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Abstract

In self-organizing networks, structure and dynamics interact in a unique way. Local
activity sustained on the network organizes in global dynamic patterns to which the
network topology adapts. It is believed that simple organisms lacking neural struc-
tures may derive their competence for complex behavior from this type of mechanistic
interaction. One such organism is the slime mold Physarum polycephalum, which has
emerged as an experimentally accessible model system for self-organizing transport
networks over the recent years. Its remarkable features include the formation of a
network structure optimized for transport, and various higher-level behaviors such
as efficient foraging decisions and learning. Although significant progress has been
made in uncovering these behaviors and the origins of dynamic processes taking
place on the network, their relation via structural remodeling still lacks detailed un-
derstanding.
Combining experimental approaches with modeling and simulation, this work fo-
cuses on reorganization of the P. polycephalum network after fragmentation, a pro-
cess occurring in a percolation transition in an expanding system. Data analysis and
modeling are based on a novel method for graph extraction from spatial networks,
which regards nodes as extended objects and fixes the number of degree two nodes
in a graph.
Results suggest that the network formation process is separated into four function-
ally distinctive phases that are closely related to the topological state. Prominently,
topological development is concluded once P. polycephalum reaches a steady state in
which it continues to expand while maintaining a constant degree distribution, char-
acterized by nodes of degrees one to four, with a negligible number of large degree
nodes. Using this small degree property, analytical solutions to the random graph
and configuration models of graph theory are derived. Comparison to experimental
data reveals a shift of the percolation transition, which through modeling and sim-
ulation is attributed to active growth processes in the slime mold.
A model consisting of a deterministic rate equation and a stochastic master equation
is devised based on the concept that the topological evolution can be decomposed
into a sequence of elementary processes of four distinct classes, each representing
one possible type of interaction between nodes. The model, characterized by a set of
rate constants obtained from experimental data, describes the topological dynamics
with excellent accuracy. In a simplified setting, the influence of interaction types is
analyzed, and via simulations it is found that system growth shifts the percolation
transition according to a power law.
Furthermore, the percolation critical exponents are determined, concluding that the
simulated master equation model shares a universality class with mean-field perco-
lation, whereas preliminary two-dimensional simulations, and by extension, network
formation in P. polycephalum, are characterized by the exponents for two-dimensional
percolation.
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Chapter 1

Introduction

Transport networks and systems are ubiquitous, affecting almost any aspect of our lives.
We exchange information without delay via the internet, and logistics enable commuting
or the distribution of goods on global and local scales. Similarly, our daily requirement
for energy and water is met by local but interconnected networks. The most direct impact
possibly comes from biological networks like the vascular system responsible for keeping
our bodies supplied with all necessary compounds carried in the blood, or the neuronal
network that constitutes the basis for information processing in higher organisms.

Although the examples given in this non-comprehensive list share important similari-
ties, they also differ in many aspects: connections may be physically existent or abstract,
depending on the quantity being transported on the network, and the networks may have
been constructed by top-down planning or via self-organization. The latter difference ini-
tially seems to correspond to the distinction between artificial and natural systems, but
a closer look reveals that many artificial systems also follow self-organizing principles.
For example, road networks that were established in the past centuries have rarely been
planned at the drawing board but have rather evolved by local changes deemed necessary
due to fluctuations in demand, and were only later on modified by punctual, top-down
planning (Barthelemy et al., 2013). Self-organization in this case may be attributed to
the inability of implementing such large-scale projects in the past or to the lack of a
central organizing authority.

However, present day technological advancement has rediscovered self-organization
as an efficient way of implementing networking systems (e.g. Prehofer and Bettstetter
(2005)), quite often even by direct bio-inspiration. Networks that are formed by the local
interaction of autonomous agents are resilient against the failure of a central unit, and
may adapt to changes in the network or changes in demand without the need for central
reevaluation of network structure.

Nevertheless, networks constructed through local events need to be optimal with re-
gard to some global task or set of properties. Lacking a central unit, the aforementioned
principle encompassing the construction has to be implemented within a set of rules that
govern, based on limited information, how the network structure should evolve locally.
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2 Chapter 1. Introduction

Identifying a suitable set of rules remains a difficult task that may greatly benefit
by learning from self-organizing biological systems that have been optimized through
evolution. In many cases, obtaining the necessary information is challenging due to the
vast complexity of the system at hand (e.g., neuronal networks), or due to its spatial
embedding in an organism (e.g., the vascular network). Similarly, the time scales at
which functional networks develop may be a hindrance (e.g., neuronal networks / road
networks). This prompts study of model organisms that are more easily observed in a
lab environment, such as the unicellular slime mold Physarum polycephalum (Oettmeier
et al., 2017).

Physarum polycephalum forms a planar transportation network on a typical length
scale of several centimeters that can alter its structure on a time-scale of hours. The
network stage of P. polycephalum, termed macroplasmodium, moves by a treadmilling
process in which distant parts of the network are deconstructed to provide the cellular
material required for growth front regions to explore the slime mold’s surroundings. The
flow required for this process is driven by oscillations that give rise to a peristaltic wave
pattern (Alim et al., 2013) coordinating the contraction of the slime mold’s tubular veins.
P. polycephalum historically emerged as a model organism for cell motility, but with the
development of early genetic tools was abandoned in favor of organisms that, at the time,
could be more easily modified.

Work on P. polycephalum was revitalized in the early 2000’s when exciting properties
of the network caught the attention of researchers: P. polycephalum optimizes its net-
work structure for transport efficiency, as demonstrated via a maze solving experiment
(Nakagaki, Yamada and Tóth, 2000). This property has since been exploited for various
studies mimicking the structure of real-world transportation networks (e.g. Tero et al.
(2010), Ntinas et al. (2017)), and is likely key to understanding other behavioral charac-
teristics observed in the slime mold, such as learning and habituation (e.g. Saigusa et al.
(2008), Beekman and Latty (2015), Boisseau et al. (2016)), that are generally associated
with higher-level organisms.

Broadly speaking, current research projects in P. polycephalum pursue one or the
other of two main objectives, either attempting to demonstrate and unravel the macro-
scopic behavior addressed in the previous paragraph, or to understand microscopic ac-
tivity from a cell motility point of view. While the latter focuses on force generation and
mechanochemical oscillation patterns in small, secluded units of the slime mold, the for-
mer neglects details of these mechanisms in favor of behavioral patterns shared between
adult networks.

This dual focus of the P. polycephalum community leaves ample room in the middle
ground, which can be occupied, e.g., by studying the formation of adult networks from
small fragments and the remodeling and expansion of networks based on their dynam-
ics. The best understood aspects in this regime describe the degradation or promotion
of existing connections (Tero et al., 2007), and the organization of cytoplasmic flow in
a developed network. However, both mechanisms do not explain the processes at the
core of this work. First, the movement and expansion of network fragments based on



Section 1.1. Past and present progress on P. polycephalum 3

cytoplasmic flows is not well understood, and second the formation of new connections,
especially during formation of adult networks from disconnected fragments, lacks a com-
prehensive description.

The latter process immediately suggests a fruitful analogy to the extremely well-
developed field of graph theory and topology, which has proven to be tremendously
helpful in the understanding of real-world networking systems (Newman, 2003). Therein,
network formation is generally treated as a sequence of local events (Albert and Barabási,
2000), e.g. the placement of connections in a system of disconnected sites. Although these
processes are generally stochastic in nature, they provide deep insights into the details of
network formation, one of the most prominent example being a percolation transition at
which the largest fraction of sites in a network forms a giant, inter-connected component.

1.1 Past and present progress on P. polycephalum

The present section is intended to provide the reader with an overview of phenomena
observed in P. polycephalum, with past and current research efforts and future direc-
tions. Although the scope covered here is broader than what is required for following
the display of this work, it is not intended as a comprehensive review. Several highly
interesting topics are left out entirely, and those that are addressed are incomplete. For
a more complete picture, the inclined reader is referred to the literature referenced below
and in particular to the current review by Oettmeier et al. (2017).

Physarum polycephalum is a giant unicellular multinucleated slime mold. Belonging to
the eukaryotic supergroup of amoebozoa, it is distinguished from the kingdoms of plants,
animals or funghi. Slime molds are categorized into two subcategories, the acellular or
’true’ slime molds such as P. polycephalum, which are single-celled but multinucleate, and
the cellular slime molds such as the social amoeba Dictyostelium discoideum (Romeralo
et al., 2012) that live as solitary organisms but may form multicellular structures as part
of their reproductive cycle.

Figure 1.1.1: Plasmodium of the slime mold P. polycephalum, grown in a 9 cm
petri dish containing agar. Image courtesy of C. Oettmeier.
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Physarum polycephalum inhabits the moderate and tropical zones and is typically
encountered in dark and moist environments, growing, for instance, on decaying wood,
where it feasts preferably on bacteria and other microbes, and on a wide range of organic
materials. P. polycephalum’s vegetative state is the plasmodium, in which it spans a
tubular vein network with a typical length scale of several centimeters, although it is
possible to grow plasmodia of larger size in a controlled environment. An example of a
plasmodial vein network grown on an agar layer is shown in figure 1.1.1.

Although it is the plasmodial phase in which P. polycephalum spans networks and
which is thus of primary interest to this work, it is worth noting that P. polycephalum

has a diverse life cycle. This is detailed, for instance, in Sauer (1986). Very briefly,
in response to selected conditions or stimuli, P. polycephalum can transition from the
plasmodial phase into dormant stages intended for enduring adverse circumstances, or
initiate the reproductive cycle. The dormant stage, which is entered upon desiccation
of the plasmodium is referred to as the sclerotium. In this stage, all cellular function is
interrupted and the plasmodium hardens, until the ambient conditions are returned to
a more favorable state. In this dormant stage, P. polycephalum can endure for several
years before being revived1.

Although entering the sclerotium stage is a mechanism of differentiation in P. poly-

cephalum, it is not a necessary stage in its life cycle. Similar to the sclerotium stage,
the reproductive cycle of P. polycephalum is initiated in response to adverse conditions.
Typically, it is initiated if the plasmodium is starved, but it is also possible to induce
sporulation, the first stage of the reproductive cycle, with pulses of blue light (Werthmann
and Marwan, 2017). Upon entering the sporulation stage, P. polycephalum forms stalks
that raise above the plasmodium and carry sporangia at their tips. Sporangia are, unlike
the brightly yellow colored plasmodium dark and mostly spherical. It is this peculiar
stage which has provided Physarum polycephalum with its name meaning ’many-headed’
(Oettmeier et al., 2017).

Sporangia hold spores, which are distributed by the wind. In favorable conditions,
spores can germinate into uninucleate myxoamoebae, which, in contrast to the plasmod-
ium, are haploid. Although P. polycephalum myxoamoebae show numerous fascinating
behaviors (Sauer, 1986) of their own, they are not further considered here in order to
focus on features of the plasmodium. Myxoamoebae can form a diploid zygote in a sexual
fusion process. In the zygote, a synchronized nuclear division process commences at a
rate of about one division per 8 − 10 h. This nuclear division process, however, occurs
without cell division, thus allowing the zygote to regrow into a multinucleate, diploid
plasmodium.

The plasmodium forms an extended network that adapts to the topography of the
surface it is grown on. Grown on a flat agar surface as shown in figure 1.1.1, the network
is almost planar. Typically, two distinct regions exist in P. polycephalum networks. At

1Although this is useful for maintaining a P. polycephalum supply in the lab, the time span after
which the slime mold can be successfully revived from sclerotia is short in comparison to the time after
which P. polycephalum can be germinated from spores (Jump, 1954).



Section 1.1. Past and present progress on P. polycephalum 5

the rim of the structure, spacious growth fronts are visible that are extended by the
slime mold in order to explore its surroundings. Growth fronts advance via amoeboid
locomotion (Charras and Paluch, 2008; Lämmermann and Sixt, 2009), with velocities
scaling with plasmodial height (Kuroda et al., 2015). Trailing the growth fronts is the
actual vein network, which assumes a characteristic, hierarchical pattern: there exist few
veins that stand out in terms of an above-average cross section and a length comparable
to the size of the network. Branching from these central veins is a larger number of local
veins with reduced cross section. Indeed, it has been demonstrated recently that the
diameters of these branches are related to the diameter of the central vein via Murray’s
law (Akita et al., 2016).

Between two junctions, veins are approximately cylindrical in shape. Veins are sepa-
rated into the solid, gel-like ectoplasm that forms the cortical layer of the vessel and the
fluid endoplasm, which is enclosed by this wall. Endo- and ectoplasm do not differ in
terms of composition and can be converted into one another (Isenberg and Wohlfarth-
Bottermann, 1976) by a mechanism that is not known in detail. Furthermore, the endo-
plasm penetrates through the ectoplasm through a number of channels and internal veins
that appear and disappear based on local pressure and shear (Guy et al., 2011). Unless
the endoplasm is moving, it is typically not possible to clearly distinguish between the
regions.

Whereas the endoplasm flows passively within the vein, the ectoplasm undergoes a
cycle of active contraction and relaxation (Wohlfahrth-Bottermann, 1979). This active
process is concerted by the interplay of force generation due to acto-myosin activity (Prost
et al., 2015) in the cortical layer, and chemical regulation via calcium (Teplov, 2017).
Local contractions along a vein lead to pressure differences, which in turn leads to a flow
of the endoplasm. This process, which is characteristic for the P. polycephalum network
is termed shuttle streaming. The contraction pattern giving rise to shuttle streaming are
organized as a peristaltic wave with a wave length scaling with the size of the network
(Alim et al., 2013). Local contractions repeat with a characteristic period of approxi-
mately 90 s (Bernitt et al., 2010), and flow within in the veins reverses on a similar time
scale.

Shuttle streaming and oscillations are an essential ingredient for structure forma-
tion in P. polycephalum (Alim, 2018), its most basic function being the distribution of
nutrients to remote regions of the network. Further, it has been observed, that upon
encountering attractants or repellents, the slime mold would locally increase or decrease
oscillation frequency and amplitude (Durham, 1976) prior to a reaction of the entire
organism. It has since been shown, that the global wave pattern constituted by local os-
cillations in conjunction with the network structure are optimized for spreading signaling
molecules that indicate the presence of a food source (Marbach et al., 2016; Alim et al.,
2017).

The rich dynamics and characteristics of the slime mold in conjunction with the
relative ease with which it can be cultivated and observed have naturally attracted re-
searchers and made P. polycephalum a highly esteemed model system until the mid 1980s.
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Following the historical account given by Oettmeier et al. (2017), topics of interest in-
cluded, but were not limited to the study of differentiation between stages of the life cycle
as outlined above, regulation of the cell cycle and naturally, cell motility, mechanics and
locomotion. Furthermore, during this period the foundation has been laid for the study
of macroscopic behavior in the slime mold, in particular in response to stimuli such as
attractants and repellents or light exposure (Ueda et al., 1975; Häder and Schreckenbach,
1984).

However, with the development of improved techniques for cell culture and genetic
manipulation for mammalian cells and bacteria, interest shifted away from P. poly-

cephalum in favor of other systems, and the slime mold became dormant for almost
two decades.2 Following experiments performed by Nakagaki, Yamada and Tóth (2000),
research in the field has been revitalized, but with a different focus. By demonstrating
that P. polycephalum is capable of identifying the shortest path connecting two food
sources in a maze, Nakagaki, Yamada and Tóth (2000) provided evidence that the net-
work spanned by P. polycephalum is optimized to a degree largely unexpected in an
unicellular organism. These findings have given rise to an active field focused on clarify-
ing the mechanisms leading to the highly organized structure formation in the slime mold.

Numerous studies have since replicated and expanded knowledge on the behavioral in-
telligence in P. polycephalum. Following up on the maze-solving experiment by Nakagaki,
Yamada and Tóth (2000), it has been demonstrated that P. polycephalum optimizes its
network by favoring optimal motifs (Nakagaki et al., 2004; Shirakawa and Gunji, 2007),
but can also compete with artificial transportation networks in terms of efficiency and
redundancy (Tero et al., 2010). Even complex problems such as the traveling salesman
problem can be solved by the slime mold (Zhu et al., 2013).

Closely related to the optimization of network structure is the decision-making be-
havior of P. polycephalum during foraging, as reviewed in Beekman and Latty (2015).
For instance, it has been demonstrated that P. polycephalum is capable of selecting the
food source with optimal protein to carbohydrate ratio in a complex nutritional challenge
(Dussutour et al., 2010), and is capable of taking into account environmental risks during
the decision-making process (Latty and Beekman, 2010a). Under stress, present through
starvation or light exposure, foraging decisions made by the slime mold are subject to
speed accuracy trade-offs comparable to those observed in higher organisms (Latty and
Beekman, 2010b). The decision-making behavior of P. polycephalum has also been stud-
ied in the two-armed bandit problem, indicating that a non-neural organism is capable of
efficiently solving decision-making challenges previously thought to be exclusive to higher
organisms (Reid et al., 2016).

P. polycephalum shows different forms of learning. It has been shown that the slime
secreted and deposited by the mold serves as an external, spatial memory, helping the
slime mold to navigate its surroundings (Reid et al., 2012). The external memory serves

2Although P. polycephalum’s decline is linked to the advancement of methods in other systems,
advancement of the same methods in the slime mold may return it to the focus of genetics due to a
unique feature of the organism. All nuclei are identical, synchronized clones, which makes it possible to
perform genetic readouts without disrupting or disturbing the system.
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not only as a repellent marking regions that have been previously explored by the same
slime mold or by others, but serves as an attractant if deposited in the vicinity of a food
source (Reid et al., 2013), thus influencing the decision-making process. Furthermore,
habituation, a learning behavior associated with higher organisms, has been reported in
the behavior of P. polycephalum (Boisseau et al., 2016): upon frequent encounters with
non-toxic, repellent substances, the slime mold becomes increasingly tolerant. Quite in-
terestingly, a parallel search on the traveling salesman problem is performed significantly
more efficient by amoeba that are fragmented from one specimen, when compared to the
same task utilizing fragments of different specimen, indicating the existence of long term
memory in the slime mold (Zhu et al., 2013). Coordinated behavior between non-fused
fragments is also observed in mesoplasmodia, an emergency pattern in response to star-
vation in which fragments of the slime mold evacuate an area in a temporally correlated
fashion (Lee et al., 2018).

Also emerged on the spectrum has the idea of unconventional computing, which
comprises several concepts. For instance, P. polycephalum based algorithms have been
developed that make use of the network optimization principle in order to complete
computational tasks (Sun, 2017). In a more direct approach, it is tried to implement
computing tasks on the slime mold (Adamatzky, 2016). First steps towards a biological
computer have been taken by Tsuda et al. (2004), and the idea has been advanced since,
for instance through the construction of logical gates via the slime mold (Adamatzky
and Schubert, 2014). Slime molds have been employed for robot control in a number of
scenarios, utilizing the concept that stimuli applied to the plasmodium lead to outputs
in a controlled fashion (Tsuda et al., 2007; Jones et al., 2011). Although one may be
rightfully skeptical about the usefulness of these implementations, they certainly high-
light that much can be learned from the diverse behaviors of P. polycephalum.

All behaviors described above are, in one way or another, related to the dynamics
of the P. polycephalum network, to the shuttle streaming within its veins and to the
oscillations causing this streaming. Indeed, a close relation has been established between
shuttle streaming and the adaptation and optimization of the network in the form of the
current reinforcement model (Tero et al., 2007), which states that veins in the network
will be degraded or promoted, depending on the amount of fluid transported through
them. The model is used successfully in P. polycephalum algorithms and has successfully
described the adaptation of the network in various scenarios (see, e.g., (Tero et al., 2010;
Akita et al., 2017)). It is noteworthy that there exists a strong similarity between the
current reinforcement model and the plastic adaptation of neural weights during rein-
forcement learning.

It has been outlined above that the oscillation pattern of the slime mold changes if
new stimuli are encountered. Oscillations lead to flow, and changes thereof therefore are
bound to modify details of the flow pattern on the network, thus directly affecting the
structure of the network through current reinforcement. Furthermore, flows transport
signaling molecules, and thus cause local stimuli to be presented to the entire organ-
ism. This indicates, that the oscillation dynamics of the network possibly lie at the
very basis of decision making behavior. It thus appears worthwhile to study not only
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the behaviors of the slime mold, but also the mechanistic processes that give rise to them.

Promising approaches relate macroscopic behavior observed in the slime mold to its
structure without detailed knowledge of the underlying oscillator. One example is the
emergence of the peristaltic wave pattern as detailed above, another is given by the anal-
ogy between hydrodynamic flows and elements of electrical circuits, termed hydraulic
analogy (see, e.g., Oh et al. (2012)). Using a network of memristors, resistors that
change state based on the history of currents flowing through them, Pershin et al. (2009)
have been able to reproduce experimental results published by Saigusa et al. (2008).
Therein, P. polycephalum is repeatedly subjected to unfavorable conditions that led to a
decrease in oscillation frequency. After several repetitions, the slime mold would adapt
its frequency even if the stimulus was not given. Furthermore, after an extended period
of time and after the periodic adaptation had fully declined, a single stimulus would be
sufficient to incite another set of adaptation periods. Subsequently, the same model has
been successfully employed to solve a shortest path problem (Pershin and Ventra, 2013).

More traditionally oriented than research on the macroscopic behavior of the slime
mold, research on oscillations, streaming and mechanics in the slime mold has become
active again after its dormancy. As described above, contraction-relaxation oscillations
in P. polycephalum networks are organized as a peristaltic wave (Alim et al., 2013).
However, although this realization explains the emergence of shuttle streaming, it does
not immediately provide further insights into the nature of local oscillations or into the
mechanisms that control their coupling behavior. Although there exist promising can-
didates, both questions are, at large, still open. Numerous models have been proposed
that recreate many wave phenomena observed in P. polycephalum. It is not attempted
here to give a comprehensive review, and instead the reader is referred to current re-
views such as Teplov (2017); Oettmeier et al. (2017). A biochemical model regarded as
a promising candidate for the oscillator has been devised by Smith and Saldana (1992),
in which contractions are due to myosin motor activity driven by the concentration of
free calcium ions. The model has been extended to a spatial form by taking into account
deformations of, and flow through the plasmodium. This is facilitated by modeling the
plasmodium either as a poroelastic two-phase material (Radszuweit et al., 2014; Alonso
et al., 2016), or as a one-phase active fluid material (Alonso et al., 2017). The model ex-
plains numerous wave phenomena observed in microdroplets of P. polycephalum (Takagi
and Ueda, 2008, 2010). Other models are of reaction-diffusion-advection type (Nakagaki
et al., 1999) or make use of the mechanical coupling rather than relying on the exchange
of chemicals.

In any case, the dynamics of P. polycephalum are the outcome of a carefully or-
chestrated interplay of various processes and the unique physical properties of the slime
mold. Investigating either are active fields, that have sparked numerous studies as seen
above, and due to their complexity have raised the need for simpler model systems.
Preparing these is possible due to P. polycephalum’s resilience to physical manipulation.
For instance, microdroplets as mentioned in the previous paragraph are small volumes
of cytosol extracted from a plasmodium using a syringe. After plating, these droplets
form a new membrane and remain vital, showing a wide range of oscillation and wave
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phenomena. Similarly, it is possible to create so-called microplasmodia by cutting, or by
subjecting a plasmodium to shear forces in a liquid culture. These fragments range from
100−500 µm, are typically of an approximately globular shape unless migrating, and form
vein networks only after growth or fusion to other microplasmodia. Microplasmodia have
been employed to study the viscoelasticity and nonlinear elasticity of P. polycephalum

(Fessel et al., 2017; Fessel and Döbereiner, 2017), but serve also as a model system for
oscillations (Bernitt et al., 2010) and have been subject to ultrastructural investigation
(Oettmeier et al., 2018). Further, the onset of peristaltic pumping and forces exerted
onto the substrate have been studied and modeled in migrating microplasmodia, see,
e.g., Lewis et al. (2015); Rodiek and Hauser (2015); Lewis and Guy (2017); Zhang et al.
(2017).

1.2 Motivation, objectives and outline

Albeit its simple structure as a single-celled organism, Physarum polycephalum displays
behavioral patterns typically associated with more complex organisms that are in pos-
session of a refined central nervous system or at least some neuronal structures. Lacking
such a system for information processing, P. polycephalum has to resort to a different
method of conveying complex behavior. Although the exact mechanisms have been un-
raveled only in part, it is generally believed that the self-organized coordination of flows
across the slime molds network, in conjunction with adaptation of the network structure
to the flow pattern, drives information processing in P. polycephalum (see, e.g., Alim
(2018)).

One possible, entirely mechanistic interpretation of information processing in P. poly-

cephalum is illustrated in figure 1.2.1. Very briefly, P. polycephalums typical behavioral
mode is foraging, which brings it in contact with diverse external stimuli such as chemo-
tactic signals (Ueda et al., 1976), light exposure (Häder and Schreckenbach, 1984) or
variation of humidity (Saigusa et al., 2008). To those stimuli, reactions are in principle
possible in two ways. First, selected stimuli or prolonged exposure are bound to gradually
influence transcription levels in the slime mold, or effectively switch between behavioral
patterns. For instance, pulses of blue light induce sporulation (Werthmann and Marwan,
2017). However, these processes are slow in comparison to the reactions of the slime
mold observed in response to some stimuli, such as the reaction to encountering a food
source (Alim et al., 2017).

Typically, such an encounter directly leads to changes observed in the oscillation
pattern (Alim et al., 2017). This suggests that dynamic processes on the network are
regulated immediately in response to some stimuli, without the prior activation of a dif-
ferent transcriptional program. In any case, it has been observed in different experiments
(e.g., (Tero et al., 2010; Akita et al., 2016)) that the structure of P. polycephalum is mod-
ified by flows resulting from the global wave pattern of the slime mold. Similarly, the
domain on which flows and waves may propagate is constrained by the network topology.
Thus, dynamic processes and structure formation are interacting, and it is hypothesized
that within this mutual relationship lies the key to understanding how information is
processed in P. polycephalum.
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behavioral patterns such as foraging.

In order to transition from the fragmented state into the connected state required
for foraging, P. polycephalum has to undergo numerous modifications of the structure
or topology of the network. Although this process is in principle continuous, it can be
regarded as a sequence of discrete events that can be classified as growth, fusion, or as a
process reversing the aforementioned.

Interpreting structural modifications as discrete events appears most sensible if the
modified structure is discrete as well. Therefore, states during the time evolution of a
P. polycephalum network are, in the scope of this work, understood as graphs, i.e., as
a collection of nodes, connected by a set of edges. In this picture, a growth process is
represented by the addition of a novel, connected node to the graph, and fusion is the
addition of a novel edge. However, in order to correctly represent these processes, the
underlying graph model is required to fulfill a number of prerequisites, the most promi-
nent being an unambiguous definition of the number of second degree nodes between
junctions of the network. Therefore, the first objective of this work is the introduction
of a graph model suitable for representing and analyzing P. polycephalum networks and
the structural changes thereof.

It is the underlying hypothesis of this work, that the restructuring process described
above can be understood along the lines of a percolation transition. In statistical physics,
percolation processes are stochastic models that describe the emergence of global con-
nectivity in an initially disconnected system. In particular, graph theory has adopted
percolation as a means of describing the transition in which a connected graph forms
if a set of unconnected nodes is gradually becoming connected through the stochastic
introduction of novel edges.

The previous paragraphs highlight the close relation between the suggested models,
i.e., percolation and graph formation via discrete events. However, there is one important
difference. The models named above typically possess an inherent randomness, whereas
the slime mold forms its structure as part of an active process. Nevertheless, as will be
seen throughout this work, much can be learned through the application of stochastic
models. On one hand, although active processes lead to structural changes in the slime
mold network, there is also intrinsic randomness, which is why all P. polycephalum net-
works are organized similarly, but are never exactly equal. On the other hand, describing
the active process with a stochastic model allows the discovery of properties that do not
depend on the detailed construction history of a network, but are shared between very
different realizations of the process.

The analysis of the network formation process in P. polycephalum in the light of
the physical models stated above can be broken down as graphically organized in figure
1.2.2. The work is based on experimental data representing the network formation in P.

polycephalum, and on the concept that construction of a network requires only a small
number of elementary processes. Based on this, the first objective has already been
stated above as the search for a suitable graph representation that approximates the P.
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polycephalum network and changes thereof well.

Building on this, the present work in essence consists of three pillars, the first being
data analysis. Analyses are carried out with three central objectives, including, first, the
identification and quantification of developmental phases during the network formation
process. Second, the quantification of how network structure as characterized by the
degree distribution and the distribution of component sizes evolves during the formation
process. Finally, topological modifications such as growth or fusion are bound to occur
at rates that can be measured experimentally.

The second and third pillar are based on theoretical modeling and simulation. Devis-
ing and testing the models and simulations as detailed below presents further objectives
of this work. One possible way of structuring the results is given by system size. In the
thermodynamic limit (N → ∞), there are typically no fluctuations and it is possible to
find deterministic solutions to physical problems. On the other hand, if N ≪∞, systems
become stochastic, and due to fluctuations the corresponding deterministic solution can
only be recovered by averaging a significant number of stochastic trajectories.

Focusing first on the deterministic pillar, two different models are considered. Based
on models stemming from graph theory, analytical closed form solutions to the perco-
lation problem are derived. Generally, such solutions can only be found by numerical
methods. However, for graphs possessing only a negligible number of large degree nodes,
it is possible to solve the configuration and random graph models analytically. Com-
paring closed form solutions to experimental data highlights that in P. polycephalum,
the critical point marking the phase transition is shifted. In comparison to the analyti-
cal solution, slime mold networks require a larger degree of structure in order to percolate.

In order to investigate possible causes for this discrepancy, a model is constructed that
describes the formation of a network based on a small number of elementary processes
resembling chemical reactions between different nodes. The model consists of two parts.
The first is a deterministic rate equation describing the average evolution of the degree
distribution and system size. As this average description holds either in the thermody-
namic limit or for a large number of realizations, it is part of the second pillar. Belonging
to the third pillar, a stochastic master equation describing the same quantities and their
fluctuations is devised. The master equation is closely related to the stochastic simula-
tion algorithm, which provides the basis for generating exact trajectories of stochastic
processes. This algorithm is modified in order to simulate stochastic network growth,
and stochastic network growth embedded in two dimensions. The model for network
formation, unlike the model for percolation is not limited to small degree networks and
can implement, for example, the formation of scale-free networks.

In summary, each pillar in figure 1.2.2 represents one way of modeling network for-
mation as characterized by degree distribution and component sizes. Results are either
obtained from experimental data, via stochastic simulation, or through combination of
the two deterministic models for network formation and percolation. The models can
incorporate either growth rates as measured in P. polycephalum, or arbitrary rates. This
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makes it possible to compare results between the three pillars, or to investigate the influ-
ence of elementary processes. In particular, growth is investigated as a possible source for
the observed shift. Furthermore, simulations enable variation of system size in a much
broader range compared to the experiment, making it possible to investigate finite size
effects, and to determine critical exponents of the simulated model.

The efforts outlined in this section formalize P. polycephalum network formation into
a stochastic, graph-oriented framework, characterize the percolation phase transition and
elucidate the influence features of the dynamical network growth have on the transition.
In the previous section, dynamics and behavioral characteristics of the slime mold have
been described in greater detail. It is hoped, that the framework developed here may serve
as a discretization on which effective models, such as the current reinforcement model
(Tero et al., 2007), or models for synchronization on networks (Arenas et al., 2008), can
be brought together to simulate characteristics of the slime mold, or even serve as a
model for decision making if interacting, for instance, with external gradients. Instead of
initiating events that modify network structure through purely stochastic selection, their
stochasticity can be influenced locally through the dynamic processes outlined above.

1.3 Structure of this work

The remainder of this work is structured as follows. Following this introduction, the
main text is split into two parts. First, the I Background provides essential concepts
adopted from the literature that are either required to follow the development of ideas
presented in this work, or provide the means to critically assess the results detailed in the
subsequent chapters. As this work is only in part based on the analysis of experimental
data or simulations, and introduces theoretical ideas as well, it has been found useful to
compile all chapters presenting own work into the part II Results.

Part I Background consists of two chapters, aimed toward the central theoretical
concepts employed in this work. Chapter 2 introduces two related concepts. As out-
lined above, percolation theory encompasses the formation of connected structures from
unconnected fragments. These fragments can be, for instance, fragments of an evolving
graph structure. In chapter 2, the basic ideas underlying percolation theory and the
concept of universality are outlined, followed by a brief introduction into the fundamen-
tals and recent advances in complex networks. Finally, the two concepts are usefully
combined, and the mathematical construct required to study percolation on graphs is
outlined. Although networks and percolation are of significance in all parts of this work,
chapter 2 is most closely related to chapter 4, where analytical solutions are devised for
percolation in small degree networks.

Chapter 3 extends the theoretical background of this work to the theory of stochastic
processes. With the intention of laying the basis for stochastic modeling and subsequent
simulation of network formation, the master equation is derived building on the concept
of Markov processes. The master equation describes the evolution of a stochastic system
based on the gains and losses in occupation probability of the systems microstates. One
of its many applications lies in the description of chemical reaction networks. With the
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intent of later on formulating changes in graph topology as chemical reactions, the chem-
ical master equation is introduced alongside the framework required for the stochastic
description of a reaction network. As the master equation in many cases resists treatment
by analytical methods, the stochastic simulation algorithm and the rationale behind it
are present as a method of simulating exact trajectories of the master equation. In chap-
ter 7, the stochastic simulation algorithm serves as the basis for the network simulation
algorithm devised in this work. Chapter 3 concludes part I Background.

Part II Results presents own work and has been further subdivided into four chap-
ters. The first chapter, chapter 4 continues the treatment of percolation on graphs. It is
demonstrated that closed form solutions to the random graph and configuration models
of graph theory are possible if the number of large degree nodes in a system is negligible.
Solutions are derived and compared for a number of cases and constraints to the degree
distribution near the transition are given.

Chapters 5 and 6 focus on the treatment of network data obtained as image series doc-
umenting the formation of P. polycephalum networks. First, in chapter 5 a graph model
suitable for extracting graphs from P. polycephalum images is presented. Numerous re-
quirements, including a sensible definition of second degree nodes for a transportation
network are outlined and compared to the topological skeleton, which presents a more
traditional approach to graph extraction from images. It is described how the outlined
extraction process can be implemented. Briefly, the implementation makes use of a circle
packing approach in which each network node is associated with an area on the network
structure. Connectivity between nodes is then derived from the topological skeleton.
The chapter is concluded with an account of a collaborative project that has led to the
development of a method for tracking topological changes between graphs of the image
series.

Chapter 6 reflects the data analysis performed as part of this work. Data analyzed
are time series documenting the formation of P. polycephalum networks from scattered
microplasmodia, represented as a series of graphs employing the graph model developed
in chapter 5. Of pivotal interest to this work is the topological evolution of the slime
mold, characterized by its degree distribution and the distribution of component sizes.
For a clear display, the chapter has been structured as follows. First, the experimental
procedures is outlined and typical results are described in detail in order to familiarize
the reader with network formation in P. polycephalum, and with the final state of the
network and the influence of initial conditions. Building on this, a systematic analy-
sis of the topological evolution is performed, showing that there exist common features
shared between evolving P. polycephalum networks, including the final state, which is
characterized by a single degree distribution. Analyzing component sizes, it is observed
that there are strong deviations between experimental data and analytical solutions as
developed in chapter 4. Supported by simulations performed in chapter 7, it is concluded
that growth and inaccuracy of the the configuration model for degree distributions with
a large number of second degree nodes are the central reasons. Furthermore, a method
is presented for distinguishing p. polycephalum growth into four functionally and struc-
turally different phases. Finally, tracking of topological changes leads to the experimental
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determination of a set of rate constants, which are parameters of the model devised in
chapter 7 and drive the growth of P. polycephalum. It is shown that these constants
correctly reflect the topological evolution and differ between the phases of growth.

The final chapter of part II Results focuses on modeling and simulations of topolog-
ical network evolution. In chapter 7, concepts outlined in chapter 3 are taken up and two
models are devised based on the concept that modifications of network topology can be
expressed as chemical reactions. Four basic interaction types are defined, and based on
them a deterministic rate equation for the degree distribution, and a master equation ex-
tending the model to a stochastic framework are devised. The model is characterized by
a set of rate constants and can reproduce degree distributions of various network types,
including random graphs or scale-free networks. In order to generate network topologies
consistent with the models, the stochastic simulation algorithm is extended. The model
is analyzed in two steps, focusing first on the rate equation, and in the second step on
stochastic simulations. The analysis is performed in a simplified framework where only
four rate constants characterizing growth, fusion and their reversals need to be defined.
Working with the rate equation, typical behaviors of the model and its steady state are
analyzed. Next, the analysis is extended to stochastic simulations, and excellent agree-
ment is found between simulations and the rate equation. The analysis of stochastic
simulations focuses on percolation. In the simulated framework it is possible to study
the influence of the four basic interaction types on the percolation transition. In par-
ticular, the influences of growth and of the small degree property are studied, and it is
observed that growth shifts the critical point according to a power law, leading to devi-
ations from the configuration model. Systematic analysis makes use of finite size scaling
as introduced in chapter 2. Percolation critical exponents are found to be in agreement
with mean-field percolation and no evidence is found for an influence of growth or the
degree bound. Finally, a preliminary two-dimensional implementation of the simulation
is tested, leading to critical exponents in agreement with two-dimensional percolation
and good agreement with the rate equation model.



