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Abstract

Unstructured mesh methods offer flexibility in representing variable coastlines and
bathymetries in ocean circulation models. They propose other advantages allow-
ing, for example, to define high resolution in certain regions of global mesh without
invoking nesting methods.
However, already existing finite-difference structured mesh models often outper-
form them as their computations per mesh node are less expensive. Nevertheless,
due to the big variety of discretizations possible with unstructured mesh methods -
finite element or finite volume - and the freedom in mesh design, the existing set-
ups are not necessarily optimal in terms of accuracy and numerical efficiency. The
search for optimal approach presents an important direction of current research.
This thesis partly contributes in this direction. Two finite element and one finite vol-
ume method are compared with respect to their ability to faithfully simulate tides
on meshes of the European Continental Shelf. Judged by computational efficiency
and the absence of stabilization the preference is given to the semi-implicit models
based on finite volumes after Chen et al. (2003) or on the non-conforming finite
element method.
One of the proposed models is further validated in simulating M2 and K1 tidal con-
stituents on a fine mesh. Its performance in balancing energy and calculating re-
sidual currents is analyzed. The influence of the open boundary condition is also
discussed.
The results obtained in this analysis indicate, that the model skills are more sensi-
tive to errors in open boundary conditions and depth representation than to changes
in the spatial or temporal discretization schemes. This dictates the next step —
implementing algorithms that systematically improve model parameters and open
boundary forcing. It is the second major goal of this thesis.
In the thesis the adjoint model is generated by adapting automatic differentiation
technique. It computes the sensitivities of a cost function, which is a measure for
the misfit between observed and simulated model fields, with respect to the depth,
the bottom friction coefficients and the open boundary values.
The sensitivities are compared in M2 and K1 tidal simulations and on a coarse and
fine meshes. Regions of strong sensitivities for each tidal constituent are identified.
It turns out that the sensitivities on the coarse and fine meshes do not match. If
mesh is coarse it is missing dynamics that are tuned. In contrast, on the fine mesh
the sensitivities with respect to, for example, depth identify islands missing from the
mesh. This suggests to use adjoint models for mesh refinements.
Further, the adjoint model is coupled to a Broyden-Fletcher-Goldfarb-Shanno algo-
rithm, and the parameters are optimized on the coarse mesh. The error in coastline
representation and mesh resolution is partly projected on the parameter sensitivi-
ties, which leads to a tendency in less realistic values unless strong regularization
is used. This shows that tuning parameters for the wrong reason is something that
should be avoided. This thesis proposes to use the sensitivities first for mesh re-
finements and in a second step for parameter optimization.





Everything is vague to a degree you do not realise till you have tried to make
it precise.
Bertrand Russell (1872-1970).
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Introduction

The prediction of storm surges, such as the flooding triggered by hurricane
Katrina, is just one example, where operational models including tides are
important for coastal management.
Although ocean tides are well understood, their numerical modeling in
coastal seas still presents challenges due to the diversity of involved pro-
cesses (wetting & drying, river inflow, sea ice, wind, general ocean circula-
tion) and the complexity of the coastlines and the topography. Generated by
the non-linear frictional dissipation and advection of momentum compound
tides and overtides significantly deform the dominant tidal waves (Parker,
1991). Hydrodynamic tidal models exist in global setups (e.g., Zahel, 1995;
Lyard et al., 2006) and for specific regions on the continental shelfs, for ex-
ample in the Irish Sea (Heaps & Jones, 1981) or for estuaries (Uncles &
Stephens, 1989).
The contribution of baroclinic (internal) tides to the surface elevation is rela-
tively small compared to the barotropic tides, therefore the prediction of
tidal elevation is considerably well represented by barotropic shallow water
models. However, there are numerous aspects of ocean dynamics where
three dimensionality and baroclinicity are important players. One aspect is
the prediction of sediment transport, where the bottom boundary layer has
to be resolved and the vertical velocity field has to be described (Pandoe
& Edge, 2003). Further examples come from modeling fresh-water ecosys-
tems which may be influenced by saline water discharges propagating up
the rivers.

On a more global scale, internal baroclinic tides are generated by quasi-
barotropic tidal motion over steep topography (Kantha & Clayson, 2000).
Their breaking is a source of cross-isopycnal mixing and the generation of
deep sea internal waves. There are indications that baroclinic tides and
winds contribute to the same order to the maintenance of the abyssal strati-
fication, making them important components of the thermohaline circulation
(Munk & Wunsch, 1998). However, tidal dissipation is strongest in coastal
regions and a major contributor to mixing. The reconstruction and quanti-
fication of tidal dissipation is an important research subject of paleoscience.
The identification of intensified regions over the past billion years remains
unresolved due to lack of measurements.

Studying these aspects presents many challenges. Even within the barotro-
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ii Introduction

pic dynamics a faithful prediction of elevation, currents and residual circu-
lation is far from being a simple problem given the intricacy of coastlines,
bottom topography, and frictional forces.
The geometrical complexity of coastlines and the feasibility of variable re-
solution make tidal models formulated on unstructured grids more appeal-
ing than those based on regular grids. The unstructured grid modeling is an
area of ongoing research, involving challenges such as accuracy and nu-
merical efficiency. The long term goal of the unstructured grid ocean mod-
eling community is to establish fast, high precision ocean models based on
unstructured grids and coupled to atmospheric models in operational use.
To achieve this goal many unsolved questions and problems need to be
tackled.

Generally computer codes working on unstructured meshes are consid-
erably slower per grid node than the ones designed for regular meshes.
The numerical efficiency of unstructured mesh codes has seldom been ad-
dressed in literature, even though this becomes a decisive aspect when
questions of realistic size are solved.
Some aspects of accuracy of particular discretizations were addressed re-
cently using elementary test cases (Le Roux et al., 2007, 2009). However,
the precision of tidal simulations in real-world applications is a more deli-
cate task, and involves, in addition to the purely numerical aspect, the know-
ledge of topography, parameterization of bottom friction, reliable description
of wetting and drying and open boundary conditions. There are multiple
sources of model error (Bennett & McIntosh, 1982, 1984). Increasing the
order of the spatial or temporal discretization scheme or refining the mesh
only reduces some part of the model error. Reaching realism in representing
the tides requires tuning of the models with respect to bathymetry, bottom
friction and open boundary values.
Coastal, barotropic tidal models are based on the 2D shallow water equa-
tions. Parameters such as the bottom friction coefficient substantially influ-
ence energy dissipation. Though it is known that the bottom friction parame-
ter is not constant, measurements or reliable estimates are rare. Further, the
bathymetric data is sometimes a combined product of different sources with
different errors. Some features are smoothed, while they can be resolved
with the unstructured mesh. Additionally the bottom topography may change
in time due to sediment transport. It is therefore a fairly challenging task to
determine from ocean elevation observations the underlying bathymetry.

Unstructured grids consist of nodes and edges defining, for example, tri-
angles or rectangles of variable size. Usually the variables are attributed
to the nodes. Since the number of unknown parameters is of the order of
the number of nodes, and changing them one after another comparing the
influence on the error, tuning of the parameters is time consuming. The
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implementation of the adjoint model helps to facilitate the adjustment. For
this purpose a cost function measures the misfit between observation and
model result. An adjoint model gives the derivative of the cost function with
respect to the parameters and therefore, knowledge about the error sensiti-
vity to changes of the parameters. This can be used to adjust all parameters
at once. Hand-coded or manually differentiated (MD) adjoint tidal models
are used for the adjustment of open boundary conditions, bottom friction or
depth for example by Bennett & McIntosh (1982), Verlaan et al. (1996) or
Heemink et al. (2002). The main disadvantage of MD codes is that changes
in the forward code have to be translated into the reverse code. Automatic
differentiation (AD) is a tool to generate discrete adjoint models with less
effort. Additionally once the forward model has been prepared for it, the ad-
joint generation is easily repeated if changes in the forward code are made.
Although AD tools are available for many years, they have been rarely used
for adjoint coastal ocean models. Recent studies (e.g. Elizondo et al., 2002)
suggest that AD adjoint models are more accurate than MD adjoint models.
But differences in computational performance and accuracy compared with
their MD counterparts have not been evaluated for tidal unstructured ocean
models yet.

This thesis contributes to the development of tidal models on unstructured
meshes in two important directions. The first goal is to explore accuracy and
numerical efficiency of the forward code, and the second goal is to facilitate
the tuning of models.

For the first goal I identify optimal discretization techniques with respect to
realism in representing tides and with good numerical efficiency. The in-
tercomparison between finite element and finite volume methods applied to
solve the shallow water equations on realistic unstructured meshes gives
preference to particular algorithms.
During this thesis several codes are developed. In particular the semi-
implicit and the Adams-Bashforth non-conforming finite element branch are
implemented, the configurations are made for tidal simulations, test meshes
are generated and the codes are tested. Furthermore, I configure several
models with different discretization for particular areas of application, ana-
lyze and compare the results. Various types of open boundary conditions
are tested, too.

Two finite element (FE) and one finite volume (FV) technique are tested
in an intercomparison study on a North Sea unstructured grid with GEBCO
bathymetry. The major motivation for choosing the North Sea is the availabil-
ity of tidal gauge data on multiple stations which allows testing the models
against observations. Tidal maps of the major tidal modes (Defant, 1961) as
well as charts and measurements of the tidal streams (see, e.g., Sager &
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Sammler, 1968; Dick et al., 1992) show that the North Sea is sufficiently well
known to validate new tidal models. Operational models coupled with cur-
rent meteorological data (like the BSHcmod, Dick et al., 2001) have been
tuned to fit observation for years predicting storm surge heights and the
magnitude and direction of tidal streams.

The second goal is to provide methods that systematically help optimize
the parameters. An adjoint model is implemented and used for sensitivity
studies with respect to open boundary conditions, bathymetry and the bot-
tom friction coefficient. In order to have flexibility in changing the forward
code and to facilitate obtaining adjoints of the non-linear terms and time-
dependent variables, an automatic differentiation procedure is applied to
construct the adjoint model. Here I adapt the model structure to the require-
ments of the AD program and find an appropriate cost function including
regularizations for the subsequent minimization. In this thesis the sensitivity
patterns are analyzed and the configurations for the optimization routines
are set. The optimization shows effective reduction of the misfit between
model results and observations.

Chapter 1 summarizes common unstructured mesh approaches. The state
of the art of unstructured mesh models with special focus on tidal applica-
tions in the North Sea is presented. It also deals with the particular features
of the North Sea tidal dynamics and points out some open questions and
current research objectives.
Chapter 2 presents the finite element (FE) and finite volume (FV) models
developed for this study. New aspects for the implementation of a stable ad-
vection scheme of the non-conforming FE models are given. Furthermore,
it revisits the treatment of open boundary conditions. In order to compare
FE and FV models in terms of accuracy and computational cost, three dif-
ferent spatial discretizations are implemented. They consist of one FV setup
and two FEs discretizations and use four different temporal discretizations,
namely leapfrog, Adam-Bashforth, Runge-Kutta and Euler semi-implicit. Not
all combinations are implemented. FV exists in three time stepping me- th-
ods, the non-conforming FE method has also three methods, and the con-
tinuous FE method uses only the semi-implicit method. The performance
of the seven models to simulate the M2 tide in the North Sea is tested and
compared against satellite and tide gauge tidal observations. Recommen-
dations about what kind of models are fast and accurate are drawn from this
intercomparison.
Suggested by the intercomparison, one model is tested on a high resolution
North and Baltic Sea grid in simulating the major tidal constituents. It is
validated by comparing the tidal energy transformations and the residual
currents and demonstrates the power of unstructured grid modeling.
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Chapter 3 explains the concepts of adjoint models and automatic differen-
tiation, pointing out different ways an adjoint model can be implemented.
During this thesis the appropriate automatic differentiation tool is found and
the code is prepared for its differentiation. Furthermore, the code is tested
and applied to realistic settings with moderate size.
Chapter 4 shows how the cost function is influenced by changes in depth,
bottom friction parameters and open boundary values. These sensitivities
are compared on a coarse and fine mesh and with the M2 or the K1 tide.
In order to improve results in one area I identify regions, that influence the
result more than others.
The author provides interfaces to use the differentiated code together with
optimization routines. The adjoint model and an BFGS algorithm minimize
the misfit between model results and observations and generates optimized
bottom friction coefficients, depths and open boundary values.
Finally, conclusions are drawn and an outlook for future research is given.
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Notations

S is the unit sphere
∂S is the surface of the unit sphere
Ω is a domain on the Earth
Ωe is a triangular part of Ω
∂Ωe is the boundary of Ωe

Γ1 be the coastal boundary of Ω
Γ2 of the open (wet) boundary of Ω
∂Ω is total boundary of Ω, e.g. ∂Ω = Γ1

⋃Γ2
g is the gravitational acceleration
f is the Coriolis parameter
r the bottom friction coefficient
ρ is the mean density of sea water
ρe is the mean density of the solid Earth
P1 linear “hat” functions, defined on nodes
PNC

1 linear functions defined on edges
2D = two dimensional
3D = three dimensional
AD = automatic differentiation
FD = Finite Difference
FV = Finite Volume
FE = Finite Element
WCE = wave continuity equation
rhs = right hand side
rms = root mean square
GW = Giga Watt
AB = Adams-Bashforth
AM = Adams-Moulthon
RK = Runge-Kutta
Sv = Sverdrup (=106m3/s)
psu = practical salinity units
BFGS = Broyden-Fletcher-Goldfarb-Shanno (a Quasi-Newton method)

vii
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1 State of the art

In this chapter I give a brief review of existing literature on unstructured grid
modeling for 2D shallow water flow, summarize the general features of tides
in the North Sea and list some widely used models. Section 1.1 highlights
some stages in the development and history of unstructured grid modeling
techniques for the shallow water equations. Since literature about this topic
is enormous, only a limited view with chosen references can be given. Sec-
tion 1.2 is about the tides in the North Sea and summarizes, what is known
about their origin and appearance. Although this region has been investi-
gated for centuries some open questions still remain. Afterwards, Section
1.3 gives an overview of the already existing structured and unstructured
tidal models for the North Sea region. Since this area is well-studied, the list
will always be incomplete.

1.1 Unstructured grid models

Unstructured grid models suggest a number of advantages compared to
structured finite difference (FD) models. One example is the representation
of the complex shoreline and controlling the mesh density according to the
varying topography. The mesh information is stored by the geographical
coordinates of the nodes and a list containing the node numbers of each
element. Elements can be any polygon, but I choose triangles as they are
commonly used. Over the last several decades many models working on
unstructured grids have been proposed for the 2D shallow water equations.

For the spatial computation, amongst others, finite element (FE), finite vol-
ume (FV) and spectral methods are very famous. FV methods build upon
the discrete points certain volumes and assign them to the variables. Spec-
tral methods transform the variables into spectral space and solve them
there. FE methods use polynomial functions defined by values placed some-
where on the grid. Usually these functions are defined by values of the
nodes, but one can also use mid edge values for example. The higher order
polynomials may add additional points on the grid or span over some ele-
ments (where elements refer to the grid cells). The sum of all functions sup-
pose to approximate the continuous solution. I will later demonstrate that the
stability is affected by the choice of these functions. These functions have
to be appropriate for the equations and the desired order of approximation.

1



2 1 State of the art

Figure 1.1: Finite element test functions: left P1, right PNC
1 . The blue trian-

gles represent the mesh triangles.

FE methods divide into continuous and discontinuous. For continuous me-
thods the nodal values are common on each neighboring element, while for
discontinuous the values of the nodes are independent on each element.
A third kind of discretization, the non conforming elements, are in-between.
Their value is continuous on the mid edges, but discontinuous everywhere
else.
The linear, continuous - so called P1 - and the linear, non-conforming - so
called PNC

1 - functions on triangular grids are often used. P1 functions are
one on the node with linear decrease to zero on the neighboring nodes. PNC

1
equal one on the edge and decrease linearly to minus one on the opposing
nodes. They are shown in Fig. 1.1.
Although high-order FE promise higher accuracy they tend to be conside-
rably more expensive numerically. For this reason current practice in ocean
modeling is to use low-order computationally less expensive elements. But
certain low order schemes also exhibit numerical difficulties, which will be
explained in the following.
When for example P1 functions are used for velocity and elevation, spurious
modes can be excited from the non empty nullspace of the discrete pres-
sure gradient operator (see, e.g., Walters & Carey, 1983). A well-known
solution procedure is to express velocity from the discrete equations and to
substitute it in the continuity equation. As a result the nullspace of the gra-
dient operator may be excited if the system becomes quasi stationary (the
nullspace is not necessarily excited, when the temporal change is non zero).
The discrete divergence operator can have a nullspace, too, and allow for
spurious velocity modes. But these modes are less dangerous since the vis-
cous term damps them sufficiently in general. Le Roux et al. (1998) analyse
FE methods in their performance to solve the linear shallow water equa-
tions. Important is the ratio between degrees of freedom of velocity and
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elevation. If they are different, then nullspaces exist. The mathematically
strict criterion for the absence of pressure modes is the LBB condition (La-
dyzhenskaya, 1969; Babuska, 1971; Brezzi, 1974), which is an error bound
and, for instance, infinity if pressure modes are possible. Le Roux (2005)
identified the PNC

1 −P1 finite element pair - e.g. P1 functions for elevation and
PNC

1 functions for the velocities in x and y direction - to properly model the
dispersion of the inertia-gravity wave. This pair does not support pressure
modes. Other pairs like the P1−P1 elements - e.g. P1 functions for elevation
and also for the velocities in x and y direction - suffer from pressure modes
and need stabilization.
Increasing the viscosity is one way to reduce the computational velocity
modes. The common approach for pressure modes is to replace the con-
tinuity equation by a wave continuity equation (WCE) before applying the
discretization. One of the first WCE was proposed by Lynch & Gray (1979)
and mixes continuity and momentum equation. It has the following form (for
simplicity without advection and viscosity; see Appendix for its derivation):

∂2η

∂t2
+ τ

∂η

∂t
−∇ ·

(
Hfk× u +Hg∇η − u∂η

∂t

)
−Hu · ∇τ = 0. (1.1)

τ denotes the linearized bottom friction coefficient, η the sea surface eleva-
tion, H = η+H0 the total fluid depth, u the velocity vector in south-north and
west-east direction, g the gravitational acceleration, f the Coriolis parameter
and k is the upward unit vector.
Kinnmark & Gray (1985) report that the WCE is able to progagate the node-
to-node oscillations away. Kinnmark (1986) gives a clear preference for
WCE instead of the primitive continuity equation.
A similar WCE is the so called generalized wave continuity equation (GWCE).
Models such as QUODDY (Lynch et al., 1996), ADCIRC (Westerink et al.,
1992) and MOG2D (Carrére & Lyard, 2003) successfully exploit the GWCE
with a long record of applications ranging from local wind surge to global
tide predictions. The equation is derived in the appendix. In general, it is
obtained by using ∂χ/∂t + τ−1

0 χ = 0 (here τ0 is some arbitrary parameter)
and replacing χ with the left hand side of the continuity equation. Then the
momentum equation is used to eliminate the time derivative of the velocity.
Without viscosity and advection the following form is obtained

∂2η

∂t2
+τ−1

0

(
∂η

∂t
+∇ · (η +H0)u

)
−∇·

(
Hfk× u +Hg∇η +Hτu− u∂η

∂t

)
= 0

The trick of the WCE is that it contains a diffusion-type operator applied to
the elevation. Its discretization has different properties and filters out the
pressure modes. Therefore, the WCE gives better stability.
The price of the WCE is that the exact local mass conservation is lost (see,
e.g., Massey & Blain, 2006). As it can see in Eqn.(1.1), the continuity con-
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straint is weakend and needs not to be satisfied exactly any more. There-
fore, the GWCE uses the additional term τ−1

0 χ to better preserve local mass
conservation (Dupont, 2001).

Next to the GWCE or WCE a natural way to prohibit pressure modes is
to increase the degrees of freedom for velocity. Since PNC

1 is defined on
edges, whose number is approximately three times the number of nodes,
the PNC

1 − P1 element pair (Hua & Thomasset, 1984) has this desired prop-
erty. Recently Hanert et al. (2004) and Hanert et al. (2005) proposed new
promising methods for the treatment of advection and diffusion for PNC

1 −P1.
The difficulty is to compute correct fluxes at the element boundaries. I will
discuss this topic in more details in Section 2.1.1.
Another advantage of PNC

1 − P1 is that the velocity mass matrix (e.g. the
matrix

∫
Ω ΨiΨjdω, where Ψi is the non-conforming test function on edge i

and
∫
Ω dω is the integral over the domain) is diagonal and, therefore, easy to

invert without lumping, e.g. diagonalizing the matrix by summing up the off
diagonal entries and adding it to the diagonal. On irregular meshes mass
matrix lumping has some implication on accuracy and should therefore be
treated with caution (see Hughes, 2000; Walters et al., 2009) for a brief re-
view and an intercomparison study).

Next to the FE methods introduced above, FV methods are used to solve
equations on unstructured meshes. FV methods assign certain volumes
to the variables. One widely used approach utilizes a mixture of FV and
FD methods and can be interpreted as a triangular analogue of C-grid dis-
cretization on quadrilateral grids (Casulli & Walters, 2000). The elevation is
constant on each element and the normal velocity is given on the edges,
which makes the computation of the Coriolis force more difficult. The Cori-
olis term shall be treated such that skew symmetry is maintained (Perot,
2000; Ham et al., 2007; Kleptsova et al., 2009). The method is able to use
a mixture of triangles and quadrilaterals, but the mesh has to be orthogo-
nal. In this context a mesh is orthogonal, if every element has a point called
“center”, such that the element edge is orthogonal to the segment joining
the center and the neighboring center. “Centers” are for example the cir-
cumcenters, and the mesh has to be constructed in such a way, that the
circumcenters lie within the elements. Designing such an orthogonal mesh
is less straightforward and, therefore, another recent FV method became
very popular. It is employed by FVCOM (Chen et al., 2003) and assigns
the velocity to the barycenters by using the element volume. The elevation
is given on the nodes with a volume constructed by edge mid points and
barycenters. I will employ this approach, as it can use the same triangu-
lar meshes as the FE methods presented above. More details about this
method are given in Section 2.1.2.
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An FE analogue to C-grid method, utilizing RT0 element, is gaining in pop-
ularity, too (Walters & Casulli, 1998; Hanert et al., 2009). The elevation is
discretized by constant functions on each element. The velocity is spanned
by vector basis functions with expansion coefficient being normal compo-
nent of velocity at edges. The functions are

~Ψi = ~x− ~xi
hi

,

where ~xi is the radius vector of the node opposite to edge i and hi is the
distance from the node to the edge. Like PNC

1 − P1 they are free of spuri-
ous elevation modes and its spurious velocity modes are naturally filtered
out by viscosity (Hanert et al., 2003). Furthermore, even with mass matrix
lumping, the dispersive properties are well preserved (Le Roux et al., 2009).
Hanert et al. (2009) suggest that RT0 might be better suited than PNC

1 − P1
in the case of hydrological simulations with tracers, but in the case of purely
hydrodynamical models PNC

1 − P1 should perform better than RT0. Since
the tides are mainly hydrodynamical, I will later solely use PNC

1 − P1 in the
intercomparison study.

Many other approaches have been discussed in literature and used to for-
mulate models. In particular, on the side of FE method, there is growing
interest in discontinuous Galerkin (DG) methods. They provide higher nu-
merical accuracy but also impose a larger computational burden as the
number of degrees of freedom per element also increases. For example,
there is currently an extension of ADCIRC (ADvanced CIRCulation Model
for Shelves, Coasts, and Estuaries) to DG in development (Kubatko et al.,
2006, 2007). For further readings see e.g. Bernard (2008), who investigated
the possibilities of DG methods in the SLIM (Second-generation Louvain-la-
Neuve Ice-ocean Model) project, or Cotter et al. (2009), who proposes a
mixed discontinuous/continuous FE method for the ICOM (Imperial College
Ocean Model). It would be interesting to compare those new methods in
tidal applications with the already existing methods in future studies.

1.2 North Sea: Hydrological and tidal regime

This section gives some information about the geographical domain which
I will use to test the unstructured mesh models. The North Sea (shown in
Fig.1.2) has been chosen, as it is a region of well-observed tidal dynamics
and therefore able to validate model performance. In terms of later usability
of the model this region is of interest with respect to the prediction of climate
change and its consequences.
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1.2.1 Water transport and hydrodynamics

The North Sea is a shelf sea covering an area of about 575,000 km2. Its
water mass of approximately 54,000 km3 exchanges mainly with the North
Atlantic and, to a very limited extent, with the Baltic Sea.
Due to the small water depths (in average about 94 m) the circulation in the
North Sea is strongly influenced by atmospheric forcing on synoptic scales
and susceptible to long period climate variability. Temperature and salinity
vary on seasonal, inter-annual and decadal time scales correlated to the
NAO-Index. During winter the North Sea is vertically well mixed, except for
some regions such as the Norwegian trench, where a haline stratification
exist all year. The water gets less haline near estuaries and the outflow re-
gion of the Baltic Sea. Evaporation and precipitation result in a net fresh
water input. A complete fresh water budget can be found in Damm (1997).
The increased atmospheric heating during summer results in thermal strati-
fication in the central and northern North Sea. Thermocline separate bottom
and surface water, leading to oxygen reduction in the bottom water. Strong
tidal currents in shallow water regions (depth less than 25 m) bring turbulent
mixing and prohibit oxygen shortage (Müller, 2008).
A cyclonic circulation is driven amongst others by the North Atlantic cur-
rent, the density distribution and winds. It transports water into the do-
main through the Fair Isle passage and a region east of the Shetland Is-
lands, while water leaves the domain in the north eastern part of the North
Sea. These transports vary seasonally around 0.4 Sv in the in- and outflow
part and almost level each other during most of the time (Loewe, 2009).
The mean flushing time of the North Sea water is approximately 167 days
(Lenhart & Pohlmann, 1997).
Another arm of the North Atlantic current enters through the Strait of Dover
with a yearly net mean transport of approximately 0.04 Sv (model estimate
from BSHcmod). Measurements show significantly higher transport rates
than suggested in most of the models (Pohlmann, 2003). Therefore, there
is a need for further studies to explain the differences. The transport through
Strait of Dover is also highly dependend on the wind stress. It reaches up
to 1 Sv of in- or outflow during storm conditions. The Baltic Sea outflow
into the North Sea mainly takes place in winter with about 0.013 Sv. During
certain events North Sea water masses massively enter the Baltic Sea and
supply the deeper layers with oxygen. Otherwise the Baltic Sea could shift
to anaerobe conditions. Steep density gradients occur between the North
and the Baltic Sea. In the Kattegat water from the Skagerrak with about
33 psu mixes with water from the Baltic sea with about 8 psu (Blanz et al.,
2005). This mixing is temporally variable. The water exchange between
the two seas takes place during special events occurring irregularly (Meier
et al., 2006). A review of the interactions between the North and Baltic Sea
can be found in Gustafsson (1997).



