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Abstract

In this thesis the electronic and optical properties of semiconductor quantum dots
are investigated by means of tight-binding (TB) models combined with configuration
interaction calculations.

In the first part, an empirical TB model is used to investigate the electronic states
of group II-VI semiconductor quantum dots with a zinc blende structure. TB matrix
elements up to second nearest neighbors and spin-orbit coupling are included. Within
this approach we study pyramidal-shaped CdSe quantum dots embedded in a ZnSe
matrix as well as spherical CdSe nanocrystals. Lattice distortions are included by an
appropriate model strain field. Within the TB model, the influence of strain on the
bound electronic states, in particular their spatial orientation, are investigated. The
theoretical results for spherical nanocrystals are compared with data from tunneling
and optical spectroscopy.

Additionally to the quantum dots based on II-VI materials, we investigate the electronic
and optical properties of self-assembled nitride quantum dots. Coulomb and dipole ma-
trix elements are calculated from the single-particle wave functions, which fully include
the atomistic wurtzite structure. These matrix elements serve as an input for the cal-
culation of optical spectra. For the investigated InN/GaN material system, the optical
selection rules are found to be strongly affected by band-mixing effects. Within this
framework, excitonic absorption and emission as well as multi-exciton emission spectra
are analyzed for different lens-shaped quantum dots. A dark exciton and biexciton
ground state for small quantum dots is found. For larger structures, the strong elec-
trostatic built-in fields lead to a level reordering for the hole states, which results in a
bright exciton ground state.

Furthermore the electronic and optical properties of truncated pyramidal GaN/AlN
QDs with zinc blende structure are studied. The influence of the strain field on the
single-particle states and energies is discussed. Coulomb and dipole matrix elements are
calculated from the single-particle wave functions and the excitonic absorption spec-
trum is analyzed. This analysis reveals a strong anisotropy in the polarization of the
energetically lowest inter-band transition. In addition, the results of our atomistic TB
description are compared with approaches based on continuum models.
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1 Prologue

The invention of the transistor and integrated circuits was the start of a rapid de-
velopment towards smaller and faster electronic devices. These components are the
building-blocks of complex electronic systems. The driving force behind these develop-
ments is the economical benefit from packing more and more wiring, transistors and
functionality on a single chip. Nowadays our life is hardly imaginable without the use
of semiconductors. Products based on these devices such as computers, optical stor-
age media and communication infrastructure are commonplace. Clearly, semiconductor
materials have changed the way we work, communicate and entertain.

In the pursuit of further miniaturization of semiconductor devices, the nanometer tech-
nology made the confinement of the carriers from three to lower dimensions possible.
In this progress, one is currently reaching the regime where the quantum mechani-
cal description of the system is of major importance. Confining electrons in all three
spatial dimensions denotes the ultimative miniaturization in semiconductor technol-
ogy. According to the quantum mechanical laws, and in similarity to atoms, the
electrons occupy discrete energy levels. These low-dimensional structures are called
quantum dots (QDs) [1].

Semiconductor QDs can experimentally be realized by modern epitaxial growth proce-
dures, such as molecular beam epitaxy (MBE) or metal organic vapor phase epitaxy
(MOVPE). These techniques allow for the formation of crystal layers with atomic preci-
sion. With these methods the realization of QD structures can be achieved by growing
on top of a smooth substrate a material with a different lattice constant. Due to the
lattice mismatch a strain field develops in the system. For a certain critical film thick-
ness the formation of three dimensional nano-islands on top of a thin two dimensional
layer can be observed. Such a process has been described as early as 1938 by Stranski
and Krastanow [2], and is therefore called the Stranski-Krastanow growth mode. Inter-
estingly, the first successful self-organized realizations of such low-dimensional systems
have been reported only about two decades ago [3, 4]. For many applications these
nanostructures are overgrown with the substrate material. The resulting QD structures
have a size, from a few up to several tens of nanometers, are of regular shape and may
be grown with very high surface densities.

The last decade witnessed revolutionary breakthroughs both in synthesis of quantum
dots, leading to nearly defect-free nanostructures, and in characterization of such sys-
tems, revealing ultra narrow spectroscopic lines having linewidth smaller than 1 meV.
In these optimized structures one discovered new intriguing effects, such as multiple
exciton generation, fine-structure splitting, quantum entanglement and multi-exciton
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1 Prologue

recombination. These discoveries have led to new technological applications including
quantum information [5, 6] and ultra-high efficiency solar cells [7].

For all kinds of new applications the detailed understanding of the electronic structure
is of essential importance, since this provides the link between the structural and optical
properties of these systems. To achieve a comprehensive understanding of the available
experimental data on QDs, complex numerical models are required to investigate the
influence of the shape, strain, and electrostatic built-in fields on the electronic and
optical properties. Such quantitative accurate predictions also provide guidance to
tailor the properties of optoelectronic devices at will. A detailed understanding of these
structures requires the study of large, up to million-atom systems composed of the
QD and the WL embedded in the surrounding material. First-principles computational
techniques based on density functional theory are not applicable to such large structures.
At the same time the continuum-based techniques cannot provide insights on atomistic
related phenomena, which are revealed by experiments. Thus, methods are required
that use an atomistic resolution and utilize single-particle and many-body techniques
that are scalable to nanostructures systems containing 103 − 106 atoms.

A framework which allows an atomistic description of the electronic and optical prop-
erties of large nanostructures, is composed of a series of different steps. Starting from
the input geometry of the QD, which is obtained by experimental data or geometrical
considerations, the positions of the different atoms have to be determined from a strain
field calculation. Once the atomic positions are known, one has to choose a basis in
which the single-particle Schrödinger equation will be solved. The prerequisite of this
basis set is that the calculated band structure within this ansatz must reproduce the
band structure known from the literature. This ensures that the characteristic bulk
properties, e.g., the energy gap and the effective masses of different bands, are included
accurately in the calculation. Starting from this basis set, the Schrödinger equation
for the nanostructure has to be solved as an interior eigenvalue problem, i.e., only a
few eigenstates near the band gap of the QD material are of interest. Once the single-
particle wave functions and energies have been obtained, the next step is to calculate
the optical properties of the QD. This task requires the evaluation of Coulomb and
dipole matrix elements. Based on these matrix elements, one can calculate different
properties such as absorption and emission spectra.

Outline of this Thesis

In this thesis different tight-binding models including strain and electrostatic built-in
fields are applied to the calculations of the electronic and optical properties of arbitrarily
shaped QDs. The electronic structure, excitonic absorption and multi-exciton emission
spectra are calculated in a coherent framework. As it is mandatory to accurately repro-
duce the realistic bulk properties of the semiconductor materials under consideration,
we make sure that the complicated electronic band structures in the region of the Bril-
louin zone center are described by our tight-binding models. The intention of this work
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is to establish and validate a method that allows a flexible modeling of a variety of
low-dimensional nanostructures.

The present thesis has been divided into four parts. In the first part we give a general
introduction into the topic of semiconductor QDs, followed by a closer look at the
different theoretical models used for the description of electronic states in such systems.
Subsequently, the basic ideas of the tight-binding formalism are given, followed by an
introduction to group theory, which is very useful for the analysis of electronic and
optical properties. The second part of this thesis deals with the electronic properties of
CdSe QDs. After the discussion of CdSe QDs, we focus on the nitride systems. In part
three the electronic and optical properties of InN/GaN QDs with a wurtzite structure
are investigated, while the properties of GaN/AlN nanostructures in the zinc blende
phase are studied in part four. Finally a summary and an outlook is given.
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Part I

Basic Considerations





2 Modeling Semiconductor Quantum
Dots

Semiconductor quantum dots (QDs) [1] have been a central research topic for several
years. Due to the progress in QD growth technology, relatively uniform dot layers can
be obtained by using the so-called Stranski-Krastanow growth mode. Strong interest
lies in semiconductor QDs for both basic research and possible device applications.
From a fundamental perspective, QDs represent an intermediate stage between single
molecules and the condensed phase, and consequently enable the study of the evolution
of optical and electrical properties with sample size. Due to the discrete level structure
of these objects, QDs are often called “artificial atoms”. From a more technological
point of view, QDs are important because of potential device applications, particularly
in the field of optoelectronics. Owing to the rapid progress in nanostructure growth
technology, the theoretical study of self-organized QDs is of major interest both for
the interpretation of present experiments and to guide and stimulate future develop-
ments. A key requirement is the calculation of the electron and hole energy levels and
wave functions in an arbitrarily-shaped QD structure. This task is considerably more
difficult and computationally more intensive than for a quantum well structure, where
quantization only occurs along one direction, and the theorem of Bloch can be used
for the other two. For QDs, the calculation of the energy spectra must include the full
three-dimensional quantization and the shape of the QD.

A widely used approximation for the theoretical analysis of semiconductor nanostruc-
tures is the one-band effective-mass approximation for the conduction and valence band.
However, most of the semiconductor materials do not have such a simple band struc-
ture. Consequently, the real multi-band structure of the materials must be taken into
account. This can, for example, be done in a multi-band effective-mass approach, the
so-called k · p-model. However, this model cannot account for an atomistic description
of low-dimensional systems. Especially for small nanostructures a proper treatment
of the underlying microscopic structure is of particular importance. Suitable for an
atomistic multi-band description are empirical pseudopotential methods [8] as well as
an empirical tight-binding approach [9].

In the following section, the general properties of QDs and their fabrication techniques
will be outlined. After this short introduction, a brief discussion of the different empir-
ical models, which are primarily used to calculate the electronic structure of such low
dimensional systems, will be given.
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2 Modeling Semiconductor Quantum Dots

AB

EA
gEB

g

ΔEv

Figure 2.1: Schematic energy diagram for conduction and valence band-edge between the
materials B and A. The energy gaps of the two materials are denoted by EB

g and EA
g . ΔEv

indicates the valence band offset.

2.1 Quantum Dots

Quantum dots (QDs) are systems which are spatially confined on a nanometer scale
in all three spatial dimensions. With respect to the energy spectrum and the system
size, QDs are intermediate between molecules and bulk materials. Therefore, these
structures show both molecular and bulk features. The crystal structure inside the
QD resembles the lattice structure of the bulk system. However, the periodicity of the
underlying crystal lattice is spoiled at the QD surface.

The nanostructure is often embedded in different materials, whose band edges vary from
those of the QD material. If the conduction and valence band edge of the surrounding
materials are higher and lower, respectively, the nanostructure confines both, electrons
and holes.1 A schematic representation of the band alignment is shown in Figure 2.1.
The relative position of conduction and valence band edge of the different materials is
determined by the band gaps EA

g and EB
g of the dot and barrier semiconductor material

as well as the valence band offset ΔEv between the materials.

The three-dimensional spatial confinement of the QD leads to a discrete energy spec-
trum. In Figure 2.2 the evolution of the density of states D(E) is depicted as the
dimensionality is reduced. As more dimensions are confined the density of states
D(E) becomes less continuous, and finally becomes δ-function-like in case of the zero-
dimensional QD. Due to their discrete level structure, QDs are often referred to as “artifi-
cial atoms”. However, these systems exhibit also features, for example non-exponential
photoluminescence decay, which cannot be understood in a simple atomic-like (two-
level) approach [10].

1 This is the so-called type I heterostructure, whereas in type II systems only one type of carrier is
confined. In this thesis only type I structures will be discussed.
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2.1 Quantum Dots

bulk

D(E)

E

(a)

quantum well

D(E)

E

(b)

quantum wire

D(E)

E
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quantum dot

D(E)

E

(d)

Figure 2.2: Evolution of the density of states D(E) as the dimensionality of the structure is
reduced from three dimensional bulk systems a) to zero-dimensional quantum dots d). As more
dimensions are confined, the density of states becomes sharper and pronouncedly discrete.

The electronic and optical properties of QDs differ strongly from those of the higher
dimensional systems such as bulk, quantum well and quantum wire systems. For exam-
ple the optical properties as well as the electronic transport features depend strongly
on the system size. As the dot size is reduced, the electronic energy is increased due to
the increased kinetic energy. This behavior is already expected from a naive particle-in-
a-box picture. As a consequence of the altered kinetic energy the excitonic absorption
spectrum of QDs varies strongly with the system size. In a nice experiment the ab-
sorption was measured for spherical CdSe nanocrystals as function of the diameter [11].
The authors find, that by increasing the system size, the absorption edge can be shifted
from the visible region to the near infrared region of the spectrum. Thanks to their size
tunable properties, QDs are proposed as the building blocks of various optoelectronic
devices, like low threshold lasers, quantum computers and memory devices.

Different fabrication techniques for the realization of these low dimensional systems
are available. Semiconductor QDs can, for example, be produced by means of metallic
gates providing external (electrostatic) confinement potentials [12], by means of self-
organized clustering in the Stranski-Krastanow growth mode [13–15], or chemically by
stopping the crystallographic growth using suitable surfactant materials [16–19]. In
the present thesis we deal only with the latter two types of QDs. The QDs created
in the Stranski-Krastanow growth mode emerge self-assembled in the epitaxial growth
process because of the preferential deposition of material in regions of intrinsic strain
or along certain crystallographic directions, due to the lattice mismatch between the

3



2 Modeling Semiconductor Quantum Dots

Self-assembled QD

≈ 10 nm

(a)

Nanocrystal

< 10 nm

(b)

Figure 2.3: Schematically illustration of the two different types of QDs and sizes produced
by different techniques. The Stranski-Krastanow growth mode leads to the formation of QDs,
on top of a thin wetting layer. Spherical nanocrystals surrounded by a flexible glass matrix
can be produced by chemical synthesis.

semiconductors A and B. In the epitaxial growth of a semiconductor material A on
top of a semiconductor material B at most a few monolayers of A material may be
deposited homogeneously as a quasi-two-dimensional A layer on top of the B surface
forming the so-called wetting layer (WL). Further deposited A atoms will not form a
further homogeneous layer but they will cluster and form islands of A material because
this may lower the elastic energy due to the lattice mismatch of the A and B material.
When the growth process is then stopped, free standing QDs of material A on top of
an WL of material A on the B material are produced. If one continues the epitaxial
growth process with B material, one obtains embedded QDs, i.e., QDs of A-material
on top of an A-material WL embedded within B material.

The chemically realized QDs emerge by means of colloidal chemical synthesis [16, 17].
Thereby the crystal growth of semiconductor material in the surrounding of soap-like
films, called surfactants, is stopped when the surface is covered by a monolayer of
surfactant material. Thus one obtains tiny crystallites with their typical size being
in the nanometer region. This is why these QDs are also called “nanocrystals”. The
size and the shape of the grown nanocrystals can be controlled by external parameters
such as growth time, temperature, concentration and the surfactant material [18, 19].
Due to the flexibility of the surrounding ligands, these structures exhibit the crystal
structure of the bulk-materials and are nearly unstrained and spherical in shape. Cer-
tain physical properties like the band gap (and thus the color) depend crucially on the
size of the nanocrystals. Typical diameters for both, embedded QDs and nanocrystals,
are between 3 and 30 nm, i.e., they contain about 103 to 105 atoms. Therefore, they
can be considered to be a new, artificial kind of condensed matter in between mole-
cules and solids. For QDs grown in the Stranski-Krastanow growth modus, lens-shaped
dots [20,21], dome shaped and pyramidal dots [13,22,23], prismatic structures [24], and
also truncated cones [25] have been found experimentally. Figure 2.3 gives a schematic
illustration of the two different nanostructures.
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2.2 Theoretical Approaches for the Calculation of Electronic Properties

After this brief overview of QDs and the growth mechanisms, we will turn our attention
to the calculation of the electronic structure of these low dimensional systems. In the
remainder of this chapter we present a short discussion of the three empirical models
frequently used for QD studies.

2.2 Theoretical Approaches for the Calculation of

Electronic Properties

One of the fundamental tasks is the calculation of the electronic properties of embedded
QDs and nanocrystals. A major difficulty one encounters is that these systems are much
larger than conventional molecules and at the same time lack a fundamental symmetry
of solid state physics, namely translational invariance, which makes the calculation
of bulk properties feasible. Therefore, neither the standard methods of theoretical
chemistry nor those of solid state theory can immediately be applied. Conventional
ab-initio methods of solid state theory based on density functional theory (DFT) and
local density approximation (LDA) would require supercell calculations. However, as
the size of a supercell must be larger than the embedded QD, such calculations are still
beyond the possibility of present day computational equipment. To date, only systems
with up to a few hundred atoms can be investigated in the framework of the standard
ab-initio DFT methods [26–28]. Due to the generally high computationally demand of
first principle studies, empirical models are widely used for the investigation of QDs.
Three empirical models are mainly used for these studies: (i) single and multi-band
effective-mass approximations [20, 29, 30], (ii) pseudopotential models [8, 31] and (iii)
tight-binding approaches [9,32]. In the following, we compare the different models and
discuss their advantages and disadvantages.

2.2.1 Effective-Mass Approximation and k · p-Models

In the effective-mass approach the energy dispersion relations En(k) of the bulk bands,
in the vicinity of the band edge, are approximated to be parabolic. The kinetic part of
the single-particle Hamiltonian is described by replacing the “bare” electron mass m0

by an effective one, denoted m∗. In the simplest case, the coupling of different bands is
neglected. Then, the effective single-particle Hamiltonian for electrons, He, and holes,
Hh, can be written in the following form:

He = − �
2

2m∗
e

Δ + Ve(r) + Eg ,

Hh = − �
2

2m∗
h

Δ + Vh(r) .

Here m∗
e and m∗

h are the effective masses for electrons and holes, respectively. The
band gap of the bulk material, which builds the QD, is given by Eg. The confinement
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2 Modeling Semiconductor Quantum Dots

of the carriers is described by the potentials Ve(r) and Vh(r), for electrons and holes,
respectively. As an example, the confinement potential V (r) for electrons and holes of
a spherical QD can be written in the following way:

V (r) = V0Θ(r − R) ,

where Θ is the step function, R is the radius of the QD. The constant V0 is defined by
the band offset between the dot and the surrounding material.

To improve the single-band effective-mass approximation, one can include more bands
and allow the coupling between the different bands. These models are referred to as
k ·p-models. For example, the Kohn-Luttinger Hamiltonian for a zinc blende structure
includes also the contributions of the second- and third highest valence bands to the
hole Hamiltonian Hh [33]. This operator contains also the coupling between these three
different valence bands, which are referred to as the heavy-, light- and split-off hole
band.

The Luttinger-Kohn Hamiltonian can further be improved by including the couplings
between the conduction and valence bands [34]. This leads to the so-called 8-band-
k · p model. Due to these couplings, the single-particle Hamiltonian can no longer be
divided into a part that describes the electrons and one that describes only the holes.
The inclusion of the coupling between the conduction and valence bands is important
especially for the investigation of nanostructures with narrow band gap [35].

The accuracy and applicability of both the single-band effective mass-approximation
and the k · p-model has inherent restrictions caused by the non-parabolic dispersion
of the bands away from the center of the first Brillouin zone, the so-called Γ point,
and the lack of an atomistic description of the single-particle Hamiltonian. Since the
construction of the Hamiltonian is based on the parabolic behavior of the bands in
the vicinity of the Γ-point, this approximation is only valid, if the relevant properties
of the nanostructure can be attributed to the single-particle states near the Γ point.
Furthermore the k · p-model does not contain an atomistic description of ionic poten-
tials. In such a continuum description only the global shape of the QD enters and the
detailed atomistic symmetry is not described. Therefore, it cannot provide an accurate
description of low-dimensional systems with complicated surface structures. Hence, the
k ·p-model is only applicable for relatively large QDs, where the properties of the low-
dimensional system are dominated by the crystal structure inside the nanostructure,
and the influence of the surface properties is negligible.

2.2.2 Pseudopotential Model

The general idea of the pseudopotential method is to replace the real potential due to
the ion and the core electrons by a so-called pseudopotential, such that both potentials
provide a similar behavior of the electron wave function in the region between the ions
and away from the core-region. In such an approach the nodal features of the wave
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2.2 Theoretical Approaches for the Calculation of Electronic Properties

functions in the core region are neglected by the choice of the pseudopotential. This
is a reasonable approximation, if the relevant properties are dominated by contribu-
tions that stem from the variation of the wave function outside the core-region. In a
pseudopotential approach plane waves are the typical basis states. The pseudopotential
Hamiltonian Hpp and wave functions ψpp(r) can be written as:

Hpp = − �
2

2m
Δ +

∑
i

Vpp(r − Ri)

ψpp =
∑
k

cke
ikr ,

where Ri denotes the lattice vector, and Vpp(r) is the pseudopotential.

To study the electronic structure of a QD, the potential Vpp(r − Ri) is given by the
pseudopotential of the dot if Ri is inside the QD and by the surrounding material oth-
erwise. The confinement potential, which is treated in the effective-mass approximation
by a step function, is in the pseudopotential approach atomistically described by the
difference between the pseudopotentials of the dot and the barrier material. Since the
single-particle Hamiltonian consists of the atomistic pseudopotentials, a single-particle
wave function contains a detailed description of the variation between different sites.
Due to the microscopic detail included in the pseudopotential model, the determination
of single-particle states and energies is computationally extremely demanding.

2.2.3 Tight-Binding Model

Another powerful atomistic description for the investigation of single-particle states and
energies of semiconductor QDs is the tight-binding (TB) model. This approximation is
based on the assumption that the electrons in a solid are tightly bound to their ions.
Therefore the TB single-particle Hamiltonian consists of the overlap between different
localized states in the presence of the ionic potentials. The basis states of the TB
model are localized orbitals of the valence electrons, which are not necessarily the same
as the atomic orbitals of the corresponding valence electrons of an isolated atom. The
matrix elements between various orbitals localized at different sites that determine the
TB Hamiltonian can be evaluated by either ab-initio or empirical methods. In the
ab-initio approach, the Hamiltonian matrix elements are calculated with the atomic
orbitals and ionic potentials. In contrast, empirical models treat the matrix elements
as fitting parameters which are adjusted to characteristic properties of the bulk band
structure.

In summary, the effective-mass and k · p-model treat the QDs as confined continuum
systems, whereas pseudopotential and TB models take into account the atomistic po-
tentials. The difference between the latter two approaches lies in the degree to which
the atomic details are included. In case of a TB model the atomic details are restricted
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2 Modeling Semiconductor Quantum Dots

to a small basis set. The pseudopotential approach takes into account the local varia-
tion of the wave functions within a large basis set. However, the large number of plane
waves needed to accurately describe the bulk system, does not guarantee that such an
approach can be efficiently extended to nanostructures [36, 37]. In such cases, new ap-
proaches based on the so-called linear combination of bulk bands (LCBB) [38] have to
be applied to overcome these problems. With standard techniques, plane wave methods
can hardly afford the study of nanostructures with more than a few hundreds of atoms.
Since the size of the TB basis set is linear in the number of atoms, the TB approach is
computationally less demanding than the standard pseudopotential method. To study
relatively large and complicated systems, for which both the computational efficiency
and atomistic treatment is required, the TB approach is particularly suitable. An ex-
ample for such a system are vertically stacked QDs, which not only contain millions of
atoms but also sharp edges and thin barriers [39,40]. In order to benefit from both the
numerical efficiency and the atomistic description of low-dimensional nanostructures
we use the TB model to study the electronic structure of semiconductor QDs. Gen-
eral aspects of the construction of the single-particle Hamiltonian for bulk-systems and
nanostructures are discussed in detail in the following chapter.
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3 Tight-Binding Models

A tight-binding (TB) model provides a microscopic description of the electronic prop-
erties in solids [41,42]. It is based on the assumption that electrons in solids, similar to
atoms, are tightly bound to their respective atoms. This approach is the opposite limit
to the free electron model which assumes that the electrons in a solid move freely so that
their wave functions can be described by plane waves [41]. In the free electron model,
the basic assumption is that the interaction between the conduction electrons and the
atomic cores can be modeled by using a weak and perturbing potential. Even though
the assumption of tightly bound electrons seems to limit the applicability of the TB
model mainly to insulating materials and may be to the valence bands of semiconduc-
tors, it has been shown that the approach can also successfully describe the electronic
structure of transition metals [43] and conduction bands of semiconductors. This is
achieved by taking into account overlap matrix elements to more distant neighbor sites,
and by increasing the basis set [44]. Therefore, the TB model provides a suitable
atomistic approach to construct the single-particle Hamiltonian and to calculate the
single-particle wave functions of a QD. The TB matrix elements can be obtained either
by first-principle or empirical methods. In the first principle or ab-initio approach the
Hamiltonian matrix elements are calculated using the atomic orbitals and the ionic po-
tential. Such an approach is realized, for example, in the Density Functional based Tight
Binding (DFTB) method [45]. In contrast to this approach, the empirical TB model
treats the different matrix elements as parameters, and has the advantage of simplicity
and computational efficiency, while reproducing all physical quantities accurately.

In the following section the theoretical basis of the TB model for the description of the
electronic structure of bulk materials is explained. Furthermore the spin-orbit coupling
will be addressed. The subsequent section deals with the implementation of tight bind-
ing models for semiconductor QDs. After this we introduce different approaches for
the calculation of strain fields in these structures. The last section is dedicated to the
calculation of a piezoelectric field that can occur in these low-dimensional systems.

3.1 Tight-Binding Model for Bulk Materials

Contrary to the free-electron picture, the TB model describes the electronic band struc-
ture starting from the limit of isolated-atoms. The basis states correspond to the lo-
calized orbitals of the different atoms. In this way, one obtains a description of the
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3 Tight-Binding Models

electronic properties, which simultaneously takes into account the microscopic struc-
ture of the solid and offers a transparent approach. Unlike the artificial pseudopotentials
the matrix elements in the TB approach have a simple physical interpretation as they
represent couplings between electrons on adjacent atoms.

The localized basis states |R, α, ν, σ〉 are classified according to their unit cell R, the
type of atom α at which they are centered, the orbital type ν, and the spin σ. The
basic assumptions of the TB model are that (i) a small number of basis states per unit
cell is already sufficient to describe the bulk band structure and (ii) that the overlap of
the strongly localized atomic orbitals decreases rapidly with increasing distance of the
atomic sites.

Since the inner electronic shells are only slightly affected by the field of all the other
atoms, for the description of the bulk band structure it is sufficient to take into account
the states of the outer shells. These orbitals then form the highest valence- and lowest
conduction bands. We start from electron wave functions of an isolated atom. The
Schrödinger equation for an atom located at the position Rl is

Hat|Rl, α, ν, σ〉 = Eat
α,ν |Rl, α, ν, σ〉 ,

with

Hat =
p2

2m0
+ V 0(Rl, α) ,

where V 0(Rl, α) denotes the atomic potential of the atom at the position Rl. Due to
the presence of all other atoms in the crystal, the wave functions are modified. The
single-particle Hamiltonian of the periodic system can be written in the following way:

Hbulk = Hat(Rl, α) +
∑
n�=l

α′

V (Rn, α
′)

︸ ︷︷ ︸
ΔV (Rl)

.

Here, the Hamilton operator of the isolated atom α at the position Rl is denoted by
Hat(Rl, α) and ΔV (Rl) is the potential generated by all other ions in the lattice. The
full problem of the periodic solid is then

Hbulk|k〉 = E(k)|k〉 , (3.1)

where k denotes the crystal wave vector. To solve the Schrödinger equation (3.1), the
electronic wave functions |k〉 are approximated by linear combinations of the atomic
orbitals. Because of the translation symmetry of the crystal, the wave functions can be
expressed in terms of Bloch functions:

|k〉 =

√
V0

V

∑
n

eikRn

∑
α,ν,σ

eikΔαuα,ν,σ(k)|Rn, α, ν, σ〉 with k ∈ 1. BZ . (3.2)

The position of the atom α in the unit cell Rn is given by Δα. The volume of the unit
cell is denoted by V0 and the volume of the system by V . Due to the periodicity of
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3.1 Tight-Binding Model for Bulk Materials

the crystal, it is sufficient to restrict k to the first Brillouin zone (1. BZ). This ansatz
fulfills the Bloch theorem [41].1 By plugging the wave function of Eq. (3.2) into the
Schrödinger equation

Hbulk|k〉 =
[
Hat(Rl, α) + ΔV (Rl)

] |k〉 = E(k)|k〉 , (3.3)

and applying the bra-vector 〈k, α′, ν ′, σ′|, one is left with a matrix equation∑
α,ν,σ

Hbulk
α′,ν′ σ′;α,ν,σ(k)uα,ν,σ(k) = E(k)

∑
α,ν,σ

Sα′,ν′ σ′;α,ν,σ(k)uα,ν,σ(k) , (3.4)

instead of differential equation (3.3). For each k, this constitutes a generalized eigen-
value problem for the matrix Hbulk(k), with a matrix S instead of the identity that
occurs in an ordinary eigenvalue problem. E(k) represents the eigenvalue, correspond-
ing to the eigenvector u(k). The elements of the Hamiltonian-matrix read:

Hbulk
α′,ν′ σ′;α,ν,σ(k) =

V0

V

∑
n,m

eik(Rm+Δα−Rn−Δα′ )〈Rm, α′, ν ′, σ′|Hbulk|Rn, α, ν, σ〉 , (3.5)

and the overlap-matrix elements Sα′,ν′ σ′;α,ν,σ(k):

Sα′,ν′ σ′;α,ν,σ(k) =
V0

V

∑
n,m

eik(Rm+Δα−Rn−Δα′)〈Rm, α′, ν ′, σ′|Rn, α, ν, σ〉 . (3.6)

According to the basic assumptions of a TB model the electrons stay close to the
atomic sites and the electronic wave functions centered around neighboring sites have
little overlap. Consequently, there is almost no overlap between wave functions for
electrons that are separated by two or more atoms (second-nearest neighbors, third
nearest neighbors, etc.). Nevertheless, the basis orbitals, and thus the Bloch sums, are
in general not fully orthogonal to one another.

It turns out, however, that if the localized TB basis B is not orthogonal, one can use
a so-called Löwdin-transformation, to transform it into an orthogonal one [46]. These
Löwdin orbitals are also localized and preserve the symmetry of the orbital from which
they are derived. The only prerequisite is that: The matrix of the overlap-integrals
Sα′,α,ν′,ν,σ′,σ between the basis states of B must be positive definite. However, this is

1 In spatial representation, the wave function for a given (α, ν, σ) is

〈r|k, α, ν, σ〉 = ψα,ν,σ,k(r) =

√
V0

V
eikΔα

∑
R

eikRφα,ν,σ(r − R) .

This wave function ψα,ν,σ,k(r) fulfills for any lattice vector R the condition

ψα,ν,σ,k(r + R) = eikRψα,ν,σ,k(r)

and therefore has the elementary properties of a Bloch function.
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3 Tight-Binding Models

fulfilled in most cases for the strongly localized basis states which enter the matrix S.
Therefore we assume in the following an orthogonal basis set, so that the overlap-matrix
elements, Eq. (3.6), are given simply by:

Sα′,α,ν′,ν,σ′,σ = δRm,Rn
δα′,αδν′,νδσ′,σ , (3.7)

and the Schrödinger equation, Eq. (3.4), is reduced to:∑
α,ν,σ

Hbulk
α′,ν′ σ′;α,ν,σ(k)uα,ν,σ(k) = E(k)uα′,ν′,σ′(k) . (3.8)

For the sake of a simplified illustration only, we assume for the next couple of paragraphs
a system with one atom per unit cell and one orbital per site. Furthermore, we assume
a spin-independent Hamiltonian Hbulk, so that σ′ = σ. In this case, the matrix elements
Hbulk

α′,ν′,σ′;α,ν,σ(k) are given by:

〈k, α, ν, σ|Hbulk|k, α, ν, σ〉 =
V0

V

∑
m,n

eik(Rn−Rm)〈Rm, α, ν, σ|Hbulk|Rn, α, ν, σ〉

=
V0

V

∑
m,n

eik(Rn−Rm)Imn . (3.9)

Due to the localized structure of the atomic wave functions, the integrals Inm become
exponentially small for large R = |(Rm − Rn)|. It is therefore reasonable to ignore all
integrals outside some Rmax, as they would bring only negligible corrections to the band
structure E(k). The leading contribution is n = m, the so-called on-site contributions,
then nearest neighbor contributions which we denote simply by n = m±1, etc. Keeping
only the leading order of the expression of Eq. (3.9), the matrix elements Imn can be
approximated as follows:

Imn = δn,m

[
〈Rm, α, ν, σ|Hat|Rn, α, ν, σ〉

+
∑
l �=n

〈Rm, α, ν, σ|V (Rl, α)|Rn, α, ν, σ〉
]

+δn±1,m

∑
l

〈Rm, α, ν, σ|V (Rl, α)|Rn, α, ν, σ〉 + . . .

≡ δn,mẼ + δn±1,m λ + . . . . (3.10)

where Ẽ can be interpreted as the renormalized atomic energy level in the presence
of all the other atoms in the lattice. The matrix elements containing orbitals from
different atomic sites are denoted by λ. Finally, one obtains from Eq. (3.9):

〈k, α, ν, σ|Hbulk|k, α, ν, σ〉 =
V0

V

∑
m,n

eik(Rn−Rm)(δn,mẼ + δn±1,m λ + . . .) . (3.11)

The symmetry properties of the crystal together with the symmetries of the basis states
determine which matrix elements vanish and which are equal. For the calculation of the
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3.1 Tight-Binding Model for Bulk Materials

TB matrix elements two different approaches are possible: From the knowledge of the
atomic potential V 0 and the atomic orbitals, one could calculate the matrix elements
of Hbulk as well as the overlap matrix elements Sα′,α,ν′,ν,σ′,σ. A different way to obtain
these matrix elements is to treat them as parameters. This approach leads to the so-
called empirical TB model. These parameters are fitted to characteristic properties of
the bulk band structure, like band gaps and effective masses. With both methods a
microscopic description of the solid arises. This approach can then be used to model
semiconductor nanostructures, which consist of different semiconductor materials. In
this work empirical TB models are employed.

As already discussed we assume that the basis states are Löwdin orbitals. Therefore
the different TB-matrix elements can be symbolized by:

〈R′, α′, ν ′, σ′|Hbulk|R, α, ν, σ〉 = Eν′,ν(R −R′)α′,αδσ,σ′︸ ︷︷ ︸
TB-parameter

. (3.12)

Here, the translation invariance of the crystal is already used. In addition, we have
assumed that Hbulk is spin-independent. A spin-dependent component of Hbulk, the
spin-orbit coupling, will be introduced in the following section. In this section, we drop
the spin index σ, and denote the Hamiltonian by Hbulk

0 .

The on-site matrix elements, Eν,ν(0)α,α, which are the expectation values of the Hamil-
tonian Hbulk between two identical atomic orbitals at the same site, correspond to
the orbital energies which are renormalized and shifted due to the other atoms in the
crystal. The matrix element Eν,ν(0)α,α equals Ẽ in Eq. (3.10). The off-diagonal ma-
trix elements, which describe the coupling between different orbitals at different sites
are called hopping matrix elements, because they give the probability amplitude of an
electron moving from one site to another [41].

To further reduce the number of relevant TB-matrix elements, one can use the so-
called two-center approximation of Slater and Koster [47]. Slater and Koster proposed
to neglect the so-called three-center integrals which are considerably smaller than the
so-called two-center integrals. The three-center integrals involve two orbitals located at
different atoms, and a potential part at a third atom. This corresponds to contributions
in Eq. (3.10) where l �= n �= m. Thus, in the Slater and Koster approach, only the
potential due to the two atoms at which the orbitals are located is taken into account.
Therefore, the (effective) potential is symmetric around the axis d = R′+Δα′−(R+Δα)
between the two atoms. In this approximation, all hopping matrix elements vanish, if
the two involved orbitals are eigenstates of the angular momentum Ld = Ld

d
in d-

direction with different eigenvalues �md �= �m′
d

. Since the (effective) Hamiltonian H ,
which contains the axially symmetric potential of the two atoms, commutes with Ld,
this statement follows from the simple consideration

0 = 〈i| [H, Ld] |i′〉 = 〈i|HLd|i′〉 − 〈i|LdH|i′〉 = � (m′
d
− md) 〈i|H|i′〉 . (3.13)

For an sp-bonding, there are only four nonzero hopping integrals as indicated in Fig-
ure 3.1, in which σ (md = 0) and π (md = ±1) bondings are defined such that the

13
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Figure 3.1: Nonzero hopping matrix elements Vll′m in case of an sp-bonding. The indices l
and l′, denotes the orbital type and m the z component of the orbital angular momentum for
rotation around the interaction vector.

axes of the involved p orbitals are parallel and normal to the interatomic vector d, re-
spectively. So far, the electronic wave functions are expanded in terms of the p orbitals
along the Cartesian x, y and z axis, whereas the hopping integrals are parameterized for
p-orbitals that are parallel or normal to the bonding directions. To construct the Hamil-
tonian matrix elements, in the general case it is fruitful to decompose the Cartesian p
orbitals into the bond-parallel and bond-normal p orbitals.

As an example of this procedure, we consider the Hamiltonian matrix element 〈s|H|pi〉,
between the s orbital, |s〉, and one of the p orbitals, |pi〉 (i = x, y, z), localized at
different atoms. Let d be the vector along the bond from the first atom to the second and
a the unit vector along one of the Cartesian (x, y or z) axes, as shown in Figure 3.2(a).
We first decompose the p orbital along a, |pa〉, into two p-orbitals that are parallel and
normal to d , respectively:

|pa〉 = ad|pσ〉 + an|pπ〉 ,

where n is the unit vector normal to d within the plane spanned by d and a. Let θ
be the angle between the vectors d and a. Consider an arbitrary point X in the three-
dimensional space, whose polar angle from the d axis is χ. This situation is depicted in
Figure 3.2(b). At the point X, the value of the function |pa〉 around the a axis is given
by

|pa〉 = cos(θ − χ)

= cos(θ) cos χ + sin(θ) sin(χ)

= ad cos(χ) + an sin(χ)

= ad|pσ〉 + an|pπ〉 .
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(a) Schematic illustration of the over-
lap between s and pi orbital along
the vector d joining the two atoms.

+

−

ad
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(b) Plane spanned by the unit vector n

and the vector d. An arbitrary point X
with the polar angle χ relative to d is
considered.

The Hamiltonian matrix element is then given by

〈s1|H|p2,a〉 = ad〈s|H|pσ〉 + an〈s|H|pπ〉
= ad〈s|H|pσ〉
= adVspσ .

