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ZUSAMMENFASSUNG i

Zusammenfassung

Diese Arbeit ist ein Beitrag zum Thema ”Lernen von Dictionaries“. In vielen Be-
reichen der Anwendung von dünn besetzten Kodierungen ist die Frage, welches
Dictionary gewählt wird, als erste zu beantworten. Das Dictionary von den ge-
gebenen Signalen quasi zu lernen, d.h. an diese anzupassen, ist hier eine Alterna-
tive zur Wahl eines Vordefinierten. Im Laufe des letzten Jahrzehnts wurden meh-
rere Algorithmen zur näherungsweisen Lösung dieses Problems vorgestellt, in letzter
Zeit auch in Verbindung mit zusätzlichen Eigenschaften wie Verschiebungsinvarianz.
Nichtsdestotrotz existierte bisher kein Algorithmus, der die wichtigen Eigenschaften
Verschiebungs- und Skalierungsinvarianz mit einem schnellen Kodierungsalgorith-
mus verbindet. Auch Fragen zu stetigen Verallgemeinerungen des Lernen von Dic-
tionaries sind bisher unbehandelt. Der Zweck dieser Arbeit ist es, Ergebnisse in
diesen beiden Feldern zu erzielen.
Betreffend die erste Fragestellung, führen wir einen Algorithmus ein, der Wavelet-
Dictionaries, d.h. Dictionaries, die eine Vereinigung einer festen Anzahl von Wave-
letbasen sind, ausgehend von gegebenen Signalen lernt. Dieser Algorithmus basiert
auf der Minimierung eines Fehlermaßes, abhängig von Dictionary und dünn besetz-
ten Koeffizienten, unter Nebenbedingungen, die aus dem Lifting-Schema folgen. Im
Allgemeinen ist diese Minimierung ein nicht konvexes Problem. Wir entwickeln
einen approximativen Lösungsalgorithmus, indem wir abwechselnd eine der beiden
Variablen festhalten und so einfache Probleme aus den Bereichen dünn besetztes Ko-
dieren und konvexe Minimierung erhalten. Später wenden wir diesen Algorithmus
auf Probleme des Maschinenbaus, genauer die Analyse von Laufgeräuschen einer
Linearführung, und Musik, genauer die Rekonstruktion der Partitur einer Klavier-
sonate, an.
Das Lernen einer stetige Verallgemeinerung eines Dictionarys ist Inhalt des zweiten
Teils der Arbeit. Wir definieren zu einer beliebigen dünn-Besetztheits-Norm und
einer gegebenen Signalfunktion ein Fehlerfunktional, äquivalent zum diskreten Fall.
Dieses Funktional ist abhängig von zwei Variablen, den Analoga zu Dictionary und
dünn besetzten Koeffizienten in Lebesgue- und Sobolev-Räumen. Wir untersu-
chen die Existenz eines Minimierers dieses Funktionals im Bezug auf diese beiden
Variablen. Des weiteren zeigen wir einen Weg auf, wenigstens ein lokales Minimum
mittels einer Verallgemeinerung des CG-Algorithmus zu berechnen.
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ABSTRACT iii

Abstract

This thesis is a contribution to the field of “dictionary learning.” In many fields of
sparse coding applications, the question, which dictionary to choose, is the first one
to answer. Learning the dictionary from the given signals, i.e. fitting it to them, is
here an alternative to choosing a predefined one. During the past decade came up
several algorithms for finding approximative solutions to this problem, lastly also
in combination with additional properties like shift-invariance. Nevertheless, there
is till now no algorithm, combining the important properties of shift- and scale-
invariance with a fast algorithm for coding. Furthermore, also questions concerning
a continuous generalization of the dictionary learning problem are not treated till
now. The intention of this thesis is to obtain results in both fields.
For the first aim, we introduce an algorithm, learning a wavelet-dictionary, i.e. a
dictionary being composed of a fixed number of wavelet bases, from a given data
set. This algorithm is based on minimizing an error measure, depending on the
dictionary and sparse coding coefficients, satisfying side conditions induced by the
lifting scheme. Generally the minimization is a non-convex problem. We propose
an approximative solution by iteratively fixing one of the two free variable sets and
obtaining separated sparse coding and convex minimization problems. Later on we
apply this algorithm to problems in the fields of mechanical engineering, more pre-
cisely analyzing the operation noise of a linear guideway, and musics, more precisely
reconstructing the score of a piano sonata.
The learning of a continuous generalization of dictionaries is the topic of the second
part of this thesis. We define for an arbitrary sparsity norm and a given signal func-
tion a corresponding error functional equivalent to the discrete case. This functional
depends on two variables, the analogons to dictionary and sparse coding coefficients,
in Lebesgue and Sobolev spaces. We investigate the existence of a minimizer of
this non-convex functional according to this two variable functions. Furthermore we
point out a practical way to obtain at least a local minimum using a generalization
of the conditional gradient algorithm.
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Chapter 1

Introduction

During the past 15 years there had been a rising interest concerning themes called
“sparse representation” and “overcomplete dictionaries.” This progression started
in the signal and image processing community, but spread out during the years to
several fields of computer, natural and engineering sciences, as well as mathematics
and beyond. Maybe a starting point was article [105] by Stéphane Mallat and
Zhifeng Zhang, introducing the matching pursuit (cf. Section 2.2.1) and giving a
first application on human voices.

The basic idea in this context is the following (for a more detailed introduction
see Section 2.2.1): Usually a given signal y is uniquely described by use of a basis
{ej}j∈J̃ of an Hilbert space H

y =
∑
j∈J̃

xjej where ∀j ∈ J̃ : xj ∈ K (1.1)

with K ∈ {C,R}. Here we replace the basis by an overcomplete dictionary, i.e. a set
D = {dj}j∈J ⊂ H of normed atoms ‖dj‖H = 1, satisfying H = V := span{dj}. So
we can choose the sparsest representation of y. Similar approaches are also valid for
approximations of y instead of representations.

The main topic of this thesis is, as we will point out more detailed in Section 1.4,
the learning of dictionaries D, i.e. the construction in consideration of given signals,
in two frameworks. First enforcing wavelet basis structures, second proving conver-
gence of learning methods for a continuous gerneralization. Furthermore, we add
our applications to the large field denoted in Section 1.3. For all this purposes we
define exactly the concept of sparsity1 in Section 1.2, but for motivation we want
first to answer in Section 1.1 some natural questions arising in this context. In the
meantime we propose the sparsest representation as that one, needing a minimum
of non-zero information.

1In literature the words “sparsity” and “sparseness” are used indifferently. We use the first one
(for the same reasons as in [61]), since it is somehow sparser.
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1.1 Why using dictionaries and sparsity?

On the first sight using dictionaries instead of bases does not make sense. We add
additional information to a system, that is already completely described. Neverthe-
less we see in the two following examples, that this is exactly the way how human
brain works in several cases:

• Most probably every citizen of Bremen knows, where the Roland is. Somehow
this is a necessary information, since legend says, Bremen would be indepen-
dent, as long as the Roland stands at its place on market square. But if you
ask a “Bremer” how to find the Roland, almost nobody will tell you to go
to the point indicated by latitude 53◦4′33.16′′ north and longitude 8◦48′26.32′′

east to find it 11.5 meters above sea level (cf. [167]). This is not a question of
approximation, the answer would also not be a rounded version of this data.
More probable it would be like “Leave the tram at Obernstraße, then go into
direction of market place...” or “Cross Domshof and pass between cathedral
and city hall...”. Even if someone asks this question in Antartica the answer
would begin with “First go to north western Germany...”. So one always has
several different ways to describe a location, depending on situation, place and
density of information. Exactly this is what we do by using a dictionary and
choosing the sparsest representation.

• A second example for using dictionaries and sparse approximation is the human
visual system. If we observe a landscape, we will not recognize every pixel on
its own but we will recognize groups of pixels as, e.g., fields, rivers, trees
or forests. Just if we concentrate on, e.g., one special tree, we will observe
single leaves. This approach is typically for human behaviour also for other
situations, as, e.g., the proverb “can not see the forest for the trees,” that
also exists in other languages (e.g. German: “den Wald vor lauter Bäumen
nicht sehen”), shows. Furthermore, there is also an analogon to dictionary
learning, since people adapt their dictionary to their familiar environment,
e.g., Inuit have a large “dictionary” to distinguish different kinds of snow and
ice, while our “standard dictionary” is more adapted to cities or fields, and
this descriptions change if people move to a different environment. Naturally
one of the first applications of dictionaries and sparse approximation was a
simulation of the human visual cortex (cf. [121, 10, 47]) that also seems to
have some physiological background (cf. [49]).

So dictionaries and sparsity are a typical way for humans to describe the world.
Nevertheless, the question arises, why it should be also sensible for computer based
image and signal processing. The first reason is based on the requirement of saving
memory capacities. Even if our dictionary is redundant, the sparse structure of
the dictionary coefficients xj offers an efficient way to code them. In case sparsity
and number of observed signals is high enough, this preface can balance or even
outperform the amount of memory need for the higher number of atoms.

The second, more influencing reason is the structure of many signals and images.
Human vision usually works well, the detected objects in images are reality and
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different from the surrounding ones2. Also acoustic or electric signals are often the
superposition of different sources with different characteristics. One simple, simu-
lated example is shown in Figure 1.1a, it is a linear combination of three sine waves
with three extremely localized signals and two chirps as exemplified in Figure 1.1b.
The Gabor transform in Figure 1.1c shows this structure clearly. But if we want
to represent the signal in a easy way for recognizing or manipulating single parts
of the signal, no basis will work well, in every case (see the Fourier transform
in Figure 1.1d) the non-zero coefficients spread out over the full x-axis. Neverthe-
less a sparse representation based on a dictionary, which contains sines, chirps and
localized signals, does the job well.
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Figure 1.1: Motivating example

The last and maybe most evident argument for using dictionaries and sparse coding
is the wide field of successful applications obtained till know, as we present in Section
1.3.

2It would be interesting to know, if dictionary approaches are also vulnerable to the same optical
illusions as human eye.
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1.2 Definition of sparsity

Till now we did not define sparsity in a mathemetical exact way, we want to make
up for this now. During the last years came up a several sparsity measures, everyone
intending to hold in the representing sequence of coefficients, x = (xj)j∈J , defined
analogous to Equation (1.1), as much xj = 0 as possible. The maybe eldest and
most basic one is probably the so called �0-“norm”3 (cf., e.g., [69]).

Definition 1.1. Let x = (xj)j∈J for an index set J and xj ∈ K ∈ {C,R} for all
j ∈ J . Then the �0-“norm” of x is defined via

‖x‖0 =
∑
j∈J

|signxj | =
∑
j∈J

|xj |0 (1.2)

where we define 00 = 0.

Clearly ‖x‖0 is a measure for the sparsity of x, but is has several disadvantages,
especially it is non-continuous in zero, is not really a norm (‖αx‖0 = ‖x‖0 for
every α ∈ K\{0}), is non-convex and is not coercive (cf. Definitions 2.15 and 2.16).
According to this there are several surrogates for ‖ · ‖0, satisfying one or more of
the above mentioned properties. Beside some other ones like log-based measures as
used, e.g., in [12] there is a big family of measures of the form

‖x‖f =
∑
J

f(xj)

For so called sparsity functions f according to the following definition, partly adopted
from [69]:

Definition 1.2 (Sparsity functions). Let f̄ be a non-decreasing function of the form
f̄ : [0,∞) �→ [0,∞), f̄(0) = 0, f̄ 	≡ 0. If additionally t �→ f̄(t)/t is non-increasing
on (0,∞), then f defined as f : R �→ [0,∞) with

f(x) =

{
f̄(x), x ≥ 0
f̄(−x), x < 0

is called a sparsity function of Type 1 on R. The set of all this sparsity functions is
called F1, the set of the f̄ is called F1.

Furthermore we define sparsity functions of Type 2 via

f ∈ F2 ⇔ ∃g ∈ F1, f(t) =
∫ |t|

0
g(τ) dτ

We have in Subsection 5.1.1 a closer look on functions of this type and give also
some examples. Here we just want to mention, that | · |0 is element of F1, while its
most often used surrogate | · |1 is element of F1 and of F2.

Sparsity measures from F1 and F2 are used throughout this thesis and are also the
basis for most of the results obtained by other authors, as for example stated in the
Sections 1.3 and 2.2.2.

3Note the little misuse of notation that is quite common in literature for all sparsity “norms”.
We follow that notation throughout this thesis.
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1.3 Results using dictionaries and sparse coding

Most of the results on sparse coding and approximation using dictionaries can be
classified in three groups:

• Sparse coding algorithms and their properties.

• Choice and construction of dictionaries.

• Applications to real live examples.

We give in Subsection 2.2.1 a short introduction to the most important sparse coding
algorithms – this are (orthogonal) matching pursuit, basis pursuit and the focal
undertetermined system solver – as well as further references concerning them and
their properties. Moreover there are several other algorithms like that ones given in
[14, 169, 31, 157].

Since dictionaries are used, the question arises, which functions should be elements
of D. In Subsection 2.2.2 we introduce this problem in detail, but briefly there are
two main approaches: Either to define D in advance, or to use a construction or
rather learning algorithm. In the past years there was a development in direction
of the second method and also we devote this thesis to the learning of dictionaries
with respect to the given data.

Interestingly the field of application for sparse coding methods spread out over a
wide field of subjects and grew through the past decade, for both approaches, with
predefined dictionary as well as with constructed ones. We now want to summarize
some applications briefly, giving a motivation of why we concern with dictionary
learning.

First of all there are acoustical applications. Already in [105] the definition of
matching pursuit was exemplified on recordings of human voice. Other examples are
[59, 62, 129, 125, 65, 164, 14], working on themes like separation of audio sources till
to separating and classifying different notes in a piano recording. We also propose
a similar application in Section 6.3 of this thesis.

Another wide field of applications is image processing. One part of this is the
classification of image contents, textures and 3D objects, as for example given in [146,
162, 111], or also recognition of faces and silhouettes (cf. [106, 104]) and inpainting as
in [40]. Closely related to this are also methods of image coding like in [149, 48, 145],
which are often compared to the JPEG2000 algorithm (cf. [156]), that also uses
overcompleteness and sparsity, although in a slightly different context. Another
very early application was the denoising of images, already proposed in [22] and
later on also in [39, 45]. Of course also video signals can be coded using dictionary
techniques (cf. [135, 119, 113, 131]).

Leaving the area of general signal and image processing and proceeding to other
fields, we find, e.g., applications in mathematics, like the numerical solution of dif-
ferential equations in [170]. But there are also applications in geosience, as in [128],
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where meteorological data from northern pacific are analyzed, or in [77], about seis-
mic data. Rarer implemetations are in subjects like astronomy, for denoising of
images and detection of astronomical objects like in [147], or in finance (see [56])
trying to find structures in financial data for disproving the efficient market hypoth-
esis.

Further applications can be found in medicine, where several articles (e.g., [144, 158,
33, 13]) address the analysis of ECG and EMG data, interestingly in this framework
mostly learned dictionaries are used. Another medical utilization of learned dictio-
naries lies in the detection of masses in mammograms, as proposed in [75].

To complete this list of application we want to state also some from the area of
engineering: In electrical engineering there are, e.g., compressions of impendance
matrices (see [142]) or approximations of inner structures of objects by observing
the conductivity (e.g., in [16]). In the case of mechanical or civil engineering the
utilization are mostly to monitor different machineries like bearings (cf. [66]), drill
failures (cf. [50]) or detecting the breaking sounds of concrete as exemplified in [37].
Also our own main application concerns an example in the engineering field, the
condition monitoring of linear guideways by analysis of its operating noise.

1.4 Substance and structure of this thesis

As suggested above we propose as a first main topic of this thesis an algorithm,
called MODW, for learning a dictionary D = {dl}L

l=1 ⊂ R
n from a given set of

signals Y = {yi}N
i=1 ⊂ R

n. The dictionary has the special structure of a union of
several wavelet bases:

D = {dl}L
l=1 =

J⋃
j=1

Dj

=
J⋃

j=1

{
ψj

( · − r1
r2

)
, ϕj

( · − r1
2j′

)∣∣∣∣|r1| ≤ Rρ; r2 = 2ρ; j̄ ≤ ρ ≤ j′; r1, ρ ∈ Z

}
.

We point out this structure, as well as its prefaces, more detailed in the beginning
of Chapter 4 and Section 4.1.

The second main topic of this thesis is the convergence analysis of dictionary learning
in the continuous case. This results in the course of Chapter 5 in minimizing a
functional E of the form

E(d, x) =
∫

I

(∫
Ω

(
y(ω, l)−

∫
Ω′
d(ω, ω′)x(ω′, l) dμ′ω′

)2

dμω

+λx

∫
Ω′
f(x(ω′, l)) dμ′ω′

)
dνl

+λd

(∫
Ω′

(∫
Ω
d(ω, ω′)2 dμω

)p′/2

dμ′ω′ − c
)2

+(λ1g1(‖x‖p) + λ2g2(‖∇x‖p)) + λ3g3(‖∇d‖(2,p))
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according to the functions d and x.

For obtaining this results we cite some prelimiary knowledge in Chapter 2. First
we state there definitions and conclusions on wavelets and their lifting scheme in
Section 2.1, while Section 2.2 is devoted to a broad summary of the sparse coding and
dictionary framework, especially dictionary learning algorithms in Subsection 2.2.2.
Some results on function spaces and functional analysis in Section 2.3 complete that
chapter.

Chapter 3 contains as a minor topic of this thesis, some preceding results on matching
a wavelet to one given signal based on the lifting scheme4. The idea for this results
has originally been developed in [160], while we added the less shift-variant version
given in Section 3.3.

As already mentioned, Chapter 4 includes the first main topic of the thesis, the
learning algorithm for wavelet dictionaries. We develop the theoretical fundamentals
in Section 4.1 partly using the similar ideas as in Chapter 3, while Sections 4.2 and
4.3 contain several implementational details and the use of a priori knowledge.

The convergence analysis of continuous dictionaries is topic of Chapter 5. After
deriving the functional E(d, x) in Subsection 5.1.1 we prove in the remainder of
Section 5.1 results on the existence of a minimum for fixing one variable, as well as
for free d and x. Later on Section 5.2 contains methods for computing that minima
based on conditional gradient methods. For the reason of readability we moved some
additional information and a technical lemma of this chapter to Appendix B.

Before we summarize this thesis in Chapter 7 and give a short outlook to open
questions, we want to apply in Chapter 6 the results of Chapters 3 and 4. Here
Section 6.1 offers some examples on the dictionary learning algorithm using simu-
lated data. Afterwards we state our main example, condition monitoring of linear
guideways, in Section 6.2. In that context we use both, the wavelet matching from
Chapter 3 and the results of Chapter 4. Please note, we added the short Appendix
A for explaining linear guideways, especially our measurement device and the bases
of condition monitoring. For the last application we refer to Section 6.3, where
we apply the MODW algorithm to piano recordings, intending to reconstruct the
original score.

4Please note, we use throughout this thesis lifting for construction of wavelets only, not for fast
wavelet transform as suggested in [153, Section 6].
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Chapter 2

Preliminaries

For preparation of the theoretical and applicational results, we give in Chapters 3
to 6, we need to introduce here some results from literature, used in the course of
this thesis. Furthermore we use the chance to establish some notations for the other
parts of the thesis.

Since the theoretical results in this thesis are based on three quite different areas of
mathematics we preserve that partition also in this chapter. So the first section, 2.1,
gives a short introduction to the well known framework of wavelets, focused on the
theory of lifting. In Section 2.2 we give an overview about the theory of dictionaries,
additionally some learning algorithms are presented in Section 2.2.2, as basis for
classifying the results in Chapter 4. We finish this chapter giving some definitions
and results from the framework of applied functional analysis in Section 2.3.

2.1 Wavelets

In this section we want to give a short overview about the basics of wavelet analysis.
Furthermore we give in Subsection 2.1.2 an introduction to the framework of lifting,
extensively used in the following Chapters 3 and 4. Lifting is there be the basis for
construction of single wavelets or rather of whole dictionaries consisting of wavelets.

2.1.1 Wavelet analysis

This introduction is mostly given for the sake of completeness and for introduction
of notation. For more detailed information on the theoretical background of wavelet
methods see, e.g., [101, 28, 100].

Definition 2.1 (Wavelet basis). A dyadic wavelet basis is a Riesz basis (cf. [101,
p. 595]) consisting for fixed j′ ∈ Z of two types of functions: ϕj′,k and ψj,k, j, k ∈
Z, j ≤ j′. They are scaled and shifted versions of the scaling function ϕ and of the
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wavelet ψ:

ϕj′,k = 2−j′/2ϕ

( · − k
2j′

)
and ψj,k = 2−j/2ψ

( · − k
2j

)
, j, k ∈ Z, j ≤ j′

Furthermore ϕ and ψ are usually normalized by ‖ϕ‖2 = ‖ψ‖2 = 1. The scaling
function and the wavelet of a dyadic wavelet basis satisfy refinement equations, see
[101, pp. 221 et sq.]:

ϕ =
∑
k∈N

hkϕ(2 · −k) (2.1)

and
ψ =

∑
k∈N

gkϕ(2 · −k) , (2.2)

(hk) and (gk) are called the filters of ϕ and ψ respectively. The filters and the
refinement equations provide a fast method for calculating the wavelet transform
([101, p. 255]). Up to normalization, the scaling function, respectively the wavelet,
is uniquely defined by the scaling coefficients (hk), respectively by the wavelet co-
efficients (gk). On the other side not every pair (hk) and (gk) defines a wavelet
basis, some constraints for this as well as the fast algorithm are given specialized for
biorthogonal wavelets below.

Even more, in most cases an analytically closed-form expression that defines the
wavelet as a function of the filter coefficients can not be given. Moreover, for most
filters, the corresponding wavelets do not exist in L2 and in most other cases wavelet
functions are visualized by pointwise values, which can be obtained, e.g., by cascade
algorithms ([28, Chapter 6.5]). Due to our approach in Chapters 3 and 4 we do not
need to care about the existence of the wavelets and scaling functions, we define
them in Subsection 2.1.2 as finite sum of already existing functions.

For analytical purposes it is convenient to utilize the discrete Fourier transforms of
the discrete filters

h(ω) =
∑
k∈Z

hke
−iωk and g(ω) =

∑
k∈Z

gke
−iωk .

Wavelets ψj,k are often called discrete wavelets, or more accurate dyadic wavelets, in
order to distinguish them from the less restrictive definition of a continuous wavelet
ψa,b, a, b ∈ R. Additionally there are rarely used discrete, non-dyadic wavelets.
Different techniques for adapting discrete or continuous wavelet concepts to bounded
domains Ω ⊂ R

d have been analyzed, see, e.g., [23].

Lemma 2.2 (Multiresolution analysis). A discrete wavelet basis introduces a hierar-
chy of nested function spaces, a so called multiresolution analysis, which are indexed
by j ∈ Z: Vj := span{(ϕj,k) | k ∈ Z} ⊂ L2(R). The wavelets (ψj,k)k∈Z then span a
complement Wj of Vj in Vj−1. Accordingly, the wavelet decomposition of a function
f ∈ Vj′ is given by

f =
∑
k∈Z

αj′,kϕj′,k +
∑
j≤j′

∑
k∈Z

fj,kψj,k. (2.3)
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Orthonormal wavelet bases, which satisfy Vj⊥Wj ,
〈
ϕj′,k

∣∣ϕj′,k′
〉

= δk,k′ and〈
ψj,k

∣∣ψj,k′
〉

= δk,k′ , are particularly convenient. But below we want to stress the
more flexible biorthogonal case. It is defined by an additional second wavelet ba-
sis, generated by functions {ϕ̃, ψ̃} and filters {h̃, g̃} respectively, satisfying Vj⊥W̃j ,

Ṽj⊥Wj ,
〈
ϕj′,k

∣∣ ϕ̃j′,k′
〉

= δk,k′ and
〈
ψj,k

∣∣∣ ψ̃j,k′
〉

= δk,k′
1. Here the expansion coeffi-

cients and filters are defined via:

Lemma 2.3.
αj′,k =

〈
f
∣∣ ϕ̃j′,k

〉
and fj,k =

〈
f
∣∣∣ ψ̃j,k

〉
. (2.4)

The constraints on the filters are given by g̃k = (−1)kh1−k, gk = (−1)kh̃1−k and

h(ω)h̃(ω) + h(ω + π)h̃(ω + π) = 2 . (2.5)

The fast decomposition algorithm runs as: (cf. [101, p. 268])

Algorithm 2.4 (Fast wavelet transform). Let bn be a discrete input signal, sampled
at intervals N−1 = 2L, then there is a function f ∈ VL with αL,k = 〈f |ϕL,k 〉 =
N−1/2bn. The wavelet coefficients are computed by successive (discrete) convolutions
with h and g (in the complex case with h̄ and ḡ). Then the wavelet analysis calculates
as

αj+1,n = αj  h2n and fj+1,n = αj  g2n

The reconstruction is given with the dual filters h̃ and g̃ as

αj = α̌j+1  h̃n + f̌j+1  g̃n ,

where x̌ is defined as

x̌n =

{
xp if n = 2p
0 if n = 2p+ 1.

In case the bn includes N non-zero samples, the transform as well as the reconstruc-
tion is calculated within O(N) operations.

Biorthogonal wavelets can be symmetric [28, pp. 258 et sq.], which is a major advan-
tage in some applications. Moreover, biorthogonal wavelets appear naturally in the
construction of wavelets via lifting schemes to be used in our algorithm for matching
wavelets and dictionary learning.

2.1.2 Lifting

As mentioned before in Chapter 1.4, the purpose of Chapters 3 and 4 is to de-
velop a procedure for constructing data dependent discrete wavelet bases or rather
dictionaries, composed of them, and to apply this for tasks of pattern detection.

Our approach is based on lifting, so we shortly want to review the basics of wavelet
lifting, which was introduced and analyzed in [153, 152, 154, 29]. The lifting

1especially
D
ψj,k

˛̨
˛ ψ̃j∗,k′

E
= δk,k′δj,j∗
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scheme always starts with a given set of biorthogonal wavelets and constructs a
new quadruple of biorthogonal wavelets. The resulting quadruple is always denoted
by {h, h̃, g, g̃}, the wavelets or scaling functions which are updated in the lifting
scheme are indexed in their original form by an upper 0, e.g., g0.

Lemma 2.5 (Lifting Scheme I). Let a set of finite biorthogonal filters {h, h̃0, g0, g̃}
and a trigonometric Laurent polynomial s(ω) be given.

Then, the set of functions {h, h̃, g, g̃} defined by

h̃(ω) = h̃0(ω) + g̃(ω)s(2ω)
g(ω) = g0(ω)− h(ω)s(2ω) .

also constitutes a set of finite biorthogonal filters.

This result can also be formulated in terms of wavelets and scaling functions:

Lemma 2.6 (Lifting Scheme II). Let a set of formally biorthogonal wavelets
{ψ0, ψ̃0, ϕ, ϕ̃0} and a trigonometric Laurent polynomial s(ω) with coefficients sk

be given. Define {ψ, ψ̃, ϕ, ϕ̃}, by

ψ(x) = (ψ0 + s  ϕ)(x) := ψ0(x)−
∑

k

skϕ(x− k) (2.6)

ϕ̃(x) = 2
∑

k

h̃0
kϕ̃(2x− k) +

∑
k

s−kψ̃(x− k)

ψ̃(x) = 2
∑

k

g̃kϕ̃(2x− k) ,

Then {ψ, ψ̃, ϕ, ϕ̃} constitutes a set of formally biorthogonal scaling and wavelet func-
tions.

The term “formally” is chosen, as it is not clear, due to the remark following Defi-
nition 2.1, that the new dual wavelets and scaling functions ϕ̃, ψ̃ (and even the old
one) are existing at all in L2 and form a Riesz basis.

Of course for applicational frameworks it is necessary to obtain some smoothness
properties of the lifted wavelet system: After exploiting the defining scaling equa-
tion (2.2):

ψ0 =
√

2
∞∑

n=−∞
gnϕ(2 · −n) ,

one immediately sees, a finite length of (gn) implies that the order of differentiability
of ψ0 equals that of ϕ. By (2.6) also ψ has the same order of differentiability provided
that s is not an infinite series. Furthermore its smoothness is depending on the
number of vanishing moments p̃ of ψ̃ given by

Lemma 2.7. Let

h̃(ω) =
(

1 + e−iω

2

)p̃

l̂(ω) p ∈ N (2.7)
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where l̂ is a finite filter. Define even more B = supω∈[−π,π]

∣∣∣l̂(ω)
∣∣∣. Then we have ϕ

(and with it also ψ0 and ψ) to be Lipschitz α for all

α < p̃− log2B − 1.

See [101, pp. 268-269] for more details.

For the approximations following in next chapters simple and symmetric filters
{h, h̃0, g0, g̃} are preferable. Starting with Equation (2.7), using Equation (2.5)
and following the course of [101, p. 270] we know:

Lemma 2.8. Let h and h̃ be symmetric biorthogonal wavelet filters, then they are
of the form

h(ω) =
√

2e−iεω/2
(
cos

ω

2

)p
L(cosω) (2.8)

h̃(ω) =
√

2e−iεω/2
(
cos

ω

2

)p̃
L̃(cosω).

With p+p̃ even, ε = 0 for (p, p̃) even and ε = 1 otherwise and the following additional
constraints on the product of the polynomials L and L̃:

L(cos(ω))L̃(cos(ω)) = P (sin2(ω/2))

where the polynomial P satisfies

(1− y)qP (y) + yqP (1− y) = 1 for q = (p+ p̃)/2 and for all y ∈ [0, 1] .

Remark 2.9. • For the simple case L ≡ 1 and L̃ chosen to satisfy all constraints
we obtain the so called CDF wavelets (cf. [28, Chapter 8]) with B-splines ϕ of
order p as scaling functions. Also the wavelet ψ is a spline of the same order
with an additional knot. For an example see Figure 2.1

• Theoretically it is possible as stated in [29] to construct every wavelet via lifting
starting with the lazy wavelet and iteratively lifting h and h̃. There also a
method is presented, based on the Euclidean algorithm, to reconstruct this
sequence of liftings. So the set of possible resulting wavelet functions after
lifting depends only on the common divisors of g and h.
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Figure 2.1: CDF scaling function (left) and wavelet(right) for parameters p = 3 and
p̃ = 1, the knots of the splines are marked.

2.2 Dictionaries

2.2.1 Sparse coding

In this subsection we want to give a detailed introduction to the subject of sparse
coding, as briefly presented in Section 1.2.

In case there is a function y element of a Hilbert space H, it is a well known
method, to describe y using a orthonormal basis {ej}j∈J̃ :

y =
∑
j∈J̃

xjej where ∀j ∈ J̃ : xj ∈ K (2.9)

with K ∈ {C,R}. This description is unique. If we use instead of the basis a so
called (complete) dictionary (cf. [105, 22, 163]), the situation changes:

Definition 2.10 (Dictionary). Let H be a real or complex Hilbert space, Fur-
thermore let J be an index set, then the set D = {dj}j∈J ⊂ H of normed atoms
‖dj‖H = 1 is called a dictionary on H. If furthermore H = V := span{dj}, the
dictionary is called complete.

Now the description analog to Equation (2.9) is not unique anymore. So the question
arises which choice of x := (xj)j∈J is the most convenient one. In this case we
want to have x as “sparse” as possible. Sparsity of x denotes, to have as much



2.2. DICTIONARIES 15

xj = 0 as possible. This can be achieved by minimizing the �0-“norm”2 defined in
Equation (1.2). Instead of minimizing ‖ · ‖0 there is a wide field of other sparsity
measures, e.g., ‖ · ‖1. For a closed theory of sparsity measures see Subsection 5.1.1.
Defining the linear mapping D : �∞ �→ H

Dx = D(xj)j∈J =
∑
j∈J

xjdj

we can formulate the problem in two differnet ways as given in [163]:

min
x∈�∞

‖x‖0 while y = Dx (2.10)

or
min
x∈�∞

‖ex‖H := min
x∈�∞

‖y −Dx‖H while ‖x‖0 ≤ m (2.11)

While Equation (2.10) is the problem in context of exact solutions, the second one
is especially applied to noisy functions y.

Solving both, Equations (2.10) and (2.11), is in generally an NP hard problem (cf.
[102]), so there exist several methods for producing an approximative solution, as
already mentioned in Section 1.3. The most important and best known ones are
the orthogonal matching pursuit (OMP), the basis pursuit (BP) and the focal un-
derdetermined system solver (FOCUSS), all of them having a number of variations,
generalizations and antecessors, as, e.g., given in [105, 82, 46, 55, 44, 149, 98].

The eldest of the mentioned algorithms is the OMP (see also [103] or [126]), a greedy
algorithm, choosing every step one atom di ∈ D of the dictionary defined by

di = argmax
d∈D

| 〈Riy | d〉 | (2.12)

Riy = y − Pspan{d0,...,di−1}y,

here P denotes the orthogonal projection. Furthermore the coefficients xl are fixed,
after achieving m atoms or reaching ‖y − Dx‖H = 0, as the coefficients of this
projection. In special cases there are methods to speed up the OMP, especially
there is for a structured dictionary in general no necessity to compute all scalar
products 〈Riy | d〉 in Equation (2.12), instead they can be computed as weighted
sum of the 〈Ri−1y | d〉. Interestingly there is also a version of this algorithm for non-
discrete dictionaries, see [103] for details. A further variant is the otimized OMP
(OOMP) (cf. [137]) changing the choice of the atom. Instead of the maximal scalar
product between residual and atom it chooses the maximum of the absolute value
of the projections onto the atoms, i.e.

argmin
dj

= ‖y − Pspan{d0,...,dj}y‖.

This approach needs generally more computation time than the original OMP, but
in case the dictionary is composed from several biorthogonal wavelet bases like in
Chapter 4, the dual transform gives directly this values (cf. also Page 50).

2Cf. Footnote 3 on Page 4
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The two other mentioned algorithms optimize given starting coefficients parallely
for all atoms of the dictionary. This makes them slower for choosing just a few
representing atoms for one signal (e.g., as in Equation (2.11) with small m), but
preferable for computing longer representations. The BP (see [22]) replaces the
�0-norm in Equation (2.10) and (2.11) by the �1-norm, so the problem becomes
convex and easy solvable, e.g., by simplex algorithm or interior point methods.
Similar FOCUSS (cf. [136]) is using an �p-norm, 0 < p < 1 and an iterative matrix
multiplication. This lp-norms are more similar to the original �0-norm than the l1-
norm, but give non-convex problems and by this the danger of local minima. [168]
handles with the connections between BP, FOCUSS and some probabilistic methods.

Since this algorithms has been developed, additional results on their properties came
up. For example there are for all this algorithms results concerning the convergence
speed (e.g., in [70, 99]). Moreover there exist results (e.g., in [67, 36, 163, 35]),
proving in dependency of D upper bounds for the value of ‖x‖0 up to that the results
of the coding algorithms (BP, OMP) are equal to exact results got by searching all
possibilities. Generally this bound is higher, if the coherence of the dictionary (the
maximal absolute values of inner product of two atoms) is small. For checking the
optimality of a given sparse representation x, there is the bound ‖x‖0 < spark(D)/2
up to that the x is the unique representation with minimal �0-norm (spark(D) is the
minimal cardinality of an linearly dependent subset of D, cf. [67])3. Furthermore
there are in [61] approximations of the the distances ‖x − xB‖2, ‖x − xB‖∞ and
‖D(x − xB)‖H , where xB denotes the best possible solutions. Computing all this
bounds and approximations needs in general solving a combinatorical setting, so they
are poorly usable for the following learning algorithms in the case of applicational
size problems.

2.2.2 Dictionary learning

In the last subsection we introduced some results and algorithms about finding a
sparse representation x of one signal y or analogous for a whole family of signals
Y = {yl}N

l=1 ⊂ H in the case of given dictionary D. But before doing so, the
question arises, how to choose D. Basically there are several criteria that should be
considered:

• Special structure of the dictionary giving the opportunity to speed up the
sparse coding algorithms.

• Mathematical models or prior results giving evidence for the structure of y or
Y.

• The quantity of the error estimates, e.g., spark(D) and coherence as aforemen-
tioned.

• The current signals Y to achieve optimal sparsity of x.
3Also advanced properties, closely related to coherence and spark(D) are used.
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There is a large amount of predefined dictionaries in literature with special structure
like wavelets, Fourier or Gabor transforms (e.g., in [105, 58, 53]). Other examples
are combinations of a fixed number of orthogonal bases (e.g., in [68, 74]), curvelets
or contourlets (cf. [148, 109]). Dictionaries chosen like this can be used to satisfy
the first two points of the above listing. But on the other side the quality of the
sparsest solution is highly depending on the model or rather the inner structure of
the dictionary.

To choose a dictionary just based on the error bounds is generally not advisable.
The preface of optimal bounds is in general small in comparison with data or model
based optimization (if this produces not extreme small bounds), since also sparsity
measures greater than this bound have a high probability to be optimal (cf. [35, 38]).
Nevertheless, one example is given in [151]. Furthermore the properties of some
standard dictionaries had been analyzed, e.g., in [127, 30]. Up to our knowledge
there is no attempt to combine this approach with the other ones, also due to the
combinatorical character of the error bounds mentioned in Subsection 2.2.1.

The third possibility is to construct dictionaries that way, to fit the given data as
well as possible; this way is known as dictionary learning. Generally this atoms have,
due to their way of construction, no inner structure usable for fast computations, but
the sparsity of representation is in general much better in comparison to standard
dictionaries. In cases the number N of signals is high enough, it could be sensible to
afford the additional calculations for a sparser representation. During the past years
came up some approaches to import restrictions to the dictionary learning, especially
focused on shift-invariance. But other restrictions are almost not considered till now.

Beside some variants there is approximately a handful of better known algorithms
for learning dictionaries. We want to give a short overview about them, since we
establish in Chapters 4 and 5 a new algorithm and convergence results. Since all
the listed algorithms work just on H = �2({1, . . . n}), we identify the mapping D
with the corresponding matrix D ∈ R

n×K , K < N . Furthermore we denote by
Y ∈ R

n×N the matrix whose i-th column equals yi ∈ Y, analogous X ∈ R
K×N is

the matrix of coefficients.

Fundamentally spoken there are two philosophies of dictionary learning: Either to
maximize an expectation P or to minimize an error E. There are several connections
between this two points of view, but throughout this thesis we concern with the later
one. So just for the sake of completeness and as basis for comparisons we state first
also some probabilistic approaches.