7

The flow dynamics of the North Sea are characterized by a transition/ inter-
action zone of geostrophic and ageostrophic components. Friction and topo-
graphic features lead to strong ageostrophic contributions, while some pat-
terns still represent the unchanged oceanic circulation. It should be noted
that the geostrophic contribution is relatively unimportant. Estimates of the
baroclinic geostrophic currents (Pohlmann, 2003) suggest an anticyclonic
contribution of the order of only 10% to the total circulation. Also the tidal
residual current only plays a negligible role for the general, total circula-
tion compared to contribution of wind and density currents (according to
Pohlmann (2003)). Locally, for example around islands, there can be strong
tidal residual currents and wind induces up- and downwelling.
Changes in the heat content are influenced by wind and thermal forcing.
Strong winds during summer result in deepening of the thermocline and an
enhanced heat storage. In the mid eighties the heat balance of the North
Sea changed to a system with significantly higher overall heat content and
stronger inter-annual variations (Pohlmann, 1996). This affected the com-
position of the ecosystem. The long term effects of the climate change in
the North Sea are currently under investigation in many projects.

1.2.2 Tides

Tidal waves enter the North Sea between Scotland and Norway, as well as
through the Strait of Dover. The elevation due to the tidal potential con-
tributes only negligibly to the tidal waves. This is due to the relatively small
water depth and the fact that the spatial scale of the basin is small compared
to the spatial scale of the potential force.
The southwards propagating wave travels as Kelvin wave along the east
coast of the United Kingdom and then turns anticlockwise along the Dutch,
German and Danish coast. On its way it looses much of its energy and
only a small portion enters the Baltic sea or leaves the region along the
Norwegian coast. The bottom topography and the basin shape enforce the
generation of Poincare waves and the appearance of amphidromic points.
The three amphidromic points lie between England and the Netherlands, in
the German bight and near the Norwegian coast (see Fig. 1.3). The ob-
tained structure results from the interference of co-oscillating and external
tides and, in some place, also the occurrence of free oscillations plays a role
(Defant, 1961).
Flather (1976) computed the tidal energy fluxes through the open bound-
aries and its dissipation by bottom friction for the M2 tidal wave over the
European Continental Shelf. Although the dissipation is underestimated and
the bottom friction coefficient constant, the distribution among the basins
seems to be reasonable. He estimated that the major part of the tidal energy
enters the shelf between Ireland and the Bretagne. Here, only about 20%
enters the North Sea through the Strait of Dover and the rest is dissipated
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already on the shelf, in the Irish Sea or in the English Channel. Although the
northern opening of the North Sea is bigger then the Strait of Dover and its
incoming wave is the dominant forcing for the tides in the North Sea, the net
energy input is smaller than through the Strait of Dover according to Flather
(1976).
The European Continental Shelf contributes to the total tidal dissipation for
all shallow seas with about 10% (Flather, 1976) and is therefore quite im-
portant for the energy budget of the global ocean.
By harmonic analysis the tidal signal can be decomposed into several con-
stituents. The major diurnal constituents are K1 and O1 and the most im-
portant semi-diurnal ones are M2 and S2, with the semi-diurnal signal dom-
inating. The European shelf has very strong shallow water constituents,
which are due to the non-linearities of e.g. bottom friction and advection.
The highest amplitudes of the shallow water constituents have the over-
tides M4 and M6 and the compound tides MNS2, MN4 and MS4 accord-
ing to Andersen (1999). The amplitudes of M4 is in some places larger
than the ones of the diurnal constituents. Double high and low waters are
generated by M4 along the Dutch and British coast in the English Chan-
nel. Double high water means that high water persists several hours longer
leading to strong currents during a few hours of ebb stream. For example
Andersen (1999) present charts of M4 obtained from model calculations and
TOPEX/POSEIDON estimates.
Cotidal maps show the spatial structure of amplitude and phase of the level
oscillations of a single harmonic. The most important constituent in the
North Sea is M2. The cotidal maps give information about the propagation
of the tidal wave with a corresponding period. The tidal chart of M2-wave
presented in Fig. 1.3 was obtained with the NCLF model, while the other
models presented in Section 2.1 give approximately the same result. It is
consistent with cotidal charts found in Sinha & Pingree (1997) and Howarth
& Pugh (1983).
More recent sources of harmonic constituents in the North Sea are often
combined model and altimeter products, for example FES04 (Lyard et al.,
2006), EOT08 (Savcenko & Bosch, 2008) or OTIS (Egbert & Erofeeva,
2002). They give estimates with a high accuracy in the open ocean. But
for coastal tidal elevations the shape of the coastline and wetting and drying
processes become important and regional models or tide gauge data sets
are useful.

1.3 Tidal models for the North Sea

Before numerical tidal models for the North Sea were developed the descrip-
tion of tides had two major drawbacks. First, observations of tidal height
were mostly confined to the coast, and second, the coverage of tidal current
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Figure 1.3: M2 Tidal chart: amplitude in cm, phase in degree (obtained with
model NCLF on a mesh covering the North and Baltic Sea)

measurements were fragmentary. Extra- and interpolation of data made
the information error-prone in many regions. In answer to the fatal storm
surge of 1953, the interest in hydrodynamical modeling of storm surges in
the North Sea and consequently the simulation of tides were reinforced.
Some of the earliest FD models of the North Sea were from Hansen in the
1950ties (Hansen, 1952). Although the models were coarse, they could
reproduce the main amphidromic points of M2. Tidal elevations and cur-
rents could be validated by observations (Brettschneider, 1967a,b). But to
calculate satisfactory surge profiles more advanced FD tidal models, which
accounted for non-linearities and the interaction between surges and tides,
had to be developed (Heaps, 1969; Flather, 1976). One difficulty they en-
countered was the formation of spurious eddies, which were mainly due to
the poor resolution of the bottom topography. Finer resolving (Maier-Reimer,
1977; Pingree & Griffiths, 1978) and three dimensional models (Backhaus,
1979) were soon developed and gave more detailed simulation results.
The list of FD models can be extended easily, e.g., by Ronday (1973),
Marchuk et al. (1973), Ronday (1975), Davies (1976), Prandle (1978), Davies
& Furnes (1980), Davies (1986), Davies et al. (1997a) and Davies et al.
(1997b) to mention just a few of them. Major improvements in realism of the
computations were done by including density as diagnostic variable to com-
pute baroclinic components of the current (Backhaus, 1985) and by incorpo-
rating time dependend wind fields (Hainbucher et al., 1986). In terms of nu-
merical methods, the introduction of the staggered grid approach (Arakawa
C-grid) avoided artificial short waves (Westerink & Gray, 1991). These FD
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models were and are still used in numerous studies, for example in Sinha
& Pingree (1997). In order to better resolve the coastline with manage-
able computational loads, the structured grid models have to use nesting
techniques. Coarser models on wider domains provide fine resolution, local
models with open boundary conditions. For example, the BSHcmod (Dick
et al., 2001) is an operational tidal, storm surge model with nested domains.

To realize varying grid solution the unstructured grid methods are very prom-
ising. Their development is contiguous to the development of computers in
the early sixties and seventies. Early FE models (such as Brebbia & Par-
tridge (1976) and Grotkop (1973)) of the North Sea were plagued with spu-
rious or numerical noise. They had to use excessive damping mechanisms,
which made results inaccurate (Gray, 1982; Gray & Kinnmark, 1983).
With the replacement of the continuity equation by the wave continuity equa-
tion (WCE, see Section 1.1) developed by Lynch & Gray (1979), the node-
to-node oscillations were significantly reduced. Gray (1989) and Kinnmark
& Gray (1984) employed the WCE to compute tides in the North Sea. They
used very coarse grids in the southern North Sea and English channel and
compared their results with elevation at some stations.
MOG2D (2D Gravity Waves Model, Carrére & Lyard (2003)) is another WCE
model formulated in spherical coordinates and discretized with P1−P1 finite
elements. It was tested by Kliem et al. (2006) in the North and Baltic Sea,
but did not prove to be better than existing FD models. Although FE should
be superior the model showed to be even worse in shallow, complex coast-
lines than existing FD models.
As the GWCE promises to better fulfill the continuity equation than the WCE
more models are based on GWCE or existing models are reformulated.
For example the successor of the MOG2D is the T-UGOm, which uses the
GWCE.
One GWCE model is ADCIRC (ADvanced CIRCulation Model for Shelves,
Coasts, and Estuaries) developed amongst others by Luettich et al. (1992)
and Westerink et al. (1992). It includes all constituents and also the equilib-
rium tidal potential (Luettich & Westerink, 2004). In the scope of the Tidal
Flow Forum in 1984, the former ADCIRC-2DDI was tested against station
data at 11 harbors in the southern North Sea and the English Channel
(Blain & Rogers, 1998). Compared to the models of Walters (1987) or of
Werner & Lynch (1989), the rms error was smaller on the same grid and
data set. Walters (1987) had the approach to project time dependency on
the frequency domain. By inserting the momentum into the continuity equa-
tion a Helmholtz type equation resulted. It was solved together with the
momentum equation iteratively with FE methods. A review of the general
outcome of the Tidal Flow Forum was published by Werner (1995). The
models showed better results in simulating the singular partial tides than
the total tide, which indicates that they insufficiently described the complete
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non-linear dynamics. This demonstrates the importance of correctly model-
ing the non-linear interaction between the tides and the bottom topography.
QUODDY is a 3-D, nonlinear finite element coastal ocean model with ad-
vanced turbulence closure (Lynch et al., 1996, 1997), but it also has a 2D
version using the GWCE. Hall & Davies (2005) used QUODDY in the Irish
Sea and compared the baroclinic, internal tide results with a well tuned fi-
nite difference model. The fine resolution finite element simulations repro-
duced more accurately the generation and propagation of the internal tide,
but some unphysically spurious waves had to be damped by additional dissi-
pation along steep slopes. One conclusion was that rapid mesh refinement
should be avoided in order to inhibit increasing energy at small scales.
Obviously, the list of two and three dimensional GWCE models can be ex-
tended easily, but because of mass conservation deficiency I will only give
some examples of models, which do not solve the equations in the form
of a GWCE. One example is the 2D finite element model TELEMAC-2D
(Hervouet & Van Haren, 1994), which solves the shallow water equations in
conservative form. It uses P1 and quasi-bubble elements. Hervouet (2007)
constructs the latter by adding a forth node into the triangle (usually the cen-
ter of gravity) and defining piecewise linear functions on each node. To treat
the hyperbolic and parabolic part of the equation separately the operator-
splitting method is applied. The solution is first obtained for the advection
term and then for the propagation, diffusion and source terms (Fernandes
et al., 2002). For example the POL (Proudman Oceanographic Laboratory,
UK) use TELEMAC to simulate the tides in the Irish Sea and the BAW (Bun-
desanstalt für Wasserbau, Germany) make simulations in the North- and
Baltic Sea with it (see Plüß, 2002, for simulation results).
Other tidal simulation on an unstructured grid in the North Sea were made by
the SLIM (Second-generation Louvain-la-Neuve Ice-ocean Model, see the
website http://sites.uclouvain.be/slim and the publications mentioned therein).
In the North Sea, they focused on the Scheldt estuary and simulation of con-
taminant transport. The model is coupled to a 1D river model. It uses NCEP
Reanalysis wind and pressure fields and includes two wetting and drying
schemes. In contrast to the FE models above they use linear DG methods.
There are several other unstructured grid models simulating tides in the
North Sea, e.g., by the Delfin model (Ham, 2006), which is a hybrid FV/FE
model, or UnTRIM by Casulli & Walters (2000) using orthogonal meshes.
UnTrim has been applied to the Jade-Weser estuary, but the orthogonality
is a limitation on the usability of grids and requires special routines for mesh
generation.
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1.4 Conclusion

Unstructured grid models have the advantage in being more flexible with re-
spect to the underlying mesh, as well as offering much more freedom in the
choice of the numerical method. Although this thesis only deals with the two
dimensional flow equations, already there are on this level many different
FV and FE methods and it is not clear which one is best suited for ocean
models. Some of them may generate numerical modes, others are compu-
tationally too expensive. I narrow the methods, that I want to investigate, to
two FE - PNC

1 − P1 and P1 − P1 - and one FV method by Chen et al. (2003).
P1−P1 is widely used and commonly in combination with GWCE to suppress
pressure modes. Instead of GWCE, I will use a different kind of stabilization.
PNC

1 − P1 prohibits pressure modes naturally due to the bigger number of
unknowns for the velocity. The FV method from Chen et al. (2003) is cho-
sen, as it is not restricted to orthogonal meshes in contrary to, for example,
the FV method of Casulli & Walters (2000) implemented in UnTRIM.
As velocity and elevation are treated differently, these three spatial dis-
cretization methods do not have the same number of unknowns on the same
grid. To investigate the performance of models, the time stepping scheme
is also important and, therefore, explicit as well as semi-implicit methods
will be implemented. Often numerical models are compared theoretically
on grid basis or in idealized test cases. But obviously, model simulations of
problems with a realistic size and geometry reveal additional insight into the
processes that may not be fully tested with simple test cases. Sometimes
realistic applications show problems, that did not appear formerly. Intercom-
parisons between models on realistic meshes are therefore very rare.
Tides are prominent in oceanic processes on many scales ranging from
global to coastal. Unstructured grid models already proved to be very pow-
erful in resolving the small features, e.g. of coastal bays and inlets. To com-
pare and validate hydrodynamical ocean models in coastal applications, the
tides are a realistic test case. Of course there are many more oceanic pro-
cesses than just the tides and further testing is still required. The influence
of tides on mixing and the thermohaline stratification makes them even a
good test setup for future three dimensional model testing, although this is
left for future studies for the moment.
The study area under consideration is the North Sea and its neighboring
seas. The North Sea itself has a long history of observations and model ap-
plications and is, therefore, best suited for model validation and comparison.
The main tidal signal is barotropic and therefore a two dimensional model
is sufficient in most cases. Over- and compound tides are generated by
non-linear effects and become in some areas as big as diurnal tides, which
means that a faithful representation of bathymetry, coastline and the non-
linear terms in the momentum and continuity equation are needed. The nu-
merical treatment of the non-linear terms, especially the advection, is some-
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times not straightforward. Also the bottom friction term has influence on the
elevation and velocity of the tidal wave, but its coefficient is largely uncon-
strained by measurements.
Tuning of a model to fit to observation often means to optimize parame-
ters. Although unstructured grid models represent the coastal shape better
than structured ones, there is still a need for tuning these models. Almost
all already existing tidal, unstructured grid models in the North Sea do not
have systematic procedures like an adjoint model to tune parameters (the
only exception is TELEMAC-2D). The codes are often too complex or the
models are still in the development stage, such that coding of the adjoint
model will always lag behind the forward code or may simple be impossible
at all. Therefore, the models used in this thesis do not make use of already
existing code from other unstructured grid tidal models. They have to be
coded in a specific way such that automatic differentiation are able to gener-
ate the adjoint model. This thesis starts with the most simple setup, namely
the two dimensional shallow water equations without solving for tempera-
ture and salinity. As mentioned in the section about the North Sea, there
are many more processes in the ocean that cannot be taken into account
with such a simple model. The way to obtain an adjoint model is therefore
very important. If automatic differentiation shows to be useful for unstruc-
tured grid models, it can be used paralelly with the further development of
the model.



2 Unstructured mesh tidal
models

Section 2.1 describes the FE and FV unstructured grid models under con-
sideration in the thesis. They are used for model intercomparison and val-
idation, as well as the generation of an adjoint model. These models are
allowed in applications, where the shallow water equations are permissible.
First, I discuss the FE discretization in Section 2.1.1 and the FV discretiza-
tion in Section 2.1.2. Then the models are set up for tidal simulations and
I summarize this setup in Section 2.1.3 and 2.1.4. To compute energy bal-
ance some discrete representation has to be found. This is done in Section
2.1.5.
Section 2.2 is the second part of this chapter and addresses the model sim-
ulation results. I compare the performance of seven models on a North and
Baltic Sea grid in Section 2.2.1. The models differ in the spatial and/or tem-
poral discretization. The models are compared by computing the error with
respect to elevation observations and the CPU run times for the model inte-
gration. After this intercomparison I want to give a more detailed discussion
of the model’s ability to represent the tidal regime. Extending the mesh to
the European Continental Shelf in Section 2.2.2 weakens the influence of
the spurious open boundary reflections. I use this new mesh with one of
the models, which was performing good in the model intercomparison, to
discuss the tidal simulations in terms of energy balance, residual currents
and current ellipses.

2.1 Model description

The basic principle of the following considerations is based on the conser-
vation of fluid momentum and mass. The resulting equations are the Navier-
Stokes equations (see, e.g., Anderson, 1995). The ocean additionally con-
serves salt and heat content (see, e.g., Cushman-Roisin, 1994). To simplify
the system of equations, the effect of compressibility is mainly retained in
the equation of state and neglected in the momentum balance except for the
contribution through the gravitational acceleration. This approach is called
Boussinesq approximation (see, e.g., Cushman-Roisin, 1994). Further in-
formation on the consequences of the Boussinesq approximation on hydro-
dynamical ocean simulations are presented by Losch et al. (2004). For the

15
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Boussinesq approximation it is assumed that the density changes are small
compared to a constant mean density. So mass conservation transforms to
volume conservation.
Tides in shelf seas have characteristic orders of velocities and spatial lengths.
They are used to further simplify the Reynolds-averaged Navier-Stokes equa-
tions. If I consider U resp. W to be the order of horizontal resp. vertical
velocity, D being the order of the depth and L the typical order of horizon-
tal dimensions, then the aspect ratio WD/UL is supposed to be very much
smaller than one. This justifies the use of the hydrostatic approximation.
Since tidal pressure variations are mostly due to elevation, the horizontal
pressure gradients and hence the horizontal velocity are independent of the
vertical coordinates (see, e.g., Pedlosky, 1987). By vertically integrating the
equations of horizontal momentum and continuity the 2-dimensional shallow
water equations are obtained.
The momentum equation in non-conserving form is used in the FE codes
(NCLF, NCAB, NCSI, P1P1),

∂u
∂t

+ fk× u + g∇η + (u · ∇)u = ∇(A∇u)− rH−1|u|u, (2.1)

For the FV codes (FVAB, FVRK and FVSI) the conserving, flux form is ap-
plied,

∂U
∂t

+ fk×U + gH∇η +∇ · (Uu) = H∇(A∇u)− r|u|u. (2.2)

Here u = (u, v) is the horizontal velocity, U = Hu is the transport and
H = η +H0 the total fluid depth with H0 being the unperturbed water depth
and η its deviation. Further, f is the Coriolis parameter, k the upward unit
vector, r the bottom friction coefficient, g the gravitational acceleration and A
the viscosity coefficient, which is either taken either as constant (A = 10m2

s
)

or depending on mesh and time step size.
To make the set of equations complete, I mention the continuity equation,
too. It also follows from the considerations mentioned above, being

∂η

∂t
+∇U = 0. (2.3)

for the FV codes or, equivalently,

∂η

∂t
+∇(η +H0)u = 0. (2.4)

for the FE codes (NCLF, NCAB, NCSI, P1P1).

2.1.1 FE discretization

In order to solve the Eqns.(2.1) and (2.4) with the FE method, the equa-
tions are reformulated in the variational sense. This means that they are
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multiplied by functions - the so called test functions - and integrated over
the domain. The solution and the testfunctions are elements of a suitable
subspace H̃ of the Sobolev space H1(Ω), where Ω is our domain on the
Earth surface. Here, H1(Ω) is the function space of square-integrable func-
tions L2(Ω), whose first derivatives also belong to L2(Ω) (for a more detailed
description about FE methods, see, e.g., Braess, 2007). This subspace
has to be chosen decently such that (u, η) ∈ H̃1 × H̃1 × H̃2 guarantees the
existence and uniqueness of the weak solution. For this purpose suitable
conditions for elevation and velocity have to be set and the boundary δΩ
has to be divided into coastal Γ1 and open/wet boundary Γ2 part. At the
closed boundary Γ1 I prescribe either u = 0 or u · n = 0 together with the
requirement that tangent viscous stress be zero. For the open boundary Γ2
the sea surface elevation is calculated from global tidal model. Details about
the open boundary conditions are in Section 2.1.3.
The next step is to subdivide the domain Ω into a discrete space, i.e. Ω =⋃
e Ωe, where Ωe are triangles. Then the solution of the variational formula-

tion is approximated by a finite dimensional vector space of basis functions.
The same is done with the test functions. This technique is known as Ritz-
Galerkin method.
Here, the discrete space consists of piecewise linear functions on the trian-
gles. For the P1P1 model, elevation and velocity are two dimensional hat
functions with the value one on the node (see Fig. 1.1). NCLF, NCAB and
NCSI use the same functions for elevations, but here the velocity functions
are associated with edges. They are so called non-conforming P1 or short
PNC

1 functions.

For example, Hanert et al. (2005) and Le Roux et al. (2005) investigated
these type of elements. The non-conforming element pair PNC

1 −P1 has the
advantage that it is little affected by computational modes (Le Roux et al.,
2005, 2007; Le Roux, 2005). The velocity modes, that can still be excited,
are suppressed by viscosity.
I follow Hanert et al. (2004) for the discretization of the advection term, but
had to give a new type of advection scheme for numerical reasons. It is
described below.

Further, for the temporal discretization usually FD methods are employed.
The time-stepping schemes Leap-frog (NCLF), Adam-Bashforth (NCAB) and
semi-implicit (NCSI) are described in the following sections.

NCSI

For the semi-implicit code I use the simple upwind scheme for the temporal
discretization and derive from Eqn.(2.1) and (2.4) the following equations for
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velocity un = (un, vn) and sea surface elevation ηn at time tn:

un+1

δt
+ βf × un+1 + θg∇ηn+1

= un
δt
− (1− β)f × un − (1− θ)g∇ηn − (un · ∇)un

− r

H0 + ηn
|un|un +∇(A∇un)

(2.5)

ηn+1 − ηn
δt

+∇(H0 + ηn)(αun+1 + (1− α)un) = 0, (2.6)

where the default value for parameters β, θ and α is 0.5. The values of the
implicitness parameters θ and α should be between 0.5 and 1 for stability
reasons (Casulli & Cattani, 1994), so I used 0.55 in most of the simulations.
To discretize the equations spatially I multiply Eqn.(2.6) with a test function
in P1 and Eqn.(2.5) with a test function in PNC

1 . Then I replace un = (un, vn)
resp. ηn by their spatial approximation in PNC

1 resp. P1.
This leads to the following linear system

Muun+1 =Muun − δtMf (βun+1 + (1− β)un)
− δtGu(θηn+1 + (1− θ)ηn)
− δtB(un)un − δtDun + δtC(un,un),

(2.7)

Mηη
n+1 = Mηη

n − δtGη(H0)(αun+1 + (1− α)un)− δtGη(ηn)un (2.8)

where Mu and Mη are the velocity and elevation mass matrices, Mf is the
matrix of the Coriolis operator, Gu and Gη are the gradient and divergence
operators, B is the quadratic bottom drag operator, D is the viscosity matrix
and C denotes the advection operator. For more details about the treatment
of the non-linear terms see, e.g., Danilov et al. (2008).
Due to the orthogonality of the velocity basis functions the mass matrix on
un is diagonal and is therefore easily inverted.

un+1 =(Mu + δtMfβ)−1(Muun − δtMf (1− β)un − δtGu(1− θ)ηn
− δtB(un)un − δtDun + δtC(un,un))− (Mu + δtMfβ)−1δtGuθη

n+1.

The expression of un+1 in terms of ηn+1 is then substituted into the continuity
equation and one gets a linear system for ηn+1 with a time independent stiff-
ness matrix. This results in a sparse and -if the time step is small enough-
diagonal dominant matrix equation.

(Mη − δtGη(H0)α(Mu + δtMfβ)−1δtGuθ)ηn+1 =
Mηη

n − δtGη(H0)(1− α)un − δtGη(ηn)un − δtGη(H0)αR,
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where R = (Mu + δtMfβ)−1(Muun − δtMf (1 − β)un − δtGu(1 − θ)ηn −
δtB(un)un − δtDun + δtC(un,un)). It has to be assembled and factorized
only once. The PETSc solver solves this matrix equation for ηn+1. Having
ηn+1 found, it is used to calculate un+1. This semi-implicit scheme has the
advantage that the time step size δt can be larger compared with the explicit
codes NCLF and NCAB studied here.

NCLF

For the NCLF version a standard leapfrog time stepping with a weak filtering
is applied to suppress the numerical mode. The velocity and the elevation
analogously is updated as

un−1 = un + χ(un+1 − 2un + un−1),
un = un+1,

un+1 = unew.

Here, χ is a small numerical factor. Since the mass matrix Mη is not diagonal
it is replaced in NCLF by its lumped approximation to ensure a numerically
efficient code. Le Roux et al. (2009) showed that lumping the elevation mass
matrix has a significant influence only on small scales (kh > π/2, where k is
the wave number and h characteristic mesh spacing). In that way it remains
accurate for tidal applications, where waves are generally well resolved. The
advantage of NCLF is its algorithmic simplicity and absence of solver calls,
which may serve as benefit in parallel setups.

NCAB

The NCAB version uses lumping of Mη and does not invoke solvers as well.
Its implementation is analogous to the FVAB presented in Section 2.1.2.
NCAB does not have the numerical modes of NCLF and is more accurate,
but requires more storage.

