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Abstract

Subject of this thesis is the development of physics based methods for graph cluster-
ing or community detection and the assessment of the statistical significance of the
results through comparison to appropriate random null models. After a brief intro-
duction to the problem of data clustering in general and graph clustering in particular
the reader is introduced to some of the basic terms and notations of graph theory
and some fundamental questions of concern in the study of complex networks and a
number of examples where community detection is applied are given. In the follow-
ing, various definitions of communities coming from sociology, computer science and
physics are reviewed and the diverse algorithms to detect community structure and
discusses their merits and shortcomings. The discussion shows that the concept of
“community” or cluster in a network is only vaguely defined. Therefore, exploiting
an analogy between spin systems and optimization problems, a mapping of the prob-
lem of community detection onto finding the ground state of an infinite range spin
glass is developed. The lower the energy, the better the clustering. A widely used
quality measure of community structures, the modularity Q introduced by Newman
and Girvan [Phys. Rev. E 69, 026113 (2004)], and the ad hoc defined quality function
from Reichardt and Bornholdt [Phys. Rev. Lett. 93, 218701 (2004)] are identified as
special cases of this general ansatz. A precise definition of community as maximally
cohesive subgraph is derived from the properties of the ground state as global mini-
mum of the energy. Overlapping communities are identified through degeneracy of
the ground state and hierarchies in community structures are detected via changes in
the relative weight given to present and absent links in the network which is medi-
ated by a single parameter. It is shown that the ground state of the infinite range spin
glass can be found by using computationally efficient methods which operate only
on the sparse links of the network. The relation of community detection and graph
partitioning is developed. For entropic reasons, random networks cluster into equally
sized communities. Using literature values for the cut size of the partitioning prob-
lem in random graphs with Poissonian degree distribution, expectation values for the
modularity Q of such graphs and the number of clusters are given and compared to
numerical experiments. The results considerably improve the predictions by Guimera
et al. [Phys. Rev. E. 70, 025101(R), (2004)] and allow the assessment of the statistical
significance of network clusterings. It is shown that some definitions of community
from the literature [Radicchi et al. , PNAS, 101, 2658 (2004)] can always be fulfilled in
random networks and should not be used. Further, the theoretical limits of commu-
nity detection are assessed. The calculation of expectation values of modularities is
extended to networks of arbitrary degree distributions using the replica method and
compared to numerical experiments. The results also give novel estimates for the cut
size of the graph partitioning problem which improve the results of Fu and Anderson
[J. Phys. A: Math. Gen., 19, 1605, 1986]. In a technically different approach, the calcu-
lation of the modularity of sparse random graphs with arbitrary degree distributions
is attempted using the cavity method and compares the results to numerical exper-
iments. An extension of the method for correlated random graphs is proposed and
the implications of degree correlations are discussed qualitatively. It is shown that de-
gree correlations never decrease the expectation value for the modularity of a random
graph, regardless whether they are positive or negative. Two applications of the de-
veloped community detection method are presented. The first shows the analysis of
a protein folding energy landscape studied from a network perspective and commu-
nity detection is applied to find stable, meta-stable and transition configurations. The
second example demonstrates the analysis of a large sparse data set resulting from a
market study. Both applications show that the suggested network clustering method-
ology gives high quality results which could not be obtained otherwise.
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Chapter 1

Introduction

The amount of empirical information that scientists from all disciplines are
dealing with is constantly increasing. At the same time, this information is
becoming more and more diverse as different and often conflicting sources of
information are combined. There exists a great need for robust, scalable, and
easy to use clustering techniques for data abstraction, dimensionality reduc-
tion or visualization to cope with this avalanche of data and possibly derive
testable hypotheses from the data. The power of statistical physics in solving
these problems was recognized already in the 1950’s - long before computers
became as abundant as they are today [1, 2]. This thesis will show that even to-
day, methods and in particular spin models from statistical mechanics can help
in resolving – and more importantly – in understanding the related statistical
inference problems.

Clustering techniques belong to the field of unsupervised learning [3]. Given
a data set, the goal is to group the data points such that the points within a
cluster are similar to each other and dissimilar to the rest of the data points
[4, 5, 6, 7]. The more similar the objects within a cluster are and the more
different the clusters are, the better the clustering. Though intuitively clear,
clustering represents a technically ill posed problem for a number of reasons.
First, it is not clear at which level of detail a cluster structure is to be defined, i.e.
what is the number of clusters in a data set or whether a sub-set of data points
shall be regarded as one cluster or be divided further. It may also be debated,
whether data points may belong to more than one cluster. Part of this problem
is that the term “cluster” does not have a well defined meaning. Second, it is
not clear what an appropriate similarity or dissimilarity measure is supposed
to be. Third and most importantly, it is difficult to differentiate whether one
is not only finding what one is searching for, i.e. all clustering techniques will
find some cluster structures even in random, unstructured data.

Because of these problems there exists no single clustering technique for all
types of data and clustering techniques are still the subject of ongoing research.
The simplest case is most likely multivariate data where each of the data points
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is characterized by a D-dimensional feature vector containing real valued en-
tries. A typical example would be a set of objects characterized by a number
of measurements. Then, a natural similarity measure would be the euclidian
distance. As a naive approach, one can now compute the distance between all
pairs of data points and successively join close data points to clusters. This
is impractical for large data sets as the number of pair wise distances scales
as the square of the number of data points. The method of choice then is to
introduce prototypical data points as cluster centers and find the position of
these cluster centers such that they represent the data set in some optimal way.
To do this, only the determination of the distance of each data point from each
cluster center is necessary which makes the computational effort linear in the
number of data points for a given number of clusters. This approach is taken
by the k-means algorithm which is probably the most widely used clustering
technique despite its many shortcomings [5, 4].

Note that the introduction of prototypical data points which are representative
of a cluster is only possible when an actual distance measure exists between
the data points. It is not possible for instance when a matrix of pairwise simi-
larities alone is given. This, however, is often the case.

Another problem, known as the “curse of dimensionality” [8], arises when the
dimension D of the data set to be clustered increases [9]. The reason is that the
data points become increasingly sparse as the dimensionality increases and the
relative difference between the closest and the farthest point of an indepen-
dently selected point in the data set goes to zero with increasing dimension
[10, 9].

Both of these problems arise intrinsically when dealing with relational data.
Here, the objects to be clustered are characterized by some sort of relation.
Typically, these relations are present or known for only a small fraction of the
pairs of objects and can be represented as graphs or networks. The nodes
in these networks represent the objects and their relations are represented by
their connections. A typical example is the set of authors of a number of sci-
entific articles and the relation between them is whether or not they have co-
authored an article together. Such data is intrinsically sparse and often the
average distance (defined as the number of steps in the network) between two
arbitrarily chosen nodes scales as the logarithm of the systems size, i.e. every
object is close to every other object. Further, if the graph is connected, objects
in different clusters will often be only the minimal distance of one step away
from each other. There is no way to introduce prototypical objects as only
pairwise relations are given.

While in the past multivariate data sets have dominated the applications, an
increasing use and availability of data warehousing technology allows access
to more and more relational data sets. Another aspect is that the first level
of description for many complex systems is through the topology of their in-
teractions, i.e. networks again. Network clustering techniques hence do not
only represent exploratory data analysis tools, but also are a first step in un-
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Chapter 1. Introduction

derstanding complex systems [11].

Since conventional clustering techniques are inadequate for networks, a num-
ber of novel approaches have been developed in recent years [12, 13]. The
term “community detection” was established and is used synonymously with
graph or network clustering. Despite the many efforts, a number of issues
remain.

An “ideal” clustering procedure for graphs should be computationally effi-
cient in order to deal with very large data sets, i.e. it should be able to exploit
the sparsity of the data. At the same time, it should be accurate. If there is
a trade off between runtime and accuracy this should be easily mediated. It
should further allow for overlapping as well as hierarchical clusters and allow
to set the level of detail at which a clustering should be performed. It should
have only few parameters and these should have an intuitive meaning. There
should exist a precise interpretation of the clusters found, independent from
the clustering technique. And most importantly, an ideal clustering procedure
should provide a measure of how strong the cluster structure found deviates
from that found in equivalent random data. While none of the presently avail-
able community detection algorithms is able to combine all of these features,
the present thesis is intended to provide, analyze and show the application of
a clustering procedure ideal in these ways.

The next Chapter 2 will give a short introduction into some graph theoretical
terms necessary for the discussions to follow and provide a brief overview
over some important aspects of complex network study. It will illustrate the
problem of community detection again and underline the importance of novel
tests for statistical significance.

Chapter 3 then reviews a number of cluster or community definitions from
different fields of science and surveys the current state of the art in graph clus-
tering including a discussions of the merits and shortcomings of each method.

After this discussion, a first principles approach to graph clustering or commu-
nity detection in complex networks is developed in Chapter 4. In particular,
the problem of community detection is tackled via an analogy with a physical
systems by mapping it onto finding the ground state of an infinite range Potts
spin glass Hamiltonian with one parameter γ which allows to tune the detail
of clustering obtained. The ground state energy of this spin glass is equiv-
alent to the quality of the clustering, the so called “modularity” with lower
energies corresponding to better clusterings. This approach requires a connec-
tion model for the nodes of the network which can be either given as prior
information or measured from the network. A definition of network cluster
community is derived from the ground state properties of this Hamiltonian.
Overlap in community structure is interpreted as degeneracy of the ground
state. Benchmarks for the accuracy in comparison with other methods are
given. Computationally efficient update rules for optimization routines are
given which work only on the links of the network and hence take advantage
of the sparsity of the system. Model systems with overlapping and hierarchical
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cluster structures are studied. The equivalence of graph clustering and graph
partitioning is derived from the fact that random graphs cluster into equally
sized parts. Using known results for the expected cut size in graph partition-
ing for dense graphs with a Poissonian degree distribution, expectation values
for the modularity of such networks are derived.

In order to extend these results to dense random networks with arbitrary de-
gree distribution, the replica method is used in Chapter 5. The modularity
of graphs with arbitrary degree distributions is calculated which allows the
comparison of modularities found in real world networks and random null
models. The results can also be used to improve results for the expected cut
size of graph partitioning problems.

Chapter 6 is devoted to the study of modularity in sparse random networks of
arbitrary degree distribution via the cavity method. This approach is comple-
mentary to the replica method and improves its results in case of small average
connectivities. Furthermore, the cavity method is able to deal with correlated
random networks and the influence of degree correlations on the modularity
of random networks is investigated.

In Chapter 7, two applications of the newly developed clustering method to
real world networks are presented. The first results from a molecular dynam-
ics simulation of a protein folding process and the community detection anal-
ysis is used to detect putative transition states between various stable confor-
mations. This is possible because the new analysis allows to assess the stability
and overlap of communities in the network. The second application deals with
a large market network and studies the segmentation of this market by com-
munity analysis. The application shows how a network clustering process can
be used to deal with large sparse data sets where conventional analysis fails.
Both applications thus prove the usefulness of the presented approach.

Finally, Chapter 8 summarizes and concludes the work and hints on directions
for further research.
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Chapter 2

Introduction to Complex Networks

Classical Physics traditionally treats problems at two very different scales. On
one hand, there is the microscopic scale in which the exact interactions be-
tween, and the properties of all particles involved are known and the temporal
development of the system is described by a set of differential equations. Ce-
lestial mechanics is an example of this type of treatment. On the other hand,
there is statistical mechanics. There, also the interactions between all parti-
cles are exactly known, but the system is comprised of so many particles that
the solution of the differential equations becomes not only impossible but also
meaningless. The general treatment here is to subsume all interactions of a
single particle with the rest of the system into an “effective field” and then
deal with an effective single particle problem. Instead of exact results, only ex-
pectation values are obtained. Due to the large numbers of particles involved,
these expectation values are near exact approximations. An example of this
treatment is the thermodynamics of ideal gasses. Both of these approaches are
reductionist: the system can be described completely from the bottom up via
the properties and interactions of elementary constituents at the microscopic
level.

Despite the success of the two above treatments and the reductionist approach,
a number of systems resist such description. They are too complicated to be
described exactly, or insufficient information exists to be able to describe them
exactly, but they are not large or simple enough that they could be reduced
to effective single particle problems. Often, the constituents of the system
are very heterogeneous and many different types of interactions exist. Such
systems exhibit characteristic properties which are, however, not readily ex-
plained be their microscopic properities and are often called “complex” [11].
The prototypical example of a complex system is the brain. Though the work-
ings of an individual neuron or synapse are very well understood, the mech-
anisms by which memory, learning, creativity or consciousness emerge from
the interactions of many neurons remain largely unexplained. Complex sys-
tems also occur in biology, human economies and societies and many other
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2.1. Graph Theoretical Notation

fields.

A first step in understanding complex systems is trying to understand patterns
and regularities of interactions in a way which might make it possible to break
the systems down into possible subcomponents. To do so, it is necessary to
find a way of representing complex systems.

A convenient way to represent complex systems is through graphs or net-
works. The interactions of the microscopical entities of the system are rep-
resented by the connections of the network. Hence, one can use the math-
ematical language of graph theory [14] to describe complex systems and to
investigate the topological properties of the interactions defining the system.
Three excellent and well readable review papers may serve as a summary and
starting point into the research of complex networks [15, 16, 17]. A more com-
prehensive overview can be found in the following books [18, 19, 20] while an
introduction for the general reader may be found in [21, 22, 23]. Before going
into the discussion in detail, a number of important graph theoretical terms
and relations used throughout the text shall be introduced. The reader already
familiar with network analysis and basic graph theory may skip this section.

2.1 Graph Theoretical Notation

Mathematically, a network is represented as a graph G(V, E), i.e. an object that
consists of a set of nodes or vertices V representing the particles or agents in
the network and a set E of edges or links or connections representing the inter-
actions or relations of the nodes. The cardinality of these sets, i.e. the number
of nodes and edges is generally denoted by N and M , respectively. One may
assign different values wij to the links between nodes i and j in E, rendering
an edge weighted or otherwise non-weighted (wij = 1 by convention, if one
is only interested in the presence or absence of the relation). The number of
connections of node i is denoted by its degree ki. One can represent the set
of edges conveniently in an N × N matrix Aij , called the adjacency matrix.
Aij = wij if an edge between node i and j is present and zero otherwise. Re-
lations may be directed, in which case Aij is non-symmetric (Aij 6= Aji, ∀i, j)
or undirected in which case Aij is symmetric. In this thesis, only networks in
which self links are absent (Aii = 0, ∀i ∈ V ) are of concern. In case of a di-
rected network, Aij denotes an outgoing edge from i to j. Hence, the outgoing
links of node i are found in row i, while the incoming links to i are found in
column i. For undirected networks, it is clear that

∑N
j=1 Aij = ki. For directed

networks,
∑

j=1 Aij = kout
i is the out-degree and equivalently

∑
j=1 Aji = kin

i

is the in-degree of node i. We shall only be concerned with undirected and
non-weighted networks, i.e. symmetric adjacency matrices which only have
1 or 0 entries. However, appropriate hints will be given on how to extend
the analysis presented to weighted and directed networks. It is understood,
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Chapter 2. Introduction to Complex Networks

that in undirected networks, the sum of degrees of all nodes in the network
equals twice the number of edges

∑N
i=1 ki = 2M . The distribution of the num-

ber of connections per node is called degree-distribution P (k) and denotes the
probability, that a randomly chosen node from the network has degree k. The
average degree in the network is denoted 〈k〉 and one has N〈k〉 = 2M . One
can define a probability p = 2M/N(N − 1) = 〈k〉/(N − 1) as the probability
that an edge exists between two randomly chosen nodes from the network.

An (induced) subgraph is a a subset of nodes v ⊆ V with n nodes and edges
e ⊆ E connecting only the nodes in v. A path is a sequence of nodes, subse-
quent nodes in the sequence being connected by edges from E. A node i is
called reachable from node j, if there exists a path from j to i. A subgraph
is said to be connected if every node in the subgraph is reachable from every
other. A network is generally not connected, but consists of several connected
components. The majority of analysis in this thesis shall be restricted to con-
nected components only, since it can be repeated on every single one of the
connected components of a network. More details on graph theory may be
found in the book by Bollobás [14].

With these notations and terms in mind, let us now turn to a brief history of
physicists research on networks.

2.2 Random Graphs

For the study of the topology of the interactions of a complex system, it is
of central importance to have proper random null models of networks, i.e.
models of how a graph arises from a random process. Such models are needed
for comparison with real world data. When analyzing the structure of real
world networks, the null hypothesis shall always be that the link structure is
due to chance alone. This null hypothesis may only be rejected, if the link
structure found differs significantly from an expectation value obtained from
a random model.

The most important model of a random graph is due to Erdős and Rényi (ER)
[24]. They consider the following two ensembles of random graphs: G(N, M)
and G(N, p). The first is the ensemble of all graphs with N nodes and exactly
M edges. A graph from this ensemble is created by placing the M edges ran-
domly between the N(N − 1)/2 possible pairs of nodes. The second ensemble
is that of all graphs in which a link between two arbitrarily chosen nodes is
present with probability p. The expectation value for the number of links of a
graph from this ensemble is 〈M〉 = pN(N − 1)/2. In the limit of N → ∞, the
two ensembles are equivalent with p = 2M/N(N − 1). The typical graph from
these ensembles has a Poissionian degree distribution

P (k) = e−〈k〉
〈k〉k

k!
. (2.1)
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2.3. Six Degrees of Separation

Here, 〈k〉 = p(N − 1) = 2M/N denotes the average degree in the network.

The properties of ER random graphs have been studied for considerable time
and an overview of results can be found in the book by Bollobás [25]. Note,
that the equivalence of the two ensembles is a remarkable result. If all net-
works with a given number of nodes and links are taken to be equally proba-
ble, then the typical graph from this ensemble will have a Poissonian degree
distribution. To draw a graph with a non-Poissionian degree distribution form
this ensemble is highly improbable, unless there is a mechanism which leads
to a different degree distribution. This issue will be discussed below in more
detail.

2.3 Six Degrees of Separation

The first experiment which stresses the importance of alternative random net-
work models is due to Milgram [26]. It was known among sociologists that
social networks are characterized by a high local clustering coefficient:

ci =
2mi

ki(ki − 1)
. (2.2)

Here, mi is the number of connections among the ki neighbors of node i. In
other words, ci measures the probability of the neighbors of node i being con-
nected, i.e. the probability the the friends of node i are friends among each
other. The average of this clustering coefficient over the set of nodes in the net-
work is much higher in social networks than for ER random networks with the
same number of nodes and links. It is now interesting to test, whether other
properties of social networks also differ from the ER model. One such prop-
erty is the average length of the shortest path between two arbitrarily chosen
nodes. In ER graphs, the average shortest path length scales as the logarithm
of the number of nodes in the network. Milgram now performed the following
experiment: He gave out letters in a midwestern US town and asked the initial
recipients of the letters to give the letters only to acquaintances whom they
would address by their first name and require that those would do the same
when passing the letter on. The letters were addressed to a man unknown to
the initial recipients living in Boston. Surprisingly, not only did a large num-
ber of letters arrive at the destination, but the median of the number of steps
it took was only 6. This means the path lengths in social networks are surpris-
ingly short given the high local clustering. Even more surpisingly, the agents
in this network are able to efficiently navigate messages even though they only
know the local topology. After this discovery, it were Watts and Strogatz [27],
who provided the first model of a network that combines the high clustering
characteristic for acquaintance networks and the short average path lengths
between randomly chosen individuals already known from the theory of ER
random graphs. At the same time, it retains the fact that there is only a finite
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Chapter 2. Introduction to Complex Networks

number of connections or friends per node in the network. The Watts/Strogatz
model came to be known as the “small world model” for complex networks. It
basically consists of a regular structure producing a high local clustering and
a number of randomly interwoven short cuts responsible for the short average
path length.

2.4 Scale Free Degree Distributions

With the increasing use of the internet as a source of information and means of
communication as well as the increasing availability of large online databases
and repositories, more and more differences between real world networks and
random graphs were discovered. Most strikingly was certainly the observa-
tion that many real world networks have a degree distribution far from Pois-
sonian which rather followes log-normal or power-laws.

For networks with a power law degree distribution the notion of a “scale free”
degree distribution was introduced. A scale free degree distribution is charac-
terized by a power law of the form

P (k) ∝ k−γ (2.3)

with some positive exponent γ. The probability of having k neighbors is in-
versely proportional to kγ . The reason why this special class of degree distri-
butions is particularly interesting for physicists is that in physics, many sys-
tems that have measurable quantities which behave according to a power law
fall into different “universality classes” which are characterized entirely by the
exponent γ. From the same γ for two distinct systems, one can generally con-
clude the same underlying physical principle. The name “scale free” comes
from the fact that there is no characteristic value of k. While in ER graphs, the
characteristic k is the average degree 〈k〉, i.e. the average is also a typical k,
there is no typical degree in scale free networks.

From these observations, it became clear that the assumption of equal linking
probability for all pairs of nodes had to be dropped and that specific mecha-
nisms had to be sought which explain the link pattern of complex networks
from a set of rules. Until now, many such models have been introduced which
model networks to an almost arbitrary degree of detail. The starting point for
this development was most likely the model by Barabási and Albert [28]. They
realized that for many real world networks, two key ingredients are crucial:
growth and preferential attachment. Nodes that already have a large num-
ber of links are more likely to acquire new ones when nodes are added to the
network. These two simple assumptions lead to a network with a scale free
degree distribution of exponent γ = 3 and provided the first model for the link
distribution of web pages.
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In order to model an ensemble of random graphs with a given degree distri-
bution without resorting to some growth model of how the graph is knit the
“configuration model” model can be used. It is generally attributed to Molloy
and Reed [29], who devised an algorithm for constructing actual networks, but
it was first introduced by Bender and Canfield [30]. The configuration model
assumes a given degree distribution P (k). This means, every node i is as-
signed a number of stubs ki according to its degree drawn from P (k) and then
the stubs are connected randomly. For this model, the probability that two
randomly chosen nodes are connected by an edge is pij = kikj/2M and hence
proportional to the product of the degrees of the two nodes chosen. The config-
uration model and the ER model make fundamentally different assumptions
on the nature of the objects represented by the nodes. In the ER model, fluc-
tuations in the number of connections of a node arise entirely due to chance.
In the configuration model, they represent a quality of the node which may be
interpreted as some sort of “activity” of the object represented by the node.

2.5 Correlations in Networks

Thus far, only models in which all nodes were equivalent have been intro-
duced. In many networks, however, nodes of different type coexist and the
probability of linking between them may depend on the types of nodes. A
typical example may be the age of the nodes in a social network. Agents of the
same age generally have a higher tendency to interact than agents of different
age. Let us assume the type of each node is already known. One can then
ask, whether the assumption does hold, that links between nodes in the same
class are indeed more frequent than links between nodes in different classes.
Newman [31] defines the following quantities: ers as the fraction of edges that
fall between nodes in class r and s. Further, he defines

∑
r ers = as as the frac-

tion of edges that are connected to at least one node in class s. Note that ers

can also be interpreted as the probability, that a randomly chosen edge lies be-
tween nodes of class r and s, and that as can be interpreted as the probability,
that a randomly chosen edges has at least one end in class s. Hence, a2

s is the
expected fraction of internal edges lying between nodes in class s. Compar-
ing this expectation value with the true value ess for all groups s leads to the
definition of the “assortativity coefficient” rA:

rA =

∑
s (ess − a2

s)

1−
∑

s a2
s

. (2.4)

This assortativity coefficient rA is one, if all links fall exclusively between
nodes of the same type. Then the network is perfectly “assortative”, but the
different classes of nodes remain disconnected. It is zero, if ess = a2

s for all
classes s, i.e. no preference in linkage for either the same or a different class
is present. It takes negative values, if edges lie preferably between nodes of
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different classes, in which case the network is called “disassortative”. The de-
nominator corresponds to a perfectly assortative network. Hence, rA can be
interpreted as the percentage to which the network is perfectly assortative.

For the classes of the nodes, any measurable quantity may be used [32]. Es-
pecially interesting are investigations into assortative mixing by degree, i.e.
do nodes predominantly connect to other nodes of similar degree (assortative,
ra > 0) or is the opposite the case (disassortative, ra < 0). It was found that
many social networks are assortative, while technological or biological net-
works are generally disassortative [32]. Note that rA may also be generalized
to the case, where the class index s takes continuous values [32]. It should be
stressed that such correlation structures do not affect the degree distribution.

2.6 Dynamics on Networks

Apart from these topological models mainly concerned with the link struc-
ture, a large number of researchers is concerned with dynamical processes
taking place on networks and the influence the network structure has on them.
Among the most widely studied processes is epidemic spreading and one of
the most salient results is certainly that by Cohen [33, 34], which shows that
for scale free topologies with low clustering, the epidemic threshold (the infec-
tiousness a pathogen needs to infect a significant portion of the network) drops
to zero. Liljeros showed that networks of sexual contacts have indeed such
a topology [35]. At the same time, these results brought about suggestions
for new vaccination techniques such as the vaccination of acquaintances of
randomly selected people which allows to vaccinate people with higher num-
bers of connections with higher efficiency [36]. Consequently, a number of
researchers are also studying the interplay between topology of the network
and dynamic processes on networks in models that allow dynamic rewiring
of connections in accordance with for instance games being played on the net-
work to gain insights into the origin of cooperation [37].

All of this research has shown the profound effect of the topology of the con-
nections underlying a dynamical process and hence underline the importance
of thoroughly studying the topology of complex networks.

2.7 Cluster or Community Structure

The above discussion has shown the importance of investigating the devia-
tions from random null models in real world networks. One can view this
problem as a kind of pattern detection. Pattern are generally viewed as ex-
pressions of some kind of regularity. What such a regularity may be, however,
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remains often a vague concept. It might be sensible to define everything as
regular which is not random.

The cluster or community structure this thesis is concerned with is a particu-
lar type of non-random structure in complex networks which is closely related
to the aforementioned correlations. The section about correlations has shown
that if the different types of nodes in a network are known, the link structure
of the network may show a particular signature. In the majority of cases, how-
ever, the presence of different types of nodes is only hypothesized and the
type of each node is unknown. The purpose of this work is to develop meth-
ods to detect the presence of different types of nodes in networks and to find
the putative type of each node. By convention, assortative mixing between the
nodes of the same type will be assumed, but the same methods may be applied
to find disassortative mixing in networks. A number of possible applications
from various fields shall motivate the problem again.

Given a communication network of an enterprise. Nodes are employees and
links represent communication, e.g. via email, between them. “Communities
of practice” are then groups of employees which a particularly well connected
among each other, i.e. which communicate extensively. It is then possible to
compare these communities of practice to the organizational structure of the
enterprise and possibly use the results in the assembly of teams for future
projects. A study in this direction has been performed by Tyler et al. [38].

Novel experimental techniques from Biology allow the automatic extraction of
all proteins produced by an organism. Proteins are the central building blocks
of biological function, but generally, proteins do not function alone but bind
to one another to form complexes which in turn are capable of performing a
particular function, such as initiating the transcription of a particular piece of
DNA. It is now possible to study the pairwise binding interactions of a large
number of proteins in an automated way [39]. The result of such a study is
a protein interaction network in which the links represent pairwise interac-
tions between proteins. Proteins forming part of a complex should now be
detectable as densely interlinked groups of nodes in such a network [40]. An
analysis of the cluster structure of a protein interaction or other biological net-
work created by automated experiments hence presents a first step in planning
future experiments [41].

The collection of scientific articles represent a strongly fragmented repository
of scientific knowledge [42, 43]. Online databases make it possible to study
these in an automated way, e.g. in form of co-authorship networks or cita-
tion networks. In the former, nodes are researchers while links represent co-
authorship of one or more articles. Analysis of the cluster structure of this
network may give valuable information about the cooperation between vari-
ous scientists and aid in the evaluation of funding policy or influence future
funding decisions. In the latter, nodes in the network are scientific articles and
links denote the citation of one from the other. Analysis of the cluster struc-
ture of this network may yield insight into the different research areas of a
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particular field of science.

