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Transformation der Schleppfehler in Parallelkinematischen Maschinen 

Zusammenfassung
Parallelkinematische Systeme werden unter anderen als numerisch gesteuerte  

Werkzeugmaschinen eingesetzt. Die Bewegungseigenschaften der konventionellen 

Werkzeugmaschinen wie Geschwindigkeit und Beschleunigung der einzelnen Antriebe 

werden direkt auf den Wirkpunkt übertragen. Bei Parallelkinematiken werden im 

Allgemeinen Bewegungen der Achsen durch eine nichtlineare Transformationsfunktion 

beschrieben. 

 Ziel dieser Arbeit ist die Untersuchung der Übertragung dynamischer Eigenschaften der 

parallelkinematischen Werkzeugmaschinen von Maschinen- in Werkstückkoordinaten. Die 

Transformation der Schleppfehler und der Geschwindigkeitsverstärkung von den 

Antriebskoordinaten zu den Werkstückkoordinaten im Arbeitsraum wird zunächst an einem 

einachsigen Modell (Monopod) untersucht. Dabei ist das Verhalten der Parallelkinematiken 

examplarisch auf ein Bewegungssystem mit einem Freiheitsgrad reduziert. 

Der Prüfstand (Monopod) wird basierend auf der Methode der Neuronalen Netze kalibriert.  

Parallel zu den Messungen wird das Regelverhalten simuliert. Um die Untersuchung der 

reinen Schleppfehler-Effekte zu vereinfachen, werden mechanische Effekte wie Trägheit, 

Reibung und Elastizität vernachlässigt. Die Untersuchungen zeigen eine relative 

Geschwindigkeitsverstärkung zwischen der Antriebsachse und dem Wirkpunkt. 

Die Betrachtungen werden dann auf Parallelkinematiken mit mehreren Achsen (Bipod und 

Tripod) erweitert und der Einfluss der Schleppfehlerübertragung auf die Bahngenauigkeit 

untersucht. Bei der Simulation werden ausschließlich Modelle mit konstanten Streben 

eingesetzt. Ein Algorithmus zur Berechnung  des Bahnfehlers auf Basis der Jakobi Matrix und 

der Schleppfehler in den Antrieben wird vorgestellt und mit einem Tripod verifiziert. Die 

experimentellen Ergebnisse stammen sowohl von Stern-Tests, die aus Bewegungen entlang 

gerader Linien mit unterschiedlichen Orientierungen bestehen, als auch von Kreisformtests. 

Eine genaue Bahnregelung ist eine fundamentale Anforderung an eine numerisch gesteuerte 

Maschine. Zur Reduzierung der Bahnfehler wird eine Methode zur Kompensierung der Fehler 

vorgestellt, die eine Soll-Bahn in Gegenrichtung zu auftretenden Bahnfehlern mit gleicher 

Fehlergröße definiert. Die reale Transformationsfunktion die, das Übertragungsverhalten der 

Regler und der Regelstrecke beschreibt, kann mit der Methode der Neuronalen Netze ermittelt 

werden. 
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Transformation of Tracking Error in Parallel Kinematic Machining 

Abstract
One emerging application of Parallel Kinematic Mechanisms (PKM) is in the computerized 

numerical control (CNC)  machine tools and, recently, several prototypes of such CNC 

machines have been developed. 

In Cartesian machine tools, motion properties like velocity and acceleration of the individual 

drives are directly transferred to the tool center point (TCP). With PKM, the axes motions are 

transformed by nonlinear transfer functions as a general rule. The goal of the present study is 

to study the transformation of dynamic properties in PKM based machine tools. 

Transformation of tracking error and velocity gain from machine coordinates to Cartesian 

coordinates in workspace is, initially, investigated by a one axis mechanism (Monopod). In 

this study, the PKM behavior is simplified to a single degree of freedom (DOF) motion 

system with a nonlinear transformation of dynamic properties like position and velocity. The 

test bench of Monopod is calibrated by a neural network (NN) method and the model is 

simulated in the Matlab/Simulink environment. The results of transformation illustrate the 

relative velocity gain between TCP and drive axis, and are developed to multi axis PKM such 

as Bipod and Tripod. The effect on trace accuracy is discussed in light of these mechanisms. 

In the simulation phase, models are performed with constant length of strut, and the 

mechanical effects like inertia, flexibility, friction and backlash are neglected. This ensures to 

study uncoupled closed loop controller effects. 

A contour error algorithm is developed and verified by the Bipod and the Tripod to predict  

the contour error of a generalized machine tool by the Jacobian matrix and estimated tracking 

errors in the drives. 

The experimental results are obtained using a method for star contouring test that consists of 

straight lines in the workspace with varying orientations and the double ball bar in circular 

trajectory. 

An accurate trajectory control is a fundamental requirement for CNC machine tools. To 

eliminate the contour error, a compensated path method is introduced that generates a setpoint 

path, with a programmed deviation equal in amount but negative in direction to the calculated 

contour error. The real transfer function can be identified by the NN approach. 
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1   Introduction

 
Increasing demands on manufacturing processes for higher productivity and improved 

accuracy have motivated the development of high speed machining (HSM). High speed and 

high accuracy machining is required for short lead times, high productivity, and complicated 

workpieces. With this background, the development of parallel kinematic machines to 

increase dynamic parameters can be seen. The PKM has the conceptual high potential for 

high speed machining because of the closed loop structure, and its lightweight and no error 

accumulation characteristics [CHE06].  

In general, there are three types of control systems in CNC machine tools; positioning control 

systems, which make the CNC machine tools move from point to point (PTP), line and 

contouring control systems, which make the CNC machine tools move in direction of a 

machine axis or along a continuous contour [RAM05]. Most CNC machine controllers are 

organized in a cascade structure, comprising the position, velocity and current loops. PID 

types of servo controllers generate tracking errors in each axis. Tracking errors are a 

significant factor on machining accuracy, besides geometric machine errors, vibrations, tool 

errors and temperature changes, due to the proportional position control loop [WEC 90]. It 

involves a divergence of the target and actual profile and causes contour error. In general, 

contour error sources in machining processes may be listed into three categories: mechanical 

hardware deficiencies, cutting process effects and controller and drive dynamics. The first and 

second sets of error sources can only be reduced by improving the mechanical hardware or 

utilizing compensation techniques. The third set of error sources can be eliminated or reduced 

by improving servo controllers and dynamics. 

In Cartesian machine interpolation, the velocities of the drives are translated directly to TCP, 

being the resultant of the two perpendicular velocity components. Drive velocities in PKM, 

however, are not orthogonal and are different in comparison  with a Cartesian machine. 

The kinematics of a PKM can be described by the Jacobian matrix that is the relation between 

partial deviations of a position vector in Cartesian coordinates with respect to joint 

coordinates.  

The development of machine tools based on PKM leads to new challenges in the control 

system in comparison to serial kinematic machines (SKM). The transformation behavior 

becomes important in independently controlled drives due to the parallel setup [AST06]. This 

transformation causes differences of the dynamic characteristics in joint space and workspace 

with unexpected consequences leading to the contour error.  
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The research work being discussed in the thesis applies a new subject of CNC machine tools 

based on PKM. This thesis addresses the tracking problem for the feed drives of parallel 

kinematic machines.   
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2 State of the art 

2.1 Parallel Kinematic Machines 

2.1.1 Introduction 

“A general development trend of machine tools aims at the reduction of primary processing 

times by increased cutting speeds and at reduction of secondary processing times by enhanced 

rapid feeds and accelerations. With respect to an increase of dynamic parameters the 

development of parallel kinematic and hybrid kinematic machines has to be seen [KUH04-

1].” Here, the advantages and limitations of  PKM  versus traditional machining centres are 

discussed. 

 

2.1.2  High Speed Machining 

The diversity of available definitions of high speed machining points to the various critical 

considerations relevant to the process of transition from conventional to the HSM. The 

benefits of HSM have been confirmed in variety of manufacturing aspects. The major 

advantage of HSM is the increased material removal rate. Moreover, the application of a 

HSM leads to the increased quality of the machined parts and thus, changes not only the 

machine design but also and most importantly the substance and quality of the manufacturing 

process. The success of HSM is conditioned by the significant developments in relevant 

techniques and elements such as machine tools,  spindles, feed drives,  modeling and control  

techniques, tools as well as CNC technologies [STE02, WAN04, WEC03]. 

The adoptation of machine tools from conventional machining to HSM requires re-

consideration of the static and dynamic behavior of the machine tool structure. To minimize 

structural deformation, the static and dynamic stiffness has to be sufficiently high. 

Furthermore, the lightweight of moving structures and, consequently, their low inertia allows 

high feed rates and accelerations. 

A number of scientific studies have analyzed the application of modern machine tool 

structures to HSM. Traditional machine tools have a serial kinematic structure. Each axis has 

to be built on top of another axis or base. Thus, each axis has to carry the axes on top of it, 

including their actuators, guideways and joints. This structure results in higher inertia load at 

the lower axis that  is not suitable for the HSM application. The classical structure may result 

in decreased machine rigidity and worse positioning accuracy as well as additional demands 
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on design for particular axes. The suggested solution for an application of modern machine 

tools to HSM is the machine tools with parallel kinematics structure [MAR06, WAN04]. 

 

2.1.3  Parallel mechanisms

There are two categories of mechanisms: serial and parallel. Serial mechanisms are open 

chain mechanisms made up of consecutive links connected by revolute or translate joints 

connected from a base to an end effector [CAM06, KRA04].  A parallel mechanism is 

composed of two or more closed loop kinematic chains in which the end effector (mobile 

platform) is connected to the base platform by at least two independent kinematics chains 

[WEC02]. In PKM, the moving mass is connected to the base through several kinematics 

chains or legs that are mounted in parallel. It has been convincingly argued that compared to 

the serial machine a parallel kinematic machine tool for HSM is stiffer, has lower moving 

mass and allows higher acceleration [EST06, NEU06, WAN04]. The PKM machine tools use 

actuators to produce multi axis motion at the table (or spindle) of the machine. The 

application of PKMs has a potential to develop the manufacturing methods used in the 

production of aircraft and aerospace components of complex geometry. Most current research 

on PKMs has focused on fully parallel mechanisms and its variants [HEI06]. A base platform 

is a link fixed to the ground and connected to the limbs and an end effector platform is a link 

connected to the limbs. 

Despite the wide range of PKM that have been developed, they can be divided into two main 

groups: machines with constant length struts and machines with variable length telescopic 

struts, [CHE04, PRI00] as provided in Figure 2-1 below. 

 

 

 

 

 

 

 

 

                           a: fixed length struts                        b: variable length struts 

 

Figure 2-1: Parallel kinematic machining [CHE04] 

 

platform platform
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In contrast to PKM with telescopic drives, in fixed length struts the strut base point is 

movable. The choice between fixed length and variable length struts determines the behaviour 

of the machine. In machines with variable length struts, actuators have to be mounted on the 

struts to increase moved masses. The telescopic variable length struts compared to the fixed 

struts have advantages in terms of better machine size, driving stroke and Cartesian velocity.  

However, fixed struts considered to be more advantageous in terms of the static stiffness and 

first natural frequency [CHE04]. 

 

Limitation of  PKMs 

The previous section of this chapter has summarized the main characteristics and advantages 

of the PKM. However, PKM also possess some inherent limitations and disadvantages 

discussed in this section. The defining characteristics of PKM are low moving mass, simple 

frame design and use of repetition parts [BRE06-1, SAE02]. This characteristics contribute to 

the disadvantages of PKM that include limited dexterity, high susceptibility to thermal load, 

low workspace size, more singular configurations than serial mechanisms and complex 

kinematic and dynamic characteristics that make their control difficult [BRU02, COL04, 

GRE04, GRO02, SAE02, VAL02, WEC02]. Furthermore, kinematic models complexity of 

PKM as compared to the serial kinematic machines (SKM) makes calibration of PKMs 

complicated [COB02, KRA04]. 

Here, we have discussed three main groups of characteristics and conditions that contribute to 

the major disadvantages of the PKM [DON04]. First, variable kinematics and dynamics. In 

parallel kinematic mechanisms, the Jacobian matrix changes across Cartesian coordinates. 

This variation gives rise to nonlinear behavior across the workspace producing variations in 

resolution, accuracy and stiffness across the workspace of the machine [COB02]. This 

varying stiffness may cause highly changing dynamic and actuator loads across the workspace 

of the HSM and, thus, making it difficult to achieve high contouring performance [PRI00]. 
Second, difficult forward kinematics and dynamic problems. The forward kinematics problem 

of a fully parallel mechanism makes it impossible to close the control loop around the 

kinematics of the machine. This limitation, coupled with the previously discussed nonlinear 

kinematics of PKMs, makes high contouring performance very difficult to achieve [GRE04, 

WEC02]. Further, because the forward dynamics problem embeds the forward kinematics 

problem, control strategies that involve computing forces and torque and applications, 

involving force feedback, also become extremely difficult to implement. 
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Third, small usable workspaces and long structural members. Singularities reduce the usable 

workspace of PKM systems. This leads to a poor workspace volume to machine volume ratios 

[WEC02, PRI00]. More importantly, it leads to long flexural members compared to the 

dimensions of workspace. This results in larger moving masses and lower structural rigidity 

of individual members. These again contribute negatively on the performance of machining 

with HSM [DON04, SAE02]. 
 

Design requirements of PKM for HSM 

Therefore, building on the main characteristics, advantages and disadvantages of PKM as 

discussed above, a development of a PKM applicable for HSM requires consideration of  

mechanical structure, kinematic topology and controller behavior [DON04]. 

A part of mechanical structure of PKM and its important design consideration is minimal 

mass of moving parts [BRU02, EST06]. In HSM, especially along nonlinear trajectories, a 

very large fraction of the load on the drive system is inertial. Additionally, to achieve the 

desired speeds of HSM, direct drives are often required. Therefore, relatively large loads with 

high frequency content are transmitted through the structural components of the machine. 

Thus, the application of PKM for HSM requires the small structural loop between the drives 

and the TCP. 

The second element that is necessary to address in developing PKM for HSM is kinematic

topology. The nonlinear effects are difficult to deal with in the context of high speeds and 

high accuracies expected from HSM. At the same time, nonlinear effects not only cause 

stability problemes, but also require additional computations that slow the servo cycle rate. 