P1P1

The P1P1 model uses the linear, continuous functions P1 for velocity and
elevation. This implies that the mass matrices are not diagonal for both vari-
ables. Additionally, this discretization is known to support pressure modes.
To eliminate them without recourse to the GWCE method, an elevation cor-
rection method is used.
The time discretization of the momentum equation is as follows:

un+1 − un + gδt∇(θηn+1 + (1− θ)ηn) = δtFAB2 + δtFn
d ,
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where
F = −fk× u− (u · ∇)u,

and the dissipative term is

Fd = −rH−1|u|u +∇ · (A∇u).

The estimation of F is, for stability, given by second-order Adams–Bashforth,
with modified coefficients (3/2+ε, -1/2-ε), e.g., FAB2 = (3/2 + ε)Fn − (1/2 +
ε)Fn−1. A third-order Adams–Bashforth method could easily be used with
the price of some additional storage.
The elevation equation is discretized in the standard semi-implicit way

ηn+1 − ηn + δt∇ · (H0(αun+1 + (1− α)un)) = δtRAB2
η ,

where
Rη := −∇ · ηu.

Once again, for stability it is estimated with the Adams–Bashforth method.
It is not possible to solve these equations in the way used for the NCSI
because of elevation modes and non-diagonal mass matrices. The following
strategy is adopted from FEOM (Wang et al., 2008a,b).
First, a predictor step is done

u∗ − un = δtFAB2 + δtFn
d − gδt∇(γηn). (2.9)

Here, γ ≤ 1 is the stabilization parameter. Second, the predictor step has to
be complemented by the corrector step

un+1 − u∗ = −gδt∇(θηn+1 + (1− θ − γ)ηn). (2.10)

Using un+1 from the last expression and substituting the result in the conti-
nuity equation (note that this is done before the spatial discretization, which
is a noticeable difference compared to the NCSI case) leads to:

ηn+1 − gδt2αθ∇ · (H0∇ηn+1) =ηn + δtRAB2
η − δt(1− α)∇ · (H0un)

+ gδt2α(1− θ − γ)∇ · (H0∇ηn)
− δtα∇ · (H0u∗).

(2.11)

The essence of this algorithm is that all three equations are discretized with
the finite element method. First, one solves the FE-discretized version of
Equation (2.9) to estimate the predictor velocity. Then the FE-discretized
version of Equation (2.11) is solved and, finally, the corrected velocity is
computed.
The numerical implementation of Eqn.(2.11) exploits PETSc with
BICGStab, while Eqns.(2.9) and (2.10) use iterative algorithms to invert
mass matrices occurring. Despite these additional matrix inversions the al-
gorithm is reasonably fast and competes well with other semi-implicit codes.
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Figure 2.1: Schematic plot of edge i common to triangles e and f , outer
normal is with respect to triangle f

Note that the main difference to the GWCE method is that the velocity field
of Eqn.(2.10) satisfies now the continuity equation if taken literally in the
sense of this equation, before FE projection. The strength of stabilization
is controlled by parameter γ which is selected as close to one as possible
(γ=0.95–0.97). Unfortunately, the algorithm cannot be made fully explicit.

Advection for NC models

When velocity is discretized with PNC
1 functions, it is continuous only at mid

edges and may be discontinuous on the rest of the edge. In the follow-
ing I consider an edge i and denote by e and f the two triangles that are
adjacent to it. The jump at an edge i comes from the values of the four
edges belonging to the triangles e and f not being equal to the edge i (see
Fig. 2.1). The weak formulation of the momentum equation means to mul-
tiply the equations with a test function (namely elements of PNC

1 or P1, see
Appendix for the definitions of the test functions) and to integrate over the
domain. The integration over the domain is split into a sum over the inte-
grations on the triangles. Partial integration of the advective term gives an
integral over the boundary of elements, where the velocity has the jump.
Hanert et al. (2005) propose to weakly impose continuity by a centered or
upwind momentum advection scheme. I will summarize this scheme and
add two new schemes, that do not use Greens formula and, therefore, do
not have to evaluate boundary integrals.
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Advection after Hanert et al. (2005)

As it has been proposed by Hanert et al. (2005), the usual procedure includ-
ing partial integration of the advective term yields the following weak form of
the advective term

Ne∑

e=1

∫

Ωe
−(∇ · (uû)) · u dω +

Ne∑

e=1

∫

∂Ωe
(uu · ne) · û dΓ +

NΓ∑

l=1

∫

Γl
[u] · [a(û)] dΓ,

where Ne is the number of elements and NΓ the number of interelemental
edges. Ωe resp. ∂Ωe are triangles resp. boundary of triangles. û is either
(Ψi, 0) or (0,Ψi), where Ψi is a non-conforming test function (see Appendix).
In the last term I used the notation [u] := ue − uf , where ue resp. uf is the
velocity restricted to the triangle e resp. f . The sum over the interelemental
edges is the weak continuity constraint on the velocity. a is defined as

a(û) =




+1
2(u · n)û on Ωe

−1
2(u · n)û on Ωf ,

where n is the normal to the edge l pointing from Ωf into Ωe.

Heaviside PNC
1 advection

The basis functions of PNC
1 may also be considered in terms of distribution

theory. Using the Heaviside function Θe being 1 on the triangle, 0.5 on the
boundary of the triangle and 0 everywhere else, the non-conforming test
function is then written as

Ψi = Ψie + Ψif ,

where Ψie := Θeψei and ψei is a linear function on the triangle Ωe with 1 on
edge i and -1 on the opposing node to the edge i (see Appendix for further
details). ψei is zero outside the triangle Ωe.
The Heaviside function serves to weight the function values on the triangle
boundary. This will result in a natural way to constrain continuity on the
edges.
Since the test/basis functions Ψi are well defined everywhere in our domain,
they can be handled as in the continuous case, without invoking the machin-
ery of flux penalties to get correct variational formulations with discontinuous
functions.
The coordinate system transforms such that x is tangential and y is perpen-
dicular to the edge i pointing from Ωf into Ωe. This means that I can rewrite
the advection term in the following form

(u · ∇)u =
(
us
∂

∂s
+ un

∂

∂n

)
u, (2.12)
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where us = u · s and un = u · n (i.e. the projection of u in tangential resp.
normal direction of edge i). The tangential derivative is discontinuous, but
does not contain singularities, as u consists of linear functions. Only the
second term contains singularities at the edge. I define uf resp. ue as the
sum of the contributions from the non-conforming functions on element e
resp. f , i.e.,

uf := uj1ψj1f + uj2ψj2f + uj3ψj3f ,
ue := ui1ψi1e + ui2ψi2e + ui3ψi3e,

where j1, j2, j3 denote the edges on element f and i1, i2, i3 the edges on
element e. In the vicinity of edge i the velocity can be written as

u = uf + Θe(y)(ue − uf ),

where Θe only depends on the coordinate y perpendicular to the edge. Plac-
ing this result into the advection term and using the fact that the Diracs delta
function δ is the normal derivative of Θe, the singular part of the second term
of Eqn.(2.12) is

(uf + Θe(y)(ue − uf )) · n δ(y) (ue − uf ),

In order to obtain the weak formulation of the advective term, it is multiplied
with a testfunction û and integrated over the domain. In the following I take
û, as the sum over all test functions, to compute the contribution of all test
functions to the value on edge i, e.g.,

ûf = (ψj1f + ψj2f + ψj3f , 0) or (0, ψj1f + ψj2f + ψj3f ),
ûe = (ψi1e + ψi2e + ψi3e, 0) or (0, ψi1e + ψi2e + ψi3e),

and
∫ 1

0

∫ +ε

−ε
(ûf + Θe(y)(ûe− ûf )) · ((uf + Θe(y)(ue−uf )) ·n) δ(y) (ue−uf ) dy dx

After the integration over y I get with the relationships
∫

Θe(y)δ(y)dy = 1/2,∫
Θe(y)Θe(y)δ(y)dy = 1/4 and

∫
δ(y)dy = 1

∫ 1

0
ûf ·(uf ·n)[u]+ 1

2[û] ·(uf ·n)(ue−uf )+
1
2 ûf ·([u] ·n)[u]+ 1

4[û] ·([u] ·n)[u] dx
(2.13)

To make writing easier n is always the outer normal to the triangle f . n
constant also if it is written inside the terms [] and 〈〉, i.e. [u] · n = [u · n].
After some calculations (see Appendix) I obtain

∫ 1

0
〈û〉 · 〈u · n〉[u] dx (2.14)
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With this notation the continuity constraint of Hanert is analogously derived
and can be written as

ut·[a(û)] = [u] · 〈u · nû〉
= [u] · 〈u · n〉〈û〉+ 1

4[u] · [u · n][û]

(2.15)

Comparing Eqn.(2.15) and the term obtained by the Heaviside calculation
Eqn.(2.14) the only difference is the second term of Eqn.(2.15). This term
does not contribute, as the integration over the edge is done over the product
of three linear functions with zero at the half edge length.

P1 projection method for advection

To calculate the advection term in the momentum equation I first project
the velocity from the PNC

1 to the P1 space in order to smooth it. Then the
projected velocities is used in the advection term and it is proceeded as
usual by multiplying this form with a PNC

1 basis functions and integrating
over the domain. This eliminates discontinuities and thus the need to treat
additional edge contributions.

Discussion of the advection schemes

Although the Hanert and the Heaviside advection scheme are obtained in
a completely different manner, the schemes are analogous and should not
lead to different simulation results. Their disadvantage is the need for aug-
mented viscosity to assure numerical stability. The projection method adds
diffusion. Model simulations showed that the is more stable than the true
NC treatment of momentum advection. The reason is that the velocity field
projected on P1 is smooth and without discontinuities. The disadvantage is
that the momentum advection becomes a bit inconsistent with true veloc-
ity. This error may become noticeable in the energy balance (see Section
2.1.5). Here the projection method is not applied in the derivation of the en-
ergy equation and therefore the residual in the energy conservation can be
attributed partly to it. In most of the simulations the error and consequently
the influence of the projection method stays reasonably small.

2.1.2 FV discretization

The FV models are based on the finite volume discretization used in FVCOM
(Chen et al., 2003), but has no other links to it. They exist in three variants
of time stepping. Version FVAB uses AB3-AM4 time stepping as recom-
mended by ROMS (Shchepetkin & McWilliams, 2005) and version FVRK
exploits the modified fourth-order Runge-Kutta method as in FVCOM. In ad-
dition, a semi-implicit version FVSI is tested, too. The momentum equation
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is written in the flux form (Eqn.(2.2)). The algorithmic differences between
these versions will be briefly sketched further.
The discretized equations are obtained by integrating the elevation and ve-
locity equations over control volumes associated to the elevation and veloc-
ity representation. The elevation is stored at nodes and velocity is stored at
elements of unstructured triangular mesh. The control volumes for velocity
are the triangles themselves and for the elevation they are formed by lines
connecting centroids of neighboring elements to mid-points of neighboring
edges (neighbors are those elements and edges which contain the given
node). More details about the discretization can be found in Chen et al.
(2003). Although these control volumes seem ugly they can easily be taken
into account by storing edges, and, for every edge, pointers to their neigh-
boring elements. As a result, the numerical efficiency is generally not worse
than that of C-grid codes.

FVAB

The model deals with fields of horizontal velocity and elevation. First, the
elevation is computed by

ηn+1 − ηn = −δt∇ · (Hu)AB3. (2.16)

With the elevation at the new step available, the momentum equation is
updated with

un+1Hn+1 − unHn + δtr|un|un+1

= δt(−Hfk× u−∇ · (Uu) +∇ · (AH0∇u))AB3 − δt(gH∇η)AM4.
(2.17)

To compute the right hand sides at the half time step the fields used here
are extrapolated using the third order Adams–Bashforth method (AB3). The
half-step elevation is

ηAB3 = (3/2 + β)ηn − (1/2 + 2β)ηn−1 + βηn−2. (2.18)

The same rule applies for velocity. In the standard AB3, β = 5/12, but there
are other choices which ensure better stability. The extrapolated value of the
elevation is used to estimate H on the right hand side (rhs) of the continuity
and momentum equation with the exception of the viscous term, where H
is just replaced with H0. The estimate of ∇η on the rhs of the momentum
equation is done with adding information on the already available ηn+1 (this
is the forth order Adams-Moulthon (AM4) part of the method):

ηAM4 = δηn+1 + (1− δ − γ − ε))ηn + γηn−1 + εηn−2. (2.19)

The optimal choice of coefficients recommended in ROMS are β = 0.281105,
γ = 0.088, δ = 0.614, and ε = 0.013. The implementation of the AB3-AM4
method requires additional storage to keep three time slices of fields, and
one more set to keep the AB3 interpolated values.
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FVRK

The original time stepping in Chen et al. (2003) is the modified forth order
Runge-Kutta (RK4). Its implementation is as follows. I denote the rhs of the
elevation equation as RHSη, and of the velocity equation as RHSu. Four
iterations are made within each time step:

η̃0 = ηn,

η̃k = ηn + αkδtRHSη(η̃k−1, ũk−1), k = 1, 2, 3, 4
ηn+1 = η̃4,

(2.20)

The same rules apply to velocity. Within one time step four estimates of the
rhs are performed, thus RK4 only pays off if it allows a time step which is
four times larger than AB3-AM4 method. This is almost always the case,
thus it is difficult to say which one should be preferred. The difference in the
numerical part is that the bottom drag is used explicitly in the rhs.

FVSI

Chen et al. (2003) explain that they do not use semi-implicit time stepping
because their numerical implementation does not preserve symmetry of
the operator acting on elevation (gradient and divergence operators are not
transpose of each other). This asymmetry is not a problem because the op-
erator remains well-behaved, and the BiCGStab algorithm of PETSc tackles
that easily.
One writes

Un+1 −Un = −δtH0g∇(θηn+1 + (1− θ)ηn) + δtRHSn+1/2
u , (2.21)

where

RHSn+1/2
u = (−Hfk× u−∇ · (uU))|AB − r|un|un +∇ · (AH∇un). (2.22)

Subscript AB implies AB2 estimate (shifted for stability), and dissipative
terms are taken from the previous time step. They can be AB interpolated,
too. Although this is not recommended, it seldom leads to difficulties. The
elevation equation is discretized as

ηn+1 − ηn
δt

= −α∇ ·Un+1 − (1− α)∇ ·Un. (2.23)

Expressing Un+1 from the previous equation and substituting it into this
equation one gets an equation for ηn+1

ηn+1

δt
−αθgδt∇·(H0∇ηn+1) = ηn

δt
−∇·(Un+αδtRHSn+1/2

u )+α(1−θ)gδt∇·H0∇ηn.
(2.24)

Solving this equation and substituting the result in the momentum equation
provides the velocity for the new time step.
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2.1.3 (Open) boundary conditions

Denoting ∂Ω the boundary of the mesh, it is split into a solid part, ∂Ω1, and
an open part, ∂Ω2. n is the normal to ∂Ω and un = u·n is the normal velocity.
For the closed boundary there are two options, either the normal velocity is
zero (together with no tangent stress requirement), (u · n)|∂Ω1 = 0, i.e. the
so called free-slip condition, or the velocity is zero, u = 0, i.e. also known as
no-slip condition.
To find boundary conditions that guarantee well posedness and proper in-
formation exchange at the open boundaries, it is worthwhile to recall the
classification of the equations into hyperbolic, parabolic or elliptic equations.
The solution of hyperbolic equations (like e.g. the wave equations) have
propagating features, while parabolic solutions (e.g. of a diffusion equation)
are of the form that an initial disturbance is smoothed while spreading (see,
e.g., Anderson, 1995). The shallow water equations are a mixture between
parabolic and hyperbolic equations - they belong to the set of incompletely
parabolic systems (see, e.g., Gustafsson & Sundström, 1978). For the defi-
nition of an incomplete parabolic system I need the shallow water equations
(Eqn.(2.2) and Eqn.(2.3)) in the general form,

∂w

∂t
=
∑

j,k

B(jk) ∂2w

∂xj∂xk
+
∑

j

A(j) ∂w

∂xj
+ Cw + F, (2.25)

where w = (u, v, η)T is the vector containing velocities in east resp. north
direction and the elevation. x1 = x, x2 = y are the West-East resp. the
South-North direction and the matrices are

B(11) = B(22) =



A 0 0
0 A 0
0 0 0


 , B(12) = B(21) =




0 0 0
0 0 0
0 0 0


 , (2.26)

A(1) =




−u 0 −g
0 −u 0

−(η +H0) 0 −u


 , A(2) =



−v 0 0
0 −v −g
0 −(η +H0) −v


 , (2.27)

C =



−rH−1|u| −f 0

f −rH−1|u| 0
η ∂H0
∂x

η ∂H0
∂y

0


 , (2.28)

where A is the viscosity coefficient and the other variables are used as in-
troduced at the beginning of Section 2.1. In following considerations F is
zero, but could also be set to the tidal potential as it is given in Eqn.(2.37). If
the B(jk) are rank deficit and the transformation of B(jk) into a block matrix

B(jk) =
(
B

(jk)
11 0
0 0

)
,
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with w = (wIwII) given by a parabolic subsystem

∂wI

∂t
=
∑

j,k

B
(jk)
II

∂2wI

∂xj∂xk

and a strictly hyperbolic subsystem

∂wII

∂t
=
∑

j

A
(j)
22
∂wII

∂xj
,

then the system is incompletely parabolic (Gustafsson & Sundström, 1978).
This is obviously the case for the shallow water equations. By multiplying it
with R := QTQ, where Q is defined as

Q =




√
H0+η
g

0 0
0

√
H0+η
g

0
0 0 1


 , (2.29)

Eqn.(2.25) is symmetrized.
A classical way to prove that the boundary conditions give a well-posed
system, is to give an energy norm by integrating over the domain, i.e.,

∂

∂t

∫

Ω
wTQTQw = −2

∫

Ω
wTxRB

(11)wxdω − 2
∫

Ω
wTy RB

(22)wydω

+
∫

∂Ω
2wTRB(11)n1wx + 2wTRB(22)n2wyds

+
∫

∂Ω
wTRA(1)n1w + wTRA(2)n2wds

+ 2
∫

Ω
wTRCwdω,

(2.30)

where wx resp. wy denote the derivative of w in x resp. y direction and n1
resp. n2 denote the normal in x resp. y direction.
The first two terms on the rhs are always negative. As expected, the vis-
cosity terms are energy sinks. Well-posedness roughly means that a the
system of equations has a unique solution and that the solution is bounded
by some growth rate multiplied with some norm of the input data (Nord-
ström, 1995). For a sufficiently fine mesh the growth rate will only depend
on time step size and is, therefore, strongly stable. The boundary integral in
Eqn.(2.30) shows that a decent choice of boundary conditions can give an
upper bound for the energy and prove the well-posedness of the system. I
will not go into further details of the analysis, as it has already been done by
a number of publications (see, e.g., Strikwerda, 1977; Oliger & Sundström,
1978; Gustafsson & Sundström, 1978; Halpern, 1991) and will just want to
point out some results.
As the viscosity terms are very small, this parabolic part of the system is
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often neglected for the definition of open boundary conditions. To find them
for the hyperbolic system, the method of characteristics is very useful. It
ensures stability while minimizing the reflection of waves at the open bound-
aries. In Eqn.(2.30) the open boundary terms with A(1) and A(2) have to be
bounded. Therefore the eigenvalues and eigenvectors of A(1)n1 +A(2)n2 are
computed:

λ1 = −u · n, λ2 = −(u · n + c), λ3 = −(u · n− c),

e1 =




n2
−n1
0


 , e2 =




n1
n2
c

η+H0


 , e3 =




n1
n2
− c
η+H0


 ,

where c =
√
g(η +H0). But since at the open boundary almost everywhere

η << H0 the η in the eigenvectors can later be neglected and c is approxi-
mately

√
gH0. The characteristic variables (or Riemann invariants) are then

the scalar product between w and the eigenvectors, i.e.,

R1 = u · t, R2 = u · n + c

η +H0
η, R3 = u · n− c

η +H0
η

where t is the tangential to the open boundary. Ri are called character-
istic variables, because they are constant along the curve dn/dt = −λi,
dτ/dt = 0 (n denotes the variable in normal direction, τ is the variable in
tangential direction). This means that Ri has to have the same value inside
and outside of our domain. Therefore, the direction in which the information
is transported, needs to be known and boundary conditions for each incom-
ing characteristic has to be prescribed. To distinguish between incoming
and outgoing characteristic I introduce the Froude number

Fr =
√
u2 + v2

c
.

It classifies the flow into subcritical Fr < 1, critical Fr = 1 and supercritical
Fr > 1. At the open boundaries in the North Sea there is always subcritical
flow. For outflow (u · n > 0) it follows, that λ1 < 0, λ2 < 0 and λ3 > 0.
Accordingly I need a condition for R3 to get an upper bound for the energy
norm (Eqn.(2.30)). For inflow (u · n < 0) I have λ1 > 0, λ2 < 0 and λ3 > 0
and, therefore, two conditions - one for R1 and one for R3 - are needed.

In practice the necessary information on the open boundary is sometimes
unavailable. The velocity is often unknown or prone to error. So it is com-
mon practice to either prescribe the sea level oscillations η|∂Ω2 (the so called
clamped boundary condition) or to impose the radiation boundary condition
un = u · n =

√
g
H0
η, which provides a free passage of linear waves (in the

absence of Coriolis effect). The first one often brings less accurate results
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(Flather, 1976), but is sometimes the only choice if no velocity data is avail-
able. Accuracy of the reduced boundary-value formulation when only the
sea level is assigned at the open boundary, was considered by Androsov
et al. (1995). Some of combinations of the characteristic variables, like for
example the one resulting in un and η, give an ill-posed problem (Oliger &
Sundström, 1978). Therefore R3 is prescribed at the open boundary (also
known as the Flather condition (Flather, 1976)) whenever the velocity data
is reliable. Otherwise the clamped boundary condition are used.

Since the viscous part is very small, most of the shallow water models take
only the hyperbolic part of the open boundary condition into account. If
I would use the viscosity, the systems were incompletely parabolic and I
needed three conditions for inflow and two conditions for outflow. They are
discussed in Gustafsson & Sundström (1978) or given in Blayo & Debreu
(2005) or Androsov et al. (1995). I do not think, that they will bring major
improvement and, therefore, leave it for later studies.
Another method is to treat the open boundary, for example, with the relax-
ation method (Marchesiello et al., 2001). An additional term is put on the
right hand side of the momentum equation. It relaxes the solution from the
interior to the exterior solution and helps to avoid wave reflection, if the nu-
merical result differs from the exterior data. A nice review of open boundary
conditions has been given in Chassignet & Verron (2006).
Later in Chapter 3 and 4 I am going to introduce an adjoint model of the
NCLF model and use it to optimize the open boundary conditions. In this re-
spect the model is able to adjust the boundary values to be consistent with
the interior solution.

2.1.4 Tidal Potential

In this section I explain, how the model is forced by the tidal potential. In
Section 2.1.3 the mathematical and numerical background was given on
how to simulate waves, which are entering through the open boundaries of
our domain. These waves are the main contribution for tides in the North
Sea and only a relative small portion comes directly from the tidal poten-
tial. This is in contrary to closed basins such as lakes or almost closed sea
basins, where the effect of the entering wave is small and the tidal potential
can be relatively important.
Potentials induced by gravitational forces of the Sun and the Moon are
called primary tidal forces. These forces move water and Earth masses
and change the gravitational potential of the Earth. The additional layers
of water increase the potential by their self attraction and deform the ocean
bottom. Thus, the effects are called secondary forces.



31

Figure 2.2: Resulting force of centrifugal and gravitational force; coordinates
for the potential

Primary tidal forces

The theoretical basis for the explanation of tidal elevations existed already
in the 17th century by the theory of Newton’s gravitational law and the equi-
librium theory of tides (Newton, 1687). Earth and Moon (or the Sun) rotate
around their barycenter. Centrifugal and gravitational force add up to a re-
sulting force sketched in Fig. 2.2. At a point P on the surface of the Earth
(see Fig. 2.2) this force can be expressed with a potential and expanded in
Legendre polynomials (for details, see, e.g., Defant, 1961; Torge, 2003),

Φ(~a, ~d0) =
∞∑

n=2
Φ(n)(~a, ~d0), (2.31)

Φ(n)(~a, ~d0) : = γM

d0

an

dn0
Pn(cosϑ) (2.32)

where γ ≈ 6.67 · 10−11 N kg−2 m2 is the gravitational constant, M the mass
of the Moon, a the distance between P and the geographical center of the
Earth. The origin of the ground fixed coordinate system is denoted by Z, d0
the distance between Z and the center of the celestial body B, ϑ the angle
between ~a and ~d0 (= the geocentric zenith angle) (see Fig. 2.2).
Since in ocean models the point P uses geographical coordinates in longi-
tude and latitude (λ, θ), the tidal potential has to be written in terms of them.
The following relation between the zenith angle ϑ and the geographical co-
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ordinates (λ, θ) is valid (see, e.g., Bronstein et al., 2001)

cosϑ = sin θ sin δ + cos θ cos δ cos tM = ~a

a
·
~d0

d0
, (2.33)

where δ is the declination (= latitude of the celestial body) and tM the hour
angle of the astronomical body (= λ minus longitude τ1 of celestial body
B). Trigonometric addition theorems give us the right equality in Eqn.(2.33).
By using this last relationship I rewrite Pn(cosϑ) in Eqn.(2.32) in terms of an
orthonormal basis system with the help of the addition theorem for spherical
harmonics (see, e.g., Freeden et al., 1998). A suitable basis set are the
normalized Legendre surface harmonics (see the appendix or, e.g., Moritz,
1980). Finally the following expression is obtained

Φ(~a, ~d0) = γM

d0

∞∑

n=2

an

dn0

1
2n+ 1

n∑

m=0
P̄nm(sin θ)P̄nm(sin δ) cosmtM ,

where P̄nm are the normalized Legendre functions (for further details, see,
e.g., Wenzel, 1997).
The next step is the decomposition of the astronomical tide-generating po-
tential into harmonic partial tides following the work of Doodson (1921). But
first I start with a look at the form of the tidal potential of second degree. By
introducing of the Doodson’s constant

G(a) = 3
4
γMa2

c3
,

where c is the mean lunar distance, the tidal potential of second degree has
the following form

Φ(2)(~a, ~d0) =G(a) c
3

d3
0

(
3
(1

3 − sin2 θ
)(1

3 − sin2 δ
)

+ sin 2θ sin 2δ cos tM + cos2 θ cos2 δ cos 2tM
)
.