With these examples in mind it becomes clear that community detection is
not only important in the description of complex systems which are repre-
sented through networks, but can be viewed as an elementary technique for
the exploratory analysis of any kind of relational data set. The above examples
have also illustrated that such exploratory analysis is often the starting point
of further work. It is therefore important to assess the statistical validity of the
findings and avoid the “desception of randomness” [3] , i.e. to ensure that the
finding of a community detection algorithm are statistically significant and not
the mere result of the search process. To illustrate this, let us consider the fol-
lowing problem: Given is an ER network with average degree 〈k〉 = 5. Given is
further that the network consists of two types of nodes A and B with 50 nodes
of each type and 42 links between nodes of type A and B and the remainder of
the links within groups of type A and B, respectively. If nodes are connected
independently of their type, the total number of links between type A and B
nodes is Poisson-distributed with a mean of 〈k〉N/4 = 125 and a standard de-
viation of σ = 11. Hence, finding only 42 links between A and B is statistically
highly significant with a p-value of p = 2.8× 10−18. Now assume that the type
of each node was not given and an assignment into two equal sized groups

A and B was found through an exhaustive search of the
(

N
N/2

)
possible

assignments into two equal sized groups. Applying a Bonferroni-correction
[44] for this number of different “experiments” would lead to the situation
that only less than 22 connections between nodes of type A and B would be
significant at the 5% level. Hence, the initial situation with 42 links between
nodes of different type could not be called significant. As will be shown in
the course of this work, any ER random network with 100 nodes and 〈k〉 = 5
can be partitioned into two equal sized groups such that only 42 links con-
nect the two parts. Thus, statistical significance starts much earlier than the
limit given by the Bonferroni correction. The Bonferroni correction fails here
because it assumes independent experiments. The different assignments into
groups produced by a search process, however, are not independent.

These considerations should exemplify that statistical tests are problematic
when the assignment of types to nodes results from a search or community
detection process and novel methods for the assessment of statistical signifi-
cance are needed. Large parts of this thesis are therefore devoted to the study
of what kind of community structure can be found in random networks.
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State of the Art Community
Detection

In the last chapter it was shown that cluster- or community structure forms an
important aspect of many complex networks. Nevertheless, in the literature,
there is no generally accepted definition of what a community actually is. A
variety of definitions exist that all imply that members of a community are
more densely connected among themselves than to the rest of the network.
Two approaches exist to tackle the problem. Either, one starts with a definition
of what a community is in the first place and then searches for sets of nodes
that match this definition. Or one can use a heuristic approach by designing
an algorithm and defines a community as whatever this algorithm outputs.
Both of these approaches have been taken in the literature and shall be briefly
reviewed.

3.1 Definitions of a Community

3.1.1 Sociological Definitions

The study of community structure has a long tradition in the field of sociology
and it comes as no surprise that the example that sparked the interest of physi-
cists in the field was a sociological one [45, 46]. Alternatively to community,
the term cohesive subgroup is often used to subsume a number of definitions
that emphasize different aspects of the problem. These can be grouped into
definitions based on reachability, nodal degree or the comparison of within to
outside links [47].

Cliques are complete subgraphs, such that every member is connected to every
other member in the clique. An n-clique is a maximal subgraph, such that the
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geodesic distance d(i, j) between any two members i, j is smaller or equal
n. Naturally, cliques are 1-cliques. Note that the shortest path may also run
through nodes not part of the n-clique, such that the diameter of an an n-clique
may be larger than n. An n-clan denotes an n-clique with diameter less or equal
n. Naturally, all n-clans are also n-cliques. Alternatively, an n-club is a maximal
subgraph of diameter n.

These definitions are problematic in several ways. Cliques can never get larger
than the smallest degree among the member nodes which limits these commu-
nities to be generally very small in large networks with limited degrees. The
other definitions relying on distances are problematic if the network possesses
the small world property. The overlap of such communities will generally be
as large as a typical group.

Another group of definitions is based on the degree of the members of a com-
munity. A k-plex is a maximal subgraph of n nodes, such that each member has
at least n − k connections to other nodes in the k-plex. This definition is less
strict than that of a clique as it allows some links to be missing. At the same
time, a k-plex only contains nodes with minimum degree d ≥ (n− k). A k-core
denotes a maximal subgraph, such that each node has at least k connections to
other members of the k-core.

Here again, the size of k-plexes is limited by the degrees of the nodes. K-cores
are problematic also because they disregard all nodes with degree smaller k
even if they have all their connections to within this core.

While the two former groups of definitions are based primarily on internal
connections, a number of definitions of cohesive subgroups exit which com-
pare intra- and inter-group connections. One example are LS sets. A set of n
nodes is an LS set, if each of its proper subsets has more ties to its complement
than to the rest of the network.

The problem with this definition may be studied with an example. Assume a
clique of 10 nodes in a large network. Each of the members of this clique has
only 1 link to the rest of network. This is not an LS set, because 9 of the 10
nodes taken together have 9 links to the complement in the set and also 9 links
to the rest of the network. This is indeed a paradoxical situation, as every node
has 9 out of 10 links to other members of the same set of nodes.

It should be noted that while nodes may be part of several n-cliques, n-clubs or
n-clans, i.e. these sets may overlap, LS sets are either disjoint, or one contains
the other and they hence induce a hierarchy of communities in the graph [47].

Yet an alternative definition of a cohesive subgroup is the follwing. If the edge-
connectivity λ(i, j) of two nodes i and j is defined as the minimum number of
links that must be removed from the graph to leave nodes i and j disconnected,
then a λ-set denotes a maximal subgraph, such that λ(i, j) > λ(i, k) for all
nodes i,j members of the λ set and all nodes k which are not members of it.
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For the lambda sets, again one has the problem that nodes of low degree,
though having all of their connections with the community, may not belong
to it.

3.1.2 Definitions from Physicists

The diversity of definitions from sociology already hints at the conceptual dif-
ficulties involved and show that the question of what a community is may not
have a simple answer. To make things worse, a number of alternative defini-
tions have been and continue to be contributed by Physicists as well [13, 12].

Radicchi et al. [48] have introduced the notion of community in a strong sense
and in a weak sense. For a subgraph V of G to be a community in the strong
sense, they require

kin
i > kout

i ∀ i ∈ V, (3.1)

i.e. that the number of internal connections kin
i to other members of V shall be

larger than the number of external connections kout
i to the rest of the network.

Note that kin
i + kout

i = ki, the degree of node i. Relaxing this condition, for a
subgraph V to be a community in a weak sense they require∑

i∈V

kin
i >

∑
i∈V

kout
i . (3.2)

A paradoxical issue arising from both of these definitions is that communi-
ties in the strong or weak sense can be formed of disconnected subgraphs as
long as these subgraphs also obey the definition. It should be noted however,
that this definition was initially proposed as a stop criterion for hierarchical
agglomerative or divisive clustering algorithms.

Palla et al. [49, 50] have given an alternative definition based on reachability,
though defined through a clique percolation process and not via paths in the
network. Two k-cliques are adjacent of they share a (k-1)-clique, i.e. they differ
only in one node. Note that the term k-cliques here denotes complete sub-
graphs with k nodes. As a community or k-clique percolation cluster, they de-
fine the set of nodes connected by (k-1)-cliques. An example will clarify these
issues. Two vertices connected by an edge form a 2-clique. Two triangles (3-
cliques) are adjacent if they share an edge, i.e. a 2-clique. This definition allows
nodes to be part of more than one community and hence allows for overlap
among communities much like the other definitions based on reachability.

Other approaches given by Physicists and Computer Scientists are algorithmi-
cally motivated. The next section will discuss this treatment of the problem.
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3.2 Algorithms for Community Detection

One may ask how it shall be possible to design a community detection al-
gorithm without a definition of community. The answer is that for many net-
works the community structure is known from other sources and the reasoning
is that any algorithm, which is good at recovering a known community struc-
ture, will be good at finding unknown ones as well. A number of real world
data sets have become almost standard for this purpose and will be discussed
in the following chapters and later sections.

In addition to real world networks with known community structure it has
become customary to compare the performance of community detection algo-
rithms on computer generated test networks with known communities. The
standard example is the following: Given is a graph with 128 nodes, divided
into 4 communities of 32 nodes each. The degree distribution is chosen to be
Poissonian with an average of 〈k〉 = 16. The links of every node are divided
into those that connect to other members of the same community and those
connecting to the rest of the network, such that

〈k〉 = 〈kin〉+ 〈kout〉. (3.3)

Otherwise, the network is completely random. For fixed 〈k〉, recovering the
built in community structure becomes more difficult as 〈kout〉 increases on the
expense of 〈kin〉. It has become customary to study the performance of an
algorithm as a function of 〈kin〉.

3.2.1 Comparing a Quality Function

Another way of comparing the results of different algorithms can be taken by
defining a quality function of the assignment of nodes into communities and
compare this quality function for the outputs of different algorithms. Newman
and Girvan [51] have proposed the following measure of the “modularity” of
a community structure with q groups:

Q =

q∑
s=1

ess − a2
s, with as =

q∑
s=1

ers. (3.4)

Here, ers is the fraction of all edges that connect nodes in groups r and s and
hence ess is the fraction of edges connecting the nodes of group s internally.
From this, one finds that as represents the fraction of all edges having at least
one end in group s and a2

s is to be interpreted as the expected fraction of links
falling between nodes of group s given a random distribution of links. Note
the similarity of this measure with the assortativity coefficient defined earlier.
It is clear that

−1 < Q < 1. (3.5)
This modularity measure will play a central role in the following chapters.
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3.2.2 Hierarchical Algorithms

A large number of heuristic algorithmic approaches to community detection
have been proposed by computer scientists. The developments follow gener-
ally along the lines of the algorithms developed for multivariate data [4, 5, 6].
Typically, the problem is approached by a recursive min-cut technique that
partitions a connected graph into two parts minimizing the number of edges to
cut [52, 53]. These treatments, however, suffer greatly from being very skewed
as the min-cut is usually found by cutting off only a very small subgraph [54].
A number of penalty functions have been suggested to overcome this problem
and balance the size of subgraphs resulting from a cut. Among these are ratio
cuts [54, 55], normalized cuts [56] or min-max cuts [57].

The clustering algorithm devised by Girvan and Newman (GN) [45] was the
first to introduce the problem of community detection to physics researchers
in the field of complex networks. As is often the case, the impact the paper
created was not merely for the algorithm but because of the well chosen illus-
trative example of its application. GN’s algorithm is based on “edge between-
ness” - a concept borrowed from sociology. Given all geodesic paths between
all pairs of nodes in the network, the betweenness of an edge is the number
of such paths that run across is. It is intuitive that betweenness is a measure
of centrality and hence introduces a measure of distance to the graph. The
GN algorithm calculates the edge betweenness for all edges in the graph and
then removes the edge with the highest betweenness. Then, the betweenness
values for all edges are recalculated. This process is repeated until the net-
work is split into two disconnected components and the procedure starts over
again on each of the two components until only single nodes remain. The al-
gorithm falls into the class of recursive partitioning algorithms and its output
is generally depicted as a dendogram illustrating the progression of splitting
the network. Figure 3.1 illustrates the algorithm with the example chosen by
GN [45]. The network shown displays the friendships among the members of
a karate club at a US university compiled by the anthropologist Zachary [46]
over a period of two years. Over the course of the observation an internal dis-
pute between the manager (node 34) and the instructor of the club (node 1) led
to the split up of the club. Roughly half of the members joined the instructor
in the formation of a new club and the other half of the members stayed with
the manager hiring a new instructor. It turns out that the first split induced
by the GN algorithm corresponds almost exactly to the observed split among
the members of the club. This lead to the conclusion that the split could be
predicted from the topology of the network and that the GN algorithm is able
to make such predictions. As far as the definition of community is concerned,
the algorithm induces a hierarchy of communities as at any level of progress
of the algorithm a set of connected nodes is to be understood as a community.

The main problem of the GN algorithm is its is high demand of computational
resources running in O(N3) steps for networks with N nodes. Also, it is not
clear at which level in the dendogram a cut is best. The algorithm is completely
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Figure 3.1: Left: The karate club network due to Zachary [46]. The circles de-
note members who sided with the manager, while the squares denote mem-
bers siding with the instructor in the split observed by Zachary. Right: The
dendogram output by the GN algorithm. Note that the first split of the algo-
rithm corresponds almost exactly the split observed. Both figures from [45]

deterministic and therefore error-prone in case of noisy data and possible al-
ternative community structures cannot be found.

A solution to the latter problem was suggested by Tyler et al. [38, 58]. In-
stead of calculating the edge betweenness from all shortest paths between all
pairs of nodes, they merely sample the edge betweenness by calculating the
edge betweenness between randomly chosen pairs of nodes. This reduces the
computationally complexity drastically, since instead of calculating the short-
est paths between O(N2) pairs of vertices, only a fraction of them needs to be
sampled. Repeating the entire process, the algorithm then aggregates nodes
into communities which are repeatedly in the same connected component in
very late stages of the partitioning. This modification is intended to address
the problem that the GN algorithm is deterministic, i.e. it is capable of produc-
ing only one output given a data set and an estimation of the stability of the
community assignment with respect to the removal or addition of single links
cannot be easily evaluated.

Newman has also introduced a measure of edge betweenness centrality based
on random walks [59], i.e. the edge betweenness is interpreted as the number
of times it is traversed by a random walker. This measure can be used for
community detection in the same way as the shortest path betweenness.

In a similar and elegant way, Wu and Huberman have propsed a method to
calculate the betweenness through an analogy with a resistor network [60].
The network is viewed as a resistor network, the edges being the resistors, and
the betweenness of an edge is estimated from the voltage drop across the resis-
tor when a voltage is applied between two randomly chosen connector nodes.
Of course, those resistors which have few resistors in parallel will show the
largest voltage drop corresponding to the largest betweenness. The voltage
drops are sampled for a number of randomly chosen pairs of connector ver-
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tices and then the edge which experiences the largest average voltage drop
is removed and the process starts again. Wu and Huberman were the first
to achknowledge the need for a method to find a community around a given
node. Given the start node, they measure the voltage drop between this start
node and randomly selected test nodes in the rest of the network and then cut
the network around the start node at the edges of the highest voltage drop.

Radicchi et al. ’s [48] definition of communities in the strong and weak sense
was originally intended to provide a stop criterion for hierarchical community
detection algorithms. As an example, the GN algorithm should be stopped
when the next split would result in groups of nodes that do not comply to
the definitions given by Radicchi et al. In order to speed up the calculation of
betweenness, Radicchi et al. also present an approximation method. From the
observation that edges with high betweenness generally have few alternative
paths, they define the edge clustering coefficient as

cij =
zij + 1

min(ki − 1, kj − 1)
. (3.6)

Here zij denotes the number of triangles above the edge connecting nodes i
and j. Edges for which either ki or kj is zero are excluded from consideration.
Their algorithm then consists in successively removing the edges with low-
est edge clustering corresponding to those with highest betweenness. Note
that this algorithm strongly depends on the existence of triangles. It may be
extended to other loops, but keep in mind that the small world property of
many networks makes such extension computationally costly.

Another way of determining when to stop a recursive partitioning algorithm is
to assess the network modularity Q at every split and accept a split only when
the split results in an increase of the modularity Q. Since for the whole network
as one community Q = 0, there always exists one split which increases Q.
Equivalently, one can assign a different community index to every node and
then successively join those pairs of nodes or groups of nodes which lead to
the largest increase in Q. This is the idea behind the algorithm presented by
Clauset et al. [61]. While the other algorithms presented so far are hierarchical
divisive algorithms, this one starts from the bottom up in an agglomerative
manner.

A hierarchical approach based on a dynamical system has been suggested
by Arenas et al. [62]. They study the time development of the synchroniza-
tion process of phase coupled so-called Kuramoto-Oscillators. Oscillators are
placed on the nodes on the networks and initialized with random phases. The
couplings are determined via the links of the network. Densely interconnected
groups of oscillators tend to synchronize first and therefore the community
structure and its hierarchy can be inferred from studying the matrix of phase
correlations as the system progresses from a completely uncorrelated to a com-
pletely correlated state when all oscillators are in phase.

The idea to study a dynamical system on a data set for clustering purposes
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was first introduced by Blatt et al. [63, 64, 65]. They studied the spin-spin cor-
relation of a ferromagnetic Potts-Model during a simulated cooling process
from the paramagnetic state to the complete ferromagnetic state. Clusters are
interpreted a groups of spins which are highly correlated.

Both of the algorithms based on dynamical systems may be run on large sys-
tems as the interactions are defined only along the sparse connections of the
network. However, they require a full N × N correlation matrix to be kept in
memory which makes them impractical for very large systems.

In total, all hierarchical algorithms suffer from the fact that a community needs
to be understood as something output by the algorithm and hence the defini-
tion of what a community is depends on the particular choice of rule to remove
an edge, join nodes to communities or on the dynamical system studied. One
may use an external definition of community in order to decide where to best
cut the dendogram. Then, however, it is not clear whether the algorithm cho-
sen really does optimize this quality measure. Further, all hierarchical algo-
rithms imply the existence of a community structure at all levels of detail from
single nodes to the whole network. There is no true interpretation of overlap
other than what results from ad hoc introduced sampling procedures.

3.2.3 Semi-Hierarchical

The hierarchical methods cited so far assume a nested hierarchy of communi-
ties. One of the few methods which allows for overlapping communities is the
clique-percolation method of Palla et al. [50, 49] which was introduced earlier
already. Even though the method allows a node to be part of more than one
community, communities resulting from k +1-clique percolation processes are
always contained within k-clique communities. It is never possible that the
nodes contained in the overlap of two communities form their own commu-
nity. Another problem of this method is its dependence on the existence of
triangles in the network. Nodes, which are not connected via triangles to com-
munities can never be part of such communities and only nodes with at least
k− 1 links can be part of a k-clique at all. Also, this method may be easily mis-
lead by the addition or removal of single links in the network as a single link
may be responsible to for the joining of two communities into one. Clearly,
this situation is unsatisfactory in case of noisy data.

3.2.4 Non-Hierarchical

The non-hierarchical methods approach the problem from a different side. In
principal, they intend to calculate a full distance matrix for the nodes of the
network. This can then be treated by conventional techniques.
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One of the earliest approaches to community detection is due to Eriksen et al.
[66, 67]. They study a diffusion process on a network and analyze the decay of
the modes of the following diffusive system with discrete time:

ρi(t + 1)− ρi(t) =
∑

j

(Tij − δij)ρj(t). (3.7)

Here Tij represents the adjacency matrix of the network such that Tij = 1/kj for
Aij = 1 and zero otherwise. Hence Tij represents the probability of a random
walker to go from j to i. The decay of a random initial configuration ρ(t = 0)
towards the steady state is characterized by the eigenmodes of the transition
matrix Tij . The eigenvectors corresponding to the largest eigenvalues can then
be used to define a distance between nodes which helps in identifying commu-
nities. To do this, the eigenvectors belonging to the largest non-trivial positive
eigenvalues are plotted against each other.

The method presented by Zhou [68, 69, 70] first converts the sparse adjacency
matrix of the graph into a full distance matrix by calculating the average time
a brownian particle needs to move from node i to j. Then this distance matrix
is clustered using a ordinary hierarchical clustering algorithms. This approach
is based on the observation that a random walker has shorter traveling time
between two nodes if many (short) alternative paths exits.

Another spectral approach has been taken by Muños and Donetti [71]. They
work with the Laplacian matrix of the network. The Laplacian is defined as

Lij = kiδij − Aij. (3.8)

Otherwise, the method proposed is similar to Ref. [66]. Plotting the non-trivial
eigenvectors against each other gives a two dimensional representation of a
distance measure of the network on top of which a conventional clustering
procedure then needs to operate.

Though these methods are able to recover known community structures with
good accuracy, they suffer from being less intuitive. Communities found can
only be interpreted with respect to the particular system under study, be it a
diffusive system or the eigen vectors of the Laplacian matrix. Problematic is
also that there is no local variant of these methods, i.e. there is no way to find
the community around a give node using spectral methods.

3.2.5 Optimization based

A different approach which is reminiscent of the parametric clustering proce-
dures known in computer science is the idea of searching for partitions with
maximum modularity Q using combinatorial optimization techniques [72].
This approach has been adopted by Guimera et al. in Refs. [73, 41] or Massen
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et al. [74] using simulated annealing [75] or Duch and Arenas using extremal
optimization [76].

Though this approach will be the preferred one for the remainder of this the-
sis, a number of issues remain. For the hierarchical algorithms, a community
was to be understood as whatever the algorithm outputs. Now, it is not the
algorithm that defines what a community is, but the quality function, i.e. the
modularity Q in this case. Also, the modularity Q as defined by Newman
[51] is parameter free and an understanding for hierarchical and overlapping
structures needs to be developed.

3.3 Conclusion

The comparison of many different community definitions from various fields
has shown that the concept of cluster or community in a network is only
vaguely defined. The diversity of algorithms published is only a consequence
of this vague definition. None of the algorithms could be called “ideal” in the
sense that it combines the features outlined in the introduction: computational
efficiency, accuracy, flexibility and adaptability with regard to the network and
easy interpretation of the results. Furthermore, none of the above cited publi-
cations allows an estimation to which degree the community structure found
is a reality of the network or a product of the clustering process itself. The
following chapters are addressing these issues and develop solutions for these
problems.
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Chapter 4

A First Principles Approach to
Community Detection

4.1 Mapping the Problem

In the last chapter, the great diversity of current approaches to the problem of
community detection was exposed. Despite some efforts in defining the term
“community”, it remains a vague concept. This chapter is intended to look
at the problem from a first principles perspective and shed some light on the
problem in general.

All of the before mentioned attempts had in common that they view commu-
nities as groups of nodes which are strongly connected within, but sparsely
connected among each other. Finding a good community assignment is a com-
binatorial optimization problem. In many cases, it is possible to map such a
combinatorial optimization problem onto minimizing the energy of a spin sys-
tem [77]. This approach has been suggested for the first time by Fu and An-
derson in 1986 [78] in the context of bi-partitioning of graphs and it has been
applied successfully to other problems such as vertex cover [79], k-sat [80] or
the traveling salesmen [81] as well.

Let’s also take this approach and map the combinatorial optimization problem
of finding communities in a network onto finding the ground state of a spin
system. In order to detect communities, let us use the Hamiltonian of a q-
state Potts model [82] which serves as an objective function to be optimized.
The couplings between the spins are derived from the (weighted) adjacency
matrix of the graph. The spin state of a node serves as community index, such
that nodes in the same spin state belong to the same community. The ground
state, or the spin configuration with minimal energy, will then be equivalent to
an optimal assignment of nodes into communities according to the objective
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Chapter 4. A First Principles Approach to Community Detection

function. This objective function should

1. reward internal edges between nodes of the same group (in the same
spin state),

2. penalize missing edges (non-links) between nodes in the same group,

3. penalize existing edges between different groups (nodes in different spin
state), and

4. reward non-links between different groups.

These four principles can be expressed via the following function:

H ({σ}) = −
∑
i6=j

aij Aijδ(σi, σj)︸ ︷︷ ︸
internal links

+
∑
i6=j

bij (1− Aij)δ(σi, σj)︸ ︷︷ ︸
internal non-links

+
∑
i6=j

cij Aij(1− δ(σi, σj))︸ ︷︷ ︸
external links

−
∑
i6=j

dij (1− Aij)(1− δ(σi, σj))︸ ︷︷ ︸
external non-links

(4.1)

in which Aij denotes the adjacency matrix of the graph with Aij = 1, if an
edges is present and zero otherwise, σi ∈ {1, 2, ..., q} denotes the spin state (or
group index) of node i in the graph and aij, bij, cij, dij denote the weights of the
individual contributions, respectively. The number of spin states q determines
the maximum number of groups allowed and can, in principle, be as large as
N , the number of nodes in the network. Note, that not all group indices have
to be used necessarily in an optimal assignment of nodes into communities,
as some spin states may remain unpopulated in the ground state. If links and
non-links are each weighted equally, regardless whether they are external or
internal, i.e. aij = cij and bij = dij , then it is enough to consider the internal
links and non-links. It remains to find a sensible choice of weights aij and bij ,
preferably such that the contribution of links and non-links can be adjusted
through a parameter. As will be shown, a convenient choice is aij = 1 − γpij

and bij = γpij , where pij denotes the probability that a link exists between node
i and j. Note that pij is normalized, such that

∑
i<j pij = M . For γ = 1 this

leads to the natural situation that the total amount of energy that can possibly
be contributed by links and non-links is equal:

∑
i<j Aijaij =

∑
i<j(1− Aij)bij .

The average ratio α of the coupling strengths of present and missing links can
then be expressed as:

α =
〈a〉
〈b〉

=
1− γp

γp
(4.2)

where p is the average connection probability in the network. For γ = 1, α
equals the inverse ratio of the total number of links and non-links in the net-
work. For any desired α, the corresponding γ is given by γ = 1/p(1 + α). This
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choice of weights allows to further simplify the Hamiltonian (4.1):

H ({σ}) = −
∑
i6=j

(Aij − γpij) δ(σi, σj). (4.3)

Equation (4.3) represents a spin glass [83, 84, 85, 86] with couplings Jij = Aij−
γpij between all pairs of nodes: ferromagnetic where links between nodes exist
and anti-ferromagnetic where links are absent.

Depending on the graph under study, one can assume different expressions
for pij . Effectively, the Hamiltonian (4.3) is comparing the true distribution
of links in the graph under study with the expected distribution given by a
particular null model which defines pij . With this in mind, one can rewrite
(4.3) in the following two ways:

H ({σ}) = −
∑

s

(
mss − γ[mss]pij

)
(4.4)

and
H ({σ}) =

∑
s<r

(
mrs − γ[mrs]pij

)
. (4.5)

Here, the sums run over the q spin states and mrs denotes the number of edges
between spins in group r and s. Consequently, the number of internal edges
of group s is denoted by mss. The symbol [·]pij

denotes an expectation value
under the assumption of a link distribution pij , given the current assignment
of spins. That is, [mss]pij

is the expected number of internal edges in group s
given the current assignment of spins, i.e. taking into account the size of group
s or the degrees of the nodes in group s. Likewise, [mrs]pij

is the expected
number of external edges between groups r and s. Also note, that

2
∑

s

mss +
∑
r 6=s

mrs = 2M,

2
∑

s

[mss]pij
+
∑
r 6=s

[mrs]pij
= 2M (4.6)

and that one can always use the number of internal and external edges equiv-
alently.

The number of edges between and within groups is an extensive quantity,
i.e. m13 + m23 = m1+2,3 for all choices of disjoint groups n1, n2 and n3 and
m33 = m11 + m22 + m12 for all groups 3 with proper subgroups n1 and
n2 of empty intersection and union n3. It is therefore required, that the
model of connection probability ensures the same for the expectation values:
[m13]pij

+ [m23]pij
= [m1+2,3]pij

and [m33]pij
= [m11]pij

+ [m22]pij
+ [m12]pij

.
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Two exemplary choices of link distribution models pij shall illustrate the
above. The simplest choice is to assume every link equally probable with prob-
ability pij = p which leads naturally to

[mss]p = p
ns(ns − 1)

2
and [mrs]p = pnrns, (4.7)

with nr and ns denoting the number of spins in state r and s, respectively. This
choice of model leads to the Hamiltonian originally quoted in Ref. [87]:

H ({σ}) = −
∑
i,j∈E

δ(σi, σj) + γp

q∑
s

ns(ns − 1)

2
. (4.8)

Here, the first sum runs over all edges and only internal edges contribute.
Equivalently, one can write (4.8) in terms of external edges:

H({σ}) =
∑
i,j∈E

(1− δ(σi, σj))− γp

q∑
r<s

nrns, (4.9)

where only edges between different groups contribute to the first sum. Note
that both, (4.8) and (4.9), compare the actual value of internal or external edges
with its respective expectation value under the assumption of equally probable
links and given community sizes.

A second choice for pij may take into account that the network does exhibit
a particular degree distribution. Since links are in principle more probable
between nodes of high degree, links between these nodes should get a lower
weight. One may write:

pij =
kikj

2M
, (4.10)

which takes this fact and the degree distribution into account. Note that it is
possible to also include degree-degree correlations or any other form of prior
knowledge about pij at this point. With these expressions one can write:

[mss]pij
=

1

2M

K2
s

2
and [mrs]pij

=
1

2M
KrKs. (4.11)

Here, Ks is the sum of degrees of nodes in spin state s and plays the role of the
occupation numbers in equation (4.8). Using these expressions, one can also
write the Hamiltonian (4.3) in a form similar to (4.8):

H ({σ}) = −
∑
i,j∈E

δ(σi, σj) +
γ

2M

q∑
s

K2
s

2
. (4.12)

Again, there exits an equivalent formulation in terms of external rather than
internal edges similar to (4.9):

H ({σ}) =
∑
i,j∈E

(1− δ(σi, σj))−
γ

2M

q∑
r<s

KrKs. (4.13)
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Even though one is dealing with an infinite range spin glass with couplings
between all pairs of nodes, one only needs to consider the ferromagnetic in-
teractions along the links and the occupation numbers or the sum of node de-
grees of the individual spin states. This makes it easy to implement an efficient
minimization routine for this Hamiltonian. It should be noted, that both the
formulations (4.8), (4.9) and (4.12), (4.13) are equivalent in case of a network
with fixed connectivity.

