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Chapter 1

Introduction

1.1 Why spectral value sets?

Spectral analysis plays a basic role in many areas of applied mathematics and, in particular,
in control theory. On the other hand, often mathematical models do not represent ezxactly the
dynamics of a physical plant. Consequently, since the spectrum of an operator may be highly
sensitive to perturbations, whenever knowledge of the spectra is a vital requirement, one should
not only examine the spectrum of the model operator but also the spectrum of nearby ones.

In perturbation theory and numerical analysis there are a number of results available which yield
bounds for the variation of the spectrum of a perturbed matrix or operator

A~ A+ A

in terms of the perturbation. Typical examples of this kind of theorems are the Gershgorin
Circles Theorem [27, Theorem 7.2-1] and the Bauer-Fike Theorem [27, Theorem 7.2-2].
“Bauer-Fike like” theorems are especially interesting for applications in control theory and nu-
merical analysis. The reason is that in the bounds are given in terms of the maximal size of the
perturbation. Their drawback is that these bounds may be very conservative, specially in the
case of highly nonnormal matrices and/or operators. Moreover, they have another limitation:
if, as it is common in applications, some of the entries of the matrix A are fired a priori, there
is no easy way to incorporate this information in the bounds.

In order to study such problems Hinrichsen and Pritchard suggested the use of structured per-
turbations [44]

A~ A+ DAE. (1.1)

By introducing perturbation structures through the matrices D and FE, it is often possible to
perturb just those entries of A which are uncertain or, for example, to introduce some kind of
scaling in the perturbation.

We want to illustrate the flexibility and convenience of the perturbation structures (1.1) with
one example. Consider a linear time invariant system

t = Agr+ Du
= Fz
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where Ay, D, E are matrices of appropriated dimensions. A usual task is the design of a feedback
matrix Fj such that the closed loop system

i':ALU, A= A0—|—DFOE

has poles in a predetermined domain C'; of the complex plane. We note immediately that, even
if we are able to find such a Fj, small errors in the implementation of the control can destroy its
good properties. Thus, it is natural to ask how sensitive is the spectrum of A to small errors A
on the matrix Fj. This question can be tackled by investigating whether the spectra of matrices
of the form

Ay+ D(Fy+ A)E = Ay+ DFyE + DAE = A+ DAFE

remains in the desired region C; for reasonably small perturbation sizes.
These ideas motivate the following mathematical approach [42].

Definition 1.1.1 Let
(147.D7 E) & Ln‘_’].’q(K) — K’LX’IL X Kn,xl % qun’

where K = C,R, and denote by o(A) the spectrum of A. Let p > 0. The associated spectral
value set of level p, ox(A, D, E; p), is the set

ox(A,D,E;p)= |J  o(A+DAE). (1.2)

AeK! 4 [|All<p

In the sequel, we shall say that the spectral value sets are unstructured if [ = ¢ = n and the
matrices D and E are the identity matrix.

1.2 Brief historical remarks

Before we go to mathematics, let us make some comments on the history of spectral value sets.
The unstructured real case op(A,I,I;p) was studied by Hinrichsen and Pritchard as early as
in [45]. In that paper some bounds were found and the behavior of the sets under similarity
transformations of A was investigated. In [42] Hinrichsen and Kelb proved a theorem which
permitted the characterisation and calculation of op(A, D, E; p) when [ = 1. Later, in [43], the
same authors analysed the general case og(A, D, E; p) in the 2-norm using the formula developed
by Qiu and et al. [63] for the real stability radius: it turns out that the main role in the analysis
of real spectral value sets in the 2-norm is played by the function

ReG(s) —vyImG(s)
7 'imG(s)  ReG(s)

7€(0,1]

f:C\o(A) =Ry, s~ inf 02( ) G(s):= E(sI — A)7'D,

where o5(P) denotes the second singular value of any matrix P. This function, which is not
even continuous, is the subject of current investigations [52], [4]. Its evaluation is difficult.

On the other hand, complex spectral value sets oc(A, D, F; p) were analysed in [42] and this
dissertation should be understood as a natural extension of the results obtained in this pa-
per. Finally, we stress that complex spectral value sets are important wherever the notion of
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spectrum of non-normal matrices or operators are used, in particular, in numerical analysis.
Unstructured complex spectral values sets o¢(A, I, I;p) have been analysed independently by
Godunov [25], Trefethen [79] and others, under the names of spectral portraits or pseudospec-
tra. The pseudospectra has found application in the stability analysis of the method of lines
[68], in the stability of spectral methods [67], in hydrodynamical stability [66] and in the study
of the transitory behavior of the solution of linear differential equations [68].

1.3 Concerns and structure of the thesis

In this thesis we consider complex spectral value sets (K = C). We shall address the following
topics:

1. In Chapter 2 a characterisation of the function
Y:C\o(A) =Ry, sw|E(I—A)'D|,

is given and some of its properties are investigated. With the help of these results, we
characterise oc(A, D, E; p) and its boundary.

2. Chapter 3 deals with the calculation of spectral value sets. First the existing algorithms are
briefly reviewed, then we present a new algorithm for calculating spectral value sets under
complex perturbations. Examples which show the effectiveness of the proposed method
are also presented.

3. Spectral value sets can also be defined when A, D, and E are linear operators acting
on Banach spaces, so Chapter 4 deals with spectral value sets of infinite dimensional
systems. We study some of their properties and give a characterisation of these sets in
terms of the norm of the associated transfer function s — G(s), G(s) = ER(s, A)D, where
R(s, A) denotes the resolvent operator of A. This characterisation is an infinite dimensional
analogue of the results obtained in [42] for the matrix case. Furthermore, in this chapter
we study two related objects: closedness radius and Cj-stability radius.

4. One of the difficulties in the infinite dimensional case is the evaluation the quantity ||G(s)||.
The natural approach in solving this problem is to approximate the operators by finite
dimensional ones. Thus, we investigate conditions which must be imposed on A, D, F
and on the approximation methods which guarantee uniform approximations of the map
s — ||G(s)|| in given compact sets of C. With this aim in mind, Chapter 5 presents some
abstract approximation results useful in the study of the approximation schemes to be
presented in Chapter 6.

5. The aim of Chapter 7 is to show applications of the theory developed in the thesis. These
investigations imply solving difficult numerical problems, thus the examples will be also a
test for the quality and performance of our numerical algorithm.

In the first section of this chapter we analyse robustness issues of delay operators under
certain structured perturbations. We shall see that our theory can be applied to this case
in a straightforward manner.
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The second part of this chapter is more ambitious and deals with spectral value sets of
the Orr-Sommerfeld operator [19]. The Orr-Sommerfeld operator plays a central role in
hydrodynamical stability theory and the investigation of stability and robustness issues of
this highly non-normal operator is a classical problem of applied mathematic. Recently,
the topic has received new momentum with the introduction in this field (Reddy et.al.
[66]) of “pseudospectra” ideas. Up until now, only the effect of unstructured bounded
perturbations has been investigated. As an application of our theoretical results we shall
study the robustness of the Orr-Sommerfeld operator to certain structured perturbations
which take into account neglected nonlinearities. We shall see that new interesting results
can be achieved with the help of spectral value sets.



Chapter 2

Spectral Value Sets in Finite
Dimensional Spaces

The aim of this chapter is to characterise spectral value sets oc(A, D, E; p) in the matrix case.
We begin with a known result due to Hinrichsen and Kelb [42] which relates spectral value sets
with the map obtained by considering the operator norm of a certain transfer function. Further,
we investigate the properties of this map and relate them with those of o¢(A, D, E; p) and its
boundary doc(A, D, E; p).

For completeness we recall the definition of operator (or induced) norms: if the vector spaces C
and C? are provided with norms || - [ and || - ||c:, respectively, the operator norm of a matrix
A € C* with respect to || - || and || - ||ce is defined as

JAll = sup [Ay|c. (2.1)

llyllca =1

2.1 Preliminaries

The foundations for investigations related to the sets oc(A, D, E; p) were built by Hinrichsen
and Kelb in [42]. As a main result they proved a theorem which is the backbone of our work.
This theorem, presented here in its original form, makes clear the close relationship between
spectral value sets and the operator norm of the transfer function

G:p(A) = C s B(sI — A)7'D, (2.2)

where

p(A) :=C\ o(4)

denotes the resolvent set of A. In the sequel cl (2) means closure of a subset € in C.

Theorem 2.1.1 Let (A, D,E) € L,;,(C) and G(s) = E(sI — A)™'D be the associated transfer
function. Additionally, let p > 0 and || - || be any operator norm on C*!, Then

1. oc(A, D, E;p) \ 0(A) is a bounded open subset of C and

oc(A, D, E; p) = a(A) U {s € p(A); [|G(s)| > p'}. (2:3)
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2. The boundary of the set oc(A, D, E;p) \ o(A) in p(A) is given by

0(0c(A, D, B p) \ 0(A)) = {s € p(A); |G(s)l| = p~'} =: C,. (2.4)

3. oc(A, D, E; p) is the union of 0(A) and of those connected components of C\ cl (C,) which
contain at least one pole of G(s).

Remark 2.1.2 We do not prove Theorem 2.1.1. One reason is that a more general version of
it will be proved in Chapter 4.

Remark 2.1.3 Theorem 2.1.1 is extremely important: it gives a computable formula for the
calculation of spectral value sets.

Remark 2.1.4 The set C, defined in (2.4) is called the spectral contour of level p. Point 3 in
Theorem 2.1.1 yields a rule for determining o¢c(A4, D, E; p) from knowledge of C,,.

Remark 2.1.5 The reader should be careful with intuitive ideas on the sets C',. Although they
are called “contours”, they might have holes at certain points of o(A)!

2.1.1 Reduced spectral value sets J¢c(A, D, E; p)

It is well known [16, Theorem 17.5] that not every eigenvalue of A is automatically a pole of the
transfer function G(s) = E(sI — A)™'D. This is the reason for the somewhat involved results
“modulo o(A)” of Theorem 2.1.1. We could obtain more compact statements by assuming
controllability and observability of the triplet (A, D, F). Unfortunately, this assumption is not
natural in this context and we must take this fact into account in our results.

Nevertheless, a detailed analysis shows that considering noncontrollable and/or unobservable
modes of A is not useful. Indeed, if an eigenvalue A of A is a noncontrollable and/or unob-
servable mode of the triplet (A, D, E) then A cannot be “moved” by means of the structured
perturbations. In other words, A is invariant to such perturbations. This is a consequence of
well known results on static linear feedback design [51, p. 205].

In view of these arguments we propose an alternative approach. Let

(Amirn Dmirn Emin) € Lk,l,q(©)7 k S n, (25)

be a minimal realisation of G [16, Definition 21.12]. The following objects are important for our
discussion:

P(G) = U(A111i11)7 p(Amiu) =C \ P(G) (26)

The set P(G) is well defined because minimal realisations are similar [51, Theorem 6.2-4]. Note

also that P(G) C o(A).

Definition 2.1.6 Let (A, D, FE) € L,;,(C) and G(s) = E(sI—A)"'D be the associated transfer
function. Additionally, let p > 0 and (Amin, Dminy Bmin) € Lii4(C), & < n, be a minimal
realisation of G. The reduced spectral value set of level p, denoted J¢(A, D, E; p), is the set

Ic(A,D,E;p):={s€C : (s)>p '} (2.7)
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where

| | Emin (5[ — Amin) -1 Dmin | | if s € p(Amin)

+00 if se P(G) (28)

Y :C— Ry U{+o0}, 5|—>{

Note that G = 0 implies ¥¢(A, D, E;p) = 0 for every p > 0. Furthermore, it follows from
Definition 2.1.6 and Theorem 2.1.1 that

P(G) CIc(A, D, E;p), Jc(A, D, E;p) Coc(A, D, E;p).
Moreover,
oc(A, D, E;p) = [0(A) \ P(G)]UYc(A, D, E; p) (2.9)
and in the case where P(G) = o(A) we have o¢(A4, D, E; p) = 9¢(A, D, E; p).
Also we redefine the notion of “spectral contour” making it more appealing. The set
C,i={seC : y(s)=p '} (2.10)

is called spectral contour of level p. It can be shown that 09¢(A4, D, E;p) = C,.

In our opinion it helps to make the things clearer if through this section we consider reduced
spectral value sets instead of spectral value sets in the sense of the original definition. We
stress that oc(A, D, E; p) and 9¢c(A, D, E; p) are identical modulo o(A) \ P(G). Moreover, for
calculations the expression of oc(A4, D, F; p) given in (2.3) is easier to apply than (2.9). Thus,
the use of ¥¢(A, D, E; p) will be restricted to the theoretical considerations given below. In
concrete examples, if oc(A, D, E; p) = dc(A, D, E; p), we shall prefer the first notation.

2.1.2 Example: companion matrix

Before we begin with a formal study of the spectral value sets, let us develop some intuition
about oc(A4, D, E; p) with the help of an example. Consider the matrices

[ 0 1 0 0 0 0 0)

0 0 1 0 0 0 0

0 0 0 1 0 0 0
A=| 0 0 0 0 1 0 0 (2.11)

0 0 0 0 0 10

0 0 0 0 0 0 1

\5040 —13068 13132 —6769 1960 —322 28)
D=1y, E=1I. (2.12)

Here, and in the sequel, I,, denotes the n X n identity matrix.

The matrix (2.11) is well known in numerical analysis [83]: it is the companion matrix of the
monic polynomial with roots 1,...,7. Clearly, the transfer function corresponding to (A, Ir, I7)
is

G(s) = (sI; =AY, s€ p(A),
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Wilkinson Matrix . p= 0.06 Wikinson Matrix . p= 0.06
T T T

~
T

v
y
o

e>+

'
N
T

- L L L L I I
-20 -10 0 10 20 30 40 50 -5 0 5 10

Figure 2.1: Spectral value sets of the matrices (2.11) and (2.12).

and P(G) = o(A).

In Figure 2.1 we depict oc(A, D, E;p) = 9c(A, D, E; p) for some values of p and the matrix
norm given by the largest singular value. For clarity in the pictures, the concrete values of p are
omitted. Two pictures are presented, the second being a zoom of the first one. The spectrum
of A is represented by crosses. A detailed description of the method used in these calculations
is given in Chapter 3.

In Figure 2.1 one observes that

1. As p increases from zero to infinity the corresponding (reduced) spectral value sets grow
and take different forms: for small values of p the sets are a sort of oval regions around
the eigenvalues, while with increasing p, these regions merge until the set ¥¢(A, D, E; p)
becomes a connected open bounded subset of C.

2. The sets 9¢(A, D, E; p) are open and bounded.

3. The interior of the oval region situated at the left in the second picture, does not contain
poles of G. Thus, according to Point 3 of Theorem 2.1.1, we conclude that this set does not
belong to ¥¢(A, D, E; p). It follows that ¥¢(A, D, E; p) is not necessarily simply connected
even for large values of p.

4. The spectral contours C, possess some kind of smoothness properties.

Our aim in the sequel is to show that these “experimental results” are, in fact, representative
and largely correct.

2.2 Properties of p — 9¢c(A, D, E; p)

The key point in the investigation of ¥¢(A, D, E; p) is to understand the behavior of the function
displayed in (2.8). The function (2.8) corresponding to the matrices (2.11), (2.12) is depicted
in Figure 2.2 in form of a three dimensional plot in logarithm scale. Again, we make some
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observations based on our previous experiment. The aim is to attract the attention of the reader
to the most important features.

,o'.'n,o
X000
i
i

I
o
II ""' :N,n:'
il s

Uty
J/,/,j
[ o

7
I
{

Uy
(I///I/ l

Figure 2.2: Function v in the rectangle [—5,9] x [—3, 3].

1. ¢ is a continuous function. The set P(G), in this case equal to o(A), can be easily
recognized as peaks in the graph. In a neighborhood of A € P(G), ¥(s) becomes large,
while it tends to zero as |s| — oo.

2. ¢ may have minima in C but has no maxima away of P(G), where it is equal to +oc.
Further, 1 seems to enjoy some differentiability properties.

In this section we show that these experimental observations are correct and relate them to
the properties of ¥¢(A, D, E; p) listed in the preliminaries. We proceed in each subsection as
follows: first, we prove a property of 1 and thereafter we interpret this property with regard to
the corresponding (reduced) spectral value sets.

2.2.1 Monotonicity
In Proposition 2.2.1 we state a simple property of the map p — J¢(A, D, E; p).

Proposition 2.2.1 The set valued map p — O¢c(A, D, E; p) is monotonic, i.e.,
p1 < p2 = Ic(A, D, E;p1) C Jc(A, D, E; pa).
Proof: By Definition 2.1.6, if s € 9¢(A, D, E; p1) then 9(s) > p7*. Thus
W(s) > py ', for any py > py
and we conclude that s € ¥¢(A, D, E; ps) as well. O
Remark 2.2.2 This result holds also for p — o¢(A, D, E; p).
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2.2.2 Openness and boundedness

The fact that for every p > 0 the set J¢c(A, D, E;p) is open and bounded has been stated
implicitly in Theorem 2.1.1. Nevertheless, we state and prove it here for completeness. For the
proof, we shall need a lemma which is a direct consequence of the fact that the rational transfer
function G has poles at P(G) and is strictly proper.

Lemma 2.2.3 The function ¢ defined in (2.8) is continuous. Moreover,

lim ¥(s) = 0. (2.13)

|s]—oc
With the help of this lemma we can show

Proposition 2.2.4 For every p > 0, the set Vc(A, D, E; p) is an open bounded subset of C.

Proof: Let sy € 9¢(A, D, E;p). Then, by definition, 1(sy) > p!. Since 9 is continuous, there
exists a neighborhood O(sy) C C such that v¥(s) > p! for every s € O(sq). Thus, O(sy) C
Yc(A, D, E; p) and the openness of 9¢(A, D, E; p) follows. The boundedness of ¥¢(A, D, E; p) is
a consequence of (2.13). O

Remark 2.2.5 Definition 2.1.6 implies that the set of zeros of G(-), i.e.,
Z(G):={seC: G(s) =0} (2.14)
does not belong to 9c(A, D, E; p) for any value of p > 0:
Z(G) N dc(A, D, E;p) =0, ¥p>0.

We conclude that the connected components of ¥¢(A, D, E; p) are, in general, not simply con-
nected. However, since GG is a rational matrix function, Z(G) is a finite set of isolated points
whenever G # 0:

Z(G) = {S,i eC,i=1,... 7kZ(G)}7 kZ(G) < 0.

Finally, we note that the set Z(G) differs from the usual definition of zero of a transfer function
used in control theory. The usual definition accounts, roughly speaking, just for rank losses of

G [51, p. 448].

2.2.3 Upper semicontinuity

The results of this paragraph are based on the subharmonicity of 1 on open subsets of p(Apuin)
[10, Definition 5.9].

Definition 2.2.6 Let Q be an open domain in C. f: Q — R is called subharmonic in 0 if

1. f is continuous on ).
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2. For any sy €  and any p > 0 such that the open disc |s — 59| < p is contained in Q, the
inequality

f(s0) < % /0~ f(so+re™)do

holds for every 0 < r < p.

We need the following theorem [41, Theorem 3.13.1].

Theorem 2.2.7 Let X be a Banach space and  a open bounded subset of C. Consider a
function f : Q — X holomorphic in Q and continuous on Q. Then ||f|| is a subharmonic
function in Q2.

Theorem 2.2.7 can be applied to the function defined in (2.8).

Proposition 2.2.8 Let Q C C be an open bounded set such that Q C p(Amin). Then the function
¥ (2.8) is subharmonic in Q.

Proof: G is holomorphic on p(Apy,) and C2*! endowed with an operator norm is a Banach
space. Thus, Theorem 2.2.7 implies the subharmonicity of ¢ in €. O

Subharmonic functions are well known in Complex Analysis. As the name suggests, these are
functions which have harmonic majorants. In this work we are interested only in one elementary
property of the subharmonic functions: the fact that, in analogy to harmonic functions, a
Maximum Principle holds [10, Corollary 5.9].

Theorem 2.2.9 Let ) be a bounded domain in C and 02 be its boundary. Suppose f is sub-
harmonic in Q. Then

sup f(s) = max £(C).

seQ CeoN

So we have

Corollary 2.2.10 Under the hypothesis of Proposition 2.2.8 the following equality holds

sup9(s) = max ¢(().

s€0 CeanN

Corollary 2.2.10 is of crucial importance for the next chapter. Moreover, it also implies
Corollary 2.2.11 v has no local maxima unless it is constant. The last can occur only if G = 0.

Proof: The first statement is, clearly, a consequence of Corollary 2.2.10. On the other hand,
the second assertion can be proved as follows. We must show that ¢ can not be a constant
different from zero through some open  C p(Auin). Indeed, let us suppose that this is the case.
We choose some sy, € 2 and vectors v and y of suitable dimensions and of norm equal to one
such that

P(s0) = [Gso)ll = [y"G(s0)ul >0, 50 €9, (2.15)
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and see that the scalar function
g:p(Amin) = C, s+ y"G(s)u,

is holomorphic. Moreover, since 9 is constant, s — |y*G(s)u| of g has a local maximum at s.
Using classical complex analysis we see that g must be constant through p(A,;,). Finally, due
to (2.13), we conclude that g is identically equal to zero. This contradicts (2.15). O

Remark 2.2.12 We shall see in Chapter 4 that this property does not necessarily hold for
transfer functions of infinite dimensional systems.

With regard to spectral value sets Corollary 2.2.11 implies

Proposition 2.2.13 Let G £ 0. Then the map p — Ic(A, D, F; p) is upper semicontinuous in
the sense of Hausdorff [3, p. 25], i.e., for every e > 0 there exists a 6 > 0 such that

UQC(A7D7E;ﬁ) COe(ﬁ(C(AvDaE;p))? Vﬁe (P_5,P+5)7 (216)
where “0O.” denotes an e-neighborhood of a set.

Proof: Let € > 0 be fixed and consider an e-neighborhood O.(9¢(A4, D, E; p)) of the reduced
spectral value set J¢c(A, D, E; p). By Proposition 2.2.1, the map p — 9¢(A, D, E; p) is mono-
tonic. Thus, for every é > 0, p — 6 > 0, we have the relationship

ﬂC(AaD7E;/0_5) - ﬁC(A7D7E;p) - 06(0C(A7D7E;p))'

It follows that only increments of p are of interest.
Now, let us suppose that there exist p > 0 and € > 0 such that for every § > 0

Vc(A, D, E; p+0) ¢ Oc(Ic(A, D, E; p)). (2.17)

Simple considerations using the continuity of ¢ show that (2.17) implies the existence of a point
sg € C such that

W(so) = p~ !, but sy & O (9c(A, D, E; p)).

It follows that we can find a neighborhood O(s() of the point s; which does not intersect
'19([:(147 D7 E; ,0)
O(so) N9c(A, D, E; p) = 0.

Thus, by definition,
Y(s) < p7t, Vs € O(s)

and we conclude that s; is a local maximum of . This is a contradiction to Corollary 2.2.11.
O

Remark 2.2.14 Proposition 2.2.13 is the formal statement of the following (intuitively) ob-
vious fact: the sets U¢(A, D, E;p) do not “expand” suddenly for small increments of p. Fur-
thermore, the possible existence of local minima of ¥ implies that the connected components of
Y¢c(A, D, E; p) are not necessarily simply connected.
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2.2.4 Asymptotic properties

Let us study now the asymptotic properties of the map p — 9¢(A, D, E; p), that is, its behavior
for small and large values of p. The expected result is

1. For small sizes of the perturbations, the reduced spectral value sets are small regions
around the eigenvalues of A,.

2. For large p we expect d¢c(A, D, E; p) to occupy large regions of the complex plane.

Useful formulae

In order to study the function ¢ in a small neighborhood of the poles P(G) and at infinity, we
shall make use of results on the resolvent operator of A;,:

R(S) = (S[ — Amin)_l, s € p(Amin)-

Let A\; € P(G) = 0(Aumin) and let T'; be a (positively oriented) Jordan contour which surrounds
A; and contains no other points of o(A,,) in its interior region. Then the matrix

-1

Pi=
2 Jp,

R(s)ds (2.18)

is called the spectral projector associated to \;. Further,
Di = (Amin - ALI)PL

is called the nilpotent matriz associated to A;. These matrices do not depend on the choice of
T;.

Let d be the number of different eigenvalues of A,;,. Then there are d matrices P, and D;,
i=1,...,d and it holds that R(s) is given by [53, 1.5.3]

d ;-1
P d Dk
R = - - — v Amin) 2.19
5 z(_A ;(S_WH), S € plus) 219

where [; is the maximal size of a Jordan block associated with A;.
Finally we write down the series expansion of R(s) in a neighborhood of infinity [53, 1.5.2]:

S Aﬁlin
R(s) =) N (2.20)
k=0

This series converges absolutely for every s € C such that

51 > ¥(Amin) := _ max s].

The expressions (2.19), (2.20) give us useful representations of G(s).
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dc(A, D, E; p) in a neighborhood of a pole

Let us suppose, for simplicity, that the spectrum of A, € C*** consists of simple eigenvalues.

Then, by (2.19), we have

k
EP.D
G(S) = E s — A" s € p(Amin)- (221)
i=1 t

Since we have chosen A,,;, to be the system matrix of a minimal realisation of GG, all the EP,D,
1 = 1,...,k, are different from zero. Then, for each : = 1,...,k, the dominant term in the
sum (2.21) in a small enough neighborhood O();) C C of the eigenvalue J; is the ¢th summand.
Thus, we conclude that the p~! level curves of ¢ which lie in O();) can be approzimated by a
circle with center in \; and radius p||EP;D||. The proposition below is the formal statement of
this (intuitively obvious!) fact.

Proposition 2.2.15 Suppose that the eigenvalues of Anin € C**F are simple. Further, for a
gwen p > 0, define

IL(A, D, E;p):=Ur_{s €C : |s—\]| < p|ERP.D||}.

Then the set valued map p — Ic(A, D, E; p) is such that

1
liII(l) —dg(cl(9c(A, D, E;p)),cl (ﬁ%(A, D, FE;p))) =0.
p=0 p

where dg (-, ) denotes the Hausdorff distance (Definition A.0.9, Appendiz A).

The proof of this result is omitted because it would be very technical and, at least in our opinion,
of less interest. However, its main idea is quite instructive and is discussed below. For a fixed
i€ {1,2,...,k} consider an open bounded set Q C C such that

N €Qand QC C\ (o(Amin) \ {N])-

Then there exists M < oo with the property (see (2.21))

k
EP,D
1?6352X|\;S_>\j]| <M < oo0.
i
Now, one multiplies (2.21) by p(s—A;), where p € (0,1/M) and s € C,NQ. Note that C\,NQ # 0

for p small enough. Then, after some straightforward transformations, one obtains the following
inequalities:
pIIEFD|
14 pM

These relationships can be written as

Pl EPD|

<l|s—=X\| <
1—pM

pIEP.DI| = o(p) < |s = M| < o ER.D|| + olp), (2.22)
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Wilkinson Matrix . p= 1e-06
T T T

04—

Figure 2.3: Behavior of ¥¢(A, D, F; p) for small perturbations.

where

o:Ry = Ry, lim@ = 0.
=0 p
The inequalities (2.22) “prove” Proposition 2.2.15.
Figure 2.3 illustrates this result for the matrices (2.11), (2.12) in a neighborhood of the eigenvalue
A5 = 5. The spectral contours C, are represented by continuous lines while the circles of interest
are depicted using dotted lines. The spectral projector Ps; has been calculated using Matlab
code written by the author. It has been found that || Ps|| ~ 1.1664 x 10°. One observes that for

p ~ 1077, the spectral contours C, match the circles |s — 5| = p|| ;]|

Y¢c(A, D, E; p) in a neighborhood of infinity

In this case the situation is more complicated and we have not been able to state sharp results
(like Proposition 2.2.15) of a reasonable degree of generality. Nevertheless, we give here an
analysis which should help to understand the general situation. Our approach is essentially the
same used in the former subsection: to find suitable series development of (G. The difference is
that we must work with the set of zeros of G: infinite and Z(G).