The time dependency of the tidal potential is hidden in the variables c/d0, δ
and tM . The first term does not depend on the hour angle tM , so its time vari-
ation is given by the declination δ. For the Moon the period of the declination
is one month. The first term is, therefore, referred to as the long-period tide.
The meridional dependency is in the hour angle tM and since the first term
does not depend on it, the long-period part has only zonal variations.
The second term has a daily period and it is called the diurnal tide. It van-
ishes at the equator. The last term has 2tM in the cosine and contributes
therefore to the semi-diurnal tide. It is maximal at the equator and zero at
the Poles. Obviously, all terms contribute to the tidal potential in the North
and Baltic Sea .
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For sake of practicality the time dependent variables are developed in terms
of the temporally varying astronomical arguments: mean local lunar time
τ , mean lunar longitude s, mean solar longitude h, mean longitude of lunar
perigee p, mean longitude of solar perigee ps and negative mean longitude
of lunar ascending node N ′. Their temporal dependency is then obtained
with polynomials in Julian time t referenced to a specific starting date (see,
e.g., Schwiderski, 1980; Wenzel, 1997). There are several ways to make
the expansion of the tidal potential. One, including imax tidal modes, is given
by the following general formula (Hartmann & Wenzel, 1994, 1995a)

Φ(a, θ, λ, t) =
nmax∑

n=2

an

bn

n∑

m=0
P̄nm(sin θ)

imax∑

i=1
(Cnm

i (t) cos(αi(t))+Snmi (t) sin(αi(t))),

where (a, θ, λ) are the geographical coordinates of point P and b is the major
semi-axis of the Earth’s mean ellipsoid. The time dependent arguments αi
and coefficients Cnm

i and Snmi are given by:

αi(t) := mλ+
6∑

j=1
kijβj(t),

Cnm
i (t) := C0nmi + t · C1nmi ,

Snmi (t) := S0nmi + t · S1nmi ,

where β = (τ, s, h, p,N ′, ps). The numbers kij, Cnm
i and Snmi can be found in

the tidal catalogue of Hartmann & Wenzel (1995b). Alternatively Schwider-
ski (1980) defined the argument αi and its coefficients Cnm

i and Snmi in the
following way. Snmi are zero and Cnm

i are time independent. Furthermore,

αi(t) := σit+ χi +mλ,

with

σi := m
∂λ

∂t
+

6∑

j=1
kij
∂βj(t)
∂t

,

χi :=
6∑

j=1
kijβj(t).

It is immediately obvious that ∂λ
∂t

= 15o/3600s = 0.72722 · 10−4/s. The tem-
poral changes of the astronomical arguments, ∂βj(t)

∂t
, are approximately con-

stant and printed in Simon et al. (1994). Thus, the only temporal depen-
dency lies in βj(t), which can be developed as polynomials up to second
or third degree of time. I assume here that a

b
≈ 1 and obtain constants Ki

which do not depend on time and position on the Earth. Finally, the potential
is divided by the gravitational acceleration g and the displacement due to the
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tidal potential of second degree is obtained:

Φ(2)
i (θ, λ, t)

g
= Ki cos2 θ cos(σit+ χi + 2λ)

i = 1, ..., 4 (semidiurnal)
(2.34)

Φ(2)
i (θ, λ, t)

g
= Ki sin 2θ cos(σit+ χi + λ)

i = 4, ..., 8 (diurnal)
(2.35)

Φ(2)
i (θ, λ, t)

g
= Ki(3 cos2 θ − 2) cos(σit+ χi)

i = 9, ..., 11 (long − period)
(2.36)

Both, the constants of the major tidal modes and the polynomial approxi-
mation of the astronomical arguments, are given in Schwiderski (1980). I
will use this approximation with the first 11 leading modes of the tidal poten-
tial: M2 principal lunar, S2 principal solar, N2 elliptical lunar, K2 declination
luni-solar, K1 declination luni-solar, O1 principal lunar, P1 principal solar, Q1
elliptical lunar, Mf fortnightly lunar, Mm monthly lunar, Ssa semiannual so-
lar.

Secondary tidal forces - LSA

In this section I discuss the tidal movement of the solid Earth and how the
potential field changes due to the tidal load. On the one hand the displace-
ment of masses by primary tidal forces alters the potential. On the other
hand this additional load deforms the solid Earth. To correctly model these
interactions a profound knowledge of the Earth density distribution and its
elastic and anelastic properties would be needed. As measurements are
difficult, Earth models like the Gutenberg-Bullen-Earthmodel (Farrell, 1972)
or the PREM (Preliminary Reference Earth Model, Dziewonski & Anderson
(1981)) compute so called Love numbers (Love, 1909; Wahr, 1981). These
are factors for the spherical harmonic coefficients of the tidal potential (or,
to be precise, the potential of n-th degree (Φ(n))).
As the Earth reacts elastic on the potential forces and the bottom moves by
hnΦ(n)/g, the effective potential is equivalently reduced to (1 − hn)Φ(n). For
n = 2 this factor is h2 ≈ 0.612 (Farrell, 1972). A fully unelastic Earth would
mean hn = 0. The mass is redistributed within the Earth and is responsible
for an additional potential approximated by knΦ(n). So the effective, total tidal
potential for the n-th degree is (1−hn + kn)Φ(n). For n = 2 the self-attraction
number is k2 ≈ 0.31 (Farrell, 1972).
In the special case of a spherical, homogeneous and incompressible Earth
the following relationship between the mean elasticity of the Earth and the
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Love numbers holds true (Groten, 1984):

kn = 3
2n+ 1hn,

hn = 2n+ 1
2(n− 1)

/(
1 + (2n2 + 4n+ 3)µ

nρega

)
,

where µ is the (average) modulus of rigidity, a the mean radius of the Earth
and ρe is the mean density of the solid Earth. These numbers are only
very rough approximations and more realistic Earth models (such as Farrell
(1972),Dziewonski & Anderson (1981) or Wahr (1981)) give better values for
the Love numbers. hn and kn are also called the non-loading Love numbers,
since they result from the visco-elastic deformation of the Earth and depend
on the whole structure of the Earth.
Now I have a look at the effects of tidal ocean mass redistribution. Consid-
ering H0 as the unperturbed water depth to our reference level and η as the
variation of the water level to the reference level, the total depth H is given
by H = H0 + η. From the Earth tide the bottom moves by hnΦ(n)/g, but
the total water depth H0 is maintained and the whole water column is raised
or lowered. But η changes according to the tidal potential. The tidal water
bulge also deforms the ocean bottom. If η is positive, the bottom is lowered
due to the water mass weight. I assume that η (depending on latitude and
longitude (θ, λ)) is given on a unit sphere (zero on land). By developing
it with Legendre surface harmonics (see Appendix for a definition of these
functions) the following is obtained

η(θ, λ) =
∞∑

k=0
ηk(θ, λ)

with

ηk(θ, λ) =
k∑

l=0

2k + 1
κkl

∫

∂S
η(θ′ , λ′)Pkl(sin θ)Pkl(sin θ

′) cos l(λ′ − λ)dθ′dλ′ .

If one considers the additional layer of water on a homogeneous, spherical
Earth, the following expression for its potential has been obtain by Zahel
(1978) or Smirnow (1982)

Φ̃(θ, λ) = g
∞∑

k=0
αkηk(θ, λ) with αk := 3

2k + 1
ρ

ρe
,

where ρ is the mean density of sea water. Again the bottom movement is
proportional to the potential of the additional water mass. The tidal potential
will change by gh′kαkηk, where h′k is negative because the bottom is lowered.
On response of the bottom deformation the mass redistribution within the
Earth gives a change in the potential of gk′kαkηk, where k′k is again negative.
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h
′
k and k′k denote the loading Love-numbers. Thus, the vertical displacement

of the sea-bottom δ and the total potential are given by

δ = hnΦ(n)

g
+
∞∑

k=0
h
′
kαkηk,

Φ(n)
LSA : = (1 + kn)Φ(n) +

∞∑

k=0
g(1 + k

′
k)αkηk.

Hence the complete tidal potential of n-th degree is given by the following
elevation (Zahel, 1978)

Φ(n)
LSA

g
− δ = (1 + kn − hn)Φ(n)

g
+
∞∑

k=0
(1 + k

′
k − h

′
k)αkηk

Some values for the loading Love-numbers are, for example, given in Farrell
(1972).

Tidal equations

Coming to back to the governing equations Eqn.(2.1) and Eqn.(2.4) the tidal
potential is introduced as a force on the rhs of the momentum equations

∂u
∂t

+fk×u+g∇η+(u∇)u = H−1∇(AH∇u)−rH−1|u|u+g∇

Φ(n)

LSA

g
− δ


 .

(2.37)
Actually, in the current implementation only the tidal potential of second de-
gree is used (see Schwiderski, 1980). The influence of the Earth tide is
implemented straight forward by multiplying the term for the tidal potential
(Eqn.(2.34)-(2.36)) by 1 + k2 − h2, where k2 and h2 have the values given in
Farrell (1972). The calculation of the ocean mass distribution is not possible,
as the model only has a regional domain and the computation of spherical
harmonic coefficients would need a global tidal elevation. But since the in-
fluence of the Earth tide and the tidal potential in the North and Baltic Sea
is already very small, I do not expect major errors in the computation of the
velocity by neglecting the influence of the water masses on the tidal poten-
tial. Future work should use tidal elevations from altimetry/satellite data or
global tidal models to include the loading effects.
Note that only the tidal potential on the rhs of the momentum equation
(Eqn.(2.37)) includes the bottom movement δ. The other terms of the mo-
mentum equation are not affected, since there are no feedbacks of the bot-
tom movement on the total water depth. In the North and Baltic Sea it is
sufficient to apply a constant tidal potential in a first approximation. There-
fore, no pressure gradient can result, and there are also no changes in the
continuity equation. So the continuity equation still writes as

∂

∂t
η +∇(η +H0)u = 0.
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2.1.5 Energy balance

In some model simulations the evolution of the energy during the model
integration is going to be analysed. The energy input and dissipation into
the system give important insights in the model performance. Additionally,
these values describe energy fluxes from the open ocean to the continental
shelf. Further, the energy equilibrium indicates, whether the transient solu-
tions have been damped away successfully.

For this purpose the equations describing the energy fluxes are set up. Con-
servation of mass and momentum implies that the energy is in balance in
the system and, therefore, the energy equations are indirectly maintained
by the model as well.

I consider the momentum and the continuity equation in their non-conserving
form (see Eqn.(2.1) and Eqn.(2.4)) with the tidal potential as additional dri-
ving force at the right hand side. Then the momentum equations are multi-
plied with the total depth H times velocity (u, v) resp. the continuity equation
with the gravitational constant g times sea surface elevation η.
The viscous term is treated at the end of this section. Therefore, it is not
written explicitly here, but instead they are represented by Visc1,Visc2 resp.
Visc. I obtain

Hu
∂u

∂t
−Hufv + gHu

∂η

∂x
+Hu

(
u
∂

∂x
+ v

∂

∂y

)
u−Visc1+ru|u|u = Hgu

∂ηp
∂x

,

Hv
∂v

∂t
+Hvfu+ gHv

∂η

∂y
+Hv

(
u
∂

∂x
+ v

∂

∂y

)
v−Visc2+rv|u|v = Hgv

∂ηp
∂y

,

gη
∂η

∂t
+ gη

∂Hu

∂x
+ gη

∂Hv

∂y
= 0,

Summing the two momentum equations (notice that the Coriolis terms can-
cel out) and integrating over the domain leads to

∫

Ω

(
Hu

∂u

∂t
+Hv

∂v

∂t
+ gH(u · ∇)η+Hu(u · ∇)u+Hv(u · ∇)v−Visc

+ru|u|u+ rv|u|v
)
dω =

∫

Ω
Hg(u · ∇)ηp dω.

(2.38)

Analogously the continuity equation gives the following

∫

Ω

(
gη
∂η

∂t
−H(u · ∇)gη +∇ · (Hugη)

)
dω = 0. (2.39)

The fourth and the fifth integrand in Eqn.(2.38) are part of the advective term
of the equations and can be rewritten as
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Hu(u · ∇)u+Hv(u · ∇)v = u2 + v2

2
∂η

∂t
+∇ ·

(
uHu2 + v2

2

)
(2.40)

Summing up Eqn.(2.38) and Eqn.(2.39) and using Eqn.(2.40) the following
equation is obtained:

∫

Ω

∂

∂t

gη2

2 dω temporal change potential energy

+
∫

Ω

∂

∂t
H
u2 + v2

2 dω temporal change kinetic energy

+
∫

Ω
∇ · (Hugη)dω transport potential energy

+
∫

Ω
∇ ·

(
uHu2 + v2

2

)
dω transport kinetic energy

+
∫

Ω
r(u|u|u+ v|u|v)dω energy sink bottom friction

−
∫

Ω
Visc dω viscous energy sink

=
∫

Ω
Hg(u · ∇)ηpdω energy source potential

The first two terms describe the temporal rate of change of potential resp.
kinetic energy, when they are multiplied by the density of sea water. The
third and the fourth term can be replaced by boundary integrals. As the nor-
mal part of the velocity is zero at closed boundaries, only the contribution
of the open boundary remains describing the energy fluxes of potential and
kinetic energy into or out of the domain. The fifth and the sixth term are the
energy dissipation terms. On the rhs of the equation is the tidal potential as
a forcing term.

The energy equation above result from the continuous governing equations.
The question is how to translate them into the discrete spaces. Elevation
is given each time step by a sum of test functions (as explained in Section
2.1.1), i.e. η = ∑

k ηkΦk, and the velocities u, v are presented analogously.
As velocity and elevation are temporally discrete, the energy equation is
rewritten to account for it.
I illustrate here the procedure for semi-implicit time stepping, which solve
Eqn.(2.5) and Eqn.(2.6). In the current implementation partial integration is
applied to the second term of the continuity equation and therefore I also
do this after the multiplication with gη̄, where η̄ := θηn+1 + (1 − θ)ηn and
ū := αun+1 + (1− α)un. I obtain

∫

Ω

(
gη̄
ηn+1 − ηn

δt
− gH0ū · ∇η̄ − gηnun · ∇η̄ +∇ · (gη̄(H0ū + ηnun))

)
dω = 0

The forth term accounts for the transfer of potential energy through the open
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boundary. The equation can analogously be rewritten as

∫

Ω

(
gη̄

(ηn+1 − ηn)
δt

−Hn(ū · ∇)gη̄ + αgηn(un+1 − un) · ∇η̄

+∇ · (gη̄(H0ū + ηnun))
)
dω = 0

The momentum equations are multiplied by Hnū resp. Hnv̄ and summed.
Strictly speaking the Coriolis term only vanishes, if α is equal to β. This
needs not to be the case, but will not lead to major error. The momentum
equations give

∫

Ω

(
Hnū

un+1 − un
δt

+Hnv̄
vn+1 − vn

δt
+ gHn(ū · ∇)η̄ +Hnū(un · ∇)un

+Hnv̄(un · ∇)vn − Visc + rū|un|un + rv̄|un|vn
)
dω =

∫

Ω
Hng(ū · ∇)ηnpdω.

Because of the time discretization the advection takes the following form

Hnū(un · ∇)un +Hnv̄(un · ∇)vn

= Hn(un · ∇)
(
ūun

2 + v̄vn

2

)
+ 1

2H
n (un · (ū∇un + v̄∇vn − un∇ū− vn∇v̄))

= ∇ ·
(
unHn

(
ūun

2 + v̄vn

2

))
−
(
ūun

2 + v̄vn

2

)
∇ · unHn

+ 1
2H

nα
(
un · (un+1∇un − un∇un+1 + vn+1∇vn − vn∇vn+1)

)

= ∇ ·
(
unHn

(
ūun

2 + v̄vn

2

))

−
(
ūun

2 + v̄vn

2

)(
−(ηn+1 − ηn)

δt
− α∇ ·

(
H0un+1 −H0un

))

+ 1
2H

nα
(
un · (un+1∇un − un∇un+1 + vn+1∇vn − vn∇vn+1)

)
,

where the discrete continuity equation is used for the last equality. Combin-
ing this result with the expressions obtained from the discrete continuity and
momentum equation, the following energy sources, sinks and transfers can
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be written down analogously to the continuous case:

∫

Ω
gη̄
ηn+1 − ηn

δt
dω

+
∫

Ω

(
Hnū

un+1 − un
δt

+Hnv̄
vn+1 − vn

δt
+
(
ūun

2 + v̄vn

2

)
ηn+1 − ηn

δt

)
dω

+
∫

Ω
∇ · (gη̄(H0ū + ηnun))dω

+
∫

Ω
∇ ·

(
unHn

(
ūun

2 + v̄vn

2

))
dω

+
∫

Ω
rū|un|un + rv̄|un|vndω

−
∫

Ω
Visc dω

+
∫

Ω
αgηn(un+1 − un) · ∇η̄dω

+
∫

Ω

(
ūun

2 + v̄vn

2

)
α∇ ·

(
H0un+1 −H0un

)
dω

+
∫

Ω

1
2H

nα
(
un · (un+1∇un − un∇un+1 + vn+1∇vn − vn∇vn+1)

)
dω

=
∫

Ω
Hng(ū · ∇)ηnp dω.

(2.41)

Again the first two terms are the temporal change of potential and kinetic
energy. The third and the fourth refer to the transport of kinetic and potential
energy through the boundaries.
Dissipation by bottom friction is given by the fifth equation. The seventh to
ninth term are contributions from the temporal discretization and the defini-
tion of the kinetic energy (flux). I called them unknown1 to unknown3 in the
model implementation. They disappear when the scheme becomes fully im-
plicit. unknown1 contributes to the exchange between potential and kinetic
energy. unknown2 and unknown3 may be added to the kinetic energy (flux),
as they come from the advection. All unknown terms are relatively small
compared with the transport, the bottom friction and the temporal change of
potential and kinetic energy. But they are of comparable size compared to
the viscosity term.
I am now going to evaluate the viscosity term called Visc in the upper equa-
tions. Multiplying the momentum equation with Hnū resp. Hnv̄ and addition
gives for the viscosity
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−
∫

Ω
Viscdω

= −
∫

Ω
HnūA (∇ · ∇)un +Hnv̄A (∇ · ∇) vndω

= A
∫

Ω
∇(Hnū) · ∇un +∇(Hnv̄) · ∇vndω

− A
∫

Ω
∇ · (Hnū∇un) +∇ · (Hnv̄∇vn)dω

= A
∫

Ω
∇(Hnū) · ∇un +∇(Hnv̄) · ∇vndω

− A
∫

∂Ω
Hnū(∇un · n) +Hnv̄(∇vn · n)dω,

where the last equality is obtained by Green’s formula. The first integral
refers to the energy sink in the domain by viscosity. The boundary integral
represents the viscous transport through the open boundary. As already
mentioned in Section 2.1.3 an additional boundary condition is needed for
the elliptical part of the equations. As proposed, for example, by Blayo &
Debreu (2005) one possibility is to set the normal projection of the velocity
gradient to zero (no tangent viscous stress). Then the open boundary term
of the viscous transport would vanish. In the models under consideration
the viscous energy flux is kept in the energy computation.
Finally to obtain the change of energy the terms have to be multiplied by the
density of sea water.
Further, it should be noticed that the spatial approximation in terms of func-
tions Φk and Ψk results in the computation of integrals with up to three test
functions multiplied with each other. Thus some elementwise approxima-
tions have to be made. Fortunately, the depth can be averaged over the
elements in many terms.
Another complication in the discrete formulation are the non-conforming
functions. The velocity value at an open boundary edge has contributions
from all edge values of the boundary element. This results in a contribution
from inner edge values on the open boundary flux. For example, for the
transport of the potential energy through the open boundaries these terms
contribute. They are not implemented for keeping the energy budget sub-
routine fast.
In summary there are four inconsistencies leading to some residual in the
energy budget:

• Use of the fully NC advection in the energy budget, but P1 projection
advection in the model

• Averaging of depth or elevation over the element

• Neglecting inner velocity values for the normal transport at the open
boundaries
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• Coriolis contribution

Later the residual is referred to as error. It is not an error in model, but
an error in the energy computation. Neglecting the Coriolis contribution it
brings mainly inaccuracy in the kinetic energy (flux and temporal change)
and potential energy flux.

2.1.6 Conclusion

In this section the seven unstructured grid models for the following model
simulations have been introduced. They are based on one of the follow-
ing three different spatial discretizations: PNC

1 − P1 (called NC), P1 − P1
(called P1P1) and FV after Chen et al. (2003) (called FV). NC naturally filters
out pressure modes, while P1P1 has to use a certain stabilization. There-
fore, P1P1 is only implemented with semi-implicit time- stepping, while the
NC has the choices Adam-Bashforth (NCAB), Leap-frog (NCLF) or semi-
implicit (NCSI) and FV has Runge-Kutta (FVRK), Adam-Bashforth (FVAB)
and semi-implicit (FVSI). As the models differ with respect to the number of
unknowns per triangle, the operations per time step and the order of approx-
imation, the performance with respect to CPU time, time step size and error
has to be compared.

The implementation of advection for NC models is tricky as the basis func-
tion of the velocity is discontinuous. Three possible solutions were dis-
cussed. One solution bases on the scheme proposed by Hanert et al.
(2005). Another one is set up with the theory of distributions. The last
one projects the discontinuous velocity on the continuous P1 functions be-
fore computing the advection. Advective processes are very important and
these schemes have to be tested against each other.

The tidal solution in coastal shelf seas is mainly driven by an incoming wave.
Solutions to the shallow water equations should be given by a well-posed
system. Otherwise the solution may not exist in case of overdetermination
of the boundary conditions or may not be unique, if too few conditions are
prescribed. Since the tidal solution in the interior largely depends on the
applied forcing at the open boundary, I classified the equations and derived
boundary conditions in terms of characteristics for the hyperbolic part of the
equations. Problems arise when the available data is insufficient to serve as
boundary values. The practice is that several boundary conditions are im-
plemented in the models and may be chosen according the available open
boundary data.

Since tides originate from the tidal potential the mathematical and physical
background known from literature has been repeated. As the tidal poten-
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tial has only marginal influence on the tidal dynamics in the North Sea, a
rather computationally cheap way for its computation proposed by Schwider-
ski (1980) has been used in this thesis. I have included it for completeness.
More difficult is the computation of secondary tidal forces, the loading and
self-attraction (LSA) by Earth and water masses. Here estimates in terms
of Love-numbers are usually used. In terms of Earth masses the Love-
numbers proposed by Farrell (1972) are implemented in the model. Al-
though some local approaches exist the majority of schemes calculating
the LSA of tidal water masses known in literature, need the tidal wave over
the whole Earth. As the model domain is not global, the LSA effects by the
tidal water bulge are not taken into account.
Tidal simulations are not only made to estimate current velocities and tidal
high and low water, but also for energy transfers. Since unstructured mesh
methods potentially resolve better than FD models and use certain function
spaces, their models may on the one hand contribute to a better approx-
imation of energy fluxes and on the other hand have to be validated more
thoroughly than FD methods. More attention has to be given to the influence
of numerical effects. I derived the energy equations and implemented them
for one of the models. The results of changes in kinetic and potential en-
ergy, the flux of energy through the boundaries and its dissipation by bottom
friction and viscosity has to be analyzed and compared with already existing
FD models.

2.2 Simulation results

In this section I present simulation results on realistic settings. First the
model intercomparison in Section 2.2.1 serves to hightlight the influence
of the spatial and temporal discretization in terms of different unstructured
grid methods and to select the models with the best computational perfor-
mance. Afterwards in the following sections one of the models run on a finer
mesh spanning over the northern European Continental Shelf. The aim is
to identify possible model deficiencies and give further model improvement
to represent tidal dynamics.

2.2.1 Model intercomparison for M2 tidal wave

Model Setup

The seven models (NCLF, NCAB, NCSI, P1P1, FVAB, FVRK and FVSI)
run for 24 tidal M2 cycles before the tidal analysis starts. This is done to
sufficiently damp transient solution parts. One last cycle is used for the an-
alysis of tidal amplitude and phase. Since a wetting & drying scheme is not
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Figure 2.3: Mesh of the North and Baltic Sea formed by 121699 nodes in
233872 elements; minimal (maximal) edge length is 796 (3014)
m; horizontal resp. vertical axis are longitude resp. latitude in
degree.

implemented in all models, a minimal depth of 5 meters has been set. Fur-
thermore, the standard choice of the bottom friction coefficient of 0.0026 and
horizontal diffusion coefficient of A = 10m2

s
is taken. The time step size is

chosen individually for each model and summarized in Fig. 2.10. The tidal
potential has been turned of.
The grid covers North and Baltic Sea with approximately 234000 triangular
elements. They have an edge resolution varying between 800m and 3km
(see Fig. 2.3). This mesh is not supposed to demonstrate all the advan-
tages of unstructured grids in terms of resolving the coastal boundary. But it
is reasonably smooth to prevent numerical instabilities and has a moderate
size to facilitate the comparison between the different discretizations. Simu-
lations on much more detailed meshes (with more favorable location of the
open boundaries and better representation of the coastal zone) will be done
later.
The mesh contains two open boundaries. One is located near the shelf
break, i.e., between Scotland and Norway at the northern end of the North
Sea and the other is in the western side of the British Channel. The models
are forced by the elevation prescribed at the open boundaries. For the north-
ern open boundary the M2 tidal data at the open boundaries are extracted
from the OTPS model solution TPXO6.2 of oceanic tides . This is a global
tidal model, which assimilates altimetric data (Egbert et al., 1994; Egbert &
Erofeeva, 2002). At the open boundary in the English Channel I prescribe
the elevation by station data located in the vicinity.
The bathymetry from GEBCO morphometry dataset in one minute resolution
is employed (http://www.bodc.ac.uk/data/online_delivery/gebco/).
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Figure 2.4: Geographical location of the North Sea and Baltic Sea. The
triangles indicate the station locations.