4.2 Cohesion and Adhesion

From the above considerations and to simplify further developments, the con-
cept of “cohesion” and “adhesion” are introduced. The coefficient of cohesion

css = mss − γ[mss]pij
(4.14)

is defined as the difference between the number of internal links between
nodes in group s and the respective expectation value. Note that css is positive
for groups of nodes that have more inner links than expected and negative
for groups of nodes that have less inner links than expected. Equivalently, the
coefficient of adhesion

ars = mrs − γ[mrs]pij
(4.15)

between nodes in groups r and s with r 6= s is defined. Note, that ars is nega-
tive, when there are less links between groups r and s than expected. Remem-
ber that both css and ars depend on the global parameter γ and the assumed
connection probability pij . For γ = 1 and the model pij = kikj/2M , one finds
from combining the equations (4.6)

2css +
∑
r,r 6=s

asr = 0. (4.16)

It follows that the cohesion is negative (css < 0), if ns consists of only one
single node. There must always exist a group of nodes nr, to which this node
has positive adhesion. This means that every node belongs to some group.
Groups of only one node do not exist. It should be stressed that relation (4.16)
and the conclusions just drawn do not hold for γ 6= 1 or pij = p. Furthermore,
a relation for the coefficient of cohesion of a group of nodes ns and two proper
subsets ns1 and ns2 with empty intersection and union ns is given. It is easy to
prove, that

css = c11 + c22 + a12, (4.17)
where c11 and c22 are the coefficients of cohesion of the respective subsets ns1

and ns2, and a12 is the coefficient of adhesion between ns1 and ns2. Equiva-
lently, one can write for the adhesion coefficients with ns of two groups nr1

and nr2 with union nr and empty intersection

ars = a1s + a2s. (4.18)
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Finally, a last reformulation of the Hamiltonian (4.3) is given in terms of the
coefficients of cohesion and adhesion:

H({σ}) = −
∑

s

css =
∑
r<s

ars. (4.19)

Spin configurations with minimal energy imply both, a maximal sum of cohe-
sion within groups, and minimal sum of adhesion between groups. This again
shows the adequacy of the mapping.

4.3 Extension to Weighted and Directed Networks

The above Hamiltonians can easily be extended by using a weighted instead of
the {0, 1} adjacency matrix Aij . The degrees of the nodes ki are then calculated
as ki =

∑
j Aij and the average connection probability p = 〈k〉/(N − 1). The

number of edges is then to be replaced by 2M =
∑

i ki, the total sum of link
weights. Due to these simple relations it will not be differentiated between
weighted and unweighted in the following discussions. In the same way, one
can deal with directed networks by dropping the assumption of the symmetry
of Aij , pij and ars. The situation becomes more difficult when interpreting the
results, since group r may have a strong adhesion with s, such that ars > 0,
but not vice versa, such that asr < 0. The decision whether to group r and s
together then depends on whether it is globally better to group them together
or apart, i.e. based on the comparison of the absolute values of ars and asr.
It follows that one can form a symmetric adjacency matrix Ãij from the adja-
cency matrix of the directed network Aij by writing: Ãij = 1/2(Aij + Aji) and
a symmetric link probability p̃ij from the asymmetric one of the directed net-
work by writing p̃ij = 1/2(pij + pji). Instead of pij = kikj/2M it is understood
that pij = kout

i kin
j /2M is the probability that node i is connected to node j via a

directed edge. After these transformations, one can work with the network in
the same way as with an undirected network.

4.4 Equivalence with Newman-Girvan Modularity

In Chapter 3, a universal quality function of a community structure was in-
troduced, the “modularity” Q defined by Newman and Girvan [51]. It can be
shown that Q is a special case of the universal ansatz presented in section 4.1.
Newman and Girvans’s modularity measure is written as [51]:

Q =
∑

s

ess − a2
s, with as =

∑
r

ers. (4.20)
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Here, ers is the fraction of links that fall between nodes in group r and s, i.e. the
probability that a randomly drawn link connects a node in group r to one in
group s. The probability that a link has at least one end in group s is expressed
by as. From this, one expects a fraction of a2

s links to connect nodes in group s
among themselves. Newman’s modularity measure hence compares the actual
link density in a community with an expectation value. One can write this
modularity in a slightly different way following [88]:

ess =
1

2M

∑
i6=j

Aijδ(σi, σj)δ(σi, s)

a2
s =

1

4M2

(∑
i

kiδ(σi, s)

)2

Q =
1

2M

∑
i6=j

(
Aij −

kikj

2M

)
δ(σi, σj). (4.21)

(4.22)

This already resembles (4.3) when pij takes the form kikj/2M and γ = 1. In
this case one can write:

Q = − 1

M
H({σ}). (4.23)

Therefore, maximum modularity is reached when the Hamiltonian (4.3) with
pij = kikj/2M or equivalently (4.12) or (4.13) with γ = 1 are minimal. To max-
imize the modularity of a community structure is hence equivalent to find-
ing the spin configuration that minimizes these Hamiltonians. This form of
writing the modularity Q is much simpler than the one given by Guimera et
al. [73], which also involves 3- and 4-spin interactions. It will be shown below,
that using this form, one can give efficient update rules that allow the direct
optimization of the modularity even on very large networks.

4.5 Properties of the Hamiltonian and its Ground
State

Thus far, it was shown that the ground state spin configuration of the Hamilto-
nians (4.8), (4.9), (4.12) or (4.13) can be interpreted as the community structure
of a network. In other words, it is the “best” assignment of nodes into com-
munities according to the quality function defined by the Hamiltonian. The
lower the energy, the “better” the community structure. From the fact that the
ground state is a configuration that is a minimum in the configuration space,
one can derive a number of properties of the communities that apply to any lo-
cal minimum of the Hamiltonian in the configuration space. If one takes these
properties as defining properties of what a community is, one then finds valid
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alternative community structures also in the local minima of the Hamiltonian.
The energy of these local minima will then allow to compare these community
structures. It may be that alternative but almost equally “good” community
structures exist. Before going on to investigating the properties of spin config-
urations that represent local minima of the Hamiltonian, a few properties of
the Hamiltonians as such shall be discussed:

First, note that for γ = 1 the Hamiltonians evaluate to zero in case of assigning
all nodes into the same spin state due to the normalization constraint on pij ,
i.e.
∑

i<j pij = M , independent of the graph. Second, for a complete graph,
any spin configuration yields the same zero energy at γ = 1. Third, for a
graph without edges, e.g. only a set of nodes, any spin configuration gives zero
energy independent of γ. Fourth, the expectation value of the Hamiltonians for
a random assignment of spins at γ = 1 is zero. These considerations provide
an intuitive feeling for the fact that the lower the energy the better the spin
configuration is suited for a particular graph and that the choice of γ = 1 will
result in what could be called “natural partitioning” of the graph.

Since the Hamiltonians are all additive with respect to the different commu-
nities, i.e. the numbers of edges and the corresponding expectation values are
extensive, they can be seen as independent entities and one can treat a single
community independently from the rest of the network. The configuration
space over which the Hamiltonian is minimized is a discrete space. Once a
move set that is ergodic in this discrete space is defined, a (local) minimum of
the Hamiltonian (with respect to this move set) is defined as a configuration
for which none of the steps from the move set leads to a lower energy. It is suf-
ficient to consider only one move: change a group of nodes n1 from spin state
s to spin state r. The change in energy for this move in configuration space is:

∆H = a1,s\1 − a1r. (4.24)

Here a1,s\1 is the adhesion of n1 with its complement in ns and a1r is the adhe-
sion of n1 with nr. It is clear that if one moves n1 to a previously unpopulated
spin state, then ∆H = a1,s\1. This move corresponds to dividing group ns. Fur-
thermore, if n1 = ns, one has ∆H = −asr, which corresponds to joining groups
ns and nr. For a spin configuration to be a local minimum of the Hamilto-
nian, there must not exist a move of this type that leads to a lower energy. It
is clear that some moves may not change the energy and are hence called neu-
tral moves. In case of equality a1,s\1 = a1,r and nr being a community itself,
communities ns and nr are said to have an overlap of the nodes in n1.

For a community defined as a group of nodes with the same spin state in a spin
configuration that makes the Hamiltonian minimal, one then has the following
properties:

i.) Every proper subset of a community has a maximum coefficient of adhe-
sion with its complement in the community compared to the coefficient
of adhesion with any other community (a1,s\1 = max).
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ii.) The coefficient of cohesion is non-negative for all communities (css ≥ 0).

iii.) The coefficient of adhesion between any two communities is non-positive
(ars ≤ 0).

The first property is proven by contradiction from the fact that one is dealing
with a spin configuration that makes the Hamiltonian minimal. One also ob-
serves immediately that every proper subset n1 of a community ns must have
a non-negative adhesion with its complement ns\1 in the community. In par-
ticular this is true for every single node l in ns (al,s\l ≥ 0). Then one can write∑

l∈ns
al,s\l ≥ 0. Since

∑
l∈ns

ml,s\l = 2mss and
∑

l∈ns
[ml,s\l]pij

= 2[mss]pij
, this

implies css ≥ 0 for all communities s and proves the second property. The
third property is proven by contradiction again. Again, note that for γ = 1
and pij = kikj/2M , no community is formed of a single node due to condition
(4.16). The last two properties can be summarized in the following inequality
which provides an intuition about the significance of the parameter γ:

css ≥ 0 ≥ ars ∀r 6= s. (4.25)

Assuming a constant link probability, one can rewrite this inequality in order
to relate the inner link density of a community and the outer link density be-
tween communities with an average link density:

2mss

ns(ns − 1)
≥ γp ≥ mrs

nrns

∀r 6= s. (4.26)

Note that γp can be interpreted as a threshold between inner and outer link
density under the assumption of a constant link probability.

Apart from giving an interpretation of the (local) minima of the Hamiltonian,
the above properties also give a definition of what a community is, alternative
to that of a set of nodes of equal spin value in a configuration that represents
a minimum of the Hamiltonian. When speaking of the community structure
of a network, one generally refers to that obtained at lowest energy, i.e. in the
ground state. One can also use the term “community” denoting a subset of
nodes that has all of the above properties. Note that this definition of commu-
nity adapts itself naturally to different classes of networks, since a model pij is
included in the definition of adhesion and cohesion. Since the assignment of
nodes into communities changes with the value of γ, the notion “community
at level γ” shall be adopted, in order to characterize possible hierarchies in the
community structure.
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4.6 Simple Divisive and Agglomerative Ap-
proaches to Modularity Maximization

A number of community detection algorithms presented in Chapter 3 have
followed recursive approaches and lead to hierarchical community structures.
Hierarchical clustering techniques can be dichotomized into divisive and ag-
glomerative approaches [6]. It will be shown how a simple recursive divisive
approach and an agglomerative approach may be implemented and where
they fail.

In the present framework, a hierarchical divisive algorithm would mean to
construct the ground state of the q-state Potts model by recursive partitioning
the network into two parts according to the ground state of a 2-state Potts or
Ising system. This procedure would be computationally simpler and result
directly in a hierarchy of clusters due the recursion of the procedure on the
parts until the total energy cannot be lowered anymore. Such a procedure
would be justified, if the ground state of the q-state Potts Hamiltonian and the
repeated application of the Ising system cut the network along the same edges.
Let us derive a condition under which this could be ensured.

a)

b)

Figure 4.1: Illustration of the problem of recursive bi-partitioning. The
ground state of the Hamiltonian with only 2 possible spin states, as shown
in a.), would cut through one of the communities that are found when allow-
ing 3 spin states as shown in b.).

In order for this recursive approach to work, one must ensure that the ground
state of the 2-state Hamiltonian never cuts though a community as defined by
the q-state Hamiltonian. Assume a network made of three communities n1, n2

and n3 as defined by the ground state of the q-state Hamiltonian. For the bi-
partitioning, one now has two possible scenarios. Without loss of generality,
the cut is made either between n2 and n1+n3 or between n1, n2 and n3 = na+nb,
parting the network into n1 +na and n2 +nb. Since the former situation should
be energetically lower for the recursive algorithm to work, one arrives at the

42



4.6. Simple Divisive and Agglomerative Approaches to Modularity
Maximization

condition that

mab − [mab]pij
+ m1b − [m1b]pij

> m2b − [m2b]pij
, (4.27)

which must be valid for all subgroups na and nb of community n3. Since n3

is a community, it is further known that mab − [mab]pij
> m1b − [m1b]pij

and
mab − [mab]pij

> m2b − [m2b]pij
. Though mab − [mab]pij

> 0, since n3 is a commu-
nity, m1b − [m1b]pij

< 0 and m2b − [m2b]pij
< 0 for the same reason and hence

condition (4.27) is not generally satisfied. Figure 4.1 illustrates a counter ex-
ample. Assuming pij = p, part a.) of the figure shows the ground state of
the system when using only two spin states. Part b.) of Figure 4.1 shows the
ground state of the system without constraints on the number of spin states,
resulting in a configuration of 3 communities. The bi-partitioning approach
would have cut through one of the communities in the network. Recursive
bi-partitionings cannot generally lead to an optimal assigment of spins that
maximizes the modularity.

In [61] Newman has introduced a fast greedy strategy for modularity maxi-
mization. It effectively corresponds to a simple nearest neighbor agglomer-
ative clustering of the network where the adhesion coefficient ars is used as
similarity measure. Newman’s algorithm initially assigns different spin states
to every node and then proceeds by grouping those nodes together that have
the highest coefficient of adhesion. As Figure 4.2 shows, this approach fails,
if the links between two communities connect nodes of low degree. The net-
work consists of 14 nodes and 37 links. Is is clearly seen that in the ground
state, the network consists of two communities and edge x lies between them.
However, when initially assigning different spin states to all nodes, the adhe-
sion a between the nodes connected by x is largest: a = 1 − 16/2M , since the
product of degrees at this edge is lowest. Therefore, the agglomerative pro-
cedure described is misled into grouping together the nodes connected by x
already in the very first step. Furthermore, it is clear that in a network, where
all nodes have the same degree initially, all edges connect nodes of the same
coefficient of adhesion. In this case, it cannot be decided, which nodes to group
together in the first step of the algorithm at all. It was shown by Newman [61],
that the approach does deliver good results in benchmarks using computer
generated test networks as introduced in section 3.2. The success of this ap-
proach depends of course on whether or not the misleading situations have
a strong effect on the final outcome of the clustering. In the example shown,
after grouping together the nodes at the end points of x, the algorithm will
proceed to further add nodes from only one of the two communities linked
by x. Hence, the initial mistake persists, but does not completely destroy the
result of the clustering.
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x

Figure 4.2: Example network for which an agglomerative approach of group-
ing together nodes of maximal adhesion will fail. Starting from an assign-
ment of different spin states to every node, the largest adhesion is found for
the nodes connected by edge x, which are grouped together first by the ag-
glomerative procedure. However, it is clearly seen, that x should lie between
different groups.

4.7 Comparison with Other Definitions of Commu-
nities

In section 4.5 the term community was defined as a set of nodes having prop-
erties i.) through iii.). Compared with the many definitions of community in
the sociological literature [47], this definition is most similar to that of an “LS-
set”. An LS-set is a set of nodes S in a networks, such that each of its proper
subsets has more links to its complement in S than to the rest of the network
[89]. Note, however, that the problem in the definition of an LS set mentioned
in section 3.1.1 does not occur.

Previously, Radicchi et al. [48] had given a definition of community “in a strong
sense” as a set of nodes V with the condition kin

i > kout
i ,∀i ∈ V , i.e. every node

in the group has more links to other members of the group than to the rest of
the network. In the same manner, they define a community in a “weak sense”,
as a set of nodes V for which

∑
i∈V kin

i >
∑

i∈V kout
i , i.e. the total number of

internal links is larger than half of the number of the external links, since the
sum of kin

i is twice the number of internal edges. The similarity with properties
1.) and 2.) of the new definition is evident, but instead of comparing absolute
numbers for single nodes, the new definition compares absolute numbers to
expectation values for these quantities in form of the coefficients of cohesion
and adhesion not only for single nodes, but also for sets of nodes. As already
discussed in section 3.1.2, one of the consequences of Radicchi et al.’s defini-
tions is that every union of two communities is also a community. This leads
to the strange situation that a community in the “strong” or “weak” sense can
also be an ensemble of disjoint groups of nodes. This paradox may only be
resolved if one assumes a priori that there exists a hierarchy of communities.
The following considerations and examples will show that hierarchies in com-
munity structures are possible, but cannot be taken for granted. The repre-
sentation of community structures by dendograms, therefore, cannot always
capture the true community structure and hence all hierarchical community
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detection algorithms should be used with caution.

Another definition of communities is that given by Palla et al. [49, 50] with a
community defined as a set of nodes that can be reached through a clique per-
colation process. Apart from the issues already identified in section 3.1.1 and
3.2.3, let us stress again the difference in the definition of overlap. The k-clique
percolation process implies a nested hierarchy in the sense that a k+1-clique is
always entirely contained in a k-clique, though it does also allow for overlap
in the sense that nodes may be part of more than one k-clique. The overlap-
ping nodes themselves, however, can never form a k-clique themselves. That
is, the overlapping nodes can never be a community of their own. As will be
shown below, this situation is possible and is indeed encountered in real world
networks as well.

4.8 Overlap and Stability of Community Assign-
ments

One cannot generally assume that a community structure of a network is
uniquely defined. There may exist several but very different partitions that all
have a very high value of modularity. Palla et al. [49, 50] have introduced an al-
gorithm to detect overlapping communities by clique percolation and Gfeller
et al. have introduced the notion of nodes lying “between clusters” [90]. This
uncertainty in the definition of the borders of a community is expected from
the spin glass nature of the Hamiltonian, where generally many energy min-
ima may exist that are comparably deep corresponding to comparably good
assignments of nodes into communities. Additionally, the (local) minima of
the Hamiltonian may be degenerate. The overlap of communities is linked
to degeneracy of the minima of the Hamiltonian. Since the degeneracy can
arise in several ways, one has to differentiate between two different types of
overlap: overlap of community structure and overlap of communities.

It was already shown that it is undecidable whether a group of nodes nt should
be member of community ns or nr, if the coefficients of adhesion are equal for
both of these communities. Formally, one finds at,s\t = atr. In this situation,
one speaks of overlapping communities ns and nr with overlap nt, since the
number of communities in the network is not affected by this type of degener-
acy. Nodes that do not form part of overlaps will always be grouped together
and can be seen as the non-overlapping cores of communities. An example
of this can be found in Figure 4.3 a.), where communities A and B overlap in
node x. The ground state at γ = 1 is twofold degenerate with node x belonging
to either A or B.

On the other hand, it may be undecidable, if two groups of nodes should be
grouped together or apart, if the coefficient of adhesion between them is zero,
i.e. there exist as many edges between them as expected from the model pij .
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Similarly, it may be undecidable, if a group of nodes should form its own com-
munity or be divided and the parts joined with different communities, if this
can be done without increasing the energy. In these situations, the number of
communities in the ground state is not well defined and one cannot speak of
overlapping communities, since communities do not share nodes in the de-
generate realizations. Hence, such a situation shall be referred to as overlap-
ping community structures. An example of this can be found in Figure 4.3 d.),
where the three nodes in groups A and B form either one community as in a.)
or two distinct communities of 2 and 1 node each. In general, however, both
types of overlap may be present in a network.

Since the coefficients of adhesion and cohesion depend on the value of γ cho-
sen, one can assess the stability of community structures under the change of
this parameter. The network shown in Figure 4.3 illustrates this. It is made of
7 nodes and 8 links. The sum of degrees of the nodes in A and B is 7, each.
For γ = 1 one finds the maximum modularity Q = 47/128. For values of
γ < 16/63, one finds a ferromagnetic ground state with all edges satisfied. At
γ = 16/63, both the ferromagnetic and the two community state depicted in
a.) are ground states. The twofold degenerate configuration of a.) will remain
the ground state while γ < 8/7. For values of 8/7 < γ < 8/3, one finds the non
degenerate ground state shown in b.). Node x now forms its own community,
while the nodes in A and B are still grouped together. This shows that node
x is not as stably connected to the 3 remaining nodes in A and B as those are
among themselves. At γ = 8/3, the ground state is eight-fold degenerate and
the configurations of b.), c.), d.), e.) and f.) all have the same minimal energy
of HGS = 5/2. For 8/3 < γ < 4, the configurations shown in f.) show the non
degenerate ground state.

The Hamiltonian is always constructed as a sum of a reward and a penalty
term. The parameter γ controls the influence of this penalty term. Note that
in order to go from a homogeneous configuration of high reward (many inter-
nal edges) to a more diverse configuration of lower reward term (less internal
edges) by increasing γ, the penalty term also has to decrease. Otherwise, one
cannot find a positive γ that favors the more diverse configuration. As illus-
trated in Figure 4.3, the penalty term has to decrease as the number of satis-
fied edges decreases. A configuration that has less satisfied edges and larger
penalty at the same time can never be a minimal configuration for any value
of γ.

In order to study these questions more generally and for larger networks, one
needs to find a convenient way to characterize and compare different commu-
nity structures. One can interpret a community structure uniquely as a vector
~c of N(N − 1)/2 entries in the following way: For every pair of nodes in the
network cn = 1 is assgined, with n = (i − 1)N − i(i − 1)/2 + (j − i), if nodes
i and j with i < j are assigned the same spin state, otherwise cn = 0. The
overlap between two different community structures, characterized by ~c1 and
~c2 may then be defined as ~b with bn = δ(c1n, c2n). It is, however, difficult to
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A B
x

a.)

b.)

c.)

e.)

H=-7+65/16γ

H=-6+51/16γ

H=-3+33/16γ

H=-5+45/16γ

d.) H=-4+39/16γ

f.) H=-2+27/16γ

Figure 4.3: For different values of γ, different spin configurations minimize
the energy to form ground states. For γ < 16/63, the ground state is ferro-
magnetic. For 16/63 < γ < 8/7, the two-fold degenerate configuration a.)
is the ground state, with node x belonging either to community A or B. For
8/7 < γ < 8/3, configuration b.) shows the non-degenerate ground state. For
γ = 8/3, configurations b.), c.), d.), e.) and f.) all form ground states, but only
f.) is ground state for 8/3 < γ < 4.
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interpret this vector ~b since one cannot differentiate whether an entry of one
comes from two nodes being together in both structures or apart. Therefore, a
different definition of overlap ~o with on = c1n +c2n is preferable. Pairs of nodes
that belong to one community in both structures will then lead to maximal en-
tries in ~o while pairs of nodes that are never together in one community will
lead to zero entries. Intermediate entries correspond to differences between
the community structures compared. The generalization of this definition of
overlap for more than two community structures is evident. The overlap is
best represented in a symmetric N × N “co-appearance” matrix, in which the
entry i, j denotes if or how often nodes i and j were grouped together. This
also allows the combined representation of the overlap of many different com-
munity structures necessary for the investigation of degenerate ground states.
In addition, this type of representation allows the comparison of community
structures obtained from a parameter variation of γ also for large networks
and hence to study possible hierarchies and the stability of community struc-
tures for different values of γ when possible degenerate ground states can only
be sampled in a stochastic manner.

It was already stressed that properties i.) through iii.) are also valid for any
local minimum of the energy landscape defined by the Hamiltonian and the
graph. They only imply that one cannot jump over energy barriers and move
into deeper minima using the suggested move set. It may therefore be interest-
ing to study also the local minima and compare them to the ground state. Lo-
cal minima may be sampled by running greedy optimization algorithms using
random initial conditions. For correlated energy landscapes, it is known that
deeper local minima have larger basins of attraction in the configuration space
[91]. The Hamiltonian (4.3) induces such a correlated energy landscape on the
graph, since the total energy is not drastically affected by single spin changes.
Therefore, one expects that the deep local minima will be sampled with higher
frequency and that pairs of nodes that are grouped together in deep minima
will have larger entries in the co-appearance matrix. A number of examples of
co-apperance matrices sampling local energy minima at different values of γ
will be given later.

Before, however, the possible hierarchies of the community structures shall be
investigated directly from the adjacency matrix. The assignment of nodes into
spin states can be interpreted as an ordering of the rows and columns corre-
sponding to nodes of the network. The ordering is such that between any two
nodes that are assigned the same spin state, there never lies a node of different
spin. The internal order among the nodes of the same spin state is random.
The choice of the ordering among the communities is arbitrary, but some or-
derings may be more intuitive than others. The link density in the adjacency
matrix is directly transformed into point density and hence into grey levels.
Since the inner link density of a community is higher than the external, one
can distinguish communities as square blocks of darker grey. Different order-
ings may be combined into a consensus ordering. That is, starting from a super
ordering given, the nodes within each community are reordered according to
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Figure 4.4: Example of an adjacency matrix for a perfectly hierarchical net-
work. The network consists of four communities, each of which is composed
of four sub-communities. Using γ = 1, the four main communities (left) are
found. With γ = 2.2, one finds the 16 sub communities (middle). Link den-
sity variations in the off diagonal parts of the adjacency matrix already hint
at a hierarchy. The consensus ordering (right) shows, that each of the larger
communities is indeed composed of four sub-communities each.

a second given sub-ordering, i.e. one only changes the internal order of the
nodes within communities of the super-ordering. This leads to the formation
of new blocks of those nodes that are assigned together in one community in
both orderings. One can then repeat the procedure to obtain further iterative
consensus orderings.

First, an example of a completely hierarchical network is given very similar to
that used in Ref. [62]. Here, hierarchical implies that all communities found at
a value of γ2 > γ1 are proper sub-communities of the communities found at γ1.
In the example, a network made of four large communities of 128 nodes each
was constructed. Each of these nodes has an average of 7.5 links to the 127
other members of their community and 5 links to the remaining 384 nodes
in the network. Each of these four communities is composed of four sub-
communities of 32 nodes each. Each node has an additional 10 links to the
31 other nodes in its sub community. Figure 4.4 shows the adjacency matrix
of this network in different orderings. At γ = 1, the ground state is composed
of the four large communities as shown in the left part of Figure 4.4. Increas-
ing γ above a certain threshold makes assigning different spin states to the 16
sub-communities the ground state configuration. The middle part of Figure
4.4 shows an ordering obtained with a value of γ = 2.2. One can see that
some of the these sub-communities are more densely connected among each
other. Imposing the latter ordering on top of the ordering obtained at γ = 1
then allows to display the full community structure and hierarchy of the net-
work as shown in the right part of Figure 4.4. Note that a recursive approach
applying the community detection algorithm to separate subgroups was not
used. Instead, two independent orderings were obtained which are only com-
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Figure 4.5: Example of an adjacency matrix for an only partially hierarchical
network with overlapping community structure. The network consists of two
large communities A and B, each of which contains a sub-community a and
b, which are densely linked with each other, Using γ = 0.5, one finds the two
large communities (left). With a larger γ = 1, the two small sub-communities
a and b are grouped together. The consensus ordering (right) shows that most
of the links which join A and B in fact lie between a and b.

patible with each other, because the network has a hierarchical structure of
dense communities composed of denser sub-communities.

In contrast to this situation, Figure 4.5 shows an example of a network that
is only partially hierarchical. The network consists of 2 large communities A
and B containing 512 nodes, which have on average 12 internal links per node.
Within A and B, a sub-group of 128 nodes exists, which is denoted by a and b,
respectively. Every node within this sub-group has 6 of its 12 intra-community
links with the 127 other members of this sub-group. The two sub-groups a and
b have on average 3 links per node with each other. Additionally, every node
has two links with randomly chosen nodes from the network. From Figure 4.5,
one observes that the two large communities are found using γ = 0.5. Maxi-
mum modularity, however, is reached at γ = 1 when a and b are joined into a
separate community. Only when using the consensus of the ordering obtained
at γ = 0.5 and γ = 1, one can understand the full community structure with
a and b being subgroups that are responsible for the majority of links between
A and B. It is understood, that this situation cannot be interpreted as a hier-
archy, even though a and b are cohesive subgroups in A and B, respectively.
Here, the nodes responsible for the overlap form a community of there own at
a particular value of γ.