The kinematic conditioning relates the magnitude of the joint space displacement vector to 

that of the workspace. The variations in this mechanical characteristics will produce variable 

performance across the workspace [BRE06-1, DON04]. 

The third element is the controller behavior. For these above reasons, for high accuracies the 

control loop should receive feedback from the displacements of the TCP in direct 

measurement system, rather than those of the joints [FLE06-2, MUN06]. The matching of the 

dynamic characteristics of each workspace axes becomes important to decrease contouring 

errors. 
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2.1.4 Hybrid mechanisms

A hybrid mechanism is a combination of open loop and closed loop kinematic chains. Thus, 

hybrid kinematic machines are a combination of a parallel kinematic structure with additional 

serial mechanisms [CAM06, HEI04]. 

One recent study [GRE04] compared the applications of parallel mechanisms and hybrid 

mechanisms in machine tools, material handling and assembly machines. The sduty shows the 

industrial acceptance of the trade off between the serial and parallel mechanisms. It is 

interesting to note that parallel mechanisms are mostly used in machine tool applications in 

1998 and hybrid mechanisms are developed for these applications in 2002. 

Machining of three dimensional curves impose high demands on the machine kinematics and 

design with respect to accuracy, acceleration and workspace size. PKM meet the first two 

requirements, but are limited regarding workspace size and tilting abilities. HKM, through 

combination of  serial and parallel machine axes and integration of machining capabilities 

into one machine structure, is able to eliminate this disadvantage [BRE06-1, FLE06-1, 

HES02, MAR06]. However, “underlaid serial links with long tracking can carry a PKM and 

thus spread the local advantages over a wide range [KUH07]”.   

2.2  Servo Motion Control 

2.2.1 Introduction 

Generally the CNC machine tools are divided into two main parts: the mechanical parts with 

servo drive systems and the servo controllers that control the multi axis motion of mechanical 

parts [YEU06]. The machining of a workpiece using a machine tool to create a desired shape 

requires that the tool and workpiece move in relation to each other. In order to accomplish 

this, the individual feed drives must be adjustable in their position. Predominantly, the 

position controls with velocity controlled electrical drives are used to adjust the position of 

feed drives.  Based on the location where, in the machine tool, the data is measured, the direct 

and indirect position measurements are distinguished [GRO01]. This section addresses to 

servo motion control elements. 

2.2.2  Step and impulse response of a system 

Commonly, to test the input signals, step functions, impulse functions and the likes are used. 

The signals are functions of time, thus, analyses of the control systems with these test signals 

can be carried out. The time domain response of a control system consists of transient and 
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steady state response. The transient response goes from the initial to final state. The steady 

state response shows the manner in which the system output behaves as t approaches infinity 

[OGA02], Figure 2-2. 

Thus the system response xa(t) may be written as  

xa (t)= xa-tr(t)+ xa -ss(t)                                                                                                           (2-1) 

Where the first term on the right side of the equation is the transient response and the second 

term is the steady state response [OGA02]. 

A unit step signal is defined as 

 ��
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u(t)                                                                                                                  (2-2) 

If the setpoint value is a scalar A, then the signal can be written as Au(t). The response xa(t) to 

the unit step signal u(t) is called the step response of the system. Figure 2-2 shows a typical 

step response.  

 

 
 

 

          

Figure 2-2: Typical step response of a control system [OGA02] 

There are several interesting characteristics of a system that can be derived from its step 

response, namely, steady state error ess, maximum overshoot, delay time td, rise time tr, 

settling time ts and peak time tp. 
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For the unit impulse input, the output of the first order system is shown in Figure 2-3-a. td is 

the delay time or time constant. As t approaches infinity, e-t/t
d approaches zero and the 

response approaches zero [OGA02]. 

 

 

 

 

 

 

 

 

 

           a: The first order system                                    b:Second order system 

Figure 2-3: Unit  impulse response [OGA02] 

 

The unit impulse response of the second order system oscillates about zero and takes both 

positive and negative values. Since the unit impulse response function is the time derivative 

of the unit step response function, the maximum overshoot Mp for the unit step response can 

be found from the corresponding unit impulse response. This is the area under the unit 

impulse response curve from t=0 to tp, as shown in Figure 2-3-b, is which equal to 1+Mp, 

where Mp is the maximum overshoot for the unit step response. The peak time tp for the unit 

step response corresponds to the time where the unit impulse response first crosses the time 

axis [OGA02]. 

2.2.3  PID control algorithm

PID type controllers are widely used in industry because of their simplicity and successful 

industrial applications. Basically, according to Figure 2-4, a PID controller generates actual 

signal xa(t) according to the tracking error signal �x(t). 

 

 

 

 

Figure 2-4: A schematic of PID control system 
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It consists of the proportional part generates a control action, which is proportional to the 

error signal, the integral part on the integral of the error signals, and the derivative part on the 

changing rate of the error signal. 

 

Table 2-1: PID control algorithm 

response type element differential equation transfer function  

proportional P-element xa(t)=Kp . �x(t) 
p

a K
�X(s)

(s)X
�  Kp: proportional gain 

integral I-element 
��
t

0i
a �x(t)dt

T
1(t)x  sT

1
�X(s)

(s)X

i

a �  Ti: integral time 

derivative D-element 
dt
x(t)dT(t)x da

�
�  sT

�X(s)
(s)X

d
a �  Td: derivative time 

 

For a controller with proportional control action, the relationships between the output of  the 

controller xa(t) and the actuating error signal �x(t) and the Laplace transformed quantities are 

listed in Table 2-1. 

The proportional controller is essentially an amplifier with an adjustable gain. Each controller 

manufacturer uses different implementations of the PID control algorithm [WAN04]. The 

most common implementations are: 

• Ideal algorithm 

xa(t) = Kp [ �x(t) + 1/ Ti � �x(t) dt + Td   d�x(t) / dt]                                                             (2-3) 

• Parallel algorithm 

xa(t) = Kp �x(t) +1 / Ti � �x(t) dt + Td   d�x(t) / dt                                                                 (2-4) 

• Serial algorithm 

xa(t) = Kp [�x(t) +1/ Ti � �x(t) dt ][1 + Td  d�x(t) / dt]                                                         (2-5) 

Currently, most of the PID controllers are implemented digitally and based on the ideal 

algorithm. 

Increasing Kp increases the bandwidth (faster response) of the closed loop system, and 

reduces the steady state error. However, the steady state error cannot be reduced to zero, and 

with high proportional gain Kp, the closed loop system tends to be unstable. In order to reach 

a minimal steady state error, an integral term must be included [WAN04]. 
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2.2.4  Cascade tracking controller structure

The cascade controller structures are used in most of the servo motion control systems instead 

of a single control loop. A simplified cascade controller structure for motion control is 

illustrated in Figure 2-5. The cascade controller structure consists of several control loops 

including the innermost current torque control loop that is enclosed by a velocity control loop, 

which is further enclosed by the position control loop. 

 
 

 

                                                                            

 

 

Figure 2-5: Cascade control structure [WAN04] 

 

With a cascade control structure, there may be more tuning parameters than that with a single 

loop control structure. However, to ensure a safe start up of the entire system, the cascade 

control structure is usually tuned step by step starting from the innermost loop to the 

outermost loop. The effects of nonlinearity and disturbance input in the inner loop are dealt 

with in the inner loop. In this way, the nonlinearity and disturbance can be eliminated with 

less influence to the outer loop. Cascade controller structure requires that the bandwidth of 

each loop increases from an outer loop to an inner loop so that the dynamic delay caused in 

the inner loop could be ignored by the outer loop. As in the case of cascade motion control 

structure, the current control loop usually has the highest bandwidth, and the position control 

loop has the lowest bandwidth. Velocity feed forward and acceleration feed forward are 

commonly applied [ERK01-2]. 

The first inner element of the cascade structure is a current loop. The current control loop for 

the servo motion control system is some times also referred as the torque control loop 

[WAN04]. This reference is based on the fact that the current in the windings of the motors is 

usually proportional to the generated torque. Based on the torque generation characteristics of 

the motor it is then possible to build a torque control loop in cooperation with the current 

control loop. The current loop is usually realized with an ideal algorithm of PID controller 

[ERK06-2].  

The second element of the cascade structure, velocity control loop, is built up on the top of 

the current loop. The friction force is nonlinear in nature and can be related to the velocity and 

position. The disturbance in velocity loop will cause error in the output velocity. The velocity 
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loop is usually designed as a PID controller in order to eliminate the steady state velocity 

error. The performance of the velocity loop is very important for the motion control system, 

because almost all the disturbance force of the system enters in this loop. A good velocity 

feedback signal, which contains less noise and phase error, is critical to increase the velocity 

control loop gain [ERK01-2, WAN04,YEU06].  

Because there is an integrator in the position loop, it is sufficient to use a proportional 

controller for the position control loop. The integration of the velocity signal gives the 

position signal. This integrator in the position loop will reduce the steady state position error 

of a step response. Position controllers in closed loop servo systems define the machining 

accuracy. The proportional response of the controlling device is indicated by the proportional 

coefficient of the controller [ERK06-2, WEC01]. This value, the velocity gain KV, also called 

the KV factor, is calculated as the ratio between the setpoint velocity vs and the position 

control deviation �x: 

KV=vs / �x                                                                                                                             (2-6) 

For a straight line motion with constant velocity the position control deviation, that named 

tracking error is based on this correlation [GRO01]: 

 �x=vs / KV                                                                                                                                                                                          (2-7) 

 

 
Figure 2-6: Tracking error in straight line path 

 

The tracking error indicates how much the actual position value lags behind the position 

setpoint value, Figure 2-6. Tracking error is defined as the difference between setpoint 

position and actual position. 

Requirement of the optimum position control loop is that the programmed position must be 

followed with minimum time delay and minimum tracking error during the motion [SCH99]. 
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The most popular algorithm to control PKMs is a linear PID controller at joint space, and  

inverse kinematics algorithm on top of the control loop, Figure 2-7. 

 

 

 

 

 

Figure 2-7: Basic control scheme for PKM 

 

In [KRÜ00, BLE03] velocity gain in PKM are presented as following formula. Allow 
�

U to be 

the velocity vector in machine coordinate and 
�

X  to be the velocity vector in Cartesian 

coordinate. U�  denotes the tracking error vector on the joint space, X� denotes the tracking 

error vector on the platform and J presents the Jacobian matrix. KV-U and KV-X are velocity 

gain factor in closed loop control system and virtually in Cartesian coordinates respectively. 
�

U=J.
�

X (2-8)

U� =
V-UK
U
�

(2-9)

J-1 . U�  = J-1

V-UK
U
�

and X� = J-1 . U� (2-10)

X� =
V-U

-

K
X. J . J
�

1
 = 

V-XK
X
�

� KV-U = KV-X                                                                   (2-11) 

In consequence of these formula the velocity gain factors in the TCP and in the drives are 

proved to be equal not only in conventional serial kinematic machine, but also in parallel 

kinematic machine. The estimation and linearization are valid in low value of tracking error 

which occurs in low velocity and not in high feed rate and high precision machining, because 

in high speed machining, tracking error is higher. Here  the global linearization of the transfer 

function is too rough for a precise control and high velocity machining. 
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2.2.5  Contour error model originated from servo tracking errors in SKM 

The contour errors are defined as the deviations of the cutting tool of a CNC machine tool 

from the programmed contour during the machining process [RAM00]. 

  

                                   y  

                                                

                                                                        

                                              

  

                                                                �  

                                     o                                                                     x 

Figure 2-8: contour errors of biaxial system for linear trajectory [XIU98] 

 

They are measured as the distances between the cutting points and the setpoint trajectory in 

the normal direction of the setpoint trajectory. Those contour errors contribute on the finished 

parts to the parts geometry inaccuracy. Figure 2-8 shows the principle of contour error for a 

straight line for a biaxial system during a machining process. 

 

 

 

 

 

  

 

 

 

 

Figure 2-9: Contour error originating from servo tracking errors [ERK06-1] 

 

There are multiple error sources including geometric, static and dynamic loading, thermal 

deviations and mismatches between servo loop gains [MER06, PRI02, WEI04]. All these 

origins affect positioning accuracy at the tool tip in a complex way. 

Figure 2-9 shows contour errors originating from servo tracking errors in the individual axes, 

which become prevalent when tracking reference trajectories. 
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In the following, the contour errors originating from servo tracking errors are modeled to give 

an entire description of the accuracy of conventional serial machine tools.  

 

   
      a: y-axis over x-axis                     b: zoom of view A 

Figure 2-10: Linear trajectory in biaxial SKM system, KVx=KVy   a) y-axis over x-axis 

                b) zoom of view A 

 

In straight line motions the tracking error does not cause contouring errors, Figure 2-10, when 

the velocity gains in all position control loops generating the contouring path are identical 

[GRO01].  

Allow in the Figure, setpoint and actual point on the paths are ps and pa. Although the contour 

error is zero the actual path occurs later than the setpoint path due to delay time in the system. 

Normally for straight line motions the pose deviation caused by tracking errors of the axes 

should follow delayed but exactly on the linear path for a constant pose velocity and equal 

dynamics characteristics. 

The machining of a circular contour as well as any other curve path in space involves at least 

two linear feed axes. The position of linear feed axes setpoints is computed by the interpolator 

of the CNC.  The computing is conducted according to the selected type of interpolation and 

applied to the feed drives. 

As illustrated in Figure 2-11, the circular interpolation at a constant feed rate by two linear 

axes in SKM requires the injection of a sinusoidal signal on each axis. A radial error, 
R and 

delay time �t and the effect of transient response in start and stop points are indicated in the 

Figure 2-11. In a circular test path the contouring error is easy to measure by the radial 

deviation. 
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a: path in x- direction               b: path in y- direction              c: circular trajectory 

Figure 2-11: 2-D circular trajectory in SKM  [WEC01]   

 

Formula (2-12) gives the radial error in circular trajectory in a 2-D Cartesian machine. Radial 

error 
R is dominated by a term proportional to the square of feedrate v, inversely 

proportional to the programmed radius of circle, Rs and inversely proportional to the square of 

velocity gain factor, KV [PRI96, WEC01].  
2

2
1

��



�
��
�

�
�

Vs KR
�R v                                                                                                                   (2-12)                         

In the case of circular contours, a perfect circle (except in the start and stop) is generated with 

a radius smaller than the setpoint radius, depending upon the amount of KV and feedrate. Here 

assuming that KV is equal for both drive controllers and is constant for constant velocity. 