We begin with the investigation of spectral value sets of large sizes. First, we apply (2.20) in
order to obtain a series development for GG at infinity. The result is that, for any s € C such
that |s| > y(Amin), the series

G(s)=FE (i fk%f) D (2.23)

k=0

converges absolutely.
Let us suppose, for simplicity, that £ D # 0. Further, let us introduce the function

G, p(Apin) = CU s BEApin(sI — Apin) ' D. (2.24)
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Then it follows from (2.23) and (2.20) that

oo

Aﬁlin — AZnin
sG(s)=ED+FE (Z 5—’"> D =FED + EAuin <Z F) D =ED + G,(s).

k=1 =0
In other words, for a given p > 0 and s € C, N {z € C,|2| > y(Amn)} We have
AIED] = pllGu ()] < Is] < Al ED] + plIGu(s)] (2.25)

Note that C, N {z € C,|z| > v(Awin)} is not empty for p large enough. Moreover, let us assume
that the matrix E is invertible. Then, by (2.24),

G )] < 1G], where &= [|BAwal ",
and it follows from (2.25) and p||G(s)|| = 1 that
plIED|| =6 < |s| < pl| ED|| + 6. (2.26)

The inequalities (2.26) show that for p large enough a connected component of C, lies in the
region {s € C, p||[ED| -6 < |s| < p||[ED| + 6}.

Let us consider now spectral value sets near the zeros of G. This is important because, by
Remark 2.2.5, for any p > 0 some small neighborhood of Z(G) remains in C\ d¢(A, D, E; p).
We proceed by the same scheme: we write down Taylor series of G around the elements of Z(G):

G(S) = Gio(S — 57;) + Gﬂ(S — 87;)2 + .. .y Vsi € Z(G) (227)

Clearly, in a small neighborhood O(s;) C C of each s; € Z(G), the function G can be approxi-
mated by the first nonzero summand of the series (2.27). We conclude that the corresponding
spectral contours are approximated by certain circles. We omit the details.

Figure 2.4 depicts the situation for the matrices (2.11), (2.12) when the spectral norm is used.
The continuous lines represent level curves of ¥ and the dotted ones those of %. Note that in

the case of these matrices ||FA,mE || = ||A|| = 20455. Furthermore, Z(G) = 0.

2.2.5 Smoothness of spectral contours

Our aim in this section is to investigate the analyticity (or lack of it) of the spectral contours
C,={s€C : (s)=p'}

Our approach is to analyse the smoothness of ¢ with respect to the variables z and y, x4y € €,
where () is some open subset of p( Ay )-
Let us begin with some initial considerations on general norms. For each s € p(Aum), the
function 1 is given by

P(s) = max [|G(s)u]l (2.28)
This is a parametric optimisation problem with constraints [29] and C,, is difficult to characterise
in this general setting. For example, usually norms are non smooth functions of the entries of
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Figure 2.4: Behavior of ¥¢(A, D, F; p) for large perturbations.

the matrix and one would have to consider subdifferentials, dual sets, etc. [22]. Moreover, in
order to obtain relatively “weak” results like local differentiability, one is obliged to assume non
degeneracy of the critical points of Problem (2.28). A characterisation of these non degenerate
critical points is not possible without further assumptions. The interested reader may consult
[50] for a treatment of these topics.

In view of these difficulties and in order to be able to make substantial statements, we shall
restrict our analysis to the case where the norms in the vector spaces are Euclidean, i.e.,

m 1/2
kuzz(zw) w= (g, w)T €O, (2.29)

i=1
It turns out that for this norm one can give a fairly complete characterisation of the smoothness

of .

Preliminaries

We begin with some initial considerations. Let us consider the following action defined for every
matrix M € C2*!:

. ReM —ImM 2g %2l
Mg = (ImM rot ) € R0, (2.30)

This operation, usually called realification [61, p 55], has some remarkable properties.

Lemma 2.2.16 Let H € CP*? and M € C4*'. Then
1. (HM)R — HRMR.

2. (Mp)T = (M*)p, where (-)* denotes conjugate transpose while (-)T transpose.
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3. If M s unitary then Mp ts orthogonal.

The proof of the first two assertions is straightforward and is omitted. The third assertion is
given in [27, Exercise P1.4-5]. With the help of these properties one can prove

Proposition 2.2.17 Suppose that M € C¥*' has singular value decomposition [73, Theorem
I.4.1]

M = U*SV, (2.31)

where ¥ has size ¢ X . Then My has (real) singular value decomposition

Myp = (Up)* (? g) V. (2.32)

Proof: Let us apply Point 1 of Lemma 2.2.16 to (2.31). The result is

. . > 0
MR - (U )RERVR - (U )R (0 Z) VR.

Further, Point 2 of Lemma 2.2.16 implies

(U")r = (Ur)".

Hence, Equation (2.32) holds.
It remains to show that both Up and Vp are orthogonal matrices. But this is exactly the
statement of Point 3 of Lemma 2.2.16. O

The next observation can be found in [73, Theorem 1.4.2].

Theorem 2.2.18 Suppose that M € R! ¢ > I, has singular values o1,...,0;. Then the
symmetric matrix

H(M) := ( ]\ET ]\04) € Rla+D (et (2.33)

has spectrum

o(H(M)) ={+o0y,+t09,...,+0,0,...,0}.
q—1

The theorem below belongs to the well developed perturbation theory of real symmetric matrices

[59].

Theorem 2.2.19 Let Q be an open connected subset of R¥ and S? be the set of real symmetric

matrices of size g X q. Suppose that
R:Q — 51

15 a differentiable mapping, that is, the components r;; of R are of class C> on ). Let A : 2 — R
be a continuous function such that, for every w € Q, A(w) is an eigenvalue of R(w) with constant
multiplicity. Then A(-) is a differentiable function.
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With the help of the machinery developed above we can investigate the smoothness of ¥ in the
case when the vector norms under consideration are Euclidean. Indeed, it is well known [73,
Theorem 2.10] that with this choice of the vector norms the operator norm on C*! is given by

[ M]] = o1(M),

where o1(M) denotes the largest singular value of M € C?*!, Thus, essentially, we must inves-
tigate the analyticity of the largest singular value of an holomorphic matrix function. In the
sequel, we identify C with R%. Further, we shall write, with certain abuse of notation, ¥ (z,y)
and/or ¢(s), s = z+iy depending on the context. The same convention holds for other functions.

Smoothness of C,

We begin by noting that the transfer matrix
G(S) - Emin(S[ - Amin)_lein; VS S p(Amin)7

where (Amin, Dimins Fmin) € Liy4(C), (k < n), is a minimal realisation (2.5), can be written as
[13, p. 1]

G(s) = —=Q(s), s € p(Amin), (2.34)

where p(s) is the characteristic polynomial of Ay, and Q(-) is certain matrix polynomial of
degree < k — 1. It follows that

G = s éls), Y5 =2+ iy € plAuin).
with ¢ defined by
¢ R Ry, (2,9) = [|Q,y)ll. (2.35)

The function (z,y) — |p(z +1iy)| is different from zero and differentiable with respect to = and y
in p(Amin). Thus, we conclude that it is enough to characterise the smoothness of ¢. This shall
be our inmediate goal.

For simplicity in the notation let us set

M:R? = $°09 - (2,y) = H(Qr(z,y)), (236)

where H(-) is the matrix function defined in (2.33) and the subscript “p” denotes realification,
see (2.30).

Proposition 2.2.20 Let Q C R? be an open connected set such that the largest eigenvalue of

M (2.36) has constant multiplicity in Q. Then ¢ is differentiable in Q@ and, consequently, so is
P in Q\ P(G).
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Proof: Indeed, it follows from Proposition 2.2.17 that

¢(z,y) = [Q2,y)ll = 01(Q(2,y)) = 01(Qr(z,y)).

Moreover, by Theorem 2.2.18,

71 (Qr(2,9)) = Amax(H (Qr(2,9))) = Amax(M (2, ),

where A4, denotes the largest eigenvalue. Now, we observe that M(z,y) is real and symmetric
for every par (z,y). Moreover, its entries are polynomials in the real variables z and y. Thus,
our statement is a direct implication of Theorem 2.2.19. (]

Remark 2.2.21 The fact that simple singular values of rational matrices are smooth functions
of z and y is known, see [55] and [49]. Our proof, however, is different and includes the case of
multiple identical singular values.

We discuss now the implications of Proposition 2.2.20 with regard to the analyticity of the
spectral contours C,. For this we introduce the following notations: {15 denotes the set of points
where 1) is smooth, while Qg denotes the complement of Qg in p(Ap,). Recall that the spectral
contours are given by

Cp={(z,y) €R* : P(z,y) =p '}
First, we consider the case where C,, C 25. The simplest situation is when p~! is a regular value
(2, p. 4] of ¥, i.e.,
gradi(z,y) #0, V(z,y) € C,.

In this case v is smooth in a neighborhood of C, and each connected component of €, is a smooth
curve [2, p. 4]. Moreover, since C), is bounded we have that these components are diffeomorphic
to a circle [2, Lemma 2.4]. Figure 2.5 depicts this situation for the matrices (2.11), (2.12) in a
neighborhood of the eigenvalues A5 = 5 and A\g = 6.

Wilkinson Matrix

Figure 2.5: Smooth spectral contours
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The behavior of C, at points where the gradient of 1) is equal to zero also deserves attention. At
these points the spectral contours may have bifurcations [2, Definition 4.4] and several smooth
curves intersect each other [2, Theorem 4.6], [14]. This constellation can be observed in Figure
2.5 at neighborhood of the point (5.5, 0).

Another structure is observed when the slopes of the level curves coincide at the point where
the gradient of i is zero. Now, the spectral contours do not intersect itself and one obtains a
“cusp”. The spectral contour labeled with “0” in Figure 2.6 is an example of this situation. The
data used there is

A =diag(—1,1), D=E=1I. (2.37)

Finally, we note that a point (z,y) where the gradient is equal to zero may also be a local
minimum of v. In this case, there exists a neighborhood O(z,y) C R? such that

CP N O($7y) = {('Tay)}

Non smoothness of C,

We finish our analysis with a characterisation of Qyg. This set is important because at the
points where C, intersects {lyg, 1 is non differentiable and the normal to the curves in C, can
be discontinuous or even not exist. For simplicity, we shall assume that

the singular values of Q(-) are pairwise non identical functions (2.38)

for the rest of the section.

Proposition 2.2.20 suggests that in order to know where i is non smooth, it is necessary to
characterise the points where the multiplicity of 01(Q(:)) = Auax(M(+)) might change. In other
words, due to (2.38), we must find out where the singular values of @ are not simple.

We have that the singular values of Q(z,y) at a point (z,y) € R? are the positive solutions of
the equation

P(¢,z,y) = det(C*] — Q*(z + iy)Q(x + iy)) = 0. (2.39)

Clearly, P(¢, z,y) is a polynomial function in three real variables. Now, if at some point (z,y) €
R? the multiplicity of a singular value is bigger than one, we are in presence of a multiple root
(o of Equation (2.39). It follows that (j is also root of the derivative of P with respect to (:

P(go,f[},y) - 07
0P (2.40)
—(Co, 7, = 0.
We see that (2.40) is a system of two polynomial equations in two real variables which, again
because of (2.38), have no common factors. We conclude that the solutions of (2.40) define
algebraic curves in R2. The set {lyg is a subset of these curves.
Let us consider now the question on the number of intersections of a spectral contour €, with
the set Q5. We shall see that, at least in general, for a fized p > 0 the corresponding spectral
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Normal Matrix
T

Figure 2.6: Non smooth spectral contours

contour C, may intersect Qyg only at finite number of points. In fact (in the 2-norm) C, is
given by

Cp={s€C: plp(s)] = 01 (Q(5))}. (2.41)

Thus, if C, intersects Qg the following equations must be satisfied simultaneously (see (2.40)
and (2.41))

p(z —iy)p(z +1iy) — p°¢; = 0,

P(C(h €T, y) - O:
op . (2.42)
8_C(CO’ Z, y) - 3

This is a system of three polynomial equations in three real variables, which “generically” has
only finitely many solutions. If the polynomials (2.42) have common factors, then C, C Qys.

Figure 2.6, which depicts spectral contours corresponding to the matrices (2.37), illustrates our
result. Simple calculations show that for these matrices

o) = § max{(e® =2z +1+ ¥?) 77, (22 + 22+ 1+92) 2} if (x,y) € p(A)
Vi@ y) { +00 if (z,y) € o(A)

and, consequently, that

QNS :{(07y) ER27 yER}7

i.e., the imaginary axis. Moreover, the set (lyg is intersected at most twice by each of the
spectral contours.
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2.3 Summary

In this chapter the properties of spectral value sets oc(A, D, F; p) have been investigated. It
has been shown that the sets are open and bounded for every p > 0 and monotonic and upper
semicontinuous as set-valued functions of p. Furthermore, we studied their behavior for small
and large sizes of the perturbations and the smoothness of the spectral contours C, in the 2-norm.
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Chapter 3

Calculation and Visualisation of
Spectral Value Sets

Essentially, spectral value sets are a graphical tool for robustness analysis. Thus, there is need
for reliable and efficient tools for their calculation and visualisation. Our aim in this chapter is
to present a new numerical method for this purposes: the SH algorithm. We begin with a short
“state of the art” review of this kind of calculations. Thereafter, we shall discuss our approach.

3.1 Existing methods

Most of the work in this area has been done for the unstructured complex case (E = D = I,
K = C) and using the 2-norm in the spaces C' and C?. In this section only this norm will be
considered. Let us now discuss the different methods which are being used for the calculation of

oc(A, D, E; p).

3.1.1 Grid method

This is the method used for the generation of the graphics of Chapter 2. The Grid method is
the most accurate and robust algorithm, but also the one with the highest computational cost.
The quantity ||G(s)|| = omax(G(s)) is calculated on a grid covering the set of interest in C and
C, is visualised by feeding the data into a contour plotter [42].

In the unstructured case (pseudospectra) [79]

O-(C(A7DaE;/O) = UC(A7I7I;p)
one may simplify the calculations by observing that

1G] = ll(sT = A)7H = oin(s] — A), (3.1)

min

where 0,,;, denotes the smallest singular value. This method has been the widely used by Tre-
fethen and his coauthors in their investigations. It is reliable and robust but still computationally
expensive. See [79] for references.

Much work has been done in order to reduce the number of “flops” required in these calcula-
tions. Marques and Toumazou [57], [56] have successfully applied the Lanczos method in the

25
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calculation of opn(sI — A) for large matrices. Lui [54] used inverse iteration and a technique
known as continuation which usually gives better initial vectors for the Lanczos algorithm. Toh
and Trefethen [76] have used approximations of A obtained by Arnoldi iterations in order to
reduce the order of the matrices which have to be dealt with. Recently Braconnier and Higham
[8] combined Lanczos Method, Chebyshev acceleration and continuation in one algorithm and
improved the performance in calculating o,,;,(sI — A). Fortran versions of this algorithm have
been developed by Braconnier [7]. The same author has also written codes in PVM [23] which
can be used in parallel computations of the pseudospectra.

3.1.2 Random perturbations

The method described in this paragraph is straightforward, but inaccurate. Nevertheless, it has

the advantage that it approximates oc(A4, D, F; p) at a relatively low computational cost. It is

applicable to both K = C,R and any operator norms.

The method starts by generating a sequence of random A; € K9, ¢ = 1,.., N, such that

|A;|| = p, for every i. Then for large N an approximation of o¢(A, D, E; p) is given by the set
0una(4, D, B p; N) i= UL 0(A + DAE).

rand

It is clear that
Jr(m,d(A; D7 E7 P; N) C JC(Aa D7 E7 p)?

but, usually, these approximations are far from being tight.
Figure 3.1 is a typical example of this kind of calculation. It represents o,qna(A, 32, I32; 1;60)
and the exact o¢(A, 32, I32; 1), where

A := pentoep(32,0,1/2,0,0, 1) € R3?*32 (3.2)

is taken from the Test matrix toolbox for Matlab [40]. The graphics were generated by
means of the functions ps and pscont of the same toolbox. One sees that the approximation of
oc(A, D, E; p) is rather inexact. Nevertheless, since these graphics give an idea of the mobility
of 0(A) under “typical” perturbations of A, the analysis of these graphics can be useful for
practical purposes. Graphics obtained with this method have appeared already in [45], [42].
Another variant of this method is the following. Again one generates random matrices A;,
1 =1,...,N, but now the matrices have entries 1 4 :. The matrices should then be normalised
in order to obtain the desired size of the perturbations. In this case one often obtains better
approximations than when just “pure” random matrices are used. Finding a satisfactory expla-
nation to this experimental fact would be interesting. Figure 3.2 represents the result of this
method applied to the matrix (3.2). Note that in this example no improvements are observed.
This approach has been used in [79].

3.1.3 Path following

The approach suggested by Bruehl in [9] deserves special mention. He determines C, by finding
the lines oy, (s — A) = p. The goal is reached by using a predictor-corrector algorithm [2]. In
this way there is no need for a large number of evaluations of o,,;,. The drawback of the method
is that in presence of a topologically complicated structure of C,, for example when o¢(A, I,1; p)
is not simply connected, the algorithm is likely to fail.
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Random Perturbations
T T

Figure 3.1: First variant of the random perturbations method: o,4ma(A,I,I;1;60) and
O-(C(Aaj7 171)

3.2 The SH algorithm

The calculation of o¢(A, D, E; p) remains a difficult task and further investigations leading to
more efficient algorithms are required. Previously, with the exception of the Path Following
Method, all efforts of the numerical community in the pseudospectra area have been dedicated
to diminishing the cost of calculation of ,,;, (s — A). We propose the use of the subharmonicity
of the norm of G(s), in particular Corollary 2.2.10, in order to reduce the global number of
evaluations of ||G(s)||.

Corollary 2.2.10 can be applied to the calculation of oc(A, D, F; p) in the following way. Let
Q) C p(A) be an open bounded set such that Q C p(A) and let

M = max [[G(O]

Then from Theorem 2.1.1 it follows that
if M <p ' = Qnoc(A,D,FE;p)=0. (3.3)

We propose to use this fact as the basis of a new algorithm. Given an initial set Ry C C, grids
are generated by an iterative procedure and one decides, using (3.3), whether or not a given set
remains of interest for the next iteration. The method will have the additional advantage that it
does not rely on the properties of a specific norm, as do methods based in the calculation of the
smallest singular value. In the sequel we call this method SH algorithm (signifying subharmonic).

3.2.1 Outline

Let (A,D,E) € L,;,(C), p > 0 and ¢ > 0, where ¢ is a small parameter which corresponds
to the desired final accuracy of the calculation. As before, G(s) = E(sI — A)~'D denotes the
associated transfer function.
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Random Perturbations

Figure 3.2: Second variant of the random perturbations method: o,4m4a(A,I,I;1;60) and
UC(A) I7 I7 1)

In an iterative procedure, we shall search for a union of rectangles in the complex plane which
approximates oc(A, D, E;p). Let R; = UL, R;; be the ith approximation of oc(A, D, E; p),
where each R, ; is a rectangle in C. The general idea of the SH method is the following.

Point 3.2.1 Given R;, we find R;y1 by subdividing each R;;, j = 1,...,n; into | congruent
subrectangles R 1, j = 1,...,1, and discarding some of the R; .1 for the next iteration.

The elimination is made according to a rule which applies Corollary 2.2.10.

Point 3.2.2 If R,y1; does not contain an eigenvalue of A then it is a set of subharmonicity of
|G||. Hence, Corollary 2.2.10 can be applied: if

i = G -1
Qivry = amax [|Gs)l| <p

then
Rit1;Noc(A,D,E;p) =0
and the rectangle R;.1 ; can be discarded for the next iteration.

Since the use of a minimisation algorithm for the calculation of ¢);;1; can be very expensive, we
only calculate a lower bound.

Point 3.2.3 Let V1, be the set of vertices of R;y1;. Then we approrimate Q;y1 by
Mit1;:= max [|G(s)].

s€Vigr,j
We need some stopping criteria for the iterations. We have selected the size of the rectangles
R, ;. Suppose that H(R,; ;) denotes the area of R, ;. Since by construction
H(R;y)

H(Riﬁ»l%i):f) jzl,...,niﬂ,/{::l,...,ni,
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i i+1

Figure 3.3: Predictor step. The rectangles of R, are subdivided and some of the small rectangles
are discarded (drawn with dashed lines).

we use

Point 3.2.4 If H(Ri;1,,) < €, then stop the iterations.

We call the actions above the predictor step. Figure 3.3 demonstrates how the predictor step
could work. Still some work is needed. Due to the error introduced by substituting @;+1; with
M1, some “useful” R;;,; may be discarded. Thus a corrector step is needed.

Point 3.2.5 Suppose that after N iterations the predictor step is done. Then we inspect the
boundary of Ry and generate the congruent neighboring rectangles R;v,j- In Ry are incorporated

those R;\,J which are not discarded by the rule described in Point 3.2.2. The boundary of the

resulting Ry 1s again analysed until no new R;\,’j 15 accepted.

Figure 3.4 illustrates the functioning of the corrector step.

At the end of these operations, oc(A, D, E; p) is contained in Ry up to grid precision. Ry and the
data about the values of ||G(s)|| are fed in a contour plotter in order to visualise oc(A, D, E; p).
Below a pseudocode of the algorithm appears. A free boundary of R, ; is a side of R, ; which is
part of the boundary of R;.

Pseudocode of the SH algorithm.
1. Initialisation.

1.1. Given (A,D,E) € Ly,14, p>0,e>0, Ry = U2, Ry ;.
1.2. Calculate o(A) (or part of it), set ¢ = 0.

2. Predictor step.

2.1. Set R1;_|_1 = 0, N1 = 0.
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R, Ry

Figure 3.4: Corrector step. The neighboring rectangles have been drawn with dashed lines. Note
that some of them are included in the “second” Ry.

2.2, for 3 =1,n;
2.2.1. Subdivide R, ; in [ subrectangles R, ;, 7 =1, ..,[.
2.2.2. for 5 =1,1
2.2.2.1. Process R,

=141

2.3. if (H(Ri—l—l,j) > E) = { goto 2.1

24 N=:i+1
3. Corrector step.

3.1. for 5 =1,ny

3.1.1. Using Ny, Enj, Wy, Sn,; (see Function Process), detect the free bound-
aries of Ry ;

3.1.2. For every free boundary F', Process Rp, its neighboring rectangle.
4. Visualisation.
4.1 Feed the data into a contour plotter.
5. Stop.

The function Process used above “selects” the useful rectangles according to our selection rules.
Its pseudocode looks as follows.

Pseudocode of the function Process.

1. Find Mi_’j = MaXsey; ; HG(S)H
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2. Calculate the boolean variable U; ;.

1 if M, ; > p7h
Um’ = 1 if O'(A) N Rm‘ # 0 ;
0 otherwise ;
. _ Rl = Rz‘UR,,jJ'
3. 1f(Um—1)¢{ n o= omtl

4. Find the free boundaries of R; ;. The information is stored in the boolean variables N, ;, E; ;,

W,

ijs Si; respectively.
5. Return.

Adjacent rectangles have common vertices. Therefore, in order to avoid repeated calculations of
|G(s)||, we store the vertices V; ; which have already been calculated. For the sake of clarity we
have omitted these and other technicalities in the explanation.

3.2.2 Discussion

At this point it is worth making some comments. They should contribute to a better under-
standing of the algorithm.

First, we say some words about the corrector step. One can wonder why would the corrector step
give different conclusions to the predictor step. The reason is the following. As mentioned before,
the substitution of ¢);;1; with M, ; may result in actually useful rectangles R, 1 ; be lost for
the next iterations. The corrector step solves this defect of the predictor step by investigating
the boundary of Ry. It incorporates in Ry useful rectangles R}\,’j which were not contained in
Ry 1 during the predictor step. This reasoning leads us to a conclusion which deserves special
mention.

Remark 3.2.6 By virtue of the corrector step, the SH method is able to enlarge R, so that
when o¢(A, D, E; p) extends outside of Ry, oc(A, D, E; p) is still determined.

We shall illustrate this fact with one example in Section 3.3.

A good question to ask is whether or not a corrector step should be made for each R; or just
for Ry. The answer is that our experiments show that the inclusion of a corrector step at each
iteration does not generally result in an acceleration of the algorithm. In our implementation
we have decided to make a corrector step only for Ry.

On the other hand, another important remark is the following. All the rectangles R;; € R; are
subdivided. At a first glance, since we are trying to identify a “boundary” C,, one might think
that it is enough just to subdivide those rectangles of R; which lie in the boundary of R;. But
this is not the case. In fact, minima of ||G(s)|| are likely to exist and, therefore, new “internal”
components of C, can appear in later iterations. See [42] for one example. As a byproduct we
obtain an important feature of the SH method.

Remark 3.2.7 The quantity ||G(s)]| is calculated in all grid nodes which lie in o¢(A, D, E; p).
Since
O-(C(A7D7E;/Ol) CO-(C(A7D7E;p)7 VP1<P7
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data generated for a given value of p can be used, without changes and just by means of the
function contour of Matlab, for the visualisation of o¢(A4, D, E; p1) for any p; € (0, p).

Finally, we say some words about the use of the spectrum of A in the SH algorithm. It might be
thought that our method becomes useless whenever o(A) is difficult to calculate. But this is not
the case. Indeed, let ¢, denote the machine precision used. Then, when one applies a backward
stable numerical eigenvalue algorithm, QR for example, the answer consists of complex numbers
which lie in the region of the complex plane in which ||G(s)| > O(e,!) [24]. It is easy to see,
that these “pseudoeigenvalues” are accurate enough for our algorithm to succeed.

3.2.3 Performance

The calculation of o¢(A, D, E;p) is computationally very intensive. For example, in the un-
structured case (E = D = I) the operation cost of the Grid method is about O(mn?), where
m denotes the number of nodes in the grid used and n is the order of A. Lui [54] reports op-
erations costs of O(n® + mn?) when continuation techniques are used. In the structured case
the costs are even larger, since in this case G(s) must be calculated at each point. In general, a
straightforward grid method has a cost

PgTid = mS(n),

where S(n) = O(n*) is the estimate of the cost of a simple evaluation of ||G(s)||. Here k takes
some value in the interval [2, 3], depending on the method used.

The operation cost P of the SH method can be decomposed into two components P = P; + Ps.
P, is associated with the calculation of ||G(s)|| in the required points, while P, is related to
the logical operations implied in the generation and further manipulation of the sets R;. Let us
estimate P through the costs of the predictor step.

Let Ry be the initial set of interest and suppose that oc(A, D, F; p) C Ry. Introduce the notation

o= H(JC(A>D7E; P))

H(Ry)

where H(oc(A, D, E;p)) and H(R,) represent the areas of oc(A, D, E; p) and R respectively.
Using this notation an estimate of P; is given by

P, = tmS(n).

In this formula m is the number of nodes contained in a uniform grid in R, of resolution €, where
€ is the parameter introduced in Section 3.2.1.

In contrast to Py, P» does not depend on n. It is easy to see that ¢ and R define the maximal
possible number of iterations, which we denote by N. The next observation is that P, = O(nr),
where nr is the total number of rectangles ny manipulated during the iterations. Further, using
the notation of Section 3.2.1, we obtain that

N
ny = an < (N +1)ny = (N + 1)rm.
i=0
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Here we have used the fact that the last iteration ¢ = N is the one which has the largest n;. It
is easy to see that ny is closely related to the number of nodes of the regular grid, which are
inside oc(A, D, E; p). This fact allows us to conclude that ny ~ 7m.

We thus have arrived at the following estimate for P

P =71m(S(n) + O(N +1)). (3.4)

The relative performance P,.; of the SH method with respect to a standard grid method is then
given by

The last equality shows that whenever 7 is small and 7 is large the proposed algorithm should
perform better than the standard ones. In Section 3.3.3 we shall show, through one example,
that the constant implied in O(N + 1) is not very large.

The corrector step can involve, at least theoretically, relatively large number of operations.
This can occur if the length of C, is large with respect to the area of oc(A, D, F;p) and is an
unavoidable cost if the initial rectangle R, was a bad guess. Moreover, note that since Ry is
corrected with the smallest rectangles, the total operation cost depends, to a certain extent,
on the resolution of the grid chosen, i.e., on the parameter €, or equivalently, on the maximal
number of iterations N allowed. Experiments show that the use of large N (N > 7) is not
advisable whenever no information about the actual size of o¢(A, D, E; p) is available. However,
for reasonable choices of Ry, and N, we have not found examples where the execution time of
the corrector step is larger than 10% of the time used by the predictor step.