Part I

Background



Chapter 2

Percolation, universality & complex

networks

Concepts from percolation theory and graph theory are widely employed throughout this
work. In the present chapter, the following steps are taken. Following this introduction,
the basics of percolation theory are outlined in 2.1. Therein, following a brief histori-
cal account, the related concepts of bond and side percolation are introduced in section
2.1.1. Subsequently, the concept of universality is introduced in section 2.1.2 stating that
near the percolation transition, very different systems scale according to the same critical
exponents if they are of the same dimensionality. Dealing with data from finite systems
in chapter 6 and 7, finite size effects make systematic corrections necessary in order to
correctly determine critical exponents. The ideas underlining finite size scaling, which
is a method to exploit finite size effects for the determination of critical exponents, are
outlined in section 2.1.3.

Section 2.2 introduces the reader to basic ideas (section 2.2.1) underlying graph the-
ory, and to a number of prominent graph models (section: 2.2.2). These include the ran-
dom graph and configuration models employed in this work, which are further addressed
in terms of graph percolation in section 2.3. The random graph model is addressed in
section 2.3.1, and percolation in the configuration model is treated in section 2.3.2. In
order to treat this problem properly, the generating function formalism is introduced in
section 2.3.3.

2.1 Introduction to percolation theory

The term percolation, which has its etymological roots in the Latin word percolatio, mean-
ing filtration, has been coined for a class of stochastic models in 1957 by Broadbent and
Hammersley (1957), although there have been earlier works on comparable problems, for
instance, gelation (Flory, 1941; Stockmayer, 1944). Broadbent and Hammersley (1957)
proposed the percolation process as a model for the way in which a fluid or gas penetrates
through a porous medium. In such a medium, microscopic pores may be either open and
allow fluid through, or they are blocked with some probability and cannot admit any
flow. This leads to the central question motivating the study of percolating systems: at
what percentage of open passages will there be a way for the fluid to move freely from
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Two underlying models for percolation have emerged in the literature that are most
suitably compared on the two-dimensional square lattice, as shown in figure 2.1.1. The
examples shown there are for a very small system size. Typically, analytical consid-
erations of percolation problems are performed in systems of infinite size, i.e., lattices
extending to infinity in both spatial dimensions in the present example. Finite sized
systems require corrections, which are addressed further below.

In the site percolation model shown in panel (a), the driving parameter p ∈ [0, 1] rep-
resents the fraction of occupied sites. Therefore, every site is occupied with probability p,
and unoccupied with probability 1−p. For small p, the lattice is only sparsely populated
and there are few clusters in which more than one site is connected. Near p = pc, the
situation changes. Shortly before the critical point pc, there are numerous average-sized
clusters, and it is difficult to occupy further sites without merging these average-sized
clusters. Doing so leads to the situation shown in the third panel (p > pc), where there
exists one giant cluster spanning almost the entire system. The threshold value pc so
far has not been determined analytically for site percolation on the square lattice, but
has been determined numerically with a high degree of accuracy: pc ≈ 0.59275 (see, e.g.,
Newman and Ziff (2000)). The difficulty to obtain the threshold analytically illustrates,
that percolation, although formulated as an extremely simple problem, requires in many
cases complicated treatment.

In bond percolation as seen in figure 2.1.1 panel (b), the situation is quite similar.
Instead of occupying sites, bonds (or edges) of the lattice are occupied. Notably, the
percolation threshold pc is different from the site percolation model. This arises from the
fact, that each bond has six neighboring bonds, whereas each site on the square lattice
has only four neighboring sites. The percolation threshold in this case is known to be
pc = 1/2, as has been proved by Kesten (1982). Although site percolation is typically
considered to be a more general way of stating percolation problems, bond percolation
is more closely related to graph theory.

Numerous details of percolation models have an influence on the exact value of the
critical point. These include not only the dimension of the problem, but also microscopic
details of the model constraining the local structure of the percolating system. As seen
above, the percolation type, i.e., whether site or bond percolation is considered, has an
influence that is directly tied to local structure via the connectivity of the unit cells.
Similarly, the lattice or graph type has an influence, and so do details of the process in
continuum percolation theory.

Percolation theory generally considers static systems and attempts to make state-
ments on the global connectivity based on local structure as characterized by a driving
parameter. However, in some cases it is instructive to take the dynamics of a process
leading to percolation into consideration. For instance, throughout this work, the role
of system growth during percolation is considered in a number of places, and it is found
that the percolation threshold in a growing system is shifted in comparison to a non-
growing null model. Explosive percolation on graphs (Achlioptas et al., 2009; D’Souza
and Nagler, 2015) is another excellent example. Therein, development of a giant cluster
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is suppressed by a simple rule: instead of placing a bond at random, two bonds are placed
randomly but only the one which leads to the smaller resulting cluster size is kept. This
dynamic construction process leads to a significant shift of the critical point.

2.1.2 Universal behavior: critical exponents

Unlike the location of the critical point, the behavior of critical quantities characteriz-
ing the percolation transition is independent of microscopic details of the system. In a
percolating system, these quantities include, among others, the size of the giant cluster
S(p), which is the order parameter of the system. In an infinite system, S is equal to
zero in the non-percolated regime and non-zero when p > pc. At the transition, the gi-
ant component size is continuous but not continuously differentiable, indicating a second
order phase transition.

The role of the fluctuations of the order parameter is taken by the average non-giant
cluster size

< s(p) >=

∑′
s s

2ns(p)
∑′

s sns(p)
, (2.1.1)

where ns(p) is the distribution of cluster sizes s for a given p, excluding the size of the
giant cluster S. At the transition, < s > diverges if the system is of infinite extension.
Further, the correlation length ξ of the system, defined by

ξ(p)2 =

∑′
s r

2
ss

2ns(p)
∑′

s s
2ns(p)

, (2.1.2)

where rs is the average radius of gyration of non-giant clusters of size s, also diverges at
the transition. The intuitive interpretation of the correlation length is the distance from
the cluster center at which a site is still expected to belong to the same cluster.

The three quantities given above are said to exhibit critical scaling when approaching
the transition, i.e., if |p− pc| → 0, as characterized by the power law behavior

S(p) ∝
{

0 p < pc

(p− pc)
β p > pc

. (2.1.3)

The average cluster size scales as

< s(p) >∝ |p− pc|−γ , (2.1.4)

and the correlation length is characterized by

ξ(p) ∝ |p− pc|−ν . (2.1.5)

The exponents β, γ, ν are referred to as critical exponents, and are expected depend only
on the dimension of the percolating system. This principle is known as universality. The
idea of universality in statistical physics is that systems with very different microscopic
details, that exhibit a phase transition of the same type, share the same critical expo-
nents if they their dimensionality is identical. An explanation for universality follows
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The notion of universality arises from the consideration that the coarse-graining pro-
cedure removes effects that are only important on the micro-scale and maintains only
those that influence the macroscopic behavior, which is characterized by the critical expo-
nents, and which is shared between different systems with different microscopic behaviors.
The formalization of the described process is due to Wilson (1975).

2.1.3 Finite size scaling

The results above have been given for systems of infinite extension. In simulations or in
experiments where the system size is small, these are only an idealization. As will be
seen below, finite system size leads to systematic deviations of the macroscopic critical
quantities that need to be correctly accounted for if simulations and experiments are
to be interpreted correctly, and in particular if critical exponents are to be measured
accurately. The finite size scaling method by Fisher and Barber (1972) provides a so-
lution to this problem and will be outlined below. For a more rigorous derivation, it is
recommended to consult Binder (1997).

Depending on the system under consideration, system size can either be given as the
number of interacting units, which is the case on graphs that are the primary interest
of this work, or as physical dimension. For instance, in the case of the two-dimensional
square lattice, system size is typically given as the edge length L of the lattice. In an in-
finite system, at the phase transition the correlation length ξ diverges. In a finite system,
this is impossible, as the correlation length needs to be cut off when approaching L. As
long as ξ < L, it is not expected that there is any deviation from the typical behavior,
which is the case before and after the transition. The most significant deviations are
therefore expected when approaching p = pc.

As a first result, it is noticed that there is a scaling contribution from the system size
that shifts the location of the critical point. To distinguish between the critical point in
infinite and finite systems, it appears sensible to refer to the latter as a pseudo-critical
point. From the scaling of the correlation length ξ ∝ |p − pc|−ν it follows that near the
critical point

|p− pc| ∝ ξ−1/ν

∝ L−1/ν if ξ → L , (2.1.7)

indicating that there is indeed a shift of the transition.

Using the first relation, the scaling of the quantities S and < s > near the critical
point can be expressed in terms of the correlation length ξ:

S ∝ (p− pc)
β ∝ ξ−β/ν for p > pc (2.1.8)

< s >∝ |p− pc|−γ ∝ ξγ/ν (2.1.9)

These results are no different from the results for infinite systems, as the cutoff is not yet
in place. Nevertheless, the result indicates, that the correlation length directly influences
the scaling of the of the other quantities. Typically, this is seen in the average non-giant
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component size as a rounding of the divergence, such that the function has a maximum
instead of a singularity. The giant component size, on the other hand, is smeared out at
the transition.

The exact way, in which the rounding or smearing out affects the critical quantities
can be implicitly added to the scaling relations by introducing an unknown, homogeneous
function F (·), whose purpose is to correctly reflect the described behavior. F (·) is referred
to as a scaling function, and the scaling of < s > is written as

< s >= ξγ/νF (L/ξ) . (2.1.10)

with

F (L/ξ)

{

= const. L/ξ →∞
∝ (L/ξ)γ/ν L/ξ → 0

(2.1.11)

At this point, a second unknown scaling function F̄ (·) is defined such that

F̄ (L/ξ) = (L/ξ)−γF ((L/ξ)ν) . (2.1.12)

Now, by using the scaling relation for the correlation length and by making use of the
fact that F (·) has been defined as a homogeneous function, the correlation length can be
eliminated in order to obtain a more useful form of the equation:

< s >= L−γ/νF̄ (L1/ν |p− pc|) (2.1.13)

A similar result can be derived for the the finite size behavior of the giant component
size

S = Lβ/νḠ(L1/ν(p− pc)) , (2.1.14)

where Ḡ is another unknown scaling function. Equations 2.1.13 and 2.1.14 are commonly
referred to as the finite size scaling hypothesis. Due to the similar structure of the results,
they can be stated as

X = N−χ/νF
(

(p− pc)N
1/ν
)

, (2.1.15)

where F [·] is an unknown scaling function and where χ is a critical exponent character-
izing the scaling of the critical quantity X.

As can be gleaned from the equations, the finite size behavior of the critical quanti-
ties is controlled by the critical exponents. Therefore, working with the finite size scaling
method presents a way of obtaining the critical exponents by studying the way in which
experimental or computational data deviate due to finite size effects. However, for accu-
rate results there remain certain requirements. A typical data set consists of simulations
or experimental realizations of a system governed by the same physics, but for a num-
ber of system sizes. For each system size, there needs to be an appropriate number of
realizations in order to minimize the effect of stochastic noise, and system sizes that are
studied need to be sufficiently large to avoid further systematic errors (Binder, 1997).
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Depending on the selected method and the quality of the data, it may be beneficial to
have a-priori knowledge of the location of the critical point.

In order to determine critical exponents of a system, it is necessary to select an
appropriate method that employs the scaling hypothesis. There exist numerous meth-
ods that typically have characteristic disadvantages or may not be well suited for all data.

For instance, it is possible to exploit that the power-law behavior of a critical quantity
X on the system size, i.e., X(pc) ∝ Nχ where χ is a critical exponent associated with
X, is only accurate at the transition. Therefore, power-law fitting X(p) as a function of
the system size N should result in the best fit when p = pc (see, e.g., Yi et al. (2013)).
Fitting the data for numerous values of p and selecting the best fit thus gives an estimate
of the critical point and the associated exponent. However, this method requires a large
number of realizations, as noisy data is bound to have an influence on the quality of fit.
Furthermore, it is helpful to provide a good estimate of the critical point.

In order to circumvent this limitation, Bastas et al. (2014) have proposed a method
that is especially well-suited if the number of realizations is small. The requirement that
data for numerous system sizes are available persists. Very briefly, Bastas et al. (2014)
define the function

Λ(p, χ) =
∑

i 6=j

(
HLi
−HLj

)2 (2.1.16)

where HLi
= XLχ

i + 1/(XLχ
i ). This function in theory equals zero if evaluated at the

critical point with the correct critical exponent χ, as the rescaled critical quantity XLχ
i

shares either a point of inflection or a maximum at the critical point. In noisy data, it is
assumed to be minimal, and the parameters p ≈ pc, χ can be found by minimization of
Λ(p, χ). The authors report accurate findings upon application of the method to graph
percolation.

Finally, the most well-known method is the data collapse method. Although the
scaling function F (·) in equation 2.1.15 is unknown, displaying XNχ/ν as a function of
the argument (p− pc)N

1/ν leads to a data collapse, where data for different system sizes
collapse onto one unknown master curve if the critical point and critical exponents have
the correct values. Thus, determining the parameters that lead to the best data collapse
is a method for estimating the critical exponents and the critical point. However, as it
will turn out in section 7.5.2, small variations of the critical point can lead to substantial
changes of the critical exponents, and it is thus unclear whether it is more accurate to
determine first the critical point, for instance by the method of Bastas et al. (2014) and
determine only the critical exponents from the data collapse, or whether all parameters
should be determined by the data collapse as suggested, for instance, by Melchert (2013).

The data collapse method as implemented here relies on optimization of a quality
function proposed by Houdayer and Hartmann (2004), which reads

Q =
1

N

∑

i,j

(yij − Yij)
2

dy2ij − dY 2
ij

, (2.1.17)
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where y, dy are value and estimated error of the scaled data, and Y, dY are value and
estimated error of the unknown master curve, and where N represents the number of
data points. The quality function is expected to be minimal for the optimal data collapse.
The procedure of minimizing Q, however, requires good initial guesses for the parameters.
The data collapse procedure used in this work in part relies on work by Melchert (2009);
Sorge (2015) that implements the method by Houdayer and Hartmann (2004).

2.2 Introduction to complex networks

Networks pose a ubiquitous aspect of our daily lifes, although in some cases they remain
unnoticed. The reason behind this is that the term network describes an abstract concept
that can be applied to a variety of systems of very different nature, and on very different
length scales. The type of network that is maybe the least abstract are transportation
networks. Selected examples that have been studied are the global airplane network
(Verma et al., 2014), railway connections (Sen et al., 2003), street networks (Barthelemy
et al., 2013) or the power grid (Watts and Strogatz, 1998). These large-scale examples all
share that they are man-made. However, at smaller scales, biological transport networks
can be discovered. One example is the slime mold network considered in this work, an-
other is the human vascular network (Gamba et al., 2003). Although all examples have
a similar purpose, their structures are very different, which is most easily seen when
comparing the airplane network, where connections are not physically existent, to the
others where rails, power lines or veins are permanently installed.

The abstract nature of networks becomes more obvious when turning to those found
in information technology. Whereas the internet (Faloutsos et al., 1999) is a permanently
installed network of servers, its various applications rather highlight interactions between
services or users. For instance, the world wide web (Barabási and Albert, 1999) represents
hyperlinks between web pages, and although each web page is stored on a server that
is part of the internet, the hyperlinks do not reflect connections between servers. The
same holds for the email network (Ebel et al., 2002), where emails exchanged between
addresses can be interpreted as links. Email addresses are typically associated with a
person and thus the email network can be viewed as a social network. Social networks
are likely the most visible abstract network type, represented either as a network of real
acquaintances (Davidsen et al., 2002) or as one of the many platforms enabled by infor-
mation technology. However, there are less visible social networks that have huge impact
on society and wealth, success in certain fields, or on health. Prominent examples are
the network of company ownership (Newman et al., 2001), networks of citations between
scientific publications (Redner, 1998), or even the network of human sexual contacts (Lil-
jeros et al., 2001).

Returning to the biological sciences, various examples such as the metabolic network
or the network of protein interactions (Jeong et al., 2000, 2001), or even ecological food
webs (Sole and Montoya, 2001) highlight that abstract interactions in complex systems
can be mapped to a network description.

The examples given above indicate that network approaches can be applied to a much
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edge, pointing only from the first node to the second. In this case, the set of edges cannot
consist of unordered sets, but has to contain a number ordered sets. In the present work,
only undirected graphs are considered, which simplifies a number of concepts.

There exist numerous ways of representing the structure of an undirected graph in
terms of mathematical objects. One has been given above, another worth mentioning is
the adjacency matrix (aij), whose matrix elements are defined as

aij =

{

1 if i and j are connected

0 else
. (2.2.2)

In most applications, the diagonal elements of this matrix are zero, as edges leading from
one node to the same node are in many cases not desirable. Another strength of the
adjacency matrix notation points to a property typically observed in spatial networks,
which has not been considered so far. Edges may have a length, denoting, for instance,
the euclidean distance between two junctions of a road network. This is easy to repre-
sent in the adjacency matrix notation, as it is possible to consider instead of the binary
aij indicating connectivity, the pairwise distance matrix dij · aij . Similarly, it would be
possible to denote other edge properties in a matrix notation, for instance, resistance to
flow along an edge.

Interpreting the graph in figure 2.2.1 as a spatial road network and nodes as junc-
tions of these roads leads naturally to the question why the nodes labeled as three and
five should be part of the graph, as they are not actually junctions but merely another
point between nodes two and four, or four and six, respectively. The same road topology
could be represented by removing nodes five and three and joining the adjacent nodes
by longer edges. This, however, raises a number of problems in practical applications.
One such problem arises if node three is removed: nodes two and four would then be
connected by not one, but by two direct edges, which cannot be correctly represented
by the adjacency matrix unless it is redefined accordingly. Joining the double edge into
one single edge appears reasonable in terms of connectivity, but if the graph is meant to
represent a road network, this solution would incorrectly suggest that only one route can
be taken from two to four, although two roads exist. Further problems will be discussed
in greater detail in chapter 5. For now, it appears more advisable to remain with the
notion that nodes may take a different role, depending on how they are embedded in the
graph.

The arguably most important property of a node with regard to how it is embedded
in the graph is its degree k, defined as the number of direct neighbors to which the node
is connected. In the given example, nodes one and six are of degree one, nodes three and
five as considered in the previous paragraph have degree two and nodes two and four are
actual junctions of degree three. Not shown are nodes of higher degree, or those that
have no neighbors, although the latter will be of relevance to this work. Throughout
this work, a quantity termed the degree distribution pk will be considered, which is an
extremely useful tool for characterizing the structure of a graph. It is defined as the
probability to obtain a node of degree k, if randomly selecting one node from the graph.
As the selected node is bound to have some degree (even if it is zero), there exists a
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normalization condition for the degree distribution:

1 =
∑

k

pk (2.2.3)

Numerous graph measures may be defined based on the degree distribution. For instance,
it is possible to define the average degree < k > of a network as

< k >=
∑

k

kpk (2.2.4)

The average degree can be viewed as a scalar measure of how structured a graph is,
although it hold less information than the degree distribution.

Including those based on the degree distribution, there exists a variety of measures
intended for characterizing the structure of a graph. Again, it is not intended here to
proved a complete review, as only few measures are made use of in this work. It is advised
to consult the reviews referenced above, or the review by da F. Costa et al. (2007), which
focuses on the diverse array of network measures. Notable measures include, for instance,
the clustering coefficient

C =
1

|N |
∑

i

ni, triangles

ni, triplets
, (2.2.5)

which compares the number of triangles of which the i’th node is part (e.g., nodes 2, 3, 4
in figure 2.2.1) to the number of triplets centered on that node. Selecting node i = 2 in
figure 2.2.1 leads to three connected triplets (nodes (1, 2, 3), (1, 2, 4), (3, 2, 4)) centered
on that node. Evaluating the clustering coefficient for an entire graph gives an indication
of whether the graph has a tree-like structure or whether it is best viewed as a dense mesh.

A class of measures that is of obvious interest to spatial networks but is also highly
relevant to others, is related to shortest paths on the graph topology. For instance, it is
possible to compute the shortest paths lij between all pairs of nodes in a graph, and to
calculate from those either the average shortest path length

< l >=
2

|N |(|N |+ 1)

∑

i≥j

lij , (2.2.6)

or a measure termed betweenness centrality which is defined as follows. For each indi-
vidual node k in a graph, one can evaluate the quantity σkij , which is equal to one only
if the shortest path from node i to j passes through node k. Computing

B(k) =
2

(|N | − 1)(|N | − 2)

∑

i 6=j

σkij (2.2.7)

gives a single value for each node that indicates whether the node is central in a graph.
This is based on the assumption that efficient function of a network is related to routing
transport or information along shortest paths.
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2.2.2 Models of network structure

Section 2.2 has introduced a number of very different systems sharing at first glance
little more than the fascinating property that they can be viewed as networks. Histor-
ically, first models predicting the properties of a network emerged around 1950 in the
form of the Erdös-Rényi random graph model (Erdös and Rényi, 1959), which remained
the predominant model for studying network structure for about fifty years. Although
the Erdös-Rényi model enabled numerous novel insights into the structure of complex
networks, it was recognized with the increased availability of large data sets featuring
networks, and with the emergence of methods for evaluating or simulating those, that in
a variety of cases networks would possess structure beyond the inherent randomness of
the random graph.

The field of complex networks research experienced a paradigm shift around 2000
due to developments driven in no small part by two novel concepts. The first is the ex-
tension of the small world phenomenon (Milgram, 1967) to complex networks by Watts
and Strogatz (1998), indicating that the crossover from regular, lattice-like networks to
random graphs is accompanied by a drastic drop in average in average path length.

Second, it was noticed that the degree distributions of real networks would signifi-
cantly deviate from the Poisson-type distribution seen in random networks. In particular,
it has been observed that a wide variety of systems share a degree distribution charac-
terized by a power law tail. A mechanism thought responsible for the emergence of these
scale-free networks has been proposed by (Barabási and Albert, 1999).

In this section the three models addressed above are briefly introduced. Further-
more, the configuration model Molloy and Reed (1995) is outlined. This model presents
an algorithmic method of generating network topologies that obey a desired degree dis-
tribution. It is, for instance, possible, to generate a scale-free network by invoking the
configuration model. The display is kept brief on all accounts, as the experimentally
obtained network topologies analyzed in this work are neither expected to be scale-free
nor possess the small-world property1. However, both concepts are central to current
complex networks research and they are used for comparison in this work. In contrast,
the random graph and configuration models are used extensively here. However, their
relevant properties are addressed separately, in particular in section 2.3 and in chapter
4.

The random graph model The principle underlying the construction of random
graphs in the Erdös-Rényi model (Erdös and Rényi, 1959) is straightforward. A system
is initialized by defining a number N of initial nodes. In such a system, it would be
possible to place N(N − 1)/2 edges, and one defines a parameter p ∈ [0, 1] indicating
the fraction of edges that is present in the graph. The parameter p thus characterizes
an ensemble of graphs random graphs with N nodes and E = pN(N − 1)/2 edges, and
where each possible realization is equiprobable. Single realizations can be constructed by

1The latter is most likely not entirely true in the functional P. polycephalum network, if the hierar-
chical organization is taken into account. Backbone veins of the network have a long persistence length
and can swiftly transport contents over large distances.
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starting with N unconnected nodes and sequentially adding edges between random pairs
of nodes until p has the desired value. This process is realized via simulations in chapter
7. Based on the definition given in the previous section, the average degree < k > is
related to the parameter p as

< k >= 2
E

N
= p(N − 1) . (2.2.8)

From the property that for one p all edges are present with equal probability, the degree
distribution, which is of binomial type, can be derived. It is found that it takes the form
(Newman, 2003)

pk(p) =

(
N

k

)

pk(1− p)N−k . (2.2.9)

Taking the limit N → ∞ at constant average degree leads to the Poisson-type degree
distribution in infinite random graphs:

pk = < k >k e
−<k>

k!
(2.2.10)

Depending on the value of p, the random graph will either be fragmented into discon-
nected components or have a single giant component. This highlights the similarity of
graph construction to percolation processes as outlined in section 2.1. Percolation in the
random graph model is further discussed in section 2.3.1. Analytical solutions to the
percolation problem in random graphs with small degree are given in section 4.1.

The configuration model The random graph model is limited to the construction
of random graphs with a degree distribution as given above. The configuration model
presents a way of extending the construction of random graphs to arbitrary degree dis-
tributions.

Briefly, graph construction in the random graph model functions as follows. The
degree distribution pk needs to be specified, and a number of nodes N is defined. Then,
N integer random numbers are drawn according to the probability distribution pk, and
each node is assigned one of these numbers. For each node, this number is equal to
the number of connections it will have in the final configuration, and thus represents its
degree k. Each node is said to have k ’stubs’, sites to which veins can attach. For the
construction procedure, random pairs of stubs are selected with equal probability and
connected by an edges. This is repeated until no free stubs are left in the graph.

It is important to emphasize the difference to the random graph model, where random
pairs of nodes are selected with equal probability. In contrast, in the configuration model,
selecting random pairs of stubs instead of nodes means that a node with a larger degree
will have a larger probability to obtain an edge. This will be of importance in section
2.3.2, where percolation in the configuration model is discussed. Analytical solutions to
percolation in the configuration model with exclusively small node degrees are derived
in section 4.2.
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The small world property The term small world was first coined by Milgram (1967)
for describing an experimentally observed property of social networks. The idea it con-
veys is that in many real networks, the average shortest path length is much shorter
than the number of nodes in the network would suggest. Although this phenomenon
has been studied empirically, its causes could not be traced back to graph theory until
Watts and Strogatz (1998) presented a model that provided an explanation for the ob-
served behavior. At the same time, this model was one of the first theoretical notions
that statistical network models could lead to structures beyond the random graph model.

The following example illustrates the small world phenomenon. Consider a trans-
portation network in two dimensions, for instance, a road network. On that network,
distance when traveling between two points can be measured either in terms of nodes
encountered on the way, or in terms of euclidean distance in the plane. If traveling be-
tween two points that are separated by a large euclidean distance, the number of nodes
encountered in the shortest path will scale with the euclidean distance. Now, if the road
network is augmented with a network of flight connections, the situation changes. Instead
of searching the shortest path in terms of encountered nodes in the plane, it is much more
efficient to use an airplane connection instead. These function as global edges, effectively
decreasing the shortest path distance in the network significantly. Although the present
example is instructive, it is clear that the shortest path distance is only reduced in terms
of nodes encountered, and not in terms of euclidean distance. However, the example
translates to networks that are not spatially embedded.

The model by Watts and Strogatz (1998) reflects the example given above. The
steps required for the construction of a small world network can be stated as follows. As
initial condition, a regular graph is generated with all node degrees being equal to the
average degree. A possible example would be the triangular planar lattice. Following the
initialization, depending on a parameter p a number of the edges present in the graph
is rewired, meaning that for each chosen edge, one end is selected and connected to a
random node in the graph. For small p, the resulting graph is unchanged from the origi-
nal, regular graph, and for large p, the graph assumes a configuration comparable to the
those created by the random graph model.

Watts and Strogatz (1998) characterize the behavior of the system upon crossing over
from the regular to the random regimes by the average shortest path length and by the
clustering coefficient. In regular graphs, as seen in the example given above, the shortest
path length is typically very large, whereas it is small in random graphs. Similarly, the
clustering coefficient is large in regular graphs, and small in random graphs. However,
it takes a large number of rewiring steps to decrease the clustering coefficient, whereas
it is observed that the shortest path length drops rapidly when only a small number of
edges has been re-targeted.

The small world effect is observed in a large number of real world networks and
has important implications, for instance, for the spread of infectious diseases, computer
viruses, or even information. All of these ’travel’ on a network and can reach distant
regions significantly faster if there are global edges that can be used.
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The model by Watts and Strogatz (1998), while instructive for illustrating the small
world effect, is not a detailed representation for real networks. In particular, it is typically
observed that the degree distributions of real networks do not agree with those produced
by the model. There are various structures that enable a real network to be considered
as a small world network. For instance, networks in which nodes are partitioned into
cliques or communities, and that are densely connected within each community or clique,
whereas edges between these structures are rare, typically show the small world effect.
The same holds for the scale-free networks considered in the next section. These are
characterized by the presence of ’hub’ nodes with a large degree. Routing from one node
in the network to another is typically most efficient if moving over a hub node. Similarly,
random graphs have short shortest path lengths and small clustering coefficients. Taking
into account that edges in a network might have different functions can also lead to a small
world property. Revisiting the example of a road network given above, complementing
the network with highway roads instead of flight connections has a similar, although
less efficient effect that does, however, not require to break the plane embedding. These
examples show, that the small world property is not in opposition to other network types,
but rather serves to further characterize them.

Scale-free networks Scale-free degree distributions are another universal pattern ob-
served in networks of diverse nature. It was first noticed and explained in a network by
de Solla Price (1965) in citation networks of scientific publications and later rediscov-
ered by (Barabási and Albert, 1999). Briefly, scale-free networks are characterized by
a heavy-tailed degree distribution, meaning that in these networks there exist nodes of
large degree with a non-vanishing probability. This contrasts random networks, whose
degree distribution is exponentially bounded for nodes of large degree. Typically, the
heavy tail is a power law behavior of the form

pk ∝ k−γ , (2.2.11)

where the exponent γ is the central parameter for characterizing the system. Most scale-
free networks have an exponent of 2 ≤ γ ≤ 3, although occasionally larger exponents
are measured. For γ > 3, networks are typically indistinguishable from random networks.

Many of the network examples given earlier in this section have been claimed to
show power law behavior. This includes, among many others, the airplane network, the
internet, world wide web and email networks, but also biological networks such as the
metabolic network or protein interactions, although upon reanalysis with more rigorous
statistical methods, several of these of these claims do not hold, hold only in part and in
general are now seen more critical (Clauset et al., 2009).

Nevertheless, the existence of large degree nodes has important implications for the
structure of a network. In many cases, low degree nodes in scale-free networks are only
loosely organized into communities associated with a large degree node. Large degree
nodes are connected among each other, thus maintaining the global connectivity of the
network. In the first place, networks with this type of structure are characterized by
low shortest path lengths, as these paths can be routed through the large ’hub’ nodes.
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Thus, they classify as small world. However, although some scale-free networks show
significant levels of clustering (for instance, in protein interaction networks), this feature
is not required for classifying as scale-free, and is not reproduced in the basic form of the
most well-known model for scale-free networks.

The existence of hub nodes presents both, the main strength of scale-free networks,
but also their weakness, which is best seen in the percolation properties: the percolation
threshold in infinite scale-free networks lies at p = 0 (Cohen et al., 2000), indicating that
these networks are always in possession of a giant component. From a different point of
view, this is equivalent to stating that removing randomly any number of nodes from a
scale-free network will not cause the network to break down. This behavior is due to two
properties. The probability of randomly selecting a hub vanishes in comparison to the
probability of selecting a node of small degree. Removing such a small degree node has
a vanishing effect on the structure of a scale-free network, whereas the removal of such
nodes in a random graph progressively deconstructs the network. Even in the improbable
event that a hub is randomly selected, there is likely another hub that can take over. On
the other hand, directed and repeated removal of hub nodes is expected to have a drastic
effect on the topology of the network.

The mechanism leading to the emergence of scale-free topologies is well understood,
and in its basic for has been proposed independently by de Solla Price (1965), and by
Barabási and Albert (1999) who coined the name preferential attachment. The rationale
behind preferential attachment is that nodes that are added to a network will preferably
attach to a node that is already strongly connected. This can be understood in terms of
the citation network used by de Solla Price (1965) where it appears reasonable to assume
that a publication with high visibility, i.e., with a larger number of citations will be cited
preferably in new publications. The same considerations hold for the model by Barabási
and Albert (1999) for pages on the world wide web. Preferential attachment is typically
defined in terms of the probability of a node i to receive a new link

pi =
ki

∑

j kj
. (2.2.12)

In most preferential attachment models, new nodes do not connect to only one existing
node, but rather to a number of existing nodes. Preferential attachment, unlike the
wiring or rewiring processes detailed in the previous sections, is a mechanism of net-
work evolution and growth. Since the original publication, the preferential attachment
model has been diversified in a number of ways, including nonlinear preferential attach-
ment (Krapivsky et al., 2000) and the pairing with other mechanisms modifying network
structure (see, e.g., (Albert and Barabási, 2000; Ghoshal et al., 2013)). The mathemat-
ical tool of choice for implementing preferential attachment has turned out to be the
master equation (Dorogovtsev and Mendes, 2002; Krapivsky and Redner, 2003), which
is also used in the present work (see chapters 3 and 7). The model devised in chapter
7 can integrate preferential attachment in both, growth and wiring processes, although
the networks considered as part of this work do not fall into the scale-free regime.
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2.3 Percolation on graphs

The central question of network percolation can be compactly stated as follows: given
a set of local properties characterizing the topology of a graph, with which probability
will this graph contain one giant component in which the majority of nodes are con-
nected, rather than being fragmented into small, disconnected components. Although
this question generally describes a static relation between local topological properties
and a global property of the graph, it is in some cases possible to interpret the transition
between fragmented and connected states as a time-dependent process, namely, when
the topology is developed or degraded as its local properties change with time.

The relevance of the underlying question becomes immediately clear when consid-
ering the following examples. Graphs can be used to represent the (static or dynamic)
coupling of a dynamic process. Without any other long-distance interaction other than
that conveyed by the graph topology, such processes cannot exhibit global patterns if the
topology is fragmented. Both states can be desirable: fragmenting one transportation
network may prevent the spreading of an infectious disease, whereas another represents
the breakdown of a power grid after a cascade of failures (D’Souza, 2017). Learning
about the rules that govern the transition of a network from one state into another, is
one step in the direction of being able to exploit the implications that topology imposes
on the function of the network. Scale-free networks are a paradigm of this principle: it
has been shown that a percolation phase transition in scale-free networks cannot be in-
duced by accumulating random damage, whereas their topology is extremely susceptible
to damage targeted at the highly connected hub nodes (Albert et al., 2000), enabling for
example control of disease spreading (Pastor-Satorras and Vespignani, 2001).

Many important properties of real-world network models can be tied to the degree
distribution pk. Recapitulating, pk can be understood as the probability that a randomly
selected node in a graph has exactly k neighbors. Similarly, pk = Nk/N can be defined
as the fraction (or population) Nk of nodes of degree k in a graph containing a total
of N nodes. The necessary condition that N =

∑

k Nk is equivalent to a normalization
condition for the degree distribution:

1 =
∑

k

pk (2.3.1)

2.3.1 Percolation in the random graph model

In the random graph model, a relation for the existence and expected size of a giant
component can be derived from a compact heuristic argument (Newman, 2003). First,
the set of nodes in a random graph is divided into two complementing fractions u and S
with

S = 1− u . (2.3.2)

These fractions are equivalent to the probabilities of randomly selecting from the graph a
node that is not part of a giant component (in the case of u) or a node that is part of the
largest component (in the case of S). Focusing on the former probability, i.e., u = 1−S,
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has been stated that the probability to arrive at a vertex of degree k in the configuration
model is proportional to kpk. Normalization and the definition of the average degree in
a graph, i.e., < k >=

∑
kpk, require that the probability distribution is of the form

qk =
kpk

∑

k kpk
=

kpk
< k >

, k ≥ 1 . (2.3.4)

Now, analogously to the arguments leading to equation 2.3.3, the probability of arriving
via a random edge at a node that has exactly degree k and thus k − 1 outgoing edges
leading to nodes that are not part of a giant component is qku

k−1. Summing over all
possible node degrees3 and invoking equation 2.3.4 leads to the self-consistency relation
for the configuration model:

u =
∑

k=1

kpku
k−1

< k >
=
∑

k=0

(k + 1)pk+1u
k

< k >
(2.3.5)

The preceding arguments have been illustrated in figure 2.3.2. Dorogovtsev and Mendes
(2003) arrive at this result by presenting a similar heuristic argument. It should be
pointed out here that the derivation given above is not rigorous, as it implicitly ex-
cludes the possibility of loops in the non-giant components or rather, that the non-giant
components possess a tree-like structure. However, Newman (2003) points out that the
possibility of finding more than a single path between two nodes in the configuration
model scales, similar to the number of nodes in the non-giant components as O(N−1),
N being the number of nodes in the graph. Thus, in graph of sufficient size the influence
of loops can be considered negligible.

Still, equation 2.3.5 cannot be used yet to calculate the size of the giant component.
In the random graph model, the size of the largest component was defined as S = 1− u,
u being the fraction of nodes in non-giant components. In the configuration model, the
quantity u has been defined quite differently and and it is necessary to find a different
relation between S and u, which might be formally written as 1 − S = f(u). To do so,
the following section describes the generating function formalism introduced by Newman
et al. (2001), in which such a relation can be established.

2.3.3 The generating function formalism

Although several authors have treated the configuration mathematically and obtained
similar results, the probably most recognized treatment has been given by Newman
et al. (2001) which will be presented here in an abbreviated form following Newman
(2003). Therein, the authors make use of what is referred to as a generating function
formalism. Generating functions (Wilf, 1994) have been named in accordance with their
characteristic property of generating a probability distribution and the moments thereof
as derivatives of the n’th order. Formally, generating functions are given as power se-
ries whose coefficients are given by a probability distribution. Generally, an ordinary
generating function for a probability distribution in one variable, e.g., P (k) is given as

G(x) =
∑

k

P (k)xk . (2.3.6)

3Note, that this sum excludes k = 0 as no edge may arrive at a solitary node.
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Selected properties of the generating function (Newman et al., 2001), including normal-
ization

G(1) = 1 , (2.3.7)

generation of the probability distribution

1

k!

∂kG(x)

∂xk

∣
∣
∣
∣
x=0

= P (k) (2.3.8)

or generation of the n’th moments
(

x
∂

∂x

)n

G(x)

∣
∣
∣
∣
x=1

=< kn > (2.3.9)

highlight their usefulness for transforming discrete mathematical problems so that they
can be treated by continuous methods. Indeed, in some cases generating functions provide
a way to treat equations such as the master equation discussed in chapter 3 analytically
by transforming into a (partial) differential equation, see e.g., (Toral and Colet, 2014).