Maximum likelihood (ML) method

This method, introduced e.g., in [122, 96], is the eldest probabilistic algorithms of
dictionary construction. Actually it is inspired by some earlier research in the neu-
ronal network community, originally based on ideas in [6, 8] concerning redundancy
reduction. In ML the signals of Y are modelled by

yi = Dxi + ε,
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where ε is a Gaussian noise with variance σ2 and zero mean. For signals being
independent of each other and defining the probability of a combination (yi,D) as
integral over all x, we get

P (Y|D) =
N∏

i=1

P (yi|D) =
N∏

i=1

∫
P (x)P (yi|x,D) dx .

The optimal D is that one, having the maximal probability. As there are calculative
problems to solve this, usually approximative optimizations are considered. Typi-
cally they predefine a distribution of the elements of X as e.g., Gaussian as in [96],
δ-approximation (cf. [120, 80]), evaluation of the maximum (e.g., in [121]) or Monte
Carlo approximation (see [139, 123]), but also variational methods had been used
(cf. [52, 81, 112]). So applications up to video coding (see [119]) were possible. Last
year ML became basis of an advancement resulting in a shift-invariant dictionary
(cf. [12], giving also an extensive composition of the mentioned approximations).

Maximum a-posteriori probability (MAP)

The MAP is a second representant for an stochastic dictionary learning algorithm,
it is exemplified in [91, 116]. In contrast to the ML algorithm it uses the a posterior
probability P (D, X|Y). With Bayes’ rule this gives

P (D, X|Y) = cP (Y|D, X)P (D)P (X)/P (Y).

The following calculation is similar to that in the case of ML, additionally a further
assumption for P (D) can be chosen. [91] gives two interesting possibilities, both
giving an own iterative rule for computing the dictionary. In both cases updating of
the dictionary alternates with a computation of X by FOCUSS. The first possibility
is to fix ‖D‖F = 1. If we want instead of this to have every dj satisfying ‖dj‖2 = 1,
∀ 1 ≤ j ≤ K, every atom has to be updated individually via

dn+1
j = dn

j + γ(I − dn
j d

n
j

T )(Y −DX)xT
j , γ > 0,

with xj denoting the j-th row of X, giving a double iterative algorithm.

Also for this algorithm there came up during the last years a bundle of applications
(e.g., [13]) and shift-invariant versions (cf. [124, 139]). The last two papers propose
a wide definition of wavelets, not satisfying the constraints from Section 2.1.1.

Methods using probabilistic approaches have in general the preface to introduce a
lot of knowledge about the signal or a model into the assumptions on dictionary and
error. On the other side they often result in complicate equations, connected to an
highly approximative solving algorithms. As an alternative we introduce now some
deterministic algorithms. Here introducing prior knowledge is in general just possible
introducing it into the starting-values or by introducing weights in the sparse coding
as in [34] or [55]. For a more detailed treatment of this options, see Chapter 4.
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Method of optimal direction (MOD)

The MOD ([41, 43]) is the eldest non-stochastic algorithm, but it can be interpreted
as a special approximation of the ML, fixing the number of non-zero coefficients.
Aiming to find a best solution of Equation (2.11) for a set of signals Y MOD mini-
mizes:

(D∗, X∗) = argmin
D,X

‖Y −DX‖2F , while max
1≤i≤N

‖xi‖0 ≤ T ,

‖ · ‖F denotes the Frobenius norm. This algorithm is related to the K-mean
algorithm (cf. [51], also known as generalized Lloyd algorithm), like that it is
iterative and divides every iteration into two steps:

1. Fix D and find the best, sparse X

2. Fix X and find the best D.

For the first step every known sparse coding method (see Section 2.2.1) is usable
on every column of Y, e.g., orthogonal matching pursuit or variants of the others,
giving a fixed ‖xi‖0. The second step is realized by finding the zeros of the derivative
of ‖Y −DX‖2F in directions of all components of D. This leads to

D = (YXT )(XXT )−1.

The inverse matrix exists, as the derivative has for reasonable data Y always exactly
one zero indicating a minimum (see [41]).

There are several applications for the MOD and closely related algorithms of gradient
descent like, e.g., in [76, 75, 144, 42]. Furthermore there are some results in [73, 166]
about a shift-invariant dictionary, using the �1 norm for indicating sparsity.

K-SVD

Similar to MOD the K-SVD algorithm (stated in [3, 4]) tries to minimize the value
of

‖E‖2F = ‖Y −DX‖2F
in dependency of D and X, while the values of all ‖xi‖0 are bounded by T . The
minimization follows the same steps as in MOD, the difference is just established in
the second step: Here the coefficients of X are not necessarily constant. The atoms
are updated sequentially, for every dj the norm of E is calculated as

‖E‖2F = ‖Y −DX‖2F =

∥∥∥∥∥∥∥Y −
K∑

i=1
i�=j

dix
T
i − djx

T
j

∥∥∥∥∥∥∥
2

F

= ‖Ej − djx
T
j ‖2F .

Restricting xj to the non-zero elements and Ej to the corresponding columns, we
search for minimizing

‖Ej,R − djxj,R‖2F .
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This is possible by computing a singular value decomposition of Ej,R = UΔV T and
choosing dj as first column of U and xj,R as first column of V times Δ(1,1). In the
past two years there where several applications of K-SVD and a related algorithm
(see [141]), especially in the area of image and video coding (cf. [39, 131]).

union of orthonormal bases (UOB)

In difference to all previous algorithms this one (exemplified in [94]) requires a
special structure of the dictionary, it is composed from several orthonormal bases of
the same space:

D = {D1 . . .DL}, ∀ 1 ≤ l′ ≤ L : Dl′ = {di,l′}n
i=1 is orthonormal basis

The preface of this idea is the simple way to find the coefficients for sparse coding
(see [94] for more details). The dictionary itself is computed iteratively, by alter-
nately computing the coefficients and updating the dictionary. This update is itself
sequentially for the Dl′ and similar to K-SVD: For the current l′ and fixed X the
modified errormatrix El′ = Y −∑i�=l′ DiXi is computed, then the singular value
decomposition of El′X

T
l′ = UΔV T gives the update by Dl′ = UV T .

There are also algorithms, that do not fit into the above given scheme of minimizing
E or maximizing P . As an example we want to state the following:

Matching of time invariant filters (MoTIF)

In contrast to the previous algorithms, MoTIF (introduced first in [83], exemplified
and applied in [63, 114, 113]) does not search directly for the dictionary D. Instead it
constructs a smaller set G = {gi}K

i=1 of functions, the dictionary is defined afterwards
as the set of all integer shifts of the elements of G: D = {Tpgi|i = 1 . . .K, p ∈ Z}.
The function or rather vector set G is chosen via a sequentially procedure: Every gi

has to satisfy

gi = argmax
‖g‖2=1

∑N
j=1 maxp∈Z | 〈yj |Tpg 〉 |∑i−1

l=1

∑
p∈Z

| 〈gl |Tpg 〉 |

(for i=1 the denominator is defined to one). This maximization is done by iterating
two steps. In the first for every yj and fixed g the best translation pj is found, this
step is just maximizing the correlation between the translations Tpgi,k, p ∈ Z and all
yj . In the second step the translation is fixed and the best g is found. This problem
can be translated to a generalized eigenvalue problem.

We compare this algorithms in the introduction of Chapter 4 or rather Section 4.1
and hence obtain a list of desired properties for our learning algorithm, presented
in Section 4.1.
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2.3 Functional analysis

In this section we want to give a short introduction into the structures and methods
we need especially in Chapter 5. We assume the reader is familiar with the basic
structures of Hilbert and Banach spaces, as well as with Lebesgue measures
and integrals. Otherwise we recommend [5] for an introduction.

The section is structured as follows: After an introduction to weak convergence and
continuity in Subsection 2.3.1 we give in Subsection 2.3.2 a short composition on
results about Lebesgue and Sobolev spaces. All that results can be found in [5],
this is also a basis for a more detailed introduction, as well as [26]. Afterwards we
collect in Subsection 2.3.3 the ingredients for the direct method of the calculus of
variations as given in [7], [171] or [27]. We complete this section in Subsection 2.3.4
with a short overview on the generalized conditional gradient algorithm as presented
in [18].

2.3.1 Weak topologies

The well known concept of convergence, in the following denoted as strong conver-
gence, is in many cases to restrictive in the framework of infinite dimensional vector
spaces. Especially the famous result of Bolzano-Weierstraß, every bounded
sequence has a strongly converging subsequence, is lost. In order to hold this result
also for infinite dimensional spaces, we weaken the concept of convergence.

Below we denote with X a Banach space and with X ′ its dual.

Definition 2.11 (Weak convergence). A sequence (xn) ⊂ X with x ∈ X satisfying〈
xn

∣∣x′ 〉→ 〈x ∣∣x′ 〉 for all x′ ∈ X ′

is called weakly convergent to x or xn ⇀ x. Analogous the sequence (x′n) ⊂ X ′ is
called weakly∗ convergent to x′ ∈ X ′, denoted by x′n

∗
⇀ x′, if〈

x
∣∣x′n 〉→ 〈x ∣∣x′ 〉 for all x ∈ X

Weakly convergent sequences have the following important properties:

Theorem 2.12.

1. (a) For a sequence xn ⊂ X converging weakly to x ∈ X, exists a constant
R � K > 0, such that

‖xn‖ ≤ K and ‖x‖ ≤ lim inf
n→∞ ‖xn‖

(b) For a sequence x′n ⊂ X ′ converging weakly∗ to x′ ∈ X ′, exists a constant
K > 0, such that

‖x′n‖ ≤ K and ‖x′‖ ≤ lim inf
n→∞ ‖x′n‖
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(c) Strong convergence xn → x implies weak convergence xn ⇀ x

(d) Strong convergence x′n → x′ implies weak∗ convergence x′n
∗
⇀ x′

2. If X is a reflexive Banach space, and there is a R � K > 0, such that
‖xn‖ ≤ K. Then there exists a subsequence (xnj ) of (xn) and an x ∈ X, such
that xnj ⇀ x.

3. In the case of a separable Banach space X let exist an 0 < K ∈ R holding
‖x′n‖ ≤ K. Then there are a subsequence (x′nj

) of (x′n) and an x′ ∈ X ′

satisfying x′nj

∗
⇀ x′.

The last two properties give a weak alternative of the Bolzano-Weierstraß

theorem. This properties are also denoted by weak (sequential) compactness or
rather weak∗ (sequential) compactness.

Analogous to the strong topology we can define a concept of (semi-)continuity using
the weak topology.

Definition 2.13 (Weak lower semicontinuity). Let f be a functional f : X �→ R̄ =
R ∪ {∞}. f is called weakly (sequential) lower semicontinuous in a point x ∈ X, if
for every sequence xn ⇀ x:

lim inf
xn⇀x

f(xn) ≥ f(x) . (2.13)

f is called weak (sequential) lower semicontinuous, if Inequality (2.13) is valid in
every point x ∈ X. Analogous we denote f as weak (sequential) continuous, if
equality is satisfied in (2.13) for all xn ⇀ x.

Analogous definitions are valid for the weak∗ case.
In the following we omit the term sequential, even as there is a not necessary equiv-
alent setbased definition of all this terms.

Please observe, weak continuity is in contrast to its name a stronger concept than
the standard strong continuity and implies the later one. But there is an important
set of functionals giving weak lower semicontinuity from the strong one:

Theorem 2.14. Let f : X �→ R be a convex functional. Then weak lower semicon-
tinuity and strong lower semicontinuity are equivalent.

The last concept we have to introduce is coercivity. There are several definitions of
this term in literature, we use the following one:

Definition 2.15 (weak coercivity). A functional f : X �→ R̄ is called weak (se-
quential) coercive, if the sets {f ≤ t} are weak (sequential) compact in X for every
t ∈ R.

A comparison with the definition of weak compactness shows, that this definition is
equivalent on reflexive Banach spaces with

lim
‖x‖→∞

f(x) =∞. (2.14)
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Unfortunately there are two concepts of coercivity in the strong topology, one for
both of the stated equivalent weak formulations. If we need one of them in the
following chapters, we use the term “sequential” for discrimination:

Definition 2.16 (strong coercivity). A functional f : X �→ R̄ is called strong
sequential coercive, if the sets {f ≤ t} are strong sequential compact in X for every
t ∈ R. It is called strong coercive, if

lim
‖x‖→∞

f(x)/‖x‖ = ∞.

2.3.2 Lebesgue and Sobolev spaces

The most important Banach spaces we use below are Lebesgue and Sobolev

spaces. They are well known, but for reasons of completeness we want to give
a short introduction here. Inside this subsection we denote Ω ⊂ R

d as an open,
μ-measurable set.

Lebesgue spaces

Definition 2.17 (Lebesgue space). Let 1 ≤ p ≤ ∞. Then we define the space
Lp(μ,Ω,K) with K ∈ {R,C} as the set of functions

Lp(μ,Ω,K) = {f : Ω �→ K | f μ-measurable, ‖f‖p <∞}.
Here ‖ · ‖p defines via

‖f‖p :=

⎧⎪⎪⎨
⎪⎪⎩
(∫

Ω

|f(x)|p dμx
)1/p

for 1 ≤ p <∞
esssup

Ω
|f | := inf

μ(N)=0
sup

x∈Ω\N
|f(x)| for p = ∞

(2.15)

Below we often suppress one ore more arguments of Lp(μ,Ω,K) if the suggested
argument is clear. The mapping ‖ · ‖p : Lp(Ω) �→ R defines a norm on the Banach

space Lp(Ω) that is reflexive if 1 < p <∞. The dual space is given by Lp′(Ω), where
1
p + 1

p′ = 1, thus the L2(Ω) is even a Hilbert space. In the case p = 1 the dual is
the L∞(Ω), but this spaces are not reflexive.

Additionally the Lebesgue spaces induce the important Hölder inequality for
functions f ∈ Lp and g ∈ Lp′ , p, p′ ∈ [1,∞], 1

p + 1
p′ = 1:

g(f) :=
∫

Ω
fg dμx ≤ ‖f‖p · ‖g‖p′

The definitions of Lebesgue norm and space are also sensible for values 0 < p < 1
and are used already in Section 2.2 as well as intensely in the following chapters.
But in this case we lose almost all interesting properties, beginning with the triangle
inequality of the p-“norm”.
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Sobolev spaces

There is no regularity constraint in the definition of Lebesgue spaces. In case we
need a more smooth function, the natural alternative are so called Sobolev spaces.
Among the wide field of closely related definition of Sobolev-type spaces (cf. [110])
we use the following in the course of this thesis:

Definition 2.18 (Sobolev space). Let 1 ≤ p ≤ ∞ and s ∈ N. Then the Sobolev

space Ws,p(μ,Ω,K) is defined as

Ws,p(Ω) = {f ∈ Lp(Ω) |∇αf ∈ Lp ∀ |α| ≤ s}.
Here α denotes a multi-index (cf. [5, Section 1.5]) and ∇αf denotes the weak deriva-
tive (also know as distributional derivative) of f defined as∫

Ω
f(x)(∇αζ)(x) dμx = (−1)|α|

∫
Ω
(∇αf)(x)ζ(x) dμx ∀ζ ∈ C∞0 (Ω).

Furthermore we define a norm on this space by

‖f‖s,p =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
s∑

|α|=0

‖∇αu‖p
p

)1/p

for 1 ≤ p <∞

max
0≤|α|≤s

{‖∇αf‖∞} for p = ∞
(2.16)

Similar to the case of Lebesgue spaces, all Sobolev spaces are Banach spaces
and for 1 < p < ∞ reflexive. In this case the dual is given by W−s,p′(Ω) with
1/p + 1/p′ = 1. Analogous to the Lebesgue case, spaces of the form Ws,2(Ω) are
Hilbert spaces.

further properties

If we want to investigate the connections between different Sobolev and Lebesgue

spaces, It is clear from the definitions of the norms (Equations (2.15) and (2.16))
that Ws,p(Ω) ⊂ Lp(Ω). For more advanced results we quote here the Sobolev

embedding theorem. But before we need a short definition of compact operators.
Below we denote for sake of simplicity Lp = W0,p.

Definition 2.19. A bounded linear mapping A : X → Y between two Banach

spaces X and Y is called compact if for every bounded sequence (xn) ⊂ X there is a
(strongly) convergent subsequence of (Axn) ⊂ Y .

Theorem 2.20 (Sobolev embedding theorem). Let Ω ∈ R
n be bounded with Lip-

schitz boundary and 1 ≤ p1, p2 <∞, furthermore m1,m2 ∈ N ∪ {0}.

1. Let
m1 − n

p1
≥ m2 − n

p2
and m1 ≥ m2 , (2.17)

then the embedding Id : Wm1,p1(Ω) �→ Wm2,p2(Ω) is continuous, i.e. there is
a constant C = C(n,Ω,m1, p1,m2, p2) with ‖f‖m2,p2 ≤ C‖f‖m1,p1 for any
f ∈Wm1,p1(Ω).
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2. In case the inequalities in (2.17) are strict, the embedding Id is compact.

We want to mention some special cases of the compact embeddings:

Lemma 2.21. Let Ω be bounded with Lipschitz boundary and fn ⇀ f in W1,p(Ω),
then the following convergences are valid:

1. If 1 ≤ p < n, then fn → f in Lq(Ω), 1 ≤ q < np
n−p .

2. If p = n , then fn → f in Lq(Ω), 1 ≤ q <∞.

3. If p > n, then fn → f in L∞(Ω).

In the following we want to give results about weak lower semicontinuity of functions
in Sobolev spaces. Here the measures μ and μ′ denote measures, where the main
theorems for the Lebesgue measure are valid, as, e.g., satified by a weighted version
of this or a discrete measure. This result is adopted from [26, Chapter 3, Theorem
3.4], but as we use slightly different spaces we give also a modification of the proof
simplified to our necessities. Furthermore we need an introducing definition, also
taken from [26].

Definition 2.22. For an open set Ω ⊂ R
n a function f : Ω × R

m × R
N �→ R̄ =

R ∪ {∞} is called a Carathéodory function if

• f(x, ·, ·) is continuous for μ-almost every x ∈ Ω,

• f(·, u, ξ) is measurable in x for every (u, ξ) ∈ R
m × R

N .

Theorem 2.23. Let Ω and Ω′ be two bounded, open subsets of R
l or rather R

n−l.
Furthermore, let f : (Ω × Ω′) × R

m × R
N �→ R̄ be a Carathéodory function,

satisfying
f((x, x′), u,∇u) ≥ 〈a(x) |∇u〉+ b(x)

for μ, μ′-almost every (x, x′) ∈ Ω × Ω′, every (u,∇u) ∈ R
m × R

N and for some
b ∈ L1(Ω × Ω′) and a ∈ Lq(Lq′(Ω′),Ω)N , where 1/q + 1/p = 1, 1/q′ + 1/p′ = 1.
Define additionally a sequence

uν ⇀ ū in W1,p(W1,p′(Ω′),Ω)

with p, p′ ≥ 1. If additionally f((x, x′), u, ·) is convex, then

J(u,∇u) =
∫

Ω

∫
Ω′
f((x, x′), u(x, x′),∇u(x, x′)) dμ′x′ dμx

is weak lower semicontinuous in W1,p(W1,p′(Ω′),Ω).

Proof. The proof is decomposed in four steps:
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1. If necessary we replace f by

f̃((x, x′), u,∇u) = f((x, x′), u,∇u)− 〈a(x, x′) ∣∣∇u〉+ b(x)

so we can assume f ≥ 0.

2. Due to the preceding step, we know for a sequence uν ⇀ ū ∈W1,p(W1,p′(Ω′),Ω)
that

L = lim inf
ν→∞ J(uν ,∇uν) > −∞ .

Additionally we assume L <∞, else the result would be trivial. After choosing
a subsequence of uν , we define L = limν→∞ J(uν ,∇uν).

3. For a fixed ε > 0 we assume the existence of a measurable set Ωε ⊂ Ω × Ω′,
such that for a subsequence νj there exists an νε satisfying for every νj ≥ νε:∣∣(Ω× Ω′)\Ωε

∣∣ < ε

and∫∫
Ωε

∣∣f((x, x′), uνj (x, x
′),∇uνj (x, x

′)) (2.18)

−f((x, x′), ū(x, x′),∇uνj (x, x
′))
∣∣ dμx dμ′x′ < ε |Ω|

4. Let us define

χε(x, x′) =

{
1 if (x, x′) ∈ Ωε

0 else

and
g((x, x′), ξ) = χε(x, x′)f((x, x′), ū(x, x′), ξ)

So g : (Ω× Ω′)× R
N → R̄ is a Carathéodory function and the integral

G(ξ) ≡
∫

Ω

∫
Ω′
g((x, x′), ξ(x, x′)) dμ′x′ dμx

is a convex function, as f is convex for μ, μ′-almost every (x, x′). Additionally
G is lower semicontinuous over Lp(Lp′(Ω′),Ω)N , according to the lemma of Fa-

tou (cf. [84, 5.11]), as g > 0 μ, μ′-almost everywhere, together with Theorem
2.14.

The results of Steps 1 and 3 give for large enough νj :∫
Ω

∫
Ω′
f((x, x′), uνj (x, x

′),∇uνj (x, x
′)) dμ′x′ dμx

≥
∫

Ω

∫
Ω′
χε(x, x′)f((x, x′), uνj (x, x

′),∇uνj (x, x
′)) dμ′x′ dμx

≥
∫

Ω

∫
Ω′
χεf((x, x′), ū(x, x′),∇uνj (x, x

′)) dμ′x′ dμx

−
∫

Ω

∫
Ω′
χε(x, x′)

∣∣f((x, x′), uνj (x, x
′),∇uνj (x, x

′))

−f((x, x′), ū(x, x′),∇uνj (x, x
′))
∣∣ dμ′x′ dμx

≥
∫

Ω

∫
Ω′
χε(x, x′)f((x, x′), ū(x, x′),∇uνj (x, x

′)) dμ′x′ dμx − ε ∣∣Ω× Ω′
∣∣
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According to the weak lower semicontinuity of G we get∫
Ω

∫
Ω′
f((x, x′), uνj (x, x

′),∇uνj (x, x
′)) dμ′x′ dμx

≥
∫

Ω

∫
Ω′
χε(x, x′)f((x, x′), ū(x, x′),∇ū(x, x′) dμ′x′ dμx − ε ∣∣Ω× Ω′

∣∣ .
So we get the result with ε→ 0 via Lebesgue’s monotone convergence theo-
rem (cf. [84]).

To prove the assumption of Number 3, we remember first, that uν → ū and
∇uν ⇀ ∇ū in Lp(Lp′(Ω′),Ω). So there exists for every ε > 0 an Mε > 0 inde-
pendent of ν satifying for every ν:

K1
ε,ν = {(x, x′) ∈ (Ω× Ω′)| |ū(x, x′)|, |uν(x, x′)| ≥Mε} ⇒ ∣∣K1

ε,ν

∣∣ < ε/6
K2

ε,ν = {(x, x′) ∈ (Ω× Ω′)| |∇uν(x, x′)| ≥Mε} ⇒ ∣∣K2
ε,ν

∣∣ < ε/6

Therefore, by defining
Ω1

ε,ν = Ω\(K1
ε,ν ∪K2

ε,ν)

we get ∣∣Ω\Ω1
ε,ν

∣∣ < ε/3 .

According to the Scorza-Dragoni theorem (cf. [26, p. 74] or [20, p. 284]) there
exists for the Carathéodory function f a compact set Ω2

ε,ν ⊂ Ω1
ε,ν such that for

(x, x′) ∈ Ω2
ε,ν : f((x, x′), u,∇u) is continuous and

∣∣Ω1
ε,ν\Ω2

ε,ν

∣∣ < ε/3. So there exists
δ(ε) > 0 giving for every (x, x′) ∈ Ω2

ε,ν :∣∣u(x, x′)− v(x, x′)∣∣ < δ(ε)
⇒∣∣f((x, x′), u(x, x′),∇u(x, x′))− f((x, x′), v(x, x′),∇u(x, x′))∣∣ < ε

Fixing δ(ε) we can find by uν → ū in Lp(Lp′(Ω′),Ω) a νε = νε,δ(ε) with

Ω3
ε,ν = {(x, x′) ∈ (Ω× Ω′)| ∣∣uν(x, x′)− ū(x, x′)

∣∣ < δ(ε)}
and

∣∣Ω\Ω3
ε,ν

∣∣ < ε/3 for every ν ≥ νε. So if we define Ωε,ν = Ω2
ε,ν ∩ Ω3

ε,ν , we get∣∣(Ω× Ω′)\Ωε,ν

∣∣ < ε,

and∫∫
Ωε,ν

|f((x, x′), uν(x, x′),∇uν(x, x′))

−f((x, x′), ū(x, x′),∇uν(x, x′))|dμ′x′ dμx < ε |Ω|
for every ν ≥ νε. In order to construct the subsequence mentioned in Step 3 we
choose now εj = ε/2j , j = 1, 2, . . .. So we can define the νj by νj ≥ νεj with
lim νj = ∞ and furthermore

Ωε =
∞⋂

j=1

Ωεj ,νj .
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2.3.3 The direct method

Most of the 5th chapter concern with the problem of finding a minimum of a non-
linear functional

min
x∈X

F (x) = α.

For proving existence of a solution for such a problem usually a three step approach
is used, the so called “direct method of the calculus of variations”. This was in
the given version originally proposed by Tonelli in [161] (for actual sources see,
e.g., [7, 27]) and works as follows (below we denote by τ the strong, weak or weak∗

topology):

1. Constructing a minimizing sequence, i.e. a sequence (xn) achieving
limn→∞ F (xn) = infx∈X F (x).

2. Finding a subsequence (xnk
), τ -converging to x ∈ X

3. Proving that F (x) ≤ τ - lim infk→∞ F (xnk
)

Generally, for the first step, we can just assume the existence of the sequence and
have to solve the further steps for arbitrary sequences. We have just to observe
that more complicate functionals F are vulnerable to producing several just local
minima. Furthermore there has to be a minimum at all, so the functional has to
be proper, i.e. F 	≡ ∞. For the second step one has prove the existence of a τ -
converging subsequence for every sequence. This means sequential τ -coercivity in
the sense of Definition 2.15 or 2.16. In the standard case F operating on Lebesgue

or Sobolev spaces, this is according to Theorem 2.14:3-4 and Section 2.3.2 in
general just possible in a weak or weak∗ topology. Finally sufficient for the third
step is τ -lower semicontinuity as defined in Definition 2.13.

There are several reformulations and special cases of the direct method (cf. [171,
Theorem 38.B, Proposition 38.12]), but all have this structure. So to prove existence
of a minimum we have to prove in general:

1. Properness, i.e. F 	= ∞,

2. Weak coercivity on a reflexive Banach space or rather weak∗ coercivity on a
separable one,

3. Weak or rather weak∗ lower semicontinuity.

Here the last point is in general the most demanding one.

2.3.4 Generalized conditional gradient algorithm

For the constructive part of Chapter 5 we want to apply the following algorithm,
realizing the generalized conditional gradient method as presented in [18] (for a
introduction to Fréchet and Gâteaux derivatives see, e.g., [172]):
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Algorithm 2.24 (Generalized conditional gradient algorithm). Let E = F + Φ :
H →]−∞,∞] for a Hilbert space H and let the Gâteaux derivative of F exist.
Then the generalized conditional gradient algorithm is defined via:

1. Set n = 0 and choose u0 ∈ H with Φ(u0) <∞, furthermore define a stopping
criterium S.

2. Find a solution vn of

argmin
v∈H

〈
F ′(un)

∣∣ v 〉+ Φ(v) .

3. Determine sn as

sn = argmin
s∈[0,1]

F (un + s(vn − un)) + Φ(un + s(vn − un)) .

4. Set un+1 = un + sn(vn − un), n = n+ 1 and return to Step 2, if S is not met.

A basic property of the Φ in Algorithm 2.24 is

Condition 2.25. Let H be a Hilbert space and Φ : H →]−∞,∞] be a functional
satisfying

1. Φ is proper, i.e. there exists a u ∈ H with Φ(u) <∞
2. Φ is convex, so for all u, v ∈ H and s ∈ [0, 1] it satisfies

Φ(su+ (1− s)v) ≤ sΦ(u) + (1− s)Φ(v)

3. Φ is lower semicontinuous, i.e. every limn→∞ un = u in H satisfies Φ(u) ≤
lim infn→∞Φ(un)

4. Φ is (strong) coercive, so Φ(u)/‖u‖ → ∞ whenever ‖u‖ → ∞.

The authors of [18] proved the following two results:

Lemma 2.26 (Descent of the generalized conditional gradient algorithm).
Let F : H → R be a Gâteaux differentiable functional and Φ satisfy Condition
2.25. Then a necessary condition of

u = argmin
v∈H

F (v) + Φ(v)

is given by 〈
F ′(u)

∣∣u〉+ Φ(u) = min
v∈H

〈
F ′(u)

∣∣ v 〉+ Φ(v). (2.19)

If this condition is not satisfied for some un ∈ H, the generalized Conditional Gra-
dient Method as stated in Algorithm 2.24 gives a un+1 with

F (un+1) + Φ(un+1) < F (un) + Φ(un) .



30 CHAPTER 2. PRELIMINARIES

For the following theorem there are two versions, one concerning strong convergence,
one weak, we state the later one in brackets.

Theorem 2.27 (Convergence of the generalized conditional gradient algorithm).
Let Φ satisfy Condition 2.25 and F be (completely) continuously Fréchet differen-
tiable, then

Ψ(u) =
〈
F ′(u)

∣∣u〉+ Φ(u)−min
v∈H

(
〈
F ′(u)

∣∣ v 〉+ Φ(v) (2.20)

is (weak) lower semicontinuous. If furthermore F + Φ is (weak) coercive and F ′

uniformly continuous on bounded sets, then a sequence {un} generated by Algo-
rithm 2.24 satisfies limn→∞Ψ(un) = 0. In case Et = {u ∈ H|Φ(u) ≤ t} is compact
for all t ∈ R, (or rather F is weakly lower semicontinuous) there exists a convergent
(or rather weakly convergent) subsequence of {un} and every convergent subsequence
of {un} converges to a stationary point of Algorithm 2.24 according to F + Φ.

Complete continuous functionals map weak convergent sequences to norm convergent
ones, this property is in general extremely strong.

After collecting this well known results on wavelets, dictionaries and functional anal-
ysis, we turn in the following chapters to the real substance of this thesis.



Chapter 3

Matching Wavelets

As already mentioned in Section 1.4, a minor aspect of this thesis is the matching
or approximation of wavelets to a given signal P . I.e. finding a wavelet ψ, satisfying
ψ = argmin ‖ψ − P‖. During the past twelve years several ideas were published for
solving this task, e.g., in [17, 57, 21, 134, 173]. Sweldens remarked 1996 in [153]
the possibility of giving a desired shape to a wavelet via lifting (cf. Section 2.1.2).
Later on Thielemann elaborated this in [159, 160] for the case of approximation
to a given signal P according to ‖ · ‖2, independently there where similar results
in [79, 117], using different minimizing norms. This approach offers several advan-
tages: all discrete wavelets can be constructed via lifting schemes (see Lemmata
2.5 and 2.6); additional desirable properties like vanishing moments and smooth-
ness can be incorporated directly (see Section 3.2); computations for constructing
matched wavelets via the lifting scheme are efficient ([153, Section 6]). Based on
Thielemann’s elaborations we gave in [133] in a joint work an advancement, offer-
ing approximative shift-invariance of the wavelet, that is the basis for this chapter.
Furthermore we gave there some applications, as we demonstrate in Subsection 6.2.1.

Section 3.1 gives a short overview, why it is sensible at all, to use wavelets matched
to a given signal. Afterwards we give in Section 3.2 our adaption of the wavelet
matching method from [159, 160]. We finish this chapter in Section 3.3 with our
own results concerning the shift-invariance properties of matched wavelets.

3.1 Why and how to use matched wavelets

The first question in every application of wavelets (cf. Section 2.1.1) is to choose
one wavelet out of the big family of existing ones. The criteria are typically the
smoothness of the wavelet and of its dual one, their localization in space (or time)
and frequency. Other influencing properties are the symmetry of ψ and ψ̃, their
orthogonality as well as the length of their filters. While the last properties influence
directly the computation time of the wavelet transform, the preceding ones are
chosen in order to optimize the transform to the given data and application.
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In case we are searching for a special pattern P , ‖P‖2 = 1 in a given signal f or we
want to adapt a shrinkage to preserve a predefined P , it is sensible to give the wavelet
a special shape, optimized to this P . To illustrate this we assume f ∈ L2(R) to be
of the form f(t) = s(t) + P (t), where s is a noise type signal and suppP = [0, T ].
Then the wavelet coefficients fj,k (cf. Equation (2.4)) according to ψ are given by

fj,k = 〈f |ψj,k 〉 = 〈s |ψj,k 〉+ 〈P |ψj,k 〉 .
The task is to distinguish the coefficients induced by s from that induced by P .
Since s is a noise type signal, its coefficients spread over all j and k, even if their
absolute value decrease with rising j. So the best distinction would be possible,
if 〈P |ψj,k 〉 would be sparse in (j, k) = Z

2 with absolute values as big as possible.
Since ‖P‖2 = ‖ψj,k‖2 = 1 the maximum of |〈P |ψj,k 〉| equals 1. In case ψ and ψ̃
form a biorthogonal wavelet base, the best result can be achieved by a wavelet Ψ,
whose dual Ψ̃ is of the form Ψ̃j∗,k∗ = P . In that case we have

〈P |Ψj,k 〉 =
〈
Ψ̃j∗,k∗

∣∣∣Ψj,k

〉
= δj∗,jδk∗,k. (3.1)

Having a closer look on this equation we notice two problems:

• Unfortunately most P are not satisfying the conditions stated in Equation (2.5),
necessary for forming a biorthogonal wavelet basis {ψ̃j,k|(j, k) ∈ Z

2, j ≤ j′}.
• Furthermore even if the first point was satisfied, it would not be clear, whether

the corresponding dual wavelet basis {ψj,k|(j, k) ∈ Z
2, j ≤ j′} exists in L2(R).

Otherwise ψ would have a fractal shape and every discretization would be
numerical instable.

For solving the first problem we observe, an approximation Ψ̃j∗,k∗ ≈ P serves almost
as good as the original P , due to the linearity of the transform. Furthermore P is
in applicational framework just known from measurement or model. So it is even
more sensible to use an approximation, since P is not an exact source.

One solution of the second problem would be to limit the approximation of P to
orthogonal wavelets. Nevertheless this would increase the distance ‖P − Ψ̃j∗,k∗‖2,
since orthogonal wavelets are a subset of biorthogonal ones (cf. Page 11). Further-
more the construction of orthogonal wavelets would be a non-trivial and non-linear
task, as the negated existence of symmetric orthogonal wavelets (beside the Haar

wavelet) shows (see [28, Chapter 8]).

In the following sections we consider two other possible solutions: We offer briefly an
approach to construct Ψ̃ connected to a smoother Ψ (cf. Page 35 et sq.). But more
important is the alternative to approximate Ψj∗,k∗ ≈ P instead of Ψ̃j∗,k∗ ≈ P . In
this case we do not get a sparsity as perfect as in (3.1), but we obtain in comparison
to an standard wavelet ψ:

|〈ψj∗,k∗ |P 〉| ≤ ‖ψ‖‖P‖ = 1 = |〈P |P 〉| ≈ |〈Ψj∗,k∗ |P 〉| . (3.2)

Here we assumed as above ‖P‖2 = ‖Ψj,k‖2 = 1. So the coefficient of the transform
is for a matched wavelet Ψ in absolute values greater equal that one for an arbitrary
ψ.
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Concerning the tenor of this section it seems to be sensible to use matched wavelets,
so we turn to their construction in the following section.

3.2 Matching wavelets via lifting

As mentioned in Section 3.1, our aim in this section is to find for a given pattern
P ∈ L2(R) a wavelet ψ∗, such that for fixed j∗, k∗ ∈ Z the condition

ψ∗ = argmin ‖P − ψj∗,k∗‖2 (3.3)

is satisfied. Without loss of generality we can assume P to be rescaled and shifted
that way to set j∗ = k∗ = 0, so ψj∗,k∗ equals the mother wavelet ψ.

According to the properties that a wavelet, or more exact its filter, has to satisfy
(see, e.g., Equation (2.5) for the biorthogonal case), this problem is highly non-
linear. For obtaining an approximative solution we restrict ourselves to a linear
subproblem: Based on Lemma 2.6 we know about linear combinations of wavelets
that are wavelets again. So we can formulate the following subproblem of Equation
(3.3):

{c∗, s∗} = argmin
{
‖cψ0 + ϕ  s− P‖

∣∣∣ c ∈ R\{0}, s ∈ R
Z

}
, (3.4)

ψ∗σ(x) = c∗ψ0(x)−
∑

k

s∗kϕ(x− k) , (3.5)

where σ denotes a special choice of starting wavelets, σ = {ψ0, ψ̃0, ϕ, ϕ̃0}. Here the
coefficient c is necessary to hold the norm ‖ψ∗σ‖2 in the size of ‖P‖2 and obtain a good
approximation. We refuse to use several lifting steps as metioned in Remark 2.9,
since in the case of dual lifting the connection between the matched wavelet ψ and
the Lifting filter s is highly non-linear.

So we separated the original problem given in Equation (3.3) into two steps:

• Fixing an appropriate set σ of starting wavelet functions and n,m denoting
the position and length of s = {sm, . . . sn}.

• Optimizing the lifting coefficients c∗ and s∗.

We see later, the later one is a simple linear problem.

The choice of σ is not based on computation but on the following considerations:

• There should be an a priori estimation of the matching error E = ‖P − ψ∗2‖.

• The wavelet should be as smooth as the pattern.
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Thus the so called CDF wavelets (cf. [28, Chapter 8]) are a good choice, resulting
from fixing L ≡ 1 in Lemma 2.8. In that case the ϕ and ψ as well as ψ∗ are splines of
order p that can be chosen according to the patterns smoothness. Here the wavelet
matching reduces to a spline approximation with well known error estimates as
stated, e.g., in [32, pp. 223–229]. Notice here the spline has equidistant knots, beside
an additional one introduced by ψ0 (cf. Figure 2.1). Below we restrict ourselves to
the CDF wavelets and we give also some evidence about the choice of n,m and p.

