
UNIVERSITÄT BREMEN

THEORETICAL ASPECTS

OF RELATIVISTIC GEODESY

DENNIS PHILIPP



Universität Bremen

Theoretical Aspects
of Relativistic Geodesy

Dem Fachbereich Physik und Elektrotechnik der Universität Bremen

zur Erlangung des akademischen Grades
Doktor der Naturwissenschaften (Dr. rer. nat.)

vorgelegte Dissertation

von

MSc. Dennis Philipp

1. Gutachter: Prof. Dr. Claus Lämmerzahl
2. Gutachter: Prof. Dr. Jürgen Müller

Eingereicht am: 12.11.2018
Tag des Kolloquiums: 20.12.2018

Bremen, 2018





iii

“In a dark place we find ourselves, and a little more knowledge lights our way.”

Master Yoda

“If I have seen further it is by standing on the shoulders of Giants.”
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Abstract
Theoretical Aspects

of Relativistic Geodesy

by Dennis Philipp

In this thesis, I show how fundamental geodetic notions can be defined within a
general relativistic framework. Among the concepts that are analyzed there are the
relativistic gravity potential, the geoid, the normal gravity field and its potential, as
well as the genuinely relativistic definition of chronometric height. Moreover, a simple
procedure for the operational preservation of a chosen level surface of the relativis-
tic gravity potential is investigated. For all these concepts, the respective Newtonian
notions are recovered in the weak-field limit. In the first-order (parametrized) post-
Newtonian expansion the results previously published in the literature are obtained
and it is shown how they are embedded into the present framework. Magnitudes of
leading-order relativistic corrections to the geoid as well as redshift and acceleration
measurements are calculated in a simple gravity field model.

After the most important geodetic notions are introduced, the theory of General
Relativity and the mathematical formalism are briefly discussed. Emphasis lies on
some exact solutions to Einstein’s vacuum field equation. These spacetimes are used
in the following to either estimate relativistic effects or generalize geodetic concepts.
Proceeding to a relativistic theory of gravity changes the underlying stage on which all
physics takes place. The involved mathematical structure, related to the description of
a curved spacetime, causes conventional geodetic notions to become ill-defined in the
framework of General Relativity. Here, it is shown how relativistic generalizations of
these notions can be constructed, working without any kind of weak-field approxima-
tion. The approach is mainly based on a so-called redshift potential of which the level
sets foliate a stationary spacetime into isochronometric surfaces. It gives rise to the def-
inition of a relativistic gravity potential which is used intensively. In particular, using
a parametrized post-Newtonian spacetime for the Earth, the magnitude of relativistic
corrections to the geoid is investigated in a simple Earth model. In the last part, the
relation between proper time on the geoid and the defining constant Lg in the IAU
resolutions is discussed and a consistent relativistic definition for chronometric heights
is proposed. Finally, relativistic orbital effects are compared to non-gravitational per-
turbations of satellite orbits and relativistic gravity gradiometry is investigated to link
geodesic deviation to the curvature of spacetime, which is determinable by geodetic
measurements.





vii

Acknowledgements

First of all, I want to express my deepest gratitude to my supervisor Claus Lämmerzahl.
Without his continuous support, scientific guidance, and patience this thesis would not
have been possible. Claus, never before have I met someone who dedicates his life to
science in the way you do. Thank you for inspiring me and for guiding me on my way
to become a scientist. I am proud to be your student and a member of your research
group!

Moreover, the same is true for Volker Perlick, Eva Hackmann and Dirk Pützfeld.
Without our insightful discussions and the knowledge you provided I would have been
lost. I truly admire the way you teach and pursue science, and I enjoy working with
you wholeheartedly.

A special thanks goes to Domenico Giulini and Vojtech Witzany for many en-
lightening discussions and insightful lunch breaks, and to Pavel Efremov as well as Kris
Schroven for our many philosophical discussions way beyond physics. Also, I want to
thank Sandro Gödtel for proof reading the manuscript and being a very cool office
mate.

To all my collaborators and colleagues of the past years, especially to Florian
Wöske, Benny Rievers, Meike List, Felix Finke, Sven Hermann, Enrico Mai, and Liliane
Biskupek: Working with you was fun! I learned a lot about so many different things
and I am grateful for your support, your ideas, the time we spent together, and I am
proud of the work we have done. My sincere thanks also goes to all members of the
CRC “geo-Q” and the RTG “models of gravity”.

I am deeply indebted to my parents, Anne and Jörg, and my entire family who
supported me unconditionally for all my life. None of this would have been possible
without you! There are no adequate words to describe how grateful I am.

To Silja: your continuous support, encouragement, and love motivates and drives
me to push myself to the limit. I don’t know what I would do without you, and you
make me the happiest physicist on Earth.

To Thomas, Katrin, Iris, Hartmut, and Bjarne: thank you so much for all the joy
you bring into my life. Thomas, I am very glad to be your friend and mud-buddy.

The financial support provided by the DFG within the Collaborative Research
Center 1128 “Relativistic Geodesy and Gravimetry with Quantum Sensors (geo-Q)”,
the Research Training Group 1620 “Models of Gravity” is gratefully acknowledged.
Furthermore, I am thankful for hospitality and invited research stays at the UAM
and UNAM in Mexico City, the University of Aveiro, and the Nikhef institute at the
University of Amsterdam.



viii



ix

Contents

Abstract v

Acknowledgements vii

List of Figures xiii

Physical and Geometrical Constants xv

List of Symbols and Abbreviations xvii

Author’s Publications 1

1 Introduction 3

2 Notions in Conventional Geodesy 15

2.1 Newtonian gravity and the gravitational field . . . . . . . . . . . . . . . 15
2.2 Reference systems and surfaces . . . . . . . . . . . . . . . . . . . . . . . 19

2.2.1 Reference systems and frames . . . . . . . . . . . . . . . . . . . . 20
Celestial Reference Systems (CRS) . . . . . . . . . . . . . . . . . 21
Terrestrial Reference Systems (TRS) . . . . . . . . . . . . . . . . 22

2.2.2 The geoid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
On the geopotential value W0 . . . . . . . . . . . . . . . . . . . . 24
On the existence of a time-independent geoid . . . . . . . . . . . 26

2.2.3 Lowest order multipole contributions to the geoid . . . . . . . . . 29
2.2.4 The reference and level ellipsoid - Normal gravity . . . . . . . . . 31

The reference ellipsoid . . . . . . . . . . . . . . . . . . . . . . . . 32
The level ellipsoid and normal potential . . . . . . . . . . . . . . 33

2.2.5 Geodetic Reference Systems (GRS) . . . . . . . . . . . . . . . . . 35
2.3 Height measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.3.1 Height concepts and common understanding . . . . . . . . . . . . 36
2.3.2 Geopotential numbers and height definitions . . . . . . . . . . . . 38
2.3.3 Geoid undulations, deflection of the vertical, height anomalies . . 40

3 General Relativity, Spacetime Models and Relativistic Concepts 41

3.1 Einstein’s field equation and basic concepts . . . . . . . . . . . . . . . . 41



x

3.1.1 Spacetime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.1.2 The field equation . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.1.3 Important mathematical notation . . . . . . . . . . . . . . . . . . 43
3.1.4 Equation of motion . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2 Spacetime models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.2.1 Schwarzschild spacetime . . . . . . . . . . . . . . . . . . . . . . . 46
3.2.2 General Weyl spacetimes . . . . . . . . . . . . . . . . . . . . . . . 47

Newtonian limit . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
Multipole moments . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.2.3 Erez-Rosen spacetime . . . . . . . . . . . . . . . . . . . . . . . . 54
3.2.4 Higher-order static axisymmetric spacetimes . . . . . . . . . . . . 56
3.2.5 Stationary axisymmetric spacetimes - Kerr metric . . . . . . . . . 57
3.2.6 Parametrized post-Newtonian spacetime . . . . . . . . . . . . . . 59
3.2.7 Post-Newtonian spacetime for the Earth . . . . . . . . . . . . . . 62

4 Geodetic Notions in Relativistic Gravity 65

4.1 Why concepts and basic notions must be redefined . . . . . . . . . . . . 65
4.1.1 Concepts that will be addressed - Methodology . . . . . . . . . . 65

4.2 Redshift and acceleration potential, isochronometric surfaces . . . . . . . 67
4.2.1 Redshift in General Relativity . . . . . . . . . . . . . . . . . . . . 68
4.2.2 Congruences of observer worldlines – redshift potential and

isochronometric surfaces . . . . . . . . . . . . . . . . . . . . . . . 70
Clock comparison through optical fibers . . . . . . . . . . . . . . 73

4.2.3 Congruences of observer worldlines – acceleration potential . . . 76
Kinematic decomposition of timelike congruences . . . . . . . . . 77
Acceleration potential . . . . . . . . . . . . . . . . . . . . . . . . 79

4.3 Relativistic gravity potential and geodetic reference surfaces . . . . . . . 81
4.3.1 Relativistic gravity potential . . . . . . . . . . . . . . . . . . . . 82

Redshift measurements . . . . . . . . . . . . . . . . . . . . . . . . 83
Acceleration measurements . . . . . . . . . . . . . . . . . . . . . 83

4.3.2 The relativistic geoid . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.3.3 The relativistic normal potential and level surface . . . . . . . . . 86
4.3.4 True geometry of reference surfaces - isometric embedding . . . . 91

5 Application to Spacetime Models 93

5.1 Schwarzschild spacetime . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.2 Erez-Rosen spacetime . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.3 General Weyl spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
5.4 Kerr spacetime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.5 Parametrized post-Newtonian spacetime . . . . . . . . . . . . . . . . . . 103

5.5.1 The redshift in a ppN spacetime . . . . . . . . . . . . . . . . . . 105



xi

5.5.2 The relativistic geoid in a ppN spacetime . . . . . . . . . . . . . 106
5.5.3 Acceleration measurements in a ppN spacetime . . . . . . . . . . 106

6 Relativity in Geodetic Measurements 109

6.1 Length and time scales . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.1.1 On metric length and coordinate distance . . . . . . . . . . . . . 109
6.1.2 Proper time on the geoid . . . . . . . . . . . . . . . . . . . . . . 110

Stationary axisymmetric spacetimes . . . . . . . . . . . . . . . . 111
6.1.3 Time scales and the geopotential value W0 . . . . . . . . . . . . . 113

6.2 Relativistic corrections to acceleration measurements . . . . . . . . . . . 115
6.3 Relativistic corrections to the geoid . . . . . . . . . . . . . . . . . . . . . 115

6.3.1 Geoid models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.3.2 Geoid comparison approach (I) . . . . . . . . . . . . . . . . . . . 118
6.3.3 Geoid comparison approach (II) . . . . . . . . . . . . . . . . . . . 118
6.3.4 Geoid comparison approach (III) . . . . . . . . . . . . . . . . . . 119
6.3.5 Geoid comparison approach (IV) . . . . . . . . . . . . . . . . . . 119

6.4 Chronometric Geodesy and height measurements . . . . . . . . . . . . . 121
6.4.1 Chronometric height . . . . . . . . . . . . . . . . . . . . . . . . . 122
6.4.2 On height reference surface determination and preservation . . . 123

6.5 Relativistic effects on satellite orbits . . . . . . . . . . . . . . . . . . . . 127
6.5.1 Overview of relativistic effects . . . . . . . . . . . . . . . . . . . . 127
6.5.2 Relativistic effects and orbital perturbations . . . . . . . . . . . . 129

6.6 Relativistic gravity gradiometry . . . . . . . . . . . . . . . . . . . . . . . 133
6.6.1 Newtonian gradiometry . . . . . . . . . . . . . . . . . . . . . . . 133
6.6.2 Relativistic gradiometry . . . . . . . . . . . . . . . . . . . . . . . 135

Application to a Schwarzschild spacetime . . . . . . . . . . . . . 136

7 Conclusions and Outlook 141

A Ellipsoids and Coordinate Systems 145

B Derivation of the Redshift Formula in General Relativity 151

C Isometric Embedding and Geometric Properties 153

D Calculation of Relativistic Multipole Moments 157

Bibliography 159





xiii

List of Figures

1.1 Subdivision of geodesy and involved objectives. . . . . . . . . . . . . . . 4
1.2 Gravity on the Earth in the EGM96 model. . . . . . . . . . . . . . . . . 6
1.3 Geoid undulations in the EGM96 model. . . . . . . . . . . . . . . . . . . 8
1.4 Gravity on local scales: Europe and Germany. . . . . . . . . . . . . . . . 9
1.5 Local gravity in Bremen (Germany). . . . . . . . . . . . . . . . . . . . . 10
1.6 Ice mass loss in Greenland: GRACE result. . . . . . . . . . . . . . . . . 10
1.7 Gravitational redshift of photons. . . . . . . . . . . . . . . . . . . . . . . 12

2.1 Distribution of VLBI sources defining the ICRF2. . . . . . . . . . . . . . 22
2.2 Distribution of stations defining the ITRF. . . . . . . . . . . . . . . . . . 23
2.3 Determination of the geopotential W0 defining the geoid. . . . . . . . . . 26
2.4 Reference systems for the definition of the Newtonian geoid. . . . . . . . 27
2.5 The Newtonian geoid in a quadrupolar model. . . . . . . . . . . . . . . . 31
2.6 Gravity on the Newtonian geoid in a quadrupolar model. . . . . . . . . . 32
2.7 The principle idea of leveling. . . . . . . . . . . . . . . . . . . . . . . . . 37
2.8 The deflection of the vertical. . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1 Methodology of chronometric measurements. . . . . . . . . . . . . . . . . 66
4.2 Definition of the redshift of two observers. . . . . . . . . . . . . . . . . . 69
4.3 Sketch of surfaces of a constant redshift potential. . . . . . . . . . . . . . 75
4.4 Sketches of expanding, shearing, and rotating congruences. . . . . . . . . 78
4.5 Sketch of a purely rotating congruence. . . . . . . . . . . . . . . . . . . . 81

5.1 Redshift of two clocks in Schwarzschild geometry. . . . . . . . . . . . . . 95
5.2 Isochronometric surfaces in the Schwarzschild spacetime. . . . . . . . . . 97
5.3 Influence of the relativistic quadrupole on the redshift. . . . . . . . . . . 99
5.4 Overview of exact relativistic spacetimes and their limits. . . . . . . . . 101

6.1 Comparison of the relativistic and Newtonian geoids: approach (I). . . . 119
6.2 Comparison of the relativistic and Newtonian geoids: approach (II). . . 119
6.3 Comparison of the relativistic and Newtonian geoids: approach (III). . . 120
6.4 Comparison of the relativistic and Newtonian geoids: approach (IV). . . 120
6.5 Isochronometric surface maintenance with rigidly connected clocks. . . . 126
6.6 Relativistic and space environmental effects on a GRACE orbit. . . . . . 131



xiv

6.7 Relativistic and space environmental effects on a LEO. . . . . . . . . . . 132
6.8 Sketch of the deviation of two worldlines. . . . . . . . . . . . . . . . . . 137
6.9 Perturbations of a circular reference geodesic. . . . . . . . . . . . . . . . 140

A.1 Spherical coordinates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
A.2 Geometry and properties of ellipses I. . . . . . . . . . . . . . . . . . . . . 148
A.3 Geometry and properties of ellipses II. . . . . . . . . . . . . . . . . . . . 148
A.4 Ellipsoidal-harmonic coordinates. . . . . . . . . . . . . . . . . . . . . . . 150



xv

Physical and Geometrical

Constants

Speed of light (exact) c = 2.997 924 58× 108ms�1

Newton’s gravitational constant G = 6.674 08× 10�11m3 kg�1 s�2

WGS84 semi-major axis aWGS84 = 6.378 137× 106m
WGS84 semi-minor axis bWGS84 = 6.356 752 314 2× 106m
WGS84 inverse flattening (1/f)WGS84 = 298.257 223 563
WGS84 Earth’s angular velocity ΩWGS84 = 7.292 115× 10�5 rad s�1

WGS84 Earth’s gravity constant (GM)WGS84 = 3.986 004 418× 1014m2 s�1

Earth’s quadrupole moment (GRS80) J2 = −1.082 63× 10�3

Earth’s mean radius R� = 6.371 000 8× 106m
Earth’s mean density ρ� = 5.515× 103 kgm�3

Geopotential value defining the geoid W0 = 6.263 685 60× 107m2
/s2

Time constant relating TT and TCG Lg = 6.969 290 134× 10�10





xvii

List of Symbols and Abbreviations

Symbols

(xµ) = (x0, x1, x2, x3) General coordinates
"X = (X,Y, Z) Cartesian coordinates
(R,Θ,Φ) Spherical coordinates
(h,β,Φ) Ellipsoidal coordinates
(h,Λ,Φ) Ellipsoidal (geodetic) coordinates
(u,β,Φ) Ellipsoidal-harmonic coordinates
(ρ, z,ϕ) Weyl’s canonical coordinates
(x, y,ϕ) Spheroidal coordinates
P, P0 Points in space / spacetime events
mi Mass of object i
Rref Reference radius
a Semi-major axis
b Semi-minor axis
f Flattening
E Linear eccentricity
e, e

0 First, second eccentricity
"e Unit vector
"F Force vector
"n Surface normal
ρ
(
"X
)

Mass density
U Gravitational potential
V Centrifugal potential
W Gravity potential
WN Normal gravity potential
W0 Geopotential value defining the geoid
Lg Time constant relating TT and TCG
Pl Legendre polynomial of degree l

Clm, Slm, C̃lm, S̃lm Newtonian multipole moments
Jl, J̃l Axisymmetric Newtonian multipole moments
∂µ Partial derivative
"∇ Nabla (gradient) operator
∆ Laplace operator
"x Position vector
"v Velocity vector
"a Acceleration vector
H Orthometric height
h Ellipsoid height



xviii

HN Normal height
HD Dynamic height
H

⇤ Chronometric height
C Geopotential number
C

⇤ Redshift potential number
N Geoid undulation
"g, g Gravity
"γ, γ Normal gravity
ds Invariant line element
gµν Metric
Dµ Covariant derivative
Γµ

νσ Christoffel symbols
Rµ

νρσ Riemann curvature tensor
Rµν Ricci tensor
R Ricci scalar
ξ
µ Killing vector field
φ Redshift potential
z redshift
rs = 2m Schwarzschild radius
ql, q̄l Quevedo multipoles
cl Weyl multipoles
ψ, γ Weyl’s metric functions
Ml Relativistic (Geroch-Hansen) mass multipoles
Sl Relativistic (Geroch-Hansen) spin multipoles
a Kerr rotation parameter
U

⇤ Relativistic gravity potential
U

⇤
N

Relativistic normal gravity potential
ψN , γN Metric functions of the normal gravity spacetime
R(t) Orthogonal rotation matrix
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Chapter 1

Introduction

Geodesy and its objectives

Geodesy, a science that is in our modern understanding a combination of physics, ap-
plied mathematics, and engineering, is concerned with the description and measurement
of the Earth’s fundamental properties.

According to Helmert’s classical definition, “geodesy is the science of measurement
and mapping of the Earth’s surface1” [88]. Nowadays, this definition can still be re-
garded as a fundamental description of geodesy. The surface of the Earth is influenced,
shaped, and continuously changed by gravitational forces and various other dynamical
phenomena. Hence, the determination and description of the (external) gravity field
of the Earth must also be an objective of geodesy. Since the mathematical description
of the Earth and its properties requires well-defined reference systems, the Earth’s ori-
entation and motion in space is a central part of geodetic research. Ref. [188] gives a
description of geodesy that summarizes these aspects in a clear way: “The objective of
geodesy is to determine the figure and external gravity field of the Earth, as well as its
orientation in space, as a function of time, from measurements on and exterior to the
Earth’s surface."

Typically and for historical reasons, geodesy employs Newtonian physics. In par-
ticular, Newton’s theory of the gravitational interaction as a force, which is proportional
to the involved masses and the square of their inverse distance, is used to great extent.
In the following, we will speak of “conventional geodesy” whenever we want to indicate
that the associated framework is based on Newtonian mechanics and notions.

1Ref. [88] appeared in German. The original statement is “Die Geodäsie ist die Wissenschaft von
der Ausmessung und Abbildung der Erdoberfläche.”
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Figure 1.1: Sketch of the subdivision of geodesy and involved objectives
according to Ref. [188]. For the field of global geodesy, the part to which this

work is dedicated, the three main pillars are given as well.

However, the purpose of this work is to develop and refine (some) fundamental
geodetic notions and observables within the theory of General Relativity. Therefore, we
will make a clear distinction to the former case and use the term “relativistic geodesy”
whenever we want to indicate that we work in a general relativistic framework. Ac-
cording to the standard treatment in the textbook [188], geodesy and its objectives
might be subdivided into the three branches

◦ global geodesy,
◦ geodetic surveys,
◦ plane surveying.

Global geodesy is furthermore composed of three main pillars that are related to (i)
the Earth’s shape and size, (ii) the Earth’s orientation and motion in space, and (iii)
its (external) gravity field. Geodetic surveys are localized investigations of the Earth’s
surface, shape, size, and gravity field, and are linked to reference frames and conventions
established by global geodesy. Usually, countries, groups of countries, or even continents
are the regions of interest and on these scales the curvature of the surface and local
variations of gravity must be taken into account. Plane surveying on the other hand
is used for the development of, e.g., national maps and cadastral systems. The local
change of gravity as well as the surface curvature is usually negligible on the involved
scales. However, modern high-precision measurements do also enable the investigation
of these properties on small local scales, and methods that were developed for global
geodesy, such as GNSS, are used for geodetic surveys and plane surveying as well.

The present work can now be classified according to the structural division of
geodesy above. We mainly work on the framework of global geodesy in a relativistic
spacetime environment around the Earth. Geodetic notions and fundamental concepts
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are investigated in General Relativity and this leads to generalizations of well-known
definitions and new observables, mainly within the genuinely relativistic field of chrono-
metric geodesy. Figure 1.1 schematically shows the structural subdivision of geodesy
and involved objectives for the branch that is to be investigated in this work.

The central object of interest here is the Earth’s gravity field and its description in
General Relativity. However, it should be mentioned that also other planets and objects
in space can be investigated in the same way as the Earth is investigated in geodesy.
Modern technological (space-based) developments offer unprecedented possibilities in
this respect. There is, e.g., the field of lunar and planetary geodesy, see Refs. [8,
132, 166, 197]. For instance, photogrammetric and other methods have been applied
to obtain a general and unified lunar control network [2]. Note that the structure of
geodesy, as shown in Fig. 1.1, applies also to these fields. Moreover, methods and
notions developed in this work will be applicable in general to the geodesy of arbitrary
objects with strong gravitational fields in their vicinity.

The gravitational field of the Earth can be investigated in many ways. On the
Earth’s surface, (differential) acceleration measurements and leveling give insight into
the structure and position dependence of the gravity acceleration. Including space
missions and astronomical observations, even more data sources become accessible.
Based on the best available results and data fusion, reference system realizations and
gravity field models are constructed with ever-increasing accuracy. Usually, such gravity
models contain parameters of a multipole expansion of the gravitational potential up
to a maximal degree, which is related to the spatial resolution. In Fig. 1.2, we show the
distribution of the gravitational acceleration on the Earth’s surface. The resolution of
the color-coded scale does not matter for now. The figure is composed of three plots: on
the top, a plot of the gravitational acceleration as a function of longitude and latitude
is shown, which we constructed up to degree 360 according to the EGM96 gravity field
model, see [117]. We can see that local structures are not resolved, even though the
model data is actually detailed enough. The signal is dominated by a quadrupolar
contribution which causes gravity to increase from the equator towards the poles. This
behavior is a result of the Earth’s oblateness - it is not a perfect sphere but rather
squashed to the shape of an ellipsoid. Processing the data gives access to smaller
structures: in the middle and bottom plots, we show the gravity acceleration after
successively averaging over longitude and latitude values and subtracting the dominant
contribution. Thus, adequate data processing is an important part of the interpretation
of measurements and the evaluation of gravity models.
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Figure 1.2: Gravity on the Earth in the EGM96 model after successive
refinements (top to bottom) via longitudinal and azimuthal averaging.
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The structure of the Earth’s gravity field is extremely complex. Thus, the question
arises how a good approximation can be constructed. One possible approximation
is to introduce an ellipsoid of rotation as a best fit to a particular level surface of
the Earth’s true gravity potential, the geoid; see chapter 2. Then, for each gravity
field model the difference between the geoid and its ellipsoidal approximation can be
calculated and is termed geoid undulation. In Fig. 1.3, we show these geoid undulations
for the EGM96 (top). The undulations range from about −100m (blue) to +100m
(red). In the second plot (bottom) we show the differences between EGM96 and its
successor EGM2008. The differences are about ±10m; more accurate measurements
and inclusion of new data sources lead to improvements over time. Gravity field models
also offer information on local scales such as continents or countries. In Fig. 1.4,
the variations of the acceleration on the surface is shown for Europe and Germany,
respectively. To display the local change, the mean value is again subtracted. Such
information is important to, e.g., establish and relate height systems on larger regions
of the Earth, see for instance Ref. [188]. Every gravity field model has some maximal
degree to which parameters (multipole moments) are integrated and derived quantities,
such as the gravity acceleration in a certain region, depend on the chosen maximal
degree. To depict this relation, we have calculated the gravity acceleration in Bremen,
Germany (WGS84 8.83� longitude, 53.07� latitude) as a function of the maximal degree
l, which tells how many terms in the expansion of the model are taken into account.
The result is shown in Fig. 1.5.

Measuring the gravity field of the Earth over longer time scales yields informa-
tion about the temporal change. Via extensive modeling schemes, such changes are
translated into mass variations on the surface. The probably most famous space mis-
sion to monitor such variations is the GRACE mission [66, 186]. Since 2002, the two
GRACE-satellites follow each other in a polar orbit. Due to the inhomogeneity of the
gravitational field, the spatial separation of the two spacecraft changes over time, and
this distance change is a map of the gravitational field. Based on GRACE data (and
other results in data fusion), static gravity field models as well are monthly solutions
are calculated, see, e.g., [124] and [98] for a collection of results and further references.
Based on the monthly solutions of the gravity field, geodetic modeling allows to trans-
late the data into mass changes and variations. One of the most prominent results is
the observed ice mass loss in Greenland, see Fig. 1.6, which is in agreement with all
other observations of this region. However, the GRACE result is outstanding in many
ways and the ice mass loss was purely derived from changes in the gravitational field,
deduced from satellite measurements at a few hundred kilometers above the Earth’s
surface. Thus, geodetic measurements and climate research are intimately related.
Observation of climate change, development of pre-warning systems for, e.g., floods
and earthquakes, ocean research, and many others can benefit from accurate geodetic
measurements.



8 Chapter 1. Introduction

Figure 1.3: Geoid undulations in the EGM96 gravity model (top) and dif-
ferences to the EGM2008 gravity model (bottom). Both plots were calculated

using the ICGEM calculation service [98].
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Figure 1.4: Gravity on local scales: Europe (top) and Germany (bot-
tom). In either case, we show the deviation from the mean value of gravity
ḡ = 9.806 65m s�2. The data was calculated using the EGM96 gravity field

model.
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Figure 1.5: Gravity on local scales: The gravity acceleration in Bremen
depending on the model parameter l in the EGM96 gravity model for l = 0 to

l = 360.

Figure 1.6: GRACE result on the ice mass loss in Greenland between 2002
and 2016. The figure is taken from JPL’s website on GRACE-FO, see Ref. [70].
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Motivation of relativistic geodesy

Unprecedented technological possibilities offer geodetic measurements with ever-increas-
ing precision and accuracy. For example, the successor of the long-lasting GRACE
mission, GRACE-FO, is expected to measure the change of the distance between both
spacecraft within an accuracy of about 10 nm by means of laser ranging interferometry
[52, 67, 122].

However, we know that Newton’s theory of gravity is not the most fundamental
framework. At a certain observational level, relativistic effects become important and
must be considered to deliver an undoubtedly correct interpretation of measurements.
Einstein’s General Relativity, a theory of gravity and spacetime, comes with a set of new
observables but takes away the simplicity of Newtonian linear gravity. Space and time
merge to the concept of spacetime and gravity is described as the curvature thereof.
To date, General Relativity is in agreement with all observations and conducted exper-
iments [199, 200]. It is motivated by philosophical as well as mathematical arguments
and, arguably, one of the most beautiful theories ever created by mankind.

The geometry of spacetime is described by the metric tensor, a symmetric bilinear
form, which introduces the notions of, e.g., length, area, and volume on the spacetime
manifold. The metric is to be determined from the sources of gravity, i.e. mass, energy,
momentum, and their fluxes. In Newtonian gravity, the source is the mass density
only, whereas in General Relativity it must be replaced with the energy momentum
tensor. Then, Einstein’s field equation relates the spacetime geometry to the sources
and tells the sources how to move in the curved spacetime, see chapter 3 in this work
and the fundamental reference for all relativists, Ref. [127]. Moreover, we recommend
the textbooks [165, 170, 184, 195] for detailed introductions to the theory.

The mathematical structure of relativistic gravity becomes much more involved
as compared to Newtonian physics. The mathematical tools of differential geometry
need to be employed and well known Newtonian concepts lose their meaning. In this
work, the implications of General Relativity for applications in geodesy are studied.
We develop the relativistic generalizations of fundamental geodetic notions and mea-
surement prescriptions. Among others, we consider the Earth’s gravity potential, the
geoid, its normal gravity field, height definitions and applications in terms of accelera-
tion measurements and gradiometry in the theoretical framework of Einstein’s theory.

One of the major differences between Newton’s and Einstein’s theory is the notion
of time. In contrast to Newton’s absolute and universal time, General Relativity tells us
that the rate of a clock (its proper frequency), as compared to some reference, depends
on the clock’s state of motion and position in the gravitational field. This opens a
new branch of geodetic research which is called chronometric geodesy. The comparison
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Figure 1.7: The redshift of a photon that escapes the Earth’s gravity field.
The Newtonian potential differences U2 − U1 are the first order terms for the
redshift between two clocks. Note that in our convention U < 0 such that the
redshift is positive for a signal from smaller to larger distances w.r.t. the Earth.

of clocks at different positions yields their frequency difference, the so-called redshift.
Special relativity already introduced Doppler redshifts on signals between emitter and
receiver for a non-zero relative velocity. These effects are, of course, contained in the
general relativistic description since locally the theory of Special Relativity remains
valid and is included in the general framework. For a general idea of how spacetime
geometry influences the frequency of signals see Fig. 1.7.

The first experimental verification of the gravitational redshift as the measure-
ment of “the apparent weight of photons” was achieved by Pound and Rebka in 1960
[151]. They used the Mößbauer effect to compare the redshift of photons which were
sent in the vertical direction of the Earth’s gravity field. Nowadays, for Earth-bound
chronometric measurements modern atomic and optical lattice clocks can be compared
to resolve height differences at the scale of some centimeters, see Refs. [24, 116, 126,
185]. Moreover, such clocks can be connected by optical fibers and their redshift is
obtained over large spatial separations of some 103 km via frequency transfer and am-
plification techniques, see Refs. [40, 76, 118] and references therein. It appears to be
that frequency transfer at the 10�20 level is feasible (in the near future) using so-called
Brillouin amplification [162]. Such experiments will help to establish common interna-
tional time scales and height systems on large scales [38, 68, 99] and offer the possibility
to test the theory of relativity [36]. Last but not least, transportable optical clocks offer
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the prospect to obtain many local comparisons in measurements campaigns [75]. Ex-
tending clock comparison and chronometric measurements to space yields even more
possibilities. Gravity Probe A (GPA) performed a test of the gravitational redshift
in space at the 10�4 accuracy level by comparing a hydrogen maser on a rocket to
another one on ground [191, 192, 193]. With the ACES experiment [22, 91, 92] a test
of the equivalence principle with clocks will be conducted and the general relativistic
prediction for the redshift will be tested. Furthermore, missions such as RELAGAL
[90], in which the clock data of the errant Galileo satellites is analyzed, look for the
validity of the gravitational redshift and aim to beat the GPA accuracy, see also Ref.
[37]. Another independent mission in this respect is the RadioAstron experiment [121].

In a nutshell, chronometric geodesy in space and on Earth will become one (and
probably the most important) cornerstone of high-precision geodetic research in the
future. Therefore, a major part of this work is devoted to its theoretical framework
and we shall base our definitions on concepts that are accessible by chronometric mea-
surements.

For a general overview of relativistic geodesy, chronometric geodesy, and involved
issues we recommend Refs. [129, 130, 35, 38, 75, 126, 179, 4]. Two special science
projects in the field of relativistic geodesy are “Relativistic Geodesy and Gravimetry
with Quantum Sensors (geo-Q)” [163] and “International Timescales with optical clocks
(ITOC)” [101]. The former of which the author of this work has the pleasure to be a
member of.

Structure of this work

The main part of this work is divided into five chapters. We start by an introduction
of conventional geodetic notions and measurement prescriptions in chapter 2. This in-
cludes a brief recapitulation of Newtonian gravity, an introduction to reference systems
and frames, and the definition of the Earth’s geoid as well as the reference ellipsoid.
Normal gravity and the level ellipsoid are defined as an approximation to the complex
true gravity field. Thereupon, we introduce geodetic reference systems and end the
chapter by defining height measures and related concepts. This chapter allows physi-
cists to get used to the notions and concepts in geodesy, and enables geodesists to
recognize our notation.

In chapter 3, we briefly recapitulate the basics of General Relativity and introduce
necessary notions and mathematical formulae. The intention of this chapter is to
give readers, who are not familiar with Einstein’s theory, a chance to catch up with
the bare minimum of mathematical structures needed to understand the remainder of
this work. Furthermore, the central purpose of this chapter is to introduce spacetime



14 Chapter 1. Introduction

models which are solutions to Einstein’s vacuum field equation. These models will be
used to approximate the spacetime around the Earth, to define geodetic concepts in
a relativistic framework, and to calculate estimates for relativistic effects in geodetic
measurements.

Chapter 4 is devoted to the definition of fundamental notions of geodesy in the
mathematical framework of General Relativity. We introduce observer congruences,
their kinematical decomposition and properties, the redshift and acceleration potential,
isochronometric surfaces, and give a definition of the relativistic geoid as well as the
relativistic normal gravity potential in the normal gravity spacetime that is constructed
based on the results of the preceding chapter.

The concepts defined so far will be applied to the spacetime models in chapter
5. Important estimates of relativistic effects for the redshift and acceleration mea-
surements of co-rotating observers are obtained and we show how previous results are
embedded into our framework. In particular, we investigate the new concepts and
notions in a parametrized post-Newtonian spacetime.

The last chapter focusses on some relativistic effects in geodetic measurements
on Earth and in space. We calculate the leading order relativistic corrections to the
Newtonian geoid and investigate the conceptual problem involved in this comparison.
Since the definition (or determination) of the geopotential value W0, which defines the
Newtonian geoid, is involved in some inconsistencies, we try to shed some light on the
situation in this chapter. We show how the proper time on the geoid, the constant Lg

defined in the IAU resolutions for the transformation between the timescales TAI and
TCG, and the potential value W0 are related in a framework even beyond first-order
post-Newtonian approximations. Height definition are re-addressed in the context of
chronometric geodesy. We relate the height difference of two observers to the redshift
between their standard clocks. A general relativistic definition of chronometric heights
is suggested, which coincides with the definition of the familiar orthometric height in
the Newtonian limit. Moreover, we outline a procedure of how a certain isochrono-
metric surface (a gravity level surface) can be operationally maintained over time.
Finally, relativistic effects on satellite orbits in space are investigated. We determine
relativistic corrections and induced accelerations for satellite orbits in a post-Newtonian
spacetime model of the Earth. Relativistic contributions are compared to various non-
gravitational accelerations, such as solar radiation pressure and atmospheric drag, due
to the space environment. Lastly, an introduction to relativistic gravity gradiometry
and the gradiometer equation is presented. We apply the concept to the deviation of
orbits in a monopolar Newtonian gravity field and investigate the relativistic pendant,
the Jacobi equation in a Schwarzschild spacetime.
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Chapter 2

Notions in Conventional Geodesy

2.1 Newtonian gravity and the gravitational field

Newton’s law of gravitation describes the attraction between point-like particles with
given masses. The gravitational force "F between two point-like masses is proportional
to the product of the masses m1 and m2, and it is proportional to the inverse of their
squared distance r,

"F12 = −G
m1m2

r2
"er . (2.1)

The minus sign in Eq. (2.1) indicates that the gravitational force is attractive. The
unit vector "er takes care of the direction and points from m2 to m1 when we interpret
"F12 as the force exerted on m1 by m2. Newton’s gravitational constant G appears in
the form of a coupling constant that takes care of the units. To describe the gravi-
tational interaction of n particles, a suitable sum over all pairwise interactions must
be constructed. The gravitational force is a conservative force. Therefore, it can be
represented as the gradient of a gravitational potential U such that

"F/m = −"∇U . (2.2)

Here, "∇ := (∂X , ∂Y , ∂Z) is the gradient operator in a global Cartesian coordinate sys-
tem (X,Y, Z) for the three-dimensional Euclidean space R3. Note that we choose the
negative sign convention, in which the potential U is negative and the minus sign ap-
pears in equation (2.2). This convention is usually used in physics, whereas in geodesy
also the positive sign convention is commonly employed. However, in the end both
conventions yield the same force in magnitude and direction.