Comparison with tide gauges

In general, all models reproduce the tidal chart known from literature (De-
fant, 1961; Sinha & Pingree, 1997) fairly well. Fig. 2.4 shows the domain
and the location of the tide gauges used in the comparison of amplitude and
phase. The tidal harmonics of 112 stations are kindly provided by Andersen
(2008).

The observation points are mainly located near the coast or clustered in
some area of the North Sea (see Fig. 2.4). Note that this intercomparison
aims at comparing different time and space discretizations and thus, it is
not intended to achieve high accuracy of the dedicated models in terms of
the simulation results. There are several sources of possible errors. First, I
made an assumption of five meter minimal depth instead of including wet-
ting and drying. Second, no attempts have been made to tune the bottom
topography and bottom friction coefficients were taken constant over the
whole domain. Several studies like, for example, Lu & Zhang (2006), show
the importance of varying bottom friction in 2D shallow water model. But for
the comparing the different models the current setup is sufficient.
Fig. 2.5 shows for the semi-implicit models NCSI, P1P1 and FVSI the ob-
served amplitudes and phases against the computed ones. I only display
the results of the semi-implicit simulations, as differences between model
runs with identical spatial but different temporal discretizations can hardly
be seen. The analysis illustrates a high level of reliability of the computed
results for all tested schemes. Except for the P1P1 code, all models have
a tendency to underestimate the amplitude. But, as the stations do not uni-
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formly cover the domain and are distributed mainly along the coast, the error
is obviously biased.
Considering models with the same spatial discretization it is difficult to give
preference to any of them. The order of time discretization proves to be
sufficient (given the order of their spatial discretization) to provide the same
overall accuracy. In this case the choice of the optimal scheme (for the same
spatial discretization) will be determined only by its computational cost.

Comparison with EOT data

The next step is to determine the location of largest errors and trace their
sources. For this reason I took the EOT08 data (Savcenko & Bosch, 2008),
which is available in most of the domain except for the shallow coastal parts,
and computed the differences between them and our model results. Figures
2.6, 2.7 and 2.8 show the spatial structure of the errors in amplitude and
phase for all tested schemes. They all place the maximal error in phase
and amplitude in the British channel and the region adjacent to it. Such a
systematic error can be explained by insufficiently good bathymetry data (or
its resolution by the mesh), and also with errors in the open boundary con-
ditions near to British channel. The fact, that FV codes give slightly worse
results in this area and that the momentum equation is written in the flux
form, hints at errors in the depth representation.
In Fig. 2.7 the phase errors in the NC and FV schemes are similar and
stronger in the German Bight and near the amphidromic points.
It is also noticeable that the same spatial discretization yields the same pat-
tern of error. The NC models have larger differences near the northern open
boundary and compared with the FV models underestimate the amplitude
more along the British coast. When I compare the forcing data TPXO6.2
and station against EOT08 data (not shown here), one would see that the
overestimation at the open boundary in the NC codes is very similar to that
in the TPXO6.2 solution used as forcing. Consequently the NC solutions
are closer to the forcing than the FV solutions. If the forcing were more con-
sistent with the station data, the NC codes would provide better agreement
with the observational data.
The P1P1 code shows the same difficulty at the open boundary. Addition-
ally the rigid boundaries seem to be problematic for it, as the amplitude is
overestimated over most of the region adjacent to the coast. It has to be
mentioned that the FE discretizations used here differ at the boundaries. In
the non-conforming implementations the velocity is given at edges while in
the P1P1 model it shares the same location with the elevation. Together
with stabilization in P1P1 code, this can have an impact on the behavior in
the vicinity of boundaries.
In general I observe similar patterns of errors in all simulations. The struc-
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Figure 2.5: Computed over observed amplitude (left side) in cm and phase
(right side) in degree for (from top to bottom) NCSI, P1P1, FVSI
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ture of error in the German Bight and near the Danish coast is quite similar
for the NC and FV codes. This suggests that the major source of error is
common to all models and is not linked to numerical properties (absence
of wetting & drying, constant bottom friction coefficient and error at open
boundary are most likely to be the reason).

Error measures

The accuracy of calculations is frequently expressed through the vector error
given by the formula

µ = 1
N

N∑

n=1

√
[(A∗ cosϕ∗ − A cosϕ)2 + (A∗ sinϕ∗ − A sinϕ)2]n, (2.42)

where (A∗, ϕ∗) and (A,ϕ) are the observed and calculated values of ampli-
tudes (in centimeters) and phases, at the stations 1 to N . The total vec-
tor error (Fig. 2.9) does not exceed 34 cm for all 112 stations for six from
seven tested schemes, where only P1P1 gives a larger value of about 46
cm. Similar results are obtained by computing correlation between modeled
and observed level oscillation for one tidal period of M2. The correlation is
expressed by

R = (Nσ∗σ)−1
N∑

n=1
[η′∗η

′ ]n, (2.43)

where η
′
n := ηn − 1

N

∑N
n=1 ηn, and σ =

√
1
N

∑N
n=1(η

′
n)2. For six from seven

tested schemes the correlation coefficient is of the order of 0.94 (see Fig.
2.9). For P1P1 it is smaller, but still high enough to confirm similarity.
To distinguish the influence of the time and space discretization on the
phase and amplitude I use the relative error rA in amplitude and the hour
error in phase for the different schemes. The averaged relative amplitude
error is given by the following expression

ra = δA/|Ā|, (2.44)

where δA = 1
N

∑N
n=1 |A∗ − A|n, |Ā| = 1

N

∑N
n=1 |A|n. A measure for the phase

error is obtained, when the phase differences given in degree are mapped
on hourly differences and averaged. It is called hour error and for the M2
with half cycle length of 6.21h given by

1
N

N∑

n=1
|p(ϕ∗ − ϕ)/180◦|n · 6.21, (2.45)

where

p(x) =
{
x− 360◦, x > 180◦

360◦ + x, x < −180◦ . (2.46)
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Figure 2.6: Observed minus calculated amplitude in cm (contour line differ-
ence is 5cm). Horizontal resp. vertical axis are eastern, western
longitude resp. northern latitude in degree.
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Figure 2.7: Observed minus calculated phase in degree (contour line differ-
ence is 10◦). Horizontal resp. vertical axis are eastern, western
longitude resp. northern latitude in degree.



51

Figure 2.8: Left: Observed minus calculated amplitude in cm for P1P1 (con-
tour line difference is 5cm). Right: Observed minus calculated
phase in degree for P1P1 (contour line difference is 10◦). Hor-
izontal resp. vertical axis are eastern, western longitude resp.
northern latitude in degree.

The results are displayed in Fig. 2.9 and show that the hour and relative am-
plitude errors do not differ between the different time stepping schemes for
the FV models. NCSI is also very close to the results of the FV codes.
In contrast to this are NCLF and NCAB, which are better in amplitude,
but worse in phase. P1P1 has the amplitude and phase error consider-
ably higher than for the others models. But note that the hour error is still
comparable to the other models, even though the amphidromic point at the
Norwegian coast is shifted. This is explained by the fact that the central am-
phidromic point (see Fig. 2.8) is better localized than for the other models.
Further, there are more measurements in this area than at the Norwegian
coast, where only a few stations are available (see Fig. 2.4).
Note that the relative error is still between 13% and 23%, which is far from
what can be achieved. Further improvements in mesh and bathymetry, as
well as the implementation of wetting & drying will considerably reduce the
error.

Computational cost

The computational efficiency is examined by comparing the CPU time
needed to calculate one tidal cycle on our North- and Baltic Sea grid with
about 234000 elements. Each of the models is run in a serial mode (on a
single processor) and repeating the runs show little variation in CPU time.
Fig. 2.10 illustrates the total CPU time necessary for one tidal period, as well
as its distribution between the calculation of momentum and the continuity
equation. The time step size (shown in the upper right panel in Fig. 2.10)
has been optimized for each model. Only NCSI is able to use even larger



52 2 Unstructured mesh tidal models

NCLF NCAB NCSI P1P1 FVAB FVRK FVSI
25

30

35

40

45

50

V
ec

to
r 

er
ro

r,
 c

m

NCLF NCAB NCSI P1P1 FVAB FVRK FVSI
0.925

0.93

0.935

0.94

0.945

0.95

0.955

0.96

C
o

rr
el

at
io

n

NCLF NCAB NCSI P1P1 FVAB FVRK FVSI
0.12

0.14

0.16

0.18

0.2

0.22

0.24

R
el

at
iv

e 
er

ro
r

 

 

Amplitude

NCLF NCAB NCSI P1P1 FVAB FVRK FVSI
0.38

0.4

0.42

0.44

0.46

0.48

E
rr

o
r 

in
 h

o
u

rs

 

 

Phase
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time steps than plotted here. The time step in the semi-implicit codes is by
at least a factor of two higher compared with the explicit codes. This brings
immediate performance advantages as the number of iterations reduces.
Thus, the semi-implicit codes need much less than half of the time used by
respective explicit codes.
NCAB and FVAB have the same time step size. Since there are about 1.5
times more edges than elements (so the loops in NCAB are longer), FVAB
needs nearly half of the time taken by NCAB. Comparing FVAB and FVRK
concerning time step size and total CPU time, I observe that although FVRK
takes double time step size, its total CPU time is higher. The reason for this
lies in the fact that Runge-Kutta time stepping is of fourth order and the rhs
of the continuity and momentum equations has to be computed four times.
FVRK would pay off, if one used four times higher time step size than FVAB.
For NCAB and NCLF the same time step size translates into their CPU time
being almost the same. FVSI is not able to take as large time steps as the
FE semi-implicit codes, but it is still comparable in total CPU time with NCSI
and P1P1. This shows that the FV code provides a more efficient implemen-
tation in term of the number of floating point operation needed to perform a
time step.
However, in the general case, in regions with stronger non-linearities, a long
time step size may no longer be appropriate and the explicit codes might be
faster in that case.
But actually, the influence on the results by the time step size itself is very
small and I never saw significant differences. This can be explained by the
fact that the CFL number based on the phase speed of gravity waves re-
mains smaller that one (in average over the mesh), even for the semi-implicit
codes. Explicit unstructured mesh models are frequently not able to use as
big time steps as suggested by theoretical analysis. One reason is the low
order spatial discretization (and augmented residual errors) on unstructured
meshes with variable resolution.

Further, the splitting of CPU time into the time spend for continuity and mo-
mentum equation gives more insight in the performance. They are shown
in the bottom left and right graphs in Fig. 2.10. The computation of the
momentum equations in NCLF and NCAB need much more time than in
NCSI. The efficiency of the NCSI code can directly be related to the larger
time step size and is simply determined by frequency of computing the right
hand side. For the continuity equation this is different. Here, NCSI needs
more time to call the solver. But, the difference in the CPU time compared
with NCLF and NCAB is not as pronounced as in the case of the momentum
equation.
Comparing FVSI with the explicit FV codes one notices that FVSI saves time
in the momentum computation because of its increased time step size, while
the time spend for the continuity equation is of the order of those for FVAB
and FVRK. This is once again because of calling the solver.
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Figure 2.10: CPU time in seconds to compute one tidal cycle (upper left
figure total time, bottom left for momentum equation, bottom
right for continuity equation), time-step size in seconds (upper
right figure).

NCSI and P1P1 are comparable in the CPU time for momentum and conti-
nuity equation. P1P1 has less degrees of freedom in the velocity than the
NCSI, which results in smaller loops. However, the velocity mass matrix is
not diagonal anymore and calls for an iterative procedure are relatively ex-
pensive.

2.2.2 M2 tidal simulations on the European Continental
Shelf

The NCSI model is further analyzed in this section by computing the energy
balance, residual currents and current ellipses. The model intercomparison
of Section 2.2.1 was done in a setup, which was feasible for all models. The
mesh was smooth, the open boundary clamped and no wetting and drying
was used. NCSI turned out to be one of the best models. I identified a ma-
jor error component introduced by the open boundaries. To have the open
boundary away from narrow or shallow regions, a new mesh was, there-
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fore, generated on the whole European Continental Shelf. A description of
the mesh can be found in Section 4.3.2. In the following simulation I use
NCSI with clamped boundary condition at the open boundary and free slip
at the closed boundary. The time step size is about 7 seconds and it was
integrated over 16 tidal cycles before starting the analysis.

Energy balance

According to Flather (1976) the north-west European shelf contributes to
the total loss of tidal energy in shallow seas by about 10%. It is, therefore, a
very important sink of energy.
I estimate the dissipation and the transport of energy in the domain by the
equations presented in Section 2.1.5. Fig. 2.11 and Fig. 2.12 present the
model result. The change of potential energy increases and decreases pe-
riodically with a period of a half tidal cycle length (red dashed line in Fig.
2.11). The same happens with the kinetic energy but in antiphase with the
potential energy (dark blue in the same figure).
The potential energy transport through the open boundaries (magenta) show
periodical entering and leaving of energy. But the mean flux is positive with
204.87 GW. The kinetic energy flux is about two orders of magnitude smaller
with a maximal value of 3.44 GW and minimal value of -2.96 GW. In the first
half of the cycle energy is injected and in the second half energy is extracted
from the domain (upper plot in Fig. 2.12). The average input over one tidal
cycle is only about 0.07 GW. The average of kinetic and potential energy
flux over one tidal cycle is 204.94 GW, which is a bit smaller than the value
proposed by Flather (1976) of 214.8 GW.
The value in my simulations is consistent with the average energy dissipa-
tion. The energy loss by bottom friction varies cyclically with an average
value of -203.17 GW (dashed green line in Fig. 2.11). The viscosity dissi-
pates energy with an average of -0.53 GW (dark blue line in the lower plot
of Fig. 2.12). The difference between energy flux into the domain and dissi-
pated energy is 1.24 GW. This means that the model is not yet in equilibrium
although 25 cycles were calculated before the energy computation. It can
also be seen in the plot of the kinetic plus potential energy (see lower plot in
Fig. 2.13). Especially the potential energy is still increasing, while the kinetic
energy is decreasing.
Averaging potential and kinetic energy change in the domain gives an in-
crease of 0.71 GW during one tidal cycle. In average the unknown terms
give another 0.11 GW of error. The residual may be explained by the advec-
tion scheme. In Eqn.(2.41) the splitting between kinetic energy change and
kinetic energy flux into the domain came from the rewriting the advection
terms. In the model the projection method for the advection was used, but
not translated into the energy calculation as well. Consequently, the calcu-
lated energy budget need not to be fully balanced. Leaving aside the other
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Figure 2.11: Change of energy in GW during one tidal M2 cycle: temporal
change of kinetic (dark blue) and potential (red) energy, flux of
kinetic (dashed light blue) and potential (dashed magenta) en-
ergy through the open boundaries, energy loss by bottom fric-
tion per second (dashed green), error or residual in the energy
budget (dotted black).

inconsistencies pointed out at the end of Section 2.1.5, the residual can be
used to draw some conclusions on the influence of the projection method
on the simulations. The energy residual suggests, that more energy is dis-
sipated with the projection method. As the projection method smooths the
velocity and is more stable than the other methods (see Section 2.1.5), this
conclusion is consistent.
To bring the system into energy equilibrium it may be advisable to calculate
some more cycles. Another way to correct the imbalance is to increase the
bottom friction coefficient values and therefore, add some frictional energy
dissipation. The bottom friction coefficient does not have to attain the as-
sumed constant value in reality. Further, the frictional loss depends to the
power of three on the velocities. So small changes in the velocities have a
big influence on the estimate.
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Figure 2.14: M2 tidal residual currents in m/s: in west-east direction (left
figure), in south-north direction (right figure).

Tidal residual currents

Since flooding and ebbing velocities are not perfectly symmetric, the tides
generate residual currents. Further, the non-linear terms give rise to a net
displacement of water particels. These residual currents have typical mag-
nitudes of some cm s−1, which is about one or two orders of magnitude
smaller than the tidal currents (Kantha & Clayson, 2000). Because of the
steadiness they contribute to the transport of sediments and pollutants. Fur-
ther, their eddies contribute to the dispersion and mixing of particels. As they
depend also on the vorticity generated by coastline features, unstructured
grid models are needed for their computation.
I calculate the residual current by averaging the currents over one tidal cycle.
Note that the Eulerian residual field is obtained, which is not necessarily the
velocity the particels are transported with (Vreugdenhil, 1994). Their path
is computed from the Lagrangian velocities. Nethertheless, the Eulerian re-
sidual field gives an approximate view of the expected transports.
In Fig. 2.14 the tidal residual currents of the M2 tidal wave show the gen-
eration of eddies at the coastline (visible by changing signs of the velocity
components). These eddies are more prominent in the English Channel,
along the west coast of the United Kingdom, the Irish Sea and the Shetland
Islands. Probably the complexity of coastline leads to significantly different
ebb and flood velocities resulting in high residual currents.
The magnitude of the residual currents are show in Fig. 2.15. The coastline
is marked with higher residual currents than the rest of the domain. Re-
markably is the band of north-eastwards directed residual current between
the south-west North Sea and the Skagerrak. The band meanders to the
Skagerrak, where it intensifies.
Picture (a) in Fig. 2.16 shows the Skagerrak area itself. The relatively strong
eastward current in the South turns northward at the Swedish coast and fol-
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Figure 2.15: Absolut value of M2 tidal residual currents in m/s.

lows the Norwegian coast in westward direction. The westward current is
not only confined close to the Scandinavia coast. The Norwegian trench
shows also a westward current with a smaller magnitude due to the greater
depth.
As the tidal residual current is much weaker than the basin wide residual
circulation introduced by the wind, it can hardly be extracted from measure-
ments. Model experiments are, therefore, good to distinguish between the
different sources. Djenidi & Ronday (1985) compared the residual currents
in tidal simulations with and without wind stress. The circulation in the Ska-
gerrak matches the simulation results described above. Anticlockwise tidal
residual circulations has also been observed in a bit different context by
Yanagi & Yoshikawa (1983). They identified two generation mechanism, one
related to the Coriolis force and the other one to the bottom slope. The exact
source of the kind of circulation in the North Sea may also be attributed to
these mechanisms.

Two of the main connections between the North- and the Baltic Sea, the
Øresund near Copenhagen and the Storebælt between Langeland and Lol-
land, have residual currents shown in picture (b) and (c) of Fig. 2.16 and Fig.
2.17. The model resolution may be insufficient and, therefore, the computed
currents have to be taken with caution. I observe an inflow in the Baltic Sea
in the Øresund. In the Storbælt many eddies exist.
Djenidi & Ronday (1985) observed in their tidal residual currents an inflow
into the North Sea through the Strait of Dover under negligible wind con-
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Figure 2.16: M2 tidal residual currents in m/s: a) Skagerrak, b) Storebælt
between Langeland and Lolland.
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Figure 2.17: M2 tidal residual currents in m/s: c) Øresund near Helsingborg,
d) Strait of Dover.
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Figure 2.18: M2 tidal residual currents in m/s: e) St. George Channel, f)
Shetland Islands.
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ditions. Picture (d) of Fig. 2.17 show the complex tidal residual currents in
the Strait of Dover. Again due to the rather coarse resolution, the compli-
cated eddy pattern may still change when the mesh is refined in this region.
With this mesh the model has strong currents along the coastline and an
anticlockwise eddy at the English coast. There are strong off and on shore
currents making it rather difficult to identify an in- or outflow of the North Sea
into the English Channel. The eddy activity emphasizes the importance of
tidal residual currents in this area.
Similar conclusions can be drawn in the Irish Sea, the Celtic Sea, the Eng-
lish Channel and North of Scotland, as there are even stronger residual
eddies. Exemplarily picture (e) in Fig. 2.18 presents the residual currents
in the St. George Channel between the Irish and the Celtic Sea, and pic-
ture (f) the ones around the Shetland Islands and Orkney Islands. Near the
Shetland Islands there are strong currents along the coast. Through the
North Sound north of the Orkney Islands some waters from the North At-
lantic seems to pass through into the North Sea. There seems to be a two
strong eddies between Orkney Islands and the Shetland Islands.

Proceeding further southwards from the Shetland Islands along the coast
to Aberdeen and Edinburgh, I observe a weak southwards residual current
(picture (g) and (h) of Fig. 2.19). This current turns north-eastwards at the
latitude of the Norfolk Broads in England joining a residual current coming
from the south (picture (i) in Fig. 2.20). As already mentioned this band
procedes to Skagerrak.

Tidal current ellipses

Tidal currents change direction and magnitude over the tidal cycle. I repre-
sent this as the major and minor axis of an ellipses in Fig. 2.21. The currents
turning anticlockwise are shown in red and clockwise in blue. Along the Nor-
wegian coast and in the north part of the North Sea the current changes
clockwise, while it changes anticlockwise at the English East Coast and in
the German Bight. Between England and the Netherlands there is a region,
where it is again clockwise and further south close to the Strait of Dover
it becomes anticlockwise again. The pattern match charts for example in
Sager (1963).
Further, in the German Bight there are circular ellipses near the Danish
coast and strongly elliptic ones close to the German coast and in the central
German Bight. The form of the ellipses and their anticlockwise change is
consistent with observations reported in Mittelstaedt et al. (1983).
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Figure 2.19: M2 tidal residual currents in m/s: Near g) Aberdeen, h) Edin-
burgh.
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Figure 2.20: M2 tidal residual currents in m/s: i) West of the Norfolk Broads,
England.

2.2.3 K1 tidal simulations on the European Continental
Shelf

As it has been shown in Section 2.2.1 and in Section 2.2.2 the M2 tidal wave
dynamics are very well reproduced by the models. In this section the K1 tide
will be analyzed and how it is influenced by the open boundary condition.
Therefore, I take the NCSI model without potential and no wetting and dry-
ing on the European Continental Shelf mesh. Except for forcing the model
with the K1 tide only, the same configurations as in the previous section are
applied.

Clamped versus Flather

In Fig. 2.22 the amplitude and phase of the simulated K1 tide is plotted
against the observed ones. The clamped boundary condition has been im-
posed for the plots on the left side and the Flather boundary condition for
the ones on the right side. The amplitude is at most stations overestimated.
In general the agreement of observed and simulated phase and amplitude
is worse compared with the M2 simulations. While for the M2 tide the in-
fluence of the open boundary condition is small, it is noticeable for the
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Figure 2.21: M2 tidal current ellipses: direction of the tidal current changes
anticlockwise (red) or clockwise (blue) (with indefinite direction
in green). Upper picture: Zoom into the German Bight.
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K1 tide. The phase of the K1 wave remains relatively unchanged using
Flather or clamped open boundary condition, but the amplitude tends to be
stronger overestimated with the Flather open boundary condition. Although
the Flather condition is supposed to give a well-posed problem for the hy-
perbolic part of the equations, it does not give a better accuracy with this
particular mesh and open boundary data.
There are two possible reasons for this behavior. First the velocities at the
open boundaries could be too high. The elevation of K1 is very small com-
pared with M2 and it may be that the velocity data contain signals from
other constituents, too. Second, more energy shall be dissipated by the
model for this diurnal tide. Either bottom friction is too low or some energy
has to be transferred to compound tides. Probably the interaction between
other constituents take an amount of energy. As I introduced only K1 at the
open boundaries and the other constituents are missing in the simulation,
no transfer of energy into compound tides can happen.

2.2.4 Conclusion

The models introduced in Section 2.1 are tested against data and intercom-
pared with each other. I first compare the seven FE and FV models in their
capability to reproduce the M2 tidal oscillations on an unstructured North
and Baltic Sea mesh with clamped boundary condition. All models demon-
strate reasonable skills in simulating the M2 tide in the North Sea. The
amplitude and phase are well correlated with the observational data. The
amplitude is underestimated by the NC and FV models and overestimated
by the P1P1 model.
Further, the P1P1 model shows less realism in some vicinity of boundaries,
which can be a consequence of the stabilization employed in this version.
The NC models have approximately the same vector and relative errors as
the FV models. Those can be mainly attributed to errors at the open bound-
ary introduced by forcing. The FV codes are more robust to open boundary
errors but have larger errors in the English Channel than the NC models.

Concerning the computational efficiency, the comparison of the CPU time
gives clear preference to semi-implicit codes, as they are much faster than
the explicit codes tested here. Among the explicit codes, the FV codes are
the fastest. This happens because assembling the right hand sides requires
much less operations for the FV discretization used here than for the FE
codes. A similar situation is observed with semi-implicit codes, where FVSI
was faster if the same time step size is used. In the current implementation
the NCSI and P1P1 codes are more stable and, therefore, the reduction of
the number of time steps make them faster than FVSI.
This thesis demonstrates quite similar performance of the selected models,
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Figure 2.22: Correlation between model and observation of amplitude and
phase for the K1 tide in NCSI model: Clamped boundary con-
dition (left), Flather boundary condition (right)
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as well as better numerical efficiency of the semi-implicit FV and NC imple-
mentations.

To have a better location of the open boundaries the domain is extended to
the European Continental shelf. On this domain NCSI is applied to a finer
resolving mesh. The tidal residual currents and the current ellipses of the
M2 tidal wave match well with previous model results and observations. The
tides generate a cyclonic circulation in the North Sea. In regions, where
complex coastline structures are located, like, e.g., the English Channel or
the Irish Sea, strong residual currents are found.
Also the analysis of the energy reveals high reliability of the model. Tempo-
ral energy change, fluxes and dissipation have reasonable magnitudes. The
residual in the energy balance is of the order of the viscous dissipation. It
can be attributed to the way the energy balance has been set up discretely
and what kind of simplifications have been made in the implementation. But
it also shows, that the energy may be sensitive to the choice of the advection
scheme. Leaving errors in the implementation aside, the P1 projection ad-
vection method dissipates some energy. Especially, the transport of kinetic
energy and the temporal kinetic energy change may be affected by it in this
energy balance computation.
The next question is how tidal simulations are influenced by the open bound-
ary condition. For this purpose the Flather and the clamped boundary con-
ditions are tested by simulating the K1 tide on the fine European Continental
Shelf mesh. The Flather condition gave stronger overestimation of the am-
plitudes than the clamped one. This could be connected to the velocity data
or some insufficiently represented processes. Future simulations including
all constituents may bring some insight in this issue.



3 Adjoint Models

This chapter introduces the general concepts later used in Section 4. First
I explain the meaning of the terms “adjoint” and “adjoint model”. The de-
velopment of the adjoint equations is covered in Section 3.2. Section 3.3
comments on automatic differentiation (AD). Afterwards some examples of
adjoint models in oceanography are given and the advantages and disad-
vantages of their implementation are discussed.