Let us now turn to the optimization of s and c in an applicational framework. There
the pattern P is in general not available as an L2-function, but P is given at a finite
set of points. For simplicity we assume equidistributed data, i.e.:

Definition 3.1. Let S = {x1, . . . , xl}, satisfying ∀r ∈ {0, . . . , l − 1} : xr+1 − xr =
τ, τ ∈ R

+. Then a pattern P is defined as the finite sequence

P = PS = (Pxr)xr∈S ∈ �2(S) .

Let us assume that the values of ϕ and ψ0 (at every xr ∈ S) are given. For exam-
ple, these values can be computed from the related filters h and h̃ by the cascade
algorithm (cf. [28, Chapter 6.5]). Then we get the optimal s∗ and c∗ by

Proposition 3.2. Let a set of CDF scaling functions and wavelets σ =
{ψ0, ψ̃0, ϕ, ϕ̃0} and a pattern P = (Pxr)xr∈S ∈ �2(S) be given. For a pair of fixed
indices (n,m) we define the optimally matched wavelet – according to Equation (3.4)

– via a lifting filter s(ω) =
n∑

j=m
sje

−ijω by

argmin
c,sm,...,sn

∥∥∥∥∥∥∥∥∥

⎛
⎜⎝ ϕ(x1 −m) . . . ϕ(x1 − n) ψ0(x1)

...
. . .

...
...

ϕ(xl −m) . . . ϕ(xl − n) ψ0(xl)

⎞
⎟⎠ ·
⎛
⎜⎜⎜⎝

sm
...
sn

c

⎞
⎟⎟⎟⎠−

⎛
⎜⎝ Px1

...
Pxl

⎞
⎟⎠
∥∥∥∥∥∥∥∥∥

2

.

(3.6)

For the sake of simplicity we define the following abbreviations:

Definition 3.3. Let m,n ∈ Z be given, S as defined in Definition 3.1 and σ =
{ψ0, ψ̃0, ϕ, ϕ̃0} be a set of biorthogonal wavelets and scaling functions. Then we
define

x̃ =

⎛
⎜⎝ x1

...
xl

⎞
⎟⎠ , s̃m,n =

⎛
⎜⎜⎜⎝

sm
...
sn

c

⎞
⎟⎟⎟⎠

and (3.7)

Φm,n,r,σ(x̃) =

⎛
⎜⎝ ϕ(x1 −m) . . . ϕ(x1 − n) ψ0(x1 − r)

...
. . .

...
...

ϕ(xl −m) . . . ϕ(xl − n) ψ0(xl − r)

⎞
⎟⎠
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Using this, Equation (3.4) can be written as

s̃∗m,n = argmin
s̃m,n

‖Φm,n,0,σ(x̃) · s̃m,n − PS‖ .

The minimization is achievable using the Moore-Penrose inverse of Φm,n,0,σ(x̃),
see [150, Theorem 4.8.5.4] for the properties of this inverse, especially in connection
with minimum norm solutions. So we obtain directly:

Corollary 3.4. Under the assumptions of Proposition 3.2 the solution of Equa-
tion (3.6) is given by

s̃∗m,n = Φm,n,0,σ(x̃)+PS

and we gain the optimal wavelet according to Equation (3.4) via

ψ∗σ = (s̃∗m,n)n−m+2ψ
0 −

n∑
k=m

(s̃∗m,n)k−m+1ϕ(· − k) .

We already mentioned in Section 3.1, that the duals of the fitted wavelets are in
general of fractal nature. Unfortunately this is also true in the case of CDF wavelets,
except for the case of Haar wavelet, see, e.g., Figure 3.1. Furthermore there is no
difference in most applications, since also for σ with smoother dual wavelets the
resulting ψ̃∗σ can also be non-integrable, as shown in Figure 3.2.
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Figure 3.1: CDF wavelet (left) and dual wavelet(right) for parameters p = 3 and
p̃ = 1

We have now a look on two practical ways to go around this problem: First to use
Equation (3.2) for application instead of Equation (3.1), not using the dual wavelets.
We use this in the application in Section 6.2. The second possibility is to use the
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Figure 3.2: Original primal and dual wavelet (left), lifted primal wavelet (middle)
and lifted dual wavelet(right). A fractal dual wavelet can also result, if the original
one is in L2.

result of Lemma 2.7 and minimize Equation (3.6) with a constraint forcing h̃ to
have several vanishing moments. We do not account this method for application,
since Figure 3.3 shows that the performance of matching decreases to fast, if the
difference between the numbers of vanishing moments in P and ψ∗σ is to high. For a
deeper consideration of influencing the smoothness of ψ̃∗σ including some estimates
of Lipschitz and Sobolev smoothness see [160].
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(a) 0 vanishing moments
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(b) 3 vanishing moments

Figure 3.3: Matching (red) of the same pattern (black, 0 Moments) with different
number of vanishing moments

We want to finish this section by mentioning some practical considerations:

In most applications it is sensible not to approximate just the pattern PS , but an
extended version P̄T to lessen the matching error. Here T satisfies T = {xl̃, . . . xl̂},
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∀r ∈ {xl̃, . . . , xl̂} : xr+1 − xr = τ with the same τ as in Definition 3.1 and S ⊂ T .
Furthermore Pxr = P̄xr for all xr ∈ S. In the case of acoustic data, that are mostly
near zero at endpoints, we used in Subsection 6.2.1 an extension by zeros. For
simplicity we denote below the extended pattern P̄ by P .

A further option for improving the approximation properties of the matched wavelet
is to vary the parametersm and n. Changing their distance also influences the length
of g∗, i.e. the length of the filter connected to φ∗σ, and thus the computation time.
Furthermore also the accuracy of the approximation depends on the length of s as
can be seen from Equation (3.6). But an integer shift (m,n) → (m+ r, n+ r) is an
additional free parameter. This can easily be incorporated by a variation of Φ:

Remark 3.5. Let PS and σ be defined as in Proposition 3.2. Furthermore a fixed
number n ∈ N is given. Then the wavelet ψ∗σ matching best PS with a lifting filter s
of length n is given via

s̃∗1+r∗,n+r∗ = argmin
s̃1,n

min
r∈Z

‖Φ1,n,r,σ(x̃) · s̃1,n − PS‖

= argmin
s̃1+r,n+r

min
r∈Z

∥∥∥∥∥∥∥Φ1−r,n−r,0,σ(x̃) · s̃1−r,n−r −

⎛
⎜⎝ Px1+r

...
Pxl+r

⎞
⎟⎠
∥∥∥∥∥∥∥

=

⎛
⎜⎝Φ1−r∗,n−r∗,0,σ(x̃)+ ·

⎛
⎜⎝ Px1+r∗

...
Pxl+r∗

⎞
⎟⎠
⎞
⎟⎠ ,

here r∗ is defined via

r∗ = argmin
r∈Z

∥∥∥∥∥∥∥(Φ1−r,n−r,0,σ(x̃) · Φ1−r∗,n−r∗,0,σ(x̃)+ − E) ·

⎛
⎜⎝ Px1+r

...
Pxl+r

⎞
⎟⎠
∥∥∥∥∥∥∥ ,

where E denotes the unit matrix.

The last minimum can easily be obtained, since for finite P there is just a finite
number of notable values.

We will use the result of this remark also in Section 6.2 where we apply matched
wavelets for detection of errors in linear guideways. Since errors of that type can
occure at every time, also the results of the following section are valuable in this
context.

3.3 Shift-invariance

Discrete wavelet transform has many applications in signal processing and has many
advantages like flexibility or efficient implementation and data storage. But there
is one disadvantage: Its lack of shift-invariance. According to the definition and
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notations given in Definition 2.1 and Lemmata 2.2 and 2.3 it is clear, that for a
signal f , a shift parameter Tτf = f(· − τ), arbitrary numbers j, k ∈ Z and the dual
wavelet ψ̃ holds

〈
Tτf

∣∣∣ ψ̃j,k

〉
=
〈
f(· − τ)

∣∣∣∣ 2−j/2ψ̃

( · − k
2j

)〉

=
〈
f

∣∣∣∣ 2−j/2ψ̃

( · − k
2j

+ τ

)〉
	=
〈
f
∣∣∣ ψ̃j̃,k̃

〉

for every j̃, k̃ ∈ Z, if τ 	= τ ′/2j for any τ ′ ∈ Z.

Clearly the impact of the shift-variance would be especially high, if the set of all
(fj,k)k∈Z,j≤j′ would be sparse – or have just a few values exceeding an ε – for one
fixed shift. This is exactly that case we proposed in Section 3.1 for the application
of matched wavelets.

In this section we discuss options for filling this gap, especially we present one that
is easily adaptable to our matched wavelet approach. With this results starts that
part of the thesis on results developed by ourselves.

But before presenting the result, we need to introduce a natural measure, also used
in [54], for quantifying the shift dependence of a given wavelet:

Definition 3.6. Let Tτ denote the shift operator Tτf = f(· − τ) and define Pj,ψ as
the projection operator onto the space spanned by ψj,k = 2−j/2ψ(x−k

2j ):

Pj,ψf =
∑
k∈Z

fj,kψj,k =
∑
k∈Z

〈
f
∣∣∣ ψ̃j,k

〉
ψj,k ,

for biorthogonal wavelets ψ and ψ̃.

Then the shift dependence of ψ for analyzing a function f is defined by

ej,ψ(τ, f) =
‖Pj,ψTτf − TτPj,ψf‖2

‖Pj,ψf‖2 . (3.8)

ej,ψ(τ, f) equals zero for any τ for the continuous wavelet transform and is larger
for the discrete one. For our application we need to minimize its value, especially
maxτ ej,ψ(τ, P ).

Several different ideas have been proposed for minimizing ej,ψ(τ, f) see, e.g., [87,
88, 143, 54]. Some of these papers use the natural idea of minimizing the measure
ej,ψ(τ, f) over a certain given set of admissible wavelets. However, such an approach
reduces the options to incorporate the construction of wavelets that are matched to
a given pattern P . We did not consider the second natural idea to add an additional
summand for punishing high values of ej,ψ(τ, f) to Equation (3.6). In that case
especially wavelets ψ with jumps or steep slopes would be punished, giving bad
approximation results for patterns like presented in Section 6.2 or approximations
with less smoothness. Additionally we would lose the linear structure of the problem.
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But maybe this method can be used to increase the efficiency of the below one, in
case it is necessary.

Some other methods are more flexible but produce redundant data and, hence, en-
large the amount of data to be processed: Best known in this context is the algorithm
à trous (cf. [101, p. 154]), a variation of Algorithm 2.4 producing additional data
that give shift-invariance of the transform. All in all there are (for an f discretized
to N samples) log2N times more data than for a usual biorthogonal transform and
the computational complexity increases by the same factor.

Another less known but more flexible attempt of this type is the phaselet concept
as proposed in [54]. The basic idea is to find a family of wavelets {ψλ|λ ∈ Λ =
{0 . . . L− 1}} with finite wavelet filters {gλ}, such that (τλ ∈ [0, 1]):

ψλ(x) ≈ ψ(x− τλ) ,
ψ̂λ(ω) ≈ ψ̂(ω)e−iπτλ(ω)

Gopinath proved in [54], that a perfect shift i.e. ψλ(x) = ψ(x − τλ) can not be
achieved with finite filters. But this is not necessary in the case of wavelets from
Section 3.2, since they are already just approximations to the pattern P .

We define the shift-variance measure of the whole set {ψλ} analog to Equation (3.8)
as

ej,ψΛ(τ, f) = min
λ∈Λ

‖Pj,ψ0Tτf − TτPj,ψλf‖2
‖Pj,ψf‖2 . (3.9)

The additional minimum results in a reduction of the measure for every τ , especially
we obtain

ej,ψΛ(τλ, f) ≈ 0 .

We can adapt this approach easily and optimally using the lifting approach for
constructing matched phaselets (or phase-selflets): For every λ ∈ {0 . . . L − 1} we
define τλ := λ/L. Then the matching wavelets ψλ are computed by fitting it to a
shifted version of the pattern:

{c∗,λ, s∗,λ} = argmin
c,s

‖cψ0 + ϕ  s− P (· − λ/L)‖, c ∈ R\{0}, s ∈ R
Z (3.10)

ψλ(x) = c∗,λψ0(x)−
∑

k

s∗,λk ϕ(x− k) (3.11)

Note, that shifting P is possible, because of the extension given on Page 36. We
can choose the degree of redundancy L such that the measure ej,ψΛ(τ, f) stays be-
low an acceptable tolerance ε for all τ ∈ [−1/2L, 1/2L]. This make this approach
more flexible than the algorithm à trous, if total shift-invariance is not necessary.
Furthermore we can restrict the complexity and amount of data to LN , which is in
most cases less than N log2N as for the algorithm à trous.

Of course there is also a variant to increase the invariance of the wavelet transform
according to the scaling j, but we will not treat it here in detail. Basically the
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same procedure works also in this case, matching m wavelets to m different scalings
of P . Up to our knowledge there is no alternative method giving (approximative)
shift-invariance in scale.

We apply the results of this chapter in Subsection 6.2.1 as an approach to detect the
characteristic signal of an error in a linear guideway. There we see also the necessity
to use the shift-invariance results from this section.



Chapter 4

Learning Wavelet-Dictionaries

In the preceding chapter we learned how to match one wavelet ψ to a given pattern
P via lifting. Furthermore we generalized this problem to the matching of several
wavelet bases to the shifts of one pattern. Considering all this, the question arises,
whether also a set of several wavelet bases can be learned, based on a set Y = {yi}N

i=1

of patterns. That case guides us directly into the framework of dictionary learning as
presented in Subsection 2.2.2. A dictionary consisting from learned wavelet bases,
as defined later on in Equation (4.1), has several advantages in comparison with
other learned ones:

• Limited shift-invariance: Many signals being analyzed with a dictionary are
time series. Thus the atoms of the dictionary can occure at any position in
the signal. According to this it is sensible to use a shift-invariant dictionary
for obtaining a sparse decomposition. As pointed out in Section 3.3, a discrete
wavelet transform is shift-invariant in a limited sense. Additional desired shifts
can be obtained either by increasing the resolution via increasing the number
of lifting coefficients in s (i.e. the difference n −m in Equation (3.6)) or by
applying the methods we proposed in Section 3.3. Thus a combination of
the dictionary from several wavelet bases offers the possibility to use just a
necessary density of shifts.

Till now there exist about a handful of other algorithms producing more or
less shift-invariant dictionaries. We already presented MoTIF on Page 20,
producing dictionaries which are invariant according to a shift of n ∈ Z. Other
types of shift-invariant learning algorithms are variations of methods already
known from Section 2.2.2 like ML (cf. [118, 12]), MAP (see [95]) or gradient
based methods (cf. [15, 166]). The last article proposes a general invariance
according to a fixed number of linear transforms, but applies (as all the other
algorithms) shift-invariance just for all shifts in steps of the discretization
distance.

The idea of learning a wavelet-dictionary had already been proposed in [139,
124] using a MAP approach. Nevertheless, the wavelets there are no wavelets
in the sense of Subsection 2.1.1, especially they do not satisfy Constraint (2.5).
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• A second preface of wavelet-dictionaries is some scale invariance. It is (cf.
Definition 2.1) just valid for scale shifts of 2j , but there are up to our knowledge
no other dictionary learning algorithms (beside the mentioned [139, 124, 166])
offering properties similar to this in combination with shift-invariance in time
or rather space domain. Furthermore we mentioned already in Section 3.3
ways to increase this invariance.

• Lastly we want to mention the potential of using the fast wavelet trans-
form from Algorithm 2.4 for obtaining the coefficients, e.g., for the OMP (cf.
Page 15).

So we can combine three of the four criteria for choosing a dictionary mentioned
in Subsection 2.2.2. I.e. computational speed, consideration of the signals Y and
invariance properties maybe arisen from a model.

We also want to mention the disadvantage of this method of dictionary learning: We
are fixed to the framework of wavelets! If it is, due to its structure, not sensible to
express a certain family of signals Y as linear combinations of wavelets, this method
will fail. Nevertheless, for a wide field of Y it would be desirable to have an algorithm
producing wavelet-dictionaries.

In Section 4.1 we expose the basic theory of an algorithm fulfilling this task. Mean-
while Section 4.2 contains several details, which occure during implementation of
the algorithm. In the last section, 4.3, there is a short discussion about adequate
starting values for the algorithm and additional weights, both have a big influence on
the quality of result. For better readability of the thesis we postponed applications
of the dictionary construction algorithm to Chapter 6. We already composed parts
of this chapter, as well as of the belonging applications in [132].

4.1 Derivation of the algorithm

In this section we want to present a modification of the MOD algorithm (cf. Page 19)
called MODW (method of optimal direction, wavelets). The advantage of using
learned wavelets in a dictionary had already been exposed above. The decision to
modify the MOD is based on the following observations on the dictionary learning
algorithms from Section 2.2.2 and the desired properties:

• Fast convergence and computation: Every algorithm used till now has a com-
putational bottleneck like inverting a big matrix (MOD), singular value decom-
position (K-SVD, UOB), generalized eigenvalue problems (MoTIF) or double
iterations. Also the convergence speed of some of the algorithms (especially
MAP and ML based ones) is slow. Using lifting we do not have to optimize the
atoms dj at every point, but just the few lifting coefficients in sj analog to the
s̃m,n in Equation (3.7). This is especially benefical for the MOD algorithm,
where the inverted matrix is no longer of size “length of dj”, but of size “length
of s”.
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• Having a well defined quality measure to extremize: The existing algorithms
use a wide field of different quality measures, including probabilities (ML,
MAP), approximation errors (MOD, K-SVD) and inner products (MoTIF).
It is advantageous to use a measure, concerning practicable and applicational
reasonable values, and use this measure in every stage of the algorithm. Since
we obtain in the case of a wavelet-dictionary a linear connection between the
error at each point and the coefficients of s, a method like MOD or K-SVD
fits well to this framework.

• Be able to work with any algorithm for sparse coding: As explained in Sec-
tion 2.2.1, depending on the exact structure of the problem, different sparse
coding algorithms are favorably. So a construction algorithm should offer a
way to adapt the result to any of this sparse coding algorithms. One step into
this direction is the decoupling into two stages like in MOD or K-SVD.

So we decided to develop in the remainder of this section the theory of MODW,
an algorithm for learning wavelet-dictionaries (as defined below in Equation (4.1)),
closely related to MOD and constructed to satisfy the above mentioned properties.
First we derive all components of the algorithm, before we give a closed description
in Algorithm 4.1. Below we are using for Y = {yi}N

i=1 ⊂ R
n, Y, D = {dl}L

l=1, D and
X the definitions given on Pages 14, 16 and 17 with n = 2−j̄−1. Furthermore D is
the union of several wavelet bases, i.e.

D = {dl}L
l=1 =

J⋃
j=1

Dj (4.1)

=
J⋃

j=1

{
ψj

( · − r1
r2

)
, ϕj

( · − r1
2j′

)∣∣∣∣|r1| ≤ Rρ; r2 = 2ρ; j̄ ≤ ρ ≤ j′; r1, ρ ∈ Z

}
.

Theoretically we can choose j′ independent for every 1 ≤ j ≤ J , nevertheless, we
treat them to be equal throughout all applications in this thesis.

Analog to the MOD the MODW is an iterative learning algorithm, it uses a given
start dictionary D0 to find for the given set of signals Y an optimal dictionary D∗
and the optimal coefficients X by

(D∗, X∗) = argmin
D,X

‖Y −DX‖F , while ∀i : ‖xi‖0 ≤ T (4.2)

Here Restriction (4.1) on D is obtained by already starting the algorithm with a
union of wavelet bases as in (4.1) and restricting the dictionary update to lifting
steps (cf. Section 2.1.2), resulting every time in a new union of wavelet bases.

Since it is in general complicate to optimize D and X together (cf. Section 5.1 for
this point), every iteration of MODW is split into two substeps:

1. Fix D and compute the best coefficients X.

2. Fix X and compute the best dictionary D.
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The first step is solved for a given dictionary by applying one of the sparse coding
algorithms from Pages 15–16 (or rather variants with limited ‖xi‖0) to every yj . This
works, since the problem is decoupled for the different i = 1, . . . , N . We prefer this in
comparison with updating algorithms like gradient methods, since first this gives an
(approximative) exact solution in the bounds of the coding algorithm. Second, the
non-continuous structure of �0-norm is not treatable for most updating algorithms
(especially gradient methods) and we prefer to construct a method usable in this
case as well as in the �1 case.

The second step is performed by minimizing Equation (4.2) in direction of D, similar
to the MOD stated on Page 19 (for reasons of simplicity we assume all data to be
continued by zero). The learning of the wavelet bases is performed by using the
lifting scheme basing on CDF wavelets (cf. Subsection 2.1.2), thus the ϕj remain
unchanged and we treat them as part of the yi:

E2 = ‖Y −DX‖2F (4.3)

=
N∑

i=1

∥∥∥∥∥yi −
L∑

l=1

xi,ldl

∥∥∥∥∥
2

=
N∑

i=1

∥∥∥∥∥∥yi −
J∑

j=1

∑
r∈R

xi,j,rψj

( · − r1
r2

)
−

J∑
j=1

R∑
r1=−R

xi,j,r1ϕj

( · − r1
2j′

)∥∥∥∥∥∥
2

=
N∑

i=1

∥∥∥∥∥∥ȳi −
J∑

j=1

∑
r∈R

xi,j,rψj

( · − r1
r2

)∥∥∥∥∥∥
2

Here r denotes a double-index r = (r1, r2) and

R = {−Rρ, . . . , Rρ} × {2ρ|ρ ∈ {j̄, . . . , j′}} (4.4)

a set of adequate shifts and scalings1.

Remembering every used wavelet to result from a spline wavelet by lifting (see
Subsection 2.1.2) we obtain

E2 =
N∑

i=1

∥∥∥∥∥∥ȳi −
J∑

j=1

∑
r∈R

xi,j,r

(∑
k∈K

sj,kϕj

( · − (k + r1)
r2

)
+ cjψ

0
j

( · − r1
r2

))∥∥∥∥∥∥
2

,

(4.5)
where K is a finite (cardinal number K) subset of Z. If we define for reasons of
simplicity sj,∞ := cj , in the same way the infinite shift of ϕj as ψ0

j and K̂ := K∪∞,

1If j′ = j′j , depending on j, we will choose j′ = max{j′j} and set the coefficients xi,j,r of the
additional wavelets equaling zero.
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we get

E2 =
N∑

i=1

∥∥∥∥∥∥ȳi −
J∑

j=1

∑
r∈R

xi,j,r

∑
k∈K̂

sj,kϕj

( · − (k + r1)
r2

)∥∥∥∥∥∥
2

=
N∑

i=1

||ȳi‖2 − 2
N∑

i=1

J∑
j=1

∑
r∈R

xi,j,r

∑
k∈K̂

sj,k

〈
ϕj

( · − (k + r1)
r2

) ∣∣∣∣ ȳi

〉

+
N∑

i=1

∥∥∥∥∥∥
J∑

j=1

∑
r∈R

xi,j,r

∑
k∈K̂

sj,kϕj

( · − (k + r1)
r2

)∥∥∥∥∥∥
2

.

Using the abbreviations

bj,r :=
N∑

i=1

xi,j,rȳi ∈ R
n and aj1,ra,j2,rb

:=
N∑

i=1

xi,j1,raxi,j2,rb
∈ R

E2 shortens to

E2 =
N∑

i=1

‖ȳi‖2 − 2
J∑

j=1

∑
r∈R

∑
k∈K̂

sk,j

〈
ϕj

( · − (k + r1)
r2

) ∣∣∣∣ bj,r
〉

+
J∑

j1=1

J∑
j2=1

∑
ra∈R

∑
rb∈R

∑
k1∈K̂

∑
k2∈K̂

sk1,j1sk2,j2aj1,ra,j2,rb

〈
ϕj1

( · − (k1 + ra,1)
ra,2

) ∣∣∣∣ϕj2

( · − (k2 + rb,1)
rb,2

)〉
.

This gives E as a function just of the lifting coefficients sk,j . For minimizing E, the
zero of the derivative of E2 in direction of all sp,q, 1 ≤ q ≤ J, p ∈ K̂ has to be found:

0 !=
d(E2((sk,j)k∈K̂,1≤j≤J))

dsp,q

= −2
∑
r∈R

〈
ϕq

( · − (p+ r1)
r2

) ∣∣∣∣ bq,r

〉

+2
J∑

j=1

∑
k∈K̂

sk,j

∑
ra∈R

∑
rb∈R

aq,ra,j,rb

〈
ϕq

( · − (p+ ra,1)
ra,2

) ∣∣∣∣ϕj

( · − (k + rb,1)
rb,2

)〉

After defining

Bj,k :=
∑
r∈R

〈
ϕk

( · − (j + r1)
r2

) ∣∣∣∣ bk,r

〉
∈ R

and

Ak1,j1,k2,j2 :=
∑

ra∈R

∑
rb∈R

aj1,ra,j2,rb

〈
ϕj1

( · − (k1 + ra,1)
ra,2

) ∣∣∣∣ϕj2

( · − (k2 + rb,1)
rb,2

)〉
∈ R
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we get the conditions

0 = −Bp,q +
J∑

j=1

∑
k∈K̂

sk,jAk,j,p,q ∀ p ∈ K̂, 1 ≤ q ≤ J. (4.6)

This are (K + 1) · J linear conditions for the same number of unknowns, so there
exists generally just one solution. This zero of derivative is a minimum, as E2 is
always greater or equal zero and infinite if any |sp,q| goes to infinity.

As a summary we give now a closed description of the MODW algorithm:

Algorithm 4.1 (MODW). Let Y = {yi}N
i=1 ⊂ R

n be a given set of signals of length
n = 2−j̄−1. Furthermore let D0 = {dl}L

l=1 be a given dictionary of the form of
Equation (4.1) and apply the definitions of Y,D and X from Page 17. Then an
approximative best dictionary D∗ and coefficients X∗ are given by:

1. Set m=0, define stopping criterium S.

2. Define Xm via a sparse coding algorithm (cf. Pages 15–16):

yi =
L∑

l=1

xi,l,mdl + ei, where ∀i : ‖xi‖0 ≤ T (4.7)

3. Define Dm+1 via
ψj,m+1 =

∑
k∈K̂

sj,kϕj(· − k) ,

where sj,k is computed using Equation (4.6) with X = Xm.

4. If S is satisfied set X∗ = Xm and D∗ = Dm+1, otherwise set m = m+ 1 and
go back to Step 2.

Every iteration of the dictionary update substep decreases the value of E. If the
sparse coding substep would be perfectly and gives always the best approximation
of all signals yi, also this steps would decrease E. In that case E would be monotone
decreasing, bounded by zero and by this converging at least to a local minimum.
As the algorithms used for sparse coding are just approximative, as mentioned in
Subsection 2.2.1, it is not guaranteed to have decreasing E in every iteration of the
sparse coding substep. A closer look on this point, including a converging variant, is
a main topic of the following Section 4.2, caring about several details of implementing
Algorithm 4.1.

But before we give a short remark about another variation of the MODW:

Remark 4.2. Instead of minimizing Equation (4.2), the – from the analytical point
of view – more natural way to compute

(D∗∗, X∗∗) = argmin
D,X

‖Y −DX‖F + λ
N∑

i=1

‖xi‖0 (4.8)



4.2. IMPLEMENTATION 47

is an interesting alternative. A modification like this does not change Step 3 of
MODW, but Step 2. Here one simple usage of a sparse coding algorithm for every
i = 1, . . . , N does not work anymore. But since the problem is still decoupled, the
minima can still be computed separately for every i:

ei = min
x
‖yi −Dx‖2 + λ‖x‖0 (4.9)

Methods for achieving an approximation to this are, e.g.:

• Using OMP and comparing the ei for every step.

• Applying the seldom used backward elimination algorithm (BELA) (cf. [25]),
which also changes ‖x‖0 stepwise.

• Replacing the �0-norm by a smoother one and using a gradient method, analog
to Section 5.2.

The most efficient method has to be chosen according to the parameters, since the
multiple evaluation of the several algorithms can be coded in different optimized ways.

In Subsection 5.1.2 we prove the existence of a minimizer for a more general case
and a big class of sparsity measures. Since D is fixed there and here, that proof is
still valid also in this case, despite the wavelet structure of the dictionary here.

4.2 Implementation

In the last section we gave the main theory of the MODW algorithm. Now we want
to care about several details, generalizations and simplifications, occuring in the line
of its implementation and application.

• Let every signal yi be composed from atoms or rather wavelets on just one
scale ρi. Then it would be an interesting modification, to rescale all yi to a
fixed scale ρ0 and restrict the MODW algorithm to this scale instead of us-
ing all scales between j̄ and a reasonable chosen j′. Such a restriction is not
necessary, but its value for reducing the computational effort and simplifying
Equations (4.1) is extremely high (cf. also Section 6.2). Especially there will be
no necessity anymore to compute the scalar products of wavelets on different
scales. Furthermore using this a priori knowledge would reduce the approx-
imation error, since the (approximative) sparse coding algorithms (cf. Pages
15–16) would produce more probable exact results. Unfortunately there is for
an arbitrary application no clue, if the yi satisfy this constraint, so this sim-
plification can generally be used just in a second computation, after obtaining
the scale distribution from the transform.

We deliver in Subsection 6.2.2 an insight to the differences between application
of MODW with one and several scales on the same example and obtain still
usable results for the first case. In Section 6.1 we give also some evidence on
the usability of the intermediate strategy to use just one scale for generating
the dictionary but several ones for sparse coding of further data.
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• Sparse coding algorithm: As explained on Pages 19 and 43, theoretically ev-
ery sparse coding algorithm can be used in MODW, according to the desired
accuracy, computation time and application. We know from Pages 15–16, all
the sparse coding algorithms are just approximative, beside some cases of high
sparsity (i.e. ‖xi‖0 is small enough for every i) or special sparsity measures (cf.
Definition 1.2).

Especially there is always the possibility that the result worsens in some steps
of Algorithm 4.1, i.e.

‖yi −Dnxi,n‖2 > ‖yi −Dnxi,n−1‖2.

In that case it would not be clear, that Algorithm 4.1 lessens the error E =
‖Y −DX‖2 at all and converges. To assure this we can force the algorithm
to reduce E every iterational half step by comparing for every i separately the
approximation errors and choosing the better one:

x̃i,n =

{
xi,n if ‖yi −Dxi,n‖2 ≤ ‖yi −Dxi,n−1‖2
xi,n−1 else

(4.10)

Using this we can enforce convergence of the algorithm at least to a stationary
point whose error E∗ is smaller than the starting error E0. On the other side
the question arises, if some increase of error in the course of iterations would
not be positive to avoid unwanted stationary points. For answer we prepared
a comparison of results applying Equation (4.10) and ignoring it in [132], a
brief summary is given in Section 6.1.

• One detail that arises in every application of MODW is, how to treat the
boundaries. The sparse coding uses shifted versions of the wavelets and fur-
thermore the construction of the wavelets via lifting uses shifts of the scaling
functions (cf. Equation (2.6)). So if Rρ (cf. Equation (4.4)) and the length of s
in Equation (4.5) are not chosen extremely small in comparison to the length of
yi, there will be some shifts that are at least partly outside the support of the
yi. Nevertheless, since the length of s affects the value of E in Equation (4.3)
(see also Equation (3.6)) we can not reduce it to much. Moreover, reducing Rρ

for holding all shifts small would result in an ei = yi −
∑
xi,ldl (as defined in

4.7) that generally increases towards the boundaries of yi, since the mapping
assigning every point ι ∈ {1, . . . , n} the number of atoms dj with ι ∈ supp dj

is decreasing towards the boundaries of yi. Furthermore the approximation
would lose the slowly changing scales of the wavelets which have a greater
support than the fast changing ones.

But there are several alternative ways to deal with this problem:

1. Continue the yi by zeros and fit the dictionary to this longer signals ȳi.

2. Cutting of the wavelets by using ψ̆j,r1,r2 := ψj,r1,r2 · χsuppyi
instead of

ψj,r1,r2 .

3. Using periodized wavelets.
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From the point of view of computational efficiency there is almost no difference
between the first two options: On the one side zero continuation is more easy
for the dictionary update step, it simplifies the computation of A and B, which
has here more inner structure than in the case of cutting wavelets. On the other
side the added zeros produce larger amounts of data. More important than the
computational points are that ones concerning the structure of the data: The
approximation errors ēi of the ȳi include an approximation of the additional
zeros. So this approach is just sensible, in case a prolongation of the signal
would be almost zero too. This is especially not the case, if the yi are cut-outs
of a time series. Similar arguments are valid against the usage of periodized
wavelets. Nevertheless we use them several times in Chapter 6, since most
wavelet decomposition algorithms are adjusted to periodized wavelets. But we
give also some results on the second case there, especially if we restrict the
algorithm to wavelets of one scale, as stated on Page 47.

• One problem arising in every dictionary learning algorithm is, that the set
of its stationary points contains not necessary only the best combinations
of dictionary and coefficients. There are also additional stationary points,
which are at most local extrema of the error or rather probability function. In
the case of error minimization this is clear, due to the non-convex structure
of the �0-norm and also most alternative sparsity norms (cf. Definition 1.2).
Similary the probabilistic complement is not directly treatable. In the case of
algorithms based on K-mean (cf. [51]), like MOD, K-SVD (see Pages 19–20)
or also MODW, the algorithm produces additional stationary points. This
is a standard problem of splitting the optimization of the multidimensional
variable (d, x) into two variables d, x and occures also in the framework of
probabilistic learning. Basically there are two well known methods to increase
the probability of obtaining that dictionary with minimal error:

– Using a priori knowledge about the dictionary.
– A posteriori identification of stationary points that are no global optima.

We already mentioned the use of a priori knowledge in the paragraph on re-
stricting the number of used scales on Page 47 and we do again in Section 4.3
on starting values and weights. According to the second point, we do not con-
cern with the often used method to let the error increase for a few steps and
accepts the minimum to be “strong” enough, if we fall into the same minimum
again. Here we want to propose the method, already used in [3], that matches
with our data structure: Every 10th iteration, the actual dictionary is tested,
if there are

– Wavelet bases Dj which are used rarely, i.e.
N∑

i=1

‖xj i‖0 < C1 ,

here Xj = X ∗ χj denotes the modified coefficient matrix equaling

x̄i,l =

{
xi,l, if dl = ψj,r1,r2 ,

0, otherwise.
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– Wavelet bases Dj , Dj̆ which are to similar, i.e.
〈
ψj

∣∣∣ψj̆

〉
> C2.

In that cases this Dj are replaced by a wavelet basis, approximizing best the
least represented training signal,

ψj = argmin
ψ

‖yI − ψ‖2, I =
N

argmax
i=1

‖yi −D(xi − xj i)‖2 .

Of course, there are several other criteria the absolute minimum has to satisfy.
For Example, the distribution of the errors ei (defined in Equation (4.7)) is
often known a priori. We restricted ourselves to the above mentioned two
cases, as this are expressible in terms of the wavelet bases and practicable in
the cases of most applications.

• An unwanted way to increase the sparsity of the xi is to increase ‖ψj‖2 for all j
reducing in return ‖xi‖2. Even if ‖ ·‖0 is (unlike most other sparsity measures,
see Definition 1.2) not affected by this, there is the danger to obtain an xi,l

below the computational accuracy of the machine.

The best way to prevent procedures like this is to normalize ‖ψj‖2 = 1 for all
j after every update step. In cases we have no access to the wavelets, e.g.,
using the fast wavelet transform from Algorithm 2.4 there is the alternative
to normalize the lifting coefficients sq,p. While for obtaining good numerical
properties a normalization

∑
p∈K̂ s2q,p = 1 is favorably, Algorithm 2.4 needs∑

p∈K̂ sq,p = 1 for correct norming of the coefficients, as in that case the filters
h and h̃ satisfy Equation (2.5). Holding this property is especially necessary if a
variant of OOMP is used as sparse coding algorithm (cf. Page 15), using the fast
transform with dual wavelets. In that case we obtain often numerical problems,
while in the case of another sparse coding algorithm the transform still works
if we mind the norming. Nevertheless, OOMP can be advantageous in the
case of wavelet-dictionaries, if no numerical problems occure from Equation
(2.5), since the coefficients result computationally advantageous from the dual
wavelet transform.

• Absurd lifting: All results about lifting (e.g., [153, 29]) are referring to a fixed
coefficient cj = sj,∞ = 1 for the wavelet ψj for holding Constraint (2.5).
The different amplitudes of the yi force us, also to optimize this value and
renormalize all lifting filters later. So it is crucial, to hold cj different from
zero. Furthermore cj near zero introduces numerical problems in connection
with the normalization. To obtain this purpose we tested two strategies:

1. Holding the value of cj constant and changing it only by the normalization
of the dictionary. So the |cj | change more slowly than in the original case.

2. Treating wavelets with |cj | < ε as a local minimum and replace them like
above.

The results in Chapter 6 are usually computed using the second alternative or
by ignoring this problem at all, if numerical problems do not arise.
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• Stopping criteria: There is a wide field of possible stopping criteria for MODW,
e.g.: number of iterations, the error ‖Y −DX‖2 and its variation, sparsity of
X or even the sum from Equation (4.8). While the sparsity is fixed in case the
coding is made via OMP, there is almost no restriction to the other ones, their
usability bases on the application. Most computations in Chapter 6 are made
by using a connection of relative change of error within a maximal number of
iterations to control computation time.

• For the choice of j′ – the maximal scale of the wavelet transform – there
are two criteria to consider: First the scales that are existent in the signals
yi. It is clearly sensible, to use wavelets on all scales specified there. On
the other side, choosing j′ to high increases the computation time of the fast
wavelet transform. Furthermore, in the case of periodized wavelets (cf. Page
48), wavelets on the slow changing scales could overlap themselves and by this
increase the coherence (cf. Subsection 2.2.1) of the dictionary, and therewith
decrease the coding quality of standard sparse coding algorithms like OMP or
BP.
For the computations in Sections 6.2 and 6.3 we used no a priori information
on the dominating scales in the signals, so we deciced for a first computation
to choose j′ = 0. Since the wavelets on the scales j = {0,−1,−2} have been
chosen in almost no case (see Figure 6.21 and 6.27), we did not need to consider
the influence of this elements on the coherence of the dictionary, unlike that
one on computation time.

