to allow for excess consumption.

It is interesting to investigate what the maximum subsistence consumption would be that could

be afforded by the country groups. To find out about this quantity, c̃max, we are searching the values

for c̃ that solve at least one of the conditions (71), (72) and (73) with equality while the others are not

violated. The model’s predictions are optimistic with c̃max quite above the poverty lines defined by the

World Bank.

Looking at the long-run behavior implied by the calibration values, we find that all countries qualify

for positive steady-state growth in per capita quantities. Using the results from Section 4.3, we find

these growth rates to vary moderately around 1% p.a. and a rate of interest net of depreciation

between 4.3 and 5.4% p.a. Table 5 reports the corresponding findings. Results for low income

countries are reported although we know that initial endowments are insufficient.
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lim
t→∞

ċt
ct
= lim

t→∞

ẏt
yt

lim
t→∞

it −δ1

= lim
t→∞

k̇t
kt

Low-income 1.19 5.38
Lower-middle income 1.08 5.16
Upper-middle income 0.69 4.35
High-income 0.81 4.62

Table 5: Steady-state growth and interst rates in % p.a.
Note: Growth rates computed according to (65) and (67). Interest rate computed according to (66).

5.5 Calibration Results Individual Countries

For calibration of individual country cases, we proceeded exactly the same way as in case of country

groups before by using the same data sources. The calibration values can be found in Appendix G

at the end of the paper which lists all 108 countries for which all the required data are available.16

We note that the problem we analyze is not properly defined for 4 of the countries: Iraq, Kuwait,

Oman and Qatar. They are all subject to a quite high resource rents’ share in GDP γ which leads

to a violation of conditions (34) and (35). Production in these economies is simply too dependent on

resources and no finite initial endowment could ever fulfill their total resource consumption over time

given their initial output.

One main purpose of this section is to see whether initial endowments are sufficient to cover at

least the subsistence level of consumption. As in case of the analyzed country groups, we compute

k̃0, s̃0 and h̃0 defined by (71), (72) and (73). Appendix G reports on the results for all countries where

we were able to assemble the full data set. We find several countries with insufficient endowments

in physical and natural capital. Table 6 reports them together with the per capita gap in the initial

endowment that prevents countries from realizing at least subsistence consumption. From the total

of 108 countries for which we have complete set of data, 98 are equipped with sufficient initial endow-

ments, 6 have insufficient endowments and 4 have a parameter constellation preventing a solution to

the problem.

We note in particular that low income countries in our data sample suffer from insufficient endow-

ments with initial capital stocks. Somewhat surprisingly, Saudi Arabia as a high income country is

in such an initial position as well. It is important to remember, that we calibrated an initial situation

matching actual GNI during 2014. Whenever we find a country with insufficient endowments, it is

a combination of reasons behind this finding. Initial production and subsistence consumption is too

high combined with the dependence on capital stocks implied by output elasticities. Again, we com-

pute the maximum subsitence consumption c̃max affordable at the initial and actual GNI during 2014.

16In total 33 countries were excluded from the World Bank (2018) database. Mostly, this was due to missing data on GNI
in the World Bank data and the labor share in the PWT 9.1. One country (Togo) was excluded due to inconsistent ouptut
shares, i.e. the resource and labor share in GDP added up to more than 1. Malta was excluded as being the only country
with a resource share in GDP of exactly zero which is not covered by the model’s formulation above.
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Country Income group k̃0 s̃0 h̃0 c̃ c̃max

Burundi low -119 -1,259 -4,482 247 28
Central African Rep. low -2,068 8,742 11,621 437 233
Mozambique low -34 1,543 4,719 399 294
Niger low -317 727 2,283 329 256
Saudi Arabia high 82,029 -440,228 -298,461 3,884 975
Sierra Leone low 470 -5,314 -7,945 289 95

Table 6: Countries with insufficient initial endowments
Note: Countries with insufficient initial endowments in 2014. Negative numbers in columns 2 to 4 indicate the additional needs of physical,
natural or human capital per capita to guarantee subsistence consumption given in column 5. Column 6 gives the maximum subsistence
consumption feasible with the given initial endowments. All quantities in 2014 US$.

In most of the cases in Table 6 it is quite below the poverty lines defined by the World Bank

Our calibration excercise allows us to trace the full dynamics of each of the economies. Here,

we focus on output growth, i.e. the growth of GNI per capita. Figure 1 displays the growth behavior

of the 98 countries with sufficient initial endowments during adjustment to staedy-state growth. The

growth rates are plotted against the economies’ initial resource share in GDP at for distinct points in

time (initial growth at t = 0 and growths at t = 15,30,100). Additionally, a least squares projection of

growth on the resource share is provided.

We observe growth rates’ variation to decrease over time and a tendency towards a negative

relationship between growth and initial resource share in GDP.

Contrary to the growth rates during transition, steady-state growth given by (65) and (67) can

be computed for all 108 countries. It is pinned down by the parameters of the model alone. We

have, of course, to keep in mind that countries contained in Table 6 would only be able to approach

steady-state if their initial endowments would be augmented by some type of transfer of capital.

Appendix E reports on the steady-state per capita growth rate and the net rate of interest. We note

that most countries qualify by their parameter constellation for positive steady-state growth. The only

exceptions are Latvia, Saudi Arabia, Azerbaijan, Bulgaria, Bosnia and Herzegovina, Ukraine and the

Central African Republic. The negative relation between resource share in GDP and growth prevails

in steady-state with a correlation of -0.31. We discus the finding in the following section.

5.6 Discussion

The predictions of our model support the recent finings in Venables (2016) that in particular lower in-

come and resource depending economies lack investments in physical and human capital. Venables

(2016) reports findings that net adjusted savings in low income countries are negatively related to

countries’ dependence on resource rents.

We find such a relationship on average for all countries in our data sample. Figure 2 plots the

net savings’ share in output, i.e. (ỹt − c̃t − r̃t)/ỹt for t = 0 against countries’ resource share in GDP

γ .17 As we can see, the model clearly predicts (on average) a negative relationship. It is, given our

17The negative relationship holds for all t during adjustment in our data sample.
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Figure 1: Output per capita growth and resource share in GDP
Note: Growth rates of per capita output at t = 0, t = 15 and t = 30. Grey line projects growth linearily onto resource share at t = 0 by
least squares.
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Figure 2: Output per capita growth and resource share in GDP
Note: Net savings as a share of output and the resource share in GPD at t = 0 (2014). Grey line projects net savings share onto resource
share at t = 0 by least squares.

optimization problem, optimal to reduce net savings with increasing resource dependence.

Also the cases reported in Table 6 suffer from too low investments in accumulated capital stocks

(physical and/or human) in the past. However, the situation here is different as these cases can’t

be seen as the result of optimal behavior in the past. This stresses further the necessity of properly

managing resource rents in these countries in particular (van der Ploeg and Venables 2011 and

Collier et al. 2010).