3.1 What is an adjoint?

The word “adjoint” is used in many different contexts. For example, the “ad-
joint matrix” is the conjugate and transposed matrix. It is a special case of
an “adjoint operator”. Every linear operator A between Hilbert spaces X, Y
has an adjoint operator A∗ defined by their scalar products (., .)x, (., .)y, i.e.
(AX, Y )y = (X,A∗Y )x.
Another context, where the word “adjoint” is used, is with “adjoint equations”
and “adjoint models”. An adjoint model is often used in inverse modeling for
solving an inverse problem. Abstractly formulated a forward problem con-
sists of evaluating a mapping from the cause to get the effect. Then the
inverse problem is to invert the mapping and compute the cause from an
effect. For linear problems the inverse mapping is just the inverse matrix,
if it exists. An inverse problem is called well-posed, if there exists a unique
cause for every effect and the inverse mapping is continuous.
In oceanography inverse problems are often parameter estimation prob-
lems, i.e. to fit model results to observations, which are ill-posed. For this
purpose a cost function measures the misfit between model result and ob-
servation (usually the squared difference plus some penalty on the param-
eter range or the initial condition). This cost function has to be minimized.
Iterative regularization or optimization methods can make use of the gra-
dient of the cost function to find the optimal parameters (see, e.g., Vogel,
2002). Adjoint model calculate this gradient. By setting the gradient of the
cost function to zero, one computes the so called adjoint equations with new
variables - the adjoint variables - which have to be solved simultaneously
with the model equations. The set of equations is called Euler Lagrange
equations. The next Section 3.2 will show a detailed derivation of the adjoint
equations and in Section 3.4 I give an overview over some adjoint models
in oceanography. Some of them use automatic differentiation (AD) and opti-
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mization algorithms, while others implement the adjoint equations and solve
for adjoint variables in a backward sweep.
The word “adjoint” has also a meaning in context with AD tools. As it will
be introduced later in Section 3.3, AD has a forward and a reverse mode
to compute the Jacobian. The reverse mode is also called adjoint mode, as
the adjoint Jacobian is calculated. During the adjoint code generation adjoint
variables are defined to save intermediate results (Giering, 1999). The use
of the word “adjoint model” for the source code produced in reverse mode
should be avoided. In this case it is not clear, if the adjoint model gives the
derivative of the cost function or the Jacobian of the discrete model equa-
tions.

3.2 The adjoint equations

In this section the adjoint equations are derived. I consider the model
M : X → Y as a function between input/control X and output/state vari-
ables Y .
In case of the shallow water models presented in Chapter 2 the input vari-
ables are parameters and initial conditions and the output variables are the
velocities and elevations of all timestep. M is non-linear and likely neither
surjective nor injective.
Analogously, the (discrete) shallow water equations may be also written as

χ(x, y) = 0, (3.1)

where x ∈ X and y ∈ Y . Replacing y withM(x) and calculating the Jacobian
for later use gives,

Jacxχ(x,M(x)) = 0

⇔ ∂

∂xi
χ(x, y) + Jacyχ(x, y) ∂

∂xi
M(x) = 0, for i = 1, . . . , dim(X).

(3.2)

As there are observations for the state variables Y and the goal is to deter-
mine the corresponding input variables (so invert M , which is probably an
ill-posed problem), the misfit is measured by a cost function J ,

min
x∈X

J(x,M(x)), (3.3)

which is going to be minimized. This J is some positive function, e.g., the
squared differences. Usually it becomes zero, when the observations and
model results perfectly fit, but this is seldom achieved. The necessary con-
dition for its minimum is, that the gradient of J is zero. Replacing M(x) with y
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and writing the gradient componentwise with respect to the control variables
X gives,

(∇xJ(x, y))T = 0

⇔ ∂

∂xi
J(x, y) + (∇yJ(x, y))T ∂

∂xi
M(x) = 0, for i = 1, . . . , dim(X).

(3.4)

Now I combine Eqn.(3.2) and Eqn.(3.4). Therefore the adjoint variable w is
defined by the following equation,

(Jacyχ(x, y))T w = −∇yJ(x, y)
(
= (JacyJ(x, y))T

)
. (3.5)

Eqn.(3.5) is the equation for the adjoint state, the so called adjoint equation.
It may be derived equivalently by using Lagrange multipliers. I multiply the
equations χ by Langrange multipliers λ and add them to the cost function,
i.e.

J̃ := J + χTλ.

Taking the gradient of J̃ with respect to the state variables Y and setting it to
zero, gives the adjoint equation (Eqn.(3.5)) with w=λ. The adjoint equations
are often derived by using the Lagrange multipliers (see, e.g., Le Dimet &
Talagrand, 1986; Sidorenko, 2004). If the derivative of J ′ with respect to x
and y is not taken in continuous but in variational sense and set to zero (see,
e.g., Evensen et al., 1998), then the derived equations are also referred to
as Euler-Lagrange equations. They include both, the forward and the adjoint
equations, which are coupled by λ.
Here the adjoint equations are solved simultaneously for w with the forward
equations (Eqn.(3.1)). Having solved for w I replace ∇yJ(x, y) in Eqn.(3.4)
with the expression of the adjoint state (Eqn.(3.5)) and obtain

∂

∂xi
J(x, y)− wTJacyχ(x, y) ∂

∂xi
M(x) = 0, for i = 1, . . . , dim(X)

Now the term Jacyχ(x, y) ∂
∂xi
M(x) can be substituted by using Eqn.(3.2). I

get for the total derivative of J (Eqn.(3.4)) denoted by J ′:

J
′ := ∇xJ(x, y) + (Jacxχ(x, y))Tw (= 0). (3.6)

This equation is analogously derived by taking the gradient of J̃ with respect
to the control variables and setting λ = w. J ′ becomes zero in the case of
optimality for the control and state variables. As long as J

′ is unequal to
zero, it is used to update the parameters.
Note that the set of Eqns.(3.1), (3.5) and (3.6) is also known as a Karush-
Kuhn-Tucker system (see, e.g., Tröltzsch, 2005).
As already proposed by Le Dimet & Talagrand (1986), solving the Euler-
Lagrange equations can be avoided by using Eqn.(3.6) with a descent algo-
rithm. As long as J is simple, for example in case of squared differences to
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the observation (J = 1/2(M(X) − Yobs)T (M(X) − Yobs)), and χ is linear or
linearized using a simple time-stepping scheme, the adjoint equations are
easy to implement. A forward integration in time computes the coefficients
of the Jacobian of χ. In a backward integration in time the adjoint equa-
tions are solved giving J ′ (Le Dimet & Talagrand, 1986; Giering & Kaminski,
1998). The adjoint model are sometimes easy to be hand-coded. In other
cases, for example if non-linear terms are present, it may be advisable to
use automatic differention (AD), which will be introduced in the next section.

3.3 Automatic differentiation

Automatic differentiation (AD) are computer programs that add statements
into existing source codes to compute derivatives. AD tools have two differ-
ent modes to calculate a differentiated code: a forward (or tangent linear)
mode and a reverse (or adjoint) mode. They just differ in the way the deriva-
tive is computed and stored. I am going to illustrate both with the following
example. Let

f : X w1−→W1
w2−→ W2

w3−→ W3 = Y
f(x) = w3(w2(w1(x))) =: y,

be a function representing for example a model with the operations w1, w2
and w3. In general w1 is the identity operation and the derivatives of the
operations are trivial or given by some (intrinsic) function. The vectorial
function f maps from some n-dimensional input space X (variables such
as bottom topography or friction coefficient) into the m-dimensional space Y
(for example velocity and elevation). Using the chain rule the corresponding
derivative writes as

∂fi
∂xj

= ∂fi
∂w3

∂w3

∂w2

∂w2

∂w1

∂w1

∂xj
, for i = 1, ...,m and j = 1, ..., n

One can also express it in matrix form with the help of the Jacobian, namely

Jacx(f) = Jacw3(f) ◦ Jacw2(w3) ◦ Jacw1(w2) ◦ Jacx(w1),

where the Jacobians differentiate with respect to their index. Here Jacx(w1)
resp. Jacw3(f) is the identity n by n resp. m by m matrix.
In the forward computation the derivative ∂fi

∂xj
is therefore obtained by the

following lines in the code,

w
′
1 := ∂w1

∂xj

w
′
2 := ∂w2

∂w1
· w′1

w
′
3 := ∂w3

∂w2
· w′2

w
′
4 := ∂fi

∂w3
· w′3

(3.7)
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with ∂fi
∂xj

= w
′
4.

The reverse mode starts from the left. Having the following lines in the code,

w̄
′
4 := ∂fi

∂w3
w̄
′
3 := w̄

′
4 · ∂w3

∂w2
w̄
′
2 := w̄

′
3 · ∂w2

∂w1
w̄
′
1 := w̄

′
2 · ∂w1

∂xj

(3.8)

and ∂fi
∂xj

= w̄
′
1, the derivative ∂fi

∂xj
is computed. The reverse mode is often

also called the adjoint mode, since it computes the transposed Jacobian

(Jacx(f))T = (Jacx(w1))T ◦ (Jacw1(w2))T ◦ (Jacw2(w3))T ◦ (Jacw3(f))T .

Mathematically the reverse and forward mode bring absolutely the same re-
sult, but in the reverse mode one needs, for example, to know the value of
w2 to compute w̄

′
3. This means that first the values have to be computed

and in a reverse step the derivatives are computed. This is more expensive
than the forward mode, where the derivatives are computed in the forward
sweep as well. So the question arises, when to use this concept of reverse
derivative computation. The answer is related to the dimension of X and Y
and I illustrate it with the following reformulation.
Expressing the result in Eqns.(3.7) for the forward mode in matrix formula-
tion with the Jacobian matrix Fij := (Jacx(f))ij = ∂fi

∂xj
and ẋ := ∂w1

∂xj
(so ẋ is

just the j-th unit vector), the following is obtained:

F (x) · ẋ (3.9)

The i-th line contains the results from the forward steps (Eqns.(3.7)).
In the reverse mode with ẏ := ∂fi

∂w3
, which gives the i-th unit vector, the result

from Eqns.(3.8) writes as
ẏT · F (x), (3.10)

where the j-th column gives the desired result here.
If the dimension of X is smaller than the dimension of Y , the matrix times
vector multiplication is less expensive in Eqn.(3.9) than in Eqn.(3.10) and in
this case the forward mode is more efficient. If dimension of Y is smaller,
the reverse mode has less operations and is therefore faster.
Since I want to compute Jacx(J(x,M(x)), the dimension of Y is the dimen-
sion of the cost function, which is one. Therefore, the reverse mode should
be used. If the dependency of J on x and y is simple, one may also auto-
matically differentiate the model only and use

Jacx(J(x,M(x)) = Jacx(J(x, y)) + Jacy(J(x, y)) ◦ Jacx(M(x)). (3.11)

When the AD tool differentiates with respect to y, it decomposes in the same
way. Therefore, the same derivatives or sensitivities will be obtained. I just
mention it to show that the sensitivities of the model to the input variables
are also computed in the reverse model run.
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3.4 Adjoint models in oceanography

Inverse problems are frequent in oceanic applications. They originate from
insufficient measurements for parameter determination and from the incom-
pleteness of ocean model equations in terms of reflecting the physical re-
ality. The result is a misfit between observation and model simulation. But
information for the model configuration can be drawn from the observations
(Bennett, 1992). As explained above, one way for error minimization is the
implementation of an adjoint model. Other data assimilation techniques,
for example statistical methods like SEEK (Pham et al., 1998), are not the
scope of this thesis and will not be considered, therefore.

The adjoint equations are either derived from the continuous equations and
discretized afterwards or computed directly from the discretized equations.
By applying the rules for analytical adjoint operators (see, e.g. Schröter,
1989) the adjoint equations can be constructed from the non-discretized
model equations. One has to be careful when discretizing these equations,
as the descent direction of the discretized error has to be calculated. To
be precise: The discretized adjoint equations have to be the adjoints of the
discretized model equations.

A common way to get discrete adjoint equations is by using Lagrangian mul-
tipliers with the discrete model equations and solving the Euler-Lagrange
equations (see, e.g., Evensen et al., 1998). Depending on the complexity of
the model, coding these equations can be more or less expensive and cum-
bersome. I call it the hand-coded or manually differentiated (MD) adjoint
method. It was used for example in meteorology by Courtier & Talagrand
(1990) or in oceanography by Tziperman et al. (1992). Further examples
of adjoint ocean models are Tziperman & Thacker (1989) and the citations
therein. In ocean models the control variables are, for example, initial stream
function, lateral friction or windstress. The misfit of the model output to satel-
lite measurements was used by Schröter et al. (1993).
Hand-coded adjoint models have been implemented and used for various
applications in coastal oceanography, too. Lardner et al. (1993) and Das
& Lardner (1992) optimized bottom friction and water depth in tidal simula-
tions with a finite difference 2D shallow water model. Ten Brummelhuis &
Heemink (1993) extended the parameter estimation to wind stress coeffi-
cients and open boundary values and applied it to a finite difference model
on the European continental shelf.
Furthermore, Heemink et al. (2002) presented results of a finite difference
3D shallow water model on curvilinear coordinates for the same region. For
the gradient computation they neglect the advection and horizontal viscosity
term. This affects the inverse computations in very non-linear estuarine flow
and may cause slower convergence of the estimates. They state further that
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the AD methods have not been successful so far, as the original model is
very complex. But the fact that complex codes are not problematic has been
demonstrated in the MITgcm (Marotzke et al., 1999).
Taguchi (2004) showed recently that adjoint and direct methods are well
suited to solve inverse problems for non-linear shallow water tidal models in
coastal seas. He compared direct explicit (EDV), direct semi-implicit (IDV)
and adjoint semi-implicit (IAV) methods in reducing the error in M2 overtide
simulations in the Irish Sea. He further concluded that IAV has a relativly
high computational burden and favorised the direct methods.
Systematic calibration of tidal open boundary phase and amplitude, bottom
friction and depth has also been done by Verlaan et al. (1996) in a Euro-
pean shelf model. A FD shallow water model and its hand-coded adjoint
computed gradients of the cost function. The minimization was done iter-
atively by the BFGS method. They divided the region into 9 rectangles or
triangles to reduce the number of control parameters. This was done as the
number of observations was considerably smaller than the degrees of free-
dom in the parameters. They first tuned amplitude and phase of the open
boundary forcing, then depth and finally the Chezy bottom friction coefficient
C (the relationship between C and the bottom friction coefficient r is given
by r = g/C2). The major issue was to define the rectangles or triangles
according to the sensitivities and to smooth the transition of the parameters
at the edges to avoid wave reflections. Penalty terms to force the control
variables to stay close to some initial guess were additionally needed. The
inverse estimation of boundary conditions in the context of the shallow water
equations has also been studied (amongst others) by Navon (1985), Shul-
man et al. (1998), Heemink et al. (2002), Zhang et al. (2003) and Yang &
Hamrick (2005).

In oceanography the generation of an adjoint model with the help of auto-
matic differentiation (AD) became popular with the availability of AD tools
such as TAMC/TAFF (Giering, 1999). Especially, as the influence of the
input variables on the cost function is traceable in numerical models and,
therefore, directly differentiable with AD progams. AD tools exist for many
common programming languages such as Fortran or C (see the website
autodiff.org). With the derivative at hand optimization algorithms can change
the input variables. With the new parameters the time-stepping models cal-
culate new state values (here in this thesis for example elevation and ve-
locity). One example for an adjoint ocean model generated by AD is the
MITgcm (Marotzke et al., 1999).

The creators of TAFF propose a short way to compute the gradient of the
cost function, if it is the squared difference between model results and data
(Giering & Kaminski, 1998). They argue that if the mapping between the in-
put parameters and the state variables is sufficiently regular, one could use
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a linear relation between the input and output variables. The gradient of the
cost function is computed as the product between the linear adjoint model
(the transposed Jacobian of the model) and the misfit. This is actually a
special case of the more general approach in Section 3.2.

Examples of adjoint shallow water models using AD for tidal application in
coastal application are rare in literature. In CFD the usage of automatic dif-
ferentiation is more common.
If the differentiation of the cost function or the model is for any reason not
feasible, it is possible to split the computation of model and cost function
derivatives (see Eqn.(3.11) or e.g. in Errico, 1997) and only use AD for
some part. For shape design and mesh optimization, Dervieux et al. (2005)
implemented the adjoint equations by hand and used AD only for ∂

∂xi
J(x, y)

and ∂
∂xi
χ(x, y). He argued that it is not guaranteed that fixed point iterations

in the forward sweep converge also in the backward sweep (which computes
the derivatives). If there was any fixed point iteration, it would not be recom-
mendable to use AD to directly compute J ′. Actually, the development of AD
tools is steadily advancing and in some AD tools directives to treat fix-point
loops are already available. Therefore, it is likely that AD will become more
and more frequent to generate adjoint models if open source projects like
OpenAD become mature.

One rarely addressed question is the accuracy and efficiency differences be-
tween hand-coded and AD adjoint models. Elizondo et al. (2002) compared
the performance between manually differentiated (MD) and automatic differ-
entiated (AD) code of a 2D non-linear, diffusion type equation model. The
MD code outperforms the AD codes in terms of computational efficiency,
but in accuracy AD codes are better. This demonstrates, that the choice
and the version status of the AD tool is important for the success of AD ad-
joint models. A comparison of different AD tools (OpenAD, Tapenade, TAFF,
etc) to produce adjoint ocean models is not known to the author and is cer-
tainly an issue that should be addressed in future.

3.5 Conclusion

The adjoint approach has been used to solve inverse problems for ages. In
this section I gave the general definitions of adjoint models, adjoint equa-
tions and inverse problems. Although adjoint models are frequently used in
oceanography, they are not free of shortcomings. If the gradient of the cost
function is zero, it does not mean that the minimum is reached. It may also
be a maximum or a saddle point or some local minima. In this respect it
does not matter, whether the adjoint model solves for the adjoint variables
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and uses them to compute the derivative of the cost function, or if it directly
computes the derivative of the cost function with respect to the control vari-
ables. Actually, the way how the adjoint model is realized - with AD or not
- does not matter, too. At best, a necessary condition for the minimum is
fullfilled.

The advantage of the adjoint model is its use for sensitivity analysis. Instead
of varying each parameter and determining the influence on the results, it is
possible to get the sensitivity of the parameters on the cost function in one
single run. If the cost function is restricted to a certain area or point, the in-
fluence of the parameters on this point can be given. Actually, what is used,
is the derivative of the cost function with respect to the control variables.
There are many ways to use an adjoint model for the inverse estimate of
parameters. Two issues have to be of major concern. First the optimization
procedure should be flexible, such that further model development can be
easily incorporated into the parameter optimization. AD is one method that
is very promising, as it generates the differentiated code without much user
input. Second the inverse estimate of parameters should be able to handle
a large number of unknowns and still be computationally fast. Adjoint mod-
els are computationally expensive, as the computational time increases at
least by a factor of two to compute the derivative. AD makes use of so called
checkpointing and, therefore, an optimal partition between recalculation and
storage of variables is easy to include. The problem of relatively high com-
putational cost still exists. A careful coding of the model is necessary and
its practicability has to be analyzed.
Hand-coded adjoint models often use the linearized model to speed up the
derivative calculations. This option may also be used with AD.
In terms of sensitivity studies the AD model code is clearly of preference
compared with the hand-coded adjoint model. Arbitrary complexity of the
model and, for example, non-linear terms do not pose big difficulties as long
as the correct AD directives are set. The differentiation can be repeated if
changes in the forward code are made and “manual” errors due to wrong
derivatives are less probable.
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4 An unstructured mesh, adjoint,
tidal model

This chapter shows the results of an unstructured mesh, adjoint model gen-
erated by the AD tool TAMC. First, I give a sensitivity analysis of the mis-
fit between observations and model results for the M2 and K1 tidal wave.
Then the parameters are optimized by using the adjoint model and a Quasi-
Newton method for this inverse problem.

4.1 Motivation and setup

In Section 2 several unstructured grid models based on the 2D shallow wa-
ter equations have been introduced. It has been concluded that only some
part of their errors is influenced by the spatial discretization techniques (like,
e.g., FE or FV). The major part of errors has origins common to all the
models. First, the equations are an approximation to the real world and
use parametrization of subgrid processes. Second, the mesh spatial reso-
lution and the approximation of bottom topography limit the accuracy of sim-
ulations. Finally, the system is defined and forced by its initial and (open)
boundary conditions, which are known only approximately.

In this chapter the tuning of friction parameters, as well as bathymetry and
open boundary values is addressed. I present solutions of an unstructured
grid adjoint model generated by AD and applied to an European Continental
Shelf mesh. The AD tool TAMC is applied to the NCLF model. Although
the time-stepping of NCLF could be affected by computational modes it has
been shown in Section 2.2.1 that in practice it performs almost as well as
other models studied here. The advantage is its simple numerical structure,
which is free of fix-point iterations and solver calls. This makes it easier to
adopt it to the requirements of TAMC.

The tides in the North Sea are mainly the result of incoming waves and their
reflections, so the quality of the open boundary data influences simulation
results considerably. In Sections 4.4, 4.5 and 4.6 I try to answer questions
like, where the model is more sensitive to open boundary values and how
these values should be corrected.
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Very similar questions can be raised for the model parameters such as bot-
tom friction and bottom topography. The GEBCO one minute bathymetric
data is a compilation of various data sources, so its quality does not have
to be spatially homogeneous. This is especially problematic when the mesh
aims to resolve features which have been smoothed in the GEBCO data set.
In order to minimize the simulation error in some region, one should answer
the question as to where the bathymetry has to be very accurate. As depth
influences wave speed and amplitude, good results owe a lot to a correct
topography.

Further, the bottom friction coefficient has to be tuned too. It is largely un-
constrained by observation depending on the bottom roughness. As already
pointed out by Schwiderski (1984), Taylor (1918) determined a bottom fric-
tion coefficient of r = 2.6 · 10−3 by balancing the energy budget in the Irish
Sea. But different values were found for example in Bristol (r = 1.4 · 10−3) or
the English Channel (r = 2.13 · 10−2) by Proudman (1952). This shows that
a uniform bottom friction coefficient is a poor approximation and that it has
to be determined for each region.
Amongst other derivatives the adjoint model gives sensitivities of the cost
function with respect to the bottom friction coefficient and, therefore, re-
gions can be identified, in which the bottom friction coefficient needs to be
changed and in which direction.

Nicolle & Karpytchev (2007) showed that a variable Chezy coefficient C
for bottom friction (here r = g/C2) decreases the amplitude/phase mis-
fit between model and observation for M2 and M4 tides. They used the
TELEMAC2D software for solving the shallow water equations and divided
their region - the Pertuis Breton - into two domains, one representing mud
flats, where the bottom friction was reduced. They had to make several ex-
periments to find the optimal value of the Chezy coefficient. Using an adjoint
model to determine the bottom friction coefficient will surely simplify the tun-
ing. I can only guess why they do not use the adjoint model of TELEMAC2D.
Possibly the adjoint model only exist for specific set ups and, as it is hand
coded, lag the development of the forward model.

After the sensitivity analysis a Quasi-Newton algorithm is coupled to the for-
ward and adjoint model. The mentioned parameters are optimized by mini-
mizing a cost function, which is the misfit between observed and simulated
model fields. Note that our inverse problem is probably ill-posed and addi-
tionally possesses a large number of control variables, too. Regularization
terms in the cost function are important for having a well-defined inverse.
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4.2 Cost function

I define the cost function under consideration by

J =
M∑

m=1

[(
Bobs
m −Bmod

m

)2
+
(
Dobs
m −Dmod

m

)2
]
sp

+
N∑

n=1



(
ln
(

rn
2.6 · 10−3

))2
sc

+
(

1
exp(H0n − Amodn − 1)

)se
sh


,

(4.1)

where M is the number of measurement points and N is the number of
nodes. B and D are the real and imaginary part of the oscillations. Here
A is the amplitude, r the bottom friction coefficient, H0 the depth and sp, sc,
and sh are scaling coefficients. The bottom friction coefficient is no more a
constant on the whole domain anymore, but given on each grid node.

The first two terms describe the quadratic difference between the real resp.
imaginary parts of the model elevation and the observation. I use real and
imaginary amplitudes instead of phase and amplitude because the phase
error has a discontinuity between -180◦ and +180◦, which is problematic
according to my experience.
Also the open boundary forcing is written in real and imaginary part of the
level oscillations. Together with the depth and bottom friction coefficient
these variables will be optimized.

Many adjoint tidal models use the squared difference between the simulated
and observed level oscillations for the computation of the cost function. In
Eqn.(4.1) I apply the difference between real and imaginary part of single
constituents instead. This adds a fast Fourier transform to the forward and
backward code. Using the difference between elevations avoids applying
a harmonic analysis to extract the tidal constituents after a certain number
of time steps and storing the elevation for this computation. If the open
boundary is forced with all constituents and tide gauge level oscillations are
available, the squared difference between elevations is advisable since it
results in a faster performance. However, in my case the observations are
given by harmonic constituents. The data from Andersen (2008) contains
only M2, S2, K1 and O1. Higher tidal harmonics like M4 or M6 are commonly
known with less accuracy and on less stations. The observed elevations
are then reconstructed from the harmonic constituents. If only a few tidal
constituents are given, it is not feasible to compare elevations directly any
more. On the continental shelves shallow water tides like M4 are gener-
ated, which have in some parts as high amplitudes as diurnal tides. Then
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the misfit between simulated elevation and the one reconstructed from the
observed constituents reflects the missing constituents, too, and will, there-
fore, contain an error.
A second advantage for directly comparing the real and imaginary amplitude
of single constituents is that higher harmonics can be weighted stronger, if
good measurements exist for some points. The over- and compound tides
even depend stronger on the bottom friction coefficient and their amplitudes
are smaller than the astronomical tides from which they originate. When the
misfit between observed and simulated elevation is computed in the cost
function, their influence in the summary tide may be very small and not cor-
rectly accounted for in the optimization.

