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Abstract

This thesis is concerned with the mathematical homogenization of thermoelasticity mo-
dels with moving boundary describing solid-solid phase transformations occurring in
highly heterogeneous, two-phase media.

In the first part of this thesis, existence and uniqueness of weak solutions are established
under the assumption that the changes in the geometry, which are due to the moving
boundary, are given a priori. This is achieved after a transformation of coordinates to a
fixed referential geometry. In addition, uniform a priori estimates are provided. Via an
argument utilizing the concept of two-scale convergence, a corresponding homogenized
model with distributed time and space dependent microstructures is derived. Quantita-
tive error estimates measuring the accuracy and efficacy of the homogenized model are
investigated. While such estimates seem not to be obtainable in the fully coupled set-
ting, optimal convergence rates are proven for some special scenarios where the coupling
mechanisms between the mechanical part and the heat part are simplified.

In the second part, a more general scenario, in which the geometric changes are not
assumed to be prescribed at the outset, is considered. Starting with the normal velocity
of the interface separating the competing phases, a specific transformation of coordi-
nates, the so-called Hanzawa transformation, is constructed. This is achieved by (i)
solving a non-linear system of ODEs characterizing the motion of the interface and (1)
using the Implicit Function Theorem to arrive at the height function parametrizing this
motion. Based on uniform estimates for the functions related to the transformation of
coordinates, the strong two-scale convergence of these functions is shown. Finally, these
results are used to establish the corresponding homogenized model.



Zusammenfassung

Diese Arbeit befasst sich mit der mathematischen Homogenisierung von Thermo-Elasti-
zitits-Modellen mit beweglichen Réndern zur Beschreibung von fest-fest Phasentrans-
formationen in duferst heterogenen zwei-Phasen-Medien.

Im ersten Teil der Arbeit werden Existenz und Einzigkeit einer schwachen Losung un-
ter der Annahme gezeigt, dass die sich aus den Phasentransformationen ergebenden
Geometriednderungen a priori bekannt sind. Dies gelingt nach einer Koordinatentrans-
formation zu einer festen Referenzgeometrie. Zusétzlich werden gleichméfige a-priori-
Abschétzungen gewonnen. Mittels des Konzeptes der Zwei-Skalen-Konvergenz wird das
entsprechende hochskalierte Modell mit verteilten zeit- und ortsabhingigen Mikrostruk-
turen hergeleitet. Um die Genauigkeit und Effizienz des homogenisierten Problems
einzuschitzen, werden quantitative Fehlerabschitzungen untersucht. Auch wenn es so
scheint als wenn diese fiir das vollstdndig gekoppelte Problem nicht gezeigt werden kon-
nen, werden solche optimalen Konvergenzraten in speziellen Situationen, in welchen
Vereinfachungen bei der Kopplung zwischen der Mechanik und der Warmeleitung ange-
nommen werden, nachgewiesen.

Im zweiten Teil wird der allgemeinere Fall betrachtet in welchem die Geometrieéinde-
rungen nicht als im voraus bekannt vorausgesetzt werden. Mit einer Funktion, die die
Normalengeschwindigkeit der Grenzfliche, welche die konkurrierenden Phasen trennt,
beschreibt wird eine spezielle Koordinatentransformation, die so genannte Hanzawa-
Transformation, konstruiert. Hierbei wird zunéchst ein nicht-lineares die Bewegung der
Grenzflache charakterisierendes ODE-System gelost, um dann mit Hilfe des Satzes tiber
implizite Funktionen die Existenz einer parametrisierenden Hohenfunktion herzuleiten.
Basierend auf zudem gewonnen a-priori-Abschétzungen fiir die Koordinatentransforma-
tion wird weiterhin die starke zwei-Skalen-Konvergenz einiger zugehoriger Funktionen
gezeigt. Diese Resultate werden dann abschliefend genutzt, um das zugehorige homo-
genisierte Modell herzuleiten.
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CHAPTER 1

Introduction

The ever increasing demand for mechanically engineered, complex materials like metallic
alloys, ceramics, or composites calls for an improved understanding of the underlying
physical and chemical processes involved in the manufacturing of these materials. Ge-
nerally speaking, the properties of a particular material are not fully described only
by their chemical composition, i.e., the constituents along with their relative numbers;
we also have to account for their structure, i.e., the specific geometric arrangements
of the constituents. Changes in that structure, which are usually described as a type
of phase transformations and which can occur as the result of, for example, changes
in temperature or internal stresses, are important processes in the manufacturing of
materials.

Often, the spatial scale at which we can observe these structures and their changes is of
several orders of magnitude below the size of the materials themselves — in such cases,
we refer to these structures as microstructures of a macroscopic object.E] Microstructu-
ral changes in solid materials are usually accompanied by mechanical effects like local
stresses or dislocations which can profoundly influence the properties of the macroscopic
object ([Voo04]); see also Section for a concrete example. This observation led to
the following question motivating the mathematical research of this thesis:

—— Underlying research question
How can we identify and effectively describe the way in which phase transform-
ations at the microscale influence the macroscopic properties of materials?

To tackle this question, two separate tasks, which lead to different mathematical pro-
blems with distinct challenges, have to be considered:

(7) First, we have to model the mechanisms of the phase transformations. This is
done in the context of moving boundary problems.

'In the mathematical community, the meaning of the quantifiers micro and macro is a bit looser
then in the physics and engineering community where atomic, nano, or meso are also used and
where these quantifiers have fixed ranges. In this work, we use micro and macro only to distinguish
between two different length scales.



(17) Second, we have to connect the different spatial scales. Here, we rely on the theory
of mathematical homogenization.

Moving boundary problems are a special class of nonlinear problems — usually given
in the form of partial differential equations — where the (continuous) evolution of a
boundary with respect to time is considered and where this evolution is not known at
the outset, i.e., determining the precise boundary evolution is part of the mathematical
problem. In the case of phase transformations, this boundary represents the contact
surface between different phases. Here, the growth of one phase at the expanse of
another is the driving force behind this boundary evolution. Due to their intrinsic
nonlinear structure, these problems are mathematically challenging and they are actively
researched; see, e.g., [CS05, [PS16].

In problems that exhibit different scales, it is not feasible to resolve them numerically.
However, to the degree that the effects on the microscale are important in describing the
macroscopic behavior, ignoring the microscale is also counterproductive. As a conse-
quence, there is a general interest in establishing effective models in a trade-off between
the two mutually exclusive goals of:

(1) Accuracy: The model must be as accurate and precise as possible and, as a con-
sequence, be mindful of the microstructure and/or potential micro effects.

(7i) Efficacy: The model must be simple enough so that it allows for efficient numerical
simulations.

In the context of mathematical homogenization, such effective models are derived via
some specific limit analysis in the framework of singular perturbed problems — a procedure
which can be interpreted as some sort of averaging. As general references, see [PS08|
Tar10].

By proposing the analysis and homogenization of mathematical models describing phase
transformations at the microscale, we aim to combine methods from the analysis of
moving boundary problem and mathematical homogenization. This leads to several
significant mathematical challenges including:

e Fstimates: The motion of the phase boundary needs to be sufficiently regular and
satisfy estimates that are uniform with respect to the scale parameter.

e Convergence: As we are considering singular perturbed problems, strong con-
vergence of the involved functions can not be expected and, as the problem is
non-linear, weak convergence is not sufficient to pass to the limit.

e Errors/Correctors: When measuring the accuracy of the homogenized model, ap-
propriate correctors have to be identified together with certain additional regula-
rity conditions that have to be met.

It is worth noting that, in the context of homogenization, there already are some results
for stationary moving boundary problems — often referred to as free boundary problems
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— like different kinds of obstacle problems [KS14, [KS16|] or flame propagation [CLMO06]
but less seems to be known for non-stationary moving boundary problems. Some partial
results were obtained in the context of front propagation [BCNTIL [LS05] or for the
chemical degradation of concrete [Pet09].

This thesis is organized as follows:

e In Chapter [2, we introduce the notations specific to this thesis and collect mathe-
matical tools regarding hypersurfaces, coordinate transforms, and homogenization
that are frequently used throughout this work.

e In Chapter [3] we propose a mathematical model to describe phase transformations
in a thermoelasticity setting for highly heterogeneous two-phase media. This mo-
del — and slight variations thereof — are the focus of Chapter [4 Chapter [5| and
Chapter [6]

e In Chapter[d we consider the two-phase thermoelasticity model proposed in Chap-
ter [3| while assuming the a priori knowledge of the geometry changes. For this
setting, we study the analysis and homogenization of the problem. Most results
of this chapter, Section [£.1] to Section [£.4] are published in [EMITD].

e In Chapter bl we investigate quantitative error estimates regarding the homogeni-
zation procedure outlined in Chapter 4. While comprehensive estimates seem to
not be obtainable in the fully-coupled case, explicit rates with respect to the scale
parameter are proven under certain reasonable simplifications. These results are
published in [EM17a].

e In Chapter[6] we consider a more general scenario where the changes in the geome-
try are not assumed to be prescribed at the outset. Given the normal velocity of
the interface, we establish the corresponding geometry changes and a coordinate
transform describing these changes. In addition, we investigate the limit behavior
of the functions related to the transformation.

e Finally, in Chapter[7] we briefly summarize our main results and present an outlook
for possible future work. In particular, we point out the remaining claims still
needed to be proven for a complete treatment of the homogenization of the full
moving boundary problem.

1.1 Example: Bainitic phase transformation in steel

Steel, which is an alloy of iron, carbon, and, to a lesser extent, other elements like
chromium or nickel, is a prime example of a complex material where the macroscopic
properties of the material are highly dependent on the underlying microstructures and
on the configuration of different phases. The interplay of processes taking place on
different scales in this material is still not sufficiently understood.



1.1. Example: Bainitic phase transformation in steel

Cooling or heating of a steel induces phase transformations which not only influence the
macroscopic mechanical properties of the steel but might also induce macroscopic plastic
effects. As an example of such a phase transformation, we are particularly interested in
the formation of Bainite from Austenite. Austenite is a particular phase of steel where
the iron atoms are arranged in a face-centered cubic configuration and, depending on
the carbon concentration of the particular steel, it is the state of matter of steel in a
temperature range of 727°C up to 1450°C.

Cooling Austenite steel into the range of 250°C up to 550°C evokes a transformation
to Bainitic steel, [BH06]E] In this temperature range, diffusion of carbon, which is an
important factor in many transformations in steel, is comparably slow. The Austenite to
Bainite transformation is assumed to be partially diffusive — via diffusion of carbon — and
partially displacive — via instantaneous, coordinated movement of groups of atoms. The
overall process, however, is still not sufficiently understood, cf. [Fiel3|, which is why we
are interested in this specific example. The displacive part is naturally associated with
local stresses that are assumed to induce macroscopic plastic effects like transformation-
induced plasticity (TRIP) ([WBDHO0S]).

In the context of this specific scenario, the leading research question is:

—— Research question in the case of Bainite formation
Starting off from a mathematical model describing the formation of Bainite and
using the framework of mathematical homogenization, is it possible to identify
and understand the link to the TRIP-effect as the macroscopic average (in some
sense) of the local mechanical effects accompanying the formation of Bainite?

2Higher temperatures will lead to Pearlite and lower temperatures to Martensite.



CHAPTER 2

Mathematical preliminaries

In this chapter, we collect some tools which we frequently use in this thesis. After intro-
ducing some notations and definitions, we present, in Section concepts and results
regarding hypersurfaces of R”. In Section 2.3 we introduce coordinate transforms in the
form of motions and related results (transport theorems and transformation formulas).
Here, Lemma is of particular importance as it ensures the existence of a coordinate
transform in our specific setting. Finally, in Section 2.4 we give the basic results on
two-scale convergence and its relationship with periodic unfolding.

2.1 Notations and definitions

Let V = (V,]|-||) be a real Banach space. Its topological dual V' is defined as the space of
linear and continuous operators F': V' — R and, when equipped with the corresponding
operator norm, V' is itself a Banach space. The dual pairing between F' € V' and v € V
is defined via (F,v)y = F(v). The inner product of a Hilbert space H, we denote by
(-,-) with two exceptions: we use the dot symbol for the inner product in R® and the
double dot symbol for the Frobenius inner product in R3*3,

For functions that depend on time and on two spatial variables, asin v: SxQxY — R,
we denote the derivatives of v with respect to the different variables with a subscript
t, x, and y indicating differentiation with respect to time, the first, and the second
spatial variable, respectively. That is, dyv: S x Q2 x Y — R” denotes the derivative
with respect to time, D,v, D,v: S x Q x Y — R™? denote the overall derivative with
respect to the respective space variables, and D, yv: S x Q XY — R™*6 denotes the
overall spatial derivative. For functions that only depend on one spatial variable, we
set D = D,. Analogously, we also introduce nabla operators (V, V., V,), divergence
operators (div, div,, div,) as well as linearized strain tensors (e(-) = /2(D - +(D-)T),
ex(+), ey(+)). In Section we also introduce surface derivatives (Vr, divp). Finally,
we indicate composition of different operators as a product, e.g., 0;D,, and composition
of the same operator as exponentiation, e.g., Dz.



2.2. Hypersurfaces

Regarding the function spaces that appear in this work (e.g., Lebesgue, Sobolev, and
Bochner spaces), we use the notation as introduced in [AF03, List of Spaces and Norms,
p. xii| with a few notable exceptions:

e For open sets S C R and Q C R? and for k,l € N, we set

kDo (g % Q)
={ue L®(Sx Q) :0u,Diuc L®(SxQ) (1<i<k 1<j<)}.

e In Section 2.2, we introduce LP(I') and W'P(T') as Lebesgue and Sobolev spaces
for surfaces.

e We use the number sign (#) subscript to indicate periodicity: for Y = (0,1)3, we
set

Cu(Y) ={ueCR) : u(y)+u(y+e;) forally e Rand j =1,2,3}.
Similarly, we take C3°(Y), W, (Y), and L2(Y').

We point out some specific notations which are consistently used throughout the the-
sis:

e A subscript £ denotes dependency on the scale parameter € > 0.

e Starting in Section [2.2] superscripts (i) (i = 1,2) always indicate affiliation to the
corresponding phase.

e Only in Chapter 3] subscripts kin and c refer to the kinematic and and the current
configuration

e Starting in Section a superscript r indicates a transformation to the reference
configuration.

e Starting in Section a superscript h refers to a homogenized quantity.

2.2 Hypersurfaces

In this work, particularly in Chapter [6], we repeatedly make use of some rudimentary
concepts related to compact sub-manifolds of R™. For a detailed treatment of manifolds
and hypersurfaces in the context of partial differential equations, we refer to [Aub82,
PS16].

Let @ C R" be a bounded domain and let I' C R" be the boundary of a domain
Q® c Q (that is T = 9Q®) where Q® C Q. We set Q) = Q\ Q®@. The set I' C R"
is called C*-hypersurface (k > 1) if, for every v € T, there is a § > 0 and a C*-function
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py: Bs() = R such that]

(1) TN Bs(y) = {z € Bs(7) : py(z) =0},
(i) |Vp,(2)] # 0,

(i43) p,(x) < 0 for all z € QP N Bs(y).

This is to say that the surface can be locally represented as the zero set of a C*-function.
A hypersurface is called bounded or compact if it is bounded or compact as a subset
of R™, respectively. A compact hypersurface whose boundary is empty is called closedE]
In the following, we are only interested in closed C?-hypersurfaces. In this setting, the
normal vector fields and the curvature fields are well-defined.

The outer unit normal vector field ny: T' — R™ is given via np(y) = @3&33\ and the
Voy(v)

\men)' In addition, we
introduce the shape tensor (sometimes referred to as Weingarten map) Lp: I' — R™"

via Lp(y) = D (;Zi&%». Note that Lr(v) is symmetric and Lr(v)n(y) = 0 for all

v €TI'. We have (n — 1)Hp(y) = tr Lp(7y). As continuous functions over a compact set,
both |Hp| and |Lr| are bounded. More specifically, we have

mean curvature function Hp: ' — R via Hp(y) = ﬁdiv(

| Le(y)] = max{|rri(7)] : @ €{1,..n}}

where kp;: I' = R (j € {1,...,n — 1}) denote the functions of eigenvalues of L (so
called principal curvatures). Note that these quantities are independent of the choice of
(py)~er, we refer to [PS16, Section 2.1].

The following result regarding C?-hypersurfaces is important because it ensures the
existence of tubular neighborhoods; see Figure [2.1

Lemma 2.1. Every closed C?-hypersurface I' C R™ satisfies uniform interior and exte-
rior ball conditions. That is, there exist radii L(i) > 0 such that, for every v € ', there
are 29 € QW for which B, (@) C QW and B,o) (zD)NT = {~}.

Proof. More generally, the statement holds true even in the case of Ct!-regularity and,
even stronger, the uniform ball condition implies C'''-regularity. See [Dall4, Theorem
1.8]. As a simple counterexample for a closed C'-surface, take I' = [0,1]2 N {(z,y) €
R? @ y = ||z} O

Let I' € R™ be a closed C*-hypersurface and let s be the supremum over all possible

'In general, a hypersurface does not need to be the boundary of a domain but we are only interested
in this type of hypersurface.

2Note that it is not sufficient for the set to be closed in R™ with the closed upper hemisphere — subset
of 9B1(0) where all coordinates are non-negative — being an obvious counterexample.
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.....

Figure 2.1: Interior and exterior uniform ball condition for a closed C?-hypersurface I' bounding a
domain Q).

radii for which it satisfies the ball conditionsf]i.e.,

s = sup{r > 0 : for every v € I" there are z® e Q)
such that B.(zY) ¢ Q¥ and B,(z'))NT = {y}}. (2.1)

The radii s are connected to the principal curvatures of the surface I' via the estimate
min{s, s®} < min{|Lp(y)|"* 1y €T} (2.2)

The curvature of I' is not sufficient to determine this minimumf as it is also connected
to the topology of I'. For example, the domain Q) might be extremely narrow in some
region or dist(I', 9Q) might be small. For the outer radius, we have s = dist(I", 9Q)
for Q@ convex.

For small § > 0, we set a®¥) = (1 — ) s and introduce the function
AT x (=a®aW) - Ur R, A(y,s) =7+ snp(y) (2.3)
where Ur is a tubular neighborhood of T" given as

Ur=TU U {z € QO dist(z, ) < a(i)} .

i=1,2

Note that the factor 1 — & ensures that Q@) \ Up are non-empty, open sets. See also
Figure

3In general, T' does not satisfy the uniform ball condition with radii s*). Take the sphere dBx(0) of
radius R € R and center 0 € R"; it satisfies a uniform interior ball condition for all » < R but not
for r = R.

4That is, we do not expect equality in inequality |(2.2)
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Figure 2.2: Tubular neighborhood Ur (dark grey area) and its interior and exterior part, Ul@ and UI(}),
respectively, of a hypersurface I' bounding a domain Q). Note that Up = T'U Uél) U Uéz).

Lemma 2.2. Let I' C R" be a closed C*-hypersurface for k > 2. Then, the function
A:T x (—a®,aW) — Ur as defined in line (2.3)) is a Cl—diﬁeomorphism.

Proof. We refer to [PS16l Section 3.1, p.65]. O

We introduce the signed distance function

dist(y,T), yeQW

dr: U = (=a'®,aV),dr(y) = {—dist(y r), yeQ®

as well as the projection Pr: Ur — I to the nearest point on the surface. These functions
allow for the representation of the inverse of A as

AL Up =T x (—a@,aY),  Aly) = (Pr(x), dp(z))T.

As a consequence, we can infer dr € C*(Ur, (—a'®,aM)) and Pr € C*(Ur,T). Tt can be
shown that the distance function inherits its regularity from the hypersurface.

Lemma 2.3. Let I be a closed C*-hypersurface (k > 2) with tubular neighborhood Ur.
Then, dr € C*(Ur, (—a®,a™M)). The derivatives of dr and Pr are given via

Ddr(x) = (nr (Pr(x)))"
DPp(x) = M (Pr(x),dr(z)) [T — np(Pr(x)) @ np(Pr(z))]

where
M:T x (=a®,aW) -5 R>3 M(v,s) = (I—sLr(v)) .

Furthermore, for the second derivative of dr, we have the implicit relation

D*dr(z) = —Lr(Pr(x))(I — dr(z) Lr (Pr(x))) "

5The function is bijective, and both s as well as its inverse s~! are continuously differentiable.




2.2. Hypersurfaces

Figure 2.3: Generalized neighborhood WIEQ) for an ellipsoidal surface I' in comparison to its tubular

neighborhood UISQ). In addition, the smallest and biggest interior balls corresponding to the
maximal and minimal curvature, respectively, are added. Here, only the interior parts are
shown.

Proof. For the regularity of dr, we refer to [Foo84]. The structure of the derivatives
can be found in [PS16, Chapter 2, Section 3.1]. The invertibility of I — sLp(y) over
I'x (—a®,aM) is a consequence of the uniform bound 2|Lp(7)| < (min{a®,a®})~t. O

Note that Lemma implies Vdr = nr o Pr.

Remark 2.4. Note that the a® may be far from optimal for some parts of the interface
where wider neighborhoods are acceptable. It is possible to generalize the concept of
tubular neighborhoods of width o to exploit “regional differences” in curvature and
topology. For every v € T', let — compare with equation (2.1]) —

cD(y) =sup{r >0 : there is 2 € QY s.t. B.(zY) c QY B.(z))NT = {7}}

and introduce functions oV : T — R via o' (y) = (1 — 0)c® for the same 6 € (0,1
as for the definition of the a®. Clearly, a®(y) > a® for all v € T'; see Figure
Moreover, since T is a C%-hypersurface (implying that the curvature field is continuous),
the o are continuous. We refer to the set

We=TuJ{zeQ? : dist(z,7) <a®(7)}

vyel
-

/

::Wr(‘i)

as the generalized neighborhood of I'. This implies Upr C Wr as well as Wp(i) C Uéi).

Definiton 2.5. Let ¥ C Up be a Cl-hypersurface. If there is a function h: T' —
(—a®,aM) such that

Y={z el : z=v+h(y)nr(y), vy €T}
we say that X is normally parametrizable with respect to I'. The function h is called

height function. We distinguish between the positive part, h") := ht = max{0,h}, and
the negative part h® := h~ = max{0, —h}.

Note that h = b)) — h(®. Moreover, we can estimate h(Y < a® for i = 1, 2.

10
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Figure 2.4: C%- hypersurface I' with its tubular neighborhood Ur and surface ¥ C Ur (dotted line)
which is normally parametrizable with respect to I'.

As C*-surfaces can be locally represented as the null set of C*-functions (with non vanis-
hing gradient), the Implicit Function Theoremﬁ can be used to arrive at the equivalent
characterization via C*-regular local charts between open sets of the surface and R"~1.
Using the structure of R”™! and the charts mediating between the surface and R"™1, it
is then possible to introduce derivatives (up to order k) of functions f: I' — R. Here,
the important step is to ensure that this definition is actually independent on the parti-
cular local charts (note that the level set functions pertaining to a particular surface are
not unique). For a rigorous introduction to derivatives on surfaces, we refer to [PS16,
Section 2.1].

Now, let I' C R? be a C*-surface (k > 2), fi: I' = R and fo: ' — R®. If these functions
are sufficiently regular, we denote the surface gradient by Vr (so Vrfi: T' — R3), the

surface divergence by divp (so divr fo: T' — R), and the Laplace-Beltrami operator by
AF (SO Apfl = diVF Vf‘fl: I'— ]R)

The surface I' can also be equipped with a surface measure o (which it also inherits via
the local charts). We introduce the corresponding Lebesgue-spaces LP(I") (1 < p < o0)
as well as Sobolev spaces

W) = {f e LP(T) : |VLfleLP(T) (j <)} (1<p<oo, I <k).

Finally, we introduce the jump operator denoting the jump across a hypersurface I'; for
(u,u?) € CO°(QW) x C°(QR), we get [u] € CO(T) via [u](7) = ulV(y) — u®(v).
Using the continuity of the trace operator, we extend this to (u™, u®) € W'2(QW) x

WLH(Q®) where [u] € L*(T) is defined as the difference of the traces.

For the statement and a proof, we refer to [Zei86, Theorem 4.B].

11
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2.3 Coordinate transforms

In this section, we collect the important basic tools and concepts regarding coordinate
transforms. For a comprehensive treatment, we refer to [MH94]. Note that similar
introductions done in the context of homogenization problems can be found in [Mei08|
Dob12].

In the following, let 2 C R3 be a bounded Lipschitz domain and S = (0,7 denote a
time interval of interest. Moreover, let Q) Q®  Q be domains where Q® C Q, where
I' := 0Q? is a C?-surface, and where Q = QW U Q@ UT. Finally, let Ur C Q be a
tubular neighborhood of I and denote by A the corresponding C!-diffeomorphism.

We say that a function s: Q — s(Q) C R® is a reqular C*-deformation of the domain
Q if s is a C*-diffeomorphism and if det(Ds(z)) > 0 for all z € Q. As Q is compact,
5(Q) is also compact, hence, there is ¢ > 0 such that det(Ds(z)) > c for all z € Q.
The positivity of the determinant excludes reflections. Consequently, only orientation
preserving transformations are considered.

We are especially interested in deformations that are time dependent, often called (re-
gular) motions.

Definiton 2.6. A reqular C*-motion of a Lipschitz domain Q over time interval S is

a function s: .5 x 1 — R? such that s, := s(t,-) is a reqular C*-deformation for every
te S and s € C*(S x Q;R3).

Now, let s: S x © — R? be a regular C*-motion (k > 2) and set Q = J,.s{t} x s(¢,€2).
We introduce F': S x Q — R¥3 via F(t,z) = Ds(t,z) and J: S x Q — (0,00) via
J(t,z) = det(Ds(t,z)). It holds Piola’s identity div(JF~') = 0. By abuse of notation,
we introduce a function s~': Q — Q via s7!(¢,z) = s; ().

For functions g: ) — R and h: S x 2 — R, we define the function corresponding to
the initial configuration g: S x Q — R via g(t,x) = g(t, s(t,z)) as well as the function
corresponding to the current configuration §: Q@ — R via g(t,z) = g(t,s7'(¢,z)). Due
to the regularity and properties of s, we have g € W12(Q) if and only if g € W2(Sx Q).
As a relation for the derivatives, a straightforward calculation involving the chain rule
leads us to

Vg=FT1Vgy, 049=04g+Vg-F s

2.3.1 Transport theorems

When deriving mathematical models based on balance laws, we encounter terms like
d
1 ¢(t7 l’) dﬂ?,

where ¢ is a density corresponding to some physical quantity (say, mass or energy) and
the evolution ¢ — A(t) is the result of some motion. Resolving above differentiation

12
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is standard in the case that A(0) is a domain and ¢ continuously differentiable; the
corresponding statement is known as Reynold’s Transport Theorem. Here, we collect
the needed generalizations tailored to the situation of this work.

Theorem 2.7 (Transport theorem (for Sobolev functions)). Let s: S x Q@ — R? be
a C'-motion and uw € WH(Q), where Q = U,cq ({t} % s(t,Q)). Then, the function
t— f(m u(t,z)dx is an element of WH(S) and it holds (for a.a. t € S)

d

e o u(t,z)dr = /(t o Opu(t, x) + div(u(t, z)v(t, z)) dz (2.4)

where v(t, ) = Oys(t, s (¢, x)).

Proof. In the case of u € C*(Q) U C(Q), equation (2.4) is the classical Reynold’s trans-
port theorems; we refer to [EGKI11, Satz 5.4] and [TMO0Q, Proposition 1.3]. A proof of
this more general statement can be found in [BMSR™11]. O

Alternatively, equation (2.4)) can also be understood as
d

— u(t,z)de = Ou(t, z) dx + u(t, z)v(t,x) - ndo

dt S0 (£.9) (s(t,2))

in the sense of traces. Here, n = n(t, ) denotes the outside pointing unit normal vector
of the domain s(¢, 2).

A straightforward consequence of Equation (2.4) is given via:

Corollary 2.8. Let s: .S x Q — R? be a C'-motion and u® € W(QW), where QW) =
Uses ({t} x s(t, QD)) (i = 1,2). Then, the functionst — |, (.o ult, ©) dz are elements

of WH(S) and it holds (for a.a. t € S)

d
— x)dr = Owu(t, z) + div r)v(t,x))de
utt Z/ t,2) + div(u(t, 2)o(t, 2)

dt 5(t,9 t,Q(1))

— /F(t) [ulv - np(t,v)dy. (2.5)

Proof. Apply Theorem to both space-time cylinders Q) and add the results. We
also point out the reference [WB16| where similar situations are considered. ]

2.3.2 Hanzawa transformation

Models describing phase transformations via sharp interfaces, which are the focus of
this work, involve changes in the geometry. One possible way to deal with these changes
is to perform a change of coordinates to some fixed reference geometry (as would seem
natural, one usually chooses the initial geometry). Of particular interest to us is the

13
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Hanzawa transformation which is concerned with transformations between hypersur-
faces that are normally parametrizable. Provided that the height function connecting
such hypersurfaces is sufficiently regular and satisfies certain estimates, we can show
that there exists a corresponding C'-deformation:

Lemma 2.9. Let ¥ C Ur be a closed C'-hypersurface which is parametrizable with
respect to I (in the sense of Definition . If the corresponding height function h: I' —
(—a®,aM) satisfies h € C1(T) as well as the estimate

2

5 i 1

$m{§:ggm”WH+ﬂVHWM rveF}sg, (2.6)
i=1

then there ezists a reqular C'-deformation s: Q — Q such that ¥ = s(T).

Proof. Let x € D(R>g) be a cut-off function such that

1 2
0<x<1, X(r)zlifr<§, X(r):()ifr>§

In addition, let x'(r) < 0if 1/3 < r < 2/3 as well as ||x/||oc < 4. We introduce a
function s: Q — R3? via

4+ h(Pr(z))n(Pp(z))x (2EE0) -z eV ur
s(x) = <z + h(Pr(x))n(Pr(z)x (22D | 7 e U
z, z ¢ Ur

Note that, we then have s(v) = v+ h(y)nr(y) for v € I'. We show that s has the desired
properties.

(1) Tracking of the interface (X = s(I")). This follows directly via the definition of the
function s and the definition of the height function given by Definition

v € Cl(Uéi))
and, since x(r) = 1 for all r < 1/3, we infer sy, € C'(Ur). Also, s(z) = x if either
d > 2/3aM or d? > 2/3a®, which implies s € C'(Q).

(i1) Regularity. As the pieces of s are composed of C'-functions, s

(i31) Invertibility. We show that s is injective and s(Q) = Q. Due to s(Ur) C Ur and
S|(@\ur) = Id, we only have to consider s,.. For fixed v € I', we introduce the function

r+h(y)x (=), r=0

PRt B = {r +h(M)x () r<0
@) :

Then, f, € CY([—-a®,aM]), where

14
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Positivity of this derivative implies that £, is injective as long as |h() ()| < /4 (note
that x' < 0 and |x| < 4). This estimate holds true by assumption; see inequality [(2.6)]
In addition, as f is continuous and both f(—a®) = —a® and f(aV) = aM, f is also
onto.

Now, let z1, 22 € Ur such that s(z1) = s(x3). From Pro sy, = Pr, we infer Pr(z;) =
Pr(x9) =: 7. Now, there are three different scenarios: either both points are in Uél) ur,

both points are in Uf), or there is one point in each of these sets. The last scenario,
however, is absurd because dr(x;) and dr(xy) have different signs but still dr(s(x1)) =
dr(s(xz)). For the other two scenarios, dr(s(x1)) = dr(s(x2)) implies

de(e) + By (W) = dr(z2) + h(7)x (%)

for some i = 1, 2, or, equivalently,

f(dr(z1)) = f(dr(z2)).

Since dr(z1) = dp(z2) (injectivity of the function f) and Pr(z1) = Pr(z2), it follows that
r1 = Ty. Now, let # € Up and set v = Pr(x). Since f is onto, there is 3 € [—a®,alV)]
such that f(5) = dr(z). This implies s(v + fn(y)) = x.

(1v) Positivity of the Jacobian determinant and regularity of the inverse. We introduce
F:= Ds: Q — R*? and claim that

1
IF -] < = (2.7)

[\

If inequality |(2.7)| holds, F'(z) is invertible and det(F(x)) > 0 for all z € Q. Via the
Inverse Function Theorem, we are then able to infer s~ € C1(9).