50



4.9. Minimizing the Hamiltonian

4.9 Minimizing the Hamiltonian

After having studied some properties of the ground state, let us now turn to
the problem of actually finding it. Though any optimization scheme that can
deal with combinatorial optimization problems may be implemented [92, 93],
the use of Simulated Annealing [75] for this Potts-model [94] is shown, because
it yields high quality results, is very general in its application and very simple
to program. The single spin heat bath update rule at temperature T = 1/β is
as follows:

p(σl = α) =
exp (−βH({σi6=l, σl = α}))∑q
s=1 exp (−βH({σi6=l, σl = s}))

. (4.28)

That is, the probability of spin l being in state α is proportional to the expo-
nential of the energy of the entire system with all other spins i 6= l fixed and
spin l in state α. Since this is costly to evaluate, one pretends to know the en-
ergy of the system with spin l in some arbitrarily chosen spin state φ, which is
denoted by Hφ. Then one can calculate the energy of the system with l in state
α as Hφ + ∆H(σl = φ → α). The energy Hφ then factors out in (4.28) and one
is left with:

p(σl = α) =
exp {−β∆H(σl = φ → α)}∑q
s=1 exp {−β∆H(σl = φ → s)}

. (4.29)

The change in energy ∆H(σl = φ → α, φ 6= α) is easily calculated for both
models of pij . For the simpler of the two with pij = p, one finds:

∆H(σl = φ → α, φ 6= α) =
∑
j 6=l

(Alj − γp)δ(φ, σj)−
∑
j 6=l

(Alj − γp)δ(α, σj)

=
∑
j 6=l

Aljδ(φ, σj)− γp(nφ − 1)−

−
∑
j 6=l

Aljδ(α, σj) + γpnα

= alφ − alα. (4.30)

Here, nφ and nα are the number of nodes in spin state φ and α respectively,
i.e. the size of groups φ and α. Closer inspection of (4.30) shows, that for a
single spin update, essentially, one compares the following: On one hand, the
adhesion of node l with the rest of its current group φ given p and nφ and on
the other hand the adhesion of node l with group α. The spin state for which
this difference between the two coefficients of adhesion is maximally negative
is assigned the largest probability.

For the model with pij = kikj/2M one finds the following update rule:

∆H(σl = φ → α, φ 6= α) =
∑
j 6=l

(Alj − γ
klkj

2M
)δ(φ, σj)−

∑
j 6=l

(Alj − γ
klkj

2M
)δ(α, σj)
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=
∑
j 6=l

Aljδ(φ, σj)− γ
kl

2M
(Kφ − kl)−

−
∑
j 6=l

Aljδ(α, σj) + γ
kl

2M
Kα

= alφ − alα. (4.31)

Here, again, Kφ and Kα denote the sum of degrees of nodes in states φ and α,
respectively. So in this case instead of comparing the actual number of links a
node has within its group with the expected number given the group size and
link probability only, one compares it with the expected number given the de-
gree of the node and the sum of degrees of all the nodes in the community. In
both of the update rules, only local information about the states of the neigh-
bors of a node and some global bookkeeping is necessary. This makes the
implementation of a simulated annealing optimization algorithm especially
simple and efficient, even though one is dealing with an infinite range spin
glass which has non-zero couplings between all pairs of nodes.

4.10 Finding the Community Around a Given Node

Often, it is desirable not to find all communities in a network, but to find only
the community to which a particular node belongs. This may be especially
useful if the network is very large and detecting all communities may be time
consuming. In the framework presented here, one can do this using a fast,
greedy algorithm. Starting from the node j one is interested in, one succes-
sively adds nodes with positive adhesion to the group, as long as the adhe-
sion of the community one is forming and the rest of the network decreases.
Adding a node i from the rest of the network r to the community s around the
start node j, the adhesion between s and r changes by:

∆asr(i → s) = air − ais. (4.32)

For pij = p, this can be written as

∆asr(i → s) = kir − kis − γp(nr − 1− ns), (4.33)

where nr = N−ns is the number of nodes in the rest of the network, and ns the
number of nodes in the community. For pij = kikj/2M , the change in adhesion
reads:

∆asr(i → s) = kir − kis −
γ

2M
ki (Kr − ki −Ks) . (4.34)

Here, Kr and Ks are the sums of degrees of the rest of the network r and
the community under study s, respectively, and ki is the degree of node i to
be moved from r to s, which has kis links connecting it with s and kir links
connecting it with the rest of the network. It is understood that only when
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the adhesion of i with s is larger than with r, the total adhesion of s with r
decreases. Equivalent expressions can be found for removing a node i from
the community s and rejoining it with r. For γ = 1 and pij = kikj/2M , one has
ais + air + 2cii = 0, and cii < 0 by definition and close to zero for all practical
cases. Then, ais and air are either both positive and very small or have opposite
sign. Choosing the node that gives the smallest ∆ars will then result in adding
a node with positive coefficient of adhesion to s. It is easy to see, that this
ensures a positive coefficient of cohesion in the set of nodes around j.

4.11 Benchmarking the Algorithm

In order to benchmark the performance of the Potts model approach to com-
munity detection, it is applied to computer generated test networks. Networks
with communities of equal and different size were constructed. Those with
equal size had 128 nodes, grouped into four communities of size 32. Those
with differently sized communities had 320 nodes, grouped into four commu-
nities of size 32, 64, 96 and 128. In both types of networks, each node has an
average degree of 〈k〉 = 16. The average number of links to members of the
same community 〈kin〉 and to members of different communities 〈kout〉 is then
varied, but always ensuring 〈kin〉+ 〈kout〉 = 〈k〉. Hence, decreasing kin renders
the problem of community detection more difficult.

Recovering a known community structure, any algorithm has to fulfill two cri-
teria: it has to group nodes in the same community which belong together by
design and it has to group nodes apart which belong to different communities
by design. The first criterion is called “sensitivity” and measures the percent-
age of pairs of nodes which are correctly grouped together. The second criterion
is called “specificity” and measures the percentage of pairs of nodes which are
correctly grouped apart.

Because of the Poisson nature of the degree distribution, a connection model
of pij = p was used. Figure 4.6 shows the result of this experiment in compari-
son with the results obtained from the algorithm of Girvan and Newman [45].
Clearly, both algorithms show high sensitivity and high specificity. However,
the Potts model outperforms the GN algorithm on both types of networks in
both sensitivity and specificity. When relaxing the Potts model Hamiltonian
from random initial conditions at zero temperature, performance decreases,
but is still as good as that of the GN algorithm.

An important aspect is the dependence of the sensitivity (specificity) of the al-
gorithm on the number of allowed spin states q. Figure 4.7 shows that as long
as q ≥ 4, i.e. the actual number of communities in the network, the value of q
is irrelevant. This result is also independent of the stength of the community
structure under investigation, i.e. independent of kin. Furthermore, it is neces-
sary to study the stability of results with respect to a change in γ. As Figure 4.7
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Figure 4.6: Benchmarking the Potts model approach to community detec-
tion with networks of known community structure. Sensitivity measures the
percentage of pairs of nodes correctly identified as belonging in the same com-
munity and specificity measures the percentage of pairs of nodes correctly
grouped into different communities. Top: 4 communities of 32 nodes each.
Bottom: 4 communities of size 32,64,96 and 128 nodes.

shows, the better the community structure is defined, i.e. the greater kin is with
respect to 〈k〉 the more stable are the results. The maxima of the curves for all
values of kin, however, coincide at γ = 1, i.e. at the point where the contribu-
tion of missing and existing links is equal. The same statements also apply to
the specificity.

In case of exploring the community structure starting from a single node, the
definitions of sensitivity and specificity have to be changed. The percentage
of nodes that are correctly identified as belonging to the community around
the start node is measured as sensitivity and the percentage of nodes that are
correctly identified as not belonging to the community around the start node
as specificity.

Figure 4.8 shows the results obtained for different values of 〈kin〉 at γ = 1 and
using pij = kikj/2M as model of the connection probability. Note that this ap-
proach performs rather well for a large range of 〈kin〉with good sensitivity and
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Figure 4.7: Sensitivity of the Potts model approach to community detection
as a function of the parameters of the algorithm for networks with four equal
sized communities of 32 nodes each. Left: Sensitivity as a function of the
number of allowed spin states (communities) q for different kin. Right: Sen-
sitivity as a function γ for different values of kin and with q = 25.

specificity. In contrast to the benchmarks for running the simulated annealing
on the entire network as shown in Figure 4.6, a sensitivity that is generally
larger than the specificity is observed. This shows that running the simulated
annealing on the entire network tends to mistakenly group things apart that
do not belong apart by design, while constructing the community around a
given node tends to group things together that do not belong together by de-
sign. This behavior is understandable, since working on the entire network
amounts to effectively implementing a divisive method, while starting from a
single node means implementing an agglomerative method.

One real world example with known community structure is the College Foot-
ball network from Ref. [45]. It represents the game schedule of the 2000 season
of Division I of the US college football league. The nodes in the network rep-
resent the 115 teams, while the links represent 613 different games played in
the course of the year. The community structure of this network arises from
the grouping into conferences of 8-12 teams, each. On average, each team has
7 matches with members of its own conference and another 4 matches with
members of different conferences. A parameter variation in γ at ten values
between 0.1 ≤ γ ≤ 1 is performed. This allows for the estimation of the ro-
bustness of the result with respect to γ and the detection of possible hierarchies
in the community structures, as low values of γ will generally lead to a less di-
verse community assignment and larger communities. At each value of γ the
system is relaxed 50 times from a randomly assigned initial configuration at
T = 0 using q = 50. The connection model chosen was again pij = p.

Figure 4.9 shows the resulting 115 × 115 co-appearance matrix, normalized
and color coded. The ordering of the matrix corresponds to the assignment
of the teams into conferences according to the game schedule as indicated by
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Figure 4.8: Benchmark of the algorithm for discovering the community
around a given node in networks with known community structure. Net-
works of 128 nodes and four communities were used. The average degree
of the nodes was fixed to 16, while the average number of intra-community
links 〈kin〉 was varied. Sensitivity measures the fraction of nodes correctly
assigned to the community around the start node, while specificity measures
the fraction of nodes correctly kept out of the community around the start
node.

the dashed lines. Apart from regaining almost exactly the known community
structure, the Potts model is also able to detect inhomogeneities in the distri-
bution of intra- and inter-conference games. For instance, one observes a large
overlap of the Pacific Ten and Mountain West conference and also a possible
subdivision of the Mid American conference into two sub-conferences. This is
due to the fact that geographically close teams are more likely to play against
each other as already pointed out in Ref. [45].
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Figure 4.9: Co-appearance matrix for the football network. A parameter vari-
ation of γ was performed with 10 values between 0.1 ≤ γ ≤ 1. At each value,
the system was relaxed 50 times from a random initial condition. The matrix
ordering is taken from the assignment of teams into conferences according to
the game schedule.
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4.12 Community Detection and Graph Partitioning

Thus far it was shown that both, the Hamiltonians and the equivalent formu-
lation of the Newman-Girvan modularity Q compare an expectation value of a
random variable with the actual value of this very same random variable. This
random variable can either be the number of internal edges or the number of
external or “cut” edges of the partition. In order to be able to compare values
of modularity of different graphs and to assess the statistical significance of a
particular value of Q, it may make sense to normalize it to its variance. The
following considerations will also help in understanding why random graphs
cluster into equally sized communities. For a particular model pij , the specific
value of the Hamiltonian can be interpreted as a function of the occupation
numbers of the spin states and the specific assignment of spins obeying this
set of occupation numbers. For instance, for the Hamiltonian (4.5) one can
write for the ground state:

HGS = min
{n}

{
min
{σ}n

C({σ}n)− [C({n})]pij

}
. (4.35)

Here, {σ}n is understood as the set of spin configurations that obeys a partic-
ular set of occupation numbers {n}. Averages and minima over {σ}n are also
subject to this constraint. By C, the total number of external or cut edges in
a particular assignment of spins is denoted. The expectation value [C({n})]pij

is simply the expected number of edges cut under the assumption of a spe-
cific model pij given the set of occupation numbers and distribution of spins
on nodes. Note that the ground state is just that configuration which maxi-
mizes the difference between the actual number of cut edges and the expected
number of cut edges. Modularity is maximal where this difference is maxi-
mal. Here, one can observe a close connection between the problem of graph
partitioning, i.e. the problem of minimizing the number of cut edges when par-
titioning the set of vertices into q equal sized parts. Graph partitioning is a long
and well studied combinatorial optimization problem and this connection will
be exploited in the following section and chapters.

It is sensible to normalize the difference between minimum and expectation
value of a random variable by the variance of this random variable. Therefore
it is proposed to normalize by the variance of the number of cut edges in the
definition of Q. A modified modularity R is proposed:

R = max
{n}

 [C({σ}n)]pij
−min{σ}n C({σ}n)√

[C2({σ}n)]pij
− [C({σ}n)]2pij

 . (4.36)

Again, one understands by {σ}n only the set of those spin configurations that
obey a particular set of occupation numbers {n}. The modified modularity
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4.12. Community Detection and Graph Partitioning

measures how strongly the achieved number of inter-community edges devi-
ates from its expectation value in units of the variance of the number of cut
edges.

Therefore, an expression for the variance of C is needed. One finds:

[C]pij
=

[∑
i<j

(1− δ(σi, σj))

]
pij

=
∑
r<s

[mrs]pij

= M −
∑

s

[mss]pij
. (4.37)

For the average square of the number of cut edges one finds:

[
C2
]
pij

=

(∑
i<j

(1− δ(σi, σj))

)2


pij

=

(∑
r<s

mrs

)2


pij

. (4.38)

With these expressions, one can write for the variance:

[
C2
]
pij
− [C]2pij

=

(∑
r<s

mrs

)2


pij

−

(∑
r<s

[mrs]pij

)2

=
∑
r<s

([
m2

rs

]
pij
− [mrs]

2
pij

)
, (4.39)

where in the last line it was used that the numbers of external links between
different groups are considered independent in the averaging process. Under
the assumption of pij = p, the number of external edges mrs is binomially
distributed:

P (mrs) =

(
nrns

mrs

)
pmrs(1− p)nrns−mrs (4.40)

which can be approximated by a Poisson distribution for reasonable large mrs:

P (mrs) = exp(−[mrs]p)
[mrs]

mrs
p

mrs!
. (4.41)

Since for a Poisson distribution the variance is equal to the mean, one finds:[
C2
]
p
− [C]2p =

∑
r<s

[mrs]p = p
∑
r<s

nrns. (4.42)
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For the case of a given degree distribution, the situation is more difficult. The
most simple way to approximate P (mrs) is to introduce an average link prob-
ability prs between group r and s. Though this neglects possible variances in
the degree distribution of the groups, one can then assume a Poissonian distri-
bution for the links between the groups again:

prs =
[mrs]pij

nrns

=
1

2M

KrKs

nrns

. (4.43)

Using (4.41), one then obtains:

[
C2
]
pij
− [C]2pij

=
∑
r<s

KrKs

2M
(4.44)

which does take into account at least the different sums of degrees in the dif-
ferent groups. With expression (4.44) one has found an approximation to the
normalization value needed in the definition of the modified modularity R in
(4.36). Note that the variance of the number of edges cut is largest for a par-
tition with equally sized groups or at least with equal sums of node degrees.
Since for well behaved random variables, the variance can be thought of as a
measure of how far maxima and minima deviate from the mean value, one can
make a conjecture about the ground state of the spin glass Hamiltonian. For
a random network without inherent community structure, the ground state,
which maximizes the difference between expected and achieved number of
cut edges, will most likely be a configuration of equal occupation numbers or
equal sums of node degrees. Another way of looking at this is from entropic
arguments. The number of possible groupings into equal sized parts is much
larger than the number of possible groupings into differently sized parts. This
conjecture is further backed by numerical experiments with random graphs.
Furthermore, the ground state of spin glasses with a coupling distribution of
zero mean as in the case for γ = 1 always has zero magnetization and hence,
one must find groups of equal size [84].

4.13 Expectation Values for the Modularity

In order to assess the statistical significance of the modularities found with
any algorithm, it is necessary, to compare them with expectation values for
random networks. This is of course always possible by rewiring the network
randomly [95], keeping the degree distribution invariant and then running
a community detection algorithm again, comparing the result to the original
network. This method, however, can only give an answer to what a particular
community detection algorithm may find in a random network and hence de-
pends on the very method of community detection used. Much better seems
a method to compare the results of a community detection algorithm with a
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4.13. Expectation Values for the Modularity

theoretical result, obtained independently of any algorithm. It was shown in
previous sections that the problem of community detection can be mapped
onto finding the ground state of an infinite range spin glass. Furthermore, in
the last section, it was shown that in random networks the highest modularity
is achieved if they are partitioned into equal sized communities. This problem
is then equivalent to graph partitioning, for which in fact a number of well
known results exist in the literature. The results presented by Fu and Ander-
son [78] for bi-partitioning and Kanter and Sompolinsky for q-partitioning [96]
are all based on the fact, that in the limit of large N , the local field distribution
in infinite range systems is Gaussian and can hence be characterized by only
the first two moments of the coupling distribution, the mean and the variance.
The couplings used in the study of modularity are Jij = Aij − γpij which have
a mean independent of the particular form of pij :

J0 = (1− γ)p (4.45)

which is zero in the case of the “natural partition” at γ = 1. The variance
amounts to:

J2 = p− (2γ − γ2)〈p2〉. (4.46)

Now one can write immediately for the modularity at γ = 1 [96]:

Q = − 1

M
HGS =

N3/2

M
J

U(q)

q
, (4.47)

where U(q) is the ground state energy of a q-state Potts model with Gausssian
couplings of zero mean and variance J2. For large q, one can approximate
U(q) =

√
q ln q. The exact formula for calculating U(q) is [96]:

U(q) = −1

4
(q + 1)a +

1

a
ln

[( q

2π

)1/2

2−q+1×

×
∫ ∞

−∞
dt exp

(
− t2

2q
+ at

)(
1 + erf

(
t√
2q

))q−1
]

. (4.48)

U(q) must be maximal with respect to the parameter a. This can be evaluated
numerically and Table 4.1 gives the results for a few values of q.

One sees that maximum modularity is obtained at q = 5, though the value
of U(q)/q for q = 4 is not much different from it. This qualitative behavior,

q 2 3 4 5 6 7 8 9 10
U(q)/q 0.384 0.464 0.484 0.485 0.479 0.471 0.461 0.452 0.442

Table 4.1: Values of U(q)/q for various values of q obtained from (4.48), which
can be used to approximate the expected modularity with equation (4.47).
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Figure 4.10: Modularity of Erdős Rényi random graphs with average connec-
tivity pN = 〈k〉 compared with the estimation from equation (4.49) and that
of Guimera et al. [73]. For the experiment, random graphs with N = 10000
were used.

that dense random graphs tend to cluster into only a few large communities,
is confirmed by numerical experiments. By rewriting M = pN2/2 and under
the assumption of pij = p as in the case of Erdős Rényi (ER) random graphs
[24], one can further simplify equation (4.47) and write for the maximum value
of the modularity of a ER random graph with connection probability p and N
nodes:

Q = 0.97

√
1− p

pN
(4.49)

where the fact that q = 5 makes the modularity maximal has been used. Figure
4.10 shows the comparison of equation (4.49) and experiments where the mod-
ularity was maximized numerically using a simulated annealing approach as
described in an earlier section. One sees that the prediction fits the data well
for dense graphs and that modularity decays as a function of (pN)−1/2 instead
of (2/pN)2/3 as proposed in Ref. [73].

Even though the estimations of the value of modularity for random graphs
from the Potts spin glass are rather close to the actual situation for sparse
random graphs, the number of communities, at which maximum modular-
ity is achieved is not. In [73] it had already been shown that the number of
communities for which the modularity reaches a maximum is

√
N for treelike

networks with 〈k〉 = 2. Unfortunately, no plot was given for the number of
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4.13. Expectation Values for the Modularity

communities found in denser networks. The numerical experiments on large
Erdős Rényi random graphs also show that the number of communities found
in sparse networks tends to increase as 〈k〉 decreases.

Even though in general, recursive bi-partitioning will not lead to an optimal
community assignment (compare section 4.6), this approach shall still be used
here for random graphs. It was shown that maximum modularity for random
graphs is achieved for equipartitions. Hence, one should be able to partition
the network recursively and at least find the number of communities in a ran-
dom graph, for which further partitioning does not result in an improvement
of the modularity. The number of cut edges C = C(N, M) in any partition, will
be a function of the number of nodes in the remaining part and the number
of connections within this remaining part and their distribution. Note that the
M connections will be distributed into internal and external links per node
kin + kout = k. This allows to write C = N〈kout〉/2 for a bi-partition. After each
partition, the number of internal connections a node has decreased due to the
cut. These results are used in order to approximate the number of cut edges
after b recursive bi-partitions which lead to 2b parts:

C =
b∑

t=1

2t−1N

2t
〈kout,t〉 =

b∑
t=1

N

2
〈kout,t〉 (4.50)

where 〈kout,t〉 is the average number of external edges a node gains after cut
t. Since for an Ising-Model, the ground state energy is −EGS = M − 2C one
finds:

〈k〉
2

+ EGS(〈k〉) = 〈kout〉. (4.51)

Since k = kin + kout, one also has

〈k〉
2
− EGS(〈k〉) = 〈kin〉. (4.52)

This shows that for any bi-partition, one can always satisfy more than half of
the links of every node on average. This also means that any bi-partition will
satisfy the definition of community given by Radicchi et al. [48] at least on av-
erage, which further means that every random graph has - at least on average
- a community structure, assuming Radicchhi’s definition of community in a
strong sense (kin > kout) for every node of the random graph. The definition
of community in a weak sense

∑
i k

in
i >

∑
i k

out
i can always be fulfilled in a

random graph.

From (4.51) and (4.52) one can then calculate the total number of edges cut
after t recursions according to (4.50). One way of doing this is to go back to the
results of Fu and Anderson [78] again, who find for a bi-partition:

C =
M

2

[
1− c

√
1− p

pN

]
. (4.53)
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Figure 4.11: Modularity of Erdős Rényi random graphs with average connec-
tivity pN = 〈k〉 compared with the estimation from equation 4.56 and from
Guimera et al. [73]. For the experiment, random graphs with N = 10000 were
used.

with a constant of c = 1.5266± 0.0002 [97]. One can write

〈kout〉 =
pN − c

√
pN(1− p)

2
(4.54)

〈kin〉 =
pN + c

√
pN(1− p)

2
(4.55)

from which one can calculate (4.50) substituting pN with the appropriate 〈kin〉
in every step of the recursion. The modularity can then be written:

Q =
2b − 1

2b
− 1

〈k〉

b∑
t=1

〈kout,t〉. (4.56)

Now one only needs to find the number of recursions b that maximizes Q.
Since the optimal number of recursions will depend on pN , one also finds an
estimation of the number of communities in the network. Figure 4.11 shows
a comparison between the theoretical prediction of the maximum modularity
that can be obtained from equation (4.56). The improvement of (4.56) over
(4.49) is most likely due to the possibility of having larger numbers of commu-
nities, since (4.53) also assumes a Gaussian distribution of local fields which
is a rather poor approximation for the sparse graphs under study. Again, one
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Figure 4.12: Number of communities found in Erdős Rényi random graphs
with average connectivity pN = 〈k〉 compared with the estimation from equa-
tion 4.56. For the experiment, random graphs with N = 10000 were used.

finds that the modularity behaves asymptotically like 〈k〉−1/2 as already pre-
dicted from the Potts spin glass and contrary to the estimation in [73].

Figure 4.12 shows the comparison of the number of communities estimated
from (4.56) and the numerical experiments on random graphs. The good
agreement between experiment and prediction is interesting, given the fact,
that (4.56) allows only powers of two as the number of communities. For dense
graphs, the Potts limit of only a few communities is recovered. One observes
that sparse random graphs cluster into a large number of communities, while
dense random graphs cluster into only a hand full of large communities. Most
importantly, sparse random graphs exhibit very large values of modularity.
These large values are only due to their sparseness and not due to small size.
It should also be stressed that statistically significant modularity must exceed
the expectation values of modularity obtained from a suitable null model of
the graph. If this null model is an Erdős Rényi random graph, then there is
very little improvement possible over the values of modularity obtained for
the null model for sparse graphs.
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4.14 Theoretical Limits of Community Detection

With the results of the last section it is now possible to explain Figure 4.6 and
to give a limit to which extent a designed community structure in a network
can be recovered. As was shown, for any random network one can find an
assignment of spins into communities that leads to a modularity Q > 0. For
the computer-generated test networks with 〈k〉 = 16 one has a value of p =
〈k〉/(N − 1) = 0.126 and expects a value of Q = 0.227 according to (4.49) and
Q = 0.262 according to (4.56). The modularity of the community structure
built in by design is given by:

Q(〈kin〉) =
〈kin〉
〈k〉

− 1

4
(4.57)

for a network of four equal sized groups of 32 nodes. Hence, below 〈kin〉 = 8,
one has a designed modularity that is smaller than what can be expected from
a random network of the same connectivity! This means that the minimum
in the energy landscape corresponding to the community structure that was
designed is less deep than those that one can find in the energy landscape de-
fined by any network. It must be understood that in the search for the built in
community structure, one is competing with those community structures that
arise from the fact that one is optimizing for a particular quantity in a very
large search space. In other words, any network possesses a community struc-
ture that exhibits a modularity at least as large as that of a completely random
network. If a community structure is to be recovered reliably, it must be suffi-
ciently pronounced in order to win the comparison with the structures arising
in random networks. In the case of the test networks employed here, there
must be more than ≈ 8 intra-community links per node. Figure 4.13 again ex-
emplifies this. Observe that random networks with 〈k〉 = 16 are expected to
show a ratio of internal and external links kin/kout ≈ 1. Networks which are
considerably sparser have a higher ratio while denser networks have a much
smaller ratio. This means that in dense networks one can recover designed
community structure down to relatively smaller 〈kin〉. Consider for example
large test networks with 〈k〉 = 100 with 4 built-in communities. For such net-
works one expects a modularity of Q ≈ 0.1 and hence the critical value of
intra-community links to which the community structure could reliably be es-
timated would be 〈kin〉c = 35 which is much smaller in relative comparison to
the average degree in the network.

This also means that the point at which one cannot distinguish between a ran-
dom and a modular network is not defined by pin = pout = p for the internal
and external link densities as one may have intuitively expected. Rather, it is
determined by the ratio of 〈kin〉/(〈k〉 − 〈kin〉) in the ground state of a random
network and depends on the connectivity of the network 〈k〉.

Finally, from Figure 4.13 one observes that sparse random graphs all show
communities in the strong sense of Radicchi et al. [48]. Further, it is very diffi-
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Figure 4.13: Ratio of internal links to external links kin/kout in the ground
state of the Hamiltonian. Shown are the experimental values from clustering
random graphs with N = 10, 000 nodes and the expectation values calculated
from using a Potts-Model (4.49) or an Ising-Model (4.56) recursively. The
dotted line represents the Radicchi et al. definition of community in “strong
sense” [48]. Note that sparse graphs will, on average, always exhibit such
communities, while dense graphs will not, even though their modularity may
be well above the expectation value for an equivalent random graph.

cult to find communities in the strong sense in dense graphs, even though they
may exhibit a modularity well above that of a random graph.
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Chapter 5

Modularity of Dense Random
Graphs

In the last chapter, it was shown how the problem of community detection
can be mapped onto finding the ground state of an infinite range spin glass.
Further, it was demonstrated that for random graphs, maximum modularity
is achieved for an equipartition due to entropic reasons. It was possible to use
known results from graph partitioning to give estimates of the modularity in
ER random graphs. However, these results only apply to dense graphs with a
Poissonian degree distribution. In this chapter, the ground state energy of the
modularity Hamiltonian will be calculated directly for any degree distribution.
The entire development will follow closely along the lines of Fu and Anderson
(FA) [78, 85].

5.1 Analytical Developments

Let us recall the modularity Hamiltonian:

H = −
∑
i<j

(Aij − γpij)δ(σi, σj). (5.1)

For convenience, instead of a Pottsmodel with q different spin states, the
discussion is limited to only two spin states as in the Ising model, namely
Si ∈ −1, 1. The delta function in (5.1) can be expressed as

δ(Si, Sj) =
1

2
SiSj +

1

2
, (5.2)
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which leads to the new Hamiltonian

H = −
∑
i<j

(Aij − γpij)SiSj. (5.3)

Note that (5.3) differs from (5.1) only by an irrelevant constant which even
vanishes for γ = 1 due to the normalization of pij . Because of the factor 1/2
in equation (5.2), the modularity of the partition into two communities is now
and for the remainder of this chapter

Q2 = − H
2M

, (5.4)

where H now denotes the Hamiltonian (5.3). For the number of cut edges of
the partition one can write

C =
1

2
(M + Eg) =

M

2
(1− 2Q2), (5.5)

with Eg denoting the ground state energy of (5.3) and it is clear that Q2 mea-
sures the improvement of the partition over a random assignment into groups.