The debate on the existence of a resource curse is still open and critical arguments against the

hypothesis can be found e.g. in Smith (2015). However, several explanations underlying such a

resource curse have been put forward by now. Some are related to international trade, others to

the link with (political) institutions. Both arguments are not suitable in our case as the model is not

taking account of international relations or institutions. An alternative explanation is based on the

accumulation of physical and human capital (Bravo-Ortega and De Gregorio 2005, Atkinson and

Hamilton 2004, Papyrakis and Gerlagh 2004 and Gylfason 2001). It is this transmission channel that

is behind the findings in the preceding section.

Inspecting the steady-state growth rate (65 and 67) immediately reveals that the growth rate -

if positive - decreases, ceteris paribus, if the resource share γ increases. To see this, rewrite the

steady-state growth in two alternative ways

[β (B−δ2)− γn]− (1−α)(ρ−n)
(1−α)η

=
β (B−δ2 +n)− (β + γ)(ρ)

(β + γ)η
(74)

=
(1−α− γ)(B−δ2 +n)− (1−α)(ρ)

(1−α)η
(75)

It is obvious form (74) and (75) that an increasing γ lowers steady-state growth. In case of (74)

we would hold β constant and any increase in γ would occur at the expense of the physical capital’s



#1904 Bremen Papers on Economics & Innovation

Non-Renewable Resources in a Ramsey Economy with Subsistence
Consumption, Human and Physical Capital Accumulation:
A Full Characterization

36 / 58

share α while it would be at the expense of the share of effective human capital β in case of (75).

This is simply because we assumed constant return to scale in production. As most of the countries

converge towards this steady-state growth, the negative relationship between γ and growth should be

more visible as economies proceed in adjustment which seems to be the case in Figure 1. Of course,

steady-state growth depends on other model parameters as well. However, this partial relationship

dominates on average in the variation of calibration values in our country sample.

This points us towards the underlying mechanism behind the negative relationship found in the

preceding section. The model contains two engines of long-run growth. The first is human capital

accumulation. As explained before, Ht tends to infinity regardless of the model’s parameter values.

The second engine is physical capital accumulation which might be weaker as Kt
Lt

not always grows

without bound. Increasing γ automatically reduces the influence of human and/or physical capital ac-

cumulation on growth. Furthermore, it is also reducing the incentive to accumulate the corresponding

stocks as their marginal product declines - ceteris paribus - with an increasing γ .

6 Conclusion

We summarize by highlighting the two major contributions made in this paper. First, it is a technical

one on solving complex dynamic problems using special functions. Second, and probably more

interesting from an economic point of view, the solution method allows us to calibrate the model to

individual countries’ endowment situation. We are able to shed some light quantitatively on deficits

in human and physical capital accumulation.

Furthermore, we find in our model increasing resource dependence as an obstacle to growth.

This might be interpreted as some type of resource curse. It might indeed be a “curse” as it oc-

curs even in the optimal solution of a benevolent planer confronted with a particular contribution of

resource rents in GDP. In such a case, the optimal solution for steady-state growth is negatively re-

lated to the importance of resource rents. The same holds for net savings which also decrease with

increasing resource dependence.
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7 Appendix

A: Co-state λ1,t : Using (21) and (22) in (18) gives

λ̇1,t = −λ1,tαA
(

Kt

LtHtut

)α−1( Rt

LtHtut

)γ

+λ1,tδ1,

= −λ1,tαA
(

Lt

B

)β ( Kt

BHtut

)α−1( Rt

BHtut

)γ

+λ1,tδ1,

= −αA
1
α λ

1
α

1,t

(
λ2,t

β

)− β

α
(

λ3,t

γ

)− γ

α
(

Lt

B

) β

α

+λ1,tδ1,

= −αA
1
α λ

1
α

1,t

(
λ2,0

β

)− β

α
(

λ3,0

γ

)− γ

α
(

L0

B

) β

α

e
β (B−δ2+n)

α
t +λ1,tδ1. (76)

(76) takes the form of a Bernoulli equation for λ1,t . Defining mt = λ
1− 1

α

1,t implies

ṁt =
α−1

α
λ
− 1

α

1,t λ̇1,t

= −1−α

α
δ1mt +(1−α)A

1
α

(
λ2,0

β

)− β

α
(

λ3,0

γ

)− γ

α
(

L0

B

) β

α

e
β (B−δ2+n)

α
t ,

which has the solution

mt = e−
1−α

α
δ1t

m0 +(1−α)A
1
α

(
λ2,0

β

)− β

α
(

λ3,0

γ

)− γ

α
(

L0

B

) β

α
∫ t

0
e

β (B−δ2+n)+(1−α)δ1
α

zdz

 ,
= e−

1−α
α

δ1t

m0 +(1−α)A
1
α

(
λ2,0

β

)− β

α
(

λ3,0

γ

)− γ

α
(

L0

B

) β

α eψt −1
ψ

 ,
with

ψ =
β (B−δ2 +n)+(1−α)δ1

α
.

Introducing

ϕ1 = A−
1
α λ

α−1
α

1,0

(
λ2,0

β

) β

α
(

λ3,0

γ

) γ

α
(

L0

B

)− β

α

, ϕ2 =
1−α

ψ
, ζ =

ϕ2−ϕ1

ϕ2
, xt = e−ψt ,

gives
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λ1,t = eδ1tA−
1

1−α

(
λ2,0

β

) β

1−α
(

λ3,0

γ

) γ

1−α
(

L0

B

)− β

1−α [
ϕ1 +ϕ2(eψt −1)

] α
α−1

, = eδ1t

 ϕ1

λ
α−1

α

1,0

 α
1−α

ϕ

α
α−1

2 e−
α

1−α
ψt(1−ζ xt)

α
α−1

= λ1,0eδ1t
(

ϕ1

ϕ2

) α
1−α
(

xt

1−ζ xt

) α
1−α

. (77)

B: Derivation of Kt : Using (30) in (27) gives

Kt = K0e−δ1t
(

ϕ1 +ϕ2(x−1
t −1)

ϕ1

) 1
1−α

−
∫ t

0
(cz− c)Lze−δ1(t−z)

(
ϕ1 +ϕ2(x−1

t −1)
ϕ1 +ϕ2(x−1

z −1)

) 1
1−α

dz

−
∫ t

0
cLze−δ1(t−z)

(
ϕ1 +ϕ2(x−1

t −1)
ϕ1 +ϕ2(x−1

z −1)

) 1
1−α

dz.