The last two terms of Eqn.(4.1) are a kind of regularization functionals (Vo-
gel, 2002). With the third term I want to ensure that the bottom friction
coefficient stays in a reasonable range above zero. For the sensitivity study
this term is zero, but it will be used in the optimization in Section 4.6. The
last term is a regularization functional, too. It provides a penalty for the case,
when the amplitude becomes close to or bigger than the depth. It is neces-
sary since the optimization experiments does not use wetting and drying.
One more penalty could be added to account for an apriori error estimate.
In general the depth is known with a relatively high accuracy and one may,
therefore, penalize depth adjustments, which are higher than 5% of the orig-
inal depth. However, in my optimization test setup the error of the depth can
be very big, since the depth is corrected to be minimally 10m, and therefore
the penalty additionally needs to be spatially variable. Experiments related
to this issue are left for future studies.

To find the appropriate values for the scaling coefficients sp, sc and sh re-
quires some experimentation and values will be given within the optimiza-
tion runs.

Also the shape of the penalty functionals for depth and bottom friction surely
may require a deeper analysis in future. My experience is that these penal-
ties are very important for the convergence of the Quasi-Newton method.
Many different functions have been tested resulting in the one proposed
in Eqn.(4.1). Once the wetting and drying is also differentiated, the depth
penalty has to change, since it has to be allowed for dry falling areas. Pos-
sible candidates for a new depth penalty is some smoothness constraint or
the already mentioned initial estimate constraint. The construction of regu-
larizations is certainly of interest for future studies, but cannot be fully cov-
ered with this thesis. It may turn out that more sophisticated regularization
techniques of the non-linear inverse theory improve the calculations (see
Aster et al., 2005, and the citations therein), but for the moment it is left for
future research.
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4.3 Mesh description

As the optimization is very expensive computationally, it is done on a rather
coarse grid. This mesh, as it significantly changes the location of the coast-
line due to the fact that it does not resolve the dikes, is only useful for testing
the algorithm. The constructed depths and friction coefficients are probably
not realistic and, therefore, a finer mesh is used for a more detailed descrip-
tion of the sensitivities. The adjoint model is generated by TAMC using the
implementation of NCLF model without wetting and drying and with clamped
boundary condition. The coarse and the fine mesh of the European Conti-
nental Shelf is based on the GEBCO bathymetry and was provided by Sven
Harig using the TRIANGLE grid generation software.

4.3.1 Coarse mesh setup

The coarse mesh covers the European Continental Shelf consisting of only
7078 nodes and 12783 elements. It is shown in Fig. 4.1, where the red dots
indicate the used stations of the observation data provided by Andersen
(2008). The edge length varies between 5 and 107 km and allows a time
step of circa 99 sec in the NCLF model.

4.3.2 Fine mesh setup

The fine mesh consists of 122936 nodes and 219233 elements and it is
constructed based on the same GEBCO one minute bathymetry data, that
was used for the coarse grid. The minimal edge length is about 386m and
the maximal is 7km long. Comparing the coarse (Fig. 4.1) and the fine mesh
(Fig. 4.2) the coastline is much better represented by the fine mesh.
The used time step size is approximately 7 seconds.

4.3.3 Model performance on the meshes

Fig. 4.3 shows the correlation between model and observation in amplitude
and phase on the coarse and fine mesh for the M2 wave only. Each point
represents a station shown in Fig. 4.1 for the coarse and in Fig. 4.2 for the
fine mesh. A good agreement between model and observation is obtained
for the fine mesh, as almost all points lie on the main diagonal. In contrast,
the points are considerably shifted from the diagonal in both amplitude and
phase on the coarse mesh.
The comparison of the correlation between observed and simulated K1 tide
on the coarse and fine meshes is shown in Fig. 4.4. As the adjoint model
has been generated based on the NCLF model, the results differ from theK1
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Figure 4.1: Upper plot: Coarse mesh. The red points show the location
of the observation data and blue points are the open boundary
nodes. Lower plot: Depth in m, no changes in the bathymetry
are made in the red shaded area. The rest is corrected for 10m
minimal depth.
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Figure 4.2: Fine mesh used for the sensitivity study. The red points show
the location of the observation data and the blue points are the
open boundary nodes.

simulations in Section 2.2.3, where NCSI was used (see Fig. 2.22). NCLF
uses clamped boundary conditions. On the fine mesh with clamped bound-
ary condition the NCSI model agrees slightly better to the observations than
NCLF model here. This can be partly attributed to the weak filtering applied
in NCLF to suppress the numerical mode.
Contrary to the M2 tide simulation with NCLF shown in Fig. 4.3 the K1 simu-
lations on the fine mesh turns to be worse than on the coarse mesh. In Fig.
4.4 the K1 amplitudes are partly over- or underestimated on both meshes.
For the fine mesh the under- and overestimation is even worse for most of
the points than on the coarse mesh. As the phase is in less good agreement
on the fine mesh, it is a hint that the amphidromes may have less favorable
position as on the coarse mesh. One possible reason is the weak filtering,
which is done on each time step. As shorter time steps are used on the fine
mesh, the solution will be more affected by the weak filtering.

4.4 Sensitivity studies for M2

For this sensitivity study NCLF is forced by M2 only and the cost function
computes the misfit for the M2 constituent.
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Figure 4.3: M2 tide: Left: Correlation between observed and simulated am-
plitude (in cm) and phase (in degree) on the fine mesh. Right:
The same but on the coarse mesh.
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Figure 4.4: K1 tide: Left: Correlation between observed and simulated am-
plitude (in cm) and phase (in degree) on the fine mesh. Right:
The same but on the coarse mesh.
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min, max coarse mesh fine mesh
∂J/∂H0 −0.0339, 0.011 −0.0021, 0.0006
∂J/∂r −41.9707, 29.6194 −2.2571, 2.3522
∂J/∂B −2.6857, 0.6406 −0.4842, 0.2195
∂J/∂D −1.8519, 0.9602 −0.0588, 0.2463
scaled ∂J/∂H0 −0.0642, 0.0485 −0.0024, 0.0013
scaled ∂J/∂r −0.0055, 0.0039 −2.9343e−4, 3.0579e−4

scaled ∂J/∂B −0.0332, 0.0296 −0.0065, 0.0022
scaled ∂J/∂D −0.1179, 0.026 −0.0017, 0.0152

Figure 4.5: Minimal and maximal values of the sensitivities and scaled sen-
sitivities. The units are the inverse of the variable units over
which the differentiation is performed, e.g. m−1 or 1.

4.4.1 Sensitivities on coarse mesh

Fig. 4.6 and Fig. 4.7 show the sensitivity of the cost function with respect to
depth, the bottom friction coefficient and real and imaginary part of the level
oscillations imposed at the open boundaries.
The magnitude of the derivatives are between −0.034m−1 and 0.011m−1 for
the depth, between −41.97 and 29.62 for the bottom friction coefficient and
between −2.69m−1 and 0.96m−1 for the real and imaginary amplitude. As-
suming that the parameters have an error of 5%, the sensitivities can be
compared by multiplying the derivatives with 0.05 times the parameter value.
For the real and imaginary amplitude the minimal value is −0.12 and the
maximal value is 0.03. The bottom friction coefficient has −0.006 and 0.004
and the depth −0.06 and 0.05. The values are summarised, together with
the values of the fine mesh, in Fig. 4.5. It illustrates that the cost function is
a bit more sensitive to the open boundary values than to depth. The sensi-
tivity to the bottom friction coefficient is smaller than the other two.
Note that 5% error is a reasonable estimate for depth and open boundary
errors (leaving aside the increased depth due to the restriction of non falling
dry areas). But estimates of the bottom friction coefficient show that it can
be up to ten times higher than the default value of 2.6e−3. This would mean
a sensitivity between the maximal values of −1.09 and 0.77, which is much
higher than the other sensitivities. Therefore, the bottom friction coefficient
is often used to tune model results closer to observations. However, the
resulting bottom friction coefficients may reflect the model’s discretization
errors, but not the true energy dissipation in the boundary layer over the
rough bottom.

In Fig. 4.6 the unscaled derivatives of the cost function with respect to depth
and the bottom friction coefficient are shown. Depth sensitivity is negative
along the British East Coast, in the English Channel, in the Irish Sea and in
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Figure 4.6: M2 wave: Sensitivities of the cost function on the coarse mesh:
With respect to depth (unit is m−1, upper plot) and the bottom
friction coefficient (unit is 1, lower plot).
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Figure 4.7: M2 wave: Sensitivities of the cost function on the coarse mesh:
With respect to real (upper plot) and imaginary (lower plot) part
of the oscillation imposed at the open boundaries (unit is m−1).
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the Celtic Sea. Small positive spots are located in the Wash, in the Golfe de
St.-Malo, in Bristol Channel and east of the Isle of Man. The pattern of the
bottom friction coefficient is more diverse. The derivative has positive sign
mainly in the Bristol Channel, the Golf de St.-Malo, the eastern part of the
English Channel and in some region between the United Kingdom and the
Netherlands.

Comparing the sensitivities of the cost function to depth and the bottom fric-
tion coefficient in Fig. 4.6, one notices that the values have the same sign
in some areas while in others the signs are opposite. For example, in the
region between the United Kingdom and the Netherlands the derivative sug-
gests that the bottom friction should be reduced and the depth increased.
This means that the value of the bottom friction term decreases and that less
energy should be dissipated there, too. Of course, the model also depends
on the depth in the continuity equation. Therefore, and since the transport
and the wave speed depend on the depth, the patterns do not need to have
opposite signs everywhere. In most parts of the area the derivative suggests
to increase the depth. Although navigational charts tend to underestimate
the depth in deep parts, it is not clear whether the proposed depth changes
are closer to reality or just an adaption to mesh and model error.
The pattern of the depth and bottom friction coefficient show the sensitivity
is bigger in the English Channel and in the Irish Sea. This is probably be-
cause more attention has to be paid for correct depth and mesh resolution
in this area.

The derivative of the cost function with respect to the real and imaginary
part of the open boundary values at the open boundary (shown in Fig. 4.7)
suggest that there are two main areas of influence of the open boundary
on the cost function. One is located west of the Breton coast in the Celtic
Sea and probably a result of the larger error in the English Channel. The
other one is north-west of Ireland with a smaller amplitude. It is located in
an area, where continental shelf break is part of the domain. Thus, there is
sharp change in depth and it is possible that the tidal wave is just reflected
and the open boundary has therefore to be corrected.

To summarize the sensitivities identified regions, where the parameters or
the model discretization are not optimal. They suggest a direction and, cor-
rectly scaled, also a magnitude in which the parameters should be changed
even without applying an optimization algorithm.
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4.4.2 Sensitivities on fine mesh

Analogously to the results on the coarse mesh the magnitudes of the sensi-
tivities (shown in Fig. 4.5) suggest, that the model error is more sensitive to
changes at the open boundaries when all parameters vary around 5% from
their initial guess. As mentioned above the bottom friction coefficient can
have much bigger error and then contribute primarily to an improvement of
the results.
Further, the sensitivities of the fine mesh are smaller than the ones from
the coarse mesh, which can be explained by the smaller initial error in the
parameters. Due to the squared difference in the cost function the derivative
will always be weighted by the misfit. Consequently if the absolute error is
smaller, then the sensitivities are smaller, too.
In Fig. 4.8 and Fig. 4.9 the scaled sensitivities of the cost function to depth,
bottom friction coefficient and real respectively imaginary amplitude at the
open boundary are shown. As already mentioned scaled means the sen-
sitivity at a node multiplied with 5% of the parameter value (e.g. depth or
bottom friction coefficient). Compared with the results on the coarse mesh
in Fig. 4.6 the sensitivities have even different signs. The English Channel
has positive sensitivities on depth between the Strait of Dover and Cher-
bourg and negative sensitivities west of Cherbourg. West of Brest is an-
other region of high positive sensitivity. The Irish Sea, Bristol Channel and
St. Georges Channel are characterized by a big negative sensitivity on the
depth. In the coarse mesh the patterns were consistently negative in parts
of the English Channel and the North Sea and in the Irish Sea with some
minor positive sensitivities in the Golf de St. Malo, the Wash, the Bristol
Channel and east of the Isle of Man. It seems that on the coarse mesh, its
interpolated depths at the nodes and the too coarse coastline had a very big
influence especially in the English Channel and the Irish Sea and masked
real errors in bathymetry away. Similarities between the sensitivity on depth
between the coarse and the fine mesh are at the British East coast in the
North Sea. Both sensitivities propose that the depth should be presumably
deeper than proposed by the bathymetric data.

The sensitivity of the cost to the bottom friction coefficient (see Fig. 4.8) on
the fine mesh has more details than the one on the coarse grid (see Fig.
4.6). Some fine structures are observed close to the Strait of Dover in the
fine mesh. West of Brest there is a negative sensitivity and combining it with
the positive depth sensitivity, I can conclude that the bottom friction term has
to increase. More energy is supposed to be dissipated by the bottom friction
in this region and a decreasing depth indicates that the wave speed should
be reduced. On the other hand this region is close to the open boundary
and phase and amplitude error may also be introduced and corrected by it.
As shown in Fig. 4.9 the model error is very sensitive to the open bound-
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Figure 4.8: M2 wave: Scaled sensitivities of the cost function on the fine
mesh: With respect to depth (unit is 1, upper plot) and the bottom
friction coefficient (unit is 1, lower plot).



96 4 An unstructured mesh, adjoint, tidal model

46 48 50 52 54 56 58 60 62 64 66
−2

−1

0

1

2

3

4

5

6

x 10
−3 Sensitivity scaled by 5% Areal

Latitude

S
en

si
ti

vi
ty

46 48 50 52 54 56 58 60 62 64 66

0

5

10

15
x 10

−3 Sensitivity scaled by 5% Aimag

Latitude

S
en

si
ti

vi
ty

Figure 4.9: M2 wave: Scaled sensitivities of the cost function on the fine
mesh: With respect to real (upper plot) and imaginary (lower
plot) part of the oscillation imposed at the open boundaries (unit
is 1).
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ary between 46◦N and 51◦N. The wave entering here is the major player in
the English Channel and in the Irish Sea. This result is consistent with the
sensitivities on the coarse mesh, but the sign of the sensitivity is partially
different. Analogously to the coarse mesh another region of sensitivity is
also between 54◦N and 58◦N.
The Shetland and Orkney Islands are partly underwater on the coarse mesh,
while they are nicely represented in the fine mesh. On both meshes the
open boundary sensitivities show that the open boundary values have to be
corrected because of these islands. It may be that islands impose dynamics
which are not represented in the open boundary values.

4.5 Sensitivity study for K1

The previous section showed the sensitivities of the cost function with re-
spect to the M2 tidal wave. The question is whether diurnal waves, for ex-
ample K1, produce the same optimized parameters. The goal is to suggest
parameters which do not deteriorate the results of other constituents. This
may only be possible if the cost function contains the error for other con-
stituents as well.
In the following I will discuss the sensitivities of a cost function that only con-
tains the error to the K1 observations in a model run forced by K1 only. This
tidal constituent has a very different pattern and so I expect the sensitivities
to be different, too.

4.5.1 Sensitivity on coarse mesh

The sensitivities of the cost function with respect to depth, bottom friction
and open boundary values are shown in Fig. 4.10 and in Fig. 4.11. As
the stations coincide with those used for the M2 sensitivities, the sensitivi-
ties cannot differ due to changes in the location of the stations. Note that
the magnitude of the cost function and its derivatives are smaller than for
M2. But not only the derivatives are by factor of 100 smaller, the patterns
are different, too. There is a sensitivity signal for depth and bottom friction
mainly in the Strait of Dover, near the Hebrides and in the North Channel.
Obviously the wrong representation by the mesh and depth values are re-
sponsible for it. The sensitivities of M2 shown in Fig. 4.6 are insignificant
near the Hebrides; they are much stronger in the Irish Sea and the English
Channel.
The open boundary sensitivities of K1 (see plots in Fig. 4.11) have peaks
around 47◦N, 50◦N and 56◦N. The first and the second peak are positive
and located in the Celtic Sea, where a strong negative sensitivity was found
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in the M2 simulations. The third peak is more pronounced than the other
two, but of comparable size to the sensitivity in the same region in the M2
simulation. Once again, the signs do not match completely.

4.5.2 Sensitivity on fine mesh

The K1 sensitivities on the fine mesh (shown in Fig. 4.12 and Fig. 4.13) are
by a factor of ten smaller than the sensitivities on the coarse mesh. The sen-
sitivity to depth is positive in the western part of the English Channel and in
the Strait of Dover. It is negative along the eastern coast of the United King-
dom. Two positive spots (indicating that the depth should be decreased) are
south-west of the Shetland Islands close to the islands The Sneug and Fair
Isle which are too small to be resolved by the mesh. This coincidence is
remarkable as no tide gauge station is located on the islands. The same
spots are also in the sensitivities to the bottom friction coefficient, but with a
negative sign implying an increase in the bottom friction. Decreasing depth
and increasing the bottom friction coefficient agrees with the existence of
unresolved islands.
In contrast the origin of the strong negative bottom friction sensitivity north-
west of the Hebrides, as well as the positive sensitivity west of the Hebrides
is rather unclear. The region is close to the open boundary, where the sen-
sitivities show a peak, too.
Comparing the results with Fig. 4.8 the M2 tidal wave seems to be less sen-
sitive to error near the Hebrides and the Shetland Islands than the K1 tide
is.
Next to the already described sensitivities on the bottom friction coefficient
near Hebrides and Shetland Islands there is only a significant negative am-
plitude east of Norfolk and a mixture of negative and positive ones in the
Strait of Dover (see Fig. 4.12). For the M2 tidal wave the bottom friction
coefficient in the strait seems also very important similar to the K1.



99

Figure 4.10: K1 wave: Sensitivities of the cost function on the coarse mesh:
With respect to depth (unit is m−1, upper plot) and the bottom
friction coefficient (unit is 1, lower plot).
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Figure 4.11: K1 wave: Sensitivities of the cost function on the coarse mesh:
With respect to real (upper plot) and imaginary (lower plot) part
of the oscillation imposed at the open boundaries in the lower
plots (unit is m−1).



101

Figure 4.12: K1 wave: Sensitivities of the cost function on the fine mesh:
With respect to depth (unit is m−1, upper plot) and the bottom
friction coefficient (unit is 1, lower plot).
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Figure 4.13: K1 wave: Sensitivities of the cost function on the fine mesh:
With respect to real (upper plot) and imaginary (lower plot) part
of the oscillation imposed at the open boundaries in the lower
plots (unit is m−1).
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4.6 Optimization

In this section the adjoint model and an minimization algorithm give optimal
parameters on the coarse test mesh.

4.6.1 Setup

Optimal values of the bottom friction coefficients, depth and open boundary
values are obtained by minimizing the cost function given in Eqn.(4.1). For
optimality the condition J

′ = 0 has to be satisfied. A standard choice for
the minimization of J is a Quasi-Newton method (see, e.g., Gill et al., 1981).
Under the Quasi-Newton methods the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) (Broyden, 1969; Fletcher, 1970; Goldfarb, 1970; Shanno, 1970) is
very famous one and has been used in various applications (for example by
Sidorenko (2004)). Since the problem under consideration here consists of
a large number of control variables, the BFGS method is used in a modi-
fied versions. A reconsideration by Nocedal (1980) resulted in the so called
L-BFGS, which is capable to deal with large size problems. I use this algo-
rithm in the implementation of Gilbert & Lemaréchal (1989) in the program
M1QN3 (Gilbert & Lemaréchal, 2008).

The coarse mesh is taken for testing the optimization. This mesh (introduced
in Section 4.3) is far from being realistic as its resolution not fine enough.
Another aspect is the introduction of a minimal depth of 10m. The right plot
in Fig. 4.1 shows the bathymetry with a colorbar between -20 and 10 metres,
where negative values are dry land above zero depth line. Every depth that
is less than 10m will be corrected to be ten metres in the model and, con-
sequently, the coarse grid introduces a very big error in the bathymetry. For
testing the optimization routine this error is quite good, as it shows whether
the algorithm brings the values closer to the true depth.

The model runs 5 tidal cycles to cancel the transient waves from the ini-
tialization. Afterwards I compute the derivatives with the reverse code and
pass them, together with the value of the cost function (which is computed
after each tidal cycle), to the M1QN3 routine. It computes new values of the
parameters and, afterwards, calls the forward and reverse code to obtain
new values of the cost function, state variables and derivatives.
Since abrupt changes in depth and bottom friction generate waves, the
model computes over 7 additional cycles to ensure that the solution has
adjusted to the new parameters. M1QN3 then uses the values of the last
adjustment cycle. With this procedure the waves are damped away and do
not blur the new cost function value. Here I observe that the first and sec-
ond cost function value of the adjustment cycles differ considerably from the
steady value obtained after some cycles. But omitting this adjustment led to
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worse results in the optimization.
M1QN3 repeats this procedure until a stopping criteria is reached. If the
ratio of the norms of the current to the initial gradients falls below 10−5,
M1QN3 stops because the minimum is attained. Another stopping criteria
is the maximal number of Hessian matrix updates (between 5 and 200) and
the maximal number of simulations (between 200 and 5000) (where simula-
tions are calls to the (differentiated) model) . For the control vector update
the gradient is multiplied with a step size length. If this step size length falls
below the machine precision, the update may no longer be in descent direc-
tion and the routine stops, too. For further details about the stopping criteria
see Gilbert & Lemaréchal (2008). Additionally M1QN3 is aborted, when the
new depth or the bottom friction coefficient is less than zero.

The next questions is whether the parameters should be optimized sequen-
tially or parallelly. The sequential mode means that the depth, bottom friction
coefficient and open boundary values are optimized in separate runs and not
at the same time. The magnitudes of the derivatives vary considerably (as it
can be seen in Fig. 4.6 and Fig. 4.7) and need appropriate scaling. M1QN3
determines weights for each component of the control vector and should,
therefore, be able to optimize depth, bottom friction and open boundary val-
ues in parallel. It has the advantage that the procedure is faster. However,
it turned out that this procedure was a bit problematic, as M1QN3 did not
scale properly.
Since the coarse mesh uses strongly corrected bathymetry to 10m in the
shallow parts, I expect the error for the depth values to be biggest. In the
parallel optimization, M1QN3 first applied the correction mainly to the bottom
friction coefficient as its sensitivity is higher than for the other parameters.
When the parameters were simultaneously optimized, it also happened that
the open boundary tried to adjust for depth errors as well. Thus, the total
the cost function value still decreased, but comparing the tide gauge error
before and after the optimization only about half the stations got better the
values, while the other half got worse. This was especially true in the Irish
Sea, which is close to the adjusted open boundary. One may argue, that
this indicates an error in the derivative, but the cost function decreased, so
a descent direction was indeed found.
Consequently a sequential optimization for each parameter is recommended
in the test setup, starting with the parameter, where the expected error is
largest. I iteratively optimize first for depth, then for open boundary ampli-
tudes and afterwards for the bottom friction coefficient. This procedure also
has the advantage that I can vary the scaling coefficients sp, sc and sh of the
cost function (see Eqn.(4.1)) to be appropriate for each parameter.
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4.6.2 Results

Three experiments are carried out with sequential optimization of the param-
eters. First I only optimize the depth, as it gives the highest error reduction,
when only one parameter is optimized. Second I repeat the first one, but
proceed with the optimization of open boundary values and bottom friction
coefficient. The number of iterations is 5 and the number simulations is 200,
which is very low, but has also been used by Heemink et al. (2002). The op-
timization of depth stops with the maximal number of iterations. In the next
step I prolong the optimization to stop after maximal 200 iterations and 5000
simulations. Here all parts of optimization finish with minimal step length, so
some optimum has been reached.
In all experiments the scaling coefficients are sp = 1, sc = 0, sh = 1000 in
the depth, sp = 1, sc = 0, sh = 0 in the open boundary and sp = 100, sc = 20,
sh = 0 in the bottom friction coefficient optimization.

Short optimization of depth

In more than two thirds of the station the value of the cost function is reduced
by a factor of two approximately. Fig. 4.14 shows the amplitude and phase
error change due to the optimized bathymetry. The left column shows the
error change over the station number, where blue dots indicate error reduc-
tion and the red ones an increased error. The charts on the right have red
(blue) points at the locations of error increase (decrease). Magenta ones
indicate large error increase. At almost all stations the error in both phase
and amplitude is reduced. There are only two stations with a major increase
in phase error. One is in the North Channel of the Irish Sea and the other
near Portsmouth in the English Channel. Both locations are probably poorly
represented by the mesh. Additionally, there is an amphidromic point near
Portsmouth which may introduce big phase changes due to small displace-
ments of this amphidrome. In general there are more stations where the
amplitude gets worse than so does the phase.

Short optimization of all parameters

The next step is the optimization of all the parameters. First the value of the
cost function decreases with the optimization of the depth from about 79 to
40, and then to 29 in the open boundary optimization. The optimization of
the bottom friction coefficient further decreases the cost function, but only
relatively small compared with the other steps. The reason is probably that
the change is too small (see Fig. 4.18) and tuning of the M1QN3 settings
may result in stronger decrease. Another reason may be that additional fur-
ther reduction of error can only happen when the mesh is refined.
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Figure 4.14: Short optimization of depth: Amplitude and phase error
change. Left: Amplitude and phase error change over the sta-
tion number. Right: At red dots the error increases, at blue
dots the error decreases, magenta dots indicate major error
increase.
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Figure 4.15: Short optimization of all parameters: Correlation of amplitude
(in cm) and phase (in degree) between model and observation
at the stations after the optimization.