3.3 Examples

We investigate the speed and reliability of the SH algorithm, comparing it with the usual Grid
method. Our implementation is a C++ code which uses the NAG Library [58] for most of the
matrix operations. In our implementation [ = 4 (see Point 3.2.1) and simple lists have been used
to form and store the R;. All computations were performed on a Sun SPARCserver-1000 and
the unit roundoff is 2753 = 1.11 x 10715, The pictures are generated with the aid of the function
contour from Matlab 5.2. Equation (3.1) has been used whenever pseudospectra should be
calculated.
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3.3.1 Matrix Grcar

Let us begin with a well known example, the Grcar matrix [28]. Consider a matrix A of the
form

1 1 1 1 \
-1 1 1 1 1
-1 1 1 1
A= € R64x64
-1 1 1 1 1
-1 1 1 1
-1 1 1
—1 1)

We calculated the unstructured spectral value set o¢(A, Ig4, I64;0.002), with R the rectangle
defined by the corners (—0.5,0),(2.5,3). In the upper part (Ims > 0) of Figure 3.5 the results
of the calculation of our algorithm (with N = 6) are depicted. The lower part is the output of a
Matlab implementation of the usual Grid method. The points in the upper part are the vertices
of the rectangles Ry ;, j =1,...,nn.

Figure 3.5: o¢(A, Ig4, Is4;0.002) of Grear matrix.

In Table 3.1 it can be seen that the SH algorithm made only 2725 evaluations of ||G(s)|| versus
4225 by the Grid method. This represents a saving of about 35%. The times used by both
algorithms are in the same relation. The behavior and performance of the SH algorithm observed
in this example is typical for cases where the initial rectangle R, is larger than the actual

oc(A, D, E; p) of interest.

3.3.2 Matrix Fish

The aim of this example is to show the ability of our algorithm to enlarge the initial set Ry when
Ry does not contain the whole o¢(A4, D, E; p) of interest. With A given by the pentadiagonal
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Grcar Matrix (N = 6)

Grid Method || SH Method

Num. Eval 4225 2725
Time 1280 sec 806 sec

Table 3.1: Performances for the Grecar Matrix (n = 64).

Figure 3.6: o¢(A, I3z, I32;0.001) of the Fish matrix.

Toeplitz matriz [40]
A = pentoep(32,0,1/2,1,1,1) € R332

the set o¢(A, I32, I32;0.001) has been calculated by the standard Grid method and the SH
algorithm. In both cases the same initial R, was chosen: a rectangle given by the corners

(0.5,0)(2.5,1.5).

Fish Matrix (N = 6)

Grid Method || SH Method

Num. Eval 4225 3187
Time 235 sec 164 sec

Table 3.2: Performances for the Fish Matrix (n = 32).

In the lower part of Figure 3.6 the result of applying the Grid method is depicted. The output
of our algorithm (with N = 6) is represented in the upper part. As can be seen, the “tail” and
the “head” of the “fish” have been perfectly recovered.
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Table 3.2 depicts the performances of both methods. It can be seen that, although a larger
region of the complex plane has been investigated, the SH algorithm has better performance
statistics than the standard Grid algorithm.

3.3.3 Wilkinson matrix

With the example of this paragraph we want to illustrate

e the remarkable effect of using structured perturbations on the spectral value sets, and
therefore, in the correct estimation of the robustness of the matrix A under study.

e that the performance of the SH algorithm is still good for small matrices and relatively
large values of 7, (see Equation (3.4)).

Figure 3.7: oc(A,1,1;1) of the Wilkinson matrix (N = 7).

An interesting application of structured perturbations, and therefore of the SH algorithm, is the
study of the root sets of polynomials [42]. This goal can be reached by investigating the spectral
value sets of the corresponding companion matrices using structures given by suitable matrices
D and E. With regard to this problem, the approach used in [75] is worth of being mentioned.
Roughly speaking, the authors studied the pseudospectra (D = E = I) of a matrix obtained by
certain preconditioning of the companion matrix. Nevertheless, we find that using structured
spectral value sets is more natural and appealing.

We choose again (Chapter 2, Equation (2.11)) as study object the Wilkinson polynomial of
degree 7, i.e., the monic polynomial with roots 1 = 1,...,7. This problem has matrices of small
dimensions and thus, is also well suited to illustrate the second target of this paragraph. Figure
3.7 depicts o¢(A, I, I7; 1) and Table 3.3 represents the performances of both the SH algorithm
and the Grid method. Note that although the matrix is small and 7 is relatively large, our
algorithm still performs better than the standard one. This result shows that the constant
implied in the O(N + 1) of Formula (3.4) is not very large.
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Wilkinson Matrix. Experiment 1 (N =7)
Grid Method SH Method
Num. Eval 16641 12403
Time 33 sec 29 sec

Table 3.3: Performances in Experiment 1.

Let us calculate now o¢(A, D, E; 1) using the structures

D=(000000 1), E=I

Note that now only perturbations of the bottom row are now allowed, which corresponds to
perturbations of only the coefficients of the underlying polynomial. This is, perhaps, the ideal
setup for studying the root sets of polynomials. Figure 3.8 depicts oc(A, D, E;1). One can

Il Il
10 12 14

Figure 3.8: oc(A, D, E; 1) of the Wilkinson matrix (N = 7).

observe the striking difference in size and form of o¢(A, I, I;1) with respect to oc(A4, D, E;1).
This example illustrates the importance of the use of perturbation structures. Again, the SH
algorithm performs better that the Grid method.

Wilkinson Matrix. Experiment 2 (N =7)
Grid Method SH Method
Num. Eval 16641 11128
Time 20 sec 17 sec

Table 3.4: Performances in Experiment 2.
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3.4 Summary

This chapter has dealt with the calculation of spectral value sets o¢(A, D, E; p) in the matrix
case. After a brief review of the existing method for the calculation of o¢(A, D, E; p), A new al-
gorithm, the SH algorithm, has been presented. It exploits the subharmonicity of ||G|| proved in
Proposition 2.2.8. The method draws its efficiency from the fact that, using the Maximum Prin-
ciple for subharmonic functions, subsets of {2 are discarded which are not part of o¢(A, D, E; p),
saving calculations of ||G(s)||. The idea has been implemented using rectangles as basic subsets.
The SH algorithm is also able to enlarge the initial set Q when it is smaller than o¢c(A, D, E; p).
Finally, numerical examples have been discussed which illustrate the advantages of the new
method. Last, but not least, one of the examples has also shown the importance of the use of
structured perturbations.



Chapter 4

Spectral Value Sets in Infinite
Dimensional Spaces

Our aim now is to extend the notion of spectral value sets to an infinite-dimensional setting. An
immediate difficulty is that for unbounded operators on infinite-dimensional spaces the spectrum
is a much more complicated object than the spectrum of a matrix. It is usual to restrict
considerations to closed operators. We will also require that the model and perturbed operators
are closed and so we will have to investigate under what conditions the property of closedness is
preserved under perturbations. Note that in other contexts it may be more appropriate to place
further restrictions on the operators. For example, if one were considering dynamical systems
one might require that the model and perturbed operators are generators of strongly continuous
semigroup. Nevertheless, we do not consider these questions here and our assumptions are just
those needed for a meaningful treatment of spectral value sets.

In this chapter we shall define spectral value sets and a closedness radius. We shall see that a
characterisation of the sets and a lower bound for the radius can be given in terms of the norm
of a transfer function as it was done in [42] in the finite dimensional case.

We remark that our work on spectral value sets is closely related to the results of numerical
analysts on pseudospectra of closed operators. Trefethen’s paper [77] and more recently Harrabi’s
[32] and [33] are good examples of the attention which these ideas are receiving by the numerical
community.

4.1 Preliminaries

In this short section we define the framework for the sequel: we shall introduce some notations,
definitions and objects that are going to play a central role in the rest of the dissertation.

4.1.1 Some notations

Our aim here is to introduce some standard notations, definitions and results which are going
to be used through this work.

1. X, Y, U, V, W, ... denote Banach spaces unless otherwise stated.

2. || ||x denotes the norm in the Banach space X.
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10.

11.

12.

13.
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X* denotes the dual space of X, i.e., the set of all bounded linear forms in X.

A, D, E, R, S, T, ... denote linear operators acting in Banach spaces unless otherwise
stated.

. Ker(T') denotes the null space of a linear operator 7' : X — Y, i.e., Ker(T) := {z € X :

Tx = Oy}

Rg(T) denotes the range of a linear operator T: X — Y, ie, Rg(T) :={yeY :: y=
Tz, € X}

L(X,Y) denotes the set of all linear operators on X to Y with domain D(T') C X.
L(X,Y) denotes the set of all bounded operators in L(X,Y"). We write £(X) for £(X, X).

K(X,Y) denotes the set of all compact operators in £(X,Y’), where we shall write (X))
for (X, X).

C(X) denotes the sets of all closed linear operators in X.
p(T) C C denotes the resolvent set of T' € C(X).
o(T) := C\ p(T') denotes the spectrum of 7' € C(X).

R(s,T), s € p(T), denotes the resolvent operator of T' € C(X). If there is no possibility of
confusion, we write R(s) for R(s,T).

4.1.2 Main definitions and assumptions

We assume that X, X, U, Y are complex Banach spaces, A is a closed linear operator in X:

AeC(X)

with domain

D(A) Cc X, D(A) = X,

while D : U — X and E : X — Y are bounded operators:

DeL(U,X), EeLl(X)Y).

We provide D(A) with the corresponding graph-norm

1
Iloa) = (l2lx + [ Az]%). (4.1)

Since A is closed in X, its domain D(A) endowed with this norm is complete and hence a Banach
space. Our fundamental assumption is

D(A) C X C X with continuous dense injections. (4.2)



4.1. PRELIMINARIES

4.1.3 The transfer function

For any s € C in the resolvent set p(A), the linear operator s/ — A : D(A) — X is bounded and
surjective as an operator from the Banach space D(A) into the Banach space X and hence, the
inverse (s] — A)~1: X — D(A) is bounded by the open mapping theorem:

R(s) = (sI — A)™" € L(X,D(4)),
(D(A) being endowed with the graph norm). So the transfer function
G(s):=E(sI —A)'De LUY), s€p(A). (4.3)
is well defined. Actually we have
Lemma 4.1.1 G : p(A) — L(U,Y) is analytic on p(A).

Proof: We must show that for every s, € p(A), there exists an open neighborhood O(sy) C
p(A), such that, for every s € O(sy), G(s) is given by an absolutely convergent series of the form

oo

G(s) =Y (s —s0)'Gulso), Gul(so) € LUY), k=1,2,....

In fact, for any sy € p(A) and any s € C satisfying |s — so| || R(s0)||z(x) < 1 the following series
converges absolutely [15, Equation A.4.5]

o0

R(s) = R(so) [I + (so — S)R(So)]_l = R(so) |1 + Z(SO — 5)*R(s0)"

k=1
Choosing s € C such that even
|5 = sol [ R(s0) [l cx.pay <1

the series is absolutely convergent in £(X,D(A)). Since the restriction of £ : X — Y to D(A)
is continuous we see that

8

E(sI— A)"'D = ER(s))D + > (so — s)*ER(s0)*"' D

k=1

is absolutely convergent in £(U,Y"). Thus G : p(A) — L(U,Y) is analytic. O

4.1.4 Auxiliary lemma
We shall need the following lemma. Although fairly well known we prove it for completeness.
Lemma 4.1.2 Suppose Y, Z are Banach spaces and
MeL(Y,Z), NEeLZY),
then (Iz + M N) has bounded inverse (I; + MN)~! if and only if (Iy + NM) has. In this case
(Iz + MN)*M = M(Iy + NM) ™. (4.4)
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Proof: Assume (Iy + NM)™' € L(Y). We have
M(ly + NM)=(Iz+ MN)M.
Hence,
M = (Iz+ MN)M(ly + NM)™. (4.5)

Let us introduce the auxiliary operator

L:=1;—M(Iy + NM)™'N € L(Z).
Then, using (4.5), we see that

(Iz+ MN)L = (Iz+ MN) — (Iz + MN)M(Iy + NM)™*N = (I + MN) — MN = I.

So (I + MN) : Z — Z is surjective. Now suppose (I + MN)z = 0, then

(Iy + NM)Nz=N(Iz+ MN)z=0.
But since (Iy + NM) : Y — Y is invertible this implies Nz = 0 and this together with
(Iz+ MN)z = 0 implies z = 0. It follows (Iz + MN) : Z — Z is injective. The invertibility

of (I + MN)Z — Z (as a bounded linear operator on Z) now follows from the open mapping
theorem. Finally (4.4) follows now from (4.5). O

4.2 Characterisation of spectral value sets
Our aim is to study the variations of the spectrum o(A) under structured perturbations
A~ Apn=A+ DAE, A€ L(Y,U).

with D(Aa) := D(A) by definition. The operators D, F are fixed and describe both the structure
and unboundedness of the perturbations, whilst A is arbitrary.

Definition 4.2.1 Let A € C(X), D € L(U, X), F € L(X,Y). Suppose that (4.2) holds and that
a number p > 0 is given. Then the associated spectral value set of level p, denoted o(A, D, E; p),
is defined to be

o(A,D,E;p) = U a(An).
ALY ), |Al<p, AaeC(X)

The point spectral value set of level p, denoted op (A, D, E; p), is given by

op(A, D, E;p) = U or(Aa).

ALY U),[|All<p, Aa€C(X)

where op(Aa) denotes the point spectrum of Ax.
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4.2.1 Closedness radius

We pursue a characterisation of spectral value sets, but note that in the definition there is a
requirement that Ax be closed. We, therefore, analyse for which p > 0 the condition ||A||zv.o) <
p implies that the perturbed operator A is closed. The supremal value of p for which this
implication is valid is called closedness radius.

Definition 4.2.2 The closedness radius 7(A4, D, E) is given by

r(A, D, E) = inf{||Allzvu), A € L(Y,U)
such that Ax with domain D(A) is not closed}.

We set 7(A, D, E) = 0o if Aa is closed for all A € L(Y,U).

The “stability of closedness” problem has been treated by Kato in [53, Chapter IV] using the
concept of relative-boundedness. Let T' and S be linear operators with the same domain space
X and such that D(T") C D(S). Suppose that the following inequality holds

|Selly < allallx + blTally, Ve e D(T), (4.6)

where a and b are real nonnegative constants. If this is the case one says that S is T'-bounded.
The infimum b, of the numbers b (with a suitable a depending upon b) for which (4.6) holds is
called T'-bound of S. Note that the T-bound of S is zero if S € £(X,Y). The following theorem
holds [53, Theorem IV.1.1].

Theorem 4.2.3 Let S, T € L(X,Y), where X andY are Banach spaces, and let S be T-bounded
with T'-bound smaller than one. Then R :=T + S is closed if and only if T" is closed.

An immediate corollary of this theorem is

Corollary 4.2.4 Suppose X = X. Then r(A, D, E) = cc.

The reason for this is that, under these conditions, DAE € £(X) and thus, its A-bound is zero.
In this section we obtain a rather different result. It takes into account the presence of structure
in the perturbations.

Proposition 4.2.5 Suppose s € p(A). If
1Ay < NGz (4.7)
then Aa is closed and s € p(Ap).

Proof: Suppose that (4.7) holds. Then ||G(s)Al|zy) < 1 and so Iy — G(s)A has bounded

inverse. But
Iy — G(s)A = Iy — E(sIx — A)"'DA
and by (4.2), we have

Elpay € L(D(A),Y); (sIx — A 'DA € L(Y,D(A)).
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Hence applying Lemma 4.1.2 with Z = D(A), M = (sIx — A) 'DA and N = E|p4) we have
that

Ip(ay — (sIx — A)"DA(E|p4))
has bounded inverse as well. But since s € p(A), this implies that
slx|pa) — A= DA(Elpa)) = slx|pa) — Aalpa) : D(A) = X
is boundedly invertible and so
(sIx — Ax)™' € L(X,D(A))
and thus

s € p(Aa).

Moreover, an operator and its inverse are closed simultaneously [53, I11.5.2]. Thus, we have that
sIx — Ap € C(X) and as a consequence Ap must also be closed. This completes the proof. O

As an immediate consequence we have the following estimate.

Theorem 4.2.6 Suppose that p(A) # 0, then

-1
HA D, B) 2 swp 6(5) sy, = | 06 GO lewr)| =5 m
sep(A) s€p(A)
Remark 4.2.7 The number p above will be found in most of the statements of this chapter. In
most applications (in particular, in the finite dimensional case) the infimum of |G(s)||z@,y) on
p(A) will be zero. Thus, p = co and we have r(A, D, E) = co. Note, however, that p may be
finite.

We investigate now the relationship between our results on ”stability of closedness” and Theorem
4.2.3. We would like to deduce this theorem from our theory. However, we shall see that only a
weaker result can be obtained.

Only the case where A is unbounded will be considered. The reason is that if A € £(X), then
D(A) = X and consequently X = X as well. Thus, by Corollary 4.2.4, we are always in the
scope of Theorem 4.2.3. So, let A € C(X) be such that

sup ||Az|[x = oo. (4.9)
llell x =1
We define U = X, X =Y =D(A), D = Ix, E = Ipa). By definition, A € L(Y,U) iff
[Az|lx

|A[l vy = sup ; ST <00
veD(4) [||z]|% + || Az|%]?

Thus, saying A € L(Y,U) is equivalent to state that A is A-bounded with A-bound equal to
|Allz(vry- We apply Proposition 4.2.5 now. In this case, the transfer function G(s) € L(U,Y)
is just (sI — A)~': X — D(A), s € p(A) and one obtains the following bound for its norm:
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I(s7 = A)~Hlexpay

(s = A) " yllpy _

vex lyllx
y#0

1
(lz]I% + [ A=[|%)*

1zl pay

zE€D(A) m
x#0

1
(=% + 1 A=][%)*

sencn (s = Azllx T vency sfllzlx + [l Azllx (4.10)
1 1
1 Az|%)? 1 )2
L WA )t
repcays| [l Azllx T seotr o0 [2] 4 x
x| x=
;. sqrt(1+[|Ax]|12) / (Is|+|AX]]) for |s|<1
?1:2—
0.97
o8 0‘.5 ‘1 15 2‘ 2.‘5 ‘3 3‘.5 4‘1 4i5 5
IIAXII
075 Sqn(1+‘||Ax||2) / (|‘S|‘*\|A><||) f‘OT Isl>1
o4 0‘.5 i 1.‘5 2‘ 2.‘5 ‘3 3‘.5 4‘1 415 5
i
. . (1+x2)%
Figure 4.1: Graphics of y(z, x) = = for |z| <1 and |z| > 1
Simple considerations (see Figure 4.1) using (4.9) convince us that
1
1+x2)°
x>0 |zl +x
Thus, 6 > 1 and it follows, by (4.10), that
inf ||(sI —A)! > 1.
(6T~ ) Mo 2
Hence,
-1
p:=| inf |[(s] — A) Yewy)| <1 (4.11)

s€p(A)

Now, by Theorem 4.2.6, it follows that Ay = A + A is closed whenever

1Ay <P
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Remark 4.2.8 It is readily seen that there is a gap between this result and Theorem 4.2.3: our
theory does not give information about the closedness of A, if the A-bound of A belongs to the
interval [p, 1).

Remark 4.2.9 The bound (4.8) may be conservative even in the unstructured case U =Y =
X =X, E =D = Ix. Indeed, since A+ A is always closed for A € C(X) and A € £(X), the
closedness radius (A, Ix, Ix) is infinite. On the other hand, one can construct examples where

inf ||R(s, A)|lzx) > 0. (4.12)
p(4)

sE

In that case, p would be finite. The reader should note, however, that (4.12) might hold only
in “exotic” situations. For example, an important operator class for which (4.12) is forbidden
is the class of A € C(X) which are infinitesimal generators of Cy-semigroups. This follows from

the Hille-Yosida Theorem [15, Theorem 2.2.12].

4.2.2 Spectral value sets

Let us return to our main topic: spectral value sets. The next proposition is another step towards
its characterisation. It contains a sort of converse statement to Proposition 4.2.5.

Proposition 4.2.10 Suppose s € p(A) and HG(S)Hz(lUy) < p. Then there exists, for every
e >0, a disturbance A € L(Y,U) with

IG)ziwyy < NAllevwy < 1G$) 2wy +e
such that Ap is closed and s € op(Ap).
Proof: Let u € U with ||ul]|y = 1 be such that

IG(s)ully” < min{[|G(s)ll; 0y + e, 7}

Then there exist (by the Hahn-Banach Theorem) a linear form y* € Y* of dual norm ||y*||y+ =1

such that

y G(s)u = [|G(s)ully.
Define A € L(Y,U) by

A = || G(s)ully uy".

Then, it is easy to check that A G(s)u = w and ||A|| vy = ||G(s)ul|y*, while by Corollary 4.2.6
we can ensure that Aa is closed.

Let z = (sI — A)"'Du, then z € D(A) and = # 0 since otherwise v = AE(s] — A)™'Du =
AFEz =0. But DAEz = Du = (sI — A)z and so Axz = sz. The proof is complete. O

As a consequence of the previous propositions we obtain a characterisation of the spectral value
sets in terms of the superlevel sets of ||G(-)||z@w,y)-
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Theorem 4.2.11 Let A€ C(X) , D € L(U,X), E € L(X,Y). Suppose also that (4.2) holds.

If
0<p<op,
then
0(A,D,E;p) = o(A) U {s € p(A) : |G(s)llcwy) > p7'} (4.13)
Moreover,

o(A,D, E;p) N p(A) = {s € p(AsIG(s)llcwy) > p7'} = op (A, D, 5 p) N p(A). "
4.14

Proof: “Cin (4.13)”: If s € 0(A, D, E;p) N p(A) then s € 0(Ap) for some A € L(Y,U) with
0< HAHg(Y,U) < p. It follows from Proposition 4.2.5 that

Aoy > 1G]l 2y
and hence

|G(S)|cwy) > ||AHZ(1Y‘U~) > pt

“>in (4.13)”: Now assume s € p(A) and ||G(s)||cwy) > p . By Proposition 4.2.10 there exists
A € L(Y,U) such that A, is closed, s € op(Aa) and ||Al|zvr) < p, hence s € op(A, D, E; p).
This proves the remaining part and hence equality in (4.13).

The first equation in (4.14) follows from (4.13). Using this equality the previous argument shows

the inclusion C between the second and third sets in (4.14). The converse inclusion D is trivial.
O

As a consequence of the theorem we obtain that o(A, D, F; p) is the disjoint union of the closed
set 0(A) and the open set o(A, D, F; p) N p(A). Moreover, we obtain the following corollary.

Corollary 4.2.12 Suppose 0 < p < p. Then

A D, Bip) € o(4) Ufs € p(A) 1 [G)llewsn = 07} = () o(A,D, B ). .

Furthermore, the union of all spectral value sets for the values 0 < p < p consists of all points
of the complex plane where ||G(s)|zwy) does not take its minimum.:

U o455 =\ {ue s 16w, = i, 16w |

0<p<p

(4.16)

In particular, if ||G(-)||zw,y) does not have a global minimum on p(A) then the union of all the
above spectral value sets is the whole complex plane.
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Proof: By Theorem 4.2.11 and by the continuity of G(-) on p(A) we have

o(A, D, E;p) = o(A)U{s € p(A); [G(s)lcwr) > p7'}
C o(A)U{s € p(A) IG(s)llcwry = P71}

This proves the first inclusion in (4.15). Further, if so € {s € p(A) : ||G(s)|| > p~'} then, for
any j € (p, ),

so € {s € p(A); |G (s)llcwy) > 7'} C 0(A, D, E; p).

This proves the inclusion “C” for the second equation in (4.15). Finally, let

Then either sy € o(A) or, by the previous theorem,
50 € {5 € p(A) £ [G(s)]| > 51} for all 5 € (5, 7).

Hence ||G(so)|lc@w,y) = p* and this concludes the proof of (4.15).

It follows directly from the previous theorem that a global minimum u € p(A) of |G(")|lzw,y)
will not be contained in any spectral value set o(A, D, E; p) with p < p. On the other hand,
if |G(so)llc@wy) > P ' then there exists p < p such that ||G(so)|lcwy) > p ' and so sy €
o(A, D, E;p) by (4.13). This proves (4.16) and the final statement of the corollary. O

Remark 4.2.13 Corollary 4.2.12 makes clear an important difference between the finite dimen-
sional case and the infinite dimensional one: we have not been able to prove that the closure of
(A, D, E;p) is equal to

o(A) U{s € p(A): [1G(s) ey = p '}, (4.17)

but just that it is a subset of (4.17). With regard to this observation the following facts are
worth mentioning. For the unstructured case we have, see [33], that if s — ||G(s)|| is not locally
constant (i.e., s = ||G(s)||z@wy) is not constant in any open subset © of p(A)), then equality in
(4.15) holds. In this case, the map p — o(A, D, E; p) is upper semicontinuous, as it was in the
matrix case (Proposition 2.2.13). Further, in [6, Theorem 5.1] the authors proved that the norm
of the resolvent of bounded operators in L, spaces can not be locally constant. It is unclear
whether this property holds in general.

Remark 4.2.14 Again we make a comment with respect to the closedness radius in the un-
structured case. In Remark 4.2.9 we have pointed out that (4.8) can be conservative. However,
Equation (4.16) tells us that this bound is enough for purposes related to spectral value sets.
Indeed, even if p is finite, for p > 0 such that p < p, the corresponding spectral value sets
o(A, D, E; p) will cover the whole plane minus the set where the infimum of ||G|| is achieved, see
Equation (4.16).
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4.2.3 () -stability radius

Spectral value sets are closely related to the following problem. In certain applications, for
example in control design by linear feedback, many desirable properties can be expressed by
the requirement that A has its spectrum in a prescribed open subset C, of the complex plane.
Hence, it is of interest to determine the robustness of this property of o(A), i.e., o(A) C Cy,
with respect to perturbations of the form DAF, where D, A and F are defined as in the sections
above. A natural measure for this robustness is the following

Definition 4.2.15 Let C; be an open subset of the complex plane and suppose that o(A) C C,,.
The number

r(A,D,E,Cy) = inf{||A|zvu)|o(A+ DAE) ¢ C,}
is called C,-stability radius.

Figure 4.2 illustrates the situation. A useful characterisation of r(A, D, F;C,) can be easily

_

o(AD.E; p)

Figure 4.2: Set C, and the spectral value set 0(A, D, E; p) for p = r(A, D, E,C,).

obtained by means of Theorem 4.2.11.

Theorem 4.2.16 Let A€ C(X), D € L(U,X), F € L(X,Y) and (4.2). Further, let us assume
that the limit lim s ||G(3)|| c@wy) exists and is finite. Finally, let C; C C be an open set such
that o(A) C C,. Then the following formula holds

1
T(A7D7E7 Cq) = Sgg ”G(S)HE(U-,Y)] ’ (4'18)
se g

where C, denotes the boundary of C,,.

Proof: If G = 0 the assertion is trivial. Thus, let us suppose that G # 0. Then it follows from
Proposition 4.2.5 that

r(A,D,E,C,) > inf |G(s)

-1
seC\C, ||£(U=Y)'
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On the other hand, the proof of Proposition 4.2.10 implies that for every s € C\ C,(C p(A))
and every ¢ > 0, there exists a disturbance A € L(Y,U) such that

C\C,>s€0(A+ DAFE)

and

IGI™ < Al < 1G] + e
We conclude that

-1
HADE,C) = inf GOz = | s 166)lewn| - (4.19)
s€C\Cy s€C\Cy
Since o(A) C C,, G(s) is analytic in C\ C,. Now, applying the Maximum Principle to C\ C,
[41, p. 100], we obtain (4.18) from (4.19). a

We stress that the C-stability radius is not (at least directly) related with usual concepts of
“stability” in dynamical systems theory like growth bounds for the corresponding semigroups
eATDAE)t Here, the terminology “stability” means just the robustness of the property "o (A) C
C," with respect to perturbations of the nominal operator A.

4.3 Summary

In this chapter we have defined and characterised spectral value sets for infinite dimensional
systems which satisfy certain mild assumptions. Moreover, related objects like closedness radius
and C-stability radius have also been studied. Essentially, we have proved that the key quantity
for the analysis is, as in the finite dimensional case, the function s — ||ER(s, A)D| zw.v)-



Chapter 5

Abstract results on convergences of
operators

In the previous chapter we have shown that accessing the norm of the transfer function G(s) =
ER(s, A)D is the key for the calculation of closedness radius, spectral value sets and C-stability
radii. However, in contrast to the matrix case, for most operators acting in infinite dimensional
spaces, it is impossible to get formulae for these norms or even for the transfer function. The
natural way is then to generate finite dimensional approximations of the transfer function. With
this aim in mind we present in this chapter some abstract convergence results related to projec-
tion methods and/or discrete operators. These results build the foundation of the rest of this
dissertation. Our approach is based on the works [12], [81], [82] and [1].