Returning to the problem at hand, Newman et al. (2001); Newman (2003) define gen-
erating functions for the probability distributions pk and qk and in the case that there is
in the graph. Both distributions are, as detailed in the previous section, the probabilities
of finding a node of degree k, either when selecting randomly from the set of nodes of a
graph, or, respectively, when following a random edge to its end. qk is referred to as the
excess degree distribution, and its exact definition is given in equation 2.3.4.

In accordance with equation 2.3.6, the generating functions for pk and qk read

G0(x) =
∑

k

pkx
k and G1(x) =

∑

k

qkx
k . (2.3.10)

In order to find an expression for the self-consistency relation in terms of generating
functions, H1(x) is defined to be the generating function for the probability of non-giant
component sizes that may be encountered when selecting a random edge and following it
to the node at its end. The properties of H1(x) differ from the generating functions given
above in the sense that it is normalized with regard to the number of edges leading into
non-giant components, so H1(1) = 1 only if there is no giant component in the graph. If
a giant component exists, H1(x) is no longer normalized according to equation 2.3.7 but
instead takes the value H1(1) = u (Newman et al., 2001).

A feature necessary for the formulation of generating functions of more complex
distributions states that the distribution of the accumulated value of an independent
stochastic variable over a number of realizations is generated by a generating function
that is equal to the corresponding power of the generating function for the distribution
of a single realization. Paraphrasing, this means that if the generating function G(x) for
the distribution of a random variable is known, the distribution of the additive value of
that variable over n realizations is generated by G(x)n.



40 Chapter 2. Percolation, universality & complex networks

Newman et al. (2001) employ this property to formulate a self-consistency relation
for H1(x). Turning to figure 2.3.2 that is a visualization of the self-consistency equation
(equation 2.3.5), one may state the following. Given the tree-like structure of the non-
giant components, arriving with probability qk via some inbound edge at a node of
degree k means that each outgoing edge leads to a component with a size generated by
H1(x), shown in the figure as a node with no degree specified. If considering at first
only nodes that have no connections other than the inbound edge, the distribution of the
remaining unity-sized components is uniform and generated by q0x. Arriving in a similar
fashion at a node with a degree larger than one, it will be connected to a corresponding
number of components (given by qk), each with a size distribution generated by H1(x).
In accordance with the powers property given above, realizing k such components leads
to a total size distribution generated by H1(x)

k. Now, merging these arguments and
summing over the k possible node degrees, one arrives at

H1(x) = x
∑

k=0

qkH1(x)
k . (2.3.11)

Comparing with the definition of G1(x) (equation 2.3.10), this result can be rewritten as

H1(x) = xG1(H1(x)) , (2.3.12)

which is the representation of the self-consistency relation of the configuration model
(equation 2.3.5) expressed in terms of generating functions. In analogous fashion, defining
a generating function H0(x) for the size distribution of non-giant components when
selecting a random node leads to

H0(x) = xG0(H1(x)) . (2.3.13)

The latter expression is not a self-consistency relation but represents, in terms of gen-
erating functions, a connection between the size distributions u of finding a component
of a given size when arriving via a randomly selected edge, and 1− S of finding a com-
ponent of a given size when selecting a random node. Due to the analogous definitions,
H0(x) is normalized similar to H1(x). Substituting the normalization conditions for
both generating functions in the case that a giant component is present in the graph,
i.e., H0(1) = 1− S and H1(1) = u leads to the sought-for expressions for the size of the
giant component

1− S = G0(u) , (2.3.14)

and reproduces the self-consistency relation (equation 2.3.5)

u = G1(u) . (2.3.15)

If a solution of the self-consistency relation can be found, the determination of the size
of the giant component via equation 2.3.14 is straightforward. Similarly, the average size
of non-giant components can be found by employing the normalization condition and
equation 2.3.9 (Newman et al., 2001):

< s >= 1 +
< k > u2

(1− S)(1−G′
1(u)))

where G′
1(u) =

∂G1(x)

∂x

∣
∣
∣
∣
x=u

(2.3.16)
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Knowing that a giant component exists only in a certain region implies the existence of a
transition between these regions. Expressions for this phase boundary can be determined
from the self-consistency condition as is demonstrated in 4. The exact condition has first
been given by Molloy and Reed (1995) and is therefore referred to as the Molloy-Reed
criterion. It states that at the transition,

0 =< k2 > −2 < k >=
∑

k

k(k − 2)pk . (2.3.17)

Notably, not only can the average size of non-giant components be calculated in the scope
of the configuration model, but also an explicit expression for the probability distribution
of the component size has been given by Newman (2007):

ns =

{
p0 if s = 1
<k>
(s−1)!

[
ds−2

dxs−2G1(x)
s
∣
∣
∣
x=0

]

if s > 1
(2.3.18)

ns represents the probability that a randomly selected node belongs to a component
of size s and is also referred to as the cluster size distribution or the concentration of
clusters.



Chapter 3

Stochastic dynamics

”When the probabilities of the elementary processes are known, one

can write down a continuity equation, from which all other equations

can be derived and which we will call therefore the master equation.”

— Nordsieck et al. (1940)

Classical deterministic models are of limited use in biological systems where macro-
scopic behaviors result from stochastic interactions of only a small number of particles.
Due to intrinsic noise (and possibly additional extrinsic noise (Hilfinger and Paulsson,
2011)), the outcome of a single experimental trial performed in this regime is highly
probabilistic. As a consequence, macroscopic averages are not meaningful unless a large
number of trials can be performed. To improve the quality of predictions for single
experimental trials, stochastic models have to be employed that can reproduce higher
moments of the probability distribution from which the result is drawn.

This chapter presents the master equation as a model for continuous time stochastic
processes on a discrete state space that have the Markov property. The master equation
details the time evolution of occupation probability of any state that can be realized by
a system, and thus contains all necessary information to characterize the full probability
distribution at a given time. However, the master equation commonly resists analyti-
cal solution, and numerical treatment is limited to complex methods such as the finite
state projection method (Munsky and Khammash, 2006; Dinh and Sidje, 2016), or to the
simulation of single stochastic trajectories employing the stochastic simulation algorithm
and its refinements (Gillespie, 2007).

The remainder of the chapter is organized as follows. The fundamentals of stochas-
tic processes are established in section 3.1, where the Markov property of memory-less
processes is introduced in section 3.1.1. From the Markov property a general identity for
transitions between states of a stochastic process is formulated in section 3.1.2, which is
termed the Chapman-Kolmogorov equation. This identity provides the basis for deriving
the master equation, a gain-loss equation for the occupation probability of micro states.
This is done in section 3.1.3, with the final result given in section 3.2. There exists
more than on way of stating the master equation. An alternative formulation which is
particularly useful in conjunction with networks of chemical reactions is given in section

42
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3.3. The chemical master equation builds on the idea that complex chemical reactions
can typically be broken down into sequences of elementary reactions. This principle is
further outlined in section 3.3.1, leading to the formulation of propensity functions in
section 3.3.2, which provide a relation between reaction rate constants and the probabil-
ity to observe a reaction in a given interval. It is than motivated in section 3.3.3, that the
master equation can be simplified to a deterministic rate equation describing the average
of the set of stochastic trajectories described by the master equation. Finally, as within
the scope of this work the master equation will not be treated analytically, the stochastic
simulation algorithm is introduced in section 3.4 as a tool for simulating exact stochastic
trajectories from the master equation.

3.1 Markov processes and the Chapman-

Kolmogorow equation

Following Gardiner (1985), a stochastic process describes the evolution of probability of
a stochastic variable x. Such a time1 evolution can be formulated in terms of a joint
probability

P (xN , tN ; xN−1, tN−1; . . . x0, t0; x0, t0) , (3.1.1)

for the variable x to assume the value or state x0 at time t0, x0 at time t0, and so on.
A conditional probability for the realization of a future state xN+1, tN+1, given the past
states xN , tN . . . x0, t0 have been realized according to the joint probability (equation
3.1.1), can be defined as follows:

P (xN+1, tN+1 | xN , tN ; . . . x0, t0) =
P (xN+1, tN+1; xN , tN ; . . . x0, t0)

P (xN , tN ; . . . x0, t0)
(3.1.2)

3.1.1 The Markov property

A stochastic process has the Markov property, if the conditional probability for the
realization of the future step xN+1, tN+1 does not depend on the full history of states,
but rather only on the present state xN , tN :

P (xN+1, tN+1 | xN , tN ; . . . x0, t0) = P (xN+1, tN+1 | xN , tN ) (3.1.3)

A process with the Markov property is said to have no memory of past states other than
the most recent state. Paraphrasing, the transition probability into a future state does
not depend on how the present state has been realized, and thus can be interpreted as a
property of the state rather than the process. Iteratively combining the definition of the
joint probability (equation 3.1.2) and the Markov property (equation 3.1.3) leads to

P (xN+1, tN+1; xN , tN ; . . . x0, t0)

= P (xN+1, tN+1 | xN , tN )P (xN , tN | xN−1, tN−1) (3.1.4)

· . . . P (x1, t1 | x0, t0) · P (x0, t0)

1A general definition of stochastic processes does not require ordering in time, but the assumption is
more intuitive in a physical sense.
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This relation highlights, that the probability for the realization of a given final state in
a Markov process depends only on the probability of a given initial state, and a chain
of transition events between states with probabilities depending only on the states in
question.

3.1.2 The Chapman-Kolmogorov equation

It can be gleaned from equation 3.1.4, that joint probability distributions detailing a
Markov chain can be decomposed into an initial state and a series of transitions between
states, thus making no more than two probability distributions necessary for the descrip-
tion of a Markov process. Decomposing the third order joint probability distribution as
outlined above gives

P (x′′, t′′; x′, t′; x, t) = P (x′′, t′′ | x′, t′)P (x′, t′ | x, t)P (x, t) . (3.1.5)

Integrating the left hand side of equation 3.1.5 over the intermediate state x′ gives
∫

P (x′′, t′′; x′, t′; x, t) dx′ = P (x′′, t′′; x, t)

= P (x′′, t′′ | x, t)P (x, t) . (3.1.6)

This operation is a marginalization of the variable x′ and corresponds to combining all
possible chains from x to x′′, regardless of the intermediate state x′. Hence, the variable
is no longer of importance and was therefore removed from the distribution. Integration
of the remaining right hand side of equation 3.1.5 and dividing both results by P (x, t)
leads to the Chapman-Kolmogorov equation:

P (x′′, t′′ | x, t) =
∫

P (x′′, t′′ | x′, t′)P (x′, t′ | x, t) dx′ (3.1.7)

The Chapman-Komolgorov equation is an identity relation that has to be fulfilled by the
transition probabilities defining a Markov process. The intuition behind the equation
is identical to the reasoning given above: the probability of a transition from x to x′′

is equal to the sum of probabilities of all possible paths that have an intermediate state x′.

The central reason for which the Chapman-Komolgorov equation has been given here
is that, given appropriate assumptions, differential equations for the time evolution of
probability distributions can be derived from it, namely the Fokker-Planck equation and
the master equation.

3.1.3 Derivation of the master equation

Following (Mahnke et al., 2009), the Chapman-Komolgorov equation can be transformed
into a differential form by substituting the ansatz

P (x′, t+ τ | x, t) = (1− a(x′, t)τ)δ(x′ − x) + τW (x′, x, t) (3.1.8)

for the transition probability. Equation 3.1.8 is an approximation of the time dependence
of the transition probability, stating that the probability for a transition from x to x′ to
take place within the small interval τ increases linearly with time at a rate W (x′, x, t).



Section 3.1. Markov processes and the Chapman-Kolmogorow equation 45

The first term denotes the probability of no transition taking place within the interval,
i.e., P (x′, t′ | x, t) = δ(x′ − x) with δ being the Dirac delta function. The rate a(x′, t)
can be related to the transition rate via the normalization condition

1 =

∫

P (x′, t+ τ | x, t) dx′

=

∫

(1− a(x′, t)τ)δ(x′ − x) dx′

︸ ︷︷ ︸

1−a(x,t)τ

+τ

∫

W (x′, x, t) dx′ , (3.1.9)

leading to

a(x, t) =

∫

W (x′, x, t) dx′ , (3.1.10)

which is the intuitive statement that the the probability to remain at x decreases at the
same rate with which the probability to transition from x to any other state x′ increases.

Rewriting the ansatz (equation 3.1.8) using the normalization condition with appro-
priate indices

P (x′′, t′ + τ | x′, t′) = δ(x′′ − x′)

(

1− τ

∫

W (x̃, x′, t′) dx̃
)

+ τW (x′′, x′, t′)

(3.1.11)

and substituting into the Chapman-Kolmogorov equation (equation 3.1.7) gives

P (x′′, t′ + τ | x, t) = P (x′′, t′ | x, t) + τ

∫

W (x′′, x′, t′)P (x′, t′ | x, t) dx′

− τ

∫

δ(x′′ − x′)

∫

W (x̃, x′, t′) dx̃P (x′, t′ | x, t) dx′ . (3.1.12)

Rearranging terms and dividing by τ reproduces a difference quotient on the left hand
side. After the outer integration in the last term is resolved using the delta function, the
integration variable of the remaining integral is renamed to highlight the symmetry of
the right hand side terms:

P (x′′, t′ + τ | x, t)− P (x′′, t′ | x, t)
τ

=
∫

W (x′′, x′, t′)P (x′, t′ | x, t) dx′

−
∫

W (x′, x′′, t′)P (x′′, t′ | x, t) dx′ (3.1.13)

In the limit of infinitesimally short time intervals, i.e., τ → 0, the equation can be written
in a more compact form. Furthermore suppressing unnecessary indices, the result stands
as

∂P (x, t)

∂t
=

∫
[
W (x, x′, t)P (x′, t)−W (x′, x, t)P (x, t)

]
dx′ . (3.1.14)

Equation 3.1.14 is the integral form of the master equation for a continuous state space.
Replacing the integral with a sum transforms the master equation into a form appropriate
for the description of a countable set of states, the details of which will be discussed in
the following section.
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3.2 The master equation

The master equation is a set of first order differential equations that describe the time
evolution of occupation probability of all microstates in a system. It can be interpreted
as a balance taken over gains and losses in occupation probability due to transitions from
or to other microstates in the system. The master equation can be given in integral form
for a continuous system (as derived in section 3.1.3) but will be addressed here in the
case of a system with a countable number of discrete microstates.

Most commonly, the discrete master equation is given as

∂P (x, t)

∂t
=
∑

x′

[
Wxx′P (x′, t)−Wx′xP (x, t)

]
(3.2.1)

where x and x′ denote microstates that are occupied with probabilities P (x, t) and
P (x′, t), respectively. The first term of the sum describes the gain in occupation proba-
bility of x due to transitions from x′ with rate Wxx′ ≥ 0 while the second term quantifies
losses due to transitions from x to x′ with rate Wx′x ≥ 0.

Unless required by a specific system described by equation 3.2.1, it is not necessary
to further restrict the interpretation of x. However, it may help intuition to think of
x = x0 . . . xN as an enumeration of microstates that can be occupied by a single particle
in a multistate system, or as an array of occupation numbers in a multiparticle system.

3.3 The chemical master equation

The chemical master equation (McQuarrie, 1967; Gillespie, 1992) is a particularly useful
form of the master equation in the case that the set of transitions in a given system
is limited and can be expressed in a way similar to chemical reactions. The chemical
master equation gives the time evolution of the probability distribution P ( ~N, t), where
~N is the vector of (integer) population sizes for all reactant species relevant to a set of
reactions. Accordingly, the state space supporting the probability distribution spans all
configurations of population numbers and thus tends to be very large for realistic system
sizes. This makes the implementation of numerical schemes problematic, as the master
equation consists of one differential equation for each individual state. Nevertheless, the
chemical master equation provides all necessary information on the kinetics of a chemical
system, including not only the concentrations of reactants ck = Nk/

∑

k Nk, but also the
population numbers Nk, the dynamics of the total system size

∑

k Nk and the statistics
thereof, as described in section 3.2. Notably, the influence of the dynamic system size on
the statistics of the system is given by the chemical master equation.

Although the appropriate state space contains all configurations of occupation num-
bers, transitions between arbitrary states are only possible in a chemical system if they
are specified as being part of a set of r = 1 . . .M ’reaction channels’. Each chemical
reaction modifies the populations of reactants according to a specific pattern given by
the stochiometry of the reaction. This change can be denoted as the stochiometric vector

~νr = ~N(t+ τr)− ~N(t) , (3.3.1)
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defined as the difference of population vectors before and after a reaction indexed by r
has taken place in an interval τr. Interpreting the k’th element of ~νr as a matrix element
νkr that describes how the population of a reactant k is modified in a reaction r, leads to
the associated stochiometry matrix, which is of pivotal interest to the field of chemical
reaction networks (see e.g. Angeli (2009)).

The chemical master equation stands as

∂P ( ~N, t)

∂t
=

M∑

r=1

[

ar( ~N − ~νr)P ( ~N − ~νr, t)− ar( ~N)P ( ~N, t)
]

, (3.3.2)

where, in accordance with the master equation 3.2.1, the first and second terms denote the
gains and, respectively, losses in occupation probability due to the M reaction channels,
each individual reaction indexed by r. The function ar(·) is referred to as the propensity
of a chemical reaction (Gillespie, 2007) and is related to the probability of a chemical
reaction to occur in a given time interval. A more detailed description will be given in
section 3.3.2.

3.3.1 Elementary reactions

In many situations, the jump processes to be described by a master equation are, or can
be expressed similar to chemical reactions involving a number of molecular constituents.
These reactants are spontaneously transformed or interact stochastically according to a
set of uni- or multimolecular processes. Although the reactants will be, for simplicity,
referred to as molecules in the scope of this section, it needs to be stressed that the
described model is not limited to chemical reactions. Similarly, the account given below
is not intended as a comprehensive treatment of the types of chemical reactions, but
rather serves to highlight similarities between the types of processes that can be inter-
preted as reaction schemes, and to build intuition. Therefore, the display will be limited
to reactions that are elementary, i.e., they may not involve more than a single step to
be completed. More precisely, the reactions of interest are intended to be completed
within an (infintesimally) short time interval and shall not possess any stable interme-
diate states. This is not a general requirement for the chemical master equation and
eliminates at first glance most reactions in which stochiometric coefficients greater than
one occur. However, as will be briefly discussed below, these reactions can be further
broken down into elementary reactions.

Indeed, the discussion in the majority of cases can be limited to the actions of one
molecule or the interactions between two molecules by following the ensuing argument:
as detailed in section 3.3.2, the probability for a reaction to occur in a given short time
interval is limited by the probability of all required constituents to meet, which is bound
to decrease substantially if more than two distinct reactant molecules are required. As a
consequence, this type of interaction, albeit possible in theory (Gershinowitz and Eyring,
1935), is not expected to have a significant impact due to the low frequency at which it
may occur. In chemical reality, however, various reactions are formulated as multimolec-
ular, a paradigm being catalytic reactions where the interaction between two molecules
is possible only in the presence of a third reactant. These reactions can usually be de-
composed into a sequence of elementary bimolecular interactions, such as the formation
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of an intermediate complex of two reactants in an initial reaction, and the subsequent
reaction of the complex with a third compound. A prominent example for which this
assumption has proven to be well-justified is the kinetic action of enzymes (Henri, 1902;
Michaelis and Menten, 1913).

In accordance with the reasoning above, there exist four elementary reactions:

(ia) ∅→ A

(ib) A→ ∅ (ii) A ⇋ B (iiia) A+∅→ B + C

(iiib) A+B → C +∅ (iv) A+B ⇋ C +D

Reactions (i)-(iv) have been sorted by the number of educts. As will be discussed in
section 3.3.2, the rates at which reactions occur depends on the availability of their
constituents. Briefly, (ia) and (ib) can be interpreted as the spontaneous creation or
destruction of one reactant, equivalent to an elementary birth-death process (Gardiner,
1985), or equivalently, as fluxes into and from an open system. (ia) is bound to occur
at a constant rate whereas the rate at which A is removed from the system via (ib)
depends on the availability of the remaining A. (ii) corresponds to a spontaneous con-
version between two reactants. A possible realization in chemical terms would be an
isomerization. Similar to (i), in (iiia) and (iiib) the number of reactants is not conserved,
natural interpretations being the formation or decay of chemical complexes, but other
interpretations are equally possible: for instance, (iiia) could describe the reproduction
of a microorganism if A = B = C. (iv) is a rather general reaction scheme with various
interpretations within and outside chemistry.

Although generally indispensable for the formulation of chemical reactions, stochio-
metric coefficients have been omitted, and are required for elementary reactions only in
special cases that can be safely neglected here. Indeed, a forward reaction with stochio-
metric coefficients unequal to unity, e.g., A+2B → X, cannot take place in a single step
as three constituents are required to meet, and thus needs to be further decomposed.
This does not apply for a spontaneous decay of the type A→ B +2C. A decomposition
of processes of this type is possible in theory, but there is no probabilistic argument
prevent a chemical reaction of this type to occur. However, as the processes of interest
here are not chemical reactions, there is no reason for a separate treatment.

3.3.2 The propensity function

The final missing ingredient to the formulation of a chemical master equation (equation
3.3.2) from a set of reactions is the propensity function ar(·). The propensity function is
defined such that ar( ~N) dt is the probability for one reaction r to occur in a time interval
dt, provided the system is in the state described by ~N (Gillespie, 2007).

Propensity functions as given below are specific in structure for each type of reaction
and require the system to be in a perfectly mixed condition. This assumption implies
that interactions should not be influenced by the local configuration of molecules. In-
stead, molecules are assumed to be homogeneously distributed within the system and
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interactions depend solely on their availability, i.e., on the current state in terms of pop-
ulation sizes given by ~N .

Following (Gillespie, 2007) and limiting the presentation to the uni- and bimolecular
cases as detailed in section 3.3.1, the propensity functions read

ar( ~N) = crNi (3.3.3)

for a unimolecular reaction with one molecule of the population Ni as an educt and
products specific to the reaction channel r,

ar( ~N) =
cr
Ω
NiNj (3.3.4)

for a bimolecular interaction involving two molecules that originate from different popu-
lations Ni and Nj , and finally

ar( ~N) =
cr
Ω
Ni(Ni − 1) ≈ cr

Ω
N2

i (3.3.5)

in the case of a bimolecular interaction between two molecules of the same species Ni.
In all three cases, cr is a rate constant specific to the reaction r. If more than one con-
stituent is involved in a reaction, the probability for particles to interact depends on the
probability of encountering each other, which is inversely proportional to the system size
Ω. The approximation given in equation 3.3.5 holds if the population Ni is sufficiently
large, i.e., (Ni + 1)/Ni ≈ 1.

In the case that the interacting particles are indeed molecules, pairwise interactions
are understood as collisions between molecules and required to be mass action kinetics,
i.e., to be describable by the law of mass action (Voit et al., 2015). Details of the
reactant species that have an influence on the reaction probability, such as a potential
energy barrier that has to be overcome through the collision, or a dependence on the
pairwise orientation, are summarized by the rate constant. The determination of these
constants from the physical details of reactants is subject to collision theory (Atkins
et al., 2018) or experimental investigation and will not be further described here.

3.3.3 Deterministic simplification: the rate equation

In the thermodynamic limit, i.e., in a large system containing a large number of particles,
stochastic fluctuations in global quantities vanish. As this applies to the population sizes
Nk, it is expected that trajectories obeying the probability distribution P ( ~N, t) described
by the (chemical) master equation (equations 3.2.1 and 3.3.2) converge to a deterministic
evolution equation of the average when

∑
Nk →∞.

A formalism for the construction of such deterministic rate equations can be borrowed
from chemistry. In its general form, a kinetic chemical reaction can be written as (Chen
et al., 2010)

∑

k

ekrXk
cr−→
∑

k

pkrXk , (3.3.6)
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where Xk represents one species of reactants with population size Nk, and ekr, pkr denote
the stochiometric coefficients of educts and products, specific for the reaction r. Based
on ekr and pkr, the stochiometric matrix νkr = pkr − ekr and the stochimoetric vector ~νr
(compare equation 3.3.1) can be defined.

The deterministic rate equations describing the evolution of the population sizes Nk

is of the form

∂Nk

∂t
=

M∑

r=1

νkrfr( ~N) . (3.3.7)

The functions fr(·) are reaction rates that follow from the law of mass action (Voit et al.,
2015):

fr( ~N) = ĉr
∏

k

N ekr
k (3.3.8)

When limited to the uni- and bimolecular cases detailed in section 3.3.2, and with appro-
priate choices for the rate constants ĉr, the reaction rates are identical to the propensity
functions 3.3.3-3.3.5. Indeed, it is possible to show this equivalence by deriving from the
chemical master equation a Langevin equation for the population size and noticing that
the (additive) noise term vanishes in the thermodynamic limit (see Gillespie (2007)).

3.4 The stochastic simulation algorithm

In many cases it is not feasible to solve the master equation by means of analytical meth-
ods. If this is the case, one is required to resort either to approximations of the master
equation as outlined in the previous section, to numerical methods, or to simulations. In
the present work, the former methods are not disregarded because they are thought to
lack accuracy, but rather to exploit a core feature of stochastic simulations. In the basic
formulation of the stochastic simulation algorithm, as will be presented in this section,
every transition or reaction is carried out explicitly to modify a set of populations or
occupation numbers. This makes every trajectory simulated using the stochastic simu-
lation algorithm an exact solution of the associated master equation, and it implies that
it is possible to track secondary effects of each transition other than the modification of
occupation numbers. The view on networks promoted in this work is that of a stochastic
process, where modifications of network structure are identical to conversion of chemicals
over the course of a reaction. Simulating these explicitly using the stochastic simulation
algorithm and keeping track of all structural changes tied to a reaction facilitates not
only to determine how populations of similar nodes evolve, but also how the structure
evolves as a whole. This information is not easily accessible if other methods are used
to solve the master equation, and it is in many cases not straightforward to define an
associated process that can alleviate this problem.

For example, the formation of a giant connected component within a network struc-
ture is of salient interest to this work. In principle, it would be possible to model on one
hand the evolution of node populations using an an approximation or numerical solution
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of the master equation and on the other hand interpret the formation of a giant compo-
nent as a cluster aggregation process (Krapivsky et al., 2009). However, neither does any
of these methods provide a simpler approach, nor is it trivial to relate the two processes.

Although its fundamentals have been known much longer, the stochastic simulation
algorithm is generally attributed to Gillespie (1977) who rigorously based in the prob-
ability theory for chemical kinetics, which has also led to the formulation of propensity
functions in section 3.3.2. The basic concept behind the stochastic simulation algorithm
is straightforward: although general statements on the time evolution of a stochastic
system as discussed in the previous sections can only be made in terms of probabilities,
each realization of such a time evolution (a stochastic trajectory) is uniquely defined
by an initial condition, a sequence of transitions and the times at which the transitions
occur. In terms of probability theory, a stochastic process that has the Markov property
(see section 3.1.1) is determined by the joined probability density function P (r, τ | ~N, t),
which states the probability density that a system in state ~N at time t changes state by
a process indicated by r after a time interval τ . Thus, knowing the statistics of r and
τ as a function of the state ~N would enable creating exact trajectories by sequentially
drawing sets of random numbers r, τ from the joined probability density and updating
time and state accordingly. Following Gillespie (1977), this is facilitated via the ansatz

P (r, τ | ~N, t) dτ = P0(τ | ~N, t)ar( ~N) dτ , (3.4.1)

where P (r, τ | ~N, t) dτ , i.e., the probability that the process r occurs at time t+τ , is inter-
preted as a conditional probability consisting of the two parts P0(τ | ~N, t) and ar( ~N) dτ .
On one hand, ar( ~N) dτ equals the definition of the propensity function ar( ~N) (com-
pare section 3.3.2), stating the probability that the process r occurs within the interval
[t + τ, t + τ + dτ). P0(τ | ~N, t) on the other hand is defined as the probability that no
process occurs within [t, t + τ). If ar( ~N) dτ is the probability that a process r occurs
in [τ, τ + dτ), then by normalization 1 −

∑

r ar(
~N) dτ is the probability that no reac-

tion occurs in the same interval. The conditional probability that no processes occur in
[t, t+ τ) and [τ, τ + dτ) is

P0(τ + dτ | ~N, t) = P0(τ | ~N, t)

(

1−
∑

r

ar( ~N) dτ

)

(3.4.2)

with P0(·) defined as above. In the limit dτ → 0, this is a differential equation with the
solution

P0(τ | ~N, t) = e−a0( ~N)τ , (3.4.3)

where a0( ~N) =
∑

r ar(
~N). Combining the result with equation 3.4.1 leads to the proba-

bility distribution for r and τ , i.e.,

P (r, τ | ~N, t) = ar( ~N)e−a0( ~N)τ , (3.4.4)

indicating that the time step size τ is distributed exponentially.

Having obtained the distribution 3.4.4, in theory everything is in place to outline how
trajectories of a stochastic process can be generated. Prior to describing the algorithm in
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greater detail, however, it is necessary to examine how random values for r and τ may be
generated from equation 3.4.4. Most software platforms on which stochastic simulations
might be implemented provide random number generators that generate uniformly dis-
tributed pseudo-random numbers in some interval. In every time step of the stochastic
simulation algorithm, two such random numbers, i.e., {n1, n2 |ni ∈ [0, 1)}, are gener-
ated. In the wake of the emergence of Monte-Carlo methods, various procedures have
been developed to create maps between uniform random numbers and specific probability
distributions, such as equation 3.4.4. The procedure that lends itself to application in
the stochastic simulation algorithm is inversion transform sampling (Lemieux, 2009), a
method that dates back to von Neumann.

By inversion transform sampling, random numbers can be sampled from any proba-
bility distribution provided that its cumulative distribution function is available and can
be inverted by some method. The method is briefly stated as follows: given uniform
random numbers u ∈ [0, 1), values of a stochastic variable x distributed according to the
probability distribution P are obtained from

x = F−1(u) , (3.4.5)

where F−1(·) is the inverse of the cumulative distribution F (x) of P (x). Naturally, the
method is especially convenient if F−1(·) can be calculated analytically and does not have
to be reevaluated for each time step. This is the case for the exponential distribution. In
abbreviated notation, the cumulative distribution of equation 3.4.4 after marginalization
of the variable r is given as

F (τ) = 1− e−a0τ . (3.4.6)

Solving for τ and substituting the random number n1 for F (τ) leads to

τ =
1

a0
ln

(
1

1− n1

)

, (3.4.7)

where it is readily realized that 1− n1 is just another uniform random number on [0, 1),
and thus τ can be given as

τ =
1

a0
ln
(

1

n1

)

. (3.4.8)

In the case of r, the situation is somewhat more complicated when using inverse
transform sampling as r is a discrete random variable rather than a continuous one.
Marginalization of τ ∈ [0,∞) shows that r is distributed according to

P (r) =
ar
a0

, (3.4.9)

meaning that r follows from a weighted random selection. Formally, r is given as the
smallest integer satisfying

1

a0

r∑

i=1

ai > n2 , (3.4.10)
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Algorithm 3.4.1: Stochastic simulation algorithm
Data: set of reactions R, rate constants {cr | r ∈ R}, stochiometric vectors

{~νr | r ∈ R}, initial populations ~N0, start/end time (t0, tN )
Result: time steps t, populations over time ~N(t)
begin

~N ←− ~N0

t←− t0
while t ≤ tN do

{ar | r ∈ R} ←− calculate propensities ( ~N, {cr})
{n1, n2 |ni ∈ [0, 1)} ←− random numbers ()
τ ←− calculate step size (n1, {ar})
r ←− select reaction channel (n2, {ar})

~N ←− ~N + ~νr
t←− t+ τ

store t, ~N

where
∑r

i=1 ai/a0 is the cumulative distribution function of the distribution P (r) and n2

is a uniform random variable on [0, 1).

The stochastic simulation algorithm is specified in pseudo-code as algorithm 3.4.1.
Summarizing, the steps required for the simulation of exact stochastic trajectories are
the specification of initial conditions, given by an initial time t0 and populations ~N0, and
by specification of the set of reactions to be simulated, given by the rate constants cr and
the stochiometric changes associated with each reaction, given by ~νr. After initialization,
time steps are repeatedly executed until an exit condition is reached, as is usually given
by a maximal time tN . Time steps are structured as follows. First, propensities ar( ~N)
and a0( ~N) =

∑

r ar(
~N) are determined based on the current state of the system. Second,

random numbers are generated and used to determine step size and the type of the next
reaction in accordance with equations 3.4.8 and 3.4.10. Finally, time and populations are
updated accordingly and stored, and then the procedure is repeated for the next time
step.



Part II

Results



Chapter 4

Analytical models for percolation in

small-degree networks

The study of network models in the scope of statistical physics has attracted significant
amounts of attention in the recent years. However, the majority of works focus on large
or highly-connected systems, and in particular on those evolving towards selected classes
of degree distributions. In response to early successes, evolution rules known to lead to
precisely those degree distributions are integrated into a wide range of network models
as ad hoc assumptions. Still, the considerable interest in these systems has proven to be
fruitful, as the concepts emerging in the process paved the way to understanding a large
number of real-world networks.

This development has to some degree diverted attention from networks that occupy
the far end of the spectrum: small networks where only a small number of node degrees
is present. Although they are in some cases covered as limiting cases of more general
descriptions, these networks are usually not the focus of the discussion, and simplifica-
tions associated with their specific properties are not applied. Nevertheless, small degree
networks have numerous relevant real world applications, including those networks that
are embedded in space (Barthélemy, 2010) and in particular those, where the number of
edges that connected to a node are restricted by their physical dimensions.

Here, the small-degree property is exploited to derive a number of exactly solvable
analytical models for the percolation probability and, equivalently, size of the largest
component of an appropriate network. In detail, the governing equations of the random
graph and configuration models – polynomials of an order corresponding to the largest
degree in a graph – are truncated at a small degree for which they can be treated by
analytical methods.

The random graph model (Erdös and Rényi, 1959) is generally considered as one of
the most basic models for network generation, and it is known that the underlying rules
lead to a Poisson-type degree distribution. Still, for networks with a degree distribution
that does not deviate too far from the Poisson case, this description is found to produce
solid results, as published by Fessel et al. (2012, 2015a,b) for describing percolation in the
small degree network of P. polycephalum. If no a priori knowledge on the specific class
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of degree distribution of a network is available, the configuration model of graph theory
(Molloy and Reed, 1995; Newman et al., 2001) provides an appropriate framework for
formulating the conditions under which a giant component exists in the network. Both
models are briefly reviewed in sections 2.2.2, section 2.3.1 and section 2.3.2.

Briefly, this chapter is organized into three parts. First, in section 4.1, the random
graph model introduced in section 2.2.2 is further addressed. In addition to giving
closed form solutions, the role of the average degree as a driving parameter is discussed.
Similarly, solutions of the configuration model introduced in section 2.2.2 are derived
and presented in section 4.2. Solutions of both models make use of considerations on
the percolation on graphs described in section 2.3. The chapter is concluded by a brief
comparative analysis of the analytical solutions derived here, which is presented in section
4.3. In particular, focus is laid on the location of the phase transition as a function of
the maximal degree in the network.

4.1 Small degree solutions in the random graph model

In the random graph model, the size of the giant component S can be calculated from
equation 2.3.2, i.e.,

S = 1− u , (4.1.1)

where u represents the probability for a randomly selected node not to be part of the
giant component. Generally, u is a solution of the self-consistency relation (equation
2.3.3),

u =

nk−1
∑

k=0

pku
k , (4.1.2)

which, on the right hand side, is a polynomial with one term for each node degree. The
largest degree in the system is given by nk − 1, where nk is the number of distinct node
degrees. In the most general case, nk =∞. Here, the observation that spatially embed-
ded transportation systems are quite often limited to a small degree (or feature higher
degree nodes with vanishing probability) is used to select for nk a small number for which
equation 2.3.3 is analytically solvable. Brief consideration of equation 2.3.3 suggests an-
alytical solutions should be possible for nk ≤ 5, as there exist explicit expressions for
the solutions of polynomial equations up to a degree of four. Indeed, this is the case if
searching for a solution that covers all possible values of u. However, in the regime where
connectivity is local, in the thermodynamic limit no giant component exists in the graph
and thus one finds u = 1. By making use of this knowledge, and hence searching for
an expression for u only in the percolated regime where 0 ≤ u < 1 makes it possible to
reduce the degree of the polynomial by one. Thus, solutions are possible to a maximal
degree of nk − 1 = 5. To do so, the normalization condition for the degree distribution

1 =

nk−1
∑

k=0

pk (4.1.3)
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is multiplied by u and subtracted from the self-consistency relation (equation 2.3.3),
leading to

0 =

nk−1
∑

k=0

pk(u
k − u) , (4.1.4)

which is conveniently rewritten as

0 = p0(1− u)− u

nk−2
∑

k=1

pk+1(1− uk) . (4.1.5)

It is apparent that each individual term in the sum is zero if u = 1. Furthermore, the
term k = 0 has been omitted from the sum, as it is zero independent of the the value
assumed by u. Searching now as outlined for a solution in the case that 0 ≤ u < 1 and
making use of the identity

1− uk = (1− u)

k−1∑

i=0

ui (4.1.6)

one finds, after some algebra

0 = p0 −
nk−1
∑

k=2

pk

k−1∑

i=1

ui = p0 −
nk−2
∑

i=1

ui
nk−1
∑

k=i+1

pk . (4.1.7)

It is immediately clear from the limits of the sums that the maximum polynomial degree
is nk − 2. The two expressions given in 4.1.7 hold identical information. However, it has
been deemed sensible to state both, as it can be helpful to work with polynomials that
are either sorted for coefficients or powers, depending on the application.