The s-orbital centered around atom one is labeled by |s1〉 and the p-orbital localized
at atom two by |p2,a〉. The matrix element Vspπ = 〈s|H|pπ〉 vanishes according to
Eq. (3.13). To obtain an explicit formula in terms of px, py and pz, let us introduce the
directional cosines (dx, dy, dz) along the x, y and z axes via d = |d|(dx, dy, dz). Then
we obtain from the previous equation with a = ei⎛

⎜⎜⎝
〈s1|H|p2,x〉
〈s1|H|p2,y〉
〈s1|H|p2,z〉

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

dxVspσ

dyVspσ

dzVspσ

⎞
⎟⎟⎠ . (3.14)

A similar analysis can be carried out for the matrix elements 〈p1,i|H|p2,j〉 and leads to

〈p1,x|H|p2,x〉 = d2
xVppσ + (1 − d2

x)Vppπ ,

〈p1,x|H|p2,y〉 = dxdyVppσ − dxdyVppπ ,

〈p1,z|H|p2,y〉 = dzdyVppσ − dzdyVppπ . (3.15)

The other hopping matrix elements can be obtained by cyclical permutation of the
coordinates and direction cosines.
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3 Tight-Binding Models

Therefore, by constructing the basis orbitals |R, α, ν〉 as linear combinations of the
basis states |R, α, {l, m}〉, the hopping parameters Eν′,ν(R − R′)α′,α can be described
in terms of the parameters Vll′m and the directional cosines of d:

Ess(d)α′,α = Vssσ(d, α′, α) ,

Esx(d)α′,α = dxVspσ(d, α′, α) ,

Exx(d)α′,α = d2
xVppσ(d, α′, α) + (1 − d2

x)Vppπ(d, α′, α) ,

Exy(d)α′,α = dxdyVppσ(d, α′, α) − dxdyVppπ(d, α′, α) ,

with d = |d|(dx, dy, dz). Note that interchanging the order of the indices l and l′ of Vll′m

has no effect if the sum of the parities of the two orbitals is even, but changes sign if the
sum of the parities is odd [47]. Similar formulas can be worked out for each combination
of the localized orbitals, and are listed for example in Ref. [47]. Furthermore, one can
deduce from the above considerations that the hopping matrix elements in two-center
approximation depend only on the orbital type and the distance between the two sites.

Because of the translation invariance of the bulk system the Hamiltonian matrix H0
bulk

can be divided into sub-blocks which are diagonal in k:

H0
bulk(k) =

(〈k, α′, ν ′, σ′|Hbulk
0 |k, α, ν, σ〉) . (3.16)

The dimension of this matrix depends on the number of basis states within one unit
cell. From the diagonalization of this matrix, one obtains the energy dispersion E(k)
as a function of the TB parameters. The energy eigenstates |nk〉 are related to the
eigenvector (unk)α,ν,σ = un,α,ν,σ(k) via

|nk〉 =
∑
α,ν,σ

un,α,ν,σ(k)|k, α, ν, σ〉 , (3.17)

where n denotes the different bands.

In order to obtain an accurate description of the bulk band structure of semiconductor
materials containing heavier atoms such as CdSe and InSb, relativistic effects on the
electronic states in crystals have to be considered. In semiconductors containing lighter
atoms such as AlP and InN, these effects are negligible for many purposes [48]. This is
due to the fact that the potential is very strong near the nuclei and the kinetic energy
is consequently very large, so that the electron velocity is comparable to the velocity of
light. Therefore, the relativistic corrections become more important for heavy elements.
One can include these contributions for the motion of an electron in a potential V (r) by
considering the Dirac equation [49]. From a Foldy-Wouthuysen transformation of the
Dirac equation one obtains relativistic corrections to the Schrödinger equation. These
additional terms are related to (i) relativistic corrections to the kinetic energy, (ii)
relativistic contributions to the potential V (r), known as the Darwin corrections and
(iii) the spin-orbit interaction. The spin-orbit coupling originates from the interaction of
the electron spin magnetic moment with the magnetic field “seen” by the electron. The
first two components (i) and (ii) do not depend on the spin of the electron. Therefore
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3.1 Tight-Binding Model for Bulk Materials

these terms do not change the symmetry properties of the non-relativistic Hamiltonian.
However, the term corresponding to spin-orbit interaction, as we will see, couples the
operators in spin space and ordinary spatial space, thus reducing the symmetry. The
effect of the spin-orbit coupling in removing degeneracies of the non-relativistic results
can be found using group theory [50].

Therefore, for certain semiconductor materials, it is essential for an accurate bulk band
structure description in the framework of a TB model to include the contributions of
the spin-orbit coupling. This issue will be discussed in the following section.

3.1.1 Spin-Orbit Coupling

In this section, we discuss the inclusion of the spin-orbit coupling in the TB band
structure formalism. Here, the approach of Chadi [51] is employed to the TB scheme.
An advantage of the technique presented is, that it allows the spin-orbit effect to be
included without increasing the size of the basis. This is particularly significant for the
calculation of QD states.

The TB approximation in its usual formulation does not include the spin-orbit inter-
action. For II-VI or III-V semiconductors, the basis for the eigensolution of the energy
band equation, Eq. (3.8), normally consists of the s state and three p states for each
atom in the unit cell. These four states are considered to be of the same spin. Of course,
for a lattice structure where there are two or more atoms per unit cell the basis will be
larger than the basis for crystals with one atom per unit cell as each atom contains s
and p orbitals. The spin-orbit interaction is here considered to couple only p orbitals
at the same atom. An s state with l = 0 is not split, since the angular part is constant.
One can then apply this technique to each atom in the unit cell. This scheme can also
be extended to include nearest neighbor spin-orbit interactions [52]. However, for the
semiconductor materials under investigation in this work, e.g. CdSe, ZnSe, InN, GaN
and AlN, it turns out that the interaction among the p-like orbitals at the same site is
already sufficient to reproduce the valence band structure known from the literature at
the Brillouin zone center.

We add the spin-orbit energy to the TB Hamiltonian Hbulk
0 of the previous section.

Therefore, the bulk Hamiltonian of a perfect crystal is given by:

Hbulk = Hbulk
0 + Hso (3.18)

where Hbulk
0 is the spin-independent part and Hso denotes the operator of the spin-orbit

coupling. Assuming only s- and p-orbitals, one has to investigate the action of this
operator on the basis states of the previous section. The part Hbulk

0 yields only non-
zero interactions between states of the same spin. The matrix elements arising from
the spin-orbit component Hso of the Hamiltonian Hbulk have the potential to connect
states of different spins. To calculate these terms, we assume here that the operator
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Hso acts on the TB basis states like the atomic spin-orbit operator [49]

Hatom
so =

1

2m2c2

1

r

∂Vatom

∂r
Ls (3.19)

on atomic orbitals. Here, Vatom is the atomic potential, s the spin operator and L

denotes the operator of the angular momentum. As we will see in the following, the
spin-orbit interaction can be described by a single parameter:

λ = 〈px| �
2

4m2c2

1

r

∂Vatom

∂r
|px〉 . (3.20)

All matrix elements 〈piσ
′|Hso|pjσ〉 can be determined in the following way: The oper-

ators sx und sy can be described by the flip/flop operators s±:

sx =
s+ + s−

2

sy = −i
s+ − s−

2
.

The operators sx, sy und sz act on the spin states |↑〉 and |↓〉 in the following way

sx|↑〉 =
�

2
|↓〉 ; sx|↓〉 =

�

2
|↑〉

sy|↑〉 = i
�

2
|↓〉 ; sy|↓〉 = −i

�

2
|↑〉 (3.21)

sz|↑〉 =
�

2
|↑〉 ; sz|↓〉 = −�

2
|↓〉 .

Furthermore, we have to define the action of the angular momentum operator L on the
states |px〉, |py〉 und |pz〉. The states can be written in terms of the spherical harmonics
Ylm:

|pz〉 = Y10 =

√
3

4π
cos θ =

√
3

4π

z

r

|py〉 =
i√
2
(Y11 + Y1−1) =

√
3

4π

y

r
(3.22)

|px〉 =
1√
2
(Y1−1 − Y11) =

√
3

4π

x

r
,

which fulfill:

L2Ylm = �
2l(l + 1)Ylm

LzYlm = �mYlm . (3.23)

The calculation of the matrix elements shall exemplarily be demonstrated for the two
matrix elements 〈px ↑ |Hso|py ↑〉 and 〈pz ↓ |Hso|px ↑〉. For 〈px ↑ |Hso|py ↑〉 we obtain:

〈px ↑ |Hso|py ↑〉 = 〈px ↑ |CLxsx|py ↑〉 + 〈px ↑ |CLysy|py ↑〉 + 〈px ↑ |CLzsz|py ↑〉
=

�

2
〈px|CLz|py〉 =

1

i
〈px|�

2

2
C|px〉 ,
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with C given by:

C =
1

2m2c2

1

r

∂Vatom

∂r
.

Here, we have used the Eqs. (3.21) and that the states |↑〉 and |↓〉 are orthogonal to each
other to derive the second line from the first. The last line is obtained from Eq. (3.22).
For the matrix element 〈pz ↓ |Hso|px ↑〉 we obtain:

〈pz ↓ |Hso|px ↑〉 = 〈pz ↓ |CLxsx|px ↑〉 + 〈pz ↓ |CLysy|px ↑〉
+〈pz ↓ |CLzsz|px ↑〉

=
�

2
〈pz|CLx|px〉 + i

�

2
〈pz|CLy|px〉

=
i�2

2
〈py|C|px〉︸ ︷︷ ︸

=0

+〈px|�
2

2
C|px〉 .

Due to the symmetry of the wave functions, the matrix element 〈y|C|x〉 vanishes. This
analysis shows that both matrix elements can be expressed in terms of

〈px| �
2

4m2c2

1

r

∂Vatom

∂r
|px〉 = λ .

Along the same line all the other elements can be deduced. Since the different states
|pi±〉 are orthogonal, many of the matrix elements will be zero. Evaluation of all
possible terms gives non-zero results in case of

〈px ± |Hso|pz∓〉 = ±λ

〈px ± |Hso|py±〉 = ∓iλ (3.24)

〈py ± |Hso|pz∓〉 = −iλ ,

and their complex conjugates. To obtain a compact notation, we denote the states |↑〉
and | ↓〉 by |+〉 and |−〉, respectively. The additional parameter λ is used to reproduce
the splitting of the different valence bands in the vicinity of the Brillouin zone center.

To summarize this section, we have presented a technique which allows us to include
the spin-orbit coupling in the TB formalism. The presented approach is particularly
advantageous since it does not increase the size of the basis. In semiconductor materials
with a large spin-orbit splitting at the Brillouin zone center, the inclusion of the spin-
orbit coupling is important for a more accurate calculation of the bulk band structure
and therefore a more realistic description of the single-particle states in semiconductor
nanostructures.

3.2 Tight-Binding Model for Semiconductor Quantum

Dots

Starting from the bulk tight-binding (TB) parameters, the embedded QD and the
nanocrystal are modeled on an atomistic level. To this end one sets the matrix ele-
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ments for each lattice site according to the occupying atom. For the matrix elements
we use the TB parameters of the corresponding bulk materials. The resulting ith TB
wave function |ψi〉 of the nanostructures, is expressed in terms of the localized orbitals
|ν, α, σ,R〉:

|ψi〉 =
∑

α,ν,σ,R

ci
ν,α,σ,R|ν, α, σ,R〉 . (3.25)

As before R denotes the unit cell, α the orbital type, σ the spin and ν an anion or
cation. Then the Schrödinger equation leads to the following finite matrix eigenvalue
problem: ∑

α,ν,σ,R

〈ν ′, α′, σ′,R′|H|ν, α, σ,R〉ci
ν,α,σ,R − Eici

ν′,α′,σ′,R′ = 0 , (3.26)

where Ei is the corresponding eigenvalue. The abbreviation 〈ν ′, α′, σ′,R′|H|ν, α, σ,R〉 =
HlR′,mR is used in the following for the matrix elements with l = ν ′, α′, σ′ and m = ν, α, σ.

To model a QD of material A embedded in a matrix of material B, a supercell with a
crystal lattice is chosen. For the treatment of the surfaces of the nanocrystal or of the
boundaries of the supercell there are different possibilities. One can use fixed boundary
conditions, i.e., use a value of zero for the hopping matrix elements from a surface atom
to its fictitious neighbors, or (for the embedded QDs) one can use periodic boundary
conditions to avoid surface effects, which may arise artificially from the finite cell size.
For the investigation of embedded structures we choose fixed boundary conditions, in
order to reduce the number of non-zero matrix elements. To avoid numerical artifacts
in the localized QD states, a sufficiently large supercell is required. As mentioned
already, the abrupt termination of the supercell in an atomistic approach results in the
creation of dangling bonds that will form surface states. These states often appear
in the central energy region of the fundamental band gap. These surface effects in
the finite-size supercell are removed according to Ref. [53], by a layer of atoms that
passivates the surface of the supercell. Thus, we raise both the orbital energies of the
passivating atoms and the hopping between the surface atoms and the passivating ones.
In this method the electrons are inhibited from populating surface atom orbitals. By
this means, one can remove the nonphysical surfaces states in the region of the energy
gap.

In this thesis we will deal with CdSe/ZnSe, InN/GaN and GaN/AlN QDs, respectively.
At the interfaces averages of the TB parameters are used to take into account that the
nitrogen (selen) atoms cannot unambiguously be attributed to one of the constituting
materials. Note that, we are using Löwdin transformed basis states and not pure atomic
orbitals. The Löwdin basis states depend also on the neighboring atoms. Since in the
investigated heterostructure semiconductors with different band gaps are combined, one
has to take into account also the relative position of the conduction and valence band
edge. The quantity that measures these discontinuities, is referred to as the valence
band offset ΔEv and conduction band offset ΔEc, respectively. The relative position of
conduction and valence band edge is determined by the electron affinities of the different
materials [54]. The valence band offset ΔEv between the two materials is included in
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3.2 Tight-Binding Model for Semiconductor Quantum Dots

the model by shifting the diagonal matrix elements of the dot material:

〈R′, α′, ν ′, σ′|H|R, α, ν, σ〉 = A〈R′, α′, ν ′, σ′|Hbulk
A |R, α, ν, σ〉A

+ΔEvδR,R′δα,α′δν,ν′δσ,σ′

if (R, α) and (R′, α′) are in the region of the QD of material A and

〈R′, α′, ν ′, σ′|H|R, α, ν, σ〉 = B〈R′, α′, ν ′, σ′|Hbulk
B |R, α, ν, σ〉B ,

if (R, α) and (R′, α′) are within the region of material B. There are different exper-
imental techniques [55, 56] as well as theoretical approaches [57–59] to determine the
valence band offsets ΔEv between different materials.

Furthermore, in a heterostructure of two materials with different lattice constants strain
effects have to be included in general for a realistic description of the electronic structure,
because the distance between two lattice sites R and R′ in the heterostructure is not
the same as the corresponding value in the bulk system. Additionally the bond angles
will be affected by the strain field in the nanostructure. This means that the TB matrix
elements HlR′,mR in the QD differ from those of the unstrained bulk material. In the
following the bulk matrix elements without taking strain into account are denoted by
H0

lR′,mR
. We consider here only scaling of the inter-site matrix elements, for which, in

general, a relation
HlR′,mR = H0

lR′,mR
f(d 0

R′−R
,dR′−R) (3.27)

is expected, where d 0
R′−R

and dR′−R are the bond vectors between the atomic positions
of the unstrained and strained material, respectively. Since the atomic-like orbitals of
TB models are typically orthogonalized Löwdin orbitals, it might be that the diagonal
matrix elements, too, vary in response to displacements of neighboring atoms. [60,
61] However, Priester et al. [62] achieved a very accurate band structure description
in the framework of a spin-orbit dependent sp3s∗ TB model without adjusting the
diagonal matrix elements. Therefore, we consider here only scaling of the inter-site
matrix elements. The function f(d 0

R′−R
,dR′−R) describes, in general, the influence

of the bond length and the bond angle on the inter-site (hopping) matrix elements.
Here we use the relation f(d0

R′−R
,dR′−R) =

(
d0
R′−R

/dR′−R

)2
. This corresponds to

Harrison’s [63] d−2 rule, the validity of which has been demonstrated for II-VI-materials
and nearest neighbors by Sapra et al. [64]. Furthermore the results of Bertho et al. [65]
for the calculations of hydrostatic and uniaxial deformation potentials in case of ZnSe
show that the d−2 rule should be a reasonable approximation. Our model assumption
for the function f(d0

R′−R
,dR′−R) means that we have neglected so far the influence of

bond angle distortion. In the Slater-Koster-formalism [47] which has been discussed in
Section 3.1, the bond angle distortions can exactly be included in a TB model. This
means that the directional cosines between the different atomic orbitals, see Eqs. (3.14)
and (3.15), are calculated according to the strain-induced displacements of the different
atoms. With this so-called d−2 ansatz, the interatomic matrix elements HlR′,mR, with
R′ �= R, are given by

HlR′,mR = H0
lR′,mR

(
d0
R′−R

dR′−R

)2

. (3.28)
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We use this power-law scaling also for the second nearest neighbors. It should be noted
that the scaling of more distant matrix elements is not nearly as well understood as that
of nearest neighbor matrix elements. More sophisticated ways to treat the scaling of
the interatomic matrix elements, e.g. by calculating the dependence of energy bands on
volume deformation effects, and different exponents for different orbitals can be found
in the literature [9, 60, 66].

Another feature which stems from the crystal deformation of a semiconductor are elec-
trostatic fields, the so-called piezoelectric effect [67]. This effect is caused by the dis-
placements of the ions in response to the mechanical deformations, leading to the oc-
currence of charges on some of the crystal surfaces.2

After setting up the TB model for a nanostructure, one has to deal with the following
three problems. First we have to calculate the strain field which is present in the
nanostructure. In the following section, we will discuss two different approaches for
the calculation of the strain field. Second, we have to introduce a piezoelectric field in
the TB approach. This is detailed in Section 3.2.2. Third, after the TB Hamiltonian,
including strain effects and piezoelectricity, is generated, the calculation of the single-
particle states and energies is now reduced to the diagonalization of a finite but very
large matrix. To calculate the eigenvalues of this matrix, in particular the bound
electronic states in the QD, the folded spectrum method [36] is applied. In contrast to
conventional diagonalization methods, this approach has the advantage that it scales
linearly with the number of atoms in the system. The basic ideas of the folded spectrum
method will be outlined in Section 3.2.3.

3.2.1 Strain fields

For the calculation of strain fields there are different theoretical approaches available:
(i) Continuum elasticity approaches, (ii) atomistic approaches based on the so-called
valence force field method or (iii) methods based on a Green’s function approach. In
the following we will briefly introduce the continuum mechanical model and the valence
force field approach. For the Green function scheme, we refer the reader to Ref. [70].

Continuum mechanical model

In the continuum mechanical model the total strain energy is given by [71]

ECM =
1

2

3∑
i,j,k,l

Cijkl(r)εij(r)εkl(r) . (3.29)

2 Of course, the contribution introduced by the displacement of the ionic displacements tends to be
counterbalanced by an electronic response. Therefore, this leads to a complicated interplay between
ionic and electronic contributions [68, 69].
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3.2 Tight-Binding Model for Semiconductor Quantum Dots

Here, the elastic moduli are denoted by Cijkl(r) and the components of the strain tensor
are given by εij(r). When r is inside the QD, Cijkl corresponds to the tensor of the
elastic moduli of the dot material, otherwise to the elastic moduli of the barrier material.
The tensor of the elastic moduli is different for materials with zinc blende or wurtzite
crystal structure and is explicitly given for both structures in Ref. [72]. Since the strain
tensor is symmetric, it can be represented in the following form:

ε =

⎛
⎜⎜⎝

ε11 ε12 ε13

ε12 ε22 ε23

ε13 ε23 ε33

⎞
⎟⎟⎠ . (3.30)

The six components of the strain tensor ε are related to the displacement vector field
u(r) of the atoms. The displacement u(r) describes the movement of the atom located
at the point r0 to the spatial point r by the relation r0 + u(r) = r. For a given QD
structure ECM is minimized, using finite differences for the strain tensor εij ∝ ∂ui/∂xj .
A detailed discussion of this approach can be found in Ref. [73].

Valence force field method

The continuum mechanical model can describe elastic properties and therefore strain
effects only on a mesoscopic scale. Such an approach is only suitable for systems with
small strain contributions. In particular, problems arise for regions where the strain
changes extremely rapidly, e.g., at the edges and corners of embedded structures. Thus,
for very small QD structures a microscopic, atomistic approach is required for the strain
field calculation. Such a treatment is provided by the valence force field approach [74],
which uses a Keating potential [74, 75] for the interatomic interactions. In that case,
the strain energy EVFF is expressed as a function of the bond length and the bond angle
distortion

EVFF =

Estretch︷ ︸︸ ︷
1

4

∑
i

[
3
αij

4

∑
j

(|Ri − Rj|2 − (d0
ij)

2
)2

(d0
ij)

2

]

+
1

4

∑
i

[∑
j,k>j

3βijk

2d0
ijd

0
ik

[
(Rj − Ri)(Rk − Ri) − cos θ0d

0
ijd

0
ik

]2]
︸ ︷︷ ︸

Ebend

.

Here, d0
ij denotes the bulk equilibrium bond length between nearest neighbor atoms i

and j in the corresponding material. The position of the ith-atom is given by Ri. The
ideal bond angle is denoted by θ0. The first term Estretch is a sum over all atoms i and,
in case of zinc blende or wurtzite structures, over its four nearest neighbors j. The term
Estretch is non-zero when the bond length is changed compared to the system without
strain and is therefore called bond-stretching interaction. The second term Ebend is a
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sum over all atoms i and all pairs of their neighbors (i, j). Ebend is non-zero when the
angle between bonds is altered and thus it is the so-called bond − bending interaction.
The local-environment-dependent coefficients αij and βikj are the bond-stretching and
bond-bending force constants, respectively.

A comparison between the valence force field method and continuum mechanical model
has been given by Pryor et al. [73]. They compare the strain distribution of pyramidal
InAs QDs embedded in a GaAs matrix obtained by the two approaches. A significant
difference was found in the strain around the dot interfaces and inside the QD. The
deviation in the barrier material was found to be very small. This discrepancy originates
from the fact that the strain contributions are clearly outside the linearity regime of
the continuum mechanical model, and can also be attributed to the loss of the correct
atomic symmetry the continuum mechanical approach is based on.

3.2.2 Piezoelectricity

After the discussion of strain effects, we turn our attention to the piezoelectric effect.
The strain in the nanostructure causes atoms in the unit cell to shift relative to each
other. In certain directions, such a shift can lead to a polarization. For example in
a zinc blende semiconductor, the polarization is due to shear strains only and can be
written in the following way [72]:

Ppiezo ∝

⎛
⎜⎜⎝

ε23

ε13

ε12

⎞
⎟⎟⎠

This means, that the strain in pseudomorphically grown heterostructures can cause
piezoelectric polarization in a semiconductor. Therefore the main effect is expected
when the growth direction is along the [111]-direction and the strain has purely shear
character. For the [001] growth direction, no piezoelectric polarization is expected [76,
77].

How can such a piezoelectric polarization be included in an electronic structure cal-
culation? A self-consistent calculation of the electronic structure of a deformed solid
naturally includes the field generated by piezoelectric displacements. Of course, such
a self-consistent evaluation requires the inclusion of all occupied states and their re-
sponse to strain effects. Therefore such an approach is limited to very small systems.
For larger systems ( 103 atoms) it is often impractical to calculate all occupied states,
and one has to concentrate oneself to only a few states in the energy range of interest.
In such cases the calculation is no longer self-consistent and the piezoelectricity does
not arise naturally. Instead it has to be introduced as an external potential Vpiezo in
the Schrödinger equation.

The evaluation of the external piezoelectric potential Vpiezo can be divided into four
steps. In a first step one has to determine the so-called piezoelectric coefficients for the
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knowledge of the strain tensor εij : εxx, εyy,... knowledge of the piezoelectric constants eij : e11, e12,...

Piezoelectric Polarization P = (Px, Py, Pz):

Px = e15εzx

Py = e15εyz

Pz = e31εxx + e31εyy + e33εzz + Pspontan

e15, e31, e33 : piezoelectric constants

charge ρp = − div P

potential Vp(r)

Tight-Binding orbital energy Eα = E0
α + Vp(r)

with E0
α: No polarization

α: Orbital index

Figure 3.2: Flowchart for the calculation of the piezoelectric potential and its inclusion in a
tight-binding model. The explicit formulas are given for a wurtzite structure.

strained bulk materials. This can either be done theoretically using, for example, linear
response density functional theory [78] or experimentally by interpreting the measured
electrostatic fields and assuming a linear relationship between polarization and strain
[79, 80].3

In the second step the piezoelectric polarization Ppiezo is calculated from the strain field
in the following way

P piezo
i =

6∑
j

eijεj ,

with the notations

(ε11, ε22, ε33, ε23, ε13, ε12) = (ε1, ε2, ε3, ε4, ε5, ε6) .

The matrix e of the piezoelectric coefficients depends on the material system and is
given for zinc blende and wurtzite structures explicitly in Ref. [72].

In step three, one has to calculate the piezoelectric charge density ρpiezo from the diver-
gence of the polarization Ppiezo

ρpiezo = −div Ppiezo .

3 However, second order effects are hardly to detect, because the measurements are restricted to
systems with small lattice mismatch, like InxGa1−xAs QWs with low In-content. Heterostructures
with large lattice mismatch were avoided because they tend to exhibit dislocations and defects.
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In the final step, the electrostatic potential φpiezo can be obtained from the solution of
the Poisson equation:

ρpiezo = ε0 ∇ [εr(r)∇φpiezo] (3.31)

⇒ Δφpiezo(r) =
ρpiezo

ε0εr
− 1

εr(r)
∇φpiezo(r)∇εr(r) (3.32)

where εr(r) is the static dielectric constant of the respective material at the position r.
The first term on the right-hand side of Eq. (3.32) refers to the true three-dimensional
charge density while the second term is connected with the polarization surface charge
densities caused by the discontinuity of the dielectric constant εr(r). The latter one is
often discussed as image charge contribution [81, 82].

The resulting electrostatic potential is included in the TB model as a site-diagonal po-
tential energy Vpiezo = −eφpiezo. This method has successfully been applied to quantum
well [83] and QD [84] structures. A schematic representation of the whole procedure is
depicted in Figure 3.2.

3.2.3 Numerical Determination of Eigenvalues: The Folded

Spectrum Method

As already discussed in Section 3.2, the single-particle TB-Hamiltonian H of the whole
supercell corresponds to a very large matrix. Therefore, the eigenstates and eigenen-
ergies must be determined by efficient diagonalization algorithms. For the electronic
structure and optical properties of a nanostructure, quantities of particular interest are
the electronic states near the band gap, that are states near the valence band maximum
and conduction band minimum. Therefore, the knowledge of all the eigenstates of the
matrix is neither required nor feasible even with modern supercomputers. If valence
and conduction band would decouple, the states of interest would be the eigenfunctions
with the largest and smallest eigenvalue in valence and conduction band, respectively.
For such special cases extremely efficient algorithms exist. Due to the coupling between
conduction and valence band the states of interest are energetically somewhat in the in-
terior of the spectrum of the Hamiltonian H . Therefore, the single-particle Schrödinger
equation, Eq. (3.26), has to be solved as an interior eigenvalue problem and only a few
eigenvalues near the band gap region must be computed. For this purpose we employ
the folded spectrum method [36].

The folded spectrum method was developed by Wang and Zunger in 1993 for large scale
non-selfconsistent calculations of mesoscopic systems (> 1000 atoms). The conventional
approach to the eigenvalue problem defined by

H|ψi〉 = εi|ψi〉 , (3.33)

is to minimize the expectation value 〈ψi|H|ψi〉. The first wave function obtained by
this approach is then the lowest energy eigenstate of H . To find a higher state |ψi〉,
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εref

CBM

VBM

{εi}

folding

{(εi − εref)
2}

Figure 3.3: Schematic illustration of the folded spectrum method. Left hand side: Eigenvalue
spectrum of the Hamiltonian H. Right hand side: Folded spectrum of (H − εref )2. The
conduction band maximum and valence band minimum are denoted by CBM and VBM,
respectively.

one has to orthogonalize |ψi〉 to the previously converged eigenstates {|ψj〉}i
j=1 with

lower energies. The effort which is required for this orthogonalization procedure scales
as N3, where N is the number of atoms in the system. Consequently, this conventional
approach is only applicable to small systems (N <∼ 1000 atoms). Therefore to study QD
structures that contain several thousand atoms, one needs a technique which enables
the calculation of eigensolutions in the vicinity of a given reference energy εref without
the requirement to calculate all the solutions energetically below it. This idea leads
to the folded spectrum method. A schematic representation of the folded spectrum
method is given in Figure 3.2. The central point is, that the solutions of Eq. (3.33) also
satisfy the following equation

(H − εref )2 |ψi〉 = (εi − εref)
2 |ψi〉 (3.34)

This means that the original spectrum {εi} of H has been folded around the point εref

into the spectrum {εi−εref}. Thus, the lowest eigensolution of the new, folded spectrum
is the eigenstate with εi closest to εref. Within this approach, one can transform an
arbitrarily high eigensolution into the lowest one, just by placing the reference energy
εref close to the energy of interest. This avoids the manyfold orthogonalization process.
If εref is placed in the band gap region of the dot material, the solution of Eq. (3.34)
with the lowest energy results either in a state near the valence band maximum or a
state near the conduction band minimum, depending on which is closer to εref. By
changing εref in the band gap region, one can find both the states near the valence
band maximum and those near conduction band minimum. The effort involved in this
method scales linearly with the system size [36].

The solution of Eq. (3.34) is numerically achieved by the PARPACK (Parallel ARPACK)

27



3 Tight-Binding Models

routines [85]. PARPACK is an extension of the ARPACK libraries used for large-scale
eigenvalue problems on distributed memory parallel architectures. Such an architecture
is provided by the Forschungszentrum Jülich with the supercomputer ‘JUMP’ [86]. The
PARPACK package is designed to compute a few eigenvalues, e.g., those with smallest real-
part or smallest magnitude, and corresponding eigenvectors of a general n by n matrix.
It is most appropriate for large sparse matrices.
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4 Short Introduction in Group Theory

The symmetry of the atomic arrangement is the basis for the classification of the vari-
ous crystal structures. Using group theory, important conclusions can be drawn about
the physical properties of the crystal, such as its elastic and electronic properties. Fur-
thermore, it makes it possible to classify states, and, more importantly, to determine
selection rules without the need for any numerical calculations. The application of
symmetry arguments to atoms and molecules has its origin in group theory developed
by mathematicians in the 19th century. This subject is often presented in a rigor-
ous mathematical formulation. However, it is possible to progress quite a long way in
understanding symmetry without a detailed mathematical knowledge of the theory of
groups, and only a simple introduction to the subject will be outlined here. Detailed
discussions are given for example in Refs. [50, 87, 88].

4.1 General Considerations

A set of elements G = {g1, g2, g3, ...} with an operation denoted by “ ·” is a group if the
following axioms are obeyed:

A1 Closure. If g1 and g2 are two members of the group, then their product g3 = g1 ·g2

must also be a member of the group.

A2 Associativity. The rule of combination must be such that the associativity prop-
erty holds. This means, if g1, g2, and g3 are any three elements of the group, then
(g1 · g2) · g3 = g1 · (g2 · g3).

A3 Identity. The group must contain a unique element E such that for any element
g1 of the group, g1 · E = E · g1 = g1. Therefore, E is called the identity element.

A4 Inverse. Each element g1 of the group must have an inverse g−1
1 that is also a

member of the group. By the term inverse we mean that g1 · g−1
1 = g−1

1 · g1 = E.

Each molecule or crystal lattice has a number of so-called symmetry elements, which
leave the system unchanged. These operations, in addition to the identity operation,
are normally considered to include rotation around an axis, reflection at a plane, inver-
sion through a point, translation or a combination of these operations. All symmetry
operations that leave a crystal unchanged constitute a so-called space group. Besides
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A B
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σv(AC)

σv(DB)

(a)

A
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C

σv(A)

σv(C)

σv(B)

(b)

Figure 4.1: Schematic representation of (a) C2v and (b) C3v symmetry. The dashed lines
indicate the mirror planes.

the translation symmetry operations, a space group contains rotations and reflections,
followed by an appropriate displacement. The elements of a space group can be denoted
by {R|a}, where R is a matrix indicating the rotational part (rotations, rotations fol-
lowed by inversion), a is an appropriate space displacement vector. All possible vectors
a associated with R have the form a = tn + f where tn is a translation defined by
tn = n1b1 + n2b2 + n3b3 with a collection of three integers and the three basic lat-
tice vectors b1, b2 and b3. The vector f is a fractional translation required for some
rotations. The set of operations {R|0}, where R ranges over the different rotational
parts of the space group elements, constitute a group which is called the point group
of the lattice. Only 32 point groups are possible because of the limitations imposed by
translational symmetry [87].

As a first example of an object with a distinct point group, we consider a square
consisting of two different types of atoms as depicted in Figure 4.1(a). The two different
types of atoms are indicated by white and black circles, respectively. The symmetries
of such a system will play an important role for the discussion of the electronic states
of QDs with a zinc blende structure. As one can infer from Figure 4.1(a), the following
symmetry elements are present:

1. The identity element E: the symmetry operation E requires no action to the
square, so that it may seem too trivial to be of importance. However, as noted
above it is a crucial element for any group.

2. A two-fold axis of symmetry C2z: rotation of the square by 2π/n, with n = 2,
around the z-axis produces a configuration which is indistinguishable from the
initial one.
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C2v E C2z σv(AC) σv(DB)

E E C2z σv(AC) σv(DB)

C2z C2z E σv(DB) σv(AC)

σv(AC) σv(AC) σv(DB) E C2z

σv(DB) σv(DB) σv(AC) C2z E

Table 4.1: Multiplication table for the C2v group.

3. A symmetry plane σv(AC) perpendicular to the plane of the square: Reflection
on this plane produces a configuration indistinguishable from the initial one. The
subscript “v” stands for vertical and implies that the plane contains the highest-
fold symmetry axis, which is C2z in this case. Planes that are perpendicular to
the highest-fold symmetry axis are called horizontal, or σh, planes.

4. A second symmetry plane: σv(DB).

A system with these four particular symmetry elements is called to have C2v symme-
try. A useful device for thinking about groups is what is called the multiplication or
group table. This is a table, where the symmetry operations displayed horizontally and
vertically are combined and their product reported in the corresponding table entry.
For instance, the result σv(DB) of the operation C2zσv(AC) is placed in the row of
C2z and the column of σv(AC). The order in which the symmetry operations are ap-
plied is important since the law of combination is not necessarily commutative. We
will note symbolically the product of two operations g and h, gh. In this convention,
the operation h is carried out first and g second. According to the axiom A1, the
elements of the multiplication table must also be elements in the group. For the C2v

group, the multiplication table is given in Table 4.1. Following the discussion above,
another feature which can be deduced from the group table, is whether the group is
abelian (commutative) or non-abelian. Since the group table of the C2v is symmetric
with respect to its main diagonal, every element commutes with the others. Therefore,
the group C2v is abelian.

Before going further, one needs to explain the important concept of classes and for
that, to define the term similarity transformation. If Q and X are elements of a group,
then the element P such that P = X−1QX is known as the similarity transform of
Q by X. One also says that Q and P are conjugate. Each set of mutually conjugate
elements is called a class. By using the multiplication table, one obtains that for the
C2v group each element is conjugate only to itself, so it founds its own class. This is
typical for abelian groups where P = X−1QX = QX−1X = Q.

At this point we introduce another group which will be of major importance for the
discussion of nitride QDs, the C3v group. This group turns out to be a non-abelian
group. For the C3v group, appropriate for systems with a wurtzite structure, the number
of symmetry elements is six (the identity E, C3z, C2

3z , and three σv elements). An
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C3v E C3z C2
3z σv(A) σv(B) σv(C)

E E C3z C2
3z σv(A) σv(B) σv(C)

C3z C3z C2
3z E σv(C) σv(A) σv(B)

C2
3z C2

3z E C3z σv(B) σv(C) σv(C)

σv(A) σv(A) σv(B) σv(C) E C3z C2
3z

σv(B) σv(B) σv(C) σv(A) C2
3z E C2

3z

σv(C) σv(C) σv(A) σv(B) C3z C2
3z E

Table 4.2: Multiplication table for the C3v group.

illustrative example for an object with C3v symmetry is an equilateral triangle, shown in
Figure 4.1(b). The dashed lines denote the three mirror planes σv. The corresponding
group table is given in Table 4.2. Since the multiplication table is not symmetric,
one can conclude that the group C3v is non-abelian. For example, the elements of the
rotation C3z and C2

3z do not commute with mirroring σv. For the C3v group the elements
C3z and C2

3z form a class, as do the three vertical reflection planes σv.

From the multiplication table of a group G with the symmetry elements {R1, R2, ..., Rn}
it is possible to find a variety of matrices {D(R) ∀R ∈ G} that multiply in the same
way as the abstract symmetry elements do:

R1R2 = R3 → D(R1)D(R2) = D(R3)

Any set of non-zero square matrices that multiply in the same way as the elements of
a group is said to form a representation of that group. Given a representation D of a
group G, and a set of associated matrices {D(R) ∀R ∈ G} the representation is said to
be reducible if one can find a similarity transformation, that reduces all the matrices
D(R) to block-diagonal form. Otherwise the representation is called to be irreducible.
As an illustrative example let us discuss the point group C3v. We choose rectangular
coordinates x, y, z with z along the symmetry axis C3 and x along one of the symmetry
planes σv, with y making a right-hand system. Then a point X is expressed as (x, y, z).
Any symmetry operation of the group C3v will take these coordinates into (x′, y′, z′)
that are linear functions of the original coordinates. Explicitly, the transformations
can be expressed by 3× 3 matrices, acting on three-dimensional column vectors. Since
the group contains six symmetry operations, there will be six matrices. The identity
operator E corresponds to the identity matrix. The other five matrices are found from
the formulas for rotation of coordinates [89]. As an example we choose the symmetry
operation C3z, which corresponds to a rotation around the z axis by an angle of 2π/3:

D(C3z)r =

⎛
⎜⎜⎝

−1
2

−1
2

√
3 0

1
2

√
3 −1

2
0

0 0 1

⎞
⎟⎟⎠
⎛
⎜⎜⎝

x

y

z

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝
−1

2
x − (1

2

√
3)y

(1
2

√
3)x − 1

2
y

z

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

x′

y′

z′

⎞
⎟⎟⎠ = r′ .
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{E} {C2z} {σv(AC)} {σv(DB)}
A1 1 1 1 1

A2 1 1 -1 -1

B1 1 -1 1 -1

B2 1 -1 -1 1

(a)

{E} {2C3z} {3σv}
A1 1 1 1

A2 1 1 -1

E 2 -1 0

(b)

Table 4.3: Character table of the group (a) C2v and (b) C3v

It turns out, that z is not affected under the action of any of the symmetry operations.
It is multiplied by one in each transformation and the values x and y are never mixed
in. Therefore z is a basis of a representation all by itself, the unit representation
where each member corresponds to one. The values of x and y do get mixed under
the symmetry operations of group C3v, and no choice of coordinates could change this.
They form a basis of a two dimensional matrix representation. The representation in
terms of (x, y, z) is said to reducible to the two smaller representations and each of these
is irreducible to smaller representations. In physical applications it is the irreducible
representation that gives the essential information. In this case, it was easy to find the
reducibility of the representations because we chose the coordinates wisely. If we had
taken the coordinate axes in some arbitrary position, we would have obtained six rather
full matrices and reducibility would not be at all obvious.