We show that inequality |(2.7)|is valid. We have Fig, . = Id as well as F| Id+ Dy®

o

(i = 1,2), where v : Q — R? are given via

000 = vty (S,

(l(l)

For z € Uﬁi), we calculate

Vo (z) = V (h(Pr(2)))" n(Pr(z))x (%)

+ 9 (P pra) ()
@9 (x (B0 ). @9

Taking into consideration Lemma and the fact that dist(z, ') = dr(x) for = € Uél)

15
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and dist(z, ') = —dp(z) for z € Uéz), this leads to

VyO(z) = (-1)™*

h(Pr(z)) , (dist(z,I)
o X @
a a

) in(Pe(e) ® n(Pe(a)

= WP (o (S ) LelPe) M do(a), Pr(o) s = (P (o) @ (o)

NG

L) [otBe(a)) © M (i (o). Plo) Vih(Be(o)]. (29

Due to 2|Lr(v)| < (min{a™,a®})~, we estimate

|M(r, )| < T <2 (re[-a?,aV], yeT).

1
|1 - |TLF(7)

For the individual terms in equation (2.9)), we get

‘h(Pr(ﬂf)) : (dist({m )

ca a(®

) lnrrio) @ )] < 5 Il

o (TLED) ()
M (di(a), Pe(o) 1= n(Ph(a) @ n(Fe (o)) | < o5 il
(D) [ © M (dr (o), P Veh(Pe(a))] | < 2 Vel
and, in summary,
IV (z)] < % (z € UW).
O

2.4 Mathematical homogenization

On an abstract level, mathematical homogenization is concerned with the mathemati-
cally rigorous development of tools and methods that are able to distill (in some sense)
the effective or averaged properties of a parametrized family of problems. More concre-
tely, the goal is to derive averaged representations of the properties of complex materials
and processes.

The general approach in homogenization is a two-step process:

(7) The real problem with the real parameter gy is embedded into an family of pro-
blems with g replaced by € > 0.

16
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Figure 2.5: Rectilinear domain 2 with €Y -periodic subdomains ol (white) and o (grey).

(77) A limit procedure ¢ — 0 (in some sense) is employed.

Note that such a limit procedure is not really meaningful from a physical point of
view, since the size of the micro structure is fixed and since values of ¢ that are, e.g.,
smaller than the Planck length do not carry physical meaningﬂ Nevertheless, it is a
very powerful tool for deriving models that are both accurate and efficient; we refer to
[Tarl0] where a multitude of examples is provided.

Let S = (0,7) denote the time interval of interest and Q C R® a rectilinearf| domain
whose corner coordinates are rational. From this we can infer, that there is a maximal
eo > 0 and a set Z., C Z? such that

Q=int | |J ¥ +4) |,

k‘EZsO

i.e., {1 can be covered by translated cells of radius gy, see Figure We take ¢ =
(€n)neny = 27" ensuring that € can be covered by cells of radius €, for all n € N.

Let Y = (0,1)% be the open unit cell in R?. Take YV, Y C Y two disjoint open sets,
such that Y1 is connected, such that T := YO NY® is a C? interface, I' = 9Y®),
Y@ CcY,and Y = YO UY@ UT. With n =n(y), y € T, we denote the normal vector
of I" pointing outwards of Y,

For ¢ > 0, we introduce the Y -periodic domains le) and Q?) and the interface I'.

"We also refer to [XYZ16], where it is argued that in the physical and engineering literature homo-
genization usually refers to a limit procedurce where the representative size of the macroscale is
assumed to tend to infinity.

8 A polygon where all sides are parallel to the axes, sometimes called general rectangular domain (e.g.,

[H5p16]).
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representing the two phases and the phase boundary, respectively, via (i = 1,2)

Q0 =Qan (U E(Y(i)—l—k)>, I.=Qn (U 5(F+k)).

keZ3 keZ3

For a set M C R3, k € Z3, and ¢ > 0, we employ the notation

5(M+k:)::{x€R3 : g—k:EM}.

2.4.1 Two-scale convergence

The concept of two-scale convergence was first introduced in [Ngu89| and developed furt-
her in, e.g., [All92, LNWO02|. In some sense, the two-scale convergence is an adaptation
of the L?-weak convergence to periodic settings.

Definiton 2.10 (Two-scale convergence). A sequence (v.) in L?(Q) is said to two-scale
converge to a limit vy € L*(Q x Y) if, for all p € L*(; Cx(Y)), it holds

lim Qva(x)go (31:7 g) do = /Q><Y vo(x,y)p(z,y)d(x,y). (2.10)

e—0

Similarly, a sequence (v.) in L*(S x Q) is said to two-scale converge to a limit vy €

L*(S x QxY) if, for all o € L*(S x Q;C4(Y)),

lim v:(t, ) (t,x, E) d(t,z) = / vo(t, z,y)p(t, z,y) d(t, x,y).
SxQ € SxQxY

e—0

. 2
In both cases, we write v, — vy.

Note that two-scale limits are unique (w.r.t. the Lebesgue measure). If v € L*() and
v. — v in L2(Q), then v. = v, where we identified v as an element of L% x Y)
that is constant over Y. Furthermore, two-scale convergence implies weak convergence
in the sense that, if v 2 vy, we can infer v — fy vody. As a simple example for a
two-scale convergent sequence, take any vy € C'(€; Cy(Y)) and (v.) C L*(Q) given via
ve() = g (m, g) Then v, > vo; see, e.g., [PSO8, Lemma 2.34].

Remark 2.11. Some care is necessary with respect to the choice of test functions ¢ €
L*(Q;Cx(Y)) in the definition of two-scale convergence. One the one hand, it is not
possible to work with, say, € L*(Q HL(Y)) or even o € L*(L5(Y)), as x —
© (x, %) s generally not well-defined. More importantly, though, taking to the smaller
set of smooth functions, i.e, p € Cg°(Q; CF(Y)) is too restrictivef’| However, in the case
of a sequence (v.) that is bounded in L*(S)), testing with smooth functions is sufficient,
we refer to [LNWO2, Proposition 13].

The standard example is given for Q = (0,1) with f. = e7'1j.). Equation (2.10) holds for all
smooth functions but is not two-scale convergent (and not even weakly convergent). We refer to
[LNWO02, Example 11].
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In the following, the results are only formulated for the time dependent case, but they
are valid in both cases. As the time variable only acts as a parameter, the proofs are
almost identical, cf. [Pet06, Remark 3.1.11].

Theorem 2.12.

(i) Let (v.) be a bounded sequence in L*(S x Q). Then, there exists v € L*(Sx QxY)
and a subsequence of v. which two-scale converges to v.

(ii) Let (v.) be a bounded sequence in L*(S; H'(Q)) and vy € L*(S; H'(Q)) such that
v = g in L2(S; HY(Q)). Then, v. = v and there ezists v; € L*(S X Q; H,(Y))
and a subsequence of Vv, that two-scale converges to Vg + V,v;.

(iii) Let (v.) C L*(S; HY(Q)) such that

sup (H’UEHLQ(SXQ) —l—aHVUEHig(SXQ)) < 0.
0<e<egp

Then, there exists a limit vy € L*(S x §; H#(Y)) such that v, 2 vy and eV, 2
Vo at least up to a subsequence. In addition, we have (along the same subse-
quence)

lim v:(t,x)p <.CL', f) d(t,o) = / vo(t, z,y)p(t,x,y)d(t, z, o).
SxQxI’

e—0 SxT. £

Proof. (i) See |[AlI92, Theorem 1.2] or [PS08, Theorem 2.38].
(77) See |AIl92, Proposition 1.14 (i)] or [PS08, Theorem 2.39 (i)].
(i73) See [AII92, Proposition 1.14 (ii)] or [PS08, Theorem 2.39 (iii)].

]

As it is the case with weak convergence, relying only on the two-scale convergence of
two sequences v., w, to their limit functions vy and wy, respectively, is not sufficient to
infer convergence of their product.

Definiton 2.13 (Strong two-scale convergence). A sequence (v.) in L*(S x Q) is said

to strongly two-scale converge to a limit vy € L*(S x Q x Y) if v, EN vy and

llf% [vellz2(sx0) = llvollz2(sx0xv)-

. 2
We write v. — vg.

Note that the strong convergence of a sequence (v.) implies its strong two-scale conver-
gence. For any vy € L*(;Cy(Y)) and (v.) C L*(Q) given via ve(z) = v (z,%), we

have v. — v, See JAII92, Remark 1.9].
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Theorem 2.14. Let (v.), (w.) C L*(S x Q) and vo,wy € L*(S x Q x Y) such that

2 2
Ve — vg and w, — wy. Then,

lim ve(x)we () (:C, g) d(t,z) = / vo(, y)wo(z, y)e(z,y) d(t, =, y)

e—0 Sx0 SxOQXY

for all p € C(S x Q;C.(Y)). Furthermore, if (v.) C L>®(S x Q), v.w;. 2 vowp.

Proof. See [LNW02, Theorem 18 and the remark succeeding this theorem|. O

2.4.2 Periodic unfolding

An alternative way to tackle homogenization problems and to introduce a notion of
two-scale convergence is the method of periodic unfolding as introduced in [CDGO02].
We also refer to the later works [CDZ06, [CDGO8| where perforated domains and the
connection to the two-scale convergence as introduced in Definition are treated.

The main advantage of the periodic unfolding method is given by the fact that it maps
(via the unfolding transformation) the concepts of two-scale and strong two-scale conver-
gence to the usual weak and strong convergence. As a consequence, the aforementioned
potential problems regarding the admissible choices of test functions, see Remark [2.11]
are circumvented.

Figure 2.6: Simple example demonstrating the construction of [z] and {z}.

For every x € R3, there is a unique k € Z? such that z — k € [0,1)". We introduce the
two operations (see also Figure

[]: R®* — Z* [x] =k such that 2 — [z] € [0,1)",
(B oY, (o} =[]

and observe that r = ¢ ([f} + {f}) for all € > 0.
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Definiton 2.15 (Periodic unfolding). For measurable functions ¢: Q — R as well as
or: I'c = R, we set

T-(v): A xY = R, (ﬁ(v))(:c,y):v<€y+5[g>,
Te(): QxT 2R, (T (@)@y) =vr (ey+2|2]).

and note that T-(v) and Tr_(v) are also measurable.

As both operators are clearly linear, we sometimes abbreviate via 7T:v = T.(v). We also
have the product rule 7.(vq - vo) = Tevy - Tovs.

In the following lemma, we collect some important standard results regarding the peri-
odic unfolding operators.

Lemma 2.16. The unfolding operations defined in Definition (2.15] induce linear and
continuous operators To: LP(Q) — LP(QXY) and Tr.: LP(I'.) — LP(QxT) (p € [1,00))
with the following properties:

(i) Integral identities: For all v € L'(Q) and vr € L'(T.), it holds

[v@ae= [ Towpaey), (2.11a)
Q Qxy
/ vp(z)do =¢e™! Tr.or(z,y)d(z, o). (2.11b)
£ QxI
(11) Continuily estimates:
| Tell 2r ), r@xyy) <1, I Tr. Nl ze(r),o@xry) < €

Proof. We refer to [CDG02, Proposition 1] and [CDZ06, Proposition 2.5 and Proposition
5.2). O

Please note that the validity of integral identities (2.11al) and (2.11a) heavily relies on
the particular rectilinear structure of our domain 2. For general domains, corrections
are needed, cf. [CDGO8|, Proposition 2.5].

Using these unfolding operators it is then common to define the two-scale convergence
and strong two-scale convergence via the weak and strong convergence in L*(Q x Q).

The following lemma deals with the equivalence of this approach with the convergences
defined in Section 2.4.11

Lemma 2.17. Let (v.) C L*(Q) and vy € L*(Q x Y). Then,
(i) v- 2 v if and only if Tov. — vy in L3S xY).

(1) v 2 w0 if and only if Tove — vo in L3S xY).
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2.4. Mathematical homogenization

Proof. For (i), we refer to [CDGO08, Proposition 2.14]. Due to the integral identity
(2.11a)) and the product rule, we see that ||v.||2(q) = || Teve||L2(@xy). Moreover, Tov. — v
if and only if both Tov. — v and || T2ve|| 2(axy) = ||vol|z2(axy)- Statement (i7) follows
via (i), O
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CHAPTER 3

Modeling of phase transformations

In this chapter, we establish a mathematical model that describes phase transform-
ations in a thermoelasticity setting for highly heterogeneous two-phase media; see equati-
ons (3.10a)) to (3.10e)). In this chapter, we establish a mathematical model that describes
phase transformations in a thermoelasticity setting for highly heterogeneous two-phase
media; see equations (3.10a) to (3.10e). The analysis and homogenization of this model
is the focus of Chapters [ to [6]

This chapter is organized as follows: After an introduction in which we give the phy-
sical context for our problem and a couple of relevant literature hints, we start out, in
Section by establishing a rather general framework for phase transformation pro-
blems. Our approach is based on rational mechanics. In Section [3.3] we propose a
simplified linear thermoelasticity problem with free boundary that is the focus of the
mathematical analysis in the subsequent chapters. In Section [3.4] this simplified model
is embedded into a periodic homogenization setting where phase transformations occur
in a highly heterogeneous two-phase medium.

3.1 Introduction

The properties of complex, solid materials like metallic alloys or ceramics are highly
dependent on both their chemical composition, i.e., the constituents along with their
relative numbers, as well as their microstructure, i.e., the specific arrangement of the
constituents. Frequently, several distinct microstructures with their own particular che-
mical compositions are present in a given material; we refer to them as phases. Steel,
for example, which is an alloy of iron, carbon, and, to a lesser extent, other elements
like chromium or nickel, is known for the variety of different phases that can form based
on its chemical composition, the temperature distribution, the history of cooling and
heating, and its stresses. In Figure (3.1 some typical phases in steel are depicted. For
details on the modeling of steel, we refer the reader, for instance, to [ARHOS8, [Hor85.
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3.1. Introduction
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Figure 3.1: Examples of phases of steel: (a) Pearlite, (b) Bainite, (c¢) Martensite. These images were

recorded using a transmission electron microscope and the resolution is in the pm-range.
These figures are taken from [F6199, Section 8.4.1].

Due to changes in, e.g., the temperature or the internal stresses, phases transformﬂ
that is one phase grows at the expense of another phase. Going back to the example
of steel, Bainite steel can form from Austenite steel when the Austenite is cooled past
a critical temperature; details are given in Section [I.I} Although such a process is
conceptually similar to the freezing of water, there are important differences in the
physical processes and, as a consequence, also in the mathematical models describing
them: As a transformation between different solid phases, which are generally more
rigid than fluids, mechanical effects like stresses or distortions in the crystal lattice
structures are important effects to consider. By contrast, most models for ice-water
phase transformation do not account for these effects.

Phase transformations naturally lead to changes in the underlying geometry of the arran-
gement of the phases. They are characterized by the motion of the interfaces separating
the competing phases. Note that, in reality, there might not be well-defined interfaces
but rather thin intermediate regions. In this work, we assume that the borders bet-
ween different phases can be represented by hypersurfaces; this leads to so-called sharp
interface models. For simplicity, we focus on two-phase systems where the interface
separating the two phases is assumed to be (thermodynamically) inactive. This is to say
that the interface does not, by itself, carry any mass, momentum, or energy.

A comprehensive survey with a strong mathematical flavor for the modeling of two-
phase systems with sharp interfaces is given by [WB16|, where a particular emphasis is
given on different concepts of interfaces (e.g., material vs. singular, inactive vs. active)
and references to both the mathematical as well as to the engineering literature are
provided. The classical references we have in mind here are [TT60), [Gur99, Nol74].
Sharp interface models in situations that are somewhat similar to the ones investigated
in this thesis, can be found in |[PS16, [PSZ13]. The modeling approach outlined in the
following sections follows closely [WBI6].

1 As some authors reserve transition for phase changes that involve a change in the state of matter,
e.g., liquid to solid, and since we are interested in solid-solid changes, we use transformation.
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3. Modeling of phase transformations

As an alternative approach to the direct modeling of phase transformation, phase-field
modelsE] are often considered. Via an indicator variable, the phase-field variable, the
moving interface is approximated via an interfacial region of small thickness. In this
work, we prefer the direct moving-interface modeling and do not focus on phase field
approaches. We refer the interested reader to [Hop16, MSAT15, MBWOS§| for related
developments in the phase-field direction.

3.2 General thermomechanics model

We derive a general model describing the thermomechanical properties of a two-phase
system with sharp interface allowing for phase transformations.

Within this chapter, we rely on several important fundamental principles of rational
mechanics which are usually only implicitly assumed but merit to be mentioned. For a
comprehensive overview of the underlying principles in rational mechanics, we refer to
INol74, TN92].

—— Fundamental Principles

(P1) Continuum principle: All physical bodies can be identified with Lebesgue
measurable subsets of R (n € N; usually n = 3).

(P2) Principle of non-singularity: All extensivelﬂphysical quantities can be re-
presented by measures that are absolute continuous with respect to the
Lebesgue measure.

(P3) Cauchy hypothesis: All fluxes satisfy the Cauchy hypothesis and are well-
defined functions of time and space; see Remark

Note that there are also a couple of additional foundational presuppositions like the
principle of determinism and principle of frame indifference which are pretty much
agreed upon in the context of rational mechanics.

The mathematical operator problems based on the models developed in this chapter do
not need to satisfy Principle (P2). In fact, relying on the concept of weak solutions, it
is possible to consider distributional (in particular, non-local) effects.

3.2.1 Changes in the geometry

Let Q C R? be a bounded Lipschitz domain that represents the overall two-phase system
and let S = (0,7), T > 0, represent a time interval of interest. We denote the outer

2Some authors prefer the term diffuse interface instead of phase-field.
3An additive quantity, i.e., the value for the overall system is the sum of the values for any partition.
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3.2. General thermomechanics model

(™~ r

Figure 3.2: General domain where all of Q) Q) and T are disconnected.

unit normal vector field of Q with v = v(z). Moreover, let Q1) Q®) C Q be two disjoint
subdomains representing the initial distribution of the two distinct phases. We therefore
assume

(i) QD N Q@ = and (ii) int (m U W) e

We introduce the interface I' :== QM N Q®). Note that ' is a hypersurface such that
[' N 0N, while not necessarily empty, is a null set with respect to the surface measure
on 9. Note that, in this setting, neither of Q) Q® and I" need to be connected, see
Figure |3.2

In the following, we account for two different mechanisms of geometric changes: ()
moving interface: the interface I' might move due to phase transformations, and (i7)
kinematic motion: stresses might induce deformations.

To separate these two mechanisms, we differentiate between three different configura-
tions: the initial configuration (initial state without moving interface and without ki-
nematic motion), the referential configuration (including moving interface but without
kinematic motion), and the current configuration (current state due to moving interface
and kinematic motion). This view is in line with the framework described in [WB16].

We expect the overall changes in geometry to be coherent. In particular, this means
that no cracks and holes can form.

Moving interface (geometry changes due to the phase transformations). For
t €5, let QW(t), Q@ (t) c Q denote the subdomains representing the two distinct
phases and I'(t) the interface between these domains at time ¢.

—— Assumptions on the Interface Motion
(A1) There is a C'-motion sp: S x Q — Q such that I'(t) = sp(¢,T).

(A2) T'(t) is a C*-hypersurface for all t € S.

Note that by Assumption (A2), the existence of the curvature of I'(¢) is guaranteed.

We denote the unit normal vector field at v € T'(¢) pointing outwards Q) (¢) into Q") (#)
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3. Modeling of phase transformations

via nr = np(t,7) and the mean curvature function via Hr = Hr(t,v). Furthermore,
we introduce the normal velocity of the interface at v € I'(¢t) via Vi (t,7) = Osr(t, ) -
nr(t,v). Finally, we introduce the time-space cylinders

Q=5x9 QU= J{t} xQ"@), ==[J{t} xT®).

tesS tes

These sets refer to the reference configuration as they account for the interface motion
but not for any kinematic motion.

Kinematic motion (deformations due to stresses). As a response to possible stres-
ses due to applied forces, the material body deforms. This effect is in addition to the
(non-material) interface motion described above.

For a point x € €, let spn(t,2) € R® denote its deformed position at time ¢ € S.
Obviously, spin(0,2) = z for all x € . We introduce the corresponding function
Skin: S X Q — R3 and assume

Kinematic motion

(A3) Coherence: sy, is a continuous function.

(A4) Regularity: s (-, x) is C?(S) for all z € Q N = and Skin|Q() 1S @ C'-motion
(i=1,2).

(A5) Fized overall domain: sy, (t,Q) = Q for allt € S.

(A6) Interface compatibility: sy, (t,T'(t)) is a C-hypersurface for all t € S.

Less restrictive sets of assumptions are possible, we refer to [WB16l Section 2.5| for a
more detailed discussion on the minimal possible assumption on the interface and its
motion in relation to the deformation. While Assumptions (A3) and (A4) are necessary
for some of the involved quantities (e.g., acceleration) to be well-defined, relaxing As-
sumption (A5) would only add a few technical details . Since we are mainly interested
in the interface motion as opposed to the motion of the outer boundary, we assume the
overall domain to be fixed. By Assumption (A6), the existence of the curvature in the
current configuration is guaranteed; without it, we would have to restrict ourselves to
working in the reference configuration only.

We set the deformed time-space sets (here, and in the following, a subscript ¢ indicates
reference to the current configuration accounting for both the interface motion and the
deformation)

QO(t) = spin(t, 27(1)), QY = [ J{t} x 20(1)

tesS

To(t) = spim(t, T(1)), E. = [ J{t} x Te(t).

tes
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3.2. General thermomechanics model

For (t,z) € Q®, we introduce the kinematic velocity v,ii%(t, x) = Oysgin(t, sy (t, ) and
the overall (or current) velocity v((f)(t,a:) = Oy(Skin © sr) (L, sp (£, s (£, 7))).  Setting
Se = Skin © ST, We infer Ugi)(t,x) = Oy (t, s (t,x)). For (t,z)) € 2., we introduce the
corresponding unit normal vector nr, = nr_(t,x), mean curvature Hr, = Hr (t,x) and
normal velocity Vi (¢,x) = 0;s.(t, z) - n.(t,z). Note, that the velocities vt and vf do

kin
not need to be continuous across the interface.

3.2.2 Balance equations

Based on first principles, we derive a general system of equations and exchange con-
ditions describing the thermomechanical properties of a two-phase systems undergoing
phase transitions.

From here on, a superscript (i) denotes the affiliation to the corresponding phase, i.e., i =
1,2. In the following, let w C 2 be a Lipschitz domain and set w® (¢) := sy (t, w)ﬂQEZ) (1)
(t € S,i=1,2). Moreover, let ty € S and § > 0 such that to +J € S. We set

QY = |J {t} xw®) (i=1,2).

tE(to ,to +5)

Generic balance equation. Take any scalar valued extensive physical quantity, e.g.,
mass or internal energy, which we then represent as a time-parametrized =-finite signed-
measure ®(t): E(Q,(f) (t)) — R. Here, E(Qg) (t)) denotes the Z-algebra of Lebesgue
measurable subsets of Q) (). In the case of vector-valued properties, e.g., momentum,
we consider vector-measures, see also [WB16].

Due to Principle (P3) and the Radon-Nikodym theorem, see [Zei89, Appendix (82a)],
we can find corresponding densities ¢! (¢): Q% (t) — R such that

0 (1,0, () = / o0(t, 2) da.

w@(t)

We can also introduce the overall measure of this particular quantity, ®(¢): £(Q2) — R,

Via
2

2
01) = Y8000 =Y [ 600
=1 i=1 v

There might be production (both positive or negative) of the physical quantity represen-
ted by ® inside 2. This, we represent as signed-measures Féf): E(Qg)) - R (i=1,2),
where we, again, can identify the corresponding production densities f g) 0 5 R.

The change of the overall quantity ® in the domain w over the time interval (o, %o + J)
is given via ®(tg + J,w) — P(fp,w) and the individual changes are, analogously, given
as

D (g + 5,w D (t + ) — @D (to,wD(t)) (i = 1,2).
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3. Modeling of phase transformations

These changes can be attributed either to the production inside of w or to an exchange
with the neighborhood of w via fluxes. Similar as with the production measures, we
represent the fluxes via signed-measures Jg): L£(QY) = R (i = 1,2). The overall flux
in time interval (to, %y + 0) into w is therefore given as

IQ) = @Dt + 8,0D) — O (t,w®) — F(QY) (i =1,2).

Generally, we would have to distinguish between the convective part of the fluxes (due
to the kinematic motion) and the non-convective parts (e.g., diffusion). However, as
we are considering material control volumes, there is no mass flux across the boundary
Ow(t), i.e., the convective flux is zero, for more details we, again, refer to [WB16].

Remark 3.1 (Cauchy fluxes). For every t € S and i = 1,2, there is a function
q (, (1) 0w — R such that

Jg)(l) = /zqu()) (t,z)do  for alll € L(OwD).

If there is afunctzon j Qc — R3 such that ]d) (t TNy, = q() (t,x) for all Lipschitz
continuous sets w® C E( O(t)), the fluz is called a Cauchy fluz. We refer to [RSOY].

As we are considering Cauchy fluxes (Principle (P3)), there are ] - QY = R3 such
that

Ty (W) = / L) g (ta)de (i=1,2).
Ow(t
We can infer that

Z dt/(z) 23 da:—Z/

i=1,2 w“)(t) w@®(t)

2
Ny dx+2/_ fde. (3.)
=1

Using Reynold’s transport theorem, Corollary 2.8 and applying the divergence theorem,
we are led to

Z/m 09 + div (¢ ) de _/ [¢c]vr, - nr, do

w@I(t)

g/wm div <J¢ ) dz — /(F)( Lig.] - nr.do
*/m [¢e(Vr, = ve)] - nrd0+Z/ 9 de. (3.2)

Making use of the invertibility of the motion s;;, and relying on the fundamental lemma
of calculus of variationsﬂ we arrive at localized balance equations with respect to the
reference configuration:

“For a statement and the proof, we refer to [JLJO8, Lemma 1.1.1].
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3.2. General thermomechanics model

—— Generic balance system - reference configuration

9,6 — div @’) — 0 QY i=1.2 (3.3a)
[6]Vi — [jo] - mr = f3 on E. (3.3b)

Based on this system, we now formulate the balance systems for the mass, momentum,
energy, and for the tracer substance. Here, tracer substance refers to any solute whose
mass density is insignificant to the overall mass density. In steel, e.g., this could be
carbon or other dissolved elements.

Mass balance. We introduce the mass densities p!) (i = 1,2) and make the following
natural assumptions:

—— Assumptions for the mass balance

(A7) There is no production of mass, i.c., f” = 0.

(A8) There is no advective flux of mass, i.e., 55’ = 0.

(A9) The mass densities are constant in the individual phases.

Note that Assumption (A9) is quite restrictive. However, we are primarily interested in
allowing for phases with differing densities; so this is not an issue.

Taking into account Assumption (A9) and equation ([3.3b]), we infer

[V (t,y) = £ (3.4)

forall v € I'(t) and all t € S. Therefore, the absence of mass production at the interface,
ie., f,gr) = 0, implies that either the densities are equal for both phases or that there is no
interface motion. Kinematic motion would still be possible for non-equal densities albeit
with the condition that ]Q((f) (t)| are constant for i = 1,2; for details, see [PSSS12).

Momentum balance. We introduce the momentum densities p®v and the flux den-
sities — P (first Piola-Kirchhoff tensors) (i = 1,2). Inserting these quantities into
equations ({3.3a) and (3.3b)), we are led to

p D0 —div (PD) = £ in QY. i=1,2, (3.5a)
[pv]Ve + [P]nr = f) on Z. (3.5b)

Internal energy balance. For the energy balance, we make the following assumpti-
ons:
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3. Modeling of phase transformations

—— Assumptions for the energy balance
(A10) The overall energy densities, for i = 1,2, are the sums of the kinetic energy
densities, which are given via 3p@v™ .0 and the internal energy densities,

which are given via p@e(®,

(A11) The flux densities are given as the sums of the heat flux densities, which we
denote by ¢, and the dissipative energy flux densities, which are given via

_ (P(i))TU(i)_

Taking into account Assumptions (A10) and (All) as well as Equation (3.5a)), the
corresponding system of balance equations for the internal energy is given via

pD9,e — div (¢) = PY: D@ + fO in QWi = 1,2 (3.6a)
[pe]Vr + (P)nr - [0yu] — [g]nr = fO on =. (3.6b)
Here, (P) = 1/2(PM) + P®)) which results from the product rule [ab] = (a)[b] + [a](b).

For more details regarding the calculations leading to this specific systems of equations
and other representations of the same equations, we refer to [WB16].

Balance of tracer substance. For i = 1,2, we introduce tracer densities ¢V with
corresponding flux densities jéz) = (0 and assume:

—— Assumptions for the tracer substance balance

(A12) The tracer densities are small in comparison with the body densities p* so
they do not influence the mass balance.

The balance system is then given as

0, —div () = 1O i QW i=1,2 (3.7a)
[IVE = [Ge]nr = £ on Z. (3.7b)

Note on thermodynamic consistency. In addition to satisfying the local balance
laws, physical processes are also expected to respect the second law of thermodynamics
which essentially stipulates that the entropy of an isolated system does not decrease
with time. Starting with the balance formulations for the entropy and incorporating
some concepts from thermodynamics, it is possible to obtain the so called Clausius-
Duhem inequality as a way to express this law. This inequality gives a constraint for
the class of admissible constitutive relations: Mathematical models where the choice
of constitutive relations leads to the Clausius-Duhem inequality being satisfied (for all
possible processes) are called thermodynamically consistent. For details, we refer to, e.g.,
[Hau02, TN04, WB16|. In this work, we do not account for thermodynamic consistency
although we expect it this to hold.
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3.3. Linear thermoelasticity

Summary of balance equations. Considering the balances for mass, momentum,
energy, and tracer substance, we obtain the overall balance system

—— General system of balances - reference configuration

—— Balances in the bulk phases (i = 1,2)

PP — div (P(i)) = @ in QW (3.8a)
PV, — div (q(i)) = PO Dy 4 O in QW) (3.8b)
9pc®) — div (§1) = £ in Q© (3.8¢)

—— Balances on the moving interface

[oIVe = £ on E, (3.8d

[pv] Vi — [Plnr = £ on Z,
[pe]lVi + (P)nr - [0u] — [¢]nr = £ on 2
[eVe = [felne = £ on E. (3.82

This system has to completed with constitutive relations, initial conditions, transmision
conditons, as well as boundary conditions.

3.3 Linear thermoelasticity

In this section, based on the general system given via equations ({3.8a]) to (3.8g)), we derive
a simplified model for the thermomechanic behavior of a two-phase system undergoing
phase transformations. Fundamentally, we perform the following two linearizations:

(i) Geometrical linearization: Assuming the deformations and their gradients to be
small, the geometry can be assumed (as a first order approximation) to be un-
changed by the deformation. That is, the kinematic motion is neglegible.

(ii) Physical linearization: Assuming linear constitutive laws, we are led to the stan-
dard model for linear thermoelasticity.

Linear thermoelasticity models are widely used to describe the interplay between me-
chanical and heat effects in solids. It is worth pointing out the structural similarity
between thermoelasticity models and models for poroelasticity, in particular, Biot’s the-
ory of linear poroelasticity; see [Bio41l, ISM02).

For i = 1,2, t € S, and € QU(t), let u¥ = u®(¢,z) denote the deformation and
0 = 90 (¢, z) the temperature in the respective phase.
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3. Modeling of phase transformations

—— Assumptions of quasi-stationary linear thermoelasticity
(A13) Geometrical linearization: The deformations are small, that is, || Vu|| < 1[]

(A14) Thermoelasticity: The constitutive relations ¢ = CWe(u®)—aD9® () =
90 and ¢@: 9,ul) = —@ div u® hold true.

(A15) Fourier’s law of conductivity: T heat flux is proportional to the negative
gradient of the temperature; that is, ¢) = —K®WVva®,

(A16) Quasi-stationary mechanics: The mechanical behavior is quasi-static and
therefore always in equilibrium. As a consequence, ;0" is negligible.

(A17) Surface stresses and latent heat: The surface stresses are proportional to

the curvature via fQ(LF) = —ogHrnr while the surface energy is given via
& =—-1w.

Here, 2@ : Q® — R3 denote the Cauchy stress tensors, C) € R3*3%3%3 are the stiffness
tensors, a'¥ > 0 the thermal ezpansion coefficients, ¢ > 0 the heat capacities, v) > 0
are the dissipation coefficients, K € R3*3 the thermal conductivities, and oy > 0 is
the coefficient of surface tension. In addition, e(v) = 1/2(Dv + (Dv)?) denotes the
linearized strain tensor and I3 the identity matrix. Finally, we take a function vr to be
the normal velocity of I'.