4.1.1 Condition for the phase transition & geometric significance of

the driving parameter

The implication that 0 ≤ u < 1 is only searched for in the peroclated regime makes it
possible to derive the condition for the phase transition from equation 4.1.7 by taking the
limit u→ 1. It needs to be emphasized, that this is only possible after having applied the
aforementioned assumption, which can be easily shown by taking the same limit in the
unmodified self-consistency relation, i.e., equation 2.3.3. There, in the limit u → 1, the
normalization condition for the pk is reproduced. Now, taking this limit in the modified
self-consistency relation leads to

0 =

nk−1
∑

k=0

(k − 1)pk , (4.1.8)

which only holds at the phase transition, as shown below. It is well known that the
condition for the phase transition in the Erdös-Renyi random graph model can be alter-
natively stated as < k > −1 = 0, i.e., if the average degree is equal to unity. Indeed,
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writing out < k > −1 by substituting < k >=
∑

k kpk and 1 =
∑

k pk leads to an
identical expression as given in equation 4.1.8:

< k > −1 =

nk−1
∑

k=0

(k − 1)pk (4.1.9)

Thus, equation 4.1.8 is indeed a valid expression for the phase transition.

Now, whereas equation 4.1.8 only holds at the phase transition, there is no mathe-
matical reason why equation 4.1.9 should not be computable on the entire domain. The
term < k > −1 is zero only at the phase boundary and can be used as measure which
indicates the signed distance of the system from the phase transition. Below, solutions of
the self-consistency relation will be given in terms of ratios of node degree probabilities
pk/pj , where j = nk − 1, as

0 = nk − 2 +

nk−2
∑

k=0

(k − 1)
pk

pnk−1
. (4.1.10)

In each case, the topological state is found to depend on nk − 2 such ratios. Thus,
nk−2 can be interpreted as the dimension of the topological phase space spanned by the
ratios pk/pnk−1, in which the phase boundary is a nk − 3 dimensional hyper-plane that
is described by a normal form given by equation 4.1.10. Similarly, rearranging equation
4.1.9 also leads to the normal form of a hyper-plane with the same dimension, which is
identical to the plane describing the phase boundary on the right hand side

1

pnk−1
(< k > −1) = nk − 2 +

nk−2
∑

k=0

(k − 1)
pk

pnk−1
. (4.1.11)

the term on the left hand side is related to the distance from the origin of the embed-
ding space. Thus, as the hyper-planes are identical except for their distance from the
origin, they are bound to be parallel, and their perpendicular distance is proportional to
(< k > −1) /pnk−1. This realization is important, as it shows that a graph topology that
is characterized by some particular < k > will always have the same distance from the
phase transition, regardless of the detailed configuration pk that gives rise to the average
degree.

4.1.2 Closed form solutions

With equations 4.1.7 and 4.2.6 at hand, everything is in place to formulate analytical
solutions for u (and S). For a more compact notation, the quotient

qij =
pi
pj

(4.1.12)

is introduced. In all cases, nodes of maximal degree j = nk − 1 have been selected as
denominator.

In the scope of this work, closed form solutions in the random graph model have been
obtained with maximal degrees nk − 1 = 3 and nk − 1 = 4. In both cases, solutions have
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been constructed for the cases p2 = 0 and p2 ≥ 0. The solutions omitting second degree
nodes are the product of collaborations and have been published in (Fessel et al., 2012,
2015a,b) in conjunction with data obtained from network growth experiments performed
utilizing either the slime mold P. polycephalum, see chapter 1.1, or human endothelial
cells (Gamba et al., 2003; Serini, 2003). Results of these studies are discussed as part of
chapter 6.

The p2 = 0 cases are presented below as published. However, it needs to be em-
phasized here, that differentiating between the cases u = 1 and 0 ≤ u < 1 instead of
searching for a solution for all values of u greatly simplifies the calculation as the degree
of the polynomial consistency equation is reduced by one. This case differentiation cor-
responds to searching for u only in the percolated regime, as it is by normalization clear
that u = 1 when no giant component exists. The giant component for all values of u
then just reads

S =

{

0 u = 1

1− u 0 ≤ u < 1
(4.1.13)

and hold exactly the same information as the more complicated closed form solutions
for 0 ≤ u ≤ 1, as highlighted for the case nk = 4, p2 = 0 in figure 4.1.1. The simplified
solutions are not stated here explicitly, but can be readily obtained from the p2 ≥ 0
cases by taking the limit p2 → 0. This realization also makes it possible to solve the
random graph model with nk−1 = 5 analytically as a function of three node degree ratios.

Case 0 ≤ u ≤ 1, p2 = 0, nk = 4 In the present case, which has been published in
part in (Fessel et al., 2012), the self-consistency relation 2.3.3 simplifies to a polynomial
of third order that can be expressed in terms of a single variable q03 = p0/p3, i.e.,

0 = u3 − (1 + q03)u+ q03 , (4.1.14)

whose physically significant solution is its smallest real root

u = −
√

4

3
(q03 + 1) cos

(

1

3
arccos

(

−1

2
q03

√

27

(q03 + 1)3

)

+
π

3

)

, (4.1.15)

can be obtained by utilizing one of the existing methods for third order polynomials. In
the present case, Cardano’s method has been selected. The size of the giant component,
given by S = 1−u is shown in figure 4.1.1. It has been stated above that it is significantly
simpler to search for a solution only in the percolated regime. To illustrate this, the
corresponding solution that is found when excluding u = 1 has been inscribed into the
figure as well. For the sake of completeness, the algebraic expression reads

u = −1

2
+

1

2

√

1 + 4q03 (4.1.16)

Indicated in the figure as a dashed line is the position of the percolation transition, which
in terms of the ratio p0/p3 is located at

p0
p3

= 2 . (4.1.17)
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Case 0 ≤ u ≤ 1, p2 = 0, nk = 5 Choosing not to neglect nodes of degree four from
the model comes at the cost of having to solve an equation of fourth degree, which is
compactly stated as

0 = u4 + q34u
3 − (1 + q34 + q04)u+ q04 (4.1.21)

employing the node degree fraction q04 = p0/p4 and q34 = p3/p4. As for polynomials of
third degree, there exist explicit solution formulas for equations of the present type. The
solution presented below has been obtained by employing Euler’s method for quartic
equations (Euler and Hewlett, 2009; Tignol, 2016) and has been published in (Fessel
et al., 2015a,b). Stating only the physically significant smallest real root of equation
4.1.21, the solution reads

u =
√
z1 −

√
z2 −

√
z3 −

1

4
q34 . (4.1.22)

Methods for fourth order polynomials construct solutions of the quartic equation from
the solutions z1−3 of the resolvent cubic, a third order polynomial associated with the
quartic equation (Tignol, 2016). These solutions are given as
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(4.1.23)

with the substitutions






a = −1
4q04 − 1

16q34 (1 + q34 + q04)

b = − 1
64 (1 + q04)

(
1 + 2q34 + q04 + q234

)

c = − (1 + q34 + q04) +
1
8q

3
34

. (4.1.24)

In the present case, the size of the giant component is expressed as a function of two

Figure 4.1.2: Giant component size in the random graph model for nk = 5,
p2 = 0.

ratios as detailed above, and thus can be displayed in a two-dimensional phase diagram
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as shown in figure 4.1.2. Due to the additional degree of freedom introduced by the nodes
of fourth degree, the phase transition is line rather than a point. Examining the model
in the limit u→ 1 as has been done in the nk = 4 case leads to a set of relations between
the node degree probabilities pk:

(p0, p1, p3) =

(
1− 3p4

3
,
1 + 4p4

2
,
1− 12p4

6

)

(4.1.25)

It is immediately clear that if p4 → 0, the node degrees take the same fixed values as for
the previous case. Furthermore, from these relations (or from equation 4.1.9) it can be
inferred that the line marking the phase transition in figure 4.1.2 is given as

p3
p4

=
1

2

(
p0
p4
− 3

)

. (4.1.26)

Cases 0 ≤ u < 1, p2 6= 0, nk = 4&5 It is not always feasible to work with a topology
without nodes of second degree. Solutions for this case are conveniently derived from
equation 4.1.7. Analytical solutions in this case are similarly possible up to a maximal
degree of nk − 1 = 5. However, in comparison to the case p2 = 0, an additional free
parameter characterizes the phase transition. The solution for nk = 4 reads

u = −1

2

(

1 + q23 −
√

q223 + 4q03 + 2q23 + 1

)

. (4.1.27)

Inspection of the solution shows that in the limit p2 → 0 it is identical to the p2 =
0 solution presented in equation 4.1.16. This behavior is further highlighted by the
condition for the phase transition which is obtained in the limit u→ 1, i.e.,

p2
p3

=
p0
p3
− 2 , (4.1.28)

indicating that if p2 = 0, the transition is one-dimensional and occurs at p0/p3 = 2 as
discussed above. For p2 > 0, the phase transition is a line in the p0/p3, p2/p3 plane as
displayed in the phase diagram shown in figure 4.1.3. Similarly, the degree fractions are
constrained to a single degree of freedom at the transition. Relating these fractions to
p2 gives

(p0, p1, p3) =

(
1 + p2

3
,
1− 2p2

2
,
1− 2p2

6

)

. (4.1.29)

For p2 = 0, the constant fractions in the one-dimensional case are reproduced. The
present example is exceptionally well-suited to highlight the significance of the average
node degree < k > as a driving parameter through a geometric interpretation, as devel-
oped in a general fashion in the previous section. Writing the average node degree in
terms of p0/p3, p2/p3 (and employing the normalization condition for the pk),

< k >=
∑

k

kpk = 1− p3

(
p0
p3
− p2

p3
− 2

)

, (4.1.30)

and rearranging for p2/p3 gives

p2
p3

=
p0
p3
− 2 +

1

p3
(< k > −1) , (4.1.31)
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As expected, the solution can no longer be visualized in two dimensions as it depends on
three ratios. The phase transition is given as a plane described by

p2
p4

=
p0
p4
− 2

p3
p4
− 3 . (4.1.35)

As above, relations between the degree probabilities can be established. These are sen-
sibly stated as

(p0, p1, p3) =

(
1 + p2 − 3p4

3
,
1− 2p2 + 4p4

2
,
1− 2p2 − 12p4

6

)

(4.1.36)

where it can be readily assessed that taking the limits p4 → 0 or p2 → 0 reproduces the
relations associated with the previous solutions.

4.2 Small degree solutions in the configuration model

It has been discussed in section 2.3.2 that computation of the size of the giant component
in the configuration model is less straightforward since the self-consistency relation cannot
be given in terms of the probability that a randomly selected node is part of the giant
component. Instead, using the generating function formalism by Newman et al. (2001)
it has been shown in section 2.3.3 that the size of the largest component follows from

S = 1−G0(u) where G0(u) =

nk−1
∑

k=0

pku
k (4.2.1)

(equations 2.3.14 and 2.3.10). u, the probability to arrive in a non-giant component via
a randomly selected edge is a solution of the self-consistency relation

u = G1(u) where G1(u) =

∑nk−1
k=0 (k + 1)pk+1u

k

∑nk−1
k=0 kpk

, (4.2.2)

which has been given in equation 2.3.5. A more useful and transparent form can be found
by carrying out the same steps as in the previous section. First, the self-consistency
equation is rewritten:

u

nk−1
∑

k=0

kpk =

nk−1
∑

k=0

(k + 1)pk+1u
k (4.2.3)

It is apparent that p0 and p2 do not enter the equation. Furthermore, the largest poly-
nomial degree unk−1 is associated with the degree probability pnk

, which exceeds the
maximum degree and is thus assumed to be negligible. Extracting terms associated with
the smallest node degree p1, eliminating the largest degree as noted above and adjusting
the summation index on the right hand sight leads to

up1 + u

nk−1
∑

k=3

kpk = p1 +

nk−1
∑

k=3

kpku
k−1 . (4.2.4)
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subtracting the left hand side gives

0 = p1(u− 1)− u

nk−1
∑

k=3

kpk(1− uk−2) . (4.2.5)

Implying again that a solution is sufficient in the case that 0 ≤ u < 1, identity 4.1.6 is
applied and after some rearranging one obtains:

0 = p1 −
nk−1
∑

k=3

kpk

k−2∑

i=1

ui = p1 −
nk−3
∑

i=1

ui
nk−1
∑

k=i+2

kpk . (4.2.6)

In the previous section, it has been demonstrated that it is possible to obtain an expres-
sion for the condition for the phase transition from the modified self-consistency relation
by taking the limit u→ 1. Indeed, the same is true for the configuration model. Taking
the limit u→ 1 in equation 4.2.6 leads to

0 =

nk−1
∑

k=0

k(k − 2)pk , (4.2.7)

which is precisely the result obtained by Molloy and Reed (1995) (equation 2.3.17). It
is emphasized again, that this procedure is only possible after limiting to the percolated
region, i.e., by assuming 0 ≤ u < 1. As solutions to the configuration model are stated
below in terms of degree fractions qij = p1/pj , j = nk − 1, this can be usefully rewritten
as

0 = (nk − 1)(nk − 3) +

nk−2
∑

k=0

k(k − 2)
pk

pnk−1
. (4.2.8)

From the previous condition it can be gleaned that neither nodes of degree zero nor two
have an influence on the position of the phase transition, indicating that the configuration
model is only accurate if the relative number of these nodes is small in vicinity of the
transition. This shortcoming of the model, amongst others that apply to specific degree
distributions that do not qualify as ’well behaved’, has already been noted by Molloy and
Reed (1995) and has since then been further addressed, e.g., by Joos et al. (2017) who
propose a refined model .

4.2.1 Closed form solutions

Equations 4.1.7 and 4.2.6 are very similar in structure and can be easily compared. Gen-
erally, the order of the polynomial is smaller by one in the configuration model, and the
degrees probabilities p0 and p2 naturally do not occur in the description. However, it is
necessary to keep in mind that the probabilities u are defined in a different manner in
the two models. Calculating the size of the giant component from a solution of equation
4.2.6 via equation 2.3.14 factors in all probabilities pk, k ≤ nk − 1 except one, which
may be eliminated via the normalization condition that has not yet been employed in
the configuration model. Thus, on one hand solutions in the configuration model can be
computed up to a larger maximal degree, but are on the other hand less accessible for
investigation in the framework of degree probabilities.
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Case 0 ≤ u < 1, p2 ≥ 0, nk = 4 The solution for u in the configuration model derived
from equation 4.2.6 is very simple in structure, as the largest polynomial degree in the
configuration model is nk − 3. The linear solution, dependent on the single variable
q13 = p1/p3 reads

u =
1

3
q13 . (4.2.9)

Due to the simplicity of the solution, it lends itself to demonstrating how the giant
component size in the configuration model S is obtained when u is known explicitly.
Following equation 2.3.14, the size of the giant component is given as

S = 1−
nk−1
∑

k=0

pku
k , (4.2.10)

indicating that the computation of S is in any straightforward once u is available. In the
present case, this leads to

S = 1− p0 −
1

3

p21
p3
− 1

9

p2p
2
1

p23
− 1

27

p31
p23

, (4.2.11)

a form, which is impractical to work with unless all relevant pk are known. With regard
to this work, solutions as given above are still useful. In the subsequent chapter, models
will be devised that describe the evolution of all node degrees in a system as a function of
time either stochastically, or in a deterministic fashion. Taken together with the theory
worked up here, these models pose a comprehensive theoretical model for the time evo-
lution of degree-related measures and expected component sizes in random graphs with
arbitrary, truncated degree distributions.

Similar to the solutions found in the random graph model, the condition for the phase
transition as stated generally in equations 2.3.17 or 4.2.8, which can be adopted for each
individual solution. In the present case, one finds p1/p3 = 3, indicating that although
the ratio p1/p3 is strongly constrained, the only constraint in place for the remaining
degrees p0, p2 is set by normalization.

In the random graph model, the degree fractions at the transition are constrained by
three (or four, if p2 = 0) equations. In the configuration model, there is one more degree
of freedom. The Molloy-Reed criterion, which could be adopted from the configuration
model as an additional constraint for the random graph model, is identical to the condi-
tion for the phase transition here, and thus provides no new information. Therefore, the
number of degrees of freedom at the transition is equal to nk−2 or nk−3 if p2 = 0. This
increased flexibility of the model at the transition has to be attributed to applicability
of the configuration model to arbitrary degree distributions. Stating relations between
the node degree probabilities is nevertheless possible, albeit less informative, and thus
no explicit expressions are given here.

Cases 0 ≤ u < 1, p2 6= 0, nk = 5&,6 Analytical solutions to the configuration model
are possible up to nk = 7. However, in agreement with the types of networks analyzed
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within the scope of this work and with regard to the larger number of degrees of freedom
at the transition, only the solutions up to nk = 6 are stated. Rather than discussing the
features of these solutions in greater detail here, they are compared to the nk = 4 and
random graph cases in the following section.

The solution for nk = 5 depends on the two ratios p1/p4, p3/p4 and reads

u = −1

8

(

4 + 3q34 −
√

9q234 + 16q14 + 24q34 + 16

)

(4.2.12)

with the phase transition line given by

p3
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p1
p4
− 8

)

. (4.2.13)

Similar to the third-order solutions given above, the solution for nk = 6 is given as

u =
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For a compact formulation, the substitutions






∆ = 18bcd− 4b3d+ b2c2 − 4c3 − 272d2

∆0 = 3c− b2

∆1 = 2b3 − 9bc+ 272d

(4.2.15)

have been made, where






b = 1 + 4
5q45

c = 1 + 3
5q35 +

4
5q45

d = −1
5q15

. (4.2.16)

The constraints at the phase transition can be summarized by the condition for the phase
transition, i.e., by

p4
p5

=
1

8

(
p1
p5
− 3

p3
p5
− 15

)

. (4.2.17)

Again, the remaining degrees are constrained only by normalization.

4.3 Comparison of closed form solutions

This section compares the small degree solutions in the random graph and configuration
models. The discussion focuses on the position of the phase transition, which is the most
influential difference between the models. In figure 4.3.1, all solutions devised in the
previous sections are shown as functions of the average degree. In addition to the giant
component S, which functions as the order parameter of the system, the average size
< s > of non-giant components is displayed, which . For comparison and in order to
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better assess the influence of the cutoff parameter nk, a numerical solution of the random
graph model with no bound is shown as well.

It has been shown above for the random graph model, that the average degree is a
measure for the distance of a system from the phase transition, regardless of the exact
configuration of node degrees that is giving rise to the average degree. Although this
highlights that the average degree is well-suited as a driving parameter, no algebraic
relation is available between the driving parameter and the size of the giant component.
For the plots shown in figure 4.3.1, the rate equation model introduced in 7 has been
utilized to produce a set of pk(t) mimicking the construction process of an Erdös-Renyi
random graph (see chapter 2) with a maximal degree nk − 1 according to the respective
solution S as selected from the previous sections. This case is similar to the bounded
degree graphs studied by Ben-Naim and Krapivsky (2011).

Focusing first on the solutions of the random graph model, it is observed that the
prior to the transition at < k >= 1 there is no visible influence of the cutoff parameter.
In this regime, all the size of non-giant components grows identical to the unbounded
case. After the transition, there are subtle differences that can be traced back to the
maximal degree. In the unbounded case, the size of the giant component approaches
S = 1 asymptotically, whereas in the bounded cases the the giant component approaches
unity as the average degree approaches the maximal degree. If plotted as a function of
time (not shown), S = 1 and the maximal degree are approached asymptotically in all
cases. The larger the maximal degree, the closer solutions match with the unbounded
case.

In the configuration model, the behavior with which the maximal degree is approached
is identical to the random graph model. However, it is observed that the position of the
phase transition appears to be shifted (see also figure 4.3.2). In all cases, the transition
is shifted to larger values and the shift is more pronounced if the cutoff parameter is
smaller. This effect is discussed in greater detail below. At the transition, the critical
exponents associated with S and < s > remain in agreement with the values expected
for percolation in random graphs, i.e., β = γ = 1.
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solutions has to be understood. To do so, it is helpful to consider the case of bounded
degree graphs as investigated by Ben-Naim and Krapivsky (2011), and briefly discussed
in chapter 7. Although similar at first glance, there is a crucial difference between the
cutoff parameter used to create bounded degree, and the cutoff parameter employed in
this chapter.

In bounded degree graphs, nodes cannot evolve to a higher degree after having ob-
tained the maximal number of links. Unless links are lost by some process, nodes of
maximal degree will remain at that state. If no such process exists in the system, this
state functions as an absorbing state in the evolution of each single node. The evolution
of a bounded degree graph where the rate at which connections are established exceeds
the rate at which they are removed, will eventually tend to a state that is dominated by
nodes that have the maximal degree.

In contrast, the solutions presented in this chapter are not models describing the evo-
lution of graphs, but rather present a way to assess from a suitable degree distribution
whether the associated graph has a giant component. The cutoff parameter in this case
represents the approximation that the fraction of nodes larger than the bond given by
the parameter will be negligible. Rather than representing exclusively situations where
nodes accumulate at the maximal degree similar to the case of bounded degree graphs,
the small degree solutions in the random graph and configuration models cut off all nodes
that have a larger degree.

Now, this is not a problem if the system to which the model is applied possess no
nodes that exceed the cutoff parameter, as is the case, for instance, in a bounded degree
graph with the same cutoff parameter. It is expected that in those cases, the solutions
presented here accurately describe the existence of a giant component. From this point of
view, it is also clear in which cases the solutions are only an approximation, and whether
the quality of the approximation is sufficient as will be discussed momentarily.

The Molloy-Reed criterion can be visualized as a balance between node classes that
drive a system into, or further away from the percolated state. Nodes with a degree
larger than two drive the system into the percolated regime, whereas nodes of degree
one keep the system in an un-percolated state. Nodes of degree zero and two assume a
neutral role. Furthermore, the larger their degree, the more a node contributes to the
connectivity of the network and, by extension, to driving the system into the percolated
regime. It is clear, that if a too large fraction of large degree nodes is cut off in this
fashion, the connectivity of the graph will be greatly underestimated.

To understand how this influences the position of the critical point, it is useful to
consider instead of a static degree distribution the evolution of a random graph as de-
fined by Erdös and Renyi in the presence of a cutoff parameter, compared to the same
model with no cutoff parameter as a null model. It is known, that at any point in time,
the degree distribution of such a graph is given by a Poisson distribution centered at
the average degree. The distribution is shifted to larger degrees as the average degree
increases. If not bounded, the distribution maintains a broadened but otherwise constant





Chapter 5

A graph model for planar P.

polycephalum networks

The ability of the slime mold Physarum polycephalum to create intricate networks on a
centimeter scale has incited many exciting projects, as has been reviewed in part in chap-
ter 1. Although the objectives of these works targeting network structure are diverse,
they share at least one common bottom line. By some method, information contained in
the structure of the mold, which is usually documented as an image or a series of images,
needs to be extracted and has to be brought into a format in which it is suitable for
further analysis. This problem classifies in part as an image processing and segmenta-
tion task. However, as will be specified below, obtaining graph information on a network
that is embedded in an image requires a suitable graph model. In the present chapter, a
graph model will be presented which has been designed in the scope of this work and is
intended as a way to discretize network information in the plane, given the edges of the
network have a measurable thickness.

The focus of this work is on the process in which a P. polycephalum network forms by
growth and fusion of scattered microplasmodia, slime mold fragments with sizes ranging
on the order of 100−500 µm. Typically, this process is observed for 24−36 h. In the pro-
cess, 2880−4320 gray scale images are taken that require processing, making an efficient
image evaluation and network extraction routine a crucial part of this work. This will be
examined more closely in the following section. However, efficient data evaluation is not
the only contributing factor to the need for a suitable graph model. Besides data analy-
sis, modeling and simulation of network formation are addressed in chapter 7. Network
growth and formation in P. polycephalum is a process that combines continuous changes,
such as the extension of growth fronts, with discrete topological changes, such as the
fusion or fission of links. Due to the presence of discrete events, it has been found useful
to regard both portions of the network formation process, continuous modifications as
well as events that are discrete by nature, as sequences of events that are discrete in
time and space. This approximation lays the foundation for the stochastic modeling and
simulation of network formation presented in chapter 7, where only a minimal number
of elementary processes gives rise to a flexible model for network formation.

Moreover, in future work a spatial discretization of the P. polycephalum network can

72
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be regarded as a framework for the agent-based modeling of dynamic processes that occur
on the network topology, and potentially interact with it. There exist numerous works
that propose continuous differential equation models in order describe, for instance, con-
traction waves or the chemical oscillation dynamics observed in P. polycephalum networks
or fragments (see, e.g., Smith and Saldana (1992); Radszuweit et al. (2014), or Teplov
(2017) for a review). Such models are already complicated when considered on regular
domains with well-defined boundary conditions, and implementing these on a complex,
arbitrary shapes such as a realistic P. polycephalum topology, for instance via the phase
field method (see, e.g., Löber et al. (2015)), holds numerous challenges to both, the mod-
eling and to the computational implementation. Given a suitable spatial discretization
of a network, it may become possible to solve approximate models, where differential
equations are solved only on single nodes that interact only with their neighbors.

The chapter is organized as follows. Section 5.1 is targeted at outlining the needs
and necessity of a graph model as developed in this chapter for analyzing the network
formed by P. polycephalum. This is done with reference to the topological skeleton, which
has been employed for the same task in earlier works (Fessel et al., 2012, 2015b), and
the shortcomings thereof are discussed. Building on the requirements outlined in section
5.1, section 5.2 describes and critically discusses the model and method employed for
network approximation in this work in greater detail. Finally, section 5.3 reports on a
collaborative project (Hillmich, 2018), which has been initiated in order to investigate
incremental changes in time resolved P. polycephalum graph data. This has led to a
methodology that enables tracking of the elementary topological processes as considered
in chapter 7 during the evolution of a P. polycephalum network.

5.1 Requirements for a suitable graph model

Omitting at this point any details of the routine, the first step in extracting network in-
formation from an image in the scope of this work has been selected to be the conversion
of a gray scale image into a binary image, where the only differentiation that is made is
between the foreground and the background. This process is a paradigmatic example of
image segmentation: when concerned only with the connectivity of a network, it is not
important whether there is variation in the foreground. Having obtained suitable binary
images by some method, the image processing step is completed and it is necessary to
decide how graph information is to be extracted from the binary image. From the bi-
nary image, such data can be obtained by various methods that are all valid for their
respective optimal use cases. In accordance with the objectives of this work, a novel
method has been designed, whose final result constitutes a graph model that is specifi-
cally suited for the representation of P. polycephalum and comparable planar networks.
The considerations making the presented method favorable the topological skeleton that
has been used in earlier work (Fessel et al., 2012, 2015b) are elaborated in this section.
The process in which graphs are abstracted from network images is detailed in section 5.2.

Among the tools available for extracting a graph-like structure from a binary im-
age, the skeleton representation stands out, and has been successfully applied to image
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data showing the evolution of P. polycephalum during early stages of this work, as is
published in Fessel et al. (2012, 2015b). Briefly, the skeleton of a binary image can be
created by progressively thinning binary structures until only lines remain that are one
single pixel in width, or by computing the medial axis transform (Blum, 1967), which
detects all points in a structure that are closest to at least two other points that lie on
the edge of the structure. This process removes potentially unnecessary information such
as the original width of the structure and preserves only the topology. A skeleton is easy
to transform into a graph, as branching points and end points can be easily identified
through a search on the skeleton. However, the skeleton has a number of shortcomings
with regard to application in this work.

From a technical point of view, the skeleton proves problematic because it is ex-
tremely sensitive to imperfections that line the edge of the structure. Without extensive
post-processing, these imperfections tend to lead to unwanted dangling ends, graph struc-
tures that do not reflect the shape of the object. Although sophisticated methods exist
to prune such ends (Bai et al., 2007), it is generally difficult to create a procedure that
works well for all cases. The networks under scrutiny in this work tend to have a signif-
icant number of open ends that are, unlike the dangling ends, important features of the
network as they represent protrusions that are created as part of the motility apparatus
of the slime mold. Distinction between these and dangling ends is an important require-
ment for a suitable graph model and presents a point where the skeleton was found to
produce unsatisfactory results.

Another technical objection against the skeleton as a network representation arises
when taking into account the temporal continuity of the graph. Identifying changes of a
network topology that changes with time requires as is intended in the scope of this work
requires that it is possible to associate partial structures of the graphs that represent
adjacent time steps. Due to the sensitivity of the skeleton to tiny details of the binary
image and the slight changes thereof, identifying such related structures is difficult with
the topological skeleton.

Focusing on the properties of the P. polycephalum network, there exist further require-
ments to a suitable graph model that the skeleton fails to fulfill. First, it is observed,
that the veins of a P. polycephalum network are very inhomogeneous in thickness due to
the hierarchical structure of the network. Second, there exist spacious, sheet-like regions
near the rim of a network. Inspecting these so-called growth fronts under the microscope
reveals that they are internally highly structured into multiple channels, referred to as
internal veins (Oettmeier et al., 2018). Due to limitations to the imaging hardware, this
internal structure is not resolved during the imaging process underlying the date pro-
cessed in this work. However, the graph model designed here is set up to account for the
heterogeneity of the network structure by assigning to each node a radius of influence.
How such a radius may be defined for the individual node will be detailed below. Suffice
to say here, that the associated disk centered at the location of the node should neither
overlap with the disks belonging to other nodes, nor with the background. This way,
spacious growth fronts can be covered by large nodes, whereas thin veins are reflected
only by nodes of small radius.
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Assigning nodes a radius has multiple advantages in addition to the correct repre-
sentation of growth fronts. Defining a minimal radius where nodes cannot fall below
functions as a topological filter that eliminates the pruning problem detailed above, and
similarly ensures that potentially erroneous details are not represented in the final graph.
To illustrate this, one might consider the following example: a typical structure observed
in planar networks is a the crossing point of two edges, which is in the present framework
referred to as a node of degree four. However, if such a structure is abstracted by a
topological skeleton, it is a common error that the node of fourth degree is separated
into two adjacent nodes that are separated by a small distance distance.

Finally, the requirement, which is most influential for accurately representing the P.

polycephalum network in the scope of this work is the clear definition of nodes of second
degree. This requirement arises primarily from considerations targeting the structural
dynamics of the network and thus needs to be explained with regard to the model de-
vised in chapter 4. There, the construction of a graph is studied as a sequence of basal
modifications, i.e., interactions between individual nodes. As implemented there, the set
of edges exclusively describes the connectivity between nodes, rather than representing
any other information such as physical dimension. In contrast, in a graph representing
the branching and end points of a topological skeleton, edges measure the distance be-
tween these points. In order to represent the same information on a graph that assigns
no further attributes to its edges, it is necessary to discretize this distance into a set of
nodes of degree two.

Given such a discretization, nodes of degree two assume an important role in the sys-
tem. First, the number of degree two nodes in a graph functions similar to a density. A
graph with no degree two nodes connected by unit-length edges is topologically identical
to a graph where a number of degree two nodes is distributed with equal probability. Al-
though identical in a topological sense, the mesh formed by the latter graph will be more
coarse-grained. A second important implication comes from the dynamics perspective.
A typical process in the evolution of a P. polycephalum network is a scenario, where a
node that is moved by some mechanism meets with a vein, leading to fusion and the sub-
sequent emergence of a new branching point. In the light of the probabilistic approach
detailed in section 3.3.2, the probability of such a process can be correctly represented
in a setting that keeps edges at unit length only if the physical dimensions of the graph
are accounted for by second degree nodes.

Summarizing the statements made above, a graph representation is searched for that
discretizes a planar network structure into a set of nodes and edges, where edges do not
represent the physical dimensions of the network but rather only indicate the connectivity
of nodes. In turn, nodes possess individual radii that indicate their region of influence
on the underlying network. In addition to nodes that represent junctions or tips of veins,
nodes of degree two exist. These need to be defined such that the physical dimensions of
the network are correctly represented if all nodes are non-overlapping disks. A minimal
radius is required for correct pruning of redundant protrusion-like structures and other
erroneous structures as detailed above. An example of such a graph is shown in figure
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proposed here have been further improved and were optimized in a collaborative project
(Hillmich, 2018). Unless indicated otherwise, all P. polycephalum graph data analyzed
in this work have been obtained using the improved procedures. Details on the improve-
ments are given below.

Named with reference to the Apollonian Gasket fractal (Mandelbrot, 1982), the Apol-
lonian graph approximation presented here should not be confused with Apollonian net-
works, a type of planar graph that forms when all adjacent circles in the original Apol-
lonian Gasket are connected by edges. Although Apollonian networks possess a number
of interesting features, namely and among others, a scale-free degree distribution, and
clustering and shortest-path characteristics that indicate presence of the small-world ef-
fect (Andrade et al., 2005), they are dissimilar from the type of network obtained by the
mechanism proposed here due to the regularity of their construction.
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Algorithm 5.2.1: Apollonian graph approximation
set of nodes

Data: binary image I, minimal radius r0
Result: set of coordinates {(x, y)}, set of radii {r}
begin

r ←−∞
E ←− Euclidean distance transform (I)
while r ≥ r0 do

r ←− max (E)
(x, y)←− coordinates max (E)
I ←− remove disk from foreground (I, (x, y), r)
E ←− local Euclidean distance transform (E, I, (x, y), r)
store r, (x, y)

set of edges

Data: binary image I, set of coordinates {(x, y)}, set of radii {r}
Result: graph G
begin

S ←− compute skeleton (I)
P ←− end & branching points (S)
G←− initialize graph (N ←− ({(x, y)}, {r}), E ←− ∅)
G←− clean non-overlapping nodes (S,G)
S ←− color skeleton by closest node (S,G)
foreach Pi in P do
{P ′

i} ←− neighboring points (S, Pi)
foreach P ′

i in {P ′
i} do

(xj , yj)←− current coordinates (P ′
i )

while S(xj , yj) = Ni do
(xj , yj)←− trace skeleton (S, (xj , yj))

else
Nj ←− S(xj , yj)
G←− add edge (Ni, Nj)

G←− clean self edges & duplicate edges (G)
store G
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time before completing, only to create a large set of redundant nodes. However, this is
only a problem with regard to computation time and not with regard to the final result.
As will be detailed below, only those nodes whose radius of influence covers a portion of
the topological skeleton will be kept.

Turning to the details of the computational procedure presented as algorithm 5.2.1,
the starting point are binary representations of P. polycephalum networks as seen in fig-
ure 5.2.2 panel (b). These are obtained from gray-scale images similar to the example
shown in figure 5.2.2 panel (a), via a custom local adaptive binarization routine based on
Otsu’s method for histogram-based threshold selection (Otsu, 1979). From there on, the
algorithm follows the construction procedure outlined above in a straightforward fash-
ion. First, the Euclidean distance transform (Borgefors, 1986) of the shape is computed,
which assigns to each point in the foreground of a binary shape the distance from that
specific point to the closest point in the background. This makes it particularly useful
for the present application, as a circle with a radius according to that distance, which is
centered around the location of the maximal value of the transformed image touches the
edge separating back- and foreground in one or more locations without overlapping with
the background. The coordinates and radius found this way define the first node of the
graph, as is indicated in figure 5.2.2, panel (c). There, the euclidean distance transform
of the binary image shown in panel (b) is displayed, and the circle found during the first
iteration has been highlighted as a red line. In a second step, all points that lie within
this circle are removed from the foreground and assigned to the background. Following
this, the procedure could in principle be repeated by computing once more the distance
transformation of the (now modified) shape. However, this is computationally costly if
dealing with an extensive image. In addition, it is noticed that the image changes only
in the vicinity of the modified region. It has thus been found to be more efficient to
calculate instead the distance transformation in a window centered at the coordinates
of the removed circular area, with a window size measuring twice the radius of the re-
moved circle. Repeating this process until the maximal value of the distance transform
falls below the threshold value leads to the result shown in figure 5.2.2 panel (d). If the
threshold is chosen sensibly (in the present case, half the radius of an average vein has
been selected), the surface of the network is tightly packed with circles with only little
redundancy, and few veins that are not correctly filled because their thickness undercuts
the threshold.

In any case, the result is a graph that does not yet have any edges. The process during
which these are obtained, and during which redundant nodes are removed, employs the
topological skeleton and is described in the following section.
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5.2.2 Obtaining the set of edges

In section 5.1, a number of shortcomings of the traditional skeleton for representing pla-
nar graph data have been named. Although these objections remain valid, the skeleton
can be used to establish the connectivity between the nodes whilst avoiding the problems
associated with the skeleton. The placement of nodes detailed in the previous section
constitutes a natural definition of second degree nodes, thus overcoming the one of the
main problems of the skeleton representation. As the surface of the network is almost
completely covered with nodes, details of the skeleton that occur on a scale that is smaller
than the minimal radius of nodes are effectively filtered out. These features can be seen in
figure 5.2.2 panel (d), where the skeleton is drawn in addition to the nodes discovered in
the previous section. First, all veins of the network a discretized into a number of circles
that are almost homogeneous in size, with their diameter reflecting the thickness of the
vein. Vein length can be given in units of the average node radius or equivalently, by the
number of second degree nodes between two branching or end points. Second, turning to
the largest circles in the same panel, it is noticed that intricate skeleton structures are,
in a sense, summarized by a single node.

Omitting algorithmic details, the procedure, which establishes a planar connected
graph from the skeleton and the set of nodes can be briefly outlined as follows. First,
nodes whose radius of influence does not overlap with the skeleton are removed from the
graph. Second, the connectivity between the remaining nodes is established by starting
at an end or branching point of the skeleton, identifying the node that is closest, and
tracing the adjacent skeleton edges until other nodes are encountered. Once this step is
completed for all end or branching points, duplicate edges (edges that are present twice)
and self edges (edges that attach to the same node twice) are removed from the graph in
a final step.