In the following, we will explain that entire matrices are often not required. In many
cases, the traces of matrices alone can provide sufficient information. For the construc-
tion of the irreducible representations, we refer to Ref. [88]. If, in a certain represen-
tation, the matrix D(R) corresponds to the symmetry operation R, then the trace of
D(R) is called the character χ(R) of R for that representation. The trace is not changed
by a similarity transformation and therefore conjugate elements have the same charac-
ter. The character is thus the same for the whole class of elements. Tabulations of the
characters of the various representations for a group are called, character tables. The
character tables for the groups C2v and C3v are given in Table 4.3(a) and Tab. 4.3(b),
respectively. By construction, the classes are listed on the horizontal header of the
table, while the irreducible representations are listed on the vertical header to the left.
The classes are denoted by an identifying operation symbol preceded by the number
of operations in the class. Assume that a group has N elements and these elements
are divided into i classes. The number of elements in each class will be denoted by
N1, ..., Ni. The identity operator E forms a class with only one element. For example,
the group C3v has six symmetry elements: The identity E, C3z, C2

3z , and three verti-
cal reflection planes σv. Since the elements C3z and C2

3z form a class, as do the three
reflection planes σv, the three classes including the identity operation E are denoted
by {E}, {2C3z} and {3σv}. For the group C2v, each element is its own class. In the
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case of C2v, the different irreducible representations are denoted by A1, A2, B1, and
B2 . Representations which are symmetric with respect to the principal rotation axis
Cn are always denoted with the letter A, whereas those that are antisymmetric with
respect to Cn are denoted with the letter B. The subscripts 1 or 2 then follow from
the behavior under action of the other elements σv. The representation A1 is called the
totally symmetric representation, and must always be present, and is always listed first
in character tables. For groups, such as C3v, with irreducible representations that are
degenerate, the letter E refers to those that are two dimensional, while three, four, and
five dimensional irreducible representations are labeled by T , G, H . By convention,
the identity operator E is always listed first in the header row of the character table.
Since the identity operation leaves any basis function invariant, the character χi(E)
within the first column of the character table itself provides the dimensionality of the
irreducible representation.

Three important theorems are very useful for constructing the character table of a group

T1 The number of irreducible representations of a group is equal to the number of
classes in that group.

T2 The sum of the squares of the dimensions di of all the irreducible representations
of a group is equal to the order, denoted by |G| of the group G:∑

i

d2
i = |G| (4.1)

The order of the group |G| is by definition the number of elements in the group.

T3 The characters of two irreducible representations i and j satisfy∑
R

χ∗
i (R)χj(R) = |G|δij (4.2)

where χi(R) and χj(R) are the characters of the symmetry operation R in the rep-
resentations i and j, respectively, and the sum runs over all symmetry operations
of the group. From this we conclude that the sum of the squares of the absolute
values of the characters in any irreducible representation is equal to the order of
the group. This results in the so-called Great Orthogonality Theorem, which is
extremely helpful for the reduction of reducible representations into irreducible
ones and for the construction of character tables. Equation (4.2) implies that two
irreducible representations cannot have the same set of characters.

Since the group C2v contains four symmetry elements, the order |G| of the group is four.
According to theorems T1 and T2, each of the four irreducible representations must
be one-dimensional. For the C3v group, as already discussed, the number of symmetry
elements is six. Hence, the order |G| of this group is six. Furthermore, one has three
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4.1 General Considerations

different classes {E}, {2C3} and {3σv}. Therefore we are left with three irreducible
representations, and according to Eq. (4.1), the following relation must be fulfilled:

d2
1 + d2

2 + d2
3

!
= |G| = 6 (4.3)

The only set of three integers which satisfies Eq. (4.3) is 1, 1, 2, and so the C3v group
must have two one-dimensional and one two-dimensional irreducible representations.

So far we have considered the mathematical treatment of the representations of a group.
In the following, we will make the connection between the representation theory and an
eigenvalue problem. Consider, for a moment, the electronic wave functions of an atom
or a QD. We know that they must satisfy the Schrödinger equation:

H|ψj,v〉 = Ev|ψj,v〉 , (4.4)

where H , |ψj,v〉, and Ev are the electronic Hamiltonian, wave functions, and energies,
respectively. The subscript v labels the energy levels and j distinguishes the different
wave functions belonging to each level Ev. Furthermore, let G denote the symmetry
group of the operator H . An operation of symmetry in respect of an operator H(r)
is defined as linear transformation of coordinates r′ = Rr that does not change the
form of the operator, i.e. H(r′) = H(r).1 We suppose that the Hamiltonian is defined
with respect to a set of Cartesian axes. In general this operator is a function of the
derivatives with respect to the coordinates x, y and z as well as of the coordinates
themselves, so that writing the Hamiltonian as H(r) merely expresses the dependence
on the coordinate system, and does not imply that H(r) is only function of coordinates.
The ensemble of operations associated with every element R of the group G is given by
OR. If OR is an operator corresponding to one of the symmetry operations in the group
G of the system, it can be shown that

[OR, H ] = 0 . (4.5)

This means that |ψj,v〉 and OR|ψj,v〉 are both eigenfunctions belonging to the same
eigenvalue. If the vth level is n-fold degenerate, the index j ranges from 1 to n. In other
words, a set of linearly independent eigenfunctions (|ψ1,v〉, |ψ2,v〉, ..., |ψn,v)〉 is associated
with an eigenvalue Ev of degeneracy n. The functions OR|ψj,v〉 are also eigenfunctions
belonging to the eigenvalue Ev and can thus be expressed as linear combinations of
(|ψ1,v〉, |ψ2,v〉, ..., |ψn,v〉):

OR|ψj,v〉 =
∑

i

Dij(R)|ψj,v〉 with (i, j = 1, 2, .., n) (4.6)

The matrices D(R) exhibit the multiplication rules of the group, and thus constitute
the matrices for a representation D of the symmetry group. The representation D so

1 The more general case of linear transformations of the type r′ = Rr + a, which appear in crystals
and the case in which spin-coordinates are included, are discussed for example in Ref. [87], though
the general concepts of this section apply to those cases also.

35



4 Short Introduction in Group Theory

obtained is said to have the (|ψ1,v〉, |ψ2,v〉, ..., |ψn,v〉) as basis functions. Instead of using
such basis functions, one can consider a new set (|ψ′

1,v〉, |ψ′
2,v〉, ..., |ψ′

n,v〉) made up of n
independent linear combinations of (|ψ1,v〉, |ψ2,v〉, ..., |ψn,v〉). It can be proved [88] that
the representation D′ of basis functions (|ψ′

1,v〉, |ψ′
2,v〉, ..., |ψ′

n,v〉) is related to the rep-
resentation D of basis functions by a similarity transformation D′(R) = M−1D(R)M,
where M is the matrix that transforms the set |ψj,v〉 into |ψ′

j,v〉. Two representations
which are related to one another by a similarity transformation are called equivalent.
These equivalent representations differ only in the choice of basis functions used to ex-
press them explicitly, otherwise they are essentially the same. Therefore we treat them
as not distinct. Thus, the representation D is equivalent to D′, i.e., only one distinct
representation of the symmetry group G is associated with a given eigenstate. The space
of the functions (|ψ1,v〉, |ψ2,v〉, ..., |ψn,v〉 is therefore said to be irreducible (reducible) if
the representation is irreducible (reducible). In other words, if the D is irreducible
and has the dimension n it is impossible to choose a number < n of functions, that
transform only among themselves under the operations of the group. The results so
far obtained provide a classification of the eigenvalues of an operator. In conclusion we
deduced two critical implications:

1. The wave functions of each electronic level of, for example, a QD transform ac-
cording to an irreducible representation of the QD point group.

2. The degree of degeneracy of an energy level, barring “accidental degeneracies”, is
equal to the dimension of the irreducible representation to which its wave function
belongs. Therefore the irreducible representations determine essential degenera-
cies of the eigenvalues.

Thus, even without solving the Schrödinger equation, we know the possible degeneracies
from the very beginning! Since the group C2v contains only one-dimensional represen-
tations, every electronic level of a QD with C2v symmetry must be non-degenerate. In
systems with C3v symmetry, one could also obtain double degenerate levels, since this
group contains a two-dimensional representation.

So far we have discussed only point group symmetry operations, such as rotation and
mirroring. For the investigation of bulk band structures space groups have to be intro-
duced, which are formed by the combination of the elements of the point group with
translations. In the next section symmetry properties of the electronic energy bands
will be studied by means of group theory.

4.2 Symmetry Properties of Energy Bands

To find an appropriate TB model for the description of the bulk band structure, it is es-
sential to know the symmetry properties of the different bands at high-symmetry points
in the first Brillouin zone. Considerable information for a qualitative understanding of
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the energy bands maxima and minima can be deduced by means of a combination of
symmetry arguments, perturbation theory, and experimental information [90]. Here, we
determine important properties of the energy bands from symmetry arguments alone.
In order to illustrate this procedure we focus the discussion on the group-theoretic char-
acter tables associated with the zinc blende structure. Of course, a similar analysis can
be carried out for other crystal structures.

As we have already seen in the previous section, character tables are the basic quantities
from which many symmetry properties can be deduced. In addition to crystallographic
symmetries, the so-called time reversal symmetry, which will be discussed in Section 4.3,
is present. Since time reversal symmetry is distinct from the symmetries related to the
space group, it will be necessary to include the influence of the effects of the former after
having constructed the character tables for a given space group. First, we consider the
symmetry problem without spin. Since the spin-orbit coupling is included in our TB
model for systems having zinc blende structure, the spin is introduced in the discussion
in a second step.

The elements of a space group Gspace are combinations of the translational symmetry
of an unit cell and an element of a point group. Every element of the latter is either
a rotation or the product of a rotation and an inversion. For example, the zinc blende
structure has the space group T 2

d associated with the fcc translation group and the
tetrahedral point group Td [87].
As a consequence of the translation symmetry of the lattice, every energy eigenfunction
can be written in form of a Bloch function ψk(r) = exp(ikr)uk(r), where k is the wave
vector in the Brillouin zone and uk(r) is a function that has the periodicity of the lattice.
For a given wave vector k associated with some symmetry point in reciprocal space,
one finds those operations of the point group associated with the space group which
transforms k into itself plus a reciprocal-lattice vector [87]. Such a set of symmetry
operations forms a group called the group of the wave vector k. There is a distinct
wave vector group for each type of symmetry line and point in the Brillouin zone [87].
All the wave vector groups are subgroups of the point group connected with the space
group.

As an illustrative example we will now discuss the character table of a zinc blende
crystal with k = 0. The tetrahedral point group Td consists of 24 symmetry elements
which can be divided into five classes:

{E} : Identity

{8C3} : Eight clockwise and counterclockwise rotations by 2π/3 around

the [111],[1̄11],[11̄1],[111̄] axes, respectively.

{3C2} : Three rotations by π around the [100], [010] and [001] axes, respectively.

{6IC4} : Six clockwise and counterclockwise improper rotations by π/2

around [100], [010] and [001] axes, respectively.

{6σ} : Six reflections at the (110), (11̄0), (101), (101̄), (011),

and (011̄) planes, respectively.
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Notations Classes

Koster BSW Molecular {E} {3C2} {8C3} {6IC4} {6σ}
Γ1 Γ1 A1 1 1 1 1 1

Γ2 Γ2 A2 1 1 1 -1 -1

Γ3 Γ12 E 2 2 -1 0 0

Γ4 Γ15 T2 3 -1 0 -1 1

Γ5 Γ25 T1 3 -1 0 1 -1

Table 4.4: Character table and commonly used notations for the irreducible representations
of the Td point group.

Here, I is the inversion element and rotations followed by inversions are referred to
as improper rotations. Since the number of irreducible representations is equal to the
number of classes, the point group Td has five irreducible representations. Note again,
that the character of the class containing the identity operation {E} is equal to the
dimension of the representation. Since the order of the group Td is |G| = 24, we obtain
from Eq. (4.1): ∑

i

d2
i = |G| = 24 (4.7)

The only possible combination of five squares which add to 24 is: 12 +12 +22 +32 +32.
This means, the point group Td consists of two irreducible representations of the dimen-
sion one, one irreducible representation of dimension two, and two irreducible repre-
sentations of dimension three. According to the discussion above, these representations
are usually denoted by A1, A2, E, T1 and T2. The character table of the Td group is
given in Table 4.4. Similar considerations can also be made for other symmetry points
or lines of the first Brillouin zone [87].

The notation A1, A2, E etc. we introduced here so far, is more commonly found in the
literature on molecular physics. In articles on semiconductor physics, different notations
are frequently used. It can be shown [50, 87], that the wave functions of a crystal with
the wave vector k transform at the Γ point always like the irreducible representations
of the point group of the crystal, and therefore the Bloch functions at k = 0 can be
classified according to the irreducible representations. Hence in semiconductor physics
one uses, Γ plus a subscript i to denote the irreducible representations. There are two
different conventions in the literature to choose the subscript i: One introduced by
Koster while the other was proposed by Bouckaert, Smoluchowski and Wigner (BSW).
The correspondence between the different notations for the Td point group is also given
in Table 4.4.

So far we have neglected the spin in our discussion. Without taking into account the
spin, an electronic wave function is a scalar function of position r. Therefore, the
wave function always transforms into itself under a rotation by 2π. However, with spin
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{E} {Ē} {3C2/3ĒC2} {8C3} {6IC4} {6σ/6Ēσ} {6Ē(IC4)} {8ĒC3}
Γ1 1 1 1 1 1 1 1 1

Γ2 1 1 1 1 -1 -1 -1 1

Γ3 2 2 2 -1 0 0 0 -1

Γ4 3 3 -1 0 -1 1 -1 0

Γ5 3 3 -1 0 1 -1 1 0

Γ6 2 -2 0 1
√

2 0 −√
2 -1

Γ7 2 -2 0 1 −√
2 0

√
2 -1

Γ8 4 -4 0 -1 0 0 0 1

Table 4.5: Character table of the double group T̄d [48].

included, the wave function is a spinor and transforms into the negative of itself under
any 2π rotation [49]. Without the spin, the point group contains n elements Ci. If
one takes the spin into account, the point group will contain 2n elements, namely n
elements Ci and n elements C̄i, where C̄i is defined by

C̄i = ĒCi , (4.8)

and Ē is a rotation by 2π. The operations Ci and C̄i are of course identical in their action
on a point in space. Groups containing symmetry operations of spin wave functions are
known as double groups. It is beyond the scope of this thesis to treat double groups in
detail. The reader is referred to Refs. [50,87]. For our purposes, it is already sufficient to
know the irreducible representation at k = 0. Again, we focus the following discussion
on a system with zinc blende structure. Since the single group Td contains 24 elements,
the double group T̄d contains 48 elements. However, the number of classes in the double
group is not necessarily twice that of the corresponding single group. The reason is,
that a class C in the single group may or may not belong to the same class with ĒC. For
example, at Γ in a zinc blende crystal, the elements in {3C2} and {3ĒC2} belong to the
same class in the double group. Therefore, the 48 elements in the double group of Γ in
zinc blende crystals are divided into eight classes. In the character table 4.5 of the double
group of Γ the eight classes and the eight irreducible representations are listed. In this
case, the double group has two irreducible representations of the dimension one, three
of the dimension two, two of the dimension three and one irreducible representation
of the dimension four. From these considerations one can deduce properties of the
valence band structure as well as for the conduction band minimum at k = 0. Similar
considerations can also be made for crystals with a wurtzite structure. These discussions
will be extended in Part II for systems with a zinc blende structure, and in Part III for
the wurtzite crystal structure.

In conclusion, this section was dedicated to introduce the terminology and notations of
group theory, but no effort was made to prove the statements and theorems mentioned.
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For a rigorous treatment the reader is referred to books on group theory. Note, that
so far extra degeneracies due to the time reversal symmetry are not considered. These
can be found, for example, by the techniques of Herring [91] and Eliott [92]. This will
be subject of the following section.

4.3 Time Reversal Symmetry

So far we have mainly investigated geometrical symmetries of a system. In addition
there are also non-geometrical symmetries like rotations in spin-space treated in the
previous section and the time reversal invariance. This section is dedicated to the prob-
lem of additional degeneracies, which arise from the so-called time reversal symmetry.
In a first step, we will introduce some properties of the time-reversal operator that will
lead to the famous Kramers theorem. In a second step we will turn our attention to
the extra degeneracies.

In quantum mechanics the state of a system is specified by a wave function ψ, and
the evolution of a particle is governed by time dependent Schrödinger equation with
a specific Hamiltonian H . To start with, let us suppose |ψ(t)〉 is a solution of the
Schrödinger equation

H|ψ(t)〉 = i�
∂

∂t
|ψ(t)〉 , (4.9)

with a time-independent Hamiltonian H . Time reversal invariance is symmetry under
the simple transformation T : t → −t alone. If we replace t by −t this equation
becomes:

H|ψ(−t)〉 = −i�
∂

∂t
|ψ(−t)〉 ,

showing that the Schrödinger equation is not invariant under the transformation t →
−t. However, for spinless particles and with real potentials (no magnetic field), the
presence of i in Eq. (4.9), enables the original form to be restored by taking its complex
conjugate:

H|ψ(−t)〉∗ = i�
∂

∂t
|ψ(−t)〉∗ ,

and |ψ(−t)〉∗ satisfies the same Schrödinger equation as |ψ(t)〉. In other words, defining
K as the complex conjugation Kψ(r) = ψ∗(r) one sees that K|ψ(t)〉 is the solution of
the original Eq. (4.9) but evolving backwards in time. This is why, for spinless particles
K is the time reversal operator T . Note that it has the properties K2 = 1 (K−1 = K)
and KH(r,p)K = H(r,−p) = H(r,p). The last equality holds because, in the absence
of a magnetic field, H is quadratic in p and therefore H commutes with T . Note also
that the angular momentum L = r × p changes sign under the time reversal.

The time reversal problem is more complicated in the presence of spin. To be more
specific, in the following we consider half-spin particles. In this case, one has to deal
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with the Pauli equation [50]

H(r,p, σ)

(
ψ1(r, t)

ψ2(r, t)

)
= i�

∂

∂t

(
ψ1(r, t)

ψ2(r, t)

)
, (4.10)

where σ =
(
σx, σy, σz

)
are the Pauli matrices

σx =

(
0 1

1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0

0 −1

)
. (4.11)

The dependence of the Hamiltonian H on the spin operators σx, σy, σz is a way to

write a system of two differential equations corresponding to the two spin components
in compact form.
It can be shown that for half-spin particles the time reversal operator T is defined
by [88]:

T = UK = (iσy)K . (4.12)

The reason for this choice is that now the spin angular momentum s = �

2
σ, should

change sign under time reversal, like the orbital angular momentum L. Indeed with
Eq. (4.12) one has [50]

T rT−1 = r , TpT−1 = −p , TσT−1 = −σ , (4.13)

and therefore, again in the absence of a magnetic field:

TH(r,−p,−σ)T−1 = H(r,−p,−σ) = H(r,p, σ) . (4.14)

The last equality holds again because H is quadratic in (p, σ).
From Eq. (4.13) we obtain that the expectation values of the coordinates in a state |ψ〉
and its time reversed conjugate |Tψ〉 are equal, while the expectation values of momenta
and spin for state |ψ〉 and |Tψ〉 are opposite. According to the discussion above, we

conclude that, if ψ =

(
ψ1(r, t)

ψ2(r, t)

)
represents a succession of states, the succession of

states Ψ = (iσy)

(
ψ∗

1(r,−t)

ψ∗
2(r,−t)

)
in reversed chronological order constitutes a possible

succession of states. Therefore, one calls Ψ the time reversed conjugate of ψ.
From its definition, Eq. (4.12), the operator T is antilinear, i.e.,

T (a|ψ1〉 + b|ψ2〉) = a∗T |ψ1〉 + b∗T |ψ2〉

and anti-unitary, i.e.,
〈ψ|φ〉 = 〈Tφ|Tψ〉 . (4.15)
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Also:

T 2Ψ = (iσyK)(iσyK)

(
ψ1

ψ2

)
= (iσyK)

(
ψ∗

2

−ψ∗
1

)
= i2

(
ψ2

ψ1

)
= −Ψ . (4.16)

Let us now establish for which systems the time reversal operator T commutes with the
Hamiltonian H , so that Eq. (4.14) is satisfied. Because of Eq. (4.13), the time reversal
operator commutes with the potential energy terms and the kinetic energy term, which
is quadratic in p. It also commutes with terms which contain spin-orbit and spin-spin
interactions. However, the operator T does not commute with the Hamiltonian of a
charged particle in an external magnetic field because in such a case the Hamiltonian
is linear in the operators p and σ [49].

From the above considerations one can deduce the famous Kramers theorem [93]. For
this, we consider a solution of the eigenvalue problem

H|ψ〉 = E|ψ〉 .

If the Hamiltonian H is invariant under time reversal symmetry, one obtains from the
state |φ〉 = T |ψ〉

H|φ〉 = H(T |ψ〉) = TH|ψ〉 = TE|ψ〉 = ET |ψ〉 = E|φ〉 , (4.17)

which shows that |φ〉 = T |ψ〉 is also an eigenfunction of H with the same eigenvalue as
|ψ〉. If the functions |φ〉 and |ψ〉 are linearly independent, there will be a degeneracy
due to the time reversal symmetry. Therefore, in a quantum mechanical system with
time reversal symmetry, additional systematic degeneracies may be expected.

As an example of a systematic degeneracy introduced by the time reversal operator, we
consider the case of half-spin particles and note that the spinor eigenfunctions |ψ〉 and
|φ〉 = T |ψ〉 cannot be linearly dependent. This can be seen from the following simple
example

〈ψ|φ〉 Eq. (4.15)
= 〈Tφ|Tψ〉 = 〈TTψ|Tψ〉 Eq. (4.16)

= −〈ψ|Tψ〉 = −〈ψ|φ〉

Thus |φ〉 = T |ψ〉 and |ψ〉 are orthogonal, and therefore there exists at least a double
degeneracy for half-spin particles if the Hamiltonian is invariant under time reversal
symmetry. This essential degeneracy is the so-called Kramers degeneracy of quantum
mechanics. The Kramers degeneracy does of course not apply to quantum systems for
which the time reversal operator is not a symmetry operator. For instance, an atomic
state with total angular momentum J is split by an external magnetic field into 2j + 1
non-degenerate levels.

From these considerations, we can also conclude, that in the absence of an external
magnetic field, all single-particle energy levels are at least twofold degenerate due to
the time reversal symmetry.
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4.3 Time Reversal Symmetry

Relation between Frobenius-Schur Spinless Half-spin

Case D and D∗ test particle particle

A D ∼ D∗ ∼ Dr

∑
a χ(a2) = |G| No extra Degeneracy

degeneracy doubled

B D � D∗ ∑
a χ(a2) = 0 Degeneracy Degeneracy

doubled doubled

C D ∼ D∗
� Dr

∑
a χ(a2) = −|G| Degeneracy No extra

doubled degeneracy

Table 4.6: Influence of time reversal symmetry. The representations of a group are denoted
by D. A real representation is labeled by Dr.

4.3.1 Degeneracies due to Time Reversal Symmetry

In Section 4.1 we have mainly investigated spatial symmetries of a Hamiltonian H .
This means that H belongs to a certain symmetry (double) group G. If we suppose
that the Hamiltonian H is invariant under time reversal symmetry one has also to add
the time reversal operator T to the group G. But here arises the basic difficulty that
space symmetry operators are linear operators, whereas the operator T is antilinear.
Therefore one has to generalize the results of the usual group theory to deal with a
group which contains unitary as well as anti-unitary operations [91, 92].

Suppose that a set of eigenfunctions S1 = (φ1, ..., φn) belonging to the eigenvalue E are
degenerate and form a basis for the irreducible representation of the symmetry group
G. Then the set of functions S2 = (Tφ1, ..., Tφn) also belongs to the eigenvalue E
and one must be able to decide whether or not the new set is linearly dependent on
S1 = (φ1, ..., φn). This can be decided by the method of Wigner [94]. It can be proved,
that if a set of functions belongs to the irreducible representation D of the Hamiltonian’s
symmetry group G, the set of time reversal conjugate functions belongs to the complex
conjugate representation [87]. For the relationship between an irreducible representation
and its complex conjugate three different cases may occur:

• Case A: D and D∗ are equivalent to the same representation Dr by real matrices.

• Case B: D and D∗ are inequivalent

• Case C: D and D∗ are equivalent but not to a representation Dr by real matrices.

It is clear that in case B, an additional degeneracy is introduced by the time re-
versal symmetry for spinless and half-spin particles, since the set of functions S2 =
(Tφ1, ..., Tφn) obtained by time reversal symmetry are linearly independent from S1.
It turns out, that for irreducible representations which belong to case A, an extra de-
generacy is only obtained for half spin-particles. For those belonging to case C, an
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C̄2v E Ē C2z, C̄2z σv(AC), σ̄v(AC) σv(DB), σ̄v(DB)

Γ1 1 1 1 1 1

Γ2 1 1 -1 1 -1

Γ3 1 1 1 -1 -1

Γ4 1 1 -1 -1 1

Γ5 2 -2 0 0 0

Table 4.7: Character table for the double group C̄2v [95].

additional degeneracy is introduced only for spinless particles. The discussed effects of
time-reversal symmetry in introducing extra degeneracies are summarized in Table 4.6
and are known as Wigner’s rules. A proof of the conclusion drawn above can be found,
for example, in Ref. [50].

For a finite group, one can apply the so-called Frobenius-Schur test, to distinguish
between the cases A, B, and C by inspecting the characters of irreducible representa-
tions [50]. In this criterion, one considers the sum of the characters of the squares of
the elements in this group. It can be proved that this sum takes the values |G|, 0, and
−|G|, where |G| is the order of the group, when the irreducible representation belongs
to case A, B, or C, respectively:

∑
a∈G

χ(a2) =

⎧⎪⎨
⎪⎩

|G| case A
0 case B

−|G| case C

(4.18)

To make use of this criterion, one has to calculate the characters of the squares of
the elements in this group. But for this we have to keep in mind that we are dealing
with double groups. To this end one has to consider that an electron is described by
a wave functions depending on both space and spin-coordinates. Therefore we have to
extend ordinary group theoretical techniques. To be able to evaluate Eq. (4.18), one
has to consider the transformation properties of the spin functions under the symmetry
operations. In a first step, we will investigate the effect of a proper rotation R on the
spin state u = (u+, u−) = u+(1, 0) + u−(0, 1). The state u′ = Ru obtained by applying
a rotation R on u can be expressed as:

u′
+ = (Ru)+ = au+ + cu− , u′

− = (Ru)− = bu+ + du− .

The functions (1, 0) and (0, 1) constitutes a basis for a representation of the rotation
group, in which a rotation R is represented by the matrix R:

R =

(
a b

c d

)
. (4.19)
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4.3 Time Reversal Symmetry

a E Ē C2z, C̄2z σv(AC), σ̄v(AC) σv(DB), σ̄v(DB)

a2 E E Ē, Ē Ē, Ē Ē, Ē Σ Case

Γ1 1 1 1 1 1 8 A

Γ2 1 1 1 1 1 8 A

Γ3 1 1 1 1 1 8 A

Γ4 1 1 1 1 1 8 A

Γ5 2 2 -2 -2 -2 -8 C

Table 4.8: Application of the Frobenius-Schur criterion to the double group C̄2v.

It is known that this transformation matrix is given by [88]

R(α, e) =

(
cos(α

2
) + in sin(α

2
) (il + m) sin(α

2
)

(il − m) sin(α
2
) cos(α

2
) − in sin(α

2
)

)
. (4.20)

Equation (4.20) reveals the transformation properties of the spin functions under any
proper rotation. Note in particular that any rotation of angle α = 2π changes the sign
of the spin functions, as already discussed in Section 4.2. Therefore in spin space, a
rotation by 2π is not equivalent to the identity operation. Only rotations by 4π or a
integer multiple of 4π coincide with the identity. Consequently, as already described in
Section 4.2, if one treats an eigenvalue problem with explicit inclusion of spin, one must
enlarge the symmetry group G by adding the symmetry element Ē, corresponding to a
rotation by 2π and the product of Ē with all other symmetry elements of G.

So far our investigations have been limited to proper rotations. To extend the theory to
improper rotations, one must also consider the effect of inversion on the spin functions.
It turns out that this operation results in multiplying any possible spin function by a
phase factor c = 1 [88]. Therefore, the inversion does not change the spin states.

Illustrative Example: C̄2v

As an illustrative example we choose here the double group C̄2v. This group will be
of major importance for the discussion of electronic states in QDs with a zinc blende
structure.

From the character table, given in Table 4.7, we conclude that the group contains four
one-dimensional irreducible representations and one two-dimensional representation. In
principle it is possible, that in systems with C̄2v symmetry fourfold degenerate states
occur due to time reversal symmetry, if the two dimensional representation Γ5 would
belong to case A or C discussed above. Thus, we have to decide, which case of Table 4.6
applies to the different representations. Since the representations Γ1, Γ2, Γ3, and Γ4 are
one-dimensional and the characters are real, these representations belong to case A.
Therefore double degeneracy occurs. More difficult is Γ5, since this representation is
two dimensional. In general, a representation is of type B if and only if its character
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is not real. Since the characters are real, the representation belong either to case
A (double degeneracy) or to case C (no extra degeneracy). The distinction between
these two alternatives can be established by the Frobenius-Schur test. The proper
rotation C2z is a rotation around the z axis by an angle of π. Therefore, one has to
calculate (R(α = π, e = ez))

2 from Eq. (4.20). This yields Ē. Similarly, we obtain for
the improper rotations σv(AC) = IC2DB and σv(DB) = IC2AC , that (R(σv))

2 = Ē.
Furthermore, for E and Ē we deduce E2 = Ē2 = E. From the characters χ(a2) we can
perform the summation required by the Frobenius-Schur test in Eq. (4.18), and we end
up with Table 4.8. Therefore, the representation Γ5 belongs to case C and no additional
degeneracy occurs.

Finally, we conclude that in a system with C2v symmetry, and taking the spin into
account, every state should be double degenerate and no higher degeneracy should
occur.
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5 Introduction to Part II

Semiconductor quantum dots (QDs), epitaxially grown or chemically synthesized, are
of great interest due to the possibility to study basic quantum phenomena and their
potential for novel device applications. Most of the investigations of QDs involve III-
V systems, such as InGaAs/GaAs and InP/GaP, which are suited for near-infrared
range applications [96]. By far less work has been devoted to II-VI systems, such
as CdSe/ZnSe, which are attractive for optoelectronic applications in the blue-green
spectral regions [96]. For example, laser diodes with epitaxially grown CdSe QDs stacks
exhibit an improved temperature stability compared to conventional laser diodes based
on quantum wells [97]. Therefore these QD structures can be a real alternative to
other semiconductor materials for the green spectral region. Furthermore, chemically
synthesized CdSe nanocrystals also attracted great attention due to their high quantum
yield and high photostability at room temperature [98]. Because of the confinement of
the carriers in those systems, the emission wavelength depends strongly on the size
and shape of the structure, which is defined during the synthesis. These features make
them promising emitters not only for quantum information [98,99] but also for biological
detection and imaging [100, 101].

For a controlled use of semiconductor QDs one needs a better understanding of their
electronic structure, which is rather sensitive to the actual geometrical and composi-
tional parameters. In calculating the electronic states, one encounters the following
difficulty: These systems are much larger than molecules and the most fundamental
symmetry of solid state physics, namely translational invariance, is not fulfilled. There-
fore, neither the standard methods of theoretical chemistry, nor those of solid state
theory can immediately be applied to these systems. For example ab initio methods
based on density functional theory (DFT) and local density approximation (LDA) would
require large supercell calculations with the size of the supercell being much larger than
the embedded QD or nanocrystal. However, to date such supercells are well beyond the
possibility of present day computational equipment, which allows only systems with up
to a few hundred atoms to be investigated in the framework of standard ab initio DFT
methods [26–28]. Simpler models, based on a effective-mass approximation [20, 102]
or a multi-band k · p model [29, 72, 103], describe the QD by a confinement potential
caused by the band offsets. Such approaches give insight into the formation of bound
hole and electron states, but they are only applicable if the atomistic details of the
underlying crystal structure is negligible. More suitable for a microscopic description
are empirical pseudopotential methods [8,31,104,105] and empirical tight-binding (TB)
models [9,32,66,106–114]. The empirical pseudopotential methods allow for a detailed
variation of the wave functions on the atomic scale. This is probably the most accurate
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description from a microscopic viewpoint, but it requires a large set of basis states and
is therefore computationally extremely demanding and time consuming. Within a TB
model, some kind of coarse graining is made and one studies spatial variations only
on inter-atomic length scales The huge advantage is that usually a small basis set is
sufficient. This allows for the possibility to study larger systems. Furthermore the TB
model provides a simple physical picture in terms of the atomic orbitals and on-site and
inter-site hopping matrix elements between these orbitals.

Semi-empirical TB models have been used previously to describe “nearly” spherical InAs
and CdSe nanocrystals, for which the dangling bonds at the surfaces are saturated by
hydrogen [106–109] or organic ligands [111–113]. Also uncapped [115] and capped [9]
pyramidal InAs QDs were investigated within in an empirical TB framework. To model
these QDs an sp3s∗ basis was used. This resulted in a 10N × 10N Hamilton matrix,
where N is the number of atoms, with 33 independent parameters. In this thesis we
apply a similar TB model to II-VI nanostructures, namely, CdSe QDs embedded inside
a ZnSe matrix, and spherical CdSe nanocrystals. We show that a smaller scp

3
a TB basis

is sufficient for a proper description of the electronic structure of these systems. This
approach requires only eight independent parameters and allows for the investigation
of larger nanostructures than those accessible by an sp3s∗ TB model. This advantage
relies on the fact that the scp

3
a basis set leads per se to a smaller matrix dimension

and that additionally a smaller percentage of nonzero matrix elements arise. There-
fore the scp

3
a TB model is less demanding regarding both memory requirements and

computational time. We find that within this approach the valence p bands for the
bulk system are extremely well reproduced everywhere and the conduction s band is
accurate near to the Γ point. From this we expect that also for QDs the hole states
and the electron states energetically close to the gap are well reproduced. To study this
accuracy of our model in more detail, we compare the results to other microscopic and
macroscopic models presented in the literature. Furthermore, TB results obtained for
CdSe-nanocrystals were compared to experimental results, and very good agreement is
found. This demonstrates that our TB model is reliable for the reproduction of the
essential electronic properties of these low dimensional nanostructures.

This part is organized as follows: Since CdSe and ZnSe crystalize in the zinc blende
structure, we start with a short discussion of this crystal structure in Section 6.1.
Then Section 6.2 is dedicated to the analysis of the bulk band structure of zinc blende
semiconductor materials by means of group theory. The attention is mainly focused
on the band structure in the vicinity of the Γ point, since the TB parameters are
fitted to the characteristic features in this region. In Section 6.3 the TB model with
an scp

3
a basis is introduced. Also, the formalism used to obtain the TB parameters is

described. Results for self-assembled pyramidal CdSe QDs are presented in Section 7.1.
For spherical CdSe nanocrystals the results and the comparison with experimental data
are given in Section 7.2.
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Structure

The underlying crystal structure of the system under consideration is of major impor-
tance for the calculation of the electronic structure. Therefore we will briefly introduce
the zinc blende crystal structure in Section 6.1. Furthermore, to set up an appropriate
tight-binding (TB) model, one has to consider special points of the bulk energy bands.
Hence, Section 6.2 is dedicated to a general discussion of the band structure of zinc
blende materials. Finally, the TB approach, which is used to calculate the electronic
properties of zinc blende CdSe nanostructures, is addressed in Section 6.3.

6.1 Crystal Structure

By far the most common crystal structure in semiconductors is the zinc blende structure,
sometimes known as sphalerite. Many important III-V compound semiconductors, such
as GaAs, InAs, InP and their alloys, but also the II-VI compounds ZnS, ZnSe, CdSe
and CdTe crystallize in the zinc blende structure. The corresponding conventional unit
cell is depicted in Figure 6.1(a). The zinc blende structure has a face-centered cubic
(fcc) lattice with a diatomic basis. In a fcc structure, one lattice point is located in the
center of each of the six faces of the usual cubic unit cell. The vectors spanning the
primitive unit cell are

a1 =
a

2
(1, 1, 0) , a2 =

a

2
(1, 0, 1) , a3 =

a

2
(0, 1, 1) ,

where a is the lattice constant.

In the diatomic basis, the anion A is at (0, 0, 0) and the cation C is at (1, 1, 1)a/4
relative to the lattice point. The position r of the atom α can also be written in terms
of the lattice vector R:

r(R, α) = R + ατ

with τ =
a

4
(1, 1, 1) and R = n1a1 + n2a2 + n3a3 n1, n2, n3 ∈ .