4.3 Starting values and weights

The most effective way to influence the result of MODW is via its starting values
D0. In Chapter 6 we mention one example, that for wrong chosen D0 the resulting
stationary point D∗ can produce a higher error E∗ than the E′0 at start for a different
dictionary D′0, while the differences E0 − E∗ and E′0 − E′∗ between start and final
error are similar.

For correct choice of the starting dictionary a priori knowledge can be used. Of
special value are already approximatively known wavelets like from modelling the
signal generating process. Also atoms already separated from the signals are a point
for generating the starting dictionary. A method for this separation is presented in
Section 6.2 not in the framework of dictionary learning, but as basis for a wavelet
matching from Chapter 3. In the cases where no information on the expected dictio-
nary are available, other algorithms (e.g., K-SVD in [3]) use often elements of Y as
starting dictionary. Since we have to take into account also the wavelet constraints,
we use the following auxiliary algorithm for obtaining an acceptable D0:

Algorithm 4.3. Let Y be given as in Algorithm 4.1 as well as Y, D and X.
Furthermore take an arbitrary wavelet-dictionary D̃0,1 as defined in (4.1).

1. Fix an Ñ ∈ N, Ñ divides N and define

Ym2 = {yi|i = Ñi′ +m2, Ñ i
′ < N} ∀m2 ∈ N, 1 ≤ m2 ≤ Ñ .
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Furthermore set m1 = 0 and m2 = 1.

2. Compute Xm1,m2, the sparse coding of Ym2 using D̃m1,m2.

3. Define the subdictionaries

Dm1,m2,j = {dm1,m2,l(j)} =
{
ψm1,m2,j

( · − r1
r2

)∣∣∣∣(r1, r2) ∈ R
}
.

Find the wavelet basis D̃m1,m2,j̆ used most rarely, i.e.

j̆ =
J

argmin
j=1

Ñ∑
i=1

‖xi,m1,m2‖0 .

4. Define DH by DH
j = Dl,m2,j for j 	= j̆ and DH

j̆
equals the basis induced by

ψH
j̆

= argmin
ψ

min
r1,r2

∥∥∥∥yI − ψ
( · − r1

r2

)∥∥∥∥
2

, I =
N

argmax
i=1

‖yi −D(xi − xj̆ i
)‖2.

Furthermore compute the associated sparse coding XH of Ym2.

5. Compute the errors

Em1,m2 = ‖Ym2 −Dm1,m2Xm1,m2‖F and EH = ‖Ym2 −DHXH‖F .

6. If EH > Em1,m2

• If m2 < Ñ , set m1 = 0, m2 = m2 + 1, go back to Step 2.

• If m2 = Ñ set D0 = D̃m1,m2.

If EH ≤ Em1,m2 set D̃m1+1,m2 = DH , Xm1+1,m2 = XH and m1 = m1 + 1, go
back to Step 3.

It is clear that this algorithm lessens the error Em1,m2 with every m1 for fixed
m2. Furthermore the number of steps in direction of m2 is finite, so Algorithm 4.3
terminates. The sense behind it is, to replace rarely used bases Dj from the starting
dictionaryD0 before starting Algorithm 4.1. This approach is analog to the approach
of removing local minima during the course of Algorithm 4.1 as explained in Section
4.2. Please note, this algorithm is an advanced version of the mentioned case of
using signals yi as starting dictionary, specific to MODW. Due to the separation
of the signal set Y into Ñ > 1 subsets, the number of tested dictionaries increases
(at almost constant calculation time) compared with treating the full Y at once.
Furthermore a second run of the algorithm would be able to improve the dictionary
even more. On the other side the danger arises, that optimizing the error in relation
to Ym2 can increase the errors related to the other subsets of Y. In application this
problem was almost negligible, so we obtain practical starting dictionaries D0 for
Algorithm 4.1 as presented in Chapter 6. Nevertheless, this algorithm can still be
improved, since the current version is mainly searching for an extreme sparse coding
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of a few elements of Y, based on the assumption, the other elements of Y are similar.
In case this assumption is not valid, the algorithm must fail.

A second method to influence the course of Algorithm 4.1 for avoiding local minima
and other stationary points is to modify the sparse coding algorithms (cf. Pages
15–2.2.1) for increasing the probability of an exact solution. For all these sparse
coding algorithms there are variants (cf. [34, 55, 169]) introducing weights. They
are influencing the choice of atoms, e.g., in the case of weighted OMP the scalar
products of residual and atoms (cf. Equation (2.12)) are multiplied by the atom’s
weight. Since in the case of dictionary learning there are N > 1 signals yi, we can
use the codings of all yi to generate weights. This weights can later on be used
to minimize the approximative errors of the coding algorithm, what increases the
chance of convergence to a minimizing combination D∗, X∗. For obtaining this aim
we propose the following modification of Algorithm 4.1:

Algorithm 4.4. Let the assumptions of Algorithm 4.1 be valid. Define furthermore
a starting weight W0 ∈ R

L, wl ∈ [0, 1] and replace the sparse coding algorithm
by its weighted variant. Then the approximative best weighted dictionary D∗w, the
associated weights W ∗ and the coefficients X∗w are given by

• Execute Step 1-3 of Algorithm 4.1.

• Define for every subdictionary

Dj,r2 = {dl(j,r2)} =
{
ψj

( · − r1
r2

)}
according to (4.1) a ratio

αj,r2 =
∑N

i=1 ‖xi,j,r2‖0∑N
i=1 ‖xi‖0

,

where xi,j,r2 denotes the elements in the ith line of X connected with the atoms
in Dj,r2.

• Set for every atom dl = ψj

(
·−r1
r2

)
the weight

wl = c+ (1− c)αj,r2 ,

here c is a fixed constant 0 ≤ c < 1.

• Execute Step 4 of Algorithm 4.1.

The idea behind this approach is, that all signals yi are similar, i.e. they are more
or less composed from the same atoms in different shifts. Applying a more general
approach, also a Y = Y1 . . .Yz composed from several subsets of similar signals work.
We resigned to use this modificated algorithm in Subsection 6.2.2, since one of the
aims there is the detection of an extremely small group of signals, indicating special
statuses of the machinery, thus the indicating atoms of the dictionary have maybe a
too small weight. On the other hand, this algorithm could be advantageous for the
musical application in Section 6.3, since the atoms there are much more simliar.
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Chapter 5

Convergence of Dictionary
Learning

All the dictionary learning methods, presented in Subsection 2.2.2, emanate from
given discrete signals. This results in dictionaries and coefficients that are discrete,
too. From the functional analysis point of view this is not really satisfactory: First
since there is no reason, why dictionary methods are not working in the continuous
case; second the discretization of a continuous problem could reveal further proper-
ties and improved algorithms. Thus we want to analyze a continuous generalization
of the dictionary learning problem in this chapter.

There are four main problems arising in the continuous framework: First we have to
define the continuous analogons of dictionaries, signals and coefficients. Second we
need to find a functional, whose extrema identify optimal dictionaries. Afterwards
the existence of this extrema has to be proven, this contains often a prove of weak
lower semicontinuity. In a last step we need to find a learning method to obtain the
optimal dictionary. Here it is not clear, if the iterative, discrete methods presented
in Subsection 2.2.2 can serve as a basis for this task, since they change in general
in every step the whole dictionary1. Thus the question arises, if convergence to an
extremum of E respectively P coincides with convergence of the dictionary.

We found no results concerning this continuous problems in literature, so we propose
some definitions and obtain some first results in the following two sections, 5.1 and
5.2. In Subsection 5.1.1 we define the continuous dictionary and deduce an error
functional E to be minimized. The remains of Section 5.1 comprise existence proves
for an optimal dictionary, minimizing E, and the related coefficients, while the
second section, 5.2, shows the convergence of an generalized conditional gradient
method for finding a locally optimal dictionary.

Throughout this chapter the measures μ, μ′, μ̃, μ̄ and ν denote measures, where
the main theorems for the Lebesgue measure are valid, those are, e.g., weighted
Lebesgue or discrete measures.

1with the exception of the MoTIF algorithm (see Page 20)
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5.1 Existence of an optimal continuous dictionary

This section contains in Subsection 5.1.1 the definition of continuous dictionaries and
coefficients. Furthermore, we define there an error functional E, for that we prove
the existence of a minimizer, i.e. an optimal dictionary, in Subsections 5.1.2– 5.1.5.

5.1.1 Derivation of the error functional

In the beginning we want to remind briefly of the discrete framework of dictionary
learning, serving as basis for the continuous generalization in Definition 5.4. Fur-
thermore, we define for the sake of generality a set of general sparsity functions,
applicable in the discrete, as well as in the continuous case:

Let yl ∈ R
d and xl ∈ R

k for all l ∈ I, I being a discrete set2, |I| <∞. Additionally
D is a linear, continuous operator between R

d and R
k, giving ‖Dej‖ = 1 for all

basis-vectors ej of R
k. Based on Section 2.2.2, especially the MOD algorithm, and

Chapter 4, we want to express the problem of learning a dictionary as minimization
of an error3

Ed =
∑

l

(‖yl −Dxl‖2 + λx‖xl‖f ), (5.1)

where λx is a positive constant, xl is a bounded sequence and ‖x‖f its sparsity
“norm” as defined in Section 1.2. For reasons of simplicity we recapitulate here the
definition of ‖ · ‖f :

‖x‖f =
k∑

i=1

f(xi), (5.2)

for a function f being a sparsity function in F1 according to the following definition
that is in large part adopted from [69]:

Definition 5.1 (Sparsity functions). Let f̄ be a non-decreasing function of the form
f̄ : [0,∞) �→ [0,∞), f̄(0) = 0, f̄ 	≡ 0. If additionally t �→ f̄(t)/t is non-increasing
on (0,∞), then f : R �→ [0,∞) defined as

f(x) =

{
f̄(x), x ≥ 0
f̄(−x), x < 0

(5.3)

is called a sparsity function of Type 1 on R. The set of all this sparsity functions is
called F1, the set of the f̄ is called F1.

Furthermore we define sparsity functions of Type 2 via

f ∈ F2 ⇔ ∃g ∈ F1, f(t) =
∫ |t|

0
g(τ) dτ

2Please observe the slightly changes in naming the variables in comparison to Chapters 4 and
6; according to the translation to a continuous problem, we prefer i not to denote an integration
variable

3We use here a formulation analog to Equation (4.8), since we treat below the functional analysis
framework.
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For a better understanding of the classes F1 and F2 of sparsity functions we give
some examples and properties (cf. also [69]):

Example 5.2. 1. For f, g ∈ F1 also max(f, g) and min(f, g) are elements of F1.

2. If f, g ∈ F1, then f ◦ g is in F1.

3. f(τ) = |τ |γ ∈ F1 for 0 ≤ γ ≤ 1 and element of F2 for 1 ≤ γ ≤ 2. In this case
we call ‖ · ‖f = ‖ · ‖γ. In case γ = 0 we slightly misuse the notation and set f
to

f(τ) = |sign(τ)| =
{

0, τ = 0 ,
1, otherwise.

4. f(τ) = arctan(|τ |) ∈ F1, as well as f(τ) = tanh(|τ |) ∈ F1 as applied in [85].

5. Non-constant, on [0,∞) monotonically increasing and concave symmetric func-
tions f , satisfying f(0) = 0, are elements of F1, since according to concavity
and Definition 5.1:

f(tx+ (1− t)y)
tx+ (1− t)y >

tf(x) + (1− t)f(y)
tx+ (1− t)y

y=0,x,t>0
====⇒

f(tx)
tx

>
f(x)
x

,

giving the missing condition for a function f ∈ F1.

6. There are also non-concave functions in F1, as for example some of the f̄ that
are positively constant on an interval and (affine) linear increasing everywhere
else.

7. Functions f ∈ F2 are convex, since their derivatives g ∈ F1 are monotonically
increasing.

Since | · |0 and | · |1 are elements of F1, it covers the two most important cases
of sparsity constraints (cf. 2.2.1). Gribonval and Nielsen proved in [69], that
functions in F1 satisfy analogous optimality results as | · |0 and | · |1, based on
coherence, spark and related properties of the dictionary that are mentioned in
Subsection 2.2.1. Also the error estimates touched there hold according to [61].
So they are a natural set for sparsity considerations. Unfortunately functions f ∈
F1 are in general non-convex, so there are in general problems with the standard
minimization results. Since the elements of F2 are near to the original F1 (cf.
Example 5.2,3), we use partly the former ones as a convex substitute of the later
ones.

A further interesting point concerning f ∈ F1 is the following connection to elements
of Lp:

Lemma 5.3. Let x ∈ Lp(U), for a fixed p ∈ (1,∞]. Let furthermore∫
u f(x(ζ)) dμ̄ζ = C <∞ for an f ∈ F1. Then x ∈ Lp′(U) for all 1 ≤ p′ ≤ p.
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Proof. Let us first assume p <∞: We define 1/c1 = f(1) and furthermore the set A
that way, that |x(ζ)| < 1 on A μ̄-almost everywhere and |x(ζ)| ≥ 1 on AC μ̄-almost
everywhere. Then we get from Definition 5.1:∫

U
|x(ζ)|dμ̄ζ ≤ c1

∫
A
f(x(ζ)) dμ̄ζ +

∫
AC

|x(ζ)|p dμ̄ζ

≤ c1

∫
U
f(x(ζ)) dμ̄ζ +

∫
U
|x(ζ)|p dμ̄ζ = c1C + ‖x‖p

p <∞

So x ∈ L1(U) and by this element of all spaces between L1(U) and Lp(U).

If p = ∞, we know:
f(x(ζ))
x(ζ)

≥ f(‖x‖∞)
‖x‖∞ = c2

μ̄-almost everywhere. So we get∫
U
|x(ζ)|dμ̄ζ ≤ 1/c2

∫
U
f(x(ζ)) dμ̄ζ = C/c2 ,

which proves the lemma.

The Definition of Ed in Equation (5.1) can be extended to yl ∈ H, where H is
an arbitrary real Hilbert space. Here I does not need to be a discrete set and
furthermore x be just element of some adequate Banach space. Also x ∈ L∞ is
in the continuous case not necessary. One general example for this is to define a
continuous Ẽ by

Definition 5.4 (Continuous dictionary and error measure). Given a function y ∈
L2((Ω, I),R) and f ∈ Fi, i ∈ {1, 2} being a sparsity measure according to Definition
5.1. Let x be a function x : (Ω′, I) �→ R and D an integral operator defined by

Dx(ω, l) =
∫

Ω′
d(ω, ω′)x(ω′, l) dμ′ω′ , (5.4)

where d is a real function satisfying∫
Ω
d(ω, ω′)2 dμω ≡ c̃. (5.5)

Then Ẽ is given by

Ẽ(d, x) = E1(d, x) + E2(x) (5.6)

=
∫

I

(∫
Ω
(y(ω, l)− (Dx)(ω, l))2 dμω + λx

∫
Ω′
f(x(ω′, l)) dμ′ω′

)
dνl .

with 1 ≤ p ≤ ∞.

We see, D or rather d is the continuous equivalent to the discrete dictionary D,
especially dω′ : ω �→ d(ω, ω′) represents the different atoms of the dictionary. Fur-
thermore, x represents the coefficients and y the given set of signals Y.
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We want to choose x as freely as possible, so we postpone the question of the function
space defining x for a moment.

The constraint in Equation (5.5) is introduced in analogy to the norming in the
discrete case, to prevent d to increase boundless, this would reduce Ẽ, as:

Remark 5.5. Ẽ(λd, x/λ) ≤ Ẽ(d, x) for λ ≥ 1, because (λD)(x/λ) = Dx, so

Ẽ(λd, x/λ)− Ẽ(d, x) =
∫

I

∫
Ω′

(f(x(ω′, l)/λ)− f(x(ω′, l))) ≤ 0 ,

since f is non-decreasing.

For a better handling of Equation (5.5) we introduce it to Ẽ and redefine this as

E(d, x) = Ẽ(d, x) + E3(d)

= Ẽ(d, x) + λd

(∫
Ω′

(∫
Ω
d(ω, ω′)2 dμω

)p′/2

dμ′ω′ − c
)2

(5.7)

with a positive constant λd. The different norms in the two directions Ω and Ω′

are chosen to hold Dx ∈ L2. We emphasize that the additional summand in Equa-
tion (5.7) does not force the integral of d over Ω to be constant, but to be an
integrable function. This condition can in the discrete case be interpreted as a
weighted dictionary (cf. [34], [55], or Section 4.3), where the probability of choosing
an atom is different, depending on the weight, i.e. here the norm ‖d(·, ω′)‖Ω,2. An
alternative additional summand like

Ẽ3 = λd

(∫
Ω′

∣∣∣∣∣
(∫

Ω
d(ω, ω′)2 dμω

)p′/2

− c̃
∣∣∣∣∣ dμ′ω′

)2

(5.8)

would be usable in the case of finite Ω′ but we would lose coercivity, as necessary in
Theorem 5.13 in most cases of infinite Ω′ as pointed out in Example 5.26.

In the remainder of this section we try to find some conclusions about the existence
of a minimum of E. According to this, we fix first d – this works as sparse coding in
the continuous environment – later fix x and afterwards bring both cases together.

5.1.2 Fixed d

According to Subsection 2.3.3 the existence of a minimum of E can be proven using
the so called direct method in the calculus of variations if E satisfies three properties,
this are, as brief reminder (cf. also Page 28):

Condition 5.6. There exists a minimum of E in X, if

1. E is proper,

2. E is τ -coercive in X,
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3. E is τ -lower semicontinuous in X.

Here τ denotes a fixed weak, weak∗ or strong topology.

As mentioned in Subsection 2.3.3 the only practical way in continuous environment
is to choose the weak topology in some reflexive Lp, Wk,p or more complicate space
(or rather the weak∗ in the separable L∞ or Wk,∞), offering an accessible definition
of coercivity (cf. 2.15), but paying this with the necessity of proving weak(∗)4 lower
semicontinuity, especially complicate in a case like this, where f ∈ F1 is not a convex
function.

In this subsection we prove the three requirements of Condition 5.6 for a fixed d,
satisfying

E3 = λd

(∫
Ω′

(∫
Ω
d(ω, ω′)2 dμω

)p′/2

dμ′ω′ − c
)2

<∞ (5.9)

or rather Ẽ3 < ∞. Proving the existence of this minimum serves not only as first
step of the minimization of the whole E, but the minimum can also be interpreted
as the optimal continuous sparse coding for given d(ω, ω′).

Lemma 5.7 (Properness ofE). For fixed d satisfying (5.9) and given y ∈ L2((Ω, I),R),
E(x) is a proper functional

Proof. Fix x ≡ 0, then we get

E(d, 0) =
∫

I

(∫
Ω
(y(ω, l)− (D0))2 dμω + λx

∫
Ω′
f(0) dμ′ω′

)
dνl + E3

=
∫

I

∫
Ω
y(ω, l)2 dμω dνl + E3

< ∞

as y ∈ L2((Ω, Il),R) and f(0) = 0.

For proving the coercivity of E we need to make some additional assumptions on f ,
as we can see via the following remark:

Remark 5.8. A freely chosen sparsity measure f ∈ F1 (cf. Definition 5.1) can
result in a non-coercive E. Examples are:

• Let ‖ · ‖f = ‖ · ‖0 (cf. Example 5.2,2) and xα(ω′, l) = α · χ[0,1]2(ω′, l), then is
‖xα‖f = 1 independent of α > 0, while ‖x‖p = α→∞, for α→∞, ∀ 1 ≤ p ≤
∞. If we have additionally d with

∫
dx1 dμω = 0, then E = ‖y‖22 + λx.

4weak(∗) denotes weak or rather weak∗ for the remainder of this chapter.
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• Let f(τ) < tγ, for some γ < 1 and xα(ω′, l) = χ[0,1]2(ω′, l) · ω′1/α−1/p ∈ Lp,
then ‖xα‖p →∞ for α→∞, while

‖xα‖f <

∫ 1

0

∫ 1

0
ω′γ(1/α−1/p) −→

α→∞

∫ 1

0

∫ 1

0
ω′−γ/p <∞

as γ < 1 and p ≥ 1.

This examples show, that f ∈ F1 has to increase faster than every τγ , γ < 1 if we
want to get the weak coercivity of E out of E2. Unfortunately this condition is not
satisfiable for most f ∈ F1. We will prove in Lemma 5.10 that we need to satisfy
one of the following conditions for gaining weak coercivity of E:

Condition 5.9. Let f or rather E or both satisfy one of the following conditions

1. f ∈ Fi, i ∈ {1, 2} and f(τ)/τp > γ with γ > 0 for all τ > 0, and an adequate
p > 1.

2. E(d, x) = (E1 + E2 + E3)(d, x) + Ẽ4(x) = E1 + E2 + E3 + λ1g1(‖x‖p), where
g1 : R �→ R is a lower semicontinuous, strong coercive5, convex function with
g1(0) = 0 and 1/p+ 1/p′ = 1.

For the sake of completeness we define g1 ≡ 0 in the first case. p should hold p > 1
to obtain a reflexive space Lp. So we choose x ∈ Lp(Ω′, I), nevertheless, the integral
in E1 is just finite, if also xω′ : l �→ x(ω′, l) is element of L2(I) for μ′-almost every
ω′, thus

x ∈ {x ∈ Lp(Ω, I)|xω′ ∈ L2(I)} .
Lemma 5.10. Let y ∈ L2((Ω, I),R) and f or rather E satisfy Condition 5.9, then
E is coercive in the weak(∗) Lp-topology in the sense of (2.14).

Proof. We have to prove that both conditions of 5.9 give coercivity of E. If we use
the first one we get:

E(d, x) ≥ λx

∫
I

∫
Ω′
f(x(ω′, l)) dνl dμ′ω′

= λx

∫∫
x(ω′,l) �=0

f(x(ω′, l))
x(ω′, l)p

x(ω′, l)p dνl dμ′ω′

≥ λx

∫
I

∫
Ω′
γx(ω′, l)p dνl dμ′ω′

= λxγ‖x‖p

In the second line we use f(0) = 0 as defined in 5.1.

In case the second condition is valid we have the most direct proof, as here E(d, x) ≥
λ1c‖x‖p for ‖x‖p according to the coercivity of g1 in Condition 5.9,2.

5We could choose here weaker condition than strong coercivity, but we will need the strong one
in Section 5.2.
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If we have a closer look to the conditions of 5.9, we see, that the first one is that
one, which is most natural, as it just exceeds for p = 1 the disproved cases of the
counter-examples. Practical examples are f ∈ F2, that are of the form f(t) = tp

for |t| ≥ ρ and p ≥ 1. Unfortunately for f ∈ F1 this condition works just for f
approximating | · |1 for p = 1, and L1(Ω× I) is not reflexive. Thus, throughout this
section, we always assume p > 1 for achieving a reflexive Banach space and in the
case p = ∞ we realize the weak topology as weak∗ topology. The second alternative
in Condition 5.9 is maybe more restrictive on x than the first one, since Lemma 5.3
proved, that in this case x is element of L1 and even more coercive in L1. But we
recive in return more freedom for the choice of d, since in the first case of Condition
5.9, the summand E1 forces d to be element of L2(L∞(Ω),Ω′). Furthermore, we can
choose 1 < p <∞ giving a reflexive Banach space, necessary for applying Theorem
2.12,2. In case p = ∞ the space is separable and we can apply Theorem 2.12,3 for
weak∗ coercivity.

We now turn to prove weak lower semicontinuity of E. In general this is the hardest
to prove one, out of the three parts of Condition 5.6. For simplicity we look at the
three summands of E individually. Especially problematic is the second summand,
which is not convex in x. For preparation we want to mention, that in cases of
non-lower semicontinuous f also weak lower semicontinuity in Lp is not given, as
the following remark shows:

Remark 5.11. A non-(strong)-lower semicontinuous function f is not weak lower
semicontinuous, too. This is easily to prove, as the condition for both properties is
the same (cf. [171, Def 38.4]), but in the strong case just for a subset of sequences
for which it has to be valid for the weak case.

Analogous, for most f weak continuity of f and E2 is not given (cf. Lemma 5.29),
but here weak lower semicontinuity is sufficient. In the case of convex functionals
this is equivalent to (strong) lower semicontinuity (cf. Theorem 2.14). The point is,
sparsity measures in F1 are in general non-convex and then a proof of weak lower
semicontinuity is in general a hard task. This is especially valid, since the class of
sparsity functions F1 is quite wide. Nevertheless, there are some elements of F1,
where the weak lower semicontinuity can be proven directly and a for greater subset
of F1 it can be disproven. The trivial positive example is f(τ) = σ · |τ |. In this case
we have ‖ · ‖f = σ‖ · ‖1, being convex, so the weak lower semicontinuity follows from
the strong one according to Theorem 2.14. The less trivial but important negative
case is the following one:6

Lemma 5.12. If f ∈ F1 and f(τ)/τ is strictly monotonically decreasing on (0,∞],
then E2 =

∫
I

∫
Ω′ f(·) dμ′ω′ dνl is not weak lower semicontinuous.

Proof. For proving the Lemma we fix z ∈ R
+, define xn(ω′, l) as

xn(ω′, l) =

{
z l ∈ [0, 1], ω′ ∈ [0, 2−n] + k2−(n−1), k = 0, . . . , 2n−1 − 1
0 otherwise

(5.10)

6
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and prove that xn ⇀ x = z/2χ[0,1]2 , while limn→∞E2(xn) < E2(x) = M > 0. This is
done by computing

∫
[0,1]

∫
[0,1] xnφdμ′ω′ dνl for a continuous function φ (continuous

functions on compact sets are regulated functions and C∞c is dense in Lp, p ∈ [1,∞)):∫
[0,1]

∫
[0,1]

xnφdμ′ω′ dνl = z
2n−1−1∑

k=0

∫
[0,1]

φχ(k2−(n−1)+[0,2−n]) dμ′ω′

= z
2n−1−1∑

k=0

2−nφ(ξk) = z/2
2n−1−1∑

k=0

2−(n−1)φ(ξk) .

The prelast step is, with ξk ∈ k2−(n−1) + [0, 2−n], valid according to the mean
value theorem. Since last term can be interpreted as integral over a step function
converging for n → ∞ in supremum norm towards φ, the whole integral converges
to
∫
[0,1]

∫
[0,1] z/2φdμ′ω′ dνl , so we proved the weak convergence of xn ⇀ x.

Computing E2 for xn as in Equation (5.10) and for x we obtain:

E2(xn) =
∫

Ω′

2n−1−1∑
k=0

f(z)χk2−(n−1)+[0,2−n] dμ
′ω′ = 1/2f(z) (5.11)

and

E2(x) =
∫

I

∫
Ω′
f(x(ω′, l)) dμ′ω′ dνl = f(z/2) (5.12)

Since f(τ)/τ is strictly monotonically decreasing on the positive axis we know
f(z/2)

z/2 > f(z)
z , thus E2 is not weak lower semicontinuous according to Equations

5.11 and 5.12.

Even if we know the the weak lower semicontinuity (in Lp, p ≥ 1) of the very
important case f = |·|1, in general weak lower semicontinuity of E2 is not valid. So
we see three alternatives:

1. Using only elements of the subclass Fwlsc ⊂ F1 ∪ F2 where weak lower semi-
continuity is given.

2. Using relaxation (cf. [7] or [27]).

3. Try to find the weak lower semicontinuity in a different space.

It is clear, that Fwlsc is a superset of F2 since the elements of the later one are
convex and differentiable.

In the following we focus on the first and third alternative. For a short adaption of
the second one see the appended Section B.1.

We handle this two interesting options – to use an f ∈ Fwlsc or to change the
space we search weak lower semicontinuity in – at once. In the second case it is
additionally necessary also to change the space in which E is weak coercive. One
possible solution is to define

Ê = E + E4 = E + (λ1g1(‖x‖p) + λ2g2(‖∇x‖p)), (5.13)



64 CHAPTER 5. CONVERGENCE OF DICTIONARY LEARNING

Here we have g2 : R �→ R to be a convex, lower semicontinuous, strong coercive7

function with g2(0) = 0 in case E2 is not weak lower semicontinuous in Lp. Otherwise
we choose g2 ≡ 0. g1 is defined according to Condition 5.9. This gives (together with
Lemma 5.10) in Theorem 5.13 (weak) coercivity of Ê in W1,p(Ω′, I) or, if f ∈ Fwlsc,
in Lp(Ω′, I) and we have to search for weak lower semicontinuity in the same space.
We chose here a Sobolev space, since the Embedding Theorem 2.20 can serve as a
basis for further analysis.

Using this Ê we get a result for the existence of a minimum of Ê in both cases. For
simplicity we give first a special case:

Theorem 5.13 (Minimum of E according to x). Let y ∈ L2(Ω, I) with bounded Ω,
additionally let f or rather E satisfy the conditions according to Condition 5.9, f
be strong continuous and g2 = | · |p. Then Ê has a minimum in W1,p(Ω, I), p > 1.

Proof. We have to prove that Ê is proper, weak coercive and weak lower semicontin-
uous. For the properness the proof for proper E in 5.7 is still valid, as for x ≡ 0 also
‖∇x‖2 = 0. Weak coercivity is now given in W1,2(Ω, I), as according to Lemma 5.10:
E ≥ c‖x‖p for great enough ‖x‖p, this gives

Ê ≥ c‖x‖p + λ2‖∇x‖p ≥ c‖x‖1,p for ‖x‖1,p →∞

For proving the weak lower semicontinuity of Ê we separate Ê again into its sum-
mands, as the sum of several weak lower semicontinuous functions is, due to [27,
Proposition 1.9], weak lower semicontinuous again. E1 and E3 are weak lower semi-
continuous as shown in the proof of Theorem B.1, also the first summand of E4 is
clear as to its definition. For the weak lower semicontinuity of E2 and the second
summand of E4 we use the result of Theorem 2.23: This two summands together
are given by

E2 + E4 =
∫∫

f(x(ω′, l)) + λ2

∣∣∇x(ω′, l)∣∣p dμ′ω′ dνl .

According to Theorem 2.23 we have to prove, that g((ω′, l), x,∇x) = f(x)+|∇x|p is a
Carathéodory function, g((ω′, l), x, ·) is convex and g((ω′, l), x,∇x) ≥
〈a(ω′, l) |∇x〉+ b(ω′, l) for some Lp function a and L1 function b.

1. g is a Carathéodory function according to Definition 2.22, as

• g((ω′, l), ·, ·) = f(x) + |∇x|p is continuous (f is continuous according to
the assumptions of the theorem) and

• g(·, x,∇x) = const. is measurable,

2. g ≥ 0 for all x,∇x, so defining a, b ≡ 0 holds,

3. as |·|p is convex, g is also convex in ∇x.
7This constraint can be weakened here, but we will need it in Section 5.2.
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So we can apply Theorem 2.23 and get weak lower semicontinuity of Ê in every
W1,p(Ω, I), p ≥ 1. Altogether we get the existence of a minimum of Ê via Condition
5.6 in W1,p(Ω, I), p > 1.

Corollary 5.14. The arguments for weak lower semicontinuity in the proof above
are also valid for each summand E2 and E4 separately. So the results are especially
valid if E2 or E4 is weak lower semicontinuous by definition. So we get the result
for all definitions of g1 and g2 according to Condition 5.9 or rather Equation (5.13).
Especially in the case f ∈ Fwlsc with g2 ≡ 0, the result is valid in L2(Ω′, I).

In that cases, where E2 is not weak lower semicontinuous in Lp(Ω, I), and we obtain
the existence of a minimum just in W1,p(Ω, I), it would be interesting, especially
according to the applicational effects, if this condition can be reduced, e.g., to a
space X, W1,p(Ω, I) ⊂ X ⊂ Lp(Ω, I). In general, we have no evidences for results
like this. Nevertheless, in the most interesting cases f(τ) = τ0 and f(τ) = |τ | this
is not necessary and we can treat now the minimization according to d.

5.1.3 Fixed x

In difference to the previous subsection we want to fix x and minimize Ê according
to d now. In this case there are again just two summands of Ê being not constant,
namely E1 and E3. Again we have to prove properness, weak coercivity and weak
lower semicontinuity for Ê.

Lemma 5.15. For y ∈ L2 and x chosen to hold E2 and E4 finite, Ê is proper.

Proof. Choose d ≡ 0, then

Ê =
∫∫ (

y −
∫

0 · x
)2

+ E2 + λd

((∫∫
02

)
− c
)2

+ E4

= ‖y‖2 + E2 + λdc+ E4 <∞ .

To prove the weak coercivity of Ê, we use a similar approach as in Lemma 5.10: We
prove weak coercivity of E3 which is enough, as E1 is positive. E1 can not be used
to show coercivity in every case, as the following example shows:

Example 5.16. Let y ∈ L2 and choose d 	= 0 orthogonal to x, i.e.
∫
xddμ′ω′ ≡ 0.

In this case
E1(d) = ‖y‖22 = E1(σd)

for every σ ∈ R
+.

In the following ‖ · ‖(2,p) denotes the norm in L(2,p) = L2(Lp(Ω′),Ω).

Lemma 5.17. Under the assumptions of Lemma 5.15 E3 is weak coercive in
L2(Lp(Ω′),Ω).
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Proof.
E3 = λd(‖d‖p

(2,p) − c)2 ≥ λd/2‖d‖2p
(2,p)

for ‖d‖p
(2,p) > (2 +

√
2)c.

To prove the weak lower semicontinuity of E for fixed x is again the most complicate
part. Especially in this case we can disprove it for d in L2(Ω,Ω′), as the following
result shows:

Example 5.18. Let (dn) be a orthonormal sequence in L2(Ω,Ω′) and c = 1. Then
dn ⇀ 0 = d and E3(dn) = λd(‖dn‖22 − 1)2 = 0 for all n, but E3(d) = 1.

Similar results are valid for p 	= 2. For obtaining a positive result, we would need
a weak continuous surrogate function g for ‖ · ‖(2,p). In that case the surrogate
E3,g = λd(g(d)− c)2 for E3 would be weak lower semicontinuous. Furthermore the
surrogate function needs to have similar properties like the norm, to fit into the
context of dictionary learning. As as there is, up to our knowledge, no concrete g
like this, we have again to find the weak lower semicontinuity (and also coercivity)
in another space than L(2,p).

Again a Sobolev space, here W1,(2,p), is a good choice, similar to the previous
subsection. Especially, as in this case the existence of a derivative of d is more easy
to justify as above. In direction of ω this is equivalent to forcing the atoms to be
derivable. In the other direction it holds neighboring atoms similar. So let us define

Ẽ = Ê + E5 = Ê + λ3g3(‖∇d‖(2,p)) (5.14)

here g3 : R �→ R is a lower semicontinuous, convex, strong coercive8 function of,
satisfying g3(0) = 0. As an example we give g3(‖∇d‖(2,p)) = ‖∇d‖1+ε

(2,p).

Lemma 5.19. Given finite sets Ω,Ω′, I, y ∈ L2(Ω, I), a sparsity measure (cf. Def-
inition 5.1) f and a fixed x assuring E2, E4 to be finite. Then Ê is weak lower
semicontinuous according to d ∈W1,2(W1,p′(Ω′),Ω).

Proof. We prove weak lower semicontinuity for every summand of Ê separately.
Later we use [27, Proposition 1.9] to get the weak lower semicontinuity of the sum.
As E2 and E4 are constant for fixed x, and E5 is already weak lower semicontinuous
by definition, we just have to concern with E1 and E3:

• In the proof of Theorem B.1 we observed, that E1 is continuous and convex
in x for fixed d. Since E1 is symmetric related to the exchange of d and x,
we have also for fixed x continuity and lower semicontinuity of E1 in d and
therewith we get weak lower semicontinuity by Theorem 2.14.

8strong coercivity is not necessary here, but in Section 5.2.
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• For proving the weak lower semicontinuity of E3 we see first, that ‖ · ‖2(2,p) is
weak continuous in W1,(2,p) according to Lemma 2.21, based on Sobolev’s
Embedding Theorem 2.20. Using this we have also

E3 = λd(‖d‖2p
(2,p) − 2‖d‖p

(2,p) + 1)

to be weak lower semicontinuous in W1,(2,p).

Putting the results of this subsection together, we get easily the following theorem:

Theorem 5.20 (Minimum of Ẽ according to d). Let Ω,Ω′, I be finite and y ∈
L2(Ω, I). Furthermore let f ∈ Fi, i ∈ {1, 2} be a sparsity measure according to
Definition 5.1 and x be fixed to hold E2 and E4 finite. Then there exists a minimum
of Ẽ(d, x) in W1,(2,p) according to d.

Proof. According to Condition 5.6 we need to proof properness, weak coercivity
and weak lower semicontinuity of Ẽ. The three preceding lemmata give most of this
properties, we just have to prove the coercivity inW1,(2,p). This is given immediately,
using Lemma 5.17, as

Ẽ = Ê + λ3g3(‖∇d‖(2,p)) ≥ c‖d‖(2,p) + λ3‖∇d‖(2,p) ≥ c‖d‖1,(2,p)

For ‖d‖1,(2,p) →∞.

5.1.4 Free x and d

In the preceding two subsections we tried to find a minimum for E with one fixed
argument. Alternating fixing one argument and optimizing the other one is a prin-
ciple, often used in dictionary learning algorithms in Subsection 2.2.2. But already
in two dimensions such strategies often fail to find the absolute minimum as, e.g.,
minimizing

g(x, y) = |x− y|+ a(x+ y)

on [0, 1]2 shows. So we want to optimize both parameters simultaneous now. Doing
that, we use some of the foregoing results. First we want to show, just combining
this results is not enough. Especially E1 is not convex anymore in the two variables
d and x and even more, not weak lower semicontinuous in (L2(Ω,Ω′), L2(Ω, I)):

Example 5.21. Let y, d1, x2 ≡ 0, d2 ≡ c1 and x1 ≡ c2. Additionally I, Ω and Ω′

are finite. In this case we have E1(d1, x1) = 0 = E1(d2, x2), while

E1(tx1 + (1− t)d2) = (t(1− t)c1c2)2 |(Ω× I)| > 0 .
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Example 5.22. For p = 2 define

dn(ω, ω′) = sin(n · ω′) · χ[0,2π]2(ω
′, ω)

and
xn(ω′, l) = sin(n · ω′) · χ[0,2π]×[0,1](ω

′, l) .