The procedure is given in algorithmic form in algorithm 5.2.1. Detailing the steps
outlined above, the algorithm commences by computing the topological skeleton through
a thinning operation, and by identifying end and branching points based on the number
of neighboring points. It should be emphasized at this point, that the skeleton as used
here does not contain any redundant points, i.e., removing any point from the skeleton
changes the connectivity it represents. Next, a graph structure is initialized from the
set of nodes, and each node is assigned its radius as an additional information. At this
level of detail, it is not important, by which data structure the graph is represented
exactly. Suffice to say, that additional information needs to be defined on the nodes as
detailed before, whereas edges are undirected and have no other function but reflecting
the connectivity between nodes. Prior to establishing this connectivity, it is checked for
all nodes whether their radius overlaps with the skeleton. If this is not the case, the node
is seen as redundant and thus removed from the graph.

Not all points of the skeleton are overlapped by some node, which is not a problem
unless the point in question is an end or branching point. It is intended to explore the
skeleton from one end or branching point to another, and attributing this connection to
the graph. To be able to do this, each end or branching point needs to be associated
with a node, as can be illustrated as follows. Following an edge of the skeleton from
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one point that is correctly associated to a node to one branching point where this is not
the case raises a problem. From this point, at least two other points can be found by
exploration. If these are correctly assigned to other nodes, the problem can be solved by
simply connecting them to the last node that was encountered. However, as soon as such
a problem extends to the second neighbors, serious distortions from the spatial network
structure become possible. To avoid this problem, it is ensured that each point on the
skeleton is associated to a node. The simplest measure to base this on is spatial distance.
The tool that lends itself to this task is Voronoi tesselation (Okabe et al., 2008), tech-
nique which assigns to each point of a set of points in the plane the region in which the
distance to that point is shorter than the distance to any other point in the set. Figure
5.2.2 panel (e) shows the Voronoi diagram for a portion of the set of nodes, where each
node is characterized by its center. Based on this diagram, each point on the skeleton can
be associated to a node. In a sense, the skeleton is colored based on distance, as shown
in panel (f) in the same figure. Now, having ensured connectivity of the graph, edges
between nodes are established by starting at end and branching points and exploring all
adjacent branches until discovering a portion of the skeleton that is assigned to a differ-
ent node. Then an edge is established. After completion of the exploration process and
unless these cases were suppressed in the process or by the selected graph model, there
is likely a number of duplicate edges and possibly self edges, leading from one node to
the same node. These need to be removed from the graph before returning the final result.

The resulting graph is shown in figure 5.2.2 panel (g), and represents a typical example
of the graph representation of an adult P. polycephalum network, as will be analyzed in
greater detail in chapter 6.

5.2.3 Criticism, improvements and future directions

Before moving on, it should be emphasized again that the resulting graph is one valid first
approximation of a network, which has an number of caveats. Primarily, as the spatial
discretization follows from the sequential placement of circles, some unfavorable configu-
rations are possible. For example, due to the bounded size of nodes, it is unlikely that a
vein is covered without gaps, i.e., nodes that are neighbors are not necessarily in direct
contact. Similarly, due to the sequential placement, it occurs that in the neighborhood of
average sized nodes gaps remain that are finally filled with nodes only slightly above the
threshold, leading to inhomogeneous node size distributions in otherwise homogeneously
structured veins. This problem is in part relieved by an optimization introduced by
Hillmich (2018), which allows nodes to shift slightly after having been placed. However,
the constraint that nodes cannot overlap with each other or the background is still in
place. Weakening this constraint slightly, and allowing nodes to grow, shrink and shift in
favor of other nodes, could lead to more even configurations. Further concerns with the
present procedure arise when taking into account the temporal continuity of the graph
representation. These are the focus of the following section.

Nevertheless, by visual inspection results obtained from by the proposed procedure
appear to be very well suited, and although there is room for improvement, the graph
model that is a approximated is found to lead to good results in chapter 6.
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5.3 Tracking topological modifications

In chapter 7, network construction processes are modeled as a sequence of topologi-
cal modifications. Therein, these sequences are regarded as realizations of a stochastic
process that is characterized by a number of parameters. These parameters are rate con-
stants that control the frequency at which the associated modification process occurs.
In principle, obtaining experimental values for these constants from temporally resolved
graph data is possible in two ways. First, using regression it is in principle possible to
fit a model to experimental data. However, the number of parameters is significant and
grows in a non-linear fashion with the largest node degree in the graph data, thus leading
to an overfitting problem. One is thus required to turn to the second method, which is
counting the number of modification that occur during the graph construction process
and calculating the rate constants from the result.

Although the described method appears straightforward, there is a number of tech-
nical difficulties associated with it. First and foremost, graphs obtained from image
evaluation as described in the previous section are calculated for each image individually.
Now, in order to determine the modifications that lead to the change of a graph between
two time steps it is necessary to monitor how the connectivity of each individual node
evolves during that time step. This makes it necessary to track nodes through time,
or, more specifically, determine for each node the predecessor and successor in adjacent
time steps. In an ideal scenario, this is not a difficult task as the interval at which im-
ages of networks are taken are selected small enough to resolve topological changes well.
However, due to noise stemming from the image segmentation process and due to the
dynamic oscillation of the slime mold, veins constantly change slightly in diameter, or,
in less ideal cases may even get severed between images as they fall below the threshold.
These effects lead to the erroneous temporary disappearance of nodes, to spontaneous
changes in diameter or to shifts of the center, making tracking a complicated task.

This issue has been addressed by Hillmich (2018) in a collaborative project. Therein,
the original algorithms in the previous section have been reevaluated and improved where
necessary, in order to obtain graph approximations that are more stable in time. Fur-
thermore, a tracking algorithm has been implemented as part of the same project. The
improvements aimed at enabling the tracking of nodes made there can be summarized
as follows.

First, building on the assumption that networks do not change too much between
two time steps, it appears sensible to initialize the set of nodes of a time step t+ 1 from
the set of nodes at time t. In greater detail, instead of obtaining all nodes of t+ 1 from
the circle packing procedure, the centers of nodes found in the preceding image are used
as initial guesses. As it is unlikely that a node does not change position at all between
two time steps, it is then allowed to move by up to a certain distance, such that the final
position maximizes the radius of the node while maintaining the constraint that nodes
cannot overlap with the background. This process improves the temporal continuity of
the set of nodes and suppresses cases where different configurations of nodes that ap-
proximate an area almost equally well alternate between time steps, but comes at the
cost of a new parameter that requires to be adjusted. It has been observed, that to large



Section 5.3. Tracking topological modifications 85

movement distances lead to a directed movement of nodes along a vein over multiple
time steps, as a product of the oscillatory behavior of the slime mold network. Setting
up the parameter with care is thus unavoidable. Nodes that cannot be adjusted using
the described procedure are added to the graph by Apollonian circle packing.

Second, it is observed in structures that have extensions near the threshold value,
that nodes in these regions that are stably detected for a number of time steps cannot
be placed when the region drops below the threshold value for a small number of time
steps before reappearing. By introducing a maximal gap size as an additional parameter,
these gaps can be detected and bridged by inserting a node whose radius, position and
connectivity are derived from its predecessor and successor. Again, this optimization,
which comes at the cost of adding one more parameter, contributes to improving the
temporal continuity of the graph. Unless selecting excessive values for the allowed gap
size, this optimization has not been observed to lead to erroneous behaviors.

The previous optimizations make use the concept of the predecessor and successor
of a node, and thus make it necessary to introduce the tracking procedure. Omitting
here the technical details, which are found in Hillmich (2018), it is possible to associate a
node at one time step with a node at a later time, based on a number of criteria. These
criteria include differences in radius, spatial distance and temporal distance, the latter
being identical to the gap size introduced above. By definition, a node can only have one
predecessor and one successor.

Based on the tracking, topological modifications of the graph can be detected by
monitoring changes in the set of edges. Briefly, using the symmetric difference of the
sets of edges of two adjacent graphs, all those edges can be detected that were either
not present in the first graph and have thus been established between the time steps, or
those, that were present in the first, but can no longer be detected in the subsequent
time step. In an ideal scenario, the tracking would be completed here and one might
identify elementary topological modifications1 from the set difference as defined above.
However, due to imperfections in the image processing and due to the size of the time
steps, it is observed in many cases that one node does not only participate in one single
event, but rather interacts with a number of neighbors simultaneously as indicated by
changes in the set of edges. Similarly, it is observed in some cases, that multiple nodes
appear or disappear in one time step as a connected complex.

Based on the concept that exactly simultaneous changes are extremely unlikely, it
appears reasonable to assume that complex modifications represent a sequence of ele-
mentary changes. However, the order in which these may appear is ambiguous. To solve
this problem, Hillmich (2018) proposes a method to decompose these higher-order mod-
ifications into elementary modifications. In essence, a stability score is introduced that
allows assigning a temporal order to all simultaneously occurring changes that consti-
tute one higher-order modification by assuming that changes with the highest stability

1These include fusion (adding one edge between two nodes), separation (removing one edge between
two nodes), growth (adding a new node and connecting it to one existing node) and retraction (removing
one node that has one single neighbor, and removing the associated edge). See section 7.2 for more detail.
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score are carried out first. The stability score is based on the consideration that the
P. polycephalum graph structures are locally tree-like, and henceforth, that changes of
this graph structure resemble the (de-)construction of such trees. In accordance with the
necessity that nodes cannot appear out of thin air, and neither vanish into thin air, it is
sensible to assume that growth starts at the root node of such a tree, whereas removal of
nodes is more likely in the lesser connected branches. On the technical side, the stability
score is calculated for each changing edge as obtained from the set difference. There are
two contributions that are based on changes to the number of nodes in the graph and
on changes to the set degrees of participating nodes. Briefly, changes are favored that
minimize changes to the number of nodes, and changes are favored that minimize the
change of node degrees. The stability score is recalculated whenever the most favorable
modification has been selected and applied.



Chapter 6

Dynamics of P. polycephalum

network formation

As detailed in chapter 1, P. polycephalum and its network have been a subject of inter-
est for some time. However, the literature on P. polycephalum at large focuses on the
study of microplasmodia, for instance as a model system for cell mechanics (Fessel et al.,
2017) or cell motility (Lewis et al., 2015; Zhang et al., 2017), or on the behaviors of the
adult network, including migration or adaptation of the network structure in response to
external stimuli or constraints (Ueda et al., 1975; Häder and Schreckenbach, 1984; Taka-
matsu et al., 2009). This leaves ample room in the middle ground, where the dynamics
of microplasmodia lead to the self-organized formation of an extended vein network.

The present chapter focuses on the evaluation of experiments performed on the net-
work formation of the slime mold P. polycephalum. The focus lies on the formation of
a P. polycephalum network from disconnected fragments. These disconnected fragments
are microplasmodia (Bernitt et al., 2010), vital units of P. polycephalum that can be
created by manually cutting or scraping, or by submerging macroplasmodia in liquid
shaking cultures containing growth medium (Gawlitta et al., 1980).

The chapter is organized as follows. First, in section 6.1 the experimental procedure
used for data acquisition is introduced and a closer look is taken at the type of result
obtained in this fashion. Furthermore, in order to sensitize the reader for the type of
network formed by P. polycephalum, some structural properties of an adult network are
investigated. In section 6.2, the topological evolution of P. polycephalum is described.
Most prominently, it is found that P. polycephalum evolves towards a topological steady
state in which the network expands and migrates while maintaining a constant degree
distribution. Furthermore, in the light of percolation, the evolution of a giant compo-
nent is investigated and compared to analytical solutions prepared in chapter 4. A shift
of the percolation transition with regard to the models is noticed and possible sources
for the shift are discussed. In section 6.3, an attempt is made to distinguish between
functionally different phases of growth observed in the slime mold. In total, four clearly
distinguishable phases are identified and evaluated with regard to the structural prop-
erties of the network. Building on the tracking procedure for topological modifications
described in section 5.3, rates characterizing the development of P. polycephalum net-
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works are obtained from experimental data in section 6.4, and it is concluded that the
phases of growth can be distinguished based on these rates. Furthermore, it is shown that
the rate equation model proposed in section 7.3.1 appropriately recreates the topological
evolution of P. polycephalum using the experimentally determined rates as parameters.

6.1 Experimental procedure & available data

6.1.1 Experimental procedure

Data analyzed within this work have been exclusively obtained using an identical rou-
tine and an identical imaging system. The experimental procedures is similar to that
used for data acquisition in Fessel et al. (2012, 2015b) and can be summarized as follows.
Microplasmodia of the slime mold P. polycephalum are maintained as axenic shaking cul-
tures containing a volume of 100ml growth medium, plus microplasmodia. The growth
medium is a semi-defined medium that is kept at an acidic pH of 4.6. The contents (5 g/l
glucose, 5 g/l enzymatic hydrolysate of soybean meal and 0.01 g/l hemin) have been mod-
ified after Daniel and Rusch (1961); McCullough and Dee (1976). Liquid cultures are
kept in the dark at an ambient temperature of 24 ◦C. Cultures are passaged every three
days up to a total of 30 passages. For inoculation of a new passage, the microplasmodia
contained in 2ml volume of the previous culture are used. All experiments contributing
to the dataset have been performed with 3 days old cultures, when the microplasmodium
biomass in the culture has regrown to a reasonable amount and when microplasmodia
are still well fed. Glucose depletion in the culture is expected at a similar time (Lee
et al., 2018). Performing experiments on later days leads to substantially different re-
sults, including a prominent ’mesoplasmodium’ pattern, where microplasmodia no longer
percolate into one network but evacuate the site of inoculation as extended, globular units
(Lee et al., 2018) when plated on agar with a low glucose content.

In order to perform experiments, microplasmodia of the slime mold Physarum poly-

cephalum, strain WT33×LU898, are harvested by centrifugation of a 2ml volume of the
liquid culture at 331 g for 3min. After removing the supernatant, microplasmodia are re-
suspended with 2ml of growth medium and henceforth plated on a 9 cm plate containing
semi-defined medium and variable amounts of glucose, ranging from 2.5 g/l to 20g/l. The
volume of droplets in which microplasmodia are transferred to the agar plate is subject
to experimental control. In the present work, the volume of inoculation was set to be
either 25 µl or 100 µl. In case of the smaller volume, 15 − 25 network growth sequences
can be monitored in one dish, in case of the larger volume this number is limited to four.
This discrepancy in experimental efficiency is reflected by the respective populations in
the dataset. In total, 522 network growth sequences have been analyzed for this work,
consisting of 380 sequences inoculated at 25 µl, and the remaining 142 experiments inoc-
ulated at 100 µl.

Adequate imaging of P. polycephalum network development requires a versatile imag-
ing system. The diameter of individual veins varies from below 100 µm to 500 µm, while
developed networks may span several centimeters. Development of such a network usu-
ally requires several days. Given the stochastic nature of network growth and the finite
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size of the system, a large number of experiments is necessary to obtain good statistics
and explore the influence of system size. A suitable imaging system needs to provide,
alongside resolution and field of view as specified above, the means to control tempera-
ture and humidity over an extended time frame.

This need is met by a custom made setup, which has been slightly modified from the
setup used for imaging in (Fessel et al., 2012, 2015b). For image acquisition, a Canon
EOS 5DS R digital camera, in conjunction with a Canon EF 50 mm/2:5 macro lens
provides excellent resolution at a field of view that allows capturing of the entire dish.
The camera is mounted above the agar, while suitable illumination at low intensity is
provided from below. The atmosphere around the plate is kept at a constant humidity
of 84 percent by contact to a supersaturated potassium chloride solution. The entire
system is mounted in an incubator capable of heating and cooling, in order to maintain
a constant temperature of 24 ◦C and in order to avoid exposure to other light sources.

In all experiments, images were taken every 30 s for 24−36 h. This time frame allows
the slime mold to regrow into one network containing all inoculated microplasmodia.
Imaging was usually terminated when networks started migrating from the site of inoc-
ulation. For image processing and evaluation, custom automated routines implemented
in Python 3.6.4 (van Rossum, 1995) were used. Processing steps include pre-processing,
namely cropping and filtering, subsequent binarization using a custom method based on
the adaptive Otsu’s method (Otsu, 1979), and further post-processing including volu-
metric filtering and the removal of foreground and background regions containing only
few pixels. Graph extraction from binary images has been performed using the proce-
dures presented in chapter 5, in an improved version implemented by Hillmich (2018).
The procedures listed above, and procedures implemented for further analysis rely on
the following packages: NumPy (Oliphant, 2006), SciPy (Jones et al., 2001), NetworkX
(Hagberg et al., 2008), Scikit-Image (van der Walt et al., 2014), Scikit-Learn (Pedregosa
et al., 2011), Matplotlib (Hunter, 2007).

6.1.2 Available data

As described in the previous section, two parameters were subject to experimental con-
trol. First, the nutrient content of the agar was varied, and second, different volumes
were inoculated onto the agar. Furthermore, unlike other works concentrating on the
influence of the placement of food sources, the network growth observed here is not con-
strained in the sense that nutrients are homogeneously distributed in the agar layer. In
the present work, only effects associated with different volumes are analyzed systemati-
cally. Populations of different glucose concentrations are uneven in size, with the majority
of experiments performed at an intermediate concentration of 10 g/l. It has been found
that in many cases further dividing the dataset into subsets by both parameters leads
to an insufficient sample size for the remaining concentrations. Furthermore, even with
both parameters under control, the observed patterns show a high variability. Evaluat-
ing the topological observables of interest to this work with regard to nutrient content
showed little to no significant effects in the present data. Nevertheless, effects of the
glucose concentration can be seen by visual inspection. In particular, it is observed that
networks on high-glucose agar do not expand as quickly as those growing on agar with
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Figure 6.1.2: Typical formation sequence of a P. polycephalum network. Time
is in hh:mm. The scale bare represents 3mm. Please refer to the text for a
detailed description.
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inhomogeneous within the patch. In order to estimate the patch radius r0 and coverage
A/A0 from the distribution, a tangens hyperbolic is used as an empirical fit model:

c(r) = −c0
2
(tanh(d(r − r0)) + 1) (6.1.1)

Here, c(r) is the fraction by which a ring of radius r centered around the patch centroid is
covered by microplasmodia, and c0 = A/A0 is the coverage of the patch. r0 is the patch
radius and d is a constant indicating how strongly the step function is smeared out. All
three parameters are found by fitting. The results are shown in figure 6.1.1 panels (b)
and (c). The radii for both inoculum volumes are displayed in panel (b) and indicate that
for the selected inoculum sizes, there is barely any overlap between the populations. In
contrast, coverages as shown in panel (c) are centered at a very similar value indicating
that the number of microplasmodia is independent of the patch size. As indicated by the
histograms, the number of experiments performed at small volume is much larger, which
is due to the possibility of fitting a much larger number of patches into one single dish if
the patches are smaller in radius.

Having assessed the initial configuration, a closer look can be taken at the typical
evolution of a P. polycephalum network. A typical example inoculated with small volume
(25 µl) is shown in figure 6.1.2. Selected graphs depicting stages of the same series are
shown in figure 6.2.1. Over the course of 28 h, it is observed that the initially plated mi-
croplasmodia fuse and expand, eventually developing into one connected structure with
a pronounced vein that develops growth fronts when expanding over the patch borders.

Directly after inoculation (00:00), the movement and fusion of individual microplas-
modia is governed by the hydrodynamics of the evaporating droplet, rather than by
movement induced by the slime mold. Microplasmodia are moved due to drying effects
and move towards each other in a directed motion due to capillary forces. Therefore,
the second frame (02:00) represents the initial configuration from which the initial con-
ditions are retrieved, and from which on the slime mold moves and grows actively rather
than passively. The initial configuration of the present example is characterized by a
patch size of roughly 4.3mm at a density of 0.19, placing it in the center of the radius
distribution and on the lower end of the density distribution. Furthermore, it is noticed
that the distribution of microplasmodia in the patch is not homogeneous. This is fre-
quently observed and can be attributed to slime residues in the liquid culture that lead
to a locally variant viscosity. In larger patch sizes, this effect is mitigated by the larger
number of microplasmodia, leading to an overall more homogeneous distribution. The
drying off usually complete within the first hour, leading to a configuration as seen in the
second frame of the time series, where microplasmodia have aggregated to larger struc-
tures and are in the process of fusing. Within the next hours (02:00-04:00), there are
only few changes visible in the time series. During this time, aggregates containing mul-
tiple microplasmodia complete internal fusion events and reorganize, before commencing
growth and movement at roughly 08:00 hours. From 08:00-14:00, objects move, fuse and
assume local network configurations. In the frames leading up to 14:00, the component
size distribution is perceived to be rather spread out. In contrast, when approaching
the configuration in 14:00 it is noticed that the majority plasmodial mass is combined in
components that are large and possess tubular network structures. Between 14:00 and



Section 6.1. Experimental procedure & available data 93

16:00, the most prominent topological transition occurs: average-sized components fuse,
and shortly after, the majority of plasmodial mass is connected in one giant component.
This is a percolation transition discussed in chapters 2 and 4 in a finite-sized system.
After 14:00, further fusion and growth events occur and the size of the giant component
continues to grow. From 18:00 on, it is first observed that veins become heterogeneous
in thickness and height, resulting in a darker color. The last stage of growth observed
in the present example covers all frames from 18:00 to 28:00. There, it is on one hand
observed that a growth front begins to form, and on the other hand the network coarsens
and begins to retract from some regions, as plasmodial mass is moved into the growth
region, which eventually expands beyond the boarder of the patch. This is consistent
with observations in Fessel et al. (2015b), where it is reported that no area is explored
by the slime mold before the network is structured to some degree. Typically, point is
reached at or shortly after percolation. The vein that connects the growth front with the
remainder of the network has to transport a significant amount of plasmodial mass and
thickens in the process, in order to accommodate the increased need. This has been first
described by the current-reinforcement model by Tero et al. (2007), in which the thick-
ness of veins increases if there is sufficient flow through the vein, and decreases otherwise.

Focusing on the developing growth front, it is apparent that in the uroid region of the
fan-like structures, network veins form by hole formation. The number of growth fronts
is not necessarily limited to one, as seen in the present case. In other networks, especially
in the larger system size, growth fronts protrude in several directions almost simultane-
ously, and in some cases with exceptionally high coverage the entire perimeter of the
patch may be covered by one single connected front. Not shown in the present example
is the expansion behavior after the protrusion of growth fronts. It will be discussed later
on, that growth fronts move with constant direction and speed for an extended time span
in direct succession to the protrusion stage. Upon halting, a wave with a wave length
scaling with the size of the network and a period of 60− 120min develops. This ’growth
wave’ drives the expansion of the network in this phase, leading to a pulsatile forward-
forward-backward movement observed in the frontal region, with the expansion velocity
equal to the phase velocity of the standing wave. Although the number of growth fronts
and other details, such as the fraction of plasmodial mass that is not part of the largest
component in the final state, differ, the topological evolution detailed above encompasses
the growth of all slime mold networks considered in this work. A second time series, this
time for a network grown from the high volume initial condition, is shown later in this
chapter in figure 6.3.4 for comparison. In contrast to the present time series, only a se-
lected number of prominent time points, such as the the percolation transition, are shown.

The final state of the time series in figure 6.1.2 is the state towards all networks
progress, and in which does not change substantially in the following hours. This state,
which is here referred to as the adult or developed network is more closely examined in
figure 6.1.3. There, the final frame of the time series in figure 6.3.4 is displayed in panel
(b). The network has developed a large number of growth fronts protruding from an
intricate, hierarchical network structure (Baumgarten and Hauser, 2013). In the given
example, the hierarchical structure of the network can be seen very clearly: a collection of
thinner veins constituting a mesh-like structure is connected to two major veins that are
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height map of a different P. polycephalum network, which possesses a similar structure.
The height map has been obtained as part of a collaborative project via fixation, casting
and subsequent micro-CT scanning (Fessel et al., 2017), and provides further insight into
the general structure of a network. As indicated by gray values in panel (b), veins that
constitute the backbone of the network are not only more extended in the plane but pos-
sess an increased height. Furthermore, it can be gleaned from the CT-scan that spacious
growth-frontal regions are indeed not not homogeneous in height. At the very tips of
growth fronts, maximal height values in comparison to the remainder of the network are
observed. These are followed by thin, sheet-like regions in which holes may form. For a
more detailed view on the expansion dynamics of P. polycephalum growth fronts, refer
to Baumgarten and Hauser (2014); Rodiek et al. (2015).

A different way to dissect the structure of the network in figure 6.1.3 panel (b) is
shown in panel (a), where the graph obtained by the method presented in chapter 5
is shown. As can be seen there, nodes possessing a larger radius of influence (indicate
by circles) are predominantly found in the growth fronts, and to some degree in the
backbone vein, whereas the remaining nodes are almost homogeneous in size. Typically,
large nodes found in growth fronts also have an above-average node degree due to a
number of protruding, finger-like structures that are attached to them. These formation
of finger-like structures constitutes an important part of the expansion mechanism of
growth fronts (Baumgarten and Hauser, 2014). Correlations between node radius and
degree will be discussed below.

The coloring of the graph structure in figure 6.1.3 clearly distinguishes between nodes
found in the frontal region (colored in red), nodes constituting the backbone of the net-
work (colored in blue) and the remaining nodes that a part of the mesh-like network
structure (colored in gray). This coloring has been obtained by an exemplary clustering
analysis, an unsupervised learning technique (Duda et al., 2001) that attempts to group
unlabeled data into groups of similar features. Here, nodes are classified by measures
such as their degree and radius, by the degree and radius of their neighbors, and finally
by a measure for the centrality of a node within the network. The betweenness central-
ity (da F. Costa et al., 2007) is determined for each node individually and depends on
how many shortest paths between all pairs of nodes in a graph run through that node.
The present result has been obtained by k-means clustering of all nodes in the network,
with features as detailed above. K-means clustering (Lloyd, 1982) partitions nodes into
a number of clusters such that the squared distance between all points an the respective
cluster centers is minimized in feature space. The result highlights that the qualitative
observations made above can be quantified based on measures that take into account the
functional and structural properties of the network. The observation, that nodes with a
large betweenness centrality fall constitute the backbone of the network has been made
before (Baumgarten and Hauser, 2013; Fessel et al., 2015b) and highlights that the ability
of P. polycephalum to adapt its structure for the optimal solution of transport problems
(Tero et al., 2007; Bonifaci et al., 2012) can also be observed in the unconstrained growth,
where no food sources are present. Instead of converging to the shortest path between
food sources, in the unconstrained case the hierarchical structure of the slime mold fol-
lows from the optimization principle.
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lated at small volume, i.e., at 25 µl. In order to demonstrate the effect of faster expansion
and increased growth front size, the rate of area growth is shown in panel (a) as a func-
tion of the glucose concentration. The result shows the expected decline in growth rates
at higher concentrations, but the accuracy of the analysis suffers from the small sample
number at 20 g/l. Although significance levels are high, a rigorous analysis would benefit
from a larger number of trials.

Panel (b) of figure 6.1.6 shows the influence of the glucose concentration on the degree
distribution in the developed state. The distributions were averaged over all networks
sharing the same initial conditions and have been normalized towards the distribution
at intermediate glucose concentration (10 g/l) for easier visual inspection. The non-
normalized distributions are shown as an inset. Focusing first on the inset, it is realized
that the degree distributions do not differ substantially on an absolute scale, which vali-
dates the choice to include all data regardless of glucose concentration in the topological
analyses presented in this chapter. The normalized distributions show systematic effects.
Large degree nodes are found more frequently at low glucose concentrations, and nodes
of small degree are present more frequently in high glucose concentrations. Taken to
together with observations made above and in the previous section, large degree nodes
are commonly found in growth fronts. The increased number of small degree nodes can
be explained via the less mesh-like character of networks on high glucose agar, and in
the case of solitary nodes that are not part of any connected components by an inability
to move and fuse of the particular units, potentially due to a toxic environment. Similar
effects can be observed when comparing the node size distributions for different glucose
contents. However, due to the tendency of large degree nodes to have a large radius,
the node size distribution holds no new information here and is therefore not analyzed
separately.

6.2 Topological evolution of P. polycephalum

The previous section has familiarized the reader with the network formation process and
the structure of typical developed networks of Physarum polycephalum. In this section,
the same process is evaluated with regard to the graph topological properties and dy-
namics of the evolving network. To determine these properties, graph representations of
522 image series have been obtained using the algorithms presented in chapter 5.

In principle, the data evaluated here are quite similar to the data set employed in
Fessel et al. (2012), reflecting that both studies pursue similar objectives. The present
data set is not only larger by a factor of five, but has been conducted with better con-
trol of the initial conditions, and reproducibility has been improved at all steps. For
instance, in Fessel et al. (2012), the day time point at which experiments are started
after inoculation of the culture is not well controlled and varies between day two and day
six. It has since then been realized (Oettmeier et al., 2018; Lee et al., 2018), that the
age of the culture has a crucial influence on the growth and exploration behavior of P.

polycephalum. However, the most central improvements have not been made to the data
acquisition, but rather to the data evaluation.
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employed that does not systematically defined nodes of second degree, unlike the graph
model employed here. Second, the study utilizes a section of a P. polycephalum network
grown as an extended sheet. As the network is not grown from fragments, there exist
no solitary plasmodial fragments. Furthermore, growth fronts and the perimeter of the
network are excluded from the analysis, greatly reducing the probability of encountering
nodes of degree one or nodes with a degree larger than three. Still, in the present work
nodes of degree one or four are encountered even if disregarding growth fronts. It is be-
lieved, that in a space-filling, adult network of P. polycephalum the number of spurious
veins not connecting to any other part of the network and thus ending in a degree one
node will be reduced due to the remodeling of the network. Nodes of degree four, albeit
encountered only at a low frequency are still possible. Baumgarten et al. (2010) argue
that nodes of degree four are a connection of two nodes of third degree, or junction of
overlapping veins where no flow is exchanged due to a membrane being present between
the channels. From the present data, it is not possible to validate or disprove this claim.
Doing so would require microscopic imaging of degree four nodes in the forming network,
which has not been performed as part of the study. In any case, the result of Baumgarten
et al. (2010) holds for the tubular, vein-like portion of the P. polycephalum, which in the-
ory could be extended to infinity as a globally homogeneous graph structure, but does
not translate well to the case described here, where heterogeneously structured, newly
formed networks are under consideration.

The average degree associated with the degree distribution at the topological steady
state is < k >= 2.145 ± 0.146. Generally, the average degree of a graph increases if
the graph obtains nodes of a larger degree, and can thus function as an indicator for
the structuring state. As a consequence of the topological steady state, the average
degree cannot grow unbounded as is the case in the random graph model, but eventually
saturates when the steady state is approached. Above, the evolution of the node degree
distribution has been discussed as a function of time. Unless the time dependent behavior
is of special interest, time is typically not the ideal variable to relate topological measures
to, as it is more sensitive to fluctuations in certain parameters such as the initial density.
Furthermore, it is more difficult to compare structuring processes that are, in principle,
identical series of structuring steps occurring at different speed. Comparing these as
a function of a parameter that summarizes the topological state, such trajectories can
be collapsed onto a single curve. To illustrate this, the degree distributions of all 522
sequences have been combined by averaging in figure 6.2.2 panel (b) as functions of
the average degree. As can be seen there, the resulting curves have a rather narrow
standard deviation, indicating that for one average degree only a limited number of
degree configurations of the P. polycephalum network are possible. Although experiments
were set up carefully in order to warrant similar initial conditions, such a collapse is not
possible as a function of time.

6.2.2 Graph-based percolation in P. polycephalum

In the previous sections, stages during the structure formation in P. polycephalum have
been investigated. The most prominent change of the structure between the initial and
final state is the development of a global connectivity. Solitary fragments of plasmodial
mass connect as a result of fusion processes, eventually forming one network that exhibits
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globally coordinated dynamics and migrates. This topological phase transition between
the disconnected and connected phases can be analyzed in the scope of percolation on a
graph topology (see section 2.3 and chapters 2, 4). In the present section, the evolution
of component sizes is investigated as a function of the average degree, or of a completion
parameter as detailed below. They serve as indicators for the the topological state. Find-
ings on the topological steady state in the previous section validate the assumption, that
P. polycephalum as a small degree network can be compared to the analytical solutions
for percolation on graphs devised in chapter 4. However, agreement between the present
data and models is found to be poor, raising the question why such a discrepancy has
not been observed in the study published in Fessel et al. (2012). Possible reasons and
the circumstances under which the mismatch between data and theory can be corrected
are discussed. Furthermore, estimates for the position of the phase transition are given
and the influence of system size during all analyses is elucidated.

A suitable driving parameter In chapter 4, the average degree has been employed
as the parameter that needs to be adjusted to drive a system into the percolated regime.
As done there, it is entirely possible to discuss the location of the percolation threshold
in terms of the average degree. However, in many cases percolation is discussed with
regard to a driving parameter limited to the range [0, 1], where zero indicates a system
that is entirely disconnected, and one reflects the opposite state where structuring in the
system is complete. The fact that P. polycephalum tends to a topological steady state
provides the opportunity to set up such a parameter.

As percolation in P. polycephalum occurs in the plane, it appears sensible to compare
the process to the standard models representing site or bond percolation on a lattice,
where the number of maximal sites or bonds makes it easy to set up a driving parameter
that is limited as described above. However, P. polycephalum is different with regard
to several features. First, there is no regular lattice to which the network conforms. In
principle, it is possible to approach this problem as done by Dirnberger and Mehlhorn
(2017), regarding the final graph as a lattice and successively removing edges. Although
this approach offers insights into the tolerance of the network to random attacks, the
reversed process does not resemble the network formation considered here, leading up to
the second point. Even though some nodes may be followed through the entire network
formation process, these rarely remain in one location, as the plasmodium moves, oscil-
lates and expands. Furthermore, the arena in which the percolation process takes place
does not have fixed boundaries. In the present study, the slime mold is not constrained
and extends across the border of the site of inoculation. This makes the definition of
a final state problematic, as there is no natural limit to the process unless the topolog-
ical steady state is considered. The previous consideration implies the final difference.
Components do not only grow by random addition of edges, but may grow by adding
new nodes at their perimeter in an active process. Fusion only occurs due to moving
fragments, or if growing units come into contact.

The following consideration leads to a suitable driving parameter p ∈ [0, 1] for per-
colation in P. polycephalum. During the evolution, it is not known, which edges and
nodes that are currently present in the graph will be part of the final configuration, nor
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is the final configuration known in detail. It is possible, however, to answer at any point
the question whether the graph is percolated given the current configuration. Thus, it
appears sensible at any point, to define the driving parameter such that it indicates the
completion of the graph with regard to the configuration of nodes rather than the final
configuration. The completion is indicated by the number of edges E, that is present in
the graph in comparison to the number of edges E0 that would be in the graph, if the
graph was complete. Taken together with the relation

E =
N

2

∑

k

kpk =
N

2
< k > , (6.2.1)

it follows immediately that

p =
E

E0
=

< k >

< k0 >
, (6.2.2)

where k0 is the average degree in a P. polycephalum network that has completed the
structuring process. It is similarly possible to substitute for E0 the number of edges in a
different known graph type. For instance, in a complete graph where all possible edges
are present, E0 = N(N − 1)/2. However, complete graphs are not planar and the num-
ber of edges exceeds the possible number of edges in a P. polycephalum by far. A more
reasonable approach stems from the consideration, that the number of edges in a graph
that can be embedded in the plane is bounded. The reason behind this is summarized by
the Euler characteristic for planar graphs (Barthelemy, 2018), which relates the number
of edges, nodes, faces and components. The advantage of this approach is that the limit
approached in the process stems from theoretical reasoning rather than from an experi-
mental value. Still, as the planar graph spanned by P. polycephalum does not approach
that limit, it appears more sensible to work instead with the parameter suggested by the
topological steady state of P. polycephalum. Due to the simple structure of the driving
parameter, working with the average degree or with equation 6.2.2 is equivalent, and
both are used in this work.

Evolution of component sizes Unlike the degree distribution investigated in the
previous section, component sizes are extrinsic quantities that are influenced by the size
of the system. Therefore, in the present section a distinction is made between the exper-
iments performed at small or large volumes.

Figure 6.2.4 compiles an overview of the evolution of component sizes obtained exper-
imentally and from the theoretical solutions devised in chapter 4. The typical time series
used as an example in the previous sections is shown as a point cloud. Two measures
associated with this quantity are displayed in the figure. First, the giant component size
S, which increases as the system becomes more structured, and second the average size
of non-giant components < s > is shown in red. Unlike the latter, the giant component
size is normalized towards the total number of nodes in the graph at each point of the
evolution, implying that it is bounded between zero and one, eventually evolving towards
S = 1 if all plasmodial matter is combined in one giant component. The giant compo-
nent size is typically regarded as the order parameter indicating whether the system has
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rounding of the divergence, this is a finite size effect associated with the discrete na-
ture of fusion events between components. It typically occurs if the leading non-giant
component is merged into the giant component, and if only few non-giant components
remain thereafter. As these components tend to expand locally due to growth events,
it is in this situation possible that one of the remaining non-giant components grows to
become the second largest component, thus leading to the observed behavior. This is
observed quite often in the data set, although the magnitude, frequency and number of
secondary peaks varies. The effect is not systematically studied in the scope of this work,
but could be investigated systematically by employing the simulations devised in chapter
7. Such an analysis appears worthwhile, as the shifted onset of percolation (discussed
in the following), as well as the post-transitional cascades are reminiscent of explosive
percolation (Nagler et al., 2012; Achlioptas et al., 2009), where the growth of the largest
cluster is suppressed by favoring merging events between smaller components. Similarly,
the growth of non-giant components is, in a sense, favored here as these cannot merge
globally but instead have to structure and expand locally first, until gaps to the largest
cluster are successfully closed. In order to maintain readability of the figure, the non-
giant component sizes are only shown for the example trajectory.