In this notation one has α = 0 for the anion, and α = 1 for the cation. Thus the cation
and the anion sublattices are shifted with respect to each other by a quarter of the body
diagonal of the fcc lattice. The atoms are tetrahedrally arranged, that is, each anion is
bonded to four cations and vice versa. This is illustrated in Figure 6.1(b).
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6 Crystals with a Zinc Blende Structure

(a) (b)

Figure 6.1: (a) Conventional unit cell of a zinc blende structure. (b) Tetrahedral bonding
(sp3-bonding). Small spheres indicate the anions, large spheres the cations. (Figures adopted
from Ref. [116]).

6.2 Symmetry Considerations and Bulk Band

Structure for Zinc Blende Semiconductors

As already discussed in Chapter 3, in an empirical TB model the TB parameters are
determined such that the characteristic properties of the bulk band structure are re-
produced. In the following we are interested in the electronic properties of zinc blende
semiconductor materials with a direct band gap. The region which is of major impor-
tance for the optical properties of these systems is the vicinity of the Γ point. Therefore,
we will focus our attention on the band structure in this region. We will also introduce
some group theoretical aspects in our discussion, to classify the different states. In semi-
conductor materials containing heavier atoms, such as CdSe and ZnSe, the spin-orbit
coupling can play an important role. This is due to the fact that the magnitude of the
spin-orbit splitting Δso in a semiconductor is comparable to the spin-orbit splitting of
its constituent atoms, which increases with increasing atomic number [88]. Therefore,
we will also discuss the influence of the spin-orbit coupling on the band structure in
detail.

In a system with cubic symmetry the conduction band at the center of the Brillouin
zone exhibits an s-like character [42]. The valence band states at k = 0 consist of
three p-states. For a further discussion of the bulk band structure in the vicinity of
the Γ point, one can approximate the cubic symmetry in this region by a spherical
one [42]. Without spin-orbit coupling, we choose the eigenfunctions of the angular
momentum operator L as basis states. Thus, the orbital electronic wave functions are
classified according to the orbital angular momentum L as s, p, d etc. The s-like state
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Γi Γ1 Γ2 Γ3 Γ4 Γ5

Γi × D1/2 Γ6 Γ7 Γ8 Γ7 + Γ8 Γ6 + Γ8

Table 6.1: Direct products of the single group representations Γi with D1/2 for the group of
k = 0 [92].

is therefore characterized by |L = 0, mL = 0〉, where mL is the eigenvalue of the z-
component of the angular momentum operator L. According to the character table
of the single group of Γ given on page 38 in zinc blende type semiconductors, this
state transforms like Γ1, since the s-state is fully symmetric. To symmetrize the p-like
(L = 1) valence band wave functions, we make use of their similarity to the atomic
p wave functions. In the absence of the spin-orbit coupling these states are three-fold
degenerate. These three states can be chosen to be eigenstates of Lz , the z component
of L. For the p-states the eigenvalues mL of Lz are mL = 1, 0,−1. According to the
group table of the single group Γ , the three-fold degenerate states L = 1 must belong
either to the Γ4 or Γ5 representations. One can distinguish between the representations
Γ4 and Γ5 by calculating the character of the representing matrix generated by L = 1.
Because the p-states transform like x, y and z, respectively, they are changing sign
under the action of the improper rotations IC4. Therefore, one can deduce from the
character table that the L = 1 states belong to the Γ4 representation.

Taking into account the spin-orbit interaction one has to consider the total angular
momentum J = L + s, where s denotes the spin. The eigenstates of J can be classified
according to J and mJ , |J, mJ〉, with mj taking 2J + 1 values. The spin function
transforms as the irreducible representation D1/2 [50]. For k = 0 the representation
is given by D1/2 = Γ6. Therefore, the total wave function transforms like the direct
product of the single group representation with D1/2 [88]. This direct product can be
expressed in terms of the double group representations. If more than one of the double
group representations appears in this decomposition, a spin-orbit splitting of the level
occurs. The table of the direct products of the single group representations Γi with
D1/2 for the group of Γ (k = 0) is given in Table 6.1.

The s-like conduction band is characterized by J = 1/2 and mJ = ±1/2. Therefore,
the conduction band at the Γ point is twofold degenerate. According to Table 6.1, one
obtains that the state with J = 1/2 belongs to the Γ6 representation.

For the valence band states, J can take two possible values J = 3/2 and J = 1/2.
Therefore the eigenstates can be classified according to J and mJ :

|J, mJ〉 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
|3
2
,±3

2
〉

|3
2
,±1

2
〉

|1
2
,±1

2
〉

(6.1)

Since there is no six-dimensional representation in the double group of the point Γ in zinc
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Γ4

Γ1

k

electrons

split-off holes

heavy/light holes

E

(a) Δso = 0

Γ6

Γ8

Γ7

k

electrons

light holes

heavy holes

split-off holes

E

Δso

(b) Δso > 0

Figure 6.2: Schematic band structure of zinc blende semiconductors with conduction band
and three valence bands. Without (a) and with (b) spin-orbit coupling. The spin-orbit
splitting is denoted by Δso. Additionally the symmetries of the irreducible representations
(Γi) are given.

blende type semiconductors, the spin-orbit interaction splits the states J = 3/2 from
the states J = 1/2. The lifting of the degeneracy can also be confirmed by the results of
Table 6.1, where the direct product Γ4 ×D1/2 is a decomposition of the representations
Γ7 and Γ8. The splitting between the states Γ7 and Γ8 is the spin-orbit splitting Δso

of the valence bands at the Γ point. Furthermore one can deduce from the character
table, that the four-fold degenerate J = 3/2 states must belong to the representation
Γ8, because this is the only four dimensional representation. Due to the decomposition
mentioned above the state J = 1/2 belongs to the Γ7 representation. Finally, the Γ8

and Γ7 states are split by the spin-orbit component of the bulk Hamiltonian Hbulk.
The schematic illustration of the band edges with and without spin-orbit coupling, for
semiconductor materials grown in a zinc blende structure is given in Figure 6.2. Due
to their different dispersions the states with |J = 3/2, mJ ± 3/2〉 are called heavy holes
and the states with |J = 3/2, mJ ± 1/2〉 light holes. The two states (mJ = ±1/2) with
J = 1/2, which are shifted to lower energies by the spin-orbit interaction, are called
split-off holes.

6.3 Tight-binding Model with scp
3
a Basis

As already discussed, the TB approach is especially useful for the description of the
complicated valence band structure, since it includes the coupling between the different
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bands. From the perspective of atomic orbitals and near the Γ point, the valence
bands originate from the valence p orbitals while the conduction band arises from the s
orbitals [117]. In polar semiconductors such as CdS, ZnSe and CdSe, the valence bands
originates primarily from the anion, and the conduction band from the cation [117].
However, in non-polar semiconductors such as CdTe and GaAs, considerable mixing of
the cation and anion orbitals will take place. Since we are interested in the electronic
properties of CdSe/ZnSe nanostructures, we use a scp

3
a TB model with eight basis states

per elementary unit cell. This means that the set of basis states |ν, α, σ,R〉 is given by
four orbitals α = s, px, py, pz with spin σ = ±1

2
. One s-orbital at the cation (ν = C)

and three p-orbitals at the anion (ν = A) site in each unit cell R are chosen. Such an
approach has been successfully used for the investigation of optical properties in ZnSe
quantum wells [118]. Furthermore, this model offers a more sophisticated description
of the microscopic structure of semiconductors compared with common k · p models.

As discussed above, we choose an scp
3
a basis set to describe the bulk semiconductor

compounds CdSe and ZnSe. The TB matrix elements are given by

Eα,α′(R′ −R)ν,ν′ = 〈ν ′, α′, σ′,R′|Hbulk|ν, α, σ,R〉 . (6.2)

As the overlap of the wave functions at different sites decay rapidly it is sufficient to
limit the coupling of the basis orbitals to nearest and next nearest neighbors. The spin-
orbit interaction of the bulk Hamiltonian Hbulk is included according to the discussion
given in Section 3.1.1. With the two center approximation of Slater and Koster [47] we
are left with only eight independent matrix elements Eα,α′(R′ − R)ν,ν′ . The following
abbreviations are used for the matrix elements between different orbitals:

Ea := Exx(000)AA

Ec := Ess(000)CC

}
orbital energies (6.3)

V := Esx

(
1

2

1

2

1

2

)
CA

nearest neighbor hopping (6.4)

t1 := Exx(110)AA

t2 := Exx(011)AA

t3 := Exy(110)AA

U := Ess(110)CC

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

second nearest neighbor hopping (6.5)

Here, A and C denote anions and cations, respectively. The eighth matrix element is the
spin-orbit coupling parameter λ for the p orbitals at the anions. The nearest neighbor
hopping is denoted by V . For the p orbitals at the anions, the overlap integrals for
second nearest neighbors are given by t1, t2, t3. If one considers the cations, there is
only one second nearest neighbor matrix element U . This is due to the two-center
approximation discussed in Section 3.1 and the assumption of a single s orbital at the
cation sites.
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In k space, with the basis states |k〉 given in Section 3.1, the electronic properties of
the pure bulk material are modeled by an 8 × 8 matrix Hbulk(k) for each k from the
first Brillouin zone. This matrix depends on the different parameters Eα,α′(R′ −R)ν,ν′

and the spin-orbit parameter λ. It is explicitly given by:

Hbulk(k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|a, x, ↑〉 |a, x, ↓〉 |a, y, ↑〉 |a, y, ↓〉 |a, z, ↑〉 |a, z, ↓〉 |c, s, ↑〉 |c, s, ↑〉
|a, x, ↑〉 Ex 0 dxy − iλ 0 dxz λ dxs 0

|a, x, ↓〉 0 Ex 0 dxy + iλ −λ dxz 0 dxs

|a, y, ↑〉 dxy + iλ 0 Ey 0 dyz −iλ dys 0

|a, y, ↓〉 0 dxy − iλ 0 Ey −iλ dyz 0 dys

|a, z, ↑〉 dxz −λ dyz iλ Ez 0 dzs 0

|a, z, ↓〉 λ dxz iλ dyz 0 Ez 0 dzs

|c, s, ↑〉 d∗xs 0 d∗ys 0 d∗zs 0 Es 0

|c, s, ↓〉 0 d∗xs 0 d∗ys 0 d∗zs 0 Es

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the following abbreviations

Eα = EA + 4t1 cos

(
kαa

2

)[
cos

(
kγa

2

)
+ cos

(
kβa

2

)]
+ 4t2 cos

(
kβa

2

)
cos

(
kγa

2

)
,

Es = EC + 4U

[
cos

(
kxa

2

)
cos

(
kza

2

)
+ cos

(
kxa

2

)
cos

(
kya

2

)
+ cos

(
kya

2

)
cos

(
kza

2

)]
,

dαβ = −4t3 sin

(
kαa

2

)
sin

(
kβa

2

)
,

dαs = 4V

[
cos

(
kαa

4

)
sin

(
kβa

4

)
sin

(
kγa

4

)
− i sin

(
kαa

4

)
cos

(
kβa

4

)
cos

(
kγa

4

)]
,

and the indices {α, β, γ} ∈ {x, y, z} that are pairwise unequal.

By analytical diagonalization for special k directions, for example along the k =
k(1, 0, 0) direction with k ∈ [0, 2π/a], the electronic dispersion En(k) is obtained as
a function of the TB parameters. The index n denotes the different energy bands.
Equations for the TB parameters Eα,α′(R′ − R)ν,ν′ can now be deduced as a function
of the Kohn-Luttinger-parameters (γ1,γ2,γ3), the energy gap Eg, the effective electron
mass me and the spin-orbit-splitting Δso at the Γ point. The energy zero is fixed to the
valence-band maximum. Doing so one obtains the following equations for the hopping
matrix elements t1, t2, t3 and U :

t1 = E0 (γ1 + 4γ2) − V 2

Eg
,

t2 = E0 (γ1 − 8γ2) +
V 2

Eg

,

t3 = 6E0γ3 − V 2

Eg
,

U = −E0

me
+

(
Eg + 2

3
Δso

Eg + Δso

)
V 2

Eg
. (6.6)
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6.3 Tight-binding Model with scp
3
a Basis

Building the Matrix Hbulk(k) = 〈k, α′, ν ′, σ′|Hbulk|k, α, ν, σ〉

Analytic diagonalization for special k-directions

⇒ En(k) in this direction as a function of the TB-parameter

Equations for TB parameters

Agreement with characteristic properties of the band structure ?

band structure and TB-Parameter

vary TB parameters

No

Yes

band structure calculation

Figure 6.3: Schematic illustration for the determination of tight-binding (TB) parameters.

Here, me denotes the effective electron mass in units of the bare electron mass m0 and
the constant E0 is defined by:

E0 =
�

2

2m0a2
≈ 3.81 eV(Å)2 1

a2
.

The orbital energies EC , EA and the spin-orbit parameter λ can be deduced from the
energies of the different energy bands for k = 0. This yields:

λ =
Δso

3
,

EC = Eg + 12
E0

mn
−
(

12Eg + 8Δso

Eg + Δso

)
V 2

Eg
, (6.7)

EA = −12E0γ1 + 4
V 2

Eg

− Δso

3
.

The material parameters for CdSe and ZnSe are given in Table A.1 of Appendix A. The
parameter V does not affect the energy or effective masses in the vicinity of the Γ point.
Therefore, this parameter can be used to reproduce the energy of the split-off band at
the edge of the first Brillouin zone. This can be achieved by the following self-consistent
cycle: One starts with V = 0 and calculates the different TB parameters according to
the Eqs. (6.6) and (6.7). Then one compares the resulting energy at the L point with
the corresponding value from the literature. If required the parameter V is readjusted,
until convergence is reached. This self-consistent cycle is illustrated in Figure 6.3.
The resulting numerical values for the different TB parameters are summarized in the
Table A.2 of Appendix A.
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6 Crystals with a Zinc Blende Structure
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Figure 6.4: Tight-binding band structures for CdSe (a) and ZnSe (b)

The TB bands of bulk CdSe and ZnSe including spin-orbit coupling are depicted in
Figure 6.4. Within our approach, the characteristic properties of the band structure in
the region of the Γ point are well reproduced. Furthermore, when comparing with band
structure results from the literature [119], one sees that the three valence (p-) bands are
excellently reproduced everywhere. For the s-like conduction band deviations far away
from the Γ-point occur. This is due to the fact that higher (unoccupied) conduction
bands are neglected. The band structure can be improved by taking into account
more basis states per unit cell [44, 120]. However, for a reproduction of the electronic
properties in the region near the Γ-point, which is important for a proper description of
the optical properties of the semiconductor materials with a direct band gap, the scp

3
a

TB model is certainly sufficient and satisfactory.
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7 Results for CdSe Nanostructures

In the previous chapter, we have discussed general aspects of the scp
3
a TB model that

is used to calculate the electronic states and energies in zinc blende CdSe QDs. In this
chapter, we present results for two different realizations of these nanostructures: In
the following section, we will turn our attention to the self-assembled CdSe QDs, while
Section 7.2 is dedicated to the chemically synthesized nanocrystals.

7.1 Results for a Pyramidal CdSe QDs Embedded in

ZnSe

In this section we investigate the electronic properties of self-assembled CdSe QDs.
As we have already discussed in Section 2.2, the conventional k · p approach cannot
resolve atomistic details. This means that symmetry related physical effects, such
as level anti-crossing, degeneracy removals and polarization anisotropy are ignored.
All of these effects are naturally contained in an atomistic approach like the present
TB formalism. Consequently, our microscopic TB model includes effects that can be
obtained by conventional k · p or effective-mass approaches only by adding external
parameters (geometry modifications, piezoelectric potentials, etc.).

7.1.1 Quantum Dot Geometry and strain

To model a self-assembled CdSe QD embedded in a ZnSe barrier material we choose
a zinc blende lattice inside a box with fixed boundary conditions. In this box we
consider a CdSe wetting layer (WL) of a thickness of one lattice constant a of the
conventional unit cell, i.e. about two anion and two cation layers. On top of this WL
resides a pyramidal QD with base length b and height h = b/2. The model geometry is
schematically depicted in Fig 7.1. For the matrix elements corresponding to sites inside
the WL or the QD we choose the TB parameters of CdSe, for all other sites those of
ZnSe. We investigate embedded QDs with a base length b of 6a, 8a, and 10a, where
a = 5.668 Å is the lattice constant of the bulk ZnSe material. Cells with dimensions of
18a×18a×15a (38 880 atoms), 20a×20a×16a (51 200 atoms), and 22a×22a×17a (65
824 atoms) are used for the calculations. We use a sufficiently large supercell, which
is essential to avoid numerical artifacts for the localized QD states due to the fixed
boundary conditions. To incorporate strain effects into our model the knowledge of the
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7 Results for CdSe Nanostructures

12.5 nm

CdSe QD

ZnSe

2.8 nm

CdSe wetting layer

[001]

12.5 nm

[100]

[010]

9.6 nm

5.7 nm

5.7 nm

Figure 7.1: Schematic illustration of a pyramidal CdSe QD buried in a ZnSe matrix. The
wetting layer has a thickness of one lattice constant (1a) of bulk ZnSe. The pyramidal QD
has a base length b of 10 a.

strain tensor ε is necessary. The tensor ε is related to the strain dependent relative
atom positions dR′−R by [73]

dR′−R = (1 + ε)d 0
R′−R

. (7.1)

To determine the strain tensor far away from the embedded pyramid, the WL is treated
as a quantum well. In the absence of a shear strain (εi,j ∼ δi,j) for a coherently grown
film, the strain components are given by [76]

ε|| = εxx = εyy =
aS − aD

aD
(7.2)

ε⊥ = εzz = −C12

C11
ε|| . (7.3)

Here aD is the lattice constant of the unstrained film material and aS denotes the parallel
lattice constant of the substrate. The cubic elastic constants Cij of the bulk materials
are given in Table A.1 of Appendix A. Figure 7.2(a) displays a line scan of the resulting
strain profile in the z-direction outside the dot. Stier et al. [29] obtained a similar
strain profile for a pyramidal InAs/GaAs QD, because the InAs/GaAs system has the
same crystal structure and approximately the same lattice mismatch as the CdSe/ZnSe
system under consideration. The calculation of the strain field in the vicinity of the
QD is by far more difficult. To obtain the strain profile in the region of the embedded
QD we apply a model strain profile, which shows a behavior similar to the strain profile
obtained by Stier et al. [29] for a line scan in the z direction through the tip of the
pyramid. This model strain profile is displayed in Figure 7.2(b). The shear components,
εxy, εxz, and εyz , can be neglected, at least away from the boundaries of the QD [102].
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Figure 7.2: Strain distribution in and around the embedded pyramidal CdSe QD with a base
length of b = 10a. The WL at the base of the QD is 1a thick. The whole structure is buried
in a ZnSe matrix. Line scans along the [001] direction through the WL outside the dot (a)
and inside the dot through the tip of the pyramid (b) are displayed. The diagonal elements of
the strain tensor ε are shown as solid (εzz) and dashed-dotted lines (εxx = εyy).

As discussed in Section 3.2, the strain effects are included in the TB model via the d−2

ansatz for the interatomic matrix elements HlR′,mR:

HlR′,mR = H0
lR′,mR

(
d0
R′−R

dR′−R

)2

. (7.4)

The strained (distorted) lattice in the region of the QD may also lead to the appear-
ance of piezoelectric potentials. These contributions are usually considered to be less
important for the zinc blende structures realized in CdSe and ZnSe [72]. Furthermore,
recent results of Bester et al. [78] indicate that the piezoelectric field in III-V semicon-
ductors with a zinc blende structure, such as GaAs and InAs, has strong contributions
from second-order effects. In particular the authors found that, for self-assembled zinc
blende QDs first- and second-order terms nearly cancel each other. Consequently, the
electrostatic built-in field can be neglected for the following analysis.

7.1.2 Single-Particle Properties

In this section the energy levels and wave functions of bound electron and hole states for
three different QD sizes are calculated using the scp

3
a TB model outlined and validated in

the previous sections. To investigate the influence of the strain field, these calculations
are done in the presence and in the absence of strain effects. For the evaluations
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Figure 7.3: Electron and hole energies for embedded pyramidal CdSe/ZnSe QDs on a WL of
thickness 1a (roughly 4 ML) for different base lengths of the unstrained QD (a) and with strain
effects taken into account (b). For reference, the ground state energies of electrons (WLe1

)
and holes (WLh1

) in a WL (of thickness 1a) without a QD are also displayed.

without strain we have chosen the exponent in Eq. (7.4) to be zero. The resulting energy
spectrum is shown in Figure 7.3(a). If strain is included one obtains the results depicted
in Figure 7.3(b). e1 and h1 denote the electron and hole ground state, respectively. The
first excited states are called e2 and h2, and so on. All energies are measured relative
to the valence-band maximum of ZnSe. Figure 7.3 also shows the size dependence of
the electron and hole energy levels. The energies are compared with the ground state
energies for electrons and holes in the 1a thick CdSe WL (WLe1

and WLh1
, respectively),

which is calculated separately for an unstrained and a coherently strained quantum film
(i.e., the WL without the QD), respectively. As expected from a naive particle-in-a-
box picture, the binding of electrons and holes becomes stronger in the embedded QD
when the dot size is increased. The quantum confinement causes the number of bound
states to decrease when the dot size is reduced. For the embedded QDs with a base
length b = 8a (b = 4.5 nm) and b = 10a (b = 5.7 nm) the calculated hole states
are well above the WL energy (WLh1

), which shows that these states are confined.
This is valid both for the strain-unaffected and the strained embedded QD. For the
system with b = 6a (b = 3.4 nm) we obtain at least four bound hole states in both
models. The energy splitting between the different states is slightly influenced by the
strain. Furthermore we conclude from Figure 7.3 that the number of bound electron
states is influenced by the strain. For the system with a base length of b = 10 a we
obtain at least three bound-electron states when we take strain effects into account, see
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7.1 Results for a Pyramidal CdSe QDs Embedded in ZnSe

Electron states for the b = 10a base-length dot

With Strain

e1 e2 e3 e4 e5

Without Strain

e1 e2 e3 e4 e5

Figure 7.4: Isosurfaces of the modulus squared electron wave functions with and without
strain for the embedded b = 10a pyramidal QD. The light and dark surfaces correspond to 0.1
and 0.5 of the maximum probability density, respectively.

Figure 7.3 (b). Without strain effects at least five bound states are found. In conclusion,
the confinement potential for the electrons is effectively reduced by the strain.

A close inspection of the two bound electron states e2 and e3 reveals that they are
energetically non-degenerate even without strain. This arises from the C2v symmetry
of the system. Already from the geometry of the embedded QD system it is clear that
there is no (001) mirror plane. Furthermore, if one considers a (001)-plane with sites
occupied by Se anions, the nearest neighbor (cation) planes in the ±z direction are
not equivalent, as for the zinc blende structure the nearest neighbors above the plane
are found in the [111] direction and below the plane in the [11̄1̄] direction. Thus for
crystallographic reasons a (001) plane is not a mirror plane. Finally, if one considers
the base plane of the embedded QD (or the WL) to be this anion (001) plane, there are
different cations, namely Cd above and Zn below this plane. Therefore, the QD system
has only a C2v symmetry. In theories based on continuum models, e.g., effective-mass
approximations [20, 102] or k · p models [102, 103], the discussed atomic anisotropy
effects cannot be accounted for. These effects also affect the single-particle wave func-
tions in the system. In Figure 7.4 the isosurfaces for the modulus squared electron wave
functions |Φi(r)|2 are displayed with and without strain, respectively. The light and
dark isosurface levels are selected as 0.1 and 0.5 of the maximum probability density,
respectively. For both calculations, the lowest electron state e1 is according to its nodal
structure an s-like state. The next two states e2 and e3 are p-like states. These states
are oriented along the [11̄0] and the [110] direction, respectively. Due to the different
atomic structure along these directions we find a p-state splitting Δ0

e2,e3
= Ee3

−Ee2
for

the unstrained embedded QD of about 0.43 meV. In conventional k ·p models [102,103]
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7 Results for CdSe Nanostructures

C2v E C2 σv(xz) σv(yz)

A1 1 1 1 1

A2 1 1 -1 -1

B1 1 -1 1 -1

B2 1 -1 -1 1

(a)

C4v E 2C4 C2 2σv 2σd

A1 1 1 1 1 1

A2 1 1 1 -1 -1

B1 1 -1 1 1 -1

B2 1 -1 1 -1 1

E 2 0 -2 0 0

(b)

Table 7.1: Character table of the group C2v (a) and C4v (b), respectively.

an unstrained, square-based pyramidal QD is modeled with a C4v symmetry. Conse-
quently, e2 and e3 are degenerate in such models. In our microscopic model the resulting
degeneracy is lifted and a splitting occurs as a consequence of the reduction of the C4v

symmetry to a C2v zinc blende symmetry. This analysis is also confirmed by a group
theoretical inspection of these two groups. As already discussed in Chapter 4.1, the
group C2v is an abelian group with four irreducible representations. The character table
is again depicted in Table 7.1(a), using the notation of Section 4. From this we can
deduce that each irreducible representation is one dimensional. Therefore, neglecting
the spin, each state must be non-degenerate. In contrast to the group C2v, the group
C4v is non-abelian. In this case we have four one dimensional representations and one
two-dimensional representation. The character table of the C4v group is given in Ta-
ble 7.1(b). In conclusion one could expect degenerate states in systems with a C4v

symmetry but not in systems with an overall symmetry group of C2v. Taking spin-orbit
coupling into account, one has to consider the double group C̄2v and the additional
degeneracies due to time reversal symmetry. From the analysis, given in Section 4.3.1,
we conclude that each state has to be double degenerate and that no higher degeneracy
occur. This is exactly the result, that we obtain from our TB calculation.

Strain splits the states e2 and e3 further. Due to the different atomic structure, the
strain profile within each plane (perpendicular to the growth z direction) along the [110]
and [11̄0] direction is different [73]. This additionally contributes to the anisotropy. Due
to the fact that the base is larger than the top, there is a gradient in the strain tensor
between the top and the bottom of the pyramid. In the embedded QD, the cation
neighbors above each anion are found in the [111] direction while the cation neighbors
below are found in the [11̄1̄] direction. Therefore, the cations along the [11̄0] direction
are systematically more stressed than the cations along the [110] direction. Including
strain we find a p-state splitting of Δstrain

e2,e3
= 7.1 meV. Compared to the states e2 and

e3 of the unstrained QD, the wave function shows a clear nodal plane in the presence
of the strain field. The states e2 and e3 reveal nodal planes along the [110] and [11̄0]
directions, respectively.
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7.1 Results for a Pyramidal CdSe QDs Embedded in ZnSe

Hole states for the b = 10a base-length dot

With Strain

h1 h2 h3 h4 h5

Without Strain

h1 h2 h3 h4 h5

Figure 7.5: Isosurface plots of the modulus squared hole wave functions with and without
strain for the embedded b = 10 a pyramidal QD. See the caption of Figure 7.4 for more details.

The state e4 for the strained QD is resonant with a WL state, so the wave function is
leaking into the WL. The wave function of the state e5 is localized at the base of the
pyramid but also clearly shows a finite probability density inside the WL. The states e4

and e5 of the unstrained QD are still mainly localized inside the dot. The classification
of the state e4 by its nodal structure is difficult. e4 is similar to a p state which is
oriented along the [001] direction. The electron state e5 is d like.

Figure 7.5 shows the isosurface plots of the modulus squared wave function |Φi(r)|2
for the lowest five hole states h1 to h5 with and without strain. The light and dark
isosurface levels are again selected as 0.1 and 0.5 of the maximum probability density,
respectively. Our atomistic calculation shows that the hole states cannot be classified
as s-like , p-like , or d-like according to their nodal structures. This is the case because
with and without strain the hole states are strongly affected by band mixing. Therefore
the assumption of a single heavy-hole valence band for the description of the bound hole
states in a QD yields even qualitatively incorrect results. In contrast to quantum well
systems, the light-hole and heavy-hole bands are strongly mixed in an embedded QD.
This result is in good agreement with other multi-band approaches [8,29,31,72,103–105].

From Figure 7.5 we can also analyze the influence of strain on the different hole states.
Without strain the states h1 and h2 are only slightly elongated along the [11̄0] and
[110] directions, respectively. Due to strain these states are clearly elongated along
these directions. In contrast, the states h3 to h5 are only slightly affected by strain.

Another interesting result is that strain effects shift the electron states to lower energies
and the hole states to higher energies as displayed in Figure 7.3. Furthermore one
observes,that the WL ground state for electrons and holes is shifted in a similar way
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Figure 7.6: First five electron and hole state energies for the embedded pyramidal CdSe QD
with b = 10a and a 1 ML thick WL. On the left-hand side the results for the unstrained QD
are shown. On the right-hand side the results for the strained embedded QD are displayed.
All energies are measured from the valence-band maximum (VBM) of bulk ZnSe.

due to strain. We observe that strain decreases the single-particle energy gap EQD
gap =

Ee1
− Eh1

by about 1.4%, lowering it from the strain-unaffected value 2.12 eV to the
value 2.09 eV. For a biaxial compressive strain in a zinc blende structure, the conduction-
band minimum of a bulk material is shifted to higher energies while the energy shift
of the valence-band maximum depends on the magnitude of the hydrostatic and shear
deformation energies [76]. Therefore, one would expect that the electron states are
shifted to higher energies due to the fact that CdSe is compressively strained in the
ZnSe-Matrix. This is in contradiction to the behavior we observe here.

In order to understand these results, we investigate the influence of the WL states on
the one-particle spectrum. Therefore we use the same model geometry as shown in
Figure 7.1 but with a considerably smaller WL thickness of only 1 ML. A 1 ML thick
WL was also used before by Santoprete et al. [9], Stier et al. [29] and Wang et al. [31]
for an InAs/GaAs embedded QD. Figure 7.6 shows the comparison of the results for
a strain-unaffected and a strained pyramidal CdSe QD with a 1 ML thick WL and
a base length of b = 10a. On the left-hand side of Figure 7.6 the first five electron
and hole-state energies for an unstrained QD are displayed while the right-hand side
shows the energies for the strained QD. For a 1 ML thick WL the lowest electron state
is, by strain effects, shifted to higher energies. This is what one would expect for
biaxial compression of the bulk material. Furthermore the splitting of the p-like states
e2 and e3 is larger compared to the results for a 1 a thick WL. The splitting Δ0

e2,e3
of
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7.1 Results for a Pyramidal CdSe QDs Embedded in ZnSe

WL 1a 1 ML

No strain Strain No strain Strain

Δe1,e2
[meV] 162.8 161.5 204.1 221.2

Δe2,e3
[meV] 0.43 7.1 0.5 10.9

Δh1,h2
[meV] 5.76 3.7 7.25 7.66

Δh2,h3
[meV] 16.36 12.3 19.66 15.11

EQD
gap [eV] 2.12 2.09 2.21 2.21

Table 7.2: Energy splittings for electron and hole bound-states in case of different
WL thicknesses. The influence of strain effects on the splittings Δe1,e2

= |Ee1
− Ee2

|,
Δe2,e3

= |Ee2
− Ee3

|, Δh1,h2
= |Eh1

− Eh2
| and Δh2,h3

= |Eh2
− Eh3

| is displayed together
with the QD gag EQD

gap = Ee1
−Eh1

. The WL thickness is 1a and 1 ML, respectively. The base
length of the pyramid is b = 10a.

the unstrained embedded QD with a 1a thick WL is Δ0
e2,e3

= 0.43 meV whereas for
the system with a 1 ML thick WL one has Δ0

e2,e3
= 0.5 meV. So the splitting Δ0

e2,e3
is

increased by about 16%. With strain-effects, the splitting for the system with 1 ML WL
thickness Δstrain

e2,e3
= 10.9 meV is about 54% larger than the splitting in the system with

1 a WL thickness Δstrain
e2,e3

= 7.1 meV. Also the energy splitting Δe1,e2
between the ground

state e1 and the first excited state e2 is strongly influenced by the WL thickness, namely
Δe1,e2

= 162.8 meV for the unstrained system with 1a WL, but Δe1,e2
= 204.1 meV for a

1 ML WL. This means that with strain effects the splitting Δe1,e2
is increased by about

27% if the WL thickness is decreased from 1a to 1 ML. The results are summarized in
Table 7.2.

These effects mainly arise from the fact, that the bound states inside the dot are also
coupled to the WL states. For a 1a WL the wave functions of the bound states show
also a probability density inside the WL. For a thinner WL the leaking of the states
into the region of the WL is less pronounced. In this case, the structure inside the QD
and also the strain are much more important. This explains the larger energy splittings
in the case of the 1 ML WL compared to the results for a 1 a WL.

The hole states are influenced in a similar manner. In the case of a 1 ML WL the energy
spectrum of the hole states is shifted to higher energies due to the strain effects. This
behavior is similar to the one obtained from the calculations for a 1 a WL (Figure 7.6).
In the 1 ML WL system the energy splittings Δh1,h2

and Δh2,h3
for the first three hole

states are larger than the values we obtain for the system with 1a WL. These splittings
are summarized in Tab 7.2. The WL thickness also influences the QD energy gap EQD

gap .
For a 1 ML WL the electron states are shifted to higher energies in contrast to the
behavior of the hole states (compare Figs. 7.3 and 7.6). In the case of the 1 ML WL
the gap energy EQD

gap is only slightly influenced by the strain. We observe here that
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the strain has an opposite effect for electrons and hole states: electron states become
shallower, approaching the conduction-band edge, while the hole states become deeper,
moving away from the valence-band edge.

In this section we have analyzed the electronic states of pyramidal CdSe QDs. The
knowledge of the single-particle wave functions are an important prerequisite for the
examination of many-particle effects in these low dimensional systems: The single-
particle states can be used as an input for the calculation of Coulomb- and dipole-
matrix elements. Based on those quantities the investigation of multi-exciton emission
spectra [30], carrier capture and relaxation in semiconductor quantum dot lasers [121],
or a quantum kinetic description of carrier-phonon interactions [122] is possible.

68



7.2 Results for CdSe Nanocrystals

7.2 Results for CdSe Nanocrystals

So far we discussed only the electronic properties of pyramidal CdSe QDs embedded in
a ZnSe matrix. In this section we investigate the single-particle states and energies of
chemically synthesized CdSe nanocrystals within our TB model. Furthermore, we will
compare the dependence of the energy gap and the level spacing of the electronic states
on the nanocrystal diameter with available experimental data.

7.2.1 Quantum Dot Geometry and Strain

Nanocrystals are chemically synthesized [16, 17]. These low dimensional systems are
nearly spherical in shape [17,123,124] and the surface is passivated by organic ligands.
Due to the flexible surrounding matrix, these nanostructures are nearly unstrained [124].
The size of the nanocrystals is typically in between 1 and 5 nm in radius [16,35,123,125].

We model such a chemically synthesized nanocrystal as an unstrained, spherical crystal-
lite with perfect surface passivation. For CdSe nanocrystals the zinc blende structure is
assumed. In the following we concentrate on relatively large nanocrystals in the range
of 2 to 5 nm. In this case, surface reconstructions [26, 28, 113] and the fact that the
surface coverage with ligands is often not perfect [126], should only be of minor impor-
tance. Unlike previous works, using TB models, we investigate here in particular how
the electronic structure of the nanocrystals changes with the size. The TB parameters,
which describe the coupling between the dot material and the ligand molecules, are
chosen to be zero. This corresponds to an infinite potential barrier at the surface and
is commonly used because of the larger band gap of the surrounding material [127].

7.2.2 Single-particle Properties and Comparison with

Experimental Results

We have performed TB calculations for finite, spherical, unstrained nanocrystals of a
diameter between 1.82 and 4.85 nm (corresponding to 3−8a, when a ≈ 0.607 nm is the
CdSe lattice constant of the conventional unit cell). For the largest nanocrystal (with
a diameter of 4.85 nm) the five lowest lying electron and hole eigenstates are shown in
Figure 7.7 in the form of an isosurface plot. The electron ground state e1 has nearly
spherical symmetry and can be classified as a 1s state. Correspondingly the second
state e2 has the form of a 2s state and the states e3,4 are p states, and e5 is d-like.
Despite the spherical symmetry of the system this simple classification is no longer
possible for the hole states. Even the lowest lying hole state h1 shows no full rotational
invariance, i.e., strictly speaking it cannot be classified as being an s state. This is
due to the intermixing of different atomic orbitals. Similarly the higher hole states h2

to h4 cannot clearly be classified as an s- or p-like state. Consequently, for a proper
treatment of the single-particle states a multi-band approach is required. The discussed
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Electron and holes states for the nanocrystal

Electron states

e1 e2 e3 e4 e5

Hole states

h1 h2 h3 h4 h5

Figure 7.7: Isosurfaces (at 30 % of the maximum probability density) of the modulus squared
electron and hole wave functions of spherical CdSe nanocrystals of diameter d = 4.85 nm for
the five lowest states.

band mixing effects will also have implications in the calculation of matrix elements
between these states, which for example enter selection rules for optical transitions.

In the case of an ideal zinc blende structure we do not obtain any indications of quasi-
metallic behavior, i.e., of a nonvanishing (quasi-continuous) spectrum of states at the
Fermi energy in contrast to previous work (assuming an ideal wurtzite structure for
CdSe nanocrystals) [28, 112, 113]. This is probably due to the fact that this quasi-
metallic behavior is caused by surface states in the case where no passivation and surface
reconstruction is taken into account. These surface states are formed by the dangling
bonds of unsaturated Se at the nanocrystal surface, which lead to the appearance of s
states in the band gap region [112]. In our simplified and restricted TB scp

3
a basis set

these s orbitals at the anions (Se) are not taken into account. Therefore, these surface
states, which in reality and in more realistic models are removed (i.e., energetically
shifted down and filled) due to passivation and surface reconstruction, do not occur.

The discrete electronic states of semiconductor nanocrystals are experimentally acces-
sible by scanning tunneling microscopy (STM) [35, 123, 125]. The tunnel current I
between the metallic tip of the STM and the CdSe nanocrystal is measured as a func-
tion of the bias voltage V . The conductance (dI/dV ) is related to the local tunneling
density of states. In the dI/dV vs V diagram, several discrete peaks can be observed.
These peaks correspond to the addition energies of holes and electrons. The spacing
between the various peaks can be attributed to the Coulomb charging and/or charge
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Figure 7.8: Energy gap Enano
gap as a function of the nanocrystal diameter d. Compared are

the results from our TB model with (TB) and without (TB-NO SO) spin-orbit coupling, a
STM (STM) [125] and an optical measurement (Optical) [125].

transfer into higher energy levels. From these measurements the energy gap Enano
gap as

well as the splitting Δe1,e2
between electron ground state e1 and the first excited state

e2 can be determined.