5.1 Preliminaries

Before we may go to the main statements we must introduce some notations and make some
“tuning” comments.

5.1.1 Notations

Approximation shall be the central topic in the sequel. Thus, we need special notation for
sequences and convergences: with certain abuse of notation, we denote by “(¢n)yeny € Q7 a
sequence with elements ¢x in the set Q for every N € N.
Let us recall now some standard definitions [53, III.3.1].

Definition 5.1.1 Suppose that T, (T )nyen € L(W, V). Then

1. Ty converges strongly to T, to be denoted

Ty — T,
14

if

A}gr;c (T — Thw|ly =0; forall w e W.

51
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2. T converges in norm to T', to be denoted

Tn — T,
LW,V)

if
Aim [Ty =Tllzowy) = 0.

In the sequel we shall make use of the following objects.

1
2

e For any z = (21, 2,...,2,) € C", |z| := (2?21 |mj|2)
e For given numbers a and b such that —co < a < b < 00, Q := (a,b).

L] N() = {O}UN

de

e For any a € Ny, D% := 7.

o C*(Q;C"): Vector space of all continuous C"-valued functions = on  such that for all
a € Ny with a < k, the function Dz exists and is continuous on ).

o CF(Q;C"): Vector space of all bounded functions 2 € C*(;C*) such that for all a € N,
with o < k, the functions Dz can be extended so as to be bounded and continuous on .
C*(Q;C") is a Banach space equipped with the norm

||z][k.0c := maxsup |D“z(w)].
ask ,e0

o L2(2;C"): Vector space of all (in 2) Lebesgue measurable C"-valued functions with respect
to the weight function

r:Q =R, /r(w)dw<oo.
Q

LZ(Q;C") is a Banach space endowed with the norm

=

el = ( [ r@le@as) <o
Q

o L?(2;C"): Vector space of all (in Q) Lebesgue measurable C"-valued functions such that

el = ([ |$<w>|2dw); <. 5.1)

o H*(Q;C"): Vector space of all z € L?(£;C") such that the functions D%z, a < k, are
absolutely continuous and D*z is in L%(Q;C"). H¥(Q;C") is a Banach space equipped
with the norm (see (5.1))

2llk.L, = (Z HD“wHiz) : (5:2)

a<k
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o H*(Q;C"): Vector space of all z € H*(Q;C") such that the functions Dz, a < k, can be
extended so as to be absolutely continuous on Q. H*(Q;C") is a Banach space equipped
with the norm (5.2).

o HEF(Q;C"): Closure of the subspace of H¥(€);) formed by the z € H*(Q;C") such that
D%z(a) = D*z(b) =0, a < k.

Remark 5.1.2 H*(Q; C") is the completion of C*(Q; C*) with respect to the norm (5.2) [15, p.
578).

In this work, unless otherwise stated, by “subspace” (of a Banach space) is meant “closed linear
subspace”.

5.1.2 Standard convergence theorems
The following theorem will be frequently used in the sequel [12, Banach-Steinhaus Theorem]
Theorem 5.1.3 Let T, (Tn)nen € L(W,V). Then
Ty — T,
1%
if
1. The sequence (Tx)nen is uniformly bounded, i.e.,

sup || Ty [|cowyvy < M.
NeN

2. limy o0 ||(Ty — T)w|ly =0 for all w in some set W, dense in W.

We shall also use the following lemma [53, Lemma II1.3.8]

Lemma 5.1.4 Suppose that
T, (Tn)nen € LW, V), S, (Sw)nen € L(V,U).
Then, if
TNL>T (I?’LdSNQS,
v U
it follows that
SnTy %> ST.
Finally, we give a simple but useful result [53, Problem I11.3.10].
Lemma 5.1.5 Let (T)yen, T € L(W,V) be such that
Tn — T.
1%
Further, let (wy)yen € W be a sequence with the property
Jim flwy —wlw =0
for some w € W. Then

lim HTNwN — T’LUHV =0.
N—o0
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5.1.3 Normwise convergence of a product

We continue this preliminary considerations with an important lemma which will become our
main tool in the analysis to be carried out in the next chapter.

Lemma 5.1.6 Let T € K(W,V) and S € L(V,U). Suppose that sequences

(TN)NGNa TN W = V, N eN
(SN)NEN7 SN1V—>U, N eN

are given such that

Ty — T and Sy —> S.
LW,V) U

Then

SyTn —» ST.
LW,U)

Proof: First, we note that by the Banach Steinhaus Theorem (Sy)yen is uniformly bounded,
ie.,

”SNHL(V,U) <M< 00, VN eN. (53)

Without loss of generality we may consider that ||.S||z(vy) < M. We must show that for every
€ > 0, there exists N, € N such that

|STw — SNTnw|ly < €
for every N > N, and every w € Oy, where
Ow ={reW; ||| =1}
In fact, let w € Oy,. Then we have

< (S = Sw)Tw|y + [|Sn(T' = Tw)wllg. (5.4)

From Ty ﬁ(if T and (5.3), it follows that there exists an Nj. such that
w,V)

HSN(T — TN)wHU < MH(T — TN)wHV < 6/3 for N > Ny..
Furthermore, since T' € K(W,V), the set T(Ow) is relatively compact. Thus, there exists a

finite number Ny, of v; € V., 1 =1,..., Ny, such that for every w € Oy, there is some v; with

€

Tw — vy < —.
ITw — wlly < ==
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Thus,
[(S = Sn)Twlly < |I(S—Sn)villv + (S = Sk)(Tw — vi)|lv
= Pl 1(S = Sw)villv + 2M || Tw — villv
< max [(S— Sw)vllv +¢/3.

jzlw---vNZE

It remains only to see that Sy %) S implies that there exists a N3 < oo such that

max  ||(S — Sn)v;llv < €/3 for N > Nj,.
j=1,..,Nae
The proof is completed by choosing
N, = r{l;)%( Nie.

d
A similar statement, that for bounded T" and compact 5,
Tn 7 T and Sy E(;—W@ S = SyTwy ﬁm ) ST
is false as the following counter-example shows. Consider the Banach space W := ¢2, i.e., the

set of sequences of real numbers w := (w;);en such that

- 1/2
[l := (Z |w7:|2) < 0,
i=1

and define the sequences of operators

Wa W3
Tnw := (WN, WN+1, WNt2, ... ), Snw:= (wy, —,

5 ?,...):: Sw.

Then, Ty —;/> T := 0, S is compact [15, Example A.3.23] and Sy ﬁ(i>) S. Nevertheless, the
w
sequence

WN+1 WN42
5 g )

SNTNUJ = (wN,

does not converge in norm to the null operator S7T' = 0. Note also that for the sequence

WN WnN41 WN42
TnS =(—
= (N TN L2
we have
TNSNLO.

L(W)

The following trivial example shows that the assumption on the compactness of 7" is essential.
Suppose that for some (Sy)nen, S € L(W) it holds that

Sy — S
w
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but not

Sy — S
L(W)

and let T'= Iy, Ty = Iy, N € N, where Iy is the identity operator in W. One sees immediately
that

Ty — T.
LW)

However, the statement
STy = Sy L) S =5T
L(W)

does not hold. The reason for the theorem to “fail” is, of course, that the identity operator Iy
is not compact.

5.1.4 Uniform convergence of operator valued functions

Lemma 5.1.7 Let (Sn(s))nen, S(s) € LW, V) for each s € K, where K C C is a compact set.
Furthermore, let us assume that there exists M > 0 such that

[S(s1) = S(s2)llcowyy < Mls1—s2f, Vs, 52 € K, (5.5)
|1Sn(s1) = Sn(s2)llcowy)y < Mlsy —saf, Vsy, 59 € K. ’
Finally, suppose that
Sn(s) — S(s), VseK. (5.6)

LW,V)

Then, this convergence is uniform in s € K.

Proof: We must show that for every ¢ > 0, there exists N(¢) € N such that for every N > N(e)
the following inequality holds

||S(S) — SN(S)HE(W,V) < €, Vse K.

Indeed, since K is compact, for every ¢ > 0, it has a finite cover of diameter 6 := €¢/(3M), i.e.,
one can find ns elements s; € K, j = 1,...,n;, such that for every s € K, there exists an
i€ {l,...,ns} for which |s — s;| <é.

Let s € K and choose s; such that |s — s;| < §. It is easy to see that

1S(s) = Sn(s)lcawwy < NS(s) = S(si)llcowyvy + 1S(si) — Sn(si)lcowwy +
SN (si) — Sn(s)llcowry. (5.7)

Now, using (5.5), we obtain bounds for the first and third summands of (5.7):
15(s) = S(sillcowvy < €/3,  1Sn(s) = Sn(sa)llcowvy < €/3. (5:8)
Finally, by (5.6), there exists a number N;(¢) € N such that

HS(S]) — SN(Sj)HL(W,V) < 6/3, Vi€ {1, R ,n(;}}, N > N(E) (59)
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Now, it is easy to see that for N > N(¢), the inequalities displayed in (5.7), (5.8) and (5.9) give
us
15(s) = S (s)lcowy) <€ YN > Ne).
Since s € K was arbitrarily chosen, the proof is complete. O

The following proposition will be useful in the next chapter.

Proposition 5.1.8 Let T € K(U,W) and (Tn)nen be such that

Ty — T.
LOW)

Furthermore, let K C C be a compact set and suppose that we are given operator valued functions
(Sn(s))nen, S(s) :€ LW, V), VseK,
such that (5.5) holds and

Sn(s) %) S(s), VseK.

Consider the operator valued functions
Qn(s) :==Sn(s)Tn, Q(s):=S(s)T, VNeN, VseK.
Then

Qn(s) £(7n,l>/) Q(s), VseK, (5.10)

Moreover, this convergence is uniform in s € K.

Proof: Equation (5.10) follows by a straightforward use of Lemma 5.1.6. It remains to show
the uniformity of this convergence. By Lemma 5.1.7, we must show that there exists a constant
My > 0 for which

1Q(s1) — Q(s2)|lwy)y < Mylsy —sa|, Vsi, 52 € K,
1@n(51) — Qn(s2)|lcwv)y < Mylsi—s2|, Vsy, 52 € K.

But this is rather obvious. First, we observe that since Ty (L) T, the sequence (T)yen is
LUW

uniformly bounded. Further, since we have assumed (5.5) it holds that

1Q(s1) — Q(s2)llcwv)y < Misi—so||Tllcww), Vsi, 82 € K,
1@n(51) = Qn(s2)llcwvy < Mlsi— so||[Tnlcww), V51, s2 € K.

Making

My := M max{||T||zww), sup | T || oy }
c

ends the proof. O
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5.2 On convergence of discrete operators

The aim of this section is to introduce the concept of discrete operators. We shall also show how
to obtain normwise and strong convergence using discrete operators.

5.2.1 Discrete operators

The concept of discrete operator [12] can be introduced as follows. Let W and V' be Banach
spaces. Suppose that two sequences (Wy)nen and (Vy)nen of finite dimensional subspaces in
W and V|, respectively, are given and, with them, sequences of projections

(TW ) New, T :W — Wy, NEN (5.11)
(TX)ven, 7oV = Vy, NeN (5.12)

Further, let us denote by
N Wy =W, h:Vn—=V, NeN (5.13)

the corresponding natural embeddings. Finally, let us suppose that we are given a sequence of
linear operators

Tv :Wn = Vy, NeN (514)

Note that for each N € N, 7y has matrix representation with respect to given bases in Wy and

V.

Definition 5.2.1 Suppose that a framework (5.11), (5.12), (5.13), (5.14) is given. The operator
sequence, denoted (Tx)nen,

Ty = tXTnmh, VYN EeEN, (5.15)

is called discrete sequence. Furthermore, its elements Ty, defined by a relationship (5.15) are
called discrete operators.

Remark 5.2.2 Note that we use here the notion of projection in a nonstandard sense. Indeed, a
projection 7 (of W onto W), is usually an operator = € £(W) such that 72 = 7 (idempotent) and
Rg(m) = W, where W is a (closed linear) subspace of W [53, Section 1.3.4]. On the other hand,
for us a projection is a closed linear operator 7 : W — W, such that the operator c7: W — W
is a projection of W into W in the usual sense with W = m(W). Here ¢ : W — W denotes the
natural embedding of the subspace W into W. The reason for this unusual terminology is that
it fits more easily into the usual framework of regular convergence to be introduced later.

5.2.2 Normwise convergence

The following proposition shows how to obtain convergence in norm with the help of discrete
sequences.
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Proposition 5.2.3 Let W and V' be Banach spaces and consider some T € K(W, V). Suppose
that sequences of projections and embeddings

(7N ) vens wN W — Wy, (V. Wy =W

(TX)venw, TV = Vy, th:Vy—=V

are given such that

* * 8 s
A —>* Iy, Lxmh —>V Iy,

where ©% " := (W )*, is the adjoint operator to wh and ¥ : W* — W3, which is a projection

of W*, the dual space of W, onto Wy, the dual space of W3 .. Then the discrete sequence (Tn)nen
given by

Ty = N Tnmrw, Tyvi=7a8TL%, NEN (5.16)
18 such that

Ty — T.
LW,V)

Proof: By the Banach Steinhaus Theorem
lexmilleoy <M < oo, YNeN
Thus, we have

1T —Tnlleowyy = 1T — exTnmy ey

< v = e }xm)Tlleowwy + e emxlleon I TUw — e N 7)oy

= |[[(Iv = e x7)Tlcowvy + M| (Tw — 78 e )T e,

where the equality of the norms of a bounded operator and its adjoint [53, I11.3.3] has been
used. Since T' € K(W, V) sois T* € K(V*,W*) [53, Theorem II1.4.10]. Using Lemma 5.1.6 we
see now that both summands converge to zero. O

Remark 5.2.4 Conditions of the type

w* Ww* S

hold often in applications. For example whenever (7% )yen is a sequence of orthogonal projec-
tions in a Hilbert space W and W n}¥ —> Iy

5.2.3 Strong convergence

We continue with a simple proposition. It is similar to Proposition 5.2.3, but addresses strong
convergence.
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Proposition 5.2.5 Let W and V' be Banach spaces and consider some T € L(W, V). Suppose
that sequences of projections and embeddings

w . W,
(T ) ven, 7T1V\I// W =Wy, tny Wy =W
v . v
(Ty)ven, TV = VN, o}
are given such that

w_Ww _s v, v s

Then the sequence (Tn)nen,
Ty = L%TNTFJV\I{, Ty = ﬂ-]‘\//T[’%7 NeN

1s such that

Ty = T.
\%4

Proof: First, we note that by the Banach Steinhaus Theorem
lexmxlleor) <M < oo, VN eEN
We may suppose , without loss of generality, that ||T'||zw,v) < M as well. Let w € W. Then

(T = Ty )wlly (v — e xm)Twlly + | e ymxT(Iw — 7y Jwlly

<
< Uy = exm)Twlly + M2 |[(Tw — gy Jwllw

The proof is completed by using the strong convergence of both projections to the identity. [

5.3 Discrete-regular convergence

Our aim in this section is to make clear how strong convergence of resolvent operators can be
achieved. For this we study here the concept of (discrete-) regular convergence for operators in
L(W,V). We also show how regular convergence can be achieved with the help of projection
methods. Clearly, these results may be applied to operators in £(X), while for general closed
operators A € C(X), one converts the corresponding domains D(A) into Banach spaces by means
of the graph norm. Note that we do not try to give an extensive treatment of the topic, our
definitions and lemmas are just adapted to our situation.

5.3.1 Preliminaries

We begin by recalling some standard results. For example, the following definitions [12, I11.5.3.b],
[81, Definition 2.1.1].

Definition 5.3.1 A sequence (vy)yeny € V is called relatively compact in V' whenever every
subsequence (vy)nyen;, Ni C N, contains a convergent (in V') subsequence (vy)yen,, No C N.
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We use below the notion of discrete operator introduced in Definition 5.2.1.

Definition 5.3.2 Let T € L(W, V), where W and V are Banach spaces. We say that a sequence
of discrete operators (Ty)nen € L(W, V) converges regularly to T, to be denoted

TN L) . Ta
L(W,V)

if
1. Ty — T.
N 7>
2. The following regularity condition is satisfied: each sequence (wy)nen in W such that

(a) (wy)nen is bounded and wy € Wy, VN € N, and

(b) (Tnwn)nen is relatively compact in V,
is itself relatively compact in W.

The following lemma is useful in checking regular convergence.

Lemma 5.3.3 Let T € L(W, V), where W and V are Banach spaces and (Ty)nen € L(W, V).
Suppose that (Tx)yen satisfies the assumptions:

i. Ty — T.
14

it. Every bounded sequence (wy)yen in W such that wy € Wy, VN € N, has the following
property: if Ny C N is such that (Tnwy)nent is convergent, then there exists Ny C N;
such that (wy)nen, converges.

Then

Ty — T.
LW, V)

Proof: Only Point 2 of Definition 5.3.2 must be proved. Indeed, let (wy)nen € W be such
that (a) and (b) in Definition 5.3.2 above holds. Consider any subsequence (wy)nen,, Ny C N.
Then, due to 2.(b), there exists Ny C Ny such that (Twwy)nen, converges. Further, by (i),
there exists Ny C Ny for which (wy)yen, is convergent. It follows that (wy)yen is relatively
compact. (|

Regular convergence in £L(W, V) can be used for convergence studies related to the class of
bounded Fredholm operators.

Definition 5.3.4 An operator 7' € L£L(W,V) is called (bounded) Fredholm operator, to be de-
noted T' € F(W, V), if its range Rg(T') is closed in V', codim Rg(T") < oo and dim Ker(7) < oo.

Definition 5.3.5 Let T € F(W,V). The index ind(T") of T is the (finite) number

ind(T) := dim Ker(T") — codim Rg(T').
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The set of all operators T' € F (W, V) such that ind(T") = 0 shall be denoted by F,(W, V). The
set Fo(W, V') has a nice characterisation [81, pp. 653].

Lemma 5.3.6 An operator T € Fo(W, V) iff it is representable as a sum T := R — S, where
R € L(W,V) has bounded inverse R~* € L(V,W) and S € K(W,V).

The statement below can be found in [81, Theorem 1, pp. 655].

Lemma 5.3.7 Let T € Fo(W,V) be such that Ker(T) = {0}. Then Rg(T) =V and T ! €
L(V,WV).

The following result ([81, Theorem 1, pp 655]) show why regular convergence and operators in
Fo(W, V) are important for us.

Proposition 5.3.8 Let T' € Fo(W,V) be such that Ker(T) = {0}. Furthermore, suppose that
projections and embeddings are given which satisfy

w_W v, v s

Consider the subspaces of W and V', respectively, given by
Wy =1mwW, Vy=mxV, VYNEN,

and, with them, a sequence

TNZWN%VN, VNEN,
such that Ty € Fo(Wn, V) for N large enough. Finally, suppose that

LT s T
N/NTN LOVY)

Then, also for N large enough, the inverses ’TJ\Fl exist in L(Vy, Wy) and

T 5.17
TN T L(V—VI>/) ( )

Remark 5.3.9 By definition, the convergence in (5.17) implies
AT DT

The following proposition will play an important role in the next chapter. It is a direct conse-
quence of [80, Theorem 4.17, pp 69].

Proposition 5.3.10 Let W and V' be Banach spaces and suppose that projections and embed-
dings are given such that

w_ W v, v s

These projections define subspaces
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Let Q) C C be open and bounded and suppose that the operator valued functions
TIQ%?@(W,V), TNIQ%fo(WN,VN), N eN

are analytic and such that T(s) is boundedly invertible for every s € Q. Moreover, we assume
that

LT ()T £L> T(s), VseQ.
Finally, let us suppose that for each compact set K C €1 the following inequality holds

sup max HTN(S) “ﬁ(WAmVN) < 0.
NeN s€K

Then, again for each compact set K C §, there exists a Ny = No(K) € N such that Ty(s) is
boundedly invertible for every s € K and every N > Ny. Moreover,

sup max ||(Tw(8)) "l zw.w) < 0©- (5.18)
N>N, €K

5.3.2 Conditions for regular convergence in L(V).

We are specially interested in conditions under which projection methods yield regular con-
vergence. We shall give a result which guarantees regular convergence of bounded Fredholm
operators. For this, we introduce a “device” which allows a rather general treatment of the
topic: nice sequences.

Let Wy, Vi C V be finite dimensional subspaces of a Banach space V' for each N € N. Suppose
that sequences of projections and embeddings

W w

(73 )ven, T iV =Wy, ty Wy =V
v v

(my)nven, 7wV =V, tn: V=V

are given such that

LWl —;> Iy, 37y —;> Iy. (5.19)
Definition 5.3.11 The sequence (Py)yen given by
Pyx: Wy = Vy, Pyx:i= 7T]I\/]|WN, N e N, (520)

is called nice, to be denoted (Py)nen € N, if for sufficiently large N € N the inverses
’Pjgl : VN — WN,

exist and the sequence formed by ||Px'|lzowy.vi), N sufficiently large, is uniformly bounded.

Nice sequences are important due to the following fact [12, Exercise 4.11].
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Lemma 5.3.12 Let (Py)nyen € N. Then, the operators
On:V = Wy, v Pylrgo, (5.21)

are well defined for N large enough and are projections of V. into Wy . Moreover, if (5.19) holds
then

W on 7 Iy. (5.22)

Proof: Obviously, t ¥ Qx € L(V) for every N € N. Further, the identities
L¥QNL%QN = LNPN N %,PN 1‘\// = LNPN N =tlnN N On.
—_———
PNPy =Ivy

show that % Qy is idempotent and thus, that (Qy)yen is a sequence of projections (in our
sense!, see Remark 5.2.2). It remains to show (5.22). Indeed, it follows from (5.19) that (7)) yen
is uniformly bounded. Furthermore, by assumptions, (73&1) ~Nen, N sufficiently large, is also
uniformly bounded. Thus, see (5.21),

W ONllew) < M < oo, N sufficiently large.
Since
=W OniW TN =N ONiNT

——
Py Ny =Twy
we have the identity
Iy — ¥ Qv =Ty — ¢y Qn)(Iv — ¢ty 7y ).

Thus, for any v € V

1Ty = e Qu)vlly < (L+ M) v — ey ollv.
By (5.19), the second factor above tends to zero when N — co and we obtain (5.22). O

Remark 5.3.13 Note that if (7% )yen = (T )ven, they define a nice sequence (Py)yen € N

The next proposition is based on [1, Theorem IV.15.3]. The concept of nice sequences introduced
in Definition 5.3.11 plays a fundamental role in it.

Proposition 5.3.14 Let V be a Banach space and T € L(V') be of the form
T:=1y -5, (5.23)

where S € K(V). Furthermore, let (Wx)nen, (Vi)nen be sequences of finite dimensional sub-
spaces of a Banach space V. Suppose that sequences of projections and embeddings

(% ) Nens wN Vo Wy, th:Wy—=V

(TX)venw, oV = Vy, tx:Vu—=V
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are given such that (5.19) hold. Finally, suppose that the sequence of operators (Py)nen given
by (5.20) belongs to N'. Under these conditions, the sequence (T )nen defined by

Ty = txTnmw, Tn:=nxTiy, NEeN, (5.24)
1s such that

Ty — T.
L(V)
Proof: The first condition for regularity follows by Proposition 5.2.5 and T € L(V).

The second condition can be verified as follows, see Lemma 5.3.3. Let (wy)nen, with wy € Wy,
be a bounded sequence in V such that

lim vy =v eV, (5.25)
N—oo
where
— _ .V
UN = TNU]N = TI'N(]V — S)’UJN S VN, N eN. (526)
Then, by (5.26), we have that
Pywy = Thwy = vy + TuSwy = mx(vy + Swy), N €N (5.27)

Using the notation (see (5.21))
Oy = 73;,17@‘\/,, N sufficiently large,
and applying Py' to (5.27), we obtain
wy = Qn(vy + Swy), N sufficiently large.

We have that S € K(V) and (wy)nyen is bounded. Thus, (Swy)yen has a convergent sub-
sequence (Swy)yen;, N1 C N. We denote its limit by vg. Furthermore, by (5.25), (vn)nen,
converges to v. It follows that

lim ¢ ywy = lim LW On(vy + Swy) = v + vg.

N—=oo
NCNy NCNy

In establishing the last equality we have used (Lemma 5.3.12)
ow 1y

and Lemma 5.1.5. We have shown that (wy)yen, converges to w := (v + vg) € V which
completes the proof. O

Remark 5.3.15 For bounded operators in Hilbert spaces and with (7X)yen = (T )yen being
orthogonal projections, a convergence result somewhat similar to Proposition 5.3.14 has been
known under the name of quasitriangular convergence [31].
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Remark 5.3.16 A result similar to Proposition 5.3.14 can be obtained for unbounded operators
of the form

T :=(Iy, — S)R™Y, (5.28)

where

S, R e K(W)

with R~! unbounded on V;. In order to see this, one notes that considering the equation
Tz=z, zeD(T), zel,

is equivalent to solve for

ueV :=VyxV

rue (1)

_(lw -R\_, (0 -R
F'—(o IVU—S)_[V (0 —S)'

One sees immediately that F has the form (5.23) required in Proposition 5.3.14.

the equation

where

5.3.3 Conditions for regular convergence in L(W, V).

Let us return now to the general situation. The proposition below is the analog to Proposition
5.3.14. Tt gives sufficient conditions for regular convergence in L(W, V).

Proposition 5.3.17 Let T € Fy(W, V). Furthermore, suppose that projections and embeddings
are given such that that

e 4 7 Iy. (5.29)

Finally, let Wy := R"'Vy, N € N, and define the sequence of projections
W = Wy, we R agRw, NN (5.30)

where R 1s derived from a representation of T in accordance with Lemma 5.5.6. Under these
conditions, the sequence (Ty)nen € LW, V) defined by

Ty = o Tnmn, Tv:=ayTey, NEN, (5.31)
1s such that

Ty — T. (5.32)
LW, V)
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Proof: We begin by proving that

LT 7 Iy (5.33)
Indeed, consider some w € W. Then
lex T w—wllw < B el e yryRw — Rully = |R7 | cwm)ll(¢ xmy = Iv) Rwlly

and the second factor above tends to zero due to (5.29).
Having proved that, we see that the first condition for regularity in L(W,V), i.e., Ty —;> T,

follows by Proposition 5.2.5.

In order to prove the second condition of regularity we need some initial considerations. Recall
that for T' we have fixed a representation 7' := R — S, where R and S enjoy the properties given
in Lemma 5.3.6. Consider the operator

Q:=TR'=1I,-SR'eL(V).
Using (5.30), it is easy to see that
Ty = L NTRQRLN TN = 1t XmnQ it R =QnR,, N €N,
where
Qn = t%OnTx, Qv i=7nQiY% NeN
Let us show that Qxy E(%V) Q. For this, we shall use Proposition 5.3.14. Indeed, SR™! € K(V).
Furthermore, by assumptions
Lo —;> Iy.

Thus, by Proposition 5.3.14 and Remark 5.3.13, it follows that

Qn m Q. (5.34)

Now, let us return to the proof of the second condition for regularity. For this, Lemma 5.3.3 will
be used. Let (wy)yen be a bounded sequence in W with wy € Wy, N € N, and such that

lim Thwy = A}im QnRuy =veV. (5.35)
— 00

N—oo

Since R is bounded, (Rwy)nen is also bounded (in V') and, by the definition of (Viy)wyen,
Rwy € Vy for all N € N. Further,

lim Qn(Ruy)=veV. (5.36)
N—oo
Since @y L(LV>) @, Equation (5.36) implies that there exists a subsequence N; C N such that
\ljm Rwy =vgpeV.
Neny
Finally, we use the bounded invertibility of R in order to obtain

lim wy = R 'vp € W.
N—oo

NEN;

The proof is complete. O
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Remark 5.3.18 In Proposition 5.3.17, the assumptions on the sequences of projections (7h ) xen
and (7% )nven are symmetric in the following sense: if

LT —V;> Iy (5.37)
and
eV =V, 7mhi=R/NVaVRY, NeN, (5.38)

then (5.32) holds for the sequence defined by (5.31). This fact is easily seen by observing that,
for the sequences of projections (5.37) and (5.38), the relationships displayed in (5.29) and (5.30)
also apply.