Figure 2-12 shows the effect of KV mismatch in axis of two dimensional serial kinematic 

machine tools in straight line and circle trajectory.  

In multi axes interpolation CNC servo control system must be properly tuned. The 

mismatching of position loop gain between two simultaneously drive axes causes contouring 

error. In straight line motion a parallel offset occures  in trajectory. If position loop gain for 

the y-axis is higher than the position loop gain of the x-axis in circular trajectory, it causes an 

elliptical shape on the x-y plane and Eq. (2-12) is not valid [GRO01, WEC01]. This type of 

contouring errors can be minimized through adjustment of servo parameters in CNC 

controllers. 
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                a: linear trajectory                                          b: circular trajectory 

 

Figure 2-12: The effect of mismatch in KV (KVx� KVy) [WEC01]

Feed rate is resultant of two perpendicular velocity components. Drive velocities in PKM are 

not orthogonal and different in comparison to Cartesian machine. PKMs are characterised by 

their transmission of movements from joint to workspace. These transmission characteristics 

are influenced by the kinematic topology of the mechanism and its geometric configuration. 

Many devices can be used for circular tests, however most of them are not suitable for 

measuring parallel kinematic machines [LIU05]. For example, a cross grid encoder has very 

high resolution, flexibility in measuring path, absolute radius and circle center position, but 

the measuring area is small and it needs strict orientation of measuring head against the scale 

plate. Thus, it is difficult to be used for PKM. Another common method well suited for 

checking PKM is the magnetic double ball bar (DBB). In high feed rates with a circular path, 

transients may occur at the start and end of the test. Angular overshoot is an arc travelled by 

the tip of the measuring system before and after the data sample arc, Figure 2-13. The purpose 

of the arc is to allow the machine to accelerate to the required feed rate before the ball bar 

passes through the data sample arc, and to decelerate before the feed out movement is 

performed [REN--].  
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Figure 2-13: Schematic of the measuring path with double ball bar [REN--] 

 

The software samples data from the ball bar transducer while it moves through an angular 

overshoot arc, but it discards this data after the data sample run is complete.  

 

2.2.6 Tracking and contour error control 

The contour error is the orthogonal deviation from the setpoint tool path that can be arises due 

to the tracking errors in the individual axes. There are two main approaches for reducing the 

contour error in high velocity drive systems: tracking control and contouring control. The 

tracking control approach concentrates on reducing the tracking error in each axis and thus 

indirectly contributes to the reduction of the contour error. The contouring control algorithm 

for reducing contour error  estimates the contour error in real time and uses this estimation in 

the feedback control law [RAM05]. The research on techniques of error compensation may be 

classified on two broad categories: static and dynamic error compensation.  The research on 

static error compensation techniques concentrates on the identification and correction of the 

basic machine errors.  The research on dynamic error compensation techniques, also called a 

real time error compensation, is focused on the correction of the controller error, the thermal 

and cutting force induced errors. The real time error compensation technique is used 

continuously during an operation of a machine to constantly correct the inaccuracies. 

The high accuracy advanced control algorithms are necessary to purpose high accuracy  in 

spite of the conventional PID controllers that are commonly used on CNC systems [KOR92]. 

The use of high feedback gain to increase the tracking bandwidth is not sufficient. This 

approach has important negative limitations including instability, noise and undesirable 
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oscillations. The tracking accuracy may be improved by use of reference points that are 

possible to identify through the reference trajectory of the CNC systems known in advance.   

In principle there are several ways established to reduce the contour distortions, either the 

controller gains are increased [PRI96, PRI99-1], or a feed forward branch is introduced in 

drive control, or look-ahead algorithms are applied by inverse modeling  of the control path 

[ERK01-2]. The circular patch accuracy is improved through KV value according to the 

square relation. Furthermore, PI path controller is used to reduce the settling time to zero 

inversely proportional to the KV value. It was observed that a completely new quality of 

dynamic accuracy, difficult to achieve with conventional axes, could be reached through the 

use of direct drives on account of the extraordinary influence of the KV value on path 

accuracy [PRI96, PRI99-1].   

Feed forward control can be used to reduce tracking error with a cascaded configuration of the 

control loops and consequently increases the accuracy. The dynamic delay can also be 

compensated with proper feed forward action. Figure 2-14 shows a simplified configuration 

of a velocity feed forward control [GRO01]. 

 

 

 

 

 

 

 

 

Figure 2-14: Simplified block diagram of a position control loop with velocity feed forward        

                     control [GRO01] 

 

Variable wVn is obtained from a command variable model with differentiation in the motion 

guidance of the CNC velocity feed forward control. Variable wVn multiplied within the clock 

pattern of the velocity control loop with the feed forward control factor KnV adds to the output 

of the position controller. To prevent the position controller to counter this applied signal a 

simulated model of the position controller system must be introduced into the path of the 

position command variable wx. This is done with the balancing filter that simulates the 

equivalent delay time TEn of the velocity control loop, including the velocity setpoint delay 

TGn. Depending on the simulation accuracy of  the controlled system the position will be 
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controlled by the velocity feed forward control variable wVn without intervention by the 

position controller. However the tracking error cannot be compensated completely due to the 

fact that a simple filter is not sufficient to simulate the velocity control loop [GRO01]. 

The performance of machine axes cannot be considerably increased by the feed forward 

control [PRI92]. Although [ERK01-2] addressed tracking accuracy of feed forward control 

there are also some disadvantages of generating high frequency components in the control 

signal as well as being very sensitive to parameter changes and disturbances due to its open 

loop nature. 

Many researchers have worked on the position loop controller design of motion control 

system in conventional serial machine tools using PID control, Cross Coupling Controller 

(CCC), zero phase error tracking control (ZPETC), preview control, inverse compensation 

filter (IKF), and predictive control [CHE02, ERK01-2, KOR91, LO02, TAR99, WEC90, 

ZHO02]. 

Traditional algorithms are based on the feedback principle and in order to improve the 

tracking performance, feed forward control algorithms have been established. 

A significant contribution in this field has been made by Tomizuka who proposed a zero 

phase error tracking controller (ZPETC). To achieve superior tracking performance in 

addition to the feedback controller also a feed forward controller is required. Assuming that 

the feedback controller already exists to compensate the delay in the closed loop transfer 

function and thus to utilize the desired output a feed forward controller is introduced. 

Consequently, as long as all the initial conditions are zero (i.e. all the closed loop zeros are 

inside the unit circle in the z-plane) the controller provides a perfect tracking . However, the 

system becames highly unstable if any of the zeros are outside, on the unit circle or even on 

the negative real axis and close to –1 [RAM05, YE92]. To address a zero phase error the the 

ZPETC system was developed. Based on the ZPETC method various accessory or variational 

algorithms are proposed. In conclusion, although ZPETC method has a potential to 

significantly improve the tracking performance of each individual axis the overall control 

performance for the multi axis machine tool is not always guaranteed [LO02]. 

The Cross Coupling Controller is aimed at the reduction of the contour error based on the 

controller objective, rather than the reduction of the individual axial tracking errors. 

Therefore, the CCC concept calls for the construction of a contour error model in real time 

and performing it in the determination of a control law that decreases the contour error 

[LAC00, SHI02, TAR99, ZHO02].  The simplified block diagram of CCC shows in Figure 2-

15. 
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Figure 2-15: Biaxial motion control system with CCC [LAC00] 

 

In the figure Cx and Cy are cross coupling gains and Kc is the cross coupled controller. It 

consists of two main parts: the contour error mathematical model and the control law, which 

can be a P, PI, PID or another type of controller. 

Many control laws such as traditional PID control, adaptive control and fuzzy logic control 

have been proposed to implement the CCC. Later extending the contour error estimation to 

circular and parabolic tool paths, the performance of CCC has been modified [KOR91]. It is 

performed in a CCC scheme with feed forward axis dynamics compensation. This approach 

increases the accuracy of the machine [YEH02]. In spite of the intuitive simplicity and 

performance improvement provided by CCC there are also a number of disadvantages. A 

cross coupling control requires the axis controllers to be coupled among themselves in  

accordance with the kinematic configuration of the machine tool that has to be accurately 

known. In the context of the current machine tool design trend that is based on the  production 

of standard feed drive modules with digital motors adaptable to various production 

arrangements the CCC solution requiring accurate knowledge of machine configuration is not 

practical. The major drawback of the cross coupling controller is low effectiveness in dealing 

with nonlinear contours. Furthermore, in linear contours when the steady state error goes to 

zero the contour error oscillates. 

In addition to the methods discussed in previous paragraphs Weck and Ye [WEC90] designed 

a compensation method for tracking errors using the inverse compensation filter (IKF) control 

strategy. The IKF works according to the feed forward principle. There main idea is based on 

effects of feed forward controller on the transfer error of the proportional controlled position 
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control loop with a suitable command variable distortion. In detail, with an ideal low pass 

filter the IKF achieves the smoothing and compensation of the tracking error. 

The use of look-ahead and velocity and acceleration feed forward gains are standard features 

in controller systems. To obtain high performance in contouring involves algorithms for 

dynamically scheduling feed rates based on the contouring capabilities of the machine and the 

geometry of the path [REN00]. 

To achieve precision contour machining that sets input and output membership functions 

simultaneously, an adaptive fuzzy logic controller (AFLC) is presented in [SUN04]. 

According to a continuous measurement of the performance of the controller and estimated 

disturbance values, the parameters of the controller are tuned. 

Each individual axis has good positioning capability and a good tracking performance. 

However, this control approach may lead to degradation of contouring performance due to a 

mismatch of axial dynamics and axial loop gains. 

The limitations of the existing solutions as discussed above triggered active research in the 

area of feed forward controller design. The basic philosophy of a feed forward controller 

design is to close the servo loop with a high feedback gain for disturbance and parameter 

variation robustness and then to cascade the closed loop dynamics with a prefilter that reduces 

most of its stable components. Based on this design philosophy, the Zero Phase Error 

Tracking Controller is addressed in [RAM05] and the Modified Inverse Transfer Function is 

presented in [PRI92]. Because of its high tracking accuracy, feed forward control must 

generate high frequency components in the control signal and must be very sensitive to 

parameter changes and disturbances because of its open loop nature.  

To address the high frequency content of the control signal limitation it was suggested to use 

before a ZPETC a low pass filter with zero phase characteristic  [WEC90]. 

Feed forward controllers are based on an experimentally identified model of closed loop axis 

dynamics. They identified by frequency weighted least squares algorithm. This strategy 

resulted in successful sharp corner. The parameter sensitivity issue is addressed in [PRI92] 

and adaptive solutions are proposed in [TSA87] as well as in [PRI97-1]. The studies show 

that the performance of feed forward controllers can degrade in the presence of parameter 

mismatch, therefore, the axis parameters have to be accurately known. 

The possibility to measure the deviations caused by dynamic and process forces directly by 

means of a force free add-on position measurement device is useful to improve the accuracy 

of a PKM. In [VER06] a force free add-on position measurement device is suggested to 

improve the position accuracy of the TCP. Dynamic errors are eliminated in the position 
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control loops of the drives by using the control variable for the position measurement system. 

In symmetric design of the supporting structure the integration on the add-on signals into the 

position control loops is without difficulties. 

To improve the accuracy of a PKM force forward control methods are studied in [BRE06] 

and a concept with an inverse model is introduced in [DEN04, DEN06]. The considerable 

force between the actuators of a planar PKM was proven with an experiment setup. The effect 

of the motor forces on the other actuators is reduced  by the feed forward controller [BRE06]. 

Learning controls in PKM have been proposed and used in [ABD06]. To implement linear 

iterative learning algorithms on parallel and highly coupled system, a centralized control 

architecture has to be provided, i.e. feed forward or feedback computed force control. The 

consideration of inertia which varies over time can be used for decoupling control of the 

system. Furthermore the decoupling allows the application of linear controllers such as state 

control to improve the dynamic accuracy considering stability. 

To increase accuracy without compensation a method with the concept of direct measurement 

system is presented in [FLE06-2]. This means, that the measurement system of the PKM has 

to be arranged directly at the TCP. The measurement system is suitable to decrease error, but 

reduces the dynamics of parallel kinematic machines. 

Static calibration of a Tripod by neural network (NN) is addressed in [KUH06]. The proposed 

method is based on identifying the actual geometry of an hybrid kinematic milling machine 

by means of neural networks. Positioning deviations are the input and geometric errors are the 

output data. One of the most important properties of a NN is the ability to learn from its 

environment. A suitable training phase should attempt to collect data representing the most 

common operating modes. Since the reliability of the NN model depends on the learning 

condition, appropriate input patterns of the input layer must be suitable to the characteristics 

of machine. In order to give the network good prediction capability, it has to go through a 

training phase in which a learning algorithm is used. After training by simulated data, in a 

second step NN is fed with unknown data in the application phase. Within this process, the 

parameters of the network are adapted through optimization schemes by comparing the 

network output to the target. 
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3    Description of problem 
 

In recent years parallel kinematic machine tools were in focus of intensive research due to 

their predicted prospective features, but early hopes are still hard to realize. Especially, the 

accuracy of the dynamic performance is yet not sufficient. One of the principal reasons is the 

uneven controller gain transform from drive space to workspace discussed in this thesis. 

As some prerequisites for high speed machining, faster feed motion is considered. In 

industrial CNC machine tools, PID servo controllers are mostly used. Due to the limited 

bandwidth in these controllers, there exist tracking errors in each axis. The justification is that 

the closed loop control system is not able to track the rapidly varying setpoint positions 

[ERK01-2].   

In serial kinematic machine tools the motion of the machine axes and, especially, their drive 

dynamics are directly translated to the tool center point, but in most parallel kinematic 

machines the motion is transformed to the TCP nonlinearly. 

When the actual position in joint space is transformed to the TCP in Cartesian coordinates, the 

tracking  errors lead to contouring errors in work coordinates.   

Enhanced accuracy in parallel kinematic machining requires high performances both in the 

mechanical parts, especially in the joints with multiple degree of freedom, and in the machine 

controller. In the thesis, servo control behavior is studied. 

Although the reviewed contour error controllers could not be implemented in standard control 

systems, they can be integrated with some modifications in the hardware of the drive systems. 

In principle, there are several ways established to reduce the contour errors, either the setpoint 

velocity as input to closed velocity loop instead of setpoint position or online adapted velocity 

gain parameters or pre-compensated contour error. The first method can only be realized in 

high communication rates that are not applicable.  