Alperson et al. [125] investigated CdSe nanocrystals with an STM. Here we compare
our calculated energy gap Enano

gap , which is given by the difference between the electron
and hole ground state, with the measured data. Figure 7.8 displays the results for CdSe
nanocrystals with diameters from 1.82 to 4.85 nm. Alperson et al. [125] compare the
STM results with optical spectroscopy measurements from Ekimov et al. [128]. The
overall agreement with the TB results is very good, especially for the larger nanocrys-
tals. Deviations in the case of the small 2 nm nanocrystal may arise from surface recon-
structions [26, 28, 113] that are neglected here. To assess the impact of the spin-orbit
coupling on the obtained results, the calculations were also performed in the absence
of this contribution. In this case the TB parameters are re-optimized in order to re-
produce the characteristic properties (band gap, effective masses) of the bulk material.
The re-adjusted parameters are given in Table A.2 of Appendix A. Without spin-orbit
coupling (TB-NO SO), the energy gap Enano

gap is always strongly overestimated by the
TB model, in particular for smaller nanocrystals. This underlines the importance of
spin-orbit interaction for a satisfactory reproduction of the experimental results.

After this discussion of the single-particle energy gap as a function of the nanocrystal
diameter, we will turn our attention now to the single-particle energy spectrum. Taking
into account the time reversal symmetry, the lowest electron state e1 is twofold degen-
erate and s-like. This is consistent with the experimentally observed doublet [125] in
the dI/dV characteristic. The next excited level is (quasi) sixfold degenerated. The
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Figure 7.9: Electron (a) and hole (b) energies as a function of the nanocrystal diameter d.
For electrons (e1to e5) and holes (h1 to h5) the first five eigenvalues are displayed. Each state
is twofold degenerated.

spin-orbit coupling splits this into one twofold and one fourfold degenerate state.1 In
the STM measurement Alperson et al. [125] observed such a high multiplicity of the sec-
ond group of peaks. This behavior has also experimentally [123] and theoretically [109]
been observed for InAs nanocrystals. The energy spectrum for nanocrystals of different
diameters is shown in Figure 7.9(a). Here the first five electron states are displayed.
Note that every state is twofold degenerated due to the time reversal symmetry, as
discussed in Section 4.3.

For the hole states the situation is more complicated. Alperson et al. [125] observed
a high density of hole states. The distinction between addition and excitation peaks
is difficult, due to the large number of possible levels and the close proximity between
the charging energy and the level spacing. For the holes we observe that the first two
states (h1, h2) and (h3, h4) are fourfold degenerate. The energy splitting of these states
is very small. These results are consistent with the observations given in Ref. [125].
Figure 7.9(b) shows the hole energy versus diameter d for the spherical CdSe nanocrys-
tals. Obviously, the states h1 to h4 are almost degenerate, i.e., including time reversal
symmetry there is almost an eightfold degeneracy of these states.

Furthermore the calculated splitting Δe1,e2
= Ee2

− Ee1
between the first two elec-

tron states e1 and e2 is compared with experimentally observed results in Figure 7.10
as a function of the nanocrystal diameter. The influence of the spin-orbit coupling
is also investigated. Once more, we have compared the calculations without (TB-NO
SO) and with spin orbit-coupling (TB). The results of our TB model for the splitting

1 Due to the spherical symmetry of the nanocrystal, and in contrast to the pyramidal QDs of the
previous chapter, the symmetry of the combined system (lattice + QD geometry) is C4v. According
to the character table of the (double) group C̄4v [87], four fold degenerate states are allowed.
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Figure 7.10: Splitting Δe1,e2
= Ee2

− Ee1
between the lowest two electronic states as a

function of the nanocrystal diameter d. The results from our TB model, with (TB) and
without (TB-NO SO) spin-orbit coupling, and from a STM measurement (STM, Ref. [125])
are displayed. Besides this, results from infrared spectroscopy (IR, Ref. [129]) and optical
methods (Optical, Ref. [125]) are shown.

Δe1,e2
are also compared with results obtained by STM [125] and by optical methods

(Optical) [128]. This splitting Δe1,e2
was independently determined experimentally by

Guyot-Sionnest and Hines [129] using infrared spectroscopy (IR). Again we find, that
without spin-orbit coupling the TB model always overestimates the splitting Δe1,e2

. Es-
pecially for smaller nanocrystals the spin-orbit coupling is very important in describing
the electronic structure. With spin-orbit coupling the results of the TB model show
good agreement with the experimentally observed results.
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8 Introduction to Part III

As a new material system, group-III nitrides are of particular interest due to their wide
range of emission frequencies from red to ultraviolet [130, 131]. For the description of
the electronic properties in low-dimensional heterostructures based on these materials a
variety of different theoretical approaches is used. For example, models that are based
on a continuum-like description of the crystal structure, like effective-mass [132, 133]
and k · p [29,134,135] are utilized. The fundamental electronic properties are included
via effective mass or Luttinger parameters of the bulk band structure. However, the
applicability of one-component effective-mass theories is limited to situations where
band mixing effects are of minor importance. A k · p formulation provides a more
sophisticated approach, where band mixing effects can be accounted for [29] and where
some but in general not all symmetry properties of the system can be included. To fully
understand the influence of the underlying lattice structure on the electronic spectra
of low-dimensional heterostructures, an atomistic treatment is necessary. This has
recently been stressed by Bester et al. in case of InAs/GaAs QDs [136]. On the
atomistic level, different approaches have successfully been applied in the past, namely
the empirical pseudopotential method [137–139], and tight-binding (TB) models [9,118],
which include the atomistic crystal structure and provide a multi-band description of
the complicated valence band structure.

The above mentioned approaches have been used to investigate the electronic and op-
tical properties of a variety of different heterostructures, mostly QDs [9, 138, 140] and
quantum well [76, 118, 141] systems. Some of the semiconductor materials of interest
for optoelectronic applications, e.g., InAs, GaAs, CdSe, crystallize in the zinc blende
structure, whereas some exist also in a wurtzite crystal structure, such as, CdSe. Semi-
conductors, like ZnO or InN, are almost exclusively found with a wurtzite structure.
While for the zinc blende structure the influence of atomistic effects has previously been
studied [136], for the wurtzite structure comparatively little is known.

Among the wurtzite semiconductors especially the technologically interesting group-
III nitrides have recently attracted considerable attention. Quite a lot of theoretical
[70, 142] and experimental [40, 143] information is available concerning GaN/AlN QD
systems [40, 70, 142, 143] with emission wavelengths in the blue or ultraviolet region.
Much less effort has been spent on InN/GaN QDs, which are promising to extend the
emission wavelength of group-III nitride structures to the red and infrared [144]. So
far, most of the theoretical work concerning InN QD structures is based on effective-
mass [145, 146] and k · p calculations [147].
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To provide further valuable insight into the properties of group III-nitride QDs, we in-
vestigate the optical properties of self-assembled InN/GaN quantum dots on an atom-
istic level by means of a TB formulation. We focus our attention on small QDs in
order to minimize the quantum confined Stark effect (QCSE), which strongly reduces
the emission efficiency in larger nitride-based QDs and, thus, limits their applicability
as optoelectronic devices [148, 149]. We discuss how Coulomb and dipole matrix ele-
ments can be calculated from the TB single-particle wave functions and investigate the
influence of the wurtzite crystal structure and the built-in electrostatic field.

The calculation of Coulomb and dipole matrix elements between the microscopically de-
termined one-particle QD states makes the investigations of excitonic spectra by means
of a configuration-interaction approach [30, 150, 151] with atomistically determined in-
put parameters possible. As a main result, we show that for small lens-shaped InN/GaN
QDs the exciton ground state emission vanishes. In contrast to an s-like state in case
of the small QD, for larger QDs the twofold degenerate p-like states constitute the hole
ground states. The interchanged level structure, results in nonvanishing dipole matrix
elements with the electron ground state. This leads to a bright ground state exciton
emission for larger QDs. However, the QCSE reduces the oscillator strengths by more
than one order of magnitude.

This part is organized as follows. After a brief discussion of the wurtzite crystal struc-
ture in Section 9.1, we turn our attention to the analysis of the bulk band structure
of semiconductors with a wurtzite lattice. The spontaneous polarization in such struc-
tures is discussed in Section 9.3. In the following section the TB model with an sp3

basis is introduced. The single-particle states and the energy spectrum are presented
and discussed in Section 10.1. Finally, the many-body properties, such as multi-exciton
emission spectra, are investigated in Section 10.2.
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For a microscopic description of the electronic structure in semiconductor QDs by means
of an empirical TB model, the underlying crystal structure of the material systems under
consideration is of essential importance. This part is dedicated to the calculation of
the electronic and optical properties of InN QDs with a wurtzite structure. We will
discuss the characteristics of the wurtzite crystal structure in the following section by
means of group theory. Section 9.2 deals with the bulk band structure of semiconductor
materials in the wurtzite phase, since the empirical parameters of the TB model are
adjusted to reproduce the energy bands known from the literature. Finally, the TB
model, which is used for the calculations of the electronic structure of InN/GaN QDs
with a wurtzite structure is introduced in Section 9.4.

9.1 Crystal Structure

The wurtzite structure is the hexagonal analog to the zinc blende structure. Many
important semiconductors crystallize in the wurtzite phase, such as GaN, AlN, InN,
ZnS, CdS, CdTe and ZnO.1

In analogy with the diamond and the zinc blende structures, the wurtzite structure can
be constructed by considering to interpenetrating lattices. However, in this case they
are hexagonally close packed (hcp) lattices, in contrast to the face-centered cubic lattice
in zinc blende. In other words, the wurtzite structure consists of a hcp lattice with a
diatomic basis. The conventional unit cell is depicted in Figure 9.1(a). The hexagonal
unit cell has the axes a1, a2 and a3, with |a1| = |a2| �= |a3|. For the angles between the
different vectors one finds �(a1, a2) = 120◦ and �(a1, a3) = �(a2, a3) = 90◦. The basis
vectors are explicitly given by

a1 =

(√
3a

2
,
−a

2
, 0

)
, a2 = (0, a, 0) , a3 = (0, 0, c) , (9.1)

where a is the length of a hexagonal side and c is the repeat distance along the z
direction. The ratio c/a typically deviates from the ideal value ζ0 =

√
8/3, as shown in

Ref. [153]. Furthermore, the wurtzite structure is often characterized by the so-called

1 For ZnS, CdS and CdTe the crystallographic phase is temperature dependent. At high temperatures
the phase is cubic whereas in the low temperature regime the phase is hexagonal [152].
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c

a

(a) (b)

Figure 9.1: (a) Conventional unit cell of a wurtzite structure. (b) Tetrahedral bonding
(sp3-bonding). Small spheres indicate the anions, large spheres the cations. (Figures adopted
from Ref. [116])

internal parameter u defined as the anion-cation bond length along the (0001) axis in
units of c. For the ideal wurtzite structure u has the value u0 = 3/8. Due to the
not ideal c/a ratio, in real wurtzite crystals u deviates from u0, e.g. for InN and GaN
u > u0 [154, 155].

In contrast to the zinc blende structure, the wurtzite unit cell contains four atoms, two
anions and two cations. The corresponding lattice vectors are given by:

R1 = (0, 0, 0) , R2 =

(
a√
3
, 0,

c

2

)
, R3 =

(
a√
3
, 0,

c

8

)
, R4 =

(
0, 0,

5c

8

)
. (9.2)

The anions are located at R1 and R2; the cations are located at R3 and R4. As in
the case of zinc blende structures the atoms are tetrahedrally arranged, the cation is
bonded to four anions and vice versa. The local structural environment of the atoms
in the wurtzite structure is shown in Figure 9.1(b). As can be seen in Figure 6.1(b) of
Section 6.1, it slightly deviates from the zinc blende structure.

To describe lattice planes and directions in a crystal the so-called Miller indices [156]
are used. In case of the wurtzite structure, often four Miller indices are used instead of
the usual three. The Miller indices are a triplet of integer numbers (hkl), which are the
reciprocal values of the axis intersections in the direct lattice. In the wurtzite structure,
they are denoted as [hklm]. Within the (0001) plane three indices hkl are used that are
related to the three vectors A1, A2, and A3, shown in Figure 9.2, rotated with respect
to each other by 120◦. Of course the four indices are not independent, l + h + k = 0.
Different lattice planes and directions are indicated in Figure 9.2.

80



9.2 Symmetry Considerations and Bulk Band Structure for Wurtzite Semiconductors
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Figure 9.2: Miller indices for different lattice planes and directions in a hcp or wurtzite
lattice.

9.2 Symmetry Considerations and Bulk Band

Structure for Wurtzite Semiconductors

As already discussed, in an empirical TB model the TB parameters are determined
such that the characteristic properties of the bulk band structure are reproduced. In
the following we are interested in the electronic properties of wurtzite semiconductor
materials with direct band gap, e.g., InN and GaN.

The Γ point being the region of major importance for the optical properties of these
systems, we address in this section the band structure in the vicinity of the Brillouin
zone center. To choose an appropriate TB model for the description of the bulk bands
around the Γ point, we discuss the mixing of the states with atomic like s and p
character at k = 0 in the wurtzite crystal structure. For this analysis, we will also
introduce group theoretical aspects in our discussion to classify the different states
according to the notation which is used in the literature.

The space group of the wurtzite structure is C4
6v in contrast to tetrahedral space group

T 2
d in the case of zinc blende. Unlike the T 2

d group, the space group C4
6v is non-

symmorphic. A non-symmorphic space group contains glide and/or screw operations
in addition to translation. The space group C4

6v comprises a six-fold screw axis, which
indicates a rotation by an angle 2π/6 around the c axis followed by a non-primitive
translation.2 As already discussed in Section 4.2, the electronic states of a crystal can
be classified according to the irreducible representations of the corresponding space
group [88]. Following the discussion of Section 4.2, for a given wave vector k that is
associated with some symmetry point in k-space, one finds those operations of the point

2 A non-primitive translation does not map the lattice onto itself, in contrast to primitive translation.
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C6v {E} {C2} {2C3} {2C6} {3σv} {3σd} Basis

Γ1 1 1 1 1 1 1 s, z, 3z2 − r2

Γ2 1 1 1 1 -1 -1 Rz

Γ3 1 -1 1 -1 -1 1 x3 − 3xy2

Γ4 1 -1 1 -1 1 -1 y3 − 3yx2

Γ5 2 -2 -1 1 0 0 (x, y), (zx, yz), (Rx, Ry)

Γ6 2 2 -1 -1 0 0 (x2 − y2, xy)

Table 9.1: Character table for the single group C6v at Γ for a wurtzite crystal structure.
Additionally, the corresponding basis functions are given [157].

group associated with the space group which transforms k into itself plus a reciprocal-
lattice vector. Such a set of symmetry operations forms a group called the group of the
wave vector k. At the Brillouin zone (BZ) center, the point group of k = 0 is C6v. As
discussed in Section 4.2, without spin all states transform according to the single group
representations of C6v. The character table of the single group C6v is given in Table 9.1.
In a system with a wurtzite structure the following qualitative picture applies: The con-
duction band at the center of the BZ is mostly s-like, while the valence band states at
k = 0 are predominantly p-like [158]. According to the basis functions of the different
irreducible representations of the point group C6v of k = 0, given in Table 9.1, we can
deduce that the s-like conduction band belongs to the fully symmetric Γ1 representa-
tion. Furthermore, we see from Table 9.1, that px- and py-like functions, belong to the
irreducible representation Γ5, while the pz-like functions belong to the representation
Γ1. Unlike the cubic case that we discussed in Section 6.2, the three p-like functions no
longer belong to the same irreducible representation. Degeneracies for the valence-band
states are removed in the wurtzite structures by the additional crystal field splitting Δcf

due to the anisotropy between the a- and the c-axis. Therefore, even without spin-orbit
coupling, the valence band edge is split into a double degenerate state, corresponding
to the representation Γ5, and into a non-degenerate state belonging to the irreducible
representation Γ1. Here, we denote the double degenerate state by A, while the non-
degenerate state is denoted by C. This is in contrast to a cubic system, where, in the
absence of spin-orbit coupling, the valence band edge is three-fold degenerate at k = 0.

C̄6v {E} {Ē} {C2, C̄2} {2C3} {2C̄3} {2C6} {2C̄6} {3σv, 3σ̄v} {3σd, 3σ̄d}
Γ7 2 -2 0 1 -1

√
3 −√

3 0 0

Γ8 2 -2 0 1 -1 −√
3

√
3 0 0

Γ9 2 -2 0 -2 2 0 0 0 0

Table 9.2: Additional representations, to those of Table 9.1, of the double group C̄6v [87].
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Γi Γ1 Γ2 Γ3 Γ4 Γ5 Γ6

Γi × D1/2 Γ7 Γ7 Γ8 Γ8 Γ7 + Γ9 Γ8 + Γ9

Table 9.3: Direct products of the single group representations Γi with D1/2 for the group
k = 0.

In semiconductor materials containing heavier atoms, such as CdSe and ZnSe, the
spin-orbit coupling can play an important role. This is motivated by the fact that
the magnitude of the spin-orbit splitting Δso in a semiconductor is comparable to the
spin-orbit splitting of its constituent atoms. Thus, we have to discuss the influence
of the spin-orbit coupling on the band structure in detail. Following the discussion of
Section 4.2, in the presence of spin-orbit coupling one has to deal with the double group
C̄6v at k = 0. The additional representations of the double group are given in Table 9.2.
Following the discussion of Section 6.2, the spin function transforms as the irreducible
representation D1/2, and the total wave function, made up of a spatial and a spin part,
transforms like the direct product of the single group representation Γi with D1/2. For
a rotation around an angle α, the characters χ1/2(α) of D1/2 are given by [88]

χ1/2(α) =
sin(α)

sin(α/2)
. (9.3)

The direct product Γi × D1/2 can be composed in terms of the double group represen-
tations. If more than one representation of the double group appears in this decompo-
sition, a spin-orbit splitting of the level appears. The table of the direct products of
the single group representations Γi of Table 9.1 with D1/2 for the group of k = 0 are
given in Table 9.3. From the analysis of this table, we see that the conduction band
belongs to the Γ7 representation, as does the non-degenerate valence band state C.
Furthermore, the direct product Γ5 × D1/2 is composed of the representations Γ7 and
Γ9. In other words, the valence band edge is split by the spin-orbit interaction in two
double degenerate states. The influence of the crystal field and spin-orbit interaction
is schematically illustrated in Figure 9.3.

In conclusion, the combination of the crystal field splitting and the spin-orbit interaction
leads to a so-called three-edge structure in the vicinity of the Γ point, involving the top
of the valence band known as the A, B and C bands in order of increasing energy. Two
of these three bands are of Γ7 and one of Γ9 symmetry, while the lowest conduction
band has Γ7 symmetry. Typically, the topmost valence band in the wurtzite structure
has Γ9 symmetry; an exception is ZnO for which the two upper bands A (Γ9) and B
(Γ7) are believed to be reversed [159].

The energy splittings of the valence bands A, B and C in the presence of the crystal
field and the spin-orbit interaction are given by [152]

Δ1,2 =

(
Δso + Δcf

2

)
∓
√(

Δso + Δcf

2

)2

− 2

3
ΔsoΔcf . (9.4)
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Figure 9.3: Schematic band structure of wurtzite semiconductors with conduction band and
three valence bands. In the absence (a) and in the presence (b) of spin-orbit coupling. The
spin-orbit and crystal field splittings are denoted as Δso and Δcf, respectively. Additionally
the symmetries of the irreducible representations Γi are given.

It turns out that these terms are rather small in group-III nitrides. In wurtzite InN,
GaN, and AlN Δso is of the order of 5-20 meV [131]. This is in strong contrast to several
hundred meV found for most other III-V and II-VI semiconductor materials [160,161].
Also the crystal field splitting Δcf in InN and GaN is only of the order of 10-40 meV [131].
In summary, compared to the II-VI and III-V materials, the contributions Δso and Δcf

are negligible in case of the nitride material system with a wurtzite structure.

9.3 Spontaneous Polarization

The wurtzite crystal structure of nitride materials combined with epitaxial growth,
which is usually performed in the [0001] direction, leads to the appearance of electro-
static fields and corresponding charge densities in strained materials. We have already
discussed the effects of piezoelectric fields in semiconductor heterostructures in Sec-
tion 3.2.2. It has been shown to affect carrier distributions, electric fields, and con-
sequently a wide range of electronic and optical properties of nitride semiconductor
materials and devices. In addition, theoretical [162] and experimental [163,164] results
have indicated that these systems exhibit a large spontaneous polarization. This polar-
ization is associated with electrostatic charge densities analogous to those generated by
the strain-dependent piezoelectric polarization fields. In bulk materials it is assumed
that a rearrangement of surface charges counterbalances the spontaneous polarization
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9.4 Tight-binding Model with sp3 Basis

fields [163]. In heterostructures, however, variations in compositions are known to create
nonvanishing spatially-varying spontaneous and piezoelectric polarization fields.

The existence of non-zero polarization fields in nitride semiconductors can be attributed
to the lower symmetry of the wurtzite crystal structure compared to that of the cubic
zinc blende, for which the spontaneous polarization vanishes [165]. The spontaneous
polarization, which is denoted by Pspont, represents a non-zero volume dipole moment
in the crystal that exists in the absence of any external influence, such as strain or
an electric field. In other words, the reason for a spontaneous polarization Pspont in
wurtzite semiconductors is the static, relative shift of the positive and negative charges
in the unit cell, which originates from the fact that the cell internal parameter u deviates
considerably from the ideal value, as discussed in Section 9.1.

9.4 Tight-binding Model with sp3 Basis

Following the discussion of Section 9.2, the valence bands A, B, and C originate mainly
from the valence p orbitals, and, in case of the Γ7 states, some s character. The
conduction band on the other hand is predominantly s-like with some pz character
(Γ7). Therefore, we cannot apply the scp

3
a TB model studied in Part II, because it

does not provide a mixing between s and pz orbitals at the same atomic site. To take
into account the mixing of the different orbitals, we use a TB model with an sp3 basis
|α,R〉, i.e., one s state (α = s) and three p states (α = px, py, pz) per spin direction at
each atom site R. The TB matrix elements are given by

EαR,α′R′ = 〈αR|Hbulk|α′R′〉 , (9.5)

where the indices R and α label the lattice sites and the different types of orbitals,
respectively. We include non-diagonal elements of the TB Hamiltonian matrix up to
nearest neighbors and use the two-center approximation of Slater and Koster, discussed
in Section 3.1, which yields nine independent TB parameters. In contrast to most other
III-V and II-VI semiconductors, one can neglect spin-orbit coupling and crystal-field
splitting in InN and GaN, which are of the order of 10 meV [57, 131]. In accordance
with the small crystal field splitting we treat the four nearest neighbors of each atom as
being equivalent. Hence the local environment is taken to be tetrahedral (Td symmetry
group) instead of C3v. The influence of spin-orbit coupling and crystal field splitting
on the single-particle states in InN QDs will be addressed in detail in Section 10.1.4.

In contrast to a zinc blende structure with two atoms per unit cell, the wurtzite unit
cell contains four atoms, two anions and two cations. According to the discussion of
Section 3.1, the electronic properties of the pure bulk materials are given by a 16 × 16
matrix Hbulk(k) for each point in k space, with the basis states |k〉 [166]. This matrix
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is explicitly given by

Hbulk(k) =

⎛
⎜⎜⎜⎜⎜⎜⎝

EA 0 M1,3 M1,4

0 EA M1,4 M2,4

M
†
1,3 M

†
1,4 EC 0

M†
1,4 M

†
2,4 0 EC

⎞
⎟⎟⎟⎟⎟⎟⎠ . (9.6)

Each element of the Hamiltonian matrix Hbulk(k) is a 4×4 matrix. The on-site matrices
Eα are given by

Eα =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

|s, α〉 |px, α〉 |py, α〉 |pz, α〉
〈s, α| Eα

s,s 0 0 0

〈px, α| 0 Eα
p,p 0 0

〈py, α| 0 0 Eα
p,p 0

〈pz, α| 0 0 0 Eα
p,p

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (9.7)

where α denotes anions (α = A) or cations (α = C). The off-site matrices M
α,β
i,j describe

the coupling between the atom α and β located at positions i and j. According to the
notation in Eq. (9.2), the anions are denoted by 1 and 2, while the cations are indicated
by 3 and 4. The resulting matrices are given by

MAC
1,3 = F1m

AC
1,3 ,

MAC
1,4 = F2m

AC
1,4 ,

MAC
2,4 = F3m

AC
2,4 ,

with

F1 = e−i kxa
3 ei

kya

3 ei kzc
8 , F2 = e−i 3kzc

8 , F3 = ei kxa
3 e−i

kya

3 ei kzc
8 ,

and

mAC
1,3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

|s, 3〉 |px, 3〉 |py, 3〉 |pz, 3〉
〈s, 1| p0ws,s p1ws,x

√
3

2
p2ws,x p0ws,z

〈px, 1| p1wxs p1wxx + 3
4
p3 [wxx + wyy] −

√
3

4
p2 [wxx − wyy] p1wxz

〈py, 1|
√

3
2

p2wxs −
√

3
4

p2 [wxx − wyy] p1wyy + 3
4
p3 [wxx + wyy]

√
3

2
p2wxz

〈pz, 1| p0wz,s p1wz,x

√
3

2
p2wz,x p0wzz

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,
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mAC
1,4 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

|s, 4〉 |px, 4〉 |py, 4〉 |pz, 4〉
〈s, 1| Wss 0 0 Wsz

〈px, 1| 0 Wxx 0 0

〈py, 1| 0 0 Wxx 0

〈pz, 1| Wzs 0 0 Wzz

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

mAC
2,4 =

⎛
⎜⎜⎜⎜⎜⎝

|s, 4〉 |px, 4〉 |py, 4〉 |pz , 4〉
〈s, 2| p∗0ws,s −p∗1ws,x −

√
3

2
p∗2ws,x p∗0ws,z

〈px, 2| −p∗1wxs p∗1wxx + 3
4
p∗3 [wxx + wyy] −

√
3

4
p∗2 [wxx − wyy] −p∗1wxz

〈py, 2| −
√

3
2

p∗2wxs −
√

3
4

p∗2 [wxx − wyy] p∗1wyy + 3
4
p∗3 [wxx + wyy] −

√
3

2
p∗2wxz

〈pz, 2| p∗0wz,s −p∗1wz,x −
√

3
2

p2wz,x p∗0wzz

⎞
⎟⎟⎟⎟⎟⎠ .

The different coefficients pi(k) read

p0(k) = 1 + eikxa + e−ikya , p1(k) = eikxa − 1

2
− 1

2
e−ikya

p2(k) = 1 − e−ikya , p3(k) = 1 + e−ikya ,

where wave vector k is here:

k = k1b1 + k2b2 + k3b3 . (9.8)

The reciprocal-lattice vectors are given by

b1 =
2π

a

(
2√
3
, 0, 0

)
, b2 =

2π

a

(
1√
3
, 1, 0

)
, b3 =

2π

c
(0, 0, 1) .

Furthermore, we apply the approximation that the local environment is tetrahedral
to the off-diagonal elements. This corresponds to treating the four nearest-neighbor
atoms equivalent. Therefore, the different tight-binding parameters W in mAC

1,4 and

w in mAC
2,4 and mAC

1,3 , are not independent. The relationship between the off-diagonal

matrix elements of wurtzite (W ’s and w’s), those of zinc blende [120] and the standard
notation of Slater and Koster [47] are given in Table B.5 of Appendix B, which can
also be found in Ref. [166]. From the relation between the different matrix elements
one can deduce five independent parameters. Furthermore, one has to consider the four
on-site terms Eα

s,s and Eα
p,p, where α denotes anions or cations. Therefore, we are left

with nine independent TB parameters. These parameters are empirically determined in
such a way that the band gap and the energetic positions of other bands of the wurtzite
bulk band structure [131, 167, 168] are reproduced at the Γ point. The resulting TB
band structures are depicted in Figure 9.4 and the parameters are given in Table B.4
of Appendix B. Comparing with the literature [167,168], the complicated valence band
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Figure 9.4: Tight-binding band structure for bulk InN and GaN. The corresponding tight-
binding parameters for each material are given in Table B.4.

structure is extremely well reproduced over the whole Brillouin zone, and the s-like
conduction band is accurate in the vicinity of the Γ point. For the GaN we obtain
effective electron masses along the z axis of m‖ = 0.259 m0 and along the x axis of m⊥ =
0.256 m0. These values are in good agreement with the ones experimentally observed
by Kasic et al. [169] namely m‖ = (0.228±0.008) m0 and m⊥ = (0.237±0.006) m0. For
InN, we obtain an isotropic effective mass m = m‖ = m⊥ = 0.069m0. This value is in
excellent agreement with the literature value of m = 0.07m0 [131,170]. In principle, the
conduction band structure can be improved by taking into account more basis states per
unit cell [171]. However, for the discussion of the optical properties of the investigated
materials, an appropriate description of the electronic structure in the region near the
Γ point is sufficient. Therefore, the sp3 TB model is adequate for our purposes, namely
the calculation of optical properties for InN/GaN QDs.
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10 Results for InN/GaN Quantum
Dots

This chapter is dedicated to the investigation of electronic and optical properties of lens-
shaped InN/GaN QDs with an underlying wurtzite structure. In Section 10.1 we will
turn our attention to the single-particle states and energies of these QDs. Section 10.2
deals with the optical properties, in particular, the multi-exciton spectra of the InN
nanostructures.

10.1 Single-Particle Properties

In the following sections the size dependence of the electronic properties of lens-shaped
InN/GaN QDs is investigated in the framework of an empirical TB model with a sp3

basis. The influence of the strong electrostatic built-in field on single-particle states
and energies is discussed. Also the impact of the small crystal field splitting and the
spin-orbit contribution is addressed.

10.1.1 Quantum Dot Geometry and Strain

Starting from the bulk TB parameters, the QD is modeled on an atomistic level. As de-
scribed in detail in Section 3.2, the ith TB wave function ψi(r) can be expressed in terms
of the localized orbitals φαR(r) = 〈r|α,R〉 at lattice site R with the TB coefficients ci

Rα,

ψi(r) =
∑
Rα

ci
RαφαR(r) . (10.1)

The Schrödinger equation leads to a matrix eigenvalue problem with finite dimension,∑
Rα

〈α′R′|H|α,R〉ci
Rα − Ei ci

R′α′ = 0 , (10.2)

where Ei is the corresponding energy eigenvalue. For the matrix elements 〈α′R′|H|α,R〉
we use the TB parameters of the bulk materials, which are given in Appendix B. We
apply the sp3 TB model introduced in Section 9.4, which neglects small contributions
from crystal field splitting and spin-orbit interaction. The influence of these effects will
be discussed in Section 10.1.4.
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Figure 10.1: Illustration of the finite-size supercell in which the QD geometry is modeled.
The investigated lens-shaped InN QDs reside on an InN wetting layer (WL) and have circular
symmetry around the z axis. The InN QD-WL system is embedded in a GaN matrix.

To model an InN QD embedded in a GaN matrix, a wurtzite lattice inside a large
cell with fixed boundary conditions is chosen. However, a sufficiently large supercell
is required in order to avoid numerical artifacts in the localized QD states, especially
artifacts due to the cubic symmetry of the boundaries. Surface effects in the finite-size
supercell are removed according to Refs. [53,172]: The orbital energies and the hopping
matrix elements of the surface atoms are raised to eliminate all nonphysical surface
states. The parameters for each site are set according to the occupying atoms (N, In,
Ga) in the InN/GaN heterostructure. At the InN/GaN interfaces averages of the TB
parameters are used to take into account that the nitrogen atoms cannot unambiguously
be attributed to the InN or the GaN material, respectively. The valence band offset
ΔE between the two materials (InN and GaN) is included in our model by shifting the
diagonal matrix elements of the bulk InN. In the past, several different values for the
InN/GaN valence band offset have been reported. The theoretically calculated values,
e.g. 0.3 eV (Ref. [59]) and 0.48 eV (Ref. [57]), are relatively small compared to the exper-
imentally obtained ones of (1.05± 0.25) eV (Ref. [173]) or (1.26 ± 0.23) eV (Ref. [174]).
A detailed discussion of this issue is given by Vurgaftman et al. in Ref. [131]. We
choose a valence band offset of ΔE = 0.5 eV, as recommended by Vurgaftman et al.
A different value would affect the strengths of the confinement potentials for electrons
and holes inside the QD structure. As a consequence the QD states might be slightly
shifted in energy. However, no qualitative changes of our results are expected since only
well localized states are investigated here.

We consider lens-shaped InN QDs, grown in (0001)-direction on top of an InN wetting
layer (WL). The embedded QD-WL system is schematically shown in Figure 10.1. For
the WL we assume a thickness of one lattice constant c. The rotational symmetry of
the QD system around the z axis preserves the intrinsic C3v symmetry of the under-
lying wurtzite crystal1, which is important for the discussion of one-particle properties

1 The C6v symmetry of the bulk system is spoiled by the QD geometry.
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and Coulomb correlations. Therefore, the symmetry group of the QD system under
consideration, is different to comparable QD systems with a underlying zinc blende
lattice [136]. Since inversion is not a symmetry operation for typical self-assembled QD
structures, in the case of a zinc blende QD the overall system symmetry is reduced
to a C2v symmetry. This reduction in symmetry results in an additional splitting of
otherwise degenerate one-particle energy levels, as already discussed in Part II.

In order to give a representative overview of one-particle and excitonic (optical) prop-
erties, we study three different QD sizes with diameters d = 4.5, 5.7, 7.7 nm and heights
h = 1.6, 2.3, 3.0 nm, respectively. For all three QD sizes a supercell with the dimension
58a × 50.2a × 13.5c (188 181 atoms) is used in our calculations to reach convergence for
the localized QD states.

The lattice mismatch between InN and GaN leads to the occurrence of a strain field in
the heterostructure. This field modifies the conduction- and valence-band edge of the
InN QD. Fonseca et al. [175] compared the electronic structure of coupled InAs/GaAs
QDs for the case when the strain field is included from a microscopic calculation with
the case when the strain field is modeled by a constant band-edge shift. The results
for the bound electron states with inclusion of the exact strain field do not significantly
differ from the results obtained with a constant band shift. However, the influence of
the strain effects on the valence-band structure is more complicated. For example, in
the well-studied zinc blende structure, the possible splitting of light- and heavy-hole
bands depends on the sign and magnitude of the biaxial strain [176], and will therefore
vary from system to system. In the present part of this thesis, we deal with an InN QD
with an underlying wurtzite crystal structure for which comparable studies are rare.
For this reason, we compare the bound single-particle wave functions obtained from
our TB model with those of k · p calculations performed by Andreev et al. [70] and
Fonoberov et al. [72] for similar QD systems (truncated hexagonal pyramidal GaN/AlN
QDs), including the strain on a microscopic level. As we will discuss in Section 10.1.3,
the results agree very well. Therefore, only slight changes of the one-particle states and
energy levels are expected from an additional microscopic inclusion of strain effects in
our model. Since we are interested in more general aspects, we neglect the influence
of strain-induced displacements from the ideal atom positions. For the chosen QD
geometry strain-induced displacements do not change the symmetry of the system so
that our general statements (based on symmetry arguments [70]) should also hold if
strain effects were more realistically included. Here we take into account only the
strain-induced piezoelectric field in the structure, as described in the following section.

10.1.2 The Electrostatic Built-In Field

For the nitride-based heterostructures the electrostatic built-in field plays an impor-
tant role and can significantly modify the electronic structure as well as the optical
properties. In contrast to cubic III-V semiconductor heterostructures, based on InAs
or GaAs, the III-V nitrides exhibit considerably larger electrostatic built-in fields for
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Figure 10.2: Contour plot of the electrostatic potential energy Vp. A slice in the x-z plane
through the center of the QD is depicted. The result is shown for the smallest QD but is
qualitatively the same for all the investigated QD sizes.

several reasons [162]. First of all the shape of the unit cell in InN and GaN differs
slightly from the ideal symmetry in the wurtzite structure. Following the discussion of
Section 9.3, this small aberration causes a polarization, which is referred to as the spon-
taneous polarization Pspont. Additionally, the strain-induced piezoelectric polarization
Ppiezo occurs that is quite strong in InN/GaN heterostructures, compared to, e.g., cubic
GaAs-based structures. Being different as for the zinc blende structure the piezoelectric
tensor of the wurtzite structure has three nonvanishing independent components [177],
which are several times larger than the values for other group-III-V binary compounds,
and which determine the magnitude of the piezoelectric field [162].

To include these effects in our TB approach, we calculate the potential, Vp(r), induced
by the electrostatic polarizations as outlined in the following. We start from the Maxwell
equation divD = 0 for the displacement field D, which is defined by

D = ε0εrE +
(
Pspont + Ppiezo

)
= ε0εrE + P , (10.3)

where εr is the dielectric constant, Pspont and Ppiezo are the spontaneous and strain-
induced polarization, respectively. The spontaneous polarization Pspont in the wurtzite
crystal structure lies within growth direction: Pspont = P spontez. The strain contribu-
tion Ppiezo to the polarization P is approximated as described in Ref. [178], Ppiezo =
P piezoez, by

P piezo = −2

(
e33

C13

C33
− e31

)
σ‖ , (10.4)

where eij denotes the different piezoelectric coefficients and Cij the elastic constants.
The (in-plane) lattice mismatch is given by σ‖. The lattice, elastic, piezoelectric, and
dielectric constants from Ref. [146] are used, as summarized in Table B.3 of Appen-
dix B. For InN and GaN several different values have been reported for these material
parameters in the literature. The relatively large variation is dominantly caused by
the fact that it is difficult to grow sufficiently large bulk crystals [179,180], and due to
the different defect situation in every single sample. An overview and a discussion of
the influence of different piezoelectric and elastic constants on the internal field of InN
and GaN is given in Ref. [181]. In our calculations, a different value for the built-in
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field would yield an overall shift in the one-particle energy levels, especially for the
hole states. However, even with different values for the built-in field a similar quali-
tative behavior especially of the ordering of the one-particle states and its dependence
on the QD size can be expected as it has already been observed for different material
systems before [147]. For our chosen QD geometry, a more sophisticated inclusion of
strain effects [142] will generate merely small lateral contributions to the piezoelectric
field [84], which are therefore neglected in the following. Furthermore, the small ther-
mal strain contribution is neglected [178, 182]. From the knowledge of the polarization
P the charge density ρp and the electrostatic potential φp can be obtained from the
Poisson equation,

divP = −ρp . (10.5)

Assuming only small contributions from image charges, the electrostatic potential φp is
given by

Δ φp = − 1

ε0εr

ρp . (10.6)

The resulting electrostatic potential is included in the TB model as a site-diagonal
potential energy Vp(r) = −e0φp(r). A schematic illustration of this procedure is given
in Figure 3.2 on page 25. This method has been successfully applied to quantum well [83]
and QD [84] structures before. With the electrostatic energy Vp, a rough estimate for
the electrostatic field strength of about 5.5 MV/cm inside the QD can be obtained from
a simple capacitor model.