Inserting (7) and rearranging delivers

Kt = K0e−δ1t
(

ϕ1

ϕ2

)− 1
1−α
(

xt

1−ζ xt

)− 1
1−α

−
(

xt

1−ζ xt

)− 1
1−α

∫ t

0
λ
− 1

η

1,z e−
(

ρ

η
−n
)

zL0e−δ1(t−z)x
1

1−α
z (1−ζ xz)

− 1
1−α dz

−
(

xt

1−ζ xt

)− 1
1−α

∫ t

0
cenzL0e−δ1(t−z)x

1
1−α
z (1−ζ xz)

− 1
1−α dz.

Using (24) and rearranging gives

Kt = K0e−δ1t
(

ϕ1

ϕ2

)− 1
1−α
(

xt

1−ζ xt

)− 1
1−α

−e−δ1t
(

ϕ1

ϕ2

)− α

(1−α)η

λ
− 1

η

1,0

(
xt

1−ζ xt

)− 1
1−α

L0

∫ t

0
e−
(

ρ

η
−n−δ1+

δ1
η

)
zx

η−α

(1−α)η
z (1−ζ xz)

α−η

(1−α)η dz

−e−δ1t
(

xt

1−ζ xt

)− 1
1−α

cL0

∫ t

0
e(n+δ1)zx

1
1−α
z (1−ζ xz)

− 1
1−α dz

Using xz = e−ψz gives
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Kt = K0e−δ1t
(

ϕ1

ϕ2

)− 1
1−α
(

xt

1−ζ xt

)− 1
1−α

−e−δ1t
(

ϕ1

ϕ2

)− α

(1−α)η

λ
− 1

η

1,0

(
xt

1−ζ xt

)− 1
1−α

L0

∫ t

0
x

1
ψ

(
ρ

η
+ψ

η−α

(1−α)η
−δ1+

δ1
η
−n
)

z (1−ζ xz)
α−η

(1−α)η dz

−e−δ1t
(

xt

1−ζ xt

)− 1
1−α

cL0

∫ t

0
x

1
ψ
( ψ

1−α
−n−δ1)

z (1−ζ xz)
− 1

1−α dz.

Changing the domain of integration from z to dxz with dz =− 1
ψ

x−1
z dxz and integrating from xt to 1 instead

of 0 to t gives

Kt = K0e−δ1t
(

ϕ1

ϕ2

)− 1
1−α
(

xt

1−ζ xt

)− 1
1−α

−e−δ1t
(

ϕ1

ϕ2

)− α

(1−α)η

λ
− 1

η

1,0

(
xt

1−ζ xt

)− 1
1−α L0

ψ

∫ 1

xt

x
1
ψ

(
ρ

η
+ψ

η−α

(1−α)η
−δ1+

δ1
η
−n
)
−1

z (1−ζ xz)
α−η

(1−α)η dxz

−e−δ1t
(

xt

1−ζ xt

)− 1
1−α

c
L0

ψ

∫ 1

xt

x
1
ψ
( ψ

1−α
−n−δ1)−1

z (1−ζ xz)
− 1

1−α dxz

which is identical to (31) in the main text.

C: Derivations related to Ht : Using (22) and (24) gives

BHtut = A
1
α λ

1
α

1,t

(
λ2,t

β

)− 1−γ

α
(

λ3,0

γ

)− γ

α
(

Lt

B

) β

α

Kt

= A
1
α

(
λ2,0

β

)− 1−γ

α
(

λ3,0

γ

)− γ

α
(

L0

B

) β

α

λ
1
α

1,te
(1−γ)(B−δ2)+βn

α
tKt

= e[(B−δ2)+δ1]t
(

ϕ1

ϕ2

) 1
1−α
(

λ2,0

β

)−1
λ1,0

ϕ1
x

α
1−α

t (1−ζ xt)
− 1

1−α Kt . (78)

(4) implies Ḣt=B(1−ut)Ht −δ2Ht = (B−δ2)Ht −ButHt . Proceding analogous to (29) gives

Ht = H0e−
∫ t

0 f2(z)dz +
∫ t

0
g2(z)e−

∫ t
z f2(s)dsdz,

with

f2(z) = −(B−δ2), g2(z) =−BHzuz.

This delivers Ht as Ht = H0e(B−δ2)t −
∫ t

0 BuzHze(B−δ2)(t−z)dz. Using (78) gives

∫ t

0
BuzHze(B−δ2)(t−z)dz = e(B−δ2)t

∫ t

0
eδ1z

(
ϕ1

ϕ2

) 1
1−α
(

λ2,0

β

)−1
λ1,0

ϕ1
x

α
1−α
z (1−ζ xz)

− 1
1−α Kzdz.
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Inserting (33) for the physical capital stock yields

∫ t

0
Buz Hz e(B−δ2)(t−z)dz = e(B−δ2)t

(
λ2,0

β

)−1
λ1,0

ϕ1

{
K0

∫ t

0
x−1

z dz

−
∫ t

0
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ

1
b̃1

L0x−1
z

[
2F1(ã1, b̃1; b̃1 +1;ζ )− xb̃1

z 2F1(ã1, b̃1; b̃1 +1;ζ xz)
]

dz

−
∫ t

0
c
(

ϕ1

ϕ2

) 1
1−α 1

ψ

1
b̃1

L0x−1
z

[
2F1(ã2, b̃2; b̃2 +1;ζ )− xb̃2

z 2F1(ã2, b̃2; b̃2 +1;ζ xz)
]

dz

}
.

Using ζ xz = ζ e−ψz, dζ xz =−ζ ψe−ψzdz, the integration rule

∫
zb−2

2F1(a,b;c;z)dz =
zb−1

b−1 2F1(a,b−1;c;z)+ constant (79)

and adjusting the the direction of integration delivers

∫ t

0
Buz Hz e(B−δ2)(t−z)dz = e(B−δ2)t

(
λ2,0

β

)−1
λ1,0

ϕ1

{∫
ζ

ζ xt

K0
ζ

ψ
(ζ xz)

−2dζ xz

−
∫ 1

xt

λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η ζ

ψ2
1
b̃1

L0(ζ xz)
−2

2F1(ã1, b̃1; b̃1 +1;ζ )dζ xz

+
∫

ζ

ζ xt

λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η ζ

ψ2
1
b̃1

L0(ζ xz)
b̃1−2

2F1(ã1, b̃1; b̃1 +1;ζ xz)dζ xz

−
∫

ζ

ζ xt

c
(

ϕ1

ϕ2

) 1
1−α ζ 1−b̃1

ψ2
1
b̃2

L0(ζ xz)
−2

2F1(ã2, b̃2; b̃2 +1;ζ )dζ xz

+
∫

ζ

ζ xt

c
(

ϕ1

ϕ2

) 1
1−α ζ 1−b̃2

ψ2
1
b̃2

L0(ζ xz)
b̃2−2

2F1(ã2, b̃2; b̃2 +1;ζ xz)dζ xz

}
,

= e(B−δ2)t
(

λ2,0

β

)−1
λ1,0

ϕ1

{
K0

1
ψ
(1− x−1

t ) (80)

−λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1

L02F1(ã1, b̃1; b̃1 +1;ζ )(1− x−1
t )

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

L0

[
2F1(ã1, b̃1−1; b̃1 +1;ζ )− xb̃1−1

t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)
]

−c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1
b̃2

L02F1(ã2, b̃2; b̃2 +1;ζ )(1− x−1
t )

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
L0

[
2F1(ã2, b̃2−1; b̃2 +1;ζ )− xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)
]}

,

Using (80), Ht can now be computed as Ht = e(B−δ2)tH0−
∫ t

0 BuzHze(B−δ2)(t−z)dz
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Ht = e(B−δ2)tH0− e(B−δ2)t
(

λ2,0

β

)−1
λ1,0

ϕ1

{
K0

1
ψ
(1− x−1

t )

−λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1

L02F1(ã1, b̃1; b̃1 +1;ζ )(1− x−1
t )

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

L0

[
2F1(ã1, b̃1−1; b̃1 +1;ζ )− xb̃1−1

t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)
]

−c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1
b̃2

L02F1(ã2, b̃2; b̃2 +1;ζ )(1− x−1
t )

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
L0

[
2F1(ã2, b̃2−1; b̃2 +1;ζ )− xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)
]}

.

Effective human capital LtHtut employed in final goods production follows next. Multiplying both sides of

(78) by Lt
B = L0

B ent gives

LtHtut = e[(B−δ2)+n+δ1]t
(

ϕ1

ϕ2

) 1
1−α
(

λ2,0

β

)−1
λ1,0

ϕ1

L0

B
x

α
1−α

t (1−ζ xt)
− 1

1−α Kt , (81)

inserting (33) for Kt gives (37) in the main text.

D: Derivations involving Rt and St : Reformulating (21) using Lt = L0ent and the time path for the co-

state λ2,t in (20) gives

Rt = LtHtut
λ2,0

β

(
λ3,0

γ

)−1(L0

B

)−1

e−(B−δ2+n)t ,

which yields together with (81)

Rt =
λ1,0

ϕ1

(
λ3,0

γ

)−1

x−1
t {K0 (82)

−λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ

1
b̃1

L0

[
2F1(ã1, b̃1; b̃1 +1;ζ )− xb̃1

t 2F1(ã1, b̃1; b̃1 +1;ζ xt)
]

−c
(

ϕ1

ϕ2

) 1
1−α 1

ψ

1
b̃2

L0

[
2F1(ã2, b̃2; b̃2 +1;ζ )− xb̃2

t 2F1(ã2, b̃2; b̃2 +1;ζ xt)
]}

.

We turn to St = S0−
∫ t

0 Rsds. Integration over Rt given by (82) gives
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∫ t

0
Rsds =

λ1,0

ϕ1

(
λ3,0

γ

)−1{
K0

∫ t

0
x−1

s ds

−λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ

1
b̃1

L0

∫ t

0
x−1

s

[
2F1(ã1, b̃1; b̃1 +1;ζ )− xb̃1

s 2F1(ã1, b̃1; b̃1 +1;ζ xs)
]

ds

−c
(

ϕ1

ϕ2

) 1
1−α 1

ψ

1
b̃2

L0

∫ t

0
x−1

s

[
2F1(ã2, b̃2; b̃2 +1;ζ )− xb̃2

s 2F1(ã2, b̃2; b̃2 +1;ζ xs)
]

ds

}
.

Using again the integration rule (79), ζ xs = ζ e−ψs and dζ xs = −ζ ψe−ψsds = −ψζ xsds and hence

ds =− 1
ψ

1
ζ xs

dζ xs and adjusting the direction of integration delivers

∫ t

0
Rsds =

λ1,0

ϕ1

(
λ3,0

γ

)−1{
K0

ζ

ψ

∫
ζ

ζ xt

(ζ xs)
−2dζ xs

−λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η ζ

ψ2
1
b̃1

L02F1(ã1, b̃1; b̃1 +1;ζ )
∫

ζ

ζ xt

(ζ xs)
−2dζ xs

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η ζ 1−b̃1

ψ2
1
b̃1

L0

∫
ζ

ζ xt

(ζ xs)
b̃1−2

2F1(ã1, b̃1; b̃1 +1;ζ xs)dζ xs

−c
(

ϕ1

ϕ2

) 1
1−α ζ

ψ2
1
b̃2

L02F1(ã2, b̃2; b̃2 +1;ζ )
∫

ζ

ζ xt

(ζ xs)
−2dζ xs

+ c
(

ϕ1

ϕ2

) 1
1−α ζ 1−b̃2

ψ2
1
b̃2

L0

∫
ζ

ζ xt

(ζ xs)
b̃2−2

2F1(ã2, b̃2; b̃2 +1;ζ xs)dζ xs

}
,

=
λ1,0

ϕ1

(
λ3,0

γ

)−1{
−K0

1
ψ

[
1− x−1

t
]

(83)

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1

L02F1(ã1, b̃1; b̃1 +1;ζ )
[
1− x−1

t
]

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

L0

[
2F1(ã1, b̃1−1; b̃1 +1;ζ )− xb̃1−1

t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)
]

+c
(

ϕ1

ϕ2

) 1
1−α ζ

ψ2
1
b̃2

L02F1(ã2, b̃2; b̃2 +1;ζ )
[
1− x−1

t
]

+ c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
L0

[
2F1(ã2, b̃2−1; b̃2 +1;ζ )− xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)
]}

.

E: Transversality conditions

Transversality condition Kt : We have to show that limt→∞ λ1,tKt = 0.

Using λ1,t given by (24) and Kt given by (33), λ1,tKt reads as
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λ1,tKt = λ1,0K0

(
ϕ1

ϕ2

)−1 1−ζ xt

xt

−λ
1− 1

η

1,0

(
ϕ1

ϕ2

) α(η−1)
(1−α)η 1−ζ xt

xt

1
ψ

1
b̃1

L0

[
2F1(ã1, b̃1; b̃1 +1;ζ )− xb̃1

t 2F1(ã1, b̃1; b̃1 +1;ζ xt)
]

−λ1,0c
(

ϕ1

ϕ2

) α
1−α 1−ζ xt

xt

1
ψ

1
b̃2

L0

[
2F1(ã2, b̃2; b̃2 +1;ζ )− xb̃2

t 2F1(ã2, b̃2; b̃2 +1;ζ xt)
]
,

As t→ ∞ we see xt → 0. and x−1
t → ∞. Rewriting λtKt as xt λt Kt

xt
and applying L’Hospital’s rule as xt → 0

requires limxt→0
∂xt λt Kt

∂xt
= 0. ∂xt λt Kt

∂xt
using the above expression is given by

∂xtλtKt

∂xt
= −λ1,0K0

(
ϕ1

ϕ2

)−1

ζ

+λ
1− 1

η

1,0

(
ϕ1

ϕ2

) α(η−1)
(1−α)η

ζ
1
ψ

1
b̃1

L0

[
2F1(ã1, b̃1; b̃1 +1;ζ )− xb̃1

t 2F1(ã1, b̃1; b̃1 +1;ζ xt)
]