In addition to the example trajectory, giant component data is shown in figure 6.2.4
as averages over the fractional data sets with small or large inoculation volume. The
average over the small volume population of data sets is shown with one standard de-
viation as a shaded region. The example trajectory described above, which is part of
this portion of the data, remains well within the shaded region. This is not always the
case, especially if the structuring is almost complete. In a low density situation, multiple
equally sized large components may persist until the end of the experiment and never
come into contact due to the stochasticity of the experiments. In this case, in essence
two, not one adult networks form from the initial patch, which has a profound effect on
the measured size of the giant component. As it is impossible to find data points where
the size of the giant component exceeds the maximal number of nodes in the system, the
size of the giant component is thus systematically underestimated by a small amount.
Similar to this, fluctuations of individual trajectories before the described point can be
attributed to the finite size of the system. However, due to the large data set fluctuations
are smoothed out well.

For better readability of the figure, the average of the large volume fraction is shown
without standard deviation, as it holds little new information. The average, however,
reveals that in large systems the size of the giant component is typically smaller in com-
parison to small systems at the same level of local structure as determined by the average
degree. This results in a shift of the percolation transition to larger < kc > in larger
systems, as quantified below (small: < kc >= 1.72±0.15, large: < kc >= 1.93±0.15, see
figure 6.2.7). This effect becomes especially notable when comparing to the theoretical
solutions devised in chapter 4, which are shown in the figure as black lines. Working here
with a maximal node degree of nk − 1 = 5, the appropriate solution in the configuration
model is given by equation 4.2.14, whereas the solution to the random graph model has
been determined numerically.
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It is immediately clear from figure 6.2.4 that neither model matches well with the
experimental data, although the configuration model appears to fit better. In both mod-
els, the transition occurs at significantly lower values of < k > than in the experimental
data, and the slope near the transition is very different. Moreover, data and models
are curved in opposing directions, with the models approaching the limiting value S = 1
immediately after the transition, whereas the data increase comparable to an exponential
up to a point of inflection. A first candidate for the source of error would be finite size
effects. However, the effect described above is even more significant in the large volume
data set, leaving only the conclusion that the models do not agree well with the processes
leading to structure formation in P. polycephalum, or cannot be applied to the data in
the present form. As will be discussed below, both cases provide a possible explanation
for the observed mismatch.

Candidates that might be suspected of leading to the observed behavior, in addition
to finite size effects that have effectively been ruled out, need to be searched for. They
are expected among the assumptions underlying the models that differ from the structure
formation process detailed in this chapter. Possible candidates therefore are as follow,
(i) the planarity of the P. polycephalum network, which implies that it is not possible to
add edges between arbitrarily selected pairs of nodes, and (ii) the fact that both models
only evolve by the addition of edges, disregarding the possibility of growth processes and
thus remaining at a constant system size, whereas P. polycephalum graphs change size
during their evolution.

Influence of growth This question provides one of the core motivations for devising
a network growth model that allows to study the observed effects in detail by varying
the relevant parameters systematically. This is done in chapter 7, where a model is con-
structed that allows four elementary processes (growth, retraction, fusion and separation)
to alter the structure of a graph. The model is realized as a rate equation describing
the deterministic evolution of the degree distribution, and a stochastic master equation
providing on one hand the stochasticity of the degree distribution, and on the other hand
the possibility to study the dynamics of component sizes as a result of the elementary
processes. As the model is not planar, it does not allow direct study of the influence of
planarity. What can be tested is non-planar structure formation resulting from a set of
processes that is limited in terms of rates of occurrence similar to a process similar to
a process occurring in two dimensions. However, this does not permit the possibility of
long range connections.

Based on this premise, it is found that shifting the ratio between the rates at which a
system exhibits either growth or fusion processes towards growth, is sufficient to repro-
duce the effect observed here. If there is no growth in the system, the configuration model
is found to be in exact agreement with simulations except for finite size effects, whereas
systems characterized by significant growth rates deviate similarly to figure 6.2.4 (see
figure 7.5.7). Unlike in a fusion-driven process, where the existence of a giant component
is a property of a static graph characterized by its average degree as a driving parameter,
growth of a network is an active process (Dorogovtsev and Mendes, 2002). It is thus not
too surprising that deviations from the static random graph and configuration models
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are observed in the data (see also chapter 2).

The influence of spatial embedding is not systematically studied here. However,
by the following argument it appears plausible that space in conjunction with growth
also leads to a shift of the transition. Above, the effect of density has been touched
upon. In a low density system that evolves primarily by growth, components only fuse
if they come into contact. There, components will advance in structure locally, albeit
global connectivity can only be achieved once components have extended so far that the
density-dependent distance between them is overcome. Although such a system may still
be globally disconnected, components can be highly structured and possess an average
degree that would have induced a percolation transition in a denser system.

Influence of second degree nodes The disagreement between data and theory in
the present data set raises the question how it is possible that a good agreement be-
tween P. polycephalum network growth experiments and the random graph mode has
been reported in Fessel et al. (2012). Briefly recapitulating the study, 48 network growth
experiments were conducted with a setup and experimental procedure similar to the one
employed here, albeit with less well-controlled initial conditions as discussed above. Data
processing steps also compare to the present study, with the significant difference that
nodes and edges were obtained from the topological skeleton, rather than from the graph
model devised here, leading to the absence of nodes of degree two in the data. For theo-
retical modeling of the transition, the random graph model was employed, leading to the
closed form solution with a maximum degree of nk−1 = 3 given in equation 4.1.15, which
depends on one single ratio of node degree probabilities p0/p3 as a driving parameter.
The key results are shown in figure 6.2.5. Panel (a) displays the evolution of the giant
component as a function of p0/p3. The driving parameter starts at large values in an
initial condition given by a set of solitary nodes and moves to small values as solitary
nodes are depleted and the network structures towards nodes of third degree, and there-
fore the graph appears to be oriented in opposing direction when compared to figure 6.2.4.

As can be seen in the figure, the theoretical solution is in good agreement with the
data, given by a point cloud and the average. The shape of the average is reminiscent
of the data analyzed in figure 6.2.4, but agrees with the theoretical solution significantly
better. Also shown in the figure are data obtained from percolating human endothelial
cells as published in the form of an image sequence by (Gamba et al., 2003; Serini, 2003).
Analyzed with the same procedure used for P. polycephalum networks, the data are found
to be in excellent agreement with the close form solution. The relation between the pa-
rameter p0/p3 and the average degree employed as a driving parameter in the present
study is shown in figure 6.2.5. It is found, that at the transition the graph topology
is strongly constrained, causing all experimental trajectories to pass through the phase
transition point (p0/p3) = 2, < k >= 1) with identical slope. Further features of the
theoretical solution employed there are discussed in Fessel et al. (2012) and in chapter 4.

Upon further investigating the observed discrepancy between current data and the
date from Fessel et al. (2012) it is first noticed that employing p0/p3 as a driving pa-
rameter does not solve the problem. However, eliminating nodes of second degree from



110 Chapter 6. Dynamics of P. polycephalum network formation

Figure 6.2.5: Percolation of P. polycephalum and human endothelial cells as
published in Fessel et al. (2012). (a) Giant component size of P. polycephalum

(point cloud, moving average given by the dashed line) and vascularizing hu-
man endothelial cells (crosses) as a function of the node degree fraction p0/p3.
The solid line indicates the random graph model in the case nk = 4, p2 = 0

as calculated in chapter 4. (b) Average degree as a function of p0/p3. At the
transition (indicated by p0/p3 = 2), the topology is strongly constrained: all
datasets pass through the point < k >= 1 with almost identical slope (solid
line, inset). P. polycephalum obtained from 48 experiments; endothelial cell
data is from reanalysis of image data published in Serini (2003).

the degree distribution of the present data and renormalizing accordingly leads to the
situation depicted in figure 6.2.6. There, the giant component averaged over all available
data regardless of system size is shown in comparison to the theoretical models devised
in chapter 4. In panel (a), nodes of degree two are still part of the degree distribution,
and therefore agreement between theory and experiment is comparable to figure 6.2.4.
Removing nodes of degree two results in a significantly better agreement between data
and theory. In the case of the random graph model, agreement is comparable to the
result in Fessel et al. (2012). The configuration model is in even closer agreement, de-
scribing the growth of the giant component almost exactly after percolation. Prior to
percolation, there is still a mismatch, which resembles the smearing-out of the transition
due to finite size effects. In section 7.5.2 it is shown via simulations, that the remaining
mismatch is indeed a finite size effect and can be reduced by increasing the system size,
unlike the mismatch shown in panel (a) or in figure 6.2.4.

The procedure of eliminating nodes of degree two from the degree distribution in order
to obtain better agreement between data and the configuration model works very well for
the present data and in systems characterized by similar growth and fusion rates, but does
not hold generally. In figure 6.2.6, the average of simulated trajectories obtained from
1024 simulations of network growth generated using the procedure described in section
7.3.3 are shown in addition to the non-synthetic slime mold data. Initial conditions
and the rates at which topological modifications occur were set up to match with the
values obtained from P. polycephalum data in this chapter. In both panels of figure 6.2.6,
simulated data approximate the evolution of the slime mold reasonably well. Similar to
the experimental data, agreement between the synthetic data and the theoretical model
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which is peaked at the point of inflection of S. Further, Smax = S(p = 1) and <
s >max=< s(p = pc) > are the maximal values taken by either function, and kS , k<s>

are free parameters characterizing the steepness of the logistic function and the peak
width of its derivative, respectively.

Simultaneously optimizing the parameters (including pc) of both functions enables
rather robust determination of the peak and therefore allows estimation of the system-
size dependent critical point. Results are shown in figure 6.2.7. In panel (a), histograms
for the location of the critical point are shown, separated by patch radius in the initial
configuration. It is depicted that there is a rather large variance due to fluctuations of
the individual trajectories and due to possible inaccuracy or missdetection during fitting.
However, it is seen that the estimated critical point characterizing the population inoc-
ulated at large volume is shifted against the small-volume population. Although there
is a large overlap, the shift is statistically significant (p < 0.0001) as determined by the
robust two-sided Mann-Whitney U test (Mann and Whitney, 1947). The data is shown
as box plots and annotated with the significance level in panel (b). Panel (c) shows the
data as point clouds, with points labeled by initial patch radius and positions given by
system size and critical point. The clear separation of populations in terms of number
of nodes reflects the initial conditions shown in figure 6.1.1 with the coloring indicating
that the number of nodes correlates well with the initial condition.

As discussed above, time is usually not a good measure for the structuring process.
Nevertheless, the time at which percolation occurs will be of interest below, where char-
acteristic time points of the growth process are investigated, indicating that there is
significant correlation with time. Panel (d) of figure 6.2.7 therefore shows the histograms
of percolation times for both experimental populations. Here, the picture is inverted.
Although the histograms are quite broad with a substantial standard deviation, large
volume experiments appear to percolate earlier, although the critical point is shifted to
larger values as described above.

6.3 Identifying phases of growth

In this chapter, the formation of the P. polycephalum network from fragments has been
discussed first in terms of the time evolution of one example time series in section 6.1.2.
Second, it has been established in section 6.2, that all networks undergo an identical
topological evolution. This raises the question, whether the high similarity in the struc-
turing process leads to correlations in the time-dependent behavior.

This is further motivated by findings reported in Fessel et al. (2015b), where it is
observed that the slime mold only commences to forage when the network has surpassed
a certain degree of structure, which is typically at or shortly after percolation. More-
over, the exploration phase of the slime mold occurs in several steps as discussed above,
where it has been stated that a phase of rapid, expansion at almost constant velocity is
followed by the onset of a pulsatile growth, where a global wave forms on the network
topology, moving the concentration maximum of plasmodial matter to different regions
and therefore leading to growth in those regions. This transition is likely identical to
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completed and before components start to extend. This is possible at constant
plasmodial mass as nodes describing extended aggregates have a larger radius than
those describing single microplasmodia.

(ii) Network formation. This phase starts when local aggregation is complete. Ag-
gregates structure into local, network-like components and start to extend until
they come into contact with other fragments. Eventually during this phase, the
percolation transition will occur. The network continues to become more struc-
tured until growth fronts appear and extend across the patch border. The end of
this phase is defined as the point in time where a substantial portion of the slime
mold begins to evacuate the patch.

(iii) Rapid expansion. During this phase, one or more growth fronts formed by the
slime mold move into the unexplored area around the site of inoculation. This
happens in a directed, smooth motion. Size and number of growth fronts, as
well as the directions in which they move vary significantly between time series.
Similarly, the portion of plasmodial mass remaining in the patch differs, and it has
been observed that the glucose concentration contained in the agar has an influence
on this fraction. The end of this phase is defined as the point in time where growth
fronts stop their directed motion and begin to grow in pulses.

(iv) Oscillating expansion. As soon as growth fronts stop directed motion, plas-
modial height above the agar layer oscillates with a period between one and two
hours. The oscillations constitute a global wave that drives plasmodial mass from
one growth front to the next. If the slime mold has grown in an almost isotropic
pattern where the entire perimeter is covered by growth fronts, circular motion of
the wave is observed frequently. Growth occurs according to the phase velocity of
the wave, and is localized to the regions where plasmodia are currently thickest
(as indicated by darker gray values). During the observation period, this phase
typically does not end. It constitutes the typical motion pattern of adult slime
mold networks.

Modes of expansion In order to quantify the start and end times of the growth
phases observed in individual experiments, two measures are used. First, the aggrega-
tion phase starts at the beginning of the experiment and terminates when the number of
nodes is minimal. This requires determination of the minimum of the number of nodes,
which is usually straightforward as it is supposed to be a global minimum. However, due
to artifacts erroneous global minimums may occur in single frames. To overcome this,
the minimum of a spline interpolation with a coarse support of the number of nodes is
searched. The typical time evolution of the number of nodes is shown in figure 6.3.2.
The time series giving rise to the data evaluated in figure 6.3.2 is shown in figure 6.3.4
below.

Determination of start and end points of the remaining phases is more problematic,
as these are tied to the expansion of the network across the patch border. Expansion can
occur in a variety of patterns. It is observed, that the entire network displaces in one sin-
gle direction, leaving little to no mass behind in the patch. Similarly, it is observed that
the slime mold expands almost isotropically while maintaining a network that covers the
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network growth phase in which percolation occurs. Upon completion, the network leaves
the patch in order to expand and a steady increase is visible in the mean square dis-
placement, which abruptly halts after approximately 26 h. At that point, an oscillatory
pattern becomes visible as the slime mold enters the oscillatory phase.

The transitions between the phases are analyzed computationally by fitting with a
piecewise linear function of the form

R2 =







m1(t− t0) +R2
0 t0 < t ≤ t2

m2(t− t2) +m1(t2 − t0) +R2
0 t2 < t ≤ t3

m3(t− t3) +m1(t2 − t0) +m2(t3 − t2) +R2
0 t3 < t ≤ tN

, (6.3.2)

where t0 and tN are fixed to the start and end of the time series. Fitting was performed
using the basin-hopping global optimization method by Wales and Doye (1997), and al-
though there are six free parameters, phases could be identified correctly with only few
exceptions. As it is not expected that the mean square displacement changes substan-
tially during the first phase, the aggregation and network formation phases were treated
as a single phase by the fitting procedure. The essential fitting results are the transition
times t2 and t3, which mark the transitions from network formation to expansion, and
from expansion to oscillatory growth.

The results for all 522 growth experiments are summarized in figure 6.3.3 as his-
tograms. All histograms are clearly peaked, and although the spread is substantial, the
resulting structure is in agreement with the phenomenological description of phases given
above. The aggregation phase on average lasts for 7.0± 2.4 h, network growth completes
in 9.9±4.4 h and expansion is completed after 7.4±5.0 h. The comparison to percolation
times given in figure 6.2.7 indicates that the distibutions shown there are peaked near
the end of the network formation phase as expected.

t0 t1 tc t2 t3 tN
µ σ µ σ µ σ µ σ µ σ µ σ

p0 0.269 0.116 0.221 0.125 0.061 0.048 0.049 0.051 0.032 0.070 0.020 0.024
p1 0.412 0.047 0.399 0.066 0.234 0.063 0.191 0.085 0.125 0.072 0.108 0.044
p2 0.257 0.091 0.305 0.108 0.543 0.088 0.585 0.097 0.618 0.098 0.618 0.056
p3 0.048 0.030 0.059 0.034 0.130 0.036 0.141 0.045 0.185 0.056 0.185 0.048
p4 0.009 0.009 0.013 0.012 0.027 0.015 0.027 0.016 0.030 0.014 0.030 0.013
p5 0.003 0.007 0.003 0.004 0.006 0.006 0.006 0.006 0.009 0.006 0.009 0.007
< k > 1.126 0.293 1.252 0.324 1.845 0.184 1.923 0.236 2.084 0.265 2.145 0.146

Table 6.3.1: Topological features of notable time points. P. polycephalum

develops from fragments into a well-defined topological steady state, passing
through a number of characteristic points in time. Data shown are average µ
and standard deviation σ, collected from 522 experimental trajectories. In-
dividual trajectories were averaged in 30min windows around the respective
points. Refer to figures 6.3.3 and 6.3.2 for a definition of the times t0–t3. tc
marks the percolation transition and tN indicates the end of the observation
period.
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detailed further in figure 6.3.3, where the degree distribution an histograms for the size
of the giant and average non-giant components are shown at the onset of all phases,
averaged over all data sets. Focusing first on the degree distribution, the evolution seen
here is identical to the evolution of topology described in the previous section. The dis-
tribution shifts to the right as the network obtains a larger number of connections. The
most substantial change is observed in the network formation phase, where percolation
takes place. During the expansion phase, there is barely any change in the degree distri-
bution, indicating that the system is at the topological steady state before commencing
expansion. Numerical values characterizing the degree distribution at all transitions are
given in table 6.3.1.

The giant component size shows a similar picture. First, the distribution leans to
small giant component sizes but becomes more homogeneous as time progresses. After
percolation and with the start of expansion, the distribution leans to larger component
sizes. This process continues during the expansion phase, as it is possible that net-
works consisting of a sufficiently large component and a several non-giant components
to expand while continuing the fusion process. Turning to the distribution of average
non-giant components, it is noticed that it is rather sharply peaked at the start of the
experiment when the system is dominated by solitary microplasmodia, and shifts to the
right during the aggregation step. During network formation, the distribution broadens
and ceases to shift. During expansion, the broadening continues until the component
sizes are almost homogeneously distributed across the dataset. The probability to en-
counter large non-giant components decreases.

In order to conclude the study of growth phases, stages during the development of a
P. polycephalum network and the associated graphs have been compiled into figure 6.3.4.
Selected time points mark the start and end of all phases, the critical point, and the
end of the observation. The experiment has been inoculated with a volume of 100 µl.
The development observed in the figure agrees with the typical pattern described in this
chapter. The first four images show the initial condition prior to aggregation, the end of
the aggregation phase prior to network formation, the percolation transition at which a
giant component is first detected and the start of outward growth, where a first growth
front protrudes from the patch. Following a drastic change during the expansion phase,
the network halts and starts to oscillate with a frequency of 1 − 2 h. This is indicated
by different gray level distributions on the otherwise similar configuration in the last two
images. Data from the time series depicted here has been used in figure 6.3.2, where the
oscillation is clearly visible in the mean square displacement.
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6.4 Tracking of topological changes

Section 5.3 introduces the concept that the topological progression of a graph evolving
over time can be understood as a sequence of elementary topological changes. This con-
cept is picked up in chapter 7 in order to devise a theoretical model of network formation
consisting of a rate equation and a stochastic master equation. Simulations referred to
earlier in this section are stochastic trajectories of the aforementioned models, which are
realized by explicitly carrying out a succession of elementary topological modifications.

Background The idea behind this is based on the concept that complex networks of
chemical reactions can be broken down into elementary steps in which no more than two
reactants interact. The reasoning behind this is introduced in section 3.3.1. Here, this
concept is extended to graph theory, making use of the discrete nature of changes in
a graph topology, that are bound along the lines of either the addition and removal of
edges or the addition and removal of nodes. Here, these changes are formulated as four
elementary processes:

(i) Growth. One novel node is added to the network and connected to one existing
node.

(ii) Retraction. One existing node with exactly one neighbor is removed from the
graph.

(iii) Fusion. Two unconnected nodes of the graph are connected by an edge.

(iv) Separation. An edge connecting two nodes on the graph is removed.

The proposed set of processes constitutes a model that enables a system to restructure by
adding or removing edges, and to grow or shrink by adding and removing single nodes.
The way in which nodes are added or removed is motivated by the growth of the slime
mold network, where the addition of a new node happens through the extension of a
finger-like protrusion as detailed above. A closer look on the elementary processes seen
as the basis of slime mold network formation is taken in section 7.2.

Omitting technical details here, the parameters describing the model are rate con-
stants, similar to the reaction rate constants of chemical reactions (see section 3.3.1) that
determine how often per unit time a selected process may occur, based on the availability
of nodes required for the process.

Although there exist only four elementary processes, rate constants can be different
for different node types as characterized by their degree. For instance, considering growth
rates during the network formation phase of P. polycephalum, it much more frequently
observed that growth occurs at small degree nodes (i.e., degree zero or one) rather than
at nodes of larger degree that are already stably integrated into part of the network.
However, there is still a crucial difference between the rate at which an event occurs and
the rate constant describing it: an topological modification with a high rate constant
may occur very infrequently, if the nodes required for that modification are only rarely
encountered on the graph. The relation between rate and rate constant that is employed
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in the present model is, again, borrowed from chemistry, see section 3.3.2. There, reac-
tions (such as an radioactive decay) that only require one reagent to be present occur
with a rate proportional to their availability, whereas a the rate of a reaction with two
reactants is proportional to the availability of both, and further modified by the system
size as reactants need not only be available, but are also required to meet in the system
volume.

Considering again interactions between nodes in a network, this leads to the following
dependence of a rate constant c on the reaction rate R, in the case of a single-node process

ci =
Ri

Npi
(6.4.1)

where N represents the number of nodes in the graph and i indicates the degree of the
acting node. pi is, as above, the probability to select a node of degree i if randomly
selecting from the graph. In the case of a process involving two nodes, the relation reads

cij =
Rij

Npipj
. (6.4.2)

Further, section 5.3 reports on a collaborative project (Hillmich, 2018) as part of
which a method has been devised to track the occurrence of elementary processes during
time series of graphs as analyzed in this chapter. As a result, it has become possible to de-
termine the topological modifications that have taken place between any two consecutive
graphs representing states of a network.

Rate constants reflect the formation of P. polycephalum networks Figure 6.4.1
shows rate constants for all elementary processes that may occur in a graph with a neg-
ligible fraction of nodes that have degree six or higher. Rate constants were determined
for each time series individually by counting elementary processes for each time step,
converting into a rate by taking into account time step size and by subsequent appli-
cation of the relations given above. The resulting data are time-resolved. In order to
state the result more compactly, averages were computed within the phases defined in
the previous section, and over all time series.

Results are shown in figure 6.4.1, where rate constants are displayed separately for
all four elementary process classes as functions of the degrees of nodes required for the
process in question. Processes have been sorted such that, in the first place, the sum of
degrees increases, and, in the second place, by the smallest participating node degree.

For all process classes, trends are clearly visible. For instance, growth rate constants
are largest for small and large nodes and decrease towards nodes of second degree. Rate
constants associated with fusion decrease as degrees grow larger, whereas retraction and
separation increase with the node degree. It needs to be emphasized again at this point
that rate constants do not reflect how frequently a process is observed, but rather state
the tendency for one set of constituent nodes to undergo a specific process. Similarly, a
low rate constants indicates higher stability of a node type.
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i.e., aggregation, network formation and rapid expansion. Multidimensional scaling
is a method of dimensionality reduction that attempts to position a number of high-
dimensional measurements in a lower-dimensional space, such that the distance in that
space approximates the dissimilarity between the measurements. Unless the selected
case is particularly simple, the axes of the lower-dimensional space are, by themselves,
meaningless. In the present case, measurements are phases of P. polycephalum network
formation characterized by a set of rate constants, and the lower-dimensional space has
been selected to have two dimensions.

Each data point in figure 6.4.2 represents one of the first three phases for each of the
522 data sets. The growth phase associated with each data point is indicated by color,
in accordance with figures shown above (figures 6.3.2 and 6.3.3). The data points are
divided into three clusters, which are clearly distinguishable by eye but have a significant
overlap. The overlap has to be attributed to missdetection of phases, as this has been
automated using the routine described in section 6.3, or to phases that are correctly
distinguished by the method but share similar rate constants nevertheless. The latter
is entirely possible, as there is significant variation in the observed growth modes and
initial conditions. Furthermore, for the present visualization, no distinction has been
made between glucose levels, or density, which are expected to influence the relative rate
constant values. However, an analysis of this effect needs further data and therefore has
not been performed here.

Multidimensional scaling is a versatile tool for assisting in the exploration of a data
set, visually, or as a method of dimensionality reduction. However, if in the present case
the data were unlabeled (i.e., if the association to a specific growth phase was unknown),
the result above would not provide much insight. Machine learning provides numerous
tools that can be employed in order to detect unknown structures in a data set. One
such method is clustering (Duda et al., 2001), which has been briefly employed in section
6.1.2 to distinguish nodes based on their role in a graph structure. Here, clustering can
be applied to the same data that has been used for the multidimensional scaling analysis
to detect clusters of similar data with no labels.

Shown in figure 6.4.2 as black lines are approximate cluster boundaries, obtained
after clustering of the data using the Gaussian mixture model (Everitt and Hand, 1981),
which attempts to detect sub-populations of data in a data set that agree with a Gaussian
probability distribution. In the present case, the number of clusters was selected to be
three. As can be seen in the figure, the clusters approximate the structure observed in the
multidimensional scaling plot but fail in the regions where there is significant overlap2.
Although the accuracy of the method is lacking, the overlap of clusters detected here and
the labeled data is an indication that it is in principle possible to distinguish between
phases based on the set of rate constants. This would be possible, for instance, through
supervised learning. As rate constants are measured in a time-resolved fashion, one
possible application would be to assign phases to all graphs in a time series using a
machine-learned algorithm trained on the present, labeled data set, rather than by using

2Note, that the clustering procedure has been applied to the raw data, not to the projected data
retrieved from multidimensional scaling.
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figure 6.2.2 panel (b) is reproduced in figure 6.4.3 panel (b) in conjunction with the rate
equation devised in chapter 7, with parameters obtained by fitting. The quality of fit is
high by either visual inspection or through the coefficient of determination R̄2 = 0.967,
which has been adjusted to consider the large number of parameters. In the shown case,
fitting has been performed with all possible processes for nodes with a maximal degree
of five enabled. Using a smaller maximal degree reduces the number of parameters.
It has been confirmed, that the parameters shared between rate equation model fits for
multiple maximal degrees are close to identical regardless of the maximal degree selected.

Fitting has been performed for all 522 data sets and averaged rate constant results
are given in figure 6.4.1. Trends are roughly shared with rate constants obtained by
tracking, but the magnitude of rate constants obtained by fitting is up to two orders of
magnitude smaller.

The offset between the two measurements can be explained by findings reported in
sections 7.4.2 and 7.5.2. Briefly, it is observed there that increasing rate constant mag-
nitudes while maintaining a constant ratio between rate constants causes the dynamics
of the system to be sped up while the stages through which the topology evolves remain
identical. This is confirmed in figure 6.4.3 panel (b), where the topological evolution of
all data sets is shown as a function of the the average degree, similar to figure 6.2.2 panel
(b). The experimental data are complemented by a numerical realization of the rate
equation with parameters set according to the rate constants obtained by tracking, as
shown in figure 6.4.1. Rate constants were averaged over all data sets and over all phases.

Although there are deviations, the result reproduces qualitative aspects of the ex-
perimentally observed evolution remarkably well. However, as the time scale of the rate
constants obtained by tracking is off, the evolution of the number of nodes is not correctly
reproduced.

This immediately leads to the question why the rate constants obtained by tracking
are off. The answer is partly given in section 7.4.2. Working with the example of a
stochastic system that is returning to equilibrium, it is discussed there, that the system
which evolves by stochastic transitions between microstates will return to equilibrium
faster if at a high temperature, in contrast to a system at a low temperature. This can
be understood by interpreting temperature as a measure for transitional noise: at higher
temperature, the frequency with which stochastic transitions are activated is increased.

In principle, noise in the network formation process has three possible sources. First,
errors in the graph abstraction procedure and second, errors related with dynamics on
short time scales, such as the characteristic oscillation of P. polycephalum. These pro-
cesses can be understood as an ’on/off’ noise, where edges or nodes disappear momentar-
ily, only to reappear shortly after. In terms of the two-dimensional structure formation,
this noise is insignificant, as fluctuations only occur in place. However, by the tracking
procedure and the non-local nature of the mean field model, each such fluctuation is
recognized as a topological change that is not differentiable from those that contribute
to structure formation. Therefore, with sufficient noise, rate constant magnitudes will
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be significantly overestimated.

It should in principle be possible to correct for the described effect by treating the
differences between processes and reversed processes. However, even in the described
’on/off’ noise, it cannot be ensured that one erroneous process is locally corrected by the
reversed process, since it is possible that there are larger cycles. These occur frequently in
growth fronts if large nodes break down, for instance through erroneously detected hole
formation. Furthermore, the algorithm presented by Hillmich (2018) (see also section
5.3) breaks down complex topological modifications in to sequences or cascades of events,
making it difficult to make any statement on the reverse process that would balance such
a cascade.



Chapter 7

A probabilistic model for topological

dynamics

The present chapter incorporates concepts from chapter 3 for the modeling of stochastic
dynamical processes in order to devise a model for network evolution that is based on
a set of elementary processes modifying the topology of a network. In detail, a master
equation describing the dynamics and fluctuations of the degree distribution and size of
a network is formulated based on the chemical master equation (equation 3.3.2). Instead
of treating the master equation analytically, its characteristics are studied in a twofold
approach. First, a deterministic rate equation describing the mean-field behavior of the
master equation is derived and analyzed. Second, exact stochastic trajectories of the mas-
ter equation are simulated using the stochastic simulation algorithm (see section 3.4),
a process which can be exploited to generate network topologies suitable for studying
percolation.

The remainder of the chapter is organized as follows. First, in sections 7.1 and 7.2
the model devised in this chapter is motivated and the foundation is laid by presenting
the set of elementary processes to which any topological modification, including those
required for system growth, can be reduced. The elementary processes are formulated as
chemical reactions and the concept of reaction propensities (see section 3.3.2) is invoked
as a bridge to formulating the master and rate equations. The model is then introduced
in section 7.3, where in section 7.3.1 the deterministic rate equation is derived based on
the elementary processes, which is extended in section 7.3.2 to the master equation incor-
porating fluctuations of the system due to finite system size. As outlined above, instead
of attempting to treat the master equation by analytical methods, in section 7.3.3 an
extension of the stochastic simulation algorithm is presented, which enables simulation
of network growth in accordance with the models devised in this chapter. The algorithm
represents the growth of networks that are not embedded in space. First steps towards
implementing planar network growth in the algorithm are then taken in section 7.3.4.

Section 7.4 collects analyses performed on the rate equation and simulation models.
As the proposed models are characterized by a large number of parameters, a simplified
model is proposed in section 7.4.1, which assigns the same rate constant to all processes
of one type. Analyses of the model are presented in the following order. First, section
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7.4.2 focuses on the topological dynamics of the rate equation model, commencing with
an overview over behaviors that are observed in the simplified model before character-
izing the steady state towards which the model evolves for large times. Finally, the
time required to reach the steady state is investigated based on the parameters of the
model, indicating that identical ratios of rate constants lead to the same steady state,
whereas their magnitudes control the time required for the evolution. Second, the anal-
ysis is extended to stochastic simulations, demonstrating first the excellent agreement
between simulations and the deterministic model in the planar and two-dimensional set-
tings (section 7.5.1), before turning to percolation of the non-spatial model in section
7.5.2. Therein, after presenting and discussing qualitatively typical features of simu-
lated percolation data, the influence of model parameters is tested. In particular, it is
found that system growth leads to a shift of the critical point. The analysis is continued
more systematically in section 7.6, where the location of the critical point and the crit-
ical exponents are determined via finite size scaling techniques (see section 2.1.3) upon
variation of growth and the maximal node degree in the network. Although both param-
eters shift the critical point, no systematic influence on the critical exponents is found.
Critical exponents indicate that the non-spatial model shares a universality class with
mean-field percolation as is expected, for instance, in random graphs. Finally it is shown
that critical exponents in the two-dimensional model agree well with standard values for
two-dimensional percolation.

7.1 Topological modifications & the relevance system growth

Every change in a network topology is a change in its set of nodes and edges. For in-
stance, the addition of new edges between random nodes in the random graph model
is arguably the most basic topological modification a network may undergo. Modifying
the set of edges based on selected rules has proven to be a powerful tool for under-
standing how and why certain network topologies emerge: rewiring a small number of
edges in a regular graph gives rise to the small world effect (Watts and Strogatz, 1998),
preferentially attaching new edges to nodes that have already accumulated a number of
connections characteristically leads to the emergence of scale-free networks (Barabási and
Albert, 1999), and selecting the pair of nodes that will be connected by an edge based on
global rather than local properties can produce behaviors such as explosive percolation
(D’Souza and Nagler, 2015). However, no matter how the rules governing the placement
of edges are selected, the size of the network, defined as the number of nodes, will remain
unchanged. Processes such as the examples given above produce topologies that closely
resemble the developed state of real-world networks, but these generation processes rarely
correspond to the actual time evolution of a system. The assumption that all nodes were,
in some form, in place for the entire duration of the generation process in many cases
corresponds to a wrong initial condition.

The time evolution of real networks needs to incorporate growth, i.e., modifications
to the set of nodes. As a consequence, the set of possible modifications is bound to be
much more diverse – and more specific. A new web page that is added to the world wide
web represents the introduction of a new node into the system. This process does not
only modify the set of nodes, as the web page is typically only useful if it is connected
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to one or more other websites that are already part of the web. Indeed, the described
process requires the introduction of a number of edges in addition to the novel node.
While this process and the rules describing its occurrence have been found to provide a
good description for the growth of the world wide web (Barabási and Albert, 1999), it is
easy to find a system that appears to evolve by a different rule. This immediately raises
the question whether such an observation implies that systems are entirely different, i.e.,
they require individual, separate treatments to describe their time evolution, or whether
a common framework can be found1.

The principle underlying the models for network growth that are developed in this
chapter presents an attempt of solving this problem. Similar to the concept of reduc-
ing complicated chemical reactions to a set of elementary reactions (see section 3.3.1),
it is assumed that more complex changes to a network topology do not occur in an
infinitesimally short time, but instead can be broken down into sequentially occurring
elementary modifications. Based on the reasoning above, one will conjecture that the
most basic mechanistic changes to a topology are the addition and removal of edges, and
the addition and removal of solitary nodes, i.e., nodes that do not have any connections.
Revisiting the world wide web as an example, this picture proves to be correct. The
process of introducing a new web page that will have a certain number of edges can be
easily broken down: first, a web page without any connections is introduced. Then, one
after another, the edges are added until the desired number is reached.

From a mechanistic point of view, this picture is most certainly correct, but in a
physical sense it is problematic. In the probabilistic framework employed below (see also
section 3.3.2), a process in which a node appears out of thin air is bound to occur at a
rate that is independent of the state of the system. Such a limitation to the influx of
nodes into the open system also poses a limitation to the growth of the network, which
may not be intended. This scenario can be described as passive growth and is similar
to diffusion-limited aggregation. The significance of the opposing process, and the dis-
tinction to passive growth can be best highlighted using an simplified example: the size
of a colony of yeast cells in starvation can be increased by two possible methods. First,
corresponding to passive growth, new cells may be introduced into the system that will
eventually aggregate to the colony and increase its size, regardless of the number of cells
that is already present. Instead, one may also present nutrients to the colony, enabling
each individual cell to divide at an average rate that is limited by the supply of nutrients.
If nutrients are presented in abundance, the number of cell divisions per unit time will
be proportional to the number of individuals, and the colony grows exponentially until
size or density restrictions imposed by other mechanisms dominate. This active growth
process, which may be controlled via the time constant for the average proliferation
frequency shares similarities with reaction-limited aggregation and appears to be much
more applicable to a self-organized network growth process.

Either system is an open system where particle number is not conserved, similar

1It shall not be claimed here that it is always feasible to forgo a highly specialized yet simple descrip-
tion for one that is more general in its essentials, albeit more complicated to handle in the long run.
Nevertheless, knowing that very different systems share a common underlying framework may pave the
way for discovering universal features that emerge from the properties of the underlying description.
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to a thermodynamic grand-canonical ensemble, and growth in either system requires
some type of flow into the system. Controlling this flow equals controlling the growth
of the system in either case. The active case is given preference here, as the mechanism
by which the system grows should be a part of the underlying framework and not an
external parameter. The most simple, yet physically meaningful growth process that
takes into account the reasoning given above is the addition of a new edge-node complex
to a node that is already present in the network. In summary, the set of elementary
processes modifying a network topology are, as above, the addition and removal of edges
and the addition and removal of a node-edge complex. The former processes modifies
only the set of edges whereas the latter processes modifies the sets of nodes and edges
alike.

7.2 Elementary topological modifications

In the previous section, four processes have been established that present a basis into
which any topological modification can be decomposed. Two ’forward’ processes increase
connectivity or size of the network, whereas the inverse ’backward’ processes decrease
connectivity by removing edges or decrease the size of the network by removing nodes.
Briefly, the four processes are

(i) Growth. A complex consisting of one degree one node and one edge is added to
an existing node of arbitrary degree.