KV factor in a closed loop position control is a constant value and must ensure stability in the 

most critical position in nonlinear systems. Nonlinear effects are difficult to deal  with at high 

speeds and high accuracies.  KV values must be equal for all interpolating drives in SKM as a 

basic rule but this is not granted with PKM, when the gains are constant parameters in the 

axes controllers. Thus an online adjustable KV is demanded in machine controllers. It could 

equalize the error in the Cartesian space. This algorithm is not possible in conventional 

control systems as well as in non commerical solution. 
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The pre-compensated contour deviation requires an actual model. It is possible to obtain the 

exact model with advanced methods such as neural network approach. This method is a fast 

approximation for real time application, simple and useful in conventional control systems. 

The goal of the thesis is to find an efficient algorithm to predict contour errors in parallel 

kinematic machining when identically available position controllers are applied. 

Investigation on the new challenge in accuracy of PKM in comparison to SKM is addressed. 

To simplify tracking error transformation principles first a 1-DOF mechanism is studied. To 

investigate contour errors, transformation principles are developed to 2-DOF setup and the 

tracking error transformation principles to 3-DOF. To study trace accuracy and transformed 

tracking error effects an experimental milling machine is used. Simulation effects are 

performed to ensure uncoupled closed loop controller. The pure closed loop controllers are 

based on servo control system and kinematics transformation, neglecting the mechanical 

effects.  
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4 Principle of Tracking Error Transformation in a Simplified Test
      Bench

4.1 Introduction 
 

This chapter describes the transformation of controller gain in a parallel kinematic machine. 

PKM behavior is simplified to one axis transform of position and velocity, the so called 

Monopod. For this subject, a mechanism is investigated for the dynamic characteristics in 

active platform and their translate to TCP. Positions and velocities are transformed from joint 

to work coordinates. Based on experiment with a test bench and simulation model the 

behavior of dynamic characteristics in active platform and TCP has been studied.  

 

4.2 Structure of Monopod 

A general functional representation of the Monopod system is depicted in Figure 4-1. The 

theoretical path of TCP is inversely transformed into the active platform trajectory, and then 

transmitted to the Computer Numerical Control in the form of a program. The trajectory 

generation algorithm identifies the distance to be traveled. 

The conventional cascaded controller includes P and PI where the first is used for position 

closed loop control and the latter is used for velocity and current closed loop control, 

respectively. 

The main task of the servo system consists of controlling the machine axis in order to ensure 

the geometry of motion, which is described by the program. The system is moved via setpoint 

position, with the required path accuracy. 

The mechanical structure consists of two main platforms (active platform and passive one) 

and the connection strut. Control system would be directly completed in a closed loop by 

interacting on references and the feedback from the servo control units and the measurement 

systems. 
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Figure 4-1:  Functional representation of the Monopod mechanism 

 

 4.2.1 Mechanical and measuring system 

The simple PKM of  the 1-DOF Monopod is based on fixed length strut and moving base 

point in straight line direction. 

Figure 4-2 shows the Monopod consisting of two sliders, two rotary joints, two guideways, 

one strut and one servo motor. According to the figure, the servo motor is coupled to a 

conventional ball screw to drive the Monopod. The active platform and ball screw are 

connected via screw joint and translated in u-direction with a transmission ratio of 10 mm/rev. 

The active platform and TCP are connected to the strut via rotary joints. The revolute joints 

allow the strut to rotate to the platform and the TCP. 

The tool center point is represented by a linear guideway carriage moving in x-direction.  
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Figure 4-2: Schematic of Monopod 

 

In the experiment, various values for angle � between u-axis and strut in the range from  35� - 

60� are tested. 

The position function is obtained as follows: 

u2 + x 2 – L2  = 0                                                                                                                    (4-1) 

Inverse kinematic (IK): 

u = � 22 xL �                                                                                                                       (4-2) 

Forward kinematic (FK): 

x = � 22 uL �                                                           (4-3) 

The position of the active platform can be measured with a direct measuring system in high 

accuracy for closed loop control. In x-direction, the displacement of the TCP is also measured 

with a linear encoder. The encoder body is mounted to the fixed base, and the moving reading 

head is attached to the slider.  

 

 
Figure 4-3: Schematic of positioning measuring system in Monopod
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4.2.2 Geometric calibration of Monopod by NN method

Uncertainities of the production and tolerances of the assembly cause positioning errors in the 

motion of TCP. In production and assembly of the machined parts, there is an acceptable of 

tolerance to the finished parts, that is not avoidable with reasonable costs. To realise a good 

correlation between the results of measurements and simulations, the mechanism must be 

calibrated.  

 

 

                                        
                 

                                                                                                             

 

 

                                                                         

x0 +
x : start point in TCP (position of zero point in TCP) 

u0 +
u : start point in active platform (position of zero point in nut) 

xc : path of movement in TCP in CNC program 

uc : path of movement in active platform in CNC program 

X : position of TCP in xou coordinate 

U : position of active platform in xou coordinate 

xou : test bench coordinate  

x'ou : perpendicular coordinate 

	  : angle deviation between xou coordinate and x'ou coordinate  

     (out of perpendicularity) 

� : angle between strut and driver axis 

L + 
L : actual length of strut 

 

Figure 4-4: Geometric model of Monopod 
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The static calibration technique is usually employed for evaluating the positioning accuracy of 

any mechanism. The important values in positioning accuracy are actual length of strut (L + 


L), real value of start point in TCP (x0+
x), start point in the active platform (u0+
u) and 

perpendicularity deviation between two axes (	), Figure 4-4. 

Accuracy of Monopod can be achieved through calibration, which is the estimation of the 

parameters of the kinematic model that is implemented in the kinematic transformations. 

The test bench is calibrated with the neural network based procedure, described in [KUH06], 

here without the need of external sensors.  

For Monopod calibration, a mathematical model is needed to describe the geometric values.  

To achieve well converging results with NN applications the parameters must be independent. 

As length of strut is function of x0 +
x, u0 +
u and 	, this parameter is eliminated here. Then, 

for Monopod calibration, a geometric error matrix E is defined to describe the independent  

parameters of  
x, 
u and 	 value, Equation 4-4.  

E = 
�
�
�




�

�
�
�

�

�

�u
�x
	

                                                                                                                               (4-4) 

Calibration of Monopod is realized in three consecutive steps of each iteration. For each 

value, the first NN is trained by the simulated values, where 	, x0 and u0 are filled with a 

variety of arbitrary values. A set of 300 training vectors proves to be sufficient. Every 

iteration is performed with estimated parameter separately.  

In a first step, 	 is specified by first application of NN in the workspace in each iteration. In a 

second and third step, a further NN is created to specify x0 and u0, respectively. After every 

step a new set of training data is created. Iteration of steps 1, 2 and 3 improves the results.  

 
Figure 4-5: Position deviation after 7 iteration loops 
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Position deviations are calculated by actual positions of measurement devices and setpoint 

values. Figure 4-5 shows the static position error in start and after 7 iteration loops of the 

calibration procedure. 

Table 4-1 compares the statistical characteristics of static position measurement before and 

after calibration. The important conclusion from these test series is that the static calibration 

increased accuracy with reduction uncertainty of position from 265 micrometer to 44 

micrometer. The values of reversal error and standard deviation are almost constant. 

 

Table 4-1:  Comparison of statistic characteristics before and after calibration 

 before calibration after calibration 

uncertainty  265 44 

reversal error 12 11.6 

standard deviation 5.3 5 

                                                                                                             data in micrometer 

4.2.3 Kinematics transformation 

In a serial mechanism, the velocity transmission ratios are constant in the workspace. In 

contrast, in a parallel mechanism these ratios may vary significantly in the workspace because 

the displacement of the tool is not linearly related to the displacement of the actuators. PKM 

exhibit inherently nonlinear dynamics over the whole workspace. The transfer function in 

Monopod between u- and x-axis is nonlinear, as shown in Figure 4-6. In this model, the set 

position value and the actual position value of active platform and the analytically calculated 

value for the TCP are used.  

 
Figure 4-6: Nonlinearity between driver and TCP in Monopod 
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From the geometric model of Monopod shown in Figure 4-4, we obtain: 

U = u0+ 
u+uc                                                                                                                       (4-5) 

X = x0+ 
x+xc                                                                                                                                                                                    (4-6) 

and using vector loop approach, the position equation is obtained as follows: 

U2 – 2 � U � X � cos (90� + 	 ) + X 2 – (L + 
L) 2  = 0                                                           (4-7)                        

or 

U2 + 2 � U � X � sin 	  + X 2 – (L + 
L) 2  = 0                                                                        (4-8)  

Inverse kinematics: 

U= - X � sin	+ 2222 )(sin LLXX 
	 ����                                                                        (4-9) 

Forward kinematics: 

X = - U � sin 	 + 2222 )(sin LLUU 
	 ���� (4-10)  

Equation for velocity of active platform and TCP are: 
�

U = 
)sin22(
)sin22(

	
	

����
�����

XU
UX �

X                                                                                              (4-11)       

�

X = 
)sin22(
)sin22(

	
	

����
�����

UX
XU �

U                                                                                              (4-12) 

A translation factor between velocities of active platform and TCP, the so called gear ratio 

(G.R), is defined by: 

G.R = �

�

X

U = 
)sin22(
)sin22(

	
	

����
�����

XU
UX                                                                                      (4-13) 

This formula shows that the gear ratio is a function of position of active platform and TCP in 

workspace. This relationship clearly indicates that the dynamic characteristic cannot be the 

same in machine coordinates and Cartesian coordinates. 

 

Inverse transformation of tracking error 

In detail the relationships shown in Figure 4-7, whereby the movable base point lies in the u-

direction and the end of the strut lies together with the TCP in the x-axis. 

The dominant nonlinear position transmission between the drive motion in the u-direction and 

the motion of the TCP in the x-direction is very obvious: 

�x1_left =�x1_right =�x2_left =�x2_right   

 but 

�u1_left � �u1_right  and �u1_left / �u1_right� �u2_left / �u2_right 
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This transmission  ratio also describes the velocity and acceleration transmission in the u- 

direction. Given large value of x, the velocity transmission ratio between x and u greatly 

increases and can be calculated by formula 4-13. 

u

�u1_left

�x1_left �x1_right

x

�u1_right

�u2_left

�u2_right

x1

x2

�x2_left �x2_right

u1

u2

 
Figure 4-7: Geometric transform in Monopod workspace 

 

When a feed rate v =10,000 mm/min and a velocity gain KV=3 1000/min is considered, according 

to the formula  �xestimate= vsetpoint / KV,  a tracking error of �x=3.333 mm is obtained. 

For the Monopod setup, a constant deviation �x is transformed by inverse kinematics to joint 

space, Figure 4-8. The magnitudes of the resulting deviations �u depend on the position. 

According the Figure, the deviations depend not only on absolute position but also on the 

relative position. In Figure 4-8, the quotients �ui_rel = �ui_left / �ui_right and �xi_rel = �xi_left / 

�xi_right = 1 are estimated with �x = 3.333 mm as a function of TCP position. The graph 

indicates, that the relative tracking error in active platform cannot be linearized and is a 

nonlinear function of TCP-position. Although TCP with constant velocity in work coordinates 

behaves isotropic, the tracking error behavior  in active platform is unisotropic. 
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Figure 4-8: Nonlinear transform of virtual tracking errors in work coordinates 

4.2.4 Controller gain settings 

The most important position control system parameters influencing the tool path behavior are 

the velocity gain and a time constant.  When the velocity gain is too high, an overshoot from 

desired path occurs. With low values, rise time to the desired path is long; it is, therefore, 

necessary to select optimal values of these parameters with consideration of stability. 

In conventional closed loop control systems, the nonlinear transform controller settings must 

be adjusted to the most critical positions. Here, two areas of Monopod are studied, station-1 

with minimum TCP-position and station-2 with more horizontal strut, Figure 4-9-a. In the 

Monopod, the most critical position is the region of minimum TCP-position according to 

station-1 in Figure 4-9-b. 

�xrel 

�urel 

- 



 37

x

1

2

u

 

 
 

 
 

Figure 4-9: Response of TCP in different position of TCP and KV 

(solid line: setpoint velocity;  dashed line: response with KV = 5 1000/min ; dotted     

  line: response with KV = 3  1000/min) 
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For a more horizontal strut position (station-2 in Figure 4-9-c), a higher gain is possible in the 

controller concerning stability in the TCP. The critical position of the Monopod is the region 

of minimum �.  

It implies that the setting KV in machine controller cannot be constant and should be online re-

adjusted over position. That means adaptable KV could equalize the error and to keep it equal 

in the Cartesian space, KV must be adapted in process in the drives. 

In station-1, small deviations in u are transformed to large deviations in x and tiny vibrations 

in the drive cause unacceptable vibrations in the TCP. 

Figure 4-10 shows the maximum available setting KV in conventional and adaptive control 

system. In conventional control system setting the value of KV is based on critical area (xs) 

and during motion is constant but according to Figure 4-10, the maximum available setting 

KV in control system depends on TCP-position considering stability.  

 
 

Figure 4-10: KV-maximum over position of TCP

 

In the setup the difference between KV in critical area (xs) and that one in the position xe is 

about two times. The difference is considerable and affects the performance of the system 

significantly. Setting the value in different areas reduces the tracking error. Although this 

method improves the system, there are drawbacks. This algorithm is a non continuous method 
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and not satisfying, because there are non optimal areas. The best solution is adaptive control 

that varies velocity gain continuously.  

4.3 Simulation model

In simulation phase, two models are investigated. First model is based on a simple estimated 

correlation between the setpoint velocity and the position control deviation 

�x . KV = vsetpoint                 with           �x = xsetpoint – xactual                                                (4-14) 

 In case of stable controller conditions and for a straight line motion with constant velocity, 

the position deviation, called  the tracking error, can be estimated by  

�xestimate= vsetpoint / KV                                                                                                          (4-15) 

giving a simple but rough method for axes interpolation. These constraints are also taken into 

account  and compared with experiment and simulated model for the study later on. 

The second model to study the dynamic effects of servo drive is illustrated in Figure 4-11. It 

contains the inverse and forward kinematics and a cascade controller that is modeled in 

Matlab/Simulink with several distinct control loops using  position and velocity feedback.  