+λ
1− 1

η

1,0

(
ϕ1

ϕ2

) α(η−1)
(1−α)η

(1−ζ xt)
1
ψ

1
b̃1

L0

[
b̃1xb̃1−1

t 2F1(ã1, b̃1; b̃1 +1;ζ xt)
]

+λ
1− 1

η

1,0

(
ϕ1

ϕ2

) α(η−1)
(1−α)η

(1−ζ xt)
1
ψ

1
b̃1

L0

[
xb̃1

t
∂ 2F1(ã1, b̃1; b̃1 +1;ζ xt)

∂xt

]
+λ1,0c

(
ϕ1

ϕ2

) α
1−α

ζ
1
ψ

1
b̃2

L0

[
2F1(ã2, b̃2; b̃2 +1;ζ )− xb̃2

t 2F1(ã2, b̃2; b̃2 +1;ζ xt)
]

+λ1,0c
(

ϕ1

ϕ2

) α
1−α

(1−ζ xt)
1
ψ

1
b̃2

L0

[
b̃2xb̃2−1

t 2F1(ã2, b̃2; b̃2 +1;ζ xt)
]

+λ1,0c
(

ϕ1

ϕ2

) α
1−α

(1−ζ xt)
1
ψ

1
b̃2

L0

[
xb̃2

t
∂ 2F1(ã2, b̃2; b̃2 +1;ζ xt)

∂xt

]
.

Evaluating ∂xt λt Kt
∂xt

at xt = 0 gives as long as b̃1−1 > 0 and b̃2−1 > 0 and because 2F1(a,b;b+1;0)
b = 1

∂xtλtKt

∂xt

∣∣∣
xt=0

= −λ1,0K0

(
ϕ1

ϕ2

)−1

ζ

+λ
1− 1

η

1,0

(
ϕ1

ϕ2

) α(η−1)
(1−α)η

ζ
1
ψ

1
b̃1

L0
[

2F1(ã1, b̃1; b̃1 +1;ζ )
]

+λ1,0c
(

ϕ1

ϕ2

) α
1−α

ζ
1
ψ

1
b̃2

L0
[

2F1(ã2, b̃2; b̃2 +1;ζ )
]

For transversality to hold, it is then required additionally that ∂xt λt Kt
∂xt

∣∣∣
xt=0

= 0 which implies

K0 =
L0

ψ

[
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 2F1(ã1, b̃1; b̃1 +1;ζ )

b̃1
+ c
(

ϕ1

ϕ2

) 1
1−α 2F1(ã2, b̃2; b̃2 +1;ζ )

b̃2

]
(84)



#1904 Bremen Papers on Economics & Innovation

Non-Renewable Resources in a Ramsey Economy with Subsistence
Consumption, Human and Physical Capital Accumulation:
A Full Characterization

44 / 58

Inserting this into (33) gives Kt as

Kt = e−δ1t
(

1−ζ xt

xt

) 1
1−α L0

ψ

[
λ
− 1

η

1,0

(
ϕ1

ϕ2

)− α
1−α

1
η xb̃1

t 2F1(ã1, b̃1; b̃1 +1;ζ xt)

b̃1

+ c
xb̃2

t 2F1(ã2, b̃2; b̃2 +1;ζ xt)

b̃2

]
. (85)

Transversality condition St : Transversality demands that limt→∞ λ3,tSt = 0. As λ3,t = λ3,0, this is equiv-

alent to limt→∞ St = 0 or
∫ t

0 Rsds = S0. Rearranging (83) yields

∫ t

0
Rsds =

λ1,0

ϕ1

(
λ3,0

γ

)−1 [
1− x−1

t
]{
−K0

1
ψ

(86)

+λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1

L02F1(ã1, b̃1; b̃1 +1;ζ )

+ c
(

ϕ1

ϕ2

) 1
1−α ζ

ψ2
1
b̃2

L02F1(ã2, b̃2; b̃2 +1;ζ )

}

+
λ1,0

ϕ1

(
λ3,0

γ

)−1
{

λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

L0
[

2F1(ã1, b̃1−1; b̃1 +1;ζ )

−xb̃1−1
t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)

]
+ c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
L0
[

2F1(ã2, b̃2−1; b̃2 +1;ζ )

−xb̃2−1
t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)

]}
,

where we note that the first term in curly brackets is zero due to the transversality condition for Kt given

by (84). As both, b̃1 and b̃2 are larger than one xt → 0 for t→ ∞, we find18

lim t→∞

∫ t

0
Rsds = S0 =

λ1,0

ϕ1

(
λ3,0

γ

)−1 1
ψ2 L0

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
b̃1(b̃1−1)

2F1(ã1, b̃1−1; b̃1 +1;ζ )

+ c
(

ϕ1

ϕ2

) 1
1−α 1

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ )

}
, (87)

as the transversality condition for St .

Inserting (84) and (87) into (86) gives St as

18It helpful to note that limz→0 2F1(a,b−1;b+1,z) = 2
(b+1)b is finite.
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St = S0−
∫ t

0
Rsds

= S0−
λ1,0

ϕ1

(
λ3,0

γ

)−1 1
ψ2 L0

[
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
b̃1(b̃1−1)

xb̃1−1
t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)

+c
(

ϕ1

ϕ2

) 1
1−α 1

b̃2(b̃2−1)
xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)

]
. (88)

Transversality condition Ht : Transversality demands limt→∞ λ2,tHt = 0.

λ2,tHt = λ2,0e−(B−δ2)tH0e(B−δ2)t −λ2,0e−(B−δ2)t
∫ t

0
BuzHze(B−δ2)(t−z)dz,

= λ2,0

(
H0−

∫ t

0
BuzHze−(B−δ2)zdz

)
.

Using
∫ t

0 BuzHzdz given in (78) together with the transversality condition for Kt in (84) gives

λ2,tHt = λ2,0H0−λ2,0

(
λ2,0

β

)−1
λ1,0

ϕ1
L0×

×

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

[
2F1(ã1, b̃1−1; b̃1 +1;ζ )− xb̃1−1

t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)
]

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)

[
2F1(ã2, b̃2−1; b̃2 +1;ζ )− xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)
]}

.

As t→ ∞, xt → 0. With b̃1, b̃2 > 1 and by noting that limz→0 2F1(ã,b−1;b+1;z) is finite, we find

lim
xt→0

λ2,tHt = λ2,0H0−λ2,0

(
λ2,0

β

)−1
λ1,0

ϕ1
L0×

×

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

2F1(ã1, b̃1−1; b̃1 +1;ζ )

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ )

}
.