Remark 5.3.19 Proposition 5.3.17 can be strengthened if W and V' are Hilbert spaces. Indeed,
it is well known [26, Chapter XIV.2] that the condition imposed on T, i.e., T € Fo(W, V'), hold
for its adjoint T* € L(V,W) as well. Thus, if we assume that (1% )yen is a sequence of orthogonal
projections such that (5.29) holds, we obtain, eventually using the “symmetry” mentioned in
Remark 5.3.18, regular convergence of the corresponding adjoint operators.

Remark 5.3.20 In Proposition 5.3.8 the sequence (7y)yen Was required to be such that 7y €
Fo(Wy,Vy) for N large enough. The following simple arguments show that this condition is
satisfied automatically by the sequence (Ty)nen defined in (5.31). Indeed, T = R—S € Fy(W, V),
where R and .S enjoy the properties of Lemma 5.3.6. Thus, we see that

Ty = TI'KITL% =Ry—8ny, NE€EN
where
Ry =myRipy, Sv:i=mxSthy, NeN
Clearly,
Ry € LWy, Vi), Ry € L(Vy,Wy), Sv€K(Wy,Vy), NEeN

Thus, Ty € Fo(Wn, V) for every N € N. It follows that (5.17) holds under the conditions of
Proposition 5.3.17.

Remark 5.3.21 The following simple result is worth mentioning. It is a direct consequence of
[82, Proposition 3.5, Theorem 4.1, Remark 3.1]: if

ReL(W,V), R 1'erl(V,W), (Ry)nen € F(Wy,Vy), S€EKW,V)

then

Rv — R, Sy = S = Ry—Sy — R-S.
L L(W,N)

(W,V) LW, V)

Note that the convergence Sy (# : S can be achieved if the projections (7} ) yey are orthogonal,
LW,V

see Proposition 5.2.3.
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5.3.4 Regular convergence in L(W,V])

The results given above make use of the existence of a sequence (Wy)yen of subspaces of W
and projections onto them with the property

w,_w _s

In some sense this is a natural and simple condition. However, in applications, the Banach
space W is often the domain D(A) of some A € C(X) endowed with the graph norm. In this
situation, finding (or handling) the sequences (7k ) yen can be difficult, for instance, if boundary
conditions must be satisfied. We present here an approach which avoids this difficulty. For the
sake of simplicity, and because our description covers most of the interesting cases, we formulate
these results for the class of ordinary differential operators. For certain generalisations see [81]
and [82].

Let us introduce the spaces

W= H"([a,b];C), V :=L*a,b];C), Z:=W nKer(L). (5.39)
where
Lyw
L:W-=>C" w— : ,
Linw (5.40)
Lyw = mz_l [aikw(i)(a) + ﬁikw(i)(b)} , k=1,...,m.
1=0

where both the a-s and the (-s are real or complex constants. Now, consider the operator

T:7Z -V, w—w™ —Cuw,

m—1
i 5.41
Cw = Z ui(tyw?, a<t<b, (541)
i=0
where the u;, 1 = 0,...,m — 1, are continuous functions in [a, b]. Since

C € L(H™((a,b); C), H'((a,b); C))

and the embedding
v 2 HY((a,b); C) — L*((a,b); C)

is compact [20, Theorem V.4.17], one sees easily that C' € (W, V). Thus, if the operator
T,: 2=V, w— w™ (5.42)
is boundedly invertible it follows, by Lemma 5.3.6, that

T € Fo(Z,V).
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Further, we consider the extension Ty [53, Example II1.2.7] of the operator T defined by:
To: W =V, w—w™ —-Cuw,

and introduce the “augmented” operator:
Ti
T, = (ij) W =V,

where L is the operator (5.40) which defines the boundary conditions and
Vo=V xC". (5.43)
It holds [82, pp 690]

Lemma 5.3.22 Suppose that T,,' € L(V,Z). Then

T, € Fo(W,V,) and Ker(T,) = {0}.
As a consequence T, 1 € L(V,,W).

Due to Lemma 5.3.22, and by means of suitable sequences of projections, we may apply Propo-
sition 5.3.17 in order to obtain regularly convergent approximations of T,,. The following simple
results make possible the application of this approach in the approximation of 7'1.

Lemma 5.3.23 Let T, ', Tt € L(V,Z) and I, : V — V, be defined by

m

Lo = (0;&1) , Yvev. (5.44)

Then Tt and T, 11, represent the same operator in L(V, 7).

Proof: Both 7! and T, !I, are defined on the whole V. Further, consider some v € V. Then
there exists a unique w := T 'v € Z. It is enough to show that for any v € V, the solution w,
of the equation

T,w, = Iv (5.45)

is unique and such that w, = w. Indeed, by Lemma 5.3.22, T, 1 € L(V,,W). Thus, the

existence and uniqueness of w, in W is clear. Further, the “first row” of Equation (5.45) states
that Tow, = v, while the “last” one states w, € Ker(L). But, this is exactly the solution of
Tw=vforveV. d

The preparation above allows us to state the following proposition.

Proposition 5.3.24 Let W, V and V, be given by (5.39) and (5.43). Suppose that T;', T~ €
L(V,Z). Furthermore, let us assume that (Wy)nen is a sequence of subspaces of W and that
projections and embeddings

W W = Wy, (Y Wy—=W, NEecN,
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are given such that
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Finally, let
Vv =TWy, Viy =T,Wn, NEeN
and
=T AT, me =T, NrwT, , NeN (5.46)
Then, the sequence (Tun)nen, defined by
TN = LK“TLNW]V\I,/, Ton = WN“T LN, N e N,
is such that Toxy € Fo(Wn,Van) for N large enough, and

— T —
LN T L TX £(72>) T

Proof: By Lemma 5.3.22, T,, € Fo(W,V,) with Ker(T,) = {0} and 7T, ! € L(V,,W). On the
other hand, Proposition 5.3.17 guarantees the convergence

T.n — T,
E(W,Va)

It follows (Proposition 5.3.8, Remark 5.3.20) that T,n € Fo(Wy, V,n) for N € N and

s Tt
7:1N7TN v e
Thus,
NI, (—> T, ', (5.47)

On the other hand, we have the identity
el =Ty N T, =T, Ay T P =T, T T N T P =T, T 'nk = Iy,
<
T*l

which, together with Lemma 5.3.23 and (5.47), proves the relationship

TN L (—>) T

O
Remark 5.3.25 The advantage of this approach over the former one is, clearly, that the as-

sumptions on the sequence (Wy)yen are not so restrictive: the subspaces of (Wy)yen are not
assumed to lie in Ker(L).
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5.3.5 Convergence of eigenelements

We finish this section with results on the approximate solution of eigenvalue problems.

Let A € C(X) with resolvent set p(A) and let A € op(A) be an isolated eigenvalue with finite
algebraic multiplicity m. Suppose that a bounded domain Q@ C C, QN o(A) = X is given such
that 9 C p(A) is a (positively oriented) rectifiable closed simple curve. The spectral projector
associated to A is defined by

1

= — R(s)ds. 5.48
i | Bls)ds (5.48)

Py

Now, let (Ax)nyen be a sequence in C(X) such that 9Q C p(Ayx) for N large enough. Then, a
sequence of spectral projectors can be also defined

1
PNQ = 2— R(S,AN)dS. (549)

1T Joan

For convenience we use the notations Py and Pyq for the spectral projections. However, the
reader should be aware of the fact that these projectors do not depend on 2, but on the part
of the spectrum which lies in it. We have used already the notion of spectral projections in
Chapter 2, Equation (2.18).

With these notations the following proposition can be stated.

Proposition 5.3.26 Let A € C(X) be such that the natural embedding ¢ : D(A) — X is
compact. Suppose that a bounded domain Q C C, whose boundary 0X) is a rectifiable closed
simple curve, is given with the property:

o(A) N Q= {\}, (5.50)

where A € op(A)(= 0(A)) has algebraic multiplicity m. Finally, let us suppose that a discrete
sequence (An)nen is given such that

Ay  — A
L(D(4).X)

Then,

1.st — Ay — st —A, Vsep(A).
L(D(4),X)

2. For N large enough, c(Ayx) N Q = {A(lN), ey /\%v)}, counting their multiplicities, and

lim (MY =X =0, i=1,...,m.

N—oo

3. The subspaces PyoX and PoX converge in gap [53, Chapter IV.2.1].

Proposition 5.3.26 can be found in the literature [12, Table 5.1] and [12, Summary p. 238].
Similar results have been stated in [80, Theorem 55 and 62]. See also [82, Theorem 6.3].
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Remark 5.3.27 If X is a simple eigenvalue (m = 1) and X is a Hilbert space, the eigenprojec-
tions Py take the form [15, Lemma 2.5.7 1]

Po = <7'L/)>¢:

where ¢ and 1 are eigenvectors associated to A of A and X of its adjoint A*, respectively. These
vectors are related through the equalities [15, Lemma 2.5.7.f]

(¢, 9) =1

and are sometimes called biorthogonal. Moreover, Item 3 of Proposition 5.3.26 reduces to
lim [|¢™) — ¢||x =0,
N—oo

and

Yy 5y, (551)

where ¢V) and V) are, again, the eigenvectors associated to Ay of Ay and Ay of A%, respec-
tively.

Finally, if there is regular convergence of the corresponding adjoint operators (see Remark
5.3.19), (5.51) becomes

lim ([ — || = 0.
N—oo
For generalised eigenvalue problems, i.e.,
Rx=M\Sz, R,SE€e C(W,V), (5.52)

we have a similar result [81, pp 683]. Below we give a reformulation of [82, Theorem 6.3]. In its
statement we will use the notation (R, S) for the spectrum of Problem (5.52), i.e., the set of
A € C such that R — AS has no bounded inverse defined on the whole V.

Proposition 5.3.28 Let R e L(W,V), R~ € L(V,W), S € K(W,V), and Ker(R—pyS) = {0}
for some py € Q C C. Here § is a bounded domain for which
a(S,R)yNQ =X

holds and whose boundary 0X) is a rectifiable closed simple curve, where X\ is an element of
o(R,S) with algebraic multiplicity m. Let us suppose that sequences of projections (Th )nen,
(X )nen and embeddings (¢ )nen, (X )nen are given and, using them, define the following
sequences of discrete operators

Ry = t xRy, Ry:i=7xRW, NN,
Sy = LKSNWJV\I,/, Sy =n5xS.VW, NelN
Finally, suppose that
Ry —uSy — R—uS, YucQ.
N K Nﬁ(W,V) e, H

Then, the eigenelements of the generalised eigenvalue problems
Rr = ASzx
RNZUN = )\NSNLUN.

are such that the statements 2 and 3 of Proposition 5.3.26 and Remark 5.3.27 hold with o(Ry,Sn)
for o(An).



Spectral Value Sets. k. Gallestey

5.4 Summary

The aim of this chapter has been to build the foundation for the approximation of spectral value
sets of infinite dimensional operator by spectral value sets of finite dimensional ones. Essentially,
the chapter has dealt with the following approximation concepts: strong, normwise and discrete-
regular convergence. We began by discussing elementary properties of these convergences and
proving certain useful results. Thereafter, we have shown how these types of convergences can
be achieved by means of discrete operators. Finally, we have discussed some implications of
regular convergence for eigenvalue problems.



Chapter 6

Approximation of Spectral Value Sets

We have mentioned already that, while the results of Section 4.2 are theoretically satisfactory,
they are useful in applications only if the values of the norm of the transfer function associated
with (A, D, E) can be obtained. In effect, the existence of the transfer function on the resolvent
set is guaranteed under our assumptions. But, since the transfer function is usually not explicitly
known, we cannot apply the formula in Theorem 4.2.11 to determine the spectral value sets. In
Chapter 3 we developed efficient algorithms for calculating spectral value sets in the matrix case.
Further, in Chapter 5 we have discussed several abstract approximation results on convergence
of discrete operators. How could we use all this machinery for the calculations of o(A, D, E; p)
in the infinite-dimensional setting? The answer to this question is given in the following.

6.1 Preliminaries
Essentially, our aim in this section is to motivate the use of discrete operators and/or sequences

for the calculation of spectral value sets of infinite dimensional systems.

6.1.1 Norm of discrete operators

Let us suppose that we are given a framework as in (5.11), (5.12), (5.13), (5.14):

WNEW, W]IQ,/ZW—)WN, L%IWN%VV, NEN,
Vv eV, nx:V = Vy, V=V, NeN,

where W and V' are given Banach spaces. Further, let
Ty = LKTNWK{/, Tnv: Wy =V, NEeN

be a sequence of discrete operators, see Definition 5.2.1. We recall that each 7y, V € N, allows a
matrix representation and, thus, its norm || 7| zwy, vy) can be computed with standard matrix
methods. Further, one observes that if Wy and Vy are provided with the norms induced by W
and V respectively, then the norm of Ty is given by

| Tnllcowwy = | T llcoww vy, N €N

75
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This fact makes discrete operators remarkable in our context. Indeed, by Theorem 4.2.11, the
sets 0(A, D, F; p) can be studied by looking at the norm of the corresponding transfer function
(G. Since the norm of discrete operators can be computed in a straightforward manner, we
would substitute the calculation of ||G(s)|/zw,y) by the “easy” calculation of ||Gn(s)||zwy),
where (G (s))nen is, for each s of interest, a sequence of discrete operators which approximates
in some sense G(s).

6.1.2 The role of normwise convergence

In view of Corollary 4.2.12 and Equation (4.15), we should examine whether the upper level
sets of s = ||Gn(s)||z@w,y) approximate (in the sense of the Hausdorff metric) those of s

G cwy)-
It is easily seen that strong convergence of the transfer functions is not a condition which could,
in general, guarantee this. In fact, from the Banach Steinhaus Theorem it follows that if

Ty =T,
1%
then
lim inf|| T’ > ||T )
iminf[[Twl[cowv) 2 [Tl covy)
Thus, if the approximations are such that
G(s) 5 Gls), Vs € pl(4),

then the upper level sets of ||Gn(-)||zw,y) may converge to sets which are just upper bounds of
(A, D, E;p).

On the other hand, Corollary A.0.15, Appendix A, shows that, given a locally connected compact
set K C C, in order to approximate upper level sets of s — ||G(s)]|| associated to regular values
of ||G|| (Definition A.0.13) and contained in K, it suffices to have uniform convergence in K:

Aim max [ |[Gw(s)]|cwy) = |G(s) ey = 0. (6.1)

Since
HGx () lewy) = 1G()lcww)| < 1Gn(s) = G(s)llcwy),
one has that
A}i_r)noo |Gn(s) — G(s)||zw,y) = 0 uniformly in s € K
implies (6.1). This leads us to the consideration of the following problem.

Problem 6.1.1 Find conditions guaranteeing that a sequence of discrete operators (Gy(+))nen
be such that

Tim (|G (s) = G(s)l| ey =0 (6.2)
— 00

uniformly on compacts subsets K C p(A) .
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Remark 6.1.2 Note that the solution of Problem 6.1.1 gives only sufficient conditions for the
desired convergence. As an illustration we mention the following fact. Consider Toeplitz opera-
tors

T=T(a): X =X, X-=IFNC)
with piecewise continuous symbol
a:T'-C, T'={seC |s| =1},
the associated infinite matrix and its finite dimensional truncations:
T =(tij)ijen, Tn=(tij)ijen, N=A{1,...,N}

In this case, one has only strong convergence of the corresponding discrete operators T to T
However, for any p > 0, the unstructured spectral value sets o(Tn, In, In;p) converge towards
the corresponding unstructured spectral value set o(T, I, I;p). On the other hand, one should
say that this convergence is in some sense “anomalous”: the spectra of the Ty do not, in general,
approximate the spectrum of T, see [5].

6.1.3 Compactness of the transfer function

Our is aim is to find conditions leading to the solution of Problem 6.1.1, and in particular, such
that (6.2) holds. In this case we must be aware of the following fact [53, Theorem I11.4.7].

Lemma 6.1.3 K(W,V) is closed in L(W,V') with respect to the norm topology.

This lemma has the following implications. Since for each s € p(A) the transfer functions
Gn(s) are discrete operators, and hence compact, in order to have convergence in norm to the
transfer function G(s), a necessary condition is the compactness of G(s) itself. Thus, we can
solve Problem 6.1.1 only under conditions which guarantee the compactness of G(s) for every

s € p(A).
Lemma 6.1.4 Suppose that A€ C(X), D € L(U,X), E € L(X,Y) and that (4.2) holds, i.e.,
D(A) C X C X with continuous dense injections.
Let us assume that the embedding
. : D(A) = X is compact, (6.3)
then G(s) € K(U,Y) for each s € p(A).

Proof: First, note that the product of a compact operator with a bounded one is again a
compact operator [53, Theorem I11.4.8]. Thus, the proof follows from G(s) = E ¢ R(s)D, i.e.,

U—=X = DA) - X Y,
D R(s) L E

v € K(D(A), X) and the boundedness of the rest of the operators. |
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As we shall now see, assuming (6.3) has important implications for the resolvent R(s) and the
spectrum o(A) of A.

Lemma 6.1.5 The compactness of
. :D(A) - X

15 a necessary and sufficient condition for
R(s) e K(X,X), Vsep(A). (6.4)

Moreover, « € K(D(A), X) implies that the spectrum o(A) is a set of isolated eigenvalues with
finite algebraic multiplicities.

Proof: First, we note the following. For any s,s, € p(A), we have the identity [53, I1.(5.5),
111.6.1]

R(s) = R(s0)[Ix — (s = s0) R(s)].

R(s) is in £(X). Thus, this equality shows that if for some sy € p(A4), R(sg) € K(X, X), then
R(s) € K(X, X) for every s € p(A).
Suppose R(so) € K(X, X) for some sy € p(A). Then, from

(sof — A) € L(D(A), X) and ¢ := R(s¢)(sol — A),
it follows that
L € K(D(A), X).
Conversely, suppose that ¢ € K(D(A),X) and consider some sy € p(A). Then
R(so) € L(X,D(A))
and we conclude, by [53, Theorem III1.4.8], that
L o R(sg) € K(X,X) = R(sg) € K(X,X).
Now, proving the assertion made on o(A) is simple. Consider the injection
tx 1 X = X.

The operator ¢ x is continuous by (4.2) and thus bounded. Further, we have just shown that
R(s) € K(X,X) for all s € p(A). Thus, ¢ x o R(s) € K(X). We may now obtain the mentioned
properties of o(A) from [53, I11.6.8 and Theorem I11.6.29]. a

Remark 6.1.6 Condition 6.3 is often satisfied in applications. For example, the following em-
beddings are compact.

1o OMHQC) — C¥(Q;C), k € Ny [20, Theorem V.1.1].
2. v HY(Q;C") — L?(Q;C") [20, Theorem V.4.17].
3. ¢ HHQ;C") — HM(Q;C") for ky < k; k, ky € Ny [20, Theorem V.4.18].

The notations used above were introduced in Section 5.1.1.
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6.2 On the approximation of transfer functions

We go now towards the statement of the most important approximation result. As before, let
us assume that X, X, U, Y are complex Banach spaces, A € C(X) with domain D(A) and
D(A) € X C X with continuous dense injections, while D € £L(U, X) and E € L(X,Y).

The following notations are going to be useful:

1. F:=R(s9)D € L(U, X) for some fixed s, € p(A).
2. H(s):= ER(s)|x € L(X,Y) for every s € p(A).
Note that using those notations and the resolvent identity [53, 111.6.1, 1.5.2]
R(s) = [Ix — (s — so)R(s)]R(s0) (6.5)
the transfer function G(s) := ER(s, A)D, for s € p(A), can be written as
G(s) = G(so) — (s —so)H(s)F = EF — (s — so)H(s)F, s € p(A).
Let K C p(A) be a compact set. Essentially, we shall deal with three operator sequences:

(Fy)nen € L(U,X), (En)nen € L(X,Y),
(Hy(s))nenw € L(X)Y), s€ K.

Note that under these conditions the “transfer functions”
GN(S) :ENFN—(S—S(])HN(S)FN, SEK, NEN,
are well defined in £(U,Y).

6.2.1 Main result

We are now ready for the formulation of the main result of this section. It gives sufficient
conditions for the solution of Problem 6.1.1.

Theorem 6.2.1 Suppose that A € C(X), D € L(U,X), £ € L(X,Y) and that (4.2) holds.
Furthermore, let K C p(A) be a given compact set and sy € K be fized. Let

F := R(so)D and H(s) :== ER(s)|x, se€ K.
and consider the corresponding transfer function
G(s) == ER(s)D = EF — (s — so)H(s)F, s € p(A).
Further, let us suppose that we are given operator sequences

(Fx)nen € L(U, X), (Ex)nen € L(X,Y),
(Hy(s))ven € L(X)Y), s€EK,

which, under these conditions, define L(U,Y)-valued functions
GN(S) = ENFN—(S—S(])HN(S)FN, N e N, s e K.

Finally, let us suppose that
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1. Fe K(U,X).

2. Fy — F.
LUX)

3. Hy(s) % H(s),Vse K.

4. Exy = E.
Y
Then
Gn(s) ER) G(s), VseK. (6.6)

Moreover, if, additionally, there exists M > 0 independent of N such that
|‘HN(51)_HN(52)H[,(£,Y) <M|81—82|, Vsl, Sy € K, (67)
then the convergence in (6.6) is uniform in s € K.

Proof: We have

Gn(s0) = EnFy u%;) EF = G(sy), (6.8)
Hy(s)Fy — H(s)F, Vs€K, (6.9)
L(U,Y)

where both statements follow by a straightforward use of Lemma 5.1.6. Further, we see that

|G(s5) — Gn(3)|lcwy) S |G(s0) — G (s0)llcwy) +
s — soll|H(s)F — Hy(s)Fyllcwy), VseK. (6.10)

Since |s — sg| is uniformly bounded in K, (6.6) follows using (6.8), (6.9) and (6.10).
The last statement of the theorem, i.e. the uniform convergence, can be proved using Proposition
5.1.8. Indeed, it is easily seen that, for every sq, so € K,

| H (s1) — H(s2)|l£(x.v) I E|[[R(s1) — R(s2) |l £(x)
151 — so| | B[ R(s1)ll 2oy [ R(52) || (x)

M;|s1 — sal,

IA A A

where
M, = || E| Q?I\R(S)H%@y

Since we have assumed (6.7), we may apply Proposition 5.1.8 to the convergence (6.9) and obtain

Hy(s)Fy Eﬁ) H(s)F, Vse& K, uniformly in s € K (6.11)

Now, using (6.11) and (6.10), we see that the convergence in (6.6) is also uniformin s € K. O
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Remark 6.2.2 Using the resolvent identity (6.5), it can be easily shown that if R(sy)D €
K(U, X) for some s, € p(A), then R(s)D € K(U, X) for every s € p(A). This fact is important
for applications, since it means that one has freedom in choosing the point sy € K for which the
compactness of R(sg)D is to be proved.

Remark 6.2.3 The operator D : U — X is bounded. Thus, by Lemma 6.1.5, the compactness
of the embedding ¢ : D(A) — X is a sufficient condition for the compactness of F' := R(s)D :
U — X forall s € p(A). We have seen in Remark 6.1.6 that the compactness of these embeddings
is not rare in applications. Moreover, if the operator D is compact, this also implies that
F € K(U,X). We conclude that Condition 1 in our theorem is not as restrictive as one would
think at first sight.

Remark 6.2.4 We have already seen (Proposition 5.2.3) that the norm of a bounded operator
and of its adjoint coincide. In other words,

1G(s) = Gr(s)llcwyy = [1G7(s) = Gr(8)l2iyreo)-

That means that considering the adjoint operators can be advantageous in some applications.
For example, if £ € K(X,Y) whereas D ¢ K(U, X). Of course, in that case the conditions of
Theorem 6.2.1 must be formulated for the adjoints operators rather than for the original A, D
and . We omit the details.

6.2.2 Some corollaries

We shall consider below some useful corollaries of Theorem 6.2.1. In their statements we use
the following notation: for a sequence (Ay)ven € C(X) such that D(A) C D(An) for N € N,
we shall denote strong convergence of resolvents in a subset Q of the resolvent set p(A) with the
symbol

R(s, An) 7 R(s,A), VseqQ, (6.12)
i.e., for each s € 2 we have
1. s € p(Ay) for N large enough (depending upon s) and
2. limy_o [|[R(s, An)z — R(s, A)z||zx) = 0, for all z € X
Lemma 6.2.5 Let K be a compact subset of p(A). If
R(s, Ay) 7 R(s,4), Vs€K, (6.13)
then, there exists a finite N(K) € N such that
K C p(Ax), VN > N(K).
Proof: Indeed, consider some sy € K and let N be large enough so that sy € p(Ax). Then
(€€ + s s < 1R(sw ANz} C p(An).

The assertion follows immediately using the compacity of K and the fact that, due to (6.13), the
sequence (R(s, Ayx))nen is uniformly bounded in N and s in the compact set K ([53, Theorem
VIIL.1.1]). d
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Remark 6.2.6 In other words, if the set Q in (6.12) is a compact subset of p(A), then we may
assume, without loss of generality, that K C p(Ay) for all N € N. In the sequel we shall be
making this assumption.

Corollary 6.2.7 Suppose that A € C(X), D € L(U,X), E € L(X,Y) and that (4.2) holds.
Furthermore, let K C p(A) be a given compact set and sy € K be fized. Let

F := R(s9)D and H(s) := ER(s)|x, se€ K.
and consider the corresponding transfer function
G(s):= ER(s)D = EF — (s — so)H(s)F, s € p(A).
Further, let us suppose that we are given operator sequences

(An)nen € C(X), D(A) C D(Ay), N €N,
(Dn)ven € LU, X),  (En)nen € L(X,Y)

which define L(U,Y")-valued functions
Gn(s) == ExR(s,An)Dy = ENFy — (s — s9)Hy(s)Fn, N €N,
for s € KN p(Ay), where
Fy = R(so, Axy)Dy, Hn(s):=EnR(s,An)|x, N e
Finally, let us suppose that
1. Fe K(U,X).

2. Fy - F.
L(U.X)

3. R(S,AN)|£ 7?> R(S)|&, Vse K.

Y
Then

Gy (s) ﬁﬁ;) G(s), Vsé€EK. (6.14)

Moreover, this convergence is uniform in s € K.

Proof: In order to use Theorem 6.2.1 only Condition 3 and Equation (6.7) remain to be proved.
But this is easy. By Lemma 6.2.5, there exists NV(K) € N such that K C p(Ay) for N > N(K).
Thus, the operators Hy(s) are well defined in the whole K for N > N(K). Further, using
Lemma 5.1.4 we obtain that

Hy(s) = ExR(s, Ay)|x 7 ER(s)|x = H(s), Vs€K,
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i.e., Condition 3. For the proof of (6.7) we observe that

|Hy(s1) — Hy(s2)llcxy)y = [[En[R(s1, An) — R(s2, AN)]|| 2(x.v)
|s1 — solllEn | cx vy 1R (51, An) || 2x) | (82, An) || 2(x)

IN

where again the resolvent identity (6.5) has been used. Further, since by assumption Ey —;> K,

the sequence (Ey)yen is uniformly bounded. Thus, the proof is complete if we show that there
exists M > 0 with the property

||R(S,AN)H£(&) SM, \VISEK, VN>N(K)

But this follows from [53, Theorem VIII.1.1]. O

The following simple corollary of Theorem 6.2.7 is important for applications.

Corollary 6.2.8 Suppose that the assumptions of Corollary 6.2.7 hold but, in place of Condi-
tions 1, 2 and 3, we assume that

1. U:X,DIIDN::]X.
2. R(so) € K(X, X).

3. R(So,AN) L(X,—L)>() R(So).

Then

Gn(s) ﬁﬁ) G(s), Vse K.

Moreover, this convergence is uniform in s € K.