In Newtonian gravity, the field equation

∆U
(
"X
)
= 4πGρ

(
"X
)

(2.3)
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allows to determine the Newtonian gravitational potential U of a given source, which
might be distributed over some (compact) region. This source of gravitation is to be
described by a mass density ρ

(
"X
)
, and ∆ := "∇2 = ∂

2
X
+ ∂

2
Y
+ ∂

2
Z
is the Laplace opera-

tor that makes Eq. (2.3) a second order linear differential equation for the gravitational
potential.

In conventional geodesy, the following distinction between the notions of gravita-
tion and gravity is made. Gravitation is described by the field equation above, of which
the solution is the gravitational potential U . Then, one proceeds to describe phenom-
ena on the rotating Earth. For observers who are confined to its surface, centrifugal
effects play a significant role in geodetic measurements. The combination of centrifugal
and gravitational effects is what these observers feel and is termed “gravity”. From
the viewpoint of relativistic physics, however, this artificial distinction appears to be
somewhat weird – usually both notions are used interchangeably and are related by
coordinate transformations and inertial effects. Nevertheless, we will adopt the nota-
tion here since we develop concepts in relativistic gravity which shall have a particular
well-known limit in conventional geodesy. Therefore, geodesists might develop some
intuition for relativistic concepts that generalize known Newtonian counterparts and
physicists hopefully excuse the abuse of notions.

We assume that the Earth rotates around the Z-axis of the coordinate system.
On the rotating Earth, observers feel and observe centrifugal effects in an Earth-fixed
non-inertial reference system. The centrifugal force is conservative and its effects can
be described by the centrifugal potential

V
(
"X
)
:= −1

2
ω
2
d
2
Z = −1

2
ω
2
R

2 sin2Θ , (2.4)

where ω is the Earth’s angular velocity, dZ is the distance to the rotation axis, and
we introduce spherical coordinates (R,Θ,Φ) by the standard transformation such that
Θ is the polar angle, measured from the north pole, and Φ is the azimuthal angle,
measured from the X-axis. Now, we combine centrifugal and gravitational effects and
define the gravity potential W by1

W
(
"X
)
= U

(
"X
)
+ V

(
"X
)
. (2.5)

1In the context of geodesy of the Earth, the potential W ( ~X) is also called the geopotential.
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The force of gravity per unit mass, which observers on the rotating Earth experience,
is then given by

"g = −"∇W , (2.6)

and its magnitude g := ||"g||2 is simply called gravity. The dimension of g is the di-
mension of an acceleration, [g] = m/s2, whereas the potentials have the dimension of a
squared velocity, i.e. we have [U ] = m2

/s2 = [V ]. Note that U is a harmonic function
in empty space, whereas V does not share this property. Therefore, all the advantages
that harmonic functions offer do not apply to the combined gravity potential W .

In a system of spherical coordinates, the gravitational part U of the gravity po-
tential W can be expanded into spherical harmonics according to2

U(R,Θ,Φ) = −GM

R

1∑

l=0

l∑

m=0

(
Rref

R

)
l

Pl(cosΘ) [Clm cos(mΦ) + Slm sin(mΦ)] . (2.7)

The reference radius Rref is arbitrary and usually chosen to be the Earth’s mean ra-
dius R�. The expansion coefficients Clm, Slm are referred to as multipole coefficients
(multipole moments) and any table for the values of Clm and Slm must also give the
values for the gravity constant GM and the reference radius Rref, which are used in
the respective analysis. The lowest order moments are set to the values C00 = 1 and
S00 = 0 such that the parameter M in (2.7) has the interpretation of the total mass
of the source.3 Furthermore, all coefficients Sl0 do not contribute to the sum and can
conventionally be set to zero. If we let the origin of the coordinate system coincide
with the Earth’s center of mass, all dipole term vanish, i.e. C1m = 0 = S1m, m = 0, 1.
This can easily be proven by working out the explicit relations

C10 =
1

Rref

∫

Vol�

Z

M
dm, (2.8a)

C11 =
1

Rref

∫

Vol�

X

M
dm, (2.8b)

S11 =
1

Rref

∫

Vol�

Y

M
dm, (2.8c)

where Vol� is the volume of the Earth, i.e. the integration is to be performed over the
region where ρ( "X) %= 0. The above expressions yield the coordinates of the center of

2The expansion is valid in the exterior of the source, i.e. in the region ⇢( ~X) = 0. Furthermore, we
assume boundary conditions such that the potential vanishes at infinity. Formally, Laplace’s equation
has a symmetry R ! 1/R which generates a second family of solutions that are neglected here.

3Without the convention C00 = 1, the meaning of M in (2.7) is different; the product C00M is the
total mass of the gravitating source.
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mass, (X,Y, Z)COM = (C10, C11, S11), which proves the point.

Under the assumption of axisymmetry, we can reduce the expansion of the poten-
tial to

U(R,Θ) = −GM

R

1∑

l=0

(
Rref

R

)
l

Jl Pl(cosΘ) , (2.9)

where all m > 0 terms vanish. The new coefficients Jl are related to the old ones by

Jl := Cl,0 . (2.10)

Note that the coefficients Clm, Slm and therefore also Jl are dimensionless. We can
rewrite the expansion in a more formal way by isolating only the coupling constant G
and introducing new moments with physical dimensions as expansion parameters. This
yields

U(R,Θ,Φ) = −G

1∑

l=0

l∑

m=0

Pl(cosΘ)

Rl+1

[
C̃lm cos(mΦ) + S̃lm sin(mΦ)

]
, (2.11)

which reduces to

U(R,Θ) = −G

1∑

l=0

J̃l
Pl(cosΘ)

Rl+1
(2.12)

for the axisymmetric case. The new multipole moments are

C̃lm := ClmR
l

refM and S̃lm := SlmR
l

refM , (2.13)

and their dimension is [C̃lm] = kgml = [S̃lm]. Furthermore, the new axisymmetric mo-
ments are given by

J̃l := C̃l0 = R
l

ref Jl M , (2.14)

and they have the dimension [J̃l] = kgml as well. Now, the lowest order moment,
the monopole, is the mass: J̃0 = C̃l0 = M . Hence, we have a scaling according to
[J̃l/J̃0] = ml.

The problem of determining the external gravity field of the Earth reduces to the
determination of the multipole coefficients. Various measurements on ground and in
space contribute to combined gravity field models, see, e.g., [188, 98]. Ground based
measurement techniques include, e.g., classical spirit leveling and (relative) acceleration
measurements. Ground to space and space-based measurements are done, e.g., by
satellite laser raging using artificial satellites and dedicated missions such as GRACE
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and its successor GRACE-FO [52, 66, 67, 122, 186].

In later parts of this work, we focus on relativistic contributions to geodetic notions
and measurements due to the lowest order multipole moments of gravitational fields,
see chapter 6. In particular, we analyze configurations which possess a monopole and
quadrupole moment only. For such a system, the Newtonian gravitational potential
becomes

U(R,Θ) = −GM

R
− GJ̃2P2(cosΘ)

R3
= −GM

R

(
1 +

J2R
2
ref

2R2

(
3 cos2Θ− 1

))
. (2.15)

Thereupon, the gravity potential for the quadrupolar Earth model is

W (R,Θ) = −GM

R

(
1 +

J2R
2
ref

2R2

(
3 cos2Θ− 1

))
− 1

2
ω
2
R

2 sin2Θ . (2.16)

In Tab. 2.1, we show values for the involved quantities taken from the EGM96 gravity
field model [117]. Note that the combination GM , known as the Earth’s gravity con-
stant, can be measured to much higher accuracy than each of the individual values for
G and M . Furthermore, the factor

√
5 is due to a different normalization and must be

applied to match our Eq. (2.16).

Table 2.1: Parameters that appear in a quadrupolar Earth model (2.15),
taken from the gravity field model EGM96 [117] (tide-free gauge).

Quantity Magnitude Dimension

GM 3.986004415× 1014 m3
/s2

Rref 6378136.300 m
J2 −

√
5× 4.84165371736× 10�4 1

2.2 Reference systems and surfaces

To describe the figure of the Earth and its orientation and motion in space, obviously
reference systems are needed. By the figure of the Earth, we understand (i) the Earth’s
physical surface that is formed by the topography, and (ii) in a more abstract sense the
gravitational Earth. In either case, reference systems need to be defined to describe
shape, orientation, and dynamical changes.

The irregular shape of the Earth’s surface topography can not be investigated
in terms of a simple mathematical model. Instead, control stations with coordinates
of reference points are interpolated to obtain a global control network [188]. The
gravitational (mathematical) Earth on the other hand can be described by a simpler
mathematical model. A ’mathematical figure’ of the gravitational Earth, which is
called the geoid, is introduced and used as a reference surface for height measurements.
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This geoid is defined by certain equilibrium conditions and a chosen level surface of the
Earth’s gravity potential. In the absence of external forces and internal disturbances, it
represents the mean ocean surface, thought to be extended underneath the continents as
well. As a good approximation to the geoid, an ellipsoidal Earth model is introduced. It
serves as the first non-trivial approximation of the geoid’s complex geometry and is used
for horizontal positioning. Modern positioning systems, such as GPS, use coordinates
that are adapted to a reference ellipsoid, see the WGS84 [100] and Ref. [4].

Note that the first reference to the geoid was made by the German scientist Carl
Friedrich Gauss: “What in the geometrical sense is called the surface of the Earth, is
nothing but the particular surface, which perpendicularly intersects the direction of
gravity everywhere and which is part of the oceans surface.”4 [62]. Later, Listing [120]
coined the name “geoid” for Gauss’ mathematical Earth.

Newton, in his fundamental work [131], proposed an ellipsoidal Earth model. He
used a rotating fluid Earth and calculated an ellipsoid with an inverse flattening of
f ≈ 230, which is only 0.6% off compared to todays most accurate measurements, see
also the historical remarks in Ref. [188].

The following sections provide details on reference systems and reference surfaces
used for various applications and observations. We define the Earth’s geoid and in-
vestigate its basic properties in a simple model that allows to deduce the dominant
contributions and features. Thereupon, the reference and level ellipsoid as well as the
normal gravity potential of the Earth are defined. Using these results, height concepts
and measurements are described in the last part of this chapter.

2.2.1 Reference systems and frames

This section serves as a brief overview of reference systems, which are used in geodetic
observations. Reference systems are obviously necessary to describe the state of motion
and position of the Earth, its dynamics, the positions and motions of other celestial
objects and artificial satellites which are used for high-precision geodetic measurements.

In geodesy, there is a clear distinction between reference systems and reference
frames. According to the International Earth Rotation and Reference Systems Service
(IERS) [142] : “A Reference System is a set of prescriptions and conventions together
with the modeling required to define at any time a triad of coordinate axes.” And
furthermore: “A Reference Frame realizes the system by means of coordinates of definite

4The original German text is “Was wir im geometrischen Sinn Oberfläche der Erde nennen, ist
nichts anderes als diejenige Fläche, welche überall die Richtung der Schwere senkrecht schneidet, und
von der Oberfläche des Weltmeers einen Theil ausmacht [...]”, see [62].
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points that are accessible directly by occupation or by observation.” See also Refs. [95,
102, 188].

A simple example for a reference system is the definition of a Cartesian coordinate
system consisting of three perpendicular axes, one of which aligned with the Earth’s
rotation axis, another one into the direction of the Greenwich meridian, and the last one
completing the right-handed orthogonal system. A reference frame, as a realization of
this system, can consist of a globally distributed set of control network points of which
the coordinates are specified. In Ref. [102], the relation between the reference system
and a reference frame realizing it is described very well by: “A frame cannot exist
without a system, and a system is of no practical value without a frame”.

Simple reference systems, usually part of undergraduate lecture series in physics,
comprise Cartesian and spherical coordinate systems. The next step in adapting the
coordinates to the symmetry of the oblate Earth and its gravity field is to use ellipsoidal
coordinate systems, based on a particular reference ellipsoid of revolution, see section
2.2.4 below and appendix A. In Ref. [161] and Ref. [102] tables with historically used
reference ellipsoids can be found.

We genuinely distinguish between celestial and terrestrial reference systems and
we end this section by introducing the internationally used reference systems for global
descriptions. As a general reference, we recommend the IERS and IAU resolutions
[125, 142] and [96, 97, 178, 103] as well as the standard literature [95, 102, 188] and
references therein.

We shall here also define the commonly used notion of a geodetic datum, which
is actually a set of values that define a coordinate system, its orientation, and scale.

Celestial Reference Systems (CRS)

Space-fixed Celestial Reference Systems (CRS) are approximations to inertial systems
and well-suited for the description of the ephemerides of solar system objects including
artificial satellites. CRS can be dynamical and kinematically defined. Dynamical CRS
use solar system bodies’ ephemerides and proper motions of stars. Kinematical CRS
are defined by positions and motions of distant stars and quasars.

A particular kinematical GRS is the International Celestial Reference System
(ICRS). It was finally introduced in the year 2000 and is related to extragalactic radio
sources. The ICRS is based on a relativistic framework [108] and its realization, the
International Celestial Reference Frame (ICRF) is based on coordinates obtained from
VLBI observations [123, 51]. In Fig. 2.1 the distribution of the defining sources of the
second realization of the ICRF is shown, see also [51]. The origin of the ICRS is at
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Figure 2.1: Distribution of VLBI sources defining the ICRF2 (second real-
ization); taken from IERS Technical Report No. 35 [51].

the barycenter of the solar system, hence it is a Barycentric Celestial Reference System
(BCRS). The coordinate time is the barycentric time tTCB, see [178].

To relate celestial to terrestrial reference frames, a Geocentric Celestial Reference
Frame (GCRS) is defined. It is non-rotating with respect to the BCRS and moves
with the Earth’s center of mass. The coordinate time is the geocentric time tTCG.
The transformation between the BCRS and the GCRS involves relativistic concepts,
Lorentz transformations, in a first-order post-Newtonian approximation.

Terrestrial Reference Systems (TRS)

Terrestrial Reference Systems (TRS) are Earth-fixed and rotate with the Earth. There-
fore they are of course non-inertial. The origin coincides with the Earth’s center of mass.
Due to these properties, TRS are best suited to describe geodetic surveys and dynamics
close to the Earth’s surface. They are also used for navigation systems such as GPS,
Glonass and others. Ellipsoidal reference systems are special kinds of TRS, e.g., the
GRS80 and WGS84 are particular examples of such systems [100, 128].

An important international TRS is the International Terrestrial Reference System
(ITRS), which is realized by the International Terrestrial Reference Frame (ITRF)
provided by the IERS. The coordinate time of the ITRS is the geocentric coordinate
time tTCG. A particular solution for the ITRF contains the station coordinates and
motions of globally distributed geodetic observing stations, see Ref. [1]. In Fig. 2.2 we
show the global distribution of the stations defining the ITRF.
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ITRF2008 459

Table 1 Summary of submitted solutions to ITRF2008

TC Data-span Solution type Constraints EOPs

IVS 1980.0–2009.0 Normal equation None Polar motion, rate, LOD, UT1-UTC

ILRS 1983.0–2009.0 Variance–covariance Loose Polar motion, LOD

IGS 1997.0–2009.5 Variance–covariance Minimum Polar motion, rate, LOD

IDS 1993.0–2009.0 Variance–covariance Minimum Polar motion, rate, LOD

1993.0 and weekly SINEX files with daily polar motion and
LOD estimates afterwards (Pavlis et al. 2010). The GPS sub-
mitted solution represents a large part of the first reprocessed
solution by the IGS and covers the time period 1997.0–
2009.5 (Ferland 2010; Ferland and Piraszewski 2008). Note
that a very small portion of GLONASS observations were
used by some IGS ACs that contributed to the reprocessing
effort. For the first time the DORIS contribution is a com-
bined time series involving seven ACs and covers its full
observation history, using data from all available satellites
with onboard DORIS receiver, except Jason-2 (Valette et al.
2010).

The ITRF2008 network comprises 934 stations located
at 580 sites, with 463 sites in the northern hemisphere and
117 in the southern hemisphere. The ITRF2008 combination
involves 84 co-location sites where two or more technique
instruments were or are currently operating and for which
local ties are available. Figure 1 illustrates the full ITRF2008

networkwhere we superimposed theVLBI, SLR andDORIS
sites co-located with GPS. In fact all the 84 co-location
sites comprise permanent GPS stations, except two sites:
Dionysos (Greece) where DORIS and an old mobile SLR
were co-located, and Richmond (Virginia, USA) where
VLBI, SLR and DORIS systems were co-located.

2.2 Local ties in co-location sites

The local ties used in the ITRF2008 combination are pro-
vided in SINEX format with known measurement epochs,
and 63% of them are available with full variance covariance
information. Most of the local ties used in the ITRF2005
combination are used here with some updates, e.g., Tahiti
(GPS, SLR, DORIS), Tsukuba (GPS, VLBI), Herstmonceux
(GPS, SLR), Medicina and Noto (GPS, VLBI), Greenbelt
(GPS, VLBI, SLR, DORIS), Maui/ Haleakala (GPS, SLR),
San Fernando (GPS, SLR), Onsala (GPS, VLBI). Most of
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Fig. 1 ITRF2008 network highlighting VLBI, SLR and DORIS sites co-located with GPS

123
Figure 2.2: Distribution of stations defining the ITRF; taken from Ref. [1].

2.2.2 The geoid

Potentials, as scalar functions in space, can be visualized by their level sets. The
equipotential surfaces are then always perpendicular to the gradient of the potential.
Hence, such surfaces can be determined by interpolation of point-wise measurements of
the direction of the gradient - the plumb line in the case of gravity. They might also be
determined by a sufficiently detailed model of the scalar field and measurements which
determine the model parameters - the Earth’s multipole moments.

For observers on the rotating Earth, one particular equipotential surface of the
gravity potential is of great importance: the geoid. Following the ideas of Gauss and
Listing, we make the following definition:

The Earth’s geoid is defined by the level surface of the gravity potential W
(
"X
)
which

coincides best with the mean sea level, such that

−W
(
"X
)∣∣

geoid
= W0 = constant (2.17)

with a constant W0 = 6.263 685 60× 107m2 s�2, the numerical value that complies
with modern conventions.
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Hence, in mathematical terms, the Earth’s geoid is the set of all points {(R,Θ,Φ)}
in R3 for which we have

−W (R,Θ,Φ) =
GM

R

1∑

l=0

l∑

m=0

(
Rref

R

)
l

Pl(cosΘ) [Clm cos(mΦ) + Slm sin(mΦ)]

+
1

2
ω
2
R

2 sin2Θ = W0 . (2.18)

Note that the second part of the definition (2.17) above is to some extent inconsistent
with the first part, see, e.g., [130]. Nevertheless, this is the modern definition and the
nature of the inconsistency is elaborated below.

The force of gravity "g is always perpendicular to the geoid and its direction is
called the plumb line. Ground and space-based measurements such as SLR, GRACE,
and GOCE contribute to the determination of the multipole moments Clm and Slm.
Thereupon, the geoid surface can be determined as a solution of Eq. (2.18) once the
value of W0 is chosen. However, there is a conceptual difficulty here: on the one hand,
the geoid is defined as the level surface where the gravity potential takes the value W0.
On the other hand, the value of W0 is to be obtained by the evaluation of the gravity
potential on the geoid, i.e. closest to mean sea level according to the first part of the
definition. Now, we encounter an inconsistency regarding the following statements, see
also Refs. [130, 168],

◦ The geoid is a level surface of the gravity potential W such that this surface is
closest to mean sea level.

◦ The gravity potential W takes the value W0 on the geoid.

◦ The value W0 can be defined to have a fixed value.

Besides the fact that the concept of "mean sea level" must again be clarified using some
tide gauges; mean sea level “does not care about” W0 being a defining constant or not.
The following part is dedicated to shed some light on the involved concepts.

On the geopotential value W0

To determine or define a suitable value for W0, a variety of strategies can be pursued.
The reasons behind any particular choice are mainly of philosophical nature, i.e. they
seek to incorporate one or the other fundamental assumptions and differ mainly by
the choice of which concepts are time-independent and which are dynamical. The
geopotential value W0 on the geoid

◦ can be determined by evaluating a gravity potential model on points at the mean
sea level and taking a statistical average,
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◦ can be chosen according to fulfill useful requirements and maintained to be con-
stant over certain time scales,

◦ can be conventionally defined - as it is done nowadays - see, e.g., References [130,
168] for overview and explanations and [73, 74] for contemporary conventional
values.

As indicated above, there is an inconsistency when more than one of the listed properties
is to be realized. The contemporary agreed-upon value is

W0 = 6.263 685 60× 107m2 s�2
, (2.19)

see, e.g., [168]. In Tab. 2.2, we list various best-estimate values for W0 which were
obtained for certain epochs. The corresponding references are given as well.

Before the year 2000, the value of W0 was derived from various data sets and it
was not constant. Multiple observations, including satellite data, were combined and
the gravity potential reduced to the mean sea surface, incorporating ocean models and
tide gauges, was obtained for a discrete set of points. In a statistical approach, mean
sea surface values for the gravity potential allowed best estimates for W0. In Fig. 2.3,
we sketch the general idea: points P on the sea surface, provided by, e.g., satellite
altimetry, are reduced by sea surface topography. The resulting points P0 are assumed
to describe the mean sea surface. Then, a gravity potential model is to be evaluated at
a distributed set of points P0 and, e.g., a least square evaluation yields best estimates
for W0. Moreover, at the shore the mean sea level can be obtained by time averaging.
Via classical leveling, the geoid surface is used as a reference and coupled into local
networks.

In 2000, however, the IAU convention promoted the parameter Lg to be a defining
constant [97, 178]. The value

Lg = 6.969 290 134× 10�10 (2.20)

Table 2.2: Conventional values for W0, the gravity potential value defining
the geoid. Data overview taken from Ref. [168] and references therein. The
values of W0 and Lg are linked by Lg = W0/c

2. In the year 2000, the IAU
declared Lg to be a defining constant.

Year W0 [m2 s�2] Ref. Lg Ref.

1991 6.263 686 0× 107 ± 30 [25] 6.969 291× 10�10 ± 3× 10�16 [96]
1992 6.263 685 65× 107 ± 3 [18] 6.969 290 2× 10�10 ± 3× 10�17 [61]
1995 6.263 685 685× 107 ± 1 [17] 6.969 290 3× 10�10 ± 1× 10�17 [125]
1999 6.263 685 60× 107 ± 0.5 [19, 74] 6.969 290 134× 10�10 [97]
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Figure 2.3: Determination of the geopotential W0 defining the geoid.

was adopted in the IAU resolution. Since the relation between Lg and W0 is given by

Lg =
W0

c2
, (2.21)

the parameter W0 becomes a derived constant with a value according to (2.19). The
parameter Lg is introduced in the IAU conventions due to relativistic effects and it
relates timescales of particular reference systems, see [97, 178, 103, 20] and section
6.1.3 in this work. The coordinate time tTCG of the geocentric reference system GCRS
is related to the proper time on the geoid by

dtTT

dtTCG

=: 1− Lg , (2.22)

where the Terrestrial Time tTT (proper time on the geoid) is usually realized by Inter-
national Atomic Time tTAI based on the SI-second. In sections 6.1 and 6.1.2, we come
back this point and show how the relation between Lg and W0 is embedded in a more
general framework. The application to a first-order post-Newtonian setup as used in
the IAU resolution is then a special case and yields the relation above.

From the viewpoint of relativistic gravity, however, we regard W0 as a derived
constant once Lg is conventionally defined. However, a self-consistent resolution of the
problem, preferably in a general relativistic framework, is still to be worked out. We
will come back to this point in later sections, after defining the relativistic geoid and
related notions in the framework of General Relativity.

On the existence of a time-independent geoid

As shown in Ref. [145], there are three requirements which guarantee the existence
of a time-independent geoid. They are related to the Earth’s rigid motion, constant
rotation, and absence of external forces and have analogs in the general relativistic
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Figure 2.4: Reference systems for the definition of the Newtonian geoid. We
need two reference systems for a derivation of the conditions for the existence
of a time-independent geoid: an inertial reference system Σ and a co-rotating,

and therefore non-inertial, Earth-fixed reference system Σ0.

description in terms of isometric congruences and their properties. In the following, we
recall and investigate these existence conditions.

Various time-dependent phenomena as well as interior and exterior dynamics cause
the Earth and its geoid to be dynamical as well. Hence, the geoid surface in reality is not
strictly constant. The same is true for the Earth’s angular velocity and rotation axis,
see, e.g., the textbook [188] and Ref. [189] for an overview of influences on the dynamical
Earth. All temporal variabilities and dynamics should be treated as perturbations of
a time-independent (stationary) geoid. Only in this way, the geoid can serve as a
constant reference to describe all these phenomena. Physical effects that must be
treated in that way include, among others, the intrinsic time dependence of the mass
multipoles, tidal effects, anelastic deformations, friction, ocean loading and sea surface
dynamics, atmospheric effects, mass variations in the hydrosphere and cryonosphere,
postglacial mass variations, interior dynamics of the Earth, and the influence of other
solar system objects.

However, for the existence of a time-independent geoid, we make the following
three idealizing assumptions:

(A1): The Earth is in rigid motion.

(A2): The Earth rotates with constant angular velocity about a fixed rotation axis.

(A3): There are no external forces acting on the Earth.
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Note that the assumption (A3) explicitly excludes the time-independent deformations
caused by other gravitating bodies, the so-called “permanent tides”, see, e.g., Ref. [188].
Just as the time-dependent variations mentioned above, they may be considered as
perturbations at a later stage.

In conventional geodesy, different notions of the geoid are known and commonly
used. Their difference is mainly due to the implementation of permanent and time-
dependent tidal effects. Three different geoid conventions are

◦ the mean geoid,

◦ the non-tidal geoid,

◦ and the zero-geoid,

see Refs. [21, 46, 47, 161, 188]. Since by assumption (A3), we exclude all the influences
of external forces by exterior objects - in particular the sun and moon for the most
dominant effects - we refer to the concept of the non-tidal (also called tide-free) geoid.
Also, later on in chapter 4, we define a relativistic generalization with respect to this
notion. The assumptions (A1), (A2), and (A3) guarantee the existence of the time-
independent potential W as given in Eq. (2.17); the geoid is then defined as the time-
independent surface W ( "X) = W0 with the constant W0 chosen by an appropriate
convention, as indicated above.

Now, we rewrite the three assumptions in a more mathematical way that allows
the comparison with the relativistic versions of these requirements later. Let Σ be an
inertial reference system and Σ0 another non-inertial reference system attached to a
rigidly moving Earth, see Fig. 2.4 for a sketch of the situation. The transformation
behavior for the coordinates in both systems can be described as follows

"x = "x0(t) +R(t) "x 0
, (2.23)

where R(t) is an orthogonal rotation matrix that describes the momentary rotation
(direction and magnitude) of the Earth about an axis through its center of mass.
Furthermore, "x0(t) is the position vector of the Earth’s center of mass in the reference
system Σ.

Since the rotation matrix is orthogonal, R(t)�1 = R(t)T , we know that the derived
matrix

!(t) = Ṙ(t)R(t)�1 (2.24)

is antisymmetric by definition. Using Eq. (2.23), we now find for the velocity

"v = "̇x = "̇x0 + ! ("x− "x0) . (2.25)
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Here, the overdot denotes a derivative with respect to the time t, keeping "x
0 fixed.

Successive differentiation allows to calculate also the acceleration "a and its change "̇a,

"a = "̇v = "̈x0 + !̇ ("x− "x0) + ! ("v − "̇x0) , (2.26a)

"̇a =
...
"x 0 + !̈ ("x− "x0) + 2 !̇ ("v − "̇x0) + ! ("a− "̈x0) . (2.26b)

The three assumptions (A1), (A2), and (A3) can now be recast one by one to imply
the following conditions

(A1’) The velocity gradient ∇⊗ "v is antisymmetric.

(A2’) The time derivative of the matrix ! vanishes !̇ = 0.

(A3’) The change of the acceleration is purely caused by the rotation "̇a = !"a.

Proof: Eq. (2.25) for the velocity means that the assumption of rigid motion implies
(A1’) by definition. Moreover, assumption (A2) obviously requires !̇ to be zero; there-
fore condition (A2’) follows directly. Lastly, assumption (A3) implies that "̈x0(t) = "0.
This means that we can always choose the inertial system Σ such that the vector re-
lating the origins is the zero-element of the vector space, "x0 = "0. Together with Eq.
(2.26b) and condition (A2’) we finally obtain condition (A3’).

The three conditions (A1’), (A2’), and (A3’), which are necessary for defining
a time-independent geoid of an isolated Earth model in the Newtonian theory, have
natural analogs in the relativistic theory as we will outline in chapter 4.

2.2.3 Lowest order multipole contributions to the geoid

We end this section on the geoid by investigating the lowest order contribution due to
the first two multipole moments. Hence, in this simplified model, we stop the summa-
tion in Eq. (2.18) at l = 2 and consider only the Earth’s monopole and quadrupole.
Therefore, the gravity potential is

W (R,Θ,Φ) =− GM

R

2∑

l=0

l∑

m=0

(
Rref

R

)
l

Pl(cosΘ) [Clm cos(mΦ) + Slm sin(mΦ)]

− 1

2
ω
2
R

2 sin2Θ , (2.27)

and the geoid in this model is given by {(R,Θ,Φ) : −W (R,Θ,Φ) = W0}. However,
since we assume that the origin of the coordinate system coincides with the center of
mass, we have C10 = 0, C11 = 0, and S11 = 0 in addition to S00 and S10, which vanish
by convention. Hence, the only parameters left are (C11 = 1) C20, C21, C22 as well as
S21 and S22. In Tab. 2.3, we show the value of these parameters for two gravity field
models: the zero-tide model GOCO05s [124, 135] and the tide-free EGM96 gravity field
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Table 2.3: Parameters in a simple Earth gravity field model up to l = 2. Data
taken from the satellite-only gravity field model GOCO05s [124, 135] (zero-tide)

and the EGM96 gravity field model [117] (tide-free).

Quantity GOCO05s (zero-tide) EGM96 (tide-free)

GM 3.9860044150× 1014m3
/s2 3.986004415× 1014m3

/s2
Rref 6378136.3000m 6378136.300m
C20 −4.841694552725× 10�4 −4.84165371736× 10�4

C21 −3.387892504353× 10�10 −1.86987635955× 10�10

S21 1.450327268364× 10�9 1.19528012031× 10�9

C22 2.439357196868× 10�6 2.43914352398× 10�6

S22 −1.400303490705× 10�6 −1.40016683654× 10�6

model [117]. Note that the combination GM , known as the Earth’s gravity constant,
can be measured to much higher accuracy than the each of the individual values for G
and M . However, we notice two things: firstly, the tide system has a slight influence
on the values of the parameters. Transformation equations between the tide systems
are known, see [46, 190]. Secondly, these values are fully normalized, i.e. they must be
multiplied by a factor

√
(2l + 1)(l −m)!

n(l + 1)!
, n = 1 for m = 0 and n = 2 for m %= 0 (2.28)

to give the values that can be inserted into the model (2.27). Moreover, we see that
the Earth’s quadrupole moment C20 = J2 has the largest influence. Therefore, we may
further simplify our model to a quadrupolar gravity field described by Eq. (2.16).

Now, the gravity potential is axisymmetric; it depends only on the coordinates R
and Θ, and all its level surfaces share this property. Since for a quadrupolar geoid we
have

dW
∣∣
geoid

= ∂RW dR+ ∂⇥W dΘ
∣∣
geoid

= 0 , (2.29)

we obtain

dR

dΘ

∣∣∣∣
geoid

= − ∂⇥W

∂RW

∣∣∣∣
R=R(⇥)

, (2.30)

and integration yields the geoid surface in terms of R = R(Θ), provided an initial
value R0 = R(Θ0) is given as a solution of W (R0,Θ0) = W0. We have calculated the
Newtonian geoid and gravity on the geoid’s surface in this quadrupolar model using
the data in Tab. 2.3 for the EGM96 model. The results are shown in Figures 2.5 and
2.6. We clearly see the main features: the geoid has an oblate spheroidal shape and
gravity is stronger at the poles, decreasing towards the equator. A best fit ellipsoid
of revolution, see next section, for the geoid surface in this model gives the following
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Figure 2.5: The Newtonian geoid in our simple quadrupolar model (2.16).
We show the angular dependence in a color coded plot (left) and the plot R(Θ)
(right). R is the geoid radius and Θ the polar angle in a spherical coordinate
system centered at the Earth’s COM. We have marked the minimal radius (at
the poles) and maximal radius (in the equatorial plane). The mean value is
6.36742860 × 106 m and it is marked by the dashed line. This quadrupolar
geoid model will serve as a reference to obtain the magnitude of relativistic

corrections later.

values:

a = 6.378 139× 106m , b = 6.356 745× 106m , 1/f = 298.125 . (2.31)

The values for the axes are only about 3× 10�5% off compared to the WGS84 values
for the reference ellipsoid, see Ref. [100] and Tab. 2.4. The difference is due to the
neglected influence of all higher moments. However, the error in the inverse flattening
amounts to about 4× 10�2%. Including higher order axially symmetric moments Jn0
up to n = 5 improves the accuracy for the axes to about 6 × 10�6% and for the
flattening to about 1× 10�2% compared to WGS84 values.

Clearly, our simplified quadrupolar model for the gravitational field does not cap-
ture azimuthal and local structures, but it serves as a crude model to depict basic
properties of the gravity field and its dominant behavior related to J2. Relativistic
generalizations of such a quadrupolar model will be discussed in later sections of this
work.

2.2.4 The reference and level ellipsoid - Normal gravity

Since the geoid surface in general is enormously complex and can not be described
by a simple mathematical surface model, the question of how this surface can be ap-
proximated in the best way arises naturally. “In the best way” means, of course, with
respect to operational applicability for complicated observations as well as mathemati-
cal simplicity. It shall be as complex as necessary but as simple as possible at the same
time.
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Figure 2.6: Gravity on the Newtonian geoid in our simple quadrupolar model
(2.16). We show the angular dependence in a color coded plot (left) and the plot
g(Θ) (right). Here, g = ||"∇W ||2 is gravity (magnitude) which Earth-fixed co-
rotating observers experience, and Θ is the polar angle in a spherical coordinate
system in R3, centered at the Earth’s COM. We have marked the minimal value
(in the equatorial plane) and maximal value (at the poles). The mean value is

9.806307m/s2 and is marked by the dashed line.

The most simple approximation of the geoid surface is a sphere. This reference
sphere can either be determined as the best fit to the geoid or as the sphere of which the
radius is the mean geoid radius, or the sphere of which the area (or volume) coincides
with the one of the geoid, respectively. However, this spherical model is still too simple;
subtracting it from the full expression leaves large quadrupolar contributions, causing
the flattening of the geoid, which dominate all other influences; see the last section.