Formally, equation (5.3) corresponds to a Sherrington-Kirkpatrick (SK) model
of a spin glass [98]

H = −
∑
i<j

JijSiSj (5.6)

with couplings of the form

Jij = (Aij − γpij). (5.7)

Different from the SK model, however, the couplings are not drawn from a
symmetric distribution, but there exist a few strong ferromagnetic couplings
along the links of the network and many anti-ferromagnetic couplings be-
tween unconnected nodes. It is convenient to differentiate between the two
and define:

J+
ij = 1− γpij, J−

ij = −γpij and J = J+
ij − J−

ij = 1. (5.8)

The coupling distribution is now determined completely by the connection
model chosen. Note that J = 1 regardless of the choice of connection model
and the parameter γ.

On order to deal with uncorrelated graphs of arbitrary degree distribution, a
connection model of the form

pij =
kikj

2M
= 〈k〉Ngigj (5.9)
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is chosen. In the following, the symbol 〈·〉 will always denote an average over
the degree distribution. Further, the vertex weights

gi =
ki

〈k〉N
(5.10)

have been introduced similar to Ref. [99]. Note that
∑

i gi = 1 and
∑

i g
2
i =

〈k2〉/(〈k〉2N). For the further developments, it is necessary to require the sec-
ond moment of the degree distribution to be finite, such that

∑
i g

2
i → 0 in the

thermodynamic limit of N →∞. Both, the existence of 〈k2〉 and the fact the pij

factorizes are crucial for the following developments. The probability density
function of the coupling distribution qij(Jij) between two nodes i and j can
then be written as:

qij(Jij) = pijδ(Jij − J+
ij ) + (1− pij)δ(Jij − J−

ij ) (5.11)

The goal is now to calculate the ground state energy Eg averaged over the
ensemble of graphs with a given degree distribution, i.e. those described by
the connection model pij and a given degree distribution. From F = −β−1 ln Z
one sees, that it is necessary to calculate the logarithm of the partition function
Z. Instead of doing so directly it is easier to use the replica trick [100, 98]:

[ln Z] = lim
n→0

[Zn]− 1

n
(5.12)

where the symbol [·] denotes an average over the graph ensemble. So instead
of calculating the logarithm of the partition function, it is only necessary to
calculate the n-th power of it which turns out to be analytically tractable. The
n-th power is written as:

Zn = Trn exp

{
β

n∑
α

∑
i<j

JijS
α
i Sα

j

}
. (5.13)

Here Trn denotes the trace over the n replicated spins, i.e. :

Trn =
1∑

S1
1=−1

1∑
S2

1=−1

...
1∑

Sn
1 =−1

...
1∑

S1
N=−1

1∑
S2

N=−1

...
1∑

Sn
N=−1

(5.14)

The average over the graph ensemble is now, with the help of (5.11), written
as:

[Zn] =

∫ ∏
i<j

(dJijqij(Jij)) Trn exp

{
β

n∑
α

∑
i<j

JijS
α
i Sα

j

}
(5.15)

Each of the integrals can be drawn into the trace and by rewriting the sum in
the exponential also as a product, this can be reformulated as:

[Zn] = Trn
∏
i<j

∫
exp

{
β

n∑
α

JijS
α
i Sα

j

}
qij(Jij)dJij (5.16)
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Using 5.11 to perfom the integrals this is reduced to:

[Zn] = Trn
∏
i<j

[
pij exp

{
βJ+

ij

n∑
α

Sα
i Sα

j

}
+ (1− pij) exp

{
βJ−

ij

n∑
α

Sα
i Sα

j

}]
,

(5.17)
which is conveniently rewritten as

[Zn] = Trn
∏
i<j

(1− pij) exp

{
βJ−

ij

n∑
α

Sα
i Sα

j

}
×

×

[
1 +

pij

1− pij

exp

{
β(J+

ij − J−
ij )

n∑
α

Sα
i Sα

j

}]
. (5.18)

Now p0 =
pij

1−pij
is defined, keeping in mind, that it depends on both i, and

j. Further, recalling J = J+
ij − J−

ij = 1, expression 5.18 is rewritten using the
identity

∏
a = exp ln

∏
a = exp

∑
ln a:

[Zn] = Trn exp

[∑
i<j

ln(1− pij) + βJ−
ij

n∑
α

Sα
i Sα

j +

+ ln

(
1 + p0 exp

{
βJ

n∑
α

Sα
i Sα

j

})]
(5.19)

Let’s concentrate on the last term involving ln(1 + p0 exp) and write the loga-
rithm and exponential as a series. One finds

ln

(
1 + p0 exp

{
βJ

n∑
α

Sα
i Sα

j

})
=

∞∑
l=1

−1l−1

l

(
p0 exp

{
βJ

n∑
α

Sα
i Sα

j

})l

(5.20)
for the logarithm and

exp

{
βJ

n∑
α

Sα
i Sα

j

}l

=
∞∑

k1=0

∞∑
k2=0

...
∞∑

kl=0

(βJ)k1+k2+...+kl

k1!k2!...kl!

(
n∑
α

Sα
i Sα

j

)k1+k2+...+kl

(5.21)
for the exponential. Putting expression (5.21) and (5.20) together and regroup-
ing the terms according to the exponent of βJ , one finds for k1 +k2 + ...+kl = 0
the following coefficient

∞∑
l=1

−1l−1

l
pl

0 = ln(1 + p0). (5.22)

For (βJ)1, i.e. for k1 + k2 + ... + kl = 1, there exist l possibilities, which of the km

is non zero, hence, for the second coefficient one finds:

βJ
n∑
α

Sα
i Sα

j

∞∑
l=1

−1l−1

l
lpl

0. (5.23)
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For (βJ)2, i.e. k1 + k2 + ... + kl = 2, there exist l(l− 1)/2 possibilities for 2 of the
km to be one and the rest zero and there exist l possibilities for one of the kn to
be 2. In the last case, the km! terms introduce a factor of 1/2 and one is left with
l2/2 terms with βJ raised to the power of 2. Therefore, the third coefficient is:

(βJ)2

(
n∑
α

Sα
i Sα

j

)2
1

2

∞∑
l=1

−1l−1

l
l2pl

0. (5.24)

Note that with the help of the geometric series
∑∞

n=1 qn = q
1−q

in Eq. (5.23), one
can write

∞∑
l=1

−1l−1

l
lpl

0 =
∞∑
l=1

(p2l−1
0 )−

∞∑
l=1

p2l
0 =

(
1

p0

− 1

) ∞∑
l=1

(
p2

0

)l
=

(
1− p0

p0

)(
p2

0

1− p2
0

)
=

p0

1 + p0

= pij (5.25)

For the second coefficient from equation (5.24) one can write with the help of
Eq. (5.23):

∞∑
l=1

−1l−1

l
l2pl

0 = p0
∂

∂p0

∞∑
l=1

−1l−1

l
lpl

0 = p0
∂

∂p0

p0

1 + p0

=
p0

(1 + p0)2
= pij(1− pij) (5.26)

Using equations (5.22), (5.25) and (5.26) one can rewrite the term involving
ln(1 + p0 exp) from Eq. (5.19) in the following way:

ln(1 + p0) + βJpij

n∑
α

Sα
i Sα

j +
(βJ)2

2
pij(1− pij)

(
n∑
α

Sα
i Sα

j

)2

(5.27)

Higher orders of (βJ) have all been dropped, since they involve higher powers
of pij which is of order 1/N and hence give only small contributions. The full
expression for the partition function (5.19) is then written as:

[Zn] = Trn exp

[∑
i<j

ln(1− pij) + ln(1 + p0) + β
(
J−

ij + pijJ
)∑

α

Sα
i Sα

j +

+
(βJ)2

2
pij(1− pij)

(
n∑
α

Sα
i Sα

j

)2
 (5.28)

Keeping in mind the definition of p0 =
pij

1−pij
the two ln-terms cancel and (5.28)

reduces to:

[Zn] = Trn exp

∑
i<j

β
(
J−

ij + pijJ
)∑

α

Sα
i Sα

j +
(βJ)2

2
pij(1− pij)

(
n∑
α

Sα
i Sα

j

)2


(5.29)
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Until now, the presented treatment has followed Ref. [78] almost one to one.
At this point, the development deviates, however. The first and second ad-
dend in Eq. (5.29) will be treated separately and the factorization of pij ∝ gigj

is used for the first time:∑
i<j

β
(
J−

ij + pijJ
)∑

α

Sα
i Sα

j = β(J − γ)
∑

α

∑
i<j

pijS
α
i Sα

j

= β(J − γ)〈k〉N
∑

α

1

2

(∑
i

giS
α
i

)2

−
∑

i

g2
i


=

β(J − γ)〈k〉N
2

∑
α

(∑
i

giS
α
i

)2

− β(J − γ)n〈k2〉
2〈k〉

(5.30)

The last term vanishes in the limit n → 0 and is much smaller than the first
one, which is proportional to N . For the second addend in (5.29) one finds

∑
i<j

(βJ)2

2
(pij − p2

ij)

(
n∑
α

Sα
i Sα

j

)2

=
(βJ)2

2

∑
i<j

pij(1− pij)

[∑
α 6=β

Sα
i Sβ

i Sα
j Sβ

j + n

]

=
(βJ)2

2

(∑
i<j

pij

[∑
α 6=β

Sα
i Sβ

i Sα
j Sβ

j + n

]
−

−
∑
i<j

p2
ij

[∑
α 6=β

Sα
i Sβ

i Sα
j Sβ

j + n

])

=
(βJ)2〈k〉N

2

[
n
∑
i<j

gigj(1− 〈k〉Ngigj)+

+
∑
α 6=β

1

2

(∑
i

giS
α
i Sβ

i

)2

−
∑

i

g2
i


−
∑
α 6=β

〈k〉N
2

(∑
i

g2
i S

α
i Sβ

i

)2

−
∑

i

g4
i


=

(βJ)2〈k〉N
2

∑
α<β

(∑
i

giS
α
i Sβ

i

)2

+ n
(βJ)2〈k〉N

4

(5.31)

In the last line, only terms that do not vanish for N → ∞ or n → 0 were kept.
This corresponds effectively to neglecting p2

ij vs. pij . With this, the partition
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function can be written in a form which can be reduce by Gaussian integrals:

[Zn] = exp

(
(βJ)2n〈k〉N

4

)
Trn exp


β(J − γ)〈k〉N

2

∑
α

(∑
i

giS
α
i

)2

︸ ︷︷ ︸
m∗

α

+

+
(βJ)2〈k〉N

2

∑
α<β

(∑
i

giS
α
i Sβ

i

)2

︸ ︷︷ ︸
q∗αβ

 . (5.32)

This is formally equivalent to the SK model [98] except for the gi in the sums
over spins. By using a Hubbard-Stratonovich identity [101]

exp x2 =

∫ ∞

−∞
dm exp(−πm2 − 2

√
πxm) (5.33)

in the following form:

exp(
a

2
x2) =

√
a

2π

∫ ∞

−∞
dm exp(−a

2
m2 + axm). (5.34)

one can further simplify expression (5.32). The terms of Eq. (5.32) are rewritten
in the following form:

exp

a

2

∑
α

(∑
i

giS
α
i

)2
 =

∏
α

√
a

2π

∫
dmα exp

{
−a

2
m2

α + amα

∑
i

giS
α
i

}
(5.35)

where the abbreviation a = β(J − γ)〈k〉N is used. Further, one finds

exp

 b

2

∑
α<β

(∑
i

giS
α
i Sβ

i

)2
 =

∏
α<β

√
b

2π

∫
dqαβ exp

{
− b

2
q2
αβ + bqαβ

∑
i

giS
α
i Sβ

i

}
(5.36)

with setting b = (βJ)2〈k〉N . The integration variables mα and qαβ introduced
here are called the order parameters of the system and will turn out to have
a profound physical meaning. Let’s now focus on what is left under the trace
after the transformation using Gaussian integrals:

Trn exp

{∑
i

[
agi

∑
α

Sα
i mα + bgi

∑
α<β

Sα
i Sβ

i qαβ

]}
. (5.37)
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Recalling the fact that the gi describe the nodes as a function of their degree,
the sum over the nodes can be replaced by a sum over the degree distribution

N∑
i

gi = N
∑

k

p(k)gk =
∑

k

nkgk (5.38)

where gk is the prototypical value of gi for a node of degree k, i.e. gk =
k/(〈k〉N), and nk = p(k)N is the number of nodes of degree k.

∏
k

Trn exp

β(J − γ)k
∑

α

Sαmα + (βJ)2k
∑
α<β

SαSβqαβ︸ ︷︷ ︸
Lk




nk

(5.39)

With this, the trace over an N -site problem from Eq. (5.37) has been reduced
to the product of single site traces. One for each type of node with degree k.
The symbol Trn now represents only the trace over n replicas at a single site.
Again (5.39) is written as an exponential in order to use it for the calculation of
the partition function and leaving off all the factors which vanish, when taking
the limit n to zero, one arrives at:

[Zn] = exp

(
(βJ)2n〈k〉N

4

)∫ ∏
α

dmα

∫ ∏
α<β

dqαβ× (5.40)

× exp

{
−β(J − γ)〈k〉N

2

∑
α

m2
α −

(βJ)2〈k〉N
2

∑
α<β

q2
αβ + N

∑
k

p(k) ln Trn exp(Lk)

}
(5.41)

The integrant is now of the following form:∫
dm exp(−Nh(m)). (5.42)

Expanding h(m) around its maximum value at m∗ one has h(m∗ + ∆m) =
h(m∗) +O(∆m2) and thus∫

dm exp(−Nh(m)) ≈ exp(−Nh(m∗)) (5.43)

This method of approximating the integral by the maximum value of the inte-
grant is called “steepest descent” or “saddle point” method [3]. Applying this
method to Eq. (5.41) leads to

[Zn] ≈ exp

{
−β(J − γ)〈k〉N

2

∑
α

m∗2
α − (βJ)2〈k〉N

2

∑
α<β

q∗2αβ+

+N
∑

k

p(k) ln Trn exp(Lk) +
(βJ)2n〈k〉N

4

}
. (5.44)
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Here, m∗
α and q∗αβ denote the respective values which maximize the integrant.

Next Eq. (5.44) is expanded around zero. This is possible by assuming that the
limit n → 0 is taken at fixed N and only after this, the limit N → ∞ is taken.
Keeping only the first order, one arrives at:

[Zn] ≈ 1 + nN

{
−β(J − γ)〈k〉

2n

∑
α

m∗2
α − (βJ)2〈k〉

2n

∑
α<β

q∗2α,β+

+
1

n

∑
k

p(k) ln Trn exp(Lk) +
(βJ)2〈k〉

4

}
(5.45)

The free energy per spin now becomes −β[f ] = [ln Z] = limn→0([Z
n]− 1)/nN

−β[f ] = lim
n→0

{
−β(J − γ)〈k〉

2n

∑
α

m∗2
α − (βJ)2〈k〉

2n

∑
α<β

q∗2αβ+

+
1

n

∑
k

p(k) ln Trn exp(Lk) +
(βJ)2〈k〉

4

}
(5.46)

Thus far, one cannot say anything about the values mα and qαβ which make the
integrant in Eq. (5.41) maximal. However, the free energy must be an extremal
with respect to all order parameters since these now characterize the system in
place of the individual spins:

∂[f ]

∂qαβ

= 0 (5.47)

∂[f ]

∂mα

= 0 (5.48)

Taking these derivatives in Eq. (5.46) explicitly one finds for Eq. (5.47)

(βJ)2〈k〉q∗αβ =
∑

k

p(k)
1

Trn exp(Lk)
(βJ)2kTrnSαSβ exp(Lk), (5.49)

which is more conveniently written as

q∗αβ =
1

〈k〉
〈k〈SαSβ〉Lk

〉k. (5.50)

Here 〈·〉Lk
is an average with respect to the trace Lk defined in Eq. (5.39) and

〈·〉k is an avarage over the degree distribution. It now becomes clear that the or-
der parameter q∗αβ measures the overlap of spin states between different repli-
cas weighted by the degree of the nodes. For m∗

α one finds in the same fashion
for Eq. (5.48):

m∗
α =

1

〈k〉
〈k〈Sα〉Lk

〉k (5.51)
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and it is clear that mα corresponds to the magnetization of the system again
weighted by the degree of the nodes.

For the further development one needs to assume some form of dependence
of the order parameters of the replica index. The intuitive assumption is in-
dependence, i.e. q∗αβ = q and m∗

α = m independent of the replica index. This
assumption is known as the replica symmetric assumption and turns out to be
wrong. For reasons of simplicity and since the replica symmetric assumption
is still a good approxiamation, it is the method of choice at this point. The free
energy density is then written as

−β[f ] = lim
n→0

{
−β(J − γ)〈k〉

2
m2 − (βJ)2〈k〉

4
(n− 1)q2+

+
1

n

∑
k

p(k) ln Trn exp(Lk) +
(βJ)2〈k〉

4

}
(5.52)

The logarithm of the trace is treated separately:

ln TrneLk = ln Trn exp

β(J − γ)km
∑

α

Sα +
(βJ)2k

2
q

(∑
α

Sα

)2

− n

 .

(5.53)
Again it is decomposed by a Hubbard-Stratonovich identity and the following
two abbreviations are introduced:

qk = qk, and mk = mk. (5.54)

One finds

ln TrneLk = ln Trn

√
(βJ)2qk

2π

∫
dz exp

{
−(βJ)2qk

2
z2 + (βJ)2qkz

∑
α

Sα−

−n(βJ)2qk

2
+ β(J − γ)mk

∑
α

Sα

}

= ln

∫
Dz exp

{
n ln

[
2 cosh (βJ

√
qkz + β(J − γ)mk)−

n(βJ)2qk

2

]}
= ln

(
1 + n

∫
Dz ln

[
2 cosh(βH̃k(z))

]
− n(βJ)2qk

2
+O(n2)

)
(5.55)

Here the Gaussian measure of Dz = exp(−z2/2)/
√

(2π) has been introduced
which results from completing the square in the integrant. Further one has
H̃k(z) = J

√
qkz + (J − γ)mk. Finally one can write for the free energy density

by taking the limit n → 0 and expanding the logarithm of in Equation (5.55)
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around n = 0:

−β[f ] =
(βJ)2〈k〉

4
(1− q)2 − β(J − γ)〈k〉

2
m2 +

∑
k

p(k)

∫
Dz ln 2 cosh(βH̃k(z)).

(5.56)
The equations of state for the order parameter m denoting the magnetization
is then written as:

m =
1

〈k〉
∑

k

p(k)k

∫
Dz tanh(βH̃k(z)). (5.57)

For the spin glass order parameter q one finds:

0 =
(βJ)2〈k〉

2
(q − 1) +

∑
k

p(k)
βJ
√

k

2
√

q

∫
Dz tanh(H̃k(z))z (5.58)

Partial integration then yields:

〈k〉q = 〈k〉 −
∑

k

p(k)k

∫
Dzsech2(βH̃k(z))

=
∑

k

p(k)k

(
1−

∫
Dzsech2(βH̃k(z))

)
q =

1

〈k〉
∑

k

p(k)k

∫
Dz tanh2(βH̃k(z)) (5.59)

These equations of state (5.57) and (5.59) are in exact correspondence with
those derived earlier in equations (5.51) and (5.50).

Let us now study the case of γ = 1 which corresponds to the maximization of
the Newman modularity Q. From the definition of H̃k(z) and the equation of
state for m it is clear that m = 0 for γ ≥ 1. The natural partition of a random
graph of any degree distribution with finite variance is the equi-partition. This
is true for any temperature. In the ground state for T → 0, i.e. β → ∞, one
further finds from Eq. (5.50) that q → 1. The system behaves just as an ordinary
SK model with couplings with zero mean. According to Eq. (5.56) the ground
state energy is obtained only from the integral:

[f ] = − 2

β

∑
k

p(k)

∫ ∞

0

Dz (βJ
√

qk + ln(1 + exp−2βJ
√

qk)) , (5.60)

where one of the exponentials of the cosh has been factored out and the loga-
rithm has been taken explicitly. The second term in the integral vanishes and
one is left with

[f ] =

√
2

π
J
∑

k

p(k)
√

kq. (5.61)

78



5.1. Analytical Developments

With q → 1 the ground state energy is finally given by:

lim
β→∞

[f ] = −
√

2

π
J〈k1/2〉. (5.62)

This result should be compared to that of Fu and Anderson, who find from the
assumption pij = p [78]:

lim
β→∞

[fFA] = −
√

2

π
J
√

Np(1− p). (5.63)

Since Np ≈ 〈k〉, one sees that FA have a ground state energy proportional
to the square root of the average degree, while the treatment presented here
results in a ground state energy proportional to the average square root of the
degree. One sees that the new approximation results in higher energies for any
degree distribution.

The modularity of the ground state partition into two equal sized parts is then
Q2 = −[f ]/〈k〉:

Q2 =

√
2

π
J
〈k1/2〉
〈k〉

. (5.64)

For comparison, the modularity resulting from FA would be

QFA
2 =

√
2

π
J

√
1− p

〈k〉
. (5.65)

For graphs in which every node has the same degree, the new formulation
presented here in Eq. (5.64) and the FA result (5.65) coincide. The following
numerical experiments will show the adequacy of Eq. (5.62) for a number of
different degree distributions.
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5.2 Numerical Experiments

For comparisons with numerical experiments the k-independent part of the
ground state energy of the SK model U0 =

√
2/π = 0.798 [98] was replaced

by its replica symmetry breaking counterpart U0 = 0.765 from Ref. [102]. This
simply improves the accuracy of our estimates but does not change the quali-
tative behavior of our predictions.

Random test networks with different degree distributions were created. First,
results were checked on Erdős-Rényi (ER) graphs [24, 25] with link probabil-
ity pij = p and different average degree. Figure 5.1 show the results of this
experiment with networks of N = 10, 000 nodes and average degree between
3 and 20. The Hamiltonian (5.1) was minimized using simulated annealing
[75]. As expected, the ground state was found to have zero magnetization. It
is remarkable that (5.64) leads to an improved estimate even for ER random
graphs. For large 〈k〉, the two approximations converge as would be expected.

3 5 10 20
<k>

0.15

0.2

0.3

0.4

0.5

Q
/U

_0

FA
Eq. (5.64)
Experiment

Figure 5.1: Numerical experiments for ER graphs with N = 10, 000 nodes
and varying average degree 〈k〉. The correction of the cost function due to
optimization Q2 is given in units of the SK ground state energy U0. The new
formula (5.64) improves the results of Fu and Anderson (5.65) [78] over the
whole range of values and in particular for small average degrees.

The second ensemble of degree distributions is that of scale free networks with
N = 10, 000 nodes and a degree distribution of the form p(k) ∝ k−κ. The maxi-
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mum possible degree was set to 1000 and the graphs were composed using the
Molloy-Reed algorithm [29]. The second moment of the distribution exists for
all κ > 2. For the experiments κ = 3 was chosen. In order to produce graphs
of different average degree, a minimum degree kmin was introduced, such that
p(k < kmin) = 0 with 2 ≤ kmin ≤ 12. Figure 5.2 shows the result of this exper-
iment. As expected, FA’s formula and (5.64) scale identically with the density
of the network and approximations are better for denser graphs. Clearly, (5.64)
approximates the data points better.

3 5 10 20
<k>
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Eq. (5.64)
Experiment

Figure 5.2: Numerical experiments for scale free networks with N ≈ 10, 000
nodes and p(k) ∝ k−3. Different average degrees were generated by setting
p(k) = 0 for k < kmin with 2 ≤ kmin ≤ 12. The formula by FA (5.65) [78]
underestimates the cut-size over the whole range of values and the improve-
ment with (5.64) is roughly constant over the whole range of data points.

Finally, a second class of scale free networks is studied. Introducing a kmin

may have been a too drastic step, as it excludes all nodes of small degree from
the network. Therefore, the degree distribution is modified to p(k) = (k +
∆k)−κ. Using κ = 3 as before and varying ∆k between 1 and 20, the networks
used for the experiments shown in Figure 5.3 were obtained. Here, also the
scaling of the cut-size with graph density is different and the improvement
of the estimation from (5.64) over FA grows with the average degree in the
network.

In all three cases, the formula by FA underestimates the cut-size of the parti-
tioning problem and overestimates the modularity. Hence, (5.64) is proposed
as a tighter lower bound on the partitioning problem.
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Figure 5.3: Numerical experiments for scale free networks with N ≈ 10, 000
nodes and p(k) ∝ (k + ∆k)−3. Different average degrees were generated by
varying ∆k between 1 ≤ ∆k ≤ 20. Again, the formula by FA (5.65) underes-
timates the cut-size over the whole range of values. The improvement with
(5.64) is larger for larger values of 〈k〉.

The above experiments show that the notion of “dense” graphs already ap-
plies to those with an average degree of 3 and above. Of course, the results
by FA represent a very early result used for comparison in the analysis. It
should not go unmentioned, that a large amount of work has gone into solv-
ing the graph partitioning problem on sparse graphs or in providing replica
symmetry breaking solutions. All of this work, however, was focused on ER
graphs [103, 104, 105, 106] or Bethe lattices [107, 108, 97, 109, 110] and resulted
in improvements of the approximation as a function of the average connec-
tivity. However, 〈k〉 is characteristic only for graphs with a Poissonian degree
distribution or fixed degree.

An approach different from the replica method can also be taken via the cavity
method [111, 77, 112]. There, however, the solution of self-consistent equa-
tions for the local field distribution would be necessary for every degree dis-
tribution. This would allow probably for the most accurate estimation of the
partitioning cost of graphs with arbitrary degree distribution, but does not re-
sult in formulas as handy as those presented here. Further, this method in only
applicable to sparse graphs with loops of length O(ln N), i.e. locally tree like
graphs, and hence is complementary to the replica treatment. Nevertheless, it
will be presented in the following chapter.
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Chapter 6

Modularity of Sparse Random
Graphs

The connection between community detection and graph partitioning has
been shown in the last chapters as well as the importance of giving expectation
values of the modularity or cut-size for partitions of random graphs. However,
all the approximation formulas given up to now have assumed dense graphs
for which the distribution of local fields in the ground state can be approx-
imated by a Gaussian. In this chapter, this approximation will be dropped
and the distribution of local fields will be calculated explicitly for any degree
distribution. Furthermore, it will be possible to study the influence of degree
correlations on the expectation values of the cut size which was not possible
with the methodology from the previous sections.

Recall again the definition of the graph partitioning problem. Given a graph
G(V, E), with N vertices and M edges, the problem consists in partitioning
the set of vertices V into q equal sized parts vi, such that the number of cut
edges from E (those that connect vertices in vi and vj with i 6= j) is minimal.
In the last chapter, this problem was interpreted as finding a ground state of
an infinite range spin glass with a coupling distribution of zero mean. It can
also be interpreted as finding the ground state of a ferromagnetic q-state Potts
model [82] under the constraint of zero magnetization. This is the approach
taken in this chapter. Note that now the system is a sparse system. Couplings
exist only between connected spins. Further, it is assumed that the loops in
the graph are long (O(ln N)), i.e. there exist hardly any triangles etc. This is the
case for any sparse random graph in the thermodynamic limit. Such graphs
are called locally treelike.

A number of results exist for graphs with fixed connectivity [113, 107, 108,
106, 110, 105]. Here a statistical mechanics approach to the problem of q-
partitioning a locally treelike graph is presented that can deal with arbitrary
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degree distributions and also allows for correlations of the degrees of neigh-
boring vertices.

The statistical mechanics formulation of the q-partitioning problem is done via
the following ferromagnetic Potts Hamiltonian:

HF ({σ}) = −
∑
i6=j

Jijδ(σi, σj), (6.1)

where Jij is the {0, 1} adjacency matrix of the graph and σi denotes the Potts
spin variable with σi ∈ {1, 2, ..., q}. Once one finds the ground state under
the constraint

∑
i δ(σi, τ) = N/q for all τ ∈ {1, 2, ..., q}, one can write the total

number of cut edges C in the system using the ground state energy Eg of the
above Hamiltonian (6.1):

C = M + Eg =
M

q
(q − 1− qQq). (6.2)

Note the difference to equation (5.5). Also note that the modularity of the q-
partition Qq can be expressed via Hamiltonian (6.1) as

Qq = −HF

M
− 1

q
. (6.3)

This expression is only valid for magnetization zero, i.e. an exact q-partition.