 

 
        
 

 

 

Figure 4-11: Schematic of simulation model 

The simulation values are achieved by numerical calcuations of setpoint path, the Monopod 

specification and setting parameters in servo controller. 

Mechanical parts are modeled as rigid bodies without friction and backlash. Servo tracking 

controller involves servo controller model of active axis. CNC program in TCP inverted to 

trace in active platform usetpoint as setpoint path and the activated actual path uactual is translated  

to actual path in the Cartesian coordinate xactual. 

4.4 Results 

Kinematic characteristics relate the magnitude of the joint space displacement vector to that of 

the workspace. Variations in these mechanical characteristics will produce variable 

performance across the workspace. 

IK  controller model FK  
xsetpoint usetpoint uactual xactual 

Eq. (4-9) Eq. (4-10) 
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In experimental setup, trace of TCP is input and transformed to position of active platform 

inversely. Motion with the trajectory of drive is controlled and the actual position of both axes 

are measured by the direct measurement systems.  

The response of linear position control loops can be determined mathematically. In position 

control loops with nonlinearities, as they exist in practical system applications, this is 

complex. In order to obtain the main parameters acting on the system, the transformation is 

shown in rate of actual velocity gain by position, velocity and tracking error variation. 

To investigate the  transformation of velocity gain, the relative actual velocity gain, defined as 

actual KV in TCP to actual KV in active platform, is studied.  

KV - rel = KV -TCP  / KV - active platform                                                                                                                                     (4-16) 

With substitution of (4-11), (4-12) and (4-15) into (4-16) and consideration of geometry of 

test bench, KV - rel is defined as: 

KV – rel  =  
��
�

 !
" ���������

����

222222 )()(

)(

sss

s

uLuuLuuL

uuu
                                            (4-17-a) 

assuming 	 equals 0. Taking 	 into account, we get:  

KV – rel  =

��
�
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" �����������

��
�
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" ���������

				

			

222222222
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cos.cos.)(sin.cos.)(
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sss

ss

uLuuLuuuL

uuLuuu
                            (4-17-b)                        

The resulting data can be calculated according to the setpoint data and values measured by the 

two linear encoders. Relevant results are condensed in Figure 4-12 with the relative velocity 

gain KV - rel. 

According to [KUH04], the drives in PKM are usually accelerating and a constant feed rate is 

unlikely in joint space. As in closed loop position control in consequence  KV cannot be 

considered constant in workspace coordinates. 

 

4.4.1 Effect of position 

As shown in Figure 4-12, KV - rel is not constant and this means the KV - rel depends on 

workspace position. The KV - rel � 1 that means this factor in active platform and transformed 

value in TCP are not the same behavior [KUH08].  

4.4.2 Effect of velocity

In the following, tests are carried out with different velocities in TCP. Constant velocity in 

TCP requires a permanent change of velocity in the active platform. An increase of constant 



 41

velocity in TCP causes high velocity in active platform. As velocity and tracking error are 

correlated together, higher velocity results in higher tracking error. 

 

 
 

 

Figure 4-12: Reversal effect of virtual velocity gain  

 

Measured and simulated data show good agreement. Although the estimated model is a rough 

method in high precision system, in one axis motion the results are close to experimental 

results. The velocity gain rate is a function of position and feed rate, and is not equal to one. 

The critical parameter is the strut angle � , that means the virtual velocity gain is a function of 

the strut inclination and with a more horizontal strut, the factor is more modified. 

 

4.4.3  Effect of direction 

According to test results shown in Figure 4-12, the KV - rel is different in forward and 

backward direction. The KV - rel in backward movement is obtained by taking the mirror image 

of the forward direction to the unit horizontal line. 

This reversal effect is determined by the transform of the Monopod kinematics. Due to the 

nonlinear transformation in position and velocity for a movement in positive x-direction with 

constant velocity, the active platform must permanently accelerate and the actual drive 

velocity is lower than the demanded in the corresponding TCP position. 
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This becomes obvious when the demanded and actual velocities are plotted against the TCP 

position, Figure 4-13. 

Although the demanded velocity in negative and positive direction in the path are equal, the 

actual velocity in negative direction, in contrast to positive direction, is higher than the 

demanded velocity. When the following error in the active platform during acceleration is 

negative, during deceleration it is positive and its absolute value is higher. In consequence, 

the transformed following error of the TCP in positive x-direction is higher than the other 

direction. 

The results show the effect of direction dependent amplification and attenuation of the 

velocity gain. 

          
 

Figure 4-13: Direction bounded acceleration and deceleration, feed rateTCP =300 mm/sec 

4.4.4  Effect of velocity feed forward control 

The virtual velocity gain caused by the position control without and with feed forward control 

is shown in Figure 4-14.  

It becomes clear that, in the system, feed forward control reduces the tracking error, but the 

virtual velocity gain still varies nonlinearly. As balancing filter in feed forward control, the 

tracking error cannot be completely compensated. 

According to test results, linear feed forward is not sufficient for high precision and high 

speed motion with PKM. In the study, velocity feed forward control improves dynamic 

conditioning about 50 percent, but still the relative KV varies significantly.
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Figure 4-14: Feed forward control effect of virtual velocity gain at feed rateTCP = 600 mm/sec 

                    (  * : without feed forward control, ** : with velocity feed forward control )            
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5   Effect of Transformed Controller Gain in 2-DOF PKM 

5.1 Introduction

The effects of the forward transformation on the tracking errors in parallel kinematic 

machines are addressed with a simple 1-DOF setup in the previous chapter. Here, the effect 

on trace accuracy is discussed by contour error in a newly developed test method and radial 

deviation in circular tests performed by a 2-DOF mechanism. 

This chapter presents the contour error algorithms for linear contours and circular trajectories, 

which calculate the contour errors accurately.

5.2 Design of 2-DOF PKM 

The design of the 2-DOF PKM, also known as Bipod, is shown in Figure 5-1. The structure of 

the Bipod consists of a base plate as reference and two active platforms. The tool center point 

is connected to the active platforms via struts. Each leg links the active platform and moving 

plate with revolute joints. The length of struts are constant and active platforms are powered 

by servo motors in y-direction. The TCP can move in x-y plane when the sliders move in y-

direction.

   
                           

 

 

 

 

                                                                            
                                                                                   
                                                                                                                                  

Figure 5-1: Principle of  Bipod 

5.2.1 Inverse and forward kinematics of Bipod 

The kinematic analysis is the essential step for implementing an algorithm to control a 

manipulator.  

Referring to Figure 5-2, a base coordinate system with distance B1 and B2 is placed at base 

plate. Similarly, the TCP with vector P is located at the center of the moving platform. 
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Figure 5-2: Vector loop of Bipod 

 

The coordinates of ui denote the active platforms displacement and Li is refered to length of 

struts. In general, inverse and forward kinematics are carried out with the vector loop 

approach. 

 0���� iii BuLP                                        i :  1, 2                                                          (5-1)                           
222

iiyix LLL ��                                                                                                                     (5-2)                          

As active sliders are actuated only in y-direction, vector ui has only y-components and as base 

plate is horizontal, vector Bi has only x-components, respectively. Here, for system 

simplification take B1=B2=b. With the use of equations (5-1), (5-2), simplified assumption 

and inverse kinematics relationship, ui relates to 

22
11 )( xy PbLPu ����                                                                                                    (5-3)                           

 

22
22 )( xy PbLPu ����                                                                                                   (5-4)                          

where Px and Py are x and y components of TCP-position. 

The forward kinematics gives the pose of end effector of the parallel mechanism when given 

all leg lengths of manipulator. The x and y components of pose of TCP relates to  

b
nPm

P y
x �
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                                                                                                                     (5-5)                          
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                                                                                                       (5-6)                           

the parameters m, n, q, r and s can be find 
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The transmission between the joint space and the platform of a mechanism is described by a 

set of nonlinear algebraic equations. The Jacobian matrix J, which maps the machine axes 

velocities to the velocities at the TCP can be derived  from this equation.  
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5.2.2  Position and tracking error transformation

The relevant factors that influence the contour error are the nonlinear behaviour of the 

controller and the controlled system [PRI99-2].  

Let sU and aU  be the setpoint and actual position vector of the drive on the machine 

coordinate, and sX  and aX  be the setpoint and actual position vector on the platform on the 

Cartesian coordinate, Figure 5-3. U�  and X�  be the tracking error vector in the machine 

coordinates and Cartesian coordinates respectively. The tracking error vector is the difference 

between the demanded position and actual position value. 

as UUU ��� ,       as XXX ���                                                                                                 (5-9) 

The X  vector can be obtained by forward kinematic (FK) transformation matrix of the U  

vector. Then the tracking error vector on the platform is defined as 

)()( asas UFKUFKXXX �����                                                                                             (5-10) 
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Figure 5-3: Axes coordinates in Bipod  

In the Bipod, the ratio between the drive velocity and Cartesian velocity is not constant. For 

high speed machining applications, this is an important factor for machine design 

considerations.  

The ratio of drive velocity and Cartesian velocity can be calculated from the Jacobian matrix 

that relates to the machine coordinates and Cartesian coordinates. 
��

�� UJX                                                                                                                              (5-11)                        

In the above equation, 
�

X denotes the velocity vector in platform, 
�

U  represents the velocity 

vector in machine coordinate, J denotes the Jacobian matrix  

U
UfJ i

#
#

�
)(            that )(UfX ii �   ,    i = 1, 2                                                                     (5-12)                        

Usually, it is difficult to find the analytical function of Cartesian space in TCP over machine 

coordinate. Therefore, we can use the inverse kinematic function and calculate J-1. Ji is ith row 

of the Jacobian. The component of velocity in the TCP can be obtained as 

��

�� UJx 1 ,  
��

�� UJy 2                                                                                                         (5-13) 

In position control loop in servo control system, the machine velocity vector and the tracking 

error vector are related by 

UKU V ���
�

                                                                                                                         (5-14)                         

KV denotes the actual velocity gain matrix in servo controller. 
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5.3  Simulation model

The Bipod structure with constant length of struts was modeled to verify the contour error 

algorithm. In the models, rigid bodies are used for the mechanical parts and for the servo 

drives a cascade controller is applied. The mechanical model is reduced to the kinematics 

neglecting the effects of inertia, flexibility, friction and backlash. The motion model of multi 

axis PKM illustrated in Figure 5-4 contains the inverse kinematics, servo controllers and 

forward kinematics. In the model, the controller behaviour is significantly studied. 

 
      

  

                                                                                                                                           

Figure 5-4: Schematic of motion model in Bipod 

 

5.3.1 Star test  

In the experimental investigations, the so-called star tests are also performed to understand the 

effect of transformed tracking errors in workspace. Here the emphasis is placed on linear  

trajectories  with  different  orientations in the x-y plane. 

Contour error model for a linear trajectory 

The setpoint linear trajectory in x-y plane is shown in Figure 5-5. The contour error is the 

distance of the actual point to the trajectory along the normal line direction. 

            

 

 

     

                                                                                   
                  
 
  

 

Figure 5-5: Linear trajectory and contour error vector [YEH02] 
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The contour error is the shortest distance between the generated contour and the programmed 

contour. Point pa is the real cutting point away from the setpoint trajectory line, ps is the 

setpoint in the same time. p'
s is the point on the setpoint contour that is close to pa. X�  is the 

path  tracking error vector in Cartesian coordinates as [YEH02, ZHO02] 

as opopX ���                                                                                                                    (5-15) 

b is the projection vector of X�  on the programmed trajectory and �  is the incline angle of 

the X�  and the programmed trajectory. sv  represents the setpoint velocity vector. 
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The contour error is the distance from pa to the setpoint trajectory line which is denoted as 

pap'
s and pap'

s is perpendicular to the setpoint trajectory line. 

Finally, the contour error in linear trajectory is 

s
ss

sXXbXce v
vv
v .

.
.�

������                                                                                           (5-19) 

From $ %&&
� icecece yx , the value of contour error can be easily obtained by the equation  
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Substitute transformation formula (5-10) and (5-11) into (5-19) to obtain 
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The u�  is obtained from the joint space tracking error vector that is simulated in control loop 

over time and calculated in Matlab/Simulink software. 

Star tests at two different velocities  of the TCP in center of Bipod are modelled. Figure 5-6 

indicates the simulated results of star test. � obtains orientation of constant velocity linear 

path. The contour error in �  = 90� is cancelled where orientations of struts are stated equal 

and constant during the straight line motion.  

 
 

Figure 5-6: Simulated contour error in a planar star test 
 

5.3.2 The proposed contour error model for a circular trajectory

 

As the contour error is the shortest distance between the generated contour and the 

programmed contour, the radial deviation is the difference between the produced radius and 

the programmed radius in circular trajectory. Figure 5-7 depicts the radius error model. Let pa 

be the actual position with Ra, ps be the setpoint position with Rs and � in the same time and 

p'
s be the position on the setpoint contour that is close to pa,C(x0, y0) be the center point of the 

circle. R is the radius of the nearest position on programmed contour to actual position and is 

in every point equal to Rs. Then radius deviation is defined as [KUH07-1]. 
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pax, pay, Rsx and Rsy are the x and y components of pa and Rs respectively. v is the setpoint 

contour velocity vector and v is the tangent on the programmed contour in ps.The vx and vy 

are the x and y components of v and � is the incline angle of the contour velocity vector. 
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Figure 5-7: Contour error model for a circular trajectory 
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Which is not the same as the path tracking error ( p�  = 22 yx ��� ), and shows that the radial 

deviation in PKM is dependant on the angular position �. 

Substitute (5-10) into (5-25) to obtain  

�
�
�

�

�

 
 
 

!

" ���
��

���
���� 22 }

)()(
{sin})()({cos1

s

sysy

s

sxsx
s R

UUFKUFK
R

UUFKUFKRR ��
                        (5-26) 

� p  
     
   pa 

           R 
Ra 

ps 

vx 

C
p'

spa 

�x 

p'
s

C Ra�
� 

pay 
yo 

instantaneous tangent 

o                        xo           pax                      x 

v � 

vy 

ps 
�y 



 52

U�  is simulated in control loop over time and calculated in Matlab/Simulink software. 

Finally substitute (5-13), (5-14) and (5-24) into (5-26), yields the radius deviation as a 

function of the programmed radius, velocity gain and U� : 
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Calculation of the proposed radial error algorithm in Bipod 

A 2-pod PKM structure with constant length of struts was modeled to verify the radial error 

algorithm. According to the Figure 5-4, the motion model of Bipod contains the inverse 

kinematics, servo controller of two active sliders and forward kinematics.  