(ii) Retraction. A complex consisting of one degree one node and one edge that was
attached to a node of arbitrary degree larger than zero is removed from the graph.

(iii) Fusion. A pair of nodes of arbitrary degrees is connected by adding one edge.

(iv) Separation. One edge that connects a pair of nodes with arbitrary degrees larger
than zero is removed from the graph.

In the following, theses classes of the elementary processes (i-iv) will be indicated by
subscripting the letters G, R, F, S.

Each process modifies the set of edges. This requires that during each occurrence
of one of the elementary processes, at least one node changes its degree. Since in each
process exactly one edge is added or removed, the change of individual node degrees is
limited to ∆k = ±1. Furthermore, the elementary processes have been set up such that
at most two distinct nodes are involved. Given these two observations, it is possible to
formulate the four processes similar to chemical reactions, where nodes of a given degree
are viewed as a reactant species. All process can thus be given by a chemical equation
of the form

(k1, k2)→ (k′1, k
′
2) . (7.2.1)

Here, ki and k′i, i = 1, 2 are the degrees of one interacting node before and after the
process takes place. ki, k

′
i are node degrees defined as usual as the number of edges that

is connected to a given node, with the exception that nodes that do not exist prior to,
or after the elementary process are denoted by ∅. As the nodes of the degrees ki are
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required as constituents for a process to occur, they will be referred to as constituent
degrees. With these definitions, the classes of elementary processes can be written as
follows. A growth process following rule (i) is given as

(∅, k)→ (1, k + 1) (7.2.2)

and the corresponding inverse (ii) follows

(1, k)→ (∅, k − 1) where k ≥ 1 . (7.2.3)

Processes involving fusion or separation involve two arbitrary node degrees k1 and k2.
Setting up the chemical equations is straightforward. First, one has

(k1, k2)→ (k1 + 1, k2 + 1) (7.2.4)

in the case (iii) describing fusion and

(k1, k2)→ (k1 − 1, k2 − 1) where k1 ≥ 1 and k2 ≥ 1 (7.2.5)

in case (iv) that denotes the separation of a connected pair of nodes. It is necessary to
emphasize that the class of a process and the exact constituents unambiguously define
a process and its outcome. Furthermore, in the set of processes that involve two con-
stituent node types, k1 = k2 is a valid interaction. No notational distinction is made
between (k1, k2) and (k2, k1). None of the reactions are catalytic in the sense that an
educt remains unchanged over the course of a reaction, but for appropriate choices of
k1 and k2 the chemical equations resemble the structure of autokatalytic reactions when
particles are indistinguishable. For example, a fusion process will not alter the number of
k2 nodes in a graph if k2 = k1+1. This type of interaction can be intuitively understood
as a treadmill.

As given in equations 7.2.2-7.2.5, only four distinct processes are required for ma-
nipulation of a network topology, and they can be given in a form similar to chemical
reactions. As described in section 3.3.2, each chemical reaction is characterized by a con-
stant that holds information on how frequently a reaction is bound to occur when a given
amount of educts is present. Viewing nodes of different degrees as distinctly different
chemical species raises the question whether the constants characterizing each process
should be dependent on the type of node, or type of nodes required by the process as
educts. This question cannot be answered in a general fashion and will be of interest later
on. At this point, with a description in mind that is as flexible and general as possible, it
will be assumed that each type of interaction of nodes is characterized by one constant.
This implies that the maximum number of possible reactions depends on the number
of different node degrees that can be occupied in a system. In the following chapters,
graphs will be considered, in which the maximal degree is bounded. The number of node
degrees that can be assumed in such a system is denoted by nk. As this includes nodes
of degree zero, the maximal degree is given by nk − 1.

Comparable considerations lead to the model published by Ghoshal et al. (2013).
Therein, the authors propose a model for network growth based on similar processes.
These include the addition and removal of links in the network, two processes identical
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to fusion and separation, and the addition or deletion of nodes. Although the latter
processes appear similar to growth and retraction, they are different in the sense that
the nodes that are added or removed in the process come with an arbitrary number of
novel edges, or are removed regardless of the number of edges connected to them. This
makes the model more appropriate to scenarios, where, for instance, web pages are added
to the world wide web and immediately obtain a large number of connections, a process
that in the model developed here is broken down into a number of elementary steps oc-
curring in swift succession. Ghoshal et al. (2013) do not define single rate constants for
elementary processes, but instead view processes as driven by a superposition of random
and preferential attachment. Therefore, the model is characterized by a smaller number
of constants, at a lesser degree of flexibility compared to the model proposed here.

The model by Ghoshal et al. (2013) has proven to be well suited for studying the
influence of the processes above, and the influence of random or preferential attachment
on the degree distribution. The authors determine on the parameter phase space the
regions where the degree distribution is either exponential, or dominated by a power
law behavior. The latter is analyzed analytically and by numerical methods for selected
parameters. However, the authors do not study the formation of components, which is
possible here due to the close relation of the model to the network simulation algorithm
(algorithm 7.3.1). Furthermore, the modular construction of the present model enables
studying attachment processes that are neither preferential attachment, nor entirely ran-
dom, and the set of processes can be easily limited so that only selected processes drive
the formation of the network.
The models constructed in the subsequent sections are deterministic or stochastic real-
izations of systems in which processes of the types given above can occur, and as such
the parameters characterizing these models are the constants associated with these pro-
cesses. The number of parameters characterizing a model is crucial to the analysis, and
hence it is of advantage to determine the maximum number of interaction types for a
given number of degrees nk ≥ 2. If there are less than two degrees allowed in a system,
no interactions can take place as all interactions have been defined such that they change
the degree of the interacting nodes. With the limitation in mind that node degrees are
bounded in the range 0, . . . , nk − 1, which cannot be exceeded as result of a process, one
finds

NG =

nk−2
∑

k=0

1 = nk − 1 NR =

nk−1
∑

k=1

1 = nk − 1 (7.2.6)

in the cases of growth and retraction, and

NF =

nk−2
∑

k=0

k + 1 =
nk(nk − 1)

2
NS =

nk−1
∑

k=1

k =
nk(nk − 1)

2
(7.2.7)

for fusion and separation by considering simple combinatorial arguments. The total
number of processes when taking all types into account is thus given by

NGRFS = (nk − 1)(nk + 2) . (7.2.8)
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7.3 Modeling topological dynamics

In the previous section, it has been implicitly made use of the concept that the num-
bers of nodes that share a degree can be regarded as populations that interact through
and are modified by the elementary processes as defined in equations 7.2.2-7.2.5. Here,
this concept is further elaborated in order to describe the dynamics of a system of such
populations in two ways. A deterministic rate equation is derived in section 7.3.1, and
a master equation modeling the time evolution of the probability distribution is given in
section 7.3.2 as a stochastic approach based on chapter 3.

The models developed here are based on two assumptions. First, it is assumed that in
a first approximation all populations are homogeneously distributed in space, justifying
a mean-field formulation. Second, following up on the first assumption, the probability
or rate of occurrence of a process is assumed to depend only on the availability of its
constituents at a given time, rather than on their configuration in space, local effects,
or other mechanisms. More specifically, the occurrence of a growth process is assumed
to be entirely stochastic (governed by a rate constant), and the occurrence of a process
involving two constituents is assumed to be governed by a rate constant and the proba-
bility or rate at which the constituents are expected to meet in a the system2.

The similarity of these conditions to the perfectly mixed condition in a system of
reacting chemicals (see section 3.3.2), and the formulation of the elementary processes as
chemical reactions highlights that the tools laid out in section 3.3 can be employed for
modeling the time evolution of a network modified by the elementary processes.

7.3.1 Rate equation

Let a system of large system size consist of a number of populations Nk of nodes of degree
k, which are modified by a set of elementary processes that are consistent with those
given in equations 7.2.2-7.2.5. Based on the assumptions given in the previous section,
the average rate at which each process occurs is regulated by one or two populations of
nodes, depending on the constituents required by the specific process. This leads to the
following two rate equations:

(
∂Nk

∂t

)(r)

=
∑

i

c(r)l
(r)
ki Ni (7.3.1)

describes the rate of change of the k’th population due to the growth process r, which
is dependent on a single population Ni. The process is defined by the rate constant c(r)

and the interaction matrix l(r), whose matrix elements l
(r)
ki are identical to the change of

the k’th population when the process r occurs exactly once. Similarly, retraction, fusion
and separation depend on two constituent populations. In these cases, the rate of change

2This assumption can be alleviated later on, when it is discussed that the rate constants employed in
the formulation of the model can be modified in order to be able to incorporate rules other than those
given in this section.
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is given as
(
∂Nk

∂t

)(r)

=
∑

ij

c(r)

Ω
q
(r)
kijNiNj , (7.3.2)

where q(r) is defined as l(r), but with an additional dimension. Ω is the size of the system
and corresponds to the fact that the probability of an encounter between two nodes is
smaller in a larger system, as briefly discussed in section 3.3.2.

Knowing the rate of change with respect to a single process r, it is straightforward
to obtain the rate of change when the system is modified by a number of processes. This
is calculated by summing equations 7.3.1 and 7.3.2 over the set of possible processes:

∂Nk

∂t
=
∑

r

(
∂Nk

∂t

)(r)

=
∑

r

∑

i

c(r)l
(r)
ki Ni +

1

Ω

∑

r

∑

ij

c(r)q
(r)
kijNiNj

=
∑

i

∑

r

c(r)l
(r)
ki

︸ ︷︷ ︸

Lki

Ni +
1

Ω

∑

ij

∑

r

c(r)q
(r)
kij

︸ ︷︷ ︸

Qki

NiNj (7.3.3)

Equation 7.3.3 is a set of k first order ordinary differential equations with a quadratic
non-linear term. With the interaction matrices Lki and Qkij left unspecified, it can be
regarded as a second dynamical system, e.g., a generalized predator prey system. In some
case, for instance when devising a numerical implementation, it is helpful to recognize
that 7.3.3 can be written in a matrix-vector form that describes the evolution of the
population vector ~N :

∂ ~N

∂t
= L ~N +

~NTQ ~N

Ω
(7.3.4)

Rate equation for the degree distribution Equation 7.3.3 describes the evolution
of node populations. Aiming for a framework that is more consistent with the pivotal
role of the degree distribution in complex networks, it appears sensible to formulate the
system of rate equations accordingly. This is accomplished by treating the differentials
of the normalization condition

∂Nk

∂t
= N

∂pk
∂t

+ pk
∂N

∂t
, (7.3.5)

and by introducing the total number of nodes as a variable, which obeys

∂N

∂t
=
∑

k

∂Nk

∂t
. (7.3.6)

The resulting system is equivalent to the rate equations describing the population sizes,
but now consists of k+1 equations, given by the time evolution of the degree distribution

∂pk
∂t

= −pk
1

N

∂N

∂t
+
∑

i

Lkipi +
N

Ω

∑

ij

Qkijpipj , (7.3.7)
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where the normalization condition is reflected by the first term, and an equation describ-
ing the time evolution of the total number of nodes:

∂N

∂t
= N

∑

ki

Lkipi +
N2

Ω

∑

kij

Qkijpipj (7.3.8)

In a graph that is not explicitly embedded in space, the system size Ω cannot be given
in terms of spatial dimensions. Instead, it is sensible to select a system size expressed
by the number of nodes in the network. If the graph is not expected to change size
excessively, Ω = N0, N0 being the initial number of nodes, appears to be a reasonable
choice. The behavior of the system changes when Ω is defined to be the (dynamically
changing) number of nodes, i.e., Ω = N . In the latter case, the system reads

∂pk
∂t

= −pk
1

N

∂N

∂t
+
∑

i

Lkipi +
∑

ij

Qkijpipj (7.3.9)

∂N

∂t
= N




∑

ki

Lkipi +
∑

kij

Qkijpipj



 . (7.3.10)

Briefly examining the clear structure of the system reveals that behavior for large times
is dominated by the term Θk =

∑

i Lkipi +
∑

ij Qkijpipj : omitting the trivial case that
N = 0, a constant number of nodes Ṅ = 0 requires

∑

k Θk = 0. Furthermore, if the
system neither changes size nor restructures its topology, i.e., if Ṅ = ṗk = 0, Θk = 0
is required. If the system has reached a topological steady state defined by ṗk = 0, the
size of the system can only change if all populations grow as Ṅk = NΘk and the degree
distribution is required to satisfy pk = Θk/

∑

k Θk or Θk = 0, the latter corresponding
to Ṅ = 0.

Generation rules for interaction matrices Up this point, no further mention has
been made on the structure of the interaction matrices lki and qkij , other than that they
describe how the population Nk changes if the corresponding process is realized exactly
once3. To set up the combined interaction matrices

Lki =
∑

r

c(r)l
(r)
ki and Qkij =

∑

r

c(r)q
(r)
kij . (7.3.11)

in a general fashion, it is necessary to find a rule that describes the generation of lki
and qkij for an intended process. In the previous section, it has been emphasized that
the class of a process, i.e., growth, retraction, fusion or separation, and the constituent
node degrees unambiguously define a process and its outcome. It is thus possible to
search for the matrices l and q as functionals of the constituent node degrees, with a
structure defined by the class of the process as given in equations 7.2.2-7.2.5. Indeed,
such generation rules can be expressed in terms of the Kronecker delta, which is defined
as

δij =

{
1 if i = j
0 if i 6= j

. (7.3.12)

3It is worth noting, that these matrices are closely related to the stochiometric matrices given in
section 3.3.3, although this similarity is not employed here.
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In the case of growth, given by equation 7.2.2, the interaction matrix for a process that
involves a constituent node of degree k is given as

l
(G)
ij (k) = (δi1 + δik+1 − δik)δjk . (7.3.13)

The structure can be understood as follows. The three bracketed terms correspond to, in
order, the addition of a degree one node to the graph, the increase of the population Nk+1

and the decrease of the population Nk, both because one node of degree k obtained a new
edge in the process. The multiplicative term ensures that the process is only applied to
the populations if the second index corresponds to the degree k of the constituent node.
By very similar arguments, expressions can be given for the other classes. Starting with
retraction, where one constituent node has a fixed degree k = 1, one finds

q
(R)
ijh (k) =

1

2
(δik−1 − δik − δi1)(δj1δhk + δjkδh1) . (7.3.14)

The numerical factor corresponds to the symmetry of the matrix. In the cases of fusion
and separation, there are two constituent degrees k1 and k2. For fusion, the generation
rule reads

q
(F)
ijh (k1, k2) =

1

2
(δik1+1 + δik2+1 − δik1 − δik2)(δjk1δhk2 + δjk2δhk1) , (7.3.15)

and for the inverse process, separation:

q
(S)
ijh(k1, k2) =

1

2
(δik1−1 + δik2−1 − δik1 − δik2)(δjk1δhk2 + δjk2δhk1) (7.3.16)

Implications and generalization In summary, the rate equation model, given by
equations 7.3.7 and 7.3.8, combined with the rules for generation of interaction matri-
ces, equations 7.3.13-7.3.16 presents a general framework for the average time evolution
of a randomly grown graph, based on only for reversible elementary mechanisms. The
evolution is uniquely defined by an initial condition and the set of transition rate con-
stants. Given appropriate choices for the set of parameters, the model is conjectured
to be capable of producing a wide range of degree distributions. As discussed in sec-
tion 7.2 the number of transition rates grows faster than the square number of possible
node degrees. This large number of parameters highlights the flexibility of the model,
but also presents its major weakness, as information on the rates at which all processes
occur needs to be available. However, this drawback can be easily alleviated whenever
it is reasonable to assume that the value of a rate constant associated with a process
is a function of the constituent node degrees. For instance, in the most simple scenario
one might select cF(k1, k2) = const., i.e., any pair of nodes will be connected with equal
probability. If all other constants are equal to zero, the model reduces to the case of an
Erdös-Rényi random graph. Similarly, a model in which cG ∝ k is selected and all other
constants are set to zero, exhibits a form of preferential attachment and will result in a
scale-free degree distribution. These approaches can be easily combined. A composite
model in which both previous examples are realized grows via a preferential attachment
mechanism while being randomly connected. In any case, whenever it is possible to
find functions that relate the constants of the four individual process classes to their
constituent nodes, the number of parameters required to define the resulting model is



Section 7.3. Modeling topological dynamics 139

greatly reduced. Furthermore, it is imaginable to integrate dependencies on the node
populations (other than those suggested by the kinetic picture outlined in section 3.3.2,
which are already implemented in the model) via the rate constants that in this case
can no longer be treated as constants. Similarly, via the rate constants, a coupling to a
co-evolving secondary quantity can be implemented. For example, the growth rate can
be tied to a time-dependent nutrient concentration, which in turn can be influenced by
the total number of nodes.

In section 7.4, a special choice for the rate constants will be consulted that lends itself
to the discussion of the general features of the rate equation model. In detail, a single
constant will be assigned to each process class, and accordingly, all processes belonging
to that class are described by the same rate constant, whereas the rate at which they are
bound to occur still follows the kinetic picture outlined in section 3.3.2.

7.3.2 Master equation

The model derived in section 7.3.1 described the mean-field behavior of an evolving net-
work. However, as outlined in chapter 3, is only accurate in the thermodynamic limit.
When interested in systems of finite size, it is necessary to consider stochastic methods
such as the master equation. The networks considered in the scope of this work are
exclusively of small size, and finite-size effects obscure the percolation transition the evo-
lution from a fragmented into a connected state. To study these effects and characterize
the transition more closely, a master equation for the topological dynamics is formulated
based on the chemical master equation

Repeating very briefly the details given in section 3.3, the chemical master equation
given in equation 3.3.2, as

∂P ( ~N, t)

∂t
=

M∑

r=1

[

ar( ~N − ~νr)P ( ~N − ~νr, t)− ar( ~N)P ( ~N, t)
]

(7.3.17)

describes the time evolution of the occupation probability P ( ~N, t) of all states character-
ized by the vector of population numbers ~N . In terms of the previous section, each entry
in this vector corresponds to the number of nodes with a certain degree. The master
equation is a gain loss equation, that bases the gain (or loss) in occupation probability
of one state on all possible transitions to (or from) that state. These transitions, enu-
merated by r, are each described by the stochiometric vector ~νr that details the changes
in all populations due to one single occurrence of a transition r (see equation 3.3.1).
The transitions that are allowed within a network evolving in accordance with the model
presented in this chapter have been given in section 7.2. Below, the transition vectors
for all process classes will be given in a notation based on the Kronecker delta, similar to
the transition matrices employed in the previous section. In the case of growth, a node
of degree k is removed in exchange for one node of degree one that is connected to a node
of degree k + 1, giving rise to the population vector

ν
(G)
i (k) = δi1 + δik+1 − δik . (7.3.18)
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Similar considerations enable formulating the transition vectors for the cases of retraction,
where a degree one node is removed alongside a node of degree k, leading to the emergence
of a node of degree k − 1:

ν
(R)
i (k) = δik−1 − δik − δi1 (7.3.19)

In the cases of fusion and separation, edges are added or removed between two nodes of
degree k1 and k2, which are subsequently transformed into nodes with degrees that are
either larger or smaller by one than the original nodes. The associated transition vectors
read

ν
(F)
i (k1, k2) = δik1+1 + δik2+1 − δik1 − δik2 (7.3.20)

in the case of fusion and

ν
(S)
i (k1, k2) = δik1−1 + δik2−1 − δik1 − δik2 (7.3.21)

in the case of separation. Comparing the transition vectors to the generation rules for
transition matrices as given in equations 7.3.13-7.3.16 shows that the non-zero columns
of these matrices are indeed identical to the transition vectors.

Finally, the quantities ar( ~N) and ar( ~N − ~νr) have been described in section 3.3.2 as
the propensities of a process, detailing the tendency to leave from, or respectively, arrive
at a certain state via the transition r. The propensities can be given as

ai( ~N) = c
(G)
i Ni (7.3.22)

in the case of growth where there is just one constituent node and

ai( ~N) =
c
(R,S,F)
ij

Ω
NiNj (7.3.23)

for all other cases. In all cases, cr is a rate constant that is unique to an elementary
process given by the process class and the constituent node degrees.

The advantage of having expressed the transition vectors in terms of the Kronecker
delta is that the sum over the set of transitions in equation 3.3.2 can be transformed
into sums over the constituent node degrees. Making use of this and substituting the
propensity functions into equation 3.3.2, the master equation describing the system can
be written down:

dP ( ~N)

dt
=

nk−2
∑

i=0

c
(G)
i

[

(Ni − ν
(G)
i )P ( ~N − ~ν(G))−NiP ( ~N)

]

+

nk−1
∑

i=1

nk−1
∑

j=1

c
(R)
ij

Ω

[

(Ni − ν
(R)
i )(Nj − ν

(R)
j )P ( ~N − ~ν(R))−NiNjP ( ~N)

]

+

nk−2
∑

i=0

nk−2
∑

j=0

c
(F)
ij

Ω

[

(Ni − ν
(F)
i )(Nj − ν

(F)
j )P ( ~N − ~ν(F))−NiNjP ( ~N)

]

+

nk−1
∑

i=1

nk−1
∑

j=1

c
(S)
ij

Ω

[

(Ni − ν
(S)
i )(Nj − ν

(S)
j )P ( ~N − ~ν(S))−NiNjP ( ~N)

]

(7.3.24)
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Although it is in some cases possible to treat master equations by means of analytical
methods, such as the generating function formalism outlined in section 2.3.3, this is
not attempted here. Instead, the dynamics of the system are simulated by a modified
stochastic simulation algorithm.

7.3.3 The stochastic network simulation algorithm

The stochastic simulation algorithm detailed in section 3.4 (Gillespie, 2007) is well suited
to simulate the dynamics of the node populations ~N , as it generates exact stochastic tra-
jectories of the master equation 7.3.24. However, in the scope of this work that focuses
on network structure, this would provide only a minor advantage over the deterministic
model given in section 7.3.1, as it treats sets of nodes as populations and thus is not
suited to produce detailed configurations.

In contrast, graphs are designed to represent, in addition to the populations of nodes,
the detailed connectivity between individual nodes. A graph structure thus has to con-
sist of an enumerated set of nodes V and a set of edges E that specifies the pairs of
individual nodes possessing an edge. There exist various representations of graphs, the
most well know of those likely being the adjacency matrix Aij , whose elements are equal
to unity if two nodes i 6= j are connected, and zero otherwise. Regardless of which graph
representation is chosen, the elementary processes discussed in the previous sections are
represented therein as topological changes.

The key feature characterizing the stochastic simulation algorithm that will be used
here is that each elementary process contributing to the stochastic time evolution of a
system is selected randomly obeying a distribution that represents the stochastic features
of the system in a physically correct fashion, before it is carried out explicitly through
modification of the population numbers. Here, the first step is adopted from the stochas-
tic simulation algorithm, whereas the second step, i.e., the modification of population
numbers is replaced by a modification of graph structure. The algorithm, which is de-
scribed more closely below, is shown in pseudo-code as algorithm 7.3.1.

In detail, the algorithm is initialized with data very similar to that required for the
stochastic simulation algorithm: the initial state of the system is given by an initial time
and by initial population numbers, and a set of processes is passed to the algorithm,
characterized by rate constants and a library detailing class and constituent nodes of the
process. The first central difference to the stochastic simulation algorithm is that prior
to the first time step an initial graph G = (V,E) is created that has a degree distribu-
tion specified by the population numbers. This is facilitated by the configuration model
(Molloy and Reed, 1995), which enables creation of a random graph with a prescribed
degree distribution.

The time steps computed by the algorithm are structured quite similar to the stochas-
tic simulation algorithm: propensities are calculated according to the current node pop-
ulations, which can be readily obtained from evaluation of the graph G. Based on the
propensities and two uniform random numbers, the step size τ is calculated and the next
process r is selected, based on equations 3.4.8 and 3.4.10. At this point, in the stochastic
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simulation algorithm, populations and time are updated before moving on to the subse-
quent time step. Operating on graphs, however, updating the system in the present case
is somewhat more technical. First, the selected process has to be examined, i.e., its class
and constituent node degrees are determined. Then, based on the class of the process,
one of four distinct routes is taken.

In the case of growth or fusion, one, or respectively, two nodes are selected uniformly
at random from the correct populations. In the case of fusion, care is taken that the two
nodes are neither identical nor connect by a direct edge. The graph is then updated by
adding a new edge, which in the case of growth leads to a newly introduced node, or
connects the pair of selected node in the case of fusion. The scenario, in which fusion is
selected and no pair of nodes exists that is allowed to fuse due to the restrictions given
above, is conjectured to be extremely rare as it can only occur if the system size is very
small (i.e., on the order of 101).

When a process is selected that is of either of the classes retraction or separation,
the situation is more problematic and highlights immediate limitations of the mean-field
assumption with regard to the approach presented here. In these cases, not nodes, but
rather connected binary structures have to be selected. For illustration, the following ex-
ample can be considered: in a graph that has a significant number of degree one nodes, a
process that removes the connection between two such nodes will be selected with a non-
negligible frequency. However, a pair of two degree one nodes that are selected uniformly
at random is unlikely to posses an edge, and thus may not be separable. In principle, the
propensity function as defined in section 3.3.2 that bases the probability of a process on
the availability of the constituents in the full system cannot be expected to be entirely
accurate in this case. A more precise approach for a future iteration of the theory would
base the propensities of retraction and separation processes on the random selection of
an edge that leads to appropriate nodes. In the present work, an empirical approach is
utilized that ensures agreement between simulation and theory with few exceptions as
discussed below. Instead of selecting at random two nodes from the constituent pop-
ulations, one constituent population is selected and evaluated for nodes that posses a
neighbor within the second constituent population. From the set of nodes obtained in
this fashion, one node and the appropriate neighbor are selected randomly, and the graph
G is then modified as prescribed by the process class. If no such pair is found in the
graph, the time step is repeated without updating the graph.

It needs to be emphasized that the described problem is a problem of the mean-field
theory, rather than of the simulation algorithm presented here. The mean-field assump-
tion is bound to lead to an overestimation of the frequency of processes that require a
specific topological configuration of nodes. In principle, this is not different from the
simplifications imposed by a mean-field assumption with regard to the influence of spa-
tial heterogeneity, and can be accounted for by adjusting the value of associated rate
constants. However, as the described effect exclusive modifies retraction and separation,
it is noted separately.

The aforementioned procedures were designed such that the occurrence of processes
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is in agreement with the deterministic model. Exceptions are only observed when either
retraction or separation are dominant mechanisms, or if the system size is extremely
small. In these situations it is possible that time steps frequently need to be repeated
because no nodes are found in appropriate configurations. In this case, slight deviations
between the stochastic network simulation algorithm and the stochastic simulation algo-
rithm and, respectively, the deterministic solutions are observed, as will be discussed in
section 7.5.

Returning to the structure of the stochastic network simulation algorithm, further
differences towards the stochastic simulation algorithm are small. Instead of updating
only time and populations, also the graph structure is updated according to the selected
process before the next time step is attempted. Finally, after completion of each time
step, various graph measures including component sizes are computed and stored. In
theory, every measure of interest for non-spatial, undirected graphs can be computed at
this point, including clustering measures or shortest path lengths (consult da F. Costa
et al. (2007) for a comprehensive review of graph measures). Similarly, graphs can be
stored for subsequent analysis. However, for practical considerations the number of com-
putations to be performed and the size of outputs is generally kept as small as possible.
Nevertheless, this final notion underlines the central advantage of network simulations
over the stochastic simulation algorithm in the system at hand: structural features of
graphs produced by the model can be efficiently analyzed, as will be demonstrated in the
following section.
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Algorithm 7.3.1: Stochastic network simulation algorithm
Data: set of processes R, rate constants {cr | r ∈ R},

initial populations ~N0, start/end time (t0, tN )
Result: time steps t, node populations over time ~N(t),

graph measures over time (S(t), s(t), χ(t), . . .)
begin

G = (V,E)←− configuration model ( ~N0)
t←− t0
while t ≤ tN do
{ar | r ∈ R} ←− calculate propensities (V, {cr})
{n1, n2 |ni ∈ [0, 1]} ←− random numbers ()
τ ←− calculate step size (n1, {ar})
r ←− select process (n2, {ar})

(class, k1, k2)←− look up process (r)
switch class do

case growth do
i←− random k = k1 node (V )
j ←− G: new node ()
G: new edge (i, j)

case retraction do
(i, j)←− search k = k1 node with k = 1 neighbor (V, E)
if i 6= ∅ then

G: remove node (j)

else
retry time step

case fusion do
(i, j)←− random k = k1 and k = k2 nodes (V )
if i 6= j and E(i, j) = ∅ then

G: new edge (i, j)

else
retry time step

case separation do
(i, j)←− search k = k1 node with k = k2 neighbor (V, E)
if i 6= ∅ then

G: remove edge (i, j)

else
retry time step

t←− t+ τ
(S, s, χ, . . . )←− calculate graph measures (G)

store t, ~N, S, s, χ, . . .
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7.3.4 Towards a planar, stochastic network growth model

The simulation algorithm described in the previous section enables the construction of
graphs that evolve in accordance with the rate and master equations devised in this
chapter. The average dynamics of these systems are fully defined by the set of initial
conditions and by the set of constants governing the rate at which nodes interact with
one another. However, the graphs created by the stochastic simulation algorithm do not
have a fixed spatial dimension. Assuming that all edges between nodes have unit length,
high-dimensional spaces are required if a spatial embedding is searched for a highly struc-
tured graph. More intuitively stated, in the mean-field picture pursued in this chapter,
interactions are possible between any pair of nodes - a property which is impossible in a
graph that is embedded in space. In order to connect distant nodes in a spatial network,
it is either necessary to introduce non-local edges, or to increase the dimension of the
embedding space.

Thus, in a spatial graph that is in accordance with the graph model proposed in
chapter 5, interactions can only occur locally between nodes and their immediate spatial
neighbors. As it is expected that this has a substantial influence on an evolving network,
first steps are taken here to devise a two-dimensional implementation of the stochastic
growth model. As briefly discussed in chapter 5, such a two-dimensional model is not
only useful to study the influence of dimensionality on stochastic network formation,
but can also serve as a discretization of a growing spatial structure, where dynamical
processes such as the regulation of a pressure or the exchange of fluid flow are computed
on nodes that interact with their connected neighbors. These processes on the other
hand can be coupled to the topological evolution by locally altering the stochasticity of
topological modifications, and therefore a suitable model may serve as a bridge between
stochastic dynamics and self-organizing network growth.

In order to fully define a simulation model in two dimensions, rate constants and
initial conditions as employed in the previous sections are not sufficient. Various spa-
tial aspects need to be considered, such as node and edge dimensions, growth angles or
threshold and movement distances. The most substantial change, however, is the way
in which fusion works. In the mean-field picture, any two nodes can in principle be con-
nected if the appropriate process is selected. In two dimensions, as outlined above, this
is in many cases impossible. Instead, nodes undergo fusion if they are in close proximity,
making fusion a passive process in reaction to growth or movement of nodes.

In principle, the algorithm implementing the two-dimensional simulation is identical
in structure to algorithm 7.3.1, in the sense that the time step and class of the next pro-
cess are selected according to the stochastic simulation algorithm (section 3.4). The most
important changes affect the graph structure, which now assigns a set of coordinates and
a (unit) radius to all nodes, and to the way in which processes are executed once selected.

Furthermore, the initial configuration is also set up differently and no longer utilizes
the configuration model. In order to mimic the situation observed in P. polycephalum

growth experiments (see section 6.1.2), an initial patch area is defined via an initial patch
radius R0. Subsequently, nodes Ni are randomly placed within the patch such that the
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disks defined by their radii ri do not overlap. In greater detail, nodes are placed sequen-
tially, and after each node that is placed, distances to all other nodes are calculated. If
an overlap is detected in this way, the step is repeated. The entire procedure is repeated
until an area is covered according to the initial coverage c0. This process has been studied
in the literature under the name ’random sequential adsorption’ (Feder, 1980). Following
the placement of initial nodes, non-overlapping nodes whose centers are less than a fusion
threshold distance dF apart are connected by an edge.

Following successful construction of the initial configuration, the first time step is
attempted in the usual way, by calculating propensities based on rate constants. At this
point, the only difference is that fusion no longer has a rate constant and therefore cannot
be selected as the next process. Indeed, retraction and separation function identical to
the non-dimensional case. Thus, the only difference lies within the growth process.

It needs to be emphasized here, that the selected method presents one possible at-
tempt at establishing the growth process in two dimensions. It is not intended to replicate
growth as observed in the P. polycephalum network exactly. The selected method builds
on an exact geometric construction, which is then distorted by a noise term. The con-
struction functions as follows. A node is selected at random from the population of nodes
that can constitute the growth process. For the selected node, all connected neighbors
are discovered an the centroid of the set is determined. Next, a straight line is con-
structed through that centroid, and through the center of the primary node. A novel
node is than placed on that line, such that its position with reference to the primary
node opposes the centroid of the neighboring nodes. The distance to the primary node is
selected such that the nodes are in contact but do not overlap, and in order to mimic the
randomness during growth in P. polycephalum, the axial position with reference to the
primary node is distorted by randomly selecting from a Gaussian distribution centered at
the exact constructed location. The width of the distribution is a parameter of the model.

The procedure described above is only carried out if the overlap of the novel node
with any other node in the graph is small. If this is not the case, a different primary
node is selected from the same population and the procedure is repeated. If placed suc-
cessfully, the novel node is connected by an edge with all nodes that are are close than
dF. If the primary node has no neighbors, growth is carried out in a random direction.
If growth leads to fusion one or more nodes that are not identical to the primary node,
the time step size is increased accordingly.

It has been selected not to display the detailed algorithm here, as it is in a prelimi-
nary form and in principle identical to algorithm 7.3.1 with changes as outlined above.
Furthermore, no systematic analysis of simulated two-dimensional network growth is car-
ried out in the scope of this work. Instead, exemplary data are shown in section 7.5.1.
Differences in percolation the percolation properties of the two-dimensional model in
comparison to the non-spatial model are addressed in section 7.6.
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7.4 Analysis of the model

The present section aims to analyze the models devised in this chapter in a reduced but
flexible framework that will be introduced subsequently. The analysis of the model is
separated into the same two parts into which the model can be broken down. First, the
numerical solutions of the deterministic rate equation are analyzed with regard to its
general dynamics and features, and with regard to the degree distributions and system
sizes that are approached for large times. Second, stochastic simulations of the master
equation are considered. This analysis encompasses the influence of stochasticity on the
dynamics of the model, and the influence of finite size effects. In particular, in contrast
to the traditional stochastic simulation algorithm, the modified stochastic simulation
algorithm (section 7.3.3) enables the simulation of network growth, so that structural
quantities like component sizes can be studied as a result of the underlying model. In
the light of percolation (section 2.1 and chapter 2), the influence of finite size effects
on the size of the giant component and on average component sizes are investigated by
finite size scaling, leading to the determination of critical exponents. Furthermore, the
influence of system growth on the critical exponents is examined.

7.4.1 The GRFS model

The model for network growth presented in this chapter provides a flexible framework
that can be adjusted to describe a variety of processes. However, this flexibility comes at
the cost of a large number of rate constants that need to be specified making the general
analysis of the model difficult. In order to investigate the features of the model in a
reduced framework that retains central characteristics of the model without sacrificing
too much of its flexibility, the ’GRFS’ model is proposed as a first simplification. Instead
of assigning one unique constant to each process, all processes of one class are assigned
the same constant. Namely, all growth processes are assigned the growth constant G,
whereas R characterizes retraction. Similarly, F and S belong to the process classes
of fusion and separation. Paraphrasing, when all constituent node degrees are equally
available, all processes of a class may occur with equal probability. It is the major
drawback of this simplification that it cannot be expected to appropriately described the
dynamics of scale-free networks or other network types that base the probability of an
elementary process on the constituent node degree rather than solely on the availability
of the constituents. However, the growth processes of interest to this work are expected
to be more closely related to random graphs than to scale-free networks: node degrees
are exclusively small, and thus any dependence on the degrees themselves is expected to
be less significant due to the relative homogeneity of the degree distribution.

7.4.2 Analysis of the deterministic solution

Being a set of ordinary differential equations, the rate equation model can be efficiently
analyzed through explicit numerical integration employing the fifth order Runge-Kutta
method (Dormand and Prince, 1980). A first glance at the behavior of the model can
be obtained from numerical realizations for selected combinations of rate constants as
displayed in figure 7.4.1. Starting with a set of unconnected nodes and omitting cases
where the system is driven only by separation and retraction, the following behaviors
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indicating that there exist twice as many nodes of degree k than there are of degree k+1.
This distribution follows from the argument that a node of degree k has to undergo k
equally probable growth events whereas a node of degree k + 1 has to undergo k + 1
such events. Nodes that reach the maximal degree do not influence nodes of smaller
degree, as they do not participate in any process. However, they have an influence on
the degree distribution through normalization. For sufficiently large nk, their fraction
can be approximated as

pnk−1 =
∞∑

i=nk−1

(1/2)i = 4 · (1/2)nk . (7.4.2)

At the steady state, trees continue to grow exponentially while preserving the degree dis-
tribution detailed above. The degree distribution detailed in equation 7.4.1 and numerical
data are shown in figure 7.4.2 panel (a). For comparison, and in order to highlight the
limitations of the GRFS model, the scale-free degree distribution of a tree produced by
the rate equation using the preferential attachment rule c(G)(k) = Gk is shown in panel
(b). Following this rule, the rate constant of each growth process is based on the degree
of the constituent node rather than being constant as assumed in the GRFS model. This
seemingly subtle change to a basic process drastically changes the degree distribution.