Transversality consequently demands

H0 =

(
λ2,0

β

)−1
λ1,0

ϕ1
L0

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

2F1(ã1, b̃1−1; b̃1 +1;ζ ) (89)

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
2F1(ã2, b̃2−1; b̃2 +1;ζ )

}
.
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Imposing the transversality condition for Kt (84) onto (80) yields

∫ t

0
Buz Hz e(B−δ2)(t−z)dz = e(B−δ2)t

(
λ2,0

β

)−1
λ1,0

ϕ1
L0×

×

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

[
2F1(ã1, b̃1−1; b̃1 +1;ζ )− xb̃1−1

t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)
]

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)

[
2F1(ã2, b̃2−1; b̃2 +1;ζ )− xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)
]}

.

Inserting (89) into this expression gives

∫ t

0
Buz Hz e(B−δ2)(t−z)dz = H0e(B−δ2)t − e(B−δ2)t

(
λ2,0

β

)−1
λ1,0

ϕ1
L0×

×

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

xb̃1−1
t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt)

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)

}
,

and finally

Ht = H0e(B−δ2)t −
∫ t

0
BuzHze(B−δ2)(t−z)dz

= e(B−δ2)t
(

λ2,0

β

)−1
λ1,0

ϕ1
L0×

×

{
λ
− 1

η

1,0

(
ϕ1

ϕ2

) η−α

(1−α)η 1
ψ2

1
b̃1(b̃1−1)

xb̃1−1
t 2F1(ã1, b̃1−1; b̃1 +1;ζ xt) (90)

+c
(

ϕ1

ϕ2

) 1
1−α 1

ψ2
1

b̃2(b̃2−1)
xb̃2−1

t 2F1(ã2, b̃2−1; b̃2 +1;ζ xt)

}
.

F: Uniqueness of the solution ζ ∗: The equilibrium value ζ ∗ satisfies
K+

0
H+

0
= K0

H0
, with

K+
0

H+
0

= A
1

1−α

(
H0

S0

)− γ

1−α
(

L0

B

) β

1−α

ϕ

1
1−α

2 ψ(b̃1−1)(1−ζ
∗)

1
1−α

2F1(ã1, b̃1; b̃1 +1;ζ ∗)

2F1(ã1, b̃1−1; b̃1 +1;ζ ∗)
, (91)

K0

H0
=

K0− L0
ψ

c(1−ζ ∗)
1

1−α 2F1(ã2,b̃2;b̃2+1;ζ ∗)
b̃2

H0−A−
1

1−α

(
H0
S0

) γ

1−α
(

L0
B

)− β

1−α

ϕ
− 1

1−α

2
L0
ψ2 c 2F1(ã2,b̃2−1;b̃2+1;ζ ∗)

b̃2(b̃2−1)

. (92)

We first notice that (91) and (92) demand ζ < 1.

We show first that
K+

0
S+0

given by (91) is decreasing in ζ ∗. Second, we show that K0
S0

given by (92) is
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increasing in ζ ∗. This implies that there can be at most one solution to
K+

0
H+

0
= K0

H0
.

Investigating
K+

0
S+0

, we have to distinguish three cases, i.e. ã1 < 0, ã1 = 0, ã1 > 0.

Case 1: ã1 < 0: Lemma 1 in Boucekkine and Ruiz-Tamarit (2008) shows that 2F1(ã1,b̃1;b̃1+1;ζ ∗)
2F1(ã1,b̃1−1;b̃1+1;ζ ∗)

is

decreasing in ζ ∗ in case ã1 < 0. It is obvious that (1−ζ ∗)ã2 is decreasing in ζ ∗ as well because ã2 =
1

1−α
> 0.

Therefore,
K+

0
S+0

is in this case decreasing in ζ ∗.

Case 2: ã1 = 0: This case prevails if it happens to be that η = α . Lemma 1 in Boucekkine and Ruiz-

Tamarit (2008) shows that in this case
∂ 2F1(ã1,b̃1;b̃1+1;ζ∗)

2F1(ã1 ,b̃1−1;b̃1+1;ζ∗)
∂ζ ∗ = 0 applies. As (1−ζ ∗)ã2 is decreasing in ζ ∗,

K+
0

S+0
is in this case again decreasing in ζ ∗.

Case 3: ã1 > 0: The denominator in
K+

0
S+0

is increasing in ζ ∗ as ∂ 2F1(ã1,b̃1−1;b̃1+1;ζ ∗)
∂ζ ∗ = ã1(b̃1−1)

b̃1+1 2F1((ã1 +

1, b̃1; b̃1 +2;ζ ∗) > 0 (Abramowitz and Stegun 1972, 15.2.1) because b̃1−1 > 0 is required by the transver-

sality conditions (34) and (35). There are opposing forces at work in the nominator as 2F1(ã1, b̃1; b̃1 +1;ζ ∗)

increases and (1−ζ ∗)ã2 decreases in ζ ∗. To find out which is stronger, we define h(ζ ∗) as

h(ζ ∗) = (1−ζ
∗)ã2 2F1(ã1, b̃1; b̃1 +1;ζ

∗) = (1−ζ
∗)ã2−ã1(1−ζ

∗)ã1 2F1(ã1, b̃1; b̃1 +1;ζ
∗)

with

ã2− ã1 =
1

1−α
− η−α

η(1−α)
=

α

η(1−α
> 0,

2F1(ã1, b̃1; b̃1 +1;ζ
∗) = b̃1

∫ 1

0
xb̃1−1(1−ζ

∗x)−ã1dx.

Therefore,

∂h(ζ ∗)
∂ζ ∗

= −(ã2− ã1)
h(ζ ∗)
1−ζ ∗

− ã1
h(ζ ∗)
1−ζ ∗

+(1−ζ
∗)ã2−ã1(1−ζ

∗)ã1
∂ 2F1(ã1, b̃1; b̃1 +1;ζ ∗)