Figure 5-8-a shows schematically the 2-pod model. In the model, u1 and u2 are the active 

sliders, L is the length of each leg. 

In the simulation, test parameters are b equal 200 mm, length of struts  equal 600 mm, 

setpoint radius equal 100 mm and feed rate of TCP equal 3000 mm/min. 

The contour error is calculated using the equation (5-26) and shown in Figure 5-8-b. 

According to Figure 5-8-b, the radial error during the circle trace is a function of angular 

position, and significantly observed  the reversal points of machine axes, where the individual 

axes change the direction of their velocity. Maximum and minimum error significantly are 

related to �, where angle of struts are equal (�1=�2), the extremum appears at position B. 

Figure 5-8-d shows the relationship between the contour error and the velocity in slider u1 and 

u2. An extremum occurs in the contour error, when the axes velocities are near to zero and the 

velocity changes are highest at position A. 
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Figure 5-8: a) Principle of Bipod     b) Radial error profile   c) Contour error profile and �  

                  d) Contour error profile, velocity of active sliders and � 
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6   Effect of Transformed Controller Gain in a 3-DOF PKM 

6.1  Introduction

In contrast to the serial kinematic machines (SKM), in PKM the gear ratio changes in the 

workspace. In this chapter, the effect on trace accuracy is discussed by contour error in star 

tests and radial deviations in circular trajectories performed by a Tripod mechanism. 

6.2 Tripod configuration 

The studies were carried out on a Tripod substructure of an experimental Hybrid Kinematic 

Milling Machine with two redundant DOF. A conventional cross table carries the workpiece 

in a horizontal plane (x-y) and the tool is moved with a Tripod in the plane (x-y) and 

additionally in vertical direction (z) [SCH08]. Figure 6-1 shows the Hybrid Kinematic 

Machine Tool. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 6-1: Hybrid Kinematic Machine Tool 
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6.2.1 Structural design 

A 3-DOF Tripod is constituted of a moving platform (end effector platform) linked to the 

base platform. The end effector of the PKM holds the spindle. The spindle drives the cutting 

tool.  

Figure 6-2-a shows the three dimensional CAD model of the Tripod. The base plate (main 

frame) is formed with hexagonal profiles, at which the 3 vertical transmission  ball screws are 

installed. 

 

                                                                                     
 

                      

                a: CAD-Model [KUH07-1]                          b: Kinematic architecture  

Figure 6-2: Model of the Tripod  

 

The kinematic architecture can be illustrated by a simple scheme, as shown in Figure 6-2-b, 

where joints are depicted by rectangles (P and U indicate prismatic joints and universal joints, 

respectively) and links between those joints are represented by lines.  

Each strut uses a pair of rods linking a prismatic joint to the moving platform through 2 pairs 

of universal joints. The movement of the moving platform is generated by the slide of 3 

actuators along vertical guideways. 

In the Tripod mechanism, all motors move in vertical direction, Figure 6-3. The links to the 

spindle platform are realized with adjacent struts (L) that are connected with universal joints 

to the carriers (Rb) and the platform (Rp). With this design three linear DOF (x, y, z) are 

granted at the TCP. Rp is defined as the distance between the center of the platform and the 

center of its universal joints. Rb is the distance between the center of the workspace and the 

center of the base joints in x-y plane. The nominal geometrical values of the Tripod are listed 

in Table 6-1. 
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Figure 6-3: Components of the Tripod 
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Table 6-1: Geometrical values of Tripod 

 
radius of base plate, Rb 513   mm 
radius of platform, Rp 150   mm 
length of struts, L 600   mm 
pitch of ball screw, p 10     mm 

 

 

6.2.2 Measurement system 

A typical ball screw drive system consists of current amplifier, servo motor and ball screw 

coupling mechanism, Figure 6-4. 

 

 

 

 

 

 

 

 

 

 

 

Figure 6-4: Feed drive mechanism with a ball screw in the Tripod 

 

The actual position of each axis of the Tripod is monitored by a non contact linear encoder. A 

linear encoder with 20 micrometer resolution was selected. The tape scale stationary encoder 

body was mounted on the fixed main frame, and the moving read head was attached to the 

base point-plate, Figure 6-5.  
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Figure 6-5: Position measuring device  in the Tripod 

 

6.2.3 Controller design

The architecture of the Tripod is illustrated in Figure 6-6. The CNC system accepts reference 

tool path, generated in the form of a standard part program, in CNC format. Each block in the 

program contains CNC block numbers, tool paths in the form of linear, circular and tool 

center coordinates, and feed rate for machining a particular part on a CNC machine tool. The 

trajectory generation algorithm runs for each tool path segment, which creates a 3-D trace 

series of setpoint positions [SCH08]. 
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The interpolator module is one of the core components in trajectory generation. Therefore, a 

good and reliable interpolator design is vital to the overall system performance. The 

interpolator controls the coordinates of the machine axes motion and generates discrete 

displacement commands for each axis, at every control interval. The main function of the 

interpolator  is to generate coordinated movement of the seperately driven axes of motion, to 

achieve  the setpoint path of the tool. The position error of each axis is evaluated in the 

feedback. 

6.3  Kinematic model 

The kinematic model consists of mathematical equations and describes the transformation 

from the machine coordinates to the Cartesian coordinates and vice versa.  

In the following sections, the derivation of the transformation equations is expounded. The 

kinematic analysis is based on the closed loop vector analysis. Tripod kinematic is analysed 

and the transformation equations are calculated in [BLE03]. 

6.3.1  Inverse transformation

These vectors for the first drive axes are represented in Figure 6-7.  The arrow in the middle 

of the illustration indicates the direction  in which the vectors were added.   

Since the approach must be satisfied for each strut, the index i (1, 2 and 3) indicates each leg 

of the Tripod. 

There are 3 base points in the base plate obtained by 
&

iB (i =1, 2, 3).  The base points are 

stated in x-y plane. The value of these vectors is the base plate radius, Table 6-1.  The three 

vectors of machine axes position 
&

iE are directed vertical in z-direction. They represent the 

three ball screw shafts and the value of these vectors correspond to the machine coordinates. 

The struts are determined by the vectors 
&

iL , the value of these vectors is the length of struts. 

Vector 
&

iA obtains points on the movable platform and the value of these vectors is the radius 

of platform. 

Allow tool vector, 
&

W and the vector model is completed with the position vector 
&

P , that 

describes the position of TCP in Cartesian coordinates. 

0������ PWALEB iiii                                                                                                (6-1) 
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Figure 6-7: The first drive axes vector in y-z plane 

 
The individual vectors are expressed in components to get equation system (6-2). As the ball 

screws are perpendicular to the x-y plane, the vector 
&

iE consists of only one non zero 

component in z-direction.  Furthermore, the base point vectors of the drive axes 
&

iB are in x-y 

plane and, therefore,  these z components  are zero. 

00 ������ xxixixix PWALB  

00 ������ yyiyiyiy PWALB                                                                                              (6-2) 

00 ������ zziziziz PWALE  

However, the components of the vectors of Li are unknown, so they can be expressed in the 

following equation for Li and their components. 

iziyixii LLLlL 222 ����                                                                                                   (6-3) 

Substituting Lix, Liy and Liz from equation (6-2) into equation (6-3) gives the following 

relationship between motor displacements and workspace  coordinates: 

' ( ' (222
yiyyiyxixxixizzizizi WBPAWBPAlWPAEE �������������                     (6-4) 

The ±  signs of the root testifies that there are two solutions for Ei. In practice, only the 

solution with the positive root can be hit with the drives.   

6.3.2  Forward transformation  

The crucial problem of the forward kinematics is the calculation of the moving platform from 

given strut lenghts. This leads to a system of three nonlinear equations with three variables. 

For this kind of the transformation, there are two fundamental methods; one is the analytical 

solution with direct calculation of the relationship, and the other calculates the coordinates of 

the TCP by an iterative procedure.  
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The analytical solution is considerably more extensive in its derivation than the algorithm that 

is required for the procedure. The following are the equations of the analytical forward 

transformation: 
jizx ���                                                                                                                               (6-5) 

lkzy ���                                                                                                                               (6-6) 
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ixc = ixix AB �                                                                                                      (6-12) 

iyc = iyiy AB �                                                                                                     (6-13)                     

izc = izizi ABE ��                                                                                                (6-14) 

With these equations, the x, y and z coordinates of the TCP  in the workspace of the machine 

are calculated. The machine coordinates, besides the numerous geometry parameters, are the 

input parameters for these equations. 

The approximation procedures is the standard procedure for the solution of multi dimensional 

nonlinear equation systems. The Jacobi Matrix is required for it, which is obtained by the 

partial differential equation. The iteration rule of the method is to calculate the value for the 

next iteration step: 

)()(1
1 ssss PfPJPP ��� �

�                                                                                       (6-15) 
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In this formula, J-1 (Ps) is the Inverse of the Jacobi matrix.  The Jacobi matrix contains the 

partial equation of the polynomial form of the transformation equation for the inverse 

transformation, which is given in equation 6-4.  Ps marks the current point and the point of the 

next iteration step is Ps+1.  The Jacobi matrix is fully written out as follows: 
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6.4  Experimental  tests

In order to study the response of position controlled feed drives, the contour error must be 

measured. In addition to the characteristics of transfer elements, their steady state and 

dynamic response is responsible for the accuracy performance of the machine.

 

6.4.1 Star test  

The experimental measurement of star contours consists of two items: orientations and 

straight line motions with which servo dynamic effects in varying orientations are measured.  

 

6.4.1.1 Measurement device

A schematic of the linear measurement instrument in x-y plane is shown in Figure 6-8. This 

instrument consists of a straightedge, a displacement sensor adapted to the end effector, 

display and PC. The contour error can be measured by positioning a rotary table carrying the 

straightedge at different angles.  

The measuring sensor is one of the main sensitive component of the measuring system. It is a 

precision transducer (Millimar Inductive Probe 1318 Mahr-LVDT) whose displacement can 

be measured over a travel of approximately ± 1 mm around its nominal state. The digital 

reading can be set to 0.1 )m resolution.  

The transducer provides electrical signals and then transforms the analog signal to the digital 

form over time. The results are converted electronically into a form which can be read by 
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computer software. This allows minute changes in the transducer's nominal state to be 

measured and analysed. 

 

 
Figure 6-8: Details of star measuring system 

 

The sensor interface contains an electronic card, which tracks the transducer changes and then 

transfers data readings to the computer. 

The software samples the data readings from the sensor interface with a maximum of 100 

readings per second.  

The measuring sensor touches the straightedge, which is fixed, and the sensor moves with the 

TCP, Figure 6-9. 

As the straightedge is a linear reference  for straight line trajectory  in different orientations, 

the path is referred to the setpoint contour. 
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Figure 6-9: Measuring sensor and straightedge

 

Adaptor-1 is designed as a holder of measuring sensor and fixed to the platform. With the 

rotary table mounted on the machine table, the holder of straightedge is centered around the 

axis of the rotary table, which in turn is centered around the cutting tool's axis or TCP. The 

rotary table and TCP are aligned the axes of rotation. Figure 6-10 shows the schematic of 

alignment setting. 
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Figure 6-10:  Rotary table and TCP settings 

 

This setting consists of a support and measuring indicator. The alignment can be achieved 

using trial and error approach.  

This allows concentric measuring operations during the star test and then obtains dynamic 

measuring contour error with the alignment of the rotational axes in different orientations. 

6.4.1.2  Measuring strategy

Dynamic deviation, known as contour error, is measured by the above described principle. 

Dynamic measurements, especially at high traverse speeds, provide information on 

contouring behavior that permits conclusions on the conditions of the control loop.  

As the straightedge is the trajectory reference, the measurement is completed with 

consideration of geometry and assembly errors. Static measurements are deviations of the 

straightedge reference and static position errors in TCP and due to assembly, permitting 

conclusions exclusively on the geometric accuracy of the trajectory.  

The difference between indicator value in high and slow speed motion indicates how much 

the generated contour value lags behind the setpoint value. 

To evaluate the measured data effectively, the setpoint path is divided into four intervals, 

from start to stop point, which are termed as intervals a, b, c and d, respectively, as indicated 

in Figure 6-11. In the Figure, x and y are measuring coordinates and x denotes direction of 

TCP motion. 

The main part intervals on machine response is b and only in this part the sensor can measure 

the deviations. The path length is 200 mm from –100 mm to +100 mm. In each measurement, 

servo tracking error is calculated by comparing the dynamic and static deviations. 
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Figure 6-11: Setpoint trajectory, top view 

 

The measuring method is illustrated in Figure 6-12, that contains static and dynamic errors. 

The static error occurs at a low feed rate of operation.  

 
    

  

                                                                                                                                           

 

 

 
      

  

                                                                                                                                           

 

Figure 6-12: Measuring strategy of contour error in straightline path of the Tripod 

 

The deviation over time is measured and TCP-position over time is measured by external 

laser interferometer device. Within the measuring results and resampling, the deviation over 

TCP-position is obtained.  
Figure 6-13 shows the difference between dynamic and static measurement over TCP-

position that means actual contour error originated from servo tracking error in orientation 

�=0� of  TCP at feed rate 9000 mm/min. 
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Figure 6-13: Servo contour error at feed rateTCP=9000 mm/min 

 

In the measurement results at start and stop, there are effects of acceleration, decceleration 

and vibration. After neglecting the start and stop area, contour error is mean value of 

remaining data.  

Straight lines in the workspace are traced with varying orientations, where pivot points 

positioned in the center of TCP, Figure 6-14. When this test is performed with a SKM the 

setpoint trace is perfectly fitted as the velocity gains are equal in the interpolating axes x and 

y. With the Tripod, this behavior can only be observed when the straight line motion is 

performed in the directions where the drive axes are positioned (45�, 165� and 285�). In all 

other directions, the distance between the setpoint and the TCP is almost constant indicating 

different KV values in x- and y-direction, Figure 6-14. Although velocity gains are constant in 

the drive controllers, they are transformed by the machine kinematics resulting in nonconstant 

values in the Cartesian space. 

Furthermore, in perpendicular axes with different KV values, the deviations straight line 

motion occur on both sides of the path depending on the travel direction. In contrast, there is 

no hysteresis in the Tripod motion when the direction of motion is inverted. The hysteresis is 

converted to a one sided deviation by the reversal gain transform effect described above. 