Under the assumptions of geometric linearity, it can be shown that the reference re-
presentation and the current representation coincide: the Piola-Kirchhoff stress tensors
reduce to the Cauchy stress tensors. As a consequence, the model simplifies to:

—— Two-phase thermoelasticity model

— Balances in the bulk phases (i = 1,2)

—div (CPe(u®) — a9WL;) = £ in QO (3.9a)
p 9,00 + ~@ div 9,u — div (K(i)VH(i)) = f9 in QW (3.9b)

e

—— Balances on the moving interface

—[Ce(u) — abl3]nr = —ooHrnr on Z, (3.9¢)
[pcO]Vr + [y divu]Vr — [KVO]nr = LV on = (3.9d)

—— Motion of the interface
VF = vUr On =. (396)

In addition, we have to formulate transmission conditions, boundary conditions, and

5 Actually, it is the deformation gradient that is assumed to be small, but, nevertheless, the assumption
is usually called the assumption of small deformations.
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3.4. Homogenization setting

Figure 3.3: (a) Small phase nuclei, (b) grown nuclei, (¢) coalescing nuclei. With the method of interface
motions as described in the previous sections, it is only possible to model the process of
getting from (a) to (b).

initial conditions. For the transmission, we usually expect both the deformations and
the temperatures to have continuous transmission; these conditions are sometimes called
coherence and homothermal. However, other conditions are also possible. For example,
an imperfect heat transmission between the phases can be expressed via a Robin type
interface conditions (see, e.g., [DLN15])

—K®ve? . pnp = 5(@(2) — 9(1))_

3.4 Homogenization setting

In many phase-change problems, there is the additional challenge that the transform-
ations occur at a different scale than the scale of interest. Instead of a material consisting
of two phases that are each made up of a small number of connected components which
then might grow or shrink, similar as depicted in Figure phase transformations are
often better described as the growth of a lot of very small and, more or less, evenly
distributed phase nuclei, cf. Figure [3.3]

The main challenge, here, is the complex structure of the interface I' and of the mo-
tion sp. Tackling numerically the thermoelasticity problem given via equations
to comes at a high computational cost as the mesh used in the discretization
has to resolve the geometry of the problem. Now, let £g > 0 be representative for the
size of the phase nuclei; as the nuclei are assumed to be small in comparison to the
overall system, we expect gy < |Q|E] The distribution of the nuclei is, in general, not
perfectly uniform; but as an approximation, we assume the initial distribution of nuclei

5Here, we have made the hidden assumption that all of the nuclei are, at least approximately, of the
same size. In general, this does not have to be the case.
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3. Modeling of phase transformations

(a) The unit cell Y (b) The periodic reference geometry  (c) The actual geometry at time ¢

Figure 3.4: Reference geometry and the resulting e-periodic initial configuration. Note that for ¢ # 0,
these domains typically loose their periodicity. The progress from (b) to (¢) corresponds to
the growing of nuclei presented in Figure

to be periodic. This is one of the fundamental assumptions of the, therefore quite aptly
named, theory of periodic homogenization.

We set Y = (0,1)° € R? and take YV, Y?) C Y two disjoint open sets, such that

Y™ is connected, such that I' := Y N Y ®) is a C*hypersurface. Moreover, we expect

F=0Y®, Y® cY,and Y = YO UY® UT, see Figure B.4(a). With np = np(7),
v €T, we denote the normal vector of I' pointing outwards of Y 2.

For € > 0, we introduce the Y -periodic, initial domains QY and QP and interface I,
representing the two phases and the phase boundary, respectively, via (i = 1, 2)

QS>:QH<U5(Y(")+I@)>, FEZQQ(U€(F+7€)>-
kez3 kez3

Here, for a set M C R3, k € Z3, and € > 0, we employ the notation

e(M—f—k)::{xERS : g—kEM}.

With np, = np_(£), z € I's, we denote the unit normal vector (extended by periodicity)

pointing outwards 0P into Q. The above construction ensures that Q) is connected
and that Q' is disconnected. We also have that 902 N oQ = 0.

We also introduce the corresponding, non-cylindrical space time domains

Qg) (t) - Se(tv Qg)), QS) - U{t} X ng) (t),

tes

T.(t) = s.(t,T.), E. = [ J{t} x T.(t),

tesS

For any given £ > 0, in particular also for € = gy, the corresponding balance equations
and exchange conditions for the two-phase thermoelasticity problem are given via:
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3.4. Homogenization setting

—— Two-phase thermoelasticity model - homogenization setting
—div(CPe(u?) — aDT;) = £ in QU (3.10a)
0y (P09 + 4D divu®) — div(KDIVHD) = g in QU (3.10b)
—[Cee(u.) — acbd3]nr, = —ogHr.nr, on =, (3.10¢)
[pcO: Ve, + [e div u Vi, — [KVO]nr. = LVr, on =, (3.10d)
Vi, = vr. on =.. (3.10e)

This model has to be completed with initial condition, transmission conditions, and
boundary conditions. Regarding the transmission across the interface, both the tempe-
ratures and the deformations are assumed to be continuous across the interface, these
conditions are sometimes called homothermal and coherent, respectively, see [BM05]. For
the normal velocity, a very general ansatz would be given via vp, = vp_(0., Hr_, e(u)).
Some common choices are vr_ (6., Hr,,e(u:)) = B(0: — Ouir) (Kinetic undercooling) or
vr, (0., Hr_, e(u.)) = B(—Z0Hr, + 0: — 0rit) (Gibbs-Thomson undercooling).
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CHAPTER 4

Thermoelasticity problem with fixed interface

In this chapter, the analysis and homogenization of a two-phase thermoelasticity problem
with prescribed interface motion are considered. The main difficulties here are the
coupling between the mechanical part and the heat part as well as the time dependency,
which is a consequence of the interface motion, of the involved operators.

Note that the following, Sections to to be precise, is published in [EM17b] P_-] Some
cosmetic changes regarding the typesetting as well as some changes to the notation (e.g.,
indicating the parameter € via subscripts instead of superscripts) were done to ensure
compatibility throughout the thesis. In addition, some references to other parts of the
thesis as well as to Section were added. In Section some additional results,
which were out of the scope of the article, connected to the thermoelasticity problem
considered in [EM17b] are presented.

The main results of this chapter are:

e Theorems [4.7] and [£.8] where the solvability of the e-problem and corresponding,
e-independent a priori estimates are established,

e the PDE-System given by equations (4.30al) to (4.30d]) which is established as the
limit problem,

e Theorem where it is established that the limit problem admits exactly one
solution.

4.1 Introduction

In this chapter, we consider a heterogeneous medium where the two building components
are different solid phases of the same material (like Austenite and Bainite phases in steel,
e.g.) separated by a sharp interface. One phase is assumed to be a connected matrix

! The results presented are due to the first author.
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4.1. Introduction

in which finely interwoven, periodically distributed inclusion of the second phase are
embedded. The second phase is therefore disconnected. We refer to these phases as
microstructures.

Our interest is the case where phase transformations are possible, e.g., one phase might
grow at the expanse of the other phase, thereby leading to a motion of the interface and,
as a consequence, to time dependent domains that are not necessarily periodic anymore.
However, we assume to have a priori knowledge of the phase transformation, i.e., the
motion of the interface is prescribed. For a rather general modeling of phase transform-
ations (including a possible mathematical treatment), we refer the reader to [Vis96],
and for the metallurgical perspective on phase transformation in steel (especially, with
respect to the Bainite transformation), we refer to |[Fiel3, [PE12, [Sol08|. Looking at
such a highly-heterogeneous medium, we study the coupling between the mechanics of
the material and the thermal conduction effect (thermomechanics) under the influence
of the phase transformation. In particular, we explore the interplay between surface
stresses and latent heat, see for instance [Kup79) for related thermoelasticity scenarios.
In this work, we start of from the quasi-static assumption that the mechanical processes
are reversible. Furthermore, the constitutive laws are taken to be linear. Our main con-
tribution here is the treatment of the mechanical dissipation and of a priori prescribed
phase transformations in the thermoelasticity setting.

It is worth noting that the homogenization of different thermoelasticity problems has
already been addressed in the literature. In one of the earlier works, [Fra83|, a one-phase
linear thermoelasticity problem is homogenized via a semi-group approach. In [TW11],
a formal homogenization via asymptotic expansion for a similar model (but for a one-
dimensional geometry) was conducted. A two-phase problem including transmission
conditions and discontinuities at the interface has been investigated in the context of
homogenization (using periodic unfolding) in [ETT15]. A similar situation of a highly he-
terogeneous two-phase medium with a priori given phase transformation was considered
in [EKKO02]. Here, the authors use formal asymptotic expansions to derive a homogeni-
zed model. We also want to point out the structural similarity between the thermoelasti-
city models and models for poroelasticity, cf. Biot’s linear poroelasticity |Biodl, [SM02];
for a reference of the derivation of the Biot model via two-scale homogenization, we
refer to [Mik03|, Section 5.2|. Examples for homogenization in the context of two-phase
poroelasticity, so called double poroelasticity, can be found in [Ain13] [EB14|. For some
homogenization results via formal asymptotics for problems where the micro-structural
changes are not prescribed, we refer to [BBPR16, [KvNP14, Mei(8].

As an alternative approach in the modeling of phase transformation, in particular in the
case of phase transformations in steel, phase-field models are often considered, we refer
to, e.g., [IMSAT15, MBWO08|. Some thoughts regarding possible numerical simulations
of a similar one-phase problem for a highly heterogeneous media are given in [PL93].
In [TW11], a numerical framework based on homogenization (via averaging) for a ther-
moelasticity problem in highly heterogeneous media is developed and investigated.

The chapter is organized as follows: In Section we introduce the e-microscopic ge-
ometry and the thermoelasticity problem and, then, transform this to a fixed reference
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4. Thermoelasticity problem with fixed interface

domain. The well-posedness of our microscopic model is investigated in Section 4.3 In
addition, e-independent estimates necessary for the homogenization process are esta-
blished. Finally, in Section we perform the homogenization procedure relying on
the two-scale convergence technique.

4.2 Setting and transformation to fixed domain

We start by describing the geometrical setting of the e-parametrized microscopic problem
including the transformation characterizing the interface motion. After that, we go on
with formulating the microscopic problem for a highly heterogeneous media — first for
the moving interface and then for the back-transformed, fixed interface.

We note that our setting (with the transformation) is closely related to the notion of
locally periodic domains, see [FAZMI11, wvNMI11|. In addition, we also refer to [Dobl14l
Mei08|, where similar transformation settings are introduced.

Let S = (0,T7), T > 0, be a time interval. Let Q be the interior of a union of a finite
number of closed cubes Q;, 1 < j < n, n € N, whose vertices are elements of Q* (i.e.,
have rational coefficients) such that, in addition, €2 is a Lipschitz domain. At the cost
of additional technical difficulties, €2 could be of much more general structure, see also
Section By this particular choice, we avoid the inherent technical difficulties that
would arise in the homogenization process due to the involvement of general geometries;
we are focusing instead on the technical difficulties arising (a) due to the strong coupling
in the structure of the governing partial differential equations and (b) due to the time-
dependency of the geometry.

In addition, we denote the outer normal vector of Q with v = v(z). Let Y = (0,1)*
be the open unit cell in R3. Take YV, Y® C YV two disjoint open sets, such that Y
is connected, such that I' :== YO N Y® ig a C? interface, I' = 9Y®, Y2 C Y, and
Y =YD UY® UT, see Figure With nr = nr(y), y € T, we denote the normal
vector of I' pointing outwards of Y.

For € > 0, we introduce the €Y -periodic, initial domains le) and 99 and interface I'.
representing the two phases and the phase boundary, respectively, via (i = 1, 2)

QP =qn (U e(Y<i>+k)>, I.=Qn (U 5(F+k)>.

keZ3 keZ3

Here, for a set M C R3, k € Z3, and ¢ > 0, we employ the notation

x
e(M +k):= {:):ER3 : ——kEM}.
€
From now on, we take ¢ = (&, ),en to be a sequence of monotonically decreasing positive
numbers converging to zero such that 2 can be represented as the union of cubes of
size €,. Note that this is possible due to the particular structure of 2; we refer to

Section
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4.2. Setting and transformation to fixed domain

The above construction ensures that le) is connected and that 99 is disconnected.
We also have that 902 N 90 = . In the different case that both QY and Q¥ are
connected, we additionally would need to rely on special uniform extension operators,
see [HB14], in order to pass to the homogenization limit. We also refer to Section ,

particularly Corollary

—— Assumptions on the motion of the interface

We assume that we are given a function s: S x Q x R® — Y such that
(1) Regularity: s € C(S;C?*(Q) x C’i(Y)),

(2) Invertibility: s(t, @, )y : Y — Y is bijective for every (t,7) € S x Q,
(3) Regularity of the inverse: s~ € C1(S;C?(Q) x C’i(Y)),

(4) Initial condition: s(0,2,y) =y forallz € Qand all y € Y,

(5) there is a constant ¢ > 0 with dist(9Y,v) > ¢ for all (t,z) € S x Q and
v € s(t,x, 1),

(6) s(t,x,y) =y forall (f,z) € S x Q and for all y € Y with dist(dY,y) < £,
(7) there are constants c,, Cy > 0 satisfying

c, < det(Dys(t,z,y)) < Cs,  (t,x,y) €S x QxR

We introduce the (t, z)-parametrized, deformed sets
YOt 2) = s(t, 5, YD), YO(t,2) = s(t,2,Y®), T(t,2) = s(t,,T).

Here, Assumptions (1)-(3) ensure that the transformation is regular enough for our
further considerations (e.g., to guarantee that the curvature of the deformed domains is
well-defined). For the initial configuration, we have Y = Y1) (0, z), Y® = Y ®(0, 2),
and I' = I'(0,z) (Assumption (4)). In addition, by Assumption (5), we get a uniform
(with respect to (t,7) € S x Q) minimum distance between the interface I'(¢,z) and
the boundary of the Y-cell and, with Assumption (6), make sure that points near the
boundary of the unit cell Y are not deformed. Finally, Assumption (7) is of particular
importance when it comes to proving e-independent estimates.

We introduce the operations

[]: R® = Z* [z] = k such that » — [2] €Y,
(VR =Y, {z}=2—[7]

The # subscript denotes periodicity, i.e., for k € N, we have C5(Y) = {f € C*(R?) : f(z +e;) =
f(z) for all z € R3}, e; basis vector of R3.

3Here, s71: S x Q x R?® — Y is the unique function such that s(t,z,s~1(¢,z,y)) = y for all (t,z,y) €
S x Q x Y extended by periodicity to all y € R3.
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4. Thermoelasticity problem with fixed interface

(a) The unit cell Y (b) The periodic reference geometry  (c) The actual geometry at time ¢

Figure 4.1: Reference geometry and the resulting e-periodic initial configuration. Note that for ¢ # 0,
these domains typically loose their periodicity.

and define the e-dependent functionf|]

s.: Sx Q=R s.(t,r)i=¢ E} +es (t,s [g ,{g}) . (4.1)

The function s, is well-defined as {£} € Y and € [£] € Q. Since s (t,z,y) = y for all
(t,z) € S x Q and for all y € Y such that dist(dY,y) > £, we see that
s. € C'(S;C*()).

For i = 1,2 and t € S, we set the time dependent sets QY (t) and T'.(t) and the

corresponding non-cylindrical space-time domains Qg) and space-time phase boundary
=. via

QO(1) = 5.(£,90), QY = J{t} x (),

tes
T.(t) = s.(t,T.), = = [ J{t} x T.(t),
tes
and denote by nr. = nr_(t,z), t € S, x € I'.(t), the unit normal vector pointing

outwards_ng) (t) into le)(t). The time-dependent domains Q% (t) host the phases at
time ¢t € S and model the motion of the interface I'.. We emphasize again that, for any
t > 0, the sets le)(t), 0P (), and I'.(t) do not need to be periodic.

For all (t,z) € S x §, we introduce the functions

F.:SxQ— R  F.(tx):=Vs.(t ), (4.2a)
J.: S xQ =R, Je(t,z) = det (Vs.(t,x)), (4.2b)
v.: S xQ — R3, Ve(t, z) = Opse(t, ), (4.2¢)

and see thatP|

4This is the typical notation in the context of homogenization via the periodic unfolding method, see,
e.g., [CDGO8, [Dob12].
T

5Here, F-T is defined via F-T(t,z) := ((Fe(t,x))_l) .
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4.2. Setting and transformation to fixed domain

In addition, we need the normal velocity (inwards Qél)(t)) Vi. and the mean curvature
Hr, of the interface I'.(¢) (with respect to the coordinates of the initial configuration!):

‘/}Fa : 3 X FE — R> ‘7F5 (ta 7) = Ua(t’ 7) *Nr, (t> Sa(ta 7))’ (4'26)
Hr.: SxT.—=R, Hr.(t,7) = —div ((F) " (t,y)nr.(t, 5.(t,7))) . (4.2f)

We note that, via this definition, Hp_ is non positive at points v € I'., where the
intersection of Qg) and a sufficiently small ball with center = is a convex set, and that
Hrp_ is non negative when this holds true for ol

Under this given transformation describing the phase transformation, i.e., the function
s and the resulting time dependent domains Q6 , we consider a fully Coupled thermoe-
lasticity problem where we assume the mechanical response to be quasi-stationary and
the constitutive laws to be linear.

Fori=1,2,t € S, and = € Qg)(t), let ul) = ul” (t,x) denote the deformation and
ol = gl¥ (t,z) the temperature in the respective phase.

The bulk equations of thermoelasticity are given as

—div(CPe(uM) — aMoWVIs) = VD in QW (4.3a)
—div(CPe(u?) — aPP13) = £ in QW, (4.3b)
0y (PP Mo + AW divuM) — div(K (1)V9§1 )=9¢% in QW, (4.3c)
0 (pPe@0P + 4@ divu®) — div(KPVOP) =g in QY. (4.3d)

Here, C{) € R®3*3%3 are the stiffness tensors, ol > 0 the thermal ezpansion coeffi-
cients, p > 0 the mass densities, ¢V > 0 the heat capacztzes 'yg() > 0 are the dissipation
coefficients, K() R3*3 the thermal conductivities, and fa 5, gé) are volume densities.
In addition, e(v) = 1/2(Dv+(Dv)") denotes the linearized strain tensor and I3 the iden-
tity matrix. For more details regarding the modeling, we refer to [Bio56l, [Kup79, WB16]

and also to Chapter

At the interface between the phases, the transmission of both the temperature and
deformation is assumed to be Continuous,ﬁ ie.,

[u] =0, [0:]=0 on =, (4.3e)
where [v] := v(!) — ) denotes the jump across the interface separating the phases.

The jump in the flux of force densities across the interface is assumed to be proportional
to the mean curvature of the interface leading to

[Cee(ue) — acbls]np, = —E2HFEO'OTLFE on =, (4.3f)

where oy > 0 is the coefficient of surface tension and where Hr_ is the mean curvature of
the interface with respect to the moving coordinates[’] Here, the scaling via €? counters

6These conditions are sometimes called coherent and homothermal, see [BMO3)].
"Le., Hr_(t,s:(t,x)) = Hr_(t, x).
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4. Thermoelasticity problem with fixed interface

the effects of both the interface surface area, note that ¢|T'.] € O(1), and the curvature
itself, note that ¢|Hr_| € O(1).

In a similar way, the jump of the heat across the interface is assumed to be given via
the constant of latent heat L € R:

[pcal0-Ve, + [ve divue] Vi, — [K-VO:] -nr. = LVr, in Z, (4.3g)

where Vi, denotes the normal velocity of the interface with respect to the moving coor-
dinates. Note that, if we neglect the dissipation and if we have equal densities and heat
capacities in both phases (or, a bit more general, [pcy] = 0), equation (4.3g) reduces
to the usual Stefan condition. More complex interface conditions than equations (£.31),
would arise, if the interface were allowed to be thermodynamically active thereby
requiring us to formulate separate balance equations for surface stress and surface heat,
we refer to [WB16] and Chapter [3] as well as Section

Finally, we pose homogeneous Dirichlet conditions for the momentum equation and
homogeneous Neumann conditions for the heat equation as well as initial conditions for
the temperature:

u =0 on S x oW, (4.3h)
KWV .y =0 on S xo0W, (4.31)
09(0) = 9@ in QO (4.3)

g
where 9% are some (possibly highly heterogeneous) initial temperature distributions.

To summarize, we are considering a highly heterogeneous medium that is composed of
two different phases/microstructures where one phase is a connected matrix in which
small inclusions of the other phase are (in the beginning, periodically) embedded (see
Figure [A.1), e.g., bainitic inclusions in austenite steel. Due to phase transformations
(in our example, the bainitic inclusions might grow at the cost of the austenite phase)
which are assumed to be completely known a priori, the phase domains change with
time. In this geometrical setting, we then investigate the thermomechanical response
of the two-phase medium to the surface stresses exerted by the phase interface due to
its curvature (equation (4.3f])) and the latent heat released via the phase transforma-
tion (equation (4.3g))). We note that this situation has some similarity with the one
considered in [EKK02].

Now, we choose a particular scaling of some coefficients with respect to the e-parameter:
For i = 1,2, we assume that there are constants C(?) € R3x3x3x3 () ¢ R3x3 o) ~(0) >
0 such that

Cs(l) — C(l)7 Ks(l) — K(l)7 o) — a(1)7 fygl) — 7(1)7

_ _ (
C® =200, KO = 2K® o — 0@, 4@ = @

3 3

These specific e-scalings are quite common in the modeling of two-phase media, see,
e.g., [Ain13] [CS99, [EB14, [FAZMT11) [Yeh11], and are usually justified (albeit only heu-
ristically) by assuming different orders of magnitude of the characteristic time scales
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4.2. Setting and transformation to fixed domain

of the involved physical processes in the respective domains. In our case, this means
that the effect of heat conduction, dissipation, stresses, and thermal expansion are assu-
med to be smaller/slower in the inclusions when compared to the matrix. By two-scale
convergence results, this scaling leads to a distributed microstructure model, cf. [AlI92]
Proposition 1.14. (ii)].

Other e-scalings are, of course, possible and, depending on the underlying assumptions
regarding the orders of magnitude of the involved processes, might be sensible. Without
the scalings in the bulk equations (i.e., for C§2), KE(Q), a@, and 75(2))), e.g., we would
expect to get a purely macroscopical limit problem, where only some of the information
of the microstructure (and their changes) are coded into the averaged coefficients, similar
to the results in [Ainll]. Related problems without the £%-scaling of C*’ but otherwise
the same scaling for similar scenarios were investigated in [Ain13, [EB14] in the context
of double poroelasticity. For a more holistic approach to different sets of scalings and

their effect on the homogenization procedure, we refer to [PB0S|.

We assume that the tensors C) and matrices K are symmetric and have constant
entries and also that there is a constant ¢ > 0 such that COM : M > ¢|M|* for all
symmetric matrices M € R¥® and K@y - v > ¢|v|? for all v € R®. Note that it would
also be possible to treat non-constant coefficients as long as estimates — hold
uniformly in time and space and as long as the functions are sufficiently regular for the
analysis part to hold.Ff] We also refer to Section Where some generalizations regarding
the coefficients are considered.

Now, from the construction and the regularity of s, we have the following estimates
available concerning the quantities related to the transformation that are defined by

equations ([2a)-(£.20)

Sgg ( ||F€”L°°(S><Q)3X3 + HF€—THL°°(S><Q)3X3 t HJ&HL“’(SW)
3

+ e Vel oo gsways + €7 VR oo (sxra) + €HHF5||LOC(SxF5)) <o00,. (4.4)

In addition, we also see that there is an e-independent ¢ > 0 such that J.(¢,z) > c for
all (t,z) € S x Q.

For a given function ¢ = ¢(t,z), we denote the corresponding pull-back function by
P-(t,x) = p(t,s-'(t,z)). We introduce the transformed coefficient functions needed
to transform equations (4.3a))-(4.3i) in a fixed domain, i.e., to a formulation without a

8E.g., we would need p®c®, €@ and a® to be differentiable with respect to time in order for
Lemma [.5| to hold.
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4. Thermoelasticity problem with fixed interface

motion of the phase interface:

A Sx Q5 ROSSS A B % (F;TB + (F;TB)T> , (4.52)
Cris § x Q) 5 R3X3X3x3 cri — g ATCO (4.5b)
ali: S x Q) — RS, alt = J.aWFT (4.5¢)
Hp : S x T, — R¥, Hy = J.ooHp F1, (4.5d)
't S x ) 5 R, ot = Jpe® (4.5¢)
1S x QY 5 R, W= JAYFT (4.5f)

VS X Q- RY vl = F e, (4.5g)
K5 8 x QW) — R373, KM= JF'KOFT (4.5h)
Vi SxTl. >R, Vi =V, (4.51)
fri 8 x QW 5 R?, = 1f, (4.5j)
g S x QY 5 R, gt = g/(\) (4.5k)

Then, as a consequence of the estimate (4.4]), we have

51D 3 (12 sty + 10F Dy + < I,

112

(sxm) T HC?i}lLOO(SxQ)

Loo(SxF)) < o0o. (4.6a)

Furthermore, using the uniform positivity of J., we get the following uniform positivity
estimates

+et ||U§||Loo(3x9) + HKeT’iHLoo(sm) +e HV{E

CliM : M > c|M|> forall M € Sym(3), (4.6b
aliy-v >l forall veR? (4.6¢
>, (4.6d
Krv-v>clo]>  forall veR (4.6¢

)
)
)
)

Taking the back-transformed quantities (defined on the initial periodic domains Qg))
U 8 x O - R3 and ©F: 5§ x QF — R3 given via U (¢, 2) = ul” (¢, s7(t, 2)) and
0t z) = 09(t, s 1(t,x)), we get the following problem in fixed coordinates:

—— Thermoelasticity problem - fixed coordinates

—div (€I (UWY) —0Walt) = fr1 in S x QWY (4.7a)
—div (2C0%e(UP?) —e0Pal?) = 72 in S x QP (4.7b)

0y ('O + 42t DUW) — div (KI'vel)
—div (('OM + 42t DUM) o) = g2t in S x QY

O (20 + eqr?: DUP)) — div (2 K?VOP)
—div ((02’2@9 +eyl? DU€(2)) o) =g¢% in Sx Q)
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4.3. Analysis of the micro problem

complemented with interface transmission, boundary, and initial conditions.

For more details regarding the transformation to a fixed domain, we refer to [Dob12,
Mei08, [PSZ13] as well as to Section

Note that the structure of this system is similar to the moving interface problem given
via equations (4.3a))-(4.31), except for the advection terms, some additional non-isotropic
effects, and the time/space dependency of all coefficients.

4.3 Analysis of the micro problem

We introduce the functional spaces
V=Wl (Q)3, Vy:=WY(Q), H:=L*Q)

and obtain, after identifying H with their dual via Riesz’s representation map, the
Gelfand triple, Vg — H — Vy'. By (,)x and (, )y, we denote the inner product of a
Hilbert space H and the dual product of a Banach space V, respectively.

Using the well-known Korn inequality (see, e.g., [DL76]), we see that we can use
HuHVu = ||6(U>||L2(Q£_1))3><3 + 5||e(v)||L2(Q(EQ))3x37

where e(u) = 1/2(Du + (Du)?), instead of the standard Sobolev norm for V,. In the
following lemma, we establish some control on the parameter

Lemma 4.1. There is a C' > 0 independent of € > 0 such that
[oll2as + D0l 2 gys + D0l 2o

<C <||6(U)”L2(Q£1))3x3 + €||€(U)||L2(Q§2>)3><3> NCAS Vi (48)

Proof. Let v € V,, and set véi) = U 1 = 1,2. Then, via extending vél) appropriately

to the whole of €2 (for this, we refer to, e.g., [OSY92, Chapter 1.4]), we call that respective

extension vél). Then, using Korn’s inequality, we get the e-independent estimate

—_—

1
108 [wr20) < Calle(@)] 2o

Now, since v € V,,, we have w, = (v — vél)) ) € W(}’Q(Qg)). Via a scaling argument

28
(and using Korn’s inequality for functions in W, (Y ®)), we see that

||w5HL2(Q§2))3 + €||Dw€||L2(Q(€2))3x3 < 502”6(1’05)HL2(Q§2>)3><3‘

This leads to

|’U§2) HL2(Q§2))3 + EHDU§2) HLz(Qg)):sx:s
< (14 Ca) (I vy + <Calleef)l gty )

Finally, setting C' = max{C}(2 + C3), C»}, we get the desired estimate. O
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4. Thermoelasticity problem with fixed interface

Our concept of weak formulation corresponding to the problem in fixed domain, equa-

tions (4.7al)-(4.7d)), is given as:

—— Variational formulation

Find (U, ©.) € L*(S; V,, x Vp) such that (0,U., 9,0.) € L*(S; V! xV]) and ©.(0) =
0o satisfying

£

Crle(UW) @ e(v,) dx + 82/ CH2e(UD) : e(v,) dz
le) Qg:Q)

— eWar! . Vo, dz — ¢ 0@ ar? : Vo, dz
Q(l) g € 9(2) £ g

/ O (" OM) vy dx + / vIOW -V da
Qe

o

+ / 0y ("0 vy dx + / v'0P . Vo da
Q§2) Q‘(52)

T /le) O, (0 DUE(I)) vg da + /le) ol (0t DUE(I)) Vg dz

T g/ﬂg) 0; (% DUs(z)) vg dx + 5/ : ol (0% DUE(Q)) -V daz

02

+ )nglvagU - Vg da + £ / " K?veR . YV, dx
o?

ol
+/ Vivgds = /Qu) g vg da + /Q<2) gvgdr  (4.9b)

for all (vy,v9) € L*(S; Vi, x Vp).

We start, off with the mechanical part, i.e., equation (4.9a)), and define, for ¢t € S, the
linear operators

E.(t):V, =V, F.(t) € L*(Q),
e"(t): H—V,/, H.(t) € V/

via

(B0 v) o, = [ € Oelw) s ey b+ 2

o ol

th _ r,1 . r,2 .
(e Wp,v)y /Q wa(t) : Dvdx +€/( par (t) : Dvdaz,

?
Fy =50, we ol
), ze 0’

) Cr3(t)e(u) : e(v)da,
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4.3. Analysis of the micro problem

The weak form (4.9al) is then equivalent to the operator equation
E.()U. —e™(t)0, = F.(t) + H(t) in V. (4.10)

Lemma 4.2. The operator E.(t), t € S, is coercive, continuous (both uniformly in time
and in the parameter ), and symmetric.

Proof. Let u,v € WH2(Q2). Due to the estimates (4.6h), (4.6d), we have

(E=(t)v, v}y, 2 ccllvlly, |

(E=(t)u, v)y,n,

< Ce lully, lvlly,

for all t € S and all € > 0. The symmetry follows, after transforming to moving
coordinates, from the symmetry of the C;. ]

Since E.(t) is coercive and continuous, we therefore established, via Laz-Milgram’s
Lemma, that, for all F. € L*(Q), H. € L*(T.), ©. € L*(), and t € S, there is a
unique weak solution U.(t) € V, to Problem In particular, the inverse operator

E-1(t) is well defined as well as linear, bounded, and coercive.

Now, we turn our attention to the heat related part of our system, i.e., equation ,
where we deal with the couplingﬂ due to the dissipation term. This is done by combi-
ning the structure of the full problem (the coupling operators are basically dual to one
another) and the just investigated properties of the operators of the mechanical part.
Note that the following considerations regarding the thermal stress operator et are (in

spirit) quite similar to those presented in [SM02]. We see that, for vy € Vp and v, € V,,
we havd'Y]

<6§h(t)vg,v>vu,vu = /Q<1) vga™!(t) : Dv, dx + 5/9(2) vga™(t) : Dv, dx

= — / o (t)Dvg - v, do — s/ a"2(t)Dvg - v, dx
le) QS:2>

+ /F [ T(t)venr. (2) - vu ds,

and, as a result,
e ()t Vo — L*(Q)* x LA(T.)* C V.

£

In addition, we take a look at the corresponding dual operator (e(t)y,) : L*(Q)? x
L*(T.)? — Vy' given via

<(€Zh(t)\Vg)/ [fu 9]7 U9> - (eih<t)\\/9v07 [f? g])LZ(Q)xLQ(FE) :

Vo' Ve

9 And therefore the mixed derivative term for the deformations ug).

0Here, we used that [a"(t)] = [«] and div(J.F.) = 0.
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4. Thermoelasticity problem with fixed interface

For functions v, € V,,, we have v, = [vy, vur.] € L*(Q)? x L*(I'.)* and see that

th / r,1 r,2
= ’ : D ’ : D .
<(€E (t)\Ve) UV, v0>V9’V9 /S;(l) Vo (t) Uy dr + /Q‘(€2> Vox (t) Uy dw
As a consequence, we have ( th (t)W‘))\V V.- HcCVy. Forv, €V, and f € H,
th / r,1 r,2 .
((e8 (t)|V9)|Vu vu,f>H ” fa" (t) : Dv,dx + N )foz (t) : Dv, dz

= <€Zh f? UU>Vu/Vu )

which implies (ezh(t)we)IV = (e?(t)) for all t € S.