The improvement of model results can also be assessed by the correlation
of amplitude resp. phase between model and observation before and after
the optimization. The correlation before is shown in Fig. 4.3 on the right side,
and after in Fig. 4.15. Comparing them the optimization improves the agree-
ment especially for the phase, while the amplitude is generally reduced.
Nethertheless, the correlation on the fine mesh (see Fig. 4.3) is still much
better than the one on the coarse mesh even with optimization.
The next question is whether the new parameters are realistic. The differ-
ence between optimized and initial depth is given in Fig. 4.17. The depth in-
creases in the English Channel and between England and the Netherlands
up to 20m. An increase of this size would mean a relative error of about
50%, which is not unlikely as in some places the depth was considerably
changed due to the coarse mesh resolution. A zoom into the domain at the
Strait of Dover and rescaling the colorbar (left plot in Fig. 4.17) shows that
the algorithm tends to reduce the depth were it was set to 10m, namely in
the Netherlands, at the Wash and at the south-eastern tip of England. This
proves that the optimization tends to reproduce the depth correctly at least
in some parts.
The new bottom friction coefficient ranges between 2.07e−3 and 3.27e−3,
which is a realistic range, but could vary more, too. The areas, where the
value has mainly changed, are near the open boundary west of the Breton
coast and in the Strait of Dover. The first one could be a reaction on the
changes on the open boundaries. The second one may still be the result of
the coarse mesh or may be attributed to increased frictional losses in this
region, which are not given by the constant bottom friction coefficient. The
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Figure 4.16: Short optimization of all parameters: Amplitude (upper plots)
and phase (lower plots) error change due to optimized
bathymetry, bottom friction coefficient and open boundary val-
ues. Right: At red dots the error increases, at blue dots the
error decreases, magenta dots indicate major error increase.
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Figure 4.17: Short optimization of all parameters: Optimized depth minus
initial depth in m.
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Figure 4.18: Short optimization of all parameters: Optimized bottom friction
coefficient.

pattern of the optimized bottom friction coefficient in Fig. 4.18 resembles
only marginally the sensitivities on the coarse mesh in Fig. 4.6. The strong
changes in the Strait of Dover are at least in the same region, where the
sensitivities on the fine mesh (Fig. 4.8) also showed high magnitudes.

Thus, proceeding to optimize open boundary values and bottom friction co-
efficients after the optimization of depth make the results worse, especially
near the open boundary. This can be seen by comparing Fig. 4.14 and
Fig. 4.16. More stations are marked with a red point. The cost function
decreases with further optimization, so in the sum the error is reduced by
optimizing the open boundary and the bottom friction coefficient. The reason
why the error increases at more stations is probably that the stations with a
higher amplitude are stronger weighted. I suspect that the open boundary
corrects for resolution errors within the domain. Therefore it is actually get-
ting worse. But the depth optimization has probably not yet been finished,
so a longer optimization experiment is performed in the next section.

Long optimization of all parameters

The number of maximal iterations is now set to 200, the simulations to
5000 and all parameters are optimized until the minimal step size length is



111

reached. In the optimization of the depth the cost function value decreases
from 80 to about 10, afterwards from 10 to 8 for the open boundary values
and the optimal bottom friction coefficient reduces the error slightly further.
This behavior of the error reduction is similar to the experiment before.

Fig. 4.20 shows the error reduction at the stations. The error increases only
at 12 stations for the phase and at 15 stations for the amplitude, while it im-
proves considerably over the rest. Comparing these results with the former
ones, where the upper limit of the number of iterations (simulations) was set
to 5 (200) (shown in Fig. 4.14 for the optimization of depth and in Fig. 4.16
for all parameters), the longer computation shows much better agreement.
In the former optimization for depth alone the result gets worse at 14 stations
for the phase and at 24 stations for the amplitude. The short optimization
for all parameters gives 22 worse stations for the phase and 29 worse sta-
tions for the amplitude. So further optimization degrades the result, when
the depth is not enough adjusted.

The correlation after the long optimization is shown in Fig. 4.19. Compared
to the short optimization in Fig. 4.15 the phase and amplitude is further im-
proved. The phase correlation is as good as in the fine mesh (see Fig. 4.3),
but the amplitude is worse than on the fine mesh.

More insight can be gained from tidal chart plots. The amplitude and phase
of the M2 tide is shown before and after the long optimization in Fig. 4.22.
The phase plot before the optimization shows that the amphidrome at the
Norwegian coast (see Fig. 1.3) has been shifted towards the south. The
one in the central North Sea is also distorted. The amphidromes in the
North Sea should be situated more to the west. This error is probably due
to the bathymetric error introduced by the coarse mesh (see Fig. 4.1). After
the optimization they are correctly represented. According to the results of
Flather (1976) this is even the case for the ones in the Irish Sea.

Similar to the short optimization I want to analyse the realism of the pro-
duced parameters. The depth change and the new bottom friction coef-
ficient are shown in Fig. 4.21. In contrast to Fig. 4.17, where the depth
decreased consistently with my expectation in the optimization, the depth
has now dramatically increased. The new depth is now obviously less real-
istic, but the simulated tides are closer to observation. Heemink et al. (2002)
already stopped the optimization after 5 iterations, although the parameters
still changed, probably to avoid unrealistic parameter values.

The bottom friction is less adjusted in the long optimization than in the short
optimization (see Fig. 4.18). The stopping criteria are not changed between
the two experiments and in both cases the optimization stopped in both
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Figure 4.19: Long optimization of all parameters: Correlation of amplitude

(in cm) and phase (in degree) between model and observation
at the stations after the optimization.

cases because the minimal length of the descent direction was attained. I
suppose that the strong adjustment of the depth in the long optimization re-
duced the error so much, that the descent direction became less steep and
M1QN3 stopped earlier.
In the short and long optimization the bottom friction pattern in the Strait of
Dover are qualitatively similar. The major difference is the change in the
area near the open boundary which is present in the short, but not in the
long optimization. Further, in the long optimization there is no increase of
error confined to the open boundary. That means, that here the open bound-
ary values are reasonably changed compared to the short optimization.

Several conclusions can be drawn from the results. First, the same tidal
wave pattern can be reproduced by two different bathymetries and accord-
ingly the function between surface elevation and bathymetry is not well de-
fined. Second, the coverage of the tidal gauge stations is sufficient to repre-
sent the tidal features. The last conclusion is that the results are improved
not only locally to fit the observations.

4.7 Conclusion

The adjoint model generated by AD is used to perform sensitivity studies.
A comparison between the sensitivities of two different meshes and con-
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Figure 4.20: Long optimization for all parameters: Amplitude (upper plots)
and phase (lower plots) error change due to optimized
bathymetry, bottom friction coefficient and open boundary val-
ues. Right: At red dots the error increases, at blue dots the
error decreases, magenta dots indicate major error increase.
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Figure 4.21: Long optimization for all parameters: Optimized depth minus
initial depth in m (upper plot), new bottom friction coefficient
(lower plot).
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Figure 4.22: M2 tidal chart before (upper plot) and after (lower plot) the long
optimization: Amplitude (in m) is shown in color, white lines
connect places with equal phase (the distance between two
lines is 30◦).
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stituents is carried out. The simulations ofM2 on the fine mesh show smaller
errors than on the coarse mesh. The latter lead to a larger distortion of the
wave due to bad representation of the coastline and the depth, although the
same bathymetric data and mesh generation algorithm is used. The K1 tide
acts contrary. Probably the weak-filtering in NCLF distorts the simulation on
the fine mesh more than on the coarse mesh leading to better results on the
coarse mesh.
This difference is also reflected in the sensitivities on the two meshes. The
result shows that the sensitivities exhibit mesh errors; therefore, they can be
used for mesh refinements.
The M2 tidal wave sensitivities show that its simulation can be improved by
correcting its representation in the Irish Sea, Celtic Sea, English Channel
and Strait of Dover. Although the largest coastline and depth errors are in-
troduced along the Dutch coast, it does not show the strongest sensitivity
on the coarse mesh. On the fine mesh the sensitivities suggest a decrease
in depth in the English Channel and an increase of it in the Irish and Celtic
Seas. This analysis further shows that the bottom friction coefficient should
be more variable spatially (especially in the Strait of Dover). The latter is
consistent with the proposed parameter areas of Heemink et al. (2002).
The sensitivities of the K1 tidal wave on the fine mesh suggest depth and
bottom friction coefficient changes in the area of two small islands, which
were too small to be represented correctly by the mesh. An depth optimiza-
tion could reconstruct these islands therefore.
On the coarse mesh the K1 sensitivities show a bad representation of the
tidal dynamics in the Strait of Dover and near the Hebrides. This is certainly
the case. On the coarse mesh the small islands are not captured by the
sensitivities.
Considering the sensitivity differences between K1 and M2 tide, the K1 tidal
wave is more sensitive to the parameters north-west of the United Kingdom
than the M2 tidal wave. For the fine mesh the error in the M2 simulation is
influenced stronger by correcting parameters in the Irish Sea and the Eng-
lish Channel, than it would be the case for the K1 wave. The latter shows
highest sensitivities in the Strait of Dover.
For both constituents and meshes the results of the open boundary sensi-
tivities indicate that improvements of the tidal simulations are possible by
changing their values in the region of the Celtic Sea, the English Channel
and north-west of Ireland and Scotland. The influence of the open boundary
west of Norwegian is less important, as the wave mainly exits the domain
here.

The optimization of the parameters with the adjoint model and a BFGS algo-
rithm is the next step. Since the sensitivity study has shown different scales
of the involved parameter derivatives, appropriate scaling is needed to per-
form the optimization of all parameters parallely. For the given test mesh the
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parallel optimization does not lead to sufficient convergence; therefore the
optimization of the depth, open boundary values and bottom friction coeffi-
cient is done sequentially in that order.
As pointed out by Lyard (2009), the constituents for the open boundary val-
ues at the European Continental Shelf are known with a very high accuracy.
Nevertheless, the sensitivity study shows that there can still be inconsis-
tencies between model and prescribed data. This is due to the different
representation of topographic features close to the open boundary. Its val-
ues shall be consistent with the dynamics inside the domain; therefore, its
optimization is applied after the tuning of the depth. It may be advisable to
optimize them after each adjustment of the parameters to ensure consis-
tency.
The short optimization gives a new bathymetry, reducing errors in the coast-
line and the introduced correction to 10m of minimum depth. The optimized
open boundary values partly try to reduce the bathymetric or mesh error,
which decreases the total error but increases the error in specific parts of
the domain. Consequently, it has to be known in advance where the source
of model error is. Then the right parameters are corrected first until some
minimum is achieved.
On the other hand the long optimization results in an unrealistic bathymetry.
This may have the following two reasons. First it is possible that several
bathymetries give the same or similar tidal charts at observational stations.
To which one the optimization converges is determined by the regulariza-
tion. The second reason is, therefore, connected with the regularization. It
only penalizes when the total depth tends to be smaller than the amplitude
of the tidal wave. In order to have a bathymetry closer to reality, an addi-
tional term has to be added to the cost function. This term could have for
example the shape of the Gaussian bell with the initial guess as mean and
the parameter uncertainty determining its variance. In the test setup the
depth error is variable in space due to the absence of wetting and drying.
It also depends on the representation of the depth by the mesh, which may
be very big in the test case as the resolution is very coarse. The depth error
is, therefore, very complex and not only connected to the error in the bathy-
metric data. On the fine mesh with wetting and drying the depth error will
be more homogeneous. Then a similar penalty as it has been used for the
bottom friction coefficient can be used.
Finally, only when the optimization is able to reproduce the real depth, it
may lead to realism in the bottom friction coefficient. If one is interested
in estimating frictional energy loss on a continental shelf, the variable bot-
tom friction coefficient is the relevant parameter and shall be determined
correctly. But when it tunes the model closer to observation but for wrong
reasons (e.g. to recover incorrect mesh representation of the bathymetry)
the energy sinks may not be located at the true positions or may not agree
in magnitude. Structured grid models are even more vulnerable, as they
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cannot represent the coastline to the extent the unstructured mesh models
are able to.
A better bathymetry reduces the error significantly, leading to less severe
depth changes. It may, therefore, prove possible to first optimize for open
boundary values and bottom friction coefficients or to do the optimization in
parallel.



Summary

In this thesis seven unstructured grid models based on FV and FE tech-
niques are used to solve the 2D shallow water equations for tidal simula-
tions on triangular meshes. Linear functions in either non-conforming (PNC

1 )
or continuous (P1) form are used to discretize velocity and elevation respec-
tively. The non-conforming (NC) version is implemented with leapfrog ex-
plicit (NCLF), Adam-Bashforth (NCAB) and semi-implicit (NCSI) time step-
ping. The continuous P1P1 version is only semi-implicit because of the
particular form of stabilization. The other three models use the FV spa-
tial discretization employed in Chen et al. (2003) and Runge-Kutta (FVRK),
Adam-Bashforth (FVAB) or semi-implicit (FVSI) time stepping.

The models compute the major lunar tidal constituent, called M2, on a North
and Baltic Sea mesh and their performance is compared with respect to tide
gauge data and CPU run time. All models agree reasonably well with obser-
vation. Probably due to the specific kind of stabilization, P1P1 is worse than
the other models. The latter have only minor differences with respect to vec-
tor error, correlation, relative amplitude and hours error. Especially, for the
FV models the time stepping method does not affect the model result. This
shows that the order of approximation is given by the spatial discretization.
But the temporal schemes change the CPU run time. Due to the decrease
of time steps semi-implicit codes are faster by at least a factor of two here.

Nethertheless, the results are far from the accuracy that can be achieved
with unstructured meshes. The fact that errors are similar for all models
with different spatial and temporal discretization methods, hints at the role
of external factors, like topography, mesh, bottom friction and open bound-
ary conditions. In particular this implies that it is not worthy employing higher
order methods, but to have, for example, a better resolving mesh and tuned
parameters.
To address this issue the NCSI model is further developed by including the
tidal potential and the Flather open boundary condition. The latter needs
additionally velocity data at the open boundaries. The Flather open bound-
ary condition reduces the underestimation of the M2 wave on the North and
Baltic Sea mesh.
Furthermore, NCSI is also tested on a finer mesh spanning over the Euro-
pean Continental Shelf, since the tidal elevations and velocities are more
reliable in the Atlantic Ocean than in the English Channel. On this mesh the
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K1 tidal wave is overestimated with the Flather boundary condition and bet-
ter results are obtained with the clamped boundary condition. The influence
of the open boundary condition on the M2 simulations is weaker.
The question, which open boundary condition is best, cannot be fully an-
swered by looking at its mathematical correctness. It is strongly depending
on the available data and configuration of the mesh/open boundary to the
depth. According to Lyard (2009) only depth gradients tangential or nor-
mal to the open boundaries bring good results. Open boundaries in shallow
depths are affected by non-linear processes and in deep waters the Coriolis
force is relatively strong. As in tidal shelf seas the open boundaries are the
forcing term, it is not surprising that the results here depend on the appro-
priate open boundary conditions, values and location.

On the European shelf mesh the M2 results correlate better with the obser-
vations than on the former North and Baltic Sea mesh. It can be attributed
to the finer resolution of the coastline. Both meshes are based on the same
bathymetry data, but are generated by different algorithms resulting in a
different nodal distribution with approximately the same number of nodes.
Mesh generation is therefore an essential part of the model setup and has
also big influence on the model results.

On the European shelf mesh the energy balance and the tidal residual cur-
rents of the M2 wave show that energy still increases after 25 tidal cycles.
The tidal residual currents are correct in their directions and appearance,
but their magnitudes tend to be too high in specific shallow regions. This
might imply that some dissipation is missing. Dissipative parameters are
the bottom friction and viscosity coefficient, which need not to be constant
as assumed and have to be tuned.
The energy balance also shows that the bottom friction is the main sink
of energy. The viscosity and the P1 projection method for advection con-
tribute with a smaller extent. Advective processes shall not dissipate energy.
Fully NC advection schemes for non-conforming elements need to penalize
the discontinuous part of the velocities across the edges. These fully NC
schemes have not proved to be as stable as the P1 projection method and
therefore need further improvements.

As it has already been mentioned, model results can be improved by tun-
ing parameters like the bottom friction coefficient. The adjoint approach is
used to tune the model parameters such that a compromise between model
results and data is achieved. The use of automatic differentiation (AD) to
generate the adjoint model is especially attractive since the differentiation
can easily be repeated when the forward code has changed. The NCLF
model is adjusted to the requirements of the AD tool TAMC and it is used for
sensitivity studies.
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The sensitivities of a cost function with respect to the bathymetry, the bottom
friction coefficients and the open boundary values are computed. The cost
function measures the misfit between observed and simulated fields. The
observations used in this thesis are the constituents of the analyzed tide
gauge station data.
The sensitivity pattern suggests that the parameters needed to be optimized
for theM2 wave are mainly in the Irish Sea, the Celtic Sea, the English Chan-
nel and in the Strait of Dover. The K1 tide, on the other hand, is dominantly
sensitive to parameter values north-west of Ireland, near Scotland, the Shet-
land Islands and in the Strait of Dover. The sensitivity regions of M2 and K1
mostly do not overlap (except for the Strait of Dover).
The open boundary values are more sensitive for both waves in the Celtic
Sea and north-west of the United Kingdom than west of Norway. The parts
of the open boundary, where the tidal wave enters the domain, are more
important than in the regions, where it leaves.
Further, the sensitivities computed by simulations on a coarse and a fine
grid are compared. They are significantly different. Since the sensitivities
are mesh dependent and the parameters are defined at nodes, it can be
concluded that the initial error does not lie in the parameter values, but in
the mesh resolution.
In some points a strong sensitivity of bottom friction and bathymetry is lo-
cated, where islands are not properly resolved by the mesh. These results
indicate that the sensitivities can be used for mesh refinement.
To test the adjoint model a Quasi-Newton method is used to optimize depth,
bottom friction and open boundary values sequentially on a coarse grid of
the European Continental Shelf. The misfit to the observation is reduced by
a factor of about 10. The new tidal chart is better than before in the whole
domain. The optimized model parameters are acceptable except in areas,
where the features in coastline and depth are underresolved. Thus the opti-
mization algorithm projects the discretization error on the control set. In this
case the mesh resolution has to be tuned prior to the optimization process.
Due to a lack of computational ressources this has not been done in this
thesis and is left for future studies.
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Outlook

During the preparation of this thesis many issues raised. Some were con-
cerned with the stability of the model. I identified them to be connected with
advection, wetting and drying and the underlying mesh.
For non-conforming FE methods the advection needs some flux penalty on
the discontinuity of the velocity. This issue is only slightly covered in this the-
sis. The projection method was more stable than the fully NC advection, but
introduced additional dissipation of energy. Advective processes influence
model results considerably and, therefore, the advection treatment may be
reconsidered with respect to the penalty on discontinuity.
Wetting and drying is straightforward to realize with explicit time stepping,
but for semi-implicit models it turned out to be more difficult. During this
thesis some methods have been implemented for the non-conforming FE
method, but testing them led to a unsatisfactory results. A detailed analysis
of this issue is planned for future studies.
Meshes are always a compromise between smoothness, mesh size and
resolution. Generation of such meshes is not an easy task and requires a
lot of experience. In the sensitivity studies it turned out that adjoint models
are useful for identifying regions, where the mesh supposed to be refined.
The next step is now to couple the adjoint model to a mesh generator and
iteratively improve the simulations by generating new meshes based on the
sensitivities. The issue is to find or set up a mesh generator, that gives
smooth meshes with a low computational load. Possible candidates is TRI-
ANGLE with the additional smoothing routines of Sven Harig or gmsh (see
www.geuz.org/gmsh).

With respect to the optimization of the parameters, the computations in this
thesis were done on a desktop PC. The next step will be to run the opti-
mization with the fine mesh on a more powerful computer to obtain realistic
estimates of the bottom friction coefficient and with less severe initial errors
in the depth.

Many difficulties also raised from the generation of the adjoint model by us-
ing automatic differentiation. First, the code has to be structured in such a
way that the AD tool understands the dependencies. After the successful dif-
ferentiation, the adjoint code has to be tested for the correct derivative. This
was obviously done, but required some experiments until the differentiated
code was correct. Furthermore, the computational performance depended
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strongly on the inserted checkpoints. At checkpoints the results from the
forward solution are saved to be used in the reverse sweep. An optimal bal-
ance between memory usage and recomputation exists mathematically.
Many AD tools have been tried and finally TAMC was taken as it gave a
code with the correct derivative and reasonably fast. The disadvantage was
that the code had to be changed at many places. TAMC is a predecessor of
TAFF, which is one of the most common AD tools on the market but unfor-
tunately not freely available. Many of the freeware tools are still not mature
enough to cope with the complexity of ocean models. Often the generated
adjoint models are very slow. Since the speed of the derivative calculation is
very important for future fine mesh applications, it will be of immediate need
to compare the performance of the adjoint codes generated by different AD
tools. The forward model should be altered only slightly and the adjoint code
should be reliable and fast. These criteria were not met completely by TAMC
and so other AD tools should be further investigated.

Optimization algorithms for a large number of control variables is also a
research topic by itself. It could be of interest to try other optimization tech-
niques such as for example one-shot or multi-level optimization (see, e.g.
Nocedal & Wright, 2000; Dadone & Grossman, 2000) in further studies to
speed up the optimization procedure.

This work is based on the 2D shallow water equations. In ocean modeling
many processes need to be resolved in three dimensions. There are many
unstructured three dimensional models (FEOM, ICOM, T-UGO, etc.); they
differ in the spatial and temporal discretization among other features. An
intercomparison of those models in realistic settings is needed in order to
identify common demerits and stimulate further model improvement.
One problem already identified is the open boundary condition. For three
dimensional models it is even more difficult to find well-posed conditions.
This thesis showed that the open boundary condition and open boundary
values are important. They should be focus of future studies.
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Normalized surface harmonics

The normalized surface harmonics are defined in the following way for (λ, θ) ∈
Ω and n ∈ N0,m = 0, ..., n,

√
4π
κnm

Pnm(sin θ) cosmλ
√

4π
κnm

Pnm(sin θ) sinmλ

and

κnm = 2π
2n+ 1

(n+m)!
(n−m)! for m 6= 0

κn0 = 4π
2n+ 1 ,

where Pnm are the Legendre functions and P̄nm =
√

4π
κnm

Pnm are the normal-
ized Legendre functions.

Test or basis functions

The test/basis functions for the FE method are formed with the help of shape
functions. I define se to be the transformation from an irregular triangle e
to the fundamental triangle with volume 1/2. The shape functions of the
fundamental triangle are defined on its nodes e1, e2, e3 by

φe1(p, q) = 1− p− q
φe2(p, q) = p

φe3(p, q) = q

and on its edges e1, e2, e3 by

ψe1(p, q) = 1− 2q
ψe2(p, q) = 2p+ 2q − 1
ψe3(p, q) = 1− 2p

Each triangle of the mesh is transformed to a fundamental triangle. On this
triangle the testfunctions basing on the nodes or edges are defined. For the
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contiunous test/basis function of P1 the nodal value is shared by adjoining
triangles. On a node n the basis/test functions is defined by

Φn(x, y) =



φek(se(x, y)) for (x, y) ∈ Ω̄e, with k ∈ {1, 2, 3} such that ek = n

0 else

I define the non-conforming test/basis functions of PNC
1 with the help of the

Heaviside function Θe defined by

Θe(x, y) =





1 if (x, y) ∈ Ωe

0 if (x, y) /∈ Ω̄e

0.5 if (x, y) ∈ ∂Ωe

On each edge i there are two (at boundaries only one) triangles Ωe and
Ωf sharing the edge. The non-conforming test/basis functions of PNC

1 are,
therefore, written as

Ψi(x, y) = Θe(x, y)ψek(se(x, y)) + Θf (x, y)ψfl(sf (x, y)) with k, l s.t. ek = fl = i

To simplify the writing I introduce Ψie and Ψif i.e. the part of Ψi lying on
triangle Ωe resp. Ωf . They are defined as

Ψie := Θe(x, y)ψek(se(x, y)),
Ψif := Θf (x, y)ψfl(sf (x, y)),

and, therefore, I can write

Ψi(x, y) = Ψie + Ψif .

Advection: Heaviside contribution

In the following Eqn.(2.14) is derived from Eqn.(2.13). The integral is omitted
as it does not matter here.

ûf · (uf · n)[u] + 1
2[û] · (uf · n)[u] + 1

2 ûf · [u · n][u] + 1
4[û] · [u · n][u]

=ûf · 〈u · n〉[u] + 1
2[û] · (uf · n)[u] + 1

2 ûe · 〈u · n〉[u]

− 1
2 ûe · 〈u · n〉[u] + 1

4[û] · [u · n][u]

=〈û〉 · 〈u · n〉[u] + 1
2 ûf · 〈u · n〉[u] + 1

2[û] · (uf · n)[u]

− 1
2 ûe · 〈u · n〉[u] + 1

4[û] · [u · n][u]

=〈û〉 · 〈u · n〉[u] + [û] ·
(
−1

4ue · n + 1
4uf · n

)
[u] + 1

4[û] · [u · n][u]

=〈û〉 · 〈u · n〉[u]
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WCE after Lynch & Gray (1979)

The momentum and continuity equations, given in Eqn.(2.2) and Eqn.(2.3),
are considered without advection and viscosity and with linear bottom fric-
tion, i.e.

∂Hu
∂t
− u∂H

∂t
+ gH∇η +Hfk× u +Hτu = 0, (I)

∂H

∂t
+∇ · (Hu) = 0, (II)

where τ denotes the linear bottom friction coefficient and the other variables
are defined in Section 2.1. Taking the temporal derivative of Eqn.(II) and
substituting its second term with an expression of Eqn.(I) gives

∂2

∂t2
H −∇ ·

(
−u∂H

∂t
+ gH∇η +Hfk× u +Hτu

)
= 0.

Since it holds that −∇ · (Huτ) = −τ∇ ·Hu−Hu · ∇τ and ∇ · (Hu) can be
replaced by an expression from the continuity equation, the equation writes
as

∂2H

∂t2
+ τ

∂H

∂t
−∇ ·

(
−u∂H

∂t
+ gH∇η +Hfk× u

)
−Hu · ∇τ = 0.

This is the WCE after Lynch & Gray (1979). The last term cancels, when
the bottom friction coefficient is spatially constant.

GWCE

This approach starts from the following equation with parameter τ0,

∂χ/∂t+ τ−1
0 χ = 0,

and replaces χ with the left hand side of the continuity equation, i.e. χ =
∂η
∂t

+∇ · ((η +H0)u). This results in

∂2η

∂t2
+∇ ·

(
∂

∂t
((η +H0)u)

)
+ τ−1

0

(
∂η

∂t
+∇ · (η +H0)u

)
= 0.

Further, the temporal derivative of the second term is expressed by the mo-
mentum equation (Eqn.(I)) and finally gives the GWCE

∂2η

∂t2
−∇·

(
−u∂H

∂t
+ gH∇η +Hfk× u +Hτu

)
+τ−1

0

(
∂η

∂t
+∇ · (η +H0)u

)
= 0.
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