6.1 Cavity Method at Zero Temperature

The ground state energy of (6.1) can be calculated by applying the cavity
method at zero temperature following the approach presented by Mezard and
Parisi [111] in the formulation for a Potts model as presented by Braunstein et
al. [114, 115] for coloring random graphs. The energy of a system of N spins
is written as dependent on a “cavity spin” σ1 via the “cavity field” ~h1:

EN(σ1) = A−
q∑

τ=1

hτ
1δ(τ, σ1). (6.4)

Note, that the hτ
1 take only integer values, if Jij is composed of only {0, 1}.

The components of the cavity field ~h1 denote the change in energy of the sys-
tem with a change in spin i. In general, these are different from the “effective
fields”

∑
j Jijσj acting on spin σi, which are used to calculate the magnetiza-

tion.

84



6.1. Cavity Method at Zero Temperature

Adding a new spin σ0 connected to σ1, the energy of the now N +1 spin system
is a function of both σ1 and σ0:

EN+1(σ1, σ0) = A−
q∑

τ=1

hτ
1δ(τ, σ1)− J10δ(σ1, σ0) (6.5)

One can now write this expression in such a way, that it only depends on the
newly added cavity spin σ0:

EN+1(σ0) = min
σ1

EN+1(σ1, σ0) ≡ A− w(~h1)−
q∑

τ=1

ûτ (J10,~h1)δ(τ, σ0). (6.6)

The functions w and û take the following form:

w(~h) = max(h1, ..., hq), (6.7)

ûτ (J,~h) = max(h1, ..., hτ + J, ..., hq)− w(~h). (6.8)

From 6.8 one sees that ûτ (~h) is one, whenever the τ th component of ~h is max-
imal with respect to all other components in ~h and zero otherwise. Due to
possible degeneracy in the components of ~h, the vector û(~h) may have more
then one non zero entry and is never completely zero.

One can interpret this “cavity bias” û(J10, ~h1) as a new cavity field ~h0 which
describes the change of the energy of the system under a change of σ0. The
field ~h1 which was formally acting only on σ1 has now been propagated to σ0

and acts there as cavity field ~h0 = û(J10, ~h1). In the general case that the new
spin σ0 is connected to d different cavity spins, the cavity biases have to be
combined linearly to give the cavity field ~h0 =

∑d
i=1 û(Ji0,~hi).

With this, one “iteration” has just been completed and the basic idea behind
the Bethe-Peierls approach [116], which is the foundation of the cavity method,
has been demonstrated. The goal is to find a distribution of the cavity fields
Pcav(~h) which is stable under this iteration procedure and site independent.
For trees this is granted, and for graphs which are locally treelike, i.e. without
short loops, this is at least approximately true and corresponds to the assump-
tion of a replica symmetric ground state. It turns out that the entire problem
of finding the ground state properties of the system is reduced to the existence
and actual finding of the distribution of the cavity fields.

The iteration procedure can also be interpreted as a form of message passing.
The spins σi see cavity fields ~hi in the absence of spin σ0 and send “messages”
û(Ji0,~hi) along the link Ji0 to spin σ0. Spin σ0 collects these messages to form

85



Chapter 6. Modularity of Sparse Random Graphs

a cavity field which is then passed to some other node j in form of a message.
The cavity field is hence a field that a node i sees in the absence of node j. It is
transformed into a message and passed from node i to j. A node of degree k
sees k different cavity fields, each made from k − 1 messages. There are hence
twice as many cavity fields and messages as there are links in the graph. The
cavity fields and messages “live” on the edges of the graph.

At this point let’s recall the definition of the excess degree of a node [32]. The
excess degree d is nothing but the number of links a node i has minus one:
di = ki − 1 and hence the number of messages or inputs that are used in the
calculation of the ki cavity fields of that node. Since the cavity fields and biases
live on the edges of the graph, drawing from their distribution and averag-
ing over their distribution means drawing from and averaging over the set of
edges. The number of messages that are used in the calculation of the cavity
field for a particular edge is distributed as q(d), the probability of finding a
node of excess degree d by following a randomly chosen link. Hence, it must
satisfy q(d) ∝ (d + 1)p(d + 1), the degree of the node k = d + 1 times the proba-
bility of drawing a node of degree k at random from the set of nodes. Correctly
normalized one has:

q(d) =
(d + 1)p(d + 1)∑

k p(k)k
=

(d + 1)p(d + 1)

〈k〉
. (6.9)

Only for the case of a Poissonian degree distribution p(k) = e−〈k〉 〈k〉
k

k!
one finds

q(d) = p(d), i.e. the excess degree is distributed in the same way as the de-
grees themselves. Since degree correlations are measured as average over the
set of edges, only nodes with at least one link contribute to the average and
the excess degree becomes the natural parameter to characterize the nodes.
Correlations will be dealt with later.

With these definitions, one can write self consistent equations for the proba-
bility distributions of the cavity fields Pcav(~h) and the cavity biases Q(~u). Note,
how q(d), the distribution of the excess degree, enters in the equation. Fur-
thermore, one can write equations for the distribution of effective fields Peff(~h)
that “live” on the nodes of the graph. This distribution is needed later in the
calculation of the ground state energy. Note how p(k), the degree distribution,
enters into its calculation:

Pcav(~h) =
∞∑

d=0

q(d)

∫ d∏
i=1

(
dq~hiPcav(~hi)

)
δ

(
~h−

d∑
i=1

û(~hi)

)
(6.10)

Q(~u) =

∫
dq~hPcav(~h)δ(~u− û(~h)) (6.11)

Q(~u) =
∞∑

d=0

q(d)

∫ d∏
i=1

(dq~uiQ(~ui)) δ

(
~u− û

(
d∑

i=1

~ui

))
(6.12)
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6.1. Cavity Method at Zero Temperature

Peff(~h) =
∞∑

k=0

p(k)

∫ k∏
i=1

(
dq~hiPcav(~hi)

)
δ

(
~h−

k∑
i=1

û(~hi)

)
(6.13)

Peff(~h) =
∞∑

k=0

p(k)

∫ k∏
i=1

(dq~uiQ(~ui)) δ

(
~h− û

(
k∑

i=1

~ui

))
(6.14)

As a special case, the distinction between effective fields and cavity fields is ir-
relevant for graphs with Poissonian degree distribution because of q(d) = p(d).
Note that these equations can be solved via an iteration procedure. Plugging a
test function, e.g. Pcav(~h) into the right hand side of equation (6.10) one obtains
a new Pcav(~h) after integration and summation. This process is repeated until a
fix point distribution Pcav(~h) is reached which is a solution of (6.10).

The energy of the system is then calculated from the contribution of a site
addition, i.e. adding a vertex of degree k to the graph and the contribution of
a link removal as outlined in Ref. [111]. The change in energy due to a site
addition is

∆E1 = −
∞∑

k=0

p(k)

∫ k∏
i=1

(dq~uiQ(~ui)w

(
k∑

i=1

~ui

)
= −

∫
dq~hPeff(~h)w

(
~h
)

. (6.15)

Note that the site addition is different from the iteration procedure, as now the
full degree of the vertex and the effective field plays a role. The energy of a
link addition (negative link removal) is:

∆E2 =

∫
dq~h1d

q~h2Pcav(~h1)Pcav(~h2)
(
w(~h1)− w(~h1 + û(~h2))

)
(6.16)

Here, the cavity fields and the excess degrees at the end of the edge to remove
play a role. The energy density of the system is then written as:

E = ∆E1 −
〈k〉
2

∆E2 (6.17)

There is a subtle point here about equation 6.17. It is necessary to keep the
degree distribution p(k) invariant when going from N to N +1 sites by adding
an new site with k links drawn form p(k). With the k links from the new node,
one increases the total number of stubs (ends of edges) of the N old nodes by
k, therefore changing the degree distribution of the old nodes, which already
is p(k) and should be kept invariant. Hence, one needs to cut k/2 links among
the old N nodes in order to create the k stubs to which the new node can
be connected without changing the degree distribution. Averaged over p(k),
one needs to cut 〈k〉/2 links before adding the new node as in equation 6.17.
Note that these expressions are completely general and do not depend on the
specific Hamiltonian under study as this is encoded in the specific form of û
and w [111].
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6.2 Graph Partitioning Using the Cavity Method

It was already shown that the messages are only made of linear combina-
tions of unit vectors in direction τ , such that ~u =

∑q
τ=1 aτ~eτ with coefficients

aτ ∈ {0, 1}. Since one wants to find solutions of an equi-partitioning problem,
one is only interested in solutions which are symmetric under an arbitrary per-
mutation of the spin indices, i.e. the solution must be fully color symmetric. An
ansatz that bears this symmetry is:

Q(~u) =

q∑
τ=1

ητδ(τ − ‖~u‖2). (6.18)

This means that one is simply counting the number of ones in a message and
this number is represented by the index of the order parameter ητ . All mes-
sages with the same number of ones are equally probable. Hence, one only
needs to determine q different probabilities ητ , of which q − 1 are independent
due to the normalization constraint:

q∑
τ=1

(
q
τ

)
ητ = 1. (6.19)

As an example, let’s study a network with fixed connectivity, a Bethe lattice
with k = 3 and q = 2, i.e. a bi-partition. The excess degree of every node is
two. The self consistent equation for the messages can be cast into a system of
non-linear polynomial equations for the q = 2 order parameters:

η1 = η2
1 + 2η1η2 (6.20)

η2 = 2η2
1 + η2

2 (6.21)
1 = 2η1 + η2 (6.22)

It is instructive to interpret this system of equations. Every node has two “in-
puts” over which it can receive messages and one “output”. The first equation
means: a node sees a non-degenerate maximum in the cavity field with prob-
ability η1, because it either has two also non-degenerate inputs pointing in the
same direction (this happens with probability η2

1) or it has one non-degenerate
input and one twofold-degenerate input (which happens with probability
2η1η2). The second equation means: a node sees a twofold-degenerate cavity
field with probability η2, because it has two non-degenerate inputs pointing in
different directions (this happens with probability 2η2

1 or it has two twofold-
degenerate inputs (which happens with probability η2

2). The third equation is
simply the normalization condition. The solution of this system is given by
η1 = 1/3 and η2 = 1/3. Formally, these equations are equivalent to those de-
rived for an Ising spin glass with couplings Jij ± 1 on a Bethe lattice and the
results can be applied immediately [111].
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6.2. Graph Partitioning Using the Cavity Method

6.2.1 Bi-Partitioning

Due to the large number of combinations of messages for large k and the large
number of different messages for large values of q, it was not possible to find a
simple analytic expression for the coefficients for the self consistent calculation
of the order parameters η1...ηq for arbitrary k and q. The expression is simple
though, if only two spin states are allowed. The probability for a cavity field
~h = (h1, h2) to be seen by a node of excess degree d is expressed as:

P d
cav(h1, h2) =

d!

(d− h1)!(d− h2)!(h1 + h2 − d)!
η2d−h1−h2

1 (1− 2η1)
h1+h2−d. (6.23)

The average over the excess degree distribution then reads:

Pcav(h1, h2) =
∞∑

d=0

q(d)P d
cav(h1, h2). (6.24)

Recall that ητ is the probability that the maximum component of the cavity
field is τ -fold degenerate. One then has:

η1 =
∞∑

h1=1

h1−1∑
h2=0

Pcav

(
~h = (h1, h2)

)
(6.25)

η2 = 1− 2η1 =
∞∑

h=1

Pcav

(
~h = (h, h)

)
, (6.26)

which can also be understood as a self consistent equation for the order pa-
rameters ητ and can be solved easily in an iterative manner again.

Figure 6.1 shows the order parameter η1 and the ground state energy for Bethe
lattices and ER random graphs with different connectivities. Note how the val-
ues of η1 for Bethe lattices with even connectivity (odd excess degree) always
lie above the curve for ER random graphs, while those with odd connectiv-
ity (even excess degree) lie below them. This is understandable from the fact
that odd excess degrees favor an asymmetry in the cavity fields and hence fa-
vor η1. The difference between Bethe lattices and ER-random graphs becomes
negligible for larger degrees.

Let’s compare these exact results to numerical experiments. Banavar et al. [97]
have performed numerical studies of the graph bi-partitioning problem for
Bethe lattices. For lattices of varying degree, Table 6.1 compares the results
of the cavity method Q2 and the approximation formula (5.64) which is in this
case of fixed connectivity equivalent to the approximation by Fu and Anderson
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Figure 6.1: The order paramter η1 for ER random graphs and Bethe lattices
vs. the average connectivity. Note how the values of η1 for Bethe lattices
with even connectivity (odd excess degree) always lie above the curve for ER
random graphs, while those with odd connectivity (even excess degree) lie
below them. This is understandable from the fact that odd excess degrees
favor an asymmetry in the cavity fields and hence favor η1. The difference
between Bethe lattices and ER-random graphs becomes negligible for larger
degrees.

(5.65) QFA
2 with the numerical results by Banavar et al. QBanavar [97]. For the case

of d + 1 = 3, the problem has also been studied by Wong and Sherrington
[107, 110], Mezard and Parisi [108] and De Oliveira [109].

One can observe that the results of the cavity method give an improved esti-
mate over the replica results (5.64) or (5.65) for sparse graphs. The agreement
with the numerical results is within a few percent and can be improved by re-
sorting to the replica symmetry breaking formalism [111]. For denser graphs,
the finite size effects of the numerical simulations become more pronounced.
The largest network studied by Banavar et al. had only 4000 nodes. Since the
cavity method relies on the absence of short loops the approximation will in-
evitably break down. This explains why for denser graphs the replica results
give the better approximation, the networks studied by Banavar simply are
not exactly treelike for large connectivities.

Let’s perform the same comparison for ER random graphs of varying connec-
tivity. Table 6.2 summarizes the results. This time, the results of the cavity
method are compared to the replica approximation (5.64) and the numerical
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d + 1 η1 Eg Q2 QFA
2 QBanavar

3 0.333333 -1.388889 0.426 0.441 0.420
4 0.4 -1.744 0.372 0.382 0.366
5 0.385604 -2.095665 0.338 0.341 0.332
6 0.416453 -2.427626 0.309 0.312 0.303
8 0.426902 -3.081101 0.270 0.270 0.264
9 0.422281 -3.402895 0.256 0.254 0.250
10 0.434291 -3.715701 0.243 0.241 0.235
15 0.442999 -5.252232 0.200 0.197 0.193
20 0.453388 -6.741082 0.174 0.171 0.168

Table 6.1: Comparison of the numerical results for bi-partitioning random
Bethe lattices of varying connectivity d + 1 = k by Banavar et al. QBanavar [97]
and the results of the cavity method Q2 and those of the replica method Fu
and Anderson (5.65) QFA

2 [78].

experiments of the previous chapter for ER graphs of size N = 10000 and vary-
ing average connectivity. Again, the cavity approximations are better than the
replica approximation for sparser graphs. Note that the experimental value for
〈k〉 = 3 should actually be placed at 〈k〉 = 3.16 as only the largest connected
component of the test network with 〈k〉 = 3 was partitioned and this has a
slightly higher average degree.

Finally, let’s consider the results of the cavity method for graphs with a scale
free degree distribution. Table 6.3 summarizes the results for a number of
such networks. Note that in order to reduce the computational complexity
of the iteration procedure in calculating the distribution of fields, the degree
distribution was cut off at a value of kmax = 300. An exponent of γ = 3 was
used. Also the estimates as obtained by the replica method (5.64) are included
into the table for comparison. To obtain these estimates, the replica symmetry
breaking value for the ground state energy of the SK model of U0 = 0.765
[102] was used. This is slightly unfair since the cavity method as used here
only gives a replica symmetric approximation. A replica symmetry breaking
treatment is also possible [111, 114], but at a much higher computational cost
and was not intended here.

Figure 6.2 compares the predictions of the cavity method and the replica
method from Table 6.3 to the experimental values already used in the last
chapter, i.e. for networks with N = 10000 nodes. Bi-partitioning of random
graphs with given degree distribution was performed using simulated an-
nealing. Both, the cavity method and the replica method give excellent re-
sults, though the replica method is slightly more accurate. This is due to
the fact that the RSB value of U0 was used. If the replica symmetric value
of U0 =

√
2/π = 0.798 would be used, the predictions of the replica method

would be some 4% higher and lie above the cavity predictions for all values
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〈k〉 η1 Eg Q2 Q2 (5.64) Experiment
3 0.350294 -1.356469 0.404 0.416 0.398
4 0.379283 -1.722180 0.361 0.368 0.355
5 0.395917 -2.071434 0.329 0.332 0.322
6 0.407083 -2.409965 0.303 0.305 0.297
7 0.415287 -2.740735 0.283 0.284 0.277
8 0.421635 -3.065523 0.266 0.266 0.261
9 0.426758 -3.385505 0.252 0.251 0.247

10 0.431001 -3.701513 0.240 0.239 0.234
15 0.444863 -5.239166 0.199 0.196 0.193
20 0.452795 -6.73054 0.173 0.170 0.168

Table 6.2: Comparison of the numerical results for bi-partitioning of ER ran-
dom graphs of varying average connectivity 〈k〉. The numerical experiments
were performed on networks with N = 10000 nodes. The data points are
those of Figure 5.1. Shown are the results of the cavity method Q2 and those
of the replica approximation (5.64).

of 〈k〉, i.e. the cavity method gives a better estimate of the modularity or the
cut-size of the graph partitioning problem than the replica method in a replica
symmetric approximation. It is however, much simpler to obtain a replica
symmetry breaking estimate for the replica method using the Parisi solution
of the SK model [102].
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∆k 〈k〉 η1 Eg Q2 Q2 (5.64)
1 2.175515 0.252463 -1.027667 0.445 0.468
2 3.082686 0.335003 -1.355509 0.380 0.381
3 4.010671 0.373761 -1.664909 0.330 0.328
4 4.939877 0.395583 -1.966363 0.296 0.292
5 5.863635 0.409521 -2.258108 0.270 0.266
6 6.779221 0.419219 -2.545261 0.251 0.247
7 7.685401 0.426388 -2.823575 0.235 0.231
8 8.581598 0.431926 -3.095438 0.221 0.218
9 9.467555 0.436351 -3.368575 0.212 0.207

10 10.343184 0.439979 -3.633906 0.203 0.198

Table 6.3: Comparison of the numerical results for bi-partitioning scale free
networks with a degree distribution p(k) ∝ (k + ∆k)−γ and γ = 3. To reduce
the computational complexity of the iteration procedure in solving for η1, the
degree distribution was cut off at a maximum degree of kmax = 300. Shown
are the results of the cavity method Q2 and those the replica approximation
(5.64).
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Figure 6.2: Modularity Q of different scale free networks with degree distri-
bution p(k) ∝ (k+∆k)−γ with γ = 3. Comparison of experimental values and
predictions from the cavity method Q2 and the replica method (5.64). For the
replica method which depends on the ground state energy of the SK model,
the replica symmetry breaking value of U0 = 0.765 was used.
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6.2.2 q-Partitioning

In the last section, the dependence of the cut-size and modularity of the bi-
partitioning problem on the degree distribution and the average degree of the
network was studied. Let us now also study the dependence of the cut-size
and modularity for higher numbers of q. As an introductory example, the
system of equations (6.27) is derived for the calculation of the ground state
of the 3-state Potts model on a Bethe lattice of connectivity d + 1 = 3. It is
equivalent to the system of equations (6.22) for the 2-state Potts model on a
Bethe lattice of connectivity tree. Similar systems of equations are possible for
higher numbers of q and other connectivities as well.

η1 = η2
1 + 4η1η2 + 2η1η3 + 2η2

2

η2 = 2η2
1 + η2

2 + 2η2η3

η3 = 6η1η2 + η2
3

1 = 3η1 + 3η2 + η3 (6.27)

In equivalence to Table 6.1, Table 6.4 shows the ground state energies and
modularities Q3 of the 3-state Potts model on a Bethe-Lattice of varying con-
nectivity. The results are in complete agreement with those derived by de
Oliveira [109] for the same problem using an essentially equivalent approach
but a slightly different formalism. In the replica formalism, the modularity
QKS

3 of the 3-state Potts model was calculated from the results of Kanter and
Sompolinsky (KS) [96] after equation (4.47) using the values of Table 4.1. In
addition, numerical experiments were performed maximizing the modularity
of a partition into three parts by simulated annealing for Bethe Lattices of size
N = 10, 000. Both approximations, the cavity method as well as (4.47) give
good approximations, accurate to a few percent. The cavity method gives esti-
mates which are slightly higher than the experimental values, while the replica
treatment of KS underestimates the modularity of the partitions.

Recall that the replica treatment of KS showed that Q is maximal for q = 5. The
comparison of the replica treatment and the cavity method has shown a good
agreement for q = 3 on Bethe lattices of different connectivities in Table 6.4. It
is worth investigating whether this agreement persists for higher numbers of
parts. Comparing the values from Table 6.4 for q = 3 with those of Table 6.1
for q = 2, one observes that the modularities are higher for q = 3. In order to
study whether this trend persists or whether there exists a particular number
of parts which maximizes the modularity, the cavity method was applied to
Bethe lattices of connectivity d + 1 = 3 with increasing number of spin states
q. Systems of equations similar to (6.27) were derived and solved numerically
for q ∈ {2, 3, .., 10}. Table 6.5 summarizes the results.

It is instructive to study the dependence of Eg on the number of parts q. From
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d + 1 η1 η2 Eg Q3 QKS
3 (4.47) Experiment

3 0.182277 0.106296 −1.3422 0.561 0.536 0.550
4 0.222169 0.0775289 −1.6456 0.489 0.464 0.479
5 0.225838 0.0892221 −1.9322 0.440 0.415 0.428
6 0.237821 0.0765353 −2.2077 0.403 0.379 0.391
7 0.247720 0.0706140 −2.4718 0.373 0.351 0.361
8 0.250774 0.0708544 −2.7300 0.349 0.328 0.338
9 0.256474 0.0650071 −2.9826 0.329 0.309 0.319
10 0.260994 0.0625920 −3.2296 0.313 0.293 0.302

Table 6.4: Order parameters, ground state energies and modularity Q3 the
ferromagnetic Potts Hamiltonian under the constraint of zero magnetization
for Bethe lattices with different connectivities and q = 3 spin states as ob-
tained by the cavity method. For comparison, the modularities QKS

3 as calcu-
lated with a replica approach after Kanter and Sompolinsky (KS) after equa-
tion (4.47) and values obtained from numerical experiments are shown.

looking at Figure 6.3 one finds empirically, that

Eg = E∞ − B
√

q
(6.28)

with E∞ = −1.141 and B = 0.3496. This is a quite remarkable result. Even
for a very large number of parts, always given q � N , one can still satisfy
2.3 of the 3 connections per node on average. This is not much less than the
2.78 links which can be satisfied when partitioning the network into only two
parts. This also means that practically every node has two or more links into
its own community, which again means that every random Bethe lattice of
connectivity d + 1 = 3 has a community structure if the definitions of Radicchi
et al. are applied.

With equations (6.3) and (6.28) it is now clear that the number of parts q∗ which
maximizes Q on a Bethe lattice with d + 1 = 3 connections per node is:

q∗ =
(d + 1)2

B2
≈ 74. (6.29)

Clearly, the results from the cavity method give a good approximation of the
modularity for all numbers of parts q. The replica treatment of KS exhibits a
different behavior. Regardless of the connectivity of the network, maximum
modularity is achieved for q = 5 and modularity decreases with increasing
q. The cavity method, however, shows that for sparse graphs, modularity in-
creases until q = 74 for Bethe lattices of connectivity d + 1 = 3 and decreases
only then. The numerical experiments of chapter 4 (compare Figure 4.12) have
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Figure 6.3: Ground state energy per spin of the q-state ferromagnetic Potts
Hamiltonian under the constraint of zero magnetization for Bethe lattices of
connectivity d + 1 = 3. Data points are taken form Table 6.5.

shown that this behavior generalizes for other kinds of sparse graphs as well.
The sparser a graph, the higher the value of q∗ for which maximum modu-
larity is achieved. With increasing density of the graph, q∗ decreases to the
replica value of q∗R = 5. The advantage of the cavity method is, that it can cap-
ture this behavior in a single formalism without the introduction of recursive
bi-partitionings as introduced in chapter 4.
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Chapter 6. Modularity of Sparse Random Graphs

6.2.3 Population Dynamics Approximation

The results in the last sub section have all been obtained by either exactly solv-
ing a system of equations similar to that of (6.22) for Bethe lattices with fixed
connectivity or by iteratively finding the fix point of equations (6.10) to (6.14).
This is not always practical, e.g. when the degree distribution is broad or has
a very large maximum degree. It may therefore be advisable to use a sam-
pling technique known as popultion dynamics to find approximate solutions
for P (~h) and Q(~u) [93].

Both the distribution of cavity biases Q(~u), as well as the distribution of cav-
ity fields Pcav(~h) and effective fields can be written as functions of the order
parameters ητ only. When it is not possible to write and solve a system of
equations for the order parameters directly, one can turn to an efficient pop-
ulation dynamics algorithm to find the q order parameters that quench the
color symmetry directly. This algorithm effectively implements the iteration
procedure. Instead of using a population of cavity fields or biases, it is much
more efficient to work with a population of order parameter indices and create
one of the possible messages represented by a particular order parameter with
equal probability. Such an algorithm would work as follows:

1. Start with a population of order parameter indices 1, ..., q.

2. Draw a number d from the excess degree distribution q(d).

3. Draw d order parameter indices from the population at random and
generate d messages ~ui containing the appropriate number of ones for
each order parameter with equal probability. This quenches the equi-
partition.

4. Calculate a the cavity field h0 =
∑d

i=1 ~ui from these d messages and trans-
form it into a message ~u0 = û( ~h0).

5. Determine the order parameter index τ , to which ~u0 belongs, i.e. count
the number of ones in the message.

6. Replace an arbitrarily chosen order parameter index from the population
by τ .

7. Goto step 2 until convergence.

Note that this converges to a population of order parameter indices, in which
every order parameter is found overrepresented by a factor corresponding to
its multiplicity. Since the number of possible messages grows exponentially
fast, there are 2q − 1 different possible messages, it is therefore very efficient to
run the population dynamics algorithm on the indices of the order parameters
only.
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6.3. Correlated Random Graphs

Note that this procedure is especially suited for connected components of a
graph. Since the distribution of order parameters is enforced to be symmetric,
a balanced cut through all connected components is always enforced. This
might not be the optimal partitioning, if the graph consists of more than one
connected component [103, 104]

6.3 Correlated Random Graphs

In the last section, the cavity method was introduced as a method of calculat-
ing the modularity of random graphs. It was found that it works very well
especially for sparse graphs, but the improvements over the replica treatment
in terms of accuracy might not merit the enormous increase in computational
effort for obtaining the estimate.

The advantage of the cavity method, however, becomes immediately obvious
when dealing with correlated random graphs. It was mentioned in Chapter 2
that many real world networks exhibit degree correlations. The replica treat-
ment, however, is only able to deal with uncorrelated random graphs, because
it relies on the factorization of the pij . The random null model of networks
represented by the replica treatment does not possess degree correlations.

When detecting community structures in graphs with degree correlations,
however, one would like to use an ensemble of random graphs with the same
degree distribution and the same degree correlation as a random null model.
The cavity method is able to do deal with degree correlations, too.

When dealing with correlated random graphs, it is necessary to adequately
parametrize these correlations. One way to do so is to use the assortativity co-
efficient r, which is nothing but the Pearson correlation coefficient of the excess
or remaining degrees di and dj of the nodes at the end of a randomly drawn
edge between nodes i and j. One then defines the quantity edd′ as the joint
probability distribution of the excess degree d and d′ at the ends of a randomly
chosen edge. Obviously, edd′ must be symmetric and obey the following sum
rules [32]: ∑

dd′

edd′ = 1
∑
d′

edd′ = q(d). (6.30)

Furthermore, one can write the conditional probability p(d′|d) that a node of
excess degree d′ is reached following a link starting from a node with excess
degree d

p(d′|d) =
edd′

q(d)

∑
d′

p(d′|d) = 1. (6.31)

Note, that p(d′|d) is no longer symmetric! For a fully correlated network, one
can write edd′ = q(d)δdd′ , which is a valid distribution. However, in this case,
the network is separated into disconnected components in which all nodes
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Chapter 6. Modularity of Sparse Random Graphs

have the same degree. A fully uncorrelated network has edd′ = q(d)q(d′) and
P (d′|d) = q(d′). There is no such simple expression for the fully anti-correlated
network. The assortativity coefficient r ranges from −1 ≤ r ≤ 1 and is written
as

r =
1

σ2
d

∑
dd′

dd′(edd′ − q(d)q(d′)), (6.32)

where σ2
d =

∑
d d2q(d) − (

∑
d dq(d))2 is the variance of the excess degree d.