A contour plot of the electrostatic potential energy Vp is shown in Figure 10.2 for
the smallest QD. A representative picture is given because the potential inside the
QD looks qualitatively the same for all the investigated QD sizes. Outside the QD, a
typical dependence of the potential is reproduced as known from QW systems. To reach
convergence, the calculation of the built-in field, according to Eqs. (10.5) and (10.6), is
performed on a much larger area surrounding the QD-WL structure, so that the field
vanishes at the supercell boundaries in z direction.

After having introduced the essential ingredients of our polarization-dependent sp3 TB
model, we will analyze the electronic structure of lens-shaped InN/GaN QDs with a
wurtzite structure in the following section.

10.1.3 Single-Particle States and Energies

Figure 10.3 shows the QD geometry and the first three bound one-particle states for the
largest QD for electrons and holes, respectively, including the influence of the built-in
field from atop. For each state the atomic orbital character of the TB wave functions
is given where the dominant contributions are highlighted. According to their nodal
structure, the depicted electron states ψe

1,2,3 can be classified as s- and p-like states.
This classification is not possible for the hole states; these states underly strong band
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Figure 10.3: The QD geometry is shown for the largest QD from atop. The structure is
visualized and isosurfaces of the probability density for the three lowest electron (left) and hole
(right) states with built-in field are included for 10% (blue) and 50% (red) of the maximum
value. The atomistic structure and the C3v symmetry of the wurtzite crystal becomes most
apparent for the hole states. The corresponding energies (Ee,h

1,2,3) of electron and hole states,
measured from the valence band maximum of bulk GaN, and the atomic orbital character for
each wave function are given. The dominant contributions are highlighted.

mixing effects. Whereas only one of the p-like valence bands may contribute to the
formation of the bound states in the case of QW systems [140], at least two atomic
p states contribute to the formation of the QD hole states. Therefore the assumption
of a single heavy-hole valence band for the description of the bound hole states in a
QD even qualitatively yields incorrect results. The observation of strong band-mixing
effects for the bound hole states is in agreement with results from other multi-band
approaches [57, 72]. The single-particle states obtained from our TB treatment agree
qualitatively very well with recent k ·p calculations for truncated hexagonal pyramidal
GaN/AlN QDs with a wurtzite structure [70, 72], although the strain is modeled on a
microscopic level in these references. Therefore, we expect that our general statements,
based on symmetry arguments, should also hold if strain effects are microscopically
included in our model.

According to their degeneracy and their transformation properties under rotation by
2π/3, electron as well as hole states are classified as s and p states. The two energetically
degenerate states are denoted as p states, because these states transform under the
action of the elements of the group C3v like x and y, respectively. The non-degenerate
state is invariant under a rotation by 2π/3 and therefore has the properties of an s
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Figure 10.4: Planar-integrated probability density Pplanar(z) for the electron (left) and the
hole (right) ground state, in the absence (solid lines) and in the presence (dashed lines) of the
built-in field for the smallest (top) and the largest (bottom) QD.

state. As already discussed in Section 4.1, the (single) group C3v is a non-abelian one.
Therefore, and in contrast to the group C2v of a lens-shaped QD with an underlying zinc
blende structure, degeneracies in the energy spectrum could be expected in a system
with a wurtzite structure. For convenience, we choose real-valued wave functions ψpx,y

for the two degenerate p states of electrons and holes, respectively. However, by choosing
appropriate linear combinations ψp± = ∓ 1√

2
(ψpx

± iψpy
) they can be transformed into

states which have the following properties under rotation by 2π/3 around the z axis:
R 2π

3

ψp± = e±i 2π
3 ψp±, according to the system symmetry. These states are complex-

valued but are favorable for the discussion of certain properties of the Coulomb matrix
elements [30, 116] as done in Section 10.2.2.

With inclusion of the built-in field, the electron states are squeezed into the cap of the
QD, while the hole states are constraint to a few atomic layers at the bottom, near the
wetting layer. This is illustrated in Figure 10.4 for the planar-integrated electron and
hole ground state probability density Pplanar(z) =

∑
i,j |ψ(xi, yi, z)|2 in the smallest and

in the largest QD. The influence of the electrostatic field on the one-particle densities
is much more pronounced for the larger QD. In this case a clear spatial separation
of electron and hole probability densities is observed, which lowers the direct spatial
overlap of electron and hole wave functions and leads to reduced dipole matrix elements,
compared to the results without built-in field. Besides the influence on the oscillator
strength, the additional confinement of the electrons into the cap of the QD increases
the electronic Coulomb matrix elements.
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Figure 10.5: (a) The first five electron and 10 hole one-particle energy levels are shown for
the three investigated QDs with increasing diameter from left to right. Results are given in
the presence of the built-in field. As a consequence of the stronger quantum confinement of
the carriers inside the QD structure for decreasing size, a clear blue-shift of the effective gap
energy is observed. (b) The energy splitting ΔEh

s,p = Eh
s − Eh

p between the s and the p shell
for the holes is depicted. The splitting is positive for the smallest QD and changes sign with
increasing QD diameter d, as a level reordering occurs for larger QDs. The dashed lines are
included as a guide to the eye.

The dependence of the energy spectrum on the QD size for the first five electron and
first 10 hole one-particle states, including the built-in field, is shown in Figure 10.5(a).
All energies are measured relative to the valence-band maximum of GaN. The energies
are compared with the ground state energies for electrons and holes in an InN-WL
(WLe

1 and WLh
1 , respectively) of one lattice constant c thickness, which is calculated

separately for the WL without the QD. As expected from a naive particle-in-a-box
picture, the binding of the electrons and holes in the QD becomes stronger when the
QD size is increased. For the intermediate and the largest QD, the hole ground state
is formed by the twofold degenerate p states ψh

1 and ψh
2 . This behavior is interchanged

with decreasing QD size where, for the smallest QD, the s state ψh
3 becomes the hole

ground state. This energy level-crossing with changing QD size is illustrated in terms
of the energy eigenvalues in Figure 10.5(b) and has also been reported before for other
QD systems [147]. To concentrate on the level crossing of the first three bound hole
states, Figure 10.5(b) displays the energy splitting ΔEh

s,p = Eh
s −Eh

p between the s and
the p shell for the holes. The splitting is positive for the smallest QD and changes sign
with increasing QD diameter d.
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Figure 10.6: For the intermediate QD, the influence of the built-in field on the hole-state
ordering is demonstrated. In the absence of the electrostatic field, the hole ground state is built
by a single s-like state (solid line), whereas in the presence of the field the twofold degenerate
p state (dashed line) constitutes the ground state for the holes. The dotted lines are included
as a guide to the eye.

To investigate the influence of the built-in field, we compare the energies of the first three
bound electron (ψe

1,ψ
e
2,3) and hole states (ψh

1,2,ψ
h
3 ) with and without the electrostatic

field. The results for the intermediate QD size are shown in Figure 10.6. First of all,
the electrostatic field shifts the electron single-particle states to lower energies, whereas
the hole states are shifted to higher energies. Consequently, the built-in field leads to
an overall red-shift in the single-particle energy gap. Furthermore, the electrostatic
field affects the ordering of the first three bound hole states. Without the electrostatic
field the hole ground state is the non-degenerate state ψh

3 as for the largest QD in
Figure 10.3. The first two excited states ψh

1 and ψh
2 are degenerate. The electrostatic

field interchanges the ordering of the states ψh
3 and ψh

1,2. In this case the hole ground
state is twofold degenerate. For clarity, the splitting of 1.9 meV between ground and
first excited state is displayed in the inset of Figure 10.6. The ordering of the lowest hole
states has strong implications for the ground state dipole selection rules and therefore
for the optical properties of the system and will be discussed in detail in Section 10.2.

10.1.4 Influence of Crystal Field Splitting and Spin-Orbit

Coupling

So far we have neglected the influence of the crystal field splitting and the spin-orbit
coupling. In this section we introduce these two contributions in our TB approach and
investigate their effect on the single-particle states and energies.

The spin-orbit coupling is introduced as outlined in Section 3.1.1. Due to the high
ionicity of the bonds in the nitride system [183], the valence band structure is dominated
by the anion contributions. Therefore we introduce the spin-orbit coupling only at
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Figure 10.7: Wurtzite bulk band structure of (a) InN and (b) GaN obtained using an sp3

TB model including crystal field splitting and spin-orbit coupling. The insets show the valence
band edge in the vicinity of the Γ point.

the anion sites. As discussed in Section 9.2, the small crystal field energy Δcf of the
wurtzite crystal differentiates the pz orbital from the px and py orbitals. Our TB model
considers only nearest-neighbor hopping matrix elements, whilst the bulk crystal field
splitting between the A and B valence bands, schematically shown in Figure 9.3 on
page 84, cannot be reproduced unless third-nearest-neighbor interactions are taken into
account [184]. To reproduce the A − B splitting within the sp3 basis with nearest-
neighbor coupling, we introduce on the anion sites the additional parameter EA

pz,pz
for

the coupling between the pz orbitals. According to these refinements, the anion on-site
matrix of Eq. (9.7) is now given by

EA =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|s,A, ↑〉 |px, A, ↑〉 |py, A, ↑〉 |pz, A, ↑〉 |s,A, ↓〉 |px, A, ↓〉 |py, A, ↓〉 |pz, A, ↓〉
〈s , A, ↑ | EA

s,s 0 0 0 0 0 0 0

〈px, A, ↑ | 0 EA
p,p −iλ 0 0 0 0 λ

〈py , A, ↑ | 0 iλ EA
p,p 0 0 0 0 −iλ

〈pz , A, ↑ | 0 0 0 EA
pz,pz

−λ iλ 0 0

〈s , A, ↓ | 0 0 0 0 EA
s,s 0 0 0

〈px, A, ↓ | 0 0 0 −λ 0 EA
p,p iλ 0

〈py , A, ↓ | 0 0 0 −iλ 0 −iλ EA
p,p 0

〈pz , A, ↓ | 0 λ iλ 0 0 0 0 EA
pz,pz

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

With four atoms per unit cell, the procedure described in Section 9.4 results in a
32 × 32 Hamiltonian, depending on the different TB parameters. All TB parameters
are re-optimized in such a way that the band gap and the energetic positions of other
bands of the wurtzite bulk band structure [131,167,168] at the Γ point are reproduced.
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10.1 Single-Particle Properties

Δso = 0, Δcf = 0 Δso = 0, Δcf �= 0 Δso �= 0, Δcf �= 0

Ee
1 [eV] 1.5749 1.5562 1.5554

Ee
2 [eV] 1.7836 1.7635 1.7607

Ee
3 [eV] 1.7836 1.7635 1.7607

Eh
1 [eV] 0.7901 0.7919 0.7874

Eh
2 [eV] 0.7901 0.7919 0.7861

Eh
3 [eV] 0.7882 0.7905 0.7839

Table 10.1: Single-particle energies for the intermediate InN QD in the presence and absence
of crystal field splitting and spin-orbit coupling. Each of the given states is two-fold degenerate
due to time reversal symmetry.

The additional matrix elements λ and EA
pz ,pz

are adjusted to reproduce the splittings
between the different valence bands (A, B and C bands), which are determined by
Eq. 9.4. Table B.4 in Appendix B summarizes the different TB parameters. The
corresponding bulk band structures of GaN and InN are shown in Figure 10.7. The
insets depict the valence band structure in the vicinity of the Γ point. The complicated
valence band structure is in very good agreement with other TB models [171].

After having determined the TB parameters one can once again calculate the single-
particle states and energies of the three different QDs discussed in the preceding section.
First we focus on the single-particle energies of the intermediate QD (d = 5.7 nm,
h = 2.3 nm). In Table 10.1 the energies of the first three bound electron and hole states
under the influence of the built-in field are displayed. In order to assess the impact of
the crystal field splitting and spin-orbit coupling, we have performed our calculations in
three steps. In a first step we neglect both spin-obit interaction and crystal field effects
(Δso = 0, Δcf = 0). In this case we are left with the sp3 TB model discussed so far. In
step two we introduce only the crystal field splitting (Δso = 0, Δcf �= 0), by including
the additional parameter EA

pz ,pz
in the TB model. In the final step both terms are taken

into account (Δso �= 0, Δcf �= 0). In each step the TB parameters are re-optimized in
such a way that the band gap and the energetic positions of other bands of the wurtzite
bulk band structure at the Γ point are reproduced.

From Table 10.1 we obtain that the electron states are only slightly shifted to lower
energies by crystal field splitting and spin-orbit coupling. Without spin-orbit coupling
(Δso = 0), and taking only crystal field splitting into account, Δcf �= 0, the hole states
are shifted to higher energies. With spin-orbit coupling the hole energy spectrum is
shifted to lower energies, compared to the case neglecting both contributions (Δcf =
0, Δso = 0). Additionally it turns out that the degeneracy of the hole states h1 and h2

is lifted when spin-orbit coupling is considered. Of course, each state is still twofold
degenerate due to time reversal symmetry. Because of the small spin-orbit energies
of the bulk materials, the splitting is also rather small (≈ 1 meV). From the splitting
of the hole states h1 and h2, one can deduce that the spin-orbit interaction alters the
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{E} {Ē} {2C3} {2C̄3} {3σv} {3σ̄v}
Γ1 1 1 1 1 1 1

Γ2 1 1 1 1 -1 -1

Γ3 2 2 -1 -1 0 0

Γ4 2 -2 1 -1 0 0

Γ5 1 -1 -1 1 i −i

Γ6 1 -1 -1 1 −i i

Table 10.2: Character table for the double group C̄3v [95].

symmetry of the system. How can this be understood? Without spin-orbit coupling,
the symmetry of the system is determined by the single group C3v, as discussed in
the previous sections. Including spin-orbit coupling, one has to deal with the double
group C̄3v. The character table of the double group is given in Table 10.2. This
group allows only two dimensional representations, even if the time reversal symmetry
is included [88]. Consequently, the electron p states (e2 and e3) are also no longer
degenerate, but in this particular case the splitting is only of the order of some μeV,
and therefore not visible in Table 10.1. These findings are in agreement with a recent
k · p calculations for InxGa1-xN QDs [185].

A central result of the previous section was that the strong internal electrostatic field
can reverse the energetic order of the first three bound hole states. We found that, for
the intermediate and the largest InN QD, in the presence of the built-in field the ground
state is formed by the twofold degenerate p states ψh

1 and ψh
2 shown in Figure 10.3. This

behavior is interchanged with decreasing QD size, where, for the smallest QD, the s
state ψh

3 becomes the hole ground state. To concentrate on this change between the
hole s and p shell, the energy splitting ΔEh

s,p = Eh
s − Eh

p is once more displayed in
Figure 10.8 (a). In order to analyze the impact of crystal field splitting and spin-orbit
coupling on the ordering of the hole level structure, we calculated the splitting ΔEh

s,p

when both contributions are introduced in the TB approach. Since the hole p shell is
no longer degenerate, we average over the single-particle energies of the states ψh

1 and
ψh

2 . The energy splitting ΔEh
s,p with spin-orbit coupling and crystal field splitting is

shown in Figure 10.8 (b). From the comparison with Figure 10.8 (a), we find that these
contributions have only a negligible effect on the energy splitting ΔEh

s,p. Furthermore,
the ordering of the first three bound hole states is not influenced by spin-orbit coupling
and crystal field splitting.

In summary, the crystal field splitting alone cannot alter the symmetry of the system
and leads only to an energetic shift of the first three bound electron and hole states.
The spin-orbit interaction, and only this contribution, can modify the symmetry and
lifts certain degeneracies. However, the splitting of the electron and hole p shell due
to the spin-orbit coupling is very small compared to the level spacing of the different
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Figure 10.8: The energy splitting ΔEh
s,p = Eh

s −Eh
p between the s and the p shell for the holes

is shown in the absence (a) and presence (b) of crystal field ΔCF and spin-orbit Δso splitting.
In both cases ΔEh

s,p changes sign with increasing QD diameter d, as a level reordering occurs
(the dashed lines are included as a guide to the eye). The built-in field is included in the
calculations.

shells. Moreover, in the presence of spin-orbit coupling and crystal field splitting, one
obtains the same level ordering of the energetically lowest hole states, s- and p-shell,
as in the case were these contributions are not taken into account. Therefore, it is well
justified to neglect these small corrections of the crystal field splitting and the spin-orbit
coupling in the following sections.

10.2 Many-Particle Properties

So far we discussed only single-particle properties, which apply strictly only for the
first charge carrier occupying the dot. If more than one electron or hole is confined in
the QD, the impact of the Coulomb interaction leads to distinct many-body states. In
order to investigate the optical properties of semiconductor QDs, we introduce in Sec-
tion 10.2.1 the many-body Hamiltonian that describes a system of interacting charge
carriers. Furthermore, the basic idea of the so-called configuration interaction scheme is
discussed, which enables the calculation of multi-exciton spectra. The subsequent Sec-
tion 10.2.2 is dedicated to the calculation of Coulomb and dipole matrix elements from
TB single-particle wave functions. These matrix elements are the essential ingredients
to the many-body Hamiltonian. Results for the optical spectra based on the configura-
tion interaction scheme are then discussed in the following sections: Excitonic emission
and absorption spectra are presented in Section 10.2.3, and Section 10.2.4 deals with
the emission spectrum of a QD initially filled with up to six excitons.
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10.2.1 Many-Body Hamiltonian and Light-Matter Interaction

In this section we introduce the Hamiltonian H that describes a system of interacting
charge carriers. The single-particle eigenstates and the corresponding eigenenergies,
calculated in the previous chapter, can be used for a many-particle calculation that
allows us to determine the multi-exciton spectra. The many-particle Hamiltonian H in
second quantization is given by

H =

H0︷ ︸︸ ︷∑
i

Ee
i c

†
ici +

∑
i

Eh
i h†

ihi (10.7)

+
1

2

∑
ijkl

V ee
ijklc

†
ic

†
jckcl +

1

2

∑
ijkl

V hh
ijklh

†
ih

†
jhkhl −

∑
ijkl

V eh
ijklh

†
ie

†
jekhl︸ ︷︷ ︸

Hc

. (10.8)

Here, creation and annihilation operators for electrons (holes) in the single-particle
state |i〉 with energy Ee

i (E
h
i ) are denoted by c†i (h

†
i) and ci(hi), respectively. The first

part H0, Eq. (10.7), is the non-interaction part, which contains information about the
single-particle spectrum. V λ,λ′

ijkl denotes the different Coulomb matrix elements. The
physical interpretation of the different terms in Hc, as given by Eq. (10.8), is the,
electron-electron, hole-hole and electron-hole Coulomb interaction. Small contributions
from so-called electron-hole exchange terms have been omitted [140]. The minus sign
in the last term of Eq. (10.8) stems from the fact that electron and hole attract each
other whereas the electron-electron and hole-hole interaction is repulsive.

If one considers only a finite number of bound single-particle states for the electrons
and holes, the many-particle Hilbert space for a given number of electrons and holes has
also finite dimension. Therefore, it can be solved without further approximations and
the Coulomb interaction between all the different possible configurations of carriers
in the considered bound states is fully taken into account. This approach is the so-
called configuration interaction (CI) method. In order to find the eigenvalues and
eigenfunctions of the interacting problem, the many-body Hamiltonian is expressed in
terms of the uncorrelated many-particle basis and the resulting Hamiltonian matrix is
diagonalized. This yields an expansion of the interacting eigenstates of the system for
a given number of electrons and holes in terms of the uncorrelated many-body basis
states. A detailed description of this approach is given in Refs [30, 150].

From the many-body states, the emission or absorption spectra between the interacting
eigenstates of the QD system can be calculated using Fermi’s golden rule [30]. For
example the absorption intensity I(ω) is given by

I(ω) =
2π

�
|〈ψf |Hd|ψi〉|2 δ(Ei − Ef − �ω) , (10.9)

where the state |ψi〉 corresponds to the initial many-particle state with the energy
Ei, while |ψf 〉 denotes the final state with energy Ef . The light-matter interaction
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Hamiltonian Hd in dipole approximation is given by

Hd = −
∑
ij

E 〈i|er|j〉︸ ︷︷ ︸
dij

eihj + h.c. , (10.10)

where E denotes the electric field at the position of the QD and e is the elementary
charge. The matrix elements dij between the single-particle states |i〉 and |j〉 are
the so-called dipole matrix elements. Equation (10.10), implies that the optical field
always creates or annihilates electron-hole pairs. Hence the initial and final states in
Eq. (10.9) differ by exactly one electron-hole pair to yield a non-zero result. These
processes correspond to the absorption and the emission of a photon, respectively.

For all practical applications the Coulomb V λ,λ′

ijkl and dipole matrix elements dij between
the single-particle wave functions are required. Therefore, the evaluation of these matrix
elements will be the subject of the following section.

10.2.2 Matrix Elements

As emphasized above, an empirical TB model represents an atomistic approach to
describe the electronic structure of low-dimensional heterostructures. However, explicit
knowledge about a basis set of localized states (atomic orbitals) is not required for
the calculation of one-particle energies and wave functions. Orthogonal empirical TB
models are based upon a basis set of states well localized at the atomic sites of the
crystal. Only the basic assumptions about these localized orbitals, i.e., symmetry,
spatial orientation [47], and orthogonality, enter the TB Hamiltonian.

With the TB Hamiltonian one-particle states can be determined for electrons and holes
which are localized in a semiconductor nanostructure. However, being interested in
optical properties of the system, single-particle energies and wave functions are not
sufficient. To study optical interband transitions, the calculation of dipole matrix ele-
ments between electron and hole wave functions and the calculation of Coulomb ma-
trix elements is required. Besides the calculation of optical properties, the Coulomb
matrix elements are of particular importance to study carrier-carrier [186] and carrier-
phonon [187] scattering in InN/GaN QDs. For the calculation of these matrix elements
one needs – in principle – the localized atomic basis states φαR(r) from which the
one-particle eigenstates ψi(r) are formed according to Eq. (10.1). In the following we
describe how Coulomb and dipole matrix elements can be obtained within the empirical
TB model.
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Coulomb Matrix Elements

For the calculation of optical spectra, Coulomb matrix elements between the TB wave
functions, Eq. (10.1), are required, which are given by

Vijkl =
∑

R1R2R3R4

∑
αβγδ

ci∗
R1αcj∗

R2βck
R3γc

l
R4δ

·
∫

d3rd3r′V (r − r′)φ∗
αR1

(r)φ∗
βR2

(r′)φγR3
(r′)φδR4

(r) , (10.11)

with V (r − r′) =
e2
0

4πε0εr|r − r′| ,

where e0 denotes the electron charge, ε0 the vacuum dielectric constant, and εr the
background dielectric constant of the semiconductor material. As the atomic orbitals
φαR(r) are not explicitly known in an empirical TB treatment, we approximate these
matrix elements by

Vijkl =
∑
RR′

∑
αβ

ci∗
Rαcj∗

R′βck
R′βcl

RαV (R −R′) , (10.12)

with V (R −R′) =
e2
0

4πε0εr|R− R′| for R �= R′

and V (0) =
1

V 2
uc

∫
uc

d3rd3r′
e2
0

4πε0εr|r − r′| ≈ V0 . (10.13)

The validity of the underlying approximations and assumptions is discussed in Appen-
dix C. Physically this means that the variation of the Coulomb interaction is taken
into account only on a larger length scale of the magnitude of lattice vectors but not
within one unit cell, which is justified because of the long ranged, slowly varying be-
havior of the Coulomb interaction. For |R − R′| = 0 the evaluation of the integral in
Eq. (10.13) can be done quasi-analytically by expansion of the Coulomb interaction in
terms of spherical harmonics, following Ref. [188]. An approximation like this, leading
to Eq. (10.12) is always applied in the frequently used effective-mass description of QDs,
because only the spatial variation of the envelope function and no variation of the wave
functions within an atomic unit cell is considered there. As shown in Appendix C, the
approximations and assumptions leading to Eqs. (10.12) and (10.13) can be justified
as long as |R − R′| is larger than nearest-neighbor lattice vectors. Though the on-site
and nearest-neighbor terms are absolutely the largest ones, their relative contribution
to the double sum in Eq. (10.12) is less than 5 %. Therefore, the possible errors in the
true values of the nearest-neighbor terms are only of minor importance for the total
matrix elements Vijkl.

In our InN/GaN QD system under consideration, the bound states are almost com-
pletely localized inside the InN material. Therefore, in a good approximation we use
the InN dielectric constant εr = 8.4, taken from Ref. [146]. For the calculation of
Coulomb matrix elements averaged lattice constants are used to determine R − R′ in
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10.2 Many-Particle Properties

the whole structure, calculated from the unstrained InN and GaN lattice constants in
Table B.3. Hence, we take into account that in the vicinity of the QD, where the wave
functions are localized, the InN lattice structure is influenced by the surrounding GaN
material and vice versa.

In the following, some basic results are summarized, regarding fundamental symmetry
properties of the calculated Coulomb matrix elements. The discussion of Coulomb
matrix elements is more convenient if the localized p states are chosen such that they
are invariant under rotation by 2π/3 up to a phase factor exp (i2π/3 · m) as already
introduced in Section 10.1.3. The integer m takes the values m = ±1 for the p states
and m = 0 for the s state that is invariant under the rotation. For a system with full
rotation invariance, as in an effective-mass approximation [30], the integer m represents
the quantum number of the z component of the electronic angular momentum in each
state. For our system a rotation by 2π/3 transforms the Coulomb matrix elements
according to

R2π/3Vijkl = ei(mi+mj−mk−ml)
2π
3 Vijkl . (10.14)

As this rotation represents a symmetry operation for the chosen QD geometry and
for the wurtzite lattice with discrete rotation invariance, the matrix elements must
remain unchanged. Therefore the condition (mi + mj − mk − ml) mod 3 = 0 has to
be fulfilled, otherwise the matrix element Vijkl must vanish. This is different from
the effective-mass approximation where, for circular QD geometry, each rotation is
a valid symmetry transformation, and where the angular momentum conservation
requires mi + mj − mk − ml = 0. Therefore, in our case all matrix elements with
(mi + mj − mk − ml) mod 3 = 0 are, in principle, nonvanishing. However, the ma-
trix elements that occur in addition to the result of the effective-mass approximation
are small compared to the matrix elements that simply fulfill mi + mj − mk − ml = 0.
They become even smaller for the larger QDs, where one is closer to the case of full
rotation invariance, because the influence of the underlying crystal lattice becomes less
important.

Although the influence of the discrete rotation invariance still allows energetic degener-
acy in the p shell, differences compared to continuum-like models are found here on the
level of Coulomb matrix elements between the localized states. Although this feature
becomes less important for the larger QD, the aspects of band mixing, present in the
multi-band formulation, remain equally important even for larger QDs. This becomes
apparent in the next sections where the dipole matrix elements and selection rules are
discussed in detail.

Dipole Matrix Elements

In general it is not a trivial task to incorporate electromagnetic fields into TB models,
because one must pay attention that gauge invariance, conservation laws, and sum
rules remain valid. In particular, in connection with the problem of lattice electrons in
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Orbital α In Ga N

s 0.31 r3 e−1.25r Y00 0.61 r2.7 e−1.35r Y00 6.13 r1 e−1.95r Y00

px 0.31 r3 e−1.25r −1√
2
(Y11 − Y1−1) 0.61 r2.7 e−1.35r −1√

2
(Y11 − Y1−1) 6.13 r1 e−1.95r −1√

2
(Y11 − Y1−1)

py 0.31 r3 e−1.25r i√
2
(Y11 + Y1−1) 0.61 r2.7 e−1.35r i√

2
(Y11 + Y1−1) 6.13 r1 e−1.95r i√

2
(Y11 + Y1−1)

pz 0.31 r3 e−1.25r Y10 0.61 r2.7 e−1.35r Y10 6.13 r1 e−1.95r Y11

Table 10.3: Slater orbitals for In, Ga, and N atoms. The radial part of the wave functions is
given by R(r) = rae−br. The constants a and b are given by Slater’s rules [189]. The angular
part is given by the spherical harmonics Ylm(ϕ, ϑ).

a magnetic field and the Peierls substitution [190, 191] it has been pointed out that a
vector potential describing the magnetic field must be included via complex, position-
dependent phase factors of the inter-site (hopping) TB matrix elements [192–196]. It
has been emphasized [197] that this is the proper, unambiguous and gauge invariant way
to incorporate arbitrary electromagnetic fields in the TB Hamiltonian. However, when
studying weak optical fields with only a slight spatial dependence on the scale of lattice
vectors, a description of the field only via a scalar potential is possible. Then at least in
linear order in the field also the expansion of the matrix elements of the gauge invariant
TB model leads to a coupling of the field via the dipole operator, as it is frequently used
in standard effective-mass models of semiconductor physics (optics). Therefore, here
we use this simplifying assumption, too. The task now is the calculation of the matrix
elements of the dipole operator e0r with the TB wave functions, deh

ij = e0〈ψe
i |r|ψh

j 〉,
which yield information about selection rules, allowed and forbidden transitions, and
even relative peak heights, at least qualitatively [198].

Following the discussion of the preceding paragraph, for the calculation of optical spec-
tra the dipole matrix elements between electron and hole wave functions are an essential
ingredient. In contrast to the Coulomb matrix elements, the short-range contributions
dominate the dipole matrix elements. This short-range, almost local, character of the
dipole operator in real space is in accordance with the assumption of a weak k depen-
dence of the dipole matrix elements [42], which is commonly used in connection with
effective-mass approaches [199]. Therefore, what turns out to be a good approxima-
tion for the Coulomb matrix elements, to neglect the precise structure of the localized
orbitals, fails for the calculation of dipole matrix elements.

In accordance with the TB formulation, the position operator can be decomposed into
two contributions [107, 198, 200]:

r =
∑
Rα

|R, α〉R〈R, α|+
∑
Rα

∑
R′β

|Rα〉〈Rα|r̃|R′β〉〈R′β| . (10.15)

Here, R = (X, Y, Z) and R′ = (X ′, Y ′, Z ′) denote the discrete atomic positions and
r̃ = r − R = (x̃, ỹ, z̃) is the position within a unit cell relative to R. The indices
α, β label the different atomic orbitals. An optical light pulse is considered, with light
polarization vector e = 1/

√
2(1, 1, 0). With the decomposition, Eq. (10.15), and the
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TB wave functions, Eq. (10.1), the dipole matrix elements deh
ij = edeh

ij then explicitly
read

deh
ij =

e0√
2

∑
RR′αβ

ci,e∗
R,αcj,h

R′,β

[
(X + Y )δRR′δαβ + 〈R, α|x̃ + ỹ|R′, β〉

]
. (10.16)

The first part in Eq. (10.16) is the contribution to the dipole matrix elements which
stems from the TB coefficients (“envelope”) which are weighted with the position of the
corresponding atom site. The second part contains the matrix elements of the operator
r̃ with the localized (atomic) basis orbitals φαR(r) and is determined by their spatial
variation inside the unit cell.

In the literature a variety of different approximations for the calculation of the matrix
elements in Eq. (10.16) has been applied in the past [107, 111, 140, 200–203]. In some
of these works, the first part, the envelope part, has been neglected [140,203], whereas
in other works parts of the second contribution, the orbital contribution, have been
included in addition to the envelope contribution [107, 200, 202]. However, no general
statement has been made, which part is the dominant one for which kind of system. To
give a representative picture, at least for the investigated InN/GaN QD system, here
we include and discuss in detail both, orbital and envelope contribution.

The first part, the envelope part, can easily be calculated from our TB wave functions
as a discrete sum over all lattice sites. The result does not depend on the choice
of the origin. The proper calculation of the second part, the orbital contribution, is
much more involved, which is the reason why in the available literature several different
approximations and assumptions have been proposed [107, 111, 140, 200, 202, 203].

In the case of the orbital part it is necessary to connect the calculated TB coefficients
ci
Rα directly to the underlying set of atomic basis orbitals. A commonly used approach

is the use of atomic Slater orbitals [189], as given in Table 10.3 for In, Ga and N, which
take into account the influence of the effective screening of inner electron densities on
the effective one-particle wave functions for the bonding orbitals. These basis orbitals
have been used in the past for the calculation of dipole matrix elements [106, 107].
However, previous approaches contain two shortcomings which we have improved in
our calculations.

(i) While they include the correct symmetry properties underlying the TB coefficients,
the Slater orbitals lack the essential assumption of orthogonality with respect to dif-
ferent lattice sites, since they have been developed for isolated atoms. To overcome
this problem, we use numerically orthogonalized Slater orbitals, as outlined in Appen-
dix C.1. Including the orthogonality, the Slater orbitals fulfill all basic requirements,
regarding symmetry, locality, and orthogonality for the basis orbitals underlying the
TB formulation.

(ii) In most approaches only on-site contributions to the dipole matrix elements have
been included [107,140,200,204], which results in a local dipole interaction where only
the direct overlap of electron and hole wave functions is taken into. To properly treat
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10 Results for InN/GaN Quantum Dots

the slight non-locality of the dipole operator [111, 202] and in particular the anion-
cation structure of the crystal, the matrix elements are calculated including up to
second-nearest neighbors here.

In the past, even nearest neighbor contributions have been neglected, because the matrix
elements 〈R, α|x̃ + ỹ|R′, β〉 (with R and R′ being neighboring atom sites) are much
smaller than the corresponding on-site contributions (with R = R′). However, in
Eq. (10.16) not only the matrix elements alone determine the result but they are also
weighted with the TB coefficients of electron, ci,e

R,α, and hole, cj,h
R′,β, wave function.

From an intuitive picture, having in mind the anion-cation-structure of the crystal,
one might guess, that the product of the TB coefficients ci,e

R,α · cj,h
R′,β is larger for R,R′

labeling nearest-neighbor atom sites than for R = R′. As visualized in Figure 10.4, the
main contributions to electron and hole wave functions are localized at different kinds of
atoms, and therefore at different layers in the crystal, electrons at the cations and holes
at the anions. Therefore it can hardly be estimated in advance which contributions will
be large and which small. Furthermore, the angular momentum selection rules [140],
which are valid for the on-site matrix elements in a good approximation, cannot be
used for transitions between orbitals which are centered around different lattice sites.

In order to rigorously estimate the influence of the different matrix elements and in
order to give further insight into the nonlocal behavior of the dipole operator we will
discuss the orbital contributions in detail in the following. Afterwards the final results
for the dipole matrix elements are presented.

In contrast to previous approaches all the orbital contributions have been numerically
calculated. To verify the numerical calculation of dipole matrix elements between the
localized atomic orbitals, it can be checked in comparison to the quasi-analytical re-
sults which can be obtained for the on-site contributions with standard Slater orbitals,
without orthogonalization [107]. Matrix elements with a numerical error smaller than
1 % can easily be obtained by choosing a sufficiently fine grid of quadrature points for
the numerical evaluation of integrals.

We do not tabulate all the dipole matrix elements but prefer to summarize some general
statements, valid for the orbital contributions to all the calculated matrix elements
between the electron and hole TB wave functions. For the on-site contributions the
calculations with orthogonalized and standard Slater orbitals yield similar results with
up to 8 % difference. This finding demonstrates that the orthogonalized orbitals are
still dominated by their original character in the vicinity of the origin. For details see
Appendix C.1. Without orthogonalization the nearest- and second-nearest-neighbor
contributions are strongly overestimated compared to the results of the orthogonalized
orbitals. With orthogonalization, the main nonlocal contribution to the dipole matrix
elements stems from the nearest neighbors. The second nearest neighbors are much
less important and contribute by about 5 % of the on-site contributions, which is in
accordance with the TB formulation where nearest-neighbor hopping is included but
hopping to more distant neighbors can be neglected in a good approximation.

Our results clearly demonstrate the short-range character of the dipole operator. How-
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10.2 Many-Particle Properties

ever, despite its short-range character, it is essential to include the nearest-neighbor
contributions to properly account for the anion-cation structure of the crystal lattice.
In contrast to previous approaches all the nonlocal contributions have numerically been
calculated here to avoid assumptions about angular momentum selection rules, which
are strictly valid only for on-site contributions but which have been extended to nearest-
neighbor contributions in earlier approaches [111,202]. The previously used assumptions
for nonvanishing nearest-neighbor matrix elements, d ∼ ez, are not reproduced by our
numerical results. Otherwise there would be no contribution from nearest neighbors for
the light polarization e = 1/

√
2(1, 1, 0) investigated here.

In the preceding paragraphs we have outlined how to bridge the gap between the TB
coefficients of the empirical TB formulation and atomic basis orbitals, which allows
us to calculate the orbital contribution to the dipole matrix elements in addition to
the envelope contribution. For the investigated system the envelope contribution is
found to clearly dominate the total results for the dipole matrix elements, the orbital
contributions are by about a factor of 30 smaller. However, this may change in other
systems or for intraband transitions [201], where the orbital contribution becomes more
important. The dipole selection rules, which will be discussed in the next section,
are the same for both contributions, only small differences for the ratio of different
nonvanishing matrix elements are found for orbital and envelope contributions.

Dipole Selection Rules

The only relevant dipole matrix elements in our InN QD structure are edeh
spx

= edeh
spy

and edeh
pxs = edeh

pys, where e = 1/
√

2(1, 1, 0) denotes the light polarization vector. All
other matrix elements are negligible due to the overall symmetry of the connected
single-particle states [147, 205, 206]. The resulting optical selection rules are in strong
contrast to what is known from many other III-V and II-VI heterostructures and cannot
be explained within a one-component effective-mass approach [207]. Commonly used
dipole matrix elements are diagonal with respect to the envelope symmetry (angular
momentum) [30, 140], namely deh

ij ∼ δij with i, j ∈ {s, p+, p−}.
The strong band mixing in the valence band is responsible for the transformation prop-
erties of the bound hole states which strongly influences the dipole selection rules for
interband transitions to the conduction band. In many other systems with different
symmetry of the crystal lattice and strong spin-orbit coupling for the valence bands,
the dipole operator is diagonal with respect to the envelope angular momentum as used
in Refs. [30] and [140]. The dipole selection rules are important for the interpretation
of the excitonic spectra in the following section.