From the definition of the operator e'(¢), we have the following uniform estimate:

Lemma 4.3. For v, €V, and f € H, it holds (uniform int € S and € > 0)

<eih(t)f7 U“>Vu’Vu < C”f”H <HVUUHL2(Q£1))3><3 + ‘€HVUU||L2(Q§))SX3) . (4'11)

Now, we introduce some linear, t-parametrized functionsE-]

BO(t): H — H, BO() f = c(t)f,

BO(t): H — H, BE(t)f = L (e'() B (el (1)1,
AW (1) Vo = Vy, <A£1)(t)U9,U9>V " = (pcvl(t)ve, Vug)
AD(): V= Vi, (AP (E)s, by = (K2 (1) V00, Vo)

AP () Vo — Vy, <A£3) (t)Ug,U9>V0,V0 = (vé“(t)Bém (t)ve, va)H

and F.(t) € V', G.(t) € L*(S; H) via
(Felt) v, = (90 (3 (£ 0) B (Bo0) + He(0))) o) |
(o () B2 (Pu(t) + Ha(8) Vo)
)
)

r (1)

gr(t), x € Qe
G.(t)=<"7° )
®) {gg(t , T E Qg)

We note that F.(t) is well-defined if, for example, F. € C1(S; H)3.

The variational formulation (4.9b)) can then be rewritten as an abstract operator pro-
blem:

—— Operator formulation
Find ©, € L*(S;Vy) such that 9,0, € L*(S;Vy'), such that ©.(0) = 6.4, and such
that

0y (223(z >+ZA’ 0O+ Vr. (t) = Go(t)—F.(t) in Vp, teS. (4.12)

=1

HNote that 77 = Zal.

o €
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4.3. Analysis of the micro problem

To tackle above problem, we first have to investigate some properties of the involved
operators.

Lemma 4.4. The operator Bg) is continuous (uniformly int € S and ¢ > 0), self-

adjoint, and strictly monotone. In addition, for every f,g € H, we have (Bgz)()f, 9 €
L*>(9).

Proof. We start off with proving the continuity property. Let f € L*(Q2) and u.(f) :=
E-Y(t)eth(t) f, i.e., the unique solution of

<E€(t)u5(f), Uu)vu’vu = (eih(t)fa Uu)H7 Uy € ‘/;L'

Due to the estimates from Lemmas [4.2] and we have ||u:(f)|lv, < C|lf|lz, which
implies, for all g € H,

5
[(BEf.9) | < —lle Ogllvrlue(Hllvi. < Cllgllallf N,

where C' > 0 is independent of both ¢ € S and € > 0. As an immediate consequence,
(B® () f,g)u € L*=(S). Furthermore, since

(B&f.9) g, = (e (0)g, B ()l (t).f )y,

and since E-! is strictly monotone and symmetric, we also have that B is monotone
and self-adjoint. O

We establish some further regularity (with respect to time) of the following operator:
B.(t): L*(Q) — L*(Q) via B.(t) = BY(t) + BP(¢).
Lemma 4.5. There is a C > 0 independent of t € S and € > 0 such that

d

N (Be(t>f7 g)H

= < ClIf ol

forall f,g € H.

Proof. Let f,g € H be given. Then,

d

4 (Bs(t>fa g)H

¥ < 10Ol ol + [ 5 ((20) B2 0 (0)f.9) |

In addition,
th "1 th th -1 th
(e 0) B2 e (t)f.9) | = (D)9, B (00 by
where uf(t) := E-1(t)el"(t) f admits the e-uniform bound

[ue(F)llv < Clf|ar-
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4. Thermoelasticity problem with fixed interface

Formally, provided that all derivatives exist, we have
Ol (t) = OB (el (1) f + EZH ()0l (1) f.

Introducing the operators E.(t): V, — V,' and gévh(t): H —V,/ via
<E’v5(t)u,v> - / B,C™ (e(u) « e(v) dz + &2 / B,C2(t)e(u)  e(v) da,
Vo'V M o®

<;§vh(t)f,v> = o, (t) : Dvdx + 5/( : f@tof’Q(t) : Dvdzx,
S

V'V o

and ul € V, as the unique solution to

<E5(t)u£,vu> = <<;§vhf, U“>V W <E;u£,vu>vlv , Uy € Vi, (4.13)
Vu/Vu u VYu u Yu

we see that this is justified and dyuf = ul. Furthermore, in testing the weak formula-
tion given via equation (4.13) with d,u.(f) and using both the uniform bounds on the

coefficients and the estimate on u.(f), inequality (4.6al), we see that
ot Bl < Clflla

where C' > 0 is independent of ¢t € S and € > 0, and, due to

d T T
I (B£2)(t)f, 9),; = /QQ) 9O, (t) : Dul (t) dx + /le) ga”t(t) : DOw! (t) da
+ 8/ g0, (t) : Dul (t) da + 5/ ga™?(t) : DOl (t) da,
QS;Q) QQQ)
we then get the proposed estimate. [

We introduce the operator A.(t): Vy — V' via A(t) = 30, AP ().
Lemma 4.6. There are A\, Ay > 0 (independent of t € S and € > 0) such that

<A5(t)1)9, U@)VG/VG + A (Be(t>U9,U9>H > Ao ”U‘g”Vg , vy € Vy.

Proof. Let vy € V. Due to the positivity of ¢”, equation (4.6d]), and the strict monoto-
nicity of B (t), cf. Lemma M, we have

(Bu(tyvo,va)ys = cllvlly, w0 € Vi

Using the positivity of K" (4.6¢]), the boundedness of e~ *|v7| (4.5), and the continuity
estimate for B! established in Lemma , we get

(AxD)00, 00}y, > Co (19002, + € V00l ) = Collunlly, v € Vi

From those estimates, we see that the statement holds. [
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4.3. Analysis of the micro problem

Having now these results available, we are finally able to prove the main existence
theorem for the coupled thermoelasticity problem formulated in fixed coordinates.

Theorem 4.7 (Existence Theorem). Let F. € C'(S: H)?, G. € L*(S x Q), and 0" €
Lz(QS)). Then, there exists a unique (U.,©.) € L*(S;V, x Vy) such that 9,(U.,0.) €
L3(S; V' x Vi), such that @E(O)mg) =9 solving the variational system (4.9) for fized
coordinates.

Proof. In light of the coercivity-type estimate established in Lemma|4.6|and the estimate
for Bg@)(t) given with Lemma we see ([Sho96, Chapter III, Proposition 3.2 and
Proposition 3.3]) that there is a unique ©. € L*(S;V}) such that 9,0, € L*(S;Vy'),

0:(0), g0 = 0, and

% (B.(1)O.) + A (8. + Vo (t) = G.(t) = Fo.(t)  in V.

Defining, for every t € S,
Ud(t) :== EZ'(t) (e (1)0:(t) + Fo(t) + Ho(t)) € Vi,

we see that 9,U. € L*(S;V,’) and that U.(¢) solves the mechanical part given via the
variational equation (4.10) for ¢ € S. O

Transforming the solution (U., ©.) back to moving coordinates, i.e., setting u.(t,z) =
Ud(t,s:(t,x)) and 0.(t,z) = O.(t,s:(t,z)), we then get the solution to the original
problem given by equations ({4.3a)-(4.3i). In the following theorem, we establish the a
priori estimates needed to justify the homogenization process.

Theorem 4.8 (e-independent a priori estimates). Assuming that
sup <||Fa||01(s;L2(Q)>3 + 1Gellz2(sxay + Y ||19§i)||L2(ﬂ)) < 00,
£ i=1,2

we have

10wy + 1Vl aggeqns +€IVELN o,

+ HU€HL°°(S;H)3 + HDUEHLOO(S;LQ(QS)))SXB + g”DUE||Loo(S;L2(Q§2)))3><3 <C, (414)

S><Q§2>)3

where C), C are independent of the choice of €.

Proof. Testing the variational equality (4.12)) with O, using the identity

1d

(00 (Bo(2)00) s 00) 5 = (01 (Bo(0)) 00, 00)y + 5 3 (Be(t)vos )

12Note that, since ©. € C(S; H), this is well-defined.
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4. Thermoelasticity problem with fixed interface

and the uniform operator estimates established in Lemmas and in Lemma [4.6]
we get

d
3 (B=(1)e, ©:)y + VO [t A

2(09)

< € (I0:l + IF@I + IG-O + Ve Oll e 1€ r,y) - (4.15)
For the temperature on I'., we have the following e-trace estimate, see, e.g., [ADH95,

ellOelza,) < O (I18:ll +* IVeOel) (4.16)

Integrating inequality |(4.15)| over (0,¢) and using the positivity of BY and the mono-
tonicity of BE(Q), we then get

t t
01+ [ IV d -+ [ IVOL g, 0

t t
sc<u@s<0>uz+ / 10.()I dr + / IF (I dr
t ) t 5
T / IG()IZ,, dr + / Ve, () e, dT>-

A direct application of Gronwall’s inequality yields the desired estimates for the tem-

peratures. Testing equation (4.10) with U. and using the trace estimate (4.16), we
get

100113, < € (100)1% + 11 + I B (1) 3xr,)) -

Via the Korn-type estimate given by Lemma we see that the estimates for the
deformations are valid. O

4.4 Homogenization

In the following, we use the notion of two-scale convergence to derive a homogenized
model. Our basic references for homogenization, in general, and two-scale convergence,
in particular, are [AlI92) LNW02 [Ngu89, TarOQ].H For the convenience of the reader,
we recall the definition of two-scale convergence:

Definiton 4.9 (Two-scale convergence). A sequence v. € L*(S x Q) is said to two scale
converge two a limit function v € L*(S x Q x Y) (v: —v) if

lim//vs(t,x)ga (w,z) dxdt:///v(t,x,y)gp(x,y)dyda:dt
=0Js Ja € sJaJy

for all o € L*(S x Q; Cx(Y)).

13We also refer to Section where the relevant definitions and results are collected.
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4.4. Homogenization

In addition to the two-scale convergence, we recall the notion of strong two-scale con-
vergence. This concept is needed to pass to the limit for some products of two-scale
convergent sequences.

Definiton 4.10 (Strong two-scale convergence). A sequence v. € L*(S x Q) is said to
strongly two scale converge to a limit function v € L*(S x Q@ x Y) (v, 2 u) if both

2
v, — v and

li_r,% HU€||L2(SX£?) = ”U||L2(S><Q><Y)-

It can be shown, see, e.g., [LNW02, Theorem 18], that if u. = u and v. - v, we then
have

//ua(t,x)va(t,x)go (:)3,£> da:dt—)///u(tw,y)v(t,x,y)gp(x,y)dyd:vdt
sJa € sJaJy
for all p € C5°(Q2; CF(Y)).

For a function v, € Qg) (1 =1,2), we denote, by abuse of notation, its zero extension to
the whole of  with 1, v.. Furthermore, W;%’Q(Y) is defined as the closure of C4(Y)

with respect to the W12-Norm, and W,*(Y ™) as the subspace of W,*(Y) with zero
average. For functions depending on both x € (2 and y € Y, we denote derivatives with
respect to y € Y with the subscript V', i.e., ey, V,, div,.

By the e-independent estimates established in Theorem [4.8] we have the following two-
scale limits.

Theorem 4.11 (Two-scale limits). There are functions

u € L*(S;V,), U® € L*(S x Q;WA(Y)?),

0 € L*(S; V), 0@ e L*(S x Q; W,A(Y)),

UeL*Sx uWA(Y)%),  ©eL*(Sx QW)

such that

1y UM NS 1,0 DU 2 1y Du+ Ly DU,
LU 2 1y0U®, 1,0 DU 2 1y DU,
1Q§1>@§1) 2 1y, 1Q§1>V9§1) 2 1y VO + 1,0, V,0,
1,02 2 1,00%,  1,,Ve? 2 1,,V,0?.

Remark 4.12. We distinguish between functions that depend on y € Y and functions
independent of y € Y, by using capitalized letters for the former and lowercase letters
for the other.

For a function v = v(t,z,y), we denote the corresponding transformed function as
O(t,z,y) = v(t,x,s(t,x,y)). To keep the notation consistent, we also set u®(t,z,y) =
UP(t,,5(t,2,9)) and 0P(t,z,y) = O (t,2,5(t, z,y)).

14Combined with the remark succeeding the proof of Theorem 18.
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4. Thermoelasticity problem with fixed interface

Now, we introduce the homogenized transformation related quantities (all elements of
L>®(S xQxY))

F:SxQxY =R F(t,z,y) := Dys(t,z,y), (4.17a)
J:SxQxY =R, J(t,x,y) == det (Dys(t,z,y)), (4.17b)

v: SxQAxY = R, v(t,z,y) = Os(t,z,y), (4.17¢)

Vr: Sx QxT — R, Vi(t, z,y) = v(t,z,y) - np(t, s(t, z,y)), (4.17d)
SxQxI' >R Hr(t,z,y) == —div, (F'(t,z,y)nr(t,s(t, z,y)))  (4.17e)

and see that they are strong two-scale limits of their e-periodic counterpart

2 2 1 ~ 2 =~ ~ 9 =
F.=F J.=J -v.—>v, -Vp.—=Vpr, eHp, = Hp.
€ €

This can be seen by using the regularity of the function s, the fact that e [ } — x, and
using [AII92, Lemma 1.3.] ﬂ For a similar situation in the case of periodic unfolding,
we refer to [Dobl2, Lemma 3.4.6]. As a Consequence we also have strong two-scale
convergence for the transformed coefficients, see (£.5a)-([£.51), the limits of whose are
labeled via a r-superscript.

We assume that, for i = 1,2 and almost all ¢ € 5, there are functions fO(t), g9 (t), and

9D € L2(Q x Y@, such that f F) e CHS; L* (2 x Y)3), g0 e L*(S x Q x Y), and such
that

—

/? 2 e i) 2 e i) 2 i
]llgg)fg( N ]l‘ymf(l), ]1|Q§“9£) — ]l‘y(i)g(’), ]1|Q§¢)19£) — ]1|Y<¢)19()
In particular, this implies
ri 2 70 ri 2 ~ )
]lmgi)f = ]l‘y(i) Jf(l), ]lmgi)gs’ — ]l‘y(i) Jg(l)

We set fri = J]?(?) and g™ = Jg/(?)

4.4.1 Homogenization of the mechanical part

Let v € C5°(Q)% and v € C=(Q; C2(Y))? such that v(z) = v@ (z,y) for all (z,y) €
Q x T'. Furthermore, let v € C*(Q; C(Y))*. We introduce functions

v Q=R oW (x) = wv(z) + €7 (93, E) ,
£

£
v?): Q- R, 0(2)(95) =0 (g, z +ev |, L ,
c € €

(1)(27), re QW

v.: Q= R3, wu(x) =
(@) {v§2)(1’), r € Q®,

> Note that ignoring the “mismatch” z — ¢ [£], we basically have F.(t,z) ~ F (t,z, %)

' e
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4.4. Homogenization

As a consequence, v. € Wy*(Q)3. Choosing v. as a test function and letting ¢ — 0, we
then get, up to a subsequence, the following limit problem:

//y(l) C (e(u) + e, (TM)) : (e(v) + ,(2)) dy dz

- / / C2e,(U?) : e,(v?) dy dx
QJy®
—// ol (Dv—l—DyiF) dyda:—// ar’Z@@):Dyv(Z) dy dz
QJy® QJY®@

:/ f(l)'vdydx+/ f(Q)-U(Q)dyd$—|—//H{inp-vdsdx (4.18)
QJy® QJy®) QJT

(0.7.01) € C(9) x Cg2(Q: CF(V)) x (@ CF (V)

for all

such that v(z) = v®(z,y) for all (z,y) € Q x I'. By density arguments, equation (4.18))
holds also true for all (v, 7,v?), where v € Wy*(2)? and ¥, v® € L2(Q; W,*(Y))? such
that v(z) = v®(z,y) for almost all (z,y) € Q x I'. As a next step, we are going to
decouple the limit problem . For this goal, we choose v = 0 and v® = 0. We
obtain:

/ crt (G(U) + €y([7(1))) : ey(f]) dydx — / / o™l - Dygdy dz =0 (419)
QJy® QJyw
for all 7 € L*(Q; W,2(Y))>.

Now, letting v = 0 and forcing v® = 0 a.e. on Q x I, we get

// CT’26y(U(2)) . ey(v(Z))dy dr — / / ar,2@(2) : DyU(Q) dy dz
aJye QJY®

= / f@ @ dydr (4.20)
QJYy®
for all v® e L2(Q; W, *(Y®))3. Next, while keeping ¥ = 0, we choose test functions

such that v(z) = v (z,y) for almost all (z,y) € Q x Y® (in particular, we have that
v is constant in y € Y) and see that

// (e DY 4 e, (U0 ) :e(v) dydac—// o™ oW . Dy dy dz
y® QJy®
:// £ )-vdydx—l—/ f(2)~vdyd:c—|—//H{inp~vdsdm. (4.21)
QJy@ QJy® QJrT

Summarizing, we obtain the following system of variational equalities:

/ / ™ (e(utV) + ey(U( ))) ce(v)dydr — / / a"t0W : Dy dy dz
y® QJy®

:/ fa -vdydx—l—/ f(2)-vdydx+//Hlfnp-vdsdx, (4.22a)
QJymw QJy® QJr
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4. Thermoelasticity problem with fixed interface

/Q /m C (e(uM) 4 e,(TM)) : e, (v) dy dz

— / / o™ D vdydr =0, (4.22b)
QJy@®

// C“Qey(U@)):ey(v@))dyd%—// a"?0® : D dydx
QJy® QJY®
— / @ P dyde (4.22¢)
QJy®

for all (v,7,0®) € Wy?(Q)* x LA(Q;W*(Y))? x LH(Q; Wy*(Y®))2. In addition to

equations (4.22a)-(4.22d), we have the additional constraint vV (t,2) = U@ (t,z,y) for
almost all (¢,z,y) € S x Q x T

We go on by introducing cell problems and effective quantities to get a more acces-
sible form of the homogenization limit. For j, k = {1,2,3} and y € Y, set d;;, =
(y;01k, YjOok, yj031) ", where § is the Kronecker delta. For t € S, z € Q, let 7 (¢, x, "),
T(t,z,-) € W;Q(Y(l))?’ are the solutions to

0= C e, (i + d7%) : e, (D) dy, (4.23a)
y (1)

0= / C"le, (1) : e, (V) dy — / "t Do dy (4.23Db)
Y y ()

for all v € W;Q(Y(l)):s. In addition, we introduce the effective elasticity tensor C": S x

Q — R¥&S Ch(t, 1) = (Ch(t?I))1<ijkl<3’ via

(Ch)j1j2j3j4 - e Cﬁley <Tj1j2 + djljz) C €y (Tj3j4 + dj3j4) dy‘ (4'23C)

Furthermore, we introduce the following effective functions:

H": S xQ =R, HEt, x) = /Hf(t,x,s)n(t,x,s) ds, (4.23d)
r
1S xQ =R, )= fey)dy+ [ (e y)dy,  (4.23e)
Y@ Y ()
" S x Q= R¥3 ol(t x) = / ("t —C™le, (7)) dy. (4.23f)
Yy
We see that, at least up to a function independent of y € Y, it holds
B 3
Ut x,y) = Y myelt, @, y)(e(u)(t, @) + 7(t, 2, 9)0(t, 7).
jik=1

After transforming the microscopic mechanical part to moving coordinates, we are led
to

/C’he(u):e(v) da:—/ah@:Dvdx:/fhdx%—/H#dx, (4.24a)
0 0 Q 0
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4.4. Homogenization

/ CPe,(U?) : e, (v?@)dy — / a@0® div, @ dy
Y @) (t,2) Y@ (t,x)

= / f@ 0@ dy  (4.24b)
Y (2)(t,x)

for all v € Wy2(Q)?, v® € Wy (Y3 (t,2))? and almost all t € S.

4.4.2 Homogenization of the heat part

Let (0,) € C(S x Q) x C®(S x Q;C¥(Y)) and v € C*(S x Q; C(Y)) such that
v(T) = 0(T) = v (T) = 0 and such that v(t, z) = v (¢, z,y) for all (t,z,y) € SxQxT.
We introduce the functions

oS x Q=R vW(t ) =v(t,z) +ev (f z, f) )
9

Then, v. € W2(Q). Choosing v, as a test function and letting e — 0, we get, up to a
subsequence, the following limit problem:

// W1y ™) 09,0 da dt — / W1y @] 9Wo,(0) da
/// 203 g dydxdt—// (0) dy dz
Y y(2)
+/// ?0® . v, u® dy dx dt
sJaJy®
—/// fy’”’l:<Du+Dy[7) Gtvdxdt—/// ’Y“QiDyU@)@tU@)dydxdt
sJaJy®m sJaJy®
+/// v" (7“2 : DyU€(2)) -Vyv@) dydzdt
sJQJY®
+ // K"! <V9 + Vyé> (Vo +V,0) dydxdt
Yy (1)
+ / / K"Vv,0® . v, 0@ dydzdt + / / / Vv ds da dt
sJaJy®@ sJaJr
:/// gr’lvdydxdt—k/// g dydadt  (4.25)
sJaJy® sJaJy®

for all (v,v) € COO( Q) x C=(SxQ;Cx(Y)) and v®) € C*(I x Q; C2(Y)) such that
v(T) =o(T) = v®(T) = 0 and such that v(t,z) = v (t, 2, y) for all (t,x,y) € SxQxT.
Here, ‘Y(l ‘Y D(t, )‘

Using the same decoupling strategy as for the mechanical part, we obtain the following
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4. Thermoelasticity problem with fixed interface

system of variational equalities:

/ / Wy W] 00,0 dz dt — / D [y W 9Do,0(0) da
// (/ acle dy> 8tvdxdt—/ (/ Py dy> v(0) dx
Y (2) Y (2
// (/ Du+D U) dy—l—/ v D,U® dy) Oy da dt
Y(1> Y (2)
+/// K“ v9+vyé)-vvdydxdt+//</V;ds)vdxdt
sJaJy® S JQ T
:// (/ gt dy)vda:dt—l—// (/ gT’Qdy)vdxdt, (4.26a)
S JQ y® S JO Y (2)

/ / K™ (ve + vyé) -V, 0dydzdt =0, (4.26b)
Yy (1)

/// 2@ g dydxdt—// (0) dy dz
Y® Y (2)
+/// pPc@yre® Vv @ dy da dt
SJJy®
—/// 7“2:DyU(2)8tv(2)dydxdt+/// v" (’y”’Q:DyU(Q))-Vyv(z)dydxdt
SJQJY®@ SJQJY®@
+ / / / K"*v,0® . v, 0@ dydzdt = / / / g 20@ dydzdt (4.26c)
sJaJy@®@ SJQJy®@

for all (v,7,0?) € L3(S;W12(Q)) x L3(S x QWA (Y)) x LA(S x Wy (Y?)) such
that (0w, 0,0?) € L2(S; (W'2(Q)) x L*(S x Q;W~12(Y?)) and such that v(T) =
v(T) = 0.

Now, we want to ﬁnd a more accessible description of the homogenized problem given

via equat10ns m With that in mind, for j € {1,2,3}, t € S, xz € Q, let
Ti(t,x,-) € ) be the solution to

/ K" (Vyrj+e;) - Vyody =0, o€ W,2(YW). (4.27)
Yy

We introduce the following effective functions

S x Q= R, Vh:SxQ =R, "8 xQ— R,
K'SxQ—-R¥, 4 SxQ—>R
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4.4. Homogenization

defined via
It x) = pWed {Y(l)(t,x){ +aW / div, (1) (¢, z,y) dy, (4.28a)
4]
Kh(t, x)ij - / Knl(t’ Z, Z/) (VyTJ'(t? Z, y) + ej) ) (vyTi<t7 Z, y) + ei) ) (4'28b)
)
Vh(t 7) — / Vit s) ds, (4.28¢)
r
g"(t,x) = / gt x,y) dy +/ g 2 (t,x,y) dy (4.28d)
y(® Y (2
Yt )i = / (v + IVt 2, y)) dy +92 YO 2)| L. (4.28¢)
Y

The system of variational equalities (4.26a m ) then reads

_ / / Doy dz At — /Q 09V 8,0(0) dz
// (/() pPcPe® )@dedt—/ (/() pH @y dy) v(0) dz
2) (t,2) 2
//7 DuatvdxdtnL//KhV@ Vudydzdt
—//thda:dt+//g dzdt, (4.29a)
S JQ S JQ

/// 209, dydt+/// VU ) dy dt
s Y (2) y(2>
—// DY@yl (O)dy—/// v D,UP 9,0 dy dt
QJYy® SJQJy®
+ / / / v" (77"’2 : DyUE(Q)) -Vyv(g) dy dt
SJQJY®
+ / / K"*v,0® . v, 0@ dydedt = / / / g @ dydt (4.29b)
SJJy@®@ sSJQJy(®

for all (v,v®) € L2(S;Wh%(Q)) x L2(s x QW2 (Y®)) such that (O, dv?) €
L3(S; (W”( ))) x LQ(S x Q; W=12(Y?)) and such that v(T) = v (T) = 0.

Finally, we are able to present the complete homogenized problem of the initial highly
heterogeneous e-problem given by equations —. We transform the variational
equations to the moving domain formulation and combine the homogenized me-
chanical system (equations (4.24a]), (4.24b))) and the homogenized thermo system (equa-
tions (4.29a)), (4.29b)). Via localization, this results in the following two-scale system
of partial differential equations (complemented by initial conditions and macroscopic
boundary conditions)
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4. Thermoelasticity problem with fixed interface

—— Homogenization limit with distributed microstructures

—— Effective, macroscopic thermoelasticity - cylindrical coordinates

—div (C"e(u) — a"0) = f"+ H" in SxQ, (4.30a)

o (che + p(Q)c(Q)/ 02 dy++" - Du)
Y (t,2)

—div(K"V) =¢"—V" in SxQ,  (4.30b)

—— Parametrized microscopic problem - non-cylindrical coordinates

—div, (C(2)ey(u(2)) - 04(2)9(2)113) fPin Yt z), (4.30c)
pPc0,0 29, div, u® — div, (K(Q)VyQ(Q)) = g% in YP(t,2), (4.30d)
u? =u, 0@ =60 onD(t,z). (4.30e)

This homogenized model is a typical example of what is usually called a distributed-
microstructure model [Sho93|. In simple words, this means that on the one hand,
we have obtained an averaged macroscopic description of the coupled thermoelasticity,
that is equations and , while on the other hand, these averaged equations
are, at every point x € (), coupled with an z-parametrized microscopic problem, see

equations (£30)- (£:309).

The coupling between the two-scales (microscopic and macroscopic), again, is two-fold:
a) Via the Dirichlet-boundary condition on Y (¢, ) (equation (£.30¢)), which is a
direct consequence of the continuity conditions posed on the phase-interface of the e-
microproblem, the macroscopic quantities determine the boundary values of the mi-
croscopic quantities. b) In contrast, in the macroscopic heat equation, we see that the
average of the microscopic heat density, i.e.,

2 / 09 dy
Y (@) (t,x)

is part of the overall heat density. In the case of 7; = 0, i.e., when there is no dissipation,
the overall effective heat density e = (¢, x) would then be given as

e ="+ pPc? / 0 dy
Y@ (t,x)
This seems to suggest that equation should, actually, be interpreted as a balance
equation for the so-called overall heat density, where part of the balanced quantity, the
microscopic temperature ), is given as a solution to the microscopic heat balance
equation.

In the homogenization limit, the phase transformation is a purely microscopic phenome-
non, where we have the free boundary I'(t, ) = Y ?) (¢, z). However, the transformation
does also turn up in the macroscopic part, where it enters via the volume force densities
effective mean curvature H" and the effective normal velocity W".
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4.5. Remarks on and additions to [EM17h]

4.5 Remarks on and additions to [EM17b]

In this section, we present some additional results and highlight some possible genera-
lizations of the results presented in [EMI17h].

Roughly speaking, these can be subdivided into three different aspects which are

(1) Mathematical Model: Different generalization of the thermoelasticity model are
considered including time and space dependent coefficients (Corollary and
Corollary |4.14) and lower order non-linearities.

(11) Geometry and Transformation: Generalizations of the underlying geometry are
considered, e.g., non-rectangular domain (Corollary [4.15)), both phases connected

(Corollary [4.16)).

(13i) Homogenization: Uniqueness for the homogenization limit is established (Theo-

rem [1.18)).

Mathematical Model. Using the results presented in Section [4.3] it is possible to
also account for non-constant coefficients as long as some regularity and boundedness
conditions are met:

Corollary 4.13. Fori=1,2, let
KO ¢ [ (ng’))3X3, Cc) ¢ pylee (Qgi)

3X3Ix3%x3 i i i i o0 %
such that C9 and K@ are symmetric and uniformly positive deﬁmt and such that
o@D p@ ) gre positive and bounded away by zero. Then, Theorems [{.7 and [4.§
hold true. The homogenization result is unaffected.

Proof. Due to the interface motion, all reference-based coefficient functions (K™ and so
on) are already time and space dependent so the only potential problem arising relates
to the properties of these functions. Taking into consideration the C'-regularity of C®,
a®, 4@ p@ @ it is easy to see that Lemma still holds. The rest follows via the
uniform bounds on the coefficients. Regarding the homogenization part: multiplying
with e-independent, L* functions does not change the limit process. The only small
and rather obvious difference is in the final depiction of some terms, e.g., we end with
01 (pPcPO?) instead of p®c?9,0(2) O

One might also be interested in the case where the coefficients explicitly (not only via
their domain) depend on the scale parameter . Here, some additional care is needed to
ensure that the limit process is still valid. We introduce the sets

QY = |J {ta)}xvO(t,a)
(t,x)eSxQ

16There is a constant ¢ > 0 such that C(¢,2)M : M > ¢|M|” for all symmetric matrices M € R3*3
and such that K@ (¢, z)v-v > c|v| for all v € R3 and for all (¢,z) € Q).
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4. Thermoelasticity problem with fixed interface

Corollary 4.14. Fori=1,2 and € > 0, let

3x3 3x3x3x3

KO € 1 (QU)* €0 e W (QU)" 0 af 40, 40,8 € W= (QP)

such that C 9 and K(i are symmetm’c and uniformly (also with respect to the parameter
e) positive definite and such that al? , 75 ),pg),cg) are positive and bounded away by

zero. Moreover, we suppose

, (%) .
iglg <HK HLOO (QLV)3x3 + “C HWl,oo(Qg‘>)3><3><3><3 + Haal HWI,OO(QE:Z))

I 1 ) + 109 e gy + uc@HWlm(Q@)) < oo, (4.31)

Then, Theorems[4.7 and[{.8 hold true. In addition, if we assume that there are functions

l))3><3><3><3, C((i),’)/(i), /)(i), D e phee (ng))

. @) 3x3
K(z)eLoo< Y> ,C ewloo(Q
such that [T 2 frt for f = K,C,a, 7, p, ¢, then the homogenization result is also valid.
Here, the superscript v denotes the pullback to the reference configuration.

Proof. Taking into consideration the uniform estimate given via equation (4.31)) and
Corollary [£.13] the validity of Theorems [4.7] and [4.§] follows. Finally, with the assumed
strong two-scale convergence, we can pass to the limit in the same way as outlined in
Section 4.4 O

We point out that it is also possible to include some lower order non-linearities without
much difficulty. Generally speaking, non-linearities in the disconnected Q(z)—part are
very dlfﬁcult to treat as we can only expect weak convergence here. In the connected
domain Qg , however, they are quite manageable. As a rather simple example, let us
assume that we have a Caratheodory function’| g: S x Q@ x R — R and a € L*(Q) such
that |g(t,z,r)| < C(a(t,x) +r) for a.a. (t,z,r) € S x 2 x R. Now, introducing

GO Q) > 13(Q) via GU(p)(tx) = g (2,10 (2)0(1,2) ),

we might propose G (@ 1)) as the heat production density, i.e.,

O (creM + 42t DUW) — div (KI'vel)
—div (0N + 42t DUMY ) = GH(OW) in S x QW
Using the compact (and uniform in €!) embedding W2(Q") << L2(Q), it can be
shown that the resulting system admits a (generally non-unique) solution via Schauder’s
fixed point theorem. For uniqueness, an additional property, e.g., Lipschitz continuity
of g with respect to r € R, is needed.

17Continuous over R for almost all (t,z) € S x ©Q and measurable over S x 2 for all r € R.
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4.5. Remarks on and additions to [EM17h]

Geometry and transformation. In [EMI7b|, a very special initial configuration is
considered: ) is assumed to be a connected domain such that Q is an axis-aligned,
rectilinear polygon and the periodicity cell Y = (0,1)3 is assumed to be decomposable
as Y = YO UY® UT where YU, Y® are disjoint open domains and where I' =
0Y @ is a C?-hypersurface. The e-dependent motion function s. describing the phase
transformation is assumed to be given via equation (4.1) where the function s has to

obey Assumptions (I))-(7).