In order to interpolate smoothly between the completely correlated and un-
correlated case, one employs the following method. Start with a completely
uncorrelated matrix edd′ = q(d)q(d′). Then choose two pairs of indices in this
matrix (i1, j1) and (i2, j2) with probabilities ei1j1 and ei2j2 . If i1 < i2 and j1 > j2,
decrease ei1j1 and ei2j2 by ε and increase ei1,j2 and ei2,j1 by ε. Equivalent changes
are applied to keep edd′ symmetric. This ensures that the sum rules are obeyed
and the probability mass “moves” towards the diagonal of the matrix. This in-
finitesimal change is repeated until a desired value of r is reached. If only ε is
small enough, such that the number of moves necessary to achieve a particular
r is large, this procedure allows a reproducible and smooth transition from the
case edd′ = q(d)q(d) to edd′ = q(d)δdd′ .

In order to obtain anti-correlated networks, the same procedure can be fol-
lowed but choosing the two pairs of indices such that i1 < i2 and j1 < j2. The
changes in the matrix elements are then equivalent to the above. The choice of
the two pairs of indices is of course somewhat arbitrary. It was opted for this
one, since the probability mass is moved away is a diffusion like manner.

In order to obtain networks with a given correlation structure, the above pro-
cedure is simply employed on the set of links. Starting from an uncorrelated
realization of a network with a desired degree distribution, one then picks two
links which in terms of the above procedure effectively corresponds to pick-
ing two pairs of indices given by the excess degrees at the ends of these links.
These links are then rewired keeping the degree distribution constant. Hence,
one effectively has ε = 1/M .

Let’s first study the problem qualitatively. ER random graphs with size
N = 10, 000, varying connectivity and varying assortativity r were produced.
Then, assignments of spins into communities with maximum modularity were
determined using simulated annealing. Figure 6.4 shows the results. One ob-
serves that degree correlations can lead to higher modularities than expected
for uncorrelated graphs. It is understood that the mere presence of degree-
correlations must not lead to the conclusion that latent classes of nodes exist!
This stresses again the importance of choosing an appropriate random null
model for comparison of empirical data - preferably with the same degree cor-
relations. Second, one observes that the effect is stronger for positive degree
correlations than for negative. Third, the influence of degree correlations is
stronger for denser networks. The remainder of this chapter will be dedicated
to the study of this phenomenon from a theoretical and quantitative viewpoint.

In case of correlated random graphs, the self consistent equations for the dis-
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Figure 6.4: Modularity Q of correlated ER random graphs of size N = 10000.
Left: Q of an ER random graph with 〈k〉 = 10 for different values of the
assortativity coefficient r. Right: Q of ER random graphs of different average
connectivities for three different values of r.

tribution of fields and messages change slightly [117]. Recall that there is only
one distribution of fields in case of no correlations which results from an av-
erage over the degree distribution. For correlated graphs, there is a set of dis-
tributions of fields and messages - one for every possible excess degree in the
network [117]. The correlation structure is taken into account via p(d′|d) which
accounts for the fact that the incoming messages received by a node of excess
degree d are not sampled uniformly from all nodes, but with weights corre-
sponding to p(d′|d). Hence, p(d′|d) couples the different distributions.

P d
cav(

~h) =

∫ d∏
i=1

dq~hi

∞∑
d′i=0

p(d′i|d)P d′i
cav(

~hi)

 δ

(
~h−

d∑
i=1

û(~hi)

)
(6.33)

Qd(~u) =

∫
dq~hP d

cav(
~h)δ(~u− û(~h)) (6.34)

Qd(~u) =

∫ d∏
i=1

dq~ui

∞∑
d′i=0

p(d′i|d)Qd′i(~ui)

 δ

(
~u− û

(
d∑

i=1

~ui

))
(6.35)

P k
eff(

~h) =

∫ k∏
i=1

dq~hi

∞∑
d′i=0

p(d′i|k − 1)P d′i
cav(

~hi)

 δ

(
~h−

k∑
i=1

û(~hi)

)
(6.36)

P k
eff(

~h) =

∫ k∏
i=1

dq~ui

∞∑
d′i=0

p(d′i|k − 1)Qd′i(~ui)

 δ

(
~h− û

(
k∑

i=1

~ui

))
(6.37)

(6.38)

The energy per node then follows from an average over the degree distribu-
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tion.

∆E1 = −
∞∑

k=0

p(k)

∫ k∏
i=1

(dq~ui

∞∑
d′=0

p(d′|k − 1)Qd′(~ui)w

(
k∑

i=1

~ui

)
(6.39)

= −
∞∑

k=0

p(k)

∫
dq~hP k

eff(
~h)w

(
~h
)

(6.40)

The energy per link then results from an average over the assortativity matrix
edd′ :

∆E2 =
∞∑

d′,d=0

edd′

∫
dq~h1d

q~h2P
d′

cav(
~h1)P

d
cav(

~h2)
(
w(~h1)− w(~h1 + û(~h2))

)
. (6.41)

The total energy density per node is then calculated via Eq. (6.17). The so-
lution of these equations is unfortunately much more difficult than in the un-
correlated case. The reason is that the ansatz of equation (6.18) cannot be used
here. Recall that the messages “live” on the edges and Q(~uτ ) is the probabil-
ity to receive a particular message with τ non-zero entries from a randomly
drawn edge. For uncorrelated networks, this probability was taken as inde-
pendent of the degree of the node at the origin of the message. Effectively, this
amounts to saying that for uncorrelated random graphs the degree distribu-
tions in all parts of a partition is equal. In case of degree correlated networks
this assumption must be dropped. Now one has the following relations:∑

dd′

edd′Q
d(~uτ ) =

∑
d

q(d)Qd(~uτ ) = ητ , ∀ ~uτ (6.42)

The probability ητ of receiving a message ~uτ with τ non-zero entries from any
node must only be a function of the number of non-zero entries in this mes-
sage. The color symmetry and hence the equi-partition is enforced because
this ητ is again independent of which particular message ~uτ is under consid-
eration. Unfortunately, it is much more difficult to enforce these constraints in
an iteration procedure or population dynamics algorithm. It is clear that the
uncorrelated solution with Qd(~uτ ) = ητ always exists. This again means that
the ground state energy can never be larger than in the uncorrelated case and
hence correlations can only lead to increased modularity as is indeed shown
by the numerical experiments at the beginning of this section.
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Chapter 7

Applications

7.1 Protein Folding

Proteins form the basic building blocks of all living organisms. Their construc-
tion plan is encoded in the genome where three base pairs encode for each of
the 21 amino acids from which the proteins are assembled. When initially as-
sembled by a ribosome, a protein is not more than a chain of amino acids. In
order to function, it has to fold into a specific three dimensional structure. This
folding is a very complex process governed by the non-covalent interactions
involving the entire molecule [118].

The functional conformation or native state of a protein is determined by the
global minimum of the free energy landscape of the folding Hamiltonian. Ex-
perimentally, it has been observed that proteins can fold reversibly between
native and denatured states [119, 120]. This is surprising given the immense
number of 10300 different conformations a typical protein with 150 amino acids
is able to assume. It became known as “Levinthal’s Paradox” after Cyrus
Levinthal that these are actually too many conformations for a protein to be
able to perform a random search and find the native conformation on biolog-
ical time scales [121]. Levinthal resolved the paradox by assuming specific
folding pathways, sequences of transformations a protein adopts between the
chain of amino acids after assembly and the functional native state. The mod-
ern view assumes less one specific pathway but focuses more on ensembles of
transition states and multiple folding routes [122]. To emphasize the difference
from Levinthal’s pathways, the term “funnel” has been coined. An interesting
question is what are the characteristics in a chain of amino sequences that lead
to such a funneled energy landscape.

It is, however, experimentally difficult to observe the folding transitions in de-
tail experimentally. Alternatively, it is possible to use computer simulations to
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study the folding process by molecular dynamics simulations. It is then pos-
sible to map the observed transitions on a network and study the properties
of the folding landscape by analyzing this network which yields valuable in-
formation about the free energy landscape of the folding Hamiltonian without
the need for projecting it onto arbitrarily chosen coordinates. Figure 7.1 gives
an example.

The time curse of a molecular dynamics simulation is monitored by taking
conformational snapshots at fixed intervals. In order to visit a large number
of conformations but still preserving the essential features of the folding land-
scape, the simulations are run at a temperature corresponding to the melting
point of the peptide. This way, both native and denatured configurations are
sampled. Since folding is reversible, the direction of the change is dropped
when constructing a network of conformations linked by observed transitions.
One expects the protein to linger longer times near stable conformations which
leads to a dense connection among stable conformations. In the language of
community detection, stable and near stable conformations form communi-
ties. Transitional states are intermediates between stable conformations and
hence should form the overlap between communities.

A large protein folding network was compiled by Rao and Caflisch (RC) [118].
This network represents the conformation space of beta3s, a 20 amino acids
peptide, sampled by implicit solvent molecular dynamics (MD) at the melting
temperature. The peptide had previously been investigated by nuclear mag-
netic resonance (NMR) spectroscopy [123] and the implicit solvent MD simu-
lations were shown to correctly reproduce the experimentally observed native
state [124].

For the folding network of Ref. [118], 5×105 subsequent conformational snap-
shots were taken at time intervals of 20ps. From the 3D coordinates of these
configurations, RC calculated the secondary structure of the protein, such that
a conformation can be represented by a string in an eight letter secondary
structure alphabet [125]. The secondary structure describes the three dimen-
sional form of local segments of the bio-polymer. In particular, RC used “H”
for α-helix, “G” for 310-helix, “I” for π-helix, “E” for extended, “B” for isolated
β-bridge, “T” for hydrogen bond turn, “S” for bend and “-” for unstructured.

Figure 7.1: Mapping the time course of protein folding onto a network. Left:
Observed conformational transitions during a molecular dynamics simula-
tion of a peptide. Right: The observed changes as an undirected network.
Nodes represent conformations and links observed transitions.
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This alphabet allows for 818 ≈ 1016 different conformations, because the two
ends of the amino acid chain are fixed as being unstructured. The 5×105 snap-
shots result in 132168 different conformations sampled and 228, 972 observed
transitions between two different conformations [118]. The number of times a
conformation is visited w is transformed into the statistical weight w̄ = w/N
of a node with N being the number of snapshots taken. Rao and Caflisch re-
duced the network to only those nodes with w ≥ 20 for better computational
tractability. Hence, a link in this reduced network represents either a direct
link, or a separation by one or more conformations with a weight of w < 20.

Figure 7.2: The reduced protein folding network due to Rao and Caflisch (RC)
[118]. Size of the nodes corresponds to the statistical weight w, i.e. the total
time the peptide spent in this conformation during the course of the simu-
lation. The color of the nodes corresponds to the average nearest neighbor
degree knn, such that knn < 30, 30 ≤ knn ≤ 70 and knn > 70 is represented by
white, cyan and red, respectively. A few approximate tertiary structures are
shown to illustrate major secondary configurations. The radius of the pipes
corresponds to the structural variability. Note how different stable conforma-
tions exist also in the denatures state. RC identified possible transition state
(TS) conformations by a connectivity/weight ratio k/w > 0.3, a clustering
coefficient c < 0.3 and 60 ≤ knn ≤ 80. These TS conformations are shows as
yellow diamonds.
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RC then study the connectivity patterns of the nodes in the network in terms of
the average nearest neighbor connectivity knn, the ratio of connectivity vs. sta-
tistical weight and the clustering coefficient and find putative transition states
for nodes with 60 ≤ knn ≤ 80, k/w > 0.3 and clustering c < 0.3. Figure
7.2 from Ref. [118] shows a graphical representation of the network with the
nodes coded for statistical weight, average nearest neighbor degree and the
putative transition states marked.

Alternatively to the study of the local connectivity by RC, the community
structure of the protein folding network was studied as part of this thesis
assuming pij = p. Applying the algorithm to the complete unreduced, un-
weighted network of 132, 168 nodes using q = 50 and γ = 1 yields a largest
community of 16,000 nodes, correctly corresponding to the folded state (FS).
The statistical weight of the nodes in this community was found to be 55% of
the total weight which confirms the expectation of the folded and denatured
state being equally populated at the melting temperature. The characteristic
conformations of the denatured state, the high enthalpy, high entropy confor-
mations, such as the helical conformations (HH), as well as low entropy con-
formations such as the curl like trap (TR) are also recognized as communities.

In order to find putative transition states, a variation of γ was performed on
the reduced network version of the folding network as in [118] which contains
only the 1, 287 nodes which are visited at least w ≥ 20 times and the 23, 948
links connecting them. The system was relaxed at T = 0 from random initial
conditions with the values of γ between 0.1 ≤ γ ≤ 1, 50 repetitions each, and
q = 50 spin states.

Figure 7.3 shows the resulting 1, 287 × 1, 287 co-appearance matrix. The rows
and columns are ordered with respect to one single simulated annealing run at
γ = 1. Thus, it is clear how well the ground state is approximated by the local
minima and how robust the assignment into communities is with respect to γ.
Again one finds a clear characterization of the FS and TR communities. The
helical conformations (HH), however, do not occur in one community for all
values of γ which indicates many different possible assignments into commu-
nities and is an indication of their high entropy nature. Furthermore, a number
of putative transition states (pTS) could be assigned that mediate the folding
from certain denatured configurations into the folded state.

The analysis shows how the community detection algorithm is able to pre-
cisely recover known stable configurations as communities and that the over-
lap of different communities can be interpreted as transition states in the en-
ergy landscape of the folding Hamiltonian. The network perspective can pro-
vide valuable tools in the study of complex energy landscapes.
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Figure 7.3: Co-appearance matrix for the reduced version of the protein fold-
ing network containing 1, 287 nodes with a statistical weight of w ≥ 20
and the 23, 948 links. The parameter γ assumes 10 different values between
0.1 ≤ γ ≤ 1. At each value, 50 random initial conditions were relaxed at
T = 0. The matrix ordering is taken from a simulated annealing run of the
full network.
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7.2 eBay

The internet has changed the way people communicate, work, and do busi-
ness. One example are online auction sites, the largest being eBay with its
more than 150 million registered users world wide [126]. An interesting aspect
of eBay’s success is its transparency. The market is fully transparent as the
trading history of every user is disclosed to everyone on the internet. Here the
relationship between the participants of this market is studied.

Figure 7.4: Structure of a single auction. Users express their common interest
in a particular article by bidding. The user with the highest bid wins the
auction and exchanges money and the article with the seller. EBay earns a
fee with every transaction. Users of the auction site, i.e. bidders, buyers or
sellers, may change their role in a different auction of another article.

Let us first recall the operating principle of an online auction in Figure 7.4.
Users may offer goods through the online platform and set a deadline when
their auction will end. Articles are listed under a certain taxonomic product
category by the seller and are searchable platform wide. Users with a particu-
lar demand either browse through the articles listed in an appropriate category
or search for articles directly. Until the end of the auction they may bid on the
article. The user with the highest bid at the end of the auction wins (so called
hard-close) and buys the article. In every new auction, users may assume dif-
ferent new roles as sellers, bidders or buyers. The market can be represented
as a graph with the users and/or articles as the nodes and the links denoting
their interactions as shown in Figure 7.4.

A number of researches have presented statistical studies of trading [127] and
analyses of bidding strategies and ending auction ending rules [128, 129].
Here, the focus lies on the market segmentation of the eBay auction site. At a
certain level of abstraction the population of consumers can be assumed to be
separated into relatively clear-cut and homogenous sub-groups corresponding
to certain customer milieus or market segments [47]. Customers of the same
type are described by a common pattern in their consumer interests which
leads to a higher probability of bidding for the same article [32].
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In particular, a cluster analysis [6, 7] of the bidding behavior of about one
million users is performed. Groups of eBay users with common interest or
demand are detected using solely the information of which users competed
in the same auctions. The classification is based on a very sparse and high di-
mensional data set [9] with only slightly more than 3 auctions per bidder on av-
erage (out of 1.6 million possible auctions). Conventional analysis techniques
such as correspondence analysis [47, 130] have to make use of a similarity mea-
sure between articles in order to reduce the dimensionality and coarse-grain
the data, such as exploiting the annotation of articles into product categories.
However, this bears several pitfalls: First, the annotations are defined by the
seller who lists the article such that it can be found efficiently, hence, the cat-
egorization is mainly a taxonomy. Using this to coarse-grain the data would
introduce a bias in the analysis. Second, eBay categories differ largely in size
when counting the number of articles in the category as well as the number
of sub-categories. Correcting for this again may introduce a bias. Third, us-
ing the category taxonomy for coarse-graining induces a hierarchy in the data,
as all articles below the cut in the taxonomy tree are subsumed. Fourth and
most importantly, it is not clear at which level in the category tree a coarse-
graining should be performed and whether this level should be the same for
all branches.

The analysis presented here is independent of taxonomic categories and di-
mensionality reduction. It allows for hierarchical and overlapping cluster
structures, and evidence for both is found. The product categories are solely
used to interpret the results of the study, i.e. provide interest profiles of user
groups found in terms of this taxonomy.

By clustering users directly according to a common demand spectrum, prob-
lems of conventional basket analysis done by frequent item sets [131, 132, 133,
134] are also circumvented. The latter asks which articles are frequently de-
manded by a single person. This analysis is performed for all articles aver-
aging over the entire population of consumers and hence results in the least
common denominator of articles which may then be bundled together and
marketed together to the whole population of customers. The same is true for
cluster analysis of eBay categories [129]. The proposed network cluster analy-
sis, however, reveals information about people and their diverse and possibly
very special interests.

7.2.1 Dataset

A dataset consisting of over 1.59 million auctions was obtained from the Ger-
man eBay site www.ebay.de ending during the pre-Christmas season De-
cember 6th − 20th 2004. Considering only articles with locations in Germany,
the user-id of seller, buyer, and all bidders competing in each auction was
recorded, as well as the individual bids and the product category in which
the article was listed (excluding articles listed in the real estate category which
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was in a beta testing phase at the time). Since auctions last between 7 and
10 days depending on the choice of the seller, a bidding period of up to 25
days is covered. The pre-Christmas time is a suitable time for analysis for
the following reasons: First, traffic is very high. In fact, there was a broad
advertising campaign in Germany advertising to shop for Christmas presents
on eBay. Second, only auctions are considered and one expects that users are
unlikely to bid for articles for which they cannot assess a fair price. Third, if
users shop for presents, then one can gain some information about their family
background, e.g. people shopping for toys will most likely have a child them-
selves or among their closer relatives. The results indicate that this is indeed
the case. Table 7.1 summarizes the dataset in its basic parameters. There are
far less sellers than bidders and only 38% of the sellers also act as bidders or
buyers. This indicates that users are split into those mostly selling and those
mostly buying.

7.2.2 User Activity

The activity of the users is measured via the distributions of the number of
articles sold, bought and bid on. Though it is possible to bid multiply in a
single auction, this fact is neglected and “bid” and “take part in an auction”
are used synonymously throughout the text. Since later networks of users will
be constructed from the data, these distributions are studied by their gener-
ating functions [135]. This will allow one to construct theoretical models for
these networks [136, 137, 138]. In detail, Figure 7.5 shows the probability mass
distribution for the number of articles a randomly chosen seller has offered
during the observed time span, for the number of auctions a randomly chosen
bidder has taken part in and the number of auctions a randomly chosen buyer
has won. All of these have similar shapes and a maximum likelihood power
law fit p(x) ∝ x−γ is shown for each distribution, taking all data points with an
ordinate value of 10 and larger into account [139, 140]. Additionally, Figure 7.5
shows the attractiveness of articles measured as the distribution of the number
of agents taking part in a randomly selected auction. A maximum likelihood
exponential fit q(x) ∝ αx is shown along with the empirical data.

auctions observed: 1.59
users acting as buyer: 0.95
users acting as seller: 0.37

users acting as bidder: 1.91
users acting as seller and bidder: 0.14
users acting as seller and buyers: 0.08

Table 7.1: Summary of the data set of online auctions obtained between Dec.
6th and 20th 2004. Numbers in millions.
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Figure 7.5: User activity during the pre-Christmas season 2004. From left to
right: probability mass function of the number of articles sold, different auc-
tions participated in and number of articles bought and, rightmost, number
of bidders participating in an auction. For the first three curves, the solid
lines correspond to maximum likelihood powerlaw fits of the tail of the dis-
tribution for a, b, c ≥ 10 with exponents γa = 2.37, γb = 2.78 and γc = 3.38,
respectively. For the distribution of the desirability of an article q(b), the solid
line represents a maximum likelihood exponential fit of the form q(b) ∝ αb

with α = 0.71.

The fat tails of the distribution are striking given the short time span observed.
Consider the most active bidder taking part in over 800 auctions. This user
seems to follow a gambling strategy as he/she only wins a hand full of these
auctions. The most successful buyer who won 201 auctions on the other hand
took part in only 208 auctions. This already hints at the diversity of strategies
employed by users of the online auction site. Curiously, the article most de-
sired and attracting 39 different bidders was a ride in a red Coca-Cola-Truck.

The distribution of the number of articles sold per seller falls off slowest, fol-
lowed by the number of articles bid on and the number of articles bought.
Here, one sees the professionalization on the seller side of the market. There
are “power-sellers” making a living from selling via eBay, but there are no
or hardly any “power-buyers” or people professionally buying on eBay. This
shows that eBay is more of a selling platform than an actual trading site, where
selling and buying activities would be more balanced. If the tail of the distri-
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bution of the number of articles sold per seller is assumed to be representative
for the “firm size” of these users and compared to the long term statistics of
firm sizes in the US given by Axtell [141], one can confirm the power law tail
of the distribution, but not the exponent of γ = 2. Instead, one finds γ = 2.37
and thus the observed distribution falls off faster. One can only speculate on
the reasons for this and further study is needed here to compare new and old
economy. In an earlier study, Yang et al. had reported an exponent of γ = 3.5
for the distribution of the number of auctions a bidder takes part in from a
data set obtained in 2001 [127] and γ = 2.78 is found in this data set. If this dis-
crepancy is the result of a trend and not due to the differences in the observed
countries and sizes of the data set, and this trend holds also for the distribution
of the sellers’ activity, then one may be able to observe a convergence towards
the exponent of γ = 2 known form the old economy.

Two generating functions are defined for the distribution pa of the number of
different auctions a a bidder takes part in and qb for the number of different
bidders b that compete in an auction [138]:

f0(x) =
∞∑

a=0

pax
a, and g0(x) =

∞∑
b=0

qbx
b. (7.1)

As indicated by the empirical data, a power law behavior is suggested for the
distribution of user activity of the form

pa = Aa−γ, (7.2)

where A is a normalization constant. It is assumed that p0 = q0 = 0 in all
derivations hereafter, since the data set contains only bidders that have taken
part in at least one auction and only those auctions which had attracted at
least one bidder were recorded. Using a maximum likelihood estimate of the
parameters γ = 2.78 is found. The mean number of auctions a bidder takes
part in is then given by

〈a〉 = f ′0(x = 1) = A

∞∑
a=0

apax
a−1, (7.3)

from which one finds an average number of different articles bid on 〈a〉 = 2.86

The empirical data suggests an exponential form of the distribution of attrac-
tiveness of an article. Hence, the number of bidders taking part in any partic-
ular auction is drawn from qb of the form

qb =
(1− α)

α
αb. (7.4)

Again using the maximum likelihood method, one finds an estimate for the
parameter α = (〈b〉 − 1)/〈b〉. From this, one finds α to be α = 0.71. Yang et al.
had reported a value of α = 0.67 [127]. This suggests the following model for
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〈x〉 γ α
articles sold per seller: 4.3 2.37

auctions taken part in per bidder: 2.9 2.78
articles bought per buyer: 1.7 3.38

bidders per auction: 3.4 0.71

Table 7.2: Summary of the activity distributions of observed users in auctions
ending between Dec. 6th and 20th 2004. Shown are the average values and the
exponents γ of the tail of the distribution (x ≥ 10) if they follow a power law
of the form p(x) ∝ x−γ or the parameters α if the distribution follows an ex-
ponential form p(x) ∝ αx. All parameter estimates are maximum likelihood
estimates.

the way bidders are attracted to articles: The joining of bidders to auctions is
assumed to be independent of the number of bidders already bidding on an
article. This implies that an article which has attracted one bidder will attract a
new bidder with probability α. Once it has attracted two bidders, it will attract
the third bidder again with the same probability α and so forth. These proba-
bilities are of course averages over the entire duration of the auction. From this
simple model, it follows that the rate with which new bidders are attracted by
an auction is inversely proportional to the time the auction remains open.

With this simple model and the value of α estimated from the data, one can ex-
plain 99% of the auctions. The remaining auctions with a number of competing
bidders higher than 12 show less participation than expected. This may lead to
the conclusion that for auctions with a higher number of bidders, new bidders
are not acquired independent of the number of present bidders, since compe-
tition and hence the resulting price will be high. Table 7.2 summarizes again
the basic parameters of the activity distributions discussed in this section.

7.2.3 User Networks

From the original data a number of market networks can be constructed. The
most natural one would of course be the network of users connected by actual
transactions. Another would be the network of sellers that are connected if
they have sold to the same user. Then, the links in the network would rep-
resent a possible competition or a possibility for cooperation, depending on
the portfolio of articles offered by these sellers. This situation is also known
as “co-opetition”. Similarly, such a co-opetition networks could also be con-
structed based on the fact that different sellers have received bids from the
same user. Further, the construction of customer groups based on the fact that
they have bought from the same seller is possible which again would define a
co-opetition situation for the sellers that join these customers. One could also
study the relations of articles or categories based on joining them to networks
when they have received bids from the same users. This would then resemble
a frequent item or frequent category analysis.
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Figure 7.6: Comparison of the bidder network with a random null model
(RNM). Top: degree distribution. The solid line represents a theoretical de-
gree distribution according to equation (7.7). Middle: Distribution of the link
weights in the bidder network. (o) for the RNM and (x) for the empirical
data. Bottom: Distribution of the clustering coefficient c(k) as a function of
the degree k of the nodes. (o) for the RNM and (x) for the empirical data. The
two dashed lines indicate two power laws ∝ k−γ with exponents γ = 1 and
γ = 0.8, respectively.
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Here, the focus lies only on the bidder network based on single articles. Two
bidders are linked if they have competed in an auction. This represents a pro-
jection of the bi-partite bidder-article graph onto a one mode network consist-
ing only of bidders with links representing one or more auctions in which
the joint bidders have met. Since all users that bid in a single auction are
connected, this network results from overlaying these fully connected cliques
of bidders that result from each auction. Such graphs are also known as set
graphs or affiliation networks. Note that one could also assign weights to links
between bidders according to the number of times they have met or according
to some function of the amount of money they have bid.

Prior to a cluster analysis in this bidder network, general statistical proper-
ties are studied looking for indications of cluster structure, comparing the re-
sults to a randomized null model (RNM) obtained from reshuffling the origi-
nal data, i.e. keeping the attractiveness of each auction and the activity of each
bidder constant, but randomizing which bidders take part in which auction
[142]. If the presence of clusters of users with a common interest has an in-
fluence on the statistical parameters of the network, it should be detectable by
comparison with such a random null model.

Furthermore, the bidder network is compared with theoretical predictions de-
rived from the distribution of the bidding activity and the distribution of the
number of bidders per auction. The degree distribution of the bidder net-
work can be calculated from pa and qb using a generating function formalism.
Assuming that bidders never meet twice in different auctions, the generating
function of the degree distribution in the bidder network is [138]:

G0(x) = f0(g
′
0(x)/g′0(1)). (7.5)

The functions f0(x) and g0(x) are the generating functions for the bidding ac-
tivity and the attractiveness of an article as introduced by equation (7.1). The
degree distribution then follows from the derivatives of the generating func-
tion with respect to x:

p(k) =
1

k!

dk

xk
G0(x)|x=0 (7.6)

= αk
∑

a

pa(1− α)2a

(
2a− 1 + k

k

)
. (7.7)

A theoretical expectation for the average number of neighbors in the bidder
network can be estimated from:

〈k〉 = G′
0(1) =

2α

1− α
〈a〉

= 2(〈b〉 − 1)〈a〉 (7.8)

This yields an estimated value for the average number of links in the network
of 〈k〉 = 14 which is in excellent agreement with the result from the random-
ized null model, but larger than in the actual data, indicating that the proba-
bility to meet in an auction twice is not zero confirming the expectation. See

115



Chapter 7. Applications

Table 7.3 for a summary of the basic parameters of the empirical data and the
random null model.