Proof: The only point to prove is Condition 3 of Corollary 6.2.7. But this follows immediately

from the fact that if R(sg, Ay) — R(sg), for some sy € p(A), then R(s, Ay) — R(s) for
L(X.X) L(X,X)
every s € p(A) [53, VIIL.1.1]. O

6.3 On approximation of the resolvent of Riesz operators

Corollary 6.2.8 is specially interesting in the case of unstructured perturbations, i.e., £ = D =
Ix, U =Y = X = X. However, it is readily seen that the condition

R(s,Av) = R(s)

is a very strong requirement on the approximation scheme. For instance, one knows [53, Theorem

1V.2.25]
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Lemma 6.3.1 Let T, Ty € C(X), N € N, with nonempty resolvent and denote the gap between
T and Ty [53, Chapter IV.2.2] by 6(T,Ty). Then

lim &(T,Ty) — 0

N—oo

off the following conditions hold
1. Each s € p(T) belongs to p(Ty) for N large enough.

2. R(s,Tn) 5()7(—13() R(s,T), while it is sufficient that this be true for some s € p(T).

As regards our problem Lemma 6.3.1 can be interpreted as follows. The desired uniform approx-
imation of the resolvent can be reached only under very restrictive conditions on the approxi-
mation method, namely, convergence in gap. How restrictive this condition can be, is illustrated

by the following fact [53, Theorem IV.2.23.a].

~

Lemma 6.3.2 IfT € L(X,Y), limy_.. 6(T,Tn) — 0 iff Ty € L(X,Y) for N large enough and
Tn — T.
LX)Y)

In spite of this, we shall show in the sequel that for an important class of infinite-dimensional
operators, namely Riesz operators, the “unstructured” version of Problem 6.1.1 can be solved
satisfactorily.

6.3.1 Preliminaries

We begin with some definitions.

Definition 6.3.3 A sequence of vectors (¢;);en in a Hilbert space X is called a Riesz basis in
X if the following two conditions hold:

(a) cl(span;>i{i}) = X.

(b) There exist positive constants m and M such that for arbitrary N € N and arbitrary
scalars o, 2 = 1,..., N, the following inequalities hold

N N N
m? Y el < 1Y cigul® < MPY el
=1 =1 =1

It can be easily shown [15, Lemma 2.3.2.b] that in this case each element € X has a unique
representation

i=1

where (1););en is the biorthogonal sequence corresponding to (¢;)ien, i.€.,

(B, i) = by (6.16)
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See Remark 5.3.27. Moreover, it holds that [15, Lemma 2.3.2.b]

o0

m? Y (e, i) P < lel® < MY | (2, i) (6.17)
=1

=1

The following lemma gives a useful characterisation of a Riesz basis [15, Exercise 2.21.a].

Lemma 6.3.4 A sequence of vectors (¢;)ien in a Hilbert space X forms a Riesz basis in X iff

it is similar to an orthonormal basis (e;);en of X, i.e., there exists a bounded invertible operator
T € L(X) such that ¢; =Te;, i =1,...,00.

We may define now the main objects of this section: Riesz operators.

Definition 6.3.5 A closed linear operator A in a Hilbert space X is called Riesz operatorin X,
to be denoted A € R(X), if

1. o(A) ={\,i=1,2,...}, where each A, is a simple eigenvalue of A. The sequence (\;);en
has no accumulation points in C.

2. The eigenvectors (¢;);cn form a Riesz basis of X.

Remark 6.3.6 Note that this definition differs slightly from Definition 2.3.4 in [15]. Here we
do not allow the existence in C of accumulation points of the spectrum.

A Riesz operator A has the following properties [Theorem 2.3.5][15].
L D) = {z e X; T2 APz, v) P < ool
2. Az =32 iz, i) ¢i, & € D(A), (¥i)ien given as in (6.16).
3. R(s): X — X is compact and is given by

1
S—AZ‘

R(s)f:(sIX—A)_leZw: ([, vi)di, [feX. (6.18)

As for Riesz basis, it is easily proved that [15, Exercise 2.21.c]

Lemma 6.3.7 An operator A € R(X) iff it is similar to a closed operator QQ whose eigenvectors
form an orthogonal basis for X, i.e., there exists a bounded invertible operator T € L(X),

T ':D(A) = D(Q), such that A =TQT .

6.3.2 Approximation of the resolvent operator

Now we shall show how results on spectral approximation of linear operators can be useful for
the uniform approximation of the resolvent of Riesz operators on compact sets K C p(A).

For the sake of clarity in the exposition we shall numerate the eigenvalues of A (remember that A
is Riesz and hence o(A) is a numerable set of eigenvalues). Suppose that some “initial” compact
set K C C is given such that o(A) N K is not empty. Since A € R(X), we know that

c(A)NK ={\;€0(A); i=1,...,Lk}, where Lx < . (6.19)
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We begin the numeration of 0(A) with the eigenvalues of 6(A4) N K. Furthermore, we consider
increasing e-neighborhoods of K and numerate the rest of the eigenvalues consecutively as they
“begin” to lie in these neighborhoods. This numerating system, although clearly imperfect, is
enough for our purposes.

Lemma 6.3.8 Suppose that A € R(X) and let K C p(A) be a compact set. Denote by Rr(s)
the operator given by

Ri(s)x := R(s)P, = PLR(s), z¢€ X, (6.20)

where Py denotes, for every L € N, the spectral projection associated to the first L eigenvalues
of A (see Equation (5.48)). Then

R.(s) E(%;{) R(s), VseK,

with uniform convergence in s € K.
Proof: Since A € R(X), we know that

L Pr ? Ix,

where ¢ is the corresponding embedding. In view of this, the statement follows easily from
R(s) € K(X) and Corollary 6.2.8 with “Ry(s) = R(s)” and “(Pr)ren” playing the role of
“(EN)NEN” ] 0

Remark 6.3.9 Note that

PLR(s)f =

L |
25N,

S
1

2

Lemma 6.3.8 is a nice result because it shows a method leading to convergence in norm of
the resolvent operators. In particular, it shows that truncations of the series (6.18) are the
“canonical” candidates for approximations of R(s).

In applications, however, the eigenfunctions and eigenvalues of A, or even its resolvent R(s, A),
are seldom known. Thus, Lemma 6.3.8 is satisfactory only from the theoretical point of view.
We need a more “realistic” approach; for example, the next proposition.

Proposition 6.3.10 Suppose that A € R(X) and that an operator sequence (Ay)nen € C(X)
is given with the following property: If Qo C C is a bounded domain such that

O'(A) OQO = {Al,...,Am}
then,

1. For N large enough,

o(An) N Q= A, A (6.21)

m



6.3. ON APPROXIMATION OF THE RESOLVENT OF RIESZ OPERATORS 87

2. Fach of the eigenvalues /\EN‘), 1=1,...,m, is simple and
Jim A = x] = lim ¢ = gillx = lim 9 —lx =0, i=1,...,m.
= = = (6.22)
where, for eachi=1,...,m, ¢; and QSEN) denote eigenvectors corresponding to A\; and )\Z(-N),

respectively, while 1; and gb;N) are biorthogonal with respect to ¢; and gbf;N), see (6.16).
Let K be a compact subset of p(A) and denote by N(K) a number for which
K C p(Ax), VN> N(K).

(N(K) is finite due to (6.21), (6.22)).
Then, for every € > 0, one can choose a bounded domain Q@ C C (depending upon €) with the

following properties: its boundary 02 is a rectifiable closed simple curve, K C ), and there exists
N(K) > N(K) such that

“R(S,AN) LNQPNQ — R(S)HC(X) < €, Vse€ K, N > N(K) (623)
Here Pyq denotes the eigenprojection (see (5.49))
1
Pyng = — R(s, Ay)ds.
NQ = o o (s, An)ds

and ¢ yo the embedding of the corresponding sum of eigenspaces into X.
Proof: Indeed, by Lemma 6.3.8, there exists a number L(K) € N such that
”R(S)_RL(K)(S)HL(X) <€/2, Vs &€ K,

where Rp(s) is given by (6.20). Let 2 C C be a bounded domain such that 92 is a rectifiable
closed simple curve, K C €2, and

O'(A) N = {/\1, ceey AL(K)}
See Figure 6.1. For any s €  and N > N(K) we have then

IR(s) = R(s, An) e vaPrallccy < [R(s) = Ry (s)llex) + | Ry (s) — R(s, An) e vaPral i)
< 6/2 + ||R(S) LQRQ - R(S,AN) [/NQPNQ||£(X),

where Po := Ppx) and tq := ¢ (k), respectively. The proof is done if we are able to prove that
for N large enough

||R(S) toPq — R(S,AN) LNQPNQHﬁ(X‘) < 6/2, Vse K. (624)

By [53, Equation II1.6.35], and since the eigenvalues \;, AEN), i =1,...,L(K), are all simple,
one sees, increasing N if necessary, that

LE)
R(s)ioPo = ;ﬂpfz,
LE)
R(s,An)tnoPrno = ZiA(N)P;VQ’
i=1 § TN
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Figure 6.1: Sets K and . The crosses represent o(A) N .

where
PQ:: <71/}1>¢n NQ:<7¢1()>¢Z( ): ’L:l)"')L(K)a

and A\, ¢;, v¥; and /\Z(»N), QSEN), 'L/);N), i=1,...,L(K), are the eigenelements of A and Ay, re-
spectively, corresponding to Q2. The eigenprojections Py, Pk, have been explicitly written down
using the corresponding scalar product.

Then with these notations we have

L(K)
I(R(s) toPo = R(s, Aw) e xaPye) - llee) < D l=—5Pa — — 7 Pralle,
i1 s = A (6.25)

for all N > N(K) and every s € K. Furthermore, using (6.22), we can prove, for each i =
1,...,L(K), the convergences ‘ '
JZVQ - Pgla

L(X,X)
L, Vse K
E— s
s — )\l(-N) X 5=\ ’
and, by Proposition 5.1.8, we obtain
1 ' n ; .
—= P} P, Vse K =1,...,L(K 6.26
s _ A7(<N) NQ LX,X) § — >\¢ Q> s € 3 ? ) ’ ( )7 ( )
uniformly in s € K. A straightforward use of (6.26) and (6.25) ends the proof. a

Remark 6.3.11 The resolvent R(s, A) of a Riesz operator is compact. Thus, the embedding
. : D(A) — X is also compact [12, Proposition 2.37] and we may find in Proposition 5.3.26 and
Remark 5.3.27 sufficient conditions to be imposed on a discrete sequence (Ay)yen in order to
satisfy the assumptions of Proposition 6.3.10.

Remark 6.3.12 Essentially, what we have done in Proposition 6.3.10 is to approximate in norm
the compact transfer function

G(s):= R(s,A)Pq, s € p(A).
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Doing this makes sense because, since we have chosen  as in Lemma 6.3.8, the functions G(-)
and R(-, A) are very close on K.

Remark 6.3.13 In applications the determination of {2 may be a complicated and costly “trial-
and-error” process.

6.4 Projection Schemes

The aim of this section is to develop approximation schemes able to generate sequences of discrete
operators which satisfy the conditions of Theorem 6.2.1 and Corollary 6.2.7. As main tool we
shall use the results of Chapter 5.
Indeed, we see that Proposition 5.2.3 gives sufficient conditions on the projections for

Fy — F
as required in Theorem 6.2.1 and Corollary 6.2.7. Further, Proposition 5.2.5 addresses the strong
convergence

Ex — L.
Y

On the other hand, the third condition in Theorem 6.2.1 and Corollary 6.2.7, respectively, i.e.,
Hy(s) 7 H(s), Vs€K,

R(S,AN)|£;;)R(S)|£, VSEK,

is more difficult to handle. The case where R(s) and/or H(s) can be explicitly obtained is
perhaps the only one which is easy to solve. Indeed, if these operators are known, with the help
of suitable sequences of projections and Proposition 5.2.5, we may generate discrete sequences
with the desired properties. Unfortunately, this is rarely the case. Thus, in order to develop a
general approach, we use the results of Chapter 5 related to discrete-regular convergence.

6.4.1 Preliminaries

We begin with some words about notation. Here we shall deal with discrete operators and their
corresponding finite dimensional versions. So, in order to avoid a “notational overflow”, we shall
denote them with the symbols: Ay and Ay, Dy and Dy, Ex and Ey.

We recall that our underlying framework is

AeC(X), DeL(U,X), Eecl(X,Y)and (4.2).
The problem to be solved is: given a compact set K C p(A), to construct a sequence of discrete

operators (“transfer functions”) (Gy(s))nen with the property

Gn(s) ﬁ([%/) G(s), VseK,
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uniformly in s € K. Moreover, since we plan to use Theorem 6.2.1, we shall assume that
F := R(sy)D € K(U, X) for some s, € K,

where by Remark 6.2.2, the point sy € p(A) is any point in K. Sometimes, we shall also make
use of the £(X,Y)-valued function

H(s) := ER(s)|x, s€ p(A).
Finally we also introduce the linear operator A defined by
A:D(A) —» X, Ax:= Az, Vze D(A), (6.27)
where D(A) is defined by
D(A) := {z € D(A) such that Az € X}. (6.28)
Lemma 6.4.1 The operator A is closed in X: A € C(X). Purthermore, p(A) = p(A).

Proof: We must show that the graph F(/A}) 53, 111.5.2] of A is closed in X x X. Indeed, let us
suppose that (zy)yen is a sequence in D(A) such that

lim (zy, Azy) = (z,y) € X x X.

N—oo

We must prove that (z,y) € T'(4) (e, = € D(A), y = Az). The pairs (zx, Azy)yen are
elements of I'(A) for every N € N, they form a convergent sequence and A € C(X). Thus,

~

(z,y) € T'(A). Tt follows that z € D(A) and y = Az. Using the definition of D(A) and y € X,

A

see (6.28), we conclude that z € D(A) C X.
The second statement can be proved as follows:

1. p(A) C p(A): Let s € p(A). Then, see (6.27), (6.28), the operator
R(s,A): X =+ X, zr (sIx—A) 'z

is well defined for every z € X. Moreover, since sIx — A is closed in X, R'(s, 121) € C(X)

as well. It follows, by the closed graph theorem [53, Theorem III.5.20], that R'(s,A) is in
L(X). Thus, R(s,A) = R'(s, A) and s € p(A).

A~ A~

2. p(A) C p(A): Let s € p(A) and ¢ denote the (continuous) embedding of X into X, see
(4.2). Further, consider the set X' := ¢ X C X. Then the operator

R(s,A): X' = X, =z tR(s, Az,

is bounded. Moreover, by [53, Extension Principle 111.2.2], R'(s, A) can be extended to
cl X' = X with conservation of the norm. This extension is clearly R(s, A) and it follows

that R(s, A) € £(X) and s € p(A).
]
Finally, we recall the resolvent identity (6.5)
R(s) = [Ix — (s = so) R(s)] R(s0), s, s0 € p(A),

which was frequently used in the proof of Theorem 6.2.1.
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6.4.2 Projections and discrete operators

Our immediate goal here is to introduce the sequences of subspaces, projections and discrete
operators which will be used through this section.

Let us suppose that D(A), X, Y, U are separable Banach spaces and consider sequences of finite
dimensional subspaces

(Un)nen,  (Zn)nen, (Xn)ven, (YN)wen

of

~

U, D), X, Y,

respectively. We assume that dim X = oo and that dim Zx and dim Xy grow as N — oo; we
do not exclude, however, the possibility that U and/or Y are finite dimensional, in which case
the sequences of subspaces (Uy)nyen and/or (Yy)yen are taken stationary and equal to U and
Y, respectively. The ”canonical” choice for (Xy)yen will be Xy = AZy, but other choices are
also possible.

Usually the subspaces Uy, Zy, Xy and Yy will be defined via sequences of projections:

X

7% D(A) = Zy, 7x:X — Xy (6.29)
U= Uy, 7x:Y =Yy, '

We shall also need the natural embeddings of the finite dimensional subspaces into the corre-
sponding spaces, i.e.,

V4 Iy — ”D(A), LR Xy = X, (6.30)
i Un — U %:Yy— Y. :

Using all these projections and embeddings we may define sequences of discrete operators

(Fnv)ven,  (Py)vens  (An)wen, (Hy(s))nen, (En)nen
by the formulas
Fy U - X, Fnu Lﬁf]\[ﬂ%u, ue U,
Py : D(A) — X, Pyz = yPymgz, 2€D(A),
Ay : D(A) — X, Ayz = . NAnTRz, z€D(A), (6.31)
Hpy(s) X = Y, Hy(s)r = 'YHy(s)mnz, z€X,
Ey i — Y, Eyx = L%gNﬂ'])\%U, T X,
where the finite dimensional operators are just
Fn Uy — Xy, Fn = W])\gFL%, N e N,
7)]\[ ZN — XN, PN = 7['])\§ZL]ZV, NEN,
Ay Iy — Xy, Ay = anAl%4, NEeN, (6.32)
Hn(s) Xy — Yy, Hy(s) := 7xH(s)txn, NEN,
gN Xy — YN, gN = T%EL%, N € N,
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In the formulas above we have used the continuous embedding

i :D(A) = X. (6.33)

6.4.3 Projection framework

Our plan now is to show how and under which conditions the discrete operators defined in (6.31)
satisfy the conditions of Theorem 6.2.1 and/or Corollary 6.2.7.

In the following we often use the expression “e-computable operator” to mean that the corre-
sponding matrix expressions of the operators (6.32) can be ezplicitly calculated. In general, at
least the operators A, D and E must be of this sort. However, R(s) and H(s) could fail to be
e-computable. In such cases, one must find a way to construct the sequence (Hy(s))yen with
the information available. Since we shall not be able to treat all the possible cases, we shall
study in detail only some of them.

Case 1: H(-) is e-computable.

This is a straightforward case: one only needs to impose some “natural” conditions on the
projections.

Proposition 6.4.2 Let A € C(X), D € L(U,X), E € L(X,Y) and suppose that (4.2) holds.
Further, let K C p(A) be a given compact set and suppose that R(sg)D € K(U,X) for some
sy € K and that both F = R(sy)D and H(s) = ER(s)|x, s € K, are e-computable. Finally, let

us assume that sequences of projections and embeddings are given such that

s ALA % Iye, 1T % Ix, t(NTx % Iy. (6.34)

Then, the sequences (Fy)nen, (Hn(s))nen, s € K, and (Enx)nen defined in (6.31) generate a
discrete operator sequence

Gn(s) = ExFy — (s — s0))Hn(s)Fx = 1 xGn(s)my, s€ K, NeN,
where
On(s)v :=EnFn — (s —so)Hn(s)Fn, N €N, (6.35)
such that

Gn(s) Eﬁ/) G(s), Vsé€eK,

uniformly in s € K.

Proof: We shall use Theorem 6.2.1. For this we must check its Conditions 2, 3, 4 and Equation
(6.7). Indeed,

1. Fy — F: follows by Proposition 5.2.3.
LU.X)
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2. Hy(s) —;> H(s), Vs € K: follows by Proposition 5.2.5.

3. En % E: follows by Proposition 5.2.5 as well.

In order to prove Equation (6.7) we note that for any s;, s, € K we have
Hy(s1) = Hn(s2) = ¢ymrE[R(s1)|x — R(s2)|x] e vy
= —(s1—52) . yTNER(51)|x R(s2)|x ¢ ¥

Since, by assumptions, both (¢ X7k )nen, (¢ XTX)nen are strongly convergent sequences, they

~

are uniformly bounded. Moreover, E € £(X,Y) and since K C p(A) = p(A) is compact, there
exists My < oo such that ||R(s)||zx) < M, for all s € K. Thus, if

M := max{sup || e x7xllcev), sup || enmxllcc), Mo, 1Bl cx)}-
NeN NeN

we obtain

|Hy(s1) — Hy(s2)llox vy} < MP|sy — 5.
[

Figure 6.2 illustrates the interrelation between subspaces and operators. Note that the diagram
is not commutative.

) F
y - X - U
H(s)
™ ™ ™
En
YN < XN < UN
fHN(S) fN

Figure 6.2: Interrelation between subspaces and operators when H(-) is e-computable.

Case 2: H(-) is not e-computable

This a more difficult and interesting case. The general approach is to consider the regular

convergence
Ay — A
L(D(A),X)

in £(D(A),X), where (Ay)nen is defined as in (6.31). This makes sense because, since the

~

operator A is closed in X, see Lemma 6.4.1, we may provide its domain D(A) with the graph

norm
1/2

N / A
lellpu) = (sl + llallk ), = € D(A),
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and so ”D(A) becomes a Banach space. Note, however, that also other norms may meet the
requirement of converting D(A) into a Banach space. The (continuous) embedding

i :DA) = X
and the sequence (Py)yen of discrete operators
Py = «xPn7%, Pyi=mni 1%, NEN,

introduced already in (6.31), (6.32), will play an important role in our approach. At last, recall
that, by Lemma 6.4.1, p(A) = p(A).

Proposition 6.4.3 Let A € C(X), D € L(U,X), E € L(X,Y) and suppose that (4.2) holds.
Further, let K C p(A) be a given compact set such that 0 € K and suppose that

F:=R(0,A)D € K(U,X), i e€K(D(4),X). (6.36)

Furthermore, let us assume that

s * * s k]
Lﬁﬂf& HX Ix, 7'('% L% HU Iy, L%T{'% —>Y Iy,

and define
Z.D(A) = Zy, w4 =A1 ' %ErXA NeN
(P

Then, the sequences (FN)NeN, N)NeN, (An)nen, (En)nen defined in (6.31) generate discrete

operator sequences
HN(S) = [’ﬁHN(S)ﬂ-J)\ga s € p(AN)7 N e Na
GN(S) = L%Q’N(S)ﬂ'%7 s € p(AN)a N e N7

where
SN(S) = (SpN — AN)_I, N € N, (637)
HN(S) = (‘:N/PNSN(S), N e N, (638)
gN(S)N = gN.,FN - S%N(S)f]v, N € N, (639)
such that

Gn(s) Eﬁ/) G(s), Vsé€eK,

uniformly in s € K.
Proof: As in the proof of Proposition 6.4.2 we obtain immediately

Fy =5 F, By -5 E. (6.40)
L(UX)

Thus, in order to use Theorem 6.2.1, only the following statements remains to be proved:

Hy(s) 7 H(s), Vsé€eK, (6.41)
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and the existence of an M > 0 such that
HHN(Sl) — HN(SQ)HE(&,Y) < M|81 — 52|, VSl, so € K, VNeN (642)

Let us prove them. We have 0 € K C p(A). Thus, by Lemma 6.4.1, 0 € p(A) It follows that
A1 € L(X,D(A)) and, due to (6.36), we conclude that

si —Ae Fy(D(A),X), VseK.
Now, we apply Propositions 5.2.5 and 5.3.17 and obtain

S

Py = 1, (6.43)
X
sPy— Ay  —  si—A, Vsep(A). (6.44)
£(D(A4),X)

As in the proof of Proposition 5.3.17, we can show that

Z_7 s
LNTN — Ipiay-
D(A)
Moreover, since K C p(A) is compact, it is a simple matter to show that the operator functions

TNiK%fQ(ZN,XN), SHSPN—AN, N eN,

T:K — Fo(D(A),X), s—si—A

satisfy the conditions of Proposition 5.3.10. Thus, according to this proposition, there exists a
Ny = N(K) such that the operators sPy — Ay are invertible for all s € K and all N > Nj.
Finally, by Proposition 5.3.8 and Lemma 5.1.4, we conclude that

L NPNSNTR — (5T — At = R(s,A), Vsep(A).

The last relationship, together with Ey % FE and (again) Lemma 5.1.4, implies (6.41).

It remains to show Equation (6.42). For this one observes that for Sy(s) we have an identity
similar to (6.5), i.e., for every sy, 52 € K

Sn(s2) — Sn(s1) = —Sn(s1)PnSn(s2)(s2 — s51), (6.45)
which is easily obtained from the equality
—Pn(s2 —s1) = (s1Pnv — An) — (s2Pn — An).
Thus,
Hu(s1) — Hn(s2) = —EnPnSn(51)PnSn(s2)(s1 — s2), VN > Nj. (6.46)

Clearly, the uniformly boundedness of the operator sequences in the RHS of (6.46) would prove
(6.42). Let us show that this is case. Indeed, it follows from (6.40) and (6.43) that the sequences
(En)nen and (Py)yen are uniformly bounded. On the other hand, we obtain from Proposition
5.3.10 (see the inequality in (5.18)) that

sup max [|Sy ()l z(xy,zy) < 00
N>N, s€K

These arguments, together with (6.46), ensure that Equation (6.42) holds. The proof is complete.
U
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Figure 6.3: Interrelation between subspaces and operators when H(-) is not e-computable.

The situation is depicted in Figure 6.3.

Remark 6.4.4 The calculation of the matrices (Fy)yen can be simplified if D € (U, X). In
that case one generates the sequence of discrete operators (Dy)nen given by

Dy = 1xD7¥, Dy:=7mxD.5, NeN

Then Dy L>) D by Proposition 5.2.3 and it is easy to see, using Lemma 5.1.6, that the “new”

(Fy)nen is such that

FN = PNSN(S())DN L} R(SQ,A)D = F.
LU.X)

Moreover, using the identity (6.45), we see that the formulas (6.37) for (Gn(+))ven take a simpler
form, namely,

Gn(s) = EnPnSn(s)Dn, VseK. (6.47)

Remark 6.4.5 Let us suppose, for simplicity, that D € K(U, X). If the sequence (Py)nen, see
(6.31), is such that the inverses 73](,1 exist for N large enough then, one has the following identity

PNSN(S) = /PN (SPN - AN)il = (SIXN — AN/P;,1)71 .

Let us introduce a new discrete sequence
Ay = AyPy', NeN.
It is obvious now that (see (6.47))
Gn(s) = EnR(s,Ay)Dy, VseK, VYNeN.

and, by Proposition 6.4.3, that
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uniformly in s. Thus, the triplets (AN,DN,c‘:N) ~Nen solve Problem 6.1.1 and consequently, if p
is a regular value of ||G|| (Definition A.0.13), their associated spectral value sets converge to the
spectral value sets of the given infinite dimensional operators (A, D, E) :

o(An, Dy, En; p) N K Py o(A,D,E;p)N K.
dee

This is a nice result. Note, however, that the inverses (P&l)NeN may not exist and still the
approximation method may work. In the following chapter we will see an example of this sort.

Case 3: Approximation by means of “nice” sequences

~

The norm in D(A) used in the previous section can be restrictive and uncomfortable in applica-
tions. Thus, it is interesting to know that, under certain circumstances, the “difficult” regular
convergence in £(D(A), X) can be substituted by the “casier” regular convergence in £(X). Of
course, there is a price to pay: one must impose new conditions on A. A description of this
possibility is the aim of this section.

The framework of projections and discrete sequences to be used here is essentially the same
as before, see (6.29), (6.30), (6.31), (6.32). There is only one but important exception which
makes the whole difference: the sequences of projections (7% )ycn and embeddings (¢ %) yen are

redefined to be

X = Iy, 1% Zy— X, NeN (6.48)

A~

The subspaces (Zy)nyen are in I D(A), see Equation (6.33) for the definition of 7. Compare also
with (6.29) and (6.30) and note that the Banach space D(A) does not appear now. Furthermore,
the sequences (Py)yen and (An)nen of (6.31) are not defined. Their role is played by other
discrete sequences which will be introduced immediately.

First, by means of (6.48) and (6.29), we define the operators
Py = . XPnTh, Pn:i=mnlzy. NEN, (6.49)

Note that, in some sense, they are similar to the operators (Py)yen of the previous case. Fur-
thermore, in Chapter 5 we showed that if (Py)nen € N (Definition 5.3.11) then the sequence

(QN)NEN7 QN = P&lﬂ'ﬁ . X — ZN, N € N,

consists, for each N € N, of projections of X into Zy. Moreover, if the convergences

S 5
LN — 1% LNTN — 1x

take place then
LJZVQN é Ix.
x X

Note that these convergences are meant in the norm of X and not in the norm of the Banach

~

space D(A).
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Due to the property of “niceness”, the inverses of (Py)nen, defined in (6.49), form a uniformly
bounded sequence. Thus, the following sequence is well defined:

Ayv: X = X, Ayz:= 1yAytyz, z€ X,
where

Ay : Xy — Xy, Ay = wﬁAPR,IL%,N c N.
Using these notations we can state the following proposition.