Now, there are three different aspects of this setting where potential generalizations
could be investigated: (7) the rectilinear structure of the domain €, (i7) the configuration
of the underlying periodicity cell, and (iii) the transformation describing the interface
motion.

(4). In the case where (2 is not a (rectilinear) polygon, one problem is given by the fact
that, for some ¢ > 0, we have ['*"! := 00 Mo # (). In addition, oY may not be
connected anymore. In this general setting, the analysis of Section already breaks
with Lemma 4.1 as uniform extension estimates are not available due to the complex
structure at the boundary. We refer to [ACPDMP92|, where it is argued that extension
estimates can be uniform only at a distance from 0.

N NR=RY L Lrx \
3[4 3¢] 2| 2¢[ 24| 3¢| M | 2 X A 24[3¢] 2] 2 2] 3¢| X X[ X
T 3| 20[ 2] 24 22 2¢[ 2| | X
X222 [ 2|22 [ 2| M]3 IR
10¢[2¢[3¢] 3¢ 2¢[2¢[3¢| X[ 2] L[| M (X[ || 4
N LR EREREE 4 NI e

Figure 4.2: (Left) Domain Q with complex boundary structure; (Right) Domain €. with removed layer.

A simple and common way, see, e.g., [CP79, [ETT15|, to circumvent the problems arising
due to the complex structure at the boundary is to remove the problematic boundary
layer of dimension € and investigate the problem for this simplified geometry.

To make things more precise, let Q C R? be a bounded Lipschitz domain and let Y
(i = 1,2) be as above. We now only include the e-scaled cells that are compactly
embedded in €2, i.e., we take

QE:QH<U5(Y+k)>, where Z.={ke€Z® : e(k+Y)CQ}
keZ.

and set

0® =Q.n ( U ev® + k)> . I.=00®

kez3

as well as QY = Q \ QS), illustrated on the right in figure It is easy to see that
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4. Thermoelasticity problem with fixed interface

lim._,0 |2\ Q| = 0 (see, e.g., [Hanlll Eq. (2.3)]), which suggests that this simplification
is of low significance in the limit process.

Corollary 4.15. Replacing Qg) and T with QS) and fg, respectively, and assuming
that s.(t,x) = x for all z in Q \ Q., Theorems and still hold true and the

homogenization result is valid.

Proof. Taking into consideration [CP99, Chapter 2, Remark 2.13|, Lemma[4.1] can easily
be salvaged. The rest of the analysis and the homogenization is not affected by this
change in geometry. O]

(17). Now, we loosen the assumptions placed on the underlying periodic structure: We
still expect Y Y C Y to be disjoint open Lipschitz domains such that I := 9Y'®
is a O2%-hypersurface and such that Y = YO UY®). However, we do not assume that
' N 9Y = (); but note that we still expect QY to be connected. As a consequence, S
may or may not be connected; see Figure for an example where both phases are
connected [

0.5 0.5

170

Figure 4.3: A unit cell leading to a pipe-like system; figure taken from [Hop16), P. 14].

Note that, due to the Lipschitz regularity of Y, i = 1,2, pathological cases as presented
in [ACPDMP92| Fig. 1] are excluded.

Again, we have to deal with a complex boundary as 9Q NT'; # () where the proof
of Lemma given above is not valid (since the referenced extension operator is not
valid in this case). Due to the rectilinear structure of the overall domain 2, however,
it is still possible to control the behavior at the boundary and recover corresponding
extension operators.

Corollary 4.16. Let the underlying microstructure be given as described in this para-
graph (i1). Then, Theorems and still hold true. The homogenization procedure
also holds with some changes in the boundary conditions for the microscopic problem,
where we get

u® =u, 0% =0 on T™(t, ), (4.32a)
y > u® 9@ Y — periodic. (4.32b)

18This is not possible in R2.
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4.5. Remarks on and additions to [EM17h]

Here, T (¢, z) = T'(t,x) \ 9Y .

Proof. To recover Lemma [4.1] we have to rely on more sophisticated extension operators
as developed in [Hop16, Theorem 3.5]. With that in mind, the rest of the analysis part
is still valid. Regarding the limit process, the existence of two-scale limits, i.e., Theo-
rem [4.11] is clear and passing to the limit leads to equation (4.18) (momentum equation)
and equation (4.25) (heat equation). At this point, some additional care is needed in
decoupling these problems. For the mechanical part, while equation (4.19)) is, of course,
still valid for all T € L*(Q; W,*(Y))?, variational equation (4.20) now holds for all

v® e L2(Q; W;’Z(Y@)))?’, which leads to the periodicity condition (4.32b]) for U®) (and,
analogously, for ©(%)). O

Note that, although T'** = T'(¢t,z) N JY # 0 is allowed in this setting, this set is
necessarily constant independent of space and time due to Assumption ().

(4ii). In general, the motion function s.: S x Q — Q does not have to be explicitly
given as a folded periodic two-scale motion function s: S x Q x Y — Y. The minimal
requirements for the analysis and the limit process to still be valid are:

—— Minimal requirements - transformation function
Let s.: S x Q — Q such that

(1) Regularity: s. € C1(S;C*(Q)).

(2) Invertability: there is s-! = s7!(t,x) satisfying s.(¢,s-(t,z)) = z for all
(t,x) € S x Q.

(3) Regularity of the inverse: s-t € C1(S;C?(Q)).
(4) Initial condition: s.(0,x) = x for all = € Q.

(5) FEstimates: There is ¢ > 0 such that det Ds. > ¢ and it holds equation (4.4)
as well as

sup  (]|0:Ds:|| L (sxa)) < o0.
0<e<eo

(6) Strong two-scale limits: there is s € C*(S; C°(Q; C4(Y))) such that
1
— 08, 2 0is, Ds, 2 Dys, eD?s. 2 Dis.
5

(7) Motion properties of limit: there is a function s™!' = s7'(t,z,y) satisfying

s(t,x,s7 (t,w,y)) = y for all (t,z,y) € S xQxY as well as 5" €
C(S;CO( CL(Y)))

It is not difficult to see that these requirements are already sufficient for the analysis
and the limit process, see the following corollary. In this general setting, we do not
assume that inclusions stay in their respective cell, i.e., there may be k € Z3 and ¢ > 0
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4. Thermoelasticity problem with fixed interface

such that e(Y + k) C Q but s.(t,e(Y® + k)) ¢ e(Y® + k). This is not possible in the
setting described in Section as this violates Assumption ({5)).

Corollary 4.17. Let the set of minimal requirements be fulfilled. Then, Theorems [{.7]
and [4.8 as well as the limit process are still valid.

Proof. This is straightforward as the assumptions are specifically chosen so that all
requirements for the analysis and homogenization are satisfied. ]

Finally, we point out that it is possible to combine Corollaries and to account
for situations where both phases are connected and the phase transformations are not

restricted to the interior of Y, i.e., I'** = I'*!(¢, x) might also evolve with respect to
(t,x) € S x .

y(©2) y®

Figure 4.4: (left) Cross section of a unit cell where both phases are connected (as in Figure, (right)
deformed cross section for some (¢,x2) € S x Q. Note that the deformed unit cell is still
periodic since s(t,z, ) is periodic.

Homogenization. Here, we present a complementary result establishing the unique-
ness of the limit problem established in Section and given by equations
to (4.30d]). This result is obtained via energy estimates where some particular focus on
the coupling terms is vital.

Theorem 4.18 (Uniqueness of limit problem). The homogenized problem given by equa-
tions (4.30a) to (4.30d)) has ezactly one solution.

Proof. With the limit process outlined in Section [4.4] we know that there is a set of
functions (u, 0, U®, 0®@) where

we L® (S W), U® e L= (S: L2 (Wi (Y@)))*,
0el”(S;WH(Q), 6% el (sL* (9w (Y®))),

such that (u,d,u®, 6?) is a solution to the limit problem given via equations (4.30a)
to (4.30¢e|). Here, again,

f(2)(t,x,y) :F(Q)(t,x,s(t,x,y)) (f:uae)
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Assume that we have two different sets of solutions and denote their pair-wise difference
as (w, &, W Z?). We introduce

W<t7$7y> = Z Tjk(t7x>y) ( )(t .73) C €k +T(t T y)f(t’x)a

and get (as both sets of solutions satisfy equations (4.18) and ( -

//y<1> C™ (e(w) + ey (W)) : (e(v) +€,(7)) dy da

+// C2e, (W) : e, (v?) dy da
QJYy®@

- // a"'¢: (Dv+ Dyo) dyda — / / a?Z® : DP dydr =0, (4.33a)
QJy@® QJy®

/a nle godxdt—i—// (2@ dy dx

/ at Dw +D W)) ode + / 9, (72 : D,W®) @ dy da
Yy (@)

Y (2)

+/Q/Y(2) rE® V@ dydx—i—/g/y@) v (v DWW - V0@ dy da

+ / / KmL (vg + vyé) (Vo + V,3) dyde
QJy®

+ / ()KT’QVyE(Q)-VyQOQ) dydr =0 (4.33b)
Y (2

for all admissible sets of test functions (v,,v? ),<p (ﬁ ©?). For details, we refer to
Section u Now, choosing (0w, @W oW ¢ : Z?) as the set of test functions and
using the coercivity and boundedness properties of the involved coeeficients, standard
energy estimates lead to

d —
e (Jle(w) + e, (W)l22 gy s + les(W ) Za(qey@yons
< C (Ile(w) + e (W) Eaymyses + ey oy )

// v 9, (Dw + D W)dyd:c+// 2@ 9,D,W® dy dz,
y(®) Y (2)

A1 Bl
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d _ - B
c (a (Ne3eiay + IED 22 gyon ) + 19 + VoZlZaqueyamy + ||vy:<2>||§2(w2)))
=¢ (”5 ”iz vy + IED 2@y + ||ey<w<2>>\|12<w2>>)

/ 8t Dw +D W) godm - / O (v DyW(Q)) o dydx
Yy (@) v (2)

v~ v~

A2 BQ

where ¢, C' are generic uniform constants independent of the functions. Regarding the
A-terms, we see that

)
& A — A,

0
:// 1€ 2 0, (Dw + D,W) dydx+// AL (Dw+DyW) 0,¢
QJy@®

oJym
= / oy e (Dw + DyW) dy dz
QJy®
< Cliéllzz@[Dw + DyW | 2y s

which, by analogy, holds similarly for the B-terms. Combining these results and em-
ploying Gronwall’s inequality, we can infer that &, 2@ W® almost everywhere. In
addition, we conclude that

||€<w) + ey(W)||ioo(s;L2(QXy(1)))3x3 = 07
ie., e(w) = —e,(W) ae. in S x Q x YO, which implies that e, (W) is Y-independent.

Therefore, as W is Y-periodic, we see that W also is constant in y € Y. As a conse-
quence, e(w) = 0 a.e., and, due to Dirichlet boundary conditions, also w = 0 a.e. O
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CHAPTER 5

Corrector estimates

In this chapter, quantitative error estimates regarding the homogenization procedure
outlined in Chapter [4] are considered. While such estimates seem to not be obtainable
in the fully-coupled thermoelasticity (due to the interplay of the scale coupling, micro vs.
macroscale, and the physical coupling, momentum equation vs. heat balance), explicit
rates are provem under certain reasonable simplifications to the model.

Please note that the following, Sections to to be precise, is already published,
[EMl?a]ﬂ where some minor cosmetic changes regarding the typesetting as well as
some small changes in some notations (to ensure coherence throughout the thesis) were
performed. Also, we added a short paragraph Estimates for the time derivatives (see

Section [5.4.1) and some references to other parts of the thesis.
The main results of this chapter are:

e Theorem[5.9} corrector estimates for a weakly coupled problem, where the assump-
tion is made that either mechanical dissipation or thermal stresses negligible,

e Theorem [5.10} corrector estimates for microscale coupling, where the assumption
is made that mechanical dissipation and thermal stresses only significant in the
slow-conducting phase (and, therefore, negligible in the fast-conducting phase).

5.1 Introduction

We aim to derive quantitative estimates that show the quality of the upscaling process of
a coupled linear thermoelasticity system with a priori known phase transformations po-
sed in a high-contrast media (as given by equations (4.3a)) to (4.3])) to its corresponding
two-scale thermoelasticity system (as given by equations (4.30a]) to (4.30¢])).

The problem we have in mind is posed in a medium where the two building components,

! The results presented are due to the first author.
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initially assumed to be periodically distributed, are different solid phases of the same ma-
terial in which phase transformations that are a priori known occur. As the main effect,
the presence of phase transformations leads to evolution problems in time-dependent
domains that are not necessarily periodic anymore.

In our earlier paper [EMI17b|, we studied the well-posedness of such a thermoelasti-
city problem and conducted a homogenization procedure via the two-scale convergence
technique (cf. [AII92] for details). Those results were obtained after transforming the
problem to a fixed reference geometry. In this work, our goal is to further investigate
the connection of those problems and to derive an upper bound for the convergence
rate (in some yet to be defined sense) of their solutions. While historically a tool to
also justify the homogenization (via asymptotic expansions) in the first place, such es-
timates, which in the homogenization literature are usually called error and corrector
estimates, provide a means to evaluate the accuracy of the upscaled model. Also, such
estimates are especially interesting from a computational point of view. In the context
of Multiscale FEM, for example, they are needed to ensure/control the convergence of
the method, we refer to, e.g., [ABOS, [HW97].

The basic idea is to estimate the L?— and W2 —errors of the solutions of the problems
using energy-like estimates, additional regularity results, and special operator estimates
for functions with zero average. Since, in general, the solutions of the e-problem do
not have the same domain as the solutions of the two-scale problem, we additionally
rely on so-called macroscopic reconstructions (we refer to Section . The difficulty in
getting such estimates in our specific scenario is twofold: First, the coupling between the
quasi-stationary momentum equation and the heat equation and, second, the interface
motion which (after transforming to a reference domain) leads to additional terms as
well as time-dependent and non-periodic coefficients functions.

As typical for a corrector estimate result, the main goal is to show that there is a
constant C' > 0 which is independent on the particular choice of € such that

Targeted Corrector Estimate Result

1O | zoe (sx02) + NU oo (siz2@p) + IVOE™ | 2y + I1DUE | oo 5,200y yx0
+ €HVG)EI“FHL2(SXQ§))3 +e HDugorHLoo(S;L2(Qg2)))3x3 < C(\/E+ 5)‘ (51)

Here, €) represents the full medium, Qg) the fast-heat-conducting connected matrix and
0P the slow-heat-conducting inclusions. For the definitions of the (error and corrector)
functions regarding the temperature ©. and the deformation U., we refer the reader to

the beginning of Section [5.4]

Unfortunately, in the general setting of a fully-coupled thermoelasticity problem with
moving interface, such corrector estimates as stated in seem not to be obtainable;
in Section we point out where and why the usual strategy for establishing such
estimates is bound to fail.
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5. Corrector estimates

Instead, we show that there are a couple of possible simplifications of the full model in

which (5.1) holds:

(a) Weakly coupled problem: If we assume either the mechanical dissipation or the
thermal stresses to be negligible, we are led to weakly coupled problems, where the
desired estimates can be established successively, see Theorem We note that
the regularity requirements are higher in the case of no thermal stress compared
to the case of mechanical dissipation.

(b) Microscale coupling: If mechanical dissipation and thermal stress are only really
significant in the slow-conducting component and negligible in the connected ma-
trix part, the estimates hold, see Theorem [5.10]

As pointed out in [Wan99), neglecting the effect of mechanical dissipation is a step that
is quite usual in modeling thermoelasticity problems.

Convergence rates for specific one-phase problems with periodic constants (some of
them posed in perforated domains) were investigated in, e.g., [BP13| BPC98, I(CP9S|.
In [Eck05], convergence rates for a complex nonlinear problem modeling liquid-solid
phase transitions via a phase-field approach were derived. A homogenization result inclu-
ding corrector estimates for a two-scale diffusion problem posed in a locally-periodic geo-
metry was proven in [MvN13| WNM11]. Here, similar to our scenario, the microstructures
are non-uniform, non-periodic, and assumed to be a priori known; the microstructures
are however time independent and there are no coupling effects. For some corrector esti-
mate results in the context of thermo and elasticity problems, we refer to [BP13,[STV13],
e.g. We also want to point out to the newer and different philosophy in which the so-
lutions are compared in the two-scale spaces (e.g., L*(£; W;Q(Y@))) as opposed to the,

possibly e-dependent, spaces for the e-problem (e.g., Lz(Qéz))) a method which requi-
res considerably less regularity on part of the solutions of the homogenized problems,
we refer to [Gri04, [MR16, Reild)].

The paper is organized as follows: In Section we introduce the e-microscopic geo-
metry and formulate the thermoelasticity micro-problem in the moving geometry and
transformed to a fixed reference domain and also state the homogenized two-scale pro-
blem. The assumptions on our data, some regularity statements, and auxiliary estimate
results are then collected in Section 5.3} Finally, in Section [5.4] we focus on establishing
convenient e-control for the terms arising in the error formulation (see equation (5.7)).
Based on these estimates, the corrector estimate is then shown to hold for the
above described cases (a) and (b).

2Here, we have used notation and domains as introduced in Section
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Yy o y®m
N

/

\ / e N st 7

(a) The unitcell Y (b) The periodic reference geometry (c) The actual geometry at time ¢

Figure 5.1: Reference geometry and the resulting e-periodic initial configuration. Note that for ¢ # 0,
these domains typically loose their periodicity.

5.2 Setting

5.2.1 Interface motion

The following notation is taken from [EMI7b.

Let S = (0,7), T > 0, be a time interval. Let {2 be the interior of a union of a finite
number of closed cubes @);, 1 < j < n, n € N, whose corner coordinates are rational
such that, in addition, €2 is a Lipschitz domain.rf]

In addition, we denote the outer normal vector of Q with v = v(z). Let Y = (0,1)3
be the open unit cell in R3. Take YV, Y?) C Y two disjoint open sets, such that Y
is connected, such that I' :== Y N Y@ is a C? interface, I' = 9Y®, Y2 C Y, and
Y =YWOUY@Ur. With nr = nr(y), y € I', we denote the normal vector of I' pointing
outwards of Y2,

For € > 0, we introduce the €Y -periodic, initial domains le) and Qg) and interface I'.
representing the two phases and the phase boundary, respectively, via (i = 1,2)

00 =an (U g(Y<i>+k)>, I.=Qn (U 5(F+k)).

kez3 keZ3

Here, for a set M C R3, k € Z3, and € > 0, we employ the notation

€(M+k)::{xeR3 : g—keM}.

From now on, we take ¢ = (€, ),en to be a sequence of monotonically decreasing positive
numbers converging to zero such that € can be represented as the union of cubes of size
€. Note that this is possible due to the assumed structure of 2.

Here np, = nr(%), x € T, denotes the unit normal vector (extended by periodicity)

3That is, Q is rectilinear in the sense of Section
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5. Corrector estimates

pointing outwards 0P into Q. The above construction ensures that Q% is connected
and that Q% is disconnected. We also have that 902 N oQ = 0.

—— Assumptions on the motion of the interface
We assume that we are given a function s: S x Q x R® — Y such that

(1) Regularity: s € C1(S;C?(Q) x CE%(Y)),

(2) Invertability: s(t,zx, -)|7: Y — Y is bijective for every (t,7) € S x Q,
(3) Regularity of inverse: s~' € C'(S;C?(Q) x C’;E(Y))

(4) Initial condition: s(0,x,y) =y forallz € Qand all y €Y,

(5) there is a constant ¢ > 0 such that dist(9Y,~) > ¢ for all (t,2) € S x Q and
v € s(t,x,T),

(6) s(t,x,y) =y forall (t,z) € SxQ and for all y € Y such that dist(9Y,y) < &,

(7) there are constants ¢y, Cs > 0 such that

cs < det(Dys(t,z,y)) < Cs,  (t,x,y) €S x QxR

We set the (t, x)-parametrized sets
YO (t,2) = s(t, 2, YD), YO(t,2) = s(t,2, ), T(t,2) = s(t,z,T).

We introduce the operations

[]: R3 — 73, [z] = k such that z — [z] € Y,
(1R =Y, {2}=z-[z]

and define the e-dependent functionf’

s.: Sx Q=R s.(t,x)i=¢ [g +es (t,s E] ,g)

For i = 1,2 and t € S, we set the time dependent sets 0 (t) and I'.(t) and the
corresponding non-cylindrical space-time domains QS) and space-time phase boundary
= via

QE:i) (t) = SE(t> Qg))’ Qg) - U ({t} X Qg) (t)) )

tesS

Ie(t) = se(t, ), Ee = U ({t} x I(2)),

tesS

4The # subscript denotes periodicity, i.e., for k € N, we have C?’;&(Y) ={feCFR3) : flx+¢) =
f(x) for all z € R3}, e; basis vector of R3.

SHere, s71: S x Q x R? — Y is the unique function such that s(t,z,s™ (¢, z,y)) = y for all (t,z,y) €
S x Q €Y extended by periodicity to all y € R3.

6This is the typical notation in the context of homogenization via the periodic unfolding method, see,
e.g., [CDGO8|, Dob12].
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and denote by nr, = nr_(t,x), t € S, x € I'.(¢), the unit normal vector pointing
outwards Q1 (t) into le)(t). The time-dependent domains Q% host the phases at time
t € S and model the motion of the interface I'.. We emphasize that, for any ¢ # 0, the
sets le)(t), Q§2)(t), and ['.(¢) are, in general, not periodic.

We introduce the transformation-related functions (here, IA/FE is the normal velocity and
Hr_ the mean curvature of the interface) via

F.: S xQ— R F.(t,x) := Ds.(t, ),
J.: S x Q= R, Je(t,x) := det (Ds(t,x)),
v: S x Q — R3, ve(t, x) == Oyse(t, x),
Ve.: SxT. = R, Vi (t, ) == ve(t, @) - np (¢, se(t, ),
Hp.: SxT.—R, Hr.(t,x) == — div ((F*) 7 (t, 2)nr (L, 5. (L, 2)))

for which we have the following estimates

HF€||L°°(S><Q)3X3 + HFngLW(SXQ)SX?’ + H‘]E”L“(Sxﬂ)
+ 7 0l oo sxarys + €7 Vel oo (sxrsy + € 1 Hr e (sxr,y < € (5:2)

By design, the constant C' entering ([5.2)) is independent on the choice of €. Note that
the same estimate also holds for the time derivatives of these functions.

5.2.2 Micro problem and homogenization result

The bulk equations of the coupled thermoelasticity problem are given as (we refer
to [Bio56, [EMI17Dh, [Kup79])

—div(cMe(u) — aWeWMT;) = I in QW (5.3a)
—div(CPe(u?) — aP9P3) = £ in QW (5.3b)
O (pM M) + 7(1) divulM) — div(KVeM) = g in QW (5.3¢)
O (PP PP + 4P divu®) — div(KPVIP) = ¢@  in QP (5.3d)

Here, C" € R3*3%3%3 are the stiffness tensors, al” > 0 the thermal ezpansion coeffi-
cients, p¥ > 0 the mass densities, c¥) > 0 the heat capacztzes ’y§) > ( are the dissipation
coefficients, K% € R¥3 the thermal conductivities, and fE , gé) are volume densities. In
addition, e(v) = 1/2(Vv + VoT) denotes the linearized strain tensor and I3 the identity
matrix.

At the interface between the phases, we assume continuity of both the temperature and
the deformation. We also expect the fluxes of force and heat densities to be given via
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5. Corrector estimates

the mean curvature and the interface velocity, resp.ﬂ

[us] =0, on =, (5.3¢)

[Coe(u.) — abd5]np, = —e*Hp.nr. on Z., (5.3f)

[6:] =0 on =, (5.3g)

[pc]b-Vr. + [e div u Ve, — [K:VO.] - np, = LVr, on =.. (5.3h)

Here, [v] = v — 9@ denotes the jump across the boundary separating the phases,

oo > 0 is the coefficient of surface tension, and L € R is the latent heat corresponding
to the phase transformation.

Finally, at the boundary of © and for the initial condition, we pose (note that 02 =
0N

u =0 on S x oW, (5.3i)
6D =0  on S x oW, (5.3))
01)(0) =9 in QO (5.3k)
u(0)=0 in QO (5.31)

where ¥ are initial temperature distributions that might be highly oscillating. The
scaling of the coefficients is chosen as

, D =AW,

—ca®, 4@ =0

Remark 5.1. The simplified models described in the introduction (for which corrector
estimates can be established) correspond to aV) = a® =0 or vV = y?) =0 (case (1),
weakly coupled problem) and oY) = v =0 (case (2), mirco coupled problem,).

Now, taking the pulled-back quantities (defined on the initial, periodic domains Qg))
U 8 x QF = R3 and ©9: § x O — R3 given via UP(t,z) = w(t, s'(t, )
and O (t,x) = Qg)(t, s, x)) we get the following problem in fixed coordinates (for
more detﬁﬂs regarding the transformation to a fixed domain, we refer to [Dob12, Mei08|
PS7Z13]);

"Here, the scaling via €2 counters the effects of both the interface surface area, note that |T.| € O(1),

and the curvature itself, note that ¢|Hp_| € O(1).
8Here, s-1: S x Q — Q is the inverse function of s..

9Here, the superscript 7, e denotes the transformed quantities, for example, K'! = J.F- 1KMW F-T
(cf. [EMTTD)).
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—— e-Thermoelasticity problem - fixed coordinates

—— Phase 1 - Balances of momentum and heat

—div (CIe(UM) —0Walt) = f-1 in S x QWY, (5.4a)
Oy (c'OW + 40t DuV) — div (KI'VeW)

i (1)
—div (2100 1471 Du®) v.) = git in Sx QY (5.4b)

—— Phase 2 - Balances of momentum and heat

—div (2C0%e(UP?) —e0Pal?) = 72 in S x QP, (5.4¢)
0 (2?0 +eqr? : Du?)) — div (€?KI*VOP)

i (2
—div ((Cm@éz) Feyn? Duf)) v) = g2 in SxQ7 (54d)

£

complemented with interface transmission, boundary, and initial conditions.

Now, for j,k = 1,2,3 and y € Y, set djr. = (y;01k, Y02k, Y;03x)" where & denotes the
Kronecker delta. For t € S, x € Q, let 7;(t,z,-) € W#z(Y(l)), Tip(t,z, ), T(t,z,-) €
W#2(Y(1))3 be the solutions to the following variational cell problem

0= K" (V,1+¢€;) - Vyody forall ve W;’Q(Y(l)), (5.5a)
y (1)

0= / Chle,(Tjr +dj1) s ey(v)dy forall ve W;Q(Y(I))S, (5.5b)
y(®)

0= / C™le, (1) : ey (v dy —/ "t Dydy forall v e W;Q(Y(l))?’. (5.5¢)
Yy Yy

Using these functions, we introduce the fourth rank tensor C = C(t, z,y) and the matrix
K = K(t,x,y) via
(C)iu’zjljz = Cr7ley (TiliQ + diliz) S €y (lejz + djle) 5
(K);; = KM (V1 +e5) - (VyTi + &)

and define the averaged tensors

C’h:/ Cdy, K"= K dy.
Yy @) Yy (@)

Furthermore, we define the following set of averaged coefficients

al :/ (of’lC’"’ley(T)) dy,
yQ@)

¢ = pe |y O] 4 /Y(l) 1Dy dy,

,yh :/ (,_yr,l +7r’1DyTjk) dy
Yy(®

1°Here, and in the following, the superscript r denotes the transformed quantities, e.g., K™ =
JFIKOF-T,
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5. Corrector estimates

For the averaged data (right hand sides and transformation related functions), we set

= optags [y, mE = / Frnp ds,
Yy (@) Y (2) T

gh—/ g™ dy+/ g™ dy, Vh—/‘A/r’” ds.
Yy (@) y(2) T

Finally, we introduce the operator A": L?(S x Q; LY(Y)) — L2(S x Q) via
Ah(®(2),U(2)) :/ (cr,2@(2) +’YT72U(2)) dy
Y (2)

After a homogenization procedure (the details of which are presented in [EM17b] and
Chapter , we get the following upscaled two-scale model

—— Limit problem

—— Effective, macroscopic thermoelasticity

—div (C"e(u) — a"0) = f"+ H" in S x €, (5.6a)
O ("0 +~" : Du+ AM©P), U(Q)))

in S x , 5.6b
—div (K"V0) = g" — V" (5:60)

—— Parametrized microscopic problem - reference coordinates

—div, (C"%e, (U?) — a"?0®)

o (cr’26(2) +4"2: D u(Q)) div,, (K”QV o )
—div, (( m2Qn2 4 "2 D u(Q)) ”) g

U® =u, 6@ =0 on SxT, (5.6e)

frin SxY®  (5.6¢)

in SxY® (56d)

again, complemented with corresponding initial and boundary values.

5.3 Preliminaries

In this section, we lay the groundwork for the corrector estimations that are done in
Section by stating the existence and regularity results of the solutions and by pro-
viding some auxiliary estimates.

We introduce the spaces

WM 0Q) = {u e W2(QM) : u=0o0n0Q},
W(S; X) = {ue L*(S;X) : due L*S;X)},

where X is a Banach space. In general, we do not differentiate (in the notation) between
a function defined on € and its restriction to 2 or Q) or between a function defined
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on one of those subdomains and its trivial extension to the whole of {2. Here, and in the
following, C, C, (5 denote generic constants which are independent of €. Their values
might change even from line to line.

For a function f = f(z,y), we introduce the so called macroscopic reconstruction [f], =
[f]. (x) = f(z,z/e). Note that, for general f € L®(;WH(Y), [f]. may not even be
measurable (see [All92]); continuity in one variable, e.g., f € L>®(€; Cx(Y")) is sufficient,

though. Applying the chain rule leads to D [f]. = [D,f]|. + 1/¢[D,f]., where D =
V,e(),div(-), for sufficiently smooth functions f.

Assumption (A1l). We assume that 9. € WLQ(Q), frie CY(S LAWY, gt e
L3S x QY. Furthermore, let 9 € W'2(Q), f* € C1(S; LX), g" € L2(S x Q) for
the macroscopic homogenized part and ¥® € C(Q; WY @), fr1 € CYS;L*(Q)),
g™* € L*(S x Q) for the two-scale part.

We expect the following convergence rates to hold for our data:

Hﬁgl) - 19”]}(9&“) < Cve,
H??Ef) - [19(2)LHL2(Q§2)) ™ HJLZQ - [fnﬂsHL?(Qf))?» T Hg?z - [9T,2LHL2(Q§2)) < Ce.

In addition, we assume that
/(1) ’(ff:’l - fh)(p(qj)| dr < C€||S0||Wl,2(ggl)) fOT’ all U2S W172<Q£1); 89)37
Qe
/m (92" = 9" ()| dz < Cellpllyaqmy  Jor all o € WHQL;00).
Qe

If we are also interested in developing estimates for the time derivatives, we need stronger
regularity assumptions.

Assumption (A2). Additionally to Assumption we also expect the following

convergence rates to hold:

Hﬂgl) - 19||w1,2(Q§1)) < C\/E,
H19§2) — [19(2)}5HW1,2(Q§2)) + Hat(fgv2 _ [fr]g)”y(sz?))?’ + Hat<g?2 . [gr]E”le(Qg)) S Cg.

MOTeOUer, we assume
/(1> |at(f£71 - fh>90('r)’ dz < C‘E”SOHWLQ(QS)) fO’f’ all Y e WLZ(QS); 89)37
Qe

/QU) ‘8,5(9;’1 — gh)cp(x)’ dz < 05H90HW1,2(QQ>) for all v € WLQ(QS); o0).

"Here, 9. = 35, 5 ]llﬂgi)ﬂg) (after trivially extending 19?)).
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5.3.1 Regularity results

To be able to justify the steps in the estimates shown in Section [5.4, some of the
involved functions need to be of higher regularity than it is guaranteed via the standard
Wh2_theory for elliptic/parabolic problems. In the following lemmas, we collect the
appropriate regularity results.

Lemma 5.2 (Regularity of cell problem solutions). The solutions of the problems ([5.5a))-
(5.5¢)) possess the regularity (for some p > 3)

T; € C%(S; CHQ; WQ”’(Y(I)))), Tk, T € C%(S; CHQ; WQ”’(Y(I))3)).

Proof. The regularity with respect to y € YV can be derived from standard elliptic
regularity theory (we refer to [GT13] for the general results and [Eck05] for the applica-
tion to our case of the cell problems). The rest is a direct consequence of the regularity
(with respect to t € S and x € ) of the involved coefficients. O

Note that this implies, in particular, that the cell problem functions and their gradients
(with respect to y € Y') are bounded and that their macroscopic reconstructions are
well-defined measurable functions.

In the following, we denote U, = (Ug(l), Ug(z)) and ©, = (@S’, @9).