Figure 7.6 shows a comparison of the empirical data from the bidder network
and the theoretical curve (7.7). For pa and qb, the theoretical estimates derived
from fitting the corresponding distributions were used. The shapes of the dis-
tributions agree quite well, given an estimation based on only two parameters
(γ = 2.78 and α = 0.71). Also the degree distribution of the random null
model does not differ largely from the actual data. It extends to larger values
of neighbors, but the general shape is equivalent.

Comparing the distribution of the link weights, i.e. the number of times two
bidders have met in an auction, one finds a much more prominent differ-
ence between the data and the random null model. Figure 7.6 shows that the
weights of the links in the bidder network are distributed with a power law
tail. However, only 6% of all links correspond to pairs of bidders which have
met more than once. If there would be no common interest among bidders,
practically all links would have weight 1 as is indeed the case for the RNM.

Additionally to the degree distribution, let us compare the distribution of the
clustering coefficient as a function of the degree of a node. Due to the con-
struction process of the network as a set graph, one can expect that for large
numbers of neighbors k the clustering coefficient c(k) scales as k−1 in case of
a random assignment of bidders to auctions. The clustering coefficient c(k)
denotes the average link density among the neighbors of a node of degree k.
Figure 7.6 shows that this is indeed the case for the random null model of the
bidder network, but the actual data deviates strongly for bidders with a large
number of neighbors. This effect can arise from two processes: either bidders
with whom one competes in two different auctions also meet independently in
a third auction, or there is an increased probability that one will compete again
with a bidder one has already met once in an auction. Both explanations sup-
port the assumption of the presence of clusters of users with common interest.

data RNM reduced
number of nodes: 1.8× 106 1.8× 106 0.9× 106

number of links: 11.6× 106 12.6× 106 7.4× 106

average degree: 12.9 13.9 16.4
average clustering coefficient: 0.64 0.64 0.41

assortativity: 0.02 0.0 0.03

Table 7.3: Summary of basic parameters for the bidder network with two
sellers linked, if they have competed in an auction. Shown are the actual data,
the parameters for a random null model (RNM) and the reduced version of
the network used for cluster analysis. The reduced version of the network
excludes bidders that took part in only one auction.
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The observed difference, however, does not affect the average clustering coef-
ficient. Note that the scaling of the correlation coefficient with the degree of the
nodes and exponent −1 is purely a consequence of the construction process of
the network and not an indication for hierarchical modularity as introduced
by Ravasz et al. [143].

With these comparisons, the bidder network is shown to be far from randomly
constructed and one can proceed by studying the cluster structure for which
indirect evidence was found already. Table 7.3 summarizes again the basic
parameters of the bidder network, the randomized null model and the reduced
version of the bidder network which will be used for cluster analysis in the
following section.

7.2.4 Market Segmentation

Network Clustering

The analysis of the user interests in the eBay market is based on the bidder
network as constructed in the previous section. The links in this network rep-
resent articles the connected bidders (nodes) have a common interest in. The
network is reduced to only those bidders that have taken part in at least two
auctions and only auctions with a final price below 1, 000 Euro are considered,
thereby focussing on consumer goods. See Table 7.3 for the basic parameters
of this reduced network.

If one now finds groups of users (clusters or communities [45, 144, 13]) with
a high density of links among themselves and a low density of links to the
rest of the network, the total set of links within such a group of users can be
interpreted as a unifying common interest of this group. Community detection
is performed using the Potts model approach introduced in Chapter 4. Recall
the quality function Q used

MQ =
∑

s

(mss − γ[mss])︸ ︷︷ ︸
css

= −
∑
s<r

(mrs − γ[mrs])︸ ︷︷ ︸
ars

. (7.9)

and that Q is maximal, when the sum of cohesions css, defined as the difference
between the actual and expected number of within group links, is maximal.
Equivalently, Q is maximal when there are many less links between different
groups than expected for a random assignment of nodes into communities, i.e.
the sum of adhesions ars is minimal. Note that any assignment of bidders into
groups which maximizes Q will be characterized by both, maximum cohesion
of groups, and minimal adhesion between groups. If Q is maximal, every
node is classified in that group to which it has the largest adhesion. Compare
Chapter 4 again for examples and further details of this quality function. The
technical details of how the bidders can be assigned into groups such that Q is
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maximized are given in Chapter 4. Maximally 500 different groups of bidders
were allowed in the analysis which gives a sufficient level of detail.

Figure 7.7 compares the results obtained with γ = 0.5 and γ = 1. Shown are the
adjacency matrices Aij of the largest connected component of the bidder net-
work. A black pixel at position (i, j) and (j, i) is shown on an 889, 828×889, 828
square if bidders i and j have competed in an auction and hence Aij = 1, oth-
erwise the pixel is left white corresponding to Aij = 0. The rows and columns
are ordered such that bidders who are classified as being in the same group
are next to each other. The internal order of bidders within groups is random.
The order of the groups was chosen to optimally show the correspondence be-
tween the ordering resulting from the γ = 0.5 and the γ = 1 ordering. In this
representation, link densities correspond to pixel densities and thus to grey
levels in the figure. Information about the exact size and link density contrast
of the clusters is given in Table 7.4. Note the high contrast between internal
and external link density.
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Cluster N 〈kin〉 〈kout〉 pin pout

A 200630 10.2 3.4 5.1E-05 5.0E-06
1 84699 10.3 4.0 1.2E-04 5.0E-06
2 29323 9.0 5.2 3.1E-04 6.0E-06
3 76182 10.1 4.1 1.3E-04 5.0E-06
B 102188 18.6 3.9 1.8E-04 5.0E-06
4 44830 24.6 4.2 5.5E-04 5.0E-06
5 26325 14.2 5.2 5.4E-04 6.0E-06
C 19915 14.1 4.3 7.1E-04 5.0E-06
6 20020 14.5 4.3 7.3E-04 5.0E-06

D 124702 16.5 3.8 1.3E-04 5.0E-06
7 74913 17.2 4.1 2.3E-04 5.0E-06
8 41359 16.8 5.9 4.1E-04 7.0E-06
E 183313 15.4 4.2 8.4E-05 6.0E-06
9 73722 13.4 6.5 1.8E-04 8.0E-06

10 47937 17.5 5.9 3.7E-04 7.0E-06
F 74657 10.5 4.9 1.4E-04 6.0E-06

11 62115 11.1 5.0 1.8E-04 6.0E-06
G 31337 11.0 6.0 3.5E-04 7.0E-06
12 18835 11.8 6.1 6.3E-04 7.0E-06
H 19620 10.0 4.4 5.1E-04 5.0E-06
13 18286 9.9 4.4 5.4E-04 5.0E-06

Table 7.4: Summary of basic parameters for the major communities found
in the bidder network (annotated as in Figure 7.7). N denotes the number
of bidders in the cluster, 〈kin〉 and 〈kout〉 the average numbers of neighbors
within the cluster an in the rest of the network, respectively. By pin and pout

the internal and external link density are denoted, respectively. The average
link density in the network is 〈p〉 = 1.9× 10−5.
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At the top of Figure 7.7, the adjacency matrix ordered according to an optimal
assignment of bidders into groups with γ = 0.5 is shown. Clearly, a small
number of major clusters of bidders and a large number of smaller clusters are
identified, strongly connected internally and well separated from one another.
The largest 8 clusters are marked with letters A through H. Of all bidders in
the network, 85% are classified in these 8 clusters. At the bottom, the same
adjacency matrix is shown, but now rows and columns are ordered according
to an optimal assignment of bidders into groups with γ = 1. As expected,
a larger number of smaller, denser clusters is found, which are numbered 1
through 13. In order to analyse whether the network has a hierarchical or
overlapping cluster structure, a consensus ordering of the bidders from the
γ = 0.5 and γ = 1 ordering is defined by reshuffling the internal order of the
γ = 0.5 clusters according to the γ = 1 clustering. Remember the orderings for
the two values of γ were obtained independently. If the network possesses a
hierarchical structure in the sense that the clusters obtained at higher values of
γ lie completely within those obtained at lower values of γ, then the consensus
ordering would not differ from the ordering at γ = 1. If, however, clusters at
lower values of γ overlap and this overlap forms its proper cluster at higher
values of γ, the network is not entirely hierarchical. These aspects will become
immediately clear by looking at the middle part of Figure 7.7. For clarity, the
borders of the γ = 0.5 clustering are marked. Clusters 1 and 2 fall entirely
within cluster A giving an example of a cluster hierarchy. Cluster 3, however,
is split by the consensus ordering into one part A3 belonging to A, and B3
belonging to B (see arrows in figure). It is now clear that clusters A and B
actually have some overlap which was not visible in the γ = 0.5 ordering. This
overlap is concentrated in cluster 3, parts of which belong stronger to either
A or B. Clusters 4 and 5 then fall again completely within cluster B. Clusters
C and 6 are practically identical. Cluster D has a number of sub-clusters, the
largest of which is 7 and overlaps with cluster E through cluster 8 as before (see
arrows again). Group E has two more sub-groups 9 and 10 while clusters 11, 12
and 13 fall entirely within clusters F, G and H, respectively. More details about
hierarchical and overlapping cluster structures including some toy examples
can be found in [145].

Cluster Validation, Interpretation and Time Development

To validate the statistical significance and to rule out the possibility the ob-
served cluster structure is merely a product of the clustering algorithm or the
particular method of constructing the network from overlapping cliques of
bidders, let us compare the results to those obtained for appropriate random
null models. Maximizing Q also for the RNM version of the bidder network,
again taking into account those bidders which took part in at least two auc-
tions, a value of Q = 0.28 at γ = 1 is found, which is significantly less than
the value of Q = 0.64 for the empirical data. Furthermore, the RNM shows all
equal sized clusters, while the real network clearly possesses major and minor
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clusters. A random graph with the same number of nodes and links, i.e. disre-
garding the scale free degree distribution and the affiliation network structure
of the graph, would yield only Q = 0.23 (5.65).

Until now only groups of bidders were found that have am increased prob-
ability to meet other members of their groups in the auctions they take part
in. The eBay product categories are now used in order to find an interpretation
for the common interests that lead to the emergence of the cluster structure of
the bidder network. Since cluster sizes vary and the number of articles in the
individual categories is very diverse, the risk ratios (RR) for bidding in one of
the 32 main categories are calculated. This risk ratio is defined as

RRCs =
P (bidding in C|member of cluster s)

P (bidding in C|not member of cluster s)
, (7.10)

i.e. the ratio of the “risk” of bidding in category C, given a bidder is member
of group s vs. the “risk” of bidding in category C given the bidder is member
of any other group r 6= s. Figure 7.8 shows a graphical representation of the
risk ratios for clusters A through H and most of the clusters 1 through 13. All
spectra are normalized. The exact numerical values can be found in Table 7.5.
Clusters from the γ = 1 assignment are more specific with less entries in the
category spectrum and larger RRs.

Cluster A unites bidders interested in articles listed in the baby, beauty, fash-
ion, books, movies and music category. Cluster 1 then represents a more
specifically content oriented user group mainly interested in books, movies
and music. As has been shown, cluster 1 is an almost complete sub-cluster
of A. Cluster 2 is also a complete sub-cluster of A and encompasses bidders
mainly interested in cosmetics and fashion.

Cluster B contains two sub-clusters 4 and 5, both annotated in the toy model
category. Closer inspection, however, reveals that cluster 4 is mainly charac-
terized by its interest in model railways while the bidders in cluster 5 have a
passion for model cars, radio controlled models, slot cars and the like. Note
the advantage of clustering based on single articles. The clusters found with
one simple unbiased method combine top level categories as in the case of
cluster 1 or can only be described be resorting to sub-categories as in the case
of clusters 4 and 5. From the left part of Figure 7.7, it had been observed that
cluster 3 is responsible for a large part of the overlap between clusters A and
B. One sees that users in this group 3 have their main interests in the baby
and toy category. The overlap of cluster A and B is hence mediated via the
toy category. Members of cluster A and B mainly meet in toy auctions. The
interpretation of the other clusters is then equally straightforward.

Bidders in clusters C and the practically identical cluster 6 take interest in au-
dio equipment and instruments. Cluster D represents bidders with an incli-
nation to collecting, their bids being placed in the antiques, jewelry, stamps
and coins category (cluster 7). The bidders in cluster E are mainly shopping
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for technological gadgets, computers, consumer electronics, software, mobile
phones, PDAs etc. (clusters 9 and 10). Their overlapping interest with bid-
ders from cluster D is in items from the photo category (cluster 8). In groups
F and 11, one finds predominantly practically oriented users who place their
bids mainly in the categories of automotive spare parts, business and industry
(where a lot of tools and machinery are auctioned) and do-it-yourself. Finally,
in groups G and 12 one finds event oriented customers with strong bidding ac-
tivity in the tickets and travel category and in group H and 13, people bidding
on sports equipment are found.

Let us now focus on the time development of the user interests. The data for
this analysis was collected during only a relatively short time span (25 days)
and the results are based on an extremely sparse data set. Remember that ev-
ery bidder in the network took part in only 3 auctions on average. Is it really
possible to predict meaningful patterns of consumer interest from such sparse
data? One could further argue that the few most active bidders account for
a large portion of the bids, thus holding the network together and “defining”
the clusters of interest, because they also contribute a large number of links.
In order to address this question, the data set was revisited in beginning of
September 2005, more than nine months after the original study. From the 6
largest clusters of the γ = 1 ordering, 10, 000 users each were sampled uni-
formly and randomly. Note that this removes possible bias towards very ac-
tive users, they are now represented in the data according to their proportion
in the population. The trading history of these users was analyzed as far back
as eBay permits - 90 days. For these 60, 000 users, the product categories of the
articles they had bought between June and September were determined.

Again, the risk ratios were calculated, this time of buying, i.e. winning an auc-
tion, from a particular category and with the new sample of users as basic
population. The results are shown on the right hand side of Figure 7.7 with a
dashed background and the cluster id from which the users were sampled in
parenthesis. The stability of the interest profiles is quite remarkable. The main
interests have remained unchanged as compared to the initial study though in
some cases the spectrum has become more diverse. For instance the content
oriented bidders of cluster 1 now also show increased buying activity in the
PC-games and tickets category. At the same time the main interest has shifted
from movies to music.

The largest number of product categories with increased risk of bidding in
this category is found for cluster 9, the members of which are the most tech-
nology affine users anyway and which would be expected to satisfy a very
broad range of consumer needs from online vendors. The members of cluster
7 (the collectors) and cluster 4 (the toy model builders) are much more conser-
vative and almost do not change their profile at all. Without second hand data
about the age structure of the bidders classified, one can only speculate that
these clusters are formed by older customers who tend to stick to particular
categories.
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7.2.5 Conclusion

A detailed study of the user behavior on the online auction site www.ebay.de
during the pre-Christmas season of 2004 was presented. Power-law dis-
tributed activity in terms of the number of articles sold, bought, and bid on
was found. The attractiveness of articles, measured in terms of the number
of bidders participating in an auction, shows an exponential distribution. Fo-
cussing on the bidding behavior, a network of bidders was constructed from
their competition for single articles. Nodes in the network correspond to bid-
ders and links to the fact that these bidders have expressed a common interest
in at least one article. Studying the general statistical properties and compar-
ing to appropriate random models, clear indications for a non trivial cluster
structure are found. This cluster structure, its hierarchy and overlap was stud-
ied using a community detection algorithm.

The analysis did not need the definition of any kind of similarity measure be-
tween articles or product categories. Rather, the taxonomic information about
articles provided by eBay was used solely to interpret the results. One can clas-
sify 85% of the users into only a small number of well separated, large clusters,
all of which have a distinct profile of only a few main interests as revealed by
annotating the articles in the taxonomy of product categories. Some of the
clusters show sub-clusters or overlap with other clusters. The interest profiles
identified are remarkably stable. Sampling randomly from the clusters and
checking, what these users bought during a three month period in the sum-
mer 2005, one finds that the profiles of articles bought were almost identical to
those from the classification 6 months earlier.

This is striking because virtually everything is offered on eBay and one would
expect users to satisfy a much broader range of shopping interests. However,
it appears that the major clusters mainly correspond to people’s favorite spare
time activities. The apparent stability of user’s buying and bidding behavior
may reflect the permanence of their interests, which is also stabilized by their
social environment and activities. The clear signature in the market data may
stem from the fact that users tend to buy online only articles where they have
some experience and expertise in. Users seem hesitant to bid on articles from
categories in which they have not previously bid in.

This may be due to the fact that inexperienced users cannot judge what is a
fair price for an article in an auction and they have difficulty assessing to what
extent the article offered really suits their needs. At the same time, user’s inter-
ests are reinforced by online recommender systems [146, 147], which suggest
similar articles to those already bought by the user. This temporal stability
corroborates the hypothesis that the presence of latent interest profiles in the
society per se leads to the emergence of user groups with common interest.
Transparent markets such as online auction sites in which users act indepen-
dent and anonymously are perfect starting points for research into this collec-
tive behavior.
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Summary and Outlook

An ever increasing amount of empirical data is collected by scientists across
the disciplines using novel experimental techniques and information technol-
ogy. At the same time, data analysis is increasingly automated in order to be
able to deal with this amount of data. Clustering techniques are often part of
the early stages of exploratory data analysis and results are used to interpret
the data and decide on further analysis steps or experiment planning. It is
therefore important to guard against the deception of randomness, i.e. the fact
that all clustering techniques will find clusters in the data, even if there are
none.

Clustering algorithms either act on multivariate data or on relational data. The
latter can be represented as graphs or networks and a particular class of algo-
rithms, so called graph clustering or community detection methods is needed
in order to find structures in these sparse data sets. Networks are also used
as a means of representing complex systems and understanding their cluster
structure may lead to an understanding of a possible division into sub systems.
Despite the importance of the problem, no universal definition of community
or network cluster existed so far and existing community detection algorithms
are plagued by inefficiency, inflexibility or difficulties in the interpretation of
the results.

In this thesis, the problem of graph clustering or community detection was
approached via an analogy to an actual physical system. The quality func-
tion of the clustering is mapped onto finding the ground state of an infinite
range q-state Potts spin glass, a procedure which allowed to shed some light
on the general aspects of the problem. Starting from a very general ansatz,
it allows for a concise definition of the term community as maximally cohe-
sive subset of nodes in a network. In this context, cohesion is understood
as the difference between the actual number of intra-community links and γ
times the expectation value for the number of intra-community links in a ran-
dom network, with γ being a parameter defined by the user. The connection
model for this random network may be given as prior information or inferred
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from the data. Two previously ad hoc defined quality functions, that from Ref.
[87] and the modularity Q from Ref. [51] are identified as special cases of this
ansatz. A variation of the parameter γ, which measures the relative influence
of the number of intra- or inter-community edges over the respective expecta-
tion values for random networks, makes it possible to study both hierarchical
and overlapping cluster structures and actually differentiate between them.
Computationally efficient local update rules were given which allow to find
the ground state of the infinite range system using only the sparse connec-
tions in the networks and a global bookkeeping term. This allows for easy
parallelization of the optimization routines as well as for the analysis of very
large systems. The spin glass approach adapts itself naturally to any kind of
network for which an expression of the link probability between two arbitrar-
ily chosen nodes can be found. Further research into such connection models
could lead to e.g. expressions suitable for Barabási-Albert networks where the
link probability depends on the age of the nodes or for k-partite networks or
expressions which allow to take degree correlations into account.

The analysis has shown under which circumstances simple recursive bisection
algorithms or greedy agglomerative procedures can or cannot lead to opti-
mal clustering results. Benchmarks of the Potts model approach have shown
superior performance in recovering known community structures from test
networks over other state of the art algorithms. A method how to find com-
munities around given start nodes instead of partitioning the entire network
was derived.

It was shown that when clustering random graphs without community struc-
ture, clusters of equal size are found, i.e. finding the maximally modular com-
munity assignment of a random graph is equivalent to finding a partition into
equal sized parts with minimum number of cut edges. This equivalence al-
lows to assess the modularity of random graphs, which is necessary in the
assessment of the statistical significance of the cluster structure found in real
world networks. Using the literature results for the cut-size of partitioning
Erdős-Rényi (ER) random graphs, one can show that modularity in ER ran-
dom graphs decays asymptotically as QER ∝ 〈k〉−1/2, i.e. with the square root
of the average degree. Numerical experiments back this result and contrast an
earlier estimate in Ref. [73] which proposed a decay as QER ∝ 〈k〉−2/3.

The connection to graph partitioning also allows to shed lights on the theoreti-
cal limits of community detection. The sparser a random graph, i.e. the smaller
the average degree, the higher the expectation value fro the modularity found
in this graph. The expectation value for the modularity is to be understood as
a lower bound on the quality of a community structure. Any true community
structure in real world data set has to compete with this “intrinsic” modular-
ity. Hence, community detection is more difficult in sparser networks which
show higher values of intrinsic modularity. Applying these results to the test
networks used in benchmarking shows that the proposed algorithm for com-
munity detection produces near optimal results.
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The calculation of expectation values for the modularity was extended to
dense graphs with arbitrary degree distribution using the replica method. The
only prerequisite of this treatment is the existence of the second moment of
the degree distribution. It was found that the modularity of bi-partitions of
random graphs with arbitrary degree distribution scales as Q2 ∝ 〈k1/2〉/〈k〉1/2.
This result also improves the literature values for ER graphs of Ref. [78] and
provides the first estimate of the expected cut size for bi-partitions of random
graphs with arbitrary degree distribution.

Furthermore, the graph partitioning problem on sparse graphs with arbitrary
degree distribution was studied using the cavity method. This allows further
improvement over the replica approach in the replica symmetric approxima-
tion. A replica symmetry breaking calculation should be attempted as a next
step to improve estimates. In addition, the cavity method allows the incorpo-
ration of degree-degree correlations into the analysis, which is not possible in
the replica approach. It was shown analytically that the presence of degree
correlations can only increase the value of modularity found in a network, re-
gardless whether they are positive or negative. First numerical experiments
on ER random graphs, however, show that the effect of degree correlations
is only noticeable for strong correlations and networks with high average de-
gree. Further studies are necessary to assess the effect of degree correlations
systematically.

Besides giving expectation values for the modularity of random graphs, finite
size corrections should be applied in order to give an estimate of the variance
of modularity around these expectation values. This is necessary in order to
eventually be able to give p-values for cluster structures found in complex
networks.

The applications part of the thesis showed how the proposed method for com-
munity detection can be efficiently used to study problems from a variety of
fields. Two examples from protein folding and a market research problem
show the power of the method in providing results which are not attainable
with other methods.

The use of analogies to physical systems and methods developed in the realm
of physics can be a fruitful approach in many fields of science. In this thesis,
the connection between a spin system and a combinatorial optimization prob-
lem, the detection of communities in networks, was exploited. Both a solu-
tion method, and an understanding of the optimization problem itself could
be derived. Naturally, the application of physics methods to diverse non-
physical problems will also lead to an advancement of these methods from
which physics itself will again benefit. Though this thesis could only give an
account of one cycle of this iteration, its further pursuit is a promising and
rewarding endeavor.
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Appendix A

Clustertool Manual

The program clustertool was developed and used to perform the network
analysis presented in this thesis. A number of command line options allow to
customize the behavior of clustertool. The format for invoking the tool is
always clustertool infile option1 option2 ... optionN. Invok-
ing the program without or wrong options will display a short help screen.
If no options are given, standard settings are used which, however, may not
produce the best results for a particular problem. The order of the options is
arbitrary. There exist two modes of running the algorithm: Single Gamma,
and Gamma Sweep.

In single gamma mode, only one optimization is performed. It results in an
output file named infile_CLUSTERS.txt and contains one possible clus-
tering of the network. In some cases, the clustering of the network is not well
defined and there exist several possible ways to group the nodes of the net-
work. The file contains a list of the clusters and the nodes within. If it is de-
sired to learn about alternative groupings and how they compare, one should
use the gamma sweep instead. During a gamma sweep, the algorithm is run
several times on the same network with different initial conditions, possibly
different parameters and possibly different results. The output of this mode
is a square matrix with as many rows and columns as the network has nodes.
Each entry in the matrix denotes the fraction of times two nodes of the net-
work were found in the same group at the end one run of the algorithm. The
program automatically detects which operation mode is desired from the pa-
rameters given.
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A.1 General Options

Number of Spin States q

The number of spin states can be choses with the option -qX, where X is the
number of spin states. If this option is not given, 25 spin states are used. To
change this to 50 use -q50. Note, the maximum number of spin states is lim-
ited to 500. Generally, q is large enough, when some spin states remain un- or
only sparsely populated at the end of optimization.

Parallel or Non-Parallel Update

As a standard, the spins are updated non parallel. This means that after chang-
ing the state of a single node, this change is also taken into consideration when
changing the state of the next node. To use parallel update, use the option -p.
This means, for every single node, a new spin state is calculated before mak-
ing any change to the spin configuration. Though this method is faster, better
results are generally obtained using no-parallel single spin update.

Limit of Link Weight

In case one wants to limit the links to be included in the network to only those
which have a link weight above or equal a certain threshold, one can do so
by using the -l option. For instance -l3.5 includes only those links in the
network that have link weights of 3.5 or more.

Start Temperature

The algorithm automatically starts at temperature T = 1 and increases the
temperature stepwise by 10%, until a fraction of 0.95 × (1 − 1/q) of all pro-
posed spin flips is accepted. From this temperature the simulated annealing
then starts. If one would like to start from a different temperature in order to
abbreviate this process this can be done by using the option -ts10.5, which
will start the heating at T = 10.5.

Stop Temperature

The algorithm automatically stops at a temperature, where less than a fraction
of 0.01(1 − 1/q) of all proposed spin flips are accepted. In certain cases, cool-
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ing down to this point takes very long and may not significantly improve the
result. One may specify a minimal temperature, at which the algorithm stops,
even if the acceptance ratio is still higher than 1%. For instance, to cool no
lower than T = 0.1 use -tm0.1.

Note: If setting both, start and stop temperature to zero using -ts0 -tm0, the
algorithm relaxes the system from a randomly assigned initial configuration at
T = 0. This is the fastest method to use, but also the one which is most prone
to end up in local minima. This feature is handy, if a gamma sweep (see below)
is performed and one wants to sample local minima.

Cooling Factor

At every temperature step, the algorithm performs 50 update sweeps over the
network. With the cooling factor, the speed of cooling down can be set. Stan-
dard value is 0.99. Faster cooling is achieved by using lower values. Changing
to a cooling factor of 0.9 using -c0.9 results in an approximately 10 times
faster cooling, while -c0.999 will make it 10 times slower.

A.2 Single Gamma Mode

The single gamma mode is the standard running mode of the program.

Choice of Update Rule

In chapter 4, two distinct update rules were discussed. The option -dX allows
to choose between variants of them. By default the update rule (4.30) is used,
which assigns equal weight to every edge. It corresponds to X = 0.

Option -d1 corresponds to the update rule (4.31) which gives a weight of 1−
γkikj/2M to each link connecting node i and j.

Gamma

For both update rules -d0 or -d1, it is possible to change the value of gamma.
By default it is set to γ = 1. Specifying the option -g0.5 sets γ = 0.5.
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A.3. Gamma Sweep

Community Around a Given Node

Specifying the name of a start node -nName will detect the community
around the node with the given name as explained in section 4.10. Set-
ting of a custom value of γ is possible. The result is found in a file called
infile_Name_com.txt.

Intermediate Clusterings

Depending on the computational power used, the algorithm may take long
for very large networks. Using the option -wa writes the clusterfile at every
temperature step. This allows for the analysis of intermediate results.

Note: The clusterfile is overwritten at each time step. Make sure to copy it for
intermediate analysis.

A.3 Gamma Sweep

The mode gamma sweep allows to probe the local minima of the energy land-
scape that is defined by the graph.

Start Gamma

The option -gsX specifies at which value of gamma the gamma sweep is to
start.

Stop Gamma

The option -geX specifies at which value of gamma the gamma sweep is to
end. Specifying -gs0.1 -ge5 runs a gamma sweep between 0.1 and 5.

Steps and Repetitions

The options -sX and -rY give the number of steps to be taken when scanning
the value of gamma between start and end value and the number of repetitions
to be performed at every step. Specifying -r10 -s9 repeats the algorithm 10
times at each of the 9 steps. In total 100 = 10 × (9 + 1) repetitions of the
algorithm are performed.
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Appendix A. Clustertool Manual

A.4 Input Format

Clustertool takes lists of links as input from ordinary text files. Each line
should contain one link specified by the name of the nodes at its ends and
its weight. These three entries should be separated by tabs. Names can be
strings of no more than 50 characters without spaces. For large networks, it
is convenient to use integer numbers starting from one as names of nodes. In
this case, the input file should carry the extension .mtx and clustertool
will read the input faster. Self links and double links will be excluded from the
input.
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