When retraction is enabled in addition to growth, the picture changes to a degree as
shown in figure 7.4.1 panel (d). Although structures are still tree-like (as it is impossible
for them to fuse) with an exponential degree distribution that is cut off at nk − 1. How-
ever, unlike the previous case the system does not grow exponentially once the steady
state is reached. Instead, the number of nodes assumes a maximal value. Notably, this
balance of growth and fusion is not limited to the case where the rate constants are
identical. This effect is further analyzed below. In particular, figure 7.4.3 details the
number of nodes at the steady state for several combinations of rate constants.

Figure 7.4.1 panels (e) and (f) combine the selections made in panels (a) and (c), or
panels (b) and (d), respectively. Combining growth with fusion, panel (e) documents the
evolution of an almost regular graph in a system that grows linearly for large times. The
linear growth may appear counter-intuitive in the first place, but has to be attributed
to the vanishing fraction of nodes that has not reached the maximal degree. As long
as such nodes exist, nodes of degree one are produced at some rate. In the present
example, this rate is identical to the fusion rate. Hence, there is a constant produc-
tion of nodes of small degree that balances the immobilization of nodes at the maximal
degree. Nevertheless, at large the steady state assumed by the degree distribution is
identical to the scenario that involves only fusion, as shown in panel (a). Similarly, in
panel (f) where all rate constants have identical values, the dynamics of the node de-
grees appear to be governed by fusion and separation, whereas the dynamics and steady
state of the system size agree with the case where only growth and retraction are present.

In summary, the rate equation model is capable of producing a variety of unique
behaviors even with strong restrictions in place for the rate constants. The behavior
for small times appears to be quite similar in all cases due to the initial condition, and
due to the fact that no process allows degree modifications other than ∆k = ±1 for
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individual nodes, i.e., an initial population of zero nodes has to develop into one nodes
before it can reach higher degrees, and so forth. Due to this, if fusion is present and if
the system is far from the limiting degree, the degree distribution resembles a binomial
distribution as observed in evolving random graphs. In contrast, the behavior for large
times is distinctly different based on the choice of constants. Regardless of the choice of
constants, the system evolves towards steady state characterized by a degree distribution
and the number of nodes that can either stabilize at some value or settle into a state of
linear or exponential growth. Although not detailed above, it is similarly possible that
the number of nodes in a network decreases as will be discussed below, or even vanishes if
G = 0 and R > 0. It is worth emphasizing that if R > 0, i.e., if there is retraction present
in the system, the number of nodes always approaches a stationary point. Similarly, the
degree distribution only stabilizes at the maximal node degree if S = 0, i.e., if separation
is not partaking in the evolution of the system. In the following, the analysis focuses on
the large time behavior in the case that all constants are larger than zero but do not
necessarily have identical values.

Number of nodes at the steady state The first important point to notice about the
steady state of the GRFS model is that the number of nodes, as well as the degree dis-
tribution at the steady state depend only on the ratios F/S and G/R rather than on the
constants themselves. Figure 7.4.3 displays the number of nodes NS at the steady state
obtained through numerical simulation as described above, in relation to the initial num-
ber of nodes N0 for numerous combinations of the aforementioned ratios. As suggested
by figure 7.4.1, it is expected that the ratio of growth to retraction has a dominating
effect on the number of nodes. Indeed, as can be gleaned from panels (b-d), there is a
linear dependence on G/R for different values of F/S. However, the slope characterizing
this relation is found to depend on F/S. Furthermore, for different numbers of node
degrees nk the numerical data are found to reside on different parallel lines if F/S ≥ 1.
It is intuitive that for systems that are dominated by separation there is no dependence
on this cutoff parameters as node degrees are bound to be exclusively small.

The described dependencies can be clarified by inspection of the number of nodes as
a function of F/S for one single value of G/R as displayed in figure 7.4.1, panel (a). It
is noted that for small values of F/S the number of nodes scales as a power law F/Sα

with exponent α = −1. When fusion is the dominant mechanism, i.e., if F/S ≫ 1, the
number of nodes scales as a power law as well but the exponent is observed to depend
on the number of node degrees nk as α = (nk − 3)/2. Summarizing the observations as
outlined above, the number of nodes at the steady state is given by the scaling relations

NS =







N0 · GR ·
(
F
S

)−1 F
S ≪ 1

N0 · GR ·
(
F
S

)nk−3

2 F
S ≫ 1

. (7.4.3)

The scaling is accurate for large and small values of F/S but fails as soon as F and S are
of an order and especially if F = S. Here, the scaling relations predict NS/N0 = 1, but
inspection of numerical data immediately suggests a dependence on nk that has not yet
been accounted for. It is found that a phenomenological correction factor nβ

k that tends
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be extracted from single values, a generic exponential distribution

pk = λ 10γk (7.4.5)

is fitted to the distribution for a wide range of F/S. The resulting parameters λ and γ
are shown in figure 7.4.4 panels (d) and (e). Inspection of the parameter γ suggests a
logarithmic relation, and indeed the function

γ =
log10(F/S)

2
(7.4.6)

is found to be in excellent agreement with the data for all values of F/S and enables
writing the degree distribution as

pk = λ

(
F

S

) k
2

. (7.4.7)

Obtaining the relation for the parameter λ proves to be less straightforward. However,
from previous discussion of the phenotypes of the rate equation model, asymptotes of the
parameters can be obtained. First, if F/S tends to zero, it is expected that the network
consists almost exclusively of solitary nodes of degree zeros, and therefore the degree
distribution has to be peaked at k = 1, implying λ = 1 as the parameter functions as an
intercept. For F = S, equipartition is expected and therefore it is required that λ = 1/nk

as all degrees need to be present with equal probability. The asymptote for large values
of F/S stems from inspection of the parameter λ in figure 7.4.4 panel (d). Here, power
law scaling of the parameter with an exponent given by −(nk − 1)/2 is observed, and
thus the asymptotic behavior can be summarized as

λ =







1 F
S ≪ 1

1
nk

F
S = 1

(
F
S

)−
nk−1

2 F
S ≫ 1

. (7.4.8)

Although the asymptotes correctly reflect the behavior for large and small values of F/S,
they fail near F = S. Similar to the procedure applied during investigation of the number
of nodes, this problem can also be alleviated by multiplication of a correction factor that
tends to unity for large and small values. This factor can be given as n−F/S

k for F/S ≤ 1,

and n
−S/F
k for F/S ≥ 1. The corrected parameters as well as the asymptotes are shown

in figure 7.4.4 panel (d).

In summary, the degree distribution for arbitrary values of F/S and arbitrary values
of G/R reads

pk =







n
−F/S
k ·

(
F
S

) k
2 F/S ≤ 1

n
−S/F
k ·

(
F
S

) k−nk+1

2 F/S ≥ 1
(7.4.9)

and is found to be in excellent agreement with numerical data as can be seen in figure
7.4.4 panels (a-c).
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Notably, in the shown example deviations remain absent unless the average degree
grows beyond < k >≈ 1.5. In this regime, it is observed that the stochastic network
simulation algorithm slightly differs from the rate equation and the stochastic simula-
tion algorithm, which remain in excellent agreement throughout the entire process as
expected. The deviations, which do not surpass 20% in the case of the vanishing p0-
fraction and remain much smaller for all others, are systematic alterations of the propen-
sity function. The rationale presented in section 7.3.3 can be briefly recapitulated as
follows. If a process is selected due to the availability of its constituents, but cannot be
carried out because the process requires a certain configuration of nodes that is at the
present not available on the graph topology, the problematic time step will be repeated
until a suitable process is selected. The propensity of the processes that were skipped are
thus effectively zero, even though in theory they should take a nonzero value. However,
the nature of this systematic deviation makes it a problem of the theory rather than of
the algorithm, and due to its low impact on the results, it will not be considered in the
following.

7.5.1 Simulating the GRFS model in two dimensions

In section 7.3.4, necessary steps for a two-dimensional implementation of the network
growth model have been outlined. A prototype of the algorithm has been implemented
and has been used to generate a small number of exemplary analyses. A systematic anal-
ysis of the model has not been performed. In the present section, typical data generated
by the algorithm is presented. The most significant contribution of the two-dimensional
model to this work is presented and discussed in section 7.6, where differences in perco-
lation between the spatial and non-spatial settings are considered.

In figure 7.5.3, a sequence of graphs is shown that has been created using the proto-
type implementation of the proposed algorithm. The simulation was performed with an
initial area coverage of c0 = 0.1 and N0 = 128 initial nodes. Rate constants were selected
in accordance with the GRFS model presented in section 7.4.1. In the present example,
only growth has been enabled.

As can be seen in the figure, the two-dimensional simulation recreates typical steps
also observed in the formation of the P. polycephalum network. Initially, there exist,
with few exceptions based on the selected area coverage, only solitary nodes. As these
grow, larger components are generated locally and fuse as they come into contact. At
first, these components are tubular but soon resemble locally tree-like structures. These
structures rapidly become more intricately meshed upon further growth and fusion, and
finally merge into a single, giant component in a percolation transition.

Comparing to P. polycephalum, there are, of course, obvious differences. For instance,
nodes grow stochastically based on their rate constant, rather than through their func-
tional role in the network. This implies the absence of growth fronts and the absence of
the typical hierarchical structure. As all growth rates are equal in the present example,
the mesh-structure of the graph is locally very intricate, favoring nodes of large degree.
In P. polycephalum, these are only observed in growth fronts.
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more smeared out, and the peak of the average component size is rather broad. As both
systems are finite, the average component size does not diverge. Instead, it is noticed
that at the critical point the standard deviation of the average component size takes its
maximal value. Relative deviations σS/S and σ<s>/< s > at the location of the maxi-
mum of < s > are shown in panel (c) for five different system sizes, including the data
shown in panels (a) and (b). The standard deviation σ<s> of the average component
size maintains an approximately constant relation to the height of the peak, although
both quantities grow with system size. The giant component size becomes more narrowly
defined as system size increases, indicating that for the entire curve, absolute deviation is
reduced. In contrast, relative deviations near the critical point increase as seen in panel
(c), highlighting the divergence of order parameter fluctuations at the critical point.

It is immediately seen that in both cases the average agrees well with the theoret-
ical models in the case that only fusion is present in the system. Predictions made by
the configuration model are more accurate as the random graph model cannot account
for deviations of the degree distribution from the Poisson distribution. As discussed in
section 4.3.1, this is attributable to the cutoff parameter nk, which does not allow nodes
in the tail of the distribution to evolve to larger degrees. The most prominent effect re-
lated to this is a shift of the expected critical point in relation to the random graph model.

Deviations from the theoretical models are smallest in the percolated regime and
largest shortly before percolation. This is a typical finite size effect. In a finite system,
one component in the graph will always be largest, even prior to the phase transition.
The second prominent influence of finite system size is a shift of the peak of the average
component size. In an infinite system, this peak is located at the critical point, but in
finite systems it is shifted into the percolated regime. The influence of finite size effects
are visible in figure 7.5.5, but are better resolved in figure 7.6.1 below.

So far, only fusion has driven the development of the simulated system. Before cov-
ering the influence of growth in the following section, it is sensible to consider briefly
the influence of the process opposing fusion, i.e., separation. If separation is enabled
in addition to fusion, the configuration model still describes the evolution of the giant
component correctly (not shown). In section 7.4.2 it has been described that the degree
distribution at the steady state of the model is determined solely by the parameter F/S,
i.e., the ratio of fusion and separation rates. The configuration model, which is applica-
ble in the current situation, predicts the size of a giant component based on the degree
distribution. Now, if the degree distribution is determined by the parameter F/S, so is
the size of the giant component.

This is verified in figure 7.5.6, where the size of the giant component S at the steady
state, as obtained from simulations, is shown as a function of F and S. It can be seen
there, that no variation of S can be detected along lines of constant ratio F/S. If the
system is dominated by fusion, the giant component at the steady state almost surely
contains all nodes in the system, whereas for separation-dominated systems there exists
no giant component. The transition between the two phases is smooth. In particular,
if F = S, the giant component typically connects half of the nodes in the system when
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towards the theoretical prediction. If, however, growth is present the finite size effects
intensify the distortion due to growth. The picture created here via simulations resembles
closely the situation observed in P. polycephalum data.

One argument for why there is a shift comes from the consideration of the limiting
case F/G = 0, i.e., when the growth rate exceeds the fusion rate greatly. It is conjec-
tured that in an infinite system, which evolves exclusively by growth all components are
necessarily trees. Due to the infinite size of the system it is impossible for the system to
develop a giant component and therefore, the critical point needs to be shifted to infinity.

From a different point of view, the deviating shape of S in the presence of growth can
be motivated. In the GRFS model, all nodes have an identical probability of undergoing
a growth process, except for a fraction of nodes that has the maximal allowed degree.
This fraction, however, is small until the graph is highly structured which is the case
only after percolation. Focusing on the stage in which a graph is still in the process of
developing its structure, the following reasoning appears plausible.

In a finite system, there exists at each point during the evolution a component which
is largest, and therefore the graph can always be partitioned into nodes that are part of
the giant component and those that are not. Since all nodes in the graph may add one
connected novel node through a growth process with identical probability, components
grow with a rate that is proportional to their size. However, each growth process pro-
gresses the parameter < k >, regardless of the component in which the growth process
takes place.

It is informative to take a closer look at how < k > changes upon single growth
events. From N < k >= 2E, where N and E represent the number of nodes and edges,
it follows that growth (E+1, N+1) increases the average degree if N > E or equivalently
if < k >< 2, and decreases the average degree otherwise. The amount, by which the
average degree is progressed due to single one single growth event is

∆ < k >=
2− < k >

N + 1
, (7.5.1)

which tends to zero as < k >→ 2. A network advancing only by growth cannot obtain
an average degree larger than two.

As long as the giant component size is small, growth happens predominantly in the
portion of the graph that is not part of the giant component. Thus, for each such process,
the graph obtains a higher degree of structure without an increase in giant component
size. In a sense, the giant component is left behind, and keeps a smaller value at a higher
level of structure, compared to the case with no growth. This effect is diminished at
higher average degrees, as the influence of growth processes on < k > progressively tends
to zero when approaching an average degree of two, as seen in equation 7.5.1. At the
same time, graphs with a larger degree tend to have a larger giant component due to
fusion processes. Thus, a larger fraction of growth takes place in the giant component,
and the effect described above is even further diminished.
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The influence of growth can be summarized as follows. Comparing to a model with
no growth, growth causes the giant component to be smaller at a similar average degree
as long as the giant component is small. As the graph approaches larger degrees, the
influence of growth is diminished by two factors. First, at larger degrees the giant com-
ponent is larger and therefore growth effects are more prone to take place in the giant
component. Second, the rate at which growth progresses the average degree decreases
if the graph is more structured. Taken together, both effects are conjectured to lead
to the effect observed in figure 7.5.7, where increased levels of growth cause the giant
component to remain small first, but to rise sharply at larger average degrees.

Another study investigating the influence of growth has been performed by Callaway
et al. (2001). There, a network forms by the same rules governing the formation of a
random graph, while one single, solitary node is added per unit time. The authors ob-
serve two effects. First, the phase transition is shifted in comparison to the configuration
model, but in the direction of smaller average degrees. Second, the giant component is
smoothed out at the transition.

The first point raises the question why Callaway et al. (2001) observe formation of a
giant component at smaller average degrees, when it is observed here that growth rather
inhibits the growth of the giant component. The authors reason that degree correlations
due to the different age of nodes are key to understanding the process. Nodes added in
their model are exclusively of degree zero, meaning that at the point at which they are
inserted all preexisting nodes have had a higher probability to have obtained an edge.
This leads to the emergence of a core of more highly connected nodes, which leads to the
early emergence of a giant component.

The difference between the two processes can also be understood following the logic
presented above. In the model developed here, the nodes that are added due to growth
increase the average degree of the graph, unless the graph surpasses an average degree
of two. Therefore, the average degree progresses faster than the average component as
growth may occur in all components of the graph, but is more likely in the fraction
that does not belong to the largest component. In contrast, in the model presented by
Callaway et al. (2001), growth is limited to the fraction of the graph that is not part of
the giant component. Although this should, in principle, inhibit the growth of the giant
component, it also decreases the average degree and therefore reverses the effect observed
here.

Callaway et al. (2001) observe numerically that the order parameter is smooth the
transition between the non-percolated and percolated regimes, implying that the phase
transition is of infinite order (Kosterlitz and Thouless, 1973), rather than of second or-
der as in percolating non-growing networks. Heuristic arguments that an infinite order
phase transition is a feature of all growing networks have subsequently been provided by
Dorogovtsev et al. (2001), and have since then been supported by rigorous works such as
Bollobás et al. (2004) focusing on select systems and making results translatable between
different models. Although the works referenced here indicate that an infinite order phase
transition is shared between growing systems, it is unclear whether the results translate



Section 7.6. Finite size scaling & critical exponents 167

to the present model.

Should this be the case, it is to be expected that there are influences on the finite size
scaling presented in the following section, as in infinite order phase transitions critical
quantities, such as the susceptibility or non-giant component size, are not guaranteed to
diverge (Keesman et al., 2016).

7.6 Finite size scaling & critical exponents

Throughout this work, the location of the critical point of several percolation processes
has been addressed. In chapter 4, analytical solutions of the configuration model have
been devised, and it has been found that limiting the degree distribution to small degrees,
either by neglecting nodes of larger degree or by disallowing nodes to surpass a certain
degree, leads to a shift of the critical point. In chapter 6, it has been observed that the
critical point in P. polycephalum percolation is shifted in comparison to the configuration
model. This effect can be attributed to system growth and finite size effects, and has
been further studied in the previous section qualitatively through the analysis of simu-
lations.

In the present section, this analysis is further expanded. Building on a more quan-
titative approach for determination of the critical point, the behavior of the system in
the critical region is analyzed by determining the critical exponents that characterize
the scaling of the giant and average non-giant component sizes near the critical point.
The determination of critical exponents in simulated systems is typically performed via
the analysis of finite size effects, as their scaling behavior with the finite system size is
governed by the same critical exponents describing the scaling behavior in the critical
region. This is further outlined in section 2.1.3.

Three data sets are considered as part of the analysis. First, critical point and ex-
ponents are studied in the GRFS model upon variation of the parameter nk when the
system evolves exclusively by fusion. The value nk− 1 is the limiting degree that cannot
be exceeded in a small degree graph. In chapter 4, it has been described that such a
cutoff shifts the location of the phase transition in comparison to the unconstrained ran-
dom graph model. Second, the influence of growth is considered, and the critical point
and exponents are investigated as functions of the growth to fusion ratio G/F . Finally,
using the rate constants obtained from experimental P. polycephalum data, simulations
mimicking the development of the slime mold network are performed and analyzed.

The methods employed here are described in section 2.1.3. Two alternative proce-
dures are employed to estimate the parameters of interest. In the first procedure, the
critical point is determined using the low-sampling method by Bastas et al. (2014), and
subsequently a data collapse is performed using the method by Houdayer and Hartmann
(2004) with only the critical exponents as parameters. The second procedure uses the
critical point provided by the low-sampling method as a guess, and the data collapse is
performed with the critical exponents and the critical point as optimization parameters.
It is found that there exist discrepancies in the critical point and exponents between
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both procedures. In order to provide a consistent picture, results are reported for both
methods.
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7.6.1 Influence of a bounded degree

Focusing, as outlined, first on the case where the cutoff parameter nk is varied, simu-
lations have been performed for five system sizes ranging from 128 − 2048 nodes such
that each system size is represented by exactly twice the number of nodes used in the
next smaller system. Critical quantities were averaged over 20480 − 1280 realizations,
halving the number of simulations for each smaller system size due to increased runtime.
Working in the GRFS model, the set of parameters is given as F = 1, S = G = R = 0.

Figure 7.6.1 shows a typical result for one value of the cutoff parameter (nk = 5).
Shown there as insets are the averaged of the critical quantities S and < s >. The
observed behavior is identical to the behavior reported earlier in this section: in the
giant component size, finite size effects are most significant shortly before percolation,
with a decreased effect for larger system sizes. The average non-giant component differs
between system sizes mainly due to peak height and position, where larger systems are
peaked closer to the expected critical point.

The figure focuses on the data collapse for the critical quantities. Data collapses
shown in panels (a) and (b) have been obtained using the first procedure, where the
critical point < kc > is estimated using the procedure by Bastas et al. (2014), and the
collapse adjusts only the critical exponents γ, β, ν. The data collapse procedure has
been adjusted such that both collapses are performed simultaneously with a joined qual-
ity function (QS + Q<s>) · |QS + Q<s>| that is minimized with regard to the critical
exponents. Here, QS and Q<s> are quality functions as defined by Houdayer and Hart-
mann (2004) (see also section 2.1.3) for both critical quantities. As the scaling relations
given in section 2.1.3 only hold in the critical region, the data collapse was computed
only in that region, indicated in the figures as a shaded bar. In units of the rescaled
axes, the following ranges were found to lead to the most consistent results: S : [−4, 2]
and < s >: [−2, 4].

The model that is most closely related to the case discussed here is the random graph
model, as the construction mechanism in both models is identical, and the only difference
is posed by the degree bound implemented here. The critical point as determined via
the method by Bastas et al. (2014) (< kc >= 1.05) is slightly shifted in comparison to
the expected value from the random graph model (< kRG

c >= 1). Qualitatively, this is
consistent with the reasoning proved in section 4, where it is argued that limiting the
maximal degree of a graph is bound to cause the critical point to shift to larger values.
Turning to the data collapse, data could be successfully collapsed for both critical quan-
tities, although the collapse of the giant component size is, by visual inspection, more
accurate.

Critical exponents in the presented example are γ = 0.89 for the average component
size exponent, β = 1.01 for the scaling of the giant component size and ν = 2.97 for the
scaling of the correlation length. In order to assess the accuracy of these values, it is
necessary to take a brief look at the expectations set by the random graph model. Values
for the critical exponents γ, β have been given by Erdös and Rényi (1959) as γ = β = 1.
The exponent β found here is in excellent agreement, whereas the exponent γ deviates,
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which is likely due to the poor quality of the data collapse.

Determining the expected value for the correlation length exponent is less straightfor-
ward. It is typically stated in the literature, that in the random graph model the critical
exponents assume their mean-field values, which in the case of percolation read

γ = 1 β = 1 ν̄ =
1

2
. (7.6.1)

As stated above, this is immediately true for the first exponents, whereas the measured
value for ν, at first glance, differs substantially. This is, however, only a problem of
definitions.

For systems of low dimensionality (d < 4), the critical exponents have to fulfill the
following hyperscaling relation (Widom, 1965):

dν = γ + 2β (7.6.2)

However, this relation breaks down if d ≥ 4, and for large-dimensional systems, d takes
the value of the upper critical dimension, which is dc = 6 (see, e.g., Saberi (2015)), where
all critical exponents assume their mean-field values. Turning again to the hyperscaling
relation, it is noticed that in this case the equation takes the value γ + 2β = dcν = 3,
which is close to the value measured here for the correlation length exponent.

Finite size scaling relations on networks are typically expressed in terms of the number
of nodes N , as there is no lattice with fixed sites. On a lattice, scaling is expressed in
terms of the lattice dimension L. However, comparing the two quantities, it is clear that
N is more closely related to the lattice volume V = Ld, as these two quantities express
the number of sites (or bonds) in the system. By this logic, it appears sensible that
scaling with graph size should be expressed as

N1/ν =
(

N1/d
)1/ν̄

(7.6.3)

with ν = dν̄ and N1/d resembling the linear dimension of a graph, similar to L = V 1/d

on a lattice. Thus, since the critical exponent mean-field values given above are typically
derived with reference to a lattice, they should correspond to the linear dimension, rather
than to N . Now, since in percolation d = dc = 6 if d ≥ 6, and since the dimension of a
large random graphs is typically greater than dc, a mean-field exponent ν̄ = 1/2 leads to
ν = dcν̄ = 3, which is the value measured here, indicating correctness of the result under
the assumption that the graphs simulated here cannot be embedded in spaces with fewer
than 6 dimensions.

Values of ν close to three have been observed in other networks, for instance in scale
free networks if the exponent characterizing the degree distribution is larger than three
(Cohen et al., 2002; Radicchi and Castellano, 2015), which also places them in the ran-
dom network regime. Although the degree distribution is still governed by a power law,
there are fewer hub-nodes, reducing their influence on the structure of the network.
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to the effect, data are shown for all system sizes, and for all system sizes excluding the
smallest size. Panel (a) shows the dependence of the critical point on the degree bound.
On the qualitative level, all curves show the same trend: if bounded at a smaller degree,
the critical point is shifted to larger degrees. This effect is discussed in greater detail in
section 4.3.1. Results obtained via the method by (Bastas et al., 2014) are typically less
shifted in comparison to results obtained via the data collapse method. Excluding the
smallest system size from the analysis leads to larger shifts. The configuration model
predicts a shift that is larger than measured by the described methods in computational
data, whereas critical points obtained numerically by Ben-Naim and Krapivsky (2011) are
shifted less strongly. At present, no explanation for the observed discrepancy is available.

Panels (c-e) display values obtained for the critical exponents, and panel (b) shows
the ratio β/ν. It has been chosen to show this ratio separately, as the method by Bastas
et al. (2014) returns an estimate of this measure in addition to the critical point. Critical
exponent measurements share a pattern. Exponents obtained via the first procedure, i.e.,
with < kc > being fixed prior to the data collapse, are typically very close (rel. devia-
tions of up to 10%, but typically below 5%) to the mean-field values, whereas exponents
where all parameters have been determined via the data collapse deviate systematically.
Focusing first on results obtained with < kc > fixed, it is unclear, in particular for β
and ν, whether there are any systematic effects. As the random graph model represents
the mean-field case, and as larger nk imply a higher degree of similarity between the
present case and the random graph model, one would expect exponents to be closest to
the mean-field value for large nk. For β and ν, there are no systematic effects visible,
and their ratio β/ν deviates most significantly from the mean-field value for large nk.
The same is observed for γ, which lies systematically below the mean-field value and is
closest for nk = 4. Quality of the data collapses in the different methods is similar to
the respective examples shown above.

Focusing on the case, where all parameters are determined by the data collapse, the
exponents β, ν and the ratio β/ν are found to be below the mean-field value and below
values obtained via the first method. For the aforementioned values, only very slight
changes are observed upon variation of nk, which are, in all cases, below the expected
error. The exponent γ behaves roughly similar to results for fixed < kc > and deviates
most significantly for large nk.

Comparing results with all system sizes included to those, where the smallest system
size has been excluded hints at a possible explanation: in the second method, results
move closer to the mean-field case if only large systems are included. This suggests
that the deviation is a finite size effect that would require even larger system sizes to be
considered for results to be more accurate in the second method.

7.6.2 Influence of growth

The influence of growth is studied in figure 7.6.3 in simulations of growing networks with
nk = 4. Again, system sizes range from 128 to 2048 nodes, albeit fewer simulations were
performed for each system size, ranging from 14336 simulations in the smallest system to
896 simulations of the largest system size. The analyses included in the figure are iden-
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through the method by Bastas et al. (2014) and obtaining exponents through the data
collapse leads to exponents that are below, but within 10% of the mean-field value with
no systematic behavior attributable to variation of G/F . Determining all parameters via
the data collapse has the same effect as above. β and ν are determined to be smaller
than the mean-field value and the respective values obtained by the first method. Com-
paring to the small variations between critical points determined by either method, the
observed effect highlights the sensitivity of critical exponent measurements to the correct
determination of the critical point.

The ratio β/ν shows dissimilar trends for all methods. The estimate obtained by the
Bastas et al. (2014) method decreases with increasing growth rates, whereas the value
obtained by a subsequent data collapse is approximately constant and agrees well with
the mean-field value. Values obtained purely through a data collapse show a slightly
increasing trend. Judging from the accuracy of the methods, it is unclear which trend is
correct. In order to provide a definitive answer, it will be necessary to include data from
system sizes that are much larger than the considered data.

The same hold for results obtained for γ. In this case, the method where the critical
point is determined by the data collapse leads to substantially better data collapses, ac-
companied by exponent values that are in excellent results for the exponent. The first
method, on the other hand, shows a strong increase with growth. However, as pointed
out above, in this case data collapses are of increasingly poor quality as growth increases.

In summary, the influences of a bounded degree and of system growth on the critical
exponent have been further quantified. For bounded degree networks, computational
results are in good agreement with results obtained by (Ben-Naim and Krapivsky, 2011),
and agree qualitatively with results obtained in the configuration model, as discussed in
chapter 4. Further, it has been found that the dependence of the critical point on the
growth rate takes the form of a power law dependence for larger growth rates.

Overall, the critical exponents found by alternative methods are in good agreement
with the mean-field values that are expected for the random graph model, indicating
a shared universality class. Some trends are observed, although it is not entirely clear
which method can be trusted. For more reliable results, it will become necessary to
consider systems with a significantly larger number of nodes.

It is important to point out that not all graphs share the same universality class.
For instance, the behavior of scale free networks is characterized by critical exponents
that depend on the exponent describing the degree distribution (Cohen et al., 2002).
Critical exponents primarily depend on the dimensionality of the system. In graphs, the
dimension of an embedding space is typically very large if the graph is highly connected,
indicating that critical exponents tend to their mean-field values. However, in graphs
that are not highly connected, or in those that have been constructed specifically in
some embedding space (for instance, planar graphs), it is expected that the critical
exponents take different values. Furthermore, it is unclear how the possibility of an
infinite order phase transition induced by system growth (see section 7.5.2) influences the
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7.6.5 comparable to those in figure 7.6.3 for G/F = 1.

The data collapse shown in figure 7.6.5 has been obtained by the same method as
in the slime mold case, with the critical point fixed prior to the data collapse. The
critical point is determined by the method described by Bastas et al. (2014) to be at
< kc >= 2.32, which is substantially larger than observed in the non-spatial case at a
similar growth to fusion ratio. Turning to the critical exponents, the values determined
by the data collapse (γ = 2.34, β = 0.14, ν = 2.73) agree well with the critical exponents
of two dimensional percolation (γ = 43/18 ≈ 2.39, β = 5/36 ≈ 0.139, dν̄ = 2·4/3 ≈ 2.66)
(see, e.g., Isichenko (1992) for tabulated values of critical exponents in percolation).

In principle, this result is not too surprising. In other two dimensional graphs (e.g.,
Melchert (2013); Norrenbrock (2016)) critical exponents are found to agree well with the
exponents for two-dimensional percolation. However, percolation on these graphs works
very differently. Similar to a lattice, all nodes are present throughout the entire process,
and the driving parameter reflects the fraction of edges present at a given state. In the
present example, neither the number, nor the position of nodes is fixed. Furthermore,
in planar graphs similar to the examples given above and in lattices, any edge that will
be present in the final configuration may be placed at any time, whereas in the present
case clusters may only grow at their perimeter. This leads to a delay of the percolation
transition as discussed in section 6.2.2.

Although no two-dimensional simulations have been performed with P. polycephalum

rate constant data, it is expected that the critical exponents governing the growth process
are identical to those found in the planar GRFS model.



Chapter 8

Summary

In this work, network formation in the slime mold P. polycephalum after fragmentation
has been studied in the light of percolation. Unlike most processes exhibiting standard
percolation, P. polycephalum’s network formation is an active process, driven by growth,
movement and deformation of fragments. Standard models for percolation on graphs,
such as the random graph and configuration models describe percolation as a property
of static graphs whose structure is characterized by a driving parameter. Comparison of
experimental data with percolation in the aforementioned models validates this concern:
development of the giant component as described in the model does not match well with
experimental results.

This observation has guided the present study. Recapitulating the steps taken to-
wards the elucidation of the network formation process, three interrelated core topics
have been pursued here that will be briefly summarized below. First, however, it ap-
pears reasonable to further exemplify the relation between these topics. These were, on
one hand, data analysis and the analytical description of percolation within the configu-
ration and random graph models, and, on the other hand, modeling of network formation
and percolation as a stochastic process, in order to investigate the role of elementary pro-
cesses such as growth for percolation.

Underlying data analysis, a novel method and graph model for abstracting spatial
networks has been proposed. Although being more elegant, accurate and extending the
set of possible directions during data analysis, the graph model is not an essential re-
quirement for studying graph-based percolation in P. polycephalum and comparing to
theoretical models. This has been shown in early stages of this project (Fessel et al.,
2012, 2015a,b). Instead, the need for this method is prompted by the third core topic,
which is modeling of network formation as a stochastic process. Network formation can
be understood as a sequence of elementary processes that modify the topology of a graph.
Possible processes include changes in connectivity as indicated by the set of edges, and
growth of the network implies changes in the set of nodes. It has turned out that correctly
representing these processes in a stochastic framework makes it necessary to account for
nodes of degree two, which are typically poorly defined in spatial network representations.

The graph model proposed as part of this work brings a number of advantages over
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the topological skeleton widely used for object representation. First, it is more robust
as it effectively filters out local variations in object shape, and second, it represents not
only the topology but also lateral extensions of the object. Third, it provides a clear
definition of second degree nodes, which henceforth function as a measure for the density
of the spatial network. Finally, as nodes are extended structures, tracking topological
changes becomes less problematic. In P. polycephalum these advantages make it possible
to distinguish between functionally different regions such as growth fronts and veins, and
to discretize the slime molds spatio-temporal development.

Focal aspects pursued during data analysis encompassed, on one hand, the descrip-
tion and quantification of growth phases, and, on the other hand, the investigation of
topological evolution. Four phases of growth have been distinguished. Briefly, during
the first phase termed aggregation, microplasmodia move, driven by active and passive
mechanisms and form extended but compact structures. The second phase is network
formation, and it is the phase in which the percolation transition occurs. Aggregates of
microplasmodia extend and fuse, leading to the emergence of a connected network struc-
ture. Following this, in the third phase the connected structure explores its surroundings
in a rapid, typically directed motion. Finally, upon halting the slime mold develops a
global wave pattern with a long period that drives further expansion of the network. The
times at which P. polycephalum transitions between phases are shared between experi-
ments.

Studying the topological evolution has led to the discovery of two prominent points
that are closely related to the phases detailed above. Prior to the critical point of percola-
tion, the system is fragmented and changes only locally. Following percolation, the slime
mold soon develops a global pattern, leading to expansion and foraging. During this
phase, the degree distribution tends to a steady state, in which it remains, although the
slime mold constantly remodels its network. The final degree distribution is dominated
by second and third degree nodes, with a small number of higher degree nodes localized
to growth regions where the slime mold forms sheet-like structures. The lack of large
degree nodes during the network formation process justifies treatment of the system as
a small degree network in which these nodes are considered negligible.

Making use of the small degree property, it has been possible to solve the random
graph and configuration models analytically. Solving the random graph model is possible
as long as nodes of degree six and higher are negligible, and the configuration model can
be solved if the majority of node degrees remains below degree seven. Limiting or cut-
ting of the degree distribution at some maximal degree leads to a shift of the location of
the percolation transition in either model. However, comparing the analytical solutions
to experimental data led to the observation stated above. Percolating P. polycephalum

networks require a significantly higher degree of structure to enter the critical region.
Furthermore, finite size effects, although present in the system and a frequent candidate
for deviations from ideal percolation behavior, could be ruled out as main source of the
deviation, indicating that other mechanisms are responsible.

All further efforts have been pursued with the goal of clarifying the observed behav-
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ior. In order to be able to distinguish the effects of fusion, growth and their reversals,
a model has been constructed, building on the concept that interactions between nodes
resemble chemical reactions, with one rate constant characterizing each possible reaction.
The model has been implemented as a stochastic master equation and as a rate equation
describing the behavior of the system in the thermodynamical limit. Whereas treatment
and analysis of the rate equation has been possible by explicit numerical methods, the
master equation was simulated using a proposed algorithm for simulating network devel-
opment, which is based on the stochastic simulation algorithm. Therefore, it generates
exact trajectories of the master equation and simultaneously constructs graphs in accor-
dance with this development, from which, for instance, network measures of interest to
the study of percolation can be obtained.

The strength of the model lies in its versatility stemming from flexible choice of the
rate constants. Reducing the system to one single rate constant reproduces the random
graph model, whereas a selection of constants representing preferential attachment leads
to the emergence of scale free topologies. Comparison to experimental data shows that
for an appropriate selection of rate constants, the topological dynamics of the model are
in agreement with those observed in experimental data. Rate constants have been ob-
tained from experimental data by tracking topological modifications. It has been found
via a clustering method that it is possible, based on the measured rate constants, to
distinguish between the phases of growth described above.

Furthermore, studying the role of elementary processes in a simplified model led to
a number of conclusions. First, if no growth is present in the system, percolation in
the configuration model describes percolation in computational data generated from the
model. In this case, the solution of the rate equation in conjunction with the config-
uration model provides a deterministic model describing the behavior of the simulated
master equation in the thermodynamical limit.

Employing the computational model, it has been possible to study the effect of growth
on the system. Increasing the rate at which the network grows in comparison to the rate
at which nodes fuse, leads to a shift of the critical point according to a power law. The
shift indicates that in the presence of growth a higher degree of structure is required
for the system to percolate. This is attributable mainly to local growth of components,
which increases their degree of structure without undergoing fusion events with other
components.

The percolation transition in computational data has been further characterized using
finite size scaling. Critical exponents characterizing the system have been determined,
indicating that the universality class of the simulated system is in agreement with that of
mean-field percolation. Within the available data, no systematic influence on the critical
exponents has been found upon variation of growth rates, or due to limitations to the
degree distribution. However, preliminary simulations in a two-dimensional implementa-
tion of the simulation algorithm show that spatial embedding significantly influences the
critical exponents. In this model, the critical exponents have been found to agree well
with the expectation for two-dimensional percolation. As the spatial simulation shares
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important characteristics with percolation in P. polycephalum, it is conjectured that the
critical exponents governing P. polycephalum percolation are identical to those found by
the computational method.
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