The reference ellipsoid

The next approximation level, due to the features exhibited in the last section regarding
the flattening of the geoid, is to introduce an ellipsoid of revolution. Such a geometric
figure is uniquely determined by specification of two parameters, e.g., the semi-major
and the semi-minor axes. The particular ellipsoid that fits best to the actual geoid is
called the Earth’s reference ellipsoid. It serves as the reference for coordinate systems
related to angles measured from the axes and heights measured along the surface nor-
mal. Modern observations and space missions such as GPS are described in coordinate
systems derived in this manner, e.g., using the GRS80 and WGS84 [100, 128]. See
appendix A for details on ellipsoid coordinates and related quantities. Now, we make
the following definition for the geometrical reference ellipsoid of the Earth:

The Earth’s reference ellipsoid is a bi-axial ellipsoid of revolution that is a best fit to the
Earth’s geoid. It is a geometrical concept and conventionally defined by specification
of any two defining parameters taken from the set {a, b, f, e}, where we have the semi-
major axis a, the semi-minor axis b, the flattening f , and the eccentricity e.
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Note, however, that also any other geometrical quantity for the description of
an ellipsoid of revolution, derived from the set {a, b, f, e}, can be used for the defini-
tion. The main point is just to use two independent defining parameters and, in our
understanding, the given set consists of the primary ones related to observations.

Points on the reference ellipsoid can be described by two angles. One of them is
usually taken to be the geocentric longitude, which is called Φ in this work since it can be
made to coincide with the azimuthal angle in spherical coordinates. Besides geocentric
latitude, the geodetic latitude and the reduced latitude are commonly used, see, e.g.,
[95, 188] and appendix A for details. Introducing the height above the ellipsoid’s
surface in direction of the surface normal as a third coordinate, we obtain a suitable
three-dimensional coordinate system adapted to the symmetry.

The level ellipsoid and normal potential

The reference ellipsoid defined above - a bi-axial ellipsoid of revolution, is a geometric
concept, a best fit approximation of the geoid. Now, we proceed one step further
to obtain a good approximative description of the gravity field itself. To do so, we
introduce the level ellipsoid and the normal potential.

Let a reference ellipsoid be also a particular equipotential surface of an artificial
gravity potential WN ( "X). Then, we call it a level ellipsoid and make the following
definition.

The Earth’s normal gravity potentialWN ( "X) is uniquely defined by (i) postulating that
the reference ellipsoid is also a level ellipsoid, i.e. that it is an equipotential surface of
WN ( "X), and (ii) the parameters for GM and ω, where M is the total mass of the Earth
and ω its angular velocity. The value of |WN | on the level ellipsoid is the geopotential
value W0.

Hence, we need four parameters to define the normal potential: two parameters for
the geometry of the level ellipsoid as well as GM and ω. This is in agreement with the
theorem of Stokes-Poincaré5. However, all other level surfaces of the normal potential,
except the level ellipsoid, will not have the shape of ellipsoids of revolution and the
actual mass distribution is unknown and far from being trivial - if even physically
realizable. For obvious reasons, the normal gravity potential must be axisymmetric.

5The theorem of Stokes-Poincaré states that the exterior gravity field of an object with total mass
M which rotates around a fixed rotation axis with constant angular velocity ! and a level surface S
that encloses the entire mass is uniquely determined by the parameters defining S and the pair (M,!).
The proof involves Dirichlet’s principle and can be found, e.g., in the textbook [95].
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We can split it into gravitational parts UN

(
"X
)
and centrifugal parts V

(
"X
)
according

to

WN

(
"X
)
= UN

(
"X
)
+ V

(
"X
)
= UN

(
"X
)
− 1

2
ω
2
R

2 sin2Θ . (2.32)

Hence, if we subtract it from the full gravity potential,

W
(
"X
)
−WN

(
"X
)
= U

(
"X
)
− UN

(
"X
)
=: T

(
"X
)
, (2.33)

the result does not contain centrifugal terms anymore and is known as the disturbing
potential T ( "X).

The normal potential can be expanded in a series of harmonic functions. The
easiest representation is to use ellipsoidal harmonics, which are obviously adapted to
the symmetry. Using coordinate transformations, we can also obtain a representation
in terms of spherical harmonics; see, e.g., Refs. [95, 188]. In harmonic ellipsoidal
coordinates (u,β,Φ) the gravitational part UN of the normal potential is

UN (u,β) = −
(
GM

E
tan�1 E

u
+

1

3
ω
2
a
2 q

q0
P2(sinβ)

)
, (2.34)

where a and b are the level ellipsoid’s semi-major and semi-minor axes, respectively,
and E =

√
a2 − b2 is the linear eccentricity. The abbreviations q and q0 are defined by

q =
1

2

[(
1 + 3

u
2

E2

)
tan�1 E

u
− 3

u

E

]
, (2.35a)

q0 = q|u=b . (2.35b)

See the appendix A for definitions of the coordinate systems and relations of ellipsoid
parameters.

We can also express the centrifugal potential in harmonic ellipsoidal coordinates

V (u,β) = −1

2
ω
2(u2 + E

2) cos2 β , (2.36)

and use the second Legendre polynomial P2 to finally obtain the normal gravity poten-
tial

WN (u,β) = −
(
GM

E
tan�1 E

u
+

1

2
ω
2
a
2 q

q0

(
sin2 β − 1

3

)
+

1

2
ω
2(u2 + E

2) cos2 β

)
.

(2.37)
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We can see that the normal potential is indeed axisymmetric since Eq. (2.37) does not
depend on Φ. On the level ellipsoid (u = b), we have the relation

−WN (b,β) = W0 =
GM

E
tan�1 E

b
+

1

3
ω
2
a
2
. (2.38)

In a spherical harmonic expansion we have

WN (R,Θ) = −GM

R

1∑

l=0

J2l

(
a

R

)2l
P2l(cosΘ)− 1

2
ω
2
R

2 sin2(Θ) , (2.39)

where the multipole moments of the expansion of the normal gravity potential follow
the scaling behavior

J0 = 1 , J2l = (−1)l
3(E/a)2l

(2l + 1)(2l + 3)

(
1− l − 5l

a
2

E2
J2

)
, ∀ l > 1 . (2.40)

Furthermore, the relation

J2 = −1

3

E
2

a2

(
1− 2

15

ω
2
a
2
E

GMq0

)
(2.41)

can be derived. Thereupon, two parameters of the set

{a, b, f, E, e,W0, J2} (2.42)

together with ω and GM uniquely determine the normal gravity potential. The choice
can be made according to different philosophies. As can be seen in Tab. 2.4, the GRS80
and the WGS84 make different choices for the sets of defining parameters. A purely
gravitationally inspired choice is, e.g., to take the set {ω, GM,W0, J2}, which to our
understanding is also discussed in the geodetic community. However, if W0 is in fact
derived from the defined constant Lg, then the set of parameters defining the normal
gravity potential actually reads {ω, GM,Lg, J2}.

We close this section by defining normal gravity γ as the norm of the gradient of
the normal potential, i.e.

"γ := −"∇WN , γ = ||"γ||2 . (2.43)

2.2.5 Geodetic Reference Systems (GRS)

Geodetic Earth models are approximations of the geoid (in terms of a reference ellip-
soid) as well as the exterior gravity field of the Earth (in terms of a normal potential).
Geodetic reference systems are geodetic Earth models with a particular set of parame-
ters that are assumed to be conventionally adapted as standards. They are geocentric
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Table 2.4: A comparison of the geodetic reference frames GRS80 and WGS84
in terms of their respective defining parameters.

Quantity GRS80 WGS84

GM 3.986005× 1014m3
/s2 3.986004418× 1014m3

/s2
a 6.378137× 106m 6.378137× 106m
J2 −1.08263× 10�3

ω 7.292115× 10�5 rad/s 7.292115× 10�5 rad/s
f 1/298.257223563

reference systems, co-rotating with the Earth, and provide a good approximation of
the real gravity field of the Earth and the geoid. In other words, in our understand-
ing geodetic reference systems comprise a geometrically defined and oriented reference
ellipsoid and an associated normal potential, such that the reference ellipsoid is used
as a level surface of the normal potential. Hence, we need in total four parameters
to define a geodetic reference frame as a realization of the reference system: the two
parameters defining the ellipsoid and two parameters to define the total mass and the
angular velocity in the normal potential. Instead of the total mass M , usually the
product GM , which can be measured more accurately, is used. The orientation and
origin must be fixed by the definition of the respective reference system.

Examples of such geodetic reference systems are, e.g., the GRS80 [128] and the
WGS84 [100], see also Ref. [95] for a clear explanation of these systems. The ellipsoid of
WGS84 uses the geoid of the gravity field model EGM96 [117]. In Table 2.4, we list the
defining parameters in the respective realization of both reference systems, the GRS80
reference frame and the WGS84 reference frame. For the GRS80, the four defining
constant are (GM, a, J2,ω), whereas for WGS84 in its most recent version the defining
constants are (GM, a, f,ω).

In Ref. [161] and Ref. [102] defining constants for historically used reference ellip-
soids can be found in an overview table.

2.3 Height measurements

2.3.1 Height concepts and common understanding

In geodesy, there are different concepts for the height of points on and above or below
the Earth’s surface; they differ on the reference surface with respect to which the
height is measured and the direction of measurement (e.g., the normal direction w.r.t.
the reference surface). Four height concepts, which are

◦ Orthometric height H (above the geoid)
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Figure 2.7: The principle idea of leveling to determine the height difference
H12 between points P1 and P2.

◦ Ellipsoid height h (above the level ellipsoid)

◦ Normal height HN (above the quasi-geoid)

◦ Dynamic height HD (no geometric interpretation)

are of particular importance. These concepts will be explained briefly in the following,
for details we refer to the standard literature, e.g., Refs. [95, 188].

The orthometric height H is the height above the geoid, measured along the true
curved plumb line, and coincides with the common understanding of height above sea
level. The ellipsoidal height h is the height above the level ellipsoid, measured along the
ellipsoid’s surface normal. Normal height HN and dynamic height HD are somewhat
more abstract concepts and will be explained below.

Let us start by recalling the idea of classical leveling first. As shown in Fig. 2.7,
the two rods are positioned vertically (in direction of the plumb line) and the leveling
instrument is adjusted horizontally (perpendicular to the plumb line). The height
differences δH12 = l1 − l2 between points P1 and P2 is to be determined. If the points
are not close to each other, multiple leveling steps are performed in between and the
height differences are summed up. However, if we were to measure in a closed leveling
loop, i.e. returning to the point P1 after several successive leveling measurements,
the height will in general not be zero and we encounter the problem of misclosure -
even if we had infinite accuracy at our disposal. This misclosure is due to the non-
parallelism of the equipotential surfaces of the gravity field and becomes clear following
the mathematical explanation below.
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2.3.2 Geopotential numbers and height definitions

We know that for the gravity potential we have6

dW = g dn , (2.44)

where n is the normal direction w.r.t. equipotential surfaces of W . Therefore, we have

∫
P2

P1

dW = W2 −W1 =

∫
P2

P1

g dn . (2.45)

We further have, of course,

∫
P1

P1

g dn =

∮
g dn = W1 −W1 = 0 , (2.46)

whilst
∮

dn %= 0 . (2.47)

The two equations above represent the problem of the misclosure of closed leveling
loops which was mentioned above. The mathematical explanation is related to the
differential g dn, which is an exact form (or perfect differential), whereas dn is not.
Hence, the misclosure is a property of the missing integrating factor g which makes
g dn exact.

Now, let a point P0 be positioned on the geoid, i.e. at zero orthometric height.
Then, we have for a second point P above the geoid

∫
P

P0

g dn = WP −WP0 = WP +W0 = W0 − |WP | =: CP , (2.48)

where CP is called the geopotential number. It is assumed to be always positive, and
we refer, again, to our (physical) sign convention which differs from common geodesy
conventions. In the latter case, the order of the potential terms in (2.48) must be
changed. We have also inserted the potential value on the geoid, where W |geoid = −W0.

6Note that we follow the negative sign convention for the potential, i.e. W is negative everywhere
outside the Earth with the limit W ! 0 at infinity.
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The number CP can, in principle, be calculated by integrating gravity g along the
curved plumb line,

CP = HP

1

HP

∫
HP

0
g dH =: HP ḡ , (2.49)

where we define the average gravity ḡ along the path of integration, i.e. the average
gravity along the plumb line from P0 to P . Hence, the orthometric height can finally
be given by

HP =
CP

ḡ
, (2.50)

and it can be determined if the geopotential number of the point P of interest as well
as the average gravity along the plumb line from P0 to P are known.

Approximating the true gravity field W by the normal gravity field WN , an analog
equation for the normal height HN can be derived

HN =
C

γ̄
, (2.51)

where γ̄ is the average of normal gravity,

γ̄ =
1

HN

∫
HN

0
γdHN , (2.52)

calculated along the plumb line of the normal gravity field. The normal height is the
distance, measured along the plumb line of the normal gravity field, between a point
Q associated to P and the level ellipsoid. The point Q is obtained by following the
plumb line of the normal gravity field until a point where WN at Q is WP . The surface
formed by all points Qi associated in this way to all surface points Pi is called the
telluroid. The reference surface of the normal heights is the quasi-geoid, it is obtained
by subtracting the normal heights from all surface points.

Finally, dynamic height HD is defined by

HD =
C

γ0
, (2.53)

where γ0 is some conventionally chosen normal gravity, usually at 45 deg latitude, and
can be calculated from the defining parameters of a geodetic reference system. The
dynamic height has, however, no intuitive geometrical interpretation - but is the easiest
to calculate.
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2.3.3 Geoid undulations, deflection of the vertical, height anomalies

The geoid undulation (geoid height) N is the vertical distance between the geoid and
the level ellipsoid,

N := h−H , (2.54)

where H is the orthometric height and h the ellipsoid height. Effects due to the
curvature of the plumb linke are neglected in this definition. The difference

ζ := h−HN (2.55)

between the ellipsoid height and the normal height is called the height anomaly. The
angular difference between the direction of the normal gravity "γ = −"∇WN (normal
plumb line) and the gravity vector "g = −"∇W (true plumb line) is called the deflection
of the vertical, see Fig. 2.8. It gives information about how accurate the gravitational
Earth model in terms of the normal potential is.

Figure 2.8: The deflection of the vertical: the angular difference between the
normal plumb line and the gravity vector (true plumb line).
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Chapter 3

General Relativity, Spacetime

Models and Relativistic Concepts

3.1 Einstein’s field equation and basic concepts

This section serves as a very brief introduction to General Relativity. However, it is
actually more of a recapitulation of the most important concepts and its main purpose
is to fix the notation. The focus lies on the introduction of some important exact
solutions of Einstein’s field equation that are of relevance for relativistic geodesy.

3.1.1 Spacetime

In contrast to Newtonian mechanics in Euclidean space R3, Special Relativity tells us
that space and time merge to the concept of spacetime. Building on the principles of
Special Relativity, which are still valid locally, General Relativity describes gravity as a
curved spacetime geometry. Hence, the full apparatus of differential geometry is to be
employed to obtain a clear mathematical formulation. Most of the following relations
will be given without proof. We recommend the standard textbooks [127, 183, 165,
195] for details.

A general relativistic spacetime is a pair (M, g), consisting of a 4-dimensional
manifold M and a Lorentzian metric g. The metric is a symmetric bilinear form and
ensures that the spacetime is equipped with notions of length, volume, angles and so
on. In a local chart, i.e. a locally valid coordinate system, the metric can be represented
by its components gµν . In a neighborhood of each event on spacetime, coordinates can
be chosen such that the metric g becomes the Minkowski metric η,

(ηµν) = diag(−1, 1, 1, 1) . (3.1)
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Here and in the following, we choose the signature convention (−,+,+,+) for the
metric. Greek indices are spacetime indices and take values 0 to 3, whereas Latin indices
are spatial indices and take the values 1 to 3, and we employ Einstein’s summation
conventions throughout this work.

On spacetime, we have scalar fields, vector fields, covector fields, and general
tensor fields of higher rank. We lower indices of contravariant tensor fields with the
help of the metric

Aµ = gµνA
ν
, (3.2)

and we raise indices of covariant tensor fields with the help of the inverse metric g
µν

B
µ = g

µν
Bν , (3.3)

where the inverse metric is defined by

gµνg
µσ = δ

σ

ν . (3.4)

Here, δµν is the Kronecker delta. Important examples of spacetime metrics and their
respective properties are presented in the following sections.

3.1.2 The field equation

Einstein’s field equation relates the geometry of spacetime to the sources of gravity. It
reads

Rµν −
1

2
R gµν + Λgµν = κTµν . (3.5)

The field equation above contains all the necessary information to (i) calculate the
curved spacetime geometry from the source distribution and (ii) to calculate to mo-
tion of the source elements in the curved spacetime. Here, κ = 8πG/c

4 is Einstein’s
gravitational constant, Rµν is the Ricci tensor, and its trace R = g

µν
Rµν is the Ricci

scalar. Λ is the cosmological constant. For the remainder of this work, we will ignore
Λ since it is of no relevance for geodesy and local physics in the vicinity of the Earth.
Its estimated value is Λ ≈ 10�52m�2 and, thus, it is not important on scales of about
the size of the solar system. The Ricci tensor can be calculated by contraction of the
Riemann curvature tensor

Rµν = Rα
µαν , (3.6)
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and the components of the curvature tensor Rµ
νρσ in turn are given by non-linear

combinations of first and second derivatives of the metric. In General Relativity, gravity
is encoded and represented by the curvature of spacetime. Mathematically, curvature
manifests itself in the change that a vector undergoes when it is parallel transported
along a closed loop.

For vacuum, Tµν = 0 and the field equation (3.5) reduces to

Rµν = 0 , (3.7)

if we neglect the cosmological constant. This equation is particularly important since
outside a central body such as the Earth, it must be fulfilled. In the next section, we
will look at various examples of spacetime geometries, all of which solve the vacuum
field equation above.

3.1.3 Important mathematical notation

In this section, we summarize the most important mathematical ingredients for this
work, without proof or derivation.

Let an observer’s worldline be described by x
µ(τ), where proper time τ is defined

by the normalization of the tangent vector to the observer’s worldline,

gµν
dxµ

dτ

dxν

dτ
= −c

2
. (3.8)

At any event P0 in spacetime, the light cone can be constructed and yields a
definition of the causal future and the causal past of P0. With respect to P0, other
events can be characterized as being timelike, lightlike, or spacelike, i.e. they lie within
the light cone, on the boundary of the light cone, or outside the light cone at P0.
We call a vector A

µ timelike if gµνAµ
A

ν
< 0, lightlike if gµνAµ

A
ν = 0, or spacelike if

gµνA
µ
A

ν
> 0.

The scalar product of two vectors Aµ and B
ν with respect to the metric is denoted

as

g(A,B) = gµνA
µ
B

ν = A
µ
Bµ = AνB

ν =:
〈
A,B

〉
. (3.9)

In a local chart, the covariant derivative of a contravariant vector field is given by

A
µ
;ν := DνA

µ = ∂νA
µ + Γµ

νσA
σ
, (3.10)
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and for a covector field we have

Aµ;ν := DνAµ = ∂νAµ − Γσ
µνAσ , (3.11)

where Γµ
νσ are the Christoffel symbols. In a local chart, they can be calculated from

derivatives of the metric,

Γµ
νσ =

1

2
g
µλ (∂νgσλ + ∂σgνλ − ∂λgνσ) . (3.12)

For an arbitrary k-tensor Tµ1...µk , the symmetrization and antisymmetrization are
defined by

T(µ1...µk) :=
1

k!

k!∑

I=1

TπI{µ1...µk}, (3.13)

T[µ1...µk] :=
1

k!

k!∑

I=1

(−1)|πI |TπI{µ1...µk}, (3.14)

where the sum is taken over all possible permutations of the k indices, which we sym-
bolically denote by πI{µ1 . . . µk}.

3.1.4 Equation of motion

In General Relativity, the equation of motion for structureless test particles is given by
the geodesic equation

ẍ
µ + Γµ

νσẋ
ν
ẋ
σ = 0 , (3.15)

where the overdot denotes the derivative with respect to some curve parameter, usually
the proper time. For an overview of equations of motion in relativistic theories of
gravity and involved concepts, we recommend Ref. [152]. The geodesic equation (3.15)
is equivalent to the Euler-Lagrange equations for the Lagrangian

L =
1

2
gµν ẋ

µ
ẋ
ν
. (3.16)

The canonical momenta are

pµ =
∂L
∂ẋµ

= gµν ẋ
ν , (3.17)

and we can construct the Hamiltonian

H =
1

2
g
µν
pµpν , (3.18)
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which gives the geodesics as solutions to the well-known Hamilton equations of motion.

The trajectories of light rays can also be calculated by solving the geodesic equa-
tion (3.15) but with the normalization

gµν
dxµ

ds

dxν

ds
= 0 , (3.19)

for an affine curve parameter s since the concept of proper time is meaningless for
photons.

We denote the four-velocity of a particle (or photon) with worldline x
µ by

u
µ = ẋ

µ
, (3.20)

and the four-acceleration is

a
µ = ẍ

µ = u̇
µ
, (3.21)

where the overdot denotes the derivative w.r.t. proper time for particles or, respectively,
derivatives w.r.t. an affine curve parameter for photons.

3.2 Spacetime models

In this section, we introduce some important spacetime models and summarize their re-
spective properties. These spacetimes will be used to apply relativistic geodetic notions
in the respective geometry and serve as test scenarios to: (i) give some insight into how
the developed concepts work and are to be applied explicitly, and (ii) yield estimates
of relativistic effects as well as effective correction terms that are to be expected in
observations.

In the following, we introduce the Schwarzschild spacetime [171], general static
axisymmetric spacetimes [196], the particular example of the spacetime found be Erez
and Rosen [48], the Kerr spacetime [107, 106], and the (parametrized) post-Newtonian
spacetime [150]. We focus only on vacuum solutions of Einstein’s field equation to
approximate the spacetime outside a compact mass distribution, e.g., the Earth. We
do not consider electrovacuum solution since a possible net charge is of no relevance for
geodesy. However, spacetimes related to the exterior region of celestial objects should
be matched to interior solutions at the physical surface of the respective object that is
to be described. The search for interior solutions of well-known spacetimes has a long
history since the presentation of the gravitational field equations. We do not consider
this problem here; but refer in general to the standard reference on exact solutions
[182].
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3.2.1 Schwarzschild spacetime

The Schwarzschild spacetimes is the simplest, and probably best known, solution of
Einstein’s vacuum field equation. It was found by Karl Schwarzschild only shortly
after the final form of the field equation was published. It describes the spacetime
outside a spherically symmetry, and according to Birkhoff’s theorem therefore also
static, mass distribution. In the standard coordinates (t, r,ϑ,ϕ), the spacetime metric
reads

g = −
(
1− 2m

r

)
c
2dt2 +

(
1− 2m

r

)�1

dr2 + r
2dϑ2 + r

2 sin2 ϑdϕ2
. (3.22)

Sometimes the angular part dϑ2 + sin2 ϑdϕ2, which is the Riemannian metric on a
unit two-sphere, is abbreviated by dΩ2. The parameter 2m is an abbreviation for the
Schwarzschild radius rs := 2m. The relation to the total mass of the source M , in
SI-units, is given by

m =
GM

c2
. (3.23)

Hence, m is the mass of the source in geometric units. Note that the metric coefficients
diverge at r = rs and a coordinate singularity is encountered. For stellar and planetary
objects, the radius rs lies in the interior and does not cause any problem at all since
the metric (3.22) is not valid inside the body. For our sun, the Schwarzschild radius is
about (rs)� ≈ 3× 103m, whereas for the Earth it is about (rs)� ≈ 8.9× 10�3m.

If, however, an object is compressed below the radius rs, gravitational collapse
leads to a black hole. In this case, the surface r = rs is an event horizon, separating
the inner from the outer domain of communication and no signal can escape from
regions r < rs.

The radial coordinate r is called area-coordinate since spheres with coordinate
radius r = r0 have a surface area 4πr20. It should also be noted that the true distance
L, measured with the metric, between two points r1, r2 on the radial line is not given
by r2 − r1. One has to calculate this distance by

L =

∫
r2

r1

√
grrdr =

∫
r2

r1

1√
1− 2m/r

dr . (3.24)

The Schwarzschild spacetime has two important Killing vector fields ∂t and ∂ϕ.
The latter is spacelike, whereas ∂t is timelike and hypersurface-orthogonal everywhere.
The geodesic equation, for test-particles and light rays in the Schwarzschild spacetime
is, due to the spherical symmetry, solvable in terms of elliptic functions, see Refs.
[54, 84, 32, 33]. The first analytic solution was presented by Forsyth in 1920 and in
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Refs. [78, 80], a modern treatment extending the problem to include a cosmological
constant1 is found. Also the concept of the black hole shadow was investigated in
the Schwarzschild spacetime. The shadow can be calculated analytically as shown in
Ref. [71], and was also investigated for a black hole surrounded in a plasma [139].
The BlackHoleCam project is an exemplary collaboration looking for signatures of the
shadow of our galaxy’s black hole [64].

Analyzing the orbits and worldlines of light and test-particles, some particularly
important relativistic effects can be calculated: the Shapiro-delay, the bending of light,
and the perigee precession. Using the Schwarzschild spacetime as an approximation to
describe the exterior geometry around the Earth, estimates for these relativistic effects
are obtained. To do so, the gravity constant of the Earth GM must be used to calculate
the parameter m in the metric (3.22).

3.2.2 General Weyl spacetimes

Weyl spacetimes2 are a class of axisymmetric and static solutions to Einstein’s field
equation. Here, we only consider vacuum solutions and dismiss the case of electrovac-
uum since it is of little relevance for geodesy.

All axisymmetric static spacetime geometries that solve Einstein’s vacuum field
equation can be described by the Weyl metric

gµνdx
µ
dx

ν = −e
2ψ
c
2
dt

2 + e
�2ψ

ρ
2
dϕ

2 + e
�2ψ

e
2γ(dρ2 + dz

2) , (3.25)

where (t, ρ, z,ϕ) are Weyl’s canonical coordinates, see the original article [196]. Both
metric functions, ψ and γ, depend only on the coordinates ρ and z; axisymmetry is
assured by ϕ-independence.

Some well-known examples of Weyl spacetimes are (i) the Schwarzschild metric,
(ii) the Erez-Rosen metric [48], and (iii) the q-metric [160] (also known as the Zipoy-
Voorhees metric [203, 194]).

For the metric (3.25), there are two important Killing vector fields ξµ associated
with the coordinates t and ϕ. We have ξ1 = ∂t and ξ2 = ∂ϕ, the former of which is
timelike, the latter is spacelike. Note that also any linear combination of the two,
as long as constant coefficients are used, is of course again a Killing vector field. In

1Including a cosmological constant, the corresponding spacetime is described by the Schwarzschild-
de Sitter metric.

2Do not confuse the Weyl spacetimes considered here as solutions of Einstein’s vacuum field equation
(also called Weyl metrics or Weyl solutions) with Weyl’s theory of gravity and notions therein.



48 Chapter 3. General Relativity, Spacetime Models and Relativistic Concepts

total, we can consider two different kinds of timelike observer congruences of which
the worldlines are given by integral curves of ξ1, ξ2, and combinations thereof. These
congruences are isometric, and therefore serve to describe observers who determine the
relativistic geoid, see chapter 4. We have

(1) Non-rotating congruences of which the worldlines are integral curves of the time-
like Killing vector field ξ1 = ∂t,

(2) Rotating congruences formed by worldlines that are integral curves of the com-
bination ∂t + ω ∂ϕ, with ω ∈ R.

Since the integral curves shall describe the worldlines of observers, the domain for the
choice of ω is bounded by some ωmax for rigid rotation, i.e. for observers with fixed
“central distance” ρ. In general, the combination is timelike on a cylindrical domain
about the rotation axis. On the boundary of this domain, it becomes lightlike, and
outside this domain, it is spacelike. For increasing values of ω, the size of the timelike
domain decreases. Note that in natural units ω has the dimension of an inverse length,
whereas in SI-units, it has the dimension of a frequency.

With applications to geodesy and measurements by Earth-bound observers in
mind, we associate the first congruence, (1), with observers whose spatial coordinates
remain constant and we think of them as being attached to the surface of a non-rotating
central object. In contrast, the second congruence, (2), is associated with observers who
are attached to the surface of a rotating central object with angular velocity ω, e.g., the
Earth. However, the metric (3.25) is static and, therefore, the gravitomagnetic field of
the Earth is not taken into account in this approach.

Einstein’s vacuum field equation with the ansatz for the Weyl metric (3.25) is
reduced to

∆ψ = 0 , (3.26a)

∂ργ − ρ (∂ρψ + ∂zψ)(∂ρψ − ∂zψ) = 0 , (3.26b)

∂zγ − 2ρ ∂ρψ ∂zψ = 0 , (3.26c)

see, e.g., Refs. [196, 156]. Hence, we see that the metric function γ can be obtained by
integration using the solution of the Laplace equation for ψ. Therefore, we regard ψ as
the primary (and more important) metric function. It will also be important for the
Newtonian limit of Weyl spacetime geometries, see below. The general solution for all
static, axisymmetric, and furthermore asymptotically flat spacetimes can be obtained
by solving the radial and angular parts of the decoupled vacuum field equation under



3.2. Spacetime models 49

these conditions. Using a series expansion, this general solution reads [156, 182]

ψ =
1∑

l=0

cl
Pl(cosΥ)

χl+1
, (3.27a)

γ =
1∑

l,i=0

(i+ 1)(l + 1)

i+ l + 2
cicl

Pl+1(cosΥ)Pi+1(cosΥ)− Pl(cosΥ)Pi(cosΥ)

χl+i+2
, (3.27b)

where we define the abbreviations χ
2 = ρ

2 + z
2 and cosΥ = z/χ. The Pl(cosΥ) are

the Legendre polynomials of degree l, and the cl are arbitrary expansion parameters,
sometimes also called Weyl multipoles.

Unfortunately, the representation above involving the expansion coefficients cl

gives only little insight into the geometry and properties of the respective solution.
Nevertheless, the representation is indeed useful for some specific applications. For the
simplest member of the Weyl class of spacetimes, the Schwarzschild solution, we must
choose infinitely many coefficients cl in a non-obvious manner; for the choice [56]

c2l = − 1

2l + 1
m

2l+1
, (3.28a)

c2l+1 = 0 , (3.28b)

the series (3.27a) converges to

ψ =
1

2
log

(
r+ + r� − 2m

r+ + r� + 2m

)
, where r

2
± := ρ

2 + (z ±m)2 . (3.29)

Thereupon, the well-known Schwarzschild metric (3.22) follows after another coordinate
transformation given by

r

m
− 1 :=

r+ + r�
2m

, (3.30a)

cosϑ :=
r+ − r�

2m
. (3.30b)

Now, we clearly see the disadvantages of the Weyl multipole moments cl and the cor-
responding expansion (3.27a). The Schwarzschild solution, describing the spacetime
around a spherically symmetric mass (distribution), should be characterized by only
one number, i.e. a monopole moment related to the total mass. However, since the Weyl
moments cl are coordinate multipole moments, we happen to need infinitely many of
them to describe the Schwarzschild solution. Therefore, it is recommendable to use
coordinate invariant multipole moments, e.g., those defined by Geroch and Hansen [85,
63], see below.

An alternative approach that yields more physical insight is described in the fol-
lowing. Here, we follow the work of Quevedo [155] and recommend this reference for
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any details and derivations. We start by introducing spheroidal coordinates x and y

by the coordinate transformation

ρ
2 =: m2(x2 − 1)(1− y

2) , (3.31a)

z =: mxy . (3.31b)

We keep the angular coordinate ϕ and the time coordinate t unchanged. The transfor-
mation above can also be introduced in terms of r and ϑ

x := r/m− 1 , (3.32a)

y := cosϑ . (3.32b)

So far, the parameter m in (3.31) and (3.32) is just some factor with the dimension of
a length. Its interpretation and relation to an invariantly defined monopole moment
becomes clear below.

Written in the new spheroidal coordinates, the Weyl metric reads now

gµνdx
µ
dx

ν = −e
2ψ
c
2
dt

2 +m
2
e
�2ψ(x2 − 1)(1− y

2)dϕ2

+m
2
e
�2ψ

e
2γ(x2 − y

2)

(
dx

2

x2 − 1
+

dy
2

1− y2

)
. (3.33)

Einstein’s vacuum field equation for the transformed Weyl metric above can be
found, e.g., in Refs. [156] and [182]. In Ref. [156], Quevedo has shown that the general
asymptotically flat solution with elementary flatness on the axis for the primary metric
function is given by

ψ =
1∑

l=0

(−1)l+1
ql Ql(x)Pl(y) . (3.34)

Here, the Ql are Legendre functions of the second kind; see, e.g., Ref. [6] for details.
The first four functions are

Q0(x) =
1

2
log

x− 1

x+ 1
, (3.35a)

Q1(x) =
1

2
x log

x− 1

x+ 1
− 1 , (3.35b)

Q2(x) =
1

2
P2(x) log

x− 1

x+ 1
− 3

2
x , (3.35c)

Q3(x) =
1

2
P3(x) log

x− 1

x+ 1
− 5

2
x
2 +

2

3
, (3.35d)

Ql(x) =
1

2
Pl(x) log

x− 1

x+ 1
+ Pl�1(x) , (3.35e)
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where Pl�1(x) is a polynomial of degree l − 1. The new expansion coefficients ql are
related to the Weyl moments cl and might be called Quevedo multipoles.

In the new representation (3.34), the Schwarzschild metric is obtained by the
choice q0 = 1 and ql = 0 ∀ l > 0. For this choice of q0, the parameter m involved in
the coordinate transformation (3.30) is the usual mass parameter of the Schwarzschild
solution and related to the Schwarzschild radius rs = 2m.

In the next section, we discuss the Newtonian limit of the general solution (3.33)
for Weyl spacetimes. Moreover, we investigate their invariant relativistic multipole
moments3 and link them to their Newtonian counterparts which we encountered in
Section 2.

Newtonian limit

The following consideration is based on Refs. [44], [156], and the clarification of the
limit procedure in [145]. We use Ehlers’ definition of the Newtonian limit and apply it
to a general Weyl spacetime described by the metric (3.25) and (3.33).

In Ref. [44] Ehlers defined the Newtonian limit of a general relativistic spacetime
that allows us to read off the Newtonian multipole moments of the configuration. Let
the metric function ψ depend on the parameter λ := 1/c2. Then, the limit

U(ρ, z) = lim
λ!0

1

λ
ψ(ρ, z,λ) (3.36)

yields the Newtonian gravitational potential for the weak-field description of the space-
time at hand. The canonical coordinates ρ and z are kept fixed while the limit is
taken. This approach is motivated by the fact that the Newtonian potential U satisfies
the Laplace equation. This is also true for the metric function ψ in Weyl’s canonical
coordinates. Hence, we want this property to be preserved during the limit procedure.
However, it becomes inevitable to assume that the spheroidal coordinates (x, y) depend
on λ. This dependence becomes clear if we consider the Schwarzschild solution which
involves λ in the coordinate transformation (3.31). In this case, the Newtonian limit
leads to the gravitational potential

U = −GM

R
, R

2 = ρ
2 + z

2
, (3.37)

3For the relativistic moments, we use the coordinate invariant definition by Geroch [63] and Hansen
[85].
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since the mass parameter m depends on λ according to

m =
GM

c2
= GMλ , (3.38)

where M is the total mass of the source; G and M are, of course, independent of λ.
Using the result in (3.31) now clarifies how the spheroidal coordinates x and y depend
on λ.