We get
dn ⇀ d ≡ 0 and xn ⇀ x ≡ 0 ,

since both are orthogonal sequences. So we have for an arbitrary y:∫
I

∫
Ω
(y −Dx)2 dνl dμω =

∫
I

∫
Ω

(
y −
∫ 2π

0
dx dμ′ω′

)2

dνl dμω = ‖y‖22 ,

while∫
I

∫
Ω
(y −Dnxn)2 dνl dμω =

∫
I

∫
Ω

(
y −
∫
dnxn dμ′ω′

)2

dνl dμω

=
∫

I

∫
Ω

(
y −
∫ 2π

0
sin2(nω′) dμ′ω′

)2

dνl dμω

=
∫

I

∫
Ω
(y − π)2 dνl dμω .

Thus we have no weak lower semicontinuity for ‖y‖2 > ‖y − π‖2.

If we change p, similar examples will work. Thus we have to find the weak lower
semicontinuity of E1(d, x) in another space than (L(2,p′)(Ω,Ω′), Lp(Ω′, I)). Since we
already need to introduce Sobolev spaces in the preceding two subsections, we try
to prove the weak lower semicontinuity in some similar space also in this case. As we
already proved the weak lower semicontinuity of E according to x in W1,p (or rather
Lp) and of d in W1,p′ as well as the weak coercivity, we try to prove weak lower
semicontinuity in (W1,(2,p′)(Ω,Ω′),W1,p(Ω′, I)) or in case it is possible (cf. Theorem
5.13) in (W1,(2,p′)(Ω,Ω′), Lp(Ω′, I)). For simplicity we denote the norm in this spaces
with ‖ · ‖1,∗ or rather ‖ · ‖∗ = ‖ · ‖0,∗. In the following we denote both together by
using ‖ · ‖i,∗, i ∈ {0, 1}.
For the proof of the existence of the minimum of Ẽ, the properness and weak coer-
civity of E can almost be copied from the previous sections, just for completeness:

Remark 5.23. For a given y ∈ L2 and a sparsity norm f according to Condition 5.9,
Ẽ is weak coercive in (W1,(2,p′),W1,p) if g2 in Equation (5.13) is not constant zero,
or rather (W1,(2,p′), Lp) otherwise.

Proof. According to the proof of Theorem 5.13, there is a constant c, giving

Ẽ ≥ C‖x‖i,p for ‖x‖ > 1

with i ∈ {0, 1} depending on g2. Additionally we have by Lemma 5.17 that

Ẽ ≥ C‖d‖1,(2,p′)



5.1. EXISTENCE OF AN OPTIMAL CONTINUOUS DICTIONARY 69

for ‖d‖1,(2,p′) ≥ C̄. Altogether we obtain the weak coercivity of Ẽ in x and d

Ẽ ≥ C(‖x‖i,p + ‖d‖1,(2,p′)) = C‖(d, x)‖i,∗

for ‖(d, x)‖i,∗ greater than a constant.

Remark 5.24. For a given y ∈ L2, Ẽ is proper in Wi,∗. We can choose, e.g., x ≡ 0
and d = cχ[0,1]2 for getting Ẽ(d, x) = ‖y‖22.

Now we have all the ingredients for proving the existence of a minimum of E in the
two variables d and x:

Theorem 5.25 (Minimum of Ẽ(d, x)). Let y ∈ L2(Ω, I) and f or rather E satisfy
Condition 5.9. Furthermore let Ω,Ω′ and I be bounded regions or rather intervals.
Then there exists a minimum of Ẽ in Wi,∗ with i = 0 if f is weak lower semicontin-
uous and i = 1 otherwise.

Proof. According to Condition 5.6 we have to prove properness, weak coercivity and
weak lower semicontinuity of Ẽ. The first two properties are already proven by the
foregoing remarks. For the weak lower semicontinuity we consider each summand of
Ẽ for its own.

• E5 + E4 is weak lower semicontinuous in Wi,∗, according to Theorem 2.14, as
the sumands are defined as convex and strong lower semicontinuous functions
in Condition 5.9 and Equations (5.13) and (5.14).

• E3 and E2 are weak lower semicontinuous in (d, x), as they are by Lemma 5.19
or rather Theorem 5.13 weak lower semicontinous in d and constant in x or
rather vice versa.

• For proving the weak lower semicontinuity of E1 first we prove weak continuity
of Dx(ω, l) =

∫
Ω′ x(ω

′, l)d(ω, ω′) dμ′ω′ in (W1,p′ ,Wi,p) for fixed (ω, l): We can
do this directly! If there is a sequence dn(ω, ·) = dn,ω ⇀ dω = d(ω, ·) in W1,p′

and a sequence xn(·, l) = xn,l ⇀ xl = x(·, l) in Wi,p we know:∣∣∣∣
∫

Ω′
(dn,ω(ω′)xn,l(ω′)− dω(ω′)xl(ω′)) dμ′ω′

∣∣∣∣
=
∣∣∣∣
∫

Ω′
((dn,ω(ω′)xn,l(ω′)− dω(ω′)xn,l(ω′))

+(dω(ω′)xn,l(ω′)− dω(ω′)xl(ω′))) dμ′ω′
∣∣

≤
∣∣∣∣
∫

Ω′
xn,l(ω′)(dn,ω − dω)(ω′) dμ′ω′

∣∣∣∣+
∣∣∣∣
∫

Ω′
dω(ω′)(xn,l − xl)(ω′) dμ′ω′

∣∣∣∣
It is clear, that the second integral converges towards zero, since dω ∈ W1,p′

and xn,l converges weakly. For the first summand we see, that∣∣∣∣
∫

Ω′
xn,l(ω′)(dn,ω − dω)(ω′) dμ′ω′

∣∣∣∣ ≤ ‖xn,l‖p‖dn,ω − dω‖p′ .
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According to a special case of the Sobolev embedding theorem (cf. Lem-
ma 2.21, Ω′ is bounded according to the assumptions of this theorem) we know,
that from the weak convergence of dn,ω in W1,p′ follows strong convergence in
Lp′ . This holds independently of p′. Furthermore we know from Theorem
2.12,1 that ‖xn,l‖p ≤ C for a positve constant C. All in all we know about
the convergence of the first summand towards zero and so about the weak
continuity of

∫
Ω′ dω(ω′)xl(ω′) dμ′ω′ .

In a second step we prove now weak lower semicontinuity of∫∫
(y − u)2 dμω dνl in Wi,(2,p). For this we define

h((ω, l), u, ξ) = h(u) = (y − u)2

It is easy to see, that h(u) is a Carathéodory function as defined in Defini-
tion 2.229, additionally h(u) ≥ 0 for all u and h is constant in ξ, so especially
convex. So, according to Theorem 2.23, h is weak lower semicontinuous in
W1,2(Ω, I).

In combination this two results give weak lower semicontinuity of E1. This
result raises as dn ⇀ d in Ω× Ω′ implies weak convergence in Ω′ for μ-almost
every fixed ω. Analogous results hold for x. So according to the weak con-
tinuity of Dx we get

∫
dn(ω, ω′)xn(ω′, l) dμ′ω′ → ∫

d(ω, ω′)x(ω′, l) dμ′ω′ for
μ, ν-almost every ω and l. This results in the weak lower semicontinuity of E1

according to the second step.

So we know about the existence of a minimum of Ẽ(d, x) in Wi,∗. Proving uniqueness
of the minimum as given for the discrete case (modulo resorting and norming) of
K-SVD in [4] would be an interesting point, but we prefer to go into the direction
of constructing a minimum as stated in Section 5.2. But before we want to improve
the preceding results in the next subsection.

5.1.5 Additional results

We saw in Example 5.18, there is no weak lower semicontinuity of Ẽ in (L2(Lp′), Lp),
so we can not expect the existence of a minimum in the case of minimizing Ẽ in
(L2(Lp′), Lp). But there are several other conditions we maybe can reduce, for these
we want to have a look in this subsection. Especially it is interesting, if there is the
possibility to use an unbounded Ω and a non-continuous sparsity measure f .

unbounded domains

The proofs in the preceding three subsections are given mostly just in cases of
bounded Ω, Ω′ and I. An interesting question is, if the results stay true in the case

9Alternatively, this proof can be made completely direct without using Theorem 2.23, we prefered
this one, since it is more easy to adapt if the problem changes slightly.
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of unbounded domains. For this reason we go over the proofs again and see, where
we use the restriction of a bounded domain. All in all we find the following points:

1. In Equation (5.8) is given an alternative for bounded domains, does it work
also for unbounded?

2. In Theorem 5.13 as well as in Lemma 5.19 and Theorem 5.25 weak lower
semicontinuity of functionals had been proven just on bounded domains.

For the alternative given in Number 1, there is a easy counter-example disproving
the weak coercivity of this term in unbounded domains:

Example 5.26. Let Ω′ = R, Ω = [0, 2π] and d(ω, ω′) = c̃1/p′ sinω. Then we have∫
Ω d

2(ω, ω′) dμω ≡ c̃2/p′, giving

∫
Ω′

∣∣∣∣∣
(∫

Ω
d2(ω, ω′) dμω

)p′/2

− c̃
∣∣∣∣∣ dμ′ω′ = 0 ,

while

‖d‖2,p′ =
(∫

R

c̃dμ′ω′
)1/p′

= ∞ for 1 ≤ p′ <∞ .

As there is no other summand of Ẽ giving coercivity in d, we can not use Equa-
tion (5.8) for unbounded domains and p 	= ∞. Also a combination with a second
summand limiting ‖d‖p′ is not possible, as Equation (5.8) forces ‖d‖p′ to be infinite
on unbounded domains Ω′. So the only possibility to use Ẽ3 on unbounded sets in
question is to choose p′ = ∞ and perform the minimization in (W1,(2,∞),Wi,1).

The much more important point is to extend the proofs given in Number 2. There
are two different problems: In most cases we have to prove the weak lower semicon-
tinuousity of the integral over a positiv function g, this is rather simple:

Lemma 5.27 (weak lower semicontinuity on unbounded sets I). Let g be a positive
function and I(u) =

∫
Ω̃ g(u(ζ)) dμ̃ζ be weakly lower semicontinuous for all bounded

sets Ω̃ ⊂ R
n. Then is I(u) also weakly lower semicontinuous for unbounded Ω̄ ⊂ R

n.

Proof. Let Bs(0) be the ball of radius s around 0 and let us define

Is(u) =
∫

Ω̄∩Bs(0)
g(u(ζ)) dμ̃ζ ,

then Ω̄ ∩Bs(0) is finite and we have

lim inf
ν→∞ Is(uν) ≥ Is(u) .

Additionally, as g is positive everywhere, we have for s1 < s2 also Is1(u) ≤ Is2(u)
and

lim inf
ν→∞ Is1(uν) ≤ lim inf

ν→∞ Is2(uν) .
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If we define I = I∞ we get

I(u) = lim
s→∞ Is(u) ≤ lim

s→∞ lim inf
ν→∞ Is(uν) ≤ lim

s→∞ lim inf
ν→∞ I(uν) = lim inf

ν→∞ I(uν) .

The question is, what happens in the case of Theorem 5.25, where we proved weak
continuity of

∫
Ω′ xldω dμ′ω′ in (W1,p′ ,Wi,p) on bounded intervals Ω′. Also here weak

continuity is given:

Lemma 5.28 (weak lower semicontinuity on unbounded sets II). For x ∈Wi,p(Ω′)
and d ∈W1,(2,p′)(Ω′) we have

∫
Ω′ dx dμ′ω′ weak continuous.

Proof. We know from Theorem 5.25 the result in the case of finite ΩF , so we have
lim
∫
ΩF

xn(ω′)dn(ω′) dμ′ω′ =
∫
ΩF

x(ω′)d(ω′) dμ′ω′ . If we define
Rm = (Bm(0)\Bm−1(0)) ∩ Ω′ we get:

∞∑
m=1

lim
n→∞

∫
Rm

xn(ω′)dn(ω′) dμ′ω′ =
∞∑

m=1

∫
Rm

x(ω′)d(ω′) dμ′ω′

The result is valid, if we can exchange the limit and the sum in the preceding
equation. This holds according to Lebesgue’s dominated convergence theorem
((cf. [84, Theorem 5.13])) applied on a discrete measure on N. It is applicable, as∫
Rm

xn(ω′)dn(ω′) dμ′ω′ ≤ ‖dn‖2p′,Rm
‖xn‖2p,Rm

is a summable function, as shown by

∞∑
m=1

‖dn‖2p′,Rm
‖xn‖2p,Rm

≤
∞∑

m=1

‖dn‖2p′,Rm

( ∞∑
r=1

‖xn‖2p,Rr

)

=
∞∑

m=1

‖dn‖2p′,Rm
‖xn‖2p,Ω′ = ‖dn‖2p′,Ω′‖xn‖2p,Ω′ ≤ C .

The last step holds according to Theorem 2.12,1.a.

So we obtain altogether the applicability of the results from Sections 5.1.2– 5.21 to
the case of infinite I, Ω and Ω′.

non-continuous f

Till now we had to assume, that the sparsity function f is continuous, due to the
requirement in Theorem 2.23. We want to show in this subsection that this condition
is not necessary. The conditions of Definition 5.1 on F1 are already enough10, to
reach weak lower semicontinuity of E2 in Wi,∗. First we want to state a result on
the continuity properties a sparsity function in F1 already has, as given in [69], later
on we prove the weak lower semicontinuity of E2 implying this properties.

10Elements of F2 are continuous in any case.
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Lemma 5.29 (Continuity of f ∈ F1). A function f ∈ F1 according to Definition
5.1 is (strong) continuous for all τ ∈ R\{0} and lower semicontinuous on R.

Proof. In order to prove continuity of f in τ we need

∀ ε > 0 ∃ δ > 0,∀x ∈ R : |x− τ | < δ ⇒ |f(x)− f(τ)| < ε .

Let us first assume τ > 0. We know from Definition 5.1:

x1 < x2 ⇒ f(x1) ≤ f(x2) (5.15)

and
x1 < x2 ⇒ f(x1)/x1 ≥ f(x2)/x2 (5.16)

and we get

f(τ + δ)
τ + δ

≤ f(τ)
τ⇔

f(τ + δ)− f(τ) ≤ δ
f(τ)
τ

.

Furthermore 0 ≤ f(τ + δ)− f(τ) by Equation (5.15), so we get for x > τ :

0 ≤ f(x)− f(τ) ≤ ε for δ ≤ ε
τ

f(τ)
.

By an analogous calculation using f(τ − δ)/(τ − δ) ≥ f(τ)/τ we get the analog
result for 0 < x < τ and by symmetry of f according to 0 we have continuity of f
in R\{0}. Even more, according to the symmetry of f we have

a = lim
x→0, x>0

f(x) = lim
x→0, x<0

f(x)

and lower semicontinuity of f on R as 0 = f(0) ≤ a ≤ f(τ) for every τ due to
Equation (5.15).

To generalize the results from the former subsections, we have to prove now the
sufficience of an f which is non-continuous in one point. There is just one point, we
have to modify: The validity of Theorem 2.23 in the proof of Theorem 5.13. Since
the above results on infinite I, Ω and Ω′ make no assumptions on the continuity of
f , we can restrict the proof to finite sets.

Lemma 5.30 (weak lower semicontinuity for general f ∈ F1). Let f(x, u, ξ) = f(u)
be a sparsity function f ∈ F1, potentially non-continuous in 0. Furthermore let f
satisfy the remaining assumptions of Theorem 2.23 with l = n. Then (using the
notations of Theorem 2.23)

J(u,∇u) =
∫

Ω
f(x, u(x),∇u(x)) dμx

is weak lower semicontinuous in W1,p(Ω).
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Proof. According to the proof of Lemma 5.29 we can define the continuous function

f̃(τ) =

{
a τ = 0
f(τ) else

f̃ satisfies all requirements of Theorem 2.23, so we know from there:

lim inf
νj→∞

∫
Ω
f̃(x, uνj (x),∇uνj (x)) dμx ≥

∫
Ω
f̃(x, u(x),∇u(x)) dμx

Additionally we have:∫
Ω
f(x, uνj (x),∇uνj (x)) dμx =

∫
Ω
f̃(x, uνj (x),∇uνj (x)) dμx−a

∫
Ω
χ{x|uνj (x)=0}(x) dμx

The characteristic function is measurable according to [84, Satz 6.18]. As Ω is
bounded and uνj → u in L2 we know that

lim sup
νj→∞

∫
Ω
χ{x|uνj (x)=0}(x) dμx =

∫
Ω
χA(x) dμx

with A ⊂ {x|u(x) = 0} + N , N of measure 0. Otherwise there would exist sets
Bi ⊂ {x|u(x) 	= 0} with uνji

= 0 for μ-almost every x ∈ Bi. Furthermore we have∫
Bi
|u(x)| dμx ≥ b > 0, this results in

∫
Ω

∣∣∣uνji
− u
∣∣∣ (x) dμx ≥ b in contradiction to

the convergence of uνj .

Using this we get:

lim inf
νj→∞

∫
Ω
f(x, uνj (x),∇uνj (x)) dμx

≥
∫

Ω
f̃(x, u(x),∇u(x)) dμx −

∫
Ω
χA(x) dμx

=
∫

Ω
f(x, u(x),∇u(x)) dμx

+
∫

Ω
χ{x|u(x)=0}(x) dμx −

∫
Ω
χA(x) dμx

≥
∫

Ω
f(x, u(x),∇u(x)) dμx

and we proved the lemma.

Altogether we proved the validity of Theorem 5.25 also in the case of infinite I, Ω,
Ω′ and non-continuous f ∈ F1. Thus, we proved the existence of a minimum of
the continuous dictionary learning Ẽ(d, x) in all interesting frameworks, minimizing
both variables simultaneous.
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5.2 Gradient methods for learning continuous dictio-
naries

Since, according to the last section, the existence of at least one minimum of Ẽ is
clear, the question arises, how to find this minimum or at least a combination of d
and x, being locally optimal.

In this section we want to offer a method, constructing a minimizing continuous
sequence for

E = E1 + E2 + E3 + E4 + E5 (5.17)

under special circumstances, or at least a decreasing sequence for a wide class of
sparsity measures f . The summands of E are defined according to Equations (5.6),
(5.7), (5.13) and (5.14).

The algorithm is based on a generalized conditional gradient method, presented in
[18]. The conclusions of that article are summarized in 2.3, especially in Lemma
2.26 and Theorem 2.27. As there the results are proven for Hilbert spaces only,
we restrict ourselves to the case of p = p′ = 2.

We resign to generalize the algorithms offered in Subsection 2.2.2 instead of the
conditional gradient approach, since these are just approximative, optimized with
regard to computing time, but not necessarily optimal in finding the best solution,
i.e. here that one with minimal E. The non-optimality of the algorithms can easily
be recognized, as they all do not optimize all elements of the dictionary together
with the coefficients (cf. the easy two dimensional example, stated in the beginning
of Subsection 5.1.4). Additionally, several of this algorithms, like K-SVD or MAP
(cf. Subsection 2.2.2), use, as there is no choice due to computation time, a standard
sparse coding algorithm (cf. Subsection 2.2.1), which is not optimal, beside in the
case of basis pursuit, if we choose in Ẽ an f of the form f = |·|, or in case of f ∈ F2.

Our method is far from being practicable for applicational scale problems, according
to its high computation time, due to the slow convergence of gradient algorithms.
But in contrast to the mentioned other methods (see Subsection 2.2.2 and above)
we obtain in this section conditions for convergence to a local minimum in the
continuous case, which are not clear elsewise. Additionally, for most methods in
Subsection 2.2.2 we have no results about the characterization of stationary points.
So one step of the following algorithm can help to identify their locally non-optimal
stationary points and to obtain better results.

5.2.1 Conditional gradient in the case of f ∈ F2

For applying the generalized conditional gradient method we have to separate E
according to Algorithm 2.24 into two summands F and Φ, F being differentiable, Φ
being convex. Using the notations from Section 5.1, we know that E1 is not convex in
(L2(Ω,Ω′), L2(Ω, I)) (cf. Example 5.21), as well as E3 in L2(Ω,Ω′) (via Example 5.18
we see that E3 is not weak lower semicontinuous, but strong). Nevertheless, both
are Fréchet differentiable, as the two following lemmata show:



76 CHAPTER 5. CONVERGENCE OF DICTIONARY LEARNING

Lemma 5.31 (Fréchet differentiability of E1). Let E1 : (L2(Ω×Ω′)×L2(I×Ω′)) →
R with

E1(d, x) =
∫

I

∫
Ω

(
y(ω, l)−

∫
Ω′
d(ω, ω′)x(l, ω′) dμ′ω′

)2

dμω dνl .

Then E1 is Fréchet differentiable and the derivative equals

E′1(d, x)(h, k) = 2
∫

I

∫
Ω

(∫
Ω′
d(ω, ω′)x(l, ω′) dμ′ω′ − y(ω, l)

)
(5.18)

·
(∫

Ω′
(d(ω, ω′)k(l, ω′) + h(ω, ω′)x(l, ω′)) dμ′ω′

)
dμω dνl .

Furthermore, E′1(d, x) is uniformly continuous on bounded sets.

Proof. For the sake of readability we omit the integration variables.

We have to prove

lim
h→0

|E1(d+ h, x+ k)− E1(d, x)− E′1(d, x)(h, k)|√
‖h‖22 + ‖k‖22

= 0

According to the definition of E1 we have

E1(d+ h, x+ k)− E1(d, x) =
∫∫ (

−2y
(∫

(dk + hx+ hk) dμ′ω′
)

+
(

2
∫
dx dμ′ω′

)(∫
(hx+ dk + hk) dμ′ω′

)

+
(∫

(hx+ dk + hk) dμ′ω′
)2
)

dμω dνl .

Taking into account the given assumption of E′1 in Equation (5.18), it remains to
compute

a = lim
(h,k)→0

1√
‖h‖22 + ‖k‖22

∣∣∣∣∣
∫∫ ((

−2y + 2
∫
dx dμ′ω′

)(∫
hk dμ′ω′

)

+
(∫

(hx+ dk + hk) dμ′ω′
)2
)

dμω dνl

∣∣∣∣∣
≤ lim

(h,k)→0

(
2‖ ∫ hk dμ′ω′ ‖2(‖

∫
dx dμ′ω′ − y‖2 + ‖ ∫ (hx+ dk) dμ′ω′ ‖)√

‖h‖22 + ‖k‖22

+
‖ ∫ hk dμ′ω′ ‖22 + ‖ ∫ (hx+ dk) dμ′ω′ ‖22√

‖h‖22 + ‖k‖22

)
.

We know, the second factor of the first summand is finite. Since ‖ ∫ hk dμ′ω′ ‖2 ≤
max{‖h‖2, ‖k‖2}2 and

√
‖h‖22 + ‖k‖22 ≥ max{‖h‖2, ‖k‖2} we know, that the first

summand of the above inequality converges to zero:

a ≤ lim
(h,k)→0

‖ ∫ (hx+ dk) dμ′ω′ ‖22√
‖h‖22 + ‖k‖22
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Using Hölder’s inequality we can transfer the numerator into a sum of norms and
obtain

a ≤ lim
(h,k)→0

(‖h‖22 · ‖x‖22 + 2‖h‖2 · ‖x‖2 · ‖d‖2 · ‖k‖2
‖h‖2 +

‖d‖22 · ‖k‖22
‖k‖2

)
= 0 .

For being a Fréchet derivative, E′1(d, x) additionally has to be linear in (h, k), this
is given by the linearity of the integral and as the first factor in 5.18 is independent
of (h, k).

To prove the uniform continuity of E′1(d, x) on bounded sets, we separate it into the
two summands,

A1(d, x)(h, k) =
∫∫ (∫

dx dμ′ω′
)(∫

dk + hxdμ′ω′
)

dμω dνl

A2(d, x)(h, k) =
∫∫

y

(∫
dk + hxdμ′ω′

)
dμω dνl

and prove the assumption separately for both summands. Let us fix an ε > 0, so we
have with δ =

√
‖d1 − d2‖22 + ‖x1 − x2‖22 via Hölder’s inequality

‖A2(d1, x1)−A2(d2, x2)‖
= sup

‖(h,k)‖2=1

∣∣∣∣
∫∫

y

(∫
(d1k + hx1 − d2k − hx2) dμ′ω′

)
dμω dνl

∣∣∣∣
≤ sup

‖(h,k)‖2=1
‖y‖2

(∫∫ ∣∣∣∣
∫

((d1 − d2)k + (x1 − x2)h) dμ′ω′
∣∣∣∣2 dμω dνl

)1/2

≤ sup
‖(h,k)‖2=1

‖y‖2 · (‖d1 − d2‖22 · ‖k‖22 + ‖x1 − x2‖22 · ‖h‖22

+2‖d1 − d2‖2 · ‖x1 − x2‖2 · ‖h‖2 · ‖k‖2)1/2

≤
√

3‖y‖2δ
!≤ ε .

The last step uses ‖h‖2, ‖k‖2 ≤ 1 and ‖d1 − d2‖2‖x1 − x2‖2 ≤ δ2. So we have the
uniform continuity of A2.
In the proof for A1 we do a further separation of the difference:

‖A1(d1, x1)−A1(d2, x2)‖
= sup

‖(h,k)‖2=1

∣∣∣∣
∫∫ ((∫

d1x1 dμ′ω′
)(∫

(d1k + hx1) dμ′ω′
)

−
(∫

d2x2 dμ′ω′
)(∫

(d2k + hx2) dμ′ω′
))

dμω dνl
∣∣∣∣

≤ sup
‖(h,k)‖2=1

∣∣∣∣
∫∫ (∫

d1x1 dμ′ω′
)(∫

(d1k + hx1 − d2k − hx2) dμ′ω′
)

dμω dνl
∣∣∣∣

+ sup
‖(h,k)‖2=1

∣∣∣∣
∫∫ (∫

(d1x1 − d2x2) dμ′ω′
)(∫

(d2k + hx2) dμ′ω′
)

dμω dνl
∣∣∣∣

=: sup
‖(h,k)‖2=1

A11 + sup
‖(h,k)‖2=1

A12
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For A11 we use the same estimates as in the case of A2, so we get directly

sup
‖(h,k)‖2=1

A11 ≤
√

3‖d1‖2‖x1‖2δ .

In the case of A12 the situation is different, but not more complicate, we have

sup
‖(h,k)‖2=1

A12 ≤
∥∥∥∥
∫

(d1x1 − d2x2) dμ′ω′
∥∥∥∥

2

· sup
‖(h,k)‖2=1

∥∥∥∥
∫

(d2k + hx2) dμ′ω′
∥∥∥∥

2

≤ sup
‖(h,k)‖2=1

∥∥∥∥
∫

(d1(x1 − x2) + x2(d1 − d2)) dμ′ω′
∥∥∥∥

2

·
(∥∥∥∥
∫
d2k dμ′ω′

∥∥∥∥
2

+
∥∥∥∥
∫
hx2 dμ′ω′

∥∥∥∥
2

)
≤ sup

‖(h,k)‖2=1
(‖d1‖22‖x1 − x2‖22 + ‖x2‖22‖d1 − d2‖22

+2(‖d1‖2‖x2‖2‖x1 − x2‖2‖d1 − d2‖2))1/2 · (‖d2‖2‖k‖2 + ‖h‖2‖x2‖2)
≤ (‖d1‖22 + ‖x2‖22 + 2‖d1‖2‖x2‖2)1/2(‖x1 − x2‖22 + ‖d1 − d2‖22)1/2(‖d2‖2 + ‖x2‖2)
≤ (‖d2‖2 + ‖x2‖2)(‖d1‖2 + ‖x2‖) · δ

So altogether we have with d1, x1, d2, x2 ∈ BR(0)

‖A1(d1, x1)−A1(d2, x2)‖ ≤ (
√

3‖d1‖2 · ‖x1‖2 + (‖d2‖2 + ‖x2‖2)(‖d1‖2 + ‖x2‖2)) · δ
≤ (4 +

√
3)R2δ

!≤ ε

and so the uniform continuity on bounded sets.

Lemma 5.32 (Fréchet differentiability of E3). Given E3 : L2(Ω× Ω′) → R with

E3(d) =
((∫

Ω

∫
Ω′
d(ω, ω′)2 dμω dμ′ω′

)
− c
)2

then we know, E3 is on bounded sets uniform continuous Fréchet differentiable
with

E′3(d)(h) = 4
((∫

Ω

∫
Ω′
d(ω, ω′)2 dμω dμ′ω′

)
− c
)

(5.19)

·
(∫

Ω

∫
Ω′
h(ω, ω′)d(ω, ω′) dμω dμ′ω′

)
.

Proof. Again we omit the integration variables during the proof.

The Fréchet derivative of E3(d) in (5.19) can simply be computed by using the
chain rule: f : R → R, f(x) = (x−1)2 is simply derivable, as well as A : L2(Ω×Ω′) →
R, A(d) =

∫∫
d2 dμω dμ′ω′ . It follows

E′3(d)(h) = f ′(A(d))·A′(d)(h) = 2
(∫∫

d2 dμω dμ′ω′ − c
)
·
(

2
∫∫

hd dμω dμ′ω′
)
.
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For proving the required continuity property of E′3(d), we separate it like in the
proof above for simplicity into two parts:

E′3(d)(h) = 4
(
‖d‖22

∫∫
hd dμω dμ′ω′ − c

∫∫
hd dμω dμ′ω′

)
= 4(A1 −A2)

The uniform continuity of A2 is directly given by fixing ε > 0 and

‖A2(d1)−A2(d2)‖ ≤ sup
‖h‖2=1

‖h‖2c‖d1 − d2‖2 ≤ cδ

for δ = ‖d1 − d2‖2. In the case of A1 we obtain:

‖A1(d1)−A1(d2)‖ = sup
‖h‖2=1

∣∣∣∣‖d1‖22
∫∫

hd1 dμω dμ′ω′ − ‖d2‖
∫∫

hd2 dμω dμ′ω′
∣∣∣∣

≤ sup
‖h‖2=1

∣∣∣∣‖d1‖22
∫∫

(hd1 − hd2) dμω dμ′ω′
∣∣∣∣

+
∣∣∣∣(‖d1‖2 − ‖d2‖2)

∫∫
hd2 dμω dμ′ω′

∣∣∣∣
≤ sup

‖h‖2=1
‖d1‖22 · ‖h‖2δ + ‖h‖2 · ‖d2‖2

∣∣∣∣
∫∫

(d2
1 − d2

2) dμω dμ′ω′
∣∣∣∣

≤ ‖d1‖22δ + ‖d2‖2 · ‖d1 − d2‖2 · ‖d1 + d2‖2
≤ δ(‖d1‖22 + ‖d2‖22 + ‖d1‖2 · ‖d2‖2)

So we have also A1 to be uniformly continuous on bounded sets.

Thus for allying Algorithm 2.24 we have E1 and E3 as summands of F 11. The several
alternative forms of of E4 and E5 according to Equation (5.13) or rather (5.14) are
not all Fréchet differentiable (e.g., an E4 defined in Equation (5.13) with g2 being
zero on a finite, convex set and infinite outside), but they are all convex, cf. the
proofs of Theorem 5.13 and Lemma 5.19. So for reasons of simplicity we let them
in any case to be summands of Φ. Problematic is the classification of the sparsity
measure E2. In the case of a sparsity function f ∈ F2 (cf. Definition 5.1) we have
an E2 which is convex per definition and Fréchet differentiable, as

E′2(x)(k) =
(∫

I

∫
Ω
f(x) dνl dμω

)′
(k) =

∫
I

∫
Ω
f ′(x)k dνl dμω (5.20)

and f ′ exists in the case of f ∈ F2. But the following example shows, E′2 is not
necessarily uniform continuous:

Example 5.33. Let f(x) = 2/3x3/2 ∈ F2. Then E′2(x)(k) =
∫∫ √

xk dνl dμω is
not uniform continuous, as for

x1(ω, l) =

⎧⎪⎨
⎪⎩

1 (ω, l) ∈ (−1, 1)2

ω−0.6 ω /∈ (−1, 1), l ∈ (−1, 1)
0 otherwise

11This would also be valid using Ẽ3 from Equation (5.8) in the case of finite Ω, Ω′, I.
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and

x2(ω) =

{
x1(ω, l) ω ∈ (−a, a)
0 otherwise

we have ‖x1 − x2‖2 =
√

2
∫∞
a x−1.2 ≤ δa, for an appropriate δa, but defining b =

1/‖x1‖2 we obtain: ∥∥∥∥
∫∫ √

x1k dνl dμω −
∫∫ √

x2k dνl dμω
∥∥∥∥

= sup
‖k‖2=1

∣∣∣∣
∫ (√

x1(ω)−
√
x2(ω)

)
k dμω

∣∣∣∣
≥ b

∫ (√
x1(ω)−

√
x2(ω)

)
x1(ω) dμω

= 2b
∫ ∞

a
ω−0.9 dμω = ∞ ∀a ∈ R

+

So for full usage of Theorem 2.27 E2 has to be a summand of Φ, but according to
Lemma 2.26 there are also some positive results for E2 being summand of F . All in
all we have the following alternatives:

Theorem 5.34 (Generalized conditional gradient method for f ∈ F2). Let E(d, x)
be defined according to Equation (5.14) and f ∈ F2 be a sparsity function of Type 2.
Then exists a indicator function

IU (d, x) =

{
0, x ∈ U
∞, otherwise

(5.21)

with
U = {(d, x)| ‖(d, x)‖2 ≤ C} (5.22)

and a constant Ĉ, such that with ‖(d0, x0)‖2 < Ĉ:

1. If F = E1+E3 and Φ = E2+E4+E5+IU , the sequence (dn, xn) generated by the
generalized conditional gradient algorithm satisfies E(dn, xn) > E(dn+1, xn+1)
for all n ∈ N. If there is a convergent subsequence of (dn, xn) it converges to
a stationary point (d, x) ∈ (W1,2,Wi,2) of Algorithm 2.24.

2. If F = E1 + E2 + E3 and Φ = E4 + E5 + IU , then the generalized con-
ditional gradient algorithm generates a sequence (dn, xn) ∈ (W1,2,Wi,2) with
E(dn, xn) > E(dn+1, xn+1) for all n ∈ N.

Proof. According to Lemmata 5.31 and 5.32 we have E1 and E3 to be Fréchet

differentiable and consequential also Gâteaux differentiable. The later is also true
for E2 according to Equation (5.20). So we have for both cases of the theorem a
Gâteaux differentiable F .

Additionally Φ satisfies the conditions of 2.25, since U is chosen appropriately:
Clearly (0, 0) ∈ U , thus Φ is zeros for (d, x) ≡ (0, 0) (see Definition 5.1 and Equa-
tions (5.13), (5.14)). Also the convexity of E4 and E5 is already given in the proofs



5.2. GRADIENT METHODS FOR LEARNING
CONTINUOUS DICTIONARIES 81

of Theorem 5.13 and Lemma 5.19 and the convexity of E2 is clear, as f ∈ F2 is a
convex function by definition and the integral is linear. Thus the convex definition
of U results in convexity of Φ in both cases.
For proving the strong coercivity of Φ in (W1,2,Wi,2) we know, that Φ = ∞ for
‖(d, x)‖2 > C. Thus, according to the definition of of E4 and E5, based on strong
coercive g2 and g3, we obtain analog to 5.23 strong coercivity of Φ in (W1,2,Wi,2).
As to the lower semicontinuity of Φ we already proved weak lower semicontinuity
of E4 and E5 in the proofs of Theorem 5.13 and Lemma 5.19, this implies (strong)
lower semicontinuity. Since U is defined as closed set in Equation (5.22), IU and
following Φ is strong lower semicontinuous.

So applying Lemma 2.26 we have with E = F + Φ:

E(dn+1, xn+1) + IU ((dn+1, xn+1) ≤ E(dn, xn) + IU ((dn, xn)

Adding IU to E has no influence on the resulting sequence (dn, xn), if we choose C
in Equation (5.22) high enough: According to Remark 5.23 we know, that E(d, x) ≥
C̃‖(d, x)‖i,∗ for ‖(d, x)‖i,∗ > C̄, furthermore, E(0, 0) = Ĉ = ‖y‖22+c. Thus (dn, xn) ∈
U for all n ∈ N, if E(d0, x0) ≤ Ĉ and C ≥ max{C̄, ĈC̃}.
For proving the additional result of Number 1, we need to apply Theorem 2.27.
Additionally to the properties used above, we know from Lemmata 5.31 and 5.32
about the uniformly continuous Fréchet differentiability of F on bounded sets.
Furthermore E = F +Φ is weak coercive, as proven in Remark 5.23. So by applying
Theorem 2.27 we have with Ψ as defined in Equation (2.20): limn→∞Ψ(dn, xn) = 0.
As Ψ is lower semicontinuous we have for a convergent subsequence (dnk

, xnk
) →

(d, x) also Ψ(d, x) = 0, thus (d, x) is a stationary point of the algorithm.

Remark 5.35. • We can not force the existence of the strong convergent subse-
quence in Theorem 5.34 in the general case, since there is just weak coercivity
of F + Φ given. This heals generally if

– Φ satisfies a condition similar to the strong sequential coercivity (cf. Def-
inition 2.16 i.e.

Et = {(d, x)|Φ(d, x) ≤ t} is compact ∀t ∈ R .

– Ψ (cf. Equation (2.20)) is weak lower semicontinuous, then the existing
weak limit of a subsequence (dnk

, xnk
) → (d, x) satisfies Ψ(d, x) = 0.

Unfortunately both is not given here. Function spaces are in general just con-
nected to weak compactness, and for the weak lower semicontinuity of Ψ com-
plete continuity of F ′ is required (cf. Theorem 2.27). Observing E′1(dn, xn)(h, k)
(cf. Equation (5.18)), where the sequences are orthogonal bases, shows, this is
not achievable. Thus, there is just a weakly convergent subsequence (dnk

, xnk
) ⇀

(d, x), but the limit is not necessarily a stationary point of Algorithm 2.24.

• Interestingly the second result of Theorem 5.34 is also valid, if we choose Φ
as a function of ‖x‖2 and ‖d‖2 satisfying Condition 2.25 without any use of
the norms of the derivatives ‖∇x‖2 and ‖∇d‖2. Then we obtain a sequence
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(dn, xn)n∈N ⊂ (L2, L2) with E(dn+1, xn+1) ≤ E(dn, xn) for all n. But we do
not get any information about the convergence of the sequence. Even if there
exists a clusterpoint (d, x), there is no need to have E(d, x) ≤ E(dn, xn) for
any n. This holds, since there is no weak lower semicontinuity of E = F + Φ
in this case.