Lemma 5.3 (Existence and Regularity Theorem for the e-Problem). There is a unique
(U.,0.) € W(S; W,2(Q)3x W,y %(Q)) solving the variational system, for which stan-
dard energy estimates hold independently of the parameter €. Furthermore, this solution
possesses the reqularity (U, ©.) € C1(S: W22(QM)3 x W22(Q0P)3) x L2(S: W22(QV) x
W22(0)) with 9,0, € L2(S: W2(Q)).

Proof. The proof of the existence of a unique solution and of the energy estimates is
given in [EMI7D, Theorem 3.7, Theorem 3.8]. As a linear transmission problem (with
sufficiently regular coefficients), regularity results apply (we refer to, e.g., [Eval(]; see,
also, [SM02] for a similar coupling problem). O

Since s, is a diffeomorphism, this leads to a unique solution to the moving interface
problem, also. However, while the solution has W%2-regularity, its second derivatives
are not necessarily bounded independently of £ > 0.

Lemma 5.4 (Existence and Regularity Theorem for the Homogenized Problem). There
1S a4 unique

(u,0,U%,0%) € W(S: Wy (Q)° x Wy(Q) x L2A(Q; W (Y ®)?) x LA WH2(Y?)))
solving the variational system (5.6)). Furthermore,

(u,0) € CH(S; W2(Q)3) x L*(S; W*%(Q))  such that 0,0 € L*(S; W"*(Q)),
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as well as

(U®,02) € CH(S; W22 (Q; W2 (Y 2))) x L2(S; W“(Q w2y )
such that 9,0 € L*(S; W2(Q; Wl’Q(Y(Q))))-

Proof. The existence of a solution is given via the two-scale homogenization procedure
outlined in [EMI7b| and uniqueness for this linear coupled transmission problem can
then be shown using energy estimates. As to the higher regularity, this follows, again,
via the regularity of domain, coefficients, and data, we refer to results outlined in [Eval(,
SM02, wNMI1]. O

5.3.2 Auxiliary estimates

As far as the quantities related to the transformation are concerned, we have the follo-
wing estimates available as stated in Lemma and Lemma, [5.6,

Lemma 5.5. There is a constant C' > 0 independent of the parameter € such that

IE= = [F), lmcseaysms + 1 = ), s + lloe = 2 o], lu=cscon
IV, =& (V] llwqsry + 1, = [ Hr] lomcser) < Ce
3 3

The same estimates hold for the time derivatives of those functions.

Proof. We show this only for F.; the other estimates follow in the same way:

X Xz g
F. - (St = Dys (b2 [2],2) = Dys (12 2) | < =
1Fe = [F], || oo sy = osssup |Dys (te | 2] s (te )| <L

Here, L is the Lipschitz constant of F. with respect to x € Q (uniform in S xY). O

Based on the estimates provided in Lemma and due to the fact that all material pa-
rameters are assumed to be constant in the moving geometry, we get the same estimates
for the material parameters (K7, o™ and so on) in the reference configuration.

The following lemma is concerned with e-independent estimates for the macroscopic
reconstruction of periodic functions with zero average. There are several different but
similar theorems that can be found in the literature regarding corrector estimates in the
context of homogenization, we refer to, e.g., [CPSO7, [CP98, [Eck05, MvN13|, but for our
purposes the following version suffices:

Lemma 5.6. Let f € L*(S x Qg);C’#(Y)) such that

ft,z,y)dy=0 a.e in S x QM
Yy (1)
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Then, there is a constant C > 0 such that, independently of e,
[ €006 4o < Cellelhynapn,
Qe
for all o € WH2(Q: 00).

Proof. This can be proven similarly to the corresponding statements in [CP98| Lemma
3] and [MvN13| Lemma 5.2|. O

5.4 Corrector estimates

In this section, we are concerned with the actual corrector estimates. Reconstructing
micro-solutions from the homogenized functions via the [-]_-operation and calculate the
differences of the momentum equations (5.3a), (5.3b)), (5.6a)), and (5.6¢)) and heat equa-

tions (5.3¢), (5.3d)), (5.6b), and (5.6d), respectively, we get

—— Difference of e-problem and homogenization limit

—— Momentum equations

—div (Cg’le(UE(l)) — kCe(u) — aeW + ka"0) + Hi = ' — kf",  (5.7a)

—div (2C0%e(U?) — eal?0)

5.7b
[, € U)o, = 2 — [, O™

—— Heat equations
0, (21O — k"0) + 8, (71! : DUl — ky" + Du) (5.7¢)

—div (K2'VOW — kK"V) — kW = g0! — kg,

o (c*eP — [¢*e®] )
+0, (6”)/;’2 : Dug) — [fyr’z : Dyu@)L) (5.7d)
—div (€2Kg,2v@§2)) + [divy (er,va@(Q))]5 _ 92,2 . |:gr72i|a‘

These equations hold in S x QY and S x ng), respectively, where k is given via k(t,z) =
[YW(t,2)| 7. Using the interface and boundary conditions for both the e-problem and
the homogenized problem and then performing an integration by parts, these equations
correspond to a variational problem in W~12(Q)% x W~12(Q).

Our strategy in establishing the estimates is as follows: After introducing error and cor-
rector functions and doing some further preliminary estimates, we first, in Section [5.4.1]
concentrate on the momentum part, i.e., equations (5.7a) and (5.7b]). Here, we take the
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5.4. Corrector estimates

different terms arising in the weak formulation and estimate them individually using
the results from Section and usual energy estimation techniques. Combining those
estimates, it is shown that the mechanical error can be controlled by the heat error, see
Remark 5.7 Then, in Section [5.4.2] we basically do the same for the heat conduction
part, i.e., equations (.7¢)) and (5.7d)), thereby arriving at the corresponding result that
the heat error is controlled by the mechanical error (and the time derivative of the
mechanical error), see Remark

Finally, in Section we go about combining those individual estimates. Here, we
show that for the scenarios (a) (Theorem [5.9) and (b) (Theorem [5.10) (as described in
the introduction), we get the desired estimates, i.e., equation @ . Moreover, we point
out why the same strategy does not work for the full problem.

Now, we introduce the functiong™|

— v —u in S x O - ol —o in § x O
0P - [U®]. mSx0?’ 0¥ - [e@]. mSxa®

eor — {Uﬁrr —€ [(7} in S x QM oo _ {@grr . [é} in S x oW

3 3

yer in S x Q oo in S x Q¥

The functions U and 6 are the functions arising in the two-scale limits of the gradients
of U and O, respectively, and are given by (cf. [EMI7H])

3 3
U= Z Tire(u)e; - ey + 70, o= ZTVQ(U - €;.
7,k=1 j=1

Due to the corrector parts (namely, € [é] and ¢ [U] ), the corrector functions does,
13 13

in general, not vanish at 0€) and are therefore not valid choices of test functions for a
weak variational formulation of the system given via equations (5.7al) to (5.7d]). Because
of that, we introduce a smooth cut-off function m.: Q — [0, 1] with m.(z) = 0 for all
z € O with dist(z, Q) < e¢/2 and m.(z) = 1 for all z € Q) with dist(z, 0Q) > =c.
Furthermore, we require the estimate

1
VEIVme|| gy + Ve? | Ame| 2 q) + 7 1T = mell 2y < C (5.8)

to hold independently of the parameter €. For this cut-off function m,., we set

U (1= me [0] s ol

corQ __ e
U™ =

el msent
o [orreaom 5], mssa
e = o — ¢ [é]e S 0®

12The subscripts “err” and “cor” for error and corrector, respectively.
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5. Corrector estimates

We then have 00 e W;*(Q) and U®° € W, 2(Q)®. Owing to the regularity of U
and © (Lemma [5.2) and the estimate (5.8) for m., these modified correctors admit the
following e-uniform estimates for the deformation correctord™|

TN o args < (U] pogngs + Ce
< HU‘”HL2 s +2Ce,
e agqmysns < [le(UE) Hmm)gxg +C(Ve+e)
< [ eUE ) agysna + 2C(VE +2),
elle(UE) | o @ yoms < & €U aqi@yans + C(VE +2)
< e [|e(UE™) | pogryaes + 2C(VE +2),

as well as for the temperature correctors

||@€TT||L2(Q<1)) H@C()ro LQ(Q?)) + Ce
< [0 o oo, + 2C,
||V@C°r||L2 oy < |[verr 2oy + C(Ve+e)

< ||v®gor”L2(le))3 + 20(\/_ + 5)7
€ ||V@§°r||L2(ng>)3 <e HV@;‘”OHLQ(Q%3 +C(Ve+e)
< e |[VOL | p e +2C(Ve +e).

Applying Korns inequality to U™ (see [EMI7H, Lemma 3.1]) and using the above
estimates, we then get

”UsrrHLQ(Q) + ||Du§0r||L2(Q£1))3 +e ||Duco HL? )y3x3

< H6<U5COT)HL2(Q§1))3 +e ” (UECOT)HLQ(QEQ))sm + C(\/E+ 8)' (59)

5.4.1 Estimates for the momentum equations

Let us first concentrate on the mechanical part of the corrector equations, namely equa-
tions and (5.7b). Starting with a variational form of said equations, we employ
usual energy estimation techniques as well as the results and assumptions collected in
Section 0.3 in order to estimate the momentum error in terms of the heat error and the
parameter .

To that end, for 5 = 1,..9, we introduce time-parametrized linear functionals Is(j): S %

13The same estimates hold when replacing the linearized strain tensor with the gradient operator.

85



5.4. Corrector estimates

Wy?(Q)? — R defined via

[E(l)(t,gp) = /Qu) (Cg’le(Ua(l)) — /QChe(u)) ce(p)de —/ /fChe(u)an ~pds,

Ie

1) = [ | (€)= (€], e[U®),) tel) da,

IO(t, ) = — /(1> (0/;1@5) — k") : Dy dx +/ ka"Onr, - ds,
Q2

€

ID(t, p) = 5/( : (ar?0® — [am@@)] ) : Dy da,
o ©

19(t,0) = - / N (f;"’l - K / o dy) pdz,
ol Y@

19(t, ) = —<2 / €] o([U®] Ynr, - pds — / . / 72 dy-pda,
€ € o v@

€

I&m(t,gp) = —¢? Hp np, - ¢ds — /(1) kH" - odz,
Qe

Ie

1) == [ (72 = 177],) - o

and, finally,

Iég) (t’ SO) - /( ) (62 div <[CT726I(U(2))]5) +e [divx (Cr’Qey(U(Q))}
of e

+e [divx (of’z@(z))}a )) -pdae.

After integration by parts, a variational form of equations (5.7a) and (5.7b)) is given

Via

D IDMe) =0 (o€ WG*(Q)). (5.10)

J=1

We now go on estimating these 19 terms individually and then combine the resulting
estimates. This is done for the particular choices of test functions ¢ = U™ as well as
o = U™, While the first choice is the natural one for energy estimates, the second
is needed in order to merge the resulting estimates with the heat equations.

Estimates for the deformations and stresses. Taking a look at 15(1)7 we split

() = [ Ces) s efp) da

+ /( : (Cg’le(Ug(l) — U™ — /{Che(u)) te(p) dr — / /{C’he(u)npE - pds.
ol

€
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5. Corrector estimates

We also see (via the definitions of C and U)

Cole(UY = UL™) = [C). e(u) + [C™'ey ()] 0

(et =[], (etw + e, (U)] ) +ect e (T))]

(.

where, using Lemma the estimate

RO(t)pdx

o < CSHQDH[/VIQ(QE))

holds. Now, seeing that [,Ce(u)nds = 0 and div,(Ce(u)) = 0 a.e. in S x Q (note that
u is constant over Y) and using Lemma we get

/Q(U ([Cl. = K(0)C") e(u) : e(p) da — / k(0)Ce(u)nr, - pdx
/Qm div (([C]. — K(0)C") e(w)) - pda

< Ca”@“wlz(ggl))

for all o € WH2(QWM: 50). Also,

CrHle(US) : e(US™) da
ot

> Gl s € [, €U 2 (1= mo) 0] )

C £
2 —1|| (U1 — Cyle+¢%).

L£2(0V)3x3

Here, the second inequality can be shown using the assumptions on m. and the known
estimates of the involved functions. As a result, we arrive at

U= - [ [ee(r)],0: U do
ol

> C|le(U)]? —Cy(e+€%). (5.11)

L2 Q(l))‘ixs

Now, going on with [5(2), it is easy to see that

-[5(2) (t, UECOrO) — 52/

€7 (U = e[U)) s e(U)

+&° /( . (cr® — [CT’ZL) e(UP) 1 e(U°") dx
Qe

> 12 ||le(Ue) || — Cye?. (5.12)

L2( Q(l) 3x3

Going forward with term ]5(3), we decompose

artelW) — kalg = (al! — [of’lL) oW 4 [of’lL o + ([of’]‘L — k") 0 (5.13)

)
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5.4. Corrector estimates

from which we can estimate the first two terms as

/szm (a2 = [a™] ) O + [a™'] e27) - Dgp‘ =¢ (5 + HGEHHL%QQ)) 1D¢ L2 ou)-

For the remaining term of equation (5.13)) combined with the interface integral part of
15(3), we get

/( : ([o/’l} — IiOéh) 0: Dodx +/ ko Onp, - pds
ol ©

€

= —/ [divgc <(of’1 - li/ ™! dy) 9)} cpdx
o y @) c
—/ k div / Crle,(t)dyf | - pdx
o y (@)

— / [of’l}sﬁnpg cpds — l/ﬂ(1> [divy (0/"’19)]6 -pdx

€

We apply Lemma to
f1=div, ((of’l — /1/ ot dy) 9(1)) ,
y ()
fo = div, ((CT’ley(T)) —K o Crle, (1) dy) 9(1))

and recall that 7 is a solution of the cell problem (5.5¢) (because of this the “ [div,] ™
terms vanish) which leads to

15(3)(757 V) + /( : [C”’ley(T)L 0:e(p)de
ol

<C (5 + H@grrHLg(Qg))) e/l (5:14)

Similarly as with 15(2), for the thermo-elasticity term 15(4), we get

[I9(t, )| < CHQQHHLZ oyt 52||D90||L2(Q<2> sx3° (5.15)
Next, we tackle the mean curvature error term 1'8(7):
10 <2 | [ (- (7)) e - o ds
Ie
+ 62/ [Hp] nr, - pds — ( )/th ~pd|.
: aff

Now, in view of the assumptions on our data and for the source density errors (stated
in Assumption [(A1))) and the curvature estimate, using Lemma [5.5| (for the functional

19 (t,)), and the boundedness of the functions involved in I we estimate

Z\ﬂﬂ @) < Ce (1@ llygam, + 19l 2o, ) (5.16)
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5. Corrector estimates

Finally, merging the individual estimates for the error terms (namely, inequalities|(5.11)]
(5.12)} and |(5.14)| to |(5.16)| and equation (5.9)), we conclude

—— Corrector estimate for the momentum error

102 22(ays + 11D g yoes + & 1D oo

<C (\/§+ e+ ||@grr||L2(Q)) . (5.17)

Remark 5.7. With inequality it is clear that the error in the mechanical part
inherits the convergence rate from the heat-error (at least if it is not faster than \/z).

Estimates for the time derivatives. Under stronger assumptions, namely Assump-
tion , corrector estimates for the time derivatives can be established. Since this
is done quite analogously to the estimates leading to inequality , except for a
few terms arising due to the time differentiation, we omit most of the details of this

calculations.

Now, if Assumption is fulfilled, it is possible to differentiate the variational equa-

tion (5.10) (based on equations (5.7a)) and (5.7b])) with respect to time and arrive at

SaIO(e) =0 (peWg2()"). (5.18)

Starting with the first term, we calculate

&,Ia(l)(t, p) = /(1) ((9tC§’1e(U€(1)) - /-iatChe(u)) ce(p)dx —/ /f(?tChe(u)an - pds
al r.

N

-~

=18 (t,9)

+ /( ) (Cte(0,UM) — kCe(Ou)) : e(p) dx —/ kC'e(Ow)nr, - pds. (5.19)
Q 1

€ €
s

::Is(lb) (t7<p)

For the second term on the right hand side of equation (5.19)), 18 (t,¢), we can infer
from Lemmas [5.5[ and [5.6 as well as the arguments leading to inequality |(5.11)| that

Ie(lb) (zf7 8tU§°r0(t)) — / [CT’ley(atT)L 0,0 : e(3,U™) dw

ot

> Chle(0,Ue™)| —Cy(e+¢%). (5.20)

2
£2(0Y)3x3

For the first term, 189 (t,), we can estimate

190U (0) - [

o

| [&C’"’ley(T)]s 6 : e(@tUsorO) dz

< Cl||e<Usor)||L2(le))3x3||e(8tUscor)HL2(Q§1>)3x3 + Cy (5 + 52) .
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5.4. Corrector estimates

Taking into account the assumptions on our data and on the error of the time derivatives
of the source densities as stated in Assumption as well as the bounds formulated
in Lemma [5.5] we can also estimate

9
Z }atls(j)(t7 QO)‘ <Ce (H(p”Wl,Z(Qél))S + ||¢||L2(922))3> (90 € W()Lz(Q)?)) :

Jj=5

For the remaining terms, 9 (j = 2,3,4), the strategy is the same as in the prece-
ding paragraph (leading to inequalities |(5.12)] [(5.14)} and |(5.15)) with some additional
time derivative terms which have to be estimated in a similar fashion as the term Ig(la)

above.

Combining these estimates, we are led to:

— Corrector estimate for the momentum error - time derivatives

||8tUeerr||L2(Q)3 + ||DatUgor||L2(Q§1))3x3 +e ||DatUacor||L2(Q§1))3x3
< O (Vet e+ 102y + 100 2y ) - (5:21)

Finally, we present some additional estimates that can be established in the same way
and which are useful when combining the estimates for the momentum equations and
the heat equations. If we take 0,U°" as a test function and follow the same strategy as
in ([5.11]), we can estimate

¢ ¢
/ [5(1)<7_7 atUacorO) dr — / /( : [Cr’ley(T)]EH : e(@thorO) dz dr
0 0o Jaoll

t
> Ch <||€(U§°r)(t)||izmg>) - IIe(UEOY)(O)IIiz(Q;n)) - 02/ IIU§°rl|3Vl,2(Qg>)3 dr
0
— C3(e+¢%), (5.22)

where some integration by parts with respect to time was done. Similarly, we obtain

t
[ 190U ar 2 €1 IV Ol s — (VO g
0

t
_ Oy / (U)o T = Co. (5.23)
0

5.4.2 Estimates for the heat conduction equations

In this section, we go on with establishing some control on the error terms in the heat
conduction equations, where the overall strategy is the same as with the momentum
error estimates established in Section
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5. Corrector estimates

To that end, for j = 1, .., 13, we introduce time-parametrized linear functionals EY): §x
Wy () — R defined via

EW(t, ) = /<1> O (c;’l@gl) — H/ c"dy (9) pdz,
Qe Yy @)

v Dyt dy) pdz,

- ) Yy
EP)(t,¢) = /Q o (Ol +art: Dul) ve) - Vipda,
EW(t, ) = /Q N (KI*'vel — kK"V0) - Ve dr — / KK"V0 - nr_pda,
EP)(t,0) = /Q o (0 (226)) — [9(c"?0)] ) pda,
EP(t,0) = /Q o (00 (2722 - Dul?) = [0,(v7% : Dyu)] ) pdu,
ED () = [, (@000~ [%0%) 1)) - Vids,

EE(S) (t,p)=¢ (7;"’2 : Duff)vE — [77:2] : D [U(Q)L [vr}g) -Vpdz,

o® :
V() =< [ | (KZVO — [K] v [67],) - Ve ds,
S
EM(t )= | Vi edo —|—/ Vo de,
r. = o

EMD(t ) = - / W / K™V,0®) - ndspdz — & / [K2],V [0®)]_ - np,pdo,
ol r

£

EM(t ) = - / (9?1 — K / 9" dy) pde + / (9% = [97].) wz,
o) Y@ ol )
E9(e) == [

) ([div, (K’"Qv@@))] 4 div [vam@(?)} ) pdz.
o ] 6

Multiplying equations (5.7d) and (5.7d) with test functions ¢ € W,*(2), integrating
over €2, and then integrating by parts while using the interface conditions, we are lead

to

Y EVt ) =0 (peW*Q). (5.24)

For the first functional, we see that

1
Y ()]

1
o.ou__ - Y(l) err err (2) "
+/Qg>’0 ¢ |Y(1)(o)|at<‘ \95 )95 x + R7(t),

B0 6 = [

o

p(l)c(l)at <@£1)(J8 _ |Y(1)|)) @goro dux
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5.4. Corrector estimates

where

1
@) (4) = W.H__ - M| gerr
R{ (t)—e/le)p . (1)(0”&(‘}/ | ©2™) m. [@L.

Using the regularity estimates for © and @él), we see that there is a constant ¢ > 0
independent of € such that (for every 6 > 0)

¢
/ Rf)(T) dr
0

With this estimate and Lemma [5.6) we then get

t
S/O O (M)II* dr + 6 (I ()]1” — |97 (0)|*) + Cste®.

t
/ ED (r,02%) dr = Cy (I6 )l — 1162 (0) 1200
0

t
— (Y (/ ||@§”(7')||?2§1) +e€ H@g‘)r(r)nwlyzmg)) dr —|—t52) . (5.25)
0
For the dissipation term of le), namely E§2), we start by noticing that

fvyh:Du—i-ﬁ;/ ’yT’IIDdeyQIH/

Y@ Y

L (Du ¥ vyﬁ) dy (5.26)

and decompose

E{Ez)(t’(p) = /(1) at (")/Z;’l : DugOr) ng.I
Qe
’ / o 0 (8 =[] DU = UE™) e da
Qe

—l—/ Oy ([vr’l} : D(UW — Ueer) — li/ AL (Du + Vﬂ?) dy) pdz.
o ‘ Yy
Applying Lemma [5.6] to
f _ at (/yr,l . (Du(l) + vyﬁ) o Ii/( ) fy"'vl : (DU+ Vle]) dy) s
Y 1
leads to

[EP) (¢, )|
<C ((“Dugor|’L2(Q£1))3xg + HvatUgcorHLZ(QéU)Bx‘d) HSOH[;(QQ)) + 6”90”[/1/1,2(921))) : (527)

In the case of EX, the estimate e ve|| Lo () < C (see equation 1) implies
‘Ef) (1,0)| < Ce||Vy| for all o € WH(Q). (5.28)

2"

For handling the heat conduction functional,

EW(t, ) = N KIVerr . Vepdx
Qe
1

KTt (1) _ pcory Kh k
+/Q£1)( V(e — ) YO(0) V@) Vedz

— E—— el v/ d
L oyt Ve
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5. Corrector estimates

the strategy is exactly the same as with dealing with the I _estimate of the mechanical
part, see inequality [(5.11)] which then leads to

(t 9cor0) > Cl HV@corH 026 (”@goro

T2 — wiagoy T 1+ s) . (5.29)

Now, turning our attention to the next functional, E® it follows from Lemma
that

t
/ E® (7,00 dr

0
t
> 1 (85O0, = 107 O ) = [ 167y dr =<2 (630

(6)

Estimates for the dissipation error terms, E: —Eég), are given by

EO(0)] < s llpl o, (100 | sgqyos + 190U pagyens +€) - (531

[ED(t,0)| < C2 Vel gy (1057 agg +2) - (5.32)

[EO(t,0) < CE¥ Vel ey (IDU ] agozons +¢) - (5.33)
(£2e7) (£2:7)

Similarly, we obtain

O (£, 0) > 012 [ VO |2, o — Cac. (5.34)

L2( Q(2)

Taking a look at the interface velocity terms, we get

B < | [ (4 -e0iLe) do + | [ cilpdos [ avtoda].
r. I Qf

Using Lemma [5.5| for the functional EX'", cf. [MyNT3], the estimates on the functions
that are involved, and our assumptions on the data, it is straightforward to show

S|B9, < = (12l + 1912 02) - (5.35)

7=10

Finally, for the functional B catching some of the terms arising in the elliptic part
for O, we get

|EX(t, Ocoro)| < Ce (|O + ). (5.36)

Summarizing those inequalities |[(5.25)| and |(5.27)[ to [(5.36){ and using Young’s and Gron-
wall’s inequalities, we arrive at

— Corrector estimate for the heat error
105 (s + VO s agins + VO agays
<C (\/g +te+ HDugor”LQ(SXQgU)wg + EHDUEHHL2(5XQ§2))3X3

+ HvatUa-,Coer(Sngl))?»w + 5HVatUserr|’L2(SXQ§2))3X3)' (5.37)
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5.4. Corrector estimates

Remark 5.8. With inequality at hand, we conclude that estimates for Du®™ and

VoULC also lead to corresponding corrector estimates for the heat part.

5.4.3 Overall estimates

In this section, we combine the estimates from the preceding sections, Section [5.4.1]
and Section [5.4.2] Tt is clear that the following statement now follows directly from
inequalities [(5.17)[ and |(5.37)!

Theorem 5.9 (Corrector for Weakly Coupled Problem). If we reduce our problem to
a weakly coupled problem, that is, if we assume either oV = a® = 0 (together with

Assumption or vy =~ =0 (together with Assumption , we have the
following corrector estimate:

102" |z (sx) + UL [ oe(siz2 s + IVOL N L g0ys + DU | o 5.2 000555
+ EHV@‘;”HLQ(SXQQ);; +¢€ HDU/ZOTHLOO(S;LQ(QE:Q)))BXIS < CY(\/E + 6)'

Moreover, for the heat part, we take ©¢ and, for the mechanical part, 9, U™ as a test
function, sum the weak formulations, integrate over (0,¢) and get

/ t (Z I9(7,0,U(7)) + Y EY(r, @;W%))) dr =0. (5.38)

j=1

Now, we first take a view on the error terms corresponding to the coupling terms for
the Qg) part for both the mechanical and the heat part, namely ]5(4), E§6), and EE(S).
While EY can be controlled in terms of e Du™ and eVO™ (see inequality (5.33)), this
is not possible for either ]5(4) or EE(G) due to the involved time derivatives. If we take a
look at the sum of those (appropriately scaled)m two terms, however, we see that they
counterbalance each other leading to

(2)

’y cor cor err cor
L0, 00) + B9 (7,060)| < CIO IR, o) + 2 IDU I, o + 2. (5.39)

Note that with inequality [(5.23)| the term 52HDU§0rHiQ(Q<2>) is resolvable via Gronwall’s

inequality.

This, unfortunately, does not work for the coupling parts in le), ie., 1) and E?:
Here, we would have to apply Lemma at the cost of additional derivatives (we only
get control in W? and not in L?), which, in general, can not be compensated without
additional structural assumptions.

As a result of this observation and the estimates collected in the previous sections, we
get:

14 Assuming o2 #£ 0.
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5. Corrector estimates

Theorem 5.10 (Corrector for Microscale Coupled Problem). If we simplify our problem
so that there is only coupling in the Qg) part, that is, if we assume o) =~ =0, we
have the following corrector estimate:

192 o (sxe) + NV oo siz2c@ns + IVOLT Il oggqys + DU e g2 0y
+ €||VG)EHHL2(S><Q§2))3 +e€ ||Du§0r||Loo(S;L2(Q§2)))3><3 < C<\/g + 5)'
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CHAPTER 0

Moving boundary problem with prescribed normal
velocity

In this chapter, the analysis and homogenization of a linear parabolic two-phase problem
with moving boundary is considered. In this context, we assume the normal velocity
to be prescribed, i.e., it is a given datum of the problem. The main challenges are: (7)
deduce a corresponding motion with which to arrive at a fixed domain formulation and
(71) characterize the limit behavior of the functions related to the transformation.

The main new results of this chapter are:

e Theorem[6.1} The existence and regularity of a height function and the correspon-
ding Hanzawa transformation characterizing the interface movement is established.
Section is devoted to the proof of this theorem.

e Theorem The strong two-scale convergence of the functions related to the
transformation (e.g., the Jacobi determinant) is proved. The proof is given in

Section [6.5]

Based on these main results and taking into considerations the analysis and homoge-
nization of the thermoelasticity problem considered in Chapter {4} it is then straight
forward to arrive at:

e Theorem [6.3} There is unique solution to the moving boundary problem with
prescribed normal velocity as well as corresponding a priori estimates.

e Theorem The two-scale limit problem is given.

6.1 Introduction

In this chapter, we investigate the heat equation posed for a highly heterogeneous two-
phase medium where the building components are different solid phases of the same
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6.2. Setting and problem statement

material separated by a sharp interface. We assume a periodic setup of the geometry
representing the two-phase medium. Here, one phase forms a connected matrix in
which periodically distributed inclusions of the second phase are embedded. We are
particularly interested in scenarios where phase transformations are possible which leads
to time dependent domains that are not necessarily periodic anymore.

In our earlier work [EM17b], the rigorous homogenization of a similar problem (including
the coupling with the elastic behaviour of the medium) was considered, where having
the a priori knowledge of the mathematical deformation describing the changes in the
geometry was essential for both the analysis of the microproblem as well as the limit
procedure. Building on that, we do not assume the changes in geometry to be given a
priori but still to be independent of the temperatures. This can be seen as an important
intermediate step for the full free boundary problem outlined in Section [3.4] where
thermoelastic behavior and geometric changes are coupled via an interface condition
linking the normal velocity to the temperature and surface stresses.

Using the solutions of a nonlinear system of ordinary differential equations describing
this interface movement, we prove the existence of a height function parameterizing I'.(¢)
in terms of its distance to I'. in a particular point; we refer to Section for details.
With this height function at hand, we are then able to introduce the transformation
needed to reformulate the whole problem with respect to fixed domains. Note that the
procedure follows [Che92|, where a similar problem is considered. The main difference
is given by the homogenization context, which forces us to be especially careful when it
comes to the influence of the parameter € which, in turn, leads to much more involved
estimations. We also refer to [PS16), [PSZ13|, where similar interface movement problems
are considered. To be able to talk about the limit ¢ — 0, strong two-scale convergence
(in the sense of Definition of some sequences related to the interface movement
has to be established. Similar considerations (not related to moving boundary problems
but also dealing with the two-scale limits of products) can be found, e.g., in [MCPO0g].

This chapter is organized as follows: In Section we introduce the e-periodic geo-
metry, the moving boundary problem with prescribed normal velocity as well as the
level set equation associated with the normal velocity. The main results of this chapter
regarding the moving boundary problem, Theorems to are given in Section [6.3]
Finally, Sections and are dedicated to the detailed proofs of Theorem and
Theorem respectively.

6.2 Setting and problem statement

We consider the same geometric setup as introduced in Section which we briefly
recall for the convenience of the reader: Let S = (0,7), T > 0, be a time interval.
Let Q C R? be a rectilinear domain whose corner coordinates are rational and let g
be the maximal € such that €2 can be parqueted by cubes of side length 5. We set
€ = (&n)nen = €027". We denote the outer normal vector of Q with v = v(z).
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6. Moving boundary problem with prescribed normal velocity

Take open and disjoint sets YV Y < Y = (0,1)® such that Y is connected,

such that Y® C Y, and such that Y = YY) UY®@. Moreover, let I' := 9Y® be a
C3-hypersurface. By nr = nr(y), y € T, we denote the normal vector of I' pointing
outwards of Y.

As a C3-hypersurface, I' admits a tubular neighborhood Ur (see Lemma . In addi-
tion, there are a(V, a® > 0 such that the function

A: T x (—=a®,aW) = Up, A(v,8) =7+ snr(7)
is a C2-diffeomorphism satisfying A(T' x (—a®,a™)) C Y]

We introduce the Y -periodic domains QY and QP and the interface T, representing
the two phases and the phase boundary, respectively, via (i = 1, 2)

Q0 = int (Qﬂ (U a(ﬁ%))), I.:=Qn (U 5(F+k:)>.

Moreover, we introduce the rescaled C%-diffeomorphism
Ao Tox (—ea®,eaV) = Q,  A(vy,r) =~ +rnp. (7).
and the family of interfaces, | € [—ca®, ealV)],
I = {A(y,0) : y€Tl.} (6.1)

as well as the family of tubes around I

UFE(T) = U Fg)

le(—era(® eraD)

for r € (0,1]. Note that Ur, = Ur_(1). Moreover, for v € T'., let Lr_(y) = —Vr.nr_(7)
denote the Weingarten map, where we have, by inequality

1

Le. (N < 50— (U a0 (6.2)

For | € [—ea®,eaM] and v € T, the normal vector of I'"” in v is given as nr_(Pr. (7)),
where Pr_: Up, — I'. is the projection operator restricted to Up_. On its range, A is
invertible via

ATV Up, = T2 x [—ea®,eaV], ATV z) = (Pr.(x), dr.(z))" .