Now, we explicitly calculate the Newtonian limit of (3.34) following Ref. [156]4.
We have to calculate

U = lim
λ!0

1

λ

1∑

l=0

(−1)l+1
ql Ql

(
r+ + r�
2λGM

)
Pl

(
r+ − r�
2λGM

)
. (3.39)

The limit for the spheroidal coordinates x and y, expressed in terms of ρ and z, is

lim
λ!0

x = lim
λ!0

r+ + r�
2λGM

= ∞ , (3.40a)

lim
λ!0

y = lim
λ!0

r+ − r�
2λGM

=
z√

ρ2 + z2
, (3.40b)

respectively. The Legendre polynomials are continuous and, therefore, we can pull the
limit into the argument and get

lim
λ!0

Pl (y) = Pl

(
lim
λ!0

y

)
= Pl

(
z√

ρ2 + z2

)
. (3.41)

Eq. (3.40a) shows that the limit λ → 0 is equivalent to the limit x → ∞. Hence,
we can expand the function Ql(x) in inverse powers of x. The expansion yields

Ql(x) = Ql

(
r+ + r�
2λGM

)
=

1∑

k=0

b
l

l+2k+1

(
2λGM

r+ + r�

)
l+2k+1

, (3.42)

where the expansion coefficients bl are given by [6]

b
l

l+2k+1 =
(l + 2k − 1)(l + 2k)

2k(2l + 2k + 1)
b
l

l+2k�1 , (3.43a)

b
l

l+1 =
l!

(2l + 1)!!
. (3.43b)

We observe that each summand of Eq. (3.39) has an existing finite limit. Moreover,

4We calculate the limit here again because in Ref. [156], there are some minor errors in the limit
procedure as pointed out in [145].
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absolute convergence allows to interchange the summation and the limit [156]. Inserting
the expansion for the Legendre functions Ql, we finally obtain the expression

U =
1∑

l=0

(−1)l+1
Pl

(
z√

ρ2 + z2

)
lim
λ!0

1

λ
ql

1∑

k=0

b
l

l+2k+1

(
2λGM

r+ + r�

)
l+2k+1

. (3.44)

The limit exists and gives a non-zero result if and only if the dimensionless
Quevedo multipoles ql depend on dimensional coefficients q̄l and the combination Gλ

in the following way

ql = (Gλ)�l
q̄l . (3.45)

These q̄l have the dimension [q̄l] = (m/kg)l. Now, only the lowest-order term, k = 0,
gives a non-zero contribution to the limit and we finally obtain the Newtonian gravi-
tational potential

U =
1∑

l=0

(−1)l+1
b
l

l+1Pl

(
z√

ρ2 + z2

)
lim
λ!0

qlλ
l

(
2GM

r+ + r�

)
l+1

= G

1∑

l=0

(−1)l+1
b
l

l+1q̄lM
l+1

Pl

(
z√

ρ2 + z2

)
× lim

λ!0

(
2

r+ + r�

)
l+1

= −G

1∑

l=0

(−1)lq̄l
l!

(2l + 1)!!
M

l+1 Pl(cosΥ)

χl+1
, (3.46)

where χ and Υ have been defined before.

Multipole moments

In chapter 2, we have defined dimensional Newtonian multipole moments J̃l for axisym-
metric mass distributions, see Eqs. (2.12) and (2.14). Comparing the result to (3.46)
and identifying the coordinates χ =̂R, Υ =̂Θ we read off the relation

J̃l = (−1)l
l!

(2l + 1)!!
M

l+1
q̄l ⇔ Jl = (−1)l

l!

(2l + 1)!!

(
m

Rref

)
l

ql . (3.47)

Since q0 = 1 = q̄0, the total mass of the source is given by M (in kg), which is the
monopole moment J̃0 = M . The dipole moment can always be eliminated by choosing
the origin of the coordinate system to coincide with the center of mass, see chapter 2.
The next higher-order moment is the quadrupole, which is given by

J̃2 =
2

15
q̄2M

3
. (3.48)
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With the results above, we see that the parameters q̄l determine the Newtonian
multipoles of the central source of which the exterior spacetime is described by the
Weyl metric (3.33). Or, the other way around, prescribing Newtonian moments J̃l,
obtained from various measurements, we know how to set up the best Weyl spacetime
approximation of the configuration by calculating the corresponding q̄l.

On the other hand, also the relativistic Geroch-Hansen multipole moments Ml

are uniquely determined by a choice of the parameters q̄l. The mass moments, which
depend of course on λ = c

�2, can be written in the form

Ml = J̃l + Cl , (3.49)

as a sum of the Newtonian moments and relativistic corrections Cl. The corrections can
be calculated exactly, i.e. without any weak-field or far-field approximation. Following
Quevedo [156], the first five correction terms are

C0 = 0 , C1 = 0 , C2 = 0 , (3.50a)

C3 = −2

5
m

2
J̃1 , (3.50b)

C4 = −2

7
m

2
J̃2 −

6

7
m

G

c2
Ñ

2
1 . (3.50c)

In general, the correction terms Cl are of the form Cl = Cl(J̃l�2, J̃l�3, . . . , J̃0). Since J̃1
can be set to zero, the octupole correction C3 becomes irrelevant. Hence, a difference
between the relativistic and the Newtonian multipoles sets in for the first time at the
l = 4 level, which is a surprising result that was first derived in Ref. [156]. In Ref.
[89], the authors show how Weyl multipole moments are operationally accessible via
gyroscope measurements.

The laborious derivation of all the properties above pays off in the following sec-
tions. Using the results, it becomes easy to construct special examples of Weyl space-
times such as the Erez-Rosen spacetime, see the next section. Also in chapter 4, where
we define the relativistic normal gravity spacetime, we heavily rely on the results above
regarding Weyl spacetimes, their Newtonian limits, and multipolar structure.

3.2.3 Erez-Rosen spacetime

The Schwarzschild solution was the simplest member of the Weyl class, involving only
the expansion parameter q0 in (3.34). Since a dipole moment related to q1 is of
no relevance, the next expansion term is proportional to q2. Hence, for the choice
q0 = 1, q1 = 0, q2 %= 0, and ql = 0 ∀l > 2, we obtain a spacetime with monopole and
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quadrupole moments according to

M0 = M , (3.51a)

M2 =
2

15
q̄2M

3
. (3.51b)

The quadrupole moment also coincides with the Newtonian quadrupole J̃2 of the con-
figuration in the Newtonian limit. Higher order multipole moments M2n exist for all
n > 1 but are uniquely determined by M0 and M2.

The metric functions ψ and γ in Eq. (3.33) now become

2ψER = log

(
x− 1

x+ 1

)
+ q2(3y

2 − 1)

(
(3x2 − 1)

4
log

(
x− 1

x+ 1

)
+

3

2
x

)
, (3.52)

and

γER =
1

2
(1 + q2)

2 log

(
x
2 − 1

x2 − y2

)

− 3

2
q2(1− y

2)

(
x log

(
x− 1

x+ 1

)
+ 2

)
+

9

16
q
2
2(1− y

2)

×
[
x
2 + 4y2 − 9x2y2 − 4

3
+ x

(
x
2 + 7y2 − 9x2y2 − 5

3

)

× log

(
x− 1

x+ 1

)
+

1

4
(x2 − 1)(x2 + y

2 − 9x2y2 − 1) × log

(
x− 1

x+ 1

)2
]
. (3.53)

This particular metric is indeed the vacuum solution found by Erez and Rosen [48] in
19595. In the limit q2 → 0, we obtain again the Schwarzschild solution.

By the results of the previous section, we know the Erez-Rosen metric describes
a spacetime of which the Newtonian limit yields a gravitational potential of a configu-
ration with monopole J̃0 = M and quadrupole J̃2 only; all J̃n are zero for n > 2. This
is indeed also supported by the following consideration. We change to the coordinate
(r,ϑ) using the transformation (3.32). Now, we can expand the metric component

5As pointed out in Ref. [202], the original work by Erez and Rosen contains some mistakes con-
cerning numerical factors within the expression for the metric functions. A corrected version can be
found, for example, in Ref. [202].



56 Chapter 3. General Relativity, Spacetime Models and Relativistic Concepts

g00 = − exp(2ψ) in powers of the dimensionless quantity m/r. We obtain

−g00 = e
2ψ = 1− 2m

r
− 2

15
q2m

3 3 cos
2
ϑ− 1

r3
+O(m4

/r
4)

= 1− 2

c2

(
GM

r
+GMm

2 2

15
q2
3 cos2 ϑ− 1

2r3

)
+O(m4

/r
4)

= 1− 2

c2

(
GM

r
+GJ̃2

3 cos2 ϑ− 1

2r3

)
+O(m4

/r
4) . (3.54)

We have used the relation

J̃2 =
2

15
Mm

2
q2 =

2

15
q̄2M

3
, (3.55)

and recognize the term in brackets as the Newtonian potential of a quadrupolar gravi-
tational source, see chapter 2. Actually, we have just calculated a weak-field expansion
of the Erez-Rosen metric in suitable coordinates; we know that in such a limit we
have −g00 → (1 + 2U/c2) which gives the first term in the post-Newtonian metric for
a Newtonian quadrupolar potential. However, higher orders are different and we have
to keep in mind that the coordinates do not have the same meaning as in Newtonian
gravity in R3. On t = const., r = const. surfaces, the metric is not the standard metric
on the 2-sphere S

2, and r is not an area coordinate as it was for the Schwarzschild
spacetime.

Since the Erez-Rosen spacetime is a particular Weyl spacetime, we also have the
two Killing vector field ξ1 = ∂t, ξ2 = ∂ϕ, the generators of time translations and rota-
tions, respectively.

3.2.4 Higher-order static axisymmetric spacetimes with prescribed
limits

As we have seen above, the Erez-Rosen metric describes a relativistic quadrupolar
spacetime which possesses also all higher-order moments. However, these moments are
uniquely determined by the first two. The Newtonian limit of this spacetime yields a
quadrupolar gravitational potential, i.e. a potential involving only J2 as the highest-
order term and all other Newtonian moments are zero.

In the same spirit, we can construct a more general Weyl spacetime of which the
weak-field limit is a prescribed Newtonian axisymmetric field. This means, we can
prescribe l parameters J̃l which uniquely characterize the Newtonian field that shall
be the weak field limit of our general relativistic spacetime. Thereupon, l parameters
q̄l are uniquely determined by Eq. (3.47) and a Weyl spacetime can be constructed
according to Eq. (3.33).
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This construction is limited to axisymmetric configurations but no exact general
relativistic spacetimes that describes a static non-axisymmetric field related to a central
source, such as a planet, is known so far. Thus, it might be argued that due to the
Earth’s non-axisymmetric gravity field, the outlined construction of exact spacetimes
is of no, or only very little use [180]. However, we disagree at this point and we will
give arguments for our position in later chapters. For instance, we will use an exact
spacetime, constructed as shown above, to describe the relativistic normal gravity field
of the Earth in chapter 4.

3.2.5 Stationary axisymmetric spacetimes - Kerr metric

The metric for any axisymmetric stationary solutions to Einstein’s vacuum field equa-
tion can be given in the Weyl-Lewis-Papapetrou form

g = −e
2ψ(c dt+ ωdϕ)2 + e

�2ψ
σ
2
e
2γ(x2 − y

2)

(
dx2

x2 − 1
+

dy2

1− y2

)

+ e
�2ψ

σ
2(x2 − 1)(1− y

2)dϕ2
, (3.56)

in which we use the spheroidal coordinates (x, y), which have proven to be very useful
in the last section, see Refs. [155] and [182] for details. Here, the metric functions ψ,
γ, and ω depend only on x and y, and σ is a constant with the dimension of a length.

We can define the Ernst potentials E and ε

E := e
2ψ + iΣ , ε :=

1− E

1 + E
, (3.57)

which are complex functions in general. The new function Σ, which appears in the
imaginary part, is given by a solution of

σ(x2 − 1)∂xΣ = −e
4ψ
∂yω , (3.58a)

σ(1− y
2)∂yΣ = e

4ψ
∂xω . (3.58b)

Now, the vacuum field equation can be reduced to an equation for the complex Ernst
potential, see, e.g., Ref. [158]. In the limit of static spacetimes, the Ernst potential
becomes real and we recover all results of the previous section for Weyl spacetimes.
Note that the equation of motion, i.e. the geodesic equation, can be solved analytically
in such axisymmetric spacetimes; see, e.g., results and analytically derived observables
in Refs. [81, 82, 83].

One particularly simple solution to the Ernst equation for the special case ω = 0 is
given by ε = 1/x, which is the Schwarzschild spacetime in spheroidal coordinates. The
probably best-known and most important stationary solution of the Ernst equation is
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the Kerr solution. It is a two parameter family of spacetime metrics, since the Ernst
potential depends on the two parameters mass m and spin a according to

ε
�1 =

σ

m
x+ i

a

m
y , σ =

√
m2 − a2 , (3.59)

and the Kerr metric functions in the Weyl-Lewis-Papapetrou form become

e
2ψ =

σ
2
x
2 + a

2
y
2 −m

2

(σx+m)2 + a2y2
, (3.60a)

ω =
2am (σx+m)(1− y

2)

σ2x2 + a2y2 −m2
, (3.60b)

γ =
1

2
log

(
σ
2
x
2 + a

2
y
2 −m

2

σ2(x2 − y2)

)
. (3.60c)

The standard form of the Kerr metric in Boyer-Lindquist coordinates (t, r,ϑ,ϕ) is
obtained after the coordinate transformation

σx = r −m, y = cosϑ . (3.61)

The metric becomes

g =−
(
1− 2mr

ρ2

)
c
2dt2 +

ρ
2

∆
dr2 + ρ

2dϑ2 + sin2 ϑ

(
r
2 + a

2 +
2mra

2 sin2 ϑ

ρ2

)
dϕ2

− 4mra sin2 ϑ

ρ2
c dtdϕ , (3.62)

and we introduce the abbreviations

ρ
2 = r

2 + a
2 cos2 ϑ , ∆ = r

2 + a
2 − 2mr . (3.63)

The parameter m = GM/c
2 gives the total mass of the source in natural units, see

below, and the Kerr parameter a is related to the spin angular momentum J by

a =
J

Mc
, (3.64)

and has the dimension of a length.

The Kerr spacetime describes the geometry of a rotating black hole for a < m. The
case a > m describes a naked singularity and a = m is the boundary corresponding
to an extreme black hole. For the former case, there are two horizons given by the
roots of ∆, and the outer solution is an event horizon. A curvature ring singularity
is found at r = 0, ϑ = π/2. For the case a = 0, the two horizons coincide at r = 2m

and the Schwarzschild spacetime is recovered. Another important surface is obtained
by the roots of g00. The region between the outer solution and the event horizon is
called ergosphere. In this region, all observers have to rotate with the black hole. The
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geodesic equation in the Kerr spacetime can be solved analytically in terms of elliptic
functions, see Ref. [82, 83] and references therein. Also the shadow of Kerr black holes
can be calculated analytically, even in the presence of a plasma [71, 138]. Observing a
shadow of the black hole in the center of our galaxy will, hopefully, give information
about the spin and verify the applicability of the Kerr metric for astrophysical compact
objects. It is, therefore, also a test of General Relativity, or at least a test of a class of
theories which admit trapped light orbits around central objects.

The Kerr metric has an interesting multipole structure; in natural units, the
lowest-order moments are

M0 = m, (3.65a)

S1 = ma , (3.65b)

M2 = −ma
2
, (3.65c)

where S1 is the spin dipole. All higher-order mass moments Mn exist for even n and all
spin moments Sn exist for odd n but are uniquely determined by a choice of m and a.
We find the two Killing vector fields ξ1 = ∂t (timelike) and ξ2 = ∂ϕ (spacelike) related
to stationarity and axisymmetry, respectively. The spacetime is stationary since ξ1 is
not hypersurface orthogonal in general.

The Kerr metric can not describe the actual spacetime outside an axisymmetric
planetary object such as the Earth. Calculating the mass m� ≈ 0.44 cm and the Kerr
parameter a for the angular momentum and mean surface radius of the Earth, we
find a� ≈ 892m which clearly corresponds to an over-extreme solution. Moreover, the
Kerr quadrupole moment is uniquely determined by m and a, whereas for the Earth
it is independent and not even close to the Kerr value. However, the Kerr spacetime
can be used to estimate so-called gravitomagnetic effects in the vicinity of the Earth
due to the frame dragging of the spacetime geometry. Particular examples of such
effects are the Lense-Thirring precession measured by Gravity Probe B [49, 50] and the
gravitomagnetic clock effect, see [79] and references therein.

3.2.6 Parametrized post-Newtonian spacetime

Empirical evidence, supporting that the Einstein equivalence principle holds, suggests
that in particular metric theories are viable theories of gravity. Following Ref. [200],
we make three assumptions

◦ There exists a symmetric metric; in a local chart gµν = gνµ.

◦ The worldlines of test-particles without internal structure are timelike geodesics
of the metric.
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◦ The laws of special relativity hold in a Local Lorentz Frame (LLF).

Metric theories of gravity can be described in the parametrized post-Newtonian for-
malism (ppN).

In the following, we neglect all time-dependencies and use a nearly globally Lorentz
coordinates system with harmonic Cartesian ppN coordinates (xµ) = (ct, x, y, z). Hence,
for these coordinates, the harmonic gauge

∂µ

(√
−gg

µν
)

(3.66)

is fulfilled. This gauge condition can alternatively be written as gµνΓλ
µν = 0.

For the sake of simplicity, we now construct a ppN spacetime model for the iso-
lated, time-independent, and rigidly rotating Earth using only the two ppN parameters
β and γ. In harmonic non-rotating GCRS coordinates, the metric components can be
written as

g00(x) = −
(
1 +

2U(x, y, z)

c2
+

2βU(x, y, z)2

c4

)
+O(c�6) , (3.67a)

g0i(x) = − 2(γ + 1) |U i(x, y, z)|
c3

+O(c�5) , (3.67b)

gij(x) = δij

(
1− 2γU(x, y, z)

c2

)
+O(c�4) . (3.67c)

where U(x, y, z) is the Newtonian gravitational potential and U
i(x, y, z) is the vector

potential in the post-Newtonian formalism. Note that U < 0 in our convention. For
details, and more complicated ppN metrics including an extended set of parameters
and potentials, see Refs. [200, 109, 35, 179, 112]. We also recommend the so-called
DSX papers [28, 29, 30, 31] for very detailed considerations. The vector potential U i

causes frame dragging effects and might be called gravitomagnetic potential for this
reason.

For our choice of the metric and the assumptions made above, the potentials U

and U
i are to be determined from

∆U(x) = 4πGρ(x) , (3.68a)

∆U
i(x) = 4πGρ

i(x) = 4πGρ(x) vi(x) . (3.68b)

The rest mass density ρ and its flux ρ
i are related to the energy-momentum tensor

components of the Earth: ρ = (T 00 + T
ii)/c2 and ρ

i = T
0i
/c, and are measured in a

locally comoving freely falling frame. By v
i we denote the matter’s coordinate velocity
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in the GCRS. In an integral representation, we obtain [23]

U(x) = −G

∫
d
3
X

0 ρ(x0)

|x− x0| , (3.69a)

U
i(x) = −G

∫
d
3
X

0 ρ(x
0) vi(x0)

|x− x0| . (3.69b)

Combining U and U
i to (Uµ) = (U,U i) as well as ρ and ρ

i to (ρµ) = (ρ, ρi) allows to
express the asymptotic behavior by

lim
|x|!1

U
µ = 0 , (3.70)

and the field equations become

U
µ(x) = −

∫
ρ
µ(x)

|x− x0|d
3
x
0
. (3.71)

The two ppN parameters have the following interpretation [200]: β describes the
“amount of non-linearity” occurring in the (broken) superposition principle of the time-
time component g00. The parameter γ describes the “amount of spatial curvature”
produced by a unit rest mass that is to be taken into account. Using only β and γ, the-
ories contained in the framework are, e.g., General Relativity and scalar-tensor theories
such as Brans-Dicke or general f(R) theories. The ppN parameter γ is constrained to
|γ| ≤ 2.3× 10�5 by measurements related to the Cassini spacecraft mission [7] and β

is limited by |γ| ≤ 3× 10�5 thanks to planetary ephemeris [149].

Now, we introduce a rotating coordinate system (t, x0, y0, z0), rigidly co-rotating
with the Earth. In spherical coordinates, this is done by the transformation of the
azimuthal angle (longitude) according to

φ → φ
0 = φ− ωt , (3.72)

where ω is the Earth’s angular velocity. We assume that the rotation axis coincides with
the z-axis of the coordinate system, i.e. z0 = z. All purely spatial metric components
will formally not change but we have to calculate the new g

0
00 and g

0
0i components. The

result is

g
0
00(x

0) = −
(
1 +

2W (x0, y0, z0)

c2
+

2βU(x0, y0, z0)2

c4

)
+O(c�6) , (3.73a)

g
0
0i(x

0) = − 2(γ + 1) |U i(x0, y0, z0)|
c3

−
εijkx

0j
ω
k

c
+O(c�5) , (3.73b)

g
0
ij(x

0) = δij

(
1− 2γU(x0, y0, z0)

c2

)
+O(c�4) , (3.73c)
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where W = U − ω
2(x2 + y

2)/2 is the Earth’s gravity potential including centrifugal
effects, see chapter 2, and (ωi) = (0, 0,ω) is the Earth’s angular velocity vector. Note
that we can express g00i(x0) also in the form

g
0
0i(x

0) = −γ + 1

c3
Li −

εijkx
0j
ω
k

c
, (3.74)

with the Earth’s gravitomagnetic field [181, 199]

"L� =
G "J� × "x

0

r03
, (3.75)

and the total angular momentum "J� of the Earth. In the new coordinates, observers
on the Earth’s surface are described by dx0i = 0.

For a spherical central mass M with radius R0, rotating around the x
3-axis with

angular velocity ω, the gravitomagnetic vector potential can be evaluated easily and
we obtain

g03 = −2(γ + 1)GM/R

5c3

(
R0

R

)2

ε3ijω
i
x
j
. (3.76)

3.2.7 Post-Newtonian spacetime for the Earth

The post-Newtonian (pN) metric components, describing the spacetime outside the
isolated time-independent rigidly rotating Earth in the GCRS, is obtained from the
metric by assigning to the ppN parameters β and γ their values in General Relativity,
i.e. β = 1 and γ = 1. The coordinates (x) are non-rotating nearly global Cartesian
coordinates. From , we now obtain the pN metric components

g00(x) = −
(
1 +

2U(x, y, z)

c2
+

2U(x, y, z)2

c4

)
+O(c�6) , (3.77a)

g0i(x) = − 4 |U i(x, y, z)|
c3

+O(c�5) , (3.77b)

gij(x) = δij

(
1− 2U(x, y, z)

c2

)
+O(c�4) , (3.77c)

see, e.g., the IAU conventions and corresponding explanations in Refs. [97, 103, 178] and
references therein. In co-rotating non-inertial coordinates (x0), the pN metric becomes
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g
0
00(x

0) = −
(
1 +

2W (x0, y0, z0)

c2
+

2U(x0, y0, z0)2

c4

)
+O(c�6) , (3.78a)

g
0
0i(x

0) = − 4 |U i(x0, y0, z0)|
c3

−
εijkx

0j
ω
k

c
+O(c�5) , (3.78b)

g
0
ij(x

0) = δij

(
1− 2U(x0, y0, z0)

c2

)
+O(c�4) . (3.78c)

In the equations above, W is the Earth’s gravity potential, U is its gravitational part,
and U

i is the vector potential taking care of the Earth’s gravitomagnetic field, see
section 3.2.6.

We again remind the reader about our sign convention W < 0 and U < 0 when
comparing the results above to other references.
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Chapter 4

Geodetic Concepts in Relativistic

Gravity - Potentials and Reference

Surfaces

4.1 Why concepts and basic notions must be redefined

Since the structure of General Relativity is fundamentally different compared to linear
Newtonian gravity, new basic concepts, fundamental notions, and observables appear.
Moreover, familiar concepts used in conventional geodesy must be reconsidered and
lifted to the framework of relativistic gravity. To do so, it becomes inevitable to redefine
the most fundamental geodetic notions to consistently interpret measurements at the
highest possible accuracy level. We shall point out here, that it is not the (gravitational)
measurement which changes when switching to another underlying theory of gravity.
We rather have to interpret the data and observables in a consistent way within the
chosen theory. The measurement itself ‘does not care’ about the theoretical framework
that we have chosen and it is an abuse of notions to speak of Newtonian or relativistic
measurements.

4.1.1 Concepts that will be addressed - Methodology

Clocks are among the most fundamental and most precise measurement devices. Mod-
ern clocks with a stability approaching the 10�18 regime [11, 24, 126] will be off less than
a second in the age of the universe. These clocks with an unprecedented and mind-
blowing accuracy can be used to detect mutual redshifts which result from (small)
position offsets at the order of centimeters. They build the experimental foundations
of an entirely new field which is called chronometric geodesy; see Refs. [35, 38, 126,
130] for a modern overview. It is indeed possible to detect the spacetime geometry
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Figure 4.1: Methodology of chronometric measurements: We may consider
two special kinds of observers, related to i) satellite measurements and therefore
orbits around the Earth and ii) measurement stations fixed to the surface of
the rotating Earth. These observers shall be equipped with standard clocks
described in terms of timelike worldlines parametrized by the respective proper

time.

and all components of the curvature tensor by a suitably prepared set of clocks. This
construction is called the “clock compass”, see Ref. [154].

Since we believe that chronometric measurements will be the main pillar of future
relativistic geodesy, we base our considerations here on the analysis of clock comparison
and redshift measurements. A relativistic definition of the geoid that is based on time
and frequency measurements might be most convenient and operationally realizable
with high accuracy.

After defining the redshift of two observers in General Relativity, we pass on to
consider timelike congruences, which resemble a swarm of observers who can perform
pairwise measurements. These measurements include, e.g., clock experiments, pairwise
redshift measurements and the determination of relative accelerations. Using both,
relative redshifts and accelerations, the curvature of spacetime can be determined point
wise by the so-called “gravitational compass” and “clock compass”, see Refs. [153, 154]
and references therein.

Our approach eventually leads to the definition of a redshift potential, a scalar
function on spacetime, which exists for special types of observer congruences. We show
that this scalar function is also an acceleration potential for an isometric congruence
of observers and that in the case of a time-independent redshift potential, the level
sets are two-dimensional surfaces which foliate the three-dimensional space in a sta-
tionary spacetime geometry. We call these level surfaces isochronometric surfaces, and
show how they can be determined by observers who co-rotate with the Earth and are
equipped with standard clocks.
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Thereupon, we use the redshift potential to define a relativistic gravity potential
that is a generalization of the Newtonian function W . It gives rise to the definition of
geodetic reference surfaces such as the relativistic geoid and the reference ’ellipsoid’.
Moreover, we consider our definitions in the (post-)Newtonian limit and prove that
well-known notions of conventional geodesy are recovered. In this chapter, we work out
general relativistic definitions of

◦ the gravity potential,

◦ the geoid,

◦ the normal gravity field,

◦ and the level ellipsoid.

We shall note here already that our definitions are by no means restricted to describe
only the gravitational field of the Earth. The concepts and notions presented in this
chapter can be applied to a variety of astrophysical objects. Moreover, there is no
restriction concerning the strength of the gravitational field since we do not employ
any kind of (weak-field) approximation for the definitions.

The first approach towards the definition of a relativistic geoid was done by Bjer-
hammar [9, 10] in 1985. In his words:

The relativistic geoid is the surface nearest to mean sea level on which precise
clocks run with the same speed.

Inspired by Bjerhammar’s approach, which, however, lacks some formal and mathemat-
ical clarity, we will work out a relativistic geoid definition based on clock comparison.
Therefore, we need to translate Bjerhammar’s definition into the language of math-
ematics: Firstly, we must specify what “precise clocks” are. Secondly, we have to
interpret what is actually meant by saying that clocks “run at the same speed”. In
the formalism of General Relativity, without approximations, we suggest that “precise
clocks” are standard clocks, i.e. clocks that measure proper time along their respec-
tive worldlines. Moreover, “clocks that run at the same speed” are to be identified by
a vanishing mutual redshift. These identification, together with properties of special
congruences of observer worldlines who co-rotate with the Earth, yields a new definition
of the relativistic geoid in the end.

4.2 Redshift and acceleration potential, isochronometric

surfaces

In the following section, we introduce the redshift of two observers in General Relativ-
ity. To avoid the discussion of the observers’ nature and possible interactions with the
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spacetime environment and other fields, we shall use an abstract concept that reduces
the physical observer, or rather the measurement device taking care of the data re-
ception and recording, to an infinitesimally small clock following a timelike worldline.
Moreover, we demand that this clock measures its own proper time, i.e. we require it
to be a standard clock. Note that the observers’ worldlines do not need to be geodesics
of the spacetime since they are, of course, allowed to move freely in an accelerated
manner.

Once the notion of the redshift of two observers is defined, we pass on to investigate
congruences. With applications to geodesy in mind, we necessarily need to consider
a swarm of observers, who interact in a network and perform pairwise measurements.
For Earth-bound measurements, we can think of rigidly co-rotating observers attached
to the surface of the rotating Earth. Under certain conditions, we can define a time-
independent redshift potential, a scalar function on spacetime which yields the redshift
of any to worldlines in a congruence by evaluation on the respective paths. We will
show that for isometric observer congruences, the redshift potential is an acceleration
potential as well. This property leads to the fact that the so-called “u-geoid” and
“a-geoid”, defined in post-Newtonian gravity in Ref. [181], coincide genuinely in the
framework of General Relativity.

4.2.1 Redshift in General Relativity

To operationally determine the redshift of observers, it is inevitable to compare two
clocks. To do so, it is obviously necessary to send signals from one clock (emitter) to the
other (receiver). This might also be done in a bidirectional way. In General Relativity,
the natural choice for the signal transmission is to consider free light signals, which
connect events on the emitter’s worldline to events on the receiver’s worldline. These
light signals are, in the mathematical formalism, given by lightlike (null) geodesics.

In the following, we present the well-known definition of the redshift in General
Relativity. Let γ and γ̃ be the worldlines of the emitter and the receiver, respectively.
We parametrize the worldlines by the respective proper times τ and τ̃ . The tangent
vectors to the worldlines (the four-velocity vectors) are then given by u = dγ/dτ and
ũ = dγ̃/dτ̃ ; γ, γ̃ are their integral curves, respectively. Proper time is defined by the
normalization condition g(u, u) = −c

2.

Now, we assume that light rays are emitted at the two events γ(τ) and γ(τ +∆τ)

for an arbitrary time of emission τ . These signals are received at γ̃(τ̃) and γ̃(τ̃ +∆τ̃),
respectively. A sketch of the situation is shown in Fig. 4.2. Let the worldlines of the
light rays be λn(s), where s is an affine parameter, and n labels the light rays. These
light rays can be labeled, e.g., either by their emission time τ on γ or their reception
time τ̃ on γ̃ and, therefore, define a function τ̃(τ). The redshift z is defined by the
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Figure 4.2: Definition of the redshift of observers in General Relativity: light
signals are exchanged between two worldlines γ and γ̃ which are integral curves
of the tangent vector fields u and ũ, respectively. Each worldline is parametrized
by its respective proper time. Light signals (null geodesics) are emitted at a rate
∆τ w.r.t. the emitter’s clock and received with a rate ∆τ̃ w.r.t. the receiver’s
clock. In the limit ∆τ → 0, their quotient defines the (momentary) redshift.

derivative of this function,

z + 1 :=
ν

ν̃
=

dτ̃

dτ
= lim

�τ!0

∆τ̃

∆τ
, (4.1)

where ν and ν̃ are the frequencies of the light, measured by the emitter and the receiver,
respectively.

In General Relativity, there is a universal formula for the redshift z of two standard
clocks,

z + 1 =
ν

ν̃
=

(
gµν

dλ
µ

ds

dγ
ν

dτ

)∣∣∣∣
γ(τ)(

gρσ
dλ

ρ

ds

dγ̃
σ

dτ̃

)∣∣∣∣
γ̃(τ̃)

. (4.2)

It was derived first by Kermack et. al. [104]; also in the book of Synge [184], a derivation
can be found. Other references that we recommend are the works of Brill [15] and
Straumann [183], in which the redshift formula is derived in a simple way. Denoting
the tangent to the light ray by k := dλ/ds, we may rewrite Eq. (4.2) in the following
shorter way:

z + 1 =
ν

ν̃
=

〈
k, u

〉
〈
k, ũ

〉 , where
〈
a, b

〉
:= gµνa

µ
b
ν = g(a, b) . (4.3)

Note that we can label all points on the connecting null geodesics by the time of
emission τ and the affine parameter s, which can always be rescaled to have the value
s = 0 on γ and the value s = 1 on γ̃. Hence the pairs (τ, s) label all the points on the
null geodesics λn. On the spacetime, k = ∂s and l := ∂τ are vector fields. It is now
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easy to show that (i):
〈
k, l

〉
is constant along null geodesics, and (ii): that l(s = 0) = u

and l(s = 1) = (z + 1) ũ 1. Therefore, it follows that

〈
k, l

〉
s=0

=
〈
k, u

〉
= (z + 1)

〈
k, ũ

〉
=

〈
k, l

〉
s=1

, (4.4)

and the redshift equations (4.2), (4.3) are immediate consequences.

In (4.2) and (4.3), we introduce the factor z + 1 to define the redshift, instead
of using only z as it is done by other authors. However, in the Newtonian limit our
definition will yield a vanishing redshift z = 0 since the frequency ratio becomes one
due to the nature of Newton’s universal and absolute time.

4.2.2 Congruences of observer worldlines – redshift potential and
isochronometric surfaces

Being interested in measurements related to the Earth’s gravitational field and its
properties, we are not satisfied with only two observers, which were described so far.
We shall expand our considerations to describe an entire family of observers equipped
with standard clocks and other measurement devices. These observers can be thought
of as fixed ground stations on the Earth’s surface, mobile measurement devices, or even
satellites in orbits around the Earth.

In the theoretical framework of General Relativity, the notion of standard clocks
is well-defined. We have to use the normalization condition, i.e. a worldline γ that
is parametrized by proper time τ has a normalized tangent vector field u = dγ/dτ

with g(u, u) = −c
2. Standard clocks can also be characterized operationally using

light rays and freely falling particles as well as the notions of radar distance and radar
time, see Perlick’s work [140]. When comparing predictions from General Relativity
with observations one always assumes that atomic clocks are standard clocks. This
hypothesis is in agreement with all experiments to date.

To describe a swarm of observers, we now consider timelike congruences of world-
lines and ask for the redshift of any pair of worldlines within a given congruence. Let
such a congruence be defined by a four-velocity field u, which is normalized such that
its integral curves are parametrized by the respective proper times. We introduce a
scalar function φ that can be evaluated on all integral curves of u and that is used to
calculate the redshift of any pair of observers within the congruence. We call such a

1The proof can be found in appendix B.
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function φ a redshift potential for u if2

log(z + 1) = φ
(
γ̃(τ̃)

)
− φ

(
γ(τ)

)
(4.5)

for any two integral curves γ and γ̃ of u. In Ref. [86], it is shown that φ is a redshift
potential for u if and only if

exp(φ)u =: ξ (4.6)

is a conformal Killing vector field of the spacetime. Moreover, the redshift potential is
also time-independent (i.e. it is constant along the integral curves of u) if and only if
ξ is a Killing vector field. We call the worldlines of the congruence, the integral curves
of u, Killing observers. Thus, we conclude that the existence of a time-independent
redshift potential is guaranteed if and only if the spacetime is stationary because the
Killing vector field must be timelike to describe observers in an operational sense.

We can introduce the general form of a stationary spacetime metric in coordinates
(t, xi), where the time coordinate is chosen such that ∂t := ξ. The metric reads

g = e
2φ(x)

[
−(c dt+ αa(x)dx

a)2 + αab(x)dx
adxb

]
, (4.7)

where the metric functions φ, αa, and αab depend on (xi) = (x1, x2, x3) but not on the
time coordinate t.