∂ z

= −(ã2− ã1)
h(ζ ∗)
1−ζ ∗

− ã1
h(ζ ∗)
1−ζ ∗

+(1−ζ
∗)ã2−ã1(1−ζ

∗)ã1 ã1b̃1

∫ 1

0
xb̃1(1−ζ

∗x)−ã1−1dx

= −(ã2− ã1)
h(ζ ∗)
1−ζ ∗

+(1−ζ
∗)ã2−ã1(1−ζ

∗)ã1 ã1b̃1

∫ 1

0

(
xb̃1(1−ζ

∗x)−ã1−1− xb̃1−1 (1−ζ ∗x)−ã1

1−ζ ∗

)
dx

= −(ã2− ã1)
h(ζ ∗)
1−ζ ∗

+(1−ζ
∗)ã2−ã1(1−ζ

∗)ã1 ã1b̃1

∫ 1

0

(
xb̃1(1−ζ

∗x)−ã1−1− xb̃1−1 (1−ζ ∗x)−ã1

1−ζ ∗

)
dx

= −(ã2− ã1)
h(ζ ∗)
1−ζ ∗

+(1−ζ
∗)ã2−ã1(1−ζ

∗)ã1 ã1b̃1

∫ 1

0

(
xb̃1−1(1−ζ

∗x)−ã1−1
(

x− 1−ζ ∗x
1−ζ ∗

))
dx

= −(ã2− ã1)
h(ζ ∗)
1−ζ ∗

+(1−ζ
∗)ã2−ã1(1−ζ

∗)ã1 ã1b̃1

∫ 1

0

(
xb̃1−1(1−ζ

∗x)−ã1−1 x−1
1−ζ ∗

)
dx

= −(ã2− ã1)
h(ζ ∗)
1−ζ ∗

− ã1(1−ζ
∗)ã2−1b̃1

∫ 1

0
xb̃1−1(1− x)(1−ζ

∗x)−ã1−1dx

= −(ã2− ã1)
h(ζ ∗)
1−ζ ∗

− ã1(1−ζ
∗)ã2−1 2F1(ã1 +1, b̃1; b̃1 +2;ζ ∗)

b̃1 +1
.

As ã2− ã1 > 0 and ã1 > 0 in this case, we find ∂h(ζ ∗)
∂ζ ∗ < 0. Summing up case 3, the denominator in

K+
0

H+
0
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is increasing while the nominator is decreasing in ζ ∗. Hence,
K+

0
S+0

is again decreasing in ζ ∗.

We turn to K0
H0

given by (92). Its denominator is obviously decreasing in ζ ∗ as ã2 = 1
1−α

> 0 and
∂ 2F1(ã2,b̃2−1;b̃2+1;ζ ∗)

∂ζ ∗ = ã2(b̃2−1)
b̃2+1 2F1(ã2 + 1, b̃2; b̃2 + 2;ζ ∗) with b̃2− 1 > 0 due to the transversality condition

(35).

The nominator in K0
H0

is increasing in ζ ∗. To see this, define

k(ζ ∗) = (1−ζ
∗)ã2 2F1(ã2, b̃2; b̃2 +1;ζ

∗) = (1−ζ
∗)ã2 b̃2

∫ 1

0
xb̃2−1(1−ζ

∗x)−ã2dx.

Therefore,

∂k(ζ ∗)
∂ζ ∗

= ã2(1−ζ
∗)ã2 b̃2

[∫ 1

0
xb̃2(1−ζ

∗x)−ã2−1dx−
∫ 1

0
xb̃2−1 (1−ζ ∗x)−ã2

1−ζ ∗
dx
]

= ã2(1−ζ
∗)ã2 b̃2

∫ 1

0
xb̃2−1(1−ζ

∗x)−ã2−1
[

x− 1−ζ ∗x
1−ζ ∗

]
dx

= −ã2(1−ζ
∗)ã2−1b̃2

∫ 1

0
xb̃2−1(1− x)(1−ζ

∗x)−ã2−1dx

= −ã2(1−ζ
∗)ã2−1 2F1(ã2 +1, b̃2; b̃2 +2;ζ ∗)

b̃2 +1

which is negative for ζ ∗ < 1.

Summing up, we have shown that K0
H0

is increasing while
K+

0
H+

0
is decreasing in ζ . If an equilibrium

K+
0

H+
0
= K0

H0

exists, it is unique.

Properties of K+
0

S+0
: To work out conditions for existence, we focus first on

K+
0

S+0
given by (91). Any solution

ζ ∗ needs to fulfill ζ ∗ < 1; we know that
K+

0
S+0

is decreasing in ζ ∗. We show first that
K+

0
S+0

is unbounded from

above for ζ ∗ → −∞. Let ε1 be an arbitrarily large but finite real number. The critical term in
K+

0
S+0

is (1−

ζ ∗)ã2 2F1(ã1,b̃1;b̃1+1;ζ ∗)
2F1(ã1,b̃1;b̃1+1;ζ ∗)

. Now suppose that

lim
ζ ∗→−∞

(1−ζ
∗)ã2 2F1(ã1, b̃1; b̃1 +1;ζ ∗)

2F1(ã1, b̃1−1; b̃1 +1;ζ ∗)
< ε1

would be true. As
K+

0
S+0

decreases with ζ ∗. This would imply that for any finite ζ ∗ < 1 and for ζ ∗→−∞ it

would be true that
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2F1(ã1, b̃1; b̃1 +1;ζ
∗) < ε1(1−ζ

∗)−ã2 2F1(ã1, b̃1; b̃1 +1;ζ
∗),

b̃1

∫ 1

0
xb̃1−1(1−ζ

∗x)−ã1dx − ε1(1−ζ
∗)−ã2 b̃1(b̃1−1)

∫ 1

0
xb̃1−2(1− x)(1−ζ

∗x)−ã1dx < 0,∫ 1

0
xb̃1−2(1−ζ

∗x)−ã1
[
x− ε1(b̃1−1)(1−ζ

∗)−ã2(1− x)
]

dx < 0,∫ 1

0
xb̃1−2(1−ζ

∗x)−ã1 κ(x;ε1)dx < 0, (93)

with

κ1(x;ε1) =
[
x− ε1(b̃1−1)(1−ζ

∗)−ã2(1− x)
]
,

where κ(x;ε) is an affine function of x. κ(x;ε) is zero for x = x̄(ε1) with

x̄(ε1) =
ε1(b̃1−1)(1−ζ ∗)−ã2

1+ ε1(b̃1−1)(1−ζ ∗)−ã2
.

Therefore, κ(x;ε1) < 0 for x < x̄(ε1) and κ(x;ε1) > 0 for x > x̄(ε1). For any finite ε1, x̄(ε1)→ 0 for

ζ ∗→−∞ as ã2 =
1

1−α
> 0. As we integrate from 0 to 1, κ(x;ε1) becomes positive for 0 ≤ x ≤ 1 as ζ ∗→

−∞ and inequality (93) cannot be fulfilled. Hence,
K+

0
H+

0
cannot be bounded from above as ζ ∗ → −∞ and

limζ ∗→−∞

K+
0

H+
0
= ∞.

Next, turn to the case ζ ∗→ 1. Suppose that
K+

0
H+

0
would be bounded from below by some ε2 > 0. By the

same logic as above, this would imply for any ζ ∗ < 1 and ζ ∗→ 1 that

2F1(ã1, b̃1; b̃1 +1;ζ
∗) > ε2(1−ζ

∗)−ã2 2F1(ã1, b̃1; b̃1 +1;ζ
∗),∫ 1

0
xb̃1−2(1−ζ

∗x)−ã1 κ(x;ε2)dx > 0. (94)

For any finite ε2 > 0, x̄(ε2)→ 1 for ζ ∗ → 1 as ã2 = 1
1−α

> 0. As we integrate from 0 to 1, κ(x;ε2)

becomes negative for 0 ≤ x ≤ 1 as ζ ∗ → 1 and inequality (94) cannot be fulfilled. Hence,
K+

0
H+

0
cannot be

bounded from below by any finite ε2 > 0 and limζ ∗→1
K+

0
H+

0
= 0.