Proposition 6.4.6 Let A € C(X), D € L(U,X), E € L(X,Y) and suppose that (4.2) holds.
Further, let K C p(A) be a given compact set and suppose that F' := R(so)D € K(U,X) for
some sy € K. Moreover, suppose that A (6.27) is of one of the forms

1. A=1Ix -8, S e K(X).
2. A=(Ix —S)R', SeK(X), 1€ p(S), Re K(X), R ! exists, but is unbounded.

Finally, suppose that we are given sequences of projections and embeddings such that

S k]
L%ﬂ'ﬁ—}[&, L%ﬂ'ﬁ—}[&,
X X
* * S S
7'('% L% —>U I+, L%ﬂ}\/, —>Y Iy,
(PN)NEN eN.

Then, the sequences of discrete operators (Ax)nen, (Fn)nen, (En)nven defined above generate
discrete operator sequences

HN(S) = Lﬁ,HN(S)ﬂ-J§7 s € p(AN)7 N € N7
GN(S) = L%QN(S)WJI{U s € p(AN)7 N e Na

where
Sn(s) = (slxy — Ax)7, N e N,
Hn(s) == EnSn(s), N eN,
Gn(s)v = EnFn—(s—s0)Hn(s)Fn, N€EN,
such that

Gn(s) Eﬁ/) G(s), VseK,

uniformly in s € K.

The proof of this proposition is similar to the proof of Proposition 6.4.3. The only difference is
that the regular convergence
SIX—AN 7% SIX—A
o LX)
is proved by means of Proposition 5.3.14 or, with certain care, by Remark 5.3.16. We omit the
details. The operators and spaces are represented in Figure 6.4.
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Figure 6.4: Interrelation between subspaces and operators when Py € A.

Remark 6.4.7 Results somewhat similar to Proposition (6.4.6) have been independently ob-
tained in [46] using the concept of quasitriangular convergence mentioned in Remark 5.3.15.

Remark 6.4.8 The nice point in this case is that we always have three operator sequences
(ANn)nen, (Fn)nven and (Ex)nen which solves Problem 6.1.1 and, consequently, if p is regular it
holds that

o(An, Fn,En;p) N K N—> o(A,D,E;p) N K (6.50)
— 00

in the sense of the Hausdor{l metric.

6.4.4 Remarks on the computation of finite dimensional operators

In applications the subspaces Uy, Zy, Xy and Yy will usually be defined via some bases. We
shall show a standard method which may help in obtaining the necessary sequences of projections.
As illustration, consider, for each N € N, bases in Zy and Xy

Mezy, oM eXy, i=1,..,N, NeN

Further, consider the dual bases in Z3, and Xy, i.e., the elements of the dual spaces Z} and
X}, respectively, such that

The linear functionals

Z;N)*:ZN—>@, 3:;N)*:XN—>C, j=1...,N

can be extended [1, pp 344-345] with conservation of the norm to the whole D(A) and X,
respectively. Using these notations, we may define projections

ﬂﬁ:D(A)—)ZN, X = Xy
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by the expressions

N N
nhe =" (2,20 whe =3 (e, 2l

=1 =1

The same procedure is used for generating the corresponding projections
U = Uy, 75:Y = Yy

Now, the corresponding matrices of (6.32) can be calculated as follows

AN g0y (6.51)
((H(s)a", 5™")),

7

En = (e) = ((Baf™ ")),

@ %

i

In words: one takes each element of the basis, applies the desired operator and project the
resulting vector into the corresponding finite dimensional space.

Remark 6.4.9 Note that in the formulas (6.51), the dual basis (z,i(N)*)NeN was not used. This
means that, for the calculations, there is not need in constructing them explicitly. The same
holds for (u\™*) yen

6.5 Summary

In this chapter the results obtained in Chapter 5 have been used in order to prove theorems
leading to the approximation in norm of transfer functions of infinite dimensional systems. It
has also been shown that this convergence is uniform in compact subsets of the resolvent set.
Furthermore, the approximation results have been specialised to the case of Riesz operators,
where we have shown that the norm of their resolvent operator can be approximated well enough
as to permit the calculation of pseudospectrum (unstructured spectral value sets). Finally, we
applied the approximation results to the particular case of discrete operators and showed how
calculations should be carried out.



Chapter 7

Applications

The aim of this chapter is to illustrate with some examples how the calculation of spectral
value sets for operators in Banach spaces can be carried out. For this, we will make use of
the main results of the previous chapters: the results on the relationship between level curves
of the norm of the transfer function and the spectral value sets, basically Theorem 4.2.11, the
approximation schemes of Chapter 5, for example Proposition 6.4.3, and, last but not least, the
SH algorithm developed in Chapter 3. Two examples will be considered: delay equations and
the Orr-Sommerfeld operator.

7.1 Delay operators

One usual assumption in the mathematical description of a causal physical process is that the
behavior of the process depends only on the present state of the system. However, there exist
situations where this assumption is not satisfied. In those cases one is forced to take into account
information about the past of the system as well and this leads to the consideration of delay
differential equations, see, for example [17] for an extensive treatment of this topic.

As for the usual situation, robustness and stability are important issues which should be inves-
tigated. Spectral value sets can be useful tools in this context and the aim of this section is to
develop a suitable framework which enable these investigations. We proceed as follows: first,
in the preliminaries, we introduce the necessary mathematical objects, that is, we select a state
space description for the delay differential equations. Furthermore, since this state space descrip-
tion is infinite dimensional, we show how the approximation results of the previous chapters can
be applied here. Finally, we illustrate the obtained results with one example.

7.1.1 Preliminaries

Let us consider the delay differential equation

2(t) = Lz = i: Liz(t — hy) + /O Ly(1)z(t + T)dr, t >0, (7.1)
2(7) = 2(t + 7'3, T € [—h,0], (7.2)

where

101
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2(0) :== 2" e C",

2(7) := z*(7) a.e. on [-h,0), z'e L*([~h,0);C") (7.3)

and h > Ois fixed, 0 = hy < --- < hy, = h, L; € C"*" 1 =1,...,kg, and Ly € L*([—h, 0]; C"*™).
It is well known that for every initial condition of the form (7.3) there exists a unique function
z(+) on [0,00) that is absolutely continuous and satisfies (7.1) almost everywhere [15, Section
2.4], [47].

Suppose now that the operator L is uncertain and that this uncertainty can be adequately
modelled by perturbations of (7.1) of the form

L~ L+ DyAM, (7.4)

where Dy € C**! is a fixed matrix, A € C*?, |A]| < p, with p < oo given apriori and M is a
linear operator from C([—h, 0]; C*) into C? of a form analogous to L, i.e.,

kar 0
Mz = ZMiz(t —ri) + My(1)z(t + 1)d7, 2 € C([—h,0];C"),

—h

where 0 =7y < -+ <1y, = h, M; € C?*" i =1,... ky, and My € L*([—h,0]; C7*"). Note that
M € L(C([—h,0];C*),CT) [71]. Tt is readily seen that these structures permit the application of
a wide range of perturbations to the operator L.

Example Suppose L reduces to a sum of a finite number of points delays, i.e.,

k
Lz, = Z Liz(t — h;),
i=1

If the matrices L; are uncertain, it is natural to consider perturbations of the form D, = I,, and
k
Mz, = Z M;z(t — h;),
i=1
with given matrices M; € C"*", 1 = 1,..., k. By choosing different M; one can specify the type

and size of the uncertainty which is allowed for each matrix L;. O

We explain now how this problem can be handled within the framework developed in Chapter
4. First of all, we need a state space description of System (7.1). One approach is to use (see

(7.3))
z(t) = (2(1),2) € X := C* x L*([~h,0);C").

The evolution in time of x(t) defines the strongly continuous semigroup S(¢) of bounded linear
operators in X defined by [71]

St)r = (2(t),2) € X; ze€X; t>0, (7.5)
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where z(t), t > 0, is the unique solution of (7.1) with initial condition (7.3). The infinitesimal
generator A of S(t) is given by

1
A‘T = <§$1> )
' (7.6)

D(A) = {z:=(2",2") € X |2' € H'([~h,0);C"), 2" = 2'(0)}.

Obviously, the behavior of a solution z(+) to (7.1) is determined by the properties of the operator
Ain (7.6).

As usual, we shall focus our attention on the spectrum of A. In particular, we are interested
in its robustness with respect to perturbations D and E with clear interpretation in terms
of the original data (7.1). Some general properties of o(A) are the following: it is discrete,
the multiplicity of each eigenvalue is finite and for every p € R, there are only finitely many
elements of 0(A) in Cf := {s € C; Res > p}. Moreover, the spectrum of A has the following
representation

g(A) ={r e C;, det(F(s)) =0},
where F(s) : C — C"*" denotes the matrix function
F(s):=sl, — L(e” I,,), (7.7)
and I,, denotes the n X n identity matrix [47]. Furthermore, the resolvent
R(s,A): X - X
is a compact operator and is given by [47]

R(s)(¢", ¢") = =

2’ = F(s)™ [qs“ +L (/0 es('_T)qﬁl(T)dr)}

0
zH(0) = e2° +/ e =M@ (r)dr, 0 € [—h,0].
o

where z = (2°, 1) is

We now introduce perturbation structures by means of suitable operators D and E. We choose
them so that they contain the same information as the perturbations given in (7.4). For this,

we define U = C!, Y = C?, and
X :=A{z = (29,21) € C* x C([—h,0];C")}. (7.8)

The operators D : U — X and E : X — Y are given by

D:U = X; Du:= (Dgu) € X,

EF:X—=Y;, EFx:= Mz €Y.
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Our aim is to study the mobility of o(A) under perturbations with the structures (7.9). Namely,
we consider o(Aa) with Aa given by

Ap = A+ DAE. (7.10)

Note that Aa is the infinitesimal generator of the semigroup corresponding to the perturbed
operator (7.4).
Following the “spirit” of the previous chapter we see that the conditions

1. D(A) C X C X with continuous dense injections,
2. D:U — X is bounded,
3. Fe (X, X),

hold. Thus, Theorem 4.2.11 can be applied and we obtain that, in order to calculate the sets
(A, D, E;p), we must look for those regions of the complex plane where the corresponding
transfer function

G(s) := ER(s)D, se€ p(A),

has the property ||G(s)|zwy) > p~'. In this case the transfer function G takes a simple form
which, if only point delays in the operator M are allowed, looks as follows

G(s) := (i MieST’) F(s)™'Dy. s € p(A). (7.11)

We stress that in this situation considering unstructured perturbations of the nominal operator
(7.6) makes no sense. In this situation, it is only meaningful to consider perturbations with clear
interpretations in terms of System (7.1).

7.1.2 Approximation in the case of delay system

The problem on the approximation of delay operators has been matter of extensive investigations,
see for example [71], [47], [48] and references therein. Our results are, essentially, extensions
of those obtained by Ito and Kappel in [48]. Nevertheless, there are differences between our
approach and the others mentioned. The aim in those papers was to approximate the semigroup
S(t) (introduced in (7.5)) uniformly over finite intervals of time. Furthermore, the authors
considered, if any, only output operators of finite rank, i.e.,

E:X —C, Ex:=FEz", E,eCr, z=(z"2z"¢X.

Although our investigations are related to those papers, they pursue other goals. First, we have
to deal with a more general class of output operators E, namely £ € £(X,Y) of the form (7.9).
Secondly, we are not interested in the approximation of the semigroup S(¢), but in a scheme able
to approximate the transfer function G in norm and uniformly in s in any compact K C p(A),
see Problem 6.1.1.

In [47] the authors used with satisfactory performances an approximation scheme based on
projections of D(A) onto subspaces formed by the span of linear splines and projections of X
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onto the span of step functions. Later, in [48], they showed that schemes based on other piecewise
polynomials work as well.

We use a similar approach here but with one difference: following the approach of Subsection
6, we shall not approximate the operators A, D and £ in X, but in X. Our approximation
scheme will make use of linear splines in X, while quadratic splines are going to be utilised in

~

D(A), where D(A) is the subspace of D(A) defined in (6.28). Note that in this case (see (7.6)
and (7.8)) D(A) is just

D(A) = {z = (xg,21) € D(A) | 2! € C}([=h,0];T")}.

Note also that D : U — X is compact. Thus, we shall apply Proposition 6.4.3 together with
Remark 6.4.4 in order to achieve the desired results. We shall use a projection scheme which
fits in the framework of Figure 6.4.

Subspaces and projections

The projection scheme to be described here is based on the theory of B-splines. The monograph
[72] is the main reference.
For a given N € N, we introduce a uniform mesh [72] with respect to the interval [—h, 0], i.e.,

ty = —kr, k=0,...,N, r:=—. (7.12)
Let us consider NV + 1 linear splines

t
T R A N |

’
where
0 for 0<06<1,
Ny(f):=<¢ 2—0 for 1<6<2,
0 elsewhere

and N + 2 quadratic splines given by

t
s 0 (1) = 05 No(—~ —k+2), € [~h,0],

where
62 for 0<o<1
o —20% + 660 —3 for 1<0<2
Ns(0) =91 g2 _go40 for  2<60<3
0 elsewhere

They are represented in Figure 7.1.2. It is well known that {eéN) il and {bEN )}ffjol are bases
in the spaces of linear and quadratic splines with simple knots [72, Example 4.3] corresponding
to the uniform mesh (7.12). This can be seen, for example, from the fact that these spaces



106 Spectral Value Sets. k. Gallestey

Linear splines for N=6 and h=-1
T T

I I
1 -0.9 -0.8 -0.7 —-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 o]
t

Quaderatic splines for N=5 and h=-1
T T

Figure 7.1: Bases of linear and quadratic splines for N = 6 and N = 5, respectively.

have dimension N + 1 and N + 2, respectively, [72, Theorem 4.4] and the linear independence
of {eM V1 and {p{") AL

Now, followmg [47], one mtroduces
Zy € CH[=h,05C"), Xy C C([=h,0;C"),
which are the spaces spanned by the columns of
B L, 0L, B0 L] and (e, eV, L e L,
respectively. Furthermore, as in [47], we introduce

Zy = Z% x Zk =QZy < D(A),
Xy = (O XX}V CX,

where @ denotes the operation f — (f(0), f). It can be easily proved that the columns of

B = [0V 1), QUML) . QUL

(N)AN+1 L On o
o ; —
{ i }2:0 |:<0) ’ (egN)[n> ’ ’ (eg\]f\?1[”>:|

are bases in Zy and Xy, respectively. These spaces have dimension n(N + 2). See [71] and [48]
for similar formulae.

Remark 7.1.1 The matrix [,, above accounts for the dimension n present in the state z, see
(7.5): one uses N + 2 splines for the approximation of each of the n “coordinates” of .
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A dual basis {f,;(N)}fV:gl with respect to the basis in Xy given by the columns of {E;N)}f\ggl is
given by the linear “functionals” [72, Example 4.40)]

FM = (z")T for i=0,
‘ (1N NT for i=1,...,N+1,

for every = = (2", 2!) € X. Note that fi(N):L’ € C'*™ and that the relationship

fMEWM — 6§51, i,j=0,...,N+1,

? J

holds in a trivial way.
Having defined these bases, we may introduce projections

mn: X = Xy, NEN,

defined by

N+1

Tl i= Z fi(N)(:v)E(N‘), Vee X. (7.13)
i=0

1

The fact that

X_X s
LNTN —>X Ix

is implied by [72, Lemma 6.59, Corollary 6.21]. Further, let us assume that 0 € p(A). Then, by
the definitions of the spaces Zy, Xn and of the operator A we observe that

Xy=AZyCc X, VNEeN,
and all this means that
72 .= A7V XX A, NeN, (7.14)

is a projection of D(A) onto Zy for every N € N. From the proof of Theorem 5.3.17, we know
that

Z_7 _s
LNTN — Ipay-
D(A)

In this case the sequences of spaces (Uy)nen and (Y )yen are chosen stationary and equal to U
and Y, respectively. Hence, the projections 7%, 7% and 7}, are just the identity matrices in C'
and C?, respectively, and the strong convergences

U Ut U

u _s 8 Y Vv s
LNTN =7 Iy, 7y tN ?IUM LNWN7>IY (7.15)

hold trivially.
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Discrete operators

Above, as in [48], we have assumed that 0 € p(A). Further, the system of projections (7.13),
(7.14), (7.15) fit into the projection framework of Case 2 in Section 6.4.3. Thus, by simple
inspection we see that the conditions of Proposition 6.4.3 hold in this case and we conclude that
the projections (7.13), (7.14) and (7.15) generate discrete operators with the necessary properties
for the solution of Problem 6.1.1. Furthermore, an additional simplification is given by the fact
that D € K(U, X), because we may use the formulas for (Gy(s))nyen displayed in Remark 6.4.4,
Equation (6.47). The description of the approximation method is complete with

Proposition 7.1.2 Consider the following sequences of discrete operators, where the notation
d:=n(N + 2) will be used.

1. Py : D(A) = X, Py := 3Pn7%, Py = 7% i 1%, N €N, where i : D(A) = X is the
corresponding embedding. For each N € N, the sequence (Pn)nen, Py @ Zn — Xy, has
matriz representation with respect to the bases {Bi(N)}f\fdl and {E}N) YNAL given by

05 05 O
05 05 0 ...
Py = 0 05 05 0 ... ... ® 1, i
0.5 0.5 O
0 05 05

2. Ay : D(A) = X, Ay == 1 XAn7%, Ay =X A%, N € N, where for each N € N, the
sequence (Ayx)nen, An @ Zn — Xn, has matriz representation with respect to the bases
{BINL and {BYE! given by

AL AL L AN
1 —pl 0
-1 -1
AN _ 0 r r 0 ®[n c CdXd,
pl —pl 0
0 rl —pd

v =L0Y), i=0,..., N+1.

3. Dy : U = X, Dy := 1XDn7%, D := 7D .Y, N € N, where for each N € N, the
sequence (Dy)nen, Dy : Uy — Xy has matriz representation

Dy

O’IL
DN = . € (CXm.

0y,
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4. Ex : X - Y, Ey := (XEnTR, En = T E1X, N € N, where for each N € N, the
sequence (Ex)nen, En @ Xy — Y has matriz representation given by
En = (8](3,, cee 8]]\\,”1) € Crd
Ev=M(EN), i=0,...,N+1.

7

Then, the sequence of discrete operators (Gn(s))nen, s € p(A), given by

Gn(s):= LGN ()Y, Vsep(A), NEeN,

7.16
ExPy (sPy — Aw) " Dy, Vs p(A), NeEN, (7.16)

Q

2

=
i

15 such that

Gx(s) 2 Gls), Vs € p(A).

Moreover, this convergence is uniform in s € K, for any compact K C p(A).

The matrices above have been written down following the method of Section 6.4.4. See [71] and
[48] for other formulas of this type.

7.1.3 Example: Damped oscillator

In this subsection we consider an example in which the transfer function G(s) = ER(s)D can
be explicitly calculated. Our aim is to compare the approximated spectral value sets with the
exact ones and, in this way, to develop some intuition about the convergence process.

Consider the perturbed delay equation

E(t) + 26(t) + 6E(t) + £(t — 1) 4+ 66(t — @) = 0.

Here a is a fixed delay, 0 < a < 1, and the term 5f(t — a) is the perturbation with § € C
unknown. Setting z = [£ £]7 this equation can be re-written as

2(t) = Lz, (t) + Do M=(t),
where the operator L is given by (compare with Equation (7.1))
Lz(t) = Apz(t) + A1z(t — 1)

0 1 0 O

Dy = [0 1%, Mz(t)=[0 1]2(t — ).

and

It was shown in the preliminaries that the above expressions can be associated with an abstract
equation on X := C? x L?([—1,0]; C?), namely

&(t) = Az(t) + DéEx(t),
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where

Ax(t) = { j%(;fvll((;) + A (i —1) }

= (a',2") € D(A) C T x H'([-1,05;C?),
and

D=[Dy 0T, Exz(t)=1[0 1z'(t —a),

for z = (2%, 2') € X := C? x C([~1,0];C?). We must approximate the transfer function of the

system

8
=
Il
O
8
==
+
-
<
—

In order to do this, we shall use the projection method explained in the previous subsection.
The exact transfer function of the original system can be calculated, see (7.11), and is given by

e*OLS

24+ 2s+6+e5

S

G(s) = (7.17)
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Note that

li =

plim G ()l =0,

so, the stability radius for closedness r(A, D, E') = co. Moreover, Proposition 7.1.2 ensures that
the spectral value sets of the delay system can be approximated arbitrarily closely. For the
calculations the SH algorithm of Chapter 3 has been used.

We calculated the level curves of

s = |8 ()l cwn vy, 5 €K,

where K is the rectangle given by the corners (—15,—40) and (5, 40), for three different values
of p: 2.4,0.4,0.2. The delay was taken = 0.25. In Figure 7.1.3 the continuous lines are those
based on the approximate transfer functions (7.16), while the dotted ones correspond to the
exact contours computed by Formula (7.17). In all cases they form a sort of elliptic region of
the complex plane. The convergence of the approximant is relatively slow and in order to get
the actual sets near the imaginary axis it was necessary to compute approximations of high
order (N > 100). Nevertheless, the graphics illustrate the result proved before, namely, the
approximation of the sets o(A, D, F; p).

7.2 The Orr-Sommerfeld operator

The stability analysis of parallel laminar flows has a long history. In particular, the flow of a
viscous fluid in a channel formed by two infinite parallel planes, usually called Poiseuille flow, has
attracted the attention of mathematicians and physicists for more than a century. The example
of this section is related to this topic: we shall study spectral value sets of the associated Orr-
Sommerfeld operator.

7.2.1 Preliminaries

The nominal flow, whose stability must be investigated, is described by the following evolution
(Navier-Stokes) equations

ou ou ou ap 1
= el =T A 7.18
ot Ve Ve T e T RO (7.18)
ov ov v op 1

— — =——+=A 7.19

8t+u82+vﬁy 8y+R v ( )

ou 0Ov

—+ —=0. 7.20

0z + oy ( )
Here A := 30—222 + % is the Laplace operator, z denotes the direction of the pressure gradient

parallel to the planes, y the distance normal to them measured from the channel center, u, v
the corresponding velocity components, p the pressure, ¢t the time and R the Reynolds number.
The boundary conditions are

u(t,z,+1) = v(t, z,£1) = 0.
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The basic flow, represented in Figure 7.2.1, is given by

2
Uy)=1-y* V=0 P= — 5% (7.21)

A linearisation the Navier-Stokes equations (7.18), (7.19), (7.20) about the exact solution (7.21)

uy)=1y *

/ :Z
V=

0

Figure 7.3: Poiseuille flow.

leads to the Orr-Sommerfeld equation. First, one introduces a stream function v, i.e., a function
such that

oy’ 9z

In terms of ¢, Equation (7.20) is satisfied automatically and eliminating the pressure the Navier-
Stokes equations become

OAY  OYOAY O OAY 1
98y | Ovoay  ovoay _ 1A
ot "oy 0: 0 oy~ ROAY

O _ oy _
o (t,z,£1) = 3y (t,z,+£1) = 0.

The stream function i has as remarkable property that it is constant along the current lines
defined by the solution of (7.18), (7.19), (7.20). In the case of (7.21) the associated stream
function is

bo(y) =y —9*/3+¢ (7.22)

where ¢ is an arbitrary constant.

In order to analyse the evolution in time of small time varying perturbations to (7.21), one
assumes that the perturbation is of sinusoidal form along the direction z. This situation is
mathematically described by a decomposition

Q/J(t, 2, y) = 7/)0(y) + ¢(t7 y)ezaz,
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where « is real and positive, 9, is the stream function of the nominal flow (7.22), and ¢(¢,y) is
assumed to be small. Note that now complex solutions are allowed. Clearly, ¢ must satisfy the
boundary conditions:

d¢

o(t, +1) = a—y(t,il) = 0.

Using these expressions, one obtains the following equation for ¢(t,y):

0A¢ _ 11, .\ U (990 e
o = |pAA—w(UA ayg) ¢ + 20 5 ¢ 8y)(A¢) : (7.23)
82
A= o, (7.24)
_ 09 B
P(t,£1) = a—y(t, +1) = 0. (7.25)

In the linear stability theory, the last term in (7.23) is neglected and one studies the resulting
linear operator (at this stage written just formally)

1 02U
. -1

in order to make stability statements. Note that A is parameterised through R and «.
For physical as well as for theoretical reasons it is convenient to study A in the Banach space X
defined by [62]

X = H}([-1;1]; Q). (7.26)

The norm in X
1
0
lellx i= | (G0 +o%lal)dy

is usually called energy norm. See also [62, p. 223] where this space is denoted by L,(th)) Inte-
grating by parts one sees that

1
Jolly == [ " Mady = = (Mz, @)1 (7.97)
—1
where
2 0z 2
M :D(M)— L*([-1,1;C), =z~ F R (7.28)
Yy
where

D(M) := Hy([-1,1};C) n H*([-1,1};0).
As an operator in L?([—1,1];C), M has the following properties [15, Example A.4.26].

1. o(M) = {i; ;== —(a® +4*7?), i€ N}. The eigenvalues are simple.
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2. M1 exists, is selfadjoint and compact. Moreover, its eigenfunctions (€x)yen form an
orthonormal basis in L*([—1, 1]; C).

Definition 7.2.1 The linear operator

52U
077 ) (7.29)

D(A) == {z € HY[-1,1];C), =z(*1) = g—z(ﬂ) = 0}.

A:D(A) = D(M), =+ M 'Sz,
1
S

M? — (UM —

i=v]

is called Orr-Sommerfeld operator.

Most of the investigations related to the Orr-Sommerfeld operator have had the following pattern:
one makes predictions about the stability of the flow (7.21) based on the location of the spectrum
of the Orr-Sommerfeld operator (7.29). One expects the basic flow (7.21) to be stable for
low Reynolds numbers R (high viscosity and/or low velocities), while for large R, instability
(turbulence) should be observed. Usually one looks for the lowest (critical) Reynolds number
R, for which o(A) ”leaves” the left half of the complex plane for some value of a. Accurate
calculations give the estimation R. = 5772 for a = 1.02 [19].

However, the results of this approach are not in good agreement with the experiments. In fact,
turbulence has been observed for R ~ 1000 [19, pp 452], where as an interesting fact we mention
that laminar flows can be observed at substantially higher values of R (R ~ 8000) than the
theoretical value R, = 5772 [19, pp 453]. Explaining these discrepancies has been one of the
hardest problems in the theory of hydrodynamical stability [19], [37]. The results of this section
are also related to this problem.

7.2.2 Spectral properties

The spectral properties of the Orr-Sommerfeld operator have been matter of extensive inves-
tigations. It is known that the spectrum o(A) is purely discrete [19, pp 156] and there are
satisfactory methods for their calculation [60] so long as R is not too large. Moreover, the eigen-
functions of A are completein X [62]. Note that the completeness of a function system does not
mean that it is a basis. See [53, V.2.5] for the definition of these concepts.

It would be interesting to know whether the Orr-Sommerfeld operator is a Riesz operator or
not, see Definition 6.3.5. We show here that the answer to this question is, at least in some
sense, positive. The key is the following theorem. Note that it is simply a reformulation of [53,
Theorem V.4.15, Remark V.4.16.c|.

Theorem 7.2.2 Let X be a Hilbert space, T' be a selfadjoint operator in X, with compact re-
solvent and simple eigenvalues --- < po < py1. Further, suppose that its eigenvalues have the

property
lim f1; — pti1 = 00,
oo
Let (P;);en be the eigenprojections of T, so that
P={(,e)xe, teN
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Finally, consider some T-bounded operator S. Then, T + S is closed with compact resolvent.
Moreover, there exists L € L(X) with L' € L(X) such that the eigenprojections (Q;)ien of

T+ S can be indezed as {Qy;, Q:}, 7 =0,...,m<oo,i=n+1,n+2,..., in such a way that
the equalities

m n

Y Q=1L ( H) L™, Q;=LRL™, i>n, (7.30)
§=0 0

hold.

The results obtained in [62] make possible the application of these ideas to the Orr-Sommerfeld
case. HEssentially, the authors have proved all the facts we need for our purposes. For clarity in
the exposition we state some of them in the following lemma.