The spatial part of the spacetime is three-dimensional. The scalar redshift poten-
tial φ, or rather its level sets, foliate this 3d space into two-dimensional surfaces which
we call isochronometric surfaces. Hence, any timelike congruence of Killing observers
defines a foliation of the spatial part of the spacetime into isochronometric surfaces.
The redshift of any two standard clocks, mathematically described by integral curves
of the vector field u = exp(−φ)ξ, on the same isochronometric surface φ = φ0 = const.
vanishes. Note that it can be shown that if any two clocks on integral curves of a vector
field u have a constant redshift over time, then u must be proportional to a Killing
vector field if its integral curves are complete, see Theorem 10 in Ref. [141]

For a metric in the form above, the redshift potential φ can be read off using

c
2
e
2φ = −gµνξ

µ
ξ
ν = −gtt . (4.8)

2Be careful with the order of � and �̃ to match the result in (4.2) for cases in which both formulae
are applicable.
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The redshift of any two stationary standard clocks in the congruence is then given by

z + 1 =
ν

ν̃
= e

φ|�̃�φ|� =
e
φ|γ̃
eφ|γ

=

√
−gtt|γ̃√
−gtt|γ

. (4.9)

Note that the result (4.9) for the redshift is in agreement with (4.2) in all situations
that allow the application of both formulae, i.e. in all stationary spacetimes for which
we want to calculate the redshift of two Killing observers. This can easily be verified by
evaluating the redshift equation (4.2) for the metric (4.7) and a congruence of worldlines
that are integral curves of the vector field u = exp(−φ) ∂t.

For the sake of clarity, we shall now briefly discuss the notion and limit of a redshift
potential in (post-)Newtonian gravity. A detailed application to a (parametrized) post-
Newtonian spacetime is given in chapter 5. For the weak-field limit, we have for a
suitable coordinate system in which the time coordinate t is adapted to a timelike
Killing vector field ∂t:

−g00 = 1 + 2W/c
2 +O

(
c
�4

)
, (4.10)

where W is the Newtonian gravity potential. Thereupon, we obtain for the redshift
potential φ

e
φ = 1 +W/c

2 +O
(
c
�4

)
. (4.11)

Note that we do only consider terms of O
(
c
�2

)
in the limit and the square root has

been expanded accordingly. Thus, to lowest order the level surfaces of the redshift
potential resemble the equipotential surfaces of the Newtonian gravity potential. This
property is a very good starting point for a relativistic generalization of concepts based
on W . Later in this chapter, we construct a relativistic gravity potential U⇤, based on
the redshift potential φ, which is used to investigate and redefine notions such as the
relativistic geoid.

At the same approximation order, the redshift is determined by potential differ-
ences between the worldlines of the emitter and receiver of exchanged signals,

ν1

ν2
=

1 +W2/c
2

1 +W1/c
2
≈ 1 +

W2 −W1

c2
=: 1 +

∆W

c2
. (4.12)

The equation above is the very starting point for the field of chronometric geodesy in
which redshift measurements of clocks at different positions (heights) are performed.
The results of such measurements can verify the validity of the redshift equation and
serve as a test of relativistic gravity. Close to the Earth’s surface, a potential differ-
ence corresponds to a height difference. We can now easily calculate that the relative
frequency change, i.e. the redshift, is about 10�16 per meter near the surface of the
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Table 4.1: Index of refraction n for various materials.

Material Index of refraction % of vacuum speed of light
Vacuum 1 100
Air 1.0003 99.97
Water 1.33 75.19
Pure silica 1.44 69.44
Crown glass 1.52 65.79
Diamond 2.42 41.32

Earth. Hence, height differences at the centimeter level can be detected in the redshift
signal by modern clocks with a stability in the 10�18 regime.

Clock comparison through optical fibers

So far, we have discussed the signal propagation on null geodesics which connect events
on the clocks’ worldlines. The general redshift formula (4.2) was derived and is only
valid for such situations. We may now also consider light signals propagating through
optical fiber links that physically connect the clocks and have a non-negligible extension
as well as a specific profile for the index of refraction n. Clearly, light signals in these
fibers do not propagate with the vacuum speed of light but rather with a modified
speed cn. The relation between cn and c is given by

n =
c

cn
⇔ cn =

c

n
. (4.13)

Thus, an index of refraction larger than one leads to a reduced propagation velocity
inside the material. Table 4.1 shows the index of refraction for various materials [87].
An optical fiber used for signal transmission between modern clocks has a distinct
profile for the index of refraction in three spatial dimensions to ensure some optimal
propagation and transmission properties. However, the index of refraction is approxi-
mately in the range of the value for silica. Thus, the speed of light inside such a fiber
is approximately two thirds of the vacuum speed of light.

In the following, we will show that for a stationary spacetime Eq. (4.9) is also valid
if the comparison is done with non-geodesic signals that move at the speed of light.
These signals are not freely propagating but confined to a spacelike path established by
the optical fiber. The important consequence is that redshift experiments can also be
described in the framework of the redshift potential even if the signals are transmitted
over long distances through optical fiber links.

For the following considerations, we assume that the fiber is at rest with respect to
the congruence of Killing observers for which a time-independent redshift potential φ
exists. The fiber is represented by a time-independent path in the geometry described
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by the metric (4.7). A signal at the speed of light that propagates along this path has
to satisfy the condition that its tangent is lightlike, i.e.

gµν ẋ
µ
ẋ
ν = 0 , (4.14)

where the overdot denotes the derivative taken with respect to an affine curve parameter
s. The signal is, of course, future-directed and propagates on the emitter’s future light
cone. Hence, for the geometry (4.7) we obtain

c dt+ αadx
a =

√
αabdxadxb . (4.15)

Thereupon, we can calculate the coordinate travel time of the signal by integration

∆t := t2 − t1 =

∫
t2

t1

dt =
1

c

∫
s2

s1





√

αab

dxa

ds

dxb

ds
− αc

dxc

ds



 ds . (4.16)

Since we have ∂tαa = 0 and ∂tαab = 0, the travel time ∆t is independent of the
emission time t1. It follows that for two signals that are emitted with a coordinate time
difference ∆t, the reception time difference is ∆t as well. For the Killing observers in
the congruence, the four-velocity is u = exp(−φ)∂t. The relation between the respective
proper time τ and coordinate time t for each of these observers is given by

dτ

dt
= e

φ
. (4.17)

Now, we can easily determine the redshift of a signal transmitted through an optical
fiber between two observers in the congruence. We obtain

z + 1 =
ν

ν̃
=

dτ̃

dτ
=

dτ̃

dt

dt

dτ
=

e
φ|γ̃
eφ|γ

. (4.18)

Hence, the correct frequency ratio and, therefore, the redshift is again obtained by
the redshift formula (4.9) for the clock comparison via signal transmission through
an arbitrarily shaped optical fiber. The only assumptions are the stationarity of the
spacetime and a fiber at rest with respect to the observers. Both assumptions might
be realized at least approximately for short time scales that cover the duration of the
measurements.

The next step is to consider fiber links with an index of refraction different from
one. In such fibers, the speed of a light signal is reduced compared to the situation
before. We use the framework of optical metrics, see, e.g., Ref. [136]. The geometry is
now to be described by the metric

g = e
2φ(x)

[
−n(x)�2(c dt+ αa(x)dx

a)2 + αab(x)dx
adxb

]
, (4.19)
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Figure 4.3: Sketch of surfaces of a constant redshift potential φ and optical
fiber links connecting standard clocks on these surfaces. The redshift is inde-
pendent of the spatial shape of the chosen fiber as long as the fibers are at rest
with respect to the Killing observers which are indicated by the clocks’ posi-
tions. The redshifts measured using fiber 2a and 2b will be identical, whereas

the redshift measured using fiber 1 is zero.

instead of using (4.7). We assume again that the fiber is at rest with respect to the
congruence of Killing observers. Hence, in particular emitter and receiver are spatially
connected by the time-independent fiber path. The redshift of the two ends of the fiber
now results in

z + 1 =
ν

ν̃
=

e
φ|γ̃
eφ|γ

n|γ
n|γ̃

. (4.20)

Again, the redshift potential gives the correct redshift by evaluation on the emitter’s
receiver’s worldlines, provided that the index of refraction is constant. Furthermore,
the equation above shows that the redshift potential φ for the vacuum situation can
be deduced from frequency comparisons using optical fiber links when the position-
dependent index of refraction n(x) of the particular fiber is known. However, this
profile is known or can be determined by separate measurements. Figure 4.3 shows
the principle idea of level surfaces of the redshift potential and clock comparison using
optical fibers for different paths.

Comparison of optical clocks in fiber networks is actually performed nowadays at
high accuracies, see, e.g., Ref. [118] and references therein.
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4.2.3 Congruences of observer worldlines – acceleration potential

The introduction of a time-independent redshift potential requires the existence of
a timelike Killing vector field, i.e. it requires the spacetime to be stationary. The
congruence of observers who determine the redshift potential and its level surfaces
must then be a timelike Killing congruence. In this section, we will recall some facts
about general timelike congruences and show that the assumption of stationarity is
naturally equivalent to a relativistic generalization of the requirements that we made
for a time-independent Newtonian geoid, see chapter 2. The three assumptions have
been:

(A1) The Earth is in rigid motion.

(A2) The Earth rotates with constant angular velocity about a fixed rotation axis.

(A3) There are no external forces acting on the Earth.

The relativistic generalization of these three assumptions leads to isometric (=
Killing) observer congruences which can be described by an acceleration potential that
coincides with the redshift potential defined above.

In the following, we consider a general timelike congruence of worldlines (see, e.g.
Refs. [41, 42]). This congruence is a family of timelike curves which (i) do not intersect
and (ii) fill a certain region of the four-dimensional spacetime. We use coordinates
(xµ) = (x0, x1, x2, x3) and we describe the worldlines of the congruence by integral
curves of a timelike tangent vector field

u = u
µ
∂µ , (uµ) = (u0, ui) , (4.21)

and we assume that u is normalized, i.e.

g(u, u) = gµνu
µ
u
ν = −c

2
. (4.22)

One possible interpretation for u is to take it as the four-velocity field of a gravitating
body. On the surface of the body at the other hand, u may also be interpreted as the
four-velocity field of observers who are rigidly attached to the surface and equipped
with standard clocks. Moreover, we can extend the vector field u into the exterior
region where it may be interpreted as the four-velocity of observers hovering above
the surface, e.g. clocks in satellites constellations. We will classify and characterize
different cases that depend on the properties of u and, therefore, on the properties of
the congruence. In the end, we outline the very special case in which u is proportional
to a Killing vector field.
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The observers in the congruence will perform mutual measurements, which may
include the determination of distances, velocities, and redshifts. To describe such mea-
surements and the kinematic decomposition of the congruence we need the projection
onto the local rest space of the observers. This projection is given by the projection
operator Pµ

ν , which in turn is given by

P
µ

ν = δ
µ

ν +
1

c2
u
µ
uν . (4.23)

The acceleration a = a
µ
∂µ of the congruence is defined by the covariant derivative of

u in the direction of u. Hence, we have

a
µ := u̇

µ = u
ν
Dνu

µ
. (4.24)

Note that the acceleration a vanishes along a particular integral curve γ of u if and only
if this curve is a geodesic of the spacetime. In the special case that the acceleration of
the congruence vanishes, the integral curves of the vector field u describe a congruence
of geodesics.

Kinematic decomposition of timelike congruences

As commonly done in nonrelativistic physics and continuum mechanics, a congruence
of worldlines can be characterized by the kinematic quantities rotation ωµν , shear σµν ,
and expansion θ. For our timelike congruence of integral curves of u, these three
kinematic quantities are calculated by projections of derivatives of u onto the rest space
of the congruence. The rotation is described by projecting the anti-symmetric part,
the shear is obtained by projecting the symmetric trace-free part, and the expansion is
the remaining trace. We have

ωµν := P
ρ

µ P
σ

ν D[σuρ] = D[νuµ] +
1

c2
u̇[µuν] , (4.25a)

σµν := P
ρ

µ P
σ

ν D(σuρ) −
1

3
θPµν = D(νuµ) +

1

c2
u̇(µuν) −

1

3
θPµν , (4.25b)

θ := Dµu
µ
. (4.25c)

Therefore, the rotation tensor is antisymmetric ωµν = −ωνµ, while the shear is sym-
metric and traceless σµν = σνµ. The motion of neighboring worldlines with respect to
a chosen worldline with tangent u is determined by the kinematic decomposition of the
derivative

Dνuµ = ωµν + σµν +
1

3
θPµν −

1

c2
uνaµ . (4.26)

A congruence with vanishing expansion, θ = 0, is called isochoric. For such a
congruence, the volume of a comoving spatial region is constant and not changing
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Figure 4.4: Sketch of different congruence properties. From left to right:
expanding, shearing and rotating comoving area.

over time [41, 42]. An isochoric congruence with vanishing shear, σµν = 0, is called
Born-rigid [12, 167]. Figure 4.4 schematically shows properties of different congruence
flows. A comoving area that encloses a certain set of worldlines of the congruence is
evolved over time with the flow of the wordlines. For an expanding congruence, the
area increases in a symmetric way, for a congruence with shear, the area is deformed,
and for a purely rotating flow the area and its shape remain constant.

A congruence is Born-rigid if and only if the spatial distance between any two
infinitesimally neighboring integral curves of u remains constant over time. In this
case, Eq. (4.26) simply reduces to

Dνuµ = ωµν −
1

c2
uνaµ . (4.27)

In analogy to the Newtonian condition (A1) above, we require the congruence that
describes the gravitating object to be Born-rigid. Hence, for our consideration Born-
rigidity serves as the relativistic generalization of rigid motion in Newtonian physics.
Thereupon, we translate the condition (A1) into

P
ρ

µ P
σ

ν D(σuρ) = 0 . (A1”)

To define the analogs of the Newtonian conditions (A2) and (A3), we have to
introduce some more derived quantities to characterize the congruence and restrict its
properties even further. One important object is the rotation four-vector ω

µ defined
by

ω
µ :=

1

2c
η
µνσλ

uνωσλ =
1

2c
η
µνσλ

uν∂λuσ . (4.28)
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Since the rotation vector is orthogonal to the tangent vector of the congruence,

ω
µ
uµ = 0 , (4.29)

the rotation vector ωµ is spacelike. We can further decompose it into the form

ω
µ = ω e

µ
, (4.30)

where eµeµ = 1. The unit vector eµ gives the direction of the momentary rotation axis,
and the scalar ω gives the magnitude of the momentary angular velocity.

We can now translate the Newtonian requirements (A2’) and (A3’) into the fol-
lowing relativistic conditions:

P
µ

ν ω̇
ν = 0 , (A2”)

P
µ

ν ȧ
ν = ω

µ
νa

ν
. (A3”)

The new condition (A2”) states that the unit vector of the rotation e
µ is Fermi-Walker

transported and that the scalar ω is constant along each worldline of the congruence.
This implies that the rotation axis and angular velocity are time-independent. The
other condition (A3”) means that any change of the acceleration, projected onto the
rest space, along the congruence is only caused by the rotation. Moreover, if the
acceleration vector aµ initially points to one neighboring particle, it will always point
to that very same neighbor for the entire evolution of the congruence.

Acceleration potential

In Ref. [41], Ehlers has shown that for a Born-rigid congruence the two requirements
(A2”) and (A3”) together are equivalent to stating that

D[νaµ] = 0 . (4.31)

The latter condition naturally means that there must exist a potential φ̂ for the accel-
eration such that

aµ = c
2
∂µφ̂ . (4.32)

This, in turn, is true for a Born-rigid congruence if and only if the tangent vector field
u of the congruence is proportional to a timelike Killing vector field ξ [167, 5], such
that the proportionality is given by the relation

ξ = e
φ̂
u . (4.33)
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Clearly, we recognize that we must have

φ̂ ≡ φ , (4.34)

which means that the acceleration potential φ̂ coincides with the time-independent
redshift potential φ that was introduced before. Moreover, we have shown that sta-
tionarity, which is required for the existence of a time-independent redshift potential,
is genuinely equivalent to the three relativistic conditions (A1”), (A2”), and (A3”). It
is therefore very well motivated by the Newtonian analogs. A congruence that has the
properties (A1”) - (A3”) is called isometric. The contravariant acceleration components
can be calculated by

a
µ = g

µi
ai = c

2
g
µi
∂iφ , (4.35)

and the magnitude of the acceleration a is given by

a
2 = g

µν
aµaν = c

4
g
ij
∂iφ∂jφ . (4.36)

It can be considered as relativistic gravity, the generalization of g = ||− "∇W ||2.

Integral curves of the Killing vector field defined by ξ = exp(φ)u correspond
to the worldlines of a co-rotating family of observers. However, note that ξ may be
defined and timelike on a finite cylindrical neighborhood of the rotating body only.
This neighborhood can be extended to infinity, covering all the exterior region, for a
non-rotating and isolated central object. If extended outside of the neighborhood of
a rotating object, the Killing vector field becomes spacelike. A rough estimate of the
radius of the cylindrical region may be obtained by

R? =
c

ω
. (4.37)

Finally, note that the accelerations of test particles as seen by observers in the
congruence is given by −a = −c

2dφ.
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Figure 4.5: Sketch of the projection of a purely rotating flow that resembles
the motion of the constituents of the central gravitating body or, equivalently,
observers attached to the surface. A comoving area A, enclosed by a certain set

of congruence worldlines, remains constant over time.

4.3 Relativistic gravity potential and geodetic reference

surfaces

Now that we have collected all the ingredients to define relativistic generalizations of
geodetic reference surfaces, we first define a new potential that replaces the Newtonian
gravity potential in General Relativity. Afterwards, we proceed to show how redshift
and acceleration measurements are described in terms of the new notion. Thereupon,
we define the relativistic geoid in the theoretical framework of General Relativity.

For the following, we assume that the spacetime is stationary and described by
the metric (4.7),

g = e
2φ(x)

[
−(c dt+ αa(x)dx

a)2 + αab(x)dx
adxb

]
, (4.38)

where all metric functions are independent of the time coordinate t. We consider a
timelike isometric congruence of observers of which the worldlines are integral curves
of the vector field u = exp(−φ)∂t, where φ is the redshift (and acceleration) potential
for these observers.
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4.3.1 Relativistic gravity potential

Based on our considerations in the previous sections we now define a new artificial
relativistic gravity potential U⇤ by the following relation

e
φ =: 1 +

U
⇤

c2
⇔ U

⇤ = c
2
(
e
φ − 1

)
= c

2
(√

−g00 − 1
)
. (4.39)

Observe that the dimension of the relativistic gravity potential U⇤ is the square of a
velocity,

[U⇤] = [c2] = m2
/s2 , (4.40)

whereas the redshift potential itself is dimensionless. The intention of defining the
new potential U⇤ as done above becomes clear in the Newtonian limit. Since the time
coordinate t is associated with the timelike Killing vector field ∂t, our potential U⇤

becomes the Newtonian gravity potential W in the weak field limit, i.e.

U
⇤ −→
c!1

W , (4.41)

including centrifugal effects if the coordinates are adapted to a rotating congruence of
observers. Note in particular that in our sign convention also U

⇤
< 0.

In the first order post-Newtonian approximation, however, the leading order terms
of the potential U⇤ become

U
⇤
pN = W +

1

2

U
2

c2
, (4.42)

as we will show later in more detail. Note that our definition of U⇤ does not involve any
kind of (weak-field) approximation, and is valid in General Relativity for all stationary
spacetimes.

Of course, a relativistic gravity potential based on the redshift potential φ can
be defined in different ways and (4.39) is not the only possibility. In general, every
monotonic function of the redshift potential serves the same purpose. However, our
choice is natural and unique so some extent. We look for the simplest function U

⇤ of φ
for which the Newtonian limit (4.41) is valid. Moreover, U⇤ shall have the dimension of
a potential, i.e. a squared velocity. And last but not least, we want the post-Newtonian
limit of U⇤ to match the result of Soffel et. al. in Ref. [181]; see Eq. (4.42) but be
reminded of the different sign convention of the authors. Taken into account these
properties, we stand with our choice of U⇤.
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Redshift measurements

Redshift measurements of two observers who are members of the congruence of which
the worldlines are integral curves of u = exp(−φ)∂t, i.e. the observers who determine
the isochronometric surfaces, give the following result. Let the worldlines of the two
observers be γ1 and γ2, respectively. The two observers shall measure their respective
proper times, i.e. they carry standard clocks with them. We evaluate the redshift
potential φ and the relativistic gravity potential U⇤ on their worldlines to have values

φi := φ|γi and U
⇤
i := U

⇤|γi i = 1, 2 , (4.43)

The frequency ratio of their standard clocks is then given by

1 + z =
ν1

ν2
= e

φ2�φ1 =
1 + U

⇤
2 /c

2

1 + U
⇤
1 /c

2
= 1 +

U
⇤
2 − U

⇤
1

c2
+O(c4) =: 1 +

∆U
⇤

c2
+O(c4) .

(4.44)

Hence, the relativistic gravity potential U⇤ also determines the redshift of two observers.
To leading order, the redshift is given by the potential differences. The redshift vanishes
in the Newtonian limit since Newton’s universal time is absolute. But to first post-
Newtonian order we obtain as the largest contribution

ν1

ν2
= 1 +

∆W

c2
+O

(
c
�3

)
. (4.45)

Note, however, that our definition of U⇤ is exact, i.e. without any approximation, and
it is valid for an arbitrary stationary spacetime with a metric as given above. Thus, we
have constructed a general relativistic generalization of the concept introduced by Soffel
et al. in [181]. In this work, the authors derive a similar expression but investigate a
first-order post-Newtonian spacetime only.

Acceleration measurements

The acceleration of freely falling objects w.r.t. comoving observers in the congruence
of integral curves of u = exp(−φ)∂t, e.g., observers co-rotating with the Earth is given
by

a = −c
2dφ = −c

2 ∂φ

∂U⇤dU
⇤ =

−dU⇤

1 + U⇤/c2
, (4.46)

since the redshift potential φ is an acceleration potential as well. Hence, a as a 1-form is
closed and exact. The components of the acceleration can be calculated by aµ = c

2
∂µφ

and it is clear that a0 ≡ 0 and (aµ) = (0, a1, a2, a3). Calculating the components leads
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to

aµ = −c
2
∂µφ = −c

2
e
�φ

∂µe
φ =

−∂µU
⇤

1 + U⇤/c2
. (4.47)

We notice that U⇤, or rather its gradient, determines the acceleration of observers in the
congruence. The surfaces φ = const., i.e. U⇤ = const., are everywhere perpendicular
to the acceleration.

In the Newtonian limit, c → ∞, we do also recover the well known Newtonian
formula3

"g = −"∇W , (4.48)

according to which the acceleration is given by the gradient of the gravity potential.
For the magnitude of the relativistic acceleration we obtain

a
2

c4
=

g(a, a)

c4
= g

ij
∂iφ∂jφ ⇒ a

2 = g
ij

∂iU
⇤
∂jU

⇤

(1 + U⇤/c2)2
, (4.49a)

from which the Newtonian limit for c → ∞ follows,

g
2 = ("∇W )2 ⇔ g = ||"∇W ||2 , (4.50)

see chapter 2. In all the equations above, "∇ is the flat space operator.

4.3.2 The relativistic geoid

In analogy to the Newtonian understanding, we now define the relativistic geoid in
terms of the level surfaces of the potential U⇤:

For a spacetime equipped with a metric in the form (4.7) and a congruence of observers
of which the worldlines are integral curves of the vector field u = e

�φ
∂t, the relativistic

geoid is a particularly chosen level surface of the relativistic gravity potential U⇤ such
that U⇤∣∣

geoid
= U

⇤
0 = const.

The Newtonian limit of our relativistic definition is obvious: since the weak field
limit of U⇤ is W , we obtain the Newtonian definition in terms of level surfaces of the
gravity potential W such that on the geoid W = −W0. Level surfaces of U⇤ are clearly
level surfaces of φ and therefore they are isochronometric surfaces. The value U⇤

0 , which

3Note that in this limit the indices are raised and lowered with the Kronecker delta �µ⌫ .
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singles out one equipotential surfaces to be the relativistic geoid, must be given by some
convention which is agreed upon. Two possible conventions are, e.g.,

(i) to fix the value by the conventional Newtonian gravity potential value on the
geoid such that U⇤

0 = −W0

(ii) to define a master clock which is, by definition, situated on the geoid surface
and singles out one isochronometric surface (e.g., the one that passes through its
center of mass).

Note that the choice (ii) is equivalent to just marking a point (possibly at the shore),
representing the mean sea level, and therefore choosing a level surface for U

⇤ in a
geometric manner. In section 6.4.2, we outline a procedure by which a particular
equipotential surface of U⇤ can be maintained over time by a point on this level surface
that can be experimentally realized even though the topology of the Earth’s surface
underneath may change.

The relativistic gravity potential U⇤ can be used to define the relativistic geoid,
to calculate the redshift of observers who determine the geoid, and to calculate the
acceleration of co-moving observers and freely falling particles observed by them. In
chapter 5 we apply the framework and concepts developed so far to various spacetime
models such as exact relativistic vacuum spacetimes as well as a post-Newtonian ap-
proximation of General Relativity. Moreover, we quantitatively calculate the difference
between the Newtonian geoid and the leading order relativistic contributions.

We shall at this point state an alternative definition of the relativistic geoid: the
relativistic geoid for a congruence of observers of which the acceleration one form is
exact, is given by a level surface of the acceleration potential. This definition yields a
relativistic geoid related to acceleration measurements, the so-called a-geoid. However,
as we have shown that the acceleration potential and the redshift potential coincide;
this alternative definition is in fact equivalent to the definition of the so-called u-geoid
given above.

As we will show in chapter 5, our definition of the relativistic geoid generalizes the
definition by Soffel et. al. [181], which uses a first-order post-Newtonian framework.
Our definition is valid to any order since neither do we involve any assumption about the
strength of the gravitational field nor do we employ expansion schemes for large radii.
Other definitions of the relativistic version of the Earth’s geoid can be found in Refs.
[114], [174], and [134]. In [114], the authors again use post-Newtonian concepts and the
definition suffers slightly from some in-accurateness. In Ref. [134], the authors define an
a-geoid on the basis of quasi-local frames, being interested only in the accelerations of
these frames. Since we do believe that chronometric measurements offer the best future
prospectives for relativistic geodesy on Earth, we base our definition of the relativistic
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geoid on the relativistic gravity potential founded on the redshift potential for Killing
observers. Moreover, we have demonstrated that the definitions of the u- and a-geoids
coincide in General Relativity and that the definition can also be given in terms of the
acceleration of an observer congruence, see above.

Stationarity is the main assumption for our definition. Of course, this is an ide-
alization. But just as in conventional geodesy, in which the geoid is also defined in
a stationary average, temporal variations can be taken into account by introducing
time-dependent perturbations. To do so, one should consider a non-stationary metric
Σµν of the form

Σµν = gµν + hµν (4.51)

such that gµν is stationary and the definition of the relativistic geoid is to be applied
to it. This stationary part can be defined as an average over a sufficiently large time
span. In this way, also permanent tidal effects due to external objects, such as the
moon and the sun, can be included. The perturbations might be described by the
time-dependent part hµν , which shall be small compared to the stationary part with
respect to some suitable measure. Examples for some perturbations are listed above.
Here, we do not work out a relativistic theory of these perturbations. However, ignoring
gravitational wave emission, our formalism applies also to irregularly shaped rotating
astrophysical objects. In a strict sense, the spacetime is not stationary and gravitational
wave emission slows down the rotation. Of course, this effect is completely negligible
for the Earth and all other planets.

The extension of isochronometric surfaces and, therefore, the geoid into the interior
of the gravitating body is also well defined if the assumption of Born-rigid rotation
remains valid. Then, the four-velocity vector field u of the worldlines of the body’s
constituents is also well-defined and still proportional to a Killing vector field. An
interior solution of the field equation must be matched to the exterior geometry at the
surface and the level surface of the relativistic gravity potential U⇤ that defines the
geoid will in general be continuous but not differentiable.

4.3.3 The relativistic normal potential and level surface

In chapter 2, we have given the definition of the normal potential WN of the Earth. It is
a special axisymmetric gravity field and a very good approximation to the true gravity
potentialW . The definition includes four parameters, two of which are for the geometry
of the level ellipsoid and the other two are the Earth’s gravity constant and the angular
velocity of its rotational motion. We have seen that only even coefficients J2l for l ∈ N0

contribute to the expansion in terms of Legendre polynomials. Therefore, the normal
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gravity potential possesses also a Z2 symmetry, i.e. reflection symmetry with respect
to the equatorial plane. Any axisymmetric gravitational potential can be expressed in
the form (2.12) and for the normal potential the special relation (2.40) between the
axisymmetric multipoles J2l holds. Now, we use this relation and construct a relativistic
spacetime that serves as the generalization of the Newtonian normal gravitational field.
This spacetime is called normal gravity spacetime in the following. The construction
is made such that in the Newtonian limit, all relations outlined in section 2.2.4 are
recovered.

The normal gravity spacetime is assumed to be static (or stationary), asymp-
totically flat, axisymmetric, free of singularities in the exterior, it possess a reflection
symmetry w.r.t. the equatorial plane, and is determined by four independent parame-
ters. It is an exact general relativistic spacetime that, in the Newtonian limit, coincides
with the normal gravity field of the Earth in the exterior region. It should be linked,
however, to a source distribution and be matched to the interior solution at the bound-
ary surface, if possible. The exhaustive derivation of properties of Weyl spacetimes in
chapter 3 pays off now since an appropriately constructed Weyl spacetime possesses all
these properties and is investigated below.

We start with the Newtonian normal gravity potential and use Eq. (2.40) for the
coefficients J2l,

J0 = 1 , J2l = (−1)l
3(E/a)2l

(2l + 1)(2l + 3)

(
1− l − 5l

a
2

E2
J2

)
, ∀ l > 1 , (4.52)

and the relation (2.41) to calculate the dimensional multipoles J̃l = R
l

ref
Jl M according

to Eq. (2.14). Thereupon, we calculate the Quevedo moments q̄l using (3.47) and obtain

q̄l = (−1)l
(2l + 1)!!

l!M l+1
J̃l = (−1)l

(2l + 1)!!

l!M l
R

l

refJl . (4.53)

Now, we construct a Weyl spacetime of which the main metric function ψ is given by

ψ =
1∑

l=0

(−1)l+1
ql Ql(x)Pl(y) =

1∑

l=0

(−1)l+1

(
G

c2

)�l

q̄l Ql(x)Pl(y)

= −
1∑

l=0

(
G

c2

)�l (2l + 1)!!

l!M l+1
J̃l Ql(x)Pl(y)

= −
1∑

l=0

(
G

c2

)�l (2l + 1)!!

l!M l+1
R

l

refMJl Ql(x)Pl(y)

= −
1∑

l=0

(2l + 1)!!

l!

(
Rref

m

)
l

Jl Ql(x)Pl(y) , (4.54)



88 Chapter 4. Geodetic Notions in Relativistic Gravity

with m = GM/c
2, see Eq. (3.34). Note that ψ is indeed dimensionless. Using only the

even terms J2k for the Newtonian normal gravity field, see above, we get

ψN = −
1∑

k=0

(4k + 1)!!

(2k)!

(
Rref

m

)2k

J2k Q2k(x)P2k(y)

= −Q0(x)−
15

2

(
Rref

m

)2

J2Q2(x)P2(y)−
1∑

k=2

(4k + 1)!!

(2k)!

(
Rref

m

)2k

J2k Q2k(x)P2k(y)

$ 1

2
log

(
x− 1

x+ 1

)
+

15

2

R
2
ref

m2
J2

(3y2 − 1)

2

(
(3x2 − 1)

4
log

(
x− 1

x+ 1

)
+

3

2
x

)
+ . . . .

(4.55)

We can insert a series expansion for the Legendre functions Ql(x) [6] and write the
exact result in terms of Legendre polynomials and simple logarithmic terms,

ψN = −
1∑

k=0

[
(4k + 1)!!

(2k)!

(
Rref

m

)2k

J2k P2k(y)

×
(
log

(
x+ 1

x− 1

)
P2k(x)− 2

k�1∑

i=0

4k − 4i− 1

(2k − i)(2i+ 1)
P2k�2i�1(x)

)]
, (4.56)

and ψN can be evaluated to arbitrary order kmax. The metric component g00 of the
normal gravity spacetime becomes now

g00 = − exp(2ψN ) = − exp

(
−2

1∑

k=0

(4k + 1)!!

(2k)!

(
Rref

m

)2k

J2k Q2k(x)P2k(y)

)

= −
1∏

k=0

exp

(
−2

(4k + 1)!!

(2k)!

(
Rref

m

)2k

J2k Q2k(x)P2k(y)

)

$ −
(
x− 1

x+ 1

)
× exp

[
J2

15

2

R
2
ref

m2
(3y2 − 1)

(
(3x2 − 1)

4
log

(
x− 1

x+ 1

)
+

3

2
x

)]
× . . . ,

(4.57)

which is a product of terms according to the structure

g00 = −
(
x− 1

x+ 1

)
× exp(∼ J2)× exp(∼ J4)× exp(∼ J6)× . . . . (4.58)

Note that the sign of the x-dependent part in the exponent is always negative,

sign [−J2k Q2k(x)] = −1 ∀k ≥ 1 , (4.59)

when the proper values for J2k are inserted.

The equations (4.55), (4.56), and (4.57) tell us that the 0-th order approxima-
tion of the normal gravity spacetime is a Schwarzschild spacetime, and the next order
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approximation is an Erez-Rosen spacetime.

For Weyl spacetimes, it is true that for observers on integral curves of the Killing
vector field ξ1 = ∂t, the redshift potential φ can be identified with the metric function
ψ. However, we are interested in the description of concepts as measured by observers
co-rotating with the Earth. Such observers move on integral curves of the Killing vector
field ξ1 + ω ξ2 = ∂t + ω ∂ϕ, see chapter 3 and the section devoted to Weyl spacetimes
therein. After a coordinate transformation

ϕ → ϕ
0 = ϕ− ωt (4.60)

the redshift potential φN in the normal gravity spacetime for rigidly co-rotating ob-
servers on the Earth is to be read off from the new metric component g000, see Eq. (4.8)
and Ref. [145]. We obtain

e
φN =

√
e2ψN − ω

2

c2
m2e�2ψN (x2 − 1)(1− y2) . (4.61)

Thereupon, the relativistic normal gravity potential U⇤
N

can be constructed via Eq.
(4.39),

U
⇤
N = c

2
(
e
φN − 1

)
. (4.62)

The relativistic level “ellipsoid” can now be defined in the following way:

The relativistic level “ellipsoid” is an isochronometric surface in the normal gravity
spacetime. It is defined as the two-dimensional surface on which the following condition
holds

U
⇤
N (x, y)

∣∣
ellipsoid

= U
⇤
0 , (4.63)

where U
⇤
0 is the value used in the definition of the relativistic geoid.

This surface will not have the shape of an ellipsoid of rotation and deviate slightly
from the perfect bi-axial ellipsoid. However, it is axisymmetric by construction and co-
incides with the Newtonian level ellipsoid in the weak-field limit since for the relativistic
normal gravity potential U⇤

N
we have

U
⇤
N −→

c!1
WN , (4.64)
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see the section on the Newtonian limit of Weyl spacetimes in chapter 3 for the proof.
Expanding U

⇤
N

around the Newtonian limit yields

U
⇤
N = WN +

1∑

n=2

κn

cn
Kn , (4.65)

where Kn might be successively defined at increasing post-Newtonian orders and κn are
formal expansion coefficients. The first term in the expansion then becomes K2 = UN ,
the gravitational part of the Newtonian normal gravity field, see 2.2.4.

The relativistic normal gravity (vector) aN , as a generalization of "γ, is constructed
by the differential

aN = −c
2dφN , (aN )i = −c

2
∂iφN , (aN )µ = −c

2
g
µj
∂jφN , (4.66)

where the index i = 1 corresponds to the x-component and i = 2 corresponds to the
y-component in spheroidal coordinates. Note that the normal gravity spacetime is
described by a symmetric metric. The magnitude, i.e. the relativistic normal gravity,
is

(aN )2 = c
4
g
ij
∂iφN ∂jφN . (4.67)

For the normal gravity spacetime, we have

gxx = m
2
e
�2ψN e

2γN x
2 − y

2

x2 − 1
, (4.68a)

gyy = m
2
e
�2ψN e

2γN x
2 − y

2

1− y2
, (4.68b)

and the metric function γN can be calculated from ψN ; see, e.g., Refs. [156, 182].
Hence, we have the explicit formula for the relativistic normal gravity

(aN )2

c4
=

(∂xφN )2

gxx
+

(∂yφN )2

gyy
, (4.69)

which coincides with Eq. (2.43), i.e.