• In case, E2 is summand of Φ or g1 	≡ 0, we can weaken the constraints on U
and just need an indicator function in direction of d.

• In the case of an application with a discretized version there would not exist
a difference between weak and strong lower semicontinuity. So the first point
of this remark is always satisfied and there exists a convergent subsequence
of (dn, xn). Furthermore we can apply the second remark, since weak lower
semicontinuity is satisfied.

5.2.2 Conditional gradient in the case of f ∈ F1

If there is just a sparsity measure f ∈ F1 (cf. Definition 5.1), the situation for
applying Algorithm 2.24 becomes more complicate. Now E2 is no longer a convex
function, and even more the derivative of f is not existing in 0, as we see in the
following lemma and remark.

Lemma 5.36. Let f̄ ∈ F1 be differentiable on R
+. Then f̄ ′ is bounded by

0 ≤ f̄ ′(t) ≤ f̄(t)
t
≤ b := lim

τ→0

f̄(τ)
τ

.

Proof. f̄ is non-decreasing, so f̄ ′ > 0. According to Definition 5.1 we know, the
function t �→ f̄(t)

t is non-increasing on (0,∞). So we know:

f̄(t+ s)
t+ s

− f̄(t)
t

≤ 0
⇔

t(f̄(t+ s)− f̄(t))− sf̄(t) ≤ 0
⇔

f̄(t+ s)− f̄(t)
s

≤ f̄(t)
t

Thus the lemma follows by applying the limit s→ 0.

Remark 5.37. • As t �→ f̄(t)
t is non-increasing on (0,∞), the limit b exists in

(0,∞]. It equals the right side derivative of f̄ in 0.

According to the symmetry of f ∈ F1 defined via Equation (5.3), the left side
derivative of f in 0 equals −b, so a derivative in zero does not exist, since
b 	= 0.

• According to [84, Theorem 14.5] we know, a monotone function (like f̄) is
almost everywhere differentiable, so claiming differentiability for f̄ is not as
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big a constraint as for many other functions, but still we do not find in this
context results about a big class of sparsity functions like that one in Example
5.2,6.

Based on this result it seems to be clear, that also the Fréchet derivative of E2

does not exist, as depicted by the following counter-example:

Example 5.38. Let x, h ∈ L2(Ω′ × I). Additionally let C be a open finite subset of
Ω′ × I, x ≡ 0 on C and supph ⊂ C. So we have

E2(x+ h)− E2(x) =
∫

Ω′

∫
I
f((x+ h)(ω′, l))− f(x(ω′, l)) dμ′ω′ dνl .

While for elements of C we have x+ h = h, there is on (Ω′ × I)\C: x+ h = x. So

E2(x+ h)− E2(x) =
∫

Ω′

∫
I
f(h) dμ′ω′ dνl = E2(h) .

If we propose the existence of a Fréchet derivative of E2(x) denoted by A(x)(h),
then: ‖E2(x+ h)− E2(x)−A(x)(h)‖

‖h‖ =
‖E2(h)−A(x)(h)‖

‖h‖
!→ 0

In the case h̄ = −h we get analogous E2(h̄) = E2(h) and A(x)(h̄) = −A(x)(h)
resulting in

‖E2(h) +A(x)(h)‖
‖h‖

!→ 0 .

So we have in sum:

‖E2(h)−A(x)(h)‖+ ‖E2(h) +A(x)(h)‖
‖h‖

≥ ‖E2(h)−A(x)(h) + E2(h) +A(x)(h)‖
‖h‖ =

2‖E2(h)‖
‖h‖

!→ 0

This is impossible for some special h, choose, e.g., hn ≡ 1/n on C, giving

f(1/n)
1/n

!→ 0,

while t �→ f(t)/t is maximal in 0 according to Definition 5.1.

Taking this results into acount, there are two alternatives:

1. Changing E2 or rather f in a way, that it satisfies the conditions of differen-
tiability.

2. Proving a generalization of the generalized conditional gradient algorithm,
applicable for E2 or rather the whole E.

In the following we analyze both possibilities.
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Surrogate for f ∈ F1

We saw in the previous lemma and example, a sparsity function f ∈ F1 does not
result in a differentiable E2. Since there are good reasons, as described beneath
Example 5.2, to define a sparsity measure like this, the question arises, how to justify
a change of the function in context of application: Since a sparsity function in F1

is continuous outside 0, it punishes small differences of values, based on rounding
errors, just with a small difference in E2. Unless there is a small difference of 0,
here rounding errors would result in great differences of E2. Even if f is continuous
in 0, the absolute value of the derivative |f ′(t)| (if existing) will increase for t→ 0.
As E2 should increase the sparsity of the coefficient function x, the measure of
{x(ω′, l) = 0 | (ω′, l) ∈ Ω′ × I} or rather (due to rounding errors) {|x(ω′, l)| ≤
ε | (ω′, l) ∈ Ω′ × I} are a big percentage of the measure of Ω′ × I. Furthermore,
there is no reason, why rounding errors should not appear in the neighborhood of
0, unless we are using (O)MP in a discrete framework (cf. Subsection 2.2.1). So
it seems sensible, to change f in a neighborhood of 0, accoring to the following
definition.

Definition 5.39 (Surrogate for f ∈ F1). Let F̃1 ⊂ F1 be the subset of sparsity
measures according to Definition 5.1 that are continuously differentiable outside 0,
let f ∈ F̃1 and let δ > 0. Then we define the set of functions g ∈ Gf,δ having the
following properties:

• g is symmetric,

• g is continuously differentiable,

• g is non-decreasing on [0,∞),

• g(0) = g′(0) = 0,

• g(x) = f(x) ∀ |x| ≥ δ.

We denote Gδ =
⋃

f∈F̃1
Gf,δ

Example 5.40. As an example for a g ∈ Gf,δ let us define (the other parts of g are
given by Definition 5.39)

g|[0,δ](t) =
∫ t

0
h1(τ) dτ + αh2(t)

with

h1(0) = 0, h1(δ) = f ′(δ)
h′2(0) = h2(0) = 0, h′2(δ) = 0, h2(δ) = 1

α = f(δ)−
∫ δ

0
h1(τ) dτ .

We choose h1 as linear function and h2 trigonometric:

h1(t) = t
f ′(δ)
δ

, h2(t) =
1
2

(
1− cos

(
πt

δ

))
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Figure 5.1: Example of f and g according to Example 5.40 in two different magni-
fications

In Figure 5.1 we gave an example for f(t) =
√
t and δ = 0.05, resulting in

g|[0,δ](t) = 100
√

0.05 t2 +
3
√

0.05
8

(1− cos(20πt)) .

Using a g ∈ Gδ instead of f ∈ F gives an E2 being uniform continuous Fréchet

differentiable:

Lemma 5.41. Let δ > 0 and g ∈ Gδ be a function with Lipschitz continuous
derivative g′. Then

E2,g(x) =
∫

Ω′

∫
I
g(x(ω′, l)) dμ′ω′ dνl

is uniform continuously Fréchet differentiable.

Proof. We know (cf. [171, Page 192]) E2,g is Fréchet derivable, if it is Gâteaux

derivable and the derivative is continuous in x. Furthermore we know, the Gâteaux

derivative equals

E′2,g(x)(h) = lim
τ→0

1
τ

∫
Ω′

∫
I
(g(x(ω′, l)− τh(ω′, l))− g(x(ω′, l))) dμ′ω′ dνl

= lim
τ→0

1
τ

∫
Ω′

∫
I

∫ 1

0

d
ds
g(x(ω′, l)− sτh(ω′, l)) ds dμ′ω′ dνl

=
∫

Ω′

∫
I
g′(x(ω′, l))h(ω′, l) dμ′ω′ dνl .
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If we now assume x1, x2 ∈ L2(Ω′ × I), ‖x1 − x2‖2 < δ, we have

‖E′(x1)− E′(x2)‖ = sup
‖h‖2=1

∣∣∣∣
∫

Ω′

∫
I
h(ω′, l)(g′(x1(ω′, l))

−g′(x2(ω′, l))) dμ′ω′ dνl
∣∣

≤
∫

Ω′

∫
I

∣∣g′(x1(ω′, l))− g′(x2(ω′, l))
∣∣2 dμ′ω′ dνl

≤
(∫

Ω′

∫
I
M2|x1(ω′, l)− x2(ω′, l)|2 dμ′ω′ dνl

)1/2

≤ Mδ ,

this proves the Fréchet differentiability.

Remark 5.42. In the preceding lemma we proved not just uniform continuity but
Lipschitz continuity. So the assumptions on g can probably be weakened. Never-
theless, since f ′ is monotonical falling on (0,∞) the constraint is satisfied, if g′ is
Lipschitz continuous on [−δ, δ] and continuous outside.

So using E2,g instead of E2 in Equation (5.14) results in an alternative convergence
result to Theorem 5.34 on a surrogate functional:

Corollary 5.43 (Generalized conditional gradient for g ∈ Gδ). Let Eg(d, x) be
defined as

Eg = E1 + E2,g + E3 + E4 + E5,

according to Equation (5.14) and g ∈ Gδ be a modified sparsity function as in Defi-
nition 5.39. Furthermore let IU be an indicator function (cf. Equation (5.21)) with
U defined as in Equation (5.22) and (d0, x0) satisfying ‖(d0, x0)‖2 < Ĉ. If we define
F = E1 +E3 +E2,g and Φ = E4 +E5 + IU , then the sequence (dn, xn) ⊂ (W1,2,Wi,2)
generated by the generalized conditional gradient algorithm satisfies Eg(dn, xn) >
Eg(dn+1, xn+1) for all n ∈ N, converging weakly to a (d, x) ∈ (W1,2,Wi,2). If the
convergence is strong, (d, x) is a stationary point of the algorithm.

The proof would be the same as for the first case of Theorem 5.34, as now E2,g is a
uniform continuous Fréchet differentiable functional.

Modification of generalized conditional gradient algorithm

Of course it would be preferable, to have results using f ∈ F1 instead of a surrogate
functions in Gδ. As, due to the exploited properties of E2, the results of [18] do not
hold in this case, we want to analyze a generalization in the following paragraphes.

First the question arises, if we want to generalize in direction of using non-convex
functionals Φ, or of using non-differentiable functionals F . As concave functions are
a basic subset of F1, there is not much hope for finding a way to handle E2 in Φ.
On the other hand we can choose f to be differentiable everywhere outside 0, so we
try to handle E2 as summand of F at least for a subset of f ∈ F1.
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We follow the structure of [18, Section 3], but change every proof. First of all we
have to find a practical alternative for the derivative of E2.

Definition 5.44 (H-derivative). Let f ∈ F1 be derivable in (0,∞) and b = lim
t→0+

f(t)
t

be finite. Then we define for x ∈ L∞(Ω,Ω′) the H-derivative12 of E2 as

EH
2 (u)(h) =

∫
A
f ′(x(ω′, l))h(ω′, l) dμ′ω′ dνl +

∫
AC

b
∣∣h(ω′, l)∣∣ dμ′ω′ dνl . (5.23)

Here A ⊂ Ω′× I denotes a set13 satisfying x(ω′, l) 	= 0 μ′, ν-almost everywhere on A
and x(ω′, l) = 0 μ′, ν-almost everwhere on AC .

The definition in Equation (5.23) exists, as A is a measurable set according to [84,
Satz 6.18]. Furthermore it is sensible, as b is the right side derivative of f in 0 and
−b the left side derivative. Please note, EH(u) is not linear in h, as the example
below shows. Please remember for the next steps moreover the result of Lemma 5.3:
x ∈ L∞(Ω′, I) and ‖x‖f <∞ result in x ∈ Lp(Ω′, I) for all p ∈ [1,∞].

Example 5.45. Let u ≡ 0 in Ω′ × I and let h ∈ L1(Ω′ × I). Then we have

EH
2 (u)(h) = b‖h‖1 ,

this is a sublinear functional, but not a linear one.

But some remainder of linearity is still existent, namely in the multiplication of
constants and in adding EH

2 (x)(x):

Lemma 5.46. Let f be chosen as in Definition 5.44. Then we have for α, β ∈ R:

EH
2 (x)(αh+ βx) = αEH

2 (x)(h) + βEH
2 (x)(x) .

Proof. The proof follows simply the definition. The first summand of EH
2 (x) is

clearly linear in h. Concerning the second summand, x equals 0 on AC , so we have∫
AC

b
∣∣αh(ω′, l) + βx(ω′, l)

∣∣ dμ′ω′ dνl = α

∫
AC

b
∣∣h(ω′, l)∣∣ dμ′ω′ dνl

= α

∫
AC

b
∣∣h(ω′, l)∣∣ dμ′ω′ dνl + β

∫
AC

b
∣∣x(ω′, l)∣∣ dμ′ω′ dνl ,

giving directly the assumption.

In the remainder of this subsection we want to use this EH
2 as a surrogate for a

derivative in the generalized conditional gradient algorithm and see what result we
can prove. But first we want to set down the course of the algorithm. For reasons
of generality we concern directly a function on an Hilbert space H = H ′ × L2(U)
and PL2(U) denotes the projection on L2(U):

12H stands for “help”
13If A is not an open set, there is for every ε > 0 an open set Ã ⊂ A satisfying

R
A\Ã dμ′ω′ dνl < ε.

We identify A and Ã.
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Algorithm 5.47. Let H = H ′ × L2(U) be a Hilbert space, E∗ = E2 ◦ PL2(U) :
H �→ R be defined analogous to Definition 5.4 and Φ : H → (−∞,∞] be a functional
satisfying Condition 2.25. Furthermore let F : H → R Gâteaux differentiable,
u = (d, x) and v = (dv, xv).

1. Set n = 0 and choose u0 ∈ H with Φ(u0) <∞.

2. Find a solution vn of

argmin
v∈H

(〈
F ′(un)

∣∣ v 〉+ EH
∗ (un)(v) + Φ(v)

)
.

3. Determine sn as

sn = argmin
s∈[0,1]

F (un + s(vn − un)) +E∗(un + s(vn − un)) + Φ(un + s(vn − un)) .

4. Set un+1 = un + sn(vn − un), stop if un+1 = un, otherwise set n = n+ 1 and
return to Step 2.

The next step is, to prove a first order necessary condition for a minimizer of E. The
following conclusion is well known in the case of Gâteaux differentiable F + E2,
see, e.g., [18, 97]. For reasons of simplicity we denote in the following Ω′ × I = U ,
(ω′, l) = ζ and dμ′ω′ dνl = dμ̃ζ .

Lemma 5.48. Under the assumptions of Algorithm 5.47 the first order necessary
condition for a minimum of E(u) = F (u) + E∗(u) + Φ(u) is given by

u ∈ H :
〈
F ′(u)

∣∣ v − u〉+ EH
∗ (u)(v − u) ≥ Φ(u)− Φ(v), ∀ v ∈ H , (5.24)

with EH∗ following the definition in Equation (5.23). This is equivalent to〈
F ′(u)

∣∣u〉+ EH
∗ (u)(u) + Φ(u) = min

v∈H

(〈
F ′(u)

∣∣ v 〉+ EH
∗ (u)(v) + Φ(v)

)
.

Proof. Assume u = (d, x) ∈ H be a (global) minimum of E. Furthermore let
v = (dv, xv) ∈ H and s ∈ (0, 1]. Then the minimization property gives

F (u) + E∗(u) + Φ(u) ≤ F (u+ s(v − u)) + E∗(u+ s(v − u)) + Φ(u+ s(v − u)) .

According to the convexity of Φ we know Φ(u+ s(v−u)) ≤ (1− s)Φ(u)+ sΦ(v). So
the inequality transforms to

Φ(u)− Φ(v) ≤ F (u+ s(v − u))− F (u)
s

+
E∗(u+ s(v − u))− E∗(u)

s
.

The limit s → 0 gives for the first summand on the right side the derivative
〈F ′(u) | v − u〉, while the second summand gives (with E2 and A defined as in Defi-
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nition 5.4 or rather Definition 5.44):

lim
s→0

E∗(u+ s(v − u))− E∗(u)
s

= lim
s→0

∫
U f(x(ζ)− s(xv(ζ)− x(ζ)))− f(x(ζ)) dμ̃ζ

s

= lim
s→0

∫
A f(x(ζ)− s(xv(ζ)− x(ζ)))− f(x(ζ)) dμ̃ζ

s

+

∫
AC f(x(ζ)− s(xv(ζ)− x(ζ)))− f(x(ζ)) dμ̃ζ

s

f is differentiable on A, so the first summand converges to the integral over the
Gâteaux derivative on A. This can easily be proven as we can exchange the limit
and the integral by Lebesgue’s dominated convergence theorem. This is applicable,
since the fraction converges pointwise μ̃-almost everywhere to E′2(x(ζ))(xv(ζ)) and
this is always smaller than |bxv(ζ)| and this is sufficient, according to Lemma 5.3.

On AC we have x(ζ) = 0, so

lim
s→0

E∗(u+ s(v − u))− E∗(u)
s

=
∫

A
f ′(x(ζ))(xv − x) dμ̃ζ + lim

s→0

∫
AC

f(sxv(ζ))
s

dμ̃ζ .

In case the last integral is not finite, the conclusion holds immediately, as f is positive
everywhere. Otherwise for xv(ζ) 	= 0, we have

f(sxv(ζ))
s

=

∫ 1
0

d
dt f(stxv(ζ)) dt

s
=
∫ 1

0
f ′(stxv(ζ))xv(ζ) dt .

So we obtain:

lim
s→0

∫
AC

f(sxv(ζ))
s

dμ̃ζ = lim
s→0

∫
AC

∫ 1

0

∣∣f ′(stxv(ζ))
∣∣ |xv(ζ)| dt dμ̃ζ

This exists also for xv(ζ) = 0, as t �→ |f ′(t)| is continuous. Additionally using the
b from Definition 5.44, the derivative is limited by 0 ≤ |f ′(t)| ≤ b < ∞. As we
know from Lemma 5.3: xv ∈ L1(U), the limit exists due to Lebesgue’s dominated
convergence theorem and equals

lim
s→0

∫
AC

f(sxv(ζ))
s

dμ̃ζ = lim
s→0

∫
AC

b |xv(ζ)| dμ̃ζ .

Using Definition 5.44 of EH(u) we obtain then the assumption by Lemma 5.46.

A comparison of the first order necessary condition for a minimum of E(u) with
Algorithm 5.47 shows, that u satisfying Condition (5.24) is equivalent to u being
a stationary point of the algorithm. In the case of an u not satisfying Inequality
(5.24), the following lemma is valid:
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Lemma 5.49 (Descent of Algorithm 5.47). Let E(u) be defined as in Equation (5.14)
with an f satisfying the additional assumptions from Definition 5.44. Furthermore
un ∈ H does not satisfy Inequality (5.24). Then one step of Algorithm 5.47 results
in a un+1 ∈ H satisfying

E(un+1) ≤ E(un) .

Proof. Let un+1 = un + sn(vn − un) as defined in Step 4 of Algorithm 5.47. As
Inequality (5.24) is not satisfied, there exists a cn > 0 balancing the equation:

− 〈F ′(un)
∣∣ vn − un

〉− EH
∗ (un)(vn − un)− cn = Φ(vn)− Φ(un) (5.25)

Due to the property of EH∗ as limit, given in the proof of Lemma 5.48, we have for
0 ≤ s ≤ δ ≤ 1 an ε > 0 satisfying

EH
∗ (un)(vn − un) = lim

s→0

E∗(un + s(vn − un))− E∗(un)
s

(5.26)

≤ E∗(un + s(vn − un))− E∗(un)
s

+ ε .

An analog result is valid for F due to the Gâteaux differentiability:

F (un + s(vn − un)) ≤ F (un) + s
〈
F ′(un)

∣∣ vn − un

〉
+ sε . (5.27)

Combining Equation (5.25) with the convexity of Φ we obtain

Φ(un − s(vn − un)) ≤ Φ(un) + s(Φ(vn)− Φ(un))
= Φ(un)− s 〈F ′(un)

∣∣ vn − un

〉− sEH
∗ (un)(vn − un)− scn .

Replacing the derivatives, using Inequalities (5.26) and (5.27) and reordering the
inequality results in

(F + E∗ + Φ)(un + s(vn − un)) ≤ (F + E∗ + Φ)(un)− (cn − 2ε)s.

So the assumption is valid for 2ε ≤ cn, guaranteed for sufficient small s. The lemma
holds, since sn minimizes (F + E∗ + Φ)(un + s(vn − un)) over s ∈ [0, 1].

Using this result we know, the E(un) are monotone falling and positive. So the
question arises, if the convergence E(un) → E0 implies also un converging to a
minimal function u; even if this would be just a local minimum, as in general there
will be several stationary points of Algorithm 5.47.

For analyzing this convergence properties of the algorithm, we define an auxiliary
functional

Ψ(u) =
〈
F ′(u)

∣∣u〉+EH
∗ (u)(u)+Φ(u)−min

v∈H
(
〈
F ′(u)

∣∣ v 〉+EH
∗ (u)(v)+Φ(v)) (5.28)

According to the structure of the algorithm, Ψ equals zero exactly at the stationary
points of Algorithm 5.47. Furthermore, Ψ(u) is positive for all u, since u ∈ H. All
in all we have to answer three questions:



5.2. GRADIENT METHODS FOR LEARNING
CONTINUOUS DICTIONARIES 91

1. Is there for every sequence un a converging subsequence unj → u?

2. Is u a stationary point of Algorithm 5.47?

3. Is (F + E∗ + Φ)(u) ≤ (F + E∗ + Φ)(un) valid for all n ∈ N?

The third questions answers positively from Lemma 5.49 and the proof of Theo-
rem 5.25, due to the weak lower semicontinuity of E in (W1,2,Wi,2). There we
also proved results about the existence of converging subsequences of minimizing se-
quences to answer the first question. For the second question we need to prove, that
Ψ is tau-lower semicontinuous and Ψ(un) converges towards 0 in the τ -topology. In
the following we handle this two points:

Lemma 5.50. Let F , E∗ and Φ be defined as in Lemma 5.48. Furthermore let f
have a Lipschitz continuous derivative outside 0 and F be continuously Fréchet

differentiable. Then Ψ, as defined in Equation (5.28), is lower semicontinuous.

Proof. The F and Φ parts of the proof are the same as in [18, Lemma 4], while the
E∗ part uses directly the definitions:

Let un = (dn, xn) be a given sequence in H, un → u = (d, x). Furthermore w =
(dw, xw) is an arbitrary element of H, Φ(w) <∞. Then we know:

Ψ(un) =
〈
F ′(un)

∣∣un

〉
+ EH

∗ (un)(un) + Φ(un) (5.29)

−min
v∈H

(〈
F ′(un)

∣∣ v 〉+ EH
∗ (un)(v) + Φ(v)

)
≥ 〈

F ′(un)
∣∣un − w

〉
+ Φ(un)− Φ(w)︸ ︷︷ ︸

Ψ1(un,w)

+EH
∗ (un)(un)− EH

∗ (un)(w)︸ ︷︷ ︸
Ψ2(un,w)

We now prove the lower semicontinuity of Ψ1 and Ψ2 separately. In the case of Ψ1

this is easily done by the continuity of F ′ and the lower semicontinuity of Φ, given
by Condition 2.25:

lim inf
n→∞ Ψ1(un, w) =

〈
F ′(un)− F ′(u) ∣∣un − w

〉
+
〈
F ′(u)

∣∣un − w
〉

+ Φ(un)− Φ(w)

≥ 〈
F ′(u)

∣∣u− w〉+ Φ(u)− Φ(w)

For getting the limit of Ψ2 we define An ⊂ Ω′ × I as a set, where xn 	= 0 μ̃-almost
everywhere on An and xn = 0 μ̃-almost everywhere on AC

n . Furthermore A and AC

satisfy the same conditions for x. Then we know by definition of E∗ in Algorithm 5.47
(Below we suppress the integration variable for better readability):

Ψ2(un, w) = EH
∗ (un)(un)− EH

∗ (un)(w)

=
∫

An

f ′(xn)xn dμ̃ζ︸ ︷︷ ︸
Ψ2,1

−
∫

An

f ′(xn)xw dμ̃ζ︸ ︷︷ ︸
Ψ2,2

−
∫

AC
n

b |w| dμ̃ζ︸ ︷︷ ︸
Ψ2,3

The integral of b |xn| over AC
n eliminates, as xn equals zero μ̃-almost everywhere on

AC
n .
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For the analysis of Ψ2,1 we want to mention first, that

f ′(t)t =
∣∣f ′(t)∣∣ |t| ≥ 0 ,

since f is monotonically increasing on [0,∞) and monotonically decreasing on (−∞, 0].
Now we want to prove Ψ2,1(xn) → Ψ2,1(x):

|Ψ2,1(xn)−Ψ2,1(x)| =
∣∣∣∣
∫

An

f ′(xn)xn − f ′(x)xdμ̃ζ
∣∣∣∣

=
∣∣∣∣
∫

An

(∣∣f ′(xn)
∣∣− ∣∣f ′(x)∣∣) |xn|+

∣∣f ′(x)∣∣ (|xn| − |x|) dμ̃ζ
∣∣∣∣

≤
∫

An

∣∣∣∣f ′(xn)
∣∣− ∣∣f ′(x)∣∣∣∣ |xn| dμ̃ζ +

∫
An

∣∣f ′(x)∣∣ ||xn| − |x|| dμ̃ζ

Since f ′ is Lipschitz continuous on (0,∞), limt→0+ f ′ = b > 0 and f(−t) = f(t), the
mapping

t �→
{
|f ′(t)| t 	= 0
b t = 0

is Lipschitz continuous on R. Let M be the Lipschitz constant and remember
|f ′(t)| ≤ b ∀t ∈ R, we obtain

|Ψ2,1(xn)−Ψ2,1(x)| ≤ M

∫
An

|xn − x| |xn| dμ̃ζ +
∫

An

∣∣f ′(x)∣∣ |xn − x| dμ̃ζ

≤ M‖xn − x‖2‖xn‖2 + b‖xn − x‖1
→ 0 .

The last step is based on the result of Lemma 5.3: Since x and xn are elements of
L2 and ‖x‖f , ‖xn‖f <∞, they are also elements of L1.

For proving the lower semicontinuity of Ψ2,2 we introduce the sets A+
n and A−n , with

x(ζ)xn(ζ) > 0 for μ̃-almost every ζ ∈ A+
n , x(ζ)xn(ζ) < 0 for μ̃-almost every ζ ∈ A−n

and x(ζ) = 0 for μ̃-almost every ζ ∈ {A+
n ∪A−n }C . Then we obtain

Ψ2,2(un, w) =
∫

An

f ′(xn)xw dμ̃ζ

=
∫

A+
n

f ′(xn)xw dμ̃ζ︸ ︷︷ ︸
Ψ2,2,1

+
∫

A−n
f ′(xn)xw dμ̃ζ︸ ︷︷ ︸

Ψ2,2,2

+
∫

An∩(A+
n∪A−n )C

f ′(xn)xw dμ̃ζ︸ ︷︷ ︸
Ψ2,2,3

.

The continuity of Ψ2,2,1 arises directly from

|Ψ2,2,1(xn, xw)−Ψ2,2,1(x, xw)| =
∣∣∣∣
∫

A+
n

f ′(xn)xw − f ′(x)xw dμ̃ζ
∣∣∣∣

≤
∫

A+
n

|f ′(xn)− f ′(x)||xw|dμ̃ζ

≤ M

∫
U
|xn − x||xw|dμ̃ζ → 0 .
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The last inequality is given by the Lipschitz continuity of |f ′| and |f ′(xn)− f ′(x)| =
||f ′(xn)| − |f ′(x)|| on A+

n .

The remaining two parts Ψ2,2,2 and Ψ2,2,3 are combined with Ψ2,3, so we have

(Ψ2,2,2 + Ψ2,2,3 + Ψ2,3)(un, w)

=
∫

AC
n∩(A+

n∪A−n )C

b |xw| dμ̃ζ +
∫

An∩(A+
n∪A−n )C

f ′(xn)xw dμ̃ζ︸ ︷︷ ︸
ΨA

+
∫

AC
n∩A

b |xw| dμ̃ζ +
∫

A−n
f ′(xn)xw dμ̃ζ︸ ︷︷ ︸

ΨB

.

For ΨA we have

lim sup
n→∞

ΨA ≤ lim sup
n→∞

(∫
AC

n∩(A+
n∪A−n )C

b |xw| dμ̃ζ +
∫

An∩(A+
n∪A−n )C

b |xw| dμ̃ζ

)

=
∫

(A+
n∪A−n )C

b |xw| dμ̃ζ →
∫

AC

b |xw| dμ̃ζ ,

while ΨB is smaller than ε, as

|ΨB| ≤
∣∣∣∣∣
∫

AC
n∩A

b |xw| dμ̃ζ +
∫

A−n
b |xw| dμ̃ζ

∣∣∣∣∣
=
∫

A0,n

b |xw| dμ̃ζ

and the Technical Lemma B.3 show. Here A0,n denotes a set, where x(ζ) 	= 0 and
x(ζ) · xn(ζ) ≤ 0 μ̃-almost everywhere.

Combining all the above results we obtain:

lim inf
n→∞ Ψ2(un, w) = lim inf

n→∞ Ψ2,1(xn)− lim sup
n→∞

(Ψ2,2,1(xn, xw)

+ΨA(xn, xw) + ΨB(xn, xw))

≥ Ψ2,1(x)−Ψ2,2,1(x, xw)−
∫

AC

b |xw| dμ̃ζ − 0

=
∫

A
f ′(x)(x− xw) dμ̃ζ −

∫
AC

bxw dμ̃ζ

= Ψ2(u,w) ,

which is the lower semicontinuity of Ψ2 and by this we obtain by Equation (5.29)
the lower semicontinuity of the whole Ψ.

After proving Lemma 5.50, we know that a sequence established by Algorithm 5.47
converges towards a stationary point of the algorithm, if it converges towards a
zero of Ψ and has a convergent subsequence. So to go on we have to answer the
question, if every sequence generated by the algorithm converges towards a zero of
Ψ. Unfortunately this is not the case, as the following example shows:
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Figure 5.2: un according to Example 5.51

Example 5.51. Let

u0(ζ) =

{
ζ x ∈ [0, 1]
0 otherwise

furthermore let f(t) = |t|, and, for reasons of simplicity, F ≡ 0 and Φ(u) =
I‖u‖2≤1(u). In that case the algorithm gives a vn of the form vn(ζ) = − sign(un),
while the un look like sawtooth-functions as given in Figure 5.2 and in magnification
in Figure 5.3, which converge to 0 pointwise and in L2. So we obtain for the Ψ(un):

Ψ(un) = EH
∗ (un)(un)− EH

∗ (un)(vn) =
∫ 1

0
1 + |un(ζ)| dμ̃ζ

converging towards 1, while the sn = 2−n converge towards 0.

Since, according to the proof of Lemma 5.49, the s never equal zero, we have in
general u not to be a stationary point of Algorithm 5.47. For example, we can
extend the previous example that way, to choose

u0(ζ) =

⎧⎪⎨
⎪⎩
ζ x ∈ [0, 1]
3 x ∈ (1, 2]
0 otherwise

and

f(t) =

⎧⎪⎨
⎪⎩
|t| −1.8 ≤ t ≤ 1.8
5.05 |t| − 1.125t2 − 3.645 1.8 < |t| ≤ 2.2
1.8 + |t| /10 otherwise.

(5.30)

Then f ∈ F1 (cf. Figure 5.4) is continuous differentiable outside 0 and un converge
to u = 3χ(1,2] being not a stationary point of the algorithm.
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Figure 5.3: Detail of un according to Example 5.51
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Figure 5.4: Sparsity measure f according to Equation (5.30) (black) and f(t)/t (red)
for the positive part
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Remark 5.52. If we examine the proof of the coresponding result in the case of the
original generalized conditional gradient algorithm as stated in [18, Lemma 5], we
see, the missing property of EH∗ , in comparison with a standard Fréchet derivative,
is an equivalent to the intermediate value theorem. But that can not be valid in this
framework, as there is no continuity of f ′ in 0.

Needless to say, it is a big disadvantage of Algorithm 5.47 not to guarantee conver-
gence to a stationary point. Nevertheless we can state the following result in the
case of the matching dictionary problem based on Definition 5.4.

Theorem 5.53 (Convergence of Algorithm 5.47 in the case f ∈ F1). Let E be
defined as in Equation (5.17). Furthermore let f ∈ F1 be a sparsity measure,
differentiable on (0,∞) with Lipschitz continuous derivative f ′. Additionally let
limt→0 f

′(t) = b < ∞, E(d0, x0) 	= ∞ and IU be an indicator function according to
Equation (5.21).
Then Algorithm 5.47 applied on E + IU with starting values (d0, x0) ∈ (W1,2,Wi,2)
and ‖(d0, x0)‖2 < Ĉ results in a sequence (dn, xn)n∈N ⊂ (W1,2,Wi,2) with E(dn, xn) ≤
E(dn−1, xn−1) for all n ∈ N and there is a subsequence (dnj , xnj ) ⇀ (d, x) with
E(d, x) ≤ E(dn, xn) for all n ∈ N.
If furthermore the convergence is strong and if Ψ(unj ) → 0, then (d, x) is a station-
ary point of Algorithm 5.47 according to E.

Proof. To prove this theorem we basically need to confirm, that E satisfies the
properties demanded in Lemmata 5.49 and 5.50. As we proved in Lemmata 5.31
and 5.32 the continuous Fréchet differentiability of F (d, x) = (E1 + E3)(d, x), we
have all the properties on F . Furthermore Φ(d, x) = (E4+E5+IU )(d, x) is satisfying
the claims of Condition 2.25 according to the definitions of g1, g2 and g3 in Condition
5.9 and Equations (5.13) and (5.14) analog to the proof of Theorem 5.34. Also like
in Theorem 5.34, IU has no influence on the values E(dn, xn).
Since all necessary constraints on E2 or rather f are given in the assumptions of the
theorem, the Lemmata 5.49 and 5.50 are valid.

Furthermore we need the existence of a weak converging subsequence of (dn, xn).
This is also clear, due to the weak coercivity of E, proven in Remark 5.23. The
minimizing property arises then from the weak lower semicontinuity of E, according
to Theorem 5.25, while the stationarity in case of the last paragraphe arises directly
from the definition of Ψ in Equation (5.28).

5.2.3 Summary

We obtain in this section several results about the usability of the generalized con-
ditional gradient algorithm and a variant for finding a minimizing sequence (dn, xn)
of three different cases of E. Every time E(dn, xn) was monotonical falling (cf.
Lemma 2.26 or rather Lemma 5.49) and a subsequence (dnj , xnj ) converged weakly
to (d, x). Furthermore this limit satisfies E(d, x) ≤ E(dn, xn) for all n ∈ N. Since
the functional is in general just weak coercive, we can not prove the strong conver-
gence (dnj , xnj ) → (d, x). If this exists, we could prove in the case f ∈ F2 and for
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Lipschitz continuous f ∈ Gδ, as given in Theorem 5.34 and Corollary 5.43, that
(d, x) is a stationary point of the algorithm. This is not possible in the case of

f ∈ {F1|f ′ < b <∞, f ′ Lipschitz on (0,∞)} ,

where the non-differentiability of f in 0 prevents better results.

In applicational frameworks, using discrete data, here strong and weak topology
equal, we obtain also positive results about strong convergence, combined with this
convergence of the algorithm to stationary points. Thus numerical applications
should generally serve well.



98 CHAPTER 5. CONVERGENCE OF DICTIONARY LEARNING



Chapter 6

Applications

In the last chapters we developed, beside theoretical results, several algorithmic
devices for matching wavelets and learning dictionaries. Now we want to test this
algorithms in several frameworks. The focus of this applications is mostly directed
at the algorithms of Chapter 4, since it is in comparison to that one from Chapter 3
fully developed by ourselves and has a wider field of application. Furthermore it fits
better in the framework of the theoretical chapter. We avoid to adapt the conditional
gradient method from Section 5.2 to application, due to the structure of our data,
demanding for a shift-invariant devices. This constraint is satisfied by the MODW,
but not by the gradient algorithm. Nevertheless the later method is also interesting,
especially since it is one of the rare examples that combine the optimization of
dictionary D and coefficients X.

As we already mentioned in Section 1.3, arised during the past years a wide field of
applications for sparse coding and dictionary learning approaches. Analog to that
we want to exemplify here the MODW algorithm on data, based on two origins: In
Section 6.2 we separate different overlapping sounds in machine noise, exemplified
at a linear guideway. The aim is to recognize the status of the machinery from the
combination of atoms. Especially we try to identify the position of one predefined
machine error. Furthermore, around this example also some applications of the
algorithm of Chapter 3 are given, demonstrating the necessity to use the shift-
invariant methods stated in Section 3.3.
The second real-life example deals in Section 6.3 with the recognition of notes in
the record of some piano performance. The idea is to reconstruct the score from the
record. Additionally this problem gives us the chance to compare the performance
of MODW with some alternative algorithms proposed by Blumensath for learning
shift-invariant dictionaries.
Supplementary to this two examples we present first in Section 6.1 some results
on simulated data, for testing the performance of MODW in several well defined
frameworks.

All the computations in this chapter (beside Subsection 6.3) had been made on
a 3 GHz Intel Pentium 4 PC using the Linux KDE version of MatLab 7.3.0.298.
For the basic wavelet and sparse coding algorithms we used “WaveLab 802” (cf.
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http://www-stat.stanford.edu/∼wavelab/) or rather “Atomizer 802” (a newer
version, called “Sparselab,” is available under http://sparselab.stanford.edu/).

6.1 Examples with simulated data

The main preface of using a set of simulated data is the potential to analyze the
influence of different parameters directly. So we try in this section two things: First
a comparison of a bundle of dictionary reconstruction problems, changed in just one
parameter. Second we execute the option explained on Page 47 to use just one scale
for the construction of a dictionary, but apply this dictionary later by using several
scales.

6.1.1 Testing parameters of MODW

The basic idea of this simulation is to construct randomly a dictionary D being a
union of several wavelet bases as defined in Equation (4.1). Afterwards we construct
from this dictionary a set Y (cf. Page 16) of signals yi and try to reconstruct D from
Y using MODW.

For this purpose we execute the following steps:

1. Define J vectors sj of length K + 1, ‖sj‖2 = 1, |sj,K+1| > 0.1.

2. Use the sj as lifting filters for obtaining wavelets analog to Equation (3.5).
Here s = (sj,1, . . . , sj,K) and c = sj,K+1. The dictionary D is then defined as
in Equation (4.1).