As shown in the measured results, the deviations in -15� to 45� appear right sided and in 45� 

to 105� appear  left sided, Figure 6-14. 
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Figure 6-14: Zoom of top view on simulated and measured actual traces in a planar star test 
 

The results at TCP feed rates of 6000 mm/min  and 9000 mm/min are compared in figure 6-15.  

This represents mean values and standard deviations of contour error in a planar star test from 

five measurement data. As there is vibration in 15� and 90� at 9000 mm/min  feed rate, it is not 

possible to measure the error. The results clearly show that the deviations are a function of 

orientation and feed rate [KUH08-1]. 

 

 
Figure 6-15: Measured contour error in a planar star test
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In the following star tests with different pivot points are compared, Figure 6-16. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6-16: Different  center points in workspace 

 

Figure 6-17 and 6-18 show the measured results of star tests with different pivot points at feed 

rates of TCP of 6000 mm/min and 9000 mm/min respectively. 

 

 
Figure 6-17: Measured contour error at feed rateTCP=6000 mm/min 
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Figure 6-18: Measured contour error at feed rateTCP=9000 mm/min

6.4.2 Circular test 

Measurements were carried out tracking a 100 mm circular radius centered on the machine at 

a feed rate of 3000 mm/min, in both clockwise and counter clockwise directions.  The circularity 

error plot resulting from the experiment, as shown in Figure 6-19, indicates that the shape of 

the plot exhibits 3 prominent buckles with opposite direction to the drive axis locations at 

105°, 225° and 345°. 

 

 
Figure 6-19: Measuring radial error  
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When a circular shape is commanded, the radius of the actual path becomes smaller than the 

commanded one because of a delay in the servo response of each axis. As in SKM, radial 

deviation is defined as the difference between the programmed radius and actual radius. A 

smaller radial reduction represents a higher tracking ability. 

6.5   Simulation model 

The motion of each axis is generated by the inverse transform of workspace coordinates. 

Actual trajectory is obtained from forward transformation of actual position of the drive. 

Here, the simulated results of linear trajectory in different orientations (star test) and circular 

trajectory are presented.   

6.5.1 Star test 

Simulation of the star test, centered with respect to the Tripod, is performed for a given two 

axis linear trajectory in x-y plane, with a length of  � 100 mm along workspace of the 

machine, and with varying orientations and feed rates. 

 

 
 

Figure 6-20: Simulated contour error in a planar star test 

 

Contour error is calculated by formula (5-20) and (5-21) and results are presented in Figure 6-

20. Simulated contour erorr of star tests, virtually performed with a Tripod with constant 

velocity gain in the drive controllers as parameter are faced to measured ones. 
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In the following, star tests with different pivot points are compared. Figure 6-21 and 6-22 

show the simulated results at feed rates of TCP of 6000 mm/min and 9000 mm/min, respectively. 

 

 
 

Figure 6-21: Simulated contour error feed rateTCP=6000 mm/min 

 

 
 

Figure 6-22: Simulated contour error feed rateTCP=9000 mm/min
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The results illustrate that the contour error in star test with pivot point o at 45� is zero, but it 

occurs for pivot point s1 at the orientation 52� and for pivot point s4 at the orientation 38�.

6.5.2 Circular contour 

Simulation is carried out for a circle with a radius of 100 mm, centered with respect to the 

Tripod, at a feed rate of 3000 mm/min. 

The radial deviation is calculated with Equation (5-26) using a geometric approach, Figure 6-

23.

Figure 6-23: Simulated radial deviation in Tripod 

 

In SKM, the performed radius is always smaller than the nominal radius but constant with 

constant feed rate along the whole circular path. In contrast, in Tripod, the actual radius is 

smaller than the nominal radius but not constant. During the circle trace the radial error is a 

function of angular position.  


R shows three prominent extrema, Figure 6-23. This deviation occurs in opposite direction 

to each machine axis at 105°, 225° and 345° of circle path. Figure 6-24 shows the view A-A 

from Figure 6-23, indicating positioning of strut u in extremum radial deviation  of circle 

contour. 

When the strut changs direction (Figure 6-24-b) in these positions, the velocity of the strut is 

zero (Figure 6-24-c). On the other hand, when the constant length strut is most horizontal (�2 

> �1), (Figure 6-24-d), the generated radius at this point is shortest and the resulting radius 

error is highest.  
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a) view A-A

b) position of u-axis                                 c) velocity of u-axis 

 
                                                d) angle of  strut jointed in u-axis 

Figure 6-24: Status of u-axis  in circular trajectory in Tripod 
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The effect of � in each strut on contour error is indicated in Figure 6-25. Maximum and 

minimum radial deviation are significantly related to � on each machine axis. 

 

 
Figure 6-25: Relationship between contour error and angle struts 

 

Figure 6-26 shows the relationship between contour error and velocity in joint space. An 

extremum occurs in the contour error when the axes velocities are near to zero and the 

velocity changes are highest.  

 

   
Figure 6-26: Relationship between contour error and velocity in joint space in circular  
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A schematic of center points of simulated circle trajectories are demonstrated in Figure 6-27.  

 

 

 

 

 

 

 

 

 

 

Figure 6-27: Different  center point in workspace  

 

Circularity is defined as the difference between the largest and smallest radius. Circularity at 

different radius and center points at a feed rate of  TCP =3000 mm/min is illustrated in Figure 6-

28. An increase in the circle radius results in reduction of the extremum (both maximum and 

minimum deviation) and also increase the circularity. 

 
Figure 6-28: Circular test in different  radius

 

Results of circular test with radius=100 mm at different velocities and center points are 
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Figure 6-29: Circular test in different  velocities

 

Figure 6-28 and Figure 6-29 indicate that the accuracy of circle contour is a non linear 

function of � for each machine axes and velocity. 

In Figure 6-30, a comparison of the measured and simulated radial deviation is shown and this 

reveals a high degree of similarity. The differences are determined by a tilting effect of the 

end effector platform. 

 
Figure 6-30: Radial deviation, simulation (left), measurement (right) 

 

The tilting of actual platform in x- and y-direction is measured, Figure 6-31. The measured 
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100 )m/div 

ci
rc

ul
ar

ity

velocity

c2

c4

c1

c3 c6

c5
o



 78

of platform motion  in x- and y-direction that is Ractual-x > Ractual-y and consequently 
Rx<
Ry. 

Thus, the measured radial deviation in x-direction is smaller than y-direction. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6-31: Tilting of platform in x- and y-direction 

6.6  The effect of mismatches the KV factors

The main precondition for a setpoint accurate contouring is that both the feed axes must have 

the same command response characteristics. Not only the KV factors and the setpoint delays 

must be the same, but also the dynamic characteristic values such as response time, settling 

time as well as the command frequency response with amplitude and phase response in the 

position and the speed control loop must match. In case that drives with different size of axes 

are used, some difficulties may occur which must be reduced by appropriate controller 

parameter settings. In straight line motion, if the velocity gains are not equal, a deviation 

arises due to parallel offset of the actual path in comparison  to the commanded path. Curved 

contours are always prone to dimensional errors, whose value is inversely proportional to the 

KV factor. Different KV factors or different dynamic characteristics of the axes involved in the 

motion cause additional errors, which increase as the contouring feed rate increases. 

Indeed, to follow a straight line in a plane, the motion of the two requested axes must be 

coordinated to avoid any contour error.  

The contour error is expressed according to Figure 6-32 notations in the form 

�� sincos ������ xyce                                                                                                       (6-17) 

In straight line with constant velocity, with using the correlation between tracking error and  
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Figure 6-32: Contouring error in straight line interpolation [BEA04] 
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Obviously, the contouring error on a straight line is cancelled if the dynamic characteristics of 

each axis are identical [BEA04]. Radial error was tested with the Tripod in experiment and 

simulation model, in both radial error results, the contour error is function of position and is 

not constant. This is different to the observed behavior in the horizontal star test performed by 

a Tripod with constant length struts, where the path deviations appear with varying 

orientations. According to the plotted results and formula (6-21), the deviations can be 

explained. Although velocity gains are constant in the drive controllers with the nonlinear 

transform, they are not constant and not equal in the Cartesian space (KVx � KVy). This 

explains the deviations in experiment and simulated model. A straight lines trajectory 

produces a parallel offset to setpoint trajectory. The magnitude and side of the deviation 

depend on the value of the difference between KVx and KVy. To obtain high contouring 

accuracy at high speed machining the KV factors must be the same in work coordinates, and 

not in machine coordinates. 
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7 Compensation algorithm in Tripod 

7.1  Introduction 

Contour error is an important aspect which needs to be effectively addressed in order to 

maintain and enhance the dynamic performance of Tripod. 

In this chapter, the contouring performance of conventonial position controllers is improved 

by generating new motion commands in order to eliminate the contour error in Tripod.  

7.2  Compensation algorithm

To improve contouring  performance, contour error must be reduced by considering the 

motions of all axes relative to each other, and by controlling the movement of each individual 

axis based on the movement data of the other axes. 

Concerning this control strategy, the control systems for multi axis control are coupled into a 

multi variable control system. The objective of these systems is to decrease contour error 

directly, rather than decreasing the tracking error of each individual axis. The proposed 

control system is called a direct system due to the relative movements produced by the 

contour error controller design.  

In the proposed system, the controller consists of two parts. The first part of the controller 

calculates the contour error due to tracking error of each individual axis. The position loop of 

each individual axis must have a dedicated controller, which is the position loop controller, in 

order to control the position of each axis. The second part is a compensation controller, which 

is used to offset common contour to reduce the contour error of the system. 

Typically, the improved control system for a multi axis Tripod cascaded controller is  multi 

variable, nonlinear and time varying. 
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Figure 7-1: Feature error compensation  

 

In Figure 7-1, the basic principle of compensation errors on a straight line trajectory is 

illustrated. The horizontal solid line represents the setpoint linear path of the part.  

As it is shown in the same figure, the actual path which is deviated from this setpoint path in 

PKM machining results from contour errors in the process. The compensation trajectory is the 

modified tool path to generate an actual path that coincides with the setpoint path. From the 

figure, it is seen that the tendency to deviate from a setpoint by a certain amount is 

compensated by determining a path, which contains a point that deviates from the setpoint by 

the same amount, in the opposite direction. 

The actual location of the tool when it should be at any given point along the setpoint path can 

be found in a direction perpendicular to the setpoint path, by projecting a vector from that 

point. � is the error vector, defined as extension of any setpoint to the corresponding actual 

path. The compensation vector c is obtained by reflecting the error vector with respect to the 

setpoint surface. 

The compensation curve is the locus of compensation vectors for all points on the setpoint 

path. Although it is obvious in case of an error curve, the same principle which is applied for 

a typical nonlinear biaxial contour machining, is depicted in Figure 7-2. The actual tool path 

does not coincide with the setpoint path, and consequently, causes a contour error. 
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Figure 7-2: Biaxial contour machining and the compensation strategy 

 

As is shown in the figure, the idea of the proposed method is to generate a compensated path, 

for which the contour error is opposite to the contour error for the actual path, and then to 

perform the compensated path as the new reference tool path for the subsequent contour 

machining. With the proposed tool path compensation algorithm, the contour error in the 

subsequent action is expected to be reduced. 

The concept of the compensation strategy is forward in path processing. However, a prior 

problem to be coped with is described as follows. 

 

7.3  Tool path compensation strategy 

The idea of the compensated path is to influence the transfer error of the proportional position 

control loop with suitable actual controller parameters. Figure 7-3 shows the compensation 

control block diagram where Ga is the actual transfer function of Tripod, Ga
-1 the inverse 

transfer function, Gc is the transfer function of the servo controller system and Gm denotes the 

mechanical transfer function. This method estimates the error between the actual contouring 

path and the programmed contouring path in normal direction, and uses an appropriate 

compensated contour  to correct the error. 
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Figure 7-3: Compensation block diagram 

 

7.4  Modelling of Tripod motion

A functional representation of the Tripod mechanism system is depicted in Figure 7-4. The 

system consists of inverse transformation, servo controller system of each axes and forward 

kinematics by the Tripod. 

 

 

 

 

Figure 7-4: Functional representation of the Tripod 

Figure 7-5 shows the servo controller block diagram of the u-axis as a PI cascaded controller. 

 

 

 

 

 

 

Figure 7-5: Servo controller block diagram 

 

 

 

programmed 
path              

Ga
-1 Gc Gm

compensated        
              path        

response for 
compensated 
path               

+ + + xs 
K1 PI1 PI2KV 1/(LaS+Re)

- - - 
xa 

K2 1/S1/S Km 1/Je

 

 

IK 

 
 
 

FK 

Gc-1 

Gc-3 

Gc-2 

setpoint 
trajectory 

actual 
trajectory

gain gain gain gain gain PID 
controller

PID 
controller

transfer 
function

integrator integrator

Ga



 84

The transfer function block in each axes of the Tripod implements a transfer function, where 

the input (Xs) and output (Xa) can be expressed in transfer function as the following equation: 

Gc=
65
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N and D contain the coefficients of the numerator and denominator in descending powers of S  

respectively. 

That the coefficients of the numerator: 

N1= KV � K1� K2 � Km � Kp � Kpi 

N2= KV � K1� K2 � Km � Kp � Tpi+ KV � K1 �K2 � Km� Kpi � Tp                                                            (7-2)                        

N3= KV � K1 � K2 � Km � Tp � Tpi 

and the coefficients of the denominator as: 

D1= La � Je 

D2= (Re+ Kpi) � Je 

D3= Tpi � Je+ K1 � K2 � Km � Kp � Kpi  

D4=  K1 � K2 � Km � Kp � Tpi + K1 � K2 � Km� Kpi � Tp + KV � K1� K2 � Km � Kp � Kpi                              (7-3)                                      

D5= K1 � K2 � Km � Tp � Tpi + KV � K1� K2 � Km � Kp � Tpi+ KV � K1 � K2 � Km � Kpi � Tp 

D6= KV � K1 � K2 � Km � Tp � Tpi 

where KV  = 1.2 1000/min, Kp   = 2.4 Asec/rad , Tp  =.002 sec, Kpi = 15 V/A, Tpi = .003 sec, La = 

.0072  H, Re = 1.45 �, Km = .77  Nm/A, Je= .087  kgm2, K1= 2�/10  rad/mm and K2  = 10 mm/rev. 