γ
2 = (∂RWN )2 +

(∂⇥WN )2

R2
, (4.70)

in the Newtonian limit.

We shall note here that also other authors have developed notions of the relativistic
normal gravity field. In Refs. [113, 114, 115], Kopeikin et. al. constructed a post-
Newtonian framework and calculate the level ellipsoid as an equipotential surface of a
rotating fluid source. Our construction here is only valid in the exterior and we have
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no relations to an interior solution and to sources of the gravity field. However, a link
between both notions should be established and, according to basic principles, the two
approaches should be related.

4.3.4 On the true geometry of reference surfaces - isometric embed-
ding of the relativistic geoid into Euclidean space

We have defined the relativistic geoid to be one particular level surface of the relativistic
gravity potential U⇤|geoid = U

⇤
0 = const., which is defined for any stationary spacetime.

This potential depends on the spatial coordinates x
i but is time-independent. The

relativistic geoid is a two-dimensional surface in three dimensional curved space and
it can be visualized in various ways but the apparent shape and geometry depends on
the chosen coordinates.

However, we seek a way to show and analyze the intrinsic geometry of the geoid
surface. Moreover, a comparison with the Newtonian geoid to calculate the differences
is also of great interest, especially in the geodetic community. The Newtonian geoid is
defined in Euclidean space R3. Therefore, we have decided to construct an isometric
embedding of the relativistic geoid into R3 to directly compare both surfaces. Whenever
such an embedding is possible, it allows to observe the true (intrinsic) geometry and
enables us to directly compare two different geoid surfaces.

The same token holds for the geometry of the relativistic level “ellipsoid”. Its
intrinsic geometry can be analyzed after isometrically embedding the surface.

Details on the embedding procedure and involved equations can be found in the
appendix C. We want to state here that the embedding is of great importance to calcu-
late deviations from the well-known and commonly used Newtonian geoid. The order
of magnitude of these differences decides, when compared to experimental accuracy
for specific applications, which formalism and framework must be used to consistently
interpret the measurement.
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Chapter 5

Application to Spacetime Models

In this chapter, we apply the notions developed so far to the relativistic spacetimes of
chapter 3. Using the results of this chapter enables us to investigate relativistic effects
on geodetic measurements in the next one.

All the considered spacetime geometries provide two Killing vector fields which are
the generators of time translations and rotations, respectively. In each case, suitable
coordinates (t,ϕ) are adapted to these symmetries, and we can construct two differ-
ent kinds of isometric observer congruences: (1) observers on t−lines, i.e. following
the integral curves of ∂t, and (2) observers of which the worldlines are integral curves
of ∂t + ω∂ϕ, for suitable values of ω such that the combination is timelike. Quanti-
ties attributed to these two different families of observers are labeled by (1) and (2),
respectively.

For stationary spacetimes, the redshift potential φ can in general be read off
from the g00 metric component, see Eq. (4.8) in chapter 4. For the congruence (1)
this is straight forwardly possible since the metrics in chapter 3 are given in suitable
coordinates such that all considered cases have a metric of the form

g = g00 c
2dt2 + 2g0ϕ cdt dϕ+ g11(dx

1)2 + g22(dx
2)2 + gϕϕdϕ

2
, (5.1)

where x
1 is some kind of radial coordinate and x

2 is an angle. It follows that

e
2φ1 = −g00 . (5.2)

For the congruence (2), we apply a coordinate transformation x
µ → x

0µ given by
ϕ → ϕ

0 = ϕ− ωt. Thereupon, the metric is rewritten in the new coordinates. Then,
the rotating observers are characterized by dx0i = 0 and the new metric component
g
0
00 is used to read off the redshift potential. If the value of ω is interpreted as the
Earth’s angular velocity, the observers rigidly co-rotate with the Earth. The coordinate
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transformation yields

g
0 =

(
g00 + 2

ω

c
g0ϕ +

ω
2

c2
gϕϕ

)
c
2dt2 + 2(g0ϕ + ωgϕϕ) cdt dϕ

0

+ g11
(
dx01

)2
+ g22

(
dx02

)2
+ gϕϕdϕ

02
, (5.3)

such that

g
0
00 = g00 + 2

ω

c
g0ϕ +

ω
2

c2
gϕϕ , and g

0
0ϕ0 = g0ϕ + ωgϕϕ . (5.4)

Note that two of the coordinates remain unchanged, x01 = x
1 and x

02 = x
2. Now, we

read off the redshift potential

e
2φ2 = −g

0
00 = −

(
g00 + 2

ω

c
g0ϕ +

ω
2

c2
gϕϕ

)
, (5.5)

for co-rotating observers.

5.1 Schwarzschild spacetime

To get started, we begin with the simplest spacetime, the Schwarzschild solution. The
metric is given by (3.22) and in this spacetime model, the Earth is approximated by
a spherically symmetric mass distribution with total mass M and surface radius r�.
The mass parameter m for the metric is m� = GM/c

2, where GM is the Earth’s
gravity constant. Using the parameters of the EGM96 gravity field model, we ob-
tain m� = 0.004 435 03m and r� = 6.378 136 3× 106m. The Schwarzschild space-
time is the relativistic generalization of a monopolar Newtonian gravitational potential
U(R) = −GM/R.

The redshift potential for observers on integral curves of the Killing vector field
∂t is given by

e
φ1(r) =

√
1− 2m

r
. (5.6)

It can be used to calculate the redshift between two static observers at different radii,

z + 1 =
ν1

ν2
=

e
φ1(r2)

eφ1(r1)
=

√
1− 2m

r2√
1− 2m

r1

. (5.7)

If r2 > r1, then we read off that v2 < v1 which means that a signal from clock 1 to
clock 2 is redshifted. In an abuse of notion, one might say that a photon loses energy
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Figure 5.1: Gravitational redshift of two clocks at different radii (left) and
Doppler induced Redshift of a clock on the Earth’s surface separated by an

angle ϑ from the pole (right). See Eqs. (5.7) and (5.10), respectively.

when escaping a gravitational field. To estimate the magnitude of the redshift, let
one clock be positioned on the Earth’s surface r1 = r� (emitter) and another clock a
distance r2 = r1 +∆r further away (receiver). The redshift of the signal is plotted in
Fig. 5.1. A redshift of z = 10�18 corresponds to a height difference of about 1 cm. Thus,
accurate clock comparison can be used to determine height differences, see also [130].
In 2010, Chou et. al. [24] published results for redshift measurements by comparison
of two clocks separated by less than one meter in height. Other similar experiments
are described in Refs. [116, 185].

For observers on the Earth’s surface, centrifugal effects must be included. This
actually means to include Doppler terms in the redshift. We describe them by integral
curves of ∂t + ω∂ϕ. These worldlines form an isometric congruence and can be thought
of as observers rigidly co-rotating with the Earth or, equivalently, the integral curves
can be considered as the worldlines of the Earth’s constituents. For these observers,
the redshift potential is given by

e
φ2(r,ϑ) =

√
−
(
g00(r,ϑ) + ω2gϕϕ(r,ϑ)/c2

)
=

√
1− 2m

r
− ω

2

c2
r2 sin2 ϑ . (5.8)
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Hence, the redshift between two members of this congruence at positions (r1,ϑ1) and
(r2,ϑ2), respectively, is

z + 1 =
ν1

ν2
=

e
φ2(r2,ϑ2)

eφ2(r1,ϑ1)
=

√

1− 2m

r2
− ω

2

c2
r
2
2 sin

2
ϑ2

√

1− 2m

r1
− ω

2

c2
r
2
1 sin

2
ϑ1

. (5.9)

We can use the result to, e.g., compare a clock positioned at the equator (clock 1) to
a clock at one of the poles (clock 2). The redshift of the two clocks is

z + 1 =
ν1

ν2
=

√
1− 2m

r�√

1− 2m

r�
− ω

2

c2
r
2
�

=

√
1− 2m

r�√

1− 2m

r�
− v

2

c2

, (5.10)

where the relative velocity v was introduced. We see that for this constellation, z is
positive and ν1 > ν2; a signal from clock 1 to clock 2 is redshifted due to transversal
Doppler effects; this effect is well-known in Special Relativity and, therefore, necessarily
included in the general relativistic framework. For a radius r� = 6.378 136 3× 106m,
see EGM96, we obtain a redshift of z = 1.203 437× 10�12. In Fig. 5.1, this redshift is
shown as a function of the separation angle ϑ.

Co-rotating observers experience an acceleration given by (4.32)

a = c
2dφ2 ⇒ ai = c

2
∂iφ2 . (5.11)

Since (aµ) = (0, ar, aϑ, 0), we have only the two components

ar = c
2
∂rφ2 = e

�2φ2
c
2

2

(
2m

r2
− 2

ω
2

c2
r sin2 ϑ

)
= e

�2φ2

(
GM

r2
− ω

2
r sin2 ϑ

)
, (5.12a)

aϑ = c
2
∂ϑφ2 = e

�2φ2
c
2

2

(
−2

ω
2

c2
r
2 sinϑ cosϑ

)
= e

�2φ2
(
−ω

2
r
2 sinϑ cosϑ

)
, (5.12b)

and the magnitude of the acceleration becomes

a =
√

grr(ar)2 + gϑϑ(aϑ)2

= e
�2φ2

√(
1− 2m

r

)(
GM

r2
− ω2r sin2 ϑ

)2

+
1

r2
(ω2r2 sinϑ cosϑ)2 . (5.13)

In the Newtonian limit, this becomes

g = ||"∇W ||2 , W = −GM

r
− 1

2
ω
2
r
2 sin2 ϑ , (5.14)
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Figure 5.2: The shape of isochronometric surfaces in the Schwarzschild space-
time in pseudo-Cartesian coordinates (X,Z) in a meridional plane.

which is gravity in a spherically symmetric field.

For the rigidly rotating observers, isochronometric surfaces are the level surfaces
of (5.8). Due to the influence of the rotation, these surface become oblate spheroids,
see Fig. 5.2. The isochronometric surfaces are shown as a contour plot in pseudo-
Cartesian coordinates (X,Z), constructed from the Schwarzschild coordinates (r,ϑ)

in a meridional plane. There is a boundary, on which the tangent vector field to the
observer congruence becomes lightlike and the level surfaces are not closed anymore
but become deformed cylinders.

5.2 Erez-Rosen spacetime

The Erez-Rosen spacetime can be used to describe the spacetime outside a quadrupolar
Earth. It is the natural relativistic generalization of a quadrupolar Newtonian gravita-
tional potential (2.15),

U(R,Θ) = −GM

R

(
1 +

J2R
2
ref

2R2

(
3 cos2Θ− 1

))
. (5.15)

This particular Newtonian potential will also be recovered in the weak-field limit, see
the results for the Newtonian limit of Weyl spacetimes in the preceding chapter for a
proof. We can choose the parameters m and q2 in the Erez-Rosen metric functions
(3.52) and (3.53) to let the relativistic monopole M0 and the quadrupole M2 coincide
with the respective Newtonian moments of the Earth. To do so, we have to choose
m� = GM/c

2, see above, and according to Eq. (3.47), q2 must then be chosen such
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that

q2 =
15

2

(
Rref

m

)2

J2 . (5.16)

Let us construct the isometric congruence of observers who rigidly co-rotating
with the Earth. These observers move on integral curves of the Killing vector field
∂t + ω∂ϕ. For them, there exists the time-independent redshift potential

e
φ2(x,y) =

√
e2ψER(x,y) − ω

2

c2
m2(x2 − 1)(1− y2)e�2ψER(x,y) , (5.17)

where the metric function ψER is given by Eq. (3.52),

ψER(x,y) =
1

2
log

(
x− 1

x+ 1

)
+ q2

(3y2 − 1)

2

(
(3x2 − 1)

4
log

(
x− 1

x+ 1

)
+

3

2
x

)
. (5.18)

Isochronometric surfaces as seen by the rigidly rotating congruence of observers are
given by the level surfaces of (5.17).

The redshift of two co-rotating observers at positions (x1, y1) and (x2, y2) is

z + 1 =
ν1

ν2
= e

φ2(x2,y2)�φ2(x1,y1)

=

√
e2ψER(x2,y2) − ω

2

c2
m2(x22 − 1)(1− y

2
2)e

�2ψER(x2,y2)

√
e2ψER(x1,y1) − ω

2

c2
m2(x21 − 1)(1− y

2
1)e

�2ψER(x1,y1)

. (5.19)

For applications of this result, various scenarios are possible. For instance, we could
repeat the calculation of the preceding section for the redshift of clocks at the equator
and one of the poles. At the equator, we have y = 0, and at the north pole, we
have y = 1. Moreover, different radii x1 and x2 can be introduced to account for the
difference of polar and equatorial radius of the Earth.

We can estimate the influence of the quadrupole on the redshift by choosing two
clocks on the radial line, separated by a distance ∆x. Therefore, we choose radii
according to x1 = x� = r�/m− 1 and x2 = x1 +∆x, respectively; see the coordinate
transformation (3.32). We let the clocks be positioned on the boundary of the same
cone y = cosϑ = const. The redshift then becomes

z + 1 =
ν1

ν2
= e

φ2(x�+�x,y)�φ2(x�,y)
. (5.20)

and depends on the value of y and the quadrupole moment. For q2 → 0, the previous
result for the Schwarzschild spacetime is recovered. Subtracting this value gives an
estimate on the redshift contribution due to the quadrupole, which is shown in Fig.
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Figure 5.3: The influence of the relativistic quadrupole on the redshift be-
tween two clocks separated on a radial line. We show the difference between
the Schwarzschild and Erez-Rosen redshift of two clocks in the equatorial plane

as a function of the radial separation.

5.3. There are, however, some subtleties involved in this procedure. Firstly, the radial
distance is a height distance only in the Schwarzschild spacetime but for the Erez-
Rosen spacetime it is close to the actual main direction of the acceleration. Secondly,
we have to translate the clock distance ∆r in the Schwarzschild scenario to a distance
∆x = (∆r)/m− 1 in the Erez-Rosen case. Moreover, these are only coordinate dis-
tances and not the real measured distances, i.e. distances determined with the metric
measure. The difference between the coordinate distances and the true distance is
also different in each of the two cases since we deal with different spacetimes. Luckily,
the comparison still makes sense because in either case, the difference between coor-
dinate distance and true distance for clocks on the Earth’s surface and 100m above
is smaller than 100 nm, which corresponds to redshift corrections orders of magnitude
below todays most accurate measurement capabilities. Hence, we are safe.

The acceleration of co-rotating observers can be calculated by the differential of
the redshift potential, a = c

2dφ, see Eq. (4.32). Thus,

ax = c
2
e
�φ2(x,y) ∂xe

φ2(x,y) , (5.21a)

ay = c
2
e
�φ2(x,y) ∂ye

φ2(x,y) . (5.21b)

and the magnitude becomes

a =
√

gxx(ax)2 + gyy(ay)2 = c
2
e
�φ2(x,y)

√
gxx

(
∂xe

φ2(x,y)
)2

+ gyy
(
∂ye

φ2(x,y)
)2

. (5.22)
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Since the spatial part of the metric is diagonal, we have g
xx = 1/gxx and g

yy = 1/gyy,
see (3.52) and (3.53). In the Newtonian limit, we recover the acceleration for the
quadrupolar gravity potential W ,

g = ||"∇W ||2 , where W = −GM

R

(
1 +

J2R
2
ref

2R2

(
3 cos2Θ− 1

))
− 1

2
ω
2
R

2 sin2Θ .

(5.23)

5.3 General Weyl spacetimes

A first example of how a special Weyl spacetime can be used for relativistic geodesy was
discussed already in chapter 4 in great detail; we constructed the relativistic normal
gravity spacetime as a generalization of the Earth’s normal gravity field which was
introduced in chapter 2.

For a general static, axisymmetric, and asymptotically flat spacetime which is free
of singularities in the exterior, the metric is given by (3.33) with the metric function
(3.34). This representation allows to calculate the redshift potential of static observers
on integral curves of the Killing vector field ξ1 = ∂t, see (4.8),

e
φ1(x,y) = e

ψ
. (5.24)

Hence, the redshift potential φ1 is Weyl’s metric function ψ. We can insert the expan-
sion of the Legendre functions Ql and finally obtain the exact result

2φ1(x, y) =
n∑

l=0

(−1)l+1
qlPl(y)

×



log

(
x+ 1

x− 1

)
Pl(x)− 2

[l/2�1/2]∑

k=0

2l − 4k − 1

(l − k)(2k + 1)
Pl�2k�1(x)



 , (5.25)

where [l/2− 1/2] denotes the smallest integer that is closest to the expression. Iso-
chronometric surfaces as seen by static observers in an asymptotically flat general Weyl
spacetime are given by level surfaces of (5.25).

For rigidly rotating observers on integral curves of ∂t + ω∂ϕ, the redshift potential
can be expressed in terms of the static potential φ1,

e
φ2(x,y) =

√
e2φ1(x,y) − ω

2

c2
m2(x2 − 1)(1− y2)e�2φ1(x,y) . (5.26)

Note that if the sum is taken only up to l = 2, the results for the Erez-Rosen spacetime
are recovered. Isochronometric surfaces as seen by the rotating observers are the level
sets of (5.26).
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Figure 5.4: Overview of exact relativistic spacetimes that generalize Newto-
nian gravitational fields and their limits. Note that all results are exact, i.e.

valid without approximation.

Such Weyl spacetimes are the natural relativistic generalization of axisymmetric
Newtonian gravitational potentials of the form

U(R,Θ) = −GM

R

1∑

l=0

(
Rref

R

)
l

Jl Pl(cosΘ) , (5.27)

which are recovered in the weak field limit for the choice

ql = (−1)l
(2l + 1)!!

l!

(
Rref

m

)2

Jl . (5.28)

see section 3.2.2.

In Fig. 5.4 we summarize the results for the spacetimes that were consider so
far and show an overview for relations between Newtonian gravitational fields and
their generalizations in terms of exact spacetimes in General Relativity. Note that
the relativistic normal gravity spacetime, see section 4.3.3, is a particular case of the
situation on the right hand side of the figure such that a special relation between the
J2l holds.
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5.4 Kerr spacetime

The Kerr metric in Boyer-Lindquist coordinates (t, r,ϑ,ϕ) is given by (3.62). As already
mentioned in section 5.4, the Kerr spacetimes is not a good approximation of the
spacetime outside the Earth, see also Ref. [180]. Moreover, it is not a generalization of
any Newtonian gravitational potential. In fact, the weak field limit of a Kerr spacetime
is not a purely Newtonian limit, see [44, 43]. However, it can still be used to model
some crucial relativistic effects and their magnitude. The gravitomagnetic field of the
Kerr spacetime approximates frame dragging effects in the Earth’s vicinity very well, if
parameters are chosen appropriately. The first multipole moments of the Kerr metric
are

Mass monopole M0 = m, (5.29a)

Spin dipole S1 = ma , (5.29b)

Mass quadrupole M2 = −ma
2
, (5.29c)

see Eq. (3.65). The Kerr parameter is related to the angular momentum by a = J/(Mc).
Hence, we can choose m such that the Kerr monopole is the total mass of the Earth,
and a such that the spin dipole coincides with the Earth’s angular momentum. To have
this correspondence, we set m� = GM/c

2, as before. To calculate the Kerr parameter
a we use the relation of the angular momentum to the moment of inertia I, J = Iω.
For a rigidly rotating sphere with radius r�, we have I = 2/5Mr

2
�. Hence, the Kerr

parameter for the Earth becomes

a� =
2

5

ω

c
r
2
� . (5.30)

Calculating the values, we obtain m� = 0.004 435 03m and a� = 892.45m�, where the
radius and angular velocity as given by the EGM96 model are used.

The redshift potential for stationary observers on t-lines is given by

e
φ1(r,ϑ) =

√
1− 2mr

ρ2
=

√
1− 2mr

r2 + a2 cos2 ϑ
. (5.31)

Note that these observers have a non-zero angular momentum w.r.t. observers at spatial
infinity. Observers on integral curves of ∂t + ω∂ϕ rigidly co-rotate with the Earth. For
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them, the redshift potential is

e
φ2(r,ϑ) =

√
−g00(r,ϑ)− 2

ω

c
g0ϕ(r,ϑ)−

ω
2

c2
gϕϕ(r,ϑ)

=

√

1− 2mr

ρ(r,ϑ)2
+ 4

ω

c

amr sin2 ϑ

ρ(r,ϑ)2
− ω

2

c2
sin2 ϑ

(
r2 + a2 +

2mra
2 sin2 ϑ

ρ(r,ϑ)2

)
,

(5.32)

see Eq. (3.62) for the Kerr metric functions. Two co-rotating observers measure a
redshift between their standard clocks according to

z + 1 =
ν1

ν2

=

√
−g00(r2,ϑ2)− 2

ω

c
g0ϕ(r2,ϑ2)−

ω
2

c2
gϕϕ(r2,ϑ2)

√
−g00(r1,ϑ1)− 2

ω

c
g0ϕ(r1,ϑ1)−

ω
2

c2
gϕϕ(r1,ϑ1)

. (5.33)

The influence of frame dragging on the redshift can be best analyzed by comparing a
clock at one of the poles to a clock on the equator. For this constellation, the difference
between the Kerr and Schwarzschild result becomes z ≈ 1× 10�21, which is attributed
to the influence of frame dragging and only two orders of magnitude away from being
measurable.

Isochronometric surfaces, as seen by rigidly rotating observers, of the Kerr space-
time are given by the level surfaces of (5.32). However, since the quadrupole moment
of the Kerr spacetime is by no means a good approximation for the Earth’s moment,
the isochronometric surfaces deviate a lot; they do not show the necessary flattening.
Thus, when gravitomagnetic contributions are to be estimated, the Kerr results can be
used. When the geometry of isochronometric surfaces, i.e. the geoid or normal gravity
field, is searched for, it is recommended to use the results of the previous section.

5.5 Parametrized post-Newtonian spacetime

Since W (x, y, z) and U
i(x, y, z) in (3.73) are independent of t, we have ∂t as a timelike

Killing vector field. The coordinates (x0, y0, z0) used in (3.73) are co-rotating coordi-
nates and observers on the Earth’s surface are characterized by dx0i = 0. Hence, these
observers move on t-lines. In the following, we omit the prime for the sake of readabil-
ity. The metric (3.73) is of the form (4.7) and we can, thus, read off the ppN redshift
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Table 5.1: Order of magnitude of the involved and related terms in the
definition of the relativistic gravity potential U⇤ for a post-Newtonian spacetime

close to the surface of the Earth.

Quantity in Eq. (5.35) Magnitude [m2
/s2]

W ≈ 6 · 107
W

2
/c

2 ≈ 4 · 10�2

U
2
/c

2 ≈ 4 · 10�2

UV/c
2 ≈ 7 · 10�5

V
2
/c

2 ≈ 1 · 10�7

potential φppN from the g00 component,

e
φppN =

√
−g00 =

√
1 +

2W (x, y, z)

c2
+

2βU(x, y, z)2

c4

= 1 +
W (x, y, z)

c2
+

U
2(x, y, z)(β − 1/2)

c4
. (5.34)

We know that φppN is a time-independent redshift potential for a congruence of ob-
servers of which the worldlines are integral curves of u = exp(−φ)∂t, i.e. for the co-
rotating observers fixed to the Earth’s surface. Note that we need exp(φ) to order
O(c�4) since we want to calculate the relativistic gravity potential U⇤ = c

2(expφ− 1)

to order O(c�2) in the next step.

The relativistic gravity potential U⇤
ppN

for the ppN metric (3.73) is consequently
given by

U
⇤
ppN = W +

U
2(β − 1/2)

c2
, (5.35)

and for the post-Newtonian approximation of General Relativity, we get

U
⇤
pN = W +

U
2

2c2
. (5.36)

Hence, deviations from the Newtonian gravity potential are described by the second
term in (5.35) which is proportional to U

2
/c

2. Note that that this result coincides with
the work of Soffel et. al. in Ref. [181]. However, the relativistic gravity potential U⇤ is
defined in chapter 4 without any approximations regarding the strength of the gravita-
tional field. In contrast to Ref. [181], in which the authors define this potential only in
the first-order ppN framework. Thus, we have shown that our framework recovers the
well-known notions in an appropriately constructed limit of General Relativity. Table
5.1 shows the magnitude of involved terms in (5.35).
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5.5.1 The redshift in a ppN spacetime

Let us assume that we send signals from one observer on the worldline γ1 to another
observers on the worldline γ2. Both observer worldlines shall be integral curves of
u = exp(−φpN)∂t, i.e. the observers are members of the isometric congruence and co-
rotate with the Earth. To the appropriate order O(c�2), the redshift is now given
by

1 + z =
ν1

ν2
=

1 + U
⇤
2 /c

2

1 + U
⇤
1 /c

2
= 1 +

W2 −W1

c2
+O(c�4) , (5.37)

where U
⇤
i
= U

⇤|γi and Wi = W |γi for i = 1, 2. We observe that to first-order in the
ppN framework, i.e. including terms O(c�2) only, the redshift for the observers in the
congruence is proportional to ∆W := W2 − W1 and it is not sensitive to the ppN
parameters β and γ. In fact, with (5.37) we have just derived the basic equation of
chronometric geodesy. However, since we derived it in a top-down approach, we know
how it is conceptually embedded in a broader theoretical framework; this gives some
trust in its validity since it is not only an approximative result in the pN framework
that could, in principle, become useless at the full theoretical level.

The leading order contribution to the redshift is due to the relativistic monopole
moment and given by the redshift result for the Schwarzschild spacetime in the first
section of this chapter. Close to the Earth’s surface, we find the correspondence between
a height difference of two clocks and the redshift signal: the redshift is roughly 10�16

per meter height distance, see below. For most application related to clock comparison
close to the Earth’s surface it will be sufficient to expand the gravity potential in Eq.
(5.37) up to J2.

For a small spatial distance between the two clocks, expanding the gravity poten-
tial W2 around the value W1 leads to

W2 = W1 + "∇W · ( "X2 − "X1) +O
(
| "X2 − "X1|2

)
. (5.38)

Hence, we obtain

W2 = W1 − ḡ12H12 +O
(
H

2
12

)
, (5.39)

in terms of the orthometric height H12 between both clock positions. Here, ḡ12 denotes
the averaged gravity between the clocks’ positions along the plumb line. Therefore, the
redshift becomes

z
(
H12

)
≈ ḡ12

H12

c2
. (5.40)
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Hence, redshift measurements are useful to determine the orthometric height, provided
that they are supported by gravity measurements.

5.5.2 The relativistic geoid in a ppN spacetime

The relativistic geoid in the ppN formalism is given by one particular isochronometric
surface; that is an equipotential surface of U⇤

ppN
such that

U
⇤
ppN

∣∣
geoid

= W +
U

2(β − 1/2)

c2

∣∣∣∣
geoid

= U
⇤
0 = const. (5.41)

For the post-Newtonian approximation of General Relativity we obtain

U
⇤
pN

∣∣
geoid

= W +
U

2

2c2

∣∣∣∣
geoid

= U
⇤
0 = const. (5.42)

This result will be used in the next chapter to access the leading-order relativistic
corrections to the Newtonian geoid.

5.5.3 Acceleration measurements in a ppN spacetime

Using all the results of the chapters 4 and 3, we calculate the covariant acceleration
components aµ, the contravariant components aµ, and the norm of the acceleration a

at the level of O(1/c2) accuracy1

ai,ppN = −∂i

(
W +

U
2(β − 1)

c2

)
, (5.43a)

a
i

ppN = −δ
ij
∂j

(
W +

U
2(β + γ − 1)

c2

)
(5.43b)

⇔ "appN = −"∇
(
W +

U
2(β + γ − 1)

c2

)
=: −"∇ŪppN (5.43c)

appN =

∣∣∣∣

∣∣∣∣"∇
(
W +

U
2(β + γ/2− 1)

c2

)∣∣∣∣

∣∣∣∣
2

=: ||"∇ŨppN||2 , (5.43d)

where "∇ is the flat space operator such that ||"∇Ũ ||2 = δ
ij
∂iŨ∂jŨ in Cartesian coordi-

nates.

1Formally, the contravariant acceleration components can include a non-zero a0. However, we have
a0
ppN = 0 +O(c�3).
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As shown above in Eq. (5.43), we define two new potentials: (i) the potential
ŪppN, which determines the “acceleration vector” "appN, and (ii) the potential ŨppN of
which the norm of the gradient gives the measured acceleration appN.

Note that for the ppN parameter values of General Relativity, β = 1, γ = 1, we
have2

ŪpN = W +
W

2

c2
, (5.44a)

ŨpN = U
⇤
pN = W +

W
2

2c2
. (5.44b)

However, measuring the acceleration of co-rotating observers on the Earth’s surface
yields bounds on the value of the combination (β + γ/2− 1).

In this section, we have recovered and generalized the results of Ref. [181] which
was one of the major sources of inspiration for the development of our framework. In
their work, the authors construct the notions of potentials and the relativistic geoid in
a ppN spacetime approximation. Here, we have shown how their results fit into a more
general structure: the general relativistic framework that allows to develop all notions
without any approximation. We regard it as a good test for our definitions that we
successfully recover the results in Ref. [181]; be reminded of our sign convention for the
comparison of results.

2Actually the statement remains true for all ppN theories for which � = 1 and � remains arbitrary.
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Chapter 6

Relativity in Geodetic

Measurements

6.1 Length and time scales

6.1.1 On metric length and coordinate distance

General Relativity describes gravity by a curved spacetime geometry. The set of all
events is the base manifold. To have notions of distance, length, area, volume, and an-
gles, a metric on this 4-dimensional manifold is essential. One of the main differences
to flat space is that there are no global coordinate systems and length must be cal-
culated using the metric components in a given local chart. Depending on the chosen
coordinates, there might be a huge difference between the true measured length, w.r.t.
the metric, and the coordinate length. Even though in most of the cases considered
here we introduce spherical like coordinates of which the radius is called r, the coor-
dinate difference r2 − r1 is never equal the measured distance. However, it might be
sufficiently close such that we can neglect the differences in some applications.

Let us estimate this difference for the spacetime around the Earth (3.77). For
some of the applications that follow, we evaluate distances close to the Earth’s surface
and up to some 103m above. The leading-order relativistic correction can be calculated
using the Schwarzschild result

l(r1, r2) :=

∫
r2

r1

1√
1− 2m/r

dr . (6.1)

With the expression above, we can calculate the difference between the coordinate
distance ∆r := r2 − r1 and the true distance l. For r1 being roughly the Earth’s surface
and r2 = r1 + 103m, we obtain l ≈ (103 + 10�7)m. Hence, the difference between the
∆r and l is less than 1µm and negligible for, e.g., clock comparisons and redshift
measurements over heights in the km-regime. However, there are cases in which the
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difference matters. For instance, integrating up to satellite orbit heights of 104 km
yields differences of about 4mm. Here, we start to enter the measurable regime and in
such cases, first-order corrections should be applied.

6.1.2 Proper time on the geoid

Let us start with a general stationary metric of the form

g = e
2φ(x)

[
−(c dt+ αa(x)dx

a)2 + αab(x)dx
adxb

]
, (6.2)

where φ is the redshift potential for observers on integral curves of ∂t. Hence for these
observers we have dxi = 0. The relativistic geoid is a particular level surface of φ such
that φ = φ0 = const. Therefore, the proper time τg of these observers on the geoid is
determined by

dτg = e
φ0(x)dt =:

(
1− L

⇤
g

)
dt , (6.3)

where we define the constant L
⇤
g > 0 as shown above. Between both time scales, the

linear relation

τg =
(
1− L

⇤
g

)
t (6.4)

holds. Now, we can use τg as a new time coordinate on the spacetime and rewrite the
metric to obtain

g = e
2φ(x)

[
−
(

c dτg
1− L⇤

g

+ αa(x) dx
a

)2

+ αab(x)dx
adxb

]

=:
e
2φ(x)

(1− L⇤
g)

2

[
− (c dτg + ᾱa(x)dx

a)2 + ᾱab(x)dx
adxb

]
. (6.5)

In these coordinates, the geoid is determined by the condition gτgτg = g(∂τg , ∂τg) = −1.

If we were able to invert the equation φ = φ(xi) such that x
1 = x

1(φ, x2, x3) we
could adapt the coordinate system even further to the geoid and use φ as a coordinate.
In the next section, we apply the result to the general form of a stationary and ax-
isymmetric spacetime metric we show how the induced geometry on the geoid can be
described.

For later use, let us rewrite Eqs. (6.3) and (6.5) above using the relativistic gravity
potential U⇤, see section 4.3. We obtain for the relation between the proper time on
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the geoid and coordinate time:

dτg =

(
1 +

U
⇤

c2

)∣∣∣∣
geoid

dt =

(
1 +

U
⇤
0

c2

)
dt , (6.6)

where U
⇤
0 < 0 is the value that chooses the particular isochronometric surface which is

the relativistic geoid. A clock on the geoid ’runs slower’ than a clock at infinity. We
can read off that L⇤

g and U
⇤
0 are related by

L
⇤
g =

|U⇤
0 |

c2
, (6.7)

and the metric (6.5) now becomes

g =

(
1 + U

⇤
/c

2

1 + U
⇤
0 /c

2

)2 [
− (c dτg + ᾱa(x)dx

a)2 + ᾱab(x)dx
adxb

]
. (6.8)

For the proper time τ of a clock at a point P which co-rotates with the Earth,
above or below the geoid, we get

dτ

dτg
=

νg

νP
= e

φP�φ0 =
1 + U

⇤
P
/c

2

1 + U
⇤
0 /c

2
= 1 +

U
⇤
P
− U

⇤
0

c2
+O

(
c
�4

)
. (6.9)

If the point P is above the geoid, then U
⇤
P
− U

⇤
0 is positive and the clock ’runs faster’

than a clock on the geoid, meaning that a signal send from the geoid to P is redshifted.