3. Define a set Y = {yi}N
i=1 ⊂ R

n, of signals, via

yi =
L∑

l=1

fi,ldl.

l, L are defined as in Equation (4.1), ‖(fi,1, . . . , fi,L)‖0 = Δ and |fi,l| ≤ 1 for
all 1 ≤ i ≤ N and 1 ≤ l ≤ L.

4. Use MODW and the Y = {yi} to compute D∗ as approximation1 to D.

5. Compare D and D∗.

We repeated this example 40 times for obtaining average values for computation
time and approximation error. For the basis of comparison we defined J = 2,
K = 4, N = 30, n = 16 and Δ = 3, in that case wavelets look (depending on the
smoothness parameter, below we use the piecewise constant ones), e.g., like in Figure

1The upper index ∗ denotes in any case throughout this chapter the results of MODW or its
properties.



6.1. EXAMPLES WITH SIMULATED DATA 101

6.1. Furthermore, we initialized the MODW for using OMP (cf. Page 15), ignoring
absurd lifting (cf. Page 50), restricting the wavelets to the support of the yi and using
a starting dictionary2 defined by s0j,k = sj,k+δj,k for all 1 ≤ j ≤ J , 1 ≤ k ≤ K+1 and
uniformly distributed random values −0.01 ≤ δj,k ≤ 0.01. The algorithm stopped
after 10 iterations or if the relative correction of the approximation error falls below
10−5. On the first sight the starting dictionary is relatively near to the original one,
nevertheless, for the above mentioned parameters, this is equivalent to an average
relative distance of 10.7% for every sj,k. Furthermore the relative approximation
error (d0 denotes the atoms deduced from s0j,k), using the original coefficients fi,l,

e20 =
∑N

i=1 ‖yi −
∑L

l=1 fi,ld
0
l ‖2∑N

i=1 ‖yi‖2
,

equals in average e0 = 0.694. Interestingly the approximation errors of OMP (cf.
Page 16) has also some major influence. For example, if we apply the MODW as
given above using the generating D as starting dictionary, we still result in a D∗
connected to a average relative error e∗ = 0.149. In the following tabulars we vary
just one of the values J,K,N, n and Δ and observe maximum, minimum, average
and standard deviation of e∗ and e0, as well as the average number of iterations and
the computation time.
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Figure 6.1: Examples of generating wavelets used during construction of Y

2The upper index 0 denotes in any case throughout this chapter the starting-values of MODW
or its properties.
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K error type max min mean std time [s] iterations

K=2
e0 0.166 0.0631 0.121 0.0412

16.195 8
e∗ 0.157 0.0515 0.108 0.0407

K=4
e0 0.226 0.184 0.213 0.0171

20.446 10
e∗ 0.189 0.128 0.159 0.0254

K=8
e0 0.447 0.190 0.281 0.104

16.039 8
e∗ 0.174 0.118 0.152 0.0224

N error type max min mean std time [s] iterations

N=15
e0 0.208 0.104 0.169 0.0429

9.645 9.2
e∗ 0.167 0.0722 0.138 0.0408

N=30
e0 0.226 0.184 0.213 0.0171

20.446 10
e∗ 0.189 0.128 0.159 0.0254

N=60
e0 0.267 0.172 0.203 0.0420

40.703 10
e∗ 0.161 0.118 0.144 0.0160

n error type max min mean std time [s] iterations

n=16
e0 0.226 0.184 0.213 0.0171

20.446 10
e∗ 0.189 0.128 0.159 0.0254

n=32
e0 0.205 0.0691 0.141 0.0614

21.154 9
e∗ 0.202 0.0664 0.126 0.0537

n=64
e0 0.143 0.0535 0.0869 0.0355

24.332 8.6
e∗ 0.142 0.0490 0.0801 0.0393

J error type max min mean std time [s] iterations

J=2
e0 0.226 0.184 0.213 0.0171

20.446 10
e∗ 0.189 0.128 0.159 0.0254

J=3
e0 0.249 0.197 0.229 0.0242

26.222 8.4
e∗ 0.181 0.148 0.169 0.0133

J=4
e0 0.236 0.165 0.200 0.0274

40.593 9.8
e∗ 0.191 0.126 0.149 0.0252

Δ error type max min mean std time [s] iterations

Δ=2
e0 0.268 0.112 0.175 0.0665

16.122 9.4
e∗ 0.150 0.0551 0.113 0.0382

Δ=3
e0 0.226 0.184 0.213 0.0171

20.446 10
e∗ 0.189 0.128 0.159 0.0254

Δ=4
e0 0.368 0.133 0.225 0.0922

22.875 9.2
e∗ 0.173 0.117 0.143 0.0230

Interestingly increasing the length of the lifting filters K does not change compu-
tation time and error (of course K=2 is a more easy subcase with smaller error).
Also the influence of Δ, the sparsity, and N , the number of signals, is small in this
range (Δ = 2 is again a special case), just the standard deviation lessens in the later
case while the computation time is increasing. The later one can be expected, since
the costs for the OMP increase linearly with N , while it also increases the number
of local minima. Also a change of the number of wavelet bases J has big influence
on computation time, as it increases the number of coefficients to be calculated. A
positive result is that the influence of J on the error, as well as that one of Δ, is



6.1. EXAMPLES WITH SIMULATED DATA 103

sublinear or almost inexistent. Thus the error increases much slower than the com-
plexity of the problem. Lastly the falling error with increasing length of signals n
is predictable, as the number of overlapping atom decreases, giving a better recog-
nition by OMP. Another effect can be observed in the relationship between e0 and
e∗: While increasing n usually decreases the improvement obtained by MODW, it
increases with K and also less with N and Δ. This shows, that the improvement of
e0 − e∗ is better if the original problem features more overlapping atoms, as arising
in applications in general, or if the number of information increases.

A last aspect affects the choice of the sparse coding algorithm. In the preceding
tabulars we used just OMP. A similar situation is given for most applications, since
other algorithms are usually to slow. Surprisingly, for this special example the OMP
is also the most effective algorithm, basis pursuit produces in average 4% more error.

Of course there is also the alternative to restrict the MODW to just one scale as
proposed on Page 47. We do not present this case in detail here, as it is more or less a
parallel to the above one with one missing feature. We included an application of that
kind already in [132]. There we presented additionally to the relative reconstruction
error also the number of refound wavelet bases, i.e. that one, where

J
max
j1=1

∣∣〈dj1

∣∣ d∗j2 〉∣∣ > 1− ε

for ε ∈ {0.01, 0.05} and we obtained rates up to 83% or rather 86% (using a full
random initialized start dictionary). That computations highlight also the big posi-
tive influence of suppressing absurd lifting (cf. Page 50), changing the relative error
by 7.56%. On the other side, there is also shown, that the convergence force on the
OMP has just minor influence, the relative error decreases in average by just 1.15%.

For concerning one scale applications with simulated data at all in this thesis, we
give in the following subsection a short recapitulation of an in-between example that
is also a part of [132].

6.1.2 One and several scales

In this second example we demonstrate the possibilities of a restricted version of the
MODW for signal analysis. For this purpose we use two set of signals: A first one
Y1 for the learning of the dictionary and a second one Y2 to be analyzed. Both are
created using the same wavelet-dictionary D, defined similar as in Subsection 6.1.1,
especially Figure 6.1, but here we set J = 3. For construction of Y1 = {yi}200

i=1 ⊂ R
128

we restrict the wavelets to one scale (j̄ = j′ in Equation (4.1)) and obtained a
subdictionary D′ containing 17 shifts at the same scale for each of the three wavelets
(51 atoms). Each of the 200 signals in Y1 is a linear combination of three atoms.
The 10 signals of the second set Y2 consist of 12 atoms out of 4 scales using 128 shifts
for the lowest scale. Examples of the signals of both sets are given in Figure 6.2 or
rather 6.3. The computation has been repeated 50 times, initialized with different
random values, in the following are given mean values.

Similar to Section 6.1.1 the dictionary D∗ has been learned by MODW, based on Y1.
But here we changed the following parameters: We restricted the MODW to use
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just one scale, but defined the starting dictionary (or more exactly the underlying
sk,k randomly and allowed up to 80 iterations (generally the algorithm stops before).
Furthermore, we treat absurd lifting as a local minimum. All in all the mean relative
error of the dictionary reconstruction lessens to 5.63%. This result is achieved in
2:35 minutes, since (additionally to the number of iterations) the number and length
of signals in Y1 is higher than in the preceding example.

Afterwards Y2 has been analyzed by using OMP or rather BP (with interior point
method, see Page 16) based on the dictionary D∗. Both sparse coding algorithms
were modified to use fast wavelet transform for decomposition, as to use, for reasons
of computation time, in most applicational frameworks. As quality measure for the
signal analysis had been used the relative error E(Y2, D̃R, X) as defined in Equation
(4.3). The results of both algorithms had been limited to 12 atoms (in the case of BP
that ones whose coefficients have maximal absolute values) as much as are used for
construction of the signals. So we obtained a relative error for the analysis of 5.57%
in the OMP case and 1.19% in the BP case. The results show also the well known
preface of BP against OMP, even in this case, where the dictionary is constructed
by help of OMP. We set aside the possibility to modify the procedure and apply also
BP in MODW, due to the expected increase of computation time.

6.2 Condition monitoring of linear guideways

In this section we want to exemplify the usage of the methods from Chapter 3 and
4 for the detection of features in the acoustic emission (AE) of a machinery and
the decomposition of this signals. As machinery we chose a linear guideway as pre-
sented in Appendix A. The running noise is recorded by use of an encapsulated
piezo-ultrasonic-microphone fixed either at the front end of the lateral surface of the
carriage (see Figure A.5) or at the front face of the guideway. Depending on the posi-
tion of the microphone the noise is extremely different and even small displacements
have big effects, as Figure 6.4 show.

In the following two subsections we illustrate first the wavelet matching method from
Chapter 3 on signals like in Figures 6.4a–6.4d afterwards we exemplify MODW (cf.
Chapter 4) on signals like in Figure 6.4e or 6.4f.

6.2.1 Linear guideways and wavelet matching

For obtaining the signals in Figures 6.4a–6.4d the acoustic emission had been mea-
sured directly at the carriage. Our special intention is to detect two given pittings
(cf. Appendix A.1) in the guideway, produced around 1/4 and 1/2 of the feed way.
In signals measured at slow velocities, like in Figure 6.4a they are visible at the first
sight without any further data processing. Meanwhile they are mostly masked by
the background signal of the machinery for faster velocities.

The first task in the course of applying the results of Chapter 3 is how to obtain a
pattern P for the matching from a set of signals Y = {yi}N

i=1, measured at several
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velocities. Therefore we chose the following sequence of well known filtering methods,
resulting in an average P :

1. Most of the unwanted parts of the signal are arising from the sounds made
by the ball bearings of the carriage. This have a well defined frequency just
depending on the velocity of the carriage and the radius of the balls. In
Figure 6.5, representing the Gabor transform of the signal from Figure 6.4b,
it is well visible together with its harmonics. They are not at a constant scale,
since the carriage has to accelerate and decelerate. So the first natural step is
to compute {ỹi} by filtering this rolling frequencies from the yi using Fourier

or Gabor techniques.

2. For minimizing the stochastic influence on the ỹi we took the average over
all recordings with the same velocity and obtain some Ȳ = {ȳi}N̄

i=1. Further-
more we computed y as average over rescaled versions of all ȳi for having y
independent of the feed velocity. The time-consuming point concerning this
computations is to find coinciding points in the signal, for adjusting shifts of
the signals, since the pattern P has to be at the same place in every ỹi and
there is no marker of the position of the carriage. For this example, this had
been done manually.

3. For filtering the the pattern from remaining noise we used a soft wavelet shrink-
age (cf. [155]). For improving the results cycle spinning has been incorpo-
rated (cf. [24, 11]), offering a shift-invariant variant of the shrinkage. Addi-
tionally we repeated this procedure three times with three different wavelets
(Coiflet 4, Daubechies 8, Haar wavelet) and took the average of the results
ȳ = (yC +yD +yH)/3. So we suppressed influences of the shape of the wavelet
to the result.

4. Define P as a suitable time interval of ȳ, containing the critical pattern.

Some examples of resulting patterns P , indicating the responce of a small local
pitting in an AE-signal, are depicted in Figure 6.6. Their difference is based on
the different positions of the measuring device. A problem occuring in this special
case is, the resulting patterns are more or less sine-shaped. So it is difficult to
distinguish these patterns from periodic perturbations like the rolling of the balls
in the bearing. Interestingly this patterns are extremely localized, apparently the
microphone registrates just the interaction of the ball next to its position with the
pitting. Just in a few cases an additional pattern of the same shape and with a
trickle of the amplitude has been found preceding the main pattern.

We now compute the matching wavelet according to the P given in Figure 6.6a.
Using Remark 3.5 and Corollary 3.4 we obtain, for different choices of the length S
of the lifting filter s (8 or rather 16 elements) and of the starting quadruple (wavelets
and scaling functions) σ, approximations like, e.g., the ψ in Figure 6.7a or 6.7b. Here
σ is chosen as CDF wavelet with p equals 0, 1 and 2 respectively (cf. Lemma 2.7).
If we match a full set of phaselets instead (cf. Equation (3.10)), we obtain for n = 3
results like in Figure 6.7c or 6.7d (here S = 8 or rater S = 10).
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Before we state some detection results by applying this wavelets, we need first to
introduce a visual representation of the transform. In the case of just one wavelet
ψλ there is a well known two dimensional representation of the coefficients

fλ
k,j = 2−j/2

∫
f(x)ψλ

(
x− k

2j

)
dx

(cf. also Equations (3.11) and (2.3)) according to a signal f of length 2−j̄−1. We give
here directly a version for the coefficients of a full phaselet family {ψλ}n−1

λ=0: Every

coefficient
∣∣∣fλ

k,j

∣∣∣ is given as a color scaled value in a rectangle of size 1/(2jλ) × 1
around the point (x, y) given via

x =
k + 1/λ

2j
and y = −j, j ∈ {j̄, . . . , j′} and k ∈ {0, . . . , 2−j − 1},

So x is denoting the position and y the scale. Figure 6.8a shows an example of
this type of representation. Since color scaled illustrations are often bad readable,
we propose as an alternative second representation a measure function similar to a
weighted local energy sum:

m
(
k/21−j̄

)
=

j′∑
j=j̄

2−j/2

(
n−1∑
λ=0

fλ
�2j̄−j−1k�,j

)2

, (6.1)

here �·� denotes the Gauss brackets. An example for m is given in Figure 6.8b, it
illustrates perfectly the positions of the two artificial pittings in the guideway, as
suggested but Equation (3.2)3. The additional horizontal line in the plot marks the
value of θ = dm + 7σm with dm denoting the average of m and σm its standard
deviation. We will see in the following examples, that θ is a good threshold for
indicating errors. This as well as the following computations are made using a signal
of 8192 points (4096 points in cases with higher velocity of the carriage) sampled
at 2000 Hz. For the wavelet transform we defined j′ = 0 and j̄ = −12 or rather
j̄ = −11.

Of course the question arises, if the usage of this complicate framework of matched
phaselets is really necessary for obtaining a valuable classification method. So we
give in Figure 6.9 a comparison of the wavelet coefficients computed from the signal
in figure 6.4b by the standard Haar wavelet, the Symmlet 8, one matched wavelet
(Figure 6.7c, blue line) and a family of three matched phaselets (Figure 6.7c). We
observe clearly that just in the last case both pittings are separated significantly
from the background. Please observe, there is no difference concerning the choice of
θ, also other choices would not result in exact positions for the two pittings in the
first three cases.

Another question is, if it is really necessary to apply the matched wavelets using the
numerical robuster Equation (3.2), or if also the application of Equation (3.1) can
be considered (cf. Section 3.1 for the differences). For Figure 6.10b we computed the

3We do not state exact positions throughout this analysis, since the starting point of the carriage
is not fixed in the signal.
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later one according to the signal in Figure 6.4a and applying the phaselet family in
Figure 6.7c. For comparison we give on the left the original m function as already
given in Figure 6.8b. We see, that there is almost no evidence concerning the right
pitting in the right side figure and the left pitting is also not significantly detectable.
This result also holds under changes in the computation of m (cf. Equation (6.1)),
especially changing the weights or the power of the fλ

j,k. So choosing the method
based on Equation (3.2) is the correct decision.

Therewith we know about the usability of the wavelet matching method from Chap-
ter 3. The last question arising is, how to choose the parameters given in Chapter 3
(see especially Proposition 3.2 and Equation (3.10)): n denoting the number of
phaselets, p affecting their smoothness and the length S of s. From Equations (3.9)
and (3.6) it is clear, that greater n and S give better detection results, while smaller
values increase the computation time. The above experiments, as well as the fol-
lowing ones show, that n = 3 and S = 16 perform good results and can serve as a
compromise between this two objectives. More interesting are the results concerning
the choice of p. Till now we usually used the picewise constant wavelets resulting
from p = 0. Interestingly they are as good as the smoother wavelets arising from
using p ∈ {1, 2} or even slightly better, as Figure 6.11 shows. There we plotted the
m functions of the transforms using a phaselet family analog to that from Figure
6.7d with S = 16. The resulting figures can directly be compared to Figures 6.8b
and 6.9h being similar or even slightly better.

We want to conclude this subsection by presenting four further examples with higher
velocity of the carriage and the usual phaselet family from Figure 6.7c in Figures 6.12
and 6.13. While the first two examples are going analog to the previous ones, the
later two ones are recorded at a very bad microphone position. So the amplitude of
the rolling frequencies is extremely high. Since the P is looking similar to a sine,
as mentioned above, arise problems in distinction and we have to filter the rolling
frequency before wavelet transform, this filtered versions are given in Figures 6.13c
and 6.13d. Nevertheless this is barely successful in the left side example (note the
three peaks around x = 0.8), but in the right example there is one additional signal
component, in the middle of the two pitting signals, whose signal exceeds by far the
pittings. A closer analysis of the coefficients of the transform shows a disturbance
of unknown source on the finest frequency at this point giving the only false alarm
in all our experiments.
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(a) 100 mm/s; lateral microphone 1
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(b) 166 mm/s; lateral microphone 1
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(c) 200 mm/s; lateral microphone 2
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(d) 400 mm/s; lateral microphone 2
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(e) 40 mm/s; face microphone
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(f) 80 mm/s; face microphone

Figure 6.4: AE-Signals for different velocities and microphone positions
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Figure 6.5: Discrete Gabor transform of the signal in Figure 6.4b
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Figure 6.6: Pattern of a local pitting for different positions of the measurement
device
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Figure 6.7: Single matched wavelets (above) and phaselet family (below)
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Figure 6.8: Matched phaselet transform of the signal from Figure 6.4a
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Figure 6.9: Comparison of the pitting detection qualities for several wavelet and
phaselet transforms
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Figure 6.10: Comparison of the pitting detection qualities for the different ap-
proaches of Section 3.1
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Figure 6.11: Transform of the signal from Figure 6.4a and 6.4b using the matched
phaselets from Figure 6.7d
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(b) v = 133 mm/s
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Figure 6.12: Pitting detection in two further examples, using the matched phaselets
from Figure 6.7c
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(b) v = 133 mm/s
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Figure 6.13: Pitting detection in two filtered examples, using the matched phaselets
from Figure 6.7c
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6.2.2 Linear guideways and MODW

After finding a way to extract one special error out of measured signals, it is an
interesting task, to separate the whole signal into its components. Doing this, we
would be able to monitor the condition of guideway and carriage, what results in
a method to find different types of errors in one analysis. The natural method to
choose is, according to several of the references in Sections 1.3 and 2.2, a dictionary
approach. Since we have already good results with matched wavelets, it is a natural
idea, to use a dictionary consisting of wavelet bases like in Equation (4.1). Further-
more, there is no natural dictionary available, so this example is a predestinated
for application of the MODW algorithm. In this subsection we want to present the
procedure of applying MODW to this problem and present the results. First we
use a version of the algorithm optimizing just one, fixed scale, afterwards we use all
reasonable scales.

Fixed scale

For application of the MODW to linear guideways, we used acoustic measurements
at the front face of a 30 cm long linear guideway with an artificial pitting almost
in the center. This microphone position implies, pittings are no longer exactly
localized, instead every ball of the bearing produces an own signal. Furthermore
the balls are connected by a chain, reducing their degrees of freedom. Examples
for the resulting signals are presented in Figures 6.4e and 6.4f, measured with a
sampling rate of 22 kHz. Please notice the the amplitude of the signal rises, when
the carriage approaches the microphone. The database consists of the signals from
two runs of the carriage divided in non-overlapping pieces of 100 points. For holding
the dictionary and especially the computation time small we restrict the database
Y = {yi}N

i=1 to one velocity and one driving direction of the carriage, this results in
still N = 3600 signals. If we give up this restrictions, the total number of signals
increases and computation time exceed a sensible range, since we can not restrict the
number of signal per condition to strictly, according to the higher standard deviation
of the resulting error for small N (cf. Subsection 6.1.1).

The MODW was initialized with the following parameters: Stopping at a relative
error of 1% or after maximal 6 iterations. Using OMP (cf. Page 15), which chooses
maximal A atoms, if a relative error of 1% is not reached before. Absurd lifting
had been treated as local minima (cf. Page 50), at the boundaries the signals and
wavelets had been truncated (cf. Page 48 et sq.) and the OMP had been forced to
converge (cf. Equation (4.10)).

We computed dictionaries D∗ in the cases of piecewise constant, piecewise affine
linear and picewise quadratic polynomial wavelets (p ∈ {0, 1, 2} in Equation (2.7))
for all the A ∈ {10, 20, 35, 50, 75} and different velocities of the carriage. Out of this
examples we present below results using p = 2 and A = 10 for signals measured at
40 mm/s and the carriage departing from the microphone.

As starting dictionary D0 we used a collection of the shifts of 25 wavelets on one,
a priori fixed scale, all in all 1025 atoms. All this wavelets are computed using the



6.2. CONDITION MONITORING OF LINEAR GUIDEWAYS 117

the method from Chapter 3 satisfying

‖ψ − sin(k1(· − k2π/3))‖2 = min

for arbitrary k1 ∈ N and k2 ∈ {0, 1, 2}. Naturally the smoothness of the starting
wavelets equals that one used during MODW.

We used D∗ for analyzing four signals, which are obtained the same way as the
training signals and cut again into subsignals of 100 points. The signals themselves
are stringed to one signal, presented in Figure 6.14, while M , the �2-norms of the
subsignals, is given in Figure 6.15. In the following we want to highlight two results
from this analysis:
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Figure 6.14: Example signals for analysis using D∗

• The behaviour of the approximation error.

• The correlation of the different wavelets to the different parts of the signal.

Figure 6.16 is given for explaining the first mentioned point. It shows the �2-norm
of the approximation error for the 100 point subsignals, the average relative error
is 7%. Clearly visible is a high peak after approximately one third of every signal.
The position of this peak is almost constant, it varies between the 504th and 508th
subsignal following the estimated start of the signal of the run 4. The same effect is

4Since we have no trigger, indicating the start of the carriage, we fixed a starting point of
the signal manually, comparing the subsignals in the beginning of the four runs, but we have no
connection of this points with the start of the carriage and its position on the profile rail.



118 CHAPTER 6. APPLICATIONS

0 1000 2000 3000 4000 5000 6000 7000
0

1

2

3

4

5

6

7

8

Figure 6.15: Norms M of the 100 point subsignals of the signals from Figure 6.14

in weaker form also visible in the case the carriage approaches the microphone, but
in that case the position is between 358 and 359 (cf. Figure 6.17). The difference
equals to approximately 0.68 s or (at 40 mm/s) 2.73 cm. This are 8.5% (in time) of
the total signal length and around the length of the stopping time between two runs
of the carriage. So there seem to be no connection between the peaks at different
driving directions, as they also mark total different positions on the guideway. Hence
their mechanical background has to stay open.

For observing the distribution of the wavelets we define the measure

mj,i =
∑
r1

|fj,r1,i| , where yi =
∑
r1,j

fj,r1,iψj(· − r1) + ei , (6.2)

as the sum over the absolute values of the dictionary coefficients. For better recog-
nizability we will give in the following figure the renormed average defined as

m̃j =
mj ∗ 1
M ∗ 1 ,

where 1 denotes a 100 dimensional vector, where every element equals one5. So we
have on the one side a signal that is smoother and independent from the changing
amplitudes of the original signal. On the other side the positions of peaks blur out.

Observing m̃j for all j ∈ {1, . . . , 25} we can catergorize the associated wavelets
to different classes: Some have great coefficients if the carriage accelerate, some
at deceleration, other ones at constant speed. All in all we found eight classes of

5We prefered m̃j over (mj/M) ∗ 1, since it is more stable.



6.2. CONDITION MONITORING OF LINEAR GUIDEWAYS 119

0 1000 2000 3000 4000 5000 6000 7000
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 6.16: Approximation error of the signals from Figure 6.14 displayed as norms
of the 100 point subsignals

wavelets, some with just two elements, one with six ones. It is not expectable to
obtain just one element in every class, according to the not given shift-invariance of
the wavelets (cf. Section 3.3) and since our dictionary D∗ is in general just locally
optimal. The m̃j are given in Figure 6.18 sorted by classes and labeled with the
number of the wavelet. Here denote the vertical red lines the stopping times of the
carriage. The separation is not perfect, as for example the elements of the class in
Figure 6.18d show, which have peaks in the accelerating and the decelerating phase.
Maybe the signals are to similar for distinction, but more probable, this is a further
evidence for the local optimal nature of our dictionary.

The existence of starting and stopping signals is almost clear (cf. Figure 6.18a or
rather 6.18g), maybe the Wavelet 23 in the first one can in a further development
also be used for recognition of sealing problems at the carriage, as it coefficients
become great already at start of the carriage. Also the existence of acceleration and
deceleration classes (see Figure 6.18d) is clear. Nevertheless, this both classes are
not separated from each other and are in the deceleration part also connected to
the underlying signal class (Figure 6.18c). Furthermore this class also arises, with
oscilations, in the deceleration part and, limited, also in the acceleration part. So
its elements seem to form at least partly the background noise of the machinery.
The reason for the oscillations in the last third of every signal of this class is not
quite clear, maybe they are additional artifacts of a non-perfect distinction from the
deceleration class.

Most interesting are the two middle classes (Figures 6.18e and 6.18f): The peak of
the first one coincides almost with the peak in the approximation error mentioned
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Figure 6.17: Approximation error of analog signals to Figure 6.14 for reverse direc-
tion of the carriage, displayed as norms of the 100 point subsignals

above, it follows it directly or rather meets it in the case of Wavelet 17. Probably it
arises from the same source. Lastly the second class (cf. Figure 6.18f) has it peaks
at the position of the artificial pitting in the guideway mentioned in the beginning.
Especially in the case of Wavelet 5 the peak is also thin enough to serve as a basis for
pitting detection. Nevertheless, for a quantitave analysis of the exact positions of the
error, we need to adapt a method for fixing the center of the peak, and furthermore,
consider the convolution and the not exactly known connection between time and
the position of the carriage. Thus we give here just qualitative results.

So the restricted version of MODW is able to obtain similar results like the wavelet
matching in Subsection 6.2.1. Even more, this task is more comlicate, due to the
non-constant amplitude of the signal, the higher distance between pitting and micro-
phone, the greater part of the signal covered by the pitting and the chain controlling
the ball bearing. On the other side, the carriage was much slower than in Sub-
section 6.2.1. Furthermore, we obtain a complete decomposition of the signal, not
only restricted to the detection of one feature. Nevertheless, there is still potential
for improvement, as the imperfect discrimination of acceleration and deceleration
shows. Here arises the necessity to find a method for avoiding local minima.

Free scale

In this subsection we want to use the full potential of MODW and release the
restriction on the wavelet scales. So the OMP is free to choose the wavelets on
every scale as denoted in Equation (4.1) and the MODW connects the coefficients
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Figure 6.18: Absolute values of dictionary coefficients ordered by classes of the
dictionary, displayed as norms of the 100 point subsignals



122 CHAPTER 6. APPLICATIONS

of the scales following fully the results given in Section 4.1. We want to underline,
that there is no necessity for obtaining better results than on Pages 116–120. Since
we work with one velocity of the carriage (see Page 116), there is no evidence of
signals arising on different scales. So the above example maybe uses, beside the
simplification, a priori knowledge as mentioned in Subsection 4.3. Nevertheless we
add this example for reason of completeness and comparison.

For obtaining the dictionary as well as for the following analysis we use the same
signals as in the above example (cf. also Figure 6.14). But in difference to that, the
OMP is based on the fast wavelet decomposition. So we need to separate the signals
in 1406 subsignals ỹi of length 2J , here we chose 256. Furthermore, since every
wavelet provides several scales, we decrease the number of wavelets to 12, resulting
in 3072 atoms per subsignal (cf. for one scale we had 1025 atoms for a subsignal of
length 100). Additionally we chose the starting dictionary D0 using the start-value-
finder proposed in Algorithm 4.3, giving us the opportunity to avoid the local minima
connected to the largest errors. This is absolutely necessary, since initialization with
wavelets which are approximating sine similar shapes, as in the preceding example,
results after MODW in a dictionary connected to an approximation error that is 2%
higher than the starting error for this approximation.

We present here results analog to that one on the preceding pages. Figure 6.19 rep-
resents parallel to Figure 6.16 the approximation error for the signals given in Figure
6.14. Analog to Figure 6.16 we plot the �2-norms over the subsignal of 256 samples.
For balancing the difference in length of the subsignals, we divided it by 2.56. Again
we recognize the peaks of the unknown error in constant distance from the start of
the signal. But in comparison the error is not as great as above, the main part part
of it seems to be coded in the approximation. However, the approximation of the
whole signal is worse than before, the relative error is 23% compared to 7% with
one fixed scale. The major reason for this difference is the approximation of indif-
ferent long signals with the same number of atoms that have furthermore a small
support. One additional explanation for the higher error is the already mentioned
interpretation of fixed scale applications as use of priori knowledge. Lastly also the
question arises, if the basic assumption of the starting dictionary finder (Algorithm
4.3) is valid. Since we have in Figure 6.19 several outliers, the approximation of that
signals would (even if it lessens the error) downgrade the performance of the dictio-
nary. Nevertheless, this approximation is still practicable, since the error appears
mostly on high frequencies, as exemplified in Figure 6.20.

Nevertheless, this definition of the starting dictionary D0 results later in excelent
classification properties of the wavelets of the resulting dictionary D∗. Analog to
Equation (6.2) we chose the measure

mξ
j,r2,i =

∑
r1

|fj,r1,r2,i|ξ , where ỹi =
∑
r1,j

fj,r1,iψj

( · − r1
r2

)
+ ei (6.3)

using the notations of Equation (4.1). Again we display below (here mj,r2 denotes
the sequence (m1

j,r2,i)
N
i=1) the renormed average

m̃j,r2 =
mj,r2 ∗ 1′
M ∗ 1′ ,
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Figure 6.19: Approximation error of the signals from Figure 6.14 displayed as norms
over subsignals of length 256, divided by 2.56

here 1′ denotes a 50 dimensional vector, where every element equals one. We estab-
lished the different length of 1′, according to the different length of ỹi. Since there
are now J = 12 wavelets on 8 scales and additionally the scaling function Φ (equal
for all 12 wavelets), there are 97 different m̃j,r2 . Figure 6.21 shows the distribution
of μ =

∑N
i=1m

0
j,r2,i, denoting the use of the wavelets on different scales. The last

(empty) column indicates the not used scaling function ϕ. Since there are large
variations in μ, we just classified the wavelets and scales, indicating the largest 20
values in μ, that one exceeding the red line. The associated m̃j,r2 are presented in
Figure 6.22.

In parts this classification is better than that one in Figure 6.18: Especially the
distinction between the acceleration- (cf. Figures 6.22a and 6.22b) and deceleration-
phase (cf. Figure 6.22c) is better recognizable. The deceleration-phase can addi-
tionally splitted in two parts: The actual deceleration and the stopping, denoted
by the Wavelets 19 and 17. Interestingly we found three classes of wavelets having
peaks between acceleration and deceleration. The first one (cf. Figure 6.22e) is lo-
calized in the same position as the first middle class in the preceding example (cf.
Figure 6.18e) and the peaks in the approximation error (Figures 6.19 and 6.16) noti-
fying the mentioned unknown error. Furthermore, the second class (cf. Figure 6.22f)
indicates, with relatively narrow peaks, the same position of the pitting as the class
in Figure 6.18f. Lastly, we obtain a third class in Figure 6.22g, which denotes with
small amplitude a position on the right side of the pitting. Since it is arising at
every passage of the carriage, there is a strong evidence for some mechanical reason,
even if its nature is not clear.
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Figure 6.20: Approximation of signals during dictionary learning, exemplified on
ỹ1000 (relative approximation error 24.2%). The black line indicates the signal, the
red one the approximation and the blue one their absolute distance.

Altogether, a dictionary constructed by MODW, especially in case we use all scales,
offers a good method for monitoring the condition of the linear guideway. Beside
acceleration and deceleration phases also pittings in the guideway are detected. Fur-
thermore, it gives evidence for two other mechanical properties, whose nature is not
clear till now. In an additional step it would be indicated, to compute a dictionary
optimized to varying velocities of the carriage and several predefined conditions of
the linear guideway (as, e.g., different states of lubrication). In the later case, it
would maybe be advisable, to compute dictionaries for every condition first and
combine them later, for avoiding local minima in MODW.
Furthermore, MODW or rather the following analysis can be adapted twice to this
special problem or close relative ones: First, cutting the signals to Y has the dis-
advantage, that short signals of interest are maybe not only to rare, but also cut
into two pieces, distributed to yĩ and yĩ+1. In the analysis of the signal will both
signals give some detection result, but both are not necessary meeting a predefined
threshold, what an unseparated signal would do. To reduce this problem, produc-
ing overlapping yi would be necessary, but this increases the amount of data and
we found no evidence that this problem occurs in our analysis. A second way for
achieving better results could be non-negative coding, i.e. to redefine the coding
coefficients that f̃l,i = max{0, fl,i}. Applications for this approach are, e.g., given in
[73, 2, 60, 78]. It is motivated in the fact that the machinery behaves always equal
and the resulting noise has also the same algebraic sign. Nevertheless, we resigned
here to do so, since there is no necessity for it, and several wavelets are oscillations,
where the negative versions approximates a shifted one.
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Figure 6.21: μ, describing the usage of wavelets on different scales for sparse coding.
The vertical lines separate the groups of different scales of one wavelet.
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Figure 6.22: Absolute values of dictionary coefficients sorted by classes of the dic-
tionary, displayed as norms of the subsignals ỹi
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6.3 Transcription of piano music

6.3.1 Introduction and description of the problem

As a second application of MODW we propose here the reconstruction of the score
of music based on a recording, this problem is also known as transcription of the
recording. Piano recordings became a standard example for this task, due to its
popularity, the wide field of existing compositions, the covered frequency domain
and the easy availability of polyphonic music. But also the clean tuned notes are
an advantage in comparison with, e.g., stringed bowed instruments. For solving
this problem, there had been several approaches during the past years. While for
monophonic music (just one note played at one time) there are successful solutions
as, e.g., in [19], the situation becomes more complicate in the case of polyphonic
music. Several techniques had already been proposed, maybe beginning with [115]
in 1975, newer ones are, e.g., adaptive oscillators (cf. [107]), blackboard systems
(see [108]), spectral smoothing (e.g., in [90]) or Bayesian inference (cf. [86]). Lately
also approaches using support vector machines came up (cf. [174, 130]). See also
[12, 129, 89] for further introduction to this problem and its history.

To use sparse coding techniques for music transcription seems to be a natural ap-
proach, since each key of the keyboard gives a well defined sound and the number
of simultaneous played keys is in general limited to the pianist’s number of fingers6.
Furthermore, the different sounds superpose in first approximation linearly. Some
approaches using sparsity or related concepts in musics, as, e.g., [1, 93], passed to
the spectral domain, since for an application in time domain shift-invariance is nec-
essary. Nevertheless, those approaches are less sensitive to the exact position of a
note.

In [12], as well as in [129] Blumensath or rather Blumensath et al. firstly
proposed shift-invariant sparse coding approaches to the music transcription problem
in time domain. Their dictionary learning algorithms are maximum-likelihood-based
(cf. Page 17) and propose for comparison to [1, 93] also a version, shift-invariant in
frequency domain.

Wavelets are maybe not the first choice for the decomposition of music, often, e.g., in
[64, 59], Gabor atoms are chosen, but there are also applications of wavelet packets,
as, e.g., in [125]. In applying MODW we obtain here one main advantage: In addition
to the fast wavelet transform, the scale-invariance of the wavelets corresponds to the
different octaves of the musical scale. So we expect basically just J = 12 different
wavelets ψj in a dictionary as defined in Equation (4.1), corresponding to the 12
notes from c to b. Of course, there occure additional variants, depending on the
specific piano and pianist or the use of pedals. Below we see also, the tone at action
differs from that one during fading phase and furthermore the noise of the recording
is added. For minimizing the number of parameters, we restrict our analysis to
one recording of one composition, here we used Ludwig van Beethoven’s Sonata

6There is a legend, that Mozart won a bet against Haydn by playing an additional key with
his nose, but that does not change the situation in general



128 CHAPTER 6. APPLICATIONS

for piano, Number 12, in a� major, Opus 26, second movement (Scherzo and Trio).
This is one of the composition also used in [12, Section 8.2]. In our case we chose
a 1962 recording by Claudio Arrau with a total length of 155 s, as plotted in
Figure 6.23. Furthermore, we restrict ourselves to the learning of 12 wavelets, not
taking into account the mentioned possible variations of the tones.
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Figure 6.23: Recording of Beethoven’s Sonata 12, Opus 26, sampling rate:
8000 Hz. The vertical, red lines separate the parts of the composition: First part
of the Scherzo, two repetitions of the Scherzo’s second part, the Trio and again the
two parts of the Scherzo without repetition.

As signal we define one of the two stereo channels and resample it (for reasons of
comparison with [12]) to 8000 Hz. Similar to Subsection 6.2.2 we divide this signal
into 4844 subsignals yi of length 256. The further parameters of the MODW algo-
rithm (cf. Algorithm 4.1) are defined as: Generating a dictionary with 12 piecewise
quadratic spline wavelets (cf. Equation (2.7)), based on a starting dictionary D0 with
20 lifting coefficients, obtained by the start-value finder described in Algorithm 4.3.
The sparse coding is, for reasons of computation time, obtained by OMP, choosing
for every subsignal 10 atoms. The MODW stops after 12 iterations or if the relative
change of error is less than 10−5. Furthermore, we do not use methods for preven-
tion of absurd lifting, since no numerical problem occured, but force the algorithm
to converge (cf. Section 4.2).