Lemma 7.2.3 The operator

1
T:D(A) = D(M), z+ EM‘lMQ;v,
where M is given by (7.28), has selfadjoint extension T in X. Further, T is selfadjoint, has
(selfadjoint) compact resolvent and its eigenfunctions (e;);eny form a basis in X. Finally, its

spectrum o(T') consists of simple eigenvalues (1;);en such that
lim p; — pip1 = 00. (7.31)
11— 00

These statements can be found along the paper [62] as the authors proved that the Orr-
Sommerfeld operator satisfies the assumptions of the main theorem [62, p.220]. In particular,
it is proved [62, p. 224, Equation (20), § = 0] that T is the unbounded operator given by the
inverse of the selfadjoint compact operator

Ri: X = X, [Rar](y) = % /_ 11 [%(y, T)%(T)] dr + %az /_ 11 [91(y, T)z(7)] dr,

where g1(y, 7) is certain Green function such that both g; and % are continuous; more exactly,
it is the solution of [62, p. 223, Equation (15), 6 = 0]

0
M2gi(y,7) = 8y =), gu(d1,7) = S (1,7) = 0,

with §(y — 7) denoting the usual Dirac function. The assertion (7.31) is in [62, p. 226; Equation
(23), p.225], while the rest follows from the standard theory of selfadjoint compact operators,
see [53, V.3.8].

Theorem 7.2.4 The Orr Sommerfeld operator A (7.29) has closed extension A in X. More-

over, if the Reynolds number R and the wave number o are such that o(A) is a set of simple
ergenvalues, then

A e R(X).
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Proof: By (7.29), A can be expressed as

A=T+ 5,
where
1
T:D(A) = D(M), zw EM*M%,
S1:D(M) - D(M), =z~ —aM (UM — 5 ).
Y

By Lemma 7.2.3, T exists and satisfies the conditions of Theorem 7.2.2. Further, the existence
of Sy is proved in [62, pp. 226]. It is the operator in £(X) given by [62, pp. 226, Equation (28)]

o ZZ )] it 2a [ oSS we] o

[Sial(y) = —saU{v)a(y) + 21a [

1

where g2(y, 7) is the solution of [62, p. 223, Equation (16), § = 0]

MQQ(% 7-) = 5(3/ - T)a 92(:]:177-) = 07

with 8(y — 7) denoting the usual Dirac function. Thus, A exists and is given by

Moreover, by Theorem 7.2.2, A has compact resolvent and, consequently, by Lemma 6.1.5,
o(A) is a set of eigenvalues (););en With no other limit point than infinite. By assumption, these
eigenvalues are all simple. In other words, A satisfies the first condition for being Riesz operator.
It remains to show that the eigenfunctions of A form a Riesz basis: we have assumed that o(A)
contains only simple eigenvalues. As a consequence, the eigenprojections (Q;);en have rank one

and can be written as
Qi= (-, %i)xdi, t€N,

where ¢; and ;, © € N, are the eigenfunctions and their adjoints, respectively. Further on, by
Theorem 7.2.2, there exists a L € £(X) with L~ € £(X) such that the eigenprojections (Q;)ien
of A can be indexed in such a way that Equation (7.30) holds. Moreover, since the eigenvalues
are all simple, m = 0, n = 0, and we obtain for every x € D(A) the following equations:

Qiz = (z,Yi)x ¢ = LPL 'z = (L ‘e, ¢;)x Le; = (x, (L) "e;)x Ley, €N,
where (e;);en denote the eigenfunctions of T'. Hence,
ngi = Lei, 1€ N

By Lemma 7.2.3, the eigenfunctions (e;);cn form an orthogonal basis in X. Thus, (¢;)en is
similar to a Riesz lzasis and, using Lemma 6.3.4, we see that (¢;);cny forms a Riesz basis in X.
We conclude that A € R(X). O
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Remark 7.2.5 The obvious bound for o(A) = 0(A) given by
AZ‘E{SEC, |S—/ii|< H§1HE(X)}7 iEN,

where as before (u;);en denotes the spectrum of 7', shows that the eigenvalues of A are simple
at least for R small enough. In our calculations, the eigenvalues of A have been always simple.
Moreover, the simplicity of o(A) is usually assumed [66] in studies related to the Orr-Sommerfeld
operator. However, this property of o(A) seems not to hold for every R [36].

Remark 7.2.6 The completeness of the eigenfunctions of Orr-Sommerfeld operator belongs to
the well documented facts of the theory of hydrodynamical stability. On the other hand, their
property of being basis of X has not been so widely known [39]. To the best of our knowledge,
this is the first time that this fact appears in the literature.

Remark 7.2.7 In the case of nearly parallel shear flows [38], the corresponding “Orr-Sommerfeld”
operator has the form T 4 S;, where T is the same as before and the “new” S; is a T-compact

operator [53, IV.1.3]. It follows that Theorem 7.2.4 is true also in this case. Note that the

completeness of the eigenfunctions have already been established in [38].

7.2.3 Unstructured perturbations

A recent school of thought has brought new life into the problem on the discrepancies between
experiment and theory. The reasoning is as follows. The Orr Sommerfeld operator is highly non-
normal. Thus, there is a potential for transient growth of initially small perturbations even if all
the eigenmodes decay exponentially. Interesting references where this point of view is developed
are [30], [78], [35], [65] and [21] among others. The most important paper in our context is the
paper by Reddy et.al. [66], where pseudospectra ideas are explicitly used.

In fact, in the paper as a measure for the transient behavior, Reddy et.at. [66] studied the
pseudospectra (Figure 7.4) and numerical range of A. They gave lower bounds for the critical
Reynolds number R, (R. > 82.2) which agree with former theoretical and experimental results.
As usual, they restricted their analysis to the even modes of A. A detailed discussion of Figure
7.4 is given later.

In order to calculate the pseudospectra, because the norm of R(s, A) can not be computed
explicitly, the authors of [66] approximated s — || R(s)||z(x) using the projection scheme of [37].
This method, which was originally designed for the calculation of eigenvalues and eigenfunctions
of A, is based on collocation in Chebyshev points of expansions in Chebyshev polynomials
with explicit enforcement of the boundary conditions. In the terminology of Chapter 6, the
authors generated discrete operators (Ay)yen and approximate the pseudospectra of A with the
pseudospectra of (Ay)yen. We give some details on this scheme below.

It is important to know whether these approximations generate correct pictures. In [66], at
least in a strict mathematical sense, this convergence was not proved. The authors showed
it experimentally: they calculated the contours using two different discretisation schemes and
observed that for large N the contours become identical and stationary, see Figure 7.4.

It should be noted that the approximation in this case is much more difficult and involved than in
the case of Section 7.1. The reason is that the Orr-Sommerfeld operator is an integro-differential
operator and thus, projection methods are difficult to apply in a straightforward manner.
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Method Reddy. Number of modes= 15 Method Reddy. Number of modes= 30
T T T T T T

L L L L i L L L L i
-1 -08 06 04 -02 0 -1 -08 -06 -04 -02 0
Method Reddy. Number of modes= 45 Method Reddy. Number of modes= 60

T T T T T T

Figure 7.4: Unstructured spectral value sets of the Orr-Sommerfeld operator for R = 3000,
a=1p=10"1...,107% and N = 15,30, 45, 60.

7.2.4 Approximation scheme

Our immediate aim is to work out an approximation scheme which can be useful for the approx-
imation of the spectral value sets related to the Orr-Sommerfeld operator. Our approach is to
combine the results of Section 5.3.4 with Proposition 6.3.10. The description of the approxima-
tion scheme takes place in several steps.

Spaces and “augmented” operators. The first step is to introduce the spaces
W = H*([-1,1];C), V:=L*[-1,1;C), V,:=V xC".
As in Section 5.3.4, we consider the operators (see (7.29))

2
My W =V, wH(%—OF):U,
Y
1 2
So: W=V, z— [EMg—za<UMg—a—U>]m,

and the (boundary condition) operator

L:W —C' =z col (53(1), Ou 1), z(—1), %(—1)) : (7.32)
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We introduce also the “augmented” operators

_ (Mo S0\ .
Ma,._<L>.W—>va, S, = (AGL>.W—>V,,,, (7.33)

where A\, € p(T) is a nonzero constant with a role to be made clear later.

Approximating sequence. Our plan is to use Proposition 6.3.10. Thus, we must find an
operator sequence (Ay)nyen such that its eigenelements approximate the eigenelements of A, see
the assumptions of Proposition 6.3.10. In the solution of this problem we shall use the fact that
the eigenvalue problems

Sz =AMz, xe€D(A)

and

Az = M~'Sz = Az, =z € D(A),

actually coincide.
The main point is Lemma 7.2.8. In its statement and in the sequel we shall use the notation
o(R,S) for the spectrum of a generalised eigenvalue problem Rz = ASz.

Lemma 7.2.8 o(S,, M,) = 0(A) U A,. The eigenvectors of (S, M,) and A corresponding to
o(A) coincide as well.

Proof: Similar functional-theoretical arguments to those used for the Orr-Sommerfeld operator
[19, pp. 156] show that the spectrum o(S,, M,) has only eigenvalues. Moreover, it is clear that
o(A) C 0(Sa, M,). We must show that (S,, M,) has no spectrum other than o(A4) U A,. Indeed,
consider the equation

Sala = SMyta, ¢a €W, s€ p(A). (7.34)

We must find out for which s € p(A), this equation has unique solution ¢, = 0. We proceed as
follows: Equation (7.34) means

SO¢(1 - SMOQSa = O; (735)
(M — 8) L = 0. (7.36)

1. If s = A,, (7.36) holds for every ¢, € W and thus (7.35) has nonzero solutions, because it
is a differential equation with no boundary conditions. It follows A, € o(S,, M,).

2. If s # A4, Equation (7.36) means ¢, € D(A). Since s € p(A), ¢, = 0 is the unique solution
of (7.35). We conclude that s € p(S,, M,).

The proof is complete. O
Let us continue with the exposition. Clearly, it holds that
Su€ L(W,V,), Si' €LV, W), M, eK(W,V,).

Thus
S, —sM, € ]:O(VV, V(,,), VseC
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Suppose that we are given a sequence of orthogonal projections (7} )yen such that

LNl —V;> Iy (7.37)
Consider also
T = Se T S, NeN (7.38)

Then, by the proof of Proposition 5.3.24 and Remark 5.3.21, it follows that

Sun — SMyy — S, —sM,, seC, (7.39)
LWV,)
where
M,y = LX"M(I?T]V\‘T/, M,y = W]Y;"Ma LW, NeN, (7.40)
SN = L‘]@Saﬂjv\‘,/, Sun = W]‘\/;LSQL%, N e N. (7.41)

Moreover, by Remark 5.3.19, the adjoint operators converge regularly as well.
Now, using Proposition 5.3.28, we obtain that the eigenelements of the problem

SaNxaN = ANMaNxaN

approximate those of S,z = AM,z and hence, by Lemma 7.2.8, those of Sz = AMz.
Finally, we note that if the matrices (M, n)yen are invertible for N sufficiently large, then one
can define a sequence (Ayx)nen given by

Ay == M 3Sun, N €N, (7.42)

which is the desired operator sequence of Proposition 6.3.10.

Discretisation procedure We have learned in the previous section that all we need here for
a satisfactory application of our approximation results is a sequence of orthogonal projections
(7% ) nen such that (7.37) holds and such that the projections (7.38) can be calculated.
However, there is another approximation scheme which, due to its accurate approximations of
the eigenelements of A at a comparatively low computational costs [60], has become standard in
calculations related to the Orr-Sommerfeld operator. Note that approximation of the eigenele-
ments is the main requirement in Proposition 6.3.10. This scheme, which we call "Herbert’s
method” [37], belongs to the class of spectral methods [11], and does not use (7.38).
Herbert’s method is based on the following objects. First, as projections (mh )yen one takes
orthogonal projections (with respect to the inner product in W) onto the span of polynomials of
degree < N. Further, let

VN = WN, N e N,

and let us denote by (% )nyen the sequence of operators which map every continuous function
in [—1, 1] onto its interpolatory N-th degree polynomial at the Chebyshev points
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The properties of the elements of (7% )yen are quite complicated. Although they are idempotent
((rX)* = 7X), they are not projectors in the usual sense. The reason is that they are not
closed (and hence not bounded) neither in V' = L?([—1,1]; C) nor in L3([—1,1];C) with weight
r(y) = 1/4/1 — 42 [1, Exercise 15.20]. Actually, one has [74, Theorem 14.3.2]

W s
ﬂ-N —> (/,
L2([-1,1};,0)

where

¢ C(=1,1}C) = LY([-1,1];C)

is the canonical (continuous) embedding. Now, we may introduce the sequence

V. TH
wN":(LN), Nel (7.43)
Note that
dimRg(my) = N +5, dimRg(r)=N+1, NeN (7.44)

Herbert’s method, used also in [37] and [66], chose (7% )yen, (Taf )nven as main building block
of their discretisation procedure. In order to calculate the corresponding finite dimensional
operators (see Section 6.4.4) one must fix basis in Wy and Vy; here Chebyshev polynomials are
the usual choice. Let us give some details. Consider the expansion

N

z(y) = ZmlTZ(y) €Wy, NEeN,
i=0

where {z;} are the expansion coefficients and {7;} are the first N + 1 Chebyshev polynomials.
The main part of the discretisation is to find the family of matrices

{D(”} e CIN+)X(N+1)

which convert the expansion coefficients {z;} to the values {z(y;)}, 1 = 1,...,4. The matrices

are defined by

DY =1y, j,i=0,1,...,N. (7.45)
Having these matrices, the finite dimensional operators (Sun)nen, (Man)nen can be computed
using an involved, although straightforward, procedure.

Due to the treatment of the boundary conditions (see also (7.44)) the matriz representations of
(Sun)nen and (M, n)nen are in CWN+5)X(N+1) = At first glance this is a problem because we need
the inverses of the operators M,x. The dilemma is solved as follows. By Proposition 5.3.17,
Suny, Man € Fo(Wy,Van), N € N. Thus, all these matrices have rank N + 1. In order to obtain
square matrices one neglects the rows 0, 1, N —1, and N of §,5 and M,y which, from “heuristic
reasons”, contain redundant information. Indeed, these lines correspond to collocation points
near the boundaries and this information is already represented in the matrices by the operator

L (7.32).
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Another important point is the constant A\, given in (7.33) which is set equal to a complex number
far away from the compact set K where the pseudospectrum must be calculated. Finally, energy
norm calculations are achieved by means of “weighting matrices” B so that

][x = 1Bzl (1110

The corresponding operator norms can also be calculated using this approach. Appendix A of
[66] gives a detailed description of the calculation of weight matrices B. See also [37] and [64]
for more details on the whole Herbert’s method.

The main question now is whether the spectral value sets of the finite dimensional operators
associated to Herbert’s method converge to the spectral value sets of the Orr-Sommerfeld op-
erator. As we mentioned before, to the best of our knowledge there is not formal proof of this
fact. Vainikko [82, Section 8] proved that a slight modification of the projections (7l )nen,
(T]‘(;I)NGN, namely by projecting W onto Wy 5 rather than on Wy, is able to provide regular
convergence when applied to ordinary differential operators of the type of Section 5.3.4. Note
that with this choice the matrix representations of the finite dimensional operators are automat-
ically square. We have not been able to prove the same fact for the Herbert’s method, whereas
the main difficulty is (7.44) and the elimination of rows to be made later. Nevertheless, since
the eigenelements of A are successfully approximated by this scheme, see [60] [37], we believe
that regular convergence (7.39) does take place here as well. We stress that we could use other
sequences of projections so that we would then be in a position to prove regular convergence; for
example, Vainniko’s scheme. However, we shall not do that because former experience with those
schemes shows that, numerically speaking, those “better” projections do not perform as perfectly
as Herbert’s method [37] which, nowadays, is the first choice in hydrodynamical stability [70],
[18].

Calculation of o(A, Ix,Ix,p). The compact K of interest is the region of the complex plane
represented in Figure 7.4. As in [66], we take A\, = —200. Since we know that the eigenelements

Compact K and open set  in the Orr Sommerfeld case

Sosf oty

L4 TPo0 9000000 6000000

Figure 7.5: Sets K and  in the Orr-Sommerfeld case together with o(Ay) and o(AnxPna).

(spectrum, eigenvectors and the corresponding biorthogonal vector) converge, we may carry out
the calculation of o(A, I'x, Ix, p) N K (Figure 7.4) by the scheme of Proposition 6.3.10. In other
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words, one approximates the norm of R(s, A) by the norm of R(s, Ax)Pnq, where we have used
the notations of Section 6.3. As open domain ) we have chosen

Q:={seC : |s+1.7+05i < 2.4}, (7.46)

see Figure 7.5.

With the help of the Matlab code mentioned in Chapter 2 we were able to calculate the eigenpro-
jections Pygq accurately. Indeed, in Figure 7.5 we represented o(AyxPng) (symbol ’0’) together
with o(Ayx) N Q (symbol +’). As it was expected, one observes that

CT(.ANPNQ) = CT(.AN) NnNQuU {0}

We conclude that the pictures of Figure 7.4 are correct.

7.2.5 Structured perturbations

In order to explain the discrepancies between spectral analysis of A and the experimental results
we propose a new approach. It will stress the usefulness of an analysis based on spectral value
sets.

Let us illustrate our ideas by means of Figure 7.4. In fact, Reddy’s graphs show that the
spectrum o (A) is extremely sensitive to perturbations and that the sets o(A, Ix, Ix; p) cross the
imaginary axis (with small ps) for Reynolds numbers much lower that R.. This suggests that,
due to small perturbations, the Poiseuille flow may become unstable “earlier” as predicted by
the eigenvalues alone.

Moreover, we believe that these results can be improved. In fact, an adequate representation
of the effect of nonlinearities and other uncertainties can be better carried out using structured
perturbations. As illustration we shall consider the following ones. They take into account the
nonlinearities which are present in Equation (7.23). We define (see (7.26))

U=X, X =D(M)equipped with the graph norm; Y = L?*([-1,1];C)

(7.47)

and (see (7.28))
D:U— X, uwr Pyu, (7.48)
E:X—=Y, z+— Mz, (7.49)

where (2 is the domain (7.46) and P, is the corresponding spectral projection. One sees imme-
diately that

D(A) C X C X with continuous dense injections
D :U — X is compact
EF: X — Y is bounded.

This is a framework which satisfies the requirements given in Section 4.1.
We can not calculate || E(s]—A) ™' D||zw,y) explicitly and the use of approximations is obligatory.
In the previous section we have already considered approximations to A and D. The new
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operator to be approximated is (7.49) and it is clear that we should use the operators (M,n)nen
introduced before. Note that we already used these matrices in the construction of (Ax)nen.
We shall not try to state convergence results as we did in the previous section, see Proposition
7.1.2. The reason is that the approximation scheme we are using here, in particular, the sequence
(7.43) and especially the “elimination of rows” explained afterwards, do not fit in our main
convergence results, for example Proposition 6.4.3.

Method Reddy. Modes Number= 15 Method Reddy. Modes Number= 30
T T T T T T

L L L L i L L L L i
-1 -08 -06 -04 -02 0 -1 -08 -06 -04 -02 0
Method Reddy. Modes Number= 45 Method Reddy. Modes Number= 60
T T T T T T

Figure 7.6: Structured spectral value sets of the Orr-Sommerfeld operator for R = 3000, o = 1,
p=1073,...,107% and N = 15, 30, 45, 60.

In Figure 7.6 we give some computational results for such perturbations. These pictures have
been obtained using the SH algorithm of Chapter 3. Note that they become stationary for
N > 45.

Let us compare these new pictures with the ones, corresponding to unstructured perturbations,
represented in Figure 7.4. Both figures represent the results for the case R = 3000, « = 1. The
crosses represent points in 0(A) and the contours are the boundaries of the spectral value sets for
different values of p. These are 107!,... 1078, The relevant sets in the two figures are marked
with the numbers 1,...,8 etc. Around some points in 0(A) the contours are not visible for the
scale used, indicating that they hardly move for the above class of perturbations. As p increases
the sets associated with a given eigenvalue expand and then merge with other sets associated
with other eigenvalues.

The graphs are qualitatively similar and show the high sensitivity of o(A). Nevertheless, the
quantitative differences between the two cases is striking. For example, in the first picture of
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. Stability radii: o-Unstructured, +-Structured, *~Upper bound
10 T T T T T T T T

C_-stability radii
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500 1000 1500 2000 2500 3000 3500 4000
Reynolds number

Figure 7.7: Stability radii for different values of R.

Figure 7.4, we see that perturbations at level p ~ 1072 may destabilise the system, whereas in
the structured case destabilisation occurs at the level p < 107%. One sees that as p increases the
difference between the two sets becomes even larger.

Figure 7.7 gives more insight into the problem. It represents the C-stability radii (see Definition
4.2.15) for both unstructured and structured perturbations and different values of R. Here C,
is just the left half of the complex plane. In order to calculate the stability radii we computed
the H.,-norm of the transfer function R(s, Ax)Pnq and My R(s, Ax)Pnq, respectively. The
computations were carried out using the function normhinf of the computing package ” Matlab”
and approximations of order N = 60. These curves show that the robustness of ¢(A) diminishes
when R becomes larger and that our structured perturbations have stronger destabilising effects
than unstructured perturbations. We have included in this picture the (obvious) upper bound
for r(An, I,1,C}) given by the quantity

d*(c(An),0C,) = sup ReA.
' Aeo(An)

Since this bound is exact for normal operators, this graph shows that the non-normality of A
increases exponentially with R.

Moreover, a detailed analysis of Figure 7.7 shows “mysterious” changes in the slopes of the
curves at Reynolds numbers 500 < R < 3000. Are there important physical reasons behind of
this behavior? Future investigations should clarify this question.

We believe that these pictures prove that spectral value sets analysis can shed light into problems
of hydrodynamical stability.
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Appendix A

Convergence of level curves

Our aim here is to show that convergence of functions in the chordal metric implies convergence of
the corresponding level curves in the sense of Hausdorft distance. We begin with some definitions.

Definition A.0.9 Let K; and K5 be nonempty bounded closed subsets of a metric space K.
Then the Hausdorff metric dy is defined as

dH(K17K2) = nla*X{d*(KviQ)7 d*(K%Kl)};
where

d*(A,B) = supd(z, B)

z€EA
dz,B) = infd(z,y)

and d is the metric on K.

Let € := C + U{oc}. Then for two points a, b € C, we denote by (a,b) the chordal distance
between a and b:

la — b )
k(a,b) = , a, b both finite
Y a v Tn o M
1
Kk(a,00) = k(oc0,a) = \/TW7
k(oco,00) = 0.

Further, let R, := R, U {+00}. The notation C(K;R,) will be used for the set of continuous
functions from the metric space K into R, .

Definition A.0.10 Suppose that f,g € C(K;, R+) The chordal distance between f and g is
defined by

di(f,9) = sup{r(f(s),9(s))}

seK
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We say that (fi)nyen converges on K to f in the sense of the chordal metric, denoted by fx ? f,
if

lim dy(f, f) = 0.

We shall also use the concept of uniform convergence. We say that (fy)yen converges on K
uniformly to f, to be denoted fy =2 f, if

lim max|fy(s) — f(s)| = 0.

N—=oo s€K
We continue with a simple lemma whose proof appears in [34]. In its enunciation and in the rest
of this chapter we shall use the notations f~! and f{,1 for % and ﬁ, respectively.

Lemma A.0.11 Let f,(fx)yen € C(K;Ry) and 0 < r < co. If fx = f, then

1. fn=2fon{se K: f(s) <r}.
2. fyt = fton{sc K:f(s)>r}
Conwersely, if there exist A, BC K, AN B # 0, such that

fn=2fonA and fjgl = f~! on B,

then

In = [

ANB

This lemma has the following useful corollary.

Corollary A.0.12 Let K C C be compact. Then fy ? f iff for every s € K there exists an

e-neighborhood V.(s) of s such that either (fx)nen or (fy')nen converge uniformly on V.(s) to
f or f71, respectively.

Definition A.0.13 Let K C @, feC(K; RQ We say that p > 0 is regular for f, if for any
s € K such that f(s) = p, and any e-neighborhood V,(s) of s, there exists s;, s, € Vi(s) N K such
that f(s;) < p and f(sy) > p.

Roughly speaking, p is regular if there are no local extrema in the set {s € K, f(s) = p}. For
example, if f is non constant and meromorphic in an open set K C C, the numbers p > 0 such
that there exist s € K with |f(s)| = p are regular for |f|.

The main result in this chapter is the theorem below. It makes apparent the relationship between
convergence in the sense of the chordal metric and convergence of the corresponding level curves
in the sense of the Hausdorff metric.

Theorem A.0.14 Let K be a compact and locally connected subset of a metric space. Suppose
that f, (fn)nen are elements of C(K;R,) such that

fNE)f
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Furthermore, suppose that p > 0 is regular for f. Let D, and Dév, be the p-level curve in K of
f and fy, respectively, i.e.,

D,={seK:f(s)=p}, DY={seK:fy(s)=p}
Then

lim dy(DY,D,)=0. (A.1)

N—oo
Proof: Introduce the notation
S.={seK: f(s)>r}, r>0,

where by definition the set {s € K : f(s) = oo} is contained in S,. We also note that the
regularity condition for p implies 05, = D,.
We will first show that for every ¢ > 0 there exists N; € N such that the relation N > N; implies

d*(D},D,) < e. (A.2)
Let V. be an e-neighborhood of D,:

Ve ={s € K; d(s,sg) < € for some sy € D,}.

The set S, UV, is open. Thus £ := K \ (S, U V,) is closed. It follows that max,cx f(s) < p.
Since fy = f on E (Lemma A.0.11), there exists N; € N such that for N > Ny, fx(s) < p for
all s € E. Hence,

DY cS,uV,, N>N. (A.3)

We have now two cases:

Figure A.1: Sets in the proof of Theorem A.0.14. D, is represented by the thick line and V. by
the shaded zone.
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1. First case: 0V. N S, = 0. First, we prove

S, C Ve (A.4)

In fact, suppose (A.4) does not hold. Then there exists a sg € S, with sy € V.. Since
ovV.nS, =0, we have sy & 9V, i.e., sg € V.C, where V¢ is the (open) complement in K of

€

cl (V). Let us denote by S3° the connected component of sy in {s € K; f(s) > p}. Note
that S3° exists because K is locally connected. Moreover, since {s € K; f(s) > p} is open
in K, S° is open in K as well. Now, it is clear that

s C
SPNVE#£D
and is open in K. Moreover, since 95;° C D, C V., one has that the set
SOV, #0
and is open in K too. One also notes
V.V =0 K=0V.UV.uVF.
The last three relationships imply that
S0 s K C
Sy =(Spnv)u(spnve)

The sets V, and V. are open sets in K with empty intersection. It follows that S >0 1s not
connected. Thus, we have a contradiction and (A.4) holds.

Expression (A.4) together with (A.3) imply that D/],V C V. and, consequently, that (A.2)
holds.

Second case: AV, NS, # 0. Let us define S := S,\ V. # @ and j := min_ gz f(s). Obviously,
S c Sj. Moreover, since 05, = D, C V., we have that p > p. We apply now Lemma
A.0.11. Tt tells us that fﬁl = f~'on S. Then f]\_,1 < % on S for all N sufficiently large.
Hence,

D,’)’CVeU(K\Sp)

for all N sufficiently large. Combining this with (A.3) we obtain Dév C V. for all N
sufficiently large and consequently (A.2).

Our proof is complete if we show that d*(D,, Dév ) < € for N large enough.

Let sy € D,. Since p is regular, in each €/2-neighborhood \/6/2(50) of sy in K, one can find points
sot, Sop in Veya(s0) such that f(sy) < p and f(sgs) > p. Thus, by Lemma A.0.11, there exists an
N (s0) with the property that for all N > N(s() one can find points s, 53, in V./2(s9) for which
In(siy) < pand fy(syy) > p. By continuity and the connectness of V,5(sg), the equations
fn(s) = p, N > N(sy) have a root sy in V,/2(s¢). Hence,

d*({sn}, D)) < eforall s € V,jo(s9) N D,, N > N(sq).
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Because D, is compact, this implies
d*(D,, D)) < e
for all N sufficiently large. The last inequality together with (A.2) gives
du(D,, DY) < e.
The proof is complete. O

By Corollary A.0.12, uniform convergence implies chordal convergence. Thus, we have

Corollary A.0.15 Let K be a compact and locally connected subset of a metric space. f, (fN)Nen €
C(K;Ry), fv = f, p > 0 be regular for f. Let D, and DIZ)V be the p-level curves in K of f

and fx, respectively. Then Df)\f N—> D, in the Hausdorff metric. Moreover, with some addi-
— 00

tional effort it can be proved that (A.1l) remains valid if we replace D, and D} by S, and the

corresponding S, respectively.

The proof of Theorem A.0.14 is mainly due to Ribalta [69].
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