Stationary axisymmetric spacetimes

All exact solutions of Einstein’s vacuum equation which we considered in the preceding
chapter have a metric of the same form, see the introduction of chapter 5. Let us use
the results of the preceding section and apply them to this form of the metric. We
start with

g = g00 c
2dt2 + 2g0ϕ cdt dϕ+ g11(dx

1)2 + g22(dx
2)2 + gϕϕdϕ

2
, (6.10)

in non-rotating coordinates (t, x1, x2,ϕ), where x
1 is a radial coordinate and x

2 is
an angle. We assume that all metric functions do not depend on t and ϕ, related
to the Killing vector fields ∂t and ∂ϕ, which are generators of time translations and
rotations, respectively. Now, we apply the coordinate transformation ϕ → ϕ

0 = ϕ− ωt

to rewrite the metric in the new coordinates. The value of ω shall be interpreted as
the Earth’s angular velocity such that co-rotating observers characterized by dx0i = 0

are rigidly rotating with the Earth. Note that x01 = x
1 and x

02 = x
2. The coordinate
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transformation yields

g
0 =

(
g00 + 2

ω

c
g0ϕ +

ω
2

c2
gϕϕ

)
c
2dt2 + 2(g0ϕ + ωgϕϕ) cdt dϕ

0

+ g11
(
dx01

)2
+ g22

(
dx02

)2
+ gϕϕdϕ

02
, (6.11)

Hence, we read off the time-independent redshift potential φ for the co-rotating ob-
servers

e
2φ = −g

0
00 = −

(
g00 + 2

ω

c
g0ϕ +

ω
2

c2
gϕϕ

)
, (6.12)

and the relativistic geoid is given by a level surface φ = const. such that

e
φ

∣∣∣
geoid

=

√
−g00 − 2

ω

c
g0ϕ − ω

2

c2
gϕϕ =: 1− L

⇤
g = const. (6.13)

On the relativistic geoid, we have for the proper time τg of co-rotating observers

c
2dτ2g = −

(
g00 + 2

ω

c
g0ϕ +

ω
2

c2
gϕϕ

)∣∣∣∣
geoid

c
2dt2 =

(
1− L

⇤
g

)2
c
2dt2 , (6.14)

therefore

dτg
dt

=

√
−g00 − 2

ω

c
g0ϕ − ω

2

c2
gϕϕ =

(
1− L

⇤
g

)
. (6.15)

Then, the linear relation between τg and coordinate time t is given by

τg(t) =
(
1− L

⇤
g

)
t , dτ = (1− L

⇤
g)dt . (6.16)

We now let τg be the new time coordinate in the non-rotating and the rotating metric.
For the non-rotating case we get

g =
g00

(1− L⇤
g)

2
c
2dτ2 +

2g0ϕ
1− L⇤

g

cdτg dϕ+ g11(dx
1)2 + g22(dx

2)2 + gϕϕdϕ
2
, (6.17)

and for the metric in co-rotating coordinates we have

g
0 =

(
g00 + 2

ω

c
g0ϕ +

ω
2

c2
gϕϕ

)

(1− L⇤
g)

2
c
2dτ2g +

2(g0ϕ + ωgϕϕ)

1− L⇤
g

cdτg dϕ
0

+ g11(dx
01)2 + g22(dx

02)2 + gϕϕdϕ
02
. (6.18)
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If the relations

dφ = ∂1φdx
1 + ∂2φdx

2 dx1 =
dφ− ∂2φdx2

∂1φ
. (6.19)

can be solved for x1 = x
1(φ, x2), we may use φ as a coordinate instead of x1 and write

the metric as

g
0 =

g00 + 2
ω

c
g0ϕ +

ω
2

c2
gϕϕ

(1− L⇤
g)

2
c
2dτ2g +

2(g0ϕ + ωgϕϕ)

(1− L⇤
g)

cdτg dϕ
0

+
g11

(∂1φ)2
dφ2 − 2g11∂2φ

(∂1φ)2
dφdx2 +

(
g22 + g11

(∂2φ)2

(∂1φ)2

)
(dx2)2 + gϕϕdϕ

02
. (6.20)

Hence, we label events on a stationary spacetime now by the proper time on the geoid
τg, the number of the respective leaf of the foliation of space into isochronometric
surfaces, and two angles (x2,ϕ) on such a foliation leaf. All metric components are
now functions of φ and x

2. The expression ∂1φ must be evaluated for x1(φ, x2). Note
that not in all cases φ is a good coordinate. This is true in particular close to compact
objects such as black holes. However, for geodesy in the vicinity of the Earth, we do
not encounter such problems.

On the geoid, it is true that dφ = 0 and gτgτg = −1. Therefore,

g
(2d) =

(
g22 + g11

(∂2φ)2

(∂1φ)2

)
(dx2)2 + gϕϕdϕ

02
, (6.21)

is the induced metric on the two-dimensional geoid surface. This metric is crucial for
the embedding of isochronometric surfaces into the Euclidean space R3, see appendix
C.

6.1.3 Time scales and the geopotential value W0

In section 3.2.7, we introduced the post-Newtonian metric of the spacetime around the
Earth in (i) nearly global inertial Cartesian and (ii) co-rotating Earth-fixed coordinates.
In section 5.5, we constructed the relativistic geoid within the first-order pN framework.
The coordinate time t is the same for both metrics: the geocentric coordinate time tTCG.
It is the time as measured by observers who are infinitely far away from the Earth.
Using the results of the preceding sections, we will now introduce the proper time τg

on the Earth’s geoid as the new coordinate time of the post-Newtonian metric. This
time is also called international atomic time tTAI and it is a realization of terrestrial
time, see [38, 130, 168] and references therein. Alongside of our considerations, we will
shed some light on the definition of the geopotential value W0 that defines the geoid.
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From the last section, we know that the relation between the coordinate time
t = tTCG and the proper time on the geoid τg = tTAI is given by the defined constant
L
⇤
g. Starting with the metric (3.78) we know that the redshift potential is given by

(5.34),

e
2φ = 1 +

2W (x, y, z)

c2
+

2U2(x, y, z)

c4
. (6.22)

For the pN spacetime in co-rotating coordinates, we explicitly have the relation between
proper time on the geoid and coordinate time,

dτg
dt

=
dtTAI

dtTCG

= 1− L
⇤
g = 1− W0

c2
+O

(
c
�4

)
=: 1− Lg +O

(
c
�4

)
, (6.23)

valid to O
(
c
�2

)
accuracy, where W0 is the gravity potential value on the geoid. Note

that in the last sections, we introduced the constant L⇤
g as defined for a general relativis-

tic spacetime without approximation. Here, Lg is defined accordingly at the first-order
pN level. Hence, Lg is the pN approximation of L⇤

g.

In the 2000, the IAU declared Lg to a defining constant (IAU 2000, Resolution
B1.9), see Ref. [97]. Hence, the value of W0 is effectively fixed by the relation above.
This leads to the inconsistencies which are discussed in section 2.2.2.

A clock which is co-rotating with the Earth at a point P has a height H above the
geoid. This clock’s proper time is related to the proper time on the geoid according to

dτ

dτg
=

1 + U
⇤
P
/c

2

1 + U
⇤
0 /c

2
= 1 +

WP +W0

c2
+O

(
c
�4

)
. (6.24)

We may expand the potential WP around the value W0 according to

WP = −
(
W0 + "∇W · ( "XP − "X0)

)
+O

(
| "XP − "X0|2

)
. (6.25)

In terms of the orthometric height H, we can reduce this result to

WP = −(W0 − ḡH) +O
(
H

2
)
, (6.26)

where ḡ is the averaged gravity between P and P0. Hence we have

dτ

dτg
≈ 1 +

ḡH

c2
. (6.27)
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6.2 Relativistic corrections to acceleration measurements

Let us now estimate the relativistic contributions to acceleration measurements based
on the results in section 5.5.3. The acceleration of test particles on the Earth as seen
by co-rotating observers is (5.43),

"appN = −"∇
(
W +

U
2(β + γ − 1)

c2

)
=: "∇ŪppN . (6.28)

Now, we assume that for the correction term, which is proportional to c
�2, only the two

first expansion terms for U give measurable contributions, i.e. we calculate corrections
due to the relativistic monopole and quadrupole. Hence, U is expanded as

U(r,ϑ) = −GM

r

(
1 +

J2R
2
ref

2r2
(
3 cos2 ϑ− 1

))
(6.29)

in spherical coordinates, see Eq. (2.15). Therefore, we obtain the following leading
order ppN corrections to the Newtonian acceleration "g = −"∇W

a
r

ppN = (−"∇W )r +
(β + γ − 1)

c2

[
2(GM)2

r3
+

8 (GM)2 J2R2
ref
P2(cosϑ)

r5

]
+O

(
r
�7

/c
2
)

(6.30a)

a
ϑ
pN = (−"∇W )ϑ +

(β + γ − 1)

c2

6 (GM)2 J2R2
ref

r5
cosϑ sinϑ+O

(
r
�7

/c
2
)
. (6.30b)

Using β = 1, γ = 1 for the pN approximation of the Earth, we obtain corrections to
the Newtonian acceleration of 1.3627× 10�8 − 5.9× 10�11

P2(cosϑ)m/s2 in the radial
direction and −4.4× 10�11 cosϑ sinϑm/s2 in the ϑ-direction, respectively, close to the
Earth’s surface1. Thus, at least a first-order post-Newtonian formalism needs to be
employed to interpret high-precision Earth-bound acceleration measurements with state
of the art instruments such as superconducting gravimeters, see, e.g., Refs. [65, 93].

6.3 Magnitudes of relativistic corrections to the geoid

In this section, we determine and quantify the magnitudes of relativistic corrections
to the Earth’s geoid at the leading order. Therefore, we study a simple quadrupolar
Earth model, see (2.16), in the Newtonian theory and its relativistic generalization in
the general relativistic framework. As we have seen in the preceding chapters, the best

1We use the EGM96 values for all involved quantities n the calculation. Note, in particular, that
J2 < 0.
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relativistic generalization of such a model is given by an appropriately constructed Erez-
Rosen spacetime, see section 5.2. The leading order effects are given by the first-order
post-Newtonian approximation of the Erez-Rosen metric, which is the post-Newtonian
metric (3.78) constructed for a quadrupolar potential (2.16).

The Earth’s quadrupole moment, related to its flattening, gives the first (and by
far the largest) non-trivial contribution to its gravitational field beyond the monopole.
As can be seen in Figs. 2.5 and 2.6, the quadrupole causes gravity to change from the
equator towards the poles with a sin2 λ like behavior, where λ is the geocentric latitude.
Hence, we expect relativistic corrections due to influence of the relativistic monopole
and quadrupole (i) to induce an overall spherical correction due to the monopole and
(ii) to yield latitude-dependent corrections about three orders of magnitude smaller
since J2/J0 ≈ 10�3 for the Earth.

The methodology of this section is as follows. We use the Newtonian gravity
potential (2.16) for a quadrupolar configuration and, thereupon, construct the post-
Newtonian approximation of this situation to access the first-order relativistic contribu-
tions. Then, we construct the Newtonian geoid and the relativistic geoid based on our
relativistic gravity potential U⇤. In either case, we obtain a two-dimensional surface
given by some function x

1(x2), where x1 is a radial coordinate and x
2 is, e.g., the polar

angle.

The comparison of both results must be done in a way that eliminates coordinate
ambiguities. We have decided to use an isometric embedding of the relativistic geoid
surface into the three-dimensional Euclidean space R3. If such an embedding is possible,
it is unique and allows to investigate the intrinsic geometry of the relativistic geoid by
applying well-known methods for the analysis of curved two-dimensional surfaces. The
Newtonian geoid generically “lives” in this Euclidean space, and a comparison of closed
two-dimensional surfaces in R3 is possible, e.g., in terms of their radial distance in any
angular direction. Therefore, once the relativistic geoid is embedded, we can calculate
the difference to the Newtonian one. Not that such an embedding is in general only
possible by numerical methods, even though the embedding equations can be given
exactly, see appendix C.

However, we also have to overcome some conventional issues: in the Newto-
nian case, the geoid is defined by the level surface of the gravity potential such that
|W | = W0. Nowadays, W0 is an agreed upon constant related to coordinate time trans-
formations from TCG to TAI, see section 6.1.3. Already in the Newtonian case, there
are conceptional difficulties with properties of the geoid being “a mean sea surface fit”
and derived constant W0 which is not at all directly related to the sea surface, see the
remarks in section 2.2.2. Let us, therefore, assume that some value of W0 is chosen,
one way or another, that defines the geoid.
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In the relativistic case, we define the geoid by one particular isochronometric
surface, a level surface of the relativistic gravity potential U⇤ such that U⇤|geoid = U

⇤
0 .

Now, we need a clear prescription of how to choose U
⇤
0 . Hence, some gauge freedom

is left in the choice of the constant. In the following, we consider different possible
approaches and calculate the differences between Newtonian and relativistic geoid in
either case.

In approach (I), we choose −U
⇤
0 ≡ W0, which may be obvious regarding the

Newtonian limit and is supported due to the results of the previous section regarding
the proper time on the geoid, the defining constant Lg and its relation to W0. In
approach (II), we choose the value of U⇤ such that after the isometric embedding into
R3 and comparison to the Newtonian geoid, the difference vanishes in the equatorial
plane and is globally as small as possible. This means, we choose the gauge freedom in
the comparison such that the relativistic geoid is as close as possible to the Newtonian
geoid. In approach (III), we choose the value of U⇤

0 such that in its post-Newtonian
expansion W → W0 and U → U0. Finally, we also consider approach (IV), which is
analoge to approach (I) but without embedding the relativistic geoid into R3. Instead,
we identify the global coordinates, which are used for the Newtonian geoid, and the
pN coordinates. This approach enables us to judge of whether or not the embedding
is really necessary at the leading order.

6.3.1 Geoid models

The Newtonian gravity potential of the quadrupolar gravitational field is (2.16),

W (R,Θ) = −G

(
M

R
+

N2P2(cosΘ)

r3

)
− 1

2
R

2
ω
2 cos2 . (6.31)

Note that N2 = J2R
2
�M�. We use spherical coordinates (R,Θ,Φ) for the R3, and R�,

M� are the Earth’s radius and mass, respectively. Its angular velocity is ω. The geoid
determined by observers on the rotating Earth, i.e. including centrifugal effects, in this
model is the level surface of W such that

−W (R,Θ)|geoid = W0 = 6.2636856× 107 . (6.32)

For the post-Newtonian approximation of this configuration we have to use

U
⇤(r, θ) = U(r, θ)− 1

2
r
2
ω
2 sin2 θ +

1

2

U(r, θ)2

c2

= W (r, θ) +
1

2

U(r, θ)2

c2
. (6.33)
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The relativistic geoid is given by one chosen level surface of U⇤(r, θ) such that

U
⇤(r, θ)|geoid = U

⇤
0 . (6.34)

We choose spherical coordinates (r, θ,ϕ) for the post-Newtonian spacetime and the flat
space coordinates (R,Θ,Φ) are their 0-th order approximations.

6.3.2 Geoid comparison approach (I)

Using the comparison method I, we choose

U
⇤
0 = −W0 (6.35)

and construct the relativistic geoid for the post-Newtonian configuration. The result is
a two-surface described by r(θ). After embedding this surface into R3, we determine the
radial distance, at any polar angle, to the Newtonian geoid, which is generically given
in R3 as function R(Θ). The result is shown in Fig. 6.1. We find the mean difference
between both geoids to be about 2.21mm with some small angular deviations that are
three orders of magnitude smaller due to the quadrupolar influence. Hence, we exactly
find what we predicted at the beginning: the relativistic monopole causes a global
deviation and the relativistic quadrupole induces some angular variation.

In a nutshell: the result is that the first order corrections to the Earth’s geoid due
to General Relativity are about 2.21mm with latitudinal variations of 1µm.

6.3.3 Geoid comparison approach (II)

For the second approach, we choose the value U
⇤
0 such that in the embedding space

both geoids coincide in the equatorial plane. This choice can be easily translated into
the structure of the embedding equations, see appendix C. However, in general it is
not possible to deduce properties or parameter values in spacetime from requirements
which shall be fulfilled after an embedding.

The result of this approach is show in Fig. 6.2. We see that the overall modulation
is removed and only the latitudinal variation of about 8µm remains. By this choice,
we have fitted the relativistic geoid to the Newtonian one in the best possible way. The
remaining difference is due to the relativistic quadrupole.
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Figure 6.1: Comparison of the relativistic and Newtonian geoid at leading
order for approach (I). We show the geoid radii differences ∆R(Θ) = RPN(Θ)−
RN(Θ) in the embedding space R3 as a function of Θ. The maximal, minimal,

and mean differences are indicated respectively.

Figure 6.2: Comparison of the relativistic and Newtonian geoid at leading
order for approach (II). We show the geoid radii differences ∆R(Θ) = RPN(Θ)−
RN(Θ) in the embedding space R3 as a function of Θ. The maximal, minimal,

and mean differences are indicated respectively.

6.3.4 Geoid comparison approach (III)

For the third approach, we choose the value U
⇤
0 such that

U
⇤
0 = U

⇤∣∣
geoid

= U
⇤
pN

∣∣
W!�W0,U!U0

= W0 +
U

2
0

2c2
, (6.36)

and the result is shown in Fig. 6.3. For this choice, the difference between Newtonian
and relativistic geoid in the embedding space is about 4mm with latitudinal variation
of 0.015mm between the poles and the equatorial plane. The disadvantage of this
choice is that the value of U⇤ varies for each post-Newtonian order. Hence, we may
exclude choices like the above from further analysis.

6.3.5 Geoid comparison approach (IV)

To emphasize the importance of the embedding, we compare the relativistic and New-
tonian geoid also using approach (IV). The result is quite remarkable and shown in
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Figure 6.3: Comparison of the relativistic and Newtonian geoid at leading
order for approach (III). We show the geoid radii differences∆R(Θ) = RPN(Θ)−
RN(Θ) in the embedding space R3 as a function of Θ. The maximal, minimal,

and mean differences are indicated respectively.

Figure 6.4: Comparison of the relativistic and Newtonian geoid at leading
order for approach (IV), which is the same as approach one but without em-
bedding. We show the geoid radii differences ∆R(Θ) = RPN(Θ) − RN(Θ), for
which Newtonian and pN coordinates are identified, as a function of Θ. The

maximal, minimal, and mean differences are indicated respectively.

Fig. 6.4. We clearly see that, w.r.t. approach (I), the sign of the difference changes.
As we can read off from Fig. 6.1 for approach (I), the radius of the relativistic geoid
is globally about 2.2mm larger than the radius of the Newtonian geoid. For approach
(IV) it is vice versa. The “effect” appears due to the mismatch of the coordinates which
is of the order of 4mm such that pN radii are smaller than Newtonian radii. Hence, the
embedding is not only a theorists pedantism but really has an important influence on
the result. It is, however, a mere coincidence that +2mm become −2mm by coordinate
and embedding effects. Therefore statements on the magnitude of “2mm difference”
between the geoids, as communicated in the geodetic community, remain correct; but
signs do matter!
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6.4 Chronometric Geodesy and height measurements

In chapter 2, different height measures were introduced. Among them, there is the
orthometric height, the normal height, the dynamical height, and the ellipsoid height.

The first three height notions are constructed in the same conceptual way. Gravity
potential numbers C are defined as the difference W0 − |WP | for a point P in space
or on the surface and a point P0 on the geoid. Then, the potential number is divided
by either the true averaged gravity between the geoid and P along the true plumb
line (orthometric height) or the averaged normal gravity along the normal plumb line
between the level ellipsoid an P (normal height).

Chronometric geodesy offers an entirely new perspective and new observables for
height determination. Since the redshift is, to first order, sensitive to gravity potential
differences, see Eq. (5.37) in section 5.5, we have

z + 1 =
ν0

νP
= 1 +

WP +W0

c2
+O

(
c
�4

)
=: 1 +

∆W

c2
+O

(
c
�4

)
. (6.37)

Here, ν0 is the frequency of a clock on the geoid and νP is the frequency of a clock at
point P . Since WP +W0 = W0 − |WP | =: ∆W is positive for points above the geoid2,
a signal from the geoid to P is redshifted; the photon has “to fight against gravity” and
loses energy. Now, geopotential numbers

CP = WP +W0 = c
2
z −O(c�2) (6.38)

can be obtained by clock comparison, see also Refs. [34, 38, 130, 174] for detailed expla-
nations. Moreover, using only the leading order term, the defining equation (2.50) for
orthometric heights can be rewritten in terms of the redshift to define the orthometric
height H of a point P above the geoid,

H = c
2 z

ḡ
. (6.39)

Here, z is the redshift of a signal which is emitted from a clock on the geoid and received
by a clock at P . If P is above the geoid, the redshift is positive and so is the height
of P are positive. For points below the geoid, the height becomes negative since the
signal is blue-shifted.

However, calculating orthometric or normal heights by geopotential numbers ob-
tained from clock comparison is a kind of semi-relativistic approach. The respective

2W0 is a positive value, defined as shown in chapter 2. WP is the gravity potential at P and
negative in our sign convention.
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notion of height is still defined in a completely Newtonian framework and only an
approximation of the “true height”. Also, the Newtonian limit of a height defined by
(6.39) is not obvious. Therefore, a general relativistic definition of heights, using the
notions developed here, is preferred even though deviations are below present accuracy.
Luckily, such a generalization can be done in a straight forward approach, analog to
the definition of orthometric height in section 2.3.2.

6.4.1 Chronometric height

Let φ be the redshift potential for co-rotating observers on the Earth’s surface in the
stationary spacetime that describes the exterior of the Earth. Then, the acceleration
of such observers is a = c

2dφ and we define the redshift potential number for a point
P on the Earth’s surface

C
⇤
P := c

2
(
e
φP − e

φ0

)
= U

⇤
P − U

⇤
0 , (6.40)

using U
⇤
0 and U

⇤
P
, the value of the relativistic gravity potential on the relativistic geoid

and at point P , respectively. Note that the definition is exact, no approximation is
involved, and C

⇤
> 0 for points above the geoid. C

⇤
P
can be determined from redshift

measurements since

C
⇤
P = c

2
e
φ0

(
e
φP�φ0 − 1

)
= c

2
e
φ0

(
ν0

νP
− 1

)
= c

2
e
φ0z , (6.41)

where z is the redshift of signal send from a point on the geoid to the point P and
e
φ0 = 1 + U

⇤
0 /c

2 is a constant given by the geoid value U
⇤
0 , which might be chosen by

U
⇤
0 = −W0 with W0 as in chapter 2. Thereupon, we define the chronometric height H⇤

of P by

H
⇤
P =

C
⇤
P

ā
(6.42)

using the average acceleration between the relativistic geoid and P , calculated along the
normal direction of the isochronometric surfaces. At any point, the normal direction
is given by the acceleration vector of the co-rotating congruence and we can normalize
the acceleration to define the unit normal

nµ =
aµ√

gρσaρaσ
=

∂µφ√
gρσ∂ρφ∂σφ

=
∂µU

⇤
√
gρσ∂ρU

⇤ ∂σU⇤ , (6.43a)

n
µ =

g
µν
aν√

gρσaρaσ
=

g
µν
∂νφ√

gρσ∂ρφ∂σφ
=

g
µν
∂νU

⇤
√
gρσ∂ρU

⇤ ∂σU⇤ . (6.43b)

In the Newtonian limit we have U
⇤ → W and C

⇤
P
→ CP . The unit surface normal

becomes the normalized gradient of the gravity potential and the chronometric height
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H
⇤ yields the orthometric height H.

We shall emphasize that the chronometric height H
⇤ is defined in General Rela-

tivity without approximations or Newtonian concepts, i.e. in a completely relativistic
framework. It makes sense for any stationary spacetime.

6.4.2 On height reference surface determination and preservation

In this section, we show how a particular isochronometric surface can be operationally
determined and maintained over time spans, even though the topography underneath
may change due to dynamical phenomena such as, e.g., land uplift. This procedure
enables the determination of an absolute height reference point that single out one level
surface of the relativistic gravity potential U⇤.

In the following, we assume that the spacetime is stationary and that surface
topography changes do, to first order, not change the multipole moment structure of
the gravity field. Using two clocks as emitter and receiver of a signal, respectively,
redshift measurements give information about the relative height difference, see the
preceding section. We assume that both clocks are at rest w.r.t. the rotating Earth.
Hence, their worldlines are members of an isometric congruence and there is a time-
independent redshift potential φ which is the fundamental ingredient to construct the
relativistic gravity potential U⇤.

Now we find ourselves with the task to operationally distinguish a particular level
surface of the relativistic gravity potential. In principle, one clock can be declared as the
master clock, being on the geoid by definition. Then, the geoid is the isochronometric
surface that intersects (the center of mass of) this master clock. This particular level
surface is well defined and the second clock at a point P can be used to test if P lies
on the geoid. This is true if and only if the redshift of both clocks vanishes.

However, the master clock is somehow mounted on the Earth’s surface and topog-
raphy changes might lift it to a new height. Actually, by definition, the height of the
master clock would not change since it is situated on the reference surface for height
measurements. Hence, the clock would always be at height zero. One solution might
be to distribute a set of master clocks and to take some statistical average to define
the zero height surface. Another approach is outlined below.

Let neither of the two clocks be the master clock, but both have an equal status.
Furthermore, assume that the clocks are rigidly connected such that they have a fixed
proper distance L, which might be determined precisely by interferometric methods.
Now, we introduce spherical-like coordinates such that the spatial part of the metric
is diagonal and align the rigidly connected clocks with the r-direction. Let the clocks’
radial positions be given by r1 and r2 = r1 + l, respectively. Then, for the proper
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distance of the clocks we have

L =

∫
r2+l

r1

√
grrdr , (6.44)

which is an equation for the coordinate separation l.

The clocks shall be positioned in some kind of tower such that they can be moved
in the radial direction. Depending on the (initial) positions of the clocks and the length
l, there will be an (initial) redshift z0 which is measured and recorded to the highest
possible accuracy. We may now define the relativistic geoid as the particular isochrono-
metric surface that intersects the (center of mass of) the lower clock. Alternatively,
also the upper clock can be chosen for the definition, or some point can be marked on
the rigid connection. As another choice, and this is the most elegant and expensive
version, a third clock can be positioned at the center (geometric center) of the whole
system and define the geoid by the particular isochronometric that it intersects. Then
all clocks in the exterior can be compared to this third clock and arranged on the geoid
by the vanishing redshift condition.

Now, due to dynamics of the Earth, the surface topography at the clock tower’s
position changes over time. This change causes a proper height offset H, related to a
coordinate offset h by

H =

∫
r1+h

r1

√
grrdr , (6.45)

such that the clocks are now at positions r
0
1 = r1 + h and r

0
2 = r

0
1 + l

0 = r1 + h+ l
0,

respectively. We must have

L =

∫
r
0
2

r
0
1

√
ggrrdr =

∫
r1+h+l

0

r1+h

√
ggrrdr , (6.46)

since the clocks are rigidly connected. This is an equation for l
0. Thus, given an

initial value for r1 and a proper separation length L, the values for l, l0, and h can
be calculated from the proper height change H. It can be calculated that for redshift
observations close to the Earth’s surface, the difference between L, l, and l

0 as well as
the difference between H and h can be safely ignored. Due to the height shift H of
the rigidly connected clocks, their redshift will change to a value z

0. The change of the
redshift,

∆z := z
0 − z0 , (6.47)

is a monotonic function of the Height shift H. The entire rigid system is now to be
moved up or down until the initial redshift is restored. Then, the third clock in the
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center is again positioned at the initially chosen isochronometric surface. In Fig. 6.5, we
have sketched the situation and basic idea of this “isochronometric surface maintainer”.
To have more sensitive directions, the shape of the device can be improved to be a
tetrahedron, with clocks at all edges and a central clock in the geometric center.

Let us now apply the idea to the first-order pN metric of the Earth to estimate
the size of the system as a function of the desired accuracy. We have the pN redshift
equation (5.37)

1 + z = 1 +
W2 −W1

c2
+O

(
c
�4

)
. (6.48)

The change of the redshift becomes

∆z = z
0 − z0 =

1

c2
(W20 −W2 +W1 −W10) . (6.49)

For a height change in the radial direction this becomes

∆z ≈ 1

c2
(W (r1 + h+ l)−W (r1 + l) +W (r1)−W (r1 + h)) , (6.50)

where we assume that the angular positions of clocks remain constant at their initial
values. In Fig. 6.5, the plot for relation of the redshift change and the height sensitivity
is shown. A redshift change of about 10�19 correspond to a height change H ≈ 29m

for a separation of about 100m. The centimeter accuracy regime is reached for ∆z ≈
4× 10�23. Therefore, we conclude that the method works in general, but the expected
accuracy for the geoid determination using state of the art clock comparison at the
10�19 level is orders of magnitude below other approaches.

We conclude by the following remarks. The redshift, given by potential difference,
is sensitive to the gradient of the gravitational field. Thus, the change of the redshift is
sensitive to the change of the gradient, i.e. the curvature. We have constructed a very
simple and rudimentary version of a “clock compass”, see Ref. [154].
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Figure 6.5: Isochronometric surface maintenance with rigidly connected
clocks, sketch of the general idea and results for the relation between height

resolution and accuracy for the redshift change.
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6.5 Relativistic effects on satellite orbits

In this section, we investigate relativistic effects along satellite orbits. In the first part,
an overview of important effects on satellite orbits and signal propagation is given.
Then, we compare relativistic effects in a post-Newtonian framework to various non-
gravitational orbit perturbations due to the space environment. As an example, a real
GRACE orbit is studied and accelerations due to the dominant effects are calculated
along a full orbital arc. In the last part, we analyze relativistic gravity gradiometry
and the time development of nearby free fall orbits, i.e. of two geodesics, to relate their
deviation to the curvature of spacetime by the well-known Jacobi equation.

6.5.1 Overview of relativistic effects

A list of the most prominent relativistic effects on satellite orbits and signal propagation
in space between observers is given below.

• Perihelion precession

• Light bending

• Gravitational and Doppler redshift of signals

• Shapiro delay

• de Sitter precession (geodetic precession)

• Schiff effect

• Lense-Thirring precession

• Gravitomagnetic clock effects

At least some of these effects must be considered for geodetic missions in space. Accu-
rate orbit modeling and determination needs to take into account, at least at a post-
Newtonian order, that the spacetime curvature influences satellite orbits and signal
propagation.

The first three effects are known as the classical tests of General Relativity [127,
169]. For an overview and the “confrontation of General Relativity and experiment”
see Ref. [200, 199].

The unexplained perihelion precession of mercury was one of the mysteries at
Einstein’s time. A new theory of gravity was needed to explain the “anomalous” 43”
per century in the perihelion advance of mercury’s orbit. General Relativity is able to
successfully explain the precession of elliptical orbits and an estimate of the precession
of the perihelion for satellite orbits can be obtained by solving the equations of motion in
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the Schwarzschild spacetime, which can be done exactly in terms of elliptical functions,
see [81]. The weak-field approximation yields a shift

∆α =
6πGM

c2a(1− e2)
, (6.51)

with the semi-major axis a and eccentricity e of an elliptical bound orbit. The result
was already calculated by Einstein [45] and used to test his preliminary versions of the
theory.

The second classical test of General Relativity is the bending of light rays close
to gravitating bodies; the light has to propagate on the curved spacetime geometry. In
1919, Eddington verified the general relativistic prediction by observing stars during a
solar eclipse. The deflection angle for light bending due to the relativistic monopole is
given by

δ =
4GM

c2rmin

, (6.52)

where rmin is the distance of closest approach. Based on the motion of light in curved
spacetime, nowadays, gravitational lensing is used as a standard tool in astrophysics,
see Refs. [136, 137].

Gravitational and Doppler redshifts have been explained to a great extent in this
work. The first measurement of the gravitational redshift on Earth, but not with
clocks, was done by Pound and Rebka, see [151]. The first space experiment to test
the relativistic redshift was Gravity Probe A, see [191, 192, 193]. The results coincide
with the predictions of general relativity within 1.4 × 10�4. Modern optical clocks
allow to measure their mutual redshifts in Earth-bound experiments and are the basis
of chronometric geodesy, see Refs. [24, 129, 38, 34] and references therein. Also, the
DLR-ESA funded project RELAGAL evaluates the clock data of the errant Galileo
satellites GSAT0201 and GSAT0202 to test the general relativistic redshift. ACES, a
clock ensemble in space will be used to achieve unprecedented accuracy in testing the
equivalence principle and predictions of General Relativity with clocks [91].

The Shapiro delay is the time delay of a signal due to the increased propagation
time on the curved spacetime geometry, see [172]. Geodetic precession, described first
by de Sitter [177] is the precession of, e.g., the spin axis of an orbiting gyroscope. The
difference between geodetic precession and the Lense-Thirring effect is the respective
relativistic multipole moment which is responsible for the effect. The de Sitter preces-
sion occurs in the presence of a pure mass monopole, whereas frame dragging effects
and the Lense-Thirring effect are due to the presence of a spin dipole moment and,
therefore, a mass quadrupole. The total precession of a gyroscope’s spin axis is calcu-
lated as the combined effect and was tested by the famous space mission Gravity Probe
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B, see [49, 50]. Also satellite laser ranging with the LARES and LAGEOS satellites
provides results for the Lense-Thirring effect in the vicinity of the Earth [26, 27].

Gravitomagnetic clock effects are also frame dragging effects in the presence of a
rotating central source. Assume that two clocks are on a circular orbit in the equatorial
plane of a Kerr spacetime with the Kerr parameter adapted to the angular momentum
of the Earth, see section 5.4. Then, let the clocks orbit in opposite directions. After a
full revolution of 2π in the azimuthal angle, they show a difference in elapsed proper
times of about 100 ns, see Ref. [79] and references therein. As shown by the authors
of Ref. [79], the effect can be generalized to arbitrary orbits and the result is given
analytically without approximations. However, due to experimental constraints and
error budgets, this effect has never been measured so far, even though a principle
mission study termed Gravity Probe C was proposed about 20 years ago [72].

6.5.2 Relativistic effects and orbital perturbations

In this section, we are interested in the magnitudes of accelerations due to relativistic
effects along satellite orbits and we compare these to non-gravitational orbital pertur-
bation due to the space environment. The section is based on the results presented in
Ref. [146].

The geodesic equation (3.15) for the motion of test particles is usually parametrized
by the proper time. However, the equations of motion can also be given w.r.t. the coor-
dinate time of the spacetime model. Using a first-order post-Newtonian metric (3.77)
with GCRS coordinates, we expand the geodesic equation up to O

(
c
�2

)
and obtain

��
x = −∇U + c

�2
(
− 4U∇U + 4

(
∇U · �

x
)�
x−

(�
x · �

x
)
∇U + 4

�
x× (∇×U)

)

=: aN + apN , (6.53)

where

�
x :=

dx

dt
(6.54)

is the coordinate time derivative, see also Refs. [16, 111] but note that in our convention,
we have U < 0 and therefore, consequently, ∇U > 0. Here, U is the gravitational
potential of the Earth, and the vector potential U takes care of gravitomagnetic effects.
The vector x = (X,Y, Z) is the three component Cartesian position vector in the GCRS
and �

x its coordinate time derivative. The acceleration is denoted by a. This equation
formally looks like the Newtonian equation of motion supplemented with a relativistic
correction term apN proportional to c

�2. The leading order pN correction term due to
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the monopole of the gravitational field is

a0pN =
GM

c2R2

[(
4GM

R
− �
x · �

x

)
x+ 4

(
x · �

x
) �
x

]
. (6.55)

To estimate relativistic effects and their magnitude in comparison to other orbital
perturbation we apply the following strategy. We set up a model for the satellite’s
motion, including the Newtonian acceleration aN, the pN acceleration apN, and accel-
erations due to other space environmental effects summarized by aenv. Hence,

a = aN + apN + aenv . (6.56)

The force models for various space environmental perturbations are implemented in the
eXtended High Performance Satellite dynamics Simulator (XHPS) [201] developed at
ZARM, University of Bremen. The XHPS uses the framework of Newtonian mechanics
and allows to accurately simulate multi-satellite missions with an arbitrary gravity
field as well as non-gravitational perturbations of the satellite orbit. Simulations at
all levels of detail can be constructed, due to the modular design of the simulator,
and different numerical integration schemes can be chosen. In principle, arbitrary high
numerical accuracy can be achieved since the GNU MPFR library [55] allows to employ
variable-precision. The reference systems used for the XHPS are the ICRS [3], and the
ITRS [13]. They are Cartesian coordinate systems derived from the BCRS and GCRS,
respectively. These systems are realized by reference frames according to the latest
IERS conventions [142].

The equations of motion are integrated using the XHPS. The solar radiation pres-
sure (SRP) [119], effects related to the Earth’s albedo, atmospheric drag, and thermal
radiation pressure (TRP) [164] are taken into account. These effects are among the
dominant influences on many satellite orbits. All considered orbital perturbation mod-
els are based on a finite element model of the satellite, which allows to consider orien-
tation, material properties, and shadowing to great detail [119]. The Albedo model is
based on hourly CERES data [198]. TRP is computed with a transient temperature
model for each element of the satellite taking into account radiation from Sun, albedo
and infrared. Atmospheric effects are modeled by a basic atmospheric drag model with
constant drag coefficient and the atmosphere’s density is determined by the empirical
JB2008 model [14].

Two different satellite orbits are considered: (i) a slightly elliptical low Earth orbit
with semi-major axis a = 8.5× 106m and eccentricity e = 0.2 in the equatorial plane,
and (ii) the real 24h GRACE orbit from 2008-04-15, see Ref. [146]. For the satellite,
a GRACE-like model is used together with Nadir pointing. In Fig. 6.7, the results for
the first orbit are shown. We plot the accelerations due to the respective influences in
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6.6 Relativistic gravity gradiometry

Gravity gradiometry is the study of variations in the acceleration of (test) particles due
to gravity. The central object of interest is the gravity gradient. Test masses separated
by some distance will in general experience different accelerations and their worldlines
will deviate if they are allowed to move in free fall.