Properties of K0
H0

: We turn to K0
H0

which we know is increasing in ζ ∗ for ζ ∗ < 1. If a maximum exists, it

must be reached as ζ ∗→ 1. The critical term in the nominator is (1−ζ ∗)ã2 2F1(ã2, b̃2; b̃2 +1;ζ ∗) which can

be written as (1−ζ ∗) 2F1(ã2,b̃2;b̃2+1;ζ ∗)
(1−ζ ∗)1−ã2

. We are interested in

lim
ζ ∗→1

(1−ζ
∗)

2F1(ã2, b̃2; b̃2 +1;ζ ∗)

(1−ζ ∗)1−ã2

as limζ ∗→1(1−ζ ∗) is finite and equal to zero, we can rewrite this expression as

lim
ζ ∗→1

(1−ζ
∗)

2F1(ã2, b̃2; b̃2 +1;ζ ∗)

(1−ζ ∗)1−ã2
=

[
lim

ζ ∗→1
(1−ζ

∗)

][
lim

ζ ∗→1

2F1(ã2, b̃2; b̃2 +1;ζ ∗)

(1−ζ ∗)1−ã2

]
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if the second limit on the right hand side in the above equation is finite. 15.4.23 in DLMF (URL) states that

lim
ζ ∗→1

2F1(a,b;c;z)
(1− z)c−a−b =

Γ (c)Γ (a+b− c)
Γ (a)Γ (b)

if R(c− a− b) < 0. Applied to our case, c− a− b = 1+ b̃2− ã2− b̃2 = 1− ã2 = − α

1−α
< 0. Further-

more, Γ (c)Γ (a+b−c)
Γ (a)Γ (b) = Γ (b̃2+1)Γ (ã2−1)

Γ (ã2)Γ (b̃2)
= b̃2

ã2−1 which is finite. Hence, limζ ∗→1(1−ζ ∗) 2F1(ã2,b̃2;b̃2+1;ζ ∗)
(1−ζ ∗)1−ã2

= 0 and

limζ ∗→1 K0 = K0.

The critical term in the denominator of K0
H0

is 2F1(ã2, b̃2 − 1; b̃2 + 1;ζ ∗). As ∂ 2F1(ã2,b̃2−1;b̃2+1;ζ ∗)
∂ζ ∗ =

ã2(b̃2−1)
b̃2+1 2F1(ã2+1, b̃2; b̃2+2;ζ ∗)> 0 for ζ ∗ < 1, H0 declines with ζ ∗ in this range. 15.3.6 in Abramowitz and

Stegun (1972) implies that limζ ∗→1 2F1(ã2, b̃2−1; b̃2 +1;ζ ∗) = Γ (b̃2+1)Γ (2−ã2)

Γ (b̃2+1−ã2)Γ (2)
if 2− ã2 =

1−2α

1−α
> 0 which is

the case for α < 1
2 . In case α > 1

2 we find 2F1(ã2, b̃2− 1; b̃2 + 1;ζ ∗)→ ∞ as ζ ∗ → 1. In both cases, it is

possible that H0 turns negative as ζ ∗ grows for ζ ∗ < 1. Define ζ̄ as

ζ̄ =ζ ∗≤1 |H0−A−
1

1−α

(
H0

S0

) γ

1−α
(

L0

B

)− β

1−α

ϕ
− 1

1−α

2
L0

ψ2 c 2F1(ã2, b̃2−1; b̃2 +1;ζ ∗)

b̃2(b̃2−1)
|, (95)

As H0 is decreasing in ζ ∗ for ζ ∗ < 1, the admissible range for a solution to the present problem has the

upper bound ζ̄ . Therefore, if ζ̄ < 1 (ζ̄ = 1) we find H0|ζ ∗=ζ̄
= 0 (H0|ζ ∗=ζ̄

≥ 0).

Lastly, we turn to K0
H0

as ζ ∗ → −∞. Again, we start with the nominator K0We know already that (1−
ζ ∗)ã2 2F1(ã2, b̃2; b̃2 +1;ζ ∗) is decreasing in ζ ∗ for ζ ∗ < 1. Obviously, K0 then declines as ζ ∗→−∞. 15.3.4

in Abramowitz and Stegun (1972) states that

2F1(a,b;c;z) = (1− z)−a
2F1(a,c−b;c;

z
z−1

)

which implies for the present case

(1−ζ
∗)ã2 2F1(ã2, b̃2; b̃2 +1;ζ

∗) = 2F1(ã2,1; b̃2 +1;
ζ ∗

ζ ∗−1
).

As ã2, b̃2 +1 > 0 and limζ ∗→−∞

ζ ∗

ζ ∗−1 = 1, limζ ∗→−∞(1−ζ ∗)ã2 2F1(ã2, b̃2; b̃2 +1;ζ ∗) = ∞. This implies

that K0 becomes necessarily negative if ζ ∗ becomes too small. The range for admissible values for ζ ∗ is

therefore bounded from below at ζ which satisfies the condition

K0 =
L0

ψ
c
(

1−ζ

) 1
1−α 2F1(ã2, b̃2; b̃2 +1;ζ )

b̃2
. (96)

We observe limζ ∗→ζ

K0
H0

= 0.

Taken together, if ζ < ζ̄ and ζ̄ < 1, lim
ζ ∗→ζ̄

K0
H0
→ ∞. If ζ < ζ̄ , ζ̄ = 1,lim

ζ ∗→ζ̄

K0
H0

either diverges to

infinity or a strictly positive constant. The latter occurs if H0 6= 0 for ζ ∗ ≤ 1. In all possible cases we therefore

observe lim
ζ ∗→ζ̄

K0
H0

> lim
ζ ∗→ζ̄

K+
0

H+
0

.

Furthermore, if ζ < ζ̄ we know that limζ ∗→ζ

K0
H0

= 0 and limζ ∗→ζ

K+
0

h+0
> 0 as

K+
0

h+0
is decreasing in ζ ∗ for

ζ ∗ < 1 and approaches 0 as ζ ∗→ 1.

If it happens that ζ = ζ̄ , this value is the unique solution to the initial value problem. If we find ζ > ζ̄ ,

there is no solution to the initial value problem because initial endowments K0,H0 are too low to allow for
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subsistence consumption c.

This proves that a unique solution always exits if and only if ζ ≤ ζ̄ < 1.
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