In comparison with the starting values used in [12], that ones here are possibly
disadvantageous: Since the mostly used atoms are especially chosen from the finer
scales of the wavelets, and the atom’s support does not cover the whole length of
yi, more than the 10 atoms chosen by OMP would maybe be necessary for a good
approximation. In addition, also the number of 12 wavelet bases for the dictionary
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is maybe to small, as mentioned above. Nevertheless, both reduces the computation
time to 28.5 hours7(compared with 6 days in [12]) and we obtain, as we see below,
still solid results.

6.3.2 Results of MODW on piano music

The resulting wavelets

The analysis of the results divides into two parts: Properties of the resulting wavelets
and comparing the sparse coding with the original score. We want to start with the
first one: In Figure 6.24 we plotted representatives of the resulting 12 wavelets
on the second-finest scale. Almost all show a harmonic structure8, maybe fewest
distinctive in the case of Wavelet 6. If we look at the fast Fourier transforms of
this functions in Figure 6.25, we see, that most of them have a clear, single maximum
at one frequency. Exceptions are the Wavelets 5 and 6, which both have two peaks
of almost equal heigth. As this wavelets seem to represent a chord instead of a
single note, we separate them for the further analysis from the other 10 ones and
have later on a closer look at them. Also other wavelets, especially Number 1, 3
and 7 have additional peaks in their transform, or a wide support like Number 9,
but we will see below, that their results in reconstructing the score are still reliable.
Nevertheless, such shapes indicate, that we obtained, as in general, just a locally
optimal dictionary.

As an additional effect we observe, there are in general just negligible influences of
higher frequency harmonics. This is clear, since the construction and tuning of a
piano does not fix a single phase shift between the harmonics. This effect is based
on a necessity of piano tuning called “stretching”, becoming as more influencing
as smaller the piano’s dimensions are. Furthermore, this effect becomes stronger,
since our wavelets represent the same note on different octaves connected to slightly
different harmonics. We have no experience concerning other intruments, but on the
first sight, there should be a higher impact of the harmonics. As an effect of this
data structure, the number of notes with reconstruction in a wrong octave should
decrease, but on the other side there should be more additional notes detected, as
harmonics of an also detected existing note.

In Figure 6.26 we superimposed magnifications of the 12 plots of Figure 6.25, here
we used the original norming. We set the transforms of Wavelets 5 and 6 to the same
color (cyan), for laying the attention to the other ones. The different positions of
the peaks on the frequency axis are clearly visible. By comparing their frequencies
with the 12 notes from the chromatic scale, we obtain the following correspondings9,
sorted from c to b without concerning the octave10:

7The machine was in this case an AMD Athlon X2 64, with 2 GHz clock rate and 2 GB memory.
8Thus, we resigned to use non-negative coding in the analysis as introduced on Page 124.
9Please note, the frequencies on the x-axis of Figure 6.26 equal one plus the number of oscillations

per 256 points.
10We label the octaves following the Helmholtz pitch notation as standard in European music.
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Figure 6.24: Representants of the wavelets in D∗, according to Equation (4.1), r1 =
18, r2 = 26 for j = 1 . . . 12, restricted to the support and normalized to a maximal
absolute value of 1/2.
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Figure 6.25: Absolute values of the fast Fourier transform of the functions from
Figure 6.24, normalized to maximal amplitude 1.
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Figure 6.26: Superposition of the transforms from Figure 6.25 with original norming.

note Frequency osc./256 pt corresponding
[Hz] wavelet

c′′ 523.3 16.74 x 2
c�′′/d�′′ 554.4 17.74 x 7
d′′ 587.3 18.8
d�′′/e�′′ 622.3 19.91 x 10
e′ 329.7 10.6 4
f′′ 698.5 22.35 x 12
f�′′/g�′′ 740 23.68
g′ 392 12.54 x 11
g′′ 784 25.08 x 9
g�′/a�′ 415.3 13.29 x 1 and 3
a′ 440 14.08
a�′/b�′ 466.2 14.92 x 8
b′ 493.9 15.8

Please note, that a� and g are both represented by two wavelets (in the case of g
in two different octaves) and Figure 6.24 shows, they are not shifted versions of
each other. We will later have a closer look on them, but this effect also occurs
using other approaches as [12] shows. Nevertheless, the most interesting point of
this tabular is the fact, that every element of the diatonic a� major scale (a�, b�, c,
d�, e�, f, g) is represented by at least one wavelet, corresponding to the key of the
analyzed sonata. The additional occurence of natural e is also clear, since there are
several natural e in the three times repeated second part of the Scherzo.
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Reconstructing the score

As there is now a correlation between the wavelets and the different notes, the next
step is to compare the score with the coding signal. For this purpose we compute first
the sums mξ

j,r2,i of the coefficients as already proposed in Equation (6.3) in context of
linear guideways. Figure 6.27 displays μ =

∑N
i=1m

0
j,r2,i, revealing analog to Figure

6.21, which wavelet (i.e. which note) has been used how often on which scale (i.e.
which octave). For detecting the notes, we analyze the sequences mj,r2 = (m1

j,r2,i)
N
i=1

or rather m̃j,r2 = (m1
j,r2,i)

N
i=1 ∗ 1̃, in slight contrast to the approach of Section 6.2.2.

Here 1̃ is a sequence containing 5 elements equaling one. We had to choose this,
in comparison with Subsection 6.2.2 short, length of 1̃, since a quarter-note has an
average length of 0.218 s or 1695.8 data points, spreading out on usually 7 subsignals.
So this necessary smoothing ofmj,r2 already smears it into almost the whole following
quarter-note, as we have to keep in mind during the reconstruction. Nevertheless,
we prefer this instead of using overlapping subsignals yi, since 4484 subsignals are
already given.
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Figure 6.27: μ, usages of the numbered wavelets on different scales for coding the
Scherzo. The green lines separate the wavelets, the red line indicates the 20 largest
values.

The authors of [129] and [12] made no transcription of this composition, but instead
exemplified their algorithm on Ludwig van Beethoven’s Bagatelle Opus 33,1
and analyzed their analogons to mj,r2 by thresholding. We prefer to use a different
method for the following reasons: First the dynamics of the example composition is
varying between pianissimo and fortissimo, additionally there are sforzatos, accents
of the notes and rests. All this is not only varying according to the score, but also
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accoring to the interpretation of the pianist. Thus a pure thresholding would weight
the loud and accented parts higher against the other ones. Second the volume of
the music is also depending on the number of notes played at the same time and
to be detected, and also the decay of notes during fading phase has to be taken
into account. So also a renormalization of the m̃j,r2 by the amplitudes of the yi, as
used on Pages 120–124 for machine noise is not reasonable, since this can not handle
especially rests and the unknown number of notes. That can also not be handled by
strategies like choosing the n notes connected to the largest n values of (m̃j,r2,r1;i)r1 or
choosing that values above fixed fraction of maxr1{m̃j,r2,r1;i} for every subsignal yi.
A combination of several of this methods, maybe with additional musical knowledge,
would probably offer reliable results, but for adjusting the parameters we have to
consider a wide variance of compositions.

So we let the point of automatic detection as a task for further improvement and
detect here the active notes by establishing manually for every quarter note a local
threshold from the set {0.9, 1.2, 1.8, 2.1} and accepted every note as detected, that
exceeded this threshold. Here we treat the two representations of g and a� separately,
since, according to the results we establish on Page 137 (concerning notes without
action), the should rarley arise at the same time. Due to the slowness of this
transcription method, we analyze just the first part of the Scherzo, beginning with
the pickup up to Measure 16 (Figure 6.29), and search just for that notes connected
to μ increasing the red line in Figure 6.27, indicating the 20 largest values. Not
taking into account the Wavelets 5 and 6 (see above), this are 17 ones representing,
since a� ′, g′ and g′′ are double represented, 14 notes. This notes are illustrated in
Figure 6.28. It is clear that this notes can not cover the whole range of the notes
in the score, especially most of that notes on bass cleve are not considered. Thus
the reconstruction, established in Figure 6.30, contains many rests in the left hands
stave.

Figure 6.31 shows the m̃j,r2 according to the first 4 measures, incuding pickup,
parallel to the original and reconstructed score, including the local threshold. Figure
6.32 shows additionally the first measure in detail.

Figure 6.28: The 14 notes, considered for reconstruction of the score

All in all the first 16 measures contain 98 notes. If we count every half and dotted
half double or rather tripple, there are n = 124 notes, where eight of them are
eighths, the remainings quarters. Out of this we did not search for 17, not listed in
Figure 6.28. All in all we found 118 notes, so we have to distinguish (we use the
same notation as in [12] and [129]):

• True positive (tp) detected: The note in the score and the detected one corre-
late.
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Figure 6.29: Score of the first part of the analyzed Scherzo. Dynamics and accents
had been suppressed for better readability.

Figure 6.30: Reconstructed score of the first part of the analyzed Scherzo. Halfs
and longer notes are separated into quartes. Please observe, we just transcripted
the notes listed in Figure 6.28.
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(b) Original Score

(c) Reconstructed Score

Figure 6.31: First 4 measures of the Scherzo, decomposition and score. The lo-
cal threshold is indicated by the horizontal, black, dotted lines, the measures are
separated by the vertical, green lines
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Figure 6.32: Decomposition of the first measure of the Scherzo. Observe the magenta
a�′ declines with rising length of the note, while the pink one arises.

• False positive (fp) detected: There is no correspondent in the score to a de-
tected note.

• False negative (fn) detected: The note in the score is not detected.

Counting the different cases we obtain:

type among this No e1 e2 e3 e4
tp 76 61.3% 71.0% 73.8% 84.4%
fn 46

not searched (ns) 17 13.7%
semitone found, no

4 3.2% 3.7%
description of original (sno)

without action (wa) 13 10.5% 12.2% 12.7%
semitone found, existing

6 4.8% 5.6% 5.8% 6.7%
description of original (seo)

octave found (of) 1 0.8% 0.9% 1.0% 1.1%
nothing found (no) 7 5.6% 6.5% 6.8% 7.8%

·
tp+fp

fp 42 35.6%
inside a third (it) 12 10.2%
additional semitone (as) 10 8.5%
additional octave (ao) 5 4.2%
others 15 12.7%
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Here e1 denotes the relative error ·
tp+fn , while e2 = ·

tp+fn−ns , e3 = ·
tp+fn−ns−sno

and e4 = ·
tp+fn−ns−sno−wa .

In the tabular we stated several rates for true positive and false positive detection,
since we have to consider the following distinctions:

• It is clear not to take into account the notes, not considered during transcrip-
tion (ns), as introduced above. We set aside to observe this notes additionally,
before developing an automatic detection system, since they represent just
12% of the notes but would induce high additional complexity in analysis.
Furthermore, introducing this notes into Figures 6.31–6.36 would make them
unreadable.

• Notes without any corresponding wavelet, as, e.g., the d′′ in Measure 1. They
occure in the score to rarely for learning a representing wavelet. In such a
case we found generally the next semitone (sno), which is the best possible
approximation. For obtaining also approximations of this tones, we need to
enlarge either the database by more recordings of this note, or to consider
a greater dictionary. The first case would be a passable way, if we need to
transcript several compositions in different keys. In the second case, it is not
clear, what the additional wavelets will aproximate, see below.

• Notes without action (wa). In the case of to long notes, as, e.g., the dotted
half e� ′′ with bounded quarter in Measure 2 and 3 (Figure 6.33). We see,
the amplitude of the note fades fast and in many cases it is missing at all
at least during the last quarter. Clearly the actions of the notes are louder,
but additionally the fading sound has a different structure of harmonics, as
recognizable for the trained human ear, so it maybe needs to be specified by
a different wavelet. To prove this, we have a look on the g′ in Measure 2
(see Figure 6.33) and the dotted half a�′ in Measure 1 (see Figure 6.32): In
both cases we see a high value for the coresponding m̃j,r2 of one representing
wavelets (j = 3, r2 = 7, magenta or rather j = 11, r2 = 7, dark green) in the
action phase. Later on the other representing wavelet (j = 1, r2 = 7 , pink or
rather j = 9, r2 = 6, turquoise) arises in the fading phase. So we see, most of
our wavelets are just optimized to the action sequence of the note, since it has
a higher amplitude than the fading sound. Consequently we have problems
to detect the last phase of long notes. Thus we need for a better detection of
long notes a higher number of wavelets to fit also all fading sounds.

The other errors (seo, of , no) has to be classified as real missdetections, maybe
avoidable with a better fitted dictionary (i.e. a better local optimum). We want to
emphasize, that true detection rates of 71.0% and 73.8% in combination with false
positive 35.6% are close to that one achieved in [129], while 84.4% is much better.

In the case of false positive detected notes, there are several classes where the reasons
for their detection are more or less clear:

• Additional octaves (ao): As already mentioned on Page 129 we expect to
find additional harmonics, especially octaves (the strongest harmonic), since
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Figure 6.33: Decomposition of the 2nd and 3rd measure of the Scherzo, indicating
the change of the note between the action phase and the fading phase – The dark
green representative of g′ is strong in the beginning of the measure and fades later,
while the turquoise one acts reversely.

harmonic structure of the wavelets represents probably not the full harmonic
structure of the notes. Here we registered 5 octaves, as, e.g., in the end of
Measure 12 (Figure 6.34), where d�′′′ is added to d�′′. Furthermore, we regis-
tered 8 octaves at points we did not search for the original note (above denoted
with ns) that probably mask their octaves in a full representation. We forego
observing other harmonics like fifth, since their number should be even smaller.

• Additional notes inside a third (it): If in the original score two note form a
third, we often obtain the detection of a additional note at the minor or major
second. Its amplitude is sometimes already much higher than that of the true
positive detected ones, as, e.g., exemplified in Measure 5, Figure 6.35. This is a
clear consequence of the application of the OMP, which chooses first a middle
frequency if two neighboring ones superpose. Choosing another sparse coding
algorithm like BP or FOCUSS maybe could help to minimize the number of
this false positive detections, but need a multiple of computation time.

• The same could be an explanation for detected additional semitones (as) to
notes existing in the score, possibly induced by the superposition of this note
with some other ones.
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Figure 6.34: Decomposition of the 12th measure of the Scherzo, observe the addi-
tional d�′′′ (light green, dash-dotted).
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Figure 6.35: Decomposition of the 5th measure of the Scherzo, indicating seconds
(here c′′, violett) in thirds (here b�′, yellow and d�′′, light green).
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Other results

Not in relation to the score, but considering its interpretation by the pianist, we
can observer several features in the course of the different mj,r2 : Most noticeable is
the shortening of Measure 13 and, to a lesser extent, 14 (see Figure 6.36), having
a support of just 15 or rather 17 subsignals, instead of 19 or rarely 20 as the other
measures of the Scherzo’s first part. Another element of the pianist’s interpretation
are notes played up to an eighth earlier or later than denoted in the score, as for
example pointed out in measure 14 (see Figure 6.36), where the d�′′ arises late.
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Figure 6.36: Decomposition of the 13th to 16th measure of the Scherzo, including
pickup, pointing at the shortenings of Measure 13 and 14.

Before we conclude this section, we want to have an additional look to the double
represented notes and the not considered wavelets. We mentioned already above,
that the two wavelets represent different structures of the harmonics and probably
indicate by this different phases of the note. But there are more music-theoretical
sources for changing the harmonics. All of them could be reasons for obtaining notes
represented by several wavelets:

• Usage of the pedals: For a trained human ear it is clear recognizable, that
the use of the pedals (the right one changing the damping of the piano, the
left one the volume, the middle one has no fixed properties) changes also the
harmonics of the notes. Thus pedals are probable one reason, why the ture-
positve detection rate decreases at the sforzatos in measures 1, 5, 9 and 13.

• A similar effect can occure through the coaction of two parallelly played notes,
increasing maybe the resonance oscillation or higher harmonic of one string.
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Although this is in general a less influential point, according to the in general
not fixed phase between the notes, this can introduce some non-linearities to
the whole signal. Depending on this, different wavelets can be approximated,
corresponding to the notes played at the same time.

Similar considerations are true for the Wavelets 5 and 6, representing the superpo-
sition of two notes. According to the variable phase between the different sounds
there should not exist representatives for chords. It is also not possible to interpret
this as harmonics as introduced on Page 129, since a harmonic has not an amplitude
as high as the original frequency. Most probable the existence of this wavelets shows
that our dictionary is just locally optimal (as already assumed on Page 129) and
there are alternative dictionaries, equal to this one beside Wavelets 5 and 6, offering
a better performance.

Conclusion

All in all we see, there is still a wide field for improvement of this example: First we
need to find an automatic detection device. Additionally the number of representing
wavelets could be enlarged, giving the chance to detect also different phases of the
notes, the usage of pedals and rarely used notes. According to computation time
and local minima, such an enlargement should probably be introduced stepwise, first
learning a smaller dictionary, later adding extra wavelets, for separating the details
of tones. Almost the same is valid for the number of atoms chosen by OMP, as
considered on Page 128. Furthermore, the standard structure of notes with a main
frequency and some harmonics offers also chances to adapt the local minima finder.
A wavelet not representing this structure can be replaced by one, more adapted to
the data. Lastly the usage of BP instead of OMP could increase the detection rate,
but this is, for reasons of computation time, not usable throughout the learning
phase.

Nevertheless, the results of this sections are encouraging: We obtained, without
optimizing the parameters, true-positive and false-positive detection rates in the
range of the results of [12] and [129], although wavelets are maybe not the first
choice in the field of music encoding. However this results have to hold in the
case of using an automatic detection device and different same composition (e.g.,
Beethoven’s Bagatelle Opus 33,1 as in [12]). Nevertheless we were able to extract
plenty of information on, e.g., the score, the waveform of the tones or even some
intepretatory elements of the pianist, although we are still working with a linear
model assuming the undisturbed superposition of the notes and including almost
no additional musical knowledge. This knowledge could be included in weights for
the atoms, e.g., an active note is probable active also in the next subsignal. Thus
considering deeper musical knowledge, as, e.g., done in [174, 140, 108, 90] can maybe
result in better detection rates.
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Chapter 7

Summary and Outlook

Main topic of this thesis is the learning of dictionaries D = {dl}L
l=1 ⊂ R

n or rather
d ∈ L(2,p′)(Ω,Ω′) for sparse coding in the case of given signals Y = {yi}N

i=1 ⊂ R
n

or rather y ∈ L2(I,Ω). Basically the body of the thesis, so the Chapters 3 to 6, is
divided into two parts: First an algorithmic part, containing Chapters 3, 4 and the
applications in Chapter 6, and second the functional analytical chapter, 5.

The later one contains the derivative and a convergence analysis for a continuous
complement of dictionary learning, minimizing the functional

E(d, x) =
∫

I

(∫
Ω

(
y(ω, l)−

∫
Ω′
d(ω, ω′)x(ω′, l) dμ′ω′

)2

dμω

+λx

∫
Ω′
f(x(ω′, l)) dμ′ω′

)
dνl

+λd

(∫
Ω′

(∫
Ω
d(ω, ω′)2 dμω

)p′/2

dμ′ω′ − c
)2

+ (λ1g1 (‖x‖p) + λ2g2 (‖∇x‖p)) + λ3g3
(‖∇d‖(2,p)

)
for a wide field of sparsity functions f ∈ F1 ∪ F2 as defined in Definition 5.1. In
Theorem 5.25 we proved1, in combination with the results of Subsection 5.1.5 the
existence of a minimum of E for y ∈ L2(Ω, I) in (W1,(2,p′),W1,p) or rather, depending
on the properties of f , in (W1,(2,p′), Lp).

The second main result of Chapter 5, as stated in Theorems 5.34, 5.53 and Corol-
lary 5.43, concerns how to find the existing minimum. We proved, that a gener-
alized conditional gradient algorithm constructs a sequence (dn, xn) ⇀ (d, x) with
E(d, x) ≤ E(dn, xn). The question, if (d, x) has to be a stationary point of the
algorithm is answered negative in Example 5.51 in case

f ∈ {F1|f ′ < b <∞, f ′ Lipschitz on (0,∞)} ,
1This proof includes also the existence of an optimal continuous sparse coding for a given dic-

tionary d
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while in case f ∈ F2, or if f is an Lipschitz continuous element of Gδ (an surro-
gate for F1), this problem is in general still open (cf. Remark 5.35), but positively
answered, if (dn, xn) → (d, x).

Additionally to the mentioned open questions there are in this context some topics
for further research:

• Does a minimum also exist in the case of an alternative sparsity measure
f 	∈ (F1 ∪ F2), e.g., in case f has an logarithmic behaviour? If yes, can the
minimum also be constructed?

• Are there analog results if the optimal dictionary is defined via another error
functional or even via maximization of a probability functional, as introduced,
e.g., on Page 17?

• Can the dictionary operator

Dx =
∫

Ω′
d(ω, ω, )x(ω′, l) dμ′ω′

be replaced by some operator K = AD? If yes, what kind of constraints has
A to satisfy?

• Can any uniqueness result, according to the minimization of E, be obtained?

Turning to the algorithmic part of this thesis, we state in Chapter 3 first a method
to match wavelets ψ to given signals y by use of the lifting scheme (see especially
Corollary 3.4 and Remark 3.5), minimizing

‖y − ψj∗,k∗‖2.

Later on in Section 3.3 we enhanced this method to a more shift-invariant version (cf.
Equations (3.10) and (3.11)). Only with this version we obtain in the application in
Subsection 6.2.1 significant results, which maybe could even improved, if we extend
the theory by a non-linear matching via a dual lifting step.

The main results of the algorithmic part are developed in Chapter 4. The MODW
Algorithm 4.1 offers the potential to learn dictionaries of the form

D = {dl}L
l=1 =

J⋃
j=1

Dj

=
J⋃

j=1

{
ψj

( · − r1
r2

)
, ϕj

( · − r1
2j′

)∣∣∣∣|r1| ≤ Rρ; r2 = 2ρ; j̄ ≤ ρ ≤ j′; r1, ρ ∈ Z

}

using a combination of the well known lifting scheme, as also used in Chapter 3, and
the MOD algorithm. This satisfies the main intention to obtain a dictionary with a
fast coding algorithm and (limited) shift- and scaling-invariance. The applications
in Chapter 6 showed later the usability of MODW in several frameworks, where
the main problem is still the vulnerability of MODW to find just a locally optimal



7. SUMMARY AND OUTLOOK 145

dictionary. This problem all known dictionary learning algorithms have in common
(see Subsection 2.2.2), but it would be a topic for further research, to reduce this
vulnerability. One additional idea could be the combination of lifting with dictionary
learning algorithms more advanced than MOD, as, e.g., the K-SVD. Furthermore,
a second direction of research would be the question, if learning algorithms like
this can also be constructed for other classes of functions, which are maybe more
favorably for special sets of data Y or have better coherence and spark (cf. 2.2.1)
than wavelet dictionaries. Examples for this could be α-modulation classes, wavelet
packets or curvelets.

In Chapter 6 we collect applications of the algorithms from Chapters 3 and 4. Our
main topic there is the condition monitoring of linear guideways in Section 6.2.
We obtain reliable results with both methods, according to detect pittings in the
guideway. While the transform using phase-selflets denotes clearly the position of
simulated pittings (cf., e.g., Figures 6.8 or 6.9), the results from the MODW based
sparse coding are, due to the measurement device, less exact in position as visible
in Figures 6.18f and 6.22f but with extreme good detection-rate. Moreover, this
measurement device is less interfering for the running machinery and offers, due
to the full decomposition of the signal, a natural basis for the detection of further
conditions of the machinery. This guides also to the natural point for advancements
of this example, to widen the signal basis Y and learn also wavelets indicating
problems of, e.g., lubrication, the sealings and the bearings.

The second important example in Section 6.3 concerns the reconstruction of the
score from a piano recording. Although the results are not as good as in the fore-
going example, we were able to assign every note of the a� major scale a wavelet,
having approximately the same pricipal frequency (cf. Page 129). Furthermore, also
the reconstruction exemplified on the first 16 measures (cf. Pages 132–138) were
relatively successful and produces results in the range of other algorithm proposed
during the past two years. Nevertheless, in particular additional atoms where cho-
sen without any counterpart in the score. Moreover, the detection of notes could be
improved by investing a higher computational effort and more musical knowledge,
as pointed out on Page 141.

All in all, the theme of dictionary construction is, especially compared with fixed
dictionaries, still a field in fast development, and with several issues to solve. Ad-
ditionally to the mentioned one we did not concern at all, e.g., with problems like
convergence speed and approximation qualities of the result. Also in the field of
continuous dictionaries there are more areas for further research than we could con-
cern. Since this thesis gives some new evidence on dictionary learning, both on the
general side and on a more specific problem, it can help to understand the structure
of this non-linear problem and offers additional methods for technical applications.
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Appendix A

Linear Guideways

In this short appendix we want to introduce the mechanical device used for obtaining
the datasets in Section 6.2 and their applications. Furthermore, we provide some
evidence about the background of why our data processing has some applicational
impact, according to the terms of mechanical engineering.

A.1 Experimental setup

Linear guideways (cf. also [138, 72]) are important components of every machine tool.
Several of them are used for positioning of the workpiece as well as of the milling
head, drill or another tool. But linear guideways exist also in a wide variance of
other mechanical devices, e.g., they are installed in push loading drawers.

Basically there are two types of linear guideways: linear sliding guides and linear
rolling guides. Here we just concern with the linear rolling guides with revolving
ball bearings, as usually installed in machine tools. It usually consist of a profile rail
and a carriage (sometimes also called runner block), which serves as a carrier for
workpiece or tool. The contact between rail and carriage is realized by usually four
lines of ball bearings, running through the carriage from front to the end, see Figure
A.1 for a cross-section of this device. Every bearing rolls between the profile rail
and a second rail inside the carriage and revolves in a channel through the interior
of the carriage (cf. Figure A.2).

For our experiments we used two different setups: The data in Subsection 6.2.1
represent acoustic emmisions of a Rexroth 1623-812-10 runner block on a 1605-.0
profile rail. Figure A.3 shows this machinery. In Figure A.4 we see additionally
the drive mechanism, a single axis NC feed equipment, connected with the carriage
using a screw fixed plate and a connection rod. At the way of one bearing two
artificial pittings were produced, one approximately at a quarter of the total feed
way of 330 mm, the other, less deep one, approximately at a half. For the acoustic
emission (AE) measurement, we fixed an encapsulated piezo-ultrasonic-microphone
at the front end of the lateral surface of the carriage using double-sided adhesive
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tape, see Figure A.5 for details. Using this measurement device, we obtained in
general one single signal , if the carriage passes a pitting, probable generated when
the ball next to the the microphone passes the pitting as exemplified in Figure A.6.

Figure A.1: Cross section through a linear guideway, between the carriage (white)
and the profile rail (red) are four ball bearings (blue).

The second measurement device for the data of Subsection 6.2.2 is slightly modified:
First, we have here just one pitting, that locates almost at the midpoint of the
feed way on a 300 mm long profile rail. Second, the balls in the bearings of the
carriage were connected by a ball-chain, reducing the vibrations and collisions of the
balls and improving their lubrication. This also reduces the amplitude of pitting
signal of interest. Furthermore, this time we placed the microphone, mechanically
advantageous but metrologically disadvantageous, at the face end of the profile rail.
Thus we obtain a more indirect measurement, which additionally is also varying in
amplitude, depending on the distance to the carriage. This positioning results in a
less localized signal induced by the pitting, since every ball passing it generates the
same small subsignal.
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Figure A.2: Ways of the balls (blue) inside the carriage (white), below (red) the
profile rail is visible. Observe the sealing of the carriage (black). The arrows indicate
the moving or rather rolling direction.

Figure A.3: Linear guideway with carriage
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Figure A.4: Linear guideway with carriage and drive equipment

Figure A.5: Magnification of the carriage. On the lateral surface the microphone
for acoustic emission measurement is placed. The accelerations sensor on top of the
carriage is not used.
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Figure A.6: A ball of the bearing falls into a pitting in the profile rail (red). Above
(white) the corresponding rail inside the carriage. The arrows indicate the moving
or rather rolling direction.

A.2 Condition monitoring

Condition monitoring (cf. [165, Chapter 6]) of any type of machinery is necessary
for maintaining its efficiency and accuracy (cf. [71, 9]). Monitoring implies the de-
tection of changes in the state of the machinery by measuring critical parameters
and comparing them with reference values. Condition monitoring also includes an
automatic classification of potential defects. This classification should allow to as-
sess, e.g., which components are defective and whether, or to which degree, the
subsequent production process is affected by the defect.

Typically, several sets of different data (e.g., acceleration or rather vibration, veloc-
ity or position of components, acoustic emission, forces, pressures, received electric
power) are measured and analyzed for satisfying this task. Such data sets can ei-
ther be obtained by external sensors or can directly been read off given control data
of the machinery. Classical monitoring algorithms define thresholds either for the
data themselves or for derived quantities like their mean values, standard devia-
tion, moments et cetera. Alternatively, thresholds can be defined after performing
a transformation of the data (Fourier transform, cepstrum, wavelet transform). A
defect would be detected if one of the thresholds is not met.

In the case of linear guideways (a short description of the used device is given in
Section A.1) interesting defects are, e.g. (see also Figure A.2):

• Abrasion of balls or guideways,

• Impurities inside the carriage,

• Blocking of the balls,

• Sealing wear,
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• Local defects (pittings) of the guideways.

These defects affect the positioning accuracy, velocity and current drain of the ma-
chinery.

In this special environment, we try to monitor the condition of one linear guideway
based on just one measurement of acoustic emission. Local defects can arise at every
point of the profile rail at a scale depending on the size of the defect and the velocity
of the carriage. So wavelets are a natural choice for analyzing this data. In order
to obtain an optimal signal-to-noise ratio, the wavelets should be matched to the
characteristic pattern of the actual defect, as pointed out in Section 3.1. Kuhfuss

and Schädlich obtained in [92] reliable detection results using continuous wavelets.
However, the computing time for a continuous framework exceeds by far the capacity
of available online systems and produces redundant, unused data. So we chose for
our application in Subsection 6.2.1 a discrete transform with matched phaselets and,
as natural development, in Subsection 6.2.2 the dictionary contruction restricted to
wavelets.



Appendix B

Additional Material to
Chapter 5

In this appendix we collected for the sake of readability additional information,
alternative approaches and a technical lemma to Chapter 5.

B.1 Using relaxation in Section 5.1.2

As mentioned on Page 63 we can achieve a weak lower semicontinous surrogate for
E2 as defined in Definition 5.4 by using relaxation.

The approach of relaxation, as presented for example in [27, Chapter 3] or shorter
in [7, Section 2.1.3], is based on replacing a functional E by its weak lower semicon-
tinuous envelope sc-E. The minimum of the later one is then also infimum of the
first one. Using this approach we just have to change the 2nd summand and get the
following

Theorem B.1 (Minimum of sc-E). Let y ∈ Lp((Ω, I),R) and let f or rather E
satisfy Condition 5.9. Then the weak lower semicontinuous envelope of E (defined
by Equation (5.7)) is given by

sc-E ≥
∫

I

∫
Ω
(y(ω, l)− (Dx)(ω, l))2 dμω dνl + λx sc-

(∫
I

∫
Ω′
f(x(ω′, l)) dμ′ω′ dνl

)

+λd

(∫
Ω′

(∫
Ω
d(ω, ω′)2 dμω

)p′/2

dμ′ω′ − 1

)2

+ λ1g1(‖x‖p). (B.1)

sc-E has a minimum in Lp(R) that is also an infinmum of E.

Proof. According to [27, Proposition 3.7] sc-E is given by

sc-E ≥ sc-E1 + sc-E2 + sc-E3 + sc- Ẽ4.
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As E3 is constant for fixed d, sc-E3 = E3. Furthermore since g1 is weak lower
semicontinuous according to its definition in Condition 5.9, we have sc- Ẽ4 = Ẽ4.

For proving weak lower semicontinuity of E1, we prove strong continuity and con-
vexity. The first one holds on L2, as for x1, x2 ∈ L2

|E1(x1)− E1(x2)| =
∣∣∣∣
∫∫

(y −Dx1)2 − (y −Dx2)2 dμω dνl
∣∣∣∣

≤ ‖D(x1 − x2)‖2 · ‖ − 2y +Dx1 +Dx2‖2
converges to zero (the second factor is finite), if ‖Dx‖2 tends to zero for ‖x‖2 → 0.
This convergence can be deduced, using

‖Dx‖2 =
∥∥∥∥
∫

Ω′
d(ω, ω′)x(l, ω′) dμ′ω′

∥∥∥∥ ≤ ‖d‖22 · ‖x‖22 ,
(holding, as d is independent of l, and x independent is of ω), from the finiteness of
d obtained from E3 <∞.

E1 is also convex, as

λE1(x1) + (1− λ)E1(x2) ≥ E1(λx1 − (1− λ)x2)
⇔∫∫

λ(Dx1)2 + (1− λ)(Dx2)2 ≥
∫∫

λ2(Dx1)2 + (1− λ)2(Dx2)2

+2λ(1− λ)Dx1Dx2

⇔∫∫
(Dx1 −Dx2)2 ≥ 0 .

As a continuous and convex function E1 is also weak lower semicontinuous (cf.
Theorem 2.14), thus we have sc-E1 = E1. Using the sum rule for weak lower
semicontinuous envelopes as given in [27, Proposition 3.7] we have

sc-(E1 + E2 + E3 + Ẽ4) ≥ sc-E1 + sc-E2 + sc-E3 + sc- Ẽ4 = E1 + sc-E2 + E3 + Ẽ4

and all the results of the theorem we get by applying [27, Theorem 3.8], since E is
coercive according to Lemma 5.10.

Equality in (B.1) can just be achieved, if E1, E3 and E4 are weak continuous, which
is in general not satisfied.

This result gives us a lower bound for sc-E. Even more, if we can achieve the weak
lower semicontinuous envelope, we get the following corollary:

Corollary B.2. Under the assumptions of Theorem B.1 let xn be a minimizing
sequence of sc-E. Then there is a subsequence xnj with E(xnj+1) ≤ E(xnj ). Fur-
thermore limn→∞E(xn) is an infimum of E.

Since the existence of an infimum is not a satisfactory result, and additionally sc-E
and sc-E2 are not easy to compute, we focus in the course of the thesis on finding
a minimum using other tools.
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B.2 Technical lemma

For the proof of Lemma 5.50 the following technical lemma is necessary. We placed
it here for the sake of readability of the thesis.

Lemma B.3. Let U be a measurable set, mU =
∫
χU (ζ) dμ̃ζ > 0 and xw ∈ L2(U).

Furthermore let xn → x in L2(U) and x(ζ) > 0 for μ̃-almost every ζ ∈ U . If Bn is
a set with xn(ζ) ≤ 0 for μ̃-almost every ζ ∈ Bn, then∫

Bn

xw(ζ)2 dμ̃ζ n→∞−→ 0 .

Proof. Let us assume there is an ε > 0 and a subsequence nj ⊂ N,∫
Bnj

xw(ζ)2 dμ̃ζ =
∫

U
χBnj

(ζ)xw(ζ)2 dμ̃ζ > ε

for every nj > n0, then we have∫
U
χBnj

(ζ) dμ̃ζ >
ε

‖xw‖22
∀nj > n0. (B.2)

On the other hand, from the convergence of xn to x, we get:∫
U
χBn(ζ)x(ζ)2 dμ̃ζ ≤

∫
U
χBn(ζ)(x(ζ)− xn(ζ))2 dμ̃ζ (B.3)

≤
∫

U
(x(ζ)− xn(ζ))2 dμ̃ζ ≤ δ

for all n > n0. In the following we show, that this two results contradict, this gives∫
Bn
x(ζ)2 dμ̃ζ < ε for all ε > 0.

First we assume, U is a finite set. We know from Equation (B.3),∫
U
χBn(ζ)x(ζ)2 dμ̃ζ → 0 . (B.4)

Assume, this sequence converges monotonically (otherwise we choose a subsequence),
then according to the monotone convergence theorem, there is an xB ∈ L2(U),∫

U
χBn(ζ)x(ζ)2 dμ̃ζ →

∫
U
xB(ζ)2 dμ̃ζ

and χBn(ζ)x(ζ)2 → xB(ζ)2 μ̃-almost everywhere. Since

χBn(ζ)x(ζ)2 =

{
x(ζ)2, ζ ∈ Bn

0, otherwise ,

also xB has to be of the form xB = χBx. So the rules of convergence give (x(ζ) > 0
μ̃-almost everywhere) χBn(ζ) → χB(ζ) μ̃-almost everywhere. For satisfying Equa-
tion (B.4) B has to be (without loss of generality) an empty set, since in the case
of a null set B 	= ∅ the whole argumentation is valid for U\B.



156 APPENDIX B. ADDITIONAL MATERIAL TO CHAPTER 5

Since χBn(ζ) → χB(ζ) μ̃-almost everywhere, also the integral has to converge:∫
U
χBn(ζ) dμ̃ζ →

∫
u
χB(ζ) dμ̃ζ = 0

This contradicts Inequality (B.2), defining a positive lower bound for
∫
U χBn(ζ) dμ̃ζ .

Thus, the assumption is disproved for finite U .

In the case of an infinite U , there is a ball BR , such that∫
U∩BR

xw(ζ)2 dμ̃ζ ≥ ‖xw‖2 − ε/2 .

Furthermore, according to the finite part of the proof, there is an n0, such that∫
Bn∩BR

xw(ζ)2 dμ̃ζ ≤ ‖xw‖2
∫

Bn∩BR

dμ̃ζ ≤ ε/2 .

So all in all we have∫
Bn

xw(ζ)2 dμ̃ζ ≤
∫

Bn∩BR

xw(ζ)2 dμ̃ζ +
∫

U∩BC
R

xw(ζ)2 dμ̃ζ ≤ ε ,

what proves the lemma.
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[67] Rémi Gribonval and Morten Nielsen. Approximation with highly redundant
dictionaries. In Wavelets: Applications in Signal and Image Processing, vol-
ume 5207 of Proceedings of the SPIE, pages 216–227, San Diego, USA, August
2003.
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