An intuitive simple example is the difference in the vertical acceleration at two
points which are separated by a distance 2l. The two accelerations can be measured
using accelerometers, and we assume for this example that the gravity vector "g = −"∇W

in a Cartesian coordinate system has a z-component only. Then, we have the vertical
gravity gradient

∂zgz = −∂z("∇W )z =: −Kzz ≈
gz(z + l)− gz(z − l)

2l
. (6.57)

Hence, the gravity gradient is given by second derivatives of the potential. In General
Relativity, this concepts needs to be overworked since there is not just a single potential
anymore, but a metric tensor that can be regarded as 10 potentials in total. Derivatives
of the potential are then combined into the Christoffel symbols Γµ

νσ and derivatives of
the Γµ

νσ are used to calculate the curvature tensor Rµ
νσρ. Thus, relativistic gravity

gradients are curvature tensor components, and relativistic gravity gradiometry can
measure spacetime curvature, see [153].

In the following, we study the deviation of particle worldlines and generalize the
Newtonian solution of the gradiometer equation for a spherically symmetric potential
to the solution of the geodesic deviation equation in the Schwarzschild spacetime.

6.6.1 Newtonian gradiometry

Let us start by briefly recalling how the deviation of two free fall orbits is constructed
in the Newtonian theory, see, e.g., Refs. [147, 144, 143].

Let Y
i(t) be a solution of the Newtonian equation of motion "̈Y = −"∇U . This

curve is called the reference in the following. Now, assume that Xµ(t) = Y
a(t) + η

a(t)

also solves "̈X = −"∇U , which defines the deviation η
a. Thus, we have

Ẍ
i = Ÿ

i + η̈
i = −∂

i
U(X) = −∂

i
U(Y + η) . (6.58)

If the deviation is small, we can linearize the potential at "X in a Taylor series around
the reference "Y ,

U(X) = U(Y + η) = U(Y ) + η
i
∂iU(Y ) +O(η2) . (6.59)
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Neglecting terms of order O
(
η
2
)
gives the first-order deviation equation

η̈
i = −[∂i

∂jU(Y )] ηj =: −K
i
jη

i
. (6.60)

The deviation has a trivial linear time dependence if either the gravitational field is
homogeneous, (∂νU ≡ 0), or vanishing. Then, we have η

µ(t) = A
µ
t+B

µ. In contrast,
a non-linear time dependence is caused by second derivatives of the Newtonian gravi-
tational potential Ki

j %= 0. The matrix K
i
j is also known as the tidal matrix.

For a monopolar Newtonian potential in a spherical coordinate system, a straight-
forward but rather lengthy calculation yields [144, 143]

η̈
ϑ = −Ṙ

R
η̇
ϑ −

(
GM

R3
+

R̈

R

)
η
ϑ
, (6.61a)

η̈
r =

(
Φ̇2 +

2GM

R3

)
η
r +

(
2ṘΦ̇+RΦ̈

)
η
ϕ + 2RΦ̇ η̇

ϕ
, (6.61b)

η̈
ϕ = −2Ṙ

R
η̇
ϕ − 2Φ̇

R
η̇
r −

(
R̈

R
+

GM

R3
− Φ̇2

)
η
ϕ − Φ̈

R
η
r
, (6.61c)

which is a system of couple differential equations. Quantities in capital letters R = R(t)

and Φ = Φ(t) are functions of the absolute time t and describe the reference path.
Above, we introduced the matrix K

i
j which is known very well in the framework of

gradiometry as the tidal matrix.

A particular application of the result above is the deviation from a circular ref-
erence orbit with fixed radius R. In Ref. [69], the oscillating solution is derived and
in Ref. [147], the full solution can be found. The reference motion is described by the
Keplerian orbital frequency ΩK such that

Φ̇ = ΩK =

√
GM

R3
⇒ Φ(t) = ΩK t , (6.62)

and the deviation equation (6.60) now has the general solution

Rη
ϑ(t) = C(5) cosΩKt+ C(6) sinΩKt , (6.63a)

η
r(t) = C(1) + C(2) sinΩKt+ C(3) cosΩKt , (6.63b)

R η
ϕ(t) = 2

(
C(2) cosΩKt− C(3) sinΩKt

)
− 3

2
ΩKC(1)t+ C(4) . (6.63c)

Here, C(5) and C(6) are the normalized amplitudes of the two fundamental solutions
and the deviation component ηϑ oscillates with the Keplerian frequency ΩK . There is
a variety of possible perturbations of the reference curve. The integration constants
C(a), a = 1 . . . 6 define the initial phase space position (or, equivalently, the orbital ele-
ments) of the perturbed motion. Their impact on the perturbed orbit will be studied in
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the next section for the general relativistic result. Finally, note that only the Keplerian
frequency ΩK appears such that orbits are closed and there is no perigee precession or
similar effects.

6.6.2 Relativistic gradiometry

In General Relativity, the equation of motion for structureless test bodies is the geodesic
equation (3.15), see Refs. [39, 133] for reviews of methods to derive this equation as
well as higher order equations of motion by means of multipolar techniques.

In analogy to the Newtonian case, we consider two solutions of the geodesic equa-
tion, Xµ and Y

µ to define their deviation

η
a(s) := X

a(s)− Y
a(s) . (6.64)

Here, s a parameter along the reference worldline Y . It can be, e.g., the proper time
or coordinate time, and used to parametrize all worldlines. Ẏ

µ = dY µ
/ds is the four-

velocity of the reference curve. Linearizing the geodesic equation for X w.r.t. the
deviation and its first derivative, we obtain

D2
η
µ(s)

ds2
= −Rµ

νρσ(Y ) Ẏ ν
η
ρ
Ẏ

σ +O(η2, η̇2) , (6.65)

which is the well-known geodesic deviation or Jacobi equation that relates the second
covariant derivative of the deviation along the reference curve, i.e. the relative acceler-
ation, to the curvature of spacetime R

µ
νρσ. Thus, the curvature determines the time

evolution of the deviation and generalizes the Newtonian tidal matrix K
i
j . Equation

(6.60) is the Newtonian limit of Eq. (6.65). The deviation η will have a linear time
dependence if and only if the spacetime curvature vanishes, that is, in flat space with-
out any gravity field. For more details on the systematic derivation of the deviation
equation and its possible generalizations as well as an overview of the literature we
recommend Ref. [153].

Eq. (6.65) allows to determine the curvature tensor components pointwise in a local
chart if the relative accelerations between the two worldlines X and Y are measured.
In Ref. [153], the authors show that in vacuum a set of at least six suitably prepared
objects is needed to determine all curvature components outside a gravitating body;
this is a realization of the curvature compass, see [184].

Assume that a gradiometer is placed inside a satellite which is in free fall around
the Earth, and the satellites worldline is taken to be the reference curve Y . Then, the
gradiometer measures the relative acceleration of, e.g., two test masses, described by
the perturbed worldline X, in the local satellite-attached coordinate system.
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Therefore, we now project equation (6.65) into a comoving (with the reference
orbit) proper reference frame, i.e. an orthonormal tetrad. Four mutually orthonormal
tetrad vectors can be written as

e(α) = E
β

(α)∂β with g(eα, e(β)) = η(αβ) = η(αβ) . (6.66)

Tetrad components (α) are denoted in brackets. We raise and lower a tetrad index
(α,β, . . . ) with the Minkowski metric η(αβ), whereas spacetime indices µ, ν, . . . are
raised and lowered with the metric gµν . Now, we can project vectors, covectors, and
tensors onto the tetrad basis. The deviation equation (6.65) in the tetrad frame becomes
[184]

d
2
η
(α)

ds2
= −η

(αβ)R(γδρβ)Ẏ
(γ)

η
(δ)

Ẏ
(ρ)

, (6.67)

where η
(α) = η

µ
e
(α)
µ and the components of the curvature tensor are

R(αβγδ) = Rµνστe
µ

(α)e
ν

(β)e
σ

(γ)e
τ

(δ) . (6.68)

The gradiometer is at rest w.r.t. the satellite. We choose the tetrad such that e(0) = Ẏ .
Therefore, all components Ẏ (i) are zero. Hence, we have [173]

d
2
η(α)

ds2
= −R(0β0α)η

(β)
, (6.69)

which is actually separable into temporal and spatial parts. We can orient the axes of
the tetrad along the principle axes of R(0i0j) such that [173, 127]

d
2
η(0)

ds2
= 0 , (6.70)

d
2
η(i)

ds2
= −R(0i0i)η

(i) ⇒ R(0i0i) = −

d
2
η(i)

ds2

η(i)
, (6.71)

and all R(0i0j) are zero for i %= j. The last equation tells us how to determine the
tetrad components of the curvature from measurements of the gradiometer test-mass
acceleration. A projection onto the spacetime coordinate reference frame yields the
desired information about the Riemann tensor.

Application to a Schwarzschild spacetime

In the following, we investigate the geodesic deviation equation in a Schwarzschild
spacetime model and obtain the relativistic generalization of (6.63).
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Fi g u r e 6. 8: A s k et c h of t h e d e vi ati o n of t h e t w o g e o d e si c s X µ a n d Y µ .

F or t h e c al c ul ati o n s,  w e c h o o s e a n ort h o g o n al p ar a m etri z ati o n s u c h t h at ⌘ µ
˙Y µ = 0 ,

s e e s e cti o n III i n  R ef. [ 1 5 3 ] a n d  Fi g. 6. 8 f or a s k et c h.  T h e o v er d ot n o w d e n ot e s t h e

d eri v ati v e  w.r.t. t h e pr o p er ti m e ⌧ of a n o b s er v er o n t h e  w orl dli n e Y µ .

T h e  m etri c of a s p h eri c all y s y m m etri c st ati c s p a c eti m e c a n  writt e n i n t h e f or m

g = � A (r ) dt2 + B (r ) dr 2 + r 2 ( d # 2 + si n 2 # d ' 2 ) , ( 6. 7 2)

w h er e (t, r, # , ' ) ar e s p h eri c al c o or di n at e s a n d  w e c h o o s e g e o m etri c u nit s s u c h t h at c = 1

a n d G = 1 t o si m plif y c al c ul ati o n s  A cir c ul ar r ef er e n c e g e o d e si c Y µ i n t h e e q u at ori al

pl a n e i s d e s cri b e d b y
�
Y µ ( ⌧ )

�
= ( T (⌧ ),  R, ⇡ / 2 , � (⌧ )). Si n c e t h e  m etri c a b o v e h a s t w o

Killi n g v e ct or fi el d s  w hi c h ar e g e n er at or s of ti m e tr a n sl ati o n s a n d r ot ati o n s, t h e e n er g y

E a n d a n g ul ar  m o m e nt u m L ar e c o n s er v e d,

E : = A (r ) ṫ = c o n st. , L : = r 2 ˙' = c o n st. , ( 6. 7 3)

s e e, e. g.,  R ef. [ 5 8 ].  T h u s, t h e  w orl dli n e Y µ i s d e s cri b e d b y

� (⌧ ) = �̇ ⌧ =
L

R 2
⌧ =: ⌦ � ⌧ , ( 6. 7 4 a)

T (⌧ ) = ˙T ⌧ =
E

A (R )
⌧ . ( 6. 7 4 b)

I n  R ef. [6 0 ],  F u c h s g a v e t h e fir st s ol uti o n of t h e d e vi ati o n e q u ati o n (6. 6 5 ) i n t h e

s p a c eti m e ( 6. 7 2 ) i n t er m s of fir st i nt e gr als.  H o w e v er, t hi s s ol uti o n is n ot a p pli c a bl e t o

cir c ul ar r ef er e n c e g e o d e si c s si n c e t h e c o n diti o n ˙R = 0 c a u s e s di v er g e n ci e s. S hir o k o v

[1 7 5 ] g a v e t h e fir st p eri o di c s ol uti o n s f or t h e d e vi ati o n fr o m s u c h cir c ul ar g e o d e si c s i n

a S c h w ar z s c hil d s p a c eti m e, s e e als o [ 5 9 ].  T h e e q u ati o n c a n al s o b e s ol v e d i n t er m s of

r el ati vi sti c e pi c y cl e s, s e e [ 1 0 5 , 1 1 0 ].

I n a p ar all el pr o p a g at e d t etr a d b a si s, t h e s ol uti o n of t h e d e vi ati o n e q u ati o n c a n

b e f o u n d i n [ 5 9 ].  T hi s  m et h o d i s of dir e ct r el e v a n c e f or r el ati vi sti c g e o d e s y.  T h e r e s ult s
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allow to describe the deviation as observed in the comoving local frame, i.e. in particular
by a gradiometer at rest w.r.t. a satellite in free fall.

The solution of the deviation in the tetrad basis is given by3 [59]

η
(1) = g(τ) cosΩτ − f(τ) sinΩτ , (6.75a)

η
(3) = g(τ) cosΩτ + f(τ) sinΩτ , (6.75b)

η
(2) = C(5) cosΩ�τ + C(6) sinΩ�τ , (6.75c)

where

g(τ) = C(1) + C(2) sin kτ + C(3) cos kτ , (6.76a)

f(τ) =

√
∆

k2
(C(2) cos kτ − C(3) sin kτ) +

(k2 −∆)√
∆

C(1)τ + C(4) , (6.76b)

k
2 =

2A00
A−A

02

2AB(2A−A0R)
+

3A0

2ABR
, ∆ :=

2A0

ABR
, Ω2 =

A
0

2ABR
. (6.76c)

The constants of motion E, L of the reference orbit are given by

E
2 =

2A2

2A−A0R
, L

2 =
R

3
A

0

2A−A0R
. (6.77)

In the equations above, the prime denotes derivatives w.r.t. r and the metric functions
A(r), B(r) must be evaluated at the reference radius R. The integration constants
C(i) characterize the type of perturbation and are related to the initial conditions in
the phase space. The spacetime components of the deviation η

µ are then given by
projecting the result on the coordinate basis, see [59, 143].

For the Schwarzschild spacetime, the metric functions are A(r) = 1− 2m/r and
B(r) = 1/A(r). Therefore, the constants of motion and parameters k, ∆ simplify to

∆ =
4m

R3
, k

2 =
m(R− 6m)

R3(R− 3m)
, (6.78a)

E
2 =

(R− 2m)2

R(R− 3m)
, L

2 =
mR

2

R− 3m
. (6.78b)

3Note that we solved the equation with different conventions for the integration constants C(i)

which are related to the constants in Ref. [59] by constant factors.
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such that the spacetime components of the deviation become [143]

η
t(τ) =

√
mR

R− 2m
f̄(τ) , (6.79a)

η
r(τ) = ḡ(τ) , (6.79b)

η
ϑ(τ) =

C̄(5)

R
cosΩ�τ +

C̄(6)

R
sinΩ�τ , (6.79c)

η
ϕ(τ) =

f̄(τ)

R
, (6.79d)

with

f̄(τ) = 2

√
R

R− 6m

(
C̄(2) cos kτ − C̄(3) sin kτ

)
− 3

2
Ω�

R− 2m

R− 3m
C̄(1) τ + C̄(4) , (6.80a)

ḡ(τ) = C̄(1) + C̄(2) sin ks+ C̄(3) cos ks . (6.80b)

The coefficients C̄(i) are slightly redefined versions of the C(i) which make the equa-
tions to appear simpler. The transformation is done using only constant factors. Two
frequencies Ω� and k appear in the solution. In SI-units, they are given by

k =

√
GM

R3

√
R− 6m

R− 3m
= ΩK

√
R− 6m

R− 3m
, (6.81a)

Ω� =

√
GM

R3

√
R

R− 3m
= ΩK

√
R

R− 3m
. (6.81b)

In the Newtonian limit, both frequencies coincide and are equal to the Keplerian fre-
quency ΩK . Having two frequencies at hand, allows to describe precessing orbits; the
radial and azimuthal motion are out of phase such that the perihelion of the orbit
shifts. The Newtonian limit of the solution (6.79) is clearly given by (6.63), which is
obtained for m → 0, i.e. c → ∞. This property was actually the reason why rescaled
integration constants C̄(i) have been introduced before.

In Ref. [143], it is shown how a variety of orbits can be constructed using the so-
lution of the geodesic deviation equation and the integration constants C̄(i) are related
to the orbital elements of the perturbed orbit and the initial state vector. Moreover,
the error in such an approximative description of orbits is investigated. Physical ef-
fects, such as perigee precession, in the solution as well as unphysical effects as an
artifact of the linearization are studied in detail. In Fig. 6.9 we pick two examples of
possible orbits which were constructed using the solution of the deviation equation.
We show (i) elliptical orbits in the equatorial plane and (ii) pendulum orbits as off-
equatorial perturbations. Both sets of orbits are calculated by perturbing a circular
reference geodesic in the equatorial plane, respectively. We conclude this section by
emphasizing again the importance of the relativistic deviation (or gradiometer) equa-
tion (6.65). It is of dual use: on the one hand, it relates acceleration measurements to
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Figure 6.9: Perturbations of a circular equatorial reference geodesic. We
show two different sets of orbits which are constructed as perturbations of a
prescribed circular reference geodesic in the equatorial plane, respectively. On
the left: elliptical orbits that show perigee precession. On the right: pendulum

orbits as off-equatorial perturbations.

curvature components that are searched for. Thus, establishing an operational basis
to determine the relativistic gravity field in full detail. On the other hand, in a given
spacetime more complicated orbits can be constructed from simple reference geodesics.
This will become useful when the geodesic equation admits no exact solutions or only
highly symmetric ones. Then, besides numerical methods the analytically constructed
deviation orbits may turn out as a useful tool.
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Chapter 7

Conclusions and Outlook

In this work, we have shown how fundamental geodetic notions can be defined within
a general relativistic framework. We have considered the relativistic gravity potential,
the relativistic geoid, the normal gravity spacetime, the relativistic normal gravity po-
tential, and a genuinely relativistic definition of the chronometric height. Moreover,
we have outlined a simple procedure for the operational preservation of a chosen iso-
chronometric surface.

For all these concepts the respective Newtonian notions in conventional geodesy
are recovered in the weak-field limit. Furthermore, in the first-order (parametrized)
post-Newtonian expansion we recover the results previously published in the literature
and we have shown how the well-known results are embedded into the framework which
is presented here. Therefore, we regard our definitions in a top-down approach, from the
most fundamental to the approximative level, as the most general which are available
to date. However, some - actually a lot - open questions and issues remain to be solved
and are discussed briefly below in a non-exhaustive list.

A clear conceptual understanding of how the relativistic gravity potential value
on the geoid is chosen and what its relation to the geopotential value W0 is needs to
be worked out. Also, the relation to the proper time on the geoid and the defining
constant Lg in the IAU resolution must be clarified to overcome inconsistencies in the
geoid definition.

A next step is to include gravitomagnetic contributions at the general relativistic
level into all definitions. Here, we have mainly worked with static axisymmetric space-
times and considered the Kerr metric as the only stationary example. However, as we
have pointed out, the Kerr spacetime can be used to estimate gravitomagnetic effects in
the Earth’s vicinity but it is by no means a good description of the Earth’s relativistic
gravity field; the quadrupole moments are in utter disagreement. Thus, spacetimes
that include more free parameters such as general Quevedo-Mashhoon spacetimes, see
[159, 155, 157, 57], should be considered in our framework. Then, it is clear what
the next step in defining an even better normal gravity spacetime is: the stationary
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generalizations of Weyl spacetimes allows to choose a spin dipole independently from
l mass moments. Hence, the issue related to the Kerr metric can be overcome and
gravitomagnetic as well as quadrupolar effects can be described in the right way at the
same time.

Another research perspective is to look for non-axisymmetric spacetimes as exact
solution of Einstein’s vacuum field equation. At least a static version of such spacetimes
should exist. If the radiation of gravitational waves due to the rotation is ignored, also
stationary versions should be possible. For geodesy on the Earth, this is a very good
approximation. Related to such spacetimes is the question of how to define suitable
multipole moments of the Earth’s relativistic spacetime beyond the notions of, e.g.
Geroch and Hansen, without introducing post-Newtonian approximations.

Regarding redshift and clock measurements, it must be critically analyzed if
GRACE-like constellations equipped with highly accurate clocks allow to determine
gravity field from redshift measurements at competitive accuracy. Therefore, the clock
comparison between satellites and from satellites to ground stations is possible. This
requires a relativistic model for exact timing and signal propagation in the curved
spacetime, intimately related to the emitter-observer problem in General Relativity.
However, a post-Newtonian framework for light propagation already exists and might
be used as a very good approximation, see [204]. The error budget for clock measure-
ments in space must be analyzed in particular w.r.t. the satellites’ velocities. Doppler
terms dominate the redshift signal and, thus, very accurate state vector information is
needed.

For space measurements, swarms of satellites should be analyzed in a general rela-
tivistic framework to derive optimal configurations and use data fusion including clock
and acceleration measurements as well as velocities and laser-ranged positions to de-
termine the Earth’s gravity field and the relativistic geoid from satellite measurements.
Maybe a realization of the gravitational and clock compass is feasible with near-future
technology, establishing the ultimate curvature detector.

For chronometric measurements on the Earth, the present time is very exiting.
First results for clock comparison over long distances and height measurements via
redshift detections have just started. Within the framework of General Relativity,
optimal clock network topologies should be studied, taking into account also classical
effects such as the Sagnac effect. With global clock networks, a realization of the
relativistic geoid becomes available. Then, height determination might employ redshift
measurements and miniaturized high-precision clocks as the standard tool. Maybe in
the (far) future, we will not ask questions such as “What is the height of that building?”
anymore but we will rather ask “What is the redshift up there?”.
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Developing the next generation of general relativistic positioning systems for nav-
igation will also become inevitable at a certain accuracy threshold.

Last but not least, high-precision geodesy, astronomy, and related sciences offer
endless possibilities to test the predictions of Special and General Relativity.

As one can see by this list, there are a lot of open questions and research directions
- the field of relativistic geodesy has just started to be explored and there is a lot more
to come!





145

Appendix A

Important Relations for Coordinate

Systems and Ellipsoids of Rotation

Spherical coordinates

Starting from a Cartesian coordinate system (X,Y, Z) we introduce spherical coordi-
nates (R,Θ,Φ) by the transformation

X = R sinΘ cosΦ , (A.1a)

Y = R sinΘ sinΦ , (A.1b)

Z = R cosΘ , (A.1c)

where R is called the radius, Θ is the polar angle measured with respect to the Z-axis,
and Φ is the azimuthal angle (geodetic longitude) measured with respect to the X-
axis, see Fig. A.1. The angle Θ is measured positive southwards, whereas Φ is positive
towards the East. We can also introduce the (geocentric) latitude λ by

λ =
π

2
−Θ . (A.2)

Note, however, that we employ conventions which are commonly used in physics. Hence,
there is a difference between our notation above and the notation usually used in
geodesy, where, e.g., λ is used for the geodetic longitude.
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Figure A.1: Spherical coordinates and their relations to Cartesian coordinate
axes.

Parameters and relations for ellipsoids

An ellipsoid of rotation is a two-surface in R3 and it is obtained by rotating an ellipse
around one of the symmetry axes. For an oblate ellipsoid, which is used for a geodetic
Earth model, the ellipse is rotated around the minor axis. The semi-major axis shall
be denoted by a, whereas the semi-minor axis is b in the following.

The linear eccentricity E is the distance between the origin O and one of the two
Foci Fi, i = 1, 2. It is given by

E =
√
a2 − b2 . (A.3)

Thereupon, the first and second eccentricity e and e
0 are defined by

e =
E

a
, (A.4a)

e
0 =

E

b
, (A.4b)

respectively. The flattening f is

f = 1− b

a
. (A.5)

At a given point P on the ellipsoid, we call "n the normal direction with respect
to the surface.
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Ellipsoidal and geodetic coordinates

We introduce ellipsoidal surface coordinates as shown in Fig. A.2. To a point P0 on an
ellipsoid we assign:

◦ The geodetic longitude Φ, measured in the equatorial plane between the X-axis
and the meridional plane at P0

◦ The geodetic latitude Λ

The meridional plane at P0 is defined by the Z-axis and the surface normal at P0. In
this meridional plane, we also define the geocentric latitude λ, as done for spherical
coordinates, and the reduced latitude β.

For a point P in R3, we supplement the ellipsoidal surface coordinates by the
height h above a reference ellipsoid in the direction of the surface normal, see Fig. A.3.
The sets of coordinates {h,Φ,Λ} and {h,Φ,λ} are called ellipsoidal coordinates. The
set {h,Φ,Λ} is also known as geodetic coordinates.
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Figure A.2: Geometry and properties of ellipses I.

Figure A.3: Geometry and properties of ellipses II.
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Ellipsoidal-harmonic coordinates

Ellipsoidal-harmonic coordinates allow to simplify the calculation of the normal poten-
tial of the Earth.

Let a and b be the semi-major and semi-minor axis of the reference ellipsoid,
respectively, and E its linear eccentricity. Now, to assign coordinates to a point P in
R3, we introduce a new “height” coordinate u as the semi-minor axis of the ellipsoid
with the same linear eccentricity E of which P is a point on the surface. This ellipsoid
is oriented such that its axes are aligned with the axes of the reference ellipsoid. The
semi-major axis of this ellipsoid through P is then given by

√
u2 + E2. Moreover, we

use the geodetic longitude Φ and the reduced latitude β as surface coordinates and call
the set {h,Φ,β} ellipsoidal-harmonic coordinates, see Fig. A.4.

The relation to Cartesian coordinates is of particular importance. We have

X = u

√
1 + E2/u2 cosβ cosΦ (A.6a)

Y = u

√
1 + E2/u2 cosβ sinΦ (A.6b)

Z = u sinβ . (A.6c)

Thereupon, we find the transformation to spherical coordinates

R =
√
u2/ cos2 β + E2 cosβ , (A.7a)

cotΘ =
u√

u2 + E2
tanβ , (A.7b)

and the longitude Φ is the same in both coordinate systems.



150 Appendix A. Ellipsoids and Coordinate Systems

Figure A.4: Definition of ellipsoidal-harmonic coordinates; front view of the
meridional plane (top) and top view of the equatorial plane (bottom).
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Appendix B

Derivation of the Redshift Formula

in General Relativity

Derivation of the redshift formula

We reconsider the situation outlined in section 4.2.1. Emitter and receiver of light
signals (null geodesics) move on worldlines γ and γ̃ with four-velocities u and ũ, re-
spectively. The two vector fields on spacetime that we use in the following are k = ∂s

and l = ∂τ , where s is an affine parameter on the null geodesics between emitter and
observer and τ is the proper time of the emitter, see Fig. 4.2. All points on the null
geodesics can be labeled by the pairs (τ, s).

The affine parameter s is rescaled such that s = 0 on γ and s = 1 on γ̃. Then,

l(s = 0) = u , and l(s = 1) = ∂τ

∣∣
s=1

=
dτ̃

dτ
∂τ̃ =

ν

ν̃
∂τ̃ = (z + 1) ∂τ̃ , (B.1)

where τ̃ is the proper time of the receiver. We now follow the derivation by Brill [15]
to proof that

〈
l, k

〉
:= gµν l

µ
k
ν is constant along null geodesics and that the redshift

formula follows immediately. Since the integral curves of k are null geodesics, we have

〈
k, k

〉
= 0 (lightlike) , (B.2)

Dkk = 0 (geodesic) . (B.3)

Furthermore, we use A
〈
B,C

〉
=

〈
DAB,C

〉
+

〈
B,DAC

〉
and [A,B] = DAB −DB A,

which hold for the Levi-Civita connection and vector fields A,B,C, to obtain

∂s

〈
l, k

〉
= k

〈
l, k

〉
=

〈
Dk l, k

〉
+

〈
l,Dk k︸︷︷︸

=0

〉
=

〈
Dk l, k

〉
. (B.4)
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Since [k, l] = 0, we have
〈
Dk l, k

〉
=

〈
Dl k, k

〉
, and therefore

∂s

〈
l, k

〉
=

〈
Dl k, k

〉
=

1

2
l
〈
k, k

〉
= 0 , (B.5)

which proves that
〈
l, k

〉
is constant along the null geodesics. Hence the redshift equation

follows,

〈
k, l

〉
s=0

=
〈
k, u

〉
= (z + 1)

〈
k, ũ

〉
=

〈
k, l

〉
s=1

⇒ z + 1 =
ν

ν̃
=

〈
k, u

〉
〈
k, ũ

〉 . (B.6)
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Appendix C

Isometric Embedding and

Geometric Properties of

Isochronometric Surfaces

Isometric embedding

To investigate and visualize the intrinsic geometry of the relativistic geoid, which is
described by a particular isochronometric surface, i.e. a level surface of the relativistic
gravity potential U⇤|geoid = U

⇤
0 = const., we isometrically embed this surface into

Euclidean space R3. If such an embedding is possible, the embedded surface shows the
intrinsic geometry of the geoid.

In all our axisymmetric models, the relativistic geoid is a level surface

U
⇤(x, y)|geoid = U

⇤
0 = const. , (C.1)

where x and y are the two spatial coordinates, related to a radius measure and the
polar angle, respectively.

For any such two-dimensional surface defined by Eq. (C.1), the following is true
everywhere on the surface

0 = dU⇤ = ∂xU
⇤(x, y) dx+ ∂yU

⇤(x, y) dy . (C.2)

Hence, we have on the geoid surface

dx = −
(
∂yU

⇤(x, y)

∂xU
⇤(x, y)

)
dy , (C.3)

which yields a relation x = x(y) that describes this surface.
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On the surface U
⇤(x, y) = U

⇤
0 there is a two-dimensional Riemannian metric

defined according to

g
(2) =

(
gxx(x, y)x

0(y)2 + gyy(x, y)
)
dy2 + gϕϕ(x, y) dϕ

2
, (C.4)

where ϕ is the azimuthal angle related to the axisymmetry of the spacetime model.

We want to isometrically embed the surface U⇤(x, y) = U
⇤
0 into Euclidean 3-space

R3 with cylindrical coordinates (Λ,ϕ, Z), where Z is the height, Λ is the radius in the
Z = 0 plane, and ϕ is the azimuthal angle. The Riemannian metric in R3 can then be
written as

g
(3)
E

= dZ
2 + dΛ2 + Λ2

dϕ
2
. (C.5)

The embedding functions Z(y) and Λ(y) are to be determined from the equation

[
gxx(x(y), y)x

0(y)2 + gyy(x(y), y)
]
dy2 + gϕϕ(x(y), y) dϕ

2 (C.6)

=
(
Z

0(y)2 + Λ0(y)2
)
dy

2 + Λ2(y)dϕ2
. (C.7)

If Eq. (C.3) can be explicitly solved for x = x(y), we may insert this expression into
(C.6). Comparing coefficients results in

Λ(y) =
√

gϕϕ(x, y)

∣∣∣∣
x=x(y)

, (C.8a)

Z(y) = ±
∫

y

0
dy

(
gxx(x, y)

(
∂yU

⇤(x, y)

∂xU
⇤(x, y)

)2

+ gyy(x, y)−
g
0
ϕϕ(x, y)

2

4gϕϕ(x, y)

)1/2

x=x(y)

. (C.8b)

In Eq. (C.8b), the expression g
0
ϕϕ, by abuse of notation, is understood to mean that

first x(y) is to be inserted and then the derivative with respect to y is to be taken.
The integral in Eq. (C.8b) has to be calculated either analytically, if this is possible,
or numerically.

Equations (C.8a) and (C.8b) give us the cylindrical radius coordinate Λ and the
cylindrical height coordinate Z in Euclidean 3-space as functions of the parameter y of
which the allowed range is given by y ∈ [−1, 1], corresponding to a polar angle ϑ ∈ [0,π].
In this way, we get a meridional section of the embedded surface in parametrized form;
by letting this figure rotate about the axis, we get the entire embedded surface. The
embedding is possible near all y values for which

gxx(x, y)

(
∂yU

⇤(x, y)

∂xU
⇤(x, y)

)2

+ gyy(x, y) >
g
0
ϕϕ(x, y)

2

4gϕϕ(x, y)
. (C.9)
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If this condition is violated, the surface cannot be isometrically embedded into Eu-
clidean 3-space, which means that its intrinsic geometry is hard to visualize.

This direct construction of the embedded surface in parametrized form is possible
if Eq. (C.3) can be explicitly solved for x = x(y). If this cannot be done, we have at
least an expression for the derivative of this function, as Eq. (C.2) implies that

x
0(y) =

dx

dy
= −∂yU

⇤(x, y)

∂xU
⇤(x, y)

. (C.10)

Using Eq. (C.8b), we obtain a coupled system of differential equations,

x
0(y) = −∂yU

⇤(x, y)

∂xU
⇤(x, y)

∣∣∣∣
x=x(y)

, (C.11a)

Λ(y) =
√

gϕϕ(x(y), y) , (C.11b)

Z
0(y) = ±

(
gxx(x(y), y)

(
x
0(y)

)2
+ gyy(x(y), y)− Λ0(y)2

)1/2
, (C.11c)

for the functions x(y), Λ(y), and Z(y), which is to be solved numerically with initial
conditions x(0) = x0, Z(0) = 0. Of course, this is possible only if an embedding exists.
If x(y) has been obtained, the functions Λ(y) and Z(y) can be determined as well.

Gaussian curvature

We can introduce spherical coordinates (R,Θ,Φ) in the embedding space. Then, we
can derive an equation for the Gaussian curvature G of any axisymmetric surface that
is parametrically described by R(Θ):

G(Θ) =

(
R(Θ)− cotΘR

0(Θ)
)(
R

2(Θ) + 2R02(Θ)−R(Θ)R00(Θ)
)

R(Θ)
(
R2(Θ) +R02(Θ)

)2 (C.12)

Using this result, the Gaussian curvature of the embedded geoids in the quadrupolar
model can be calculated and analyzed.
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Appendix D

Calculation of Relativistic

Multipole Moments

Geroch-Hansen mass multipoles

For relativistic multipole moments, we use the definition given by Geroch and Hansen
[63, 85] in terms of expansions of tensor fields around a point after a conformal mapping.
In Refs. [157, 77] it is shown how these moments are related to other multipole definition
by, e.g., Thorne [187] and Beig and Simon [176].

The Geroch-Hansen moments are defined for any stationary axisymmetric space-
time. Since their calculation can be quite difficult using the original definition, easier
schemes have been developed.

Static axisymmetric spacetimes

For the multipole moments of static spacetimes, a relation between the Ernst potential
and the multipole moments can be used. This relation was found by the authors of
Ref. [53]. The method allows to calculate the multipole moments from values of the
Ernst potential on the symmetry axis. It works as follows: for static axisymmetric
spacetimes, the Ernst potential is

ε(x, y) =
1− e

2ψ

1 + e2ψ
(D.1)

where ψ is Weyl’s metric function. Now, we introduce the inverse z-coordinate on the
symmetry axis ζ by

ζ =
1

z
=

1

mx
, (D.2)
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see equation (3.31) for y = 1. Thereupon, the inverse Ernst potential on the symmetry
axis is constructed according to

ε̄(ζ) =
1

ζ
ε(ζ, 1). (D.3)

The mass multipole moments Ml can now be read off from

Ml = ml + dl , (D.4a)

ml =
1

l!

dlε̄(ζ)

dζ l
∣∣
ζ=0

. (D.4b)

At order l, the ml are given by the l-th derivative of the inverse Ernst potential. The dl
are given by lower order derivatives and can be expressed in terms of theml. However, it
can be shown that all dl for l < 4 vanish identically. In Ref. [56], the authors calculated
the dl up to l = 10 in terms of the ml.

Stationary axisymmetric spacetimes

To calculate the mass and spin moments of stationary axisymmetric spacetimes, various
attempts lead to the same results, see, e.g., Refs. [53, 77, 94, 157]. One possible
strategy is to construct a Taylor expansion of the inverse Ernst potential evaluated on
the symmetry axis and for the inverse z-coordinate ζ = 1/z = 1/(σx), see (3.56). Then,
the FHP equations [53] are used to obtain the multipole moments. In Ref. [57], the
authors calculate quite a few mass and spin moments for some exemplary spacetimes.
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