€

Here, dr,: Ur — R is the signed distance function (also restricted to Ur,) for T',, i.e.,

dr. (z) = dist(z, I',), x € Up, \ Q¥
YT S dist(a,TL), z e Up.nQP

Incidentally, this implies a(? < 1.
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6.2. Setting and problem statement

Now, let t — T'.(t) and t — ol (t) denote the evolution of the interface and the domains,
respectively, and set

QU = {t} x W),  E. = J{t} x T(v).

tesS tes

In addition, let Vi_: =. — R be the normal velocity function of the interface.

For k,l € N, we introduce the Sobolev space
WD x Q) ={ue L®(Sx Q) : dju,DIue L*(SxQ) (1<i<k 1<j<l)}
and note that W*k20(S x Q) = Wk (S x Q).

Now, take ol = Qg)(t,x) (i = 1,2) to represent the temperature in the respective
domains. In the following, we consider the moving boundary problem:

—— Moving boundary problem with prescribed normal velocity v,
9,0 — div(KWveWy = fOin QW (6.3a)
9,0? — div(2KPVveP) = f&  in QP (6.3b)
o) =02 on =, (6.3¢)
— (KOVW — 2KOVP) .. = LVi. on Z., (6.3d)
Vi, =ev.  on Z, (6.3e)
— KWV .y =0 on S x 09, (6.3f)
oM (0) =9 in QW (6.3g)
0 (0) =9? inQ®. (6.3h)

Here, K@ denote the constant heat conductivity coefficients and L denotes the constant
of latent heat. The actual mathematical problem connected to this system is as follows:
Given volume heat source densities fg(i): Qg) — R, a function v.: =. — R describing
the normal velocity of the moving interface, and initial values 199: Qg) — R, find the
corresponding evolution of the domains, i.e., find 0 and [.(t) for all t € S, and the

temperature functions ol Qgi) — (0,00) such that all equations of the above system
are satisfied.

Now, let v. € W1:2:(S x Q) be the outward normal velocity of our moving interface
[.(t). Let us assume that the motion of T'. can be described via a regular C'-motion
over the interval [0, ) for some 0 < § < T. Then, there it exists a level set function
1 10,0) x © — R such that

F.(t)={x€Q : ¢.(t,x) =0},
IV (t,z)] >0 on =,
@:(t,z) <0 on 0N.

The normal velocity cv. and the level set function ¢, are connected via

Orpe = €|Vp|v. on =Z..
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6. Moving boundary problem with prescribed normal velocity

We refer to [OF02, Section 4.1].

Based on these geometric considerations, we formulate the motion problem as a level
set problem:

—— Motion problem via level set equation
Find . € C*(S x Q) such that
Oype = €|Vp|v. on =, (6.4a)
|IVoe(t,z)] >0 on =, (6.4b)
a e \% e|Ve
ke Z EVPel: o ypone (g 4 ) (6.4¢)
Pe
[.(0) = {z € Q : .(0,2) = 0}, (6.4d)
QW) ={z e Q : . (0,z) < 0}. (6.4e)
The family of sets (I'c(t))ics defined via
I.(t)={ze€Q : ¢.(t,z) =0} (6.4f)
is called the solution of the motion problem.

Here, the condition W%M € WOD>2(S x Q) is a shorthand for: the function

at@%w: (S x )\ Z. — R can be extended to a function in W(©1><(S x Q). Note
that this condition is merely technical in that it is not needed for the level set function
w. to correspond to the motion of the interface; it is, however, needed in Lemma [6.10

We also point out that uniqueness of a solution of the motion problem only asserts
uniqueness of the the family of hypersurfaces (I'.(¢));es but not uniqueness of the level
set function .. Indeed, for every a > 0, ap. corresponds to the same motion problem.

6.3 Main results

In this section, we present the main results of this chapter. As some of the proofs are
fairly long and technical, they are postponed to subsequent chapters; namely, Section
and Section are devoted to the proofs of Theorem and Theorem respecti-
vely.

We start by formulating the requirements for the data (normal velocity, source densi-
ties, and initial values) that are needed to ensure the well-posedness of the microscopic
problems as well as to facilitate the passage ¢ — 0.

Assumption (A3). Let v. € WE32°(S x Q) with supp(v.) C Ur, such that

l, == su%) (HUEHWLOO(S’XQ) + €| D20, |00 + €2HD§ZU€HOO) < 00.
e>
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6.3. Main results

Assumption (A4). Fori=1,2, let f9 e LQ(Qg)) and V" € LZ(QQ)) such that
Sup (/9] o0, + 1921, ) < 0.
Sup @) (@)

Assumption (A5). There is a function v € L*(S x §; VV;&Q(Y))3 such that

ve]° = v, [Dv.]° — D,v, e[D*.]° = D?v in L}(S x Q x Y)3.
y y

Here, [v.]" := Tov.: S x Q@ x Y — R is the periodic unfolding of v.: S x Q — R; we
refer to Section [2.4.2] The regularity and the estimates postulated via Assumption
are needed to ensure well-posedness of the motion problem given by equations
to as well and to show corresponding a priori estimates, respectively. With As-
sumption [(A4)] these results can be used to tackle the heat problem (equations
to (6.3h))). Finally, Assumption is necessary for the homogenization processs: wit-
hout it, strong two-scale convergence of the functions related to the coordinate transform
can not be expected.

The following two results, namely, Theorem [6.1] and Theorem [6.2] are the main results
of this chapter.

Theorem 6.1. Under Assumption|(A3), there is T > 0, which is independent of € and
ly, and a function he: [0,1;'T) x . — (—ea®,ea™) such that

Lo(t) = {v+ h(t,;v)nr.(v) = veT} (te[0,0;'T)).

Furthermore, there is a corresponding reqular C*-motion s.: [0,1;'T] x Q — Q satisfying

s.(0) = id, s.(t, QD) = Q) (i=1,2), and

IDsclloc <2, (Ds) ™ Jloo < 2.

Proof. This statement follows from Theorem Lemma [6.15] and Lemma [6.16] The
statements and proof of these results are given in Section [6.4] O

In the following, we take S, = ;T

Theorem 6.2. Under Assumptions|(A3) and|(A5), there is s € L>(S, x Q xY') with
Ors, Dys € L>®(S, x Q xY') such that Ds, 2 Dys.

Proof. The proof of this theorem is given in Section [6.5] see Lemma We refer the
reader also to Lemma O

Using the results given in Theorems[6.1]and [6.2] it is possible to investigate the associated
heat conduction problem.
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6. Moving boundary problem with prescribed normal velocity

Theorem 6.3. Under Assumptions and there is a unique solution of the
mathematical problem corresponding to the system given via equations (6.3a) to (6.3h]).
In addition, we find that

2 12 2 (2)2
up (1161522 + VO 5 oy + IV ey ) < 0

Proof. Using the transformation function s. (given via Theorem to arrive at a fixed-
domain formulation of the problem, we are almost exactly in the situation described
in [EMI7b]. We particularly point the attention to Corollary [£.17} As a consequence,
the existence of a unique solution together with the corresponding e-independent a priori
estimates are available. O

Theorem 6.4. Let Assumptions to hold. Then, there are functions 6 €
L2(S,; WH2(Q)) and 0@ € L?(Qy) | where 02 (t,z,-) € WY2(Y 3 (t,z)) for almost all
(t,x) € S, X Q, such that

1,00 = Y (t,2)]0, 1,602 — 0@ dy in L*(S x Q).
© © Y @) (t,a)

Moreover, they solve the following homogenized distributed microstructure problem: The
macroscopic temperature 0 is governed by an effective heat conduction problem given via

0,0 — div(K"V0) = f" + fl in S, x Q, (6.5a)
~K"V0-v=0 on S, x 09, (6.5b)
0(0) = 9" in Q, (6.5¢)

which is coupled, via the Dirichlet boundary condition (6.5€)), to a micro heat problem
with time dependent microstructures for 03 in the form of

9,0® — div, (KPV,0%) = f& inY3(t,2),t€S,, v€Q, (6.5d)
0=0% onT(tz),tes,, zecq, (6.5¢)
02 (0) =@ inQxY®. (6.5f)

Finally, the motion of the interface T'(t, x) in normal direction is given via
Vi =v on(t,z), t € S,, x € Q. (6.5g)

Here, the effective coefficients are

2

O B L e B T
Y (9 (t,x) T(t,x)

=1

Y (tz) Y ( >” TeWL2(Yy (V) (t,z)) Y (¢,2) ( Y J) Yy

and fO, 9 and v are the two-scale limits of their corresponding e-counterparts.

*Here, we have set Qy = U(; ,yes, xot(t: )} X Y@ (t, x).
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6.4. Interface motion (proof of Theorem [6.1)

2e(t,7)

I

Figure 6.1: Part of the surface I'; and its position at time ¢. The function y. characterizes the motion
by tracking the paths of the material points. As an example, we see the path of y. for
v = y:(0,7) over the interval (0,¢). In addition, we see the change in the normal vector
from nr,_ () = 2:(0,7) to z(v). The goal is to find the corresponding height function h. that
satisfies h.(Pr_(ye(t,7))) = dr.(ys(t,v)). The gray area marks the tubular neighborhood
Ur..

€

Proof. Noting the strong convergence of the functions related to the transformation
given by Lemma[6.25] this homogenization results follows via a standard two-scale limit
procedure and is a special case of the homogenization of the thermoelasticity problem
performed in Chapter [4] O

N

6.4 Interface motion (proof of Theorem E

This section is devoted to the proof of Theorem [6.I] As a short guideline, this proof
follows the following strategy:

(i) We investigate a nonlinear, parametrized ODE-system — given by equations
to — tracking the interface motion and establish a few important properties

of its solution. This is done via Lemmas and

(i7) Using these results, we then show that the motion problem via conditions (§6.4al)-

(6.4¢) has a unique solutiom; see Lemma and theorem [6.11]

(#7i) In Theorem the existence of the height function h. is then deduced via the
implicit function theorem.

(iv) Finally, we construct the C'-diffeomorphism s.: S x Q — Q and investigate its
properties; see Lemma [6.16

The first two steps can be found in Section and steps (i77) and (iv) are the topic
of Section
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6. Moving boundary problem with prescribed normal velocity

Note that this section is structurally similar to [Che92l Section 3|, where the main sub-
stantial differences are due to the parameter € and its role in the context of homogeniza-
tion. At some points, we transferred (instead of just referenced) whole arguments/proofs
in order to be able to fully track the role of the parameter ¢; wherever this is the case
(as an example, take Lemma , this is explicitly indicated.

6.4.1 Interface motion problem

We consider the nonlinear ODE system:

—— ODE system describing the interface motion
Find y.,2.: S x Ur, — R3 such that
et z) = —e=BT) 1)) i S x U (6.6a)
tYe\l, ) = =€ Vel Ye L, T m | ) -0a
|Z€ (ta SL’)|
Orze(t, x) = elz(t, x)| Vo (t,ye(t,z)) in S x Ur,, (6.6b)
y(0,2) = x in Ur_, (6.6¢)
2:(0,x) = —nr_(Pr.x) in Ur,. (6.6d)

Here, Pr_: Up, — I is the projection operator. We extend every solution y. to all of €2
by setting y.(t,z) = z for all x ¢ Ur.

Remark 6.5. We show later, Lemma that the function y. characterizes the inter-
face motion in the sense that To(t) = y-(t,T'.); we also refer to Figure[6.1 The function
z. describes the direction of the motion. Note that, if Vv. = 0, the solution satisfies

Ye(t,7) = v+ dr.(ye(t,v))nr.(v) for all v € T

For any solution (y., z.), we see that y.(t, Ur_(1/2)) C Ur.(1) = Ur. as long as —a® <
2u.t < aM. This is due to |9,y.| < |ve|]. In addition, as suppv. C Ur,, y.(t,z) = = for
all 2 € Q\ Ur..

We define functions
T
fer Sx (R x R*\ {0}) = R* xR®,  fo(t, (y,2)) = (é—|ve(t,y)7 IZIVve(t,y)> :

9 Q> RIXRY, - gelo) = (—nm(?pg(x))) |

Setting w. = (y., 2.)7, Equations to become

Oywe(t,x) = ef. (t,w:(t,x)) in S x (6.7a)
we(0,2) = g-(x) in Q. (6.7b)

Lemma 6.6. Let v, € W(1:3)°(S x R3). The ODE-system given via equations
to admits a unique solution (y., z.) € W1:2:°(S x 05, Additionally, there exist

105



6.4. Interface motion (proof of Theorem [6.1)

Cy,C, > 0 such that

[ Deye — oo + |0 Dae | + 5||Da2:ya||oo <1,Cy,
el D2ze|loo + €3[| D2 2|00 < C.(1, + 1).

Proof. (i) Ezistence and Uniqueness. Due to the embedding W»>(Q) = CF11(Q)
(k > 1)F] we have v.,9;0. € CH1(S x Q) (j = 1,2,3) which then implies that f. €
CH1 (S x (R3 x R3\ {0})). Therefore, for every = € ), Picard-Lindeloef’s eristence
theorem|'| guarantees the existence of a time t.(z) > 0 and a unique solution w,(-,z) =
(v (-, ), 2 (-, 2))T € CH([0,t.(x)])8. Note that |2.(0,z)] = 1 independently of = € Ur..
Taking a look at equation ({6.6b)), we see that

t

Oz - e

—5tlv§/ t('lz—fﬂ)dfgstlv j=1,2,3.
0 Ze

The norm of every solution z. is therefore bounded from below and above via
e~ <z (t, 2)| < e

As a consequence, a blow up due to |z.| — 0 is not possible in finite time; hence, we can
extend to a unique solution w, (-, z) € C1(S)8 for x € Q.

(11) Regularity and Estimates. For any xq,xs € €2, we find that

we(t, 1) — we(t, v2) = ge(21) — ge(2) + /0 Je(m we(T, 21)) = fo(T, we(7, 21)) d.

From g. € C?(Q), the Lipschitz continuity of f. as well as D f., and Gronwall’s inequality,
we can infer w.(t,-) € W23 x )5

In the following, let € > 0 be sufficiently small such that /v2 < ||z|lso < v/2. Differen-
tiating the ODE with respect to = € ), we get

Oy Dw.(t,x) =D, (f: (t,w:(t,x))). (6.8)

We define A.: S x (R® x R3\ {0}) — R via

£

B (F @ Vou(ty) v.B(2)
At (y,2)) = Dy, 1 (t, (y,2)) = (|L|D21}8(t7y) Voue(t,y) ® i) ’

where B: R?\ {0} — R3*3 is given via

s 1 22+ 22 —zmz —21723

B(x)= D (z - _) S (e e . (6.9)
12l 2P\ _ 2,2
Z123 2923 21 + %5

Swlee(Q) = C%1(Q) if and only if Q is a uniformly locally quasiconvex domain €2; see [HKTOS,
Theorem 7]. It is straightforward to show that this is the case for a rectilinear domain.
*For a statement of this result, we refer to [Zei86, Proposition 1.8].

106



6. Moving boundary problem with prescribed normal velocity

Note that || B(z)|| < V?/l:|. Equation can be rewritten into

Oy Dw,(t,x) = eA(t, we(t, z)) Dw.(t, x). (6.10)
We estimate

|AUD(E, (y, 2))] = AP (¢, (y, 2))| = ’ﬁ ® Vvs(t,y)‘ <1, (6.11a)

z

L

|ABD(t, (y, 2))| = |]2| D*0:(t, (y, 2))| < g|2\a (6.11b)
AP 0, 2)) = (6110

z

For sufficiently small ¢, this yields
el Ac(t, (¥, 22)| < 1,(3e + V2) < 2.
For the inital values of the Jacobian matrices, we have
Dy.(0,x) =13,
Dz:(0,) = D (nr.(Pr. (1)) = ~Lr.(Pr.(2)) (T = dr.o Lr. (. (2)))

For the derivative of nr_(Pr.(z)), we refer to Lemma [2.3] Using the scaling properties
of the involved operators, we estimate

| Q

|DZ€(07 ZE)|

€
We deduce that

t
|Dy.(t,z)| <1 +5lv/ |Dy.(7,x)| + 2| Dz.(1, x)| d,
0

O t
|Dz.(t,z)| < ?F + dv/ V2e Y Dy.(7,2)| 4 |Dz(T, z)|
0
leading us, using Gronwall’s inequality, to
e |Dw.(t,x)| < Cexp (2[,T) =: C,. (6.12)
Specifically, for y., we have
Dy.(t,x)
¢
=I5+ 5/ (AU (¢, w(1, 7)) Dye (7, 7) + A (¢ w, (1, 2))Dz(T, z)) dr. (6.13)
0
Inserting the estimate given in inequality into equation (6.13), we are led to
|Dy.(t,z)| <1+ 31,C,T =: C,,.

Looking at equation (6.13) and using the estimates given via inequalities (6.11a]) to
(6.11c), we get (e sufficiently small)

10, Dy.(t, )| < elyC, + 20,Cyy < 31,C.y.

107



6.4. Interface motion (proof of Theorem )

Now, 0x0;y:(0,z) = 0 and O0k0j2:(0,2) = —0,0; (nr.(Pr.(x))). Since nr_(x) = [n]_ (x),

we have 0,0;nr_(x) = e ?[0:0; (n o Pr)]_(x). As a next step, we calculate
oo, (3‘32523)
On, (AND (8, we(t, 7)) ) Dye(t, ) + ALV (8, we(t, 7)) 0, Dye(t, 7)
- (azj EA?”(t, we(t, x))g Dye(t, ) + APV (¢ we (t, 2))0, Dye(t x))
Ou, (ALP (1, w.(t, 7)) ) Dac(t, ) + AL (¢, w.(t,2))0y, D2c(t, 7)
o (ax] EAS"') (t, w.(t, :c))g Dzt x) + AP (1 w.(t, )0y, Dz (t, :c)) ’

where

0., (AU, w.(t, )

= B(2:(t,2))0p,2:(t, ) @ Ve (t, y:(t, 7)) + ® Oz, (Vve(t, y=(t, 7)),

Ox, (ASQ) (t, wa(t z)))

= Za Bz (t, 2))o=(t, yo(t, ©)) O, 2 (t, ) + B(2:(t, 7)) 0u; (ve(t, y: (8, 7)),
By, <Agﬂ><t,£§t,x»>

= D) D o) + ot 2100, (D310 :2)
O, (APD (1, w.(t, 2)))

z.(t,x)
|2(t, )|

Let € be small enough so that max;c(i 23y |0;8(2(t,x))| < 2. We can estimate

= O0p, (Ve (t,y:(t, 7)) ® + Vo (t,y:(t, ) @ B(z(t,x))0y,2:(t, 7).

|00, (AND (8, we(t, 2))) | = |0a, ( (twatx)‘<—C+C)

10, (AU (t,we(t, 7)) | <1, <—+\/_O)

|8xj (A(21)(t we(t, x)) _—g(C’ +\/_C’>
After integrating equation (6 over (0, ) we get

Dy.(t,z)\ Dy.(0,z) Dy (T, z)
Ou <Dz5(t,x)> = O (Dze((),x) + 0 atawi Dz (1, x) dr
1 0 ¢
-2 ([&V o P (x)) - g/o Oy, (Ac(r, we(7,2)) D (r, z)) dr

which then leads to (¢ being small enough)

t
|0., Dy.(t, )| < tlv(Cj +C24+1) + elv/ |00, Dy:(t, x)| + 26|00, Dz.(t, x)| dT,
0
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6. Moving boundary problem with prescribed normal velocity

c tl,

00, Dzc(t,2)] < 5 + ((Cw + ﬂcy) O, +£(C,C0 + 1))

&
t
+ lv/ V2|0, Dy (t, z)| + |0y, Dz (t, )| dr.
0
Making use of Gronwall’s inequality, we deduce that there is an e-independent C' > 0

such that
e29; Dw.(t,z)| < C.

With this estimate, we can further bound |0;Dy.(t, x)| via
3C
0, Dy (t, )| < t, <Cy2 +C2 +1+ —) .
€

]

The solution y. is assumed to track the movement of the interface in the sense that
y-(t,I') = T'(t) — a fact that we proof in Lemma Note that at this point, however,
it is not even clear that y. is actually a homeomorphism; a minimal requirement for it
to correspond to a meaningful transformation.

Definiton 6.7. Let (y., z.) be the solution of the ODE system given via equations

to . We set

t. = sup {t >0 ¢ ye(r,:): Ur. = ye (1,Ur,)
is a Lipschitz homeomorphism for all T € [0,1]}. (6.14)

Without any additional arguments, we only know that ¢5 . > 0. Note that y.(0,-) = Id.

max
The following lemma shows that it is positive and uniformly bounded away from zero
with respect to the parameter e.
Lemma 6.8. There is ts > 0, which is independent of € and l,, such that t. > I 't;.

Proof. We recall the characterization of Dy, established in the proof of the preceding
lemma, i.e., equation ((6.13)):

t
Dy.(t,x) =13+ 5/ (Agll)(t, we(7,2)) Dy (7, ) + AS?) (t, we(T, ) Dz(T, x)) dr.
0

From here, we conclude that
| Dy.(t,) — Is]|o < 3tl,C, forallteS.

This shows’| that y.(¢,-): Ur. — y-(Ur.) is a Lipschitz homeomorphism for all ¢ €
[0,1;15) with t; = (4C,)~t. Therefore, t. > I 'ts > 0. O

5This follows via the Neumann series, we refer to [Wer08, Satz 11.1.11].
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6.4. Interface motion (proof of Theorem [6.1)

Now, for t € S, let
ye_,tl ya(t7 UFE) — UFE

be the unique function that satisfies y_; (y.(t,z)) = z for all « € Ur._.

Lemma 6.9. The function

Z/;l3 U ({t} X y5<t, UFE)) — UFm y;1<t7 U)) = y;tl(w>

tesS

s Lipschitz continuous int € S.

Proof. Tt holds y.(t,y-'(t,x)) = x for all (¢,x) € U,eq ({t} X (¢, Ur.)). Implicit diffe-
rentiation leads to

O (ye(t, ' (t, ) = Oye(t, y= ' (t, @) + Dy (t, y- ' (¢, 2)) Oy " (£, ) = 0

and, therefore,
Oyt x) = = (Dye(t,y (6,2))) Ore(t, 2 (1, 7))

== (Do (1) T b ). (619

As the right hand side is bounded by virtue of the estimates provided in Lemma [6.6]
this implies Lipschitz continuity y-! with respect to t € S. O

In the following lemma, we prove that any solution of the motion problem given by
equations (6.4a) to (6.4€) can be characterized via y. and, in the subsequent theorem,
we show that, indeed, there is a unique solution.

Lemma 6.10. Let {I'.(t)}icio0) be a solution of the free boundary problem given by
equations (6.4a) to (6.4€) for some & € (0,1, 'ts). Then, for all t € [0,0), T.(t) =
Ye(t, Ie).

Proof. The following proof is taken from [Che92, Lemma 3.2]. Let ¢.: [0,0) x Q@ — R
be a corresponding level set function such that
_ at@a — €|v906|ve

re e WOD>([0,8) x Q).
Pe

We have
Oype — €|Vpe|ve = pere  in [0,0) x Q. (6.16)
Now, let g.: [0,0) x Ur, — Ur, be the solution of the nonlinear ODHf

. Ve (t,y:(t, z))
(Ve (t, ve(t, )|
U:(0, ) = x.

8tg5<t,$) = Ue(tv g5<t7x))7

6That there is a unique solution is a consequence of V.| > 0 and the Picard-Lindeldf theorem;

cf. Lemma
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6. Moving boundary problem with prescribed normal velocity

Introducing . 1,%.2: [0,5) x Q — R? via

VYea(t,z) = @e(t, Y= (t, ), Yep(t,z) = Vet ye(t, ),
the level set equation (6.16)) leads us to

e 3
|’(/)872| € g)

8t7,/)5’1 = 77/)5717“5(%),
atw€,2 = %,27’5@5) + ws,lvrs (@;) + gyws,Q‘VUE(gs)

atga =

together with the initial conditions

gs(oa SL’) =7, %,1(0737) = 906(0737)7 ¢s,2(071) = V(pE(O, x)

For 1.1, we get

t
baaltin) = .00 exp ([ rtritrear)
0
which implies that 1. 1(¢,2) = 0 if and only if ¢.(0,2) = 0. Therefore,
I.(t)={xeQ : o.(t,x) =0} ={y:(t,x) : Yo1(t,z) =0} =y(¢,T(2)).
For x € . and ¢ € [0,4), we set

z(t,z) = %exp <— /Ot re(7,Ye (7, ) dT) .

Now, substituting (¥, 2.) in the ODE system given by equations (6.6a)) to (6.6d), we
see that it is the solution and y.(t,x) = y.(t, z) for all x € I'.. O

Theorem 6.11. There is a unique solution to the motion problem posed in the time
interval [0, 17 s).

Proof. This proof follows closely along the lines of [Che92, Theorem 3.1] adapting the
ideas to our setting. As some parts of the proof are referenced at later points, the proof
is recounted here. We introduce a Lipschitz continuous function @: [0,1;'t5) x Q —
[—ea®,eaM] via

—ea®, z€ QW N\ y.(t,Ur)
Pe(t,x) = < —el, z € y.(t,TV) for some | € (—a®,a®) .
ea®,  ye QP N\ y(t,Ur.)

Here, we recall the definition (see equation (6.1)))

T = {A(y,]) : yeT.}.
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6.4. Interface motion (proof of Theorem [6.1)

We calculate
at (Dyaza) = Dyaatzs + Datyeze

= eDy.|z|Vu.(y.) —eD (|Z—E|va(y5)) Ze
Ze

Ze * e

= eDy.|z|Vv:(y.) — D ( Dy-Vu.(ye.)

ZE
= —ev.(y.) D ( ) Ze.
‘Zs‘

Calculating the spatial derivative of =, it follows that

|2

Ze
m) velye)2e —

| 2]

O (Dy.z.) = —eve(y:) D ( ze ) 2. = 0.

EA
Therefore, we are led to
Dy.(t,x)z.(t,z) = Dy.(0,2)z:(0,2) = —Isnr_(z) = —np_(x).

Furthermore, we have
Pe(t,ye(t, 7)) = (0, 7) (6.17)

for all z € Ur and, consequently,
D (@:(t, ye(t,2))) = Dy:(t,x)Voe(t, y-(t, 2)) = V§:(0, z). (6.18)
For x € Ur_, it holds V&, (0, 2) = —nr_(x). This is leading to
Voo (t,y-(t,z) = z.(t, ) in [0,d] x Ur, (6.19)
and
IV@.(t,z)] > e for all x € y.(¢t,Ur.), t €0,4]. (6.20)
We also have the identity
0= 01 (t,ye(t, ) + VOe(t, ye(t, z)) - Opy:(t, x)
= OBt (2) = VBt (1) 0 0,)
= 0P(t,ye(t, 7)) — [ V@e(t, ye(t, @) ve(t, 2 (¢, 7).

Thus,

0p-(t,y) = e[ VE(t,y)lv-(t,y) in | ({t} x (¢, Ur.)). (6.21)

te[0,6]

Due to the Lipschitz continuity of the involved derivatives, we get

Ze e WD ] ({t} x ge(t,Ur))
t€[0,6]
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6. Moving boundary problem with prescribed normal velocity

Now, let g: R — [0,1] be a C?-function such that g(0) = 0, ¢’(0) = 1, ¢'(r) = 0
if 7 ¢ (—a®/a,aV/2), ]g”|(_oo70)| < 2/, and |g”|[07oo)| < 2/, We introduce ¢, =
ego (e71¢.) € W22:2([0,8] x Q). Then, ¢. = 0 if and only if ¢, = 0 which implies

P5:{$€Q : 905(0>x):0}

and
{reQ: p(tr)=0={ze€Q : o.(l,x) =0} = y(t,1%).

In addition,
V| = leg (e ) V@:| > [V@e| > 0

and, for z € 99, it holds p.(t,z) = eg(e 1@ (t,x)) = eg(a) < 0. O

Lemma 6.12. There is a constant C, > 0, which is independent of the parameters €
and l,, such that

571H8t§55H00 + HatVQZEHOO < lvcc,m
IV@elloo + el D*Felloc < (1+1)Cy,

wherever the involved derivatives exist.

Proof. In this proof, we rely on the estimates provided in Lemma Let t € [0,1; 5]
and x € y.(t,Ur.). As shown in the preceding lemma in the form of equations (6.18])

and (6.19)), it holds
~ _ —1 _
VQOE(t,[L’) - (Dy€<tﬂy5 1(t,l‘))) nFE(PFE(x)) = Zé(tﬂyz-: 1<t7l‘)).

As a consequence,
et <|VEL(t, z)| < et

The second spatial derivative is given as
D*3.(t, ) = (Dye(t,y= ' (t.2))) " Dzt y= ' (t, 7))
and can therefore be estimated via
D% (1,0)] < 201+ 1)C-
Furthermore, since ¢, satisfies equation (6.21]), we can estimate
|0:2:(t, )| < |V@e(t, )| |v=(t, 2)] < ee™L,.

Taking the derivative with respect to x € y.(t, Ur,) in equation (6.21)),

Voe(t, )

OV (t, ) = |[Vo.(t, z)|Vu(t, z) + D*@.(t, ) =5

jo=(t, )]

we finally find the upper bound

10,V @:(t,2)] <1, (e +4C,)
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6.4. Interface motion (proof of Theorem [6.1)

6.4.2 Motion function

For ¢ > 0 and 7 € I, we introduce the function F.,: [0,t;) x (—eaV,ea?) — R via
F. . (t,r) = @ (t,Ac(7y,7)). Then, F..(0,0) = ¢-(0,A:(7,0)) =0 for all v € I'..

Lemma 6.13. For all ¢ > 0 and v € T, it holds 05F;,(0,0) = —1. Furthermore,
there is Ts > 0 and 0 < Rs < a (independent of ¢ > 0, v € T, and l,) such that
OoF. . (t,r) < =1/3 for all t € (0,1, 'Ts] and r € [—eRs,cR;].

Proof. We calculate

OoFy(t,1) = g/ (7' Gt Ac(7,7))) VP=(t, Ac(y, 7)) - nor. (7) (6.22)

and see that
0. F. ,(0,0) = -1 < 0.

For arbitrary ¢ € (0,1;'t5) and € (—ea®,ea), we have

T t
OoF. (t,r) = —1 +/ O3F. (0, 5)ds +/ OyOoF (7, 7)drT.
0 0
Starting off with the first integrand, 95F. ., we get
O3 Fepy(t,r) = €71 g" (€71 Ge(t, Acly,1)) (VBe(t, A7) -, (7))
+ D@ (t, A(y,r))nr. () - e (7).

Using the estimates collected in Lemma [6.12] we can conclude that

3
|3 E.(t, 1) < =e* + (14 1,)C,.

IS

Here, and in the following, a := min{aV),a®}. For the second integrand, 8,0, F.,, we
calculate

8ta?F€,’y(t7 r) = 6_19//(8_1955(25, Ac(757))) 0P (b, Ay, 7))V @e(t, Ay, 7)) - . ()
+ 9,(5_165(?5, Ac(7,1))0V@e(t, Ac(y, 7)) - nr. (7).

We estimate

3
|8t82F5’7(t, 7’)‘ S ZUC¢ (—6€l”t + 1)

a

and finally arrive at

aQFE;y(t,T) S _1 —|— g (§€2€lut _|_ (1 + lv>0¢) + tl'UCgD <§e€lvt _|_ 1) )
a

a
[

Theorem 6.14 (Height function). There is T > 0, which is independent of € > 0 and
ly, and a height function h.: T. x [0,1;3T] — (—ea®, eaM) satisfying

Fe(t) = {Ac(v, he(t,7)) = v €Te}.
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6. Moving boundary problem with prescribed normal velocity

Proof. Note that F. ,(0,0) = 0 and 0yF; ,(0,0) = —1 By the Implicit Function Theorem,
we infer that, for every ¢ > 0 and for every v € I'., there is a time 7., > 0 and a
differentiable function h. . : [0,7.,] — (—ea®, eaV) such that F. . (¢, h.,(t)) = 0 for all
t € [0,7.,]. Let 7., € S always be the maximal possible point in time for this to be
true. We claim that

inf{r., :¢>0, yeI.}>T,

where T = ;' min{T}s, Rs}. The values Ts and R; are given by Lemma Let us
assume on the contrary that

inf{r., : €¢>0, yel.} <T.
Then, we can choose ¢ > 0 and v € I'. such that 7., <T'. Since

() Faﬁ(Tew h&V(T&”/)) =0,
1

(44) 82Fs,7(7-€,7’ h‘E:’Y(TEK‘/)) < 3

we can apply the Implicit Function Theorem again which contradicts the assumption
that 7., is maximal. Here, (¢7) holds true by virtue of Lemma As a result, we can
define h.: [0,1;1T] x T. — (—ea'®,caW) via h.(t,7) == he,(t). O

We introduce the positive part, h") := h* = max{0, h}, and the negative part, h(? :=
h~ = max{0, —h}, of the height function h.: I'. x [0,;'T] — (—ea®,ea™).