These selection rules are, in principle, unaffected by the built-in electrostatic field.
However, for the large QD the ordering of the lowest hole states is interchanged by the
influence of this field as already discussed in Section 10.1.3. This has strong implica-
tion on the optical emission spectra, which will be discussed in the following section.
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10 Results for InN/GaN Quantum Dots

Furthermore, the field-induced spatial electron-hole charge separation reduces the os-
cillator strengths drastically, by about a factor of 2 for the smallest QD, and by more
than one order of magnitude for the largest QD.

10.2.3 Excitonic Spectra

In the preceding sections we have discussed the calculation of dipole and Coulomb ma-
trix elements. They determine the many-particle Hamiltonian in second quantization
as given in Section 10.2.1 and are used in this section for the calculation of excitonic ab-
sorption spectra. To this end configuration-interaction calculations, as briefly described
in Section 10.2.1, are performed. Only the s and p shell bound states for electrons and
holes, are included in our calculation. This is justified by their energy separation to
higher states in the structure and keeps the following discussion simple and expressive.

In Figure 10.9 excitonic absorption and emission spectra, calculated with Fermi’s golden
rule, are depicted for the smallest and the largest QD with (solid line) and without
(dashed line) the influence of the built-in field. The two absorption lines in each spec-
trum correspond to the creation of an exciton in the QD. The lower energy line is
dominated by contributions where the electron is excited in the s shell and the hole in
the p shell, whereas the higher energy line mainly corresponds to the excitation of the
hole in the s shell and the electron in the p shell. This is in accordance with the dipole
selection rules discussed in the preceding section. The influence of the built-in field in
the structure red-shifts the whole excitonic spectrum by about 220 meV. The oscillator
strengths are merely reduced by a factor of about 2. The strong confinement of the
wave functions prevents a strong spatial separation of electron and hole wave functions
as it is found in the case of larger QDs. In addition to the red-shift of the spectrum
and the reduced oscillator strengths, the built-in field influences the Coulomb matrix
elements, which, however, does not affect the optical spectra qualitatively.

For the small QD, no emission from the excitonic ground state is observed. This is
the case, because the excitonic ground state is dominated by a contribution where the
electron as well as the hole is in the s shell. Since the dipole matrix element deh

ss vanishes,
the interband transition from the electron s shell to the hole s shell is dipole forbidden,
and the exciton ground state remains dark. This finding is not affected by the built-in
field.

For the large QD, the excitonic absorption in the presence (solid line) and in the absence
(dashed line) of the built-in field is depicted in Figure 10.9(b). Because in the large QD
the spatial separation of electron and hole wave functions due to the built-in field is
much larger, the red-shift in energy and the reduction of the oscillator strengths is much
more pronounced than for the small QD. Furthermore, the relative oscillator strengths
of the lines in the low-energy and the high-energy transitions is changed by the built-in
field. As discussed in Section 10.1.3, the ground state for the holes in the large QD in
the presence of the built-in field is a twofold degenerate p state. Therefore the ground
state for the exciton in the large QD is dominated by a contribution for which the
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Figure 10.9: (a) Excitonic absorption for the small QD in the presence (solid line) and
absence (dashed line) of the built-in field. (b) Same as (a) but for the large QD. (c) Excitonic
ground state emission for the large QD including the influence of the built-in field. Without
the built-in field, the ground state emission vanishes.

electron is in the s shell and, this time, the hole is in the p shell. Hence, in contrast to
the small QD, for the large QD a nonvanishing exciton ground state emission can be
observed. The resulting spectrum is depicted in Figure 10.9(c). In contrast, no emission
is observed without the built-in field.

For the large QD the oscillator strength is drastically reduced by the field-induced
spatial separation of the electron and hole wave functions. Two possible solutions to
avoid the strong reduction of the oscillator strength by the built-in field in the wurtzite
structure have been discussed in the past: (1) growth along a non-polar axis in the
crystal lattice [149,208], or (2) growth of smaller QDs. However, our results demonstrate
that the growth of smaller QDs may not be the desired solution. The small InN/GaN
QD investigated here shows neither exciton nor biexciton ground state emission. Only
for larger QDs the ground states become bright due to the influence of the built-in field.
After this analysis of the absorption and ground state emission spectra of lens-shaped
InN QDs, we will discuss in the next sections the emission spectra for an initially filling
with up to six electron-hole pairs.
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s

s

p

p

Figure 10.10: Example of a configuration with three electron hole pairs. The light (red) and
dark (blue) shaded areas connect the carriers that will lead to an emission at the low- and
high-energy side of the spectrum, respectively.

10.2.4 Multi-Exciton Emission Spectra

The extension of the CI calculation of the excitonic properties presented in the previous
section to the more complex multi-exciton spectra is discussed here. The additionally
required electron-electron and hole-hole Coulomb matrix elements can be calculated in
complete analogy to the electron-hole matrix elements. The calculations of the compli-
cated multi-exciton emission spectra have been performed in the group of Prof. Frank
Jahnke, University Bremen, by Norman Baer. A detailed discussion of the different
spectra are beyond the scope of this thesis and can be found in Ref. [116, 209]. Here,
we present results for the small and intermediated lens-shaped InN QD.

Small QD

As discussed in the previous section the excitonic properties of the small QD are dom-
inated by those configurations where each type of carrier is in its energetically lowest
shell. Together with the fact that the dipole matrix deh

ss vanishes, we obtain a dark
exciton ground state. Similar arguments hold for the discussion of the biexcitonic
properties. Only for more than two excitons the CI calculation provides significant
population of the electron and hole p shells. As mentioned above, the low- and high-
energy side of the spectrum can be attributed to processes where an s electron or a p
electron is dominantly involved in the recombination process, respectively. A schematic
representation of the level-structure and electron-hole pairs typically involved in high-
and low-energy transitions is depicted in Figure 10.10.

The emission spectra are shown in Figure 10.11 in the presence and absence of the built-
in field for an initial filling with one up to six excitons. In both cases, an inspection of
the emission-spectra reveals a blue-shift as the number of excitons is increased. This is
in strong contrast to the results known from the InGaAs system [30,133, 210], but can
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Figure 10.11: Ground state emission spectra for the smaller QD (d = 4.5 nm and h = 1.6
nm) with (solid lines) and without (dashed lines) the inclusion of the internal field. Different
number of excitons with Stot

z = 0 are chosen as initial states. For the studied system almost
no ground state emission is observed for the exciton and biexciton.

already be explained by the strong Hartree contributions that arise as the envelopes
for the electrons and holes are quite different. This strong deviation of the envelopes
leads to Hartree-Fock terms that would at least partly cancel in the case of identi-
cal envelopes. Note, that the energetic shift with increasing number of excitons is by
far more pronounced in the presence of the internal field because the stronger separa-
tion of the electron and hole wave functions is accompanied by stronger Hartree-fields.
Furthermore, when the electrostatic built-in field is included in the calculation of the
single-particle properties, the electron and hole wave functions are spatially separated
from each other which leads to a reduction of the oscillator strength. Additionally, the
single-particle gap and the Coulomb matrix elements are altered. The reduced oscillator
strength and the overall red-shift of the spectra due to the QCSE are clearly visible.

Intermediate QD

Since we have seen in Section 10.2.3, that the optical properties of the lens-shaped InN
QDs depend strongly on the size of these low dimensional systems, we investigate in
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Figure 10.12: Schematic representation of a three exciton configuration. The light (red)
and dark (blue) shaded areas connect the carriers that will lead to a emission at the low- and
high-energy side of the spectrum, respectively.

this section the multi-exciton spectra of the intermediate QD. In this case, the energetic
order of the two energetically lowest hole levels is reversed in the presence of the in-
ternal electrostatic field, as discussed in Section 10.1.3. This situation is schematically
illustrated in Figure 10.12. Without the built-in field, one still has the ‘usual’ order
with the s shell being lower in energy than the p shell. The resulting spectrum looks
similar to those discussed in previous section and is therefore omitted. In presence of
the built-in field the hole ground state consists of the two-fold degenerate p shell, which
has nonvanishing dipole matrix elements with the electron s shell. This is in agreement
with recent k · p calculations [147] and experimental results for CdSe QDs [206] grown
in the wurtzite phase. This altered level structure results in a nonvanishing exciton and
biexciton ground state emission. However, due to the strong separation of the electron
and hole wave functions in this larger structure, the dipole matrix elements deh

sp are
drastically reduced in comparison to those of the small QD.

The resulting multi-exciton spectra are shown in Figure 10.13. In contrast to the
intuitive picture in which first the states with lowest single-particle energy are occupied,
a strong population of the hole s shell which has a higher energy than the p shell for more
than one exciton, is found. Here, the ground states are not given by those states with
the lowest single-particle energy. This situation can be confirmed by a calculation that
takes only Hartree Coulomb terms into account. Qualitatively this can be explained
in the following way: It turns out that attractive interaction between electrons and
holes being in their respective s shells is stronger than the attraction in the case of s
and p shell carriers. Hence, the higher single-particle energy of the hole in s shell is
compensated by attractive Coulomb interaction. Already in case of the biexciton, this
effect results in an occupation of the hole s shell. As a consequence, the excitonic and
biexciton lines have approximately the same oscillator strength.

From three electron-hole pairs on, the ground states are governed by configurations
in which both the s shell for electrons and the s shell for holes are fully populated.
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Figure 10.13: Emission spectra for a larger QD (d = 5.7 nm and h = 2.3 nm) with different
number of excitons and in the presence of the internal field. For the emission of each multi-
exciton complex the high-energy side is shown in blue (solid lines), the low-energy side in
red (dashed lines). Due to the reversed level structure for the holes a ground state emission
is observed for exciton and biexciton. As initial states the ground states with Stot

z = 0 are
chosen.

Qualitatively, one obtains the same emission spectrum as in the case of the small InN
QD with the ‘normal’ ordering of the shells. However, due to the strong separation
of electron and hole wave functions, the oscillator strengths are drastically reduced
compared to the smaller system and here the Hartree shifts are even more pronounced.
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11 Introduction to Part IV

In the previous parts we have investigated the electronic and optical properties of group
II-VI QDs grown in zinc blende phase as well as group III nitride QDs crystallized in
a wurtzite structure. As already discussed, the nitride-based nanostructures have sig-
nificantly different properties compared to QDs composed of II-VI and other III-V
materials. Due to their unique characteristics, self-assembled nitride QDs attract much
interest for optoelectronic applications. In particular, structures based on GaN have re-
cently received considerable attention for applications such as blue-light emitting diodes,
high-speed field-effect transistors, UV photo-detectors and high-temperature electronic
devices [211, 212]. Until now, most of the GaN-based devices utilize wurtzite GaN.
However, high quality self-assembled zinc blende GaN QDs have been recently made
available [213–217]. These cubic GaN QDs are expected to have various advantages
due to their higher crystallographic symmetry [218]. Therefore, we focus in this part
on the zinc blende GaN nanostructures. Here we combine the insights gained in the
investigation of zinc blende QDs and the nitride nanostructures.

High quality GaN QDs are obtained by colloidal chemical synthesis [219] or self-organi-
zation [213–217, 220]. Many of their optical properties have been investigated experi-
mentally. In case of wurtzite GaN QDs the polar [0001] axis of the wurtzite lattice is
often parallel to the growth direction. As detailed in the previous part, the crystal sym-
metry and the growth process along this direction, yields giant intrinsic electrostatic
built-in fields. These fields arise in part from spontaneous and in part from strain-
induced polarizations and are of the order of MV/cm [148, 221]. As a consequence,
the optical properties of such low-dimensional systems are strongly influenced by these
contributions [148]. For example the electrostatic built-in fields lead to a spatial sepa-
ration of electrons and holes and therefore to a reduced exciton oscillator strength and
enhanced radiative lifetimes [72, 148].

In contrast to wurtzite GaN/AlN nanostructures, self-assembled zinc blende QDs of
these materials are often grown along the nonpolar [001] axis. Due to the altered lattice
structure, a zinc blende GaN QD does not exhibit a spontaneous polarization. Further-
more, theoretical [72] and experimental [216] investigations reveal that the piezoelectric
contributions are negligible. Moreover, GaN with a zinc blende structure offers many
potential advantages over wurtzite GaN, for instance, a higher doping efficiency due to
higher crystallographic symmetry, a higher carrier mobility, a smaller energy band gap,
which reduces the required indium content to obtain green light emission [218].

To understand the optical properties of semiconductor QDs, the electronic structure is
of major importance. In the past few years several different methods, such as pseudopo-
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tential approaches [8,31,136], tight-binding theories [9,84], k·p models [29,72] as well as
effective-mass approximations [20,146] have been used for calculations of the electronic
states of InAs, GaAs, CdSe, etc. For GaN several authors have presented electronic
structure calculations for hexagonal GaN/AlN QDs, including effects caused by strain
and built-in electric-field. However, only few results have been published for zinc blende
GaN QDs, and are based on continuum approaches. As we have seen in the previous
parts, the underlying atomistic structure can be of great importance. Therefore we use
a microscopic approach to describe the optical properties of zinc blende GaN QDs.

In the following a theoretical analysis of the electronic properties and absorption spectra
of zinc blende GaN QDs by means of an empirical TB model is given. In Section 12.1.1
we discuss the geometry of the QD, which is confirmed by experimental data. Sec-
tion 12.1.2 is dedicated to the strain field calculation of the QD geometry under con-
sideration. Subsequent to this, the applied strain dependent TB model is presented. In
Section 12.2.1 the Hamiltonian of the interacting charge carriers is introduced followed
by a brief discussion of the calculation of Coulomb- and dipole matrix elements. The
QD energy spectrum and the bound single-particle wave functions of electrons and holes
are investigated in Section 13.1 and Section 13.2. The optical properties are discussed
in Section 13.3.
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12 Electronic and Optical Properties
of GaN/AlN QDs

In this chapter we introduce the main ingredients of our theory for the calculation of
electronic and optical properties of GaN QDs. These ingredients include the strain
field calculation of the QD geometry under consideration, the strain dependent tight-
binding (TB) model, and the evaluation of Coulomb and dipole matrix elements. In the
following section we focus on the electronic structure of GaN/AlN QDs. Section 12.2
is dedicated to the many-body Hamiltonian for a system of interacting charge carriers.

12.1 Electronic Structure

For the investigation of the optical properties of semiconductor QDs the knowledge
about the single-particle states is required. In order to calculate the electronic states of
self-assembled QDs in the framework of an empirical strain dependent TB model, we
proceed in three steps. In a first step the geometry of the QD is defined. In step two
the corresponding strain field due to the lattice mismatch between the two materials is
calculated. In the final step, the strain field is incorporated in our TB approach.

12.1.1 Geometry of the Quantum Dot Structure

In the previous part we have discussed the electronic and optical properties of lens-
shaped InN QDs with a wurtzite structure. In this part we turn our attention to the
investigation of GaN/AlN QDs with zinc blende structure. A considerable amount of ex-
perimental data is available addressing the epitaxial, structural and optical properties of
cubic GaN/AlN QDs [213–217]. High resolution transmission electron microscopy [216]
and atomic force microscopy [213] reveal that GaN/AlN QDs grow as truncated pyra-
mids, nucleating on top of a wetting layer (WL). According to the literature, the ex-
tracted average QD height above the WL for zinc blende GaN is 1.6 ± 0.5 nm, and the
average dot diameter is 13 nm. The WL thickness is estimated to be about 3 ML.

To model such a cubic GaN QD embedded in an AlN barrier material, we use a zinc
blende lattice inside a large supercell with fixed boundary conditions. According to the
experimental data, we assume a GaN WL thickness of 3 ML within this supercell, and
on top of this WL a truncated pyramidal GaN QD. The height of this pyramid is h = 4a
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GaN

AlN

GaN WL

4 a 16 a

16 a

26 a

26 a

26 a

Figure 12.1: Schematic visualization of the truncated pyramidal GaN QD buried in an AlN
matrix. The wetting layer has a thickness of 3 ML of GaN. The pyramidal QD has a base
length b of 16 times the AlN lattice constant.

and the base diameter is d = 16a, where a is the AlN lattice constant aAlN = 0.438
nm. This corresponds to h ≈ 1.75 nm and d = 7 nm. The measurements of Arley et
al. [143] and Widmann et al. [220] indicate that there is no intermixing between Ga
and Al in wurtzite GaN QDs. Since the structural properties of zinc blende GaN/AlN
QDs are found to be similar to those of hexagonal QDs [216], we take the composition
of the dot and the surrounding matrix to be pure GaN and AlN, respectively. A
relatively weak interdiffusion of Ga and Al atoms is observed in the WL. Since we are
only interested in the bound single-particle states, which are localized inside the QD,
the composition fluctuations of the WL outside the QD have only a small influence on
the localized single-particle states and are therefore negligible. Figure 12.1 depicts the
embedded QD with a base length b of 16a. A cell with the dimension of 26a×26a×15a
(≈81 000 atoms), is used for the calculations.

Here we assume, that, initially, all atoms are placed at the lattice sites of an uniform,
bulk AlN zinc blende lattice. Surely, it is reasonable to assume that far from the QD,
the AlN matrix is unstrained. However, the GaN WL and QD are strongly strained
due to the strain energy of the compressed GaN WL and QD, which have an unstrained
bulk lattice constant aGaN = 0.45 nm as compared to aAlN = 0.438 nm. The following
section is dedicated to the calculation of the strain field.

12.1.2 Strain Field Calculation

After having defined the QD geometry in the previous section, we calculate in this
section the strain field in our structure to obtain the new positions of the atoms.

The strain tensor ε is related to the strain dependent relative positions of the atoms
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Figure 12.2: Strain distribution in and around the truncated pyramidal GaN QD with a
base length of b = 16 a. The WL at the base of the QD is 3 ML thick. The whole structure
is buried in an AlN matrix. Line scans along the [001] direction through the WL outside the
dot (a) and inside the dot through the center of the truncated pyramid (b) are displayed. The
diagonal elements of the strain tensor ε are shown as solid (ε33) and dashed lines (ε11 = ε22).

dR′−R by
dR′−R = (1 + ε)d 0

R′−R
. (12.1)

To calculate the strain tensor outside the embedded QD, the WL is treated as a quantum
well (QW). In the absence of shear strain, that is εi,j ∼ δi,j, for a coherently grown film,
the strain components are given by [76]

ε|| = ε11 = ε22 =
aS − aD

aD

, (12.2)

ε⊥ = ε33 = −2C12

C11

ε|| . (12.3)

Here aD is the lattice constant of the unstrained film material and aS denotes the
parallel lattice constant of the substrate. The cubic elastic constants Cij of the bulk
materials are given in Table E.6 of Appendix E. The resulting strain profile for a line
scan in the z direction outside the dot is shown in Figure 12.2(a).

As discussed in Section 3.2.1, for the calculation of the strain field in a QD structure one
can either apply an atomistic model or a continuum approach. The major restrictions
of several continuum approaches are that these calculations assume isotropic elastic
constants, that details of the underlying atomistic lattice are lost, and that calculations
are limited to QDs buried inside an infinite matrix. On the other hand, the advantage
of a continuum model is that the calculations are portable and quick, so that even larger
systems involving many QDs can be treated with relative ease. Furthermore analytic
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expressions can be obtained in continuum approaches that often provide deeper insight
into the underlying physics and reveal trends and simple relations.

An elegant method to calculate the strain field of a single QD of arbitrary shape was
presented by Downes et al. [222] as a simplification of the work of Eshelby [223]. This
method, which neglects anisotropy of the elastic constants, provides analytic solutions
for simple geometries such as cubic or pyramidal dots and numerical solutions for more
complex geometries. Pearson and Faux [224] used this method to derive analytic solu-
tions for the strain field of a pyramidal QD with arbitrary truncation. In the approach
of Downes et al. [222], the stress field of a sufficiently small sphere can be extended
to yield the strain distribution of an inclusion of arbitrary shape.1 In principle, this
scheme is only applicable if the QD and the surrounding material have identical elastic
constants. However, Andreev et al. [225] compared the strain distribution of QDs in
a model, which contains anisotropic contributions, to a simplified approach, in which
the elastic properties are assumed to be isotropic. This analysis reveals that, both
anisotropic and isotropic models give similar results if the symmetry of the QD shape is
less than or equal to the cubic symmetry of the crystal. Furthermore, in our system the
isotropic assumption should be a good approximation since the elastic constants of GaN
and AlN are nearly equal, and their difference is smaller than the uncertainties in their
values [131]. Therefore, the assumption of an isotropic elastic medium is reasonable.

According to the discussion above, we apply the approach of Person and Faux [224] to
calculate the strain field induced by the GaN/AlN QD, which will be briefly discussed
in the following. In a first step, we consider a small spherical QD buried in an infinite,
linearly elastic and isotropic matrix, and suppose that the elastic constants are the
same inside and outside the dot. The strain distribution for the inner and outer parts
of this structure with radius r0 is in spherical coordinates given by [102]:

εin
r,r =

2(1 − 2ν)

3(1 − ν)
ε0 = εin

θ,θ = εin
φ,φ ,

εout
r,r =

2(1 + ν)

3(1 − ν)
ε0

(r0

r

)3

= −2εout
θ,θ = −2εout

φ,φ ,

where r denotes the radius, ν the so-called Poisson ratio [152], and ε0 the relative lattice
mismatch of the dot material and the matrix. The resulting radial displacements are:

uin
r =

2(1 − 2ν)

3(1 − ν)
ε0r ,

uout
r = − (1 + ν)

3(1 − ν)
ε0

(
r3
0

r2

)
,

which fulfil the so-called shrink fit condition [102]:(
uin

r − uout
r

) |r=r0
= ε0r0 .

1 Sufficiently small means, that the initial misfit strain can be assumed uniform in this region.
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Dividing the displacement by the sphere’s volume, one obtains the displacement per
unit volume of the inclusion. From the displacement one can derive the stress σ0

ij per
unit volume [222]:

σ0
ii =

1

4π

Eε0

(1 − ν)

x2
j + x2

k − 2x2
i

r5
,

σ0
ij = − 1

4π

Eε0

(1 − ν)

(
3xixj

r5

)
,

where the indices i, j and k denote the Cartesian coordinates x1 = x, x2 = y and
x3 = z. From the linear superposition of stresses [225], the stress distribution σV

ij for
the arbitrary inclusion of volume V can be obtained by integrating the stress σ0

ij per
unit volume over V :

σV
ij (x1, x2, x3) =

∫
V

σ0
ij(r

′)d3r′ =

∫
V

Λ(δijr
′2 − 3x′

ix
′
j)

r′5
dV (x0

1, x
0
2, x

0
3) , (12.4)

where, x′
i = xi − x0

i are Cartesian coordinates. The index “0” labels the points inside
the volume of the QD. The constant Λ is given by Λ = ε0E/4π(1 − ν), where ε0 is the
lattice mismatch, E is the so-called Young’s modulus [152] and ν is the Poisson ratio.
As usual, δij is the Kronecker delta and r′2 =

∑
i(x

′
i)

2. The strains can be calculated
from the stresses according to the following expressions:

εij =
1

E
((1 + ν)σij − δijνσkk) . (12.5)

Pearson and Faux [224] derived, using Eq. (12.4), a complicated but closed expression for
the stress distribution of pyramidal QDs with arbitrary truncation. These expressions
are given in Appendix D. The resulting strain field distribution in and around the
truncated GaN pyramid with base length b = 16 a and height h = 4 a on top of a
three ML GaN WL embedded in AlN, is displayed in Figure 12.2 (b) and Figure 12.3.
Several aspects of these results are of interest. From Figure 12.2 (b) we obtain that
the magnitudes of the strain components are largest at the interface between QD and
surrounding matrix. The strain components ε11 and ε22 are compressive everywhere
inside the QD but smaller in magnitude than the initial misfit strain of 2.7% owing to
strain relaxation. In the region around the nanostructure these components are tensile.
Outside the dot ε33 is compressive, since the QD relaxes outwards and compresses the
local environment in z direction. Inside the QD ε33 is tensile.
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→ y
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z

(a) ε11 (%)
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Figure 12.3: Strain distribution in and
around the truncated pyramidal GaN QD
with a base length of b = 16 a. The WL
at the base of the QD is 3 ML thick. The
whole structure is buried in a AlN matrix.
The strain tensor components ε11 (a) ε33

(b) and ε13 (c) are shown in the (100)
cross section plane through the center of
the truncated pyramid.

12.1.3 Tight-Binding Model

After setting up the model geometry and calculating the strain field in and around the
QD structure, the tight-binding (TB) Hamiltonian matrix is constructed and the single-
particle states and energies can be calculated by matrix diagonalization. Since GaN
and AlN are polar semiconductors, the valence band originates mainly from the anions
and the conduction band from the cations [117]. Furthermore, from the perspective
of atomic orbitals and near the Brillouin zone center, the valence bands stem from
the valence p orbitals and the conduction bands from the s orbitals [117]. Since we
are dealing with a zinc blende structure and polar semiconductors, we apply the TB
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12.1 Electronic Structure

model discussed in detail in Part II. The main points are summarized in the following
paragraph.

In the TB model each anion is described by its outer valence orbitals for each spin:
px, py and pz. The cations are modeled by a single s orbital per spin direction. The
coupling of the basis orbitals is restricted to nearest and second nearest neighbors.
Following Ref. [51], the spin-orbit component of the bulk Hamiltonian Hbulk couples
only p-orbitals at the same atom. The different TB parameters are chosen such that
the resulting TB bands reproduce the known values of the Kohn-Luttinger-parameters
(γ1, γ2, γ3), the energy gap, the effective electron-mass and the spin-orbit splitting. All
these parameters are taken from Ref. [131]. Within this approach, the characteristic
properties of the bulk band structure in the region of the Γ point are well reproduced.
More sophisticated TB models could be used with an increased number of basis states
per lattice site or hopping matrix elements at considerable additional computational
cost. Including for example d orbitals can be especially important for small GaAs
QDs, as demonstrated in Ref. [226], where a small energy splitting between the side
valleys and the zone center is observed. Also in AlN the energy spacing between the
point Γ and X is small and can lead to an indirect band gap material [167]. Under
these circumstances, a strong quantum confinement may mix the side valley and the
zone center states. However, we are only interested in the bound single-particle wave
functions, which are mainly localized in the GaN region. The spacing between the
side valley and the zone center is much larger for GaN [167]. Thus, one could expect
that the localized single-particle states are dominated by contributions from near the
zone center gap. Since our TB model is designed to reproduce this part of the band
structure, we expect the applied TB model to give a reasonable representation for the
electronic structure of zinc blende GaN QDs.

Starting from the bulk TB parameters, the QD is modeled on an atomistic level. To
this end one sets the matrix elements for each lattice point according to the occupying
atoms. The valence band offset ΔEv between GaN and AlN is included in our model
by shifting the diagonal matrix elements of the bulk GaN. The valence band offset ΔEv

is taken as 0.8 eV, according to the recommendations of Ref. [131].

For the strained heterostructure, the TB hopping matrix elements HlR′,mR connecting
atoms at R′ and R, with R �= R′, have to be recalculated at each atomic site. To
incorporate the effects of changed bond angles between the sites R′ and R, we use the
Slater-Koster formulas [47] given by:

Ess(d(ε))α′,α = Vssσ(d(ε), α′, α) ,

Esx(d(ε))α′,α = cos θx(ε)Vspσ(d(ε), α′, α) ,

Exx(d(ε))α′,α = (cos θx(ε))
2Vppσ(d(ε), α′, α) + (1 − (cos θx(ε))

2)Vppπ(d(ε), α′, α) ,

Exy(d(ε))α′,α = cos θx(ε) cos θy(ε)Vppσ(d(ε), α′, α) − cos θx(ε) cos θy(ε)Vppπ(d(ε), α′, α) ,

where cos θi = (R − R′)ei/|R − R′| is the directional cosine of the strained material;
θi is the angle between the R − R′ and the unit vector ei along the ith axes. The
different matrix elements Vll′m(d(ε), α′, α) still depend on the bond length d(ε) between
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e1 [eV] e2 [eV] e3 [eV] h1 [eV] h2 [eV] h3 [eV]

No
Strain

V = 0 4.0042 4.0100 4.0100 0.4716 0.4687 0.4687

V �= 0 4.7742 4.8935 4.8967 0.3653 0.3648 0.3645

Strain
V = 0 3.9826 3.9887 3.9887 0.4502 0.4462 0.4462

V �= 0 4.5665 4.6030 4.6037 0.3359 0.3358 0.3353

Table 12.1: First three eigenenergies (excluding time reversal symmetry) for electrons and
holes, respectively, for a three ML thick GaN QW. The calculations are done with (V �= 0)
and without (V = 0) anion-cation coupling. Furthermore results including the strain field are
compared to a situation in which the strain field is artificially switched off. Note that each
state is two-fold degenerate due to time reversal symmetry.

the site R and R′. As described in Section 3.2, a power-law scaling for the bond lengths
modifications is applied. For example, the matrix element between s and px orbitals is
expressed as

HsR′,pxR = dx(ε)Vspσ

(
d0
R′−R

dR′−R

)2

. (12.6)

Compared to a GaN QD with a wurtzite structure the piezoelectric field in a GaN QD
with a zinc blende structure is negligible. The calculations of Fonoberov et al. [72]
indicate, that the magnitude of the piezoelectric potential in a zinc blende GaN/AlN
QD is about ten times smaller than its magnitude in a comparable wurtzite GaN/AlN
QD and affects the excitonic properties of the zinc blende QD very little. Moreover,
recent results of Bester et al. [78] show that the second order contributions to the
piezoelectric potential yield further significant reduction of the piezoelectric effect. Due
to these facts, the piezoelectric field is neglected in our calculations.

To examine the influence of strain effects and to inspect the symmetry of the resulting
TB Hamiltonian we will first apply our model to a GaN/AlN QW.

Quantum Well Test

Before focussing on the more complicated QD systems we briefly investigate in the
following the electronic structure of a quantum well (QW). This shows that the essential
symmetry properties are correctly described by the strain dependent TB model.

We calculate the energy levels in a three ML thick QW in the presence and in the absence
of strain. Furthermore, we artificially switch off the coupling between anion-cation sites,
by setting the hopping matrix elements V equal to zero. Since we are only interested
in degeneracies of eigenstates and not in the absolute values of the eigenenergies, the
TB parameters are not readjusted to generate the bulk band structure. However, the
parameter V is deduced to reproduce the energy of the heavy-hole valence band at the
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X point. Therefore the band structure in the vicinity of the Γ point should still be
meaningful. When switching off the parameter V , the symmetry of our system is C̄4v.
For V �= 0 the symmetry of the system is C̄2v since the QW has no inversion center.
Since the calculation of the strain is based on a continuum approach and according to
the character table of the group C̄4v [87], one expects, including time reversal symmetry,
fourfold degenerate states in case of V = 0. This holds with and without strain. Along
the same line of arguments, one can deduce that in case of V �= 0 only twofold degenerate
states could occur. This is exactly the result we obtain from our TB calculation, as
seen in Table 12.1 which summarizes the energies of the first three (six) bound electron
and hole states for the three ML thick QW. Each state is twofold degenerate due to
time reversal symmetry. For V = 0 we obtain that the first two excited electron states
e2 and e3 are degenerate with and without strain. The same is true for the hole states
h2 and h3. In case of V �= 0 this symmetry is broken, and each state is only twofold
degenerate due to time reversal symmetry.

In summary, the strain dependent TB model was successfully tested for a simple GaN
QW system. Therefore, the approach can now be extended to the investigation of the
electronic properties of GaN QDs. The results are given in Chapter 13.

12.2 Optical Properties

In the previous section we have discussed the strain dependent TB model used to
calculate the single-particle wave functions and energies in zinc blende GaN QDs. In
this section we address the optical properties of these QDs. Here we introduce the
many-body Hamiltonian for a system of interacting charge carriers and describe the
procedure to calculate the required Coulomb and dipole matrix elements.

12.2.1 Many-Body Hamiltonian, Coulomb and Dipole Matrix

Elements

From the one particle states presented in the previous section the many-body Hamil-
tonian H can be obtained:

H = H0 + HC + HD , (12.7)

where H0 =
∑

i

εe
ie

†
iei +

∑
i

εh
i h

†
ihi ,

is the one-particle part, which is diagonal with respect to the calculated QD eigenstates,

HC =
1

2

∑
ijkl

V ee
ij,kl e

†
ie

†
jekel +

1

2

∑
ijkl

V hh
ij,kl h

†
ih

†
jhkhl −

∑
ijkl

V he
ij,kl h

†
ie

†
jekhl (12.8)
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describes the Coulomb interaction between the carriers and

HD =
∑
i,j

(
〈i|e0Er|j〉 eihj + h.c.

)
(12.9)

denotes the coupling to an external field E in dipole approximation. The creation and
annihilation operators for electrons (holes) in the single-particle state |i〉 with energy
εe
i (ε

h
i ) are denoted by e†i (h

†
i ) and ei(hi), respectively. The Coulomb matrix elements are

denoted by V λ,λ′

ijkl . According to the discussion of Section 10.2, the V λ,λ′

ijkl are approxi-
mated by:

V λ,λ′

ijkl =
∑

R(ε)R′(ε)

∑
αβσσ′

cλ,i∗
R(ε)ασcλ′,j,∗

R′(ε)βσ′c
λ′,k
R′(ε)βσ′c

λ,l
R(ε)ασV (R(ε) − R′(ε)) , (12.10)

with

V (R(ε) − R′(ε)) =
e2
0

4πε0εr|R(ε) − R′(ε)| for R(ε) �= R′(ε) , (12.11)

and

V (0) =
1

V 2
uc

∫
uc

d3rd3r′
e2
0

4πε0εr|r − r′| ≈ V0 . (12.12)

In contrast to the discussion in Section 10.2, the atomic positions are modified according
to the strain field ε, which is explicitly included here. For the operator r in the dipole
Hamiltonian, Eq. (12.9), we use the approximation

r =
∑

R(ε)ασ

|R(ε), α, σ〉R(ε)〈R(ε), α, σ|

+
∑

R(ε)ασ

∑
R′(ε)βσ′

|R(ε), α, σ〉〈R(ε), α, σ|̃r|R′(ε), β, σ′〉〈R′(ε), β, σ′| , (12.13)

where r̃ denotes the position inside a unit cell relative to R(ε). The expansion coeffi-
cients ci

α,R(ε) are related to the ith one-particle wave function

Φi(r) =
∑

α,R(ε)σ

ci
α,R(ε)σφα,R(ε)σ(r) (12.14)

where φα,R(ε)σ(r) denotes the atomic wave functions localized at the lattice site R(ε).

In addition to the Coulomb matrix elements, one has to calculate the matrix elements
deh

ij = e0〈ψe
i |r|ψh

j 〉 of the dipole operator e0r using the TB wave functions Φi(r). This
expression gives information on selection rules, allowed and forbidden transitions, and
oscillator strengths [198]. With the decomposition of the operator r, Eq. (12.13), and
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the TB wave functions, Eq. (12.14), the dipole matrix elements deh
ij = edeh

ij explicitly
read

deh
ij = e0

∑
R(ε)R′(ε)αβσσ′

ci,e∗
R(ε),α,σcj,h

R′(ε),β,σ′

·
[
eR(ε)δR(ε)R′(ε)δαβδσσ′ + 〈R(ε), α, σ|er̃|R′(ε), β, σ′〉

]
. (12.15)

The first part in Eq. (12.15) stems from the TB coefficients (“envelope”) weighted with
the position of the corresponding atom site. The second part contains the matrix
elements of the operator r̃ with the localized (atomic) basis orbitals φαR(r) and is
determined by their spatial dependence inside the unit cell. Following the discussion of
Section 10.2, this orbital part must be calculated using orthogonalized Slater orbitals.
In order to estimate the importance of the orbital part, we performed the calculation
in the absence of strain. It turns out that the orbital part, for light polarizations [110],
[11̄0], and [001], respectively, is negligible compared to the envelope part. Therefore,
the dipole matrix elements deh

ij , Eq. (12.15), are approximated in the following by:

deh
ij ≈ e0

∑
R(ε)R′(ε)αβσσ′

ci,e∗
R(ε),α,σcj,h

R′(ε),β,σ′

[
eR(ε)δR(ε)R′(ε)δαβδσσ′

]
. (12.16)

Similar to the bulk systems, a separation of the orbital α and spin part σ is prohibited
by the spin-orbit coupling. Furthermore, and in contrast to the bulk case, there is
strong band mixing. This prevents a strict classification of QD single-particle states
according to their angular momentum. Therefore, even total angular momentum selec-
tion rules are no longer applicable. Consequently, any treatment of many-body effects
in QDs based on strict selection rules for the total angular momentum yields inaccurate
predictions of level degeneracies, because it ignores the band mixing characteristics of
zero-dimensional structures. Nevertheless it turns out that the basic pattern of the
exciton structure is governed by the total angular momentum while the band mixing
introduces a perturbation.

An often discussed quantity in QD systems with a zinc blende structure is the so-called
light-polarization anisotropy λ. The light-polarization anisotropy is defined as the ratio
of the absorption for light polarized along the [11̄0] and [110] axes [31]:

λ =
P[11̄0]

P[110]

=
|〈ψe1

|r[11̄0]|ψh1
〉|2

|〈ψe1
|r[110]|ψh1

〉|2 . (12.17)

The polarization anisotropy λ can deviate from unity for three different reasons: (i)
The geometric dimensions of the QD are different along the [110] and [11̄0] direction.
(ii) The underlying zinc blende structure makes the [110] and [11̄0] directions inequiva-
lent. (iii) A piezoelectric field breaks the symmetry. As discussed in Section 12.1.3, we
neglect the piezoelectric field. Furthermore, the results of Fonoberov et al. [72] indicate
that the built-in field for a truncated pyramidal GaN QDs does not break the sym-
metry. Consequently, in a square-based pyramid, where the geometric factor does not
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contribute, a k ·p model neglecting piezoelectricity produces λ = 1. This is because the
k · p approach neglects the atomistic details, except for small asymmetry effects intro-
duced by an atomistic strain field, and treats the square-based pyramid as having the
same symmetry along [110] and [11̄0] direction. For this reason, such an approach can
only account for the geometrical factor. In an atomistic approach, such as TB models
or pseudopotential calculations, both contributions are naturally included. Therefore,
even in a square-based pyramidal QD, one could expect deviations from unity.