The derivative of a function with respect to the variable is defined as 
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From Eq. (7-1), take following equation; 

 

(N1S2+N2S+N3)Xs=(D1S5+D2S4+D3S3+D4S2+D5S+D6)Xa                                                  (7-6) 

Substitution of (7-5) into (7-6) yields  

A0�Xsi+A1�Xsi-1+A2�Xsi-2=B0�Xai+B1�Xai-1+B2�Xai-2+B3�Xai-3+B4�Xai-4+B5�Xai-5                     (7-7) 

With rewriting Eq. (7-7), and simplify about Xai; 

Xai = [A0�Xsi+A1�Xsi-1+A2�Xsi-2–(B1�Xai-1+B2�Xai-2+B3�Xai-3+B4�Xai-4+B5�Xai-5)]/B0 

 

                                                                                             i= 6, 7, 8,......, n                        (7-8) 

Where 

A0= 3
2

2
1 N

t
N

t
N

�
�

�
�

 

A1=
t
N

t
N

�
�

�
�

� 2
2

12  

A2= 2
1

t
N
�

 

B0= 6
5

2
4

3
3

4
2

5
1 D

t
D

t
D

t
D

t
D

t
D

�
�

�
�

�
�

�
�

�
�

                                                                                 (7-9) 

B1=
t
D

t
D

t
D

t
D

t
D

�
�

�
�

�
�

�
�

�
�

�
�

�
� 5

2
4

3
3

4
2

5
1 2345  

B2= 2
4

3
3

4
2

5
1 3610

t
D

t
D

t
D

t
D

�
�

�
�

�
�

�
 

B3= 3
3

4
2

5
1 410

t
D

t
D

t
D

�
�

�
�

�
�

�
�  

B4= 4
2

5
15

t
D

t
D

�
�

�
 

B5= 5
1

t
D

�
�  

 

Response of the system for unit ramp, step and impulse as input is given in Figure 7-6. These 

responses show that, in the system, there is not any overshoot and delay time is 0.035 sec. 
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a: Step 

 
b: Ramp 

 
 

Figure 7-6: Response of the system
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7.5  Results of the compensated trajectory method 

With some practical tests on the Tripod, the efficiency of the proposed method, introduced in 

the study of the contour error compensation is illustrated especially with high constant 

contour velocity. In PKM, relationship among the contour error, the drive axis positions and 

the complex contour error model make the contouring controllers difficult to design. Hence, 

the proposed method is to generate a compensated path, equal in amount and negative in 

direction of the expected contour error. 

Thereby, in the case of a modified linear trajectory, the contour error could be reduced. In 

order to verify the proposed method, experiments of the Tripod were performed and the test 

results are shown in Figure 7-7 and Figure 7-8. The actual contour error of multi axis 3-DOF 

PKM are compared in tracking planar star test with different angles with and without 

compensation. A comparison of the results at TCP feed rate of 6000 mm/min  and 9000 mm/min 

are shown in the Figure.  

 

 
 

Figure 7-7: Comparison of measuring contour error in planar star test with compensation                

                    based on measured contour  

 

As there is vibration at 15� and 90� at 9000 mm/min  feed rate, it is not possible to measure the 

error. The results demonstrate the effectiveness of the compensated path method in reducing 

error. Reducing the contour errors to almost zero, with compensated path, could become 
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possible due to the fact that the proposed trajectory could be improved when using the 

modified path [KUH08-2]. 

Figure 7-7 shows the experimental results in compensation strategy when using measured 

contour errors, and Figure 7-8 shows the measurement results with compensated path based 

on simulated contour errors. 

A comparison of Figure 7-7 and Figure 7-8 reveals that although the simulated modified 

contour reduces the error, it cannot be completely compensated. This is in contrast to the 

simulation results where the contour error completely vanishes. The reason is that the 

simulated model and experimental  setup is not completely the same. One possible solution 

for  this is to employ the real contour errors estimated by actual transfer function.  

 

 
 

Figure 7-8: Comparison of measuring contour error in planar star test with compensation    

                   based on simulated modified contour

7.6  Machine parameter identification principle 

With a good approximation, the order of the numerator and denominator in the transfer 

function of the system can be taken like the order in the servo controller transfer function 

because the form of simulated and measured contour errors are similar. There are two sections 

with respect to the modelling. First, the order of the transfer function is obtained and then the 
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actual coefficients of the numerator and denominator are quantified by  parameter 

identification. 

Real modeling and identification of the  whole machine system is an important step in design 

and modelling of a high performance PKM. A method is suggested to identify the coefficients 

of transfer function as well as the dynamic effects of machine tool drives.   

The prerequisite for the described concept is that the system models of the individual machine 

axes are available in the form of a mathematical description as in Formula 7-1. In the 

following, the actual model design is discussed with respect to the experimental acquisition 

by means of parameter identification methods. The information about the system is used to 

compensate contour errors. 

Hence, it is difficult to select the actual machine parameters. Although a trial and error 

approach for controller parameter selection is adopted in some applications, to obtain the 

actual controller parameters, neuron algorithms can be applied to find the parameters of the 

system, considering stability.  

Identification is realized in two consecutive steps. The first step of NN is trained by simulated 

contour errors using transfer function where [N], [D] are filled with matrix of variety arbitrary 

coefficients of the numerator and denominator respectively, Figure 7-9.  

The system is identified with individual training trajectory. The contours are star contour and 

circular trajectory with different radius, different center point and feed rates. The 

identification is realized when the NN is trained  in each coefficients of [N] and [D]. 

The simulated trajectory is obtained by the action of  transfer function with random variety of 

coefficients on the  setpoint trajectory. The simulated contour errors are calculated by the 

proposed algorithms in the thesis. 

For the initialization of the system, [N] and [D] contain the coefficients of the numerator and 

denominator in descending powers of S of servo controller system with a suitable tolerance 

band i.e. the tolerance band must converge. 

The resulting net is fed with measured contour errors. Therefore a new set of  [N]real and 

[D]real is created by the process. 
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Figure 7-9: Parameter quantification procedure 

 

In the following, there is an example to identify the coefficients of transfer function. The 

coefficients of servo control system are: 

 

N1 =3.483e+003   N2 =3.599    N3 =5.805e-004 

D1 =6.264e-005    D2 =0.143    D3 =1.741e+002 

D4 =3.483e+003   D5 =3.599    D6 =5.805e-004 

 

After first iteration with the following coefficients, the compensation results are shown in 

Figure 7-10. 

 

N1 =4.1e+003            N2 =3.99           N3 =6.01e-004 

D1 =6.265e-005         D2 =0.154         D3 =1.734e+002 

D4 =4.02e+003          D5 =4.01           D6 =6.021e-004 
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Figure 7-10: Comparison of measued contour error in planar star test with compensation  

                      based on identified contour error after first iteration 

 

Figure 7-11 shows a comparison of the compensated contour with using the simulated contour 

error and identified contour error after first iteration.  

 

 

    
 

        a: feed rateTCP=6000 mm/min                                                b: feed rateTCP=9000 mm/min 

Figure 7-11: Comparison of measured contour error in planar star test with compensation  

                     based on simulated and identified contour error after first iteration 
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Results of  contour error in compensated path in different centers of star trajectories show in 

Figure 7-12.  

 

    
 

        a: center of star contour: (0, 50)                                 b: center of star contour: (50, 0)            

Figure 7-12: Comparison of measuring contour error in planar star test with compensation        

                      based on simulated and modified contour after first iteration at f TCP=6000 mm/min 

 

Figure 7-11 and 7-12 show contour error after first iteration at different velocities, 

orientations and pivot points of star contours. The contour errors are improved and the 

compensated method is approved, however, the contour error cannot be completely 

compensated.  

Development of the NN method in dynamic compensation could be required to eliminate the 

contour errors completely. 
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8 Conclusions and suggestions for future work 

In this thesis, the effects of the forward transformation of the tracking errors in parallel 

kinematics machines are addressed with experiments and simulations. The general problem is 

illustrated with a simple 1-DOF setup, and the effect on trace accuracy is discussed by 

contour deviations in circular and star tests performed by a Tripod mechanism. 

In Cartesian machine tools, motion properties such as velocity and acceleration of the 

individual drives are directly transferred to the tool center point. With PKM, the axes motions 

are transformed by nonlinear transfer functions as a general rule. Like positions and 

velocities, the controller parameters are transformed from joint to work coordinates. To study 

the transformation of the velocity gain, the relative gain KV – rel is defined as the ratio of the 

actual values of both active and passive axes. The KV – rel  is a nonlinear function of TCP 

position and feed rate and is particularly not equal to one. The KV – rel in backward movement 

occurs as the mirror image of the forward direction to the unit horizontal line. This reversal 

effect is determined by the transform of the Monopod kinematics. Due to the nonlinear 

transformation of a movement in positive x-direction with constant velocity, the active 

platform must permanently accelerate and the actual drive velocity should be lower than the 

demanded in the corresponding TCP position. Hence, by the nonlinear transform controller, 

settings must be adjusted to the most critical positions. In the exemplary Monopod, this is the 

region of minimum strut-inclination. In this region, small deviations in active platform are 

transformed to large deviations in TCP, and the tiny vibrations in the drive cause 

unacceptable vibrations in the TCP. These are the conditions for which the controller settings 

must be tuned. For a more horizontal strut position (maximum strut-inclination), a higher gain 

is possible in the controller concerning stability in the TCP. It is necessary to provide a 

constant tracking error in working coordinates, because the tracking error is higher for the 

higher velocity needed for constant feed rate. 

For the Monopod setup, constant feed rate at TCP is considered and, therefore, a constant 

deviation in TCP is transformed by inverse kinematics to joint space. The magnitudes of the 

resulting deviations in drive depend on the position. The deviations depend not only on 

absolute position but also on the relative position and direction. According to the present 

study, the relative tracking error in active platform cannot be linearized, and it is a nonlinear 

function of TCP-position. The feed forward control improves the dynamics of servo system in 

Monopod, but the virtual velocity gain varies nonlinearly with the position, like a system 
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without feed forward control. Although servo control with feed forward improves the motion, 

it is not sufficient for high precision and high speed motion with PKM and depends on 

balancing filter. 

The effect on trace accuracy is discussed as the basis of multi axis PKM such as Bipod and 

Tripod. When looking at the actual paths of the curves that machine tools carry out, tracking 

errors are the most influencing factors on accuracy, besides geometric machine errors, tool 

errors and temperature changes. It involves a divergence of the target and actual position of 

each axis and causes contour error. The contour error is defined as the orthogonal deviation 

from the desired tool path. The existence of inherent tracking error in each active axis and 

consideration of the nonlinear transformation to TCP lead to new aspects in PKM in 

comparison to conventional serial mechanisms. 

To study the effects of transformation tracking error in workspace coordinates, the actual 

contour is approved in star contour and circular trajectory by simulation model and 

experiment setup. When a star test is performed with a SKM, the setpoint trace is perfectly 

fitted as the velocity gains are equal in the interpolating axes x and y. In Bipod, the contour 

error depends on workspace position, but vanishes in similar orientation of struts (�1 = �2). 

With the Tripod, this behavior can only be observed when the straight line motion is 

performed in the directions where the drive axes are positioned (45�, 165� and 285�). In all 

other directions, the distance between the setpoint and the TCP is almost constant indicating 

different KV values in x- and y-direction. Although velocity gains are constant in the drive 

controllers, they are transformed by the machine kinematics resulting in nonconstant values in 

the Cartesian space (KVx � KVy). The results indicate that the contour error is a nonlinear 

function of TCP-position, feed rate and pivot point. 

Furthermore, in perpendicular axes with different KV values, the deviations from straight line 

motion occur on both sides of the path depending on the travel direction. In contrast, there is 

no hysteresis in the Tripod motion when the direction of motion is inverted. The hysteresis is 

converted to a one sided deviation by the reversal gain transform effect described above. To 

obtain high contouring accuracy at high speed machining, the system gains should be matched 

well in workspace. A KV adaption could equalize the error. To keep them equal in the 

Cartesian space, they must be adapted in process in the drive controllers. 

The radius deviation in a serial Cartesian machine is constant in a circular path, which is not 

valid for PKM machine tools. The radius deviation is calculated with the simulated model of 

Bipod. The radial error is a function of angular position, with an extremum positioned at �1 = 

�2. An extremum occurs where the axes velocities are near to zero and the velocity changes 
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are highest. Circular tests are performed with the experimental Tripod milling machine and a 

simulated model. The characteristic shape is dominated by three prominent buckles positioned 

opposite to each machine axis in the areas where the constant length struts are most horizontal 

(maximum �) and change their direction. At these points, the produced radii are smallest and 

the radial deviations are highest. These two different contours in PKMs indicate that the 

errors in different radius and center of circles are related to orientation of struts. 

Improving the overall control performance of a multi axis machine tool is not necessarily 

ensured only by improving the tracking performance of each individual axis. Contour error, 

which is a typical performance index for the evaluation of multi axis servo control systems, 

also needs to be effectively minimized. In this study, the model based compensation is 

introduced in order to address the issue of contour errors in servo systems. The compensation 

algorithm is applied according to the preprocessor principle. The method, however, requires 

accurate model of the kinematic configuration of the machine tool since different axis 

controllers have to be coupled among themselves. The adequacy of the method is proven by 

the Tripod. 

Although the tracking error transformation in the research is performed on Monopod, Bipod 

and Tripod, continued  investigations in other structures such as 5-axes milling machine could 

be interesting in future work. 

In the test machine, linear encoders are used as measurement systems in the control closed 

loop. The major work that can be done in this respect is to develop  an  optimization 

measuring device that can measure TCP position directly and give the feedback to controller 

algorithm. The direct measurement systems normally increase the accuracy of PKM machine 

tools. With rearranging the measurement system for the TCP, geometric and assembly errors 

of the mechanical structure can be considered in the control system. Although this effort is not 

sufficient but could be useful. 

In order to improve the contouring accuracy and dynamic performance of the positioning, the 

actual inverse transfer function can be identified by means of neural networks. 

In the future work, the transformation problem will be addressed by online adapted velocity 

gain parameters to realize constant velocity gains in workpiece coordinates, which may 

improve dynamic accuracy and exploit full dynamic capacities of PKM.  

Such efforts to reduce or eliminate tracking and contouring errors are reflected directly on the 

system performance and quality of machined parts. 
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