Lemma 6.15. There is T, > 0, which is independent of € and l,, such that

[\

| —

5 i
Z ca® ||h£)HL°°((O,l;1TU)><F5) + 2HVFsh€||L°°((0,lv_1T,U)><F5) <
i=1

Moreover, ||0;h. o < 3el,C,.

Proof. Due to the regularity of the involved functions, namely A, and ¢., we get h, €
W2((0,T) x I'.). It is clear that ||h.|lee < ||dr.(v:)||ee < €tl,. For all t € [0,7T] and
v € I'., we have F. . (t, h-(t,v)) = 0 implying vanishing derivatives with respect to time
and space. Implicit differentiation with respect to time yields

- atFa,’y(ta ha(t7 7))
Doler (t, he(t, 7))

Considering that ||¢'|| < 1, we are therefore led to

Oihe(t,7) = (6.23)

’aths(t7 7)| S 3 |at§5€(t7 A5<77 hE(t7 7)))| S 35[7}0@'
Let us first observe that Vp_h.(t,v) = 0 if and only if
nFE (t7 A5<77 hé:‘(t’ 7)) = nFE (7)
The normal vector at v € I'.(¢) is given as

Ve (t,7) Voe(t,)
nr_(t,7v) = = — .
t ) = G T Va6
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6.4. Interface motion (proof of Theorem [6.1)

For the surface gradient of h., we can find the representation (we point to [PS16], Section
2.5])

1
nFa <t7 Vt)

Ve e(t7) = (I = hu(t9) L) () - ) (62)

where we have set 7, = y.(¢,7). Due to

' - - ~ ~
— athas(t,’ytHV(pE(t,’yt)\ - V@s(ta%)at’VSos(ta%)’

t? = 13 + ~ —_ d )

0030 =) + NEAGEAE "

J/

-

::q>5 (T7Wt)
we estimate

t
e, () — nr (6,7,)] < / . (,7,)| dr < 266411,
0

and (for small ¢)
0<1-— QtGSEZUtZUC@ < np_(v) - -nr.(t,7,) < 1.

Combining these estimates to bound the difference

1
nFs (t7 Vt) ’ nFa (P)/

nr.(7y) — )nrg (t,7:)

=n —-n ~ nre(t77t)'nl“5(7)_1
=nr. () —nr.(6,7,) + nr. (t,7,) - nr. (7)

nr, (ta 71&)7

we are led to

1
nra (t7 Tt) ’ nrs (fy

nr. () — < 2te*,C, + 2te* ], O, Z (2te3€l”tlUC¢)k .

k=0

)nFs (tﬁt)

In summary, estimating from Equation (6.24), leads us to

tl, e
|Vf‘gh€(t7 7)| < (1 + %) <2t63€0l”tlvcw (1 —+ Z (2t6350lvtlycw) k)) '
k=0

Let x € D(R>0) be a cut-off function such that

1 2
0<x<1, X(T)Zlif’l‘<§, X(r):Oifr>§.

In addition, let x/(r) < 0if 1/3 <r < 2/3 as well as ||x/]|~ < 4.
We introduce the function s.: [0,1;1T,] x Q — Q via
v+ he(t, Pr (a))nr (Pr. (2)x (V5557 ). @ € U UT.

se(t, @) = & + he(t, Pr,(2))nr, (P (2)x (242X 5 e U
x, x §é UFE
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6. Moving boundary problem with prescribed normal velocity

Lemma 6.16. The function s.: [0,1;1T,] x Q — Q is a regular C*-motion with T.(t) =
se(t,T.) for all t € 10,1;'T,].

Proof. As a consequence of the estimates provided in Lemmal6.15] we can conclude with
Lemma that s.(t,-): Q — Q is a regular C''-deformation with T'.(t) = s.(¢,T.) for
all t € [0,1;'T,]. The regularity with respect to time follows via h. € C*'([0,1;'T,] x
Q). O

6.5 Limit behavior (proof of Theorem I@

In this section, the limit behavior of the functions related to the Hanzawa transforma-
tion s., in particular F. = Ds,. and J. = det F, are investigated. To be able to pass to
the limit ¢ — 0, strong two-scale convergence of these quantities has to be established.
We start by introducing the folding and unfolding operators; similar (in spirit) conside-
rations can be found, e.g., in [MCPOS§|. In the following section, we start by introducing
the notions of folding, unfolding, and strong two-scale convergence (we also refer to
Section and by formulating a few technical lemmas needed in what follows.

In an effort to keep the notations for the estimations shorter, we introduce the functions

Ge: Sy X Q= Q, q.(t, ) = z(t,y ' (t, 2)), (6.25a)
et Se X I'= Q0 na(t,7) == Ac(y, he(t,7)). (6.25b)

6.5.1 Preliminaries and auxiliary lemmas

We recall that for € R3, [2] is defined to be the unique k € Z3 such that {z} := z—[2] €
[0,1)3; see Figure 2.6} For functions f: Q — R and f,: I'. — R, we denote the periodic
unfolding via [f]® := Tof: Q@ XY — R and [fy]° := T.fy: Q x I' = R, respectively;
for details, we refer to Definition In addition, for functions g: @ x ¥ — R and
gp: 2 xXT'— R we set

For these functions, we have the following integral identities (see Lemma [2.16])

[s@de= [ 1 @ da),
f

@sz?érvruwm@wy

3
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6.5. Limit behavior (proof of Theorem

ForId: Q - Qandy €Y, z € Q, and n,m € N, it holds
[id]™ — [d]™| < V2 (en +€m) - (6.26)
Moreover, for any function f € Wh2((Q; W;;Z(Y)), we find that

Hf o € HL2(Q><Y)

_ /QXY )~ f (e [2] o+ E])D] @ —0 ©2m)
since (5y +e [ﬂ , [y + [fﬂ) converges uniformly to (z,y).

We start by formulating important relations for the unfolding of the operators related to
the geometric properties of I'.. These identities rely on in the periodicity of the initial
configuration. For x € Q, y € Y, y € I, and r € (—ea®,ea™), it holds

[ne]” (2,7) = n(v), (6.28a)
(A" (z,y,m) = A ( ) +e [g , (6.28D)
[Lr.]" (z,7) = e Le(v), (6.28¢)
[Pr.]" (z,y) = ePr(y) + H , (6.28d)
[DPr]" (2,y) = (I—dr(y)Lr(Pr(y)) " (T—n(Pr(y) @ n(Pr(y))). 6.28¢)

(
With these relations in mind, we are able to connect the limit behavior of n. and h..
Lemma 6.17. Let n, m € N. It holds
lent e )™ = €t [ | < Jent [he ™ — 5! [e] ™ |

as well as

{ [Dﬁan]E" - [Dnem]gm |

2

1 Nen B _

< Zm}ql [RO)" =&, L [BO] | + | [Vhe, ™ = [Vhe, )™ |.
=1

Proof. Since A is contractive and equations (6.28a]) and (6.28b)) hold, we conclude
|8’7Ll [nEH]En - 8’;11 [nfm]sm ‘
= ‘A (7’ 67;1 [h5n]€n) - A(’}/? 87;1 [h’Em]Em)| S |8’l;1 [hEn]en - 87;1 [h’gm]am ’
The spatial derivative of 7. is given as

DFET]E =1d -+ Vrghs & Ne — hsLI‘E'

Using equations (6.28a)) to (6.28¢)), we estimate

| [Dr.7e,]™ = [Dr.ne,, )™ |

< |[Vrhe,]™ = [Vrg, he, ] + Z [RE]™ —ent [T |-
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6. Moving boundary problem with prescribed normal velocity

In the next few lemmas, we establish some technical results regarding e-independent
estimates and the limit behavior of unfolded function that are needed to show the
strong two-scale convergence of F. and J..

Lemma 6.18. Let u. € W'*(Q) and u € LQ(Q;W;&Q(Y)) such that [u:]° — u and
e [Vu.]" = Vyu strongly in L*(Q x Y). Then, [us]® — u strongly in L*(Q x T).

Proof. We find that

/Q ) = ) ()
< cﬁ( / e () = ) dl)
b [V ) - Vit de y>).

Here, C}, denotes the continuity constant for the trace embedding operator W12(Y) —
L*(T). Both integrals converge to zero because [u.]” — u, € [Vu.]" = V,u, and

/Qxy |Vy [ua]a (‘T7 y) - Vyu(a:, y)|2 d(ZL‘, y)
N /Qxy |5n [Vue]e (1‘, y) - Vyu(x, y)’2 d(ZL’, y) — 0

]

The following technical lemma allows us to estimate interface terms.

Lemma 6.19. For all u € WH(Q), it holds that

ellullZar. @y < ACw (lull® + %[ Vulf?) .
Proof. For uw € W'%(Q) and ¢ € [0,T,], we have
S [Py =< [ Jutut)Pldet(Dr. gt )l
T.(t) r.

<20, [ ontPas+2 [ [Fwop)o)dr)
Q Q

< 20, (/ luoy.(z)*dx + 252/ |(Vu) oya(:v)|2d$) :
0 Q

A time parametrized coordinate transformation x — y- (¢, z) (note that y=*(t,Q) = Q)
then leads to
5“““%2(1“5@)) < ACy, ([Jul® + %I Vull?)
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6.5. Limit behavior (proof of Theorem

Parts of the next analysis rely on the ability to estimate certain differences of some
composites of functions involving y.. In the following lemma, we collect general results
which are used at several points in the following analysis.

Lemma 6.20. Let (f.) C W'(Q) and n,m € N such that n > m.

1. Let ||V f., |lco be bounded independently of the parameter e and [f]° be a Cauchy
sequence. Then, there are C,C,, > 0 such that

o (™) = Fen (M) < Con Ol e = 96,17 2oy

and such that lim,,_,~, C,, = 0.

2. Let f € Wb (Q W, (Y)) such that [f.]° — f. For g. = y. or g. = y=', we can
estimate

e (920™) = Fon (9] ™ er
< G+ C (|| lge ) = g2, )"

where C,C,, > 0 and lim,,,_,., C,,, = 0.

} Em

-1
—Em [g LQ(QXy))

iZ(QXY) + ng_Ll (9.1

Em

3. Let [ € Wl’OO(Q;W;OO(Y)) such that [f.)° — f and [V f.]° — V,f. Then, we
estimate

(2N 0 R A (0 [ A
< Ot O ([ el = el [aggery + llen” eal™ = & Pl ™ ey

where C,C,, > 0 and lim,,,_,o. C,, = 0.

Proof. (Part 1). Tt holds

‘fm([yan]an) - fem([yemrmﬂ < ‘fm([yan]an) - feyn([yen]gnﬂ + ”vfernHOO‘ [yen]gn - [yem]am }

The L? norm of the first term can be estimated (using the facts that y. is a diffeomor-
phism and | det Dy_!| < 4) as

En En 2 2
[Nl = £ ) d) = [ o) = Fonle)
QxY Q
§4/|f5n_fsm|2dw:4/ Hfsn_fem]en‘zd(xvy)-
Q axy
Applying inequality we finally see that

Lywawdﬂ—ﬂAMJM%mw)

IN

4/ o = o) P | oo — o)™ [P d(a, )
QOxY

IN

En em |2
4/ ] — ol P+ 321V fon 21912
QxyY
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6. Moving boundary problem with prescribed normal velocity

(Part 2). With the use of the triangle inequality, we get

/Q a9 = el )
< / o (lgel) = 1. (9ol 2+ |fon (L)) = ... (lgend™™)
QOxY

+ 1., (9= = [£1.,, (g7 (@, y). (6.29)
For i = n,m, we estimate (note that | det Dg8 1] < 4 for both choices of g.)

£ & 2
[ llloed) = 1, (900 P dla)
QxYy
E; 2 [0 2
<o [ =P 1 - L) ),
QxY
Now, taking to the last term of equation (6.29) and using the y-periodicity of f, we have

/Q e 92 = 1, (e )
- / 1 (gl 2 ) = £ (e 25 e ) o),
As f € Whe(Q; W,(Y)), this leads to

11£).. (lgen) [fkm([ggmrm)\\iz(m)
< ”v:cfHOOH gan - [gem]sm ||;(QXY) + HvnyooHﬁ:;l [gan]sn o E;ll [ggm]gm HiQ(QxY)'

(Part 8). We calculate
/Q ) e (™) = For (e )| ()

< / Ly @) = Bl (e
S ) = U, ()] ). (6:30)

i=n,m
Using the trace estimate from Lemma|6.19} the second part can be estimated via (note
that |Vr_h:| + |heLp.| < 1)

/Q ) = L (") P )
=i [ 1) = 171, )P
%; (1) = f. ()]
< s/rq(t)\f () = [fl. (N[*
< 8C, /Q o P2V~ O], [*de

2

= 8C), /Q § ) = L P+ Ve = VAL da,
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6.5. Limit behavior (proof of Theorem

where, for the last term, it holds

S ‘Ei [vffz]sl - Vyf‘ + ‘Vyf - Vl/ “f]fz]sz

+ Ei}vI [[f]afl .

& [V£I" = [VIf.]"

Now, for the first term on the right hand side of inequality |(6.30)| we use the e-periodicity
of [f]. and estimate

), (0 = ey e ™) 2
<NV llol Pred 7™ = e ™ ([ oy + IV lscllen” el = et e, s gery-

]

6.5.2 Limit behavior

Based on Theorem and on the estimates established via Lemma it is clear that
Y. converges strongly to the identity operator and that both Dy. and z. have two-scale
converging subsequences. This in itself, however, is not enough to guarantee strong con-
vergence of their unfolded counterparts, which in consequence may also impede strong
convergence of [F.]° and [J.]® — a property that is needed to make sure that passing to
the limit ¢ — 0 is justified.

In the following lemma, we investigate the limit behavior of the dilated functions ™! [y.]°
and [2.]°.

Lemma 6.21. There exist functions y,z € L*(S x Q; H,(Y))? such that

]‘ IS5 IS5 € IS5
g[ys} =y, |2 =2z [Dy] — Dy, ¢e[Dz]"— Dyz.

Proof. Let § > 0 be given and let n,m € N, such that n > m and such that efmbT> < 2.

Taking a look at the ODE sytem given by equations to and its correspon-
ding system that emerges by differentiation with respect to the spatial variable, we find

that (in S x Q x X, (i =n,m))

0l = (). (6.31a)

O [z2,]" = 51" 2] | Vve ([9e]7), (6.31b)
0Dy = 2 A0 (o) Dy + ALY () D2, (6310
0, (D27 = A ([, ) [y " + 248D (W) [D )7 (6.310)

“This is a mere technicality to allow for a more compact notation of the estimates. Here, we do not
care about the details of the specific estimates, we only want to ensure convergence.

122



6. Moving boundary problem with prescribed normal velocity

Now, subtracting these equations for © = n and ¢ = m from one another, multiplying
with the corresponding differences, and integrating over €2 X Y, we are led to

dy en -1 em ||2
EHgn [ysn] —Sm [ysm] L2(QxY)
2., ] e 2, )" &
<2 () — e (e, ))
v | [z,]7 | [ [z, ] |

e e = 2t ) | (), (6:320)

d
ar H [2e.,

n m 2
]a _[Zem]s HL2(QxY)

<2
QxY

Moreover, for the spatial derivatives, we find that

]En

V0, (e ]) = 2| o™ [V, ([,

En | [ze,

20, = 20, [d(2,y). (6.32)

d En Em
2w = (Due " (Lo
<2 / (60 ADD (fu0e, 1) Dy ] — em A ([, ) Dy, 1 |
QxyY
| [Dy.,)™ = [Dye,, )" | d(z,y)
+ 2/ {677»14531,2) ([wsn]an) [D’Zé'n]an - gmAé(:}f) ([wsm]am) [D’Zem]am ‘
QxY
| [Dye, ™ = [Dye, )™ | d(z,y) (6.32¢)
d En Em
gllen [Pz — e [Dze, 1™ [[ 120y,

<2 [ |RAS () Dy - A2 (., ) Dy,
QOxY
\en [Dye, 1™ = €m [Dye,, )™ | d(z, y)
+ 2/ ‘giAgiQ) ([wan]an) [szn]an - 53nAgn2) ([wam]am) [szfm]am |
QxY ) )
len [Dye, )™ = €m [Dye,, ™ | d(z,y). (6.32d)

To proceed in showing that these sequences are Cauchy sequences, several independent
estimates are needed to manage the right hand sides of inequalities |(6.32a)| to |(6.32d)|
In the following, we heavily rely on the estimates established by Lemma With the
reverse triangle inequality, we get

| Tze )™ | = 22, ) ] < [ 2] = Tz ™ (6.33a)
Since esmTv < 2, we also see that
[25 ]En [28 ]Em £ £
Y — | <100z, T = [z T (6.33h)
’ [zfn] | | [zgm] |
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6.5. Limit behavior (proof of Theorem

Moreover, for f. = v.,eVu.,e2D?v,., we can apply Lemma to get
e (1) = Forn (™) 2 ey
< 4H [fe I = [fen]™ H;(an + lv” [Yeul ™ = [Yern )™ H;(Qxy) + 322|Q2,,  (6.33¢)

The matrix valued function B, which is defined via equation (6.9), is Lipschitz continu-
ous with Lipschitz constant 2, i.e.,

| B([2:,]7) = B[ze,,]™)] < 2l [26, ] = [22,]™" |- (6-33d)

Adding inequalities [(6.32a)|and |(6.32b)}, using the estimates given by inequalities
to as well as Assumption [(A5)} and applying Gronwall’s inequality, we infer

2 n m
L2(Q><Y) + H [ZEWI]E - [mer LQ(QXY)

< C (2 4 e = eI + [len [Vee, ™ = e [Voe, ™ ) <8 (6.34)

] En ] Em

ng_Ll [yﬁn - gr_nl [yem

for all n,m € N such that n,m > N for sufficiently large N € N (which is independent
of € and t). This implies

1

B ] =y, [z]" =2 in L*(SxQxY).

Similarly, adding inequalities |(6.32¢)| and [(6.32d)| and using above estimates given by
given by inequalities [(6.33a)] to [(6.33d)] and Assumption [(A5) we get

1 1Pye, I = Dy, ™ [y + llen [D2e, ] — e (D22, )

< O+ e Nz )™ = oo ™17 + || e ™ = )™ II

2
|L2(Q><Y)

+ HEn Ve, | —em [V, | ||2 + Hgi [DQV%E”]&” — & [D%gmrm HQ) <9

for all n,m € N such that n,m > N for some sufficiently large N € N (which is
independent of € and t). We conclude that

[Dy.)" = Dyy, ¢e[Dz]°— D,z in L*(S x QxY)*3,

Remark 6.22. As a consequence of Lemma we also have

1
“w =y, [z =z oin LA(SxQxTI)?
€
in the sense of traces.

Lemma 6.23. The following convergences hold:

1
€

[ye_l}E =yt e = 2yY, e'e.— @, Ve — Vyq in L*(Sx QxY).
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6. Moving boundary problem with prescribed normal velocity

Proof. We recall that y-! can be characterized by equation (6.15]). This leads us to

2
L2(QxY)

Ze, ( [ysn } o

< [ P2 et )
i
(

En m Em

d En — —17¢€m
Dt ) - e o]

— Dy (] 1%%,1@%(@;3]%»\

et T =t et | d ().

Taking into considerations the a-priori estimates available for the involved functions and
the strong convergence results formulated in Lemma [6.21] as well as the estimates given
in Lemma [6.20] it is possible (while cumbersome) to estimate the individual differences
and see that ¢! [y-1]" is a Cauchy sequence. Similarly, it is also possible to show that
[¢:]° = [2:(y= )] also is a Cauchy sequence using Lemmal6.20|(2)). Since 9. is governed
by equation and because V@, = ¢. (see equation ((6.19)), we infer

d ~ A~
Sllen'@en — e Benll 20y S/ | 1e,] 02, = 1G] Ve, | (2, )
QxY

which shows that e71@, also converges strongly. Finally, as

~ _ —1 _
eVg. = €D2<Ps = E(Dys(yg 1)) DZS(?/& 1)7

we also get the strong convergence of ¢ [Vg.|". O

Since the quantity €||he||co + || Vr.he||s is bounded indepedently of the parameter ¢, we
can find a constant C, > 0 such that

el L2sxrey + VeV hel 2sxr.ye < Ch.

As a result, we conclude the existence of a function h € L*(S, H'(Q; H*(T"))) such that,

up to a subsequence,
1 h, 2
£
Furthermore, it is clear that h € L>(S x Q x T') and that [h.]° € L>®(S x Q x T) is
bounded independently of . As a consequence, there is a function i € L>®(S x QxT)
such that [h.]° — hin L?(S x Q x V). In the following, we are concerned with the limit

behavior of h..

h, Vr.h. 2 Vrh

Lemma 6.24. There is h € L*(S;Wh(Q; Hy(T))) such that e~ [he]” — h and such
that [Vr h:" — Vyh in L*(S x Q x T).

Proof. Let 6 > 0 and n,m € N, n > m. Using the representation of the height function
h. in terms of F_ . as given by equation (6.23), we have

8tF€,’Y (ta hE(t> ’7))

atha(ta ’Y) = 82FE,’Y(t’ hg(ta 7))

(t€[0,T), veT.). (6.35)
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6.5. Limit behavior (proof of Theorem

Now, integrating over 2 x I" and testing with the difference ;' [h. ]"" —e, ! [h.,|"™ leads
to

2
L2(Q><F)
—1 at [Fa'ru’Y(hfn)]E” —1 8t [Fama"/(hgm):lgm

n En gm Em
[aQFEnu'Y(hfn>] [aZFemﬂ(hsm)]
|5_1 e, ] — e e, )" ‘ d(z,7).

n m

_ Hg—l [hen]an ! [han]am

m

§2/ €
QxT

Using that 0,@. is governed by equation (6.21)) and the characterization of V. given

via equation (6.19), we get

e 10y [Fepy (he)]” = la=([ne])) ] ve([e])- (6.36)

Applying Lemma to ¢. and v., respectively, and using the strong convergence of
(0.5, [Vve]%, [¢:]°, and € [Vq.]7, we are led to

Hgglat [Fenﬁ(hen)]en - 5;11& [Fsm,“/(hsm)]sm ||iZ(QXF)

< () + € (|| e = el ey + e (o)™ = 5 hea] [y (637

where lim,, ,oo C(m) = 0. As a next step, we estimate the difference with respect to

0o F . In view of equations (6.19) and (6.22)), we have
(02 Fe (he)]” = g'(e7'@e([n]))a=([n]) - (6.38)

and, due to the strong convergence of ¢! [¢.]%, [¢.]° = [V@.]°, and € [Vq.]°, we can infer

(again applying Lemma [6.20|(3)))

Hggl [82F€nﬁ(hsn>]6n - E;zl {82F€m77(h6m)}8m Hi2(QXF)

< Ot C (|| e = ey 1o el =0t 102] [ary) (639

where lim,,_,o, C;,, — 0. Combining the estimates given by inequalities [(6.37)|and |(6.39)|
and applying Gronewall’s inequality, it is then easy to see that €' [h.]" is, in fact,
Cauchy.

Using the representation of h. given in equation (6.24)), we have

V" = (= 0 L) (0= o ()

Consequently, since nr_(n.) - n. > 1/2 and e~ h.| < ¢/10in [0, T,] x T, we are led to

H [Vr., hanrn - [Vr.., hsm]gm”L?(erg)

< —|lent e = €0t

m [hgm]5||L2(SXF€) nen([nsn] n) nfm([nsm] m)

ne, ([0,7) -0 ne, (10,1 7)

L2(SxT)
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6. Moving boundary problem with prescribed normal velocity

— Voe(ne) — qe (1<)
[Vée(ne)] e (ne)

e, ([%]E" ) ey, ([nam]sm )

ne7L([778n]5n) "n nem([nam]sm) "n

Now, due to nr_(n.)

[ we further estimate

L2(SxT.)

e ([Me,)™) e ((0e,]™)
|4 (1)) g (7 L2501

S 36 ||qan<[n5n]an) - qem([nsm]am)“LQ(SXFg) :

As both [¢.]° and € [V¢.]® converge, we can apply Lemma and conclude

o

[[9rhe]" = [V, he, ]

L2(SxT.)

< Cp + % lent [he,)” — et [h

+ C (H[hfn]g - [h57rL]€||L2(S><F5) + Hg;l [han]s - 8;741 [haM]EHLZ(SXFE)> ’

Em]EHLQ(SXFE)

where, again, lim,, .., C;, = 0.
n

Lemma 6.25. There is ¢ € L(S; W (Q; W,*(Y))) such that e [io.]” — ¢ and
such that [V = Vb in L*(S x Q2 x Y).

Proof. Let n,m € N such that m > n and set p.(t,x) = ho(t,Pr.(z)) as well as
w(t,z,y) = h(t,z, Pr(y)). We calculate

S e = e e, 7 = (5 e ™ = 2t e, ) x (a7 ) ().

As a consequence,

/ et [ — et [Wen) ™| dla,y)
QxUp

2

<[ e b =l e )l o),
QXUF

Now, for fixed z € Q, [u1.]° and p are constant in the y variable in the direction of the
normal vector. As a consequence,

— € 2 — En 2
/ e e — p|” d(z,y) = 2@/ |ent [he, ™ = B d(,y).
QxUr QxT
The unfolded deformation gradient (see equation ([2.8)) is given via

(V)" = (V)" n(Pr)x (o 'dr)
+e7t ] <LP(PF) (I dpLr(Pr)) ™" (T = n(Pr) ® n(Pp))x (¢ dr)

+x' (a7tdr) n(Pr) @ n(Pp)>.
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6.5. Limit behavior (proof of Theorem

which leads us to
|90 = (96,7 dy)
QXUF
— En — em |2 En Em
S O/ ‘gnl [,LLgn] - gml [Mé‘m] | + |[V/’L<‘:n] - [V/’Lsm] |2 d('r?y)?
QXUF

where C' > 0 is independent of €. Since
Vie(t, ) = (DP.(2))" Viohe(t, Pr.(2))

and
/ Ve he(Pr))F (2,) — Vyht 2, Pr(y))]? d(z,y)
QXUF
— 92, / [V, he, | — Vb d(z,y),
QxT

we can conclude [Vi)|" — V1.
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CHAPTER 7

Summary and outlook

7.1 Summary

In this thesis, we investigated the analysis and the mathematical homogenization of
systems corresponding to thermoelasticity models for phase transformations in highly
heterogeneous, periodic media: see equations (3.10a)) to ([3.10€).

In Chapter 4l we considered a simplified problem, where the changes in the geometry
were assumed to be prescribed at the outset. Starting with a particular motion function
describing these changes (see Section , we arrived at a fixed domain formulation of
the problem. In Theorem and Theorem [1.8) we then showed that the problem has
a unique solution for which uniform (with respect to the parameter €) energy estimates
are available. Finally, we performed a homogenization limit procedure to arrive at
a distributed microstructure model (see equations (4.30al) to (4.30d))) describing the
effective behavior of the associated e-problem. While similar transformation settings for
homogenization problems were considered in [Mei08, [Dob14], this is, to our knowledge,
the first time, that such upscaling has be done in the context of thermoelasticity. Here,
the main difficulties were due to the coupling between the mechanical part and the heat
part as well as the time dependency of the involved operators.

Based on these results, we proved quantitative error/corrector estimates, i.e., conver-
gence rates with respect to the parameter €, under certain reasonable simplifications:
(1) the weakly coupled problem where either the mechanical dissipation or the thermal
stresses are assumed to negligible (see Theorem [5.9)), (i7) the problem with microscale
coupling where the mechanical dissipation and thermal stresses are only significant in
the slow-conducting phase (see Theorem . We also argued why similar estimates
for the fully-coupled problem are not obtainable via the same strategy. To our know-
ledge, this is the first time that quantitative corrector estimates have been proven in the
context of thermoelasticity.

Finally, in Chapter [6] we considered the case where the changes in the geometry are not
given at the outset but where they are the result of a prescribed function v. representing
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7.2. Outlook

the normal velocity of the interface. We showed that, if v. satisfies certain regularity con-
ditions and e-uniform estimates, a Hanzawa transformation via a corresponding height
function exists (Theorem . Relying on the notion of periodic unfolding, we then
proved that strong-two scale convergence of the functions related to the transforma-
tion can be inferred from the strong two-scale convergence of v. (see Theorem [6.2)).
Combining these results with those from Chapter 4] we concluded that the thermoe-
lasticity problem with moving boundary and prescribed normal velocity has a unique
solution satisfying standard energy estimates (Theorem . Finally, we deduced the
corresponding homogenization limit in Theorem

Going back to the research question formulated in Chapter [1| - and in particular to the
example of the formation of Bainite from Austenite steel — and taking a look at the
homogenized system given via equations (4.30a)) to (4.30e]), we can trace two possible
ways in which micro stresses manifest in the upscaled problem: (i) we have the volume
force density H", which accounts for the surface stresses due to the curvature, and (i)
we have the Dirichlet coupling between the deformations u and u® (equation (4.30€)).
We speculate that the volume force density H" can be linked to the TRIP phenomenon,
which is often interpreted as a force density due to micro effects; we refer to [Cha09,
MSA™15, WBDHOS].

7.2 Outlook

We want to point out some possible further research directions linked to the work pre-
sented in this thesis.

Fully-coupled moving boundary problem. The most important and natural continu-
ation is the treatment of the fully-coupled moving boundary problem, where the normal
velocity is not prescribed, and where it might be dependent on the temperature function,
the stress fields, and the geometry of the interface, e.g., Vi, = V.(0,e(u.), Hr.). For
simplicity, let us discuss the more instructive example V.(6,e(u.), Hr.) = (6. — 0eit),
where 0.,.;; denotes the critical temperature for the particular phase transformation.E]
With the results of this thesis, we established that:

(i) For every function v, € W13:>(S x Q) satisfying the assumptions outlined in
Section we can obtain the Hanzawa transformation corresponding to the in-
terface motion with normal velocity V., = v..

(17) Given a motion function characterizing the moving boundary, we can tackle the
resulting two-phase thermoelasticity problem.

This situation already points to the construction of a possible fixed-point argument:
Let us start with a normal velocity v. € W(13):2(S x Q) satisfying the assumptions
outlined in Section and solve the thermoelasticty problem with the corresponding

!Note that this corresponds to the law of kinetic undercooling.
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7. Summary and outlook

moving boundary. This induces an operator T.: W(13):2°(S x Q) — L2(S x T') defined
via Tz(v.) = .. To tackle the fully-coupled moving boundary problem, we would have
to show additionally that:

(i) There is a function 6, € WI3)2°(§ x Q) satisfying the assumptions outlined in
Section such that 0.5, = 0., i.e., there is an extension operator

Ext: To(W132°(8 x Q) — W32 (8 x Q).

(i) The operator (Ext o T;): W1:3:2(§ x Q) — W3)2°(S x Q) has a fixed point.
(44¢) This fixed point satisfies the assumptions outlined in Section [6.3]

There are several important challenges in proving these steps but the most problematic is
the need for uniform estimates: While the W(13):*_regularity can possibly be established
using methods borrowed from maximal parabolic regularityﬂ the necessary control with
regards to € is more problematic as we would need to, among other things, find a uniform
bound of the form

Sul(? ([16=llwr.0e(sx) + ]| D?0e || oo (551 ) < 00
e>

Such uniform estimates are not the standard energy estimates and they are usually
more difficult to obtain. There are a few results for higher estimates available but they
are tailored to very specific situations, we refer to [Sch99, Yeh10]. Unfortunately, they
are not applicable in our context. Using constructive methods for higher regularity
estimates for PDEs as outlined in, e.g., [LSU95|, uniform L*-estimates for 6. can be
established. However, these methods fail for the gradient and the second derivative due
to the two-phase structure of the problem. Nevertheless, we do expect these bounds to
hold uniformly under reasonable assumptions.

Numerical analysis and simulations. As stated in Chapter |1, the general goal of
homogenization procedures is to derive mathematical models that are both accurate
and efficient in describing and predicting real world phenomena. In this thesis, we focus
on the mathematical analysis of the problem and the natural next step is the numerical
analysis of the upscaled models and corresponding multiscale simulations. With the
convergence rates, i.e., corrector estimates, proved in this work, an important first step
in establishing efficient numerical schemes like the Multiscale FEM is already taken; we
refer to [AB05, HW97]. Using such schemes, simulations and first comparisons with real
world data could be conducted.

Non-elastic effects. There are several ways to generalize the model — some of them
already pointed out in Chapter [3] and Section As we are primarily interested in
the interplay of mechanical effects and phase transformations, allowing for non-elastic
phenomena, like plasticity or damage mechanics, would be particularly interesting. Here,

2For similar problems where this has been achieved see [EPS03, [DPZ08].
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7.2. Outlook

existing results, see, e.g., [Boel3|, could likely be adapted to the resulting e-dependent
problem leaving the homogenization procedure as the main potential challenge.
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