This section was devoted to the many-body Hamiltonian and the calculation of Coulomb
and dipole matrix elements. Furthermore, we have introduced the so-called light-
polarization anisotropy λ. In the following chapter we discuss the single-particle states
and energies of the truncated pyramidal GaN QD and analyze the excitonic absorption
spectrum with regard to λ.
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13 Results for Truncated Pyramidal
GaN Quantum Dots

In Section 12.1 the strain-dependent TB model for the calculation of single-particle
states and energies was outlined. To address many-body effects, the Hamiltonian for
a system of interacting charge carriers was introduced in Section 12.2. The following
chapter focuses on the calculation of electronic and optical properties of a truncated
pyramidal GaN QD. In a first step we will discuss the bound single-particle states for
electrons and holes. Subsequently, the excitonic absorption spectrum of the GaN QD
will be analyzed.

13.1 Electron Single-Particle States and Energies

Figure 13.1 shows the calculated probability density for the electron wave functions of
the truncated pyramidal GaN/AlN QDs in the presence and absence of the strain field.
Here only the first four bound states are displayed. For each state the orbital contribu-
tions to the TB single-particle wave functions are given. The dominant contributions
are highlighted. Due to time reversal symmetry, each state is twofold degenerate.

Without taking the strain field into account, we obtain the following results: The first
state e1 is commonly described as s-like as it shows no nodes. The states e2 and e3 are
p-like with nodal planes (110) and (11̄0), whereas the state e4 is commonly described
as d-like. Due to the underlying zinc blende lattice, the C̄4v symmetry is reduced
to C̄2v. Hence, the states e1 to e4 correspond to the A1, B1, B2 and A2 irreducible
representations of the double group C̄2v. The C̄2v symmetry of the system results in a
splitting Δe2,e3

of the p states e2 and e3. Furthermore, in accordance with the underlying
zinc blende structure the states e2 and e3 are aligned along the [11̄0] and [110] directions,
respectively.

Including strain, the electron ground state e1 is slightly elongated along the [11̄0] direc-
tion. Since the atomic structure along [110] and [11̄0] is different in a zinc blende lattice,
the strain field emphasizes this anisotropy even more. This effect is clearly visible by
comparing the state e4 with and without strain field. The wave functions of the states
e2 and e3 are only slightly affected by strain.

The values of the e1-e2 and e3-e4 energy spacings without strain are denoted by Δ0
e1,e2

and Δ0
e3,e4

, respectively. From our calculation we derive the values Δ0
e1,e2

= 128.6 meV
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Electron states for the b = 16 a base-length dot

Without Strain
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Figure 13.1: Isosurfaces of the modulus squared electron wave functions with and without
strain for the embedded b = 16 a truncated pyramidal GaN QD. The light and dark surfaces
correspond to 0.1 and 0.5 of the maximum probability density, respectively.

and Δ0
e3,e4

= 112.95 meV. The splitting of the two p states is Δ0
e2,e3

= 0.21 meV.
Including strain, the corresponding quantities are denoted by Δe1,e2

, Δe3,e4
and Δe2,e3

.
In this case we obtain Δe1,e2

= 115.93 meV, Δe3,e4
= 96.77 meV and Δe2,e3

= 30.35 meV.
Due to the strain field, the splitting of the p states is drastically increased. The splittings

Electrons

Δe1,e2
[meV] Δe2,e3

[meV] Δe3,e4
[meV]

No Strain 128.6 0.21 112.95

Strain 115.93 30.35 96.77

Table 13.1: Influence of strain-effects on the level spacings Δe1,e2
= |Ee1

− Ee2
|,

Δe2,e3
= |Ee2

− Ee3
|, for electrons in a truncated pyramidal GaN QD. The base length of

the truncated pyramid is b = 16 a.
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Figure 13.2: Schematic illustration of the electronic structure of the truncated pyramidal
GaN QD, deduced from our strain dependent scp

3
a TB model. The energies are shown relative

to the top of the AlN valence band. WL denotes the GaN wetting layer 2D continuum, below
(above) the bulk AlN barrier 3D continuum.

are summarized in Table 13.1, and the energy levels of the truncated pyramidal GaN
QD including strain are schematically depicted in Figure 13.2. All energies are given
relative to the AlN valence band edge.

13.2 Hole Single-Particle States and Energies

In Figure 13.3 the first four calculated modulus squared hole wave functions in the
presence as well as in the absence of the strain field are shown. In contrast to the
electron states, the hole states cannot be approximated by the solution of a single band
Hamiltonian. Instead, there is strong mixing between the different orbitals. In contrast
to QW systems, where the formation of bound hole states is dominated by only one of
the p-like valence bands [140], at least two atomic p states lead to the formation of QD
hole states, as indicated in Figure 13.3. Therefore a multi-band approach is required to
describe the single-particle hole states of a truncated pyramidal GaN QD. The larger
effective mass for the holes results in an increased quantum confinement of the hole
states and consequently in a larger number of bound states. The single-particle hole
states are only slightly affected by the strain field. This can be attributed to the fact
that the confined hole states have less “contact” with the interface than the electron
states and the fact that the strain contribution is higher in this region.

From the one-particle energies, we obtain a single-particle energy gap Eg = e1 − h1

in the absence of strain of E0
g = 3.689 eV and of Eg = 3.607 eV in presence of the
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Hole states for the b = 16 a base-length dot

Without Strain
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Figure 13.3: Isosurfaces plots of the modulus squared hole wave functions with and without
strain for the embedded b = 16 a truncated pyramidal GaN QD. See caption of Figure 13.1
for more details.

strain field. The level spacing h1 − h2, h2 − h3 and h3 − h4 without taking strain into
account are denoted by Δ0

h1,h2
, Δ0

h2,h3
and Δ0

h3,h4
, respectively. The calculated values

are Δ0
h1,h2

= 6.148 meV, Δ0
h2,h3

= 6.0 meV, and Δ0
h3,h4

= 4.539 meV. Including strain
effects one finds Δh1,h2

= 6.094 meV, Δh2,h3
= 9.132 meV, and Δh3,h4

= 1.831 meV.
Table 13.2 summarizes the energy splittings, and the hole level structure including
strain is schematically shown in Figure 13.2. Due to the larger effective mass of the
holes, the level spacings are much smaller than the spacings of the electrons. In the
k ·p calculation of Fonoberov et al. [72] for a truncated pyramidal GaN QD with a zinc
blende structure, the first two hole states are degenerate. This is a clear shortcoming
of the k ·p model, since it cannot resolve the atomistic structure of the underlying zinc
blende lattice. Here, even without strain, the states h1 and h2 are split due to the C̄2v

of the system. This splitting leads to a polarization anisotropy and additional lines in
the excitonic absorption spectrum, as we will see in the following section.

13.3 Excitonic Absorption Spectra

Starting from the calculated single-particle wave functions the dipole and Coulomb
matrix elements are obtained from Eq. (12.10) and Eq. (12.16). The calculation of
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Holes

Δh1,h2
[meV] Δh2,h3

[meV] Δh3,h4
[meV]

No Strain 6.15 6.0 4.54

Strain 6.09 9.13 1.83

Table 13.2: Influence of strain-effects on the level spacings Δh1,h2
= |Eh1

−Eh2
| and Δh2,h3

=
|Eh2

− Eh3
| for holes in a truncated pyramidal GaN QD. The base length of the truncated

pyramid is b = 16 a.

excitonic absorption spectra in this section can directly be performed starting from the
many-particle Hamiltonian in second quantization as given in Section 12.2. For the
localized states configuration-interaction calculations are applied. To keep the discus-
sion simple, only the first three bound states for electrons and holes are included in
the calculation. This can be justified by their energy separation to higher states in the
structure. The excitonic absorption spectra are calculated using Fermi’s golden rule,
given in Eq. (10.9).

Figure 13.4 a) shows the excitonic absorption spectra of the “artificially” unstrained
truncated pyramidal QD without Coulomb interaction, while Figure 13.4 b) displays
the spectrum with Coulomb interaction and strain. The excitonic absorption spectra of
the QD are calculated for different light polarizations (e ∼ (x,±y, 0), e ∼ (0, 0, z)). The
different absorption lines in each spectrum correspond to the excitation of an exciton in
the QD. With and without Coulomb interaction, there is a strong anisotropy between
the [001] and the in-plane polarization directions, and a weaker anisotropy between
[11̄0] and [110] directions. The latter reflects the C̄2v symmetry of the single-particle
wave functions. Without Coulomb interaction, the two peaks on the low energy side
correspond to transitions where the electron is in the ground state e1 and the hole in
state h1 and h2, respectively. The states h1 and h2 are split by about 6 meV due to
the C2v symmetry of the underlying zinc blende structure. In the k · p calculation of
Fonoberov et al. [72], the states h1 and h2 are degenerate. Therefore only one line is
expected in such a model. The two bright lines for the polarizations [11̄0] and [110] on
the high energy side correspond to the transitions h3 − e2 and h3 − e3. These lines are
energetically separated due to the small splitting of electron p-states of about 0.21 meV.
The magnitudes of the oscillator strength for the [110] and [11̄0] directions follow from
the orientations of the single-particle states displayed in Figure 13.1 and Figure 13.3.
For example, the electron ground state without strain is nearly isotropic. The hole
ground state is aligned along the [11̄0] direction. Therefore the transition e1 − h1 is
favored by the [11̄0] polarization.

Including Coulomb interaction and strain, the absorption lines shift to lower energies
due to the red-shift in the single-particle band gap and the attractive interaction be-
tween electron and hole. This demonstrates that the strain introduces mainly energetic
corrections with respect to the spectrum without strain, which is also reflected in the
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Figure 13.4: (Color online). Excitonic absorption spectrum of a truncated pyramidal GaN
QD for different light polarizations. a) Spectrum without Coulomb interaction and strain. b)
Spectrum with Coulomb interaction and strain.

small modifications of the single-particle wave functions. According to the CI calcula-
tion, the two lines on the low energy side are dominated by contributions where the
electron is in state e1 and the hole in state h1 and h2, respectively.

Since the states h2 and h3 are only slightly elongated along the [11̄0] and [110] direction,
respectively, the polarization anisotropy is weaker compared to the results without
strain field. The large splitting of the two lines on the high energy side can be attributed
to the splitting Δe2,e3

= 30.4 meV of the electron p states e2 and e3.

The ratios of the dipole matrix elements for light polarized along the [11̄0] and [110]
directions are calculated from Eq. (12.17). In case of the h1 − e1 transition, we find
a polarization anisotropy ratio of λ = 1.34 for this truncated pyramidal GaN QD.
Again, the magnitude of the ratios reflects the orientation of the single-particle states
displayed in Figure 13.1 and Figure 13.3. To the best of our knowledge, there has been
no measurements of the polarization anisotropy in cubic GaN QDs. In InAs/GaAs,
Yang et al. measured this anisotropy for ei−hi excitonic recombination in QDs formed
by four {136} faceted planes and a height to base ratio of 4:1, which is similar to the
aspect ratio of our truncated pyramid. The authors obtained a polarization anisotropy
ratio of λe1,h1

= 1.2. Yang et al. [227] performed k · p calculations for an elongated
dot geometry, which include the geometric factor but not the atomic factor discussed
in Section 12.2. A polarization anisotropy of λ = 1.8 is found. The pseudopotential
calculation of Wang et al. [31] for a square-based pyramidal InAs QD leads to a value
of λ = 1.26. These investigations as well as ours reveal, that the major part of a
polarization anisotropy λ can already be explained by a square-based pyramidal QD.
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13.3 Excitonic Absorption Spectra

In other words, even without a deformation of the pyramid (“geometrical factor”) an
atomistic approach yields a distinct polarization anisotropy λ. Therefore, the geometric
shape anisotropy of a QD cannot be deduced using k ·p calculations to fit the measured
polarization anisotropy, as suggested by Yang et al. [227], since the k·p simulations lack
the atomistic symmetries. This comparison emphasizes the importance of an atomistic
simulation for a detailed description of the optical properties of semiconductor QDs.
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Summary and Outlook

In this thesis, different tight-binding (TB) models including strain and built-in electric
fields have been applied to the calculations of electronic and optical properties of semi-
conductor quantum dots (QDs) and nanocrystals. The great advantage of the presented
approach is the use of a theoretical model, which takes into account the atomistic struc-
ture of the QD. In other words, symmetry related physical effects are naturally included.
Furthermore, the TB approach allows for a realistic description of the geometrical shape
of the nanostructure. The predictive power of a TB model for QD structures is assured
by the choice of the material parameters for the bulk semiconductors: Given that the
calculated TB bulk band structure describes the band structure sufficiently well in the
region of interest, a proper description of the electronic states in QDs is achieved. Based
on the electronic structure emission and absorption spectra were calculated. A coher-
ent computational framework was established and the accuracy has been validated by
comparison with experiments and other theoretical methods.

In the first part of this thesis, an empirical scp
3
a TB model was applied for the cal-

culation of the electronic properties of group II-VI pyramidal semiconductor QDs and
spherical nanocrystals with a zinc blende structure. For the pyramidal QD systems
the numerical diagonalization yields a discrete spectrum of bound electron (hole) states
localized in the region of the embedded QD. These discrete states are energetically be-
low (above) the continuum of the wetting layer states. The dependence of the bound
eigenenergies and their degeneracy on strain and on the thickness of the WL have been
discussed. Furthermore the influence of the spin-orbit coupling has been investigated.
Our atomistic approach automatically lifts certain degeneracies and leads consequently
to a splitting between, for instance, the first and the second excited electron state,
whereas a comparable 8-band-k · p model yields degenerate eigenenergies for the cor-
responding states. Looking at the states themselves, one finds that electron states can
be roughly classified as s-like, p-like, etc. states. In contrast, the hole states cannot
be classified according to such simple symmetries because they are dominated by a
mixing between the different (anion) p orbitals. This emphasizes the importance of a
multi band approach for a proper treatment of the electronic properties. These band
mixing effects have also consequences, e.g., for the calculation of dipole matrix elements
between electron and hole states, which determine the selection rules for optical transi-
tions. In spite of the spherical symmetry of the CdSe nanocrystals the hole states do not
have a simple s,p,d symmetry as one might be expect but are intermixtures of atomic
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p orbitals. The results obtained from the TB model agree very well with experimental
data obtained by STM measurements.

In addition to CdSe QDs, also electronic and optical properties of lens-shaped InN/GaN
QDs were investigated. The wurtzite crystal structure of the underlying lattice is fully
included in the formulation. Dipole and Coulomb matrix elements have been calculated
which allow the investigation of multi-exciton spectra with microscopically determined
input parameters. The calculations reveal the strong influence of band-mixing effects on
the optical transitions between the Coulomb correlated electron-hole states. The inclu-
sion of the built-in field for the strained wurtzite crystal structure leads to a quantum
confined Stark effect which creates a strong red-shift of the one-particle gap. Addi-
tionally, the Coulomb matrix elements are modified and the oscillator strengths are
strongly reduced due to the spatial separation of electron and hole wave functions. As
an important consequence for future optoelectronic applications, we predict vanishing
exciton and biexciton ground state emission for small lens-shaped InN/GaN QDs. In
strong contrast to conventional III-V system, the emission from InN QDs is dominated
by ’skew’ excitons, which give rise to completely different multi-exciton emission spec-
tra. For larger QDs, we found that the internal electric field can reverse the energetic
order of the lowest hole states, which results in a bright ground state emission but with
drastically reduced oscillator strengths caused by the quantum confined Stark effect.

In the last part, the electronic and optical properties of truncated pyramidal GaN/AlN
QDs with a zinc blende structure are discussed by means of a strain dependent scp

3
a TB

model. The analysis of the electronic structure reveals that, while the bound electron
states are essentially derived from the s-orbitals, the hole states show massive band
mixing. Consequently, in contrast to the electron states it is impossible to classify the
different hole states as s, p, and d states. Therefore, the optical properties of such a dot
cannot be interpreted by using a simplified description that includes only heavy-hole
states or only light-hole states. Furthermore, our atomistic approach naturally captures
the C2v symmetry of the system. This leads, for instance, to a splitting of the p-like
electron states and the first two hole states, which are degenerate in a k · p model.
This splitting of the hole states results in two distinct lines in the excitonic absorption
spectrum. Furthermore the lowest interband transition has a very different intensity
along the [110] and [11̄0] direction. This anisotropy exists even in the absence of strain,
reflecting both the underlying C2v symmetry of the QD system and the band mixing.
Such an anisotropy is absent in conventional k · p models for square-based pyramidal
QDs.

The TB framework presented in this thesis for the investigation of electronic and optical
properties of semiconductor QDs can be extended in several directions. For example, a
combination with ab-initio calculations is possible by determining the TB parameters
from a first-principles band structure calculation of the bulk material. For the nitride
QDs, a direct theory-experiment comparison would be favorable. In addition to isolated
QDs one could, starting from the accurate TB description of the single-particle states
and followed by a configuration interaction approach, also analyze the optical properties
of laterally [228] or vertically coupled [229, 230] QDs. In such molecules one has the
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additional possibility of tailoring the optical properties by varying the distance between
the dots.
The microscopic description of the electronic and optical properties of modern low-
dimensional systems is an important step towards an understanding and improving of
nanostructure based devices.

145





Appendix





A Parameters for CdSe and ZnSe

A Parameters for CdSe and ZnSe

CdSe ZnSe

Eg [eV] 1.74 [161] 2.8201 [161]

Δso [eV] 0.41 [161] 0.43 [161]

me 0.12 [161] 0.147 [231]

γ1 3.33 [161] 2.45 [231]

γ2 1.11 [161] 0.61 [231]

γ3 1.45 [161] 1.11 [231]

C12 [GPa] 46.3 [232] 50.6 [232]

C11 [GPa] 66.7 [232] 85.9 [232]

Table A.1: Properties of the CdSe and ZnSe band structures. The lattice constants are given
by 6.077 Å and 5.668 Å, respectively. Eg denotes the band gap, Δso the spin-orbit coupling
and me the effective electron mass. The Kohn-Luttinger-Parameters are γ1,γ2 and γ3. The
Cij are the elements of the elastic stiffness tensor.

ZnSe CdSe

Parameter TB TB-NO SO TB TB-NO SO

Exx(000)aa -1.7277 -2.0413 -1.2738 -1.7805

Ess(000)cc 7.0462 12.1223 3.6697 10.8053

Esx

(
1
2

1
2

1
2

)
ac

1.1581 0.2990 1.1396 0.4260

Exx (110)aa 0.1044 0.2185 0.1512 0.3120

Exx (011)aa 0.1874 0.0732 0.1738 0.0129

Exy (110)aa 0.3143 0.4285 0.1512 0.3120

Ess (110)cc -0.3522 -0.7752 -0.1608 -0.7554

λ 0.1433 0 0.1367 0

Table A.2: Tight-binding parameters (in eV) with (TB) and without (TB-NO SO) spin-orbit
coupling for ZnSe and CdSe, using the notation of Ref. [47].
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B Parameters for InN and GaN

InN GaN

a [Å] 3.545 3.189

c [Å] 5.703 5.185

e31 [C/m2] -0.23 -0.20

e33 [C/m2] 0.39 0.29

C13 [GPa] 9.4 11.4

C33 [GPa] 20.0 38.1

P spont [C/m2] -0.042 -0.034

Table B.3: Parameters for lattice, piezoelectric eij , elastic Cij, and spontaneous polarization
P spont constants for wurtzite InN and GaN, taken from Ref. [146].

InN [eV] GaN [eV]

Parameter Δcf = 0 Δcf �= 0 Δcf �= 0 Δcf = 0 Δcf �= 0 Δcf �= 0

Δso = 0 Δso = 0 Δso �= 0 Δso = 0 Δso = 0 Δso �= 0

E(s,a) -6.791 -6.5134 -6.6046 -11.012 -8.9893 -8.5282

E(p,a) 0.000 0.0000 0.0000 0.005 0.0015 -0.0024

E(pz,a) 0.000 -0.0418 -0.0400 0.005 -0.0203 -0.0208

E(s,c) -3.015 -3.3923 -3.3500 1.438 0.7851 0.6945

E(p,c) 8.822 8.8220 8.8203 10.896 10.0986 10.0996

V(s,s) -5.371 -5.5267 -5.5330 -5.318 -5.6918 -5.6808

V(x,x) 0.022 0.0156 0.1221 -0.222 -0.1223 -0.0699

V(x,y) 6.373 6.3794 6.2772 7.136 6.7902 6.7328

V(sa,pc) 0.370 0.9576 0.9307 0.628 0.2641 1.3633

V(pa,sc) 7.5 7.5574 7.4136 7.279 8.0324 7.7173

λ 0 0 0.0016 0 0 0.0023

Table B.4: Tight-binding parameters (in eV) for the nearest neighbors of wurtzite InN and
GaN. The notation of Ref. [166] is used.
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wurtzite zinc blende Slater-Koster

4Wss V (s, s) 4V (ssσ)(
4
3

)
[Wzz + 2Wxx] V (x, x)

(
4
3

)
[V (ppσ) + 2Vppπ](

4
3

)
[Wzz − Wxx] V (x, y)

(
4
3

)
[V (ppσ) − Vppπ]

−
(

4√
3

)
Wsz V (sa, pc)

(
4√
3

)
V (spσ)

wss − Wss 0 0(
1
3

)
[wxx + wyy + wzz] −

(
1
3

)
[2Wxx + Wzz] 0 0(

1
2

)
[wxx + wyy − 2wzz] −

(
1
3

)
[Wzz − Wxx] 0 0(

3
8

)
[wxx − wyy] −

(
1
3

)
[Wzz − Wxx] 0 0√

3wsz +
(

1√
3

)
Wsz 0 0

-
√

3wzs −
(

1√
3

)
Wzs 0 0

√
6

4
wsx +

(
1√
3

)
Wsz 0 0

−
√

6
4

wxs −
(

1√
3

)
Wzs 0 0(

3
√

2
4

)
wzx −

(
1
3

)
[Wzz − Wxx] 0 0(

3
√

2
4

)
wxz −

(
1
3

)
[Wzz − Wxx] 0 0

Table B.5: Relationships between the parameters of the TB model used in Part III, the zinc
blende notation [120] and Slater-Koster notation [47].

From relationships above, one can determine the following equations for the different
wurtzite TB parameters w’s and W ’s, respectively:

Wss =
1

4
V (s, s) , Wsz = −

√
3

4
V (sa, pc) ,

Wzs =

√
3

4
V (pa, sc) , Wzz =

1

4
(V (x, x) + 2V (x, y)) ,

Wxx =
1

4
(V (x, x) − V (x, y)) , wss = Wss ,

wsz = −1

3
Wsz , wsx = −2

√
2

3
Wsz ,

wzs = −1

3
Wzs , wzz =

1

4
V (x, x) − 1

6
V (x, y) ,

wzx =
1

3
√

2
V (x, y) , wxs = −2

√
2

3
Wzs ,

wxz = − 1

3
√

2
V (x, y) , wxx =

1

9
(Wxx + 8Wzz) ,

wyy = Wxx

With the knowledge of the TB parameters Ea
p,p, Ea

s,s, Ec
s,s, Ec

p,p, V (s, s), V (x, x),V (x, y),V (sa, pc)
and V (pa, sc) all other parameters can be obtained.
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C Coulomb Matrix Elements

In this appendix we summarize the approximations that yield the Coulomb matrix
elements in the form used in Eq. (10.12), and we point out in more detail on which
assumptions these matrix elements are based. Furthermore, the quasi-analytic calcula-
tion of the on-site matrix elements is briefly outlined. The discussion in this appendix is
supposed to deepen the understanding of approaches to the Coulomb matrix elements
in semiconductor quantum dots (QDs) as already used in earlier works [140].

Starting point is the Coulomb matrix element as given in Eq. (10.11):

Vijkl =
∑

R1R2R3R4

∑
αβγδ

ci∗
R1αcj∗

R2βck
R3γc

l
R4δ

·
∫

d3rd3r′V (r − r′)φ∗
R1α(r)φ∗

R2β(r′)φR3γ(r
′)φR4δ(r),

In principle, the Coulomb matrix elements involve four atomic orbitals φRα(r). Accord-
ing to Ref. [188] we take only two-center contributions into account. Off-site exchange
integrals, with R1 = R3 and R2 = R4, decrease quickly as the distance between
the atomic sites increases, due to the orthogonality and the localization of the atomic
orbitals [107]. Therefore, terms with exchange character are also neglected. In this
approximation, the Coulomb matrix elements are given by

Vijkl ≈
∑
RR′

∑
αβγδ

ci∗
Rαcj∗

R′βck
R′γc

l
Rδ

∫
uc

d3r̃d3r̃′
e2
0φ

∗
Rα(r̃)φ∗

R′β(r̃′)φR′γ(r̃
′)φRδ(r̃)

4πε0εr|R + r̃ −R′ − r̃′| .

We have decomposed the position operators r and r′ into the positions R and R′ of
the lattice sites and the positions r̃ and r̃′ inside each unit cell. For sites which are
far enough apart from each other the exact structure of the localized orbitals is not
important. The long-range contributions are dominated by the monopole interaction of
two charge densities localized at different lattice sites which leads to the approximation:

Vijkl ≈
∑
RR′

∑
αβγδ

ci∗
Rαcj∗

R′βck
R′γc

l
RδV (R −R′)

∫
d3r̃φ∗

Rα(r̃)φRδ(r̃)

∫
d3r̃′φ∗

R′β(r̃′)φR′γ(r̃
′) .

Due to the orthogonality of the atomic orbitals, the final result for the Coulomb matrix
elements is then given by

Vijkl =
∑
RR′

∑
αβ

ci∗
Rαcj∗

R′βck
R′βcl

RαV (R− R′)

=
∑
RR′

∑
αβ

ci∗
Rαcj∗

R′βck
R′βcl

Rα

e2
0

4πε0εr|R− R′| . (C.1)

The on-site contributions for |R − R| = 0 can be calculated by integration of the
Coulomb interaction over the volume of one unit cell:

V (0) =
1

V 2
uc

∫
uc

d3rd3r′V (r− r′) . (C.2)
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Figure C.1: Coulomb matrix elements calculated with a cut-off radius R0 with |R−R′| < R0

in the sum of Eq. (C.1). Results are shown for the direct electron-electron (solid line), hole-hole
(dashed line) and electron-hole (dashed-dotted line) Coulomb matrix elements for the ground
state wave functions without the influence of the built-in field. (a) Small QD. (b) Large QD.

As already mentioned in Section 10.2.2, the evaluation of the integral (including the
Coulomb singularity) can be done quasi-analytically by expansion of the Coulomb inter-
action in terms of spherical harmonics following the guidelines given in Ref. [188]. The
calculations yield meaningful values of about ∼ 16 eV for the unscreened on-site matrix
elements. These values are in accordance with other calculations [188]. However, the
exact values are not crucial for the QD Coulomb matrix elements since the screened
on-site contributions are small compared to the long-range part.

The final result for the Coulomb matrix elements can be interpreted in an intuitive
way as already outlined in Section 10.2.2. In Eq. (C.1) the atomic orbitals underlying
the TB formulation do no longer enter the calculation of Coulomb matrix elements.
Since the on-site and nearest-neighbor contributions – which are mostly affected by the
above approximations – are small compared to the total Coulomb matrix elements, only
small overall mistakes are made. Nearest-neighbor contributions are underestimated but
only small additional contributions would apply to the long-range-dominated Coulomb
matrix elements, at least for constant background screening, which is in accordance
with the commonly used effective-mass approaches [30].

For illustration purposes, in Figure C.1 results for the Coulomb interaction, Eq. (C.1),
are shown which demonstrate that only rather minor contributions to the total ma-
trix elements for our system originate from on-site and nearest-neighbor contributions.
Results are depicted for the direct electron-electron, hole-hole, and electron-hole interac-
tion in the smallest (upper panel) and the largest (lower panel) QD for the one-particle
ground states without the influence of the built-in field. Similar results are found for
all the investigated QD sizes as well as for the excited electron and hole states. The
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long-range part of the Coulomb interaction clearly dominates the results for which the
treatment applied here can be justified. However, for different material systems or ma-
terials with an indirect band-gap, results may change especially for the electron-hole
exchange interaction [106] which has not been subject of this thesis.

C.1 Orthogonalized Slater orbitals

In this appendix we give the details concerning the atomic basis orbitals φαR(r). They
are required to calculate the optical dipole matrix elements with electron and hole wave
functions ψi(r) which are evaluated in terms of the empirical TB model. The overlap
matrix of the atomic orbitals is given by

SRR′

αβ = 〈α,R|β,R′〉 =

∫
d3r φ∗

α(r − R)φβ(r − R′) , (C.3)

with the position vectors R, R′ of the atoms at which the two orbitals α, β ∈ {px, py, pz, s}
are centered. For the original Slater orbitals, part of the overlap matrix, S0R′

αβ , is shown
in Figure C.2 for a nitrogen atom in the origin R = 0 in an InN crystal structure.
The overlap for the four different nitrogen orbitals α ∈ {px, py, pz, s} with neighbor-
ing orbitals is stacked in the vertical direction and is visualized by the color coding.
Contributions from different neighbors R′ and their different orbitals β are given on
the horizontal axis with increasing distance |R′| to the center nitrogen atom from left
to right. The entries one to four on the horizontal axis show the overlap of the nor-
malized orbitals with themselves, which is unity by definition. Contributions five to
20 correspond to the overlap to nearest neighbors (indium) with an averaged overlap
of ≈ 0.427 for each neighboring orbital. The overlap 21 to 68 represents the overlap
to second nearest neighbor (nitrogen) orbitals, with an averaged overlap of ≈ 0.008.
Elements 69 to 92 give the overlap to third nearest neighbor (indium) orbitals, with an
averaged overlap ≈ 0.081. Within an orthogonal basis this overlap matrix becomes the
unit matrix which is a basic assumption for the TB model.

We apply a natural method to obtain an orthogonal set of atomic basis states which
fulfill all the basic assumptions underlying the TB formulation in a good approximation.
We start with the original Slater orbitals (given in Table 10.3) localized at the atom
sites in the wurtzite crystal structure. The overlap matrix S is calculated for a finite
neighborhood surrounding a central atom (here, up to third nearest neighbors). The
aim is to construct a set of orthogonal basis states for which the overlap matrix becomes
the unit matrix 1, therefore we are looking for a transformation matrix X which fulfills
1 = X†SX. One specific choice for the transformation matrix is obviously given by
X = S−1/2. The non-unitary transformation matrix X which transforms the overlap
matrix S into a unit matrix is obtained by X = S−1/2 = Ts−1/2T†. Here T is the
unitary transformation matrix which brings S into diagonal form s = T†ST. The new
(orthogonal) basis states C ′ are then obtained by the transformation C ′ = XC. This
way, new basis orbitals are obtained which are centered around the atom in the center
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Figure C.2: Overlap matrix S0R′

αβ for a nitrogen atom to the atomic orbitals centered at
the atom sites R′ in the neighborhood up to third-nearest neighbors. The results are cal-
culated with the original Slater orbitals. The overlap for the four different nitrogen orbitals
α ∈ {px, py, pz, s} is stacked in vertical direction and is visualized by the color coding. Contri-
butions from different neighbors and their different orbitals β are given on the horizontal axis
with increasing distance |R′| to the center nitrogen atom from left to right.

of the chosen neighborhood. The orthogonality to the new orbitals which are centered
at atoms up to third nearest neighbors can be checked by calculation of the overlap
matrix with the new orbitals as is visualized in Figure C.3 for the example of a nitrogen
atom. The corresponding result without orthogonalization is shown in Figure C.2. The
averaged overlap is reduced to ≈ 0.013 for nearest neighbor orbitals, to ≈ 0.005 for
second nearest neighbor orbitals, and to ≈ 0.009 for third nearest neighbor orbitals.
Examples for the basis orbitals which are centered at a nitrogen atom in the crystal
lattice are depicted in Figure C.4 without orthogonalization (top) and orthogonalization
up to third nearest neighbors (bottom). Two isosurfaces of the probability density are
included with 20 % (inner surface) and 0.001 % (outer surface) of the maximum value,
respectively. The sum of the non-diagonal overlap matrix elements is reduced by at

Figure C.3: Same as Figure C.2 but calculated with the orthogonalized Slater orbitals.
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Figure C.4: Nitrogen basis orbitals (Slater orbitals) without (top) and with (bottom) or-
thogonalization up to third nearest neighbors. The depicted orbitals are from left to right:
px, py, pz, and s. The viewpoint is on the z-axis. Two isosurfaces of the probability density
are included with 20% (inner surface) and 0.001% (outer surface) of the maximum value,
respectively.

least one order of magnitude for orthogonalization up to third nearest neighbors. The
figures, Figures C.2 and C.3, demonstrate that the new basis states are orthogonal in a
good approximation. Additionally, they mostly show the original symmetries of atomic
orbitals which underly the TB Hamiltonian and are still rather well localized states at
a certain atom site, Figure C.4. Only small contributions at the neighboring atom sites
are found which are essential to obtain orthogonality. The added orthogonality now
justifies the direct connection to the TB coefficients ci

Rα since the orbitals fulfill all basic
assumptions underlying an empirical TB model. Therefore the procedure demonstrated
here, to obtain an orthogonal set of atomic basis orbitals, helps to improve earlier
approaches for the calculation of optical properties from TB calculations.
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D Strain Field Equations

The analytic solution of Eq. (12.4) and simplification can be performed using an alge-
braic software package such as Maple or Mathematica. The diagonal terms σ11 and σ22

of the stress tensor are found to be [224]

σ11 = −4πΛχ + Λ
∑
p=±1

q=±1

n=2,3

H1(−1)n

[
aB ln (γ) − hq arctan

(
β11

α11

)
+

aq

2
ln
(
α2

11 + β2
11

)]
,

σ22 = −4πΛχ + Λ
∑
p=±1

q=±1

n=2,3

H2(−1)n

[
bA ln (γ) − hq arctan

(
β22

α22

)
+

b

2
ln
(
α2

22 + β2
22

)]
,

with

α11 =
XnC11 + ZnD11

X2
n + Z2

n

, β11 =
ZnC11 − XnD11

X2
n + Z2

n

,

α22 =
YnC22 + ZnD22

Y 2
n + Z2

n

, β22 =
ZnC22 − YnD22

Y 2
n + Z2

n

,

C11 = X1Xn + Y1(Yn + S) , C22 = Y1Yn + X1(Xn + pS) ,

D11 = X1Zn +

(
qbx1 − pax2

h

)
(Yn + S) , D22 = Y1Zn −

(
qbx1 − pax2

h

)
(Xn + pS) ,

H1 =
h

(a2 + h2)
, H2 =

h

(b2 + h2)
,

A =
a√

a2 + b2 + h2
, B =

b√
a2 + b2 + h2

,

X1 = x1 + pa
(
1 − x3

h

)
, X2 = x1 + pa(1 − f) ,

Y1 = x2 + qb
(
1 − x3

h

)
, Y2 = x2 + qb(1 − f) ,

X3 = x1 + pa , Y3 = x2 + qb ,

Z2 = x3 − hf , Z3 = x3 ,

γ = −pAXn − qBYn − hZn√
a2 + b2 + h2

+ S , S =
√

X2
n + Y 2

n + Z2
n .

The quantity χ is equal to 1 inside the volume of the QD and zero outside. The stress
component σ33 can be deduced from the relation for the hydrostatic stress, σh, which
is given by

σh = σ11 + σ22 + σ33 = 8πΛ .
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This equation reflects that in the isotropic limit the sum of the plane stresses is pro-
portional to the lattice mismatch ε0 inside the QD and zero outside. The three shear
stress components σ12, σ13 and σ23 are given by

σ12 = Λ
∑
p=±1

q=±1

n=2,3

pqh√
a2 + b2 + h2

(−1)n ln (γ) ,

σ13 = Λ
∑
p=±1

q=±1

n=2,3

pH1(−1)n

[
hB ln (γ) + a arctan

(
β13

α13

)
− h

2
ln
(
α2

13 + β2
13

)]
,

σ23 = −Λ
∑
p=±1

q=±1

n=2,3

H2(−1)n

[
hAq ln (γ) + b arctan

(
β23

α23

)
+

hq

2
ln
(
α2

23 + β2
23

)]
,

with

α23 =
YnC23 + ZnD23

Y 2
n + Z2

n

, β23 =
ZnC23 − YnD23

Y 2
n + Z2

n

,

α13 =
XnC13 + ZnD13

X2
n + Z2

n

, β13 = −p
ZnC13 − XnD13

X2
n + Z2

n

,

C13 = X1Xn + Y1(Yn − qS) , C23 = Y1Yn + X1(Xn + pS)

D23 = Y1Zn −
(

qbx1 − pax2

h

)
(Xn + pS) , D13 = X1Zn +

(
qbx1 − pax2

h

)
(Yn − qS) .
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E Parameters for Cubic GaN and AlN

GaN AlN

Eg [eV] 3.26 4.9

Δso [eV] 0.017 0.019

me 0.15 0.25

γ1 2.67 1.92

γ2 0.75 0.47

γ3 1.10 0.85

C12 [GPa] 293 304

C11 [GPa] 159 160

Table E.6: Properties of the cubic GaN and AlN band structures. The lattice constants are
given by 4.50 Å and 4.38 Å, respectively. Eg denotes the band gap, Δso the spin-orbit coupling
and me the effective electron mass. The Kohn-Luttinger-Parameters are γ1,γ2 and γ3. The
Cij are the elements of the elastic stiffness tensor. All parameters are taken from Ref. [72].

Parameter AlN GaN

Exx(000)aa -1.4812 -2.0940

Ess(000)cc 5.1420 6.5123

Esx

(
1
2

1
2

1
2

)
ac

1.9490 1.7919

Exx (110)aa -0.0205 0.0818

Exx (011)aa 0.4098 0.3585

Exy (110)aa 0.2376 0.2568

Ess (110)cc -0.0202 -0.2710

λ 0.0063 0.0057

Table E.7: Tight-binding parameters (in eV) for cubic AlN and GaN, using the notation of
